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questions since 2013. Ensure assessment preparedness with practice school-assessed coursework.

° m Be confident your students can get unstuck and progress, in class or at home. For every question
online they receive immediate feedback and fully worked solutions.

o [N=0D Teacher-led videos to unpack concepts, plus VCAA exam questions and exam-style questions to
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| earn online with Australia’s most

Trusted, curriculum-aligned theory
Engaging, rich multimedia

All the teacher support resources you need
in one simple view « Deep insights into progress

Immediate feedback for students

Create custom assignments in just a few clicks.

6.2 Constructing straight line graphs 1.2 teachON

Practical teaching advice and ideas for
each lesson provided in teachON.

The gradient of a linear function

The gradient of a straight-line function, also known as the slope,

determines the change in the y-value for each change in z-value. The Q1
gradient can be found by analysing the equation, by examining the
graph or by finding the change in values if two points are given. The
gradient is typically represented with the pronumeral m.

6.2 Exercise

Each lesson linked to the Key State the gradients

Knowledge (and Key Skills) from the
VCE Mathematics Study Design. a.y=2z+1

A positive gradient means that the y-value is increasing as the z-value

increases, and a negative gradient means that the y-value is decreasing

as the z-value increases. Gradient =

v
v

WORKED SOLUTIO

b.y=—-z+3

: ] q Gradient =
Reading content and rich media

including embedded videos
and interactivities.

; a ; A
A gradient of — means that for every increase of b in the z-value, there
b 2 WORKED SOLUTIO
is an increase of a in the y-value. For example, a gradient of 3 means

that for every increase of 3 in the z-value, the y-value increases by 2.

; cy=31z+4
x- and y-intercepts =3

The x-intercept of a linear function is the
point where the graph of the equation
crosses the x-axis. This occurs when y = 0.

Gradient =

The y-intercept of a linear function is the
point where the graph of the equation
crosses the w-axis. This occurs when a = (.

6.1 OVERVIEW 6,3 DETERMINE AND |
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owerful learning tool, learnON

Teacher and student views

«* SHARE Student

6.2Ex2 6.2 TBQ

and Yy-intercepts of the following linear equations.

, y-intercept =

2 markis)

 y-intercept =

Textbook questions

No Class @& C 0 Help ﬁ Lindsey Abeyasekere v

RESOURCES

! Topic PDF .
Fully worked solutions and

sample responses

Solutions

Digital documents

Digital documents

Video eLessons

Determining the gradient from a graph
Play, rewind and re-watch this teacher-led video.
Duration: 3:10

Video eLessons

Interactivities
Linear modelling

Play, rewind and re-watch this teacher-led video.
Duration: 5:56

Reliability of predictions
Play, rewind and re-watch this teacher-led video.
Duration: 4:45

Interactlvities =
Teacher-led videos &2
Digital doc = Enhanced teacher support resources

Chapter 6 Test A
Student test A, designed in Word for easy editing and
customisation,

 y-intercept =

g =

NTERPRET THE SLOPE AND INTERCEPTS OF STRAIGHT LINE GRAPHS

o

Interactive questions with
Chapter 6 Test A and answers A F
Student test A with answers included, designed in Immedlate feedbaCk

Word for easy editing and customisation.

Chapter 6 Test B
Student test B, designed in Word for easy editing and
customisation.
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Get the most from your
online resources

complete package

learn[3)

Each topic is linked
to Key Knowledge
(and Key Skills) from
the VCE Mathematics
Study Design.

Trusted Jacaranda theory, plus tools
to support teaching and make learning
more engaging, personalised and visible.

The word “Kisematics” comes from a Greek
word “kinesis" meaning motion, and is related
1o other English words such as “cinemn”
(movies) md “kinesiology™ the study of
human motion. Kinemutics is the study of the
motion of o particle without consideration of
the causes of the motion. In this clapter we
will consider rectilineas motion, which i the
motion of a particle moving aloag a straight-
line path. Associated with the motion of a
particle are certain quantities, these are the
position, velocity, and acceleration which may
depend on time.

KEY CONCEPTS

This topic covers the following point from the VCE Muthematics Study Design
+ use of velocity—time graphs to describe and analyse rectilinear motion
. of i and solitfon of di

oguations o ‘n:cllllncu

I'he vector cross product
5B = a|[bsin(@)
The orlentation of the vector cross product i given by the sight-handed conrdinate system. 'To determine the

direction of 4 X b, use your right hund and cord your fingers from ¢ t 8. The direction of a X b is the direction
in which your thumb is pointing

- |

BH
== - onResources link to targeted
— - digital resources including video
m“:m : elLessons and weblinks.

Tables and images break down
content, allowing students to

Consider taking the cross product of o and b in the opposite order, bx o, This ime you will need 1o curl your
fingers from b 1o a. if we consider the triangle POX, then by Pythagoras' theorem.

understand complex concepts.
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Interactive glossary terms
help develop and support
mathematical literacy.



The diagram shows the line L, passing through the points A and B and

the Hine L, passing theough the poiats A and D, with the angle BAD

being a right angle.

Taking AC as | unit. the sides in the diagram are labelled with their

lengths. The side CB has length m . Because lengths must be positive, % Ao r

the side CD s labelled as ~mis, since my <0, e
m » N

From the riangle ABC in the diagram, tun 8 = = = m,, and from the

1 |
trisngle ACD in the dingram, tan 8 = —— o
— o
Hence, A

iy = —

—m,

Pink highlight boxes comymy = =1
summarise key information
and provide tips for VCE R
Mathematics success. T

* Gradients of perpendicular lines

* If two lines with gractients s, and m; are perpendicular, then the product of thelr gradients is 1
One gradient is the negative reciprocal of the other,

* In folkows that if mymy =—1, then the two lines are perpendicular, This can be used 10 sest for
perpendicularity.

Worked examples break down the
process of answering questions using
a think/write format.

ach clement by the
nant wh B

and followlag the sign pattern

2 Multiply oo expand each 2x 2
determinant 4) 1581+ 16

¢ final fesult. as the valse of A = 32 tearnCD

erminant
DISPLAY/WRITE DISPLAY WRITE

Question ¥ (4 marks)

2 Sobgs s 2

tearn(Z)

Teacher-led videos that explain
how to approach exam questions,
including VCAA exam questions.

{6
Conyom the mar sguaten | |
s 2}

Tha veeis of 0wt b respectiy are
A

B

e Online and offline question sets contain
practice questions, exam-style
questions and past VCAA
exam questions with exemplary
responses and marking guides.

e Every question has immediate,
corrective feedback to help students
to overcome misconceptions as they
occur and to study independently —
in class and at home.
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Topic reviews

End-of-topic exam questions
include relevant past VCE exam
questions and are supported by
teacher-led videos.

Topic reviews
include online
summaries and
topic-level review
exercises that cover
multiple concepts.
Topic-level exam
questions are
structured just like
the exams.

Students can start
preparing from
lesson one, with
exam questions
embedded in every
lesson — with
relevant past VCAA
exam questions
since 2013.

Customisable practice SACs
available to build student
competence and confidence.

Combine units flexibly
with the Jacaranda Supercourse

Build the course you’ve always wanted with the
Jacaranda Supercourse. You can combine all
Specialist Mathematics Units 1 to 4, so students can
move backwards and forwards freely. Or combine
Methods and General Units 1 & 2 for when students
switch courses. The possibilities are endless!

SPECIALIST 1~
MATHEMATICS

SPECIALIS
MATHEMATICS
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A wealth of teacher

resources

1.2 Lirmat functicen

1 2 Linear functions

1.2.1 Functions

A function is a 3e¢ of ordered pairs in which each rvalue is paired to 8
unique yvalue. A vertical e will intersect the graph of & function st most
onte. This & known as the vertical bne test for & function.

A hacizontal line may ntersect the graph of a function ance, in which case
the function has a cno.to-one cormespandente, or the horzorsal ke may
intersect the graph more than once, In which case the function has o
many-ta-one comespondence.

The demain of a function is the set of z-values in the ordered pairs, and
the range is the set of the yvatues of the ordered pass

As a mapping, a function is written f1 D) —+ R, f () = ..., where the
ordered pairs of the function / ars formed using each of the svalues in
the domain £) and pairing them with a unique y-value drawn from the o
domain set K according Lo the function nde / (7) = Not all of the
svalable yvalues may be reguired for 4 particular mapping: this &
dependent an the functio rule.

For any poynomial funczion. the Implied or maximal domain is R, For
example, the mapping ar function notation for the straight line y — 221
fiR R, [(z) = 2x

Under this mapping the image of % or the value of £ at . &
F(3) =2 = 3 = & and the ordered paw (3, 1) ies on the e of the

1.2 Exercise 1.2

Linear functions

Q
For sach of the fokowng. state
L 15 type of cormspon
. the comain and
. whether or hot

=%

g )

i

ence

o from this fapes

Sunciions et acm
Dot & #0F verson of tha 105Mne vie

Sobistions s ]
Tagie | werbwt satutinm
Duerdosd & FOF versan of the hdly | sfurors
Ogtal documents &E
J  intrescavities

L T ———

Soudent st A, Io Word format
cuwemnason

Srnstenit taet A weth snswers inciusenrd fmat
Tor ey esng and cumemisason

Topic 1 Tesz
Stodent sest & b W format Sor evng and
umemussun

Enhanced teacher support resources,
including:
work programs and curriculum grids
teaching advice and additional activities
quarantined topic tests (with solutions)
quarantined SACs (with worked
solutions and marking rubrics)

Customise and assign

(0 D N 6 Skt oniine

Select your content

T hureniem ane grepte
2 Trigomomen unitions

1 Compasae tuncricnr.

A testmaker enables you to create

custom tests from the complete bank of

wamaformaticns and inverses

AFonenal ard gartnms
funetiony

3 Dftvrwrnson

& husther aflarsrtusos and
azprenun

thousands of questions (including past
VCAA exam questions).

Reports and results

Sefect uestiara 1o aasgn

21 Overvien
3.2 Composite fuectines

J 12 Exrcne 3.2 Compasne incnens
13 Functional equations
£ 19 bumecsa 13 Puscsonsd wessatiing
34 Translormations

") 14 barrose 3.4 Tnstarmations

Data analytics and instant reports
provide data-driven insights into
performance across the entire course.

Show students (and their parents or

carers) their own assessment data in

learnZl)

fine detail. You can filter their results to
identify areas of strength and weakness.
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1 Logic and proof
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1.8 Direct proofs
1.4 Indirect proofs ....... .
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¥

S NG
WAL
e MR8

L2

e v B ey
A
Y

N, TR




1.1 Overview

Hey students! Bring these pages to life online

Watch Engage with " Answer questions
videos interactivities and check results

Find all this and MORE in jacPLUS C)

1.1.1 Introduction
The word ‘proof’ comes from the Latin word ‘probare’ (to test).

Proofs first started in ancient Greece around the 5th century BCE, with many famous mathematicians and
philosophers of that time, including Thales (624-546 BCE) and Hippocrates of Chios (c. 470-410 BCE) who
gave some proofs in geometry, Eudoxus (408-355 BCE) and Theaetetus (417-369 BCE) who formulated
theorems but did not prove them, Aristotle (384-322 BCE) and Euclid (325—-263 BCE) who introduced axioms.

An axiom is a statement that is considered to be true, based on logic and does not need to be proven. This is also
called a postulate, or an assumption. Euclid’s book called ‘The Elements’ is a series of 13 books that is still used
today in the development of logic. The image shows an old fragment from Euclid’s book.

KEY CONCEPTS

This topic covers the following key concepts from the VCE Mathematics Study Design:
e conjecture — making a statement to be proved or disproved
e implications, equivalences and if and only if statements (necessary and sufficient conditions)
e natural deduction and proof techniques: direct proofs using a sequence of direct implications, proof by
cases, proof by contradiction, and proof by contrapositive
e quantifiers ‘for all’ and ‘there exists’, examples and counter-examples
e proof by mathematical induction.

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.
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1.2 Logic

LEARNING INTENTION

At the end of this subtopic you should be able to:
e apply principles of proof to prove simple tautologies
e prove statements involving quantifiers over different sets of numbers.

Logic comprises both propositional and predicate logic, which are extremely useful and used in computer
science. First we revise and define some basic terminology.

1.2.1 Number systems

The set of natural numbers, or counting numbers is the set N=1{1, 2, 3, ...}. If we add or multiply any two
natural numbers, we always get a natural number, so we say that the set of natural numbers is closed under the
operations of addition and multiplication. However if we subtract two natural numbers, we don’t necessarily get
a natural number, so we extend the set of natural numbers to the set of integers. The set of integers consists of
both positive and negative integers and zero. Z=1{...—3,-2,—1,0,1,2,3,...}.

The subsets of positive integers are the set of natural numbers Zt = N={1, 2,3, ...} and the set of negative
integers Z~ ={—1,—2,-3,...}, so that Z=Z* UZ~ U{0}. If we add, subtract or multiply any two integers,

we always get an integer, so we say that the set of integers is closed under the operations of addition, subtraction
and multiplication. However, when we divide two integers we do not necessarily get an integer, so we extend

. . . a
the set of integers to the set of rational numbers. The set of rational numbers are numbers of the form Q ={—¢,

a€Z,beZ, b#0, where a and b do not have any common factor except for 1. Rational numbers either have a
recurring pattern in their decimal expansion, or its decimal expansion terminates.

Rational numbers are closed under the operations of addition, subtraction, multiplication and division. However

there are equations such as 2=2, x= i\/z, which have no rational solutions, and numbers such as \/2, 7, e, ...
are not rational. That is, there are numbers which cannot be expressed as a ratio of two integers and their
decimal expansion never terminates, nor has any pattern ever been detected in the decimal expansion.

So we extend the set to include real numbers R.

We have met complex numbers in Year 11, and will extend your knowledge of complex numbers in Topic 2,
however at this stage we know there are equations such as x”> = —1 which have no real solutions, so we define
i2 = —1 and extend the number system to include the set of complex numbers, C ={a + bi},a,b ER.

N C Z C Q C RC C, where the symbol C means is a subset, so every natural number is an integer, every
integer is rational, every rational number is real and every real number is a complex number (with a zero
imaginary part).
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1.2.2 Proposition logic

Propositional logic is concerned with mathematical statements called propositions, which are either true (T) or
false (F), note that we usually denote propositions by lower case letters, p, g, 7.

A couple of examples of propositions are the following.

p: Preston is a suburb of Melbourne. This statement is true.

q: Queenstown is the capital city of Victoria. This statement is false.

We can use a truth table to display all possible true and false combinations.

Negation

When we negate a statement, we insert the word ‘not’ into it to change
its truth status. This means the negation of a true statement will be false
and vice-versa. The negation of a proposition p is denoted by = p. As an
example, the negation of the proposition p from above is = p: Preston is

NOT a suburb of Melbourne. This statement is now false. A
p P .
T F
F T

In set theory, the negation is equivalent to the complement and can be represented in Venn diagrams
asA={x:x¢A}.

1.2.3 Combining two propositions

We can combine two or more propositions using connectives. We use a truth table to display all possible true and
false combinations.

And

Using ‘and’ to combine two propositions p and g is also written as p A g. p A ¢ is only true when p and g are both
true, as shown in the truth table below.

p q PAq
T T T
T F F
F T F
F F F

you are wearing a hat and wearing sunglasses, and is not true in any other

For example, if p is ‘wearing a hat’ and ¢ is ‘wearing sunglasses’, the -
combination p A g is ‘wearing a hat and sunglasses’ which is only true if 3 ﬁ
situation. ' " J

In set theory, A and B is the intersection, A N B={x:x €A and x € B}.

4

S
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Or

Using ‘or’ to combine two propositions p or ¢ is also written as p V g. p V g is true when either p or g are true, or
both are true.

p

a3
| TR

333 <

Continuing the example from above, p V g is ‘wearing a hat or sunglasses’ which is true if you are wearing a hat
or wearing sunglasses, or both. p V ¢ is false if and only if p and g are both false.

In set theory, A or B is the union A U B={x:x€Aorx € B}.

Implication

Implications are statements of the form ‘if p then ¢’, alternatively ‘p implies ¢’. This is written as p — q. The
only time p — g is false, is when p is true and ¢ is false.

p q pP—q
T T T
T F F
F T T
F F T

Note that when p is false, the implication statement p — ¢ is defined as true by default. This situation is known
as a vacuous truth as it essentially holds no meaning or information. Any implication statement that starts with
a false ‘if” statement is vacuously true. For example, ‘If pigs could fly then...” is a vacuously true statement
regardless of what comes after the word ‘then’ because pigs can’t fly!

TOPIC 1 Logic and proof 5



Equivalence

Statements of equivalence are of the form ‘p if and only if ¢’, alternatively ‘p iff ¢’ (iff is a shorthand for if and
only if); this is written as p <> q. p <> g is true when both p and ¢ are true and when p and ¢ are both false.

Note that p <> ¢ is also equivalent to p — ¢ and g — p.

p q p<q
T T T
T F F
F T F
F F T

De Morgan’s laws are a couple of famous equivalence statements which are very useful in many proofs.

De Morgan’s laws are = (p V q) < —p A—g and = (p A g) < —p V ¢q. The following Worked example shows how
the first of these laws can be verified using truth tables.

WORKED EXAMPLE 1 Proving De Morgan’s law

Use a truth table to show that = (p v ¢) & —p A q.

THINK WRITE

1. Set up the truth table. Since there are two p g pvg [ =m@ve | —p| =g pr—g
propositions, we need four rows. T T T F F | F F

2. In the third column complete the values T F T F FE| T F
forpvig. F|T| T F T | F F

3. In the fourth column, negate all the values F|F F T T T T
in the third column.

4. In the fifth column negate p and in the
sixth column negate q.

5. In the last column complete the values for
PATY.

6. Notice that the fourth column and last Since the columns corresponding to = (p V ¢) and
columns are the same. —ip A 1¢g are identical it follows that = (p V q) < —p A 7g.

1.2.4 Tautologies

In mathematical logic, a tautology is a formula or assertion involving propositions that is true in every possible
interpretation.

The De Morgan’s law =1 (p V g) <> =p A g is an example of a tautology.

In algebra, multiplication takes precedence over addition and subtraction, so in 3 4+ (4 X 5) the brackets are
implied and not needed; this expression can therefore be expressed as 3 +4 X 5.

Similarly, in logic Vv and A take precedence over implication and equivalence, so =1 (p V g) <> (1p A 7g) can
simply be written as = (p V g) < —p A q.
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WORKED EXAMPLE 2 Proving a simple tautology

Use a truth table to show that — (= p) < p, is a tautology.

THINK WRITE
1. Set up the truth table. Since there is only one
proposition, we need only two rows.

p | —p|-(p)

T| F T
2. In the second column negate p. El T F
3. In the third column negate the second column.
5. Notice that the first and third columns are Since the columns corresponding to = p and = (= p)
the same. are identical it follows that = (= p) < p.

1.2.5 Contrapositive, inverse and converse

Consider the conditional implication statement p — g. The contrapositive is =g — —p, and it will be shown in
Worked example 3 that these two statements are equivalent since (p — g) <> (mg — —p) is a tautology.

Consider the conditional implication statement, p — ¢. The inverse is =p — —¢ and the inverse’s truth value is
not dependent on whether the original implication is true.

Consider the conditional implication statement, p — ¢. The converse is ¢ — p and is actually the contrapositive
of the inverse, so it always has the same truth value as the inverse and therefore (¢ — p) < (-p — —g) is also
a tautology.

Consider the conditional implication statement, p — g. The negation is = (p — ¢) and if the negation is true, then
the original implication and the contrapositive are false. Note that = (p — ¢g) <> (p A 7¢g) is a tautology, which we
leave as an exercise.

Variations of implication statements

Implication Ifp theng,p — ¢ First statement implies truth of the second
Contrapositive | If not ¢ then not p, —~q — —p Reversal and negation of both statements
Inverse If not p then not ¢, =p — —¢q Negation of both statements

Converse If g thenp,q—p Reversal of both statements

Negation pandnot g, = (p - q) < (p A—q) | Contradicts the implication

WORKED EXAMPLE 3 Proving the contrapositive law

Use a truth table to show that (p — q) < (—g — —p) is a tautology.

THINK WRITE

1. Set up the truth table. Since there are two plq| p>q |-q —-p —qg->-p
propositions, we need four rows. T T T F|lF T

2. Complete the third column for p — g. T|F F TI|F F

3. In the fourth and fifth columns negate ¢ F|T T F|T T
and p respectively. F|F T T|T T

4. Complete the sixth column for =g — —p.

5. Notice that the third and last columns are Since the columns corresponding to p — g and =g — —p
the same. are identical it follows that (p — q) < (mg = —p).
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WORKED EXAMPLE 4 Contrapositive, inverse, converse and negation statements

Let p and g be the propositions, ‘it is cold’ and ‘I wear a coat,” respectively. Write the implication,
P — q, the contrapositive, inverse, converse and negation statements in words.

THINK WRITE

1. Implication p — ¢ If it is cold then I wear a coat.

2. Contrapositive =g — —p If I do not wear a coat then it is not cold.

3. Inverse - p — —¢q If it is not cold then I will not wear a coat.

4. Converse g — p If T wear a coat then it is cold.

5. Negation 1 (p — q) It is not the case that if it is cold then I wear a coat.
Equivalently

It is cold and I do not wear a coat.

Extension to three propositions

WORKED EXAMPLE 5 Proving a tautology involving three propositions

Use a truth table to show that [(p V q¢) — r] < [(p = r) A (g — r)] is a tautology.

THINK WRITE
1. Set up the truth table. Since there are three plg ripvgve—srp—>rig-rp-rAg-r
propositions, we require 2* = 8 rows. TIT Tl T T T T T
2. Complete the fourth column for p Vv q. TITIElI T F F F F
3. Complete the fifth column for (p V q) — r. TIEITI T T T T T
4. Complete the sixth column for p — r. TIFIF| T F F T F
5. Complete the seventh column for g — r. FIT|T| T T T T T
F|T|F| T F T F F
F|F|T| F T T T T
F|F|F| F T T T T

6. Notice that the fifth and last columns are  Since the columns corresponding to (p V g) — r
the same. and (p — r) A (g — r) are identical it follows that

(v =1 <[> A@G-D).

1.2.6 Predicate logic

Predicate logic is a form of propositional logic involving quantifiers or propositions which are in terms of a
function of a variable x.

The proposition 5 > 3 is a true statement, while 3 > 5 is a false statement. The statement x > 3 can be true or
false for certain values of x. A propositional statement which is a proposition regarding a variable, x, is written
as P(x).

The universal quantifier

The universal quantifier ‘for all’ (or ‘for every’) is represented by the symbol V.

As an example, Vx € R, sin® (x) + cos? (x) = 1, alternatively, sin® (x) + cos? (x) = 1 is true for all real numbers, x.
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Proof by counter-example

If we need to show that a statement Vx € D, P (x) is false, then it is sufficient to determine just one value within
D for which it is false, no matter how many cases it is true for. D is called the universe of discourse and is simply
the set that is specified in the statement.

WORKED EXAMPLE 6 Evaluating propositions for all real numbers

Write the following propositions in words and state whether they are true or false.

a. VxER, x> +4>3 b. VxeZ,2x>x
THINK WRITE
a. 1. The symbol V means for all. For all real numbers x> + 4 > 3.
2. For all real numbers x? > 0, therefore The proposition Vx € R, x> +4 > 3 is true.
X2 +4>4.
Since 4> 3, x2 +4> 3.
b. 1. The symbol V means for all. For all integers x, 2x > x.
2. The proposition is true for all positive When x=-2,2x=—-4< 2.

integers, but it is not true for negative
integers. Show an example which
disproves the proposition.

3. State the conclusion. The proposition Vx € Z, 2x > x is false.

The existential quantifier

The existential quantifier ‘there exists’ (or ‘for some’) is represented by the symbol 3. As an example,

dx€ER, sinz(x) = 1. Alternatively, there exist some real number(s) x, such that sin’ (x) = 1. Note that we are not
saying there is only one unique value for which this is true, there may be more than one, or in fact an infinite
number, which make the proposition or functional statement true.

Quantifiers
‘ Statement True when False when ‘
VxeD,P(x) | P(x)istrueforallxeD There is an x € D for which P (x) is false
dxeD,P(x) There is an x € D for which P (x) | P (x) is false for all x € D
is true

WORKED EXAMPLE 7 Evaluating propositions involving the existential quantifier

Write the following propositions in words and state whether they are true or false.

a.3xe€Q, x> +4=6 b. IxeC, x*+4=3
THINK WRITE
a. 1. The symbol 3 means there exists. There exists a rational solution to x> + 4 = 6.
2. x> +4=6is equivalent to x> =2. The only solutions to x> =2 are x =+ \/5, which

are not rational. The proposition 3x€ Q, x> +4=6
is therefore false.

TOPIC 1 Logic and proof 9



b. 1. The symbol 3 means there exists. There exists a solution involving complex numbers
tox’+4=3.

2. x*>+4=3isequivalent to x*> =—1. P=-1

x=xy/—1=xi

The proposition Ix € C, x> + 4 =3 is true.

Negating quantifiers
The negation of the statement Vx € D, P (x) is the statement Ix € D, =P (x).

The negation of the statement Ix € D, P (x) is the statement Vx € D, =P (x).

For example, take the statement, ‘All quadrilaterals have four sides’ or equivalently,

‘If a polygon is a quadrilateral, then it has four sides.’

The contrapositive, ‘If a polygon does not have four sides, then it is not a quadrilateral.’
We see that the truth of the original statement, is equivalent to the contrapositive.

The inverse, ‘If a polygon is not a quadrilateral, then it does not have four sides.’

The converse, ‘If a polygon has four sides, then it is a quadrilateral.’

We see that the inverse and converse are also equivalent.

The negation, “There is at least one quadrilateral that does not have four sides.’

This is obviously false.

Negating quantifiers
~(Vx €D, P(x)) < 3Ix €D, =P (x)
~(3xeD, P(x)) > Vx €D, =P (x)

Combining quantifiers

When a proposition has two variables, x and y, quantifiers are needed for both variables, for example in Vx € Dy,
Vy€D,,P(x,y) and 3x€ D,, Iy € D,, P (x,y), the order of the quantifiers is irrelevant. If the sets are the same,
we can write Vx,y€ D, P(x,y)and 3x,y€ D, P (x,y).

WORKED EXAMPLE 8 Evaluating propositions

Write the following propositions in words and state whether they are true or false.

a.VxezZt,Vye Z ,x >y b. Ix€Z,3yeN,x+y=0
THINK WRITE
a. 1. The symbol V means for all. All positive integers are greater than all negative
integers.
2. The smallest positive integer is 1, The proposition Vx€ Z*, Vy € Z~, x >y is true.
which is greater than all negative
integers.

10 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition



b. 1. The symbol 3 means there exists. There are integers x and natural numbers y, such

that x+y=0
2. Take the integer x = —2 and the x+y=—24+2=0
natural number y = 2. The proposition Ax€ Z, dye N, x+ y=0is true.

Mixing quantifiers

The statements Vx € D,, 3y D,, P(x,y) and Ax€ D, Yy € D,, P (x,y) have different meanings as they are
read left to right and the order is extremely important.

Mixing quantifiers

Statement True when False when
Vx,Vy, P(x,y) | P(x,y) is true for every x and y. There is at least one x and y for
which P (x, y) is false.
dx,dy, P (x,y) | There is at least one x and y for which | P (x,y) is false for every x and y.
P (x,y) is true.
Vx,3dy, P(x,y) | For every x, there is a y for which There is an x, for which P (x, y) is
P (x,y) is true. false for every y.

3dx,Vy, P (x,y) | There is an x for which P (x, y) is true For every x, there is a y for which
for every y. P (x,y) is false.

WORKED EXAMPLE 9 Evaluating propositions with mixed quantifiers

Werite the following propositions in words and state whether they are true or false.

a. IxeZt,VyeQ,xy=1 b. Vx€Zt,IyeQ,xy=1
THINK WRITE
a. 1. The symbols 3 means there exists There are positive integers x, for every rational
and V means for all. number y, such that xy=1.
Reading from left to right.
. 1
2. Rearrange to make x the subject. xy=1 & x=-
y
. . 2 1 3
3. Determine an example which When y=—,x=-= o
y

disproves the proposition. This x is rational, not an integer.

4. State the conclusion. The proposition Ix€ Z*, Vye Q, xy =1 is false.
b. 1. Read from left to right. For every positive integer x, there is a rational
number y, such that xy=1.

. 1
2. Rearrange to make y the subject. xy=1 & y=-
X

3. For all positive integers x, the value The proposition Vx € Z*, Iy e Q, xy =1 is true.

of y is a rational number —.
X

TOPIC 1 Logic and proof 11
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1. IlIZM Use a truth table to show that = (p A g) < —p V g.

2. lZA Use a truth table to show that p V —p is a tautology.

3. Use a truth table to show that p < (p Vv p) is a tautology.

4. Il Use a truth table to show that (p — ¢) < (—p V ¢) is a tautology.
5. Use a truth table to show that (p < q) < (—p < —g) is a tautology.

6. IZH Let p and g be the propositions, ‘it is raining” and ‘I take an umbrella,” respectively. Write the
implication, p — ¢, the contrapositive, inverse, converse and negation statements in words.

7. Using a truth table, show that the converse of p — ¢ and the inverse of p — ¢ are tautologies.

8. IIEA Use a truth table to show the following is a tautology: (p A (g A 7)) < ((p A q) Ar). This is one of the
associative laws.

9. Use a truth table to show the following is a tautology: (p A(gV 1)) < (P Aq)V (p Ar). This is one of the
distributive laws.

10. Use a truth table to show the following is a tautology: (pV (gAF) <PV @ AP V).

11. [IEA Write the following propositions in words and state whether they are true or false.
a. VxeEN, x+4>3 b. VxEN, x>0

12. Write the following propositions in words and state whether they are true or false.
a. dxeN, x+4<3 b. IxeQ, 3x=2

13. Write the following propositions in words and state whether they are true or false.
a.dxeZ,3x+6=0 b. IxeZ x*<1

14. INEA Write the following propositions in words and state whether they are true or false.
a.VxeN,Vye N, x +y>0 b. VxER,VyER,x2 +y2>0

15. [IEA Write the following propositions in words and state whether they are true or false.
a.VxeZt,3yeZ ,x+y=0 b.Vx€Z,3yeZ, y>x

For questions 16 to 20, write the following propositions in words and state whether they are true or false.
16. a. IxeQ, Vye Q,xy=1 b.Vx€Q, Iye Q,y=x> c. IER, VY€ O, xy/y=1

17. a. VxGZ,EIyGZ,y:x

X
- b.VxeZ,yeQ,y=—
5 yEQ,y 5

12 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition



18. dxeZ,VyeZ x+y=0
19. Vxe O\{0},dyeQ, xy=1
20. Va€R\{0}, Vb€ R,YcE R, 3Ix€Q, ax’> +bx+c=0

1.2 Exam questions

Question 1 (2 marks)
Show that the negation of p — ¢ is equivalent to p and not ¢, that is show that = (p — ¢) <> p A ¢ is a tautology.

Question 2 (3 marks)
Use a truth table to show that ((p — ¢) A(g — r)) = (p — 1) is a tautology.

Question 3 (2 marks)
Write the following proposition in words and state whether it is true or false.
V{a,b,c}ER A b>>4ac,IxER, ax*> +bx+c=0

More exam questions are available online.

1.3 Direct proofs

LEARNING INTENTION

At the end of this subtopic you should be able to:
e prove statements using a sequence of direct implications.

1.3.1 Terminology

There are many types of mathematical statements, in logic and proofs.

e Conjecture: A statement that seems to be true, but needs to be proven.

e Axiom: A statement that is considered to be true, or a fact, based on logic and does not need to be proven.
Also called a postulate, or an assumption.

e Theorem: A statement that can be shown to be true using a proof technique. Once proven, theorems can be
used in future reasoning and proofs.

¢ Propositions: Statements which are either true or false.

e Corollary: A theorem which follows almost immediately from another (related) theorem.

e Lemma: A theorem that is used to help prove other theorems. Lemmas are usually not of much interest in
isolation, but are important due to the role that they play in the proof of a more important theorem.

e Definition: A statement that gives some mathematical meaning to a word (or words) that is then
consistently and precisely understood and agreed upon.

At the beginning of this topic we defined the meaning of the sets N, Z, Q and R which we accept as definitions.

We will assume as an axiom or a fact, that the sum, difference and product of integers are integers. That is, let
Ax,y)=x+y, D(x,y)=x—y, P(x,y)=xy,then Vx€ Z, Vye Z,A(x,y) € Z,Vx€Z,Vye Z,D(x,y) € Z
and VxeZ, Vy € Z, P(x,y) € Z are all true, and will be used extensively in further proofs.

TOPIC 1 Logic and proof 13



1.3.2 Number theory

Number theory is a branch of mathematics devoted primarily to the study of integers. French mathematician
Pierre De Fermat (1601-1655) was one of the first to explore number theory and he communicated with
letters to friends about his findings and theorems, often with little or no proof. He is famous for what is
known as Fermat’s last theorem which was scribbled in the margin on a page. It states that no three positive
integers a, b and c satisfy the equation a" 4+ b" = ¢" for any integer value of n greater than two. This seemingly
simple conjecture has proved to be one of the world’s hardest mathematical problems to prove and several
mathematicians have devoted their lives in attempting a proof.

Definition of a prime number

A natural number is prime if it has exactly two positive divisors, 1 and itself.

So 1 is not prime, as it has only one divisor, not two. 2 is prime as both itself and 1 are divisors.

Definition of an even number

We say that an integer n is even, if there exists an integer k such that n = 2k.
For example, 12 is even because 12 =2 X 6.

An integer n is even, iff Ik € Z, n=2k.

Definition of an odd number
We say that n is odd, if there exists an integer k such that n =2k + 1.

For example, 17 is odd because 17 =2 X 8 + 1. Note that 17 is not even because there is no integer k for which
17 =2k.

We could also define odd numbers as integers which are not even.

WORKED EXAMPLE 10 Identifying sets of integers

Let S be the set of natural numbers less than 20, P be the set of prime numbers in S, E be the set of
even numbers in S and F be the set of x € S such that x is divisible by 4. List the sets
a. P b. E c. F d. PnE e. PnF

THINK WRITE

o {1,2,3,4,5,6,7,8,9,10,11,}

List the elements in the set S. 12,13, 14, 15, 16,17, 18, 19

a. List the elements in the set P. P={2,3,5,7,11,13,17, 19}

b. List the elements in the set E. E=1{2,4,6,8,10,12, 14, 16, 18}

c. List the elements in the set F. F={4,8,12,16}

d. List the elements which are in both The only number which is in both set P and set E is 2.
set P and set E. PNE={2}

e. List the elements which are in both The are no prime numbers which are divisible by 4,
set P and set F. this is an empty set.

PNF=¢
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1.3.3 Direct proof

Having these definitions in place we are ready to begin writing proofs. A proof is a verification which includes
an understanding of the words, phrases and symbols in the proof.

In a direct proof, the conclusion is established by logically combining the axioms, definitions, and earlier
theorems.

You might think that for a direct proof, we merely substitute in a couple of values and test these and since they
work, the proof is done. However this does not prove the general case and in this case is not a valid method
of proof.

A direct proof is one common method of proof. It is used to prove statements of the form ‘if p then ¢’, or ‘p
implies ¢’, which is also written as p — ¢, as in the truth table.

Row

I I IS
IS
I IR

1
2
3
4

The method of a direct proof is to take a statement p, which we assume to be true, and use it directly to show
that ¢ is true. Now since p is true, only rows 1 and 2 of the table concern us, so for p — ¢ to be true, all we then
have to do then is to show that g is true (row 1).

WORKED EXAMPLE 11 Proving that the sum of two odd integers is even

Prove that the sum of two odd integers is an even integer.

THINK WRITE

1. Write an equivalent statement to be proved. Proof:
p: a and b are odd integers. If a and b are odd integers, then their sum a + b
g: their sum a + b is even. is even.

2. Assume that p is true, thatis @ and b are two  Leta=2j+ 1 and b =2k + | where j, k€ Z.
odd integers.
Note that it would be incorrect to state
b=2j+ 1 as that would imply a = b.

3. Evaluate the sum. a+b=2j+1)+2k+1)
Recall that the sum of any integers is =2(j+k+1)
an integer. =2i

Where i =j + k + 1, therefore i € Z.

4. Since q is true, state the conclusion. Since a + b = 2i, it follows from the definition that the
sum of two odd integers is an even integer.

TOPIC 1 Logic and proof 15



At the start of each proof, we need to write the word Proof. Sometimes you might see QED at the end of a proof.
It comes from the Latin phrase ‘quod erat demonstrandum’, meaning ‘which was to be demonstrated’. Literally
then it states ‘what was required to be shown’.

Outline for a direct proof

Proof:

If p then q.

Suppose p is true.
some steps of working

Therefore, q is true.

WORKED EXAMPLE 12 Proving that a function of even integers is odd

Prove the following.
If x is an even integer, then x* — 8x + 19 is odd.

THINK WRITE
1. Suppose x is even. Proof:
Let x =2; for some j € Z.
2. Consider x> — 8x + 19, substitute for x. x> —8x+19= (2j)2 —8(2))+ 19
3. Expand and simplify =452 —16j+ 19
=22 =8 +9+1
=2i+1

where i =22 —8j +9.

The sum, product and difference of any integers are
integers (these are axioms).

Therefore i € Z.

4. State the conclusion. x> —8x+ 19 is odd.

Modus ponens

Modus ponendo is Latin for ‘putting in place of’. It is just an application of using a theorem or earlier known
true proposition, to show some other proof. The use of modus ponens is: if the statement for p has occurred in a
proof, and p is true and also if p — ¢ is true, then it follows that ¢ is true.

Modus ponens

Given that p — ¢ is true and p is true, then ¢ must also be true.

1.3.4 Divisibility

If a and b are non-zero integers, then a divides b, which we write as a|b, if b = ac for some ¢ € Z. In other words,
a is a factor of b, as it divides into b with zero remainder.
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For example, 7 divides 28, because 28 =4 X 7, so 7|28 is a true statement. 5|19 is a false statement as there is no
integer ¢ for which 19 = 5c.

. S . a.
Note that a|b is a statement which is either true or false, while a/b = — is a number.

The least common multiple of two non-zero integers, a and b is denoted by lcm (a, b) and is the smallest positive
integer that is a multiple of both a and b.

For example lcm (6, 15) =30 and lcm (9, 45) = 45. The order is not important here since lcm (a, b) =lcm (b, a).

The greatest common divisor of two non-zero integers, a and b is denoted by gcd (a, b) and is the largest integer
that divides both a and b.

For example, ged (4, 10) =2 and also ged (10, 4) = ged (—4, 10) = ged (—10,4) = 2. The order is not important
here since ged (a, b) = ged (b, a). Now without loss of generality (wlog), another mathematical abbreviation, we
will consider ged (a, b) and lcm (a, b) when a and b are positive integers, that is a, b € Z*.

The functions lcm and ged are available on many calculators.

WORKED EXAMPLE 13 Proving the transitive property of divisibility

Let a,b and c be positive integers. If a|b and b|c then prove that a|c. This is also known as a
transitive property.

THINK WRITE

1. a|b is true. There is an integer, d; such that b =ad,.

2. b|c is true. There is an integer, d, such that ¢ = bd,.

3. Substitute for b. ¢ =ad,d, = ad; where d; = d,d, is an integer, since

we know that the product of two integers is an integer.
4. State the conclusion. Therefore it follows that alc.

1.3.5 Proof by cases

Sometimes a statement can be broken down into a number of simpler cases that need investigation separately.
The validity of proof by cases is from the tautology [(p Vq)— r] o [(p —>rA(g— r)] which was proved
in Worked example 5. We can generalise this tautology to n cases as shown below.

[0V VP = 1] < [0r = DA@ = DA AP, = 1)

WORKED EXAMPLE 14 Proof by cases

x+3

If x is a real number such that 2+ N > 0 then either x >2 or -3 <x < 2.
x —

THINK WRITE

1. Factorise the denominator. Proof:

x+3 x+3
= >0
=4 (x+2)(x—-2)
2. Since a negative times a negative is positive,  Consider

C a .
for a fraction o to be positive, there are a=x+3, b=x+2, c=x-2
c

4 cases.
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3. Case 1. x+3>0 x—2>0 x—2>0

a>0, b>0, ¢>0 x> =3, x> =2, x>2
Solve the inequalities. These imply x> 2.
4. Case 2. x+3>0, x+2<0 x—2<0
a>0, b<0, ¢c<0 x> =3, x< =2, x<?2
Solve the inequalities. These imply —3 <x < —2.
5. Case 3. x+3<0, x+2<0, x—-2>0
a<0, b<0, ¢>0 x <=3, x< =2, x>2
Solve the inequalities. There are no values of x which satisfy all of these

three inequalities simultaneously.

6. Case 4. x+3<0, x4+2>0, x-2<0
a<0, b>0, c<0 x< =3, x> =2, x<2
Solve the inequalities. There are no values of x which satisfy all of these

three inequalities simultaneously.

~

. State the conclusion. Thus only Case 1 or Case 2 apply, so that x> 2
(Case 1) or =3 <x < —2 (Case 2).

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS (C)

Technology free

1. [IZH Let S be the set of natural numbers less than 20. Let P be the set of prime numbers x such that x € S.
Let O be the set of odd numbers x such that x €S and 7 be the set x such that x is divisible by 3 and x € S.
List the following sets:

a. P b. O c. T d. PNnO e. PNT

2. [IlTZEM Prove that the sum of two even integers is an even integer.
3. Prove that if x is an even integer, then 4x — 7 is odd.
4. Prove that if x is an odd integer, then 3x + 11 is even.
5. Prove that the square of an even number is even.
6. Prove that the cube of an odd number is odd.
7. IIEHE Prove that if x is an even integer, then x> +4x + 5 is odd.
8. If x is an odd integer, prove that x> — 5x + 8 is even.
9. Prove that if x is an odd integer, then x> — 7x + 18 is even.
10. Prove that if x is an odd integer, then x> — 1 is divisible by 4.

11. Prove that if 10" — 1 is prime, then » is odd.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

a. Prove that for x,y €R, x> +y* > 2xy.

b. By expanding (x — y)* + (y — 2)* + (z — x)* prove that for x, v,z € R x2 + y + 22 > xy + yz + xz.

KZE If a and b are positive integers and if a|b, prove that a*|b.

a. Let a, b and ¢ be positive integers. If a|b and a|c then prove that a| (b + ¢).
b. Let a, b, ¢ and d be positive integers. Prove or disprove if a| (b + ¢) and a| (b + d) then a| (¢ + d).

Let a, b, c and d be positive integers. If a|b and c|d then prove that ac|bd.

a. If a, b and c are integers, prove or disprove the following. If a|b and c|b then a c|b.
b. If a and b are integers, prove or disprove the following. If 5| (a2 + b2) then 5|a® and 5|b.

Prove that if 5|n then 5|n?.

Evaluate each of the following.

a. gcd(18,27) b. ged(12,60) c. ged(7,11) d. Ilem (18,27) e.lecm(12,60) f. lcm(7,11)

K= If x € R such that

x+1
x> —4

2 _
If x €R such that ¥ —16
x+7

> 0, prove that either x >2 or =2 <x < —1.

> 0, prove that either x >4 or =7 <x < —4.

If x € R such that (36 — xz) (x+4) >0, prove that either x < —6 or —4 <x <6.

Prove that if x is an integer, then x2 +5x+ 8 is even.

Technology active

23.

24,

Evaluate each of the following.
a. gcd (996,524) b. gcd (417,819)
d. lem (996, 524) e. lem (417,819)

Peter used the sieve of Eratosthenes to list and count all
the prime numbers between 1 and 100 inclusive, he found
there was 25. The sieve eliminates numbers divisible

by 2,3,5,7 etc. He then listed all the prime numbers
between 101 and 200 inclusive and found there was 21.
He then listed all the prime numbers between 201 and
300 inclusive and found there was 16. He stated that as
the set of natural numbers gets larger, there are less and
less prime numbers and therefore there will be a finite set
of prime numbers. Write a program or use a calculator

to count the number of prime numbers within a certain
interval.

eratosthenes

c. gcd (1025,450)
f. lcm (1025, 450)

112|134 |5((6]|7(8]09

10

1111213 |14 | 15|16 | 17 | 18 | 19

20

21 122|123 |24 |25 |26|27| 28|29

30

31132 (33|34 |35(36|37|38]39

40

41 | 42 | 43 | 44 | 45 | 46 | 47 | 48 | 49

50

51 (52|53 (545556 |57]|58|59

60

61 | 62 | 63|64 | 65|66 | 67 | 68| 69

70

71172 |73 |74 |75 |76 | 77 | 78 | 79

80

81 |82 | 83|84 |8 |8 |87 | 8 | 89

90

91 [ 92193 [94]|95|96 |97 |98 |99

100

Numbers that are multiples of 2 are shaded blue
Numbers that are multiples of 3 are shaded pink
Numbers that are multiples of 5 are shaded green
Numbers that are multiples of 7 are shaded purple
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Do you agree with Peter’s assertion?
Complete the following table to decide on your assertion.

Natural numbers Number of prime numbers
1-100 25
101 —200 21
201 —300 16
301 —400
401 —500
501 — 600
601 —700
701 — 800
801 —900
901 — 1000
1—1000
1001 — 2000

1.3 Exam questions

Question 1 (2 marks)
Prove that every odd integer can be expressed as a difference of two squares.

For example, 5=32-22, 7=4>-32, 9=52-42

Question 2 (2 marks)
Let a, b and ¢ be positive integers. Prove or disprove if a|b and c|b then (a + ¢) |b.

Question 3 (3 marks)
Prove that if x is an integer, then 3x*> + 7x + 11 is odd.

More exam questions are available online.

1.4 Indirect proofs

LEARNING INTENTION

At the end of this subtopic you should be able to:
e prove statements using contrapositive and contradiction.

1.4.1 Indirect proofs
Indirect proofs are a roundabout way of trying to show a proof, often by doing things in reverse.

When attempting to prove an assertion we first try a direct proof, that is, we assume the hypothesis that is given
is true and try to show directly that the conclusion follows.

The method of a direct proof involves showing p — ¢ is true by taking a statement p, which we assume to be
true, and using it directly to show that ¢ is true.
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1.4.2 Proof by contrapositive

When a direct proof can’t be used, we use an indirect proof, which is the proof of the contrapositive. Recall that
since p — g <> (mg — —p) is a tautology, we can indirectly prove p — g by proving the equivalent contrapositive
—g — p is true.

This is a very useful fact, as it is often easier to prove the contrapositive statement, than it is to prove the
implication directly.

Proof using the contrapositive

If you can prove that the contrapositive of a statement is true, then the
original statement must also be true (and vice versa).

WORKED EXAMPLE 15 Proof by contrapositive (1)

Prove that if 4" — 1 is prime, then 7 is odd.

THINK

1.

To prove p — g

p: ‘4" —11is prime’

q: ‘nis odd’

The contrapositive is =g — —p.

Not an odd integer is an even integer.
Use the definition of an even integer.

Factorise the expression, using the difference
of two squares.

State the conclusion.

WRITE

To prove:

If 4" — 1 is prime, then 7 is odd.

A direct proof cannot be established.

Proof: We prove the contrapositive.

If n is an even integer then 4” — 1 is not prime.

Let n=2k, where ke Z
4% = (4571
=@+ 1@Ek -1
Since 4% — 1 has factors, it is not prime, and the

contrapositive is true, therefore the original statement
If 4" — 1 is prime, then 7 is odd, is true.
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WORKED EXAMPLE 16 Proof by contrapositive (2)

Prove that for x € R if x> + 4x > x2 + 1 then x > 0.

THINK WRITE
1. To prove p — ¢g To prove:
P X+ ax>+ 1 xERif x> +4x>x*>+1thenx>0
q: ‘x>0
2. Not positive is negative. Proof: We prove the contrapositive.
—g— p If x <0 then x> + 4x < x>+ 1.
ng:x<0,

Pl A<t +1
3. A negative number to an odd power is Since x <0, x> +4x<0

negative, and four times a negative number
is negative.

4. A negative number to an even power is Since x<0, x> +1>0
positive.
5. A positive number is greater than a negative ~ x* +4x <x’ + 1
number.
6. State the conclusion. As the contrapositive, =g — —ip has been shown to

be true, the original statement, p — ¢, for x € R if
x° +4x> x> + 1 then x > 0 has been proved.

WORKED EXAMPLE 17 Proof by contrapositive (3)

Prove that if the product of two integers is even, then one of the integers is even.

THINK WRITE
1. Use the contrapositive and De Morgan’s Law.  The contrapositive of p — (rVs) is = (rV.s) = —p
which is equivalent to (-7 A 1) — —p.

2. Write an equivalent statement to be proved. To prove:
p: “The product of two integers a and b is If the product of two integers a and b is even, then a is
even’ even or b 1s even.
r: ‘a is even’ Proof: We prove the contrapositive.
s: ‘b is even’ If a and b are odd integers, then their product ab is
Not an even integer is an odd integer. odd.

3. Assume that @ and b are two odd integers. Leta=2j+1and b=2k+ 1 where j, k€ Z.

4. Form the product. ab=2j+1)2k+1)

=4jk+2k+2j+ 1

=22jk+k+))+1

=2i+1
Where i = 2jk + k+j.
Recall that the product and sum of any integers is an
integer, so i € Z.

5. State the conclusion. Since ab =2i + 1, it follows that ab is odd, and
therefore from the equivalence of the contrapositive
the original statement is true.
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WORKED EXAMPLE 18 Proof of divisibility of n and n?

a. Prove that if n € N and 3|n then 3|n>.
b. Prove that if n € N and 3|n? then 3|n.

Note: Proving both parts a and b is equivalent to proving that, for n € N, n is divisible by 3 iff n? is

divisible by 3.

THINK
a. 1. Define the propositions

2. Use a direct proof.
3. Assume that p is true.

4. To show that g is true.
b. 1. Use an indirect proof.

2. Assume that —p is true.

3. Consider cases.

4. Consider n2.

5. State the conclusion.

6. Consider the other case.

7. Consider n?.

8. State the conclusion.

9. Combining the cases.

WRITE

p: 3|n, 3 divides into 7.

q: 3|n?, 3 divides into n?.

To prove: p — g

Since 3|n then n=3k, k€Z

n? =3k’ =9%>=3(3k?) =3j, jE€Z

so that 3|n? is true.

To prove: g — p, prove the equivalent contrapositive,
P

3 + n, meaning # is not divisible by 3. Therefore
when 7 is divided by 3, it must have a remainder
of either 1 or 2.

Case 1. When 7 is divided by 3, it has a remainder
of I,thenn=3k+1, keZ

n? = (3k+ 1)

n* = 9k> + 6k + 1
n* =303k +2k)+ 1
n?=3j+1,j€Z

So n? has a remainder of 1 when divided by 3.
Therefore 3 + n>.

Case 2. When 7 is divided by 3, it has a remainder
of 2,thenn=3k+2, keZ

n* = (3k+2)°

n? =9k> + 12k + 4

n? =303k +4k+1)+1

n?=3j+1,j€Z

So n? has a remainder of 1 when divided by 3.
Therefore 3 + n°.

We have shown that when 3 }  then 3 4 12, that
is 7ip — —g. Since the contrapositive is true, the
original statement g — p is true.

1.4.3 Proof by contradiction

Proof by contradiction is another indirect method of proof. Suppose we want to believe in the truth of a

mathematical statement or some proposition. With a proof by contradiction, we set out to prove the statement
is false (which is easier than proving it to be true) and then as the proof develops, we run into something that
does not make any sense, that is, a contradiction. By coming across a contradiction we show that the original

statement cannot possibly be false.
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The steps to follow when using a proof by contradiction are:
e assume your statement to be false
e proceed as you would when using a direct proof
e come up with a contradiction
e because of the contradiction it can’t be the case that the statement is false, so the assumption that the
original statement was false is incorrect. Therefore the original statement must be true.

True or false?

A statement cannot be true and false at the same time.
e If a statement can be proven true then it cannot be false.
e If a statement can be proven false then it cannot be true.
¢ If the negation of a statement can be proven true then the original statement is false.
e If the negation of a statement can be proven false then the original statement is true.

The last statement is the one that is used when doing a proof by contradiction.

Assume that the negation of what you wish to prove is true and show that this implies two contradictory
outcomes. In logical form, =p — (r A =r) whose conclusion is a contradiction, that is a false statement. An
example of an implication of this form is ‘therefore » is odd and n is even’. This is obviously a contradiction.

Proof by contradiction

Step 1. Assume that the negation (opposite) of what you would like to prove is true.

Step 2. Use mathematical reasoning to show that the consequences of this premise/assumption are
false/impossible.

Step 3. Since it has been shown that the negation is false, the original statement must be true.

WORKED EXAMPLE 19 Proof by contradiction (1)

Prove the following statement. No integers a and b exist for which 3a + 125 = 23.

THINK WRITE
1. We could spend hours trying to find integers a Proof: Assume that the original statement is false.
and b for which 3a + 12b =23. da,beZ, 3a+12b=23

For example: a=4, b=1, 3a+12b=241is
close but not a proof.

Instead of trying to find a counter-example,
assume that the original statement is false.

2. Assume a and b are integers and factorise. 3a+12b =23

3(a+4b) =23
.. . 23
3. Divide both sides by 3. a+4b= =
4. When we add two integers, the result is an We have a contradiction, the sum of two integers, is
integer, not a fraction. always an integer, not a rational number.

5. State the conclusion. This contradiction means that the statement cannot be
proven false, therefore the original statement must
be true.

No integers a and b exist for which 3a + 12b =23.
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WORKED EXAMPLE 20 Proof by contradiction (2)

Prove that \/3 is irrational.

THINK

1o

» ©

N o

. . a
A rational number is of the form —, where

a and b are integers which have no common
factors (other than 1).

Square both sides.

Multiply both sides by 5.

a” is a product of 3 and another integer.

Substitute for a. Now b? is a product of 3 and
another integer.

b is a product of 3 and another integer.
We have a contradiction.

State the conclusion.

WRITE

Proof by contradiction:
Assume /3 is rational.
a
Therefore \/_ = —, where a, b € Z and a and b share

no common factors other than 1.
a
V3=

3=

%l&ww‘l

3b? = a?
Since b? is an integer, a> = 3n where 7 is an integer.
We have proved that if a? is a multiple of 3, then a is

a multiple of 3 (from Worked example 18). Now let
a=3k, keZ.

a? = 9k* = 3p?
b? = 3k?
b* =3m

Where m is an integer.
Since b? is a multiple of 3, b is also a multiple of 3.

Both a and b are multiples of 3, so they share a
common factor of 3. This contradicts the assumption
that @ and b have no common factors other than 1.

Therefore /3 is irrational.

Students, these questions are even better in jacPLUS

Find all this and MORE in jacPLUS C)

Receive immediate Access
feedback and access additional
sample responses questions

Track your
results and
progress

Technology free
1. IEHE Prove the following statement using proof by contrapositive. If 2" — 1 is prime, then n is odd.

2. Prove the following statement using proof by contrapositive. If n is an integer and 3n + 7 is even,

then » is odd.
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3. Prove the following statement using proof by contrapositive. If 7 is an integer and n” is even, then 7 is even.

4. Prove the following statement using proof by contrapositive. If  is an integer and n” is not divisible by 4,
then n is odd.

5. Prove the following statement using proof by contrapositive. If #* is an odd integer, then 7 is odd.
6. IIEA Prove that for x € R if x* + 2x > 4x> + 9 then x > 0.
7. Prove that for x € R if x° +2x> + x> x° + 3x* + x*> + 8 then x> 0.
8. Prove that for x,y € R if y* + yx* <x* +xy? then y < x.
9. Prove that if the product of two integers is odd, then both of the integers are odd.
10. IIEEA Prove that no integers a and b exist for which 4a + 8b = 10.
11. Prove that no integers a and b exist for which 2a — 8b =21.
12. Suppose a,b € Z. Prove that if a4+ b > 19 then a > 10 or b > 10.
13. IEE a. Prove that if 2|n then 2|n?.
b. Prove that if 2|n® then 2|n.
14. [l Prove that \/5 is irrational.
15. Prove that if n*> = 10 then n is not a rational number.
16. Prove that log3 (8) is irrational.

17. Prove using the contrapositive that if n is an integer and n* + 5 is odd, then n is even.

18. For all a,b € Z*, prove that % + b >2.
a

1.4 Exam questions

Question 1 (3 marks)
Suppose x,y €R. If x +y > 20 prove that x > 10 or y > 10.

Question 2 (3 marks)
Prove that log, (5) is irrational.

Question 3 (3 marks)
Prove using a contradiction that if 7 is an integer and n°® + 5 is odd, then 7 is even.

More exam questions are available online.
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1.5 Proof by mathematical induction

LEARNING INTENTION

At the end of this subtopic you should be able to:
e prove statements using mathematical induction.

1.5.1 What is mathematical induction?

Mathematical induction is a method of proof involving
inductive reasoning. It is a step by step process for proving
propositional statements involving natural numbers

n € N. The first step involves verifying that a propositional
statement P(n) is true for the base case (usually when
n=1). The next step is called the inductive step and
involves assuming that the statement is true when n =k
and then showing that this assumption implies that it is
true when n =k + 1, we can then conclude that P(n) is true
for all natural numbers n greater than or equal to the value
used in the base case.

It is a bit like climbing a set of stairs, first we need to get
to the first step, then we need to be able to get from one
step to the next. If you can do both of those things you can
climb the stairs, no matter how many there are.

Proof by mathematical induction

Let P(n) be a propositional statement regarding natural numbers, 7.

The steps which can be used to prove P(n) by mathematical induction are:

Step 1 (Base step): Prove that P(n) is true for the first allowable value of n (usually n =1).
Step 2 (Inductive step): Assume that P(k) is true and then use this assumption to prove that P(k + 1) is
also true.

You can now conclude that the statement P(n) is true Vr € N which are greater than or equal to the
value used in the base step.

Summation notation

The symbol Z is called sigma and is used in mathematics to represent ‘the sum of the following’. In general

Z f(@i) means f(1) +f(2) + ... + f(n). The variable i is called a dummy variable and could be replaced with
i=1
any other letter.4 o . ), . i
(=1)'¥ =D'x =Dy =D (=D (=D
: = = + + -
For example: J; 7 El 2 2 > 32 12
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The symbol H is called product and is used in mathematics to represent ‘the product of the following’. In

general Hf(i) means f{1)f(2) ... f(n).
i=1

5 )
) X\ x? x* x
For example: j|=3| <1 —]—'> = <1 - ;) (1 — Z) <1 — §>

1.5.2 Proofs using mathematical induction

Induction proofs using sigma notation

Many proofs using mathematical induction, are logically set out and can be simplified using sigma notation, the

k+1 k
expression, Z fin= Z Sf(r) + flk+ 1) will be used extensively.
r=1 r=1

WORKED EXAMPLE 21 Proof by mathematical induction (1)

1
Use mathematical induction to prove that 12 +22 + 32 + ...+ n’ = En m+1)2n+1),VrneN.

THINK WRITE
1. State the propositional Proof:
statement P(n) which we are P(n) is the propositional statement:
looking to prove. 242432+ +nP= én(n +1)2n+1), VneN.
2. Verify that P(1) is true. LHSof P(1) =1
RHS of P(1) = éx 1x2%x3=1
P(1) is true.
3. Assume that P(k) is true. P+22+32+..+k2= ék(k +1DQ2k+1)

4. Write a statement for P(k + 1). 12+22+32+...+(k+1)2:é(k+1)((k+1)+1)(2(k+1)+1)

5. Consider the LHS of P(k+1).  12+22+ 32+ ..+ (k+ 1)’ = (12+22+ 32+ .+ &%) + (k+ 1)’

6. Use the fact that P(k) is true. = ék(k + 1)2k+ 1)+ (k+ 1)2
7. Factorise the expression until = l(k +1) [k(2k +1)+6(k+ 1)]
it looks like the RHS of ?
P(k+1). = 6(k+1)(2k2+7k+6)
1
= <kt D(k+2)(2k+3)

= é(k+ 1)((k+ 1+ 1)(2(k+ 1)+ 1)

= RHS of P(k + 1)

8. State what has been We have shown that if P(k) is true, P(k+ 1) is also true. P(1) is true,
demonstrated and concluded. therefore by the principle of mathematical induction

1
Pn): 12422432 +...+n2= 6n(n+ D(@2n + 1) is true Vn €N.
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WORKED EXAMPLE 22 Proof by mathematical induction (2)

Use mathematical induction to prove that
1 1 1 1

+ + + ..+ S ,Vn €N.
1x3 3x5 5x7 2n—-1)2n+1) 2n+1
THINK WRITE
1. State the propositional Proof:
statement P (n) which we ~ Using sigma notation
are looking to prove. 1 1 1 1 ! 1

+ + ..+ =
Ix3 3x5 5x7 Cn—1)2n+1) ;=1 2r—1D2r+1)
Let P(n) be the propositional statement:
! 1 n
> =
=1 Qr—0DQ2r+1) 2n+1
1 1

2. Verify that P(1) is true. LHS of P(1) = —— = —
I1x3 3
1 1
RHS of P(1) = —— = —
) 2x1+1 3
P(1) is true.
L 1 k
3. Assume that P(k) is true. > =
=1 2r—=0DQr+1) 2k+1
k+1
4. Write a statement for > L = k1
P(k+1). =1 Qr—=10DQr+1) 2k+1)+1
k+1 1 1 |
5. Consider the LHS of 3—m——= +
Pk +1). =1 Qr—0Q2r+1) = Qr—DR2r+1) (2(k+1)—1)(2(k+1)+1)
6. Use the fact that P(k) is = k + !
true 2k+1  (k+1)2k+3)
2 1
7. Add the fraction, forming _ el
the lowest common (2k+1)(2k +3)
denominator.
2
8. Expand the numerator. = M
Qk+1)(2k+3)

_ Ck+3)(k+1)

9. Factorise the numerator =
k+ 1)(2k+3)

and simplify by
cancelling the common _ k+1
factor. 2k+3
10. Write the expression so = el
that it is clearly the same 2(k+1)+1
as the RHS of P(k+ 1).
11. State what has been We have shown that if P(k) is true, P(k+ 1) is also true. P(1) is true,
demonstrated and therefore by the principle of mathematical induction,

concluded.

P(n): Y, !

S is true Vn € N.
=1 2r—10Q2r+1) 2n+1
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Mathematical induction proofs involving powers

WORKED EXAMPLE 23 Proof by mathematical induction (powers)

Use mathematical induction to prove that 4 + 4% +4° + ... + 4" =

THINK
1. State the propositional statement P(n) which
we are looking to prove.

2. Verify that P(1) is true.

3. Assume that P(k) is true.

4. Write a statement for P(k+ 1).

5. Consider the LHS of P(k+ 1).

6. Use the fact that P(k) is true.

7. Take out the common factor and simplify.

8. Simplify using index laws.

9. Write the expression so that it is clearly the
same as the RHS of P(k+ 1).

10. State what has been demonstrated and
concluded.

% (41 —4),VneN.

WRITE
Proof:
Using sigma notation

A+42+ 8+ +4"=

T4

Let P(n) be the proposmonal statement:
Z 4=
LHS of P(1)=4

1
RHS of P(1) = 2 (4?
P(l) is true.

Z q4r = 4k+l 4)

4=-
rgl 3
k+1

Z 47 = Z 47 4 4k+1

(4k+1 _4) +4k+l

4n+1 4)

—4)=4

(4(k+1)+1 _4)

w|._ wl»— w|._aw|>_‘ W | =

((44+1—4) +3x 4%+

(4x4k+1 —4)

(4k+2 4)

(4(k+l)+l 4)

We have shown that if P(k) is true, P(k + 1) is also true.
P(1) is true, therefore by the principle of mathematical

induction, P(n): Z = (4"+1 4) is true Vn € N.

Mathematical induction proofs involving divisibility

Mathematical induction proofs involving divisibility are common and can be quite tricky; the proof involves
manipulating the expression for P(k+ 1) so that it contains the expression for P(k) plus some other terms which

are also divisible by the required number.

30 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition



WORKED EXAMPLE 24 Proof by mathematical induction (divisibility)

a. Prove that 4" — 1 is divisible by 3, Vr € N.

b. Prove that 5" + 2 x 11" is divisible by 3, Vn € N.
c. Prove that n® + 2n is divisible by 3, Vi € N.

THINK WRITE
a. 1. State the propositional statement a. Proof:
P(n) which we are looking to Let P(n) be the propositional statement:

prove.

2. Verity that P(1) is true.

3. Assume that P(k) is true.

4. Write a statement for P(k + 1).

5. Manipulate the expression from
P(k+ 1) so that it contains the
expression from P(k).

6. State what has been demonstrated.

7. State what has been concluded.

b. 1. State the propositional statement b.
P(n) which we are looking to
prove.

2. Verity that P(1) is true.

3. Assume that P(k) is true.
4. Write a statement for P(k + 1).

5. Manipulate the expression from
P(k+ 1) so that it contains the
expression from P(k).

6. State what has been demonstrated.

7. State what has been concluded.

4" —1 is divisible by 3, Vn € N.
P(1): 4! — 1 =3 is divisible by 3, P(1) is true.
4% —1 is divisible by 3.
41 1 is divisible by 3.
A1 =4 x4 -1

=GB+ 1)x4—1

=3 x4k + (4F—1)
Since we have assumed that 4% — 1 is divisible by 3, and
3 (4%) is also divisible by 3,
Al 1 =3 x4+ (4" = 1) also has 3 as a factor and is
divisible by 3.
We have shown that if P(k) is true, P(k+ 1) is also true.
P(1) is true. therefore by the principle of mathematical
induction, P(n): 4" — 1 is divisible by 3, is true Vn € N.
Proof:

Let P(n) be the propositional statement:
5" +2x 11" is divisible by 3, Vn € N.

P(1): 5' +2x 11" =5 +22 =27 is divisible by 3, P(1) is

true.

5%+ 2 x 11% is divisible by 3.

55+1 42 x 1%+ is divisible by 3.

ST o x 1M =5x 5 +2x 11 x11*
=5x5k4+22x11*
=5(5"+2x11¥) +12x 11
=5(5"+2x11F) +3x (4x 11%)

Since we have assumed that 5K 4+ 2 x 11¥ is divisible by 3,

and 3 X (4 x 11¥) is also divisible by 3,

S L2 11 =5 (5K 4+ 2% 115) +3 x (4 x 11%) also
has 3 as a factor and is divisible by 3.

We have shown that if P(k) is true. P(k + 1) is also true.
P(1) is true, therefore by the principle of mathematical
induction,

P(n): 5" +2 % 11" is divisible by 3, is true Vn € N.
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c. 1. State the propositional statement c. Proof:

P(n) which we are looking to Let P(n) be the propositional statement:
prove. n® + 2n is divisible by 3, Vn € N.

2. Verify that P(1) is true. P(1): 1 +2 =3 is divisible by 3, P(1) is true.

3. Assume that P(k) is true. k3 + 2k is divisible by 3.

4. Write a statement for P(k + 1). (k+ 1)3 +2 (k+ 1) is divisible by 3.

5. Manipulate the expression from Gk+1P°+2*k+1) =k +3k2+3k+1+2k+2
P(k+ 1) so that it contains the =K+ 32 +5k+3

expression from P(k). = (B +2k)+3 (R +k+1)

6. State what has been demonstrated. Since we have assumed that &> + 2k is divisible by 3, and
3 (K +k+1) is also divisible by 3,
(k+1)* +2(k+1)= (K +2k) +3 (K +k+ 1) also has 3
as a factor and is divisible by 3.

7. State what has been concluded. We have shown that if P(k) is true. P(k + 1) is also true.
P(1) is true, therefore by the principle of mathematical
induction, P(n): n® + 2n is divisible by 3, is true Vn € N.

Mathematical induction proofs involving factorial and inequalities

Recall some properties of factorials and combinations:

nl=nn—1)n-2)...3x2x1
nl=nn-1)!
or=1

n n! _ n
r Hn—r)! \n—r

These properties can be very useful in proofs by mathematical induction.

WORKED EXAMPLE 25 Proof by mathematical induction (factorials)

Use mathematical induction to prove that n! > 2" for natural numbers n > 4.

THINK WRITE
1. State the propositional statement P(n) which Proof:
we are looking to prove. Let P(n) be the propositional statement:
n! > 2" for natural numbers n > 4.
2. Verify that for the base step this time when LHS of P(4) =4!=24,
n=4, P(4) s true. RHS of P(4) =2*=16, so P(4) is true.
3. Assume that P(k) is true. k! > 2F for natural numbers k > 4.
4. Write a statement for P(k+ 1). (k+ 1)! > 2k for natural numbers k > 4.
5. Consider the LHS of the propositional k+1D)!=(k+1)k
statement P(k+ 1).
6. Use the fact that P(k) is true. (k+ D k!> (k+1)x 2k
7. Now when k>4, k+1>2. (k+1)!>2x2F
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8. Simplify using index laws.
9. State what has been demonstrated.
10. State what has been concluded.

(k+ 1)1 > 2k+!

(k+ 1)1 > 2k+!

We have shown that if P(k) is true, P(k+ 1) is also
true. P(4) is true, therefore by the principle of

mathematical induction, P(n): n! > 2" is true for
natural numbers n > 4.

Mathematical induction proofs involving sequences
WORKED EXAMPLE 26 Proof by mathematical induction (Fibonacci numbers)

The Fibonacci numbers are defined by f; =f, =1andf, , =f,,, +f, for all natural numbers n > 1.
n

Use mathematical induction to prove that Z B =F e

r=1

THINK
1. State the propositional statement P(n) which
we are looking to prove.

2. Verify that P(1) is true.

3. Assume that P(k) is true.

4. Write a statement for P(k + 1).

5. Consider the LHS of the propositional
statement P(k + 1).

6. Determine the sum of the first kK + 1 terms by
adding in the next term.

7. Use the fact that P(k) is true.

8. Considering the RHS, take out the common
factor and use the Fibonacci property,

fn+2 =fn+1 +fn'

9. Write the expression so that it is clearly the
same whenn=k+ 1.

WRITE
Proof:
Let P(n) be the propositional statement:

n
Z 1% =f,f+1 Where f, are the Fibonacci numbers
r=1

and n > 1.

LHS of P(1) =f} =12 =1
RHS of P()=fifp, =1x1=1
P(1) is true.

k
D =fifen
=il

k+1

Zfr2 =fer 1 fir141

r=1

k+1

I
=l

k+1

k
IEDIET

k+1

D =fifow +F
r=1

k+1
D =firr (fi+fir)
r=1

k+1

ng = fir 1fier2

r=1

k+1

Z:fr2 =ferifer141
=l

TOPIC 1 Logic and proof 33



10. State what has been concluded. We have shown that if P(k) is true, P(k+ 1) is also
true. P(1) is true, therefore by the principle of

mathematical induction, P(n): Z fr=ffor1,n>1

r=1

Mathematical induction proofs involving matrices

WORKED EXAMPLE 27 Proof by mathematical induction (matrices)

3 -1 L. . 3 2r-3"
LetA = 0 NE Prove by mathematical induction that A” = 0 o ,Vn €N.
THINK WRITE
1. State the propositional statement Proof:
P(n) which we are looking to IfA= 3 _1]
prove. 0 2
Let P(n) be the propositional statement:
_3}1 27‘! _— 3}’1
Aﬂ —
|0 27
2. Verify that P(1) i JUP et Y s
. Verify that P(1) is true. =g 51 =19 =
P(1) is true.
'3k 2k o 3I<
3. Assume that P(k) is true. P
[0 2F
3k+l 2k+1 _ 3k+1
4. Write a statement for P(k + 1). Akl = [ ]
0 2k+1
5. Consider the matrix A+, ARl = AkA

3 2k—3K1 3 —1
6. Substitute for the matrices on the Aktl = L 0 )
RHS assuming that P(k) is true. | 0 2

[3kx3 4+ (28 =34) x0 3¢ x(=1)+ (28 =3) x2

7. Perform the matrix multiplication. AR =
0x3+42x0 0x(=1)+2kx2
e 3x3k 2x2k—3x3k
| o 2 x 2k
'3k+1 ok+1 _ g+l
8. Use index laws to write the Al = .
expression so that it is clearly the _0 2

same as the RHS of P(k+ 1).
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9. State what has been demonstrated We have shown that if P(k) is true, P(k + 1) is also true. P(1) is

and concluded.

true, therefore by the principle of mathematical induction,

B 3n n _3n
P(n): If A=
0o 2

_] n
0 2] then A" = [

] is true Vn € N.

Induction proofs involving trigonometry

Before looking at trigonometric proofs, we must recall some trigonometric identities, which you have seen in

Year 11.

Compound angle formulas

sin (A + B) =sin (A) cos (B) + cos (A) sin (B)
sin (A — B) =sin (A) cos (B) — cos (A) sin (B)
cos (A + B) = cos (A) cos (B) — sin (A) sin (B)

cos (A — B) = cos (A) cos (B) + sin (A) sin (B)

tan (A) + tan (B)
1—tan(A) tan (B)
tan (A) — tan (B)
1+ tan (A) tan (B)

tan (A + B) =

tan(A —B) =

Double angle formulas

sin (24) =2 sin (A) cos (A)
cos (24) = cos* (A) — sin? A)
cos (24) =1—-2sin’ (A)

cos (24) =2cos* (A4) —1

2tan(A)

tan(24) = —————
1—tan?4)
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WORKED EXAMPLE 28 Proof by mathematical induction (trigonometric)

Prove by mathematical induction that sin <

THINK

1 State the propositional statement
P(n) which we are looking to
prove.

2 Verify that for the base step this
time when n =0, P(0) is true.

3 Assume that P(k) is true.

4 Write a statement for P(k + 1).

5 Consider the LHS of P(k+ 1).

6 Simplify.

7 Use the compound angle formula
. QCk+1)7m
withA = ———

using cos (1) = —1, sin () = 0.

,B=m and

8 Use the fact that P(k) is true and
index laws.

9 State what has been demonstrated
and concluded.

@) = (=1)", Vn € Z* U {0).

WRITE
Proof:
Let P(n) be the propositional statement:

A Cnt+Dm\
sm(—2 >—( 1)

LHS of P(0) = sin <§> =1

RHS of P(0)=(-=1)"=1
P(0) is true.

sin<(2k+%>=(—1)"

sin ((2(k+ 12)+ 1)7f> = (=)

Sin((2(/<+12)+1)7r>

. <(2k+3)7z>
= Sin —
2

. <(2k+1+2)7r>

=sin <(2k+% +7Z'>

= sin <@> cos (7r) + cos <@> sin (77)

=(_])Xsin<(2k+l)7r> (2k+1)7r>
2 2

. <(2k+1)7r>
=—smm| ——
2

== (1) =(-1)*"

+O><cos<

We have shown that if P(k) is true, P(k+ 1) is also true. P(0) is
true, therefore by the principle of mathematical induction, it is
true Vne Z*t u {0}.
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Students, these questions are even better in jacPLUS

Find all this and MORE in jacPLUS (C)

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Technology free

1.

10.

11.

12.

13.

14.

15.

16.

. . 1
K= Use mathematical induction to prove that 1 +2+3 +...+n= 7" (n+1),VneN.

. Use mathematical induction to prove that 1 X2 +2X3+3Xx4+...+nn+1)= %n n+1)(n+2),VneN.

. lIEZZA Use mathematical induction to prove that

1 1 1 1 n

+ + +..+ = . VneN.
2x5 5x8 8xl11 Bn—-1)Bn+2) 6n+4

. IlZE Use mathematical induction to prove that

1
1><4+2><42+3x43+...+nx4"=§(4(3n—1)><4”+4),VneN.

. IlIZZA Prove that each of the following are all divisible by 5 for all n € N.
a. 6"—1 b. 6" +4 c. 23— 3"
. Prove that each of the following are all divisible by 6 for all n € N.
a. 17n° +103n b.n(n+1)2n+1)
. Prove that each of the following are all divisible by 7 for all n € N.
a. 2n+2 + 32n+1 b. 82n+1 + 62n—l
. Use mathematical induction to prove that 1 +3+5+...+ (2n—1)=n*> VneN.
. Prove by mathematical induction that 3>*~! + 1 is divisible by 4, Vn € N.
Lo . 1
Use mathematical induction to prove that a + P+ +..+a'= —1 (a”“ — a), VneN, and for a> 1.
a —

IZZA Use mathematical induction to prove that 1 X 1! +2X2!+3 X3! +..+nxnl=n+1)!—1,VneN.

Use mathematical induction to prove that (1 +x)" > 1+ nx forx>—1and Vn € N.

Use mathematical induction to prove that <1 - z) <1 - z) <1 - 2) <1 - z) = _2 for natural
3 4 5 n) nm—1)
numbers n > 3.

— . 1 1 1 1
Use mathematical induction to prove that { 1 — —> <1 - —> (1-=)=L + for natural numbers
4 9 n® 2n
n>2.
= The Fibonacci numbers are defined by f, =f, =1 and f,, 1, =f,4+1 +f,, Vn € N. Use mathematical

induction to prove that fj +f3 +fs + ... + fo,_1 =f>,, VREN.

Use mathematical induction to prove that f> + f; + fo + ... + o, =fo,s1 — 1, VREN.
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17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

38

1_\/gthenf,,:%,‘v’nEN.

5

5
and b=

— . . 1+
Use mathematical induction to prove that if a =

The Fibonacci numbers are defined by f; =f, =1 and f,,,» =f,41 +f,, Yn € N. Prove the following
by mathematical induction.

Dot =hr =1
r=1

" 0
LetA= [i ! 2] . Prove by mathematical induction that A" = [4” - 5”] ,VneNn.
LetA= [2_1 (])] . Prove by mathematical induction that A" = ri: ! rll _alk VneN.
Let B= [g ll)] . Prove by mathematical induction that B" = [3 117 @ -1 ,VneN.

a. Prove by mathematical induction that the sum of three consecutive natural numbers is divisible by 3.
b. Prove by mathematical induction that the product of three consecutive natural numbers is divisible by 3

K= Prove by mathematical induction that cos (nr) = (—1)", Vn € Z* U{0}.

Use mathematical induction to prove that tan (x + n7r) = tan (x), Vn € Z* U{0} and x€R.

Use mathematical induction to prove that cos (x + 2n7) = cos (x), Vn € Zt U{0} and x ER.

Use mathematical induction to prove that sin (x + 2n7) = sin (x), Vn € Z* U{0} and x€R.

Use mathematical induction to prove that cos (x + nm) = (—1)" cos (x), Vn € Zt U{0} and x ER.
Use mathematical induction to prove that sin (x + n7) = (—1)" sin (x), Va € Z* U{0} and x ER.

-1
tan (x) ’

a. Show that tan <x+ %) =

2n+1
b. Hence prove by mathematical induction that tan <#> =(—1)",VneZz*u{0}and xER.

Chebyshev (1821-1894) was a famous Russian mathematician.

Although known more for his work in the fields of probability,

statistics, number theory and differential equations, Chebyshev

also devised recurrence relations for trigonometric

multiple angles.

(I) cos(nx)=2cos(x)cos((n—1)x)—cos((n—2)x)

(2) sin(nx)=2cos (x)sin((n—1)x)—sin((n—2)x)

a. Assuming (1) is true use mathematical induction to show that
(2)istrue VneEN, n>2.

b. Assuming (2) is true use mathematical induction to show that
(I)istrue VneN, n>2.
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1.5 Exam questions

Question 1 (4 marks)
Use mathematical induction to prove that

1><2><3+2><3><4+3><4X5+...+n(n+1)(n+2):in(n+1)(n+2)(n+3), Vn eN.

Question 2 (4 marks)
Use mathematical induction to prove that 52*! +22"*1 is divisible by 7, Vn € N.

Question 3 (4 marks)
3 n

Use mathematical induction to prove that 2 +—+—+

et =1- ,VneN.
34 n+1)! EEEIT

More exam questions are available online.
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1.

6 Review

1.6.1 Summary

doc-37055

Hey students! Now that it's time to revise this topic, go online to:

Find all this and MORE in jacPLUS (C]

Access the Review your Watch teacher-led Practise VCAA
topic summary results videos exam questions

Technology free: short answer

1.

8.

a. Prove that the following is a tautology.
((PVa)A-p)—q

b. Prove that the following is a tautology.
Pepeo@—=9Ag—p)

. Let p and ¢ be the propositions, ‘I will study hard’ and ‘I pass the test,” respectively. Write the implication,

p — ¢, the contrapositive, inverse, converse and negation statements in words.

. Write the following propositions in words and state whether they are true or false.

a. dx€Z,3x=2 b. Vx€Z, x*>0 c. Vx(xeN -x€2)
. Consider the propositions, F (x): ‘x is my friend’ and S (x): ‘x is sincere’.

Write each of the following in words.

a. Vx(F(x)AS (x)) b. Ix(F(x)AS (x)) c. x(F(x)AS(x))

d. Ax (F (x) A=S (x)) e. Ax(=F (x) AS (x)) f. I (F(x) AS (1))
. a. Prove that the sum of an even and an odd integer is an odd integer.

b. Prove that the product of an even and an odd integer is an even integer.

. Use proof by contradiction to show that 2\/;\/5 <x+y, Vx,y€R*.

. . . 1
. Prove the following by mathematical induction. Vn €N, 13 +23 +33 + ... +n’ = an(n +1)°

Prove by mathematical induction that the sum of three consecutive even numbers is divisible by 6.

Technology active: multiple choice

9.

40

M The propositional statement (p A 7p) A q is

A. a tautology.

B. sometimes true and sometimes false.

C. always false.

D. used to prove a contradiction by cases.

E. used to prove mathematical induction by cases.

. [T The propositional statement ((p V —p) = r) <> (p = r) V(g — 1)) is

A. a tautology.

B. sometimes true and sometimes false.

C. always false.

D. used to prove a contradiction by cases.

E. used to prove mathematical induction by cases.
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11.

12.

13.

14.

15.

16.

17.

18.

& The statement below which is true is

A.Vx€Q,IyeQ,y=x> B. IyeQ,Vx€Q,y=x>
D. VxEQ,EIyEQ,yz\/J_c E. VyEZ,EIxEQ,xz\/i
I The negation of the converse of p — ¢ is

A.mq—p B.2g—p

D. "gAp E.qgVv-p

™ The statement below which is false is

A. The sum of two even numbers is even.

B. The product of two even numbers is even.

C. The sum of two odd numbers is even.

D. The sum of an even and an odd number is even.

E. The product of an even and an odd number is even.

& The statement below which is true is

A. There is a finite number of prime numbers.

B. All prime numbers are odd.

C. If n is a prime number then n” + 1 is also a prime number.
D. If n is a prime number then 2" — 1 is also a prime number.

E. No function p: N — N to determine the nth prime number exists.

I To prove p — g using a direct proof, we

A. assume p is true and show that ¢ is true.

B. assume p is true and show that g is false.

. assume —p is true and show that =g is true.

. assume —¢g is true and show that —p is true.

. assume —p is false and show that —¢ is false.

mOO

I To prove p — g using a proof by contraposition, we

. assume p is true and show that ¢ is true.

. assume p is true and show that ¢ is false.

. assume —p is true and show that =g is true.

. assume —q is true and show that —p is true.

. assume —p is false and show that —¢ is false.

mOOw>»

I To prove p — g using a proof by contradiction, we

A. assume —p is true and show that this implies —g.

B. assume ¢ is true and show that this implies —p.

. assume —¢g is true and show that this implies » A —r.

. assume —p A g is true and show that this implies r A —r.
. assume p A —¢ is true and show that this implies » A —r.

mOO

C.yeQ,VxeQ,y=1/x

C.gAp

& If n € N, to prove a proof by mathematical induction about P(n) we show a base case and that

A. P(n) and P(n+ 1) are both true.

B. =P(n) and =P(n + 1) are both false.
C. P(n)V P(n+ 1) is true.

D. P(n)—> P(n+1).

E. Pn+1)— P(n).
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Technology active: extended response
19. Use mathematical induction to prove the following Vn € N.

a. 1X3+2X32+3x33+...+nx3"=§[(2n—1)><3”+1]

1 1 1 1 n
. + + + ...+ =
1x2 2x3 3x4 nn+1) n+1

5 4 3 2
20. a. Peter claimed that the function p: N— N, p (n) = w_n + 7n”_ 43n + 307n
20 8 6 8 60

generates a formula for prime numbers. Determine p(1), p(2), p(3), p(4) ...
Prove or disprove Peter’s assertion.
b. Quentin claimed that the function ¢g: N— N, g(n) =n> —n+41
generates prime numbers. Determine g(1), ¢(2), ¢(3), g(4) ...
Prove or disprove Quentin’s assertion.

1.6 Exam questions

Question 1 (2 marks)
If x is an even integer, prove that x*> + 5x — 11 is odd.

Question 2 (3 marks)
Prove that /5 is irrational.

Question 3 (4 marks)
The Fibonacci numbers are defined by f; =f, =1 and f,,,» =f,41 +f,, Vn €N. Prove the following
by mathematical induction.

n—2
3
> =
()
Question 4 (4 marks)

Prove by mathematical induction that 4"+! 4 52"~ is divisible by 21, Vn € N.

Question 5 (3 marks)
Prove that the difference between the squares of any two consecutive odd numbers is divisible by 8.

More exam questions are available online.

Hey students! Access past VCAA examinations in learnON

Sit past VCAA Receive immediate Identify strengths
examinations feedback and weaknesses

Find all this and MORE in jacPLUS (C)

Hey teachers! Create custom assignments for this topic

— Create and assign Access quarantined K= Tack your
| N - ,
v ° unique tests and exams tests and assessments 4 5  students’ results

Find all this and MORE in jacPLUS C)
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Answers

Topic 1 Logic and proof
1.2 Logic

1.2 Exercise

1-5. Sample responses can be found in the worked solutions in

the online resources.

6. Implication p — ¢. If it is raining then I take an umbrella.
Contrapositive =g — —ip. If I do not take an umbrella then it
is not raining.

Inverse —p — —g. If it is not raining then I will not take an
umbrella.

Converse g — p. If a take an umbrella then it is raining.
Negation— (p - q) < p A~g. Itis raining and I do not take
an umbrella.

7-10. Sample responses can be found in the worked solutions in

the online resources.

11. a. All natural numbers satisfy x> —1, True.

b. All natural numbers are positive, True.

12. a. There are natural numbers that satisfy x < —1, False.

b. There is a rational number which satisfies 3x =2, True,

x==.
3
13. a. There is an integer which satisfies 3x + 6 =0, True,
x=-=2.
b. There is an integer whose square is less than 1, True,
x=0.

14. a. The sum of every two natural numbers is positive, True.
b. The sum of the squares of every two real numbers is
positive, False, x =0,y =0.
15. a. For every positive integer, there is a negative integer,
such that their sum is zero, True.
b. For every integer, there is an integer greater than it, True.

16. a. The multiplicative reciprocal of every rational number is
rational. False, not true when y = 0.

b. The square of every rational number is rational. True.

c. There is a real number which is the reciprocal of the
square root of a rational number. True.

17. a. For every integer, there is an integer which is half of it,
False.

b. For every integer, there is a rational number which is half
of it, True.

18. There is an integer such that its sum with all integers is
zero, False.

19. For every non-zero rational number there is a multiplicative
reciprocal, True.

20. Every quadratic has rational solutions, False.

1.2 Exam questions

Note: Mark allocations are available with the fully worked

solutions online.

1. Sample responses can be found in the worked solutions in the
online resources.

2. Sample responses can be found in the worked solutions in the
online resources.

3. Every quadratic with a positive discriminant and real
coefficients has a real solution, True.

1.3 Direct proofs

1.3 Exercise
1. a.{2,3,5,7,11,13,17,19}
b.{1,3,5,7,9,11,13,15,17,19}
c. {3,6,9,12,15, 18}
d.{3,5,7,11,13,17,19}
e. {3}
2-13. Sample responses can be found in the worked solutions in
the online resources.
14. a. Sample responses can be found in the worked solutions
in the online resources.
b. The statement is false.
15. Sample responses can be found in the worked solutions in
the online resources.
16. a. 4|12, 6|12 are both True but 24|12 is False.
b. Sample responses can be found in the worked solutions
in the online resources.
17. Sample responses can be found in the worked solutions in
the online resources.

18.a. 9 b. 12 c. 1
d. 54 e. 60 f. 77
19-22. Sample responses can be found in the worked solutions
in the online resources.
23.a. 4 b. 3
d. 130476 e. 113841

24. Peter’s assertion is wrong.

c. 25
f. 18450

* Natural numbers = Number of prime numbers

1-100 25
101—200 ' 21
201-300 | 16
301—400 16
401-500 | 17
501-600 | 14
601-700 | 16
701—800 14
801-900 | 15
901—1000 | 14

1—1000 168

1001—2000 135

1.3 Exam questions

Note: Mark allocations are available with the fully worked

solutions online.

1. Sample responses can be found in the worked solutions in the
online resources.

2. The statement is false.

3. Sample responses can be found in the worked solutions in the
online resources.
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1.4 Indirect proofs

1.4 Exercise

Sample responses can be found in the worked solutions in the
online resources.

1.4 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

Sample responses can be found in the worked solutions in the
online resources.

1.5 Proof by mathematical induction

1.5 Exercise

Sample responses can be found in the worked solutions in the
online resources.

1.5 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

Sample responses can be found in the worked solutions in the
online resources.

1.6 Review

1.6 Exercise
Technology free: short answer

1. Sample responses can be found in the worked solutions in the

online resources.

2. Implication p — ¢g. If I study hard then I will pass the test.
Contrapositive =g — —p. If I do not pass the test then I did
not study hard.

Inverse —p — —g. If I do not study hard then I will not pass
the test.

Converse g — p. If I pass the test then I study hard.
Negation —(p — ¢) < p A =q. I study hard and I do not pass
the test.

3. a. There is an integer x which satisfies 3x = 2, False.
b. The square of all integers is positive or zero, True.
c. All natural numbers are integers, True.
4. a. All of my friends are sincere.
b. Some of my friends are sincere.
c. There are some people who are not my friends who are

sincere.
d. Some of my friends are not sincere.

e. There are some people who are not my friends and who
are not sincere.

=

. There isn’t any person who is my friend and sincere.
5-8. Sample responses can be found in the worked solutions in
the online resources.

Technology active: multiple choice

9.C
10. B
1. E
12. C
13. D
14. E
15. A
16. D
17. E
18. D

Technology active: extended response

19. Sample responses can be found in the worked solutions in
the online resources.

20. a. p(6) =28 is not prime.
b. p(41) = 1681 =417 is not prime.

1.6 Exam questions
Note: Mark allocations are available with the fully worked

solutions online.

Sample responses can be found in the worked solutions in the
online resources.
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2 Complex numbers

LEARNING SEQUENCE

2.1 Overview ..

2.2 Complex numbers in Cartesian form .
2.3 Complex numbers in polar form

2.4 Solving polynomial equations over C ...
2.5 Subsets of the complex plane

2.6 Roots of complex numbers ...

2.7 Review

Fully worked solutions for this topic are available online




2.1 Overview

Hey students! Bring these pages to life online N an
Watch Engage with Answer questions ',) 9
videos interactivities and check results /°

Find all this and MORE in jacPLUS C)

2.1.1 Introduction

Complex numbers have many real-world applications, however, they are most commonly used in engineering
and physics. For example, complex numbers can be used to analyse variations in voltage and current in an AC
circuit. In mathematics, complex numbers are used to solve equations that were once thought to be ‘impossible’.
With the introduction of the imaginary number i, the complex number system was created, producing a new field
of mathematics and visually striking objects such as the Mandelbrot set.

KEY CONCEPTS

This topic covers the following points from the VCE Mathematics Study Design:

e De Moivre’s theorem, proof for integral powers, powers and roots of complex numbers in polar form,
and their geometric representation and interpretation

e the nth roots of unity and other complex numbers and their location in the complex plane

e factors over C, of polynomials; and introduction to the fundamental theorem of algebra, including
its application to factorisation of polynomial functions of a single variable over C, for example,
2+, 2—ior?—Q2-)P+z-2+i

¢ solution over C of polynomial equations by completing the square, use of the quadratic factorisation
and the conjugate root theorem.

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.
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2.2 Complex numbers in Cartesian form

LEARNING INTENTION

At the end of this subtopic you should be able to:
e perform operations on complex numbers in Cartesian form.

2.2.1 The definition of a complex number

The complex number system is an extension of the real number system. Complex numbers are numbers that
include the number i, known as the imaginary unit.

The imaginary unit
The imaginary unit i is defined as:

PF=-1

This means that solutions to equations such as x> = —1 can now be found in terms of i.

The general form of a complex number is represented by z and defined as z = x + yi, where xandy €R, and
z€ C, where C is used to denote the set of complex numbers (in the same way that R denotes the set of real
numbers). Note that z=x + yi is one single number but is composed of two parts: a real part and an imaginary
part. The real part is written as Re(z) = x and the imaginary part is written as Im(z) = y.

A complex number in the form z =x + yi, where both x and y are real numbers, is called the Cartesian form or
rectangular form or standard form of a complex number. Throughout this chapter, it is assumed that all equations
are solved over C.

WORKED EXAMPLE 1 Evaluating real and imaginary components of complex numbers

Evaluate each of the following.
a. Re(6 — 12i) b. Im (3—i+i°)

THINK WRITE
a. The real part of the complex number 6 — 12i is 6. a. Re(6—12i) =6

b. 1. Simplify 3 —i + i* first by recalling that b. Im(3—i+i*) =Im (3—i+i®Xi)
2=—1. =ImQ3—i—i)
= Im(3 — 2i)
2. Look for the coefficient of i to determine the Im(3 —2i) = -2

imaginary part of any complex number.
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2.2.2 Operations on complex numbers
The Argand plane

Complex numbers cannot be represented on a traditional Cartesian diagram
because of their imaginary part. However, a similar plane was created by the
Swiss mathematician Jean-Robert Argand (1768-1822). It is called an Argand
plane or Argand diagram, and it allows complex numbers to be represented
visually.

Because a complex number has two parts, a real part and an imaginary part,
the horizontal axis is called the real axis and the vertical axis is called the
imaginary axis. A complex number z = x + yi is represented by the equivalent
point (x, y) in a Cartesian coordinate system. Note that the imaginary axis is
labelled 1, 2, 3 etc., not i, 2i, 3i etc.

Scalar multiplication of complex numbers

If z=x+ yi, then kz = kx + kyi, where k € R. The diagram shows the
situation for x>0, y> 0 and k> 1. Notice that since both the real and
imaginary parts are scaled by the same factor, k, the complex numbers z
and kz lie on the same line from the origin.

Im(z) 4
3
quadrant 2 5 quadrant 1
1 -
< LI B Y B >
32-144 1 2 3Re(®
quadrant 3 _g: quadrant 4
Y
Im(z) 4
ky T-==-=-=—- kz
|
|
yoAT
| |
| |
I ! >
U Re(2)

Addition of complex numbers

If z; =x; +yji and 2, = x, + 50, then z; + 25 = (x] +x5) + (v + V)i
The addition of two complex numbers can be achieved using the same
procedure as adding two vectors. Note that the complex numbers are
represented by the dots. The directed lines from the origin are there to
help demonstrate the similarity between adding complex numbers and
adding vectors in 2-dimensions.

S

>

A

Subtraction of complex numbers
If z; =x; +y,i and 2, = x, + y,i, then
21— =7 +(-2)
= (X +y10) — (0 + y20)
= (X —x) + (= )i

Im(z) A

22

A

The subtraction of two complex numbers can be achieved using the same
procedure as subtracting two vectors.
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WORKED EXAMPLE 2 Adding and subtracting complex numbers

Given the complex numbers u =2 — 5i and v = —3 + 2i, calculate the complex numbers:

a. u+v b. u—v

THINK
a. 1. Substitute for # and v.

2. Group the real and imaginary parts.

3. Using the rules, state the final result.
b. 1. Substitute for u and v.

2. Group the real and imaginary parts.

3. Using the rules, state the final result.

c. 1. Substitute for # and v.

N

()

. Group the real and imaginary parts.

'S

. Using the rules, state the final result.

. Expand by multiplying by the constants.

c. 2u—3v

WRITE
a. u+v=02—=5)+(=3+2i)

=(Q2-3)+i(-5+2)
=—1-3i
b. u—v=(2—5i)— (=3 +2i)
=(Q243)+i(-5-2)
=5-7i
c. 2u—3v=2(2—5i)—3(=3+2i)
= (4 — 10i) — (=9 + 6i)
= (4+9)+i(—10—6)
= 13— 16i

Multiplication of complex numbers

To multiply complex numbers in Cartesian form, proceed as in conventional algebra and replace i> with —1

when it appears.

In general, if z; =a + bi and z, = ¢ + di where a, b, c and d €R, then:

2120 = (a + bi)(c + di)

= ac + bci + adi + bdi?
=ac+ (ad + bc)i — bd
= ac — bd + (ad + bc)i

WORKED EXAMPLE 3 Multiplying complex numbers

Given the complex numbers # =2 — 5i and v = —3 + 2i, calculate the complex numbers:

a. uy

THINK
a. 1. Substitute for # and v.

2. Expand the brackets using the distributive law.

b. u?

WRITE
a. uv=2—5i)(=3+2i)

= —6+ 15i+4i— 102

3. Replace i? with —1, group the real and imaginary =—6+10+i(4+15)

parts and simplify.
b. 1. Substitute for u.
2. Expand.

3. Replace i> with —1 and simplify

=4+19i
b. u?=(2—-5i)
=4 —20i + 252

=4-20i—25
=—21-20i
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TI| THINK

On a Calculator page define the
complex numbers u and v as
shown.

a. Type uXv and press ‘enter’.

b. Type u* and press ‘enter’.

DISPLAY/WRITE

Vim=342: 4

CASIO | THINK

shown.

a. Type uXv and press
‘EXE’.

2-5+4

34204

4+19-7

u=2-57
Vi==342- 7
uy

2
u

DISPLAY/WRITE

On a Main screen define the

O Edit Action Intersctive

complex numbers # and v as

2-5isu

L] JiEafsei [ T
2-5+i f;:

~3+2i%v |
~3+2+i

1]

Alg Stenderd  Cplx  Deg @

O Edit Action Intersctive

DEEH0E60N0 8

2-5i%u
2-5+i T
—3+#2idv |
~342¢0 |
uxv |
1419+ |

o

|
a
Alg  Stnderd  Cplx Deg @

b. Type u* and press ‘EXE’.

O Edit Action Intersctive

Lo Tl [ W TN

2-5isu
25 [l
~3+2i%v |
~3+20
wxv !
A+10-d |
u? |
~21-20+i |

(1]
|

g D

Alg Stenderd  Cplx  Deg

WORKED EXAMPLE 4 Identifying real and imaginary components of complex products

Given the complex numbers u =2 — 5i and v = 2 + 5i, determine:

a. Re(uv)

THINK
1. Substitute for u and v.

2. Expand the brackets.

3. Simplify and replace i? by —1.

a. State the real part.

b. State the imaginary part.

b. Im(uv)

WRITE
uv = (2 —5i)(2 + 5i)

=4—10i + 10i — 25

=29
a. Re(uv)=29
b. Im(uv)=0
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Complex conjugates

In Worked example 4, the complex numbers u and v have the property
that the imaginary part of their products is zero. Such numbers are called

complex conjugates of each other.

If z=x + yi, the conjugate of z is denoted by z (read as z bar), and

z=x—yi. That is, the complex conjugate of a number is simply obtained

by changing the sign of the imaginary part.

2z = (x + yi)(x — yi)

= x> — xyi + xyi — y*i?

=2+’

So that Re (zz) =x? + y* and Im (zz) =0.

Im(z) A
B R oz =x+yi
|
|
I
|
|
|
< i >
X
0 i Re(z)
|
I
|
i ®7=1x—yi
/

From the diagram it can be seen that 7 is the reflection of the complex number z in the real axis.

The complex conjugate

The conjugate of a complex number z = x + yi is defined as:

Z=x—Yyi

Division of complex numbers

The conjugate is useful in division of complex numbers, because both the numerator and denominator can be
multiplied by the conjugate of the denominator. Hence, the complex number can be replaced with a real number
in the denominator. This process is similar to rationalising the denominator to remove surds.

In general, if z; =a + bi and z, = ¢ + di where a, b, ¢ and d €R, then:

{1
6

1 Z
—1X_—2
D 2
a+bi c—di
ox .
c+di c—di
ac + bci — adi — bdi?

2 _ PP
ac + bd + (bc — ad)i
A+ d

ac + bd <bc—ad>

E+d? E+d?

l

Dividing complex numbers

To divide complex numbers, multiply both the numerator and
denominator by the conjugate of the denominator.

X

2| =

Z Z
w w
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The multiplicative inverse

C e .. 1 1
The multiplicative inverse of a complex number z=x+yiis 7' = - = -
zZ x+y

Since 1 is a complex number (1 + 0i), the multiplicative inverse can be realised in the same way as shown above,
by multiplying the numerator and denominator by the conjugate of the denominator.

WORKED EXAMPLE 5 Dividing by complex numbers

Given the complex numbers u =2 — 5i and v = —3 + 2i, evaluate the following:

a. u! b. u
v
THINK WRITE
a. 1. Determine the multiplicative inverse and substitute a. u~!'= !
for u. u
1
2—5i
. . 1 2+5i
2. Multiply both the numerator and the denominator by = :
the conjugate of the denominator. 2-5i 2+5i
2 +5i
3. Simplify the denominator. _ =t
4 —25i
245
4. Replace i* with —1. _ Lo
29
. . 2 5,
5. State the final answer in x + yi form. = — =1
29 29
b. 1. Substitute for u and v. b, L= Cintl
v =342
. . 2-5i —-3-2i
2. Multiply both the numerator and the denominator = X
—34+2i -3-2i

by the conjugate of the denominator.

—6+ 15i —4i + 102

3. Expand the expression in both the numerator =

5
and the denominator. 9—4i
4. Simplify and replace i> with —1. _—6+11li-10
9+4
. . 16 11,
5. State the final answer in x + yi form. = N 1—%1
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Tl | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
On a Calculator page define the
complex numbers u and v as
shown.

On a Main screen define the O Edit Action Interactive
IS A RIS |
complex numbers « and v as o [ [ ]

2-5i%u B

shown. 15i

~3+2i%v |
-3+2+i |

! 1}

[~
Alg Stenderd  Cplx  Deg L]

a. Type u~! and press ‘enter’. a. Type u~! and press ‘EXE’. O Edit Action teractive
b [ [ [

2-5i%u (4]

—-3+2i9v |
ot |
1
|

| o

|~
Alg Stenderd  Gplx  Deg @

u u
b. Type — and press ‘enter’. b. Type — and press ‘EXE’. © £t Action Wuersctive
v v e izl [ W] T
2-5isu
2-5-i [l
=3+2i3v
- ~3+2+i
ul 2y - i
29 29 % T
#5+%5a |
1 “16‘ 11 ‘ " 29729 |
! BB K 18, 11:¢
| \ TevIs
- 1]

Alg  Stenderd  Colx Deg

Equality of complex numbers

Two complex numbers are equal if and only if their real parts and their imaginary parts are both equal. For
example, if 5 + yi = x — 3i, then from equating the real part, we determine that x =5, and from equating the
imaginary part, we determine that y = —3.

WORKED EXAMPLE 6 Equating real and imaginary components

Determine the values of x and y if 2x + Siy — 3ix — 4y =16 — 21i.

THINK WRITE

1. Group the real and imaginary parts. 2x+ Siy —3ix—4y =16 —-21i
2x—4y+i(Sy—3x) =16 —21i

2. Equate the real and imaginary components. 2x—4y= 16 (1)
S5y—=3x=-21 (2)

3. Solve the simultaneous equations by elimination. 6x— 12y =48 3x (1)
10y—6x=—-42 2X(2)
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4. Add the equations to eliminate x. 3X(1)+2%X(2):

—2y=06
5. Solve for y. y=-3
6. Substitute and solve for x. 2x=16+4y
2x=16—12
2x=4
x=2

Powers of i

Since 2 =—1, powers of i form a pattern which alternates between i, —1, —i, 1, ... and so on:

P =-1

B=ixi?=—i

=) =1

P=ixit=i
etc.

Any even power of i will give £1, while any odd power of i will give =i. Since i to the power of a multiple of
4 equals 1, powers of i can easily be simplified. This is demonstrated in the following worked example.

WORKED EXAMPLE 7 Solving equations involving complex numbers

Evaluate Im <i + i69> .
-3+ 2i

THINK WRITE

1. Multiply both the numerator and denominator Im <i + i69> =Im < 20 - X =l 21. + 174+ >
by the conjugate of the denominator and group —3+2 —3+2i -3-2
the power of i as multiples of i* using index

laws.
—26(3 +2i
2. Expand the expression in the denominator and =Im <L21) aF (i4)17i >
use index laws on the power of i. o
—26(3 +2i
3. Simplify and replace i*> with —1 and i* with 1. =Im <% I (1)17i>
4. Simplify. =Im(—2(3 + 2i) + i)
=Im(—6—4i+i)
5. The imaginary part is the coefficient of the i =Im(—6 — 3i)

term. State the final result. -
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Tl | THINK

On a Calculator page type
in the command ‘imag’,
place the expression in

DISPLAY/WRITE

CASIO | THINK

On a Main screen type
‘Im’, place the expression
in brackets and press

DISPLAY/WRITE

O Edit Action intersctive
e Jisalslm [ JWT T

(7%

-3

brackets and press ‘enter’. | ‘EXE’. o

[ v]

Alg Stenderd  Colx  Deg
Multiplication by i
If z=x+ yi, then iz is given by Im) A
iz = i(x +yi) p— .
= ix+i%y ! N .
=—y+uxi i i
I I
I I
The complex number iz is a rotation of z by 90° anticlockwise. < : : >
y 0 X Re@
)

WORKED EXAMPLE 8 Representing complex numbers on the Argand plane

Given the complex number z =2 + 3i, represent the complex numbers z, 2z, 7 and iz on one Argand
diagram. Comment on their relative positions.

THINK WRITE/DRAW
Determine the values of the complex numbers Im(z) A
z, 2z, z and iz in Cartesian form.
6 22z
z=2+3i 5 4
4 7
2z =4+6i o
'z
_ . ize_ 24 /
z=2-—3i ‘\\\ 14 ///
\\ /
iz = i(2+3i) ~T T T T T TR T T I T T T >
-6-5-4-3-2-124\1 2 3 4 5 6Re(2)
= 2i+ 3 a1\
_ . \
=—-3+2i 34 \.Z
Plot each of these complex numbers on the 4
same Argand diagram. =55
—6 -
Y

The complex number 2z is twice the length
of z, the complex conjugate 7 is the reflection
of the complex number z in the real axis, and
the complex number iz is a rotation of 90°
anticlockwise from z.
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2.2.3 Solving equations involving complex numbers

To solve a linear equation involving a complex number, rearrange the equation to determine the unknown
quantity, then use the same rules and strategies as when solving equations with real coefficients.

WORKED EXAMPLE 9 Solving linear equations involving complex numbers

3@z+2
Solve the following equation for z: & =5—2i.
z+2i
THINK WRITE
. . . . 3(z+2) .
1. Multiply both sides by the expression in the denominator. T =5-2i
z+2i

3(z+2)=(5-2i)(z+20)

2. Expand the brackets on both sides of the equation. 37+ 6 = 57+ 10i — 2iz — 4i
3. Replace i* with —1. 37+ 6 =57+ 10i —2iz+4
4. Collect all terms containing z on one side of the equation. 2—-10i =2z—-2iz

5. Isolate z by taking out the common factors. 2(1 —5i) = 2z(1 —1i)

6. Solve for z. 2= 11_ Sl.i

7. Multiply both the numerator and the denominator by the z= =50, 1+i

conjugate of the denominator. 1=i 14y

14+i—5i—52
Z:—

8. Expand the numerator and denominator. -
=0

2 6—4i
9. Replace i* with —1. =
10. Express the complex number in x + yi form. z2=3-2i
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
On a Calculator page On a Main screen type O Edi Action teractive

type ‘cSolve’, place A = ‘solve’, place the equation | =0 [El= =] [_‘=‘_1'3"'.
the equation in brackets oo P "’) in brackets followed by a =[5 =20 |
followed by a comma and | comma and the variable - Gl
the variable being solved being solved for. Press

for. Press ‘enter’. ‘EXE’.

Alg Stenderd  Cplx Deg @
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Students, these questions are even better in jacPLUS

Find all this and MORE in jacPLUS C)

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Technology free

1.

10.

11.

12,

13.

14.

15.

IIZM Evaluate each of the following.
a. Re(8 —9i) b. Im (12— +24°) c. Im(17 — 1) d. Im (7 =32 + i* — 2i)

. 24 Given the complex numbers u =3 — i and v =4 — 3, calculate the complex numbers:

a. u+v b. u—v c. 3u—2v

. IIZA Given the complex numbers u =3 — i and v =4 — 3i, calculate the complex numbers:

a. uy b. v?

. Given the complex numbers u =1 + 3i and v = 3 4 44, calculate the complex numbers:

a. (u— v)2 b. Gu— 2v)2

. IIZA Given the complex numbers u =3 — i and v =3 + i, determine:

a. Re(uv) b. Im(uv)
. IlEA Given the complex numbers u =3 —i and v =4 — 3i, calculate the complex numbers:
a.u”! b. E.
v
. Given the complex numbers u =1 4+ 3i and v = 3 4 44, evaluate the complex number uty
u—v

. IIEA Determine the values of x and y if 4x — 2iy + 3ix —4y=—6 —i.

. Determine the values of x and y if (x + yi) (3 —2i) =6 —1i.

A Determine Im <

2 +i77>.
4-3i

Determine Re ( 10 -+ i96>.
1+3i

=3 Given the complex number z = —2 — i, represent the complex numbers z, 3z, 7 and iz on one Argand
diagram. Comment on their relative positions.

Given the complex numbers u =1 — 2i and v =2 + i, represent the complex numbers u + v and u — v on one
Argand diagram.

A Determine the complex number z if Z—: =2+
Z+i
5(z+2i)

Determine the complex number z if ———= =11 —2i.
7—

TOPIC 2 Complex numbers 57



16. a. Draw an Argand diagram and mark on it the complex numbers: u=2+i, v=1+2i and w = —-2i.
b. On the same diagram mark the points: iu, iv and iw.
c. Describe, geometrically, the relationship between the complex number z and iz on the Argand diagram.

17. a. Draw an Argand diagram and mark on it the complex numbers: u =2 +i,v=1+2i and w=—2i.
b. On the same diagram mark the points: —u, —v and —w.
c. Describe, geometrically, the relationship between the complex numbers z and —z on the Argand diagram.

18. a. Draw an Argand diagram and mark on it the numbers: u =2+, v=1+2i and w = =2i.

b. On the same diagram mark the points: —iu, —iv and —iw.

c. Describe, geometrically, the relationship between the complex numbers z and —iz on the Argand diagram.
19. Let z=x+ yi. Show that:

a. z+z=2Re(2) b. z—7z=2ixXIm(z)

20. Let z; =a+ bi and z, = ¢ + di. Show that:
azi+n=3+2 b. 7 X2, =71 X2,

2.2 Exam questions

Question 1 (1 mark)
Source: VCE 2020 Specialist Mathematics Exam 2, Section A, Q5; © VCAA.
47z

(:+32)°

I Given the complex number z = a + bi, where a € R\ {0} and b €R,

2
- <Im(z)>
Re(z)

B. 4 [Re(z) X Im(z)]
C. 4 ([Re(@I* X [Im(2)]*)
D. 4 [1 + (Re(2) + Im(2))’]

2 x Im(2)
E. —

[Re(z)]?

Question 2 (1 mark)

Source: VCE 2019 Specialist Mathematics Exam 2, Section A, Q4; © VCAA.

I The expression i'* + %' +i* + ... +i'%% is equal to
A. 0 B. 96 C. 95+i D. 9442 E. 98+ 2i

is equivalent to

Question 3 (1 mark)
100

[ mc | Z ni" is equal to
n=1

A. 50 —50i B. 50 C. —50i D. 100 E. 5050

More exam questions are available online.
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2.3 Complex numbers in polar form

LEARNING INTENTION

At the end of this subtopic you should be able to:
e convert between the polar and Cartesian forms of complex numbers
e perform operations on complex numbers in polar form.

2.3.1 Review of complex numbers in polar form

In the previous subtopic, we expressed complex numbers in Cartesian form. Im(z) 4
Another way in which complex numbers can be represented is polar form. z=x+yi
This form has two parts: the modulus and the argument. / : T
|
To demonstrate this, consider the complex number z = x + yi as pictured in i Y
. |
the Argand diagram. - N . l R
. . . ~—x—>
The length, magnitude or modulus of the complex number is the distance of 0 Re(2)
the complex number from the origin. This distance is represented by r or |z. \:

Note that this distance is always a positive real number.

The modulus of a complex number

For a complex number z =x + yi, the modulus of 7 is defined as:

r=|z| =vx*+y?

The angle O that the line segment makes with the positive real axis is called the argument of z, and is denoted
by arg(z).

Usually this angle is given in radians, as multiples of 7, although it can also be given in degrees. Angles
measured anticlockwise from the positive real axis are positive angles, and angles measured clockwise from
the positive real axis are negative angles. Because any integer multiple of 27z radians (or 360°) can be added
or subtracted to any angle to get the same result on the Argand plane, all complex numbers can be represented
using an infinite number of arguments.

To overcome this problem, we often refer to the principal value of the argument of z. The principal value
is defined to be the angle Arg(z) where Arg(z) € (—x, 7r]. (Note the use of the capital letter A to denote the
principal value.)

Recall that x = rcos(6) and y = rsin(0). Therefore:

y_ rsin(6)
x rcos(6)
y
tan(f) = =
X
0 = Arg(z) =tan™! <X>
x

. . L T T . . .
Note that since the range of the inverse tan function is (—5, E) this result gives angles in the first and

fourth quadrants only. If z lies in quadrant 2, Arg(z) =tan™' <X) + 7 and if z lies in quadrant 3,
X

Arg(z) =tan™! <)—)> —.

X
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Principal argument of a complex number z =x + yi

Location of z Principal argument
in quadrant 1 (x >0, y > 0) Arg(z) =tan™! (%)
in quadrant 2 (x <0, y > 0) Arg(z) =tan™! (i) +z
in quadrant 3 (x <0, y <0) Arg(z) =tan™! (i) -z
in quadrant 4 (x >0, y <0) Arg(z) =tan™! (%)

Polar form

Complex numbers can be expressed using the modulus and the argument. By substituting x = r cos(6) and
y =rsin(0) into the Cartesian form z =x + yi we get the polar form which is:

z = rcos(B) + irsin(0)
= r(cos(@) +isin(6))
= rcis(6)

where ‘cis’ is just a shorthand for ‘cos + i sin’. Note that the polar form of a complex number can also be written
as z=|z| cis(0), since r=|z].

Polar form of a complex number

=i z =rcis(0)

A

2.3.2 Converting between polar and Cartesian form

Cartesian form to polar form

A complex number in Cartesian form, z=x + yi, can be converted into polar form by determining the
corresponding values of r and 6.
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WORKED EXAMPLE 10 Converting from Cartesian form to polar form

Convert each of the following complex numbers to polar form.

a. 1+i b. —\/3+i ¢ —4—di

THINK

a. 1. Draw the complex number on an
Argand diagram.

2. Identify the real and imaginary parts.

3. Evaluate the modulus.

4. Evaluate the argument.

5. State the complex number in polar form.

b. 1. Draw the complex number on an
Argand diagram.

d. 1—/3i e. =5 f. 3i
WRITE
a. z=1+i

This complex number is in the first quadrant.
Im(z) A

z=1+1i

ENNY tsl

N I

Re(o)

Y
x=Re(z)=1and y=Im(z)=1

lz] = vx2 +y?
= V12412
-2

0 = Arg(z)
= tan~! <)—)>
X
=tan~!(1)
_r
4
z=1+1i
= \/5 cis < r >
4
b. z=—V3+i
This complex number is in the second
quadrant.
Im(2) A
Z=-\3+i
3T
N ¥
< :—l T \ T T
o) 1 0 1 2 Re(z)
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2. Identify the real and imaginary parts. x=Re(z)=— \/5 and y=Im(z) =1

3. Evaluate the modulus. lz] = V/x2 +y2

- (—\/§>2+12

4. Evaluate the argument. 0 = Arg(z)

5. State the complex number in polar form. z="2cis <5—ﬂ>

c. 1. Draw the complex number on an c. z=—4—4i
Argand diagram. This complex number is in the third quadrant.
Im(z)

—_— N W

1= 44
2. Identify the real and imaginary parts. x=Re(z)=—4 and y=Im(z) = —4
3. Evaluate the modulus. lz| = /x% + )2

=\ (= + (=4
=44/2

4. Evaluate the argument. 0 = Arg(z)

= —m+tan"'(1)

3
5. State the complex number in polar form. z=44/2cis <— %)
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d. 1. Draw the complex number on an
Argand diagram.

2. Identify the real and imaginary parts.

3. Evaluate the modulus.

4. Evaluate the argument.

5. State the complex number in polar form.

e. 1. Draw the complex number on an
Argand diagram.

2. Identify the real and imaginary parts.

3. Evaluate the modulus.

d.z=1—\/§i

This complex number is in the fourth quadrant.

Im(z) A

_|2 ,Il 0 LFIT éRe(Z)
313

) g
1

2]

]

V3i

¢

/

x=Re(z)=1and y=1Im(z) = —\/5

|zl = V2 +52
=VE+VE)

=)
0 = Arg(z)
= tan~! <X>
X
= tan~'(=/3)
__r
3

z:1—\/§i

= 2cis <—z>
3

. 2=-5

This complex number is actually a real number
and lies on the real axis.

Im(z)
3

2
z=-5 7
<1 T T 1 T T T >
-5 -4-3 _2_110 1 2 3 4Re@
-2
-3

x=Re(z)=—-5and y=Im(z)=0

l2l = V2 + 2
= /(=5)* +02
=5
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4. Evaluate the argument. 0 = Arg(z)
=7
Note that 6 = Arg(z) = —7 is not correct, since
- <Arg(z) <.

5. State the complex number in polar form. z=-=5
= 5cis()
f. 1. Draw the complex number on an f. z=3i
Argand diagram. This complex number lies on the imaginary
axis.

Im(z) A

-2
-3
Y
2. Identify the real and imaginary parts. x=Re(z)=0and y=1Im(z) =3
3. Evaluate the modulus. |z| = V/x2 + y2
=02 +32
=3
/4
4. Evaluate the argument. 6= 5
5. State the complex number in polar form. z=23i

= 3cis <z>
2

Polar form to Cartesian form

Now consider converting in the other direction, from polar form to Cartesian form. To determine the values of x
and y recall that rcis(6) = r(cos(@) +i sin(@)).

WORKED EXAMPLE 11 Converting from polar form to Cartesian form

2
a. Convert 8 cis (— %) to Cartesian form. b. Convert 16 cis (%) to Cartesian form.
THINK WRITE
a. 1. Expand. a. 8cis z =8| cos <—z +isin —E>>
6 6 6
2. Use trigonometric results for functions of cos(—0) = cos(0)
negative angles. sin(—6) = — sin(6)

() (o (2) ()
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3
3. Substitute for the exact trigonometric values. =8 <\/—— —iX l)

Note that the complex number is in the fourth 2 2
quadrant.
4. Simplify and write in x + yi form. = 4\/§ —4i
b. 1. Expand. b. 16cis <2—7T>=16 <cos <2—7T>+isin<2—ﬂ>>
3 3 3
: . . 1. V3
2. Substitute for the exact trigonometric values. =16 ——+iX—
Note that the complex number is in the 2 2

second quadrant.

3. Simplify and write in x + yi form. = —8+81/3i

2.3.3 Complex conjugates and multiplicative inverses in polar form

Conjugates in polar form

If z=x+ iy =rcis(8), then the conjugate of z is Im()
given by z=x— iy =rcis(—9). ¢ z=x+iy=rcis(d)
.
\ 0
0 / 0 Re(2)
;
® 7 = x—iy=rcis(-0)
y
Multiplicative inverses in polar form
If z=x+ iy = rcis(6), then the multiplicative inverse Im(z)
or reciprocal of z is given by ¢ z=x+iy=rcis(d)
= ! r
Z
1
x+yi \ 0
X — yl < 0 >
=3 T 1 /_ 0 Re(z)
= lcis(—@) - o | 1
r " — = —cis(-0)
<
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WORKED EXAMPLE 12 Evaluating conjugates and inverses in polar form

rr
If u=2cis <_E ) , evaluate & ~! giving your answer in Cartesian form.

THINK WRITE
1. Use the conjugate rule. u =2cis <— %)
u=2cis <—
6
. TP —i
2. Determine the multiplicative inverse. no==
u
B 1
2 cis ( % )
1 . Ve
3. Use the results. =—cis [ ——
2 6
. . 1 Ve .. /4
4. Expand and use the trigonometric results for = — <cos <——> +isin <— —> >
functions of negative angles. 2 6 6
() (3))
=—|cos|—|—isin| —
2 6
. . . 1 3 1
5. Substitute for the trigonometric values. = L 15
6. Simplify and write in x + yi form. = i V3 i>
3 1,
=——-=i
4 4

2.3.4 Operations in polar form

Addition and subtraction

Polar form is not convenient for addition and subtraction. To add or subtract complex numbers that are given
in polar form, they must be converted to Cartesian form, and the real and imaginary parts added and subtracted
separately.

Multiplication and division
Two complex numbers can be multiplied together if they are both given in Cartesian form. If they are both given
in polar form, consider z; = r; cis(6;) and z, = r, cis(6,). The rules for multiplication and division in polar form

are given by z,2, =r 1, cis(6; + 6,) and a_n cis(8, — 6,). Therefore, to multiply two complex numbers in
L N
polar form, multiply the moduli and add the arguments. To divide two complex numbers in polar form, divide
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the moduli and subtract the arguments. The proof of these results is as follows.

U = (rl cis(@l)) (r2 cis(@z))
=rr (cos(@l) +i sin(@l)) (cos(@z) +i sin(@z))

=rr ( ( (cos(@l) cos(6,) —sin(6;) sin(@z)) +i (sin(@l) cos(6,) + sin(6,) cos(@l)) )
= ri1ry(cos(8; +6,) +isin(6, +6,)) (by compound-angle formulas)

=nrnr CiS(@l + 62)

and
3 -
= =27z
2
. 1
= r,cis(6)) X ————
1y cis(6,)
ry . .
=L cis(6)) cis(—6,)
)
ry .
= L cis(6, — 6,)
)
The diagrams demonstrate this geometrically.
1 ® ., = i
e m(z) A Im(z)A 7y = rycis(8;)
91 + 92 0l =1 CiS(Gz)
\ 0 .Zz = rycis(6)
1
rr; z
. 1
0, ®7, = rycis(6,) / -
A | .2
\91 < % 0,-0, >
0 Re(2) 0 Re(2)
Y Y

Note that if two complex numbers are given with one in polar form and one in Cartesian form, they cannot be

multiplied or divided until they are both in the same form.

Multiplication and division in polar form
If z; = rq cis(6y) and z, = r; cis(6;), then:

21 X 23 =111 cis(61 + 605)
and
71 n

— = —cis(0; — 6,)
22 I
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WORKED EXAMPLE 13 Multiplying and dividing complex numbers in polar form

1 3
If u =8 cis (—%) andv = Ecis <T”> , evaluate each of the following, giving your answers in

Cartesian form.

u
a. uy b. —
v
THINK WRITE
a. 1. Substitute for u and v. a. uv=_8cis < ﬂ) X lcm <3Z>
2. Multiply the moduli and add the arguments. =38 >< = cm < >
3. Simplify. =4cis < >
4. Express in x + yi form. =4i
8cis (=%
b. 1. Substitute for x and v. b. %= — ( B 4)
v Tois (%)
. . . T 37
2. Divide the moduli and subtract the arguments. =16¢is | — R
3. Simplify and expand the cis term. = 16 cis(—m)
= 16(cos(—m) + i sin(—7))
=16(—1+0i)
4. Express the final result in x + yi form. =—16

Powers in polar form
If z=rcis(0), then:
z> = rcis (8) X rcis(6)
=12 cis(20)
2 =rcis(39)...
In general, 7" =" cis(nd), forn € N

This result can be proved using mathematical induction and is
known as de Moivre’s theorem.

De Moivre’s theorem
If z =r cis(0), then:

7" =r" cis(n0), neN
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WORKED EXAMPLE 14 Applying de Moivre’s theorem

If u= —\/5 + i, determine:

a. Arg(u'?) b. u'?, giving your answer in Cartesian form.
THINK WRITE
a. 1. Convert to polar form. a. u=—\3+i
=2cis < S—ﬂ >
6
. 9 12 12 . 57T
2. Use de Moivre’s theorem. u-=2"cis| 12x o
3. Simplify. u'? = 4096 cis(107)
4. —7r < Arg(z) <7 and is unique, but arg(z) is arg(u'?) = 107
not unique. but Arg(u'?) # 107
5. Add or subtract an appropriate multiple of 27 Arg(u'?) = 10 — 107
to the angle. =0
6. State the answer. Argu'?)=0
b. 1. Expand the cis term. b. u'? = 4096 cis(0)
= 4096(cos(0) + i sin(0))
= 4096(1 + 0i)
2. State the answer. u'? = 4096

2.3.5 Applications of complex numbers in polar form

Using trigonometric compound-angle formulas

Recall the trigonometric compound-angle formulas from Unit 2.

Compound-angle formulas

sin(A + B) = sin(A) cos(B) + cos(A) sin(B)
sin(A — B) = sin(A) cos(B) — cos(A) sin(B)
cos(A + B) = cos(A) cos(B) —sin(A) sin(B)
cos(A — B) = cos(A) cos(B) + sin(A) sin(B)
tan(A) + tan(B)
1 —tan(A) tan(B)
tan(A) — tan(B)
1+ tan(A) tan(B)

tan(A + B) =

tan(A — B) =

These identities can be used in problems involving complex numbers to obtain or check certain results.

TOPIC 2 Complex numbers 69



WORKED EXAMPLE 15 Applying compound-angle formulas to complex numbers (1)

a. Show that tan (%) =2— \/3

b. Givenu=1+ (2 - \/5 ) i, determine the value of iu and hence evaluate Arg (\/3 —24i )

THINK WRITE
. . T T T .
a. 1. Rewrite the argument as a sum or difference a. — — g = E or in degrees, 45° —30° = 15°
of fractions. pu -
tan( — ) =tan | — — —
12 4 6
. . V4 Ve
2. State and use an appropriate identity. LetA= ) and B = 3
tan(A) — tan(B
tan(4 — B)= 22 —tan(B) r 2\ tan(Z)—tan(Z)
1 + tan(A) tan(B) tan <_ — _> = — -
4 6 1+tan(z)tan(g)
. . T T 3
3. Simplify and use exact values. Substitute tan 7 =1 and tan G = T:
A
tan <£> = :
12/ 1413
3
3-V3
4. Form common denominators in both the tan <£> =3
numerator and denominator, and cancel 12 3+3\/§
the factors. 3_+/3
3+4/3
3—4/3 3—14/3
5. To rationalise, multiply both the numerator tan <£> = \/_ X \/_
and denominator by the conjugate surd in 1z 3+V3 3-4/3

the denominator.

. T 9—-6v3+3
6. Expand and simplify. tan (E) = —9 —
_12-6v3
6
_62-v/3)
6
7. Simplify and state the final answer. tan (%) =2—-14/3
b. 1. State the complex number and its argument, b. u=1+ (2 - \/§ ) i
as it is in the first quadrant. 0
Arg(u) = tan (2 - \/5)
7
12
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2. Determine the value of the complex number iu=1i+ (2 = \/5) 2

iu, which is in the second quadrant. The _ \/5 o4
complex number iu is a rotation of u by ) T T
90° anticlockwise. Arg(iu) = I + 5

3. State the final result. Arg (\/5 —2+i ) = 71_72r

Applications of de Moivre’s theorem

De Moivre’s theorem can be used to solve problems involving powers of complex numbers.

WORKED EXAMPLE 16 Applying compound-angle formulas to complex numbers (2)

n n
Determine all values of n such that <—\/§ + i) + (—\/3 —1i ) =0.

THINK WRITE
. . (57
1. Express the complex —V3+i=2cis v
number —\/5 + i in polar
form.
. . Sw
2. The complex number — \/5 —i=2cis| — =

_\/E — i is the conjugate.
Express —\/5 — i in polar

form.
3. Express the equation in (—\/5 aF i) aF (—\/5 = i) =0
polar form. n n
<2c:is<5—ﬂ>> +<2cis (—5—ﬂ>> =0
6 6
. . (57n . Srtn
4. Use de Moivre’s theorem. 2" cis T +2%cis | — T =0
5. Take out the common 2" <cis <%> + cis <—5? > =0

factor, expand cis(6),

and apply the Null Factor  cos <5ﬂ> +isin <5ﬂ> + cos <—5ﬂ> + isin (—5ﬂ> =0
Theorem. 6 6 6 6

6. Use the trigonometric Since cos(—6) = cos(B) and sin(—6) = — sin(H),
results for functions [ Smn\ _
. 2cos | — ) =0
of negative angles and 6
simplify.

7. Use the formula for the oS <5ﬂ> =0
general solutions of

trigonometric equations. Smn = @k+ Dm

6
32k + 1)
n=——

where k€ Z

8. Solve for n and state the where k€ Z

final answer.
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free
1. IEEIA Convert each of the following complex numbers to polar form.

a. 1+1/3i b. —1+i c. —2-24/3i d.\3-i e 4 f. —2i
2. Convert each of the following complex numbers to polar form.

a. \V3+i b. —1+13i ¢ —\/3—i d. 2—2i e. —7 f. 5i
3. IlZEM a. Convert 4 cis <—§> to Cartesian form.

b. Convert 8 cis <—§) to Cartesian form.
4. Convert 6\/5 cis(—135°) into x + yi form.

. T —1 .. . .
5. HEHH If u = 6cis <—§> ,evaluate ', giving your answer in Cartesian form.

V2

. (37 | . .
6. Ifu= e cis =) evaluate —, giving your answer in Cartesian form.
u

7. KEENIf u= 4\/5 cis (—%) and v= \/5 cis (%) , evaluate each of the following, giving your answers in
Cartesian form.

a. uv b.

< I

8. Ifu=4cis <§> and v= % cis <—2?ﬂ> evaluate each of the following, giving your answers in

Cartesian form.

u

a. uy b. —

v
9. I If u = —1 — i, determine:
a. Arg (u'®)
b. u'°, giving your answer in Cartesian form.
TR ) L : .

10. Simplify ————» giving your answer in Cartesian form.

V3-i)
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11.

12.

13.

14.

15.

16.

17.

18.

19.

K= a. Show that tan (51_72r> = \/§+ 2.

b. Givenu=1+ (\/3 + 2) i, determine iu and hence evaluate Arg (—\/5 -2+ i).

Show that tan <111—27T> = \/5— 2 and hence evaluate Arg (l + (\/5— 2) i).

IZl Determine all values of n such that (1 + \/gz) — (1 — \/51) =0.

Determine all values of n such that (1 + \/51) + (1 — \/gz) =0.

a. If z=2 + 2i, calculate z5. b. If z= _3\/§+ 3i, calculate z°.
5 53, o d. If z=24/3 — 2i, calculate 7.
c. If z7=—— — ——i, calculate z°.
2 2
1
Letu=> (x/?—i).

_ 1 .. . .
a. Evaluate u, — and u®, giving all answers in Cartesian form.
u

b. Evaluate Arg(u), Arg (i) and Arg(u®).

c. Determine if Arg(u) is equal to —Arg(u).

d. Determine if Arg <i> is equal to —Arg(u).
e. Determine if Arg(u®) is equal to 6 Arg(u).

Letu=—1+4/3iand v=—2 —2i.

a. Evaluate Arg(u).
b. Evaluate Arg(v).
c. Evaluate Arg(uv).

v
e. Determine if Arg(uv) is equal to Arg(u) + Arg(v).

d. Evaluate Arg <E>

u

f. Determine if Arg <
v

> is equal to Arg(u) — Arg(v).

Letu=\/§(1—i) and v=2cis <2§>

a. Evaluate uv, working with both numbers in Cartesian form and giving your answer in Cartesian form.
b. Evaluate uv, working with both numbers in polar form and giving your answer in polar form.

c. Hence, deduce the exact value of sin <51—727> .

d. Using the formula sin(x — y), verify your exact value for sin <51—727> .

Letu=—4—4\/§i and v= \/Ecis (—%)

a. Evaluate —, working with both numbers in Cartesian form and giving your answer in Cartesian form.
v

u . . . . .
b. Evaluate —, working with both numbers in polar form and giving your answer in polar form.
v
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20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

74

c. Hence, deduce the exact value of cos <%> .

d. Using the formula cos(x —y), verify your exact value for cos (%) .

Letu=-1- \/giand v=\/§cis <¥>

a. Evaluate —, working with both numbers in Cartesian form and giving your answer in Cartesian form.
v

b. Evaluate E, working with both numbers in polar form and giving your answer in polar form.
%

c. Hence, deduce the exact value of cos <71—7;> .
. . 1
d. Using the formula cos(x — y), verify your exact value for cos (E) .

a. Show that tan (%) = \/5— 1.

b. Letu=1+ (\/5 - 1) i and hence evaluate Arg(u).
c. Determine the value of iu and hence evaluate Arg <<1 - \/5 ) + i).

o

a. Show that tan (71—72[) =— (\/§+2).

c. Hence, evaluate Arg (1 - (\/§+ 2) i>.

o

Determine all values of n such that:
a (1+)"'+(1-9)"=0 b. 1+)"'—(1-i)"=0
If z =cis(6), show that:

a. |z+ 1| =2cos <9>
2

Use polar arithmetic to prove the following identities.

T

. Arg(l+2)= g

a. |z2122] = |z1]|2| b. arg(z,2;) = arg(zy) + arg(z,)
Prove the following identities using a polar approach.
_
el

<1

b. arg <Z—1> =arg(z;) — arg(zy)

' 2 22

Prove the following identities using polar arithmetic.

a. || =1z]" b. arg(z") =n arg(z)
Given z = rcis(0), prove the following identities.

a. 1 :ﬁ,zgé() b. arg<ln>=—n arg(z), z#0
z Z

Zl'l

Let z; = rycis(6)) and z, = r,cis(6,). Show that a_ ﬂcis(@l —0,).
L n

Let z = rcis(8). Use mathematical induction to show that 7 = rcis(nf) forn € Z*.
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2.3 Exam questions

Question 1 (1 mark)
Source: VCE 2021 Specialist Mathematics Exam 2, Section A, Q4; © VCAA.

I For z € C, if Im(z) > 0, then Arg <£_) is
—Z

A~ B. 0 C.

2

Question 2 (1 mark)
Source: VCE 2021 Specialist Mathematics Exam 2, Section A, Q6; © VCAA.

I If z€ C, z#0 and 7> ER, then the possible values of arg(z) are

NN
o

ST
m
3

A. %”,kez B. kr.keZ c. @,kez
D. @,kez E. @,kez

Question 3 (5 marks)
Source: VCE 2019 Specialist Mathematics Exam 1, Q7; © VCAA.

a. Show that 3 — 1/3i = 21/3 cis <—%>. (1 mark)
3

b. Find (3 - \/gi ) , expressing your answer in the form x + iy, where x,y €RR. (2 marks)

c. Find the integer values of n for which (3 - \/51) is real. (1 mark)

d. Find the integer values of n for which (3 — \/51) = ai, where a is a real number. (1 mark)

More exam questions are available online.

2.4 Solving polynomial equations over C

LEARNING INTENTION

At the end of this subtopic you should be able to:
e solve polynomial equations using the fundamental theorem of algebra and the conjugate root theorem.

2.4.1 The fundamental theorem of algebra

A polynomial in z is an expression of the form P(z) = a,7" + a,_;2" "' +a,_»,7" >+ ... + a;z+ay, where n€N
is the degree (highest power) of P(z) and a; (with a, #0).

If a; R, that is, all the coefficients are real, then P(z) is said to be a polynomial over R. Similarly, if at least one
of the g; is complex, P(z) is said to be a polynomial over C.

For example, P(z) = 3z* — 577 + 6 is a polynomial of degree 4 over R and P(z) = 2iz> + 3z — 8i is a polynomial
of degree 3 over C.

If a polynomial P(x) has (x — a) as a factor, then P(x) can be written P(x) = (x — a) Q(x). From this it is clear that
P(a) =(a—a) Q(a) =0. The converse can also be shown to be true; that is, if P(a) =0, then (x — a) is a factor of
P(x). This result is known as the factor theorem.
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Factor theorem

If P (a) =0, then (x — a) is a factor of P(x).

The fundamental theorem of algebra

Every polynomial over C has at least one solution that is a complex number.

That is, if P,(z) is a polynomial of degree n over C, then there exists a z; € C such that P,(z;) = 0. This important
result can be used to show that a polynomial of degree n, with n € N, has n solutions.

The proof relies on a repeated application of the fundamental theorem of algebra and the factor theorem.

Firstly, the fundamental theorem of algebra guarantees that there is a z; € C such that P,(z;) = 0. The factor
theorem states that if P,(z;) =0 for some z; then (z — z;) is a factor of P,(z) so that P,(z) = (2 — z1)P,—1(2),
where P,_;(z) is a polynomial of degree n — 1.

Now by applying the fundamental theorem of algebra to P,_;(z) there is a z, € C such that P,_;(z,) =0 and the
factor theorem ensures that P,_(z) = (2 —20)P,—»(2).

Hence P,(z) = (z — 2;)(z— 20)P,—»(2). By applying this method to each successive polynomial we can state the
following:

Implications of the fundamental theorem of algebra

A polynomial of degree n will always have exactly n linear factors. That is;
P, (@)=@E—21)Z—22)2—23)... (2 —22)Py ()

where z1,722,23,...5, 2» € C and Py (z) is a constant.

Note: Although n solutions are obtained, the fundamental theorem of algebra does not prescribe that they are
necessarily distinct.

2.4.2 Solving quadratic equations

Recall the quadratic equation az> + bz + ¢ = 0. If the coefficients a, b and c are all real, then the roots depend
upon the discriminant, A = b> — 4ac.

If A > 0, then there are two distinct real roots.
If A =0, then there is one real root.
If A <0, then there is one pair of complex conjugate roots.

Relationship between the roots and coefficients

Given a quadratic equation with real coefficients, if the discriminant is negative, then the roots occur in complex
conjugate pairs. A relationship can be formed between the roots and the coefficients.

Given a quadratic az® + bz + ¢ =0, if a#0, then

b ¢
Z+-z+-=0.
a a

Let the roots be a and f3, so the factors are

(z—a)z—P).
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Expanding gives
Z—(a+pB)z+af=0
or
z*> — (sum of the roots) + product of the roots = 0
so that
oc+;6:—é and aﬁzg.
a a

This provides a relationship between the roots and coefficients.

Rather than solving a quadratic equation, consider the reverse problem of forming a quadratic equation with real
coefficients, given one of the roots.

WORKED EXAMPLE 17 Solving quadratic equations

Solve z2 + 6z + 13 =0 over C using the completing the square method.

THINK WRITE
1. Use the ‘complete the square’ method. 0=2z>+6z+13
0=2+62+9-9+13
0=(@+3)+4
2. Express the RHS as the difference of two squares by 0= (z+3)* — 42
converting 4 into complex form (i2 = —1). 0=(z+ 3)2 - (21.)2
Write the expression in brackets as a quadratic. 0=(z+3+20)(+3-2i)
3. Apply the Null Factor Theorem to state the solutions. (z+3+42)=00r (z+3-2)=0

The roots occur as a pair of complex
conjugates: z=—3 —2i, =3 +2i.

WORKED EXAMPLE 18 Determining the equation of the quadratic from its roots

Determine the equation of the quadratic P(z) with real coefficients given that P(—11 + 2i) = 0.

THINK WRITE

1. State the given root. Leta =—11+2i.

2. The conjugate is also a root. Letf=—11-2i.

3. State the linear factors. P@)=@z—a)(z—p)

=(z+11-2i)(z+11+2i)

H

. Expand the linear factors and state the quadratic equation. P(z) = (z+ 1 1)2 - (21')2
=22 +22z+ 121 — 4¢*
=724+ 227+125
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A quadratic equation in the form P(z) = az* + bz + ¢ =0 can also be solved by using the quadratic formula as an
—bx Vb2 —4dac

alternative method. Given a, b and ¢ € R the equation can be solved using z = 5
a

2.4.3 Solving cubic equations

Cubic equations with real coefficients

A cubic polynomial equation of the form az’® + bz> + ¢z + d = 0 with z € C, and a # 0 but with all the coefficients
real, will have three linear factors. These may be repeated, but the cubic must have at least one real factor. When
solving az’ + bz? + cz+ d =0, the roots can be three real roots, not necessarily all distinct, or they can be one
real root and one pair of complex conjugate roots.

WORKED EXAMPLE 19 Solving cubic equations

Determine the roots of z> + 6z + 61z + 106 = 0.

THINK WRITE
1. Determine the real root using trial and error. P(—1) = (—1)3 +6(— 1)2 +61(—=1)+ 106
=50
P(=2) = (=2)’ +6(=2)" + 61 (-2) + 106
=0
2. Apply the factor theorem. Therefore, (z+2) is a factor.
3. We can determine the quadratic factor using P(z) =7’ + 6z +61z+ 106
algebraic methods. = (z+2) (22 ot c)

=22+ bz>+cz+272+2bz7+2c

4. Compare the two expressions for P(z) to 106 = 2¢ [1]
calculate c. e =53
5. Compare the two expressions for P(z) and use 61z =2bz+cz [2]
equation [1] to calculate b. 61z =2bz+ 537
61z —53z
p=—= =<
2z
b=4
6. State P(z) as the product of a linear and P(2) =22 4+ 622+ 617+ 106
quadratic factor. =(+2) (2 +4z+ 53)

7. Factorise the quadratic equation by completing 0 = (z+2) (z* +4z+4 —4 +53)
the square. Apply the Null Factor Theorem. 0=(z+2) ((z +2)%+ 49>

0=(z+2) (z+2) = (7))
0=C+2)(z+2+7)(z+2—Ti)

8. State the three roots. The roots are one real and one pair of complex
conjugates: z=—2,—2 —7i,—2 +7i.
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The conjugate root theorem

The preceding results are true not only for quadratic and cubic equations, but for any nth degree polynomial. In
general, provided that all the coefficients of the polynomial are real, if the roots are complex, they must occur in
conjugate pairs.

Note that if one or more of the coefficients is a complex number, then the roots do not occur in conjugate pairs.

Rather than formulating a problem such as solving a cubic equation, consider the reverse problem: determine
some of the coefficients of a cubic equation with real coefficients, given one of the roots.

The conjugate root theorem

For a polynomial P(z) with all real coefficients, complex roots occur in conjugate pairs. That is:

if z1 = a + bi is a root of P(z), then z, =a — bi is also a root of P(z).

WORKED EXAMPLE 20 Determining the roots of a cubic with real coefficients

If P(z) =2° + bz?> + cz — 75 = 0 where b and ¢ are real and P(—4 + 3i) = 0, determine the values of b and
¢ and state all the roots of P(z) = 0.

THINK WRITE
1. Apply the conjugate root theorem. Leta=—4+3iand 8 =—4—3i.
2. Evaluate the sum of the roots. a+pB=-8
3. Evaluate the product of the roots. af =16 —9i?
=25
4. Determine the quadratic factor. 2 +8z+25
5. Use short division. PR =22 +bz*+cz—-75=0
P(z)= (> +8z+25)z—3)=0
6. Expand the brackets. PQ)=22+522+2z-75=0
7. Equate coefficients. From the z?: b =5 and from the coefficient of
z2¢=25—-8X%X3=1.
8. State all the roots and their nature. The roots are one real root and one pair of complex

conjugates: z=3 and z=—4 % 3i.

Cubic equations with complex coefficients

We can use the grouping technique to solve certain types of cubic equations with complex coefficients.

WORKED EXAMPLE 21 Solving cubic equations with complex coefficients using grouping

Solve for z if 23 +iz> + 57+ 5i = 0.
THINK WRITE

1. This cubic can be solved by grouping terms together. 2 +i?+5z+5i=0
2+ +5E+i)=0

2. Factorise. @ +5@E+i)=0
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3. Express the quadratic factor as the difference of two (22 = 5i2) (z+1)=0
squares using i> = —1.

4. State the linear factors. (z+ \/gi)(z = \/g Diz+i)=0
5. Apply the Null Factor Theorem and state all the roots. z==% \/g iand z=—Ii.

General cubic equations with complex coefficients

If one of the roots of a cubic equation is given, the remaining roots can be determined. Note that if one of the
coefficients in the cubic equation is a complex number, the roots do not all occur in conjugate pairs.

WORKED EXAMPLE 22 Solving cubic equations with complex coefficients

Show that z = 5 — 2i is a root of the equation z> + (=5 + 2i)z> + 4z + 8i — 20 = 0, and hence evaluate all
the roots.

THINK WRITE
1. Substitute 5 — 2i for z. P(5—=2i)=(5—-2i) +(=5+2)(5—2i)> +4(5—2i) + 8i — 20
2. Simplify. P(5—2i)=(5-2i —(5—2i) +20—8i+8i—20=0
Therefore, z =5 — 2i is a root of the cubic equation.
3. Since z=15—2iis aroot, (z— 5 +2i) (z=5+2)(Z+4)=0
is a factor. Use short division.
4. Express as the difference of two (z=54+2)(*—-4%)=0
squares using i> = —1.
5. State the linear factors. (z—=54+2i)(z+2i)(z—2i))=0

6. Apply the Null Factor Theorem and z=5—2i and z =+ 2i.
state all the roots.

2.4.4 Solving quartic equations

A quartic of the form P(z) = az* + bz> + cz> + dz + e with all real coefficients can have four linear factors. The
roots can be either all real roots; two real roots and one pair of complex conjugate roots; or two pairs of complex
conjugate roots.

WORKED EXAMPLE 23 Solving quartic equations which can be reduced to quadratics

Solve for z if z* + 322 — 28 = 0.

THINK WRITE

1. Use a suitable substitution to reduce the quartic Let u=z2, then u? = 7*.
equation to a quadratic equation. #+32-28=0

wW43u—28=0

2. Factorise the expression. (u+7(u—4)=0

3. Substitute z> for u. @+NDF-4=0

4. E;xpress as the difference of two squares using @ =7 —-4)=0
i=—1.
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5. State the linear factors.

6. Apply the Null Factor Theorem and state all the
four roots and their nature.

<z+ 7i> <z—\ﬁi> G+2(z—2)=0

The equation z* + 3z — 28 = ) has two real roots and
one pair of complex conjugate roots.

z=i\/7iandz=12.

TI| THINK DISPLAY/WRITE

On a Calculator page
type ‘cSolve’, place

the equation in brackets
followed by a comma and

cSolvel443- 22-28=07)

z==\(7 *dforz=y7 forz=-2orz=2

CASIO | THINK

On a Main screen type
‘solve’ (found in the
Math3 keyboard), place
the equation in brackets

DISPLAY/WRITE

O Edit Action Intersctive

S E a0 |
solve(284322-2820,2) g
{2=-2,222, 22~V T+i, 7V T+i} |

(

the variable being solved
for. Press ‘enter’.

followed by a comma and
the variable being solved
for. Press ‘EXE’.

Alg Stenderd  Cplx  Aad L

In the previous worked examples, algebraic methods were used to determine unknown coefficients for quadratic
factors. Polynomial long division is an alternative method and is demonstrated in the following worked example.

WORKED EXAMPLE 24 Solving quartic equations

Given that P(4) = 0 where P(z) =z* — 22° — 6z% + 32z — 160, use polynomial long division to calculate

all the roots for P(z).

THINK
1. State the given real root.

2. Since one root is real determine another real
root by testing P(—4).

3. Express P(z) as the product of two quadratic

factors.

4. Complete polynomial long division to
calculate the unknown quadratic factor.

WRITE
Let z; =4.

P(—4) = (=4)" —2(=4)’ — 6(=4)* + 32(=4) — 160
=0
Thus z, = —4 is another root.
P@)=(@—-2)(@—-2)2-2)(z—2)
=@—-He+4z—2) (@~ )
= (2-16) (az? + bz +¢)

Z-2z+ 10
2-16 | =22 - 62+ 32z — 160
- 1 —162 | 1)
—273+ 1022 + 32z — 160

—( =27 I + 32z 1)
1022 — 160

= 102 - 160)
0
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5. Express P(z) as the product of two quadratic ~ P(z) = (7 — 16) (2 — 22+ 10)
factors by using the result from the long
division operation.

6. Factorise the quadratic equation by completing P(z) = (2 = 16) (22 = 2z+ 1 =1+ 10)
the square. _ (Z2 _ 16) ((Z_ 1)? +9)
= (2-16) (= 1)> = (3i)’)

7. Express P(z) =0 as the product of four linear 0= (z+4)(z—4)(z—1+3i)(z—1—30)
factors.

8. Apply the Null Factor Theorem to state the The solutions occur as a pair of real roots and a pair
four solutions for P(z) = 0. of complex conjugate roots.

z=—4,4,1-3i, 1 +3i.

Note: The methods used throughout this subtopic can be extended to determine the roots of higher order
polynomials which have real coefficients.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS @

Technology free
1. IKZH Solve z2 — 14z + 74 =0 over C using the completing the square method.

2. Solve 47% + 4z + 82 =0 over C using the completing the square method.

3. Solve z(z + 4) = —29 for z using the quadratic formula.

4. llIZEM Determine the equation of the quadratic P(z) with real coefficients given that P(—1 + 13i) = 0.
5. Determine the equation of the quadratic P(z) with real coefficients given that P(6 — 5i) =0.

6. IIEEA Determine the roots of z3 + 97> + 24z — 34 =0.

7. Solve the equation z*> + 13z + 97z + 85 =0 over C.

8. Determine the roots of z°> + 47> — 27 —20=0.

9. KM If P(z) = 2° + bz*> 4 ¢z — 39 =0 where b and ¢ are real, and P(—2 + 3i) =0, determine the values of b
and c, and state all the roots of P(z) =0.

10. If P(z) = 2> + bz* + cz— 50 = 0 where b and c are real, and P(5i) =0, determine the values of » and ¢, and
state all the roots of P(z) =0.

11. =30 Solve for z if 72 — 2iz2 + 47— 8i =0.

12. Determine the linear factors of 73 + 3iz% + 7z + 21i.
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13. [fZ2A Show that z =2 — 3i is a root of the equation z* + (=2 + 3i)z> + 4z + 12i — 8 =0, and hence determine
all the roots.

3 . . . . .
14. Show that z= 5 + 2i is a root of the equation 27> — (4i + 3)z> + 10z — 20i — 15 =0, and hence determine all

the roots.

15. IIZAA Solve for 7 if z* — 72 —20=0.
16. Solve for z if 2z* — 372 —9=0.

17. Solve each of the following for z.

a. *+572-36=0 b. 24 +422-21=0
18. Solve each of the following for z.

a. z*—=372-40=0 b. z*+9z2+18=0

19. Given P(z) =z* + az’ + 347> — 54z 4+ 225 and P(3i) =0, determine the value of the real constant ¢ and
evaluate all the roots.

20. Given P(z) =z* 4 62° + 292> + bz + 100 =0 and P(—3 — 4i) = 0, determine the value of the real constant b
and evaluate all the roots.

21. 22 Given that P(3) =0 where P(z) =z* + 102> + 25z — 90z — 306, use polynomial long division to
calculate all the roots for P(z).

22. If z=41is a zero of P(z) = z° + 8z% + 69z — 468, use polynomial long division to calculate all the roots
for P(z).

23. Given P(z) = z* — 273 — 622 + 32z — 160 = (z — 1 — 3i) (z — 2,) (z — 23) (z — 24), use polynomial long division
to calculate all the roots for P(z).
Technology active

24. Given that z=ai is a root of the equation 2+ 623 + 4172 + 967 + 400 = 0, determine the value of the real
constant a and all the roots.

25. Given P(z) =z* + bz> + 1872 + 32z + 32 and P(4i) =0, calculate the value of the real constant b and
determine all the roots.

26. A quartic is given by the equation, P(7) = (a12 +bz+ c) (zz —10z+ 41) +d, where deR. If
P(z) = 7* — 87% + 2372 + 62z + 81 in expanded form, determine the real value d.

2.4 Exam questions

Question 1 (4 marks) fESELES

Source: VCE 2021 Specialist Mathematics Exam 1, Q8; © VCAA.
a. Solve z2 4+ 2z +2 =0 for z, where z € C. (1 mark)
b. Solve z2 + 27 +2 =0 for z, where z€ C. (3 marks)

Question 2 (1 mark)
Source: VCE 2020 Specialist Mathematics Exam 2, Section A, 06; © VCAA.

I For the complex polynomial P(z) = z3 + az? + bz + ¢ with real coefficients a, b and c,
P(—=2)=0and P(3i)=0.

The values of a, b and c are respectively
A. —2,9,—18 B. 3,4,12 C. 2,9,18 D. —3,—4,12 E. 2,-9,—-18
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Question 3 (1 mark)
Source: VCE 2017 Specialist Mathematics Exam 2, Section A, Q3; © VCAA.

I3 The number of distinct roots of the equation (z4 —1) (22 43iz—2) =0, where € C, is
A. 2 B. 3 C. 4 D. 5 E. 6

More exam questions are available online.

2.5 Subsets of the complex plane

LEARNING INTENTION

At the end of this subtopic you should be able to:
e identify and sketch subsets of the complex plane, such as circles, lines and rays.

In previous sections, complex numbers have been used to represent points on the Argand plane. If we consider
z as a complex variable, we can define and sketch subsets of the Argand plane such as lines, rays, circles and
ellipses.

2.5.1 Lines

If z=x+ yi, then Re(z) = x and Im(z) =y. The equation a Re(z) + b Im(z) = ¢ where a, b and ¢ € R represents the
line ax + by =c.

WORKED EXAMPLE 25 Sketching lines in the complex plane (1)

Determine the Cartesian equation and sketch the graph defined by {z: 3Re(z) — 2Im(z) = 6}.

THINK WRITE/DRAW
1. Consider the equation. 3Re(z) —2Im(z) =6
As z=x+ yi, then Re(z) = x and Im(z) = y.
This is a straight line with the Cartesian equation
3x—2y=6.
2. Evaluate the axial intercepts. When y=0,3x=6=>x=2.
(2, 0) is the intercept with the real axis.
When x=0, —2y=6=>y=-3.
(0, —3) is the intercept with the imaginary axis.

3. Identify and sketch the equation. The equation represents the line 3x — 2y = 6.

Im(é)l
14 %Qe(z) —2Im(z) =6

< T T T T T
4322 —110_ 1/2 3 4Re@
_2—
.
A

Lines in the complex plane can also be represented as a set of points that are equidistant from two other fixed
points. The equations of a line in the complex plane can thus have multiple representations.

84 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition



WORKED EXAMPLE 26 Sketching lines in the complex plane (2)

Determine the Cartesian equation and sketch the graph defined by {z: |z — 3| = [z + 3i]}.

THINK
1. Consider the equation as a set of points.

2. Group the real and imaginary parts together.

3. Use the definition of the modulus.

4. Expand both sides and cancel like terms.

5. Identify the required line.
6. Identify the line geometrically.

7. Sketch the required line.

WRITE/DRAW

|z—3] =z + 3

Substitute z = x + yi:
[x+ yi — 3| = |x+ yi + 3i|
|(x=3) +yil = lx+ (¢ + 3)il

\/(x—3)2+y2=\/xz+(Y+3)2

P—6x+9+y> =x>+y*+6y+9
—6x = 6y
y=-—x

The line is the set of points that is equidistant from the
two points (3, 0) and (0, —3).

Im(z)
3

27 |2-3| = |z + 3i]

>
>

T T T
32 —110 2 3 Re(®)

2.5.2 Circles

The equation |z| = r where z =x + yi is given by |z| = 1/x2 + y2 = r. Expanding this
produces x* + y? = r2. This represents a circle with centre at the origin and radius .
Geometrically, |z| = r represents the set of points, or what is called the locus of

-
points, in the Argand plane that are at r units from the origin. —r !

Im(z) A

|zl =r

N

WORKED EXAMPLE 27 Sketching circles in the complex plane

Determine the Cartesian equation and sketch the graph of {z: [z + 1 — 2i| =3}.

THINK
1. Consider the equation.

2. Group the real and imaginary parts.

3. Use the definition of the modulus.

Re(2)
=4
WRITE/DRAW
|z+1-2i|=3
Substitute z = x + yi:
lx+yi+1—2i]=3
|(x+ 1) +i(y—2)|=3
\/(x+ )+ -2°=3
>
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4. Square both sides.

5. Sketch the graph on the Argand plane.

G+ 1>+ -27=9
The equation represents a circle with centre at (—1, 2)

and radius 3.

TI | THINK

On a Calculator page,
complete the entry as
shown.

On a Graphs page,
complete the entry as
shown.

DISPLAY/WRITE

Zi=xt { x4

2 2
XTH2 x4y " =4 45 =3

lz+1-2-d}=3

(R oss ) -2
iy S I

x242: n,vz—q- y+5=9

2 2
X2 Xy~ =4 y¥5=9

2 3 \
ccmpleteSqua:E(\' S+ x4y -4 y+5=9.\'.r)
{x+2)2+(-2)2=0

reli{xy)

(e 1)24(y-2) 2]

iii

(e+2)2+(-2)2=9

CASIO | THINK

On a Main screen,
complete the entry as
shown.

On a Conics screen,
complete the entry as
shown.

DISPLAY/WRITE

O Edit Action Wteractive

S ECCIaeE0 |
xHyi®z
xtyed [
cExpand([z+1-22(=3)
Vixe1) 24 (5-2) 2ms |

o
Alg Standard  Cplx  Aad o)
O 6t Zoom Analysls X

P () G 3 Y

1) 24 y-20 229

!
—.m-raw/.sqsr.'

g
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2.5.3 Ellipses

Recall that the general form of an ellipse is x_2 + 5 =1. This ellipse has semi-

major axes of a and semi-minor axis of b.

An alternative definition of an ellipse is that for all points on the curve the sum /_
of the distances to two fixed points is a constant. _

2 2

=Y

. B

Worked Example 28 Sketching ellipses in the complex plane

Determine the Cartesian equation and sketch the graph of the set of points in the complex plane
defined by {z: |z - 2\/§| + |z + 2\/§| =12).

THINK

1. Substitute for z.

2. Use the definition of
the modulus.

3. Transfer one of the
square roots to the
other side of the
equation.

4. Square both sides.

5. Transfer the square
root to the other side of
the equation.

6. Expand the RHS.

7. Simplify the RHS, by
cancelling.

8. Cancel a common
factor. Since the LHS
is always positive,
RHS must also be
positive.

WRITE/DRAW

’2—2\/§|+|z+2\/§’=12

Let z=x+ yi.

<x—2\/§)+yi <x+2\/§)+yi
\/(x—2\/§)2+y2+\/<x+2\/§>2+y2=12

\/<X—2\/§)2+y2= 12—\/<x+2\/§)2+y2

+ =12

<x—2\/§)2+y2: 144 + <x+2\/§>2+y2—24\/<x+2\/§>2+y2
24\/<x+2\/§)2+y2= 144 + (x+2\/§)2+y2— [(x_z\/g)2+y2]

2
24\/<x+2\/§) 2= 144+ 2 4+ 4/5x 42042 — [x2—4\/§x+20+y2]

24\/(x+2\/§)2+y2 = 144+ 8+/5x
=3 <18+\/§x)

2
3\/<x+2\/§> +y2=18+ \/gx
18

We require 18 + \/§x>0 > X>——

V5

4
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2 2
9. Square both sides 9 <<x+2\/§> +y2> = (18+\/§x)
again.
10. Expand and remove the 9 <x2 +44/5x+20 + y2> =324 +36/5x + 52
brackets. 922 +36/5x + 180 + 92 = 324 + 361/5x + 5
11. Simplify. 4x? + 9y = 144
2y
12. Divide both sides by —+—=1
144, 9 e
13. Describe the equation. The graph is the ellipse with semi-major and semi-minor axes 6 and 4
respectively, since x> —7 > —8 is satisfied.
5
14. Sketch the graph of the Im(z) A
ellipse. 5 |z—2y3] + |z + 2¢35] = 12
3 —
2_
1 —
T T T T T T -
1 2 3 45 7 Re(z)
2.5.4 Rays
A ray is a half-line, which can be defined in terms of the argument of the Im(2) A
complex number. Arg(z) =0 represents the set of all points on the half-line or
ray that has one end at the origin and makes an angle of 6 with the positive Arg(z) =0
real axis. Note that the endpoint, in this case the origin, is not included in the
set since x > 0 and y > 0. We indicate this by placing a small open circle at this 0
point. - >
0 Re(z)
Y

WORKED EXAMPLE 29 Sketching rays in the complex plane

2
Determine the Cartesian equation and sketch the graph defined by {z: Arg(z+3-2i)= —?” }

THINK WRITE/DRAW
. . . . 2
1. Determine the Cartesian equation of the ray.  Arg(z+3 —2i) = — ?ﬂ
Substitute z=x + yi:
. . 27
Arg(x+yi+3—-2i)= ==
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2. Group the real and imaginary parts.

3. Use the definition of the argument.

4. Simplify.

5. State the Cartesian equation of the ray.

6. Identify the point from which the ray starts.

7. Determine the angle the ray makes.

8. Describe the ray.

9. Sketch the required ray.

Arg((x+3)+(y—2)i) =—2?7t

-2
tan™! <y > :—2—7T for x < —3
x+3 3

y—2 ( 2n>
— =tan | ——
x+3 3
= \/gforx<—3
y—2=1/3(x+3)forx<—3

y=13x+313+2 forx<-3.
The ray starts from the point (-3, 2).

2 . .
The ray makes an angle of —?ﬂ with the positive real
axis.
The point (—3, 2) is not included.
Alternatively, consider the ray from the origin making

2 . . .
an angle of ——— with the positive real axis to have

been translated 3 units to the left parallel to the real
axis and 2 units up parallel to the imaginary axis.

Im@),
5_

4_

3_

Arg(z+3—2i)=—27” 5]
1_

L
5/4-3 2 -110_
2

-3
—4 -

-5
Y

\

Y

Re(z)

—_
N —
) —
S~
w -

TI| THINK

On a Calculator page,
complete the entry as
shown.

solv

zi=x4 F

.7r- s:gn(v— .!)
o "

DISPLAY/WRITE

-2

angle{z+2-2: l'):f

b s;gn(u—z)

+3| -2m
2] 1

T

Jxe3) 2w |

3!
‘;MZ.’ 3

yajl_‘xﬁ',- Y3 +Zand x<-2

CASIO | THINK DISPLAY/WRITE

On a Main screen,
complete the entry as
shown.

O Edt Action interactive
e[ [l [ [ -]

sve{far (152 }=-22,)

{y=V3xs33 42}
o

Alg Standsrd  Cplx  Rad am)
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On a Graphs page, - On a Conics screen, O £t zoom Aalyels o -
complete the entry as carf complete the entry as 55 T G 2 B (2 (3
( Sheet! Sheet2 ‘Sheetd Sheetd [Sheet
shown. f1le)={ 2 - xe2- {3 42,022 shown. e e e —
| . o
10 1 10 y5:0
/ - e

) ’

.

.67 3|

[
= ff EERREE
Red Cplx ':m

2.5.5 Intersection of subsets of the complex plane

The coordinates of the points of intersection between subsets

of the complex plane can be determined algebraically by

solving the system of equations. The number of solutions
reflects the number of points of intersection. For example,
consider the intersection of a circle and a line. If there are

two solutions to the equations, the line intersects the circle
at two points. If there is one solution to the equation, the line
and the circle touch at one point, and the line is a tangent to
the circle at the point of contact. If there are no solutions to
the equations, the line does not intersect the circle.

WORKED EXAMPLE 30 Determining points of intersection

a. Two sets of points in the complex plane are defined by S = {z: |z| =5} and
T = {z: 2Re(z) — Im(z) = 10}. Determine the coordinates of the points of intersection between S
and 7.

b. Two sets of points in the complex plane are defined by S ={z: |z] =3} and
T ={z: 2Re(z) — Im(z) = k}. Determine the values of k for which the line through 7 is a tangent to
the circle S.

THINK WRITE
a. 1. Determine the Cartesian equation of S. a. |z|=5
Substitute z = x + yi:
|x+yi| =5
2. Use the definition of the modulus. VX2 +y2=5
3. Square both sides and identify the boundary x> +y?2=25 (1)
of S. S'is a circle with centre at the origin and radius 5.
4. Determine the Cartesian equation of 7. Substitute z =x + yi:

Re(z) =x and Im(z) =y
2Re(z) —Im(z) = 10
2x—y=10 (2)
T is a straight line.
5. Rearrange equation (2) and solve equations y=2x—10
(1) and (2) for x and y by substitution. 2+ Q2x— 10)2 =25
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. Expand and simplify.

. Solve for x.

. Calculate the corresponding y-values.

. State the coordinates of the two points of
intersection.
. Determine the Cartesian equation of S.

. Use the definition of the modulus.

. Square both sides and identify the boundary
of S.

. Determine the Cartesian equation of 7.

. Rearrange equation (2) and solve equations
(1) and (2) for x and y by substitution.

. Expand and simplify.

. If the line through T is a tangent to the circle
S, there will be only one solution for x.

. Solve the discriminant equal to zero for k.

. State the value of k for which the line through

T is a tangent to the circle S.

x% 4 4x*> —40x + 100 = 25
5x2—40x+75=0
50> —8x+15)=0

x> —8x+15=0
x=5x—-3)=0
x=5o0rx=3
From (2) y=2x— 10,
Whenx=5=y=0
and when x=3=y=—4.
The points of intersection are (5, 0) and (3, —4).

. 2| =3

Substitute z = x + yi:
|x+yi|=3
X2 +y2=3
4y =9 (1)
S is a circle with centre at the origin and radius 3.
Substitute z = x + yi:
Re(z) =x and Im(z) =y
2Re(z) —Im(z) =k

2x—y=k (2)
T is a straight line.
y=2x—k

2+ 2x—k?=9
X +4x> —dkx +k* =9
5x2 —4kx+k2—=9=0

The discriminant A = b% — 4ac = 0, where
a=5,b=—4kand c=k*—9.
A = (—4k)* —4Xx 5% (K2 —9)

= 16k* —20(k*> —9)
= —4k* + 180
= 4(45— k%)

45—K2 =0

k=xv/45
k=+34/5
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS

Technology free
1. IIEZEA Sketch and describe the region of the complex plane defined by {z: 4Re(z) + 3Im(z) = 12}.

2. The region of the complex plane shown can be described by {z: aRe(z) + bIm(z) = 8}. Determine the values

of a and b.
Im(z) A
-/
4

3. Sketch and describe the region of the complex plane defined by:
a. {z: 3Re(z) + 2Im(z) = 6} b. {z:2Re(z) — Im(z) = 6}

4. WZXA Sketch and describe the region of the complex plane defined by {z: |z + 3i| = |z — 3|}.

5. Sketch and describe each of the following sets, clearly indicating which boundaries are included.
a. {z:|z=2|=|z—4|} b. {z: |z +4i| =|z— 4|}

6. Sketch and describe each of the following sets, clearly indicating which boundaries are included.
a. {z|z+4|=z—2i]} b. {z:|z+2-3i|=|z—2+3i|}

7. Sketch and describe the region of the complex plane defined by {z: |z — 3 + 2i| =4}.

8. The region of the complex plane shown can be described by {z: |z — (a + bi)| = r}. Determine the values of a,
b and r.

Im(z) A
2_
1 -
< T T >
-2 -10] 6 Re(2)
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10.

11.

12

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

. For each of the following, sketch and determine the Cartesian equation of the set, and describe the region.

a. {z|z+2-3i|=2} b. {z:]z—3+i|=3}
z7—2i
i

a. Show that the complex equation gz: Im < ) = 0} represents a straight line and determine

its equation.
z—2i
7—

b. Show that the complex equation {z: Re < > = 0} represents a circle and determine its centre

and radius.

a. Determine the Cartesian equation of {z: |z — 3| = 2|z + 3i|}.
b. Determine the locus of the set of points in the complex plane given by {z: |z + 3| = 2|z + 6i}.

IZZA Determine the Cartesian equation and sketch the graph of the set of points in the complex plane
defined by {z : |z— 4|+ |z +4| =10}

K= Determine the Cartesian equation and sketch the graph defined by {z: Arg(z—2)= %}

Determine the Cartesian equation and sketch the graph defined by {z: Arg(z+3i)= —%}

Sketch and describe the following subsets of the complex plane.

a. {z Arg0)= 5} o. {z Are+ =7}

= a. Two sets of points in the complex plane are defined by S ={z: |z| =3} and
T ={z: 3Re(z) — 4Im(z) = 12}. Determine the coordinates of the points of intersection between
Sand T.

b. Two sets of points in the complex plane are defined by S={z: |z| =4}and T={z: 4Re(z) — 2Im(z) = k}.
Determine the values of k for which the line through 7 is a tangent to the circle S.

a. Let S={z: |z— 6] =2|z—3i|} and T={z: |z — (a + bi)| = r}. Given that S = T, determine the values of a, b
and r.
b. Let S={z: |z+ 3| =2|z—3i|}and T={z: |z— (a + bi)| =r}. Given that S =T, state the values of a, b and r.

a. Two sets of points in the complex plane are defined by S = {z: |z| =V 29} and 7'={z: 3Re(z) —Im(z) = 1}.
Determine the coordinates of the points of intersection between S and 7.

b. Two sets of points in the complex plane are defined by S ={z: |z| =5}and T={z: 2Re(z) — 3Im(z) = k}.
Determine the values of k for which the line through 7T is a tangent to the circle S.

LetS={z:|z|=3}and T= {z: Arg(z) = —%} Sketch the sets S and T on the same Argand diagram and

determine z: S=T.

Sets of points in the complex plane are defined by S={z:|z+3+i|=5}and R= {z: Arg(z+3)= —%}

a. Determine the Cartesian equation of S. b. Determine the Cartesian equation of R.
c. If u e C, determine u where S=R.

Two sets of points in the complex plane are defined by S ={z: |z| =3} and T = {z: 3Re(z) + 4Im(z) = 15}.
Show that the line T is a tangent to the circle S and determine the coordinates of the point of contact.

Two sets of points in the complex plane are defined by S ={z: |z] = 6} and T'={z: 3Re(z) — 4Im(z) = k}.
Determine the values of k for which the line through 7 is a tangent to the circle S.

Show that the complex equation |z — a|*> — |z — bi|* = a® + b?, where a and b are real and b # 0, represents
a line.

Show that the complex equation 3zz + 6z + 6z + 2 = 0 represents a circle, and determine its centre and radius.
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25.

26.

27.

28.

29.

30.

a. Let w=cis(f) and z= % (9w - W).

i. Express zin terms of 6.
22

ii. Show that z lies on the ellipse ;C_6 + Y 1.

25
iii. Show that |z — 3i|* = (5 — 3 sin(0))” and |z + 3> = (5 + 3 sin(6))*.
iv. Hence, show that |z + 3i| + |z —3i| =10.

b. Show by substituting z = x + yi that the equation {z : |z — 3i| + |z + 3i| = 10} represents the ellipse

2y
— + — =1 in the Argand plane.
16 25
2 32
Show that the equation {z : |z — ¢| + |z + ¢| = 2a} represents the ellipse -+ 5= 1 provided that
a a —c
a’>c%.
a. Show that the complex equation zz + (3 + 2i)z + (3 — 2i)z 4+ 4 = 0 represents a circle, and determine its

centre and radius. _

b. Consider the complex equation azz + bz + bz + ¢ =0 where a and c are real and b = o + Bi is complex.
Show that the equation represents a circle provided bb > ac and a # 0, and determine the circle’s centre
and radius.

z—ai

a. Show that the complex equation {Z: Im < > = O} where a and b are real represents a straight line if

ab #0.

z—b

z—ai

b. Show that the complex equation {z: Re < > = O} where a and b are real represents a circle if ab # 0.

z—b
State the circle’s centre and radius.

Given that ¢ = a + bi where a and b are real, show that the complex equation (z — ¢)(z — ¢) = 1 represents a

circle, and determine its centre and radius.

Given that ¢ = a + bi where a and b are real, show that the complex equation |z — ¢| = |2z —¢| represents a
circle, and determine its centre and radius.

2.5 Exam questions

Question 1 (1 mark)
Source: VCE 2021 Specialist Mathematics Exam 2, Section A, Q5; © VCAA.

m The graph of the circle given by ‘z -2- \/g ) i=1, where z€ C, Im(2)
is shown. A
4
For points on this circle, the maximum value of |z] is
A V3+1 3
B. 3
C. V13 2
D. V7+1
E. 8 !
P Re(z)
aq © 2 3 4
1
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Question 2 (11 marks)
Source: VCE 2020 Specialist Mathematics Exam 2, Section B, Q2; © VCAA.

Two complex numbers, u and v, are defined as u=—2—iand v=—4 —3i.

a. Express the relation |z — u| = |z — v| in the cartesian form y = mx + ¢, where m, c ER. (3 marks)
b. Plot the points that represent « and v and the relation |z — u| = |z — v| on the Argand
diagram below. (2 marks)
Im(z)
A
5
» Re(z)
-5 ’ 5
-5

c. State a geometrical interpretation of the graph of |z — u| = |z — v| in the points that represent « and v.
(1 mark)

d. i. Sketch the ray given by Arg(z —u) = % on the Argand diagram in part b. (1 mark)

ii. Write down the function that describes the ray Arg(z —u) = R giving the rule in cartesian form.

(1 mark)
e. The points representing « and v and —5i lie on the circle given by |z — z.| = r, where z. is the centre of the
circle and r is the radius.
Find z, in the form a + ib, where a, b € R, and find the radius r. (3 marks)

Question 3 (1 mark) [ EEG0TH

Source: VCE 2019 Specialist Mathematics Exam 2, Section A, Q5; © VCAA.

5 .
T Let z =x + yi, where x,y € R. The rays Arg(z —2) = % and Arg(z— (5 +1)) = g’ where z € C, intersect on

the complex plane at a point (a, b).

The value of b is

. —\3
.2-13
.0
V3
E.2+1/3

More exam questions are available online.

A
B
C
D
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2.6 Roots of complex numbers

LEARNING INTENTION

At the end of this subtopic you should be able to:
e calculate the roots of complex numbers.

2.6.1 The nth roots of complex numbers

Recall that de Moivre’s theorem was used to determine powers of complex numbers in polar form,
7" =7r"cis(n6). Now we will apply de Moivre’s theorem to the reverse problem to determine the roots of complex
numbers.

Consider the equation 7" = w.

Let z=r, cis(¢) and w = r, cis(B).

o (ricis(¢))" = rycis(0)

Applying de Moivre’s theorem,

7} (cos(ng) + i sin(ng)) = r, (cos(6) + i sin(6))

Now equate the moduli and arguments from the left- and right-hand sides.

Moduli Arguments
cos(ng) + i sin(ng) = cos(0) + i sin(O)
ri=r cis(ng) = cis(0)
N n¢$ = 0+ 2kn wherekeZ
=g o
1 ¢ = where ke Z
= (rz)n n

The investigation above illustrates that if 7" =w where z, w € C and n € N, the equation has n distinct solutions,
in which z is termed an nth root of w.

Because the solutions start repeating, we keep using & until # solutions are found. The roots are generally
denoted as 7y, 25, ... 7, Where z; represents the first root. The first root is commonly known as the principal nth
root of the complex number.

WORKED EXAMPLE 31 Determining the square roots of complex numbers in polar form

Solve z2 = 4 cis <§> for z.

THINK WRITE

o . (5 +2%kn
1. Use the results from the table above. = \/Z cis | -
2. Simplify the modulus and argument. z=2cis <% aF kn’)
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3. Let k=0 to calculate the first root. Letk=0, z; = 2cis <% +0Xx 7T>
= 2cis (E)
6
4, Let k=1 to calculate the second root. Letk=1, zp =2cis (% +1X 7r>
= 2cis <7—ﬂ>
6
= 2cis <—5—7T>
6

. L . . (T . S
5. Since the polynomial is quadratic, there are 2 z; = 2cis <—> , 2y =2cis <— —>
roots, so we have our answer. 6 6

By plotting the solutions on an Argand diagram, it can be seen that the Im(z) A
roots to the equation lie on a circle with a radius of 2. The two solutions )
are separated around the circle by 7 (or 180°). Although there are two

roots, they are not complex conjugates of one another. p z= ZCis(%)
6
2 J\ 2  Re(z)
5 _or
z= 2cis(— ?”) 6

-2

WORKED EXAMPLE 32 Determining the cube roots of complex numbers in polar form

a. Ifz3=4- 4\/31', solve the equation for z using a polar method.
b. Plot the solutions on an Argand diagram and comment on their location.

THINK WRITE
5 2
a. 1. Express z° in polar form (z3 = rcis(@)). a. |Z|=1/@ + (—4\/5)
|’ =8
—44/3
0 = tan™! (—\/—>
4
o=_"
3

- = 4—44/3i=8cis <_—”>
3
72 =8cis <—z>
3

3= . (=5 +2kn
2. Use the results from the table above. z= \/g cis —
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3. Simplify the modulus and argument.

4. Let k=0 to calculate the first root.

5. Let k=1 to calculate the second root.

6. Let k=2 to calculate the third root.

State all answers.

b.  Use the Cartesian form to plot the solutions  b.

on an Argand diagram.

. (—7r 2k7r>
z=2cis | — + —
9 3

Letk:0,21=2cis< 2X0Xﬂ>

= 2cis

©|>1 ‘°|:'n

2x1xn>

W

= 2cis

%)

Letk=2, z3 = 2cis

T
9

= 2cis (L
9

7= 2C8 <_E> , 2cClis <5—7T> and 2 cis <—7—7T>
9 9 9

Im(z)A
3 —

+
Letk=1, z, = 2cis (—”
9
( T

2x2xx>

\_/

22

ﬁe(z)

|
(O8]

|

|
—
w

21

3

-3+
Y

The three roots are equally spaced around a circle
of radius 2. 5
The angle between each solution is ?ﬂ (120°).
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In the previous worked example there were 3 solutions that were

Im(z)A
evenly spaced by el = 2—” Consider the problem below in which 3
n
the fourth roots of a complex number are determined. =2 015(23_”) 2
-9 cio[E
#=16cis <2—”> . o =2e(g)
3
( T < >
2 = 2cis <g> 3 4 1 3 Re(2)
—1-
2, = 2cis <2?7T>
Solutions 1 S z3=2cis (—%”) = 24 =2cis (‘%)
73 = 2cis <——)
6 3]
/4
=2cis | —— ‘
- < 3 )

. 2 2 .
In the above case there are 4 solutions that were evenly spaced by 7 Tﬂ = E_ The general properties of
n

solutions to 7" = w are summarised below.

Solutions of 7" =w

Solutions to z” =w wherez,w € C and n € N are in the form:

z=<ﬁcis<9+2"”>,k=0, 1,2,...,n—1.
n

The solutions are equidistant from the origin and lie on a circle of radius {V;

2
The solutions are evenly spaced around the circle with the arguments differing by —”.
n

The following example demonstrates an alternative method for solving equations of the form z” = w where
w e C.

WORKED EXAMPLE 33 Determining the square roots in Cartesian form

Solve z> = 3 — 4i using a Cartesian approach.

THINK WRITE
1.  Express z in Cartesian form and substitute this into the z=a+ bi
equation. (a+bi) =3—4i
2. Expand the brackets using (a + b)* = a* + 2ab + b* a® +2abi + b?*i* =3 —4i
and use i> = —1 to simplify the equation. @ — b +2abi =3 —4i
3.  Equate the coefficients of the real parts and the a*—b* =3 and 2ab=—4
imaginary parts.
2
4.  Rearrange 2ab = —4 for b. 2ab = —4=>b=—-

a
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5\ 2
5.  Substitute this new equation into a*> — b*> =3 and 2 <——> =3

2 o a
simplify. , 4
a- — = =
)
6.  Multiply through by a?. a*—4 =3d>
a*=3a>-4=0
7. Factorise this quartic by identifying the hidden (c12)2 —-3(a?)-4=0
quadratic equation. ( @ — 4) ( ey l) -0
8.  Use the Null Factor Theorem to calculate the answers a”> —4=0ora’ +1 =0
for a. Recall that for any complex number z = a + bi (a—2)(a+2)=0sincea,bER
that a, b € R. This means we can ignore any solutions S.a=2ora=—2
to (a>+ 1) =0.
9. Determine the corresponding values of b for each Whena=2, b=—1 and whena=-2, b=1.
value of a.
10. State the solutions to the equation. The solutions to the equation z> =3 — 4i are
z=2—iand z=—-2+1.

2.6.2 The nth roots of unity

Since 1 =1+ 0i =cis(0), de Moivre’s theorem is often used to solve Im(2)J
equations in the form z" = 1. The solutions to this form of an equation
and are known as the nth roots of 1 (unity). When interpreting the
solutions geometrically, the roots represent the n vertices of a regular
polygon of n sides inscribed inside a circle of radius one. This circle
is referred to as the unit circle defined by the equation |z] = 1.

1.5

A

Using our knowledge of solving equations of the form 7" =w where
w € C, we can deduce that the solutions to the equation z® = 1 where
z€ C will lie on a circle of radius 1 and be evenly spaced around the

circle by % The eight 8th roots of 1 can be interpreted geometrically

using an Argand diagram.

The solution set is

ze{cis (0),cis <z),cis <z>,cis <3—ﬂ>,cis(7r)cis <—3—”>,cis <—z>,cis <—z>§.
4 2 4 4 2 4

—>
1.5Re()

Note that all non-real roots occur as conjugate pairs. In this case, n is even, so there are two real roots {1, —1}. If

n is odd, the only real root will be 1 and the other roots will be imaginary, occurring as conjugate pairs.

nth roots of unity

If 7" =1, where z € C and n € N, then the nth roots of 1 (unity) are given by

z=cis<2k—’”),k=0, 1,2..,n—1
n
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WORKED EXAMPLE 34 Determining nth roots of unity

a. Determine all solutions to the equation, z* = 1, over C. Express the solutions in polar form.
b. Represent these solutions using a polar grid.

THINK WRITE

a. 1. Express 1 in polar form.  a. 1 = cis(0)

2. Use the results from the 2> = cis(0)
table above. . % o < 0 +32k7r >

2
3. Simplify the modulus and z=1lcis <%>

argument.
. [ 2Xx0X%
4. Let k=0 to calculate the Letk=0, z; =cis <—7T>
first root. ) 3
= cis(0)
=1l
. [ 2X1X
5. Let k=1 to calculate the Letk=1, z, = cis <—ﬂ>
second root. 3
. < 27 >
=cis | —
3
. [ 2X2X
6. Let k=2 to calculate the Letk=2, zz = cis <—ﬂ>
third root. 3
. [ 27
=cis | —
()
b. Plot the three roots on a b. Im() A ,
polar grid. The circle has 5 . 2
a centre (0, 0) and radius, ?ﬂ %
r=1.
The three solutions are
2 Sz z
spaced by —. 6 1- 6
3 2
b3 2 0
_Iz _|1 I é Re(z)
23
Tx -7 lz
6 6
4z 537:
3 o gr
v 2

Note: If you were to construct lines between the three solutions, an equilateral triangle would be formed.
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2.6.3 Solving 77 =a where a R

Equations of the form z" = a where a € R, can be solved in the same way in which equations of the form z" =w

where w € C were solved. That is, if

"=a, a€Randn€N,

1
then z = |a|n cis <6+2kﬂ> ,k=0,1,2,...,n
n

WORKED EXAMPLE 35 Solving equations of the form z* =a

Determine the solutions to {z: ?==27 }, stating the solution set in Cartesian form.

THINK

1. Express —27 in polar form.

Use the results from the table above.

»

3. Let k=0 to calculate the first root.

4. Let k=1 to calculate the second root.

5. Let k=2 to calculate the third root.

6. State the solution set in Cartesian form. Note that the
imaginary roots occur as a conjugate pair.

WRITE

—27 = | — 27| cis(m)
= 27 cis(7)

22 =27 cis()
z= e/ﬁcis <7T+32kﬂ>

. <7r+2k77>
z =3cis T

Let k=0,
.<ﬂ+2x0xn>
7y =3cis | —

3
= 3cis <E>
3

Let k=1,

.<ﬂ+2X1Xﬁ>
2, = 3cis R

= 3cis(m)

Let k=2,

23 =3c1s<
= 3cis <5—ﬂ>
3
(-3)
3

3 34y/3. 3 3v3.

Z=_+_1,Z=—3,Z:———l
9T g 25505

n+2x2xw>

= 3cis
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Students, these questions are even better in jacPLUS

Find all this and MORE in jacPLUS C)

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Technology free

1.

10.

11.

12.

13.

14.

15.

16.

E=30 Solve 72 =5cis <%) for z.

. Solve z> =27 cis (2?7r> for z.

. Solve z* = 16¢is <_T3ﬂ> for z.

EEAIf?=-1- \/gi, solve the equation for z giving answers in polar form.
. Plot the solutions on an Argand diagram and comment on their location.

T o

. If z* = —5 — 5i, solve the equation for z giving answers in polar form.
. Plot the solutions on an Argand diagram and comment on their location.

T o

a. If5=3+ \/gi, solve the equation for z giving answers in polar form.
b. Plot the solutions on an Argand diagram and comment on their location.

. Solve for z in the following cases.

a.z2=i b. z* = 64i

. =AM Solve 22 =2 + 2\/31’ using a Cartesian approach.

. Use the solutions from Worked example 34 to verify that the product of the three cube roots of 1 is 1.

K= a. Determine all solutions to the equation, z* = 1, over C. Express the solutions in polar form.
b. Represent these solutions using a polar grid.

Use the solutions from Question 10 to verify that the sum of the four fourth roots of 1 is 0.

a. Determine all solutions to the equation, 72 =1, over C. Express the solutions in polar form.
b. Represent these solutions using a polar grid.

The solutions from Question 12 can be defined as w,, w,, w,, w; and w,. Describe how these solutions
would compare to the solutions to the equation, z° = 10, over C.

= Determine the solutions to the following equations, stating the solution set in Cartesian form.
a.77=38 b. * =256
Plot the solutions to z'” =1 on a polar grid without determining the solutions.

If 1, u and v represent the three cube roots of unity, show that:

a.v=u b. u!=v c. l+u+v=0.
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17. Letu=2-2i.
4

a. Determine Arg(u*) and hence determine u*.
b. Determine all the solutions of z* + 64 = 0, giving your answers in both Cartesian and polar form.
c. Plot all the solutions of z* + 64 =0 on one Argand diagram and comment on their relative positions.

18. Determine all the solutions for each of the following, giving your answers in both polar and
Cartesian form.

a.z2°—64=0 b. 22 +64=0
19. Solve z8 — 16 =0, giving your answers in both polar and Cartesian form.

20. Determine all the roots of the equation z'> — 4096 =0, giving your answers in both polar and
Cartesian form.

2.6 Exam questions

Question 1 (3 marks) RS

Source: VCE 2020 Specialist Mathematics Exam 1, Q3; © VCAA.

. 1 1 . . . .
Find the cube roots of — — ——i. Express your answer in polar form using principal values of
V2 V2
the argument.

Question 2 (1 mark)
Source: VCE 2017 Specialist Mathematics Exam 2, Section A, Q4; © VCAA.
[T The solution to 7" =1+ i,n € Z* are given by

1 2
.2zncis<£+ik),kek

>

4n n

1 T
. 2ncis <— +27tk>,keZ
4n

1
C. 22ncis <E +£€>,keR
4 n

1 2
.2ncis<£+ik>,kez
4n n

1
. 22ncis <£ +@),keZ
4n n

O

m

Question 3 (4 marks) ==

Source: VCE 2015 Specialist Mathematics Exam 1, 04; © VCAA.
a. Find all solutions of z> = 8i, z € C in cartesian form. (3 marks)
b. Find all solutions of (z — 21')3 =81,z € C in cartesian form. (1 mark)

More exam questions are available online.
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2.7 Review

2.7.1 Summary

doc-37056

Hey students! Now that it's time to revise this topic, go online to:

Access the Review your Watch teacher-led Practise exam
topic summary results videos questions

Find all this and MORE in jacPLUS @

Technology free: short answer

1. a. Calculate Re <5 +2i +Im > 2 . b. Determine the value of d if Im <d — 2 =0.
5-2i 5420 —7i

2. Express each of the following in Cartesian form.

a. ﬁ b. (—1—i)7<\/§—i>6

3. Solve each of the following for z.

a. 22 —2iz* + 10z —20i=0 b. 224 — 72 —45=0
4. Solve each of the following for n.
a.(5—-120)"=(5+12)"=0 b. 3+4)"+(3—-41)"=0
5. For each of the following subsets of the complex plane, determine and describe the Cartesian equation.
a. {z|z—4]=2|z—-1]} b. {z: |z—4|=z—1]}
c. {z: |z—4i|=Im(z) — 2} d. {z:|z—4|=2[Re(x)— 1)}
6. Solve each of the following for z, giving your answer in Cartesian a + bi form.
a. 2+i=0 b. 22 4+27=0 c. 2427i=0 d. z*+1024=0

7. a. Sets of points in the complex plane are defined by S ={z: |z + 1 — 2i| =5} and T={z: Re(z) + 2Im(z) = 8}.
Determine the coordinates of the points of intersection between S and 7.
b. Sets of points in the complex plane are defined by S ={z: |z| =2} and T={z: aRe(z) — 2Im(z) = 5}.
Determine the values of a for which the line T is a tangent to the circle S.

Technology active: multiple choice
8. I Which of the following is equal to —1?

A. %0 B. cis <—§> C. cis(r)

. T (T . RY/4 . (3w
D.cis| —— ) +cis| — E.cis| — ) +cs | —
< 2) <2> < 4 > < 4 >

TOPIC 2 Complex numbers 105



1 . 1.
9. 1A If z = — + bi where a and b are non-zero real numbers, then — is equal to

a z
A. a— i B. a+ i C a + a’bi
b b " 1+a* 1+ a*b?
a _ a2bi E a _ a®bi
" 1+a®P 1+ad2? 1—-a??  1-d2p?
10. 1A If z = a + bi where a and b are non-zero real numbers, which of the following statements is false?
b _
A. 22 =a* — b* + 2abi B. Arg(z) =tan™! <—> C.|z| =|z|=Va®+b?
a
D. Im(z—2)=2b E. Re(z+7)=2a

11. I If z="7 cis <%> then (E)_1 is equal to

1.<n) 1.( n) 1_<n>
A. —cis| — B. —cis|{ —— C. —cis| —
7 11 7 11 7 T
D. —7cis <—E) E. —7cis <£>

T T

12. I If z = —1 — i then Arg(z’) is equal to

< 3 ) 7 217w 3 T 3m
A | — B. —— C. — D. —— E. —
4 4 4 4 4
13. I The diagram shows a circle of radius 4 on an Argand diagram. Im(z) A

The points shown u, v and w are equally spaced around the circle and
are the solutions of the equation P(z) =0. Then

A P(z)=2+64i B. P(z)=2°—64i
C.P(z)=7>—44 D. P(7)=27—4i

E. P()=2+4i

A

14. [0 P(z) is a polynomial in z of degree 4 with real coefficients.
Several students stated some information regarding the roots.
Andrew stated that, P(z) =0 can have two real roots and one pair of
complex conjugate roots.

Betty stated that, P(z) =0 can have three real roots and one complex A
root.

Colin stated that, P(z) =0 can have one real root and three complex roots.

Daisy stated that, P(z) = 0 can have two pairs of complex conjugate roots.

Edward stated that, P(z) = 0 can have four real roots.

Determine which of the following statements is correct.

<
S

A. Andrew, Betty, Colin, Daisy and Edward are all correct.
B. only Betty, Colin and Daisy are correct.

C. only Andrew and Edward are correct.

D. only Daisy and Edward are correct.

E. only Andrew, Daisy and Edward are correct.

15. [T The set of points in the complex plane described by {z: |z + 8i| =2 |z + 2i|} represents

A. a straight line. B. acircle. C. an ellipse.
D. a hyperbola. E. a parabola.
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16. A If z= —a — ai, a € R*, then the complex number 7", n € R is real for:
4k
A. n= ? where k€ Z.

B.n=22k+ 1) where k€ Z.
. n=3k where k€ Z.

= w where k€ Z.

C
D.n
E. no values of n.

17. I If 22 = 5 — 12i then z is equal to
A. V/5-24/3ionly

.i(\/§—2 3i)
c.V5-2V3ior V5+2v/3i

D.3—2ior —3+4+2i
E. 3 —2i only

o]

Technology active: extended response

18. a. Given that cos <%> = I 2 (5+ \/§> show that sin <%> = (\/g— 1).

1
4 4

b. Letu=i\ /2 <5+ \/g) + i <\/§— 1) i. Express u in polar form.

c. Bvaluate u*°, 4*® and u* giving your answers in simplest rectangular form.
d. Determine the value(s) of n such that Re (#"*) = 0.
7+ \/5 ) 4 \/§

19. In the complex plane C is the circle |z — 8| =44/3 and L is the line Im < N
7—

a. Determine the Cartesian equation of the circle C.
b. Show that the Cartesian equation of the line L is given by y = \/gx.

The part of the line L in the first quadrant can be expressed as Arg(z) =a.

c. State the value of a.
d. Determine the point(s) of intersection between the line L and the circle C in Cartesian form.
e. Sketch the line L and the circle C on the Argand diagram below.

AIm(z)

8

6

4

Re(z)
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f. Calculate the area in the first quadrant enclosed by the graph of the line L and the circle C and the real

axis.
The straight line L can also be written in the form |z — k| = |z —i|, where k € C.

g. Express k in the form rcis(8), where 6 is the principal argument of k.
h. Determine the set of values of 8 for which Arg(z) = and the circle C do not intersect.

20. Let R, = {z: Arg(z)= 177_2 } and R, = {z: Arg(z) = 51—7; } be two rays and

{z: |z—2-2i|= \/5} where z=x+yi, z € C be a circle in the complex plane.

a. Express both rays and the circle in Cartesian form.
b. Determine the coordinates of the point(s) of intersection between each ray and the circle.
c. Sketch both rays and the circle on the Argand diagram below.

Im(z)
A

Re(z)

v

d. Calculate the area bounded by the rays and circle.

2.7 Exam questions

Question 1 (9 marks)
Source: VCE 2021 Specialist Mathematics Exam 2, Section B, Q2; © VCAA.
The polynomial p(z) = 2> + az? + fz+y, where z€ C and «, 3,y € R, can also be written as
p(x)=(z—21)(z—22) (x—23), where z; ER and 25, z; € C.
a. i. State the relationship between z, and z5.
ii. Determine the values of «, 8 and y, given that p(2) = —13, |z, + z3] =0and |z, —z3| = 6.
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Consider the point z, = \/5 +i.

b. Sketch the ray given by Arg(z —z4) = %T on the Argand diagram below. (2 marks)

Im(z)
A

Re(z)

v

5w, . . L . .
c. The ray Arg(z—z4) = 3 intersects the circle |z — 3i| = 1, dividing it into a major and a minor segment.

i. Sketch the circle |z — 3i| =1 on the Argand diagram in part b.
ii. Find the area of the minor segment.

Question 2 (10 marks)
Source: VCE 2018 Specialist Mathematics Exam 2, Section B, Q2; © VCAA.

(1 mark)
(2 marks)

a. State the center in the form (x, y), where x, y € R, and the radius of the circle given by |z — (1 + 2i)| =2,

where z € C.

(1 mark)

b. By expressing the circle given by |z+ 1| = \/E |z—i| in cartesian form, show that this circle has the same

centre and radius as the circle given by |z — (1 + 2i)| = 2.

(2 marks)

c. Graph the circle given by |z + 1| = \/5 |z—i| on the Argand diagram below, labelling the intercepts with

the vertical axis.

(2 marks)
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The line given by |z — 1| = |z — 3] intersects the circle given by |z+ 1| = \/5 |z—i] in two places.
d. Draw the line given by |z — 1| = |z — 3| on the Argand diagram in part ¢. Label the points of intersection

with their coordinates. (2 marks)
e. Find the area of the minor segment enclosed by an arc of the circle given by |z + 1| = \/5 |z—i| and part of
the line given by |z — 1| =|z—3|. (3 marks)

Question 3 (11 marks)
Source: VCE 2016 Specialist Mathematics Exam 2, Section B, Q2; © VCAA.

A line in the complex plane is given by |z— 1| =|z+2 —3i|,z€ C.

a. Find the equation of this line in the form y =mx + c. (2 marks)
b. Find the points of intersection of the line |z — 1| = |z + 2 — 3i| with the circle [z — 1| =3. (2 marks)
c. Sketch both the line |z — 1| = |z + 2 — 3| and the circle |z— 1| =3 on the Argand diagram
below. (2 marks)

Im(z)

4

3

2

1

» Re(z)

d. The line |z — 1| =|z+ 2 — 3i| cuts the circle |z — 1| =3 into two segments. Find the area of the
major segment. (2 marks)

e. Sketch the ray given by Arg (z) = —%T on the Argand diagram in part c. (1 mark)

f. Write down the range of values of a, a € R, for which a ray with equation Arg(z) = arr intersects the line
lz—1]=|z+2-3i|. (2 marks)

Question 4 (1 mark)
Source: VCE 2015 Specialist Mathematics Exam 2, Section A, Q5; © VCAA.

1+iv3
™ Given z = n +\/_, the modulus and argument of the complex number 7> are respectively
i

A 2y/2and X B. 4y/2and % ¢ 4y/2and & p. 2v/2and 2% E. 41/2and — =
6 12 12 12 12
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Question 5 (12 marks) [0S 0TEH

Source: VCE 2015 Specialist Mathematics Exam 2, Section 2, Q2; © VCAA.
a. i. On the Argand diagram below, plot and label the point 0 4+ 0i and 1 + i\/§ . (2 marks)

Im(z)

» Re
3 (2)

ii. On the same Argand diagram above, sketch the line |z - <1 +i \/§ )) = |z| and the circle

lz=2[=1. (2 marks)
iii. Use the fact that the line (z - <1 +i \/g )| = |z| passes through the point z =2, or otherwise, to find the

equation of this line in cartesian form. (1 mark)
iv. Find the points of intersection of the line and the circle, expressing your answer in the form

a+ib. (3 marks)

. . . T
b. i. Consider the equation z*> — 4 cos(a)z + 4 =0, where « is a real constant and 0 < & < E

Find the roots z; and z, of this equation, in terms of «, expressing your answers in polar

form. (3 marks)

Arg <Z—1>}:5—ﬂ (1 mark)

ii. Find the values of a for which
Ve) 6

More exam questions are available online.

Hey students! Access past VCAA examinations in learnON

Sit past VCAA Receive immediate Identify strengths
examinations feedback and weaknesses

Find all this and MORE in jacPLUS C)

Hey teachers! Create custom assignments for this topic

i Create and assign Access quarantined - Track your
v ° unique tests and exams tests and assessments 4y  students’ results
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Answers

Topic 2 Complex numbers
2.2 Complex numbers in Cartesian form

2.2 Exercise

1. a. 8 b. 2 c. —1 d. —2
2.a.7—4i b. —1+4+2i c.1+3i
3.a.9—13; b. 7—24i
4.a.3+4i b. 8 — 6i
5.a. 10 b. 0
3 1. 1.
6.a. —+ —i b. =+ =i
10 10 5 5
7. =3-=2i
7
8.x=2,y=~-
2
0 20 9
TBYT
10. 4
11. 2

12. 3z has a length of three times z, 7 = —2 + i is the reflection
in the real axis, and iz = 1 — 2 is a rotation of 90°
anticlockwise from z.

14. —1-2i
15. 3+ 2§
16. a. Im(z)
iu v
. e2 o
iv u
° 1 o
iw
JE—— —¢ e
-2 -1, 1 2 Re(z)
-2 w

b. As shown in Question 16a.

c. Multiplying a complex number z by i rotates z 90°
anticlockwise about the origin.

17.

19.

20.

2.

LS

T T >
1 2Re(
-V ) w

b. As shown in Question 17a.

c. Multiplying a complex number z by —1 rotates z by 180°
about the origin.

Im@)A
2 )

1 .

5 Re(2)
L

=

b. As shown in Question 18a.

c. Multiplying a complex number z by —i rotates z 90°
clockwise about the origin.

Sample responses can be found in the worked solutions in
the online resources.

Sample responses can be found in the worked solutions in
the online resources.

2 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1. A
2.C
3. A
2.3 Complex numbers in polar form
2.3 Exercise
(T (37 . 27
1.a. 2cis | — b. y/2cis| — ) c. 4cis | ——
3 4 3
. T . . T
d. 2cis <——> e. 4cis(0) f. 2cis <——>
6 2
(T . (2
2.a. 2cis| — b.2cis | —
6 3
+(-%) +(-3)
c.2cis| —— d. 2y/2cis | ——
6 4
T
e. 7cis(7T) f. Scis <5)
3.2.2-2V3i b -8
4. —6—6i
L V3
12 12
6. =2+ 2i
7. a. —8i b. —4
8. a. 1—1/3i b. —8
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

T
.a. —
2

b. 32i
V3oL
—_— =1
4 4
a. Sample responses can be found in the worked solutions
in the online resources.
117
b. —V3-=2+i, —
Vi-2+i
T
12
n =3k where k€ Z
3
n=23k+ 3 where ke Z
a. 4096 b. —46 656
c. 1953125 d. —81924/3 + 8192
1 1
a = (\/§+i), - (\/§+i), —1
2 2
T
b.—,—, 7T
6 6
c. Yes
d. Yes
e. No
2
a. —
3
3T
b. ——
4
T
C. ———
12
1
d ——
12
e. In this case yes but not in general
f. No
a. (\/E—\/E)+ (\/6+ \/§>i

NES
c. i (\/3+ \/5)

d. Sample responses can be found in the worked solutions
in the online resources.

a.2(\/§+1>+2<\/§—1>i

s i ()
c. 31 (Vo+v2)

d. Sample responses can be found in the worked solutions
in the online resources.

a.%<1—\/§>+%(\/§+1>i

b. ﬁcis(%)
L (V- vd)

21.

22,

23.

d. Sample responses can be found in the worked solutions

in the online resources.
a. Sample responses can be found in the worked solutions
in the online resources.
T
b. —
8
R4
c. —

8
a. Sample responses can be found in the worked solutions

in the online resources.

1
12

R4

T2
T
12
a.n=22k+1)where keZ
b. n=4k where k€ Z

d.

24-30. Sample responses can be found in the worked solutions

in the online resources.

2.3 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. A

2. A

3. a.

Sample responses can be found in the worked solutions in
the online resources.

b. —244/3i

c.n=>06k, keZ

d.

n=6k+3,kez

2.4 Solving polynomial equations over C

1.

2.

2.4 Exercise
z=7+5i,7-5i

1 9 1 9
=Tyt
.z=—=2+5i, =2—5i
. PQ =2 +2z+170
. P(2)=7"—12z+61
z=1, =5—=3i, =5+3i
z=—-1,—6-Ti,—6+7i
z=—2,—3—i,—3+i
.—2%3i,3,b=1,c=1

© © N O O AW

11.
12.
13.

14.

15.

16.

. x5,2,b=-2,c=25

*2i

(z+ VT = VTi)z + 3i)
+2i2—3i

%+2i, +1/5i
+2i, £1/5

+
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17. a. £3i, £2 b. = \ﬁi, +4/3 4. Line y = —x; the set of points equidistant from (0, —3) and

18. a. +1/5i, £21/2 b. /6, +1/3i 3,0)
19. a=—6, £3i,3 £4i

20. b=24, -3 +4i, +2i
21.z=-3,3, =5-3i, =5+3i
22.z=4, —6—9i, =6+ 9i
28.z=4, -4, 1+3i, 1 -3i

24. a=+4, +4i, —3+4i
25.b=2,z==x4i,z=—1=%i

Im(z)

3 Re(z)

26.d=—1 5. a. x = 3; line
Im(z)
2.4 Exam questions
Note: Mark allocations are available with the fully worked ?
solutions online.
laz=—l%i bz=1%/5i EENEERE PIS
2.C 2

3.D

2.5 Subsets of the complex plane

2.5 Exercise

1. The line 4x + 3y =12
Im(z

1 2 3\dRe(@

2.a=-4,b=2

1 2 3Re(

1 2 3Re(®
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7. Circle (x — 3)? + (y 4+ 2)? = 16, with centre (3, —2) and
radius 4
Im(z) A

24

8.a=3,b=-3,r=3

9. a. (x +2)* + (y — 3)*> = 4; circle with centre (—2, 3) and
radius 2

Im(z)

b. (x —3)? + (y + 1)* = 9; circle with centre (3, —1) and
radius 3
Im(z) A

2_
1_
T
219 1
-1
2
3+
4_

5
Y

2 8 4 5 6Re(@)

2x .
10. a. y= —? + 2; line

3\’ 2 13 . 3
b. [x—=) + (y - 1) = —; circle with centre | =, 1),
2 4 2

Vi3

radius —
2
11. a. (x + D+ (y + 4)2 =8; circle with centre (—1, —4),
radius 2\/5
b. (x—1)* + (y + 8)2 = 20; circle with centre (1, —8),
radius 2\/5

o
o=
1l
—_

o] Be

Im(z) A

V4
13. A ray from (2, 0) making an angle of e or 30° with the real
axis
Im(z) A

3..
24 z
1 6
I e e
32 —110_ 12

-2

3
Y

Y

3 Re(z)

T
14. A ray from (0, —3) making an angle of — 5 or 90° with the

real axis
Im(z) A
4_
3_
2._
1_
T T T T T T e
432 —110_ 1 2 3 4Re(®)
2

-3 -7-7_1 _____

X
15. a. y = — for x> 0; a ray from (0, 0) making an angle of
3
30° with the real axis
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b. y=x — 1 for x> 0; a ray from (0, —1) making an angle < O(>2 ( B )2 bb —ac
b.\x+—] + =
a

of 45° with the real axis y+= ; circle with centre
Im(z) -
a B ) bb — ac
3 ——, —— |, radius —
a a a
2 ax .
1 ; 28. a.y:—;+a,ab;z/0;lme
T A >
3210 k b\> a\* &+ ,
-1 b.(x—=) +|(y—=) = ; circle with centre
-2 2 2 4
-3 b a o Va*+b?
2 21 E, z . radius T
7
16. a. (0, 3),(—,—) b- £8V3 ,
25725 209, (x —a)® + (y — b) = 2; circle with centre (a, b),
17. a.a=—2,b=4,r:2\/§ radius r
1 b4 e 56\* 161
b.a=1,b=4,r= 2\/5 30. (x—a)® + <y+ —> = —; circle with centre
7 26 4 3 9
b. £54/13
18. a. (2,5), | ==, —— —5b 4b
5 5 a, —3 , radius ?

19. 2.5 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. D

2.a.y=—x-—5

b. Im(z) A

20. a. S is the circle with centre (—3, —1) and radius 5:
2
xc+3)7+(y+1) =25

| — B2
b. Risy =x + 3 for x < —3, the ray from (=3, 0) making 5Re(2)
an angle of —135° with the real axis.
c.u=-=7—4i
( 9 12 >
21. (=, —
55 \
22. 30 Y
23. Sample responses can be found in the worked solutions in c. The line is the perpendicular bisector of the line segment
the online resources. joining the points represented by « and v.
10 V30 d. i I A
24. (x+ 27 + y2 = ?; circle with centre (=2, 0), radius 3 mfz)
5 -
25. a. i. z=4cos(6) + 5isin(B) £
ii. Sample responses can be found in the worked &
solutions in the online resources.
iii. Sample responses can be found in the worked
solutions in the online resources. T |
5 Re(z)

iv. Sample responses can be found in the worked
solutions in the online resources.
b. Sample responses can be found in the worked solutions
in the online resources.

26. Sample responses can be found in the worked solutions in \
the online resources. Y
2 2 _ 0o : i.y=x+1,x>-2
27.a. (x+3)" + (y - 2) =9; circle with centre (=3, 2), y ’

radius 3 5100 5v2
e. 7z, = —— — —,radius = —.

3 3 3

3.D
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2.6 Roots of complex humbers

2.6 Exercise

9 9
. 3 . (57 (137
3.z=2cis| —— ), 2cis| — |, 2cis{ — |,
16 16 16

4. a.z= \3/Ecis <—2—ﬂ> , \S/Ecis (%) , \S/ECiS (—%)

9
b. Im(z)
2

27
The three roots are equally spaced around a circle of radius \3/5 The angle between each solution is ?

4 . 37 4 Y1
5.a.z=15y2cis| —— ), \V5V2cis| — ],
16 16
4 (137 4 . 117
5¢2cis| — ), \V5V2cis| ———
16 16

b. Im(z)
2

4
The three roots are equally spaced around a circle of radius {/ 5\/5 =~ 1.631. The angle between each solution

/4
is —.
) (137T> 6/ ) <257T> 6/ . < 3571)
— ),\V2y3cis| — ), \/2V3cis| ——— ),
36 36 36
6/ < 23 ) 6/ < 117r>
— , 3cis| ———
3 36

6/ T
The three roots are equally spaced around a circle of radius 2\/3 ~ 1.230. The angle between each solution is 3
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(T . (57 . T
7.a.z=cis| — ) ,cis| — ) ,cis{ ——
6 6 2

(T . (57 . 4 . 37

b. z=2y2cis|{ — ), 2V2cis|{ — }, 2V 2cis{ —— ), 2V 2cis | ——

8 8 8 8

8. V3+i, —V3—i

9. Sample responses can be found in the worked solutions in the online resources.

La.z=1,cis| = ) ,cis(@),cis | —
‘ 2 2

b- Im@AZ
2z 24 z
3 3
5x
e T
6 1-0Z2 6
V] 23 21 0
-~ * * >
) -1 0 1 2 Re(z)
-5 —
?ﬂ 1-¢ 2 Ay
6
-2z -
3 -2 3
—T
Y5

11. Sample responses can be found in the worked solutions in the online resources.

. (271') . <47r> . <—47T> . <—271')
12.a.z=1,cis| — ),cis| — ), cis| — ), cis| —
5 5 5 5

- 3z Im@A 2
5 5
4n r
5 5
1 22
3
- .Zl
o I b
-1 1 Re(2)
24
=1 s
4z e
5 5
0,0)
3z 2z
5 5

27 L
13. The solutions would be equally spaced by 5 radians and lie on a circle of radius 105. The modulus of each solution would

1
change from |z| =1 to |z] = 105.
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14. a.z:—l—\/gi,z=—1+\/§i,z=2

15.

3
5

Im(z) A

1.5 5

b.z=4i,z=—4i,z=—-4,z=4

z
4z 5
5
e >
15 1.5 Re(z)
4z -z
5 5

16. Sample responses can be found in the worked solutions in the online resources.

17. a. —64,

b. £2(141), £2(1 —i) or2y/2cis

-1.54

Y

<i%),2\/§cis <i 3%)

c. All 4 roots are on a circle of radius 2\/5 and are equally spaced around the circle at 90° intervals. The roots consist of

2 pairs of complex conjugates.
Im(z) A

23 cis () = 2+ 2i

2\2

242 cis (%) =242
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> , £2cis(7T)

3
T S T
b. —\/gii, \/gii, +2ior2cis (i g) , 2cis (i ?> , 2cis (i 3)
. 3 . T
19. 14, —1%4, i\ﬁl, +4/2or2cis s \/§c1s(0), \/5013 iT S \ﬁms iZ

All 8 roots are on a circle of radius \/5 and are equally spaced around the circle at 45° intervals. The roots consist of 3 pairs of
complex conjugates and 2 real roots.

T T T
20. —\/3%i, V3+i, —1+4/3i, 1 £1/3i, £2, +2ior2cis (i E) , 2cis (i 3) , 2cis (i E)’

. 5T . 27 .
2cis i? , 2cis iT , £2cis(7)

All 12 roots are on a circle of radius 2 and are equally spaced around the circle at 30° intervals. The roots consist of 5 pairs of
complex conjugates and 2 real roots.

2.6 Exam questions

Note: Mark allocations are available with the fully worked solutions online.

<(-5)- (-F) - ()
f.cas({——),cas{——),cs | —
4 12 12

2.E
3.a.z=\/§+i,z:— 34i,z=-2i b.z:\/§+3i,z=— 34+3i,z=0
2.7 Review
2.7 Exercise
Technology free: short answer
1 6
1. a. — b. —
29 7
1
2.a. — b. 512 —512i
16
3
3.a. +4/10i, 2i b. £1/5, +
kmr Qk+Dm
4.8 ———, kE€Z b. ————, k€Z
tan~! () 2tan~! (3)
5. a. Circlex" +y~ =4 b. Line x = 3
2 2P
c. Parabolay = 75 +3 d. Hyperbola TRELT: =1, x> 1, right-hand branch only
6 \/—(1 0, \/5(1+') b. —3 3<1+ 3i)
. a. 5 i . o5 I i
3
¢ 3i ( 3—1) —5(\/§+i) o d+4i, —4+4i
3
7. a. (_4’ 6)7 (41 2) b. iz

Technology active: multiple choice
8.C 9.D 10. B 11. A 12. E 13. A 14. E 15. B 16. A 17.D

Technology active: extended response
18. a. Sample responses can be found in the worked solutions in the online resources.

(%)
b.cis| —
10
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19.

20. a.

d.

T o oo

1, =1,
5Qk+ 1), kez
.(x—8) +)y* =48
. Sample responses can be found in the worked solutions in the online resources.
T
oa=—
3
. (2 , 2\/3)
Im(z) A
8 y=N3x
6_
44 g2 243)
2 >y
I T 1 T G T >
-10 -8 -6 -4 -2}/ 16 Re(z)
4- (x—8)2 432 =48
L6
-8
Y
A=8v3—drx

pe(Zoa] v (-n -F)

R, :y:(Z—\/§>x, x>0 R, :y:(2+\/§>x,x>0

Circle: (x—2)* + (y—=2)* =2

3+vV3 3—4/3
. Ray 1 and the circle: \/— x —\/_
2 2
3—v3 344/3
Ray 2 and the circle:( \/_ , \/—>
2 2
M@y y=2+B)x
4
3
(3— 33+\3| |, (x—2)P%+(y-2)=2
2 2 i
: ]
=1 T T T T T A >
4 a4 a2 _,Y 1 2\3 4 Re(2)
S (3443 37\5)
2 A2
—2—
=3
—4—
Y
27
23— —
3
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2.7 Exam questions

Note: Mark allocations are available with the fully worked solutions online
1. a. i. z, and z; are conjugate pairs.
i.a=-3,8=9,y=-27

b.

SR

%

7
,/
>

%y

-3 -2

K

i Tli (271—3\/5)
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1

V3

i, y= ——x+ — iv. 24 — — —iand2 — — + —i

2
\/37 \/'3' 2 2 2 2

b. i. z; =2cis(x), z, =2 cis(—a) i a= 5_77"

12




Overview

Vectors in two dimension

Vectors in three dimensions ..

Scalar product and applications
Vector proofs using the scalar produc
Parametric equations ...

Review

Fully worked solutions for this topic are available online.




3.1 Overview

Hey students! Bring these pages to life online ~n yZ;
Watch Engage with Answer questions ,,) 9
videos interactivities and check results /'

Find all this and MORE in jacPLUS (C)

3.1.1 Introduction

Until this point, the study of vectors has been restrained to only two dimensions. By extending our knowledge to
three dimensions, the list of applications is endless.

i
:
!

BURKARD WALTENSPUL 2 COURVOISIER

Parametric equations link our conventional understanding of equations of two variables with a third, known

as a parameter. The famous Brachistochrone problem incorporates three variables and was posed by the
Mathematician James Bernoulli (1654—1705). Bernoulli was determined to identify the path (x, y) in which a
particle could slide from two points (P and Q) in the least possible time (7). Challenging fellow scholars such as
Newton and L’Hopital, Bernoulli found that if the particle followed a path in the shape of an inverted cycloid, it
would reach its destination in the shortest possible time.

KEY CONCEPTS

This topic covers the following key concepts from the VCE Mathematics Study Design:

e addition and subtraction of vectors and their multiplication by a scalar, position vectors

e linear dependence and independence of a set of vectors and geometric interpretation

* magnitude of a vector, unit vector, the orthogonal unit vectors i, jand k

e resolution of a vector into rectangular components )

e scalar (dot) product of two vectors, deduction of dot product for the 7, jand k vector system and its use
to find scalar resolute and vector resolute )

e parallel and perpendicular vectors

e vector proofs of simple geometric results, such as ‘the diagonals of a rhombus are perpendicular’, ‘the
medians of a triangle are concurrent’ and ‘the angle subtended by a diameter in a circle is a right angle’

e vector equations and parametric equations of curves in two or three dimensions involving a parameter
(and the corresponding Cartesian equation in the two-dimensional case).

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.
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3.2 \Vectors in two dimensions

LEARNING INTENTION

At the end of this subtopic you should be able to:
e perform basic operations on vectors
e show that two vectors are collinear.

3.2.1 Review of vectors in two dimensions

Scalar and vector quantities

A scalar quantity is a real number only, it has magnitude, but no direction. Scalar quantities include
temperature, mass and time.

A vector is a quantity that has magnitude and direction. Vectors include weight in a particular direction and
displacement with a specific direction.

Vectors are directed line segments with a tail (start) and head (end). In the figure below, the head of the vector is
at point B (indicated with an arrow), while the tail is at point A. In this instance, the vector could be expressed in
a variety of forms.

Various forms of vector notation

B —u—u

IR

A
The tilde symbol (~) is commonly used because drawing bold letters is often difficult.

Equality of vectors

Two vectors are equal if both their magnitude and direction are equal.
In this figure, the following statements can be made:
u = (direction and magnitude equal) ~

u # w (directions are not equal) \
z

u # z (magnitudes are not equal)

Addition and subtraction of vectors

The triangle rule of vectors can be applied in both the addition and subtraction
of vectors.

To add two vectors, take the tail of one vector and join it to the head of another.
The result of this addition is the vector from the tail of the first vector to the head
of the second vector.

If u is the vector from A to B, then —u is the vector from B to A.

To subtract two vectors, add the negative of the second vector to the first vector.
For example, u —v=u+ (—v).
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Multiplying a vector by a scalar

Multiplying a vector by a positive number (scalar) affects only the magnitude of the vector, not

the direction.

If the scalar is negative, then the direction is reversed.

The zero or null vector

Note that g + (—ag) = 0. This is a vector of no magnitude and no direction. In

fact, if all the sides of the triangle are added, then

OA + AB + BO

— OB + BO
— OB — OB
=0

The algebra of vectors

(07+E)+B_0’

Vectors satisfy the field laws using vector addition. Let @, b € V, where V is the set of vectors; then under the
operation of vector addition, these five field laws are also satisfied.

The field laws for vectors

Closure:
Commutative law:
Associative law:
Additive identity law:
Inverse law:

ahooNn

at+beVv

a+b=b+a
(@+b)t+c=a+b+c)
a+0=0+a=a
at+(—a)=(—-a)+a=0

Using these laws, vector expressions can be simplified.

WORKED EXAMPLE 1 Simplifying vector expressions

Simplify the vector expression 4AB — CB —4AC.
THINK

1. As we can sum vectors, express the negatives

as sums of vectors.

Group the terms with the common factor.

Reorder and take out the common factor so we
can add the vectors.

Perform the vector addition.
Express BC =—CB

State the final simplified vector expression.

WRITE

4AB — CB —4AC
—4AB + BC +4CA
—4AB +4CA + BC

—4CA +4AB + BC
:4<a+ﬁ>+ﬁ

=4CB + BC
—4CB — CB
=3CB

Note that there may be many ways to arrive at this simplified vector expression.
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Collinear points

Three points are said to be collinear if they all lie on the same straight
line. In vector terms, if the vector AB is parallel to the vector BC, /
then these two parallel vectors have the point B in common, and so they ,/ B

must lie in a straight line. Hence A, B and C are collinear if AB =ABC A
where 1 € R\{0}.

WORKED EXAMPLE 2 Showing that three points are collinear

If 30A —20B — OC = 0, show that the points A, B and C are collinear.

ae

THINK WRITE
1. Use the negative of a vector, in the middle term, 3 O_A) — 2@ — O_C) =0
— OB =BO. 30A +2BO — OC =0
2. Let30A =20A + OA. 20A + OA +2BO — OC =0
3. Reorder the terms. 2BO +20A + OA — OC =J0)
4. Take out the common factor in the first two terms 2 <ﬁ + OA ) + 0A - 0OC = 0
and use vector addition. 2BA + OA — OC = 0
5. Take the last two terms across to the right-hand side. 2BA = OC — OA
6. Use the negative of a vector. This statement shows 2BA = AO + OC
that A, B and C are collinear, since the point A is 2BA = AC
common.
3.2.2 Geometrical shapes
A general quadrilateral is a plane four-sided figure with no two sides b C
necessarily parallel nor equal in length.
Trapeziums
A trapezium is a plane four-sided figure with one pair of sides parallel, but
not equal.
A
D C
B
A B

In the trapezium ABCD, since AB is parallel to DC, AB =ADC.
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Parallelograms

A parallelogram is a plane four-sided figure with two sets of sides parallel and equal in length.

D ) c

A B

In the parallelogram ABCD, AB = DC and AD = BC.

Rectangles

A rectangle is a parallelogram with all angles being 90°.

D ) c

Rhombuses

A rhombus is a parallelogram with all sides equal in length.

D C

A B

In the rhombus ABCD, AB = DC and AD = B_C); also |E| = )B_C)| = )D_C) ) = ‘E | since all sides are equal
in length.

Squares

A square is a rhombus with all angles 90°.

D , c
| ' L]
[ ] " [

A B

InthesquareABCD,E:Fé, AD = BC andthusE-B_C)zo, B_C)-C_D)=O, @-m=0, DA - AB =0
wnd |8| =3¢ =B = | 4D
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Triangles

A median of a triangle is the line segment from a vertex to the midpoint of the C
opposite side. The centroid of a triangle is the point of intersection of the three
medians. If G is the centroid of the triangle ABC and O is the origin, then it can be

shown that W} =%<m+FB)+ &‘)

Using vectors to prove geometrical theorems

The properties of vectors can be used to prove many geometrical theorems.

The following statements are useful in proving geometrical theorems.

1. If O is the origin and A and B are points, the midpoint M of the line
segment AB is given by

OM = OA + AM
— 04 + 148
2
=04+ (05 - 0A)
1 — —>
= (04 +0B)
2
0
2. If two vectors Iﬁ and CD are parallel, then AB = lCTj where A €R is a scalar.
3. If two vectors AB and CD are perpendlcular, then AB - CD = 0

4. Tf two vectors AB and CD are equal then AB is parallel to CD furthermore, these two vectors are
equal in length, so that AB=CD=> = |CD ’

5. If AB = ,lB—C), then the points A, B and C are collinear; that is, A, B and C all lie on a straight line.

WORKED EXAMPLE 3 Showing that three points are collinear (2)

OABC is a parallelogram. P is the midpoint of OA, and the point D divides PC in the ratio 1 : 2. Prove
that O, D and B are collinear.

THINK WRITE/DRAW
1. Draw a parallelogram and label it as OABC. G B
Mark in the point P as the midpoint of OA.
Mark in the point D dividing PC into thirds,
with the point D closer to P on PC since

|P_c’|=3|D_P’|.
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2. P is the midpoint of OA.

— — |
3. Since|PC’=3‘DP|,andDisontheline PD:gPC
segment PC, PD = %P_C)
4. Consider an expression for OD. OD = OP + PD
5. Substitute for the expression above. OD = > OA + 5 PC
6. Use PC = PO + OC, or PC = OC — OP 0D=§0A+§<PO+OC)
1 —_— 1 —_— —
= =04 +-(0C - 0P )
2 3
7. Substitute again for OP = — OA. OD =-0A + - ( OC —-0A )
2 2 3 2
8. Take out the common factor of OA and 0D = <l = 1) OA +-0C
simplify the fraction. ) i 6 1
=—-0A +-0C
3 3
9. However, since OABC is a parallelogram, OD = 5 OA + 3 AB
OC = AB. 1/ — —,
= -( 04 +48)
3
— ] — L — 1 —
10. As OD = — OB, this vector equation implies OD = - OB

that the points O, D and B are collinear. O, D and B are collinear.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS @

Technology free R,
1. IEEM Simplify the vector expression 4 CB — AB +4 AC.
2. Simplify the vector expression 2 BO —5A0 —2BA.
3. Simplify each of the following vector expressions.

a. 2AC — CB + AB b. SCA + BC +40C — BO

4. Simplify each of the following vector expressions.

a. OC +6AB + CA +504 b. 30B + AB —3AC +4BC — OC
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10.

11.

12,

13.

14.

15.

16.

17.

18.

19.

20.

N we2 Bij AO + OB —2BO —20C = 0, show that the points A, B and C are collinear.
. If PO —4RO +3 Q0 =0, show that the points P, Q and R are collinear.

. For each of the following vector expressions, show that the points A, B and C are collinear.

a. AO + OB = BO + OC b. 304 —20B = OC

. For each of the following vector expressions, show that the points A, B and C are collinear.

a. BO +4A0 —5C0 =0 b. 3BO —5C0 +2A0 =0

. IEA OABC is a parallelogram in which P is the midpoint of CB, and D is a point on AP such that

|A—ﬁ | = % |ﬁ‘ Prove that OD = % OB and that O, D and B are collinear.

OABC is a parallelogram in which the point P divides OA in the ratio 1:2, and the point D divides PC in the
] —
ratio 1:3. Prove that OD = Z OB and that O, D and B are collinear.

a. List all the vectors equal to OA =
b. List all the vectors equal to ocC
c. List all the vectors equal to 0D = d.

d. Express each of the following in terms of g, ¢ and d.

[HSWRISTE

OABCGDEF is a cuboid with E{ =q, O_C) =cand @ =d. G F

i. DF i. EB b
— R E
iii. FO iv. DB
ABC is a triangle. The points P and Q are the midpoints of AB and Y, B
BC respectively. Show that PQ is parallel to AC and that the length
of PQ is half the length of AC. d
c

ABC is a triangle. The point P divides AB in the ratio 2:1, and the
point Q divides BC in the ratio 1:2. Show that PQ is parallel to AC
and that the length of PQ is one-third the length of AC. 19 a A

— — — 1
OAB is a triangle with OA =g and OB =b. Let M be the midpoint of AB. Show that OM = 5(@ +b).

OPQ is a triangle. The point M divides PQ in the ratio 1:2. Show that OM = % (2@ + @ )

OAB is a triangle with OA = a and OB = b. The point M divides AB in the ratio 1:3. Show that
OM = i(3c~z +b).

ABCD is a quadrilateral. The points P and Q are the midpoints of AB and BC respectively. Show that
PQ = AP + QC.

ABCD is a quadrilateral. P is a point on DB such that AP + PB + PD = PC. Show that ABCD is a
parallelogram.

ABCD is a quadrilateral. The points M and N are the midpoints of AB and CD respectively. Show that
2MN = BC + AD.

ABCD is a trapezium with sides AB and DC parallel. P and Q are the midpoints of the sides AD and BC
respectively. Show that PQ is parallel to both AB and DC and that the distance PQ is one half the sum of
the distances AB and DC.
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21. ABC is a triangle. The points P, Q and R are the midpoints of the sides AB, BC and CA respectively. If O is
any other point, show that OP + OQ + OR = OA + OB + OC.

22. ABCD is a rectangle. The points P, Q, R and § are the midpoints of the sides AB, BC, CD and DA
respectively. Show that PORS is a parallelogram.

23. ABCD is a parallelogram. The points M and N are the midpoints of the diagonals AC and DB respectively.
Show that M and N are coincident.

24. ABCD is a quadrilateral. The points M and N are the midpoints of AC and BD respectively. Show that
AB + AD + CB + CD =4 MN.
25. ABC is a triangle with OA = a, OB =) and 0C = c.
a. Let D be the midpoint of AB and G, be the point which divides CD in the ratio 2 : 1. Show that
N 1
0G, = g(@ +b+0).
b. Let E be the midpoint of BC, and G, be the point which divides AE in the ratio 2: 1. Show that
0G, = %(g +b+o).

c. Let F be the midpoint of AC, and G5 be the point which divides BF in the ratio 2 : 1. Show that
- 1
0G; =(@+b+o).

d. State what can be deduced about the points G, G, and Gjs.

26. OABC is a quadrilateral, with OA =g, OB =band OC =c.

a. The points P and Q are the midpoints of OA and BC respectively. Let M be the midpoint of PQ. Express
‘OM in terms of a,band c.

b. The points R and S are the midpoints of AB and OC respectively. Let N be the midpoint of SR. Express
ON in terms of a,band c.

c. The points U and V are the midpoints of AC and OB respectively. Let T be the midpoint of UV. Express
OT in terms of a,band c.

d. State what can be deduced about the points M, N and T.

3.2 Exam questions

Question 1 (4 marks)
Source: VCE 2013 Specialist Mathematics Exam 2, Section B, Q4e; © VCAA.

For the triangle ABC shown below, the midpoints of the sides are the points M, N and P.

B
N
M
C
A P
Let AC = u and_CT§ =v.
i. Express AN in terms of ¢ and v. (1 mark)
ii. Express CM and BP in terms of u and v. (2 marks)
iii. Hence simplify the expression AN + CM + BP. (1 mark)
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Question 2 (3 marks)
The diagram shows a triangle with vertices Q, R and S. 0 0
O is the origin, and the vectors OQ =¢g and OS =s. °

Given that M is the midpoint of the line segment QR, N is p

the midpoint of the line segment RS and P is the midpoint of M
the line segment QS, prove that the quadrilateral MNPQ is a

parallelogram. S

Question 3 (1 mark) N R
I The point M cuts the line segment PQ in the ratio of 3 : 4 with M being closer to P.

If the position vectors of P and Q are p and ¢ respectively, then the position vector of M is:

1 1 1 1 1
A 7 (Gp+4g) B. 2 (Bp—49) C. 7 (49 —3p) D. 7 (4p +39) E. 7 (4p —3¢9)

More exam questions are available online.

3.3 Vectors in three dimensions

LEARNING INTENTION

At the end of this subtopic you should be able to:
e represent points in 3-dimensional space by position vectors
e determine whether a set of three vectors are linearly dependent or independent
e determine the angle between two vectors.

3.3.1 Position vectors in three dimensions
A unit vector is a vector that has a magnitude of 1. Unit vectors are direction givers.
A hat or circumflex above the vector, is used to indicate that it is a unit vector, for example 4.

If a is a vector, then the length or magnitude of the vector is denoted by |¢|. Dividing the vector by its length

a
makes it a unit vector, so that ¢ = =.
a

A unit vector in the positive direction parallel to the x-axis is denoted by i.
A unit vector in the positive direction parallel to the y-axis is denoted by j.
A unit vector in the positive direction parallel to the z-axis is denoted by k.

Since we understand that 7, j and & are unit vectors, we do not need to place the hat or circumflex above these
vectors, although some other notations do use this notation and write 7, j and k.

If a vector is expressed in terms of i, then the coefficient of i represents the magnitude parallel to the x-axis and
the 7 indicates that this vector is parallel to the x-axis.

If a vector is expressed in terms of j, then the coefficient of j represents the magnitude parallel to the y-axis and
the j indicates that this vector is parallel to the y-axis.

If a vector is expressed in terms of k, then the coefficient of k represents the magnitude parallel to the z-axis and
the k indicates that this vector is parallel to the z-axis.

ij k vectors

The vectors i, j and k are unit vectors in the directions of the x, y and z-axes respectively.
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Position vectors

In two-dimensional Cartesian coordinates, a point P is ZA
represented by (x, y); that is, we need two coordinates to
represent it. In three dimensions we need three coordinates
to represent a point. The convention for showing three
dimensions on a page is to show the x-axis coming out of
the page and the y- and z-axes flat on the page.

P(x,y,2)
Consider a point P with coordinates (x, y, z) relative to the

origin, O(0,0,0). Use r as a notation for the position vector.

Q=

The vector r= OP can be expressed in terms of three other
vectors: one parallel to the x-axis, one parallel to the y-axis &
and one parallel to the z-axis. This method of splitting a x
vector up into its components is called resolution of vectors. /

OP = OA + AB + BP

but)aﬂ:x, E|:yand|ﬁ|=z, X

so the vectors OA =xi, AB =yj and BP = zk.
Therefore, r= OP =xi + yj + zk.
A vector expressed in i j k form is said to be in component form. We can now give answers to questions in terms

of i, j and k.

Magnitude of a vector

The distance between the origin O and the point P is the length or magnitude of the vector. By Pythagoras’
theorem using the triangle in the xy plane, ‘ OB |2 = | OA |2 + |E ’2 =x? +y? and using triangle

opB, |OF| =|OB[ +|BP[ = +y2+2.

The magnitude of a vector

The magnitude of the position vector r = xi +yj + zk is given by:

Ir] = 'ﬁﬂ =Vx2+y?+72

WORKED EXAMPLE 4 Determining the position vector and a unit vector

If the point P has coordinates (3,2, —4), determine:
a. the vector OP .
b. a unit vector parallel to OP.

THINK WRITE
a. There is no need to dﬂv a three-dimensional a. The point (3, 2, —4) has coordinates x = 3,
diagram. The vector OP has the x-coordinate y=2and z=—4.

of P as the i component, the y-coordinate of P OP =3i + 2j — 4k
as the j component and the z-coordinate of P as -
the k component.
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b. 1. First determine the magnitude or length of the  b. ' oP ' =1/32+ 22+ (—4)°

vector using |E5| =/x2+y2+ 2. =+v/9+4+16

Leave the answer as an exact answer, that is \/29

as a surd.
, .. = OP = 1 ..
2. A unit vector parallel to OP is OP = —. OP = ——(3i+2j—4k)
| 0P| 29 :

There is no need to rationalise the
denominator.

3.3.2 Operations on vectors in three dimensions

Addition and subtraction of vectors in three dimensions

If A is the point (x;, y;, z;) and B is the point (x5, y,, z,) relative to the origin O, then OA = a=xii+yj+z1k
and OB =b=xi+y,j + 25k.

To add two vectors in component form, add the i, j and k components separately. So
OA + OB =(}+lg=(]ﬁ +)C2)}:+ O +y2)~j+ (zy +Z2)IS.

To subtract two vectors in component form, subtract the i, j and k components separately. So
AB = 0B — OA =b—a=(x—x)i+ (2 —y1)j + (22 — 2k

The vector AB represents the position vector of B relative to A, that is B as seen from A.

The distance between the points A and B, is the magnitude of the vector AB:

T .

B(x2, ¥2, 22)

e ——== D(x5, 2, 21)

C(x1, y2, 21)

A(xy, y15 21)

y

WORKED EXAMPLE 5 Determining a unit vector parallel to a the line between two points

Two points, A and B, have the coordinates (1, —2, 1) and (3, 4, —2) respectively. Determine a unit
vector parallel to AB.

THINK WRITE
1. Write the vector OA. OA = i—2j+k
2. Write the vector OB. OB =3 i+4j—2k

4
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3. The vector AB is obtained by subtracting the  Substitute for the two vectors.
two vectors OB and OA. AB = OB — OA
=Q@i+4j-20) - (-2 +k)

4. Use the rules for subtraction of vectors. AB = B-Di+#@- (—2))~j +(—2-1k
=2i+6j—3k

5. Determine the magnitude of the vector AB. ’E ’ =1/22+62+ (—3)2
=1/4+36+9
= 1/49
7

6. Write the unit vector parallel to AB, that is AB = %(25' + 6/ — 3k)

y L
| 48]

Equality of two vectors

Given the vectors OA = a=x;i+yj+zkand OB = b=xyi+ y,] + 2ok, the two vectors are equal, ¢ = b, if and
only if x; =x,, y; =y, and z; = z,.

Scalar multiplication of vectors

For scalar multiplication of vectors, Ag = Ax,i + 4y,j + Az, k. That is, each coefficient is multiplied by the scalar.
For example, if ¢ =i +2j — 3k, then 2¢ =2i +4j — 6k and —a = —i — 2+ 3k.

The following worked examples further illustrate scalar multiplication and equality of vectors in component
forms.

WORKED EXAMPLE 6 Determining the coefficient of a vector given some information

If a =2i —3j +zk and b = 4i — 5j — 2k, determine the value of z if the vector ¢ = 3a — 2b is parallel to
the xy plane. -
THINK WRITE

1. Substitute for the given vectors. c=3a—-2b
=3(2i —3j +zk) — 2(4i — 5/ — 2k)

2. Use the rules for multiplying a vector by a scalar. ¢ =(6i —9j + 3zk) — (8i — 10j — 4k)
3. Use the rules for subtraction of vectors. c=(06-8)i+(-9+10)j+Bz+4d)k
c==2i+;+Cz+dk
4. If this vector is parallel to the xy plane, then its k 3z+4=0
component must be zero.
5. Solve for the unknown value in this case. 3z=-4
4
Z7=—=
3
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Parallel vectors

When solving vector problems, it is sometimes necessary to recall some of the other

a
properties of vectors. // .
In the diagram, the vectors a, b and ¢ are all parallel, as they are pointing in the same /

direction; however, they have different lengths. Two vectors are parallel if one is a
scalar multiple of the other. That is, g is parallel to b if ¢ = Ab where A €R.

1S

WORKED EXAMPLE 7 Determining the coefficient of a vector given some information (2)

Given the vectors r =i — 3 +zk and s = —2i + 6j — 7k, determine the value of z in each case if:
a. the length of the Vect0r~1~’ is 8 -
b. the vector r is parallel to the vector s.

THINK WRITE
a. 1. Determine the magnitude of the vector in a. r=i—3j+zk
terms of the unknown value. 5
lr] = A/ 12+ (=3)" + 22
=V1+9+22
=110+ 22
2. Equate the length of the vector to the given Since |r| =38,
value. 10 + 22 =8
3. Square both sides. 10+ 22 =64
4. Solve for the unknown value. Both answers 72 =54
are acceptable values. 7= +1/54
=+v9X%x6

= +3+/6

b. 1. If two vectors are parallel, then one is a scalar  b. r=A1s
multiple of the other. Substitute for the given i—3j+zk = A(=2i+6j—Tk)
vectors and expand. = —2Ai +64j — Tk
2. For the two vectors to be equal, all From the i component, —21 = 1, and from the

1
components must be equal. J component, 61 = —3,s0 4 =— ok From the k

component, z=—7A1.

. . 1 7
3. Solve for the unknown value in this case. z=—7land A = _E’ SO z= 5

TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
On a Calculator page, On a Main screen, © Edit Action Intaractive
complete the entry as GIaAS T complete the entry as it i L) L) 4 M e
shown. wel2 6 7] (-2 6 -7) shown. w\.-‘.m...‘ 3 l“"] g

solve(nom(r)=8,2) z=-3-\[6 orz=3-[6 . ('“::" 6. 23-/6}

solve(r=2-5,{A2}) :__7_ o, A-;l- WIW[ ;3 e E? ¢ u,u]

- - |.\--;.z-;|
I

Alg Standsrd  Resl Deg @
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Linear dependence

Consider the three non-zero vectors g, b and ¢. The vectors are said to be linearly dependent if there exist non-
zero scalars a, 8 and y such that ag + b +yc=0.

If aa+ Bb+yc=0, then we can write ¢ =ma + nb. That is, one of the vectors is a linear combination of the

other two, where m = -2 and n= —é; since a #0, B #0 and y #0, it follows that m# 0 and n # 0.
14 14

The set of non-zero vectors g, b and ¢ are said to be linearly independent if ag + fb+yc =0, only if « =0,
B=0andy=0.

For example, the two vectors a =4i — 8j + 12k and b = —3i + 6/ — 9k are linearly dependent, since 3a +4b =0 or

4
alternatively g = —glg; in fact, the vectors are parallel.

WORKED EXAMPLE 8 Showing that two vectors are linearly dependent

Show that the vectors a =i — j + 4k, b =4i — 2j + 3k and ¢ = 5i — j + zk are linearly dependent, and
determine the value of z. - - -

THINK WRITE
1. Since the vectors are linearly dependent, they ¢=ma+nb
can be written as a linear combination.
2. Substitute for the given vectors. Si—j+zk=m(i —j+ 4k) + n(4i — 2j + 3k)
3. Use the rules for scalar multiplication. Si—j + zk = (mi — mj + 4mk) + (4ni — 2nj + 3nk)
4. Use the rules for addition of vectors. S5i—j+zk=(m+4n)i — (m + 2n)j + (4m + 3n)k
5. Since the two vectors are equal, their i m+4n=5 (1)
components are equal. ji—m—=2n=-1 (2)
k: 4m+3n=z (3)
6. Solve equations (1) and (2) for m and n. (D) + (2):
2n=4
n=2
7. Substitute and determine the value of m. m=5—4n
=5-8
=-3
8. Use the values of m and n to solve for z. Substitute n =2 and m = —3 into (3):
z=—12+6
=—6
9. State the result. The vectors are linearly dependent since ¢ =2b — 3a.
Tl | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE

On a Main screen,
complete the entry as

On a Calculator page,
shown. '"'H. ol

complete the entry as
shown.

| it Action
)

.

[1 -1 4)=a [1 -1 4]

[+ -2 3)-» [4 -2 3]
[5 -1 z]«c [S =1 z] If
solvelcmm- a+n- b, {mnz })

z=-6 and m=-3 and n=2

[Ms  stwdad  Pesl 0w -
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Direction cosines

Let a be the angle that the vector OP = r=x,i+yj+ z;k makes with the z)
positive x-axis, let § be the angle that the vector OP makes with the positive
y-axis, and let y be the angle OP makes with the positive z-axis. P(xy, y1, 21)
Generalising from the two-dimensional case, 4
k
x X ~
cos(ar) = T = m i O .ﬁ >
Vxe+y-+z < ~ 4 ] y
cos(B) = 2y Y and
Ve +z2 *
cos(y) = ——= -

N

V2 +yr+2 I

cos(a), cos(B) and cos(y) are called the direction cosines. Also,
F=cos(a)i + cos(6)~j + cos(y)k so cos?(a) + cos?(B) + cos*(y) = 1.

Often we need to calculate angles to the nearest degree, which involves calculating inverse trigonometric ratios.
Throughout this topic we will allow the use of a scientific calculator to calculate approximate values of these
inverse trigonometric ratios.

WORKED EXAMPLE 9 Calculating the angle between a vector and an axis

Calculate the angle to the nearest degree that the vector 2i — 3j — 4k makes with the z-axis.

THINK WRITE
1. Give the vector a name. Leta=2i—3j—4k.
2. Determine the magnitude of the vector. la| = \/ 22 + (—3)2 + (—4)2
=14+9+16
=14/29
. . —4
3. The angle that the vector makes with the z-axis  cos(y) = ——
is given by V29
Z Z
cos(y) = —— = —
Ve +y +22 g
. . . —1 _4
4. Determine the angle using a calculator, making y = cos —
sure the angle mode is set to degrees format. V29
= 137.97°
5. State the result, giving the answer in decimal The vector makes an angle of 138° with the z-axis.

degrees.

Application problems

As in the two-dimensional case, we can determine the position vector of moving objects in terms of i, j and
k. Usually i is a unit vector in the east direction, j is a unit vector in the north direction and k is a unit vector
vertically upwards.
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WORKED EXAMPLE 10 Application of vectors in three dimensions

Mary walks 500 metres due south, turns and moves 400 metres due west and then turns again to move
in a direction N40°W for a further 200 metres. In all three of those movements she is at the same
altitude. At this point, Mary enters a building and travels 20 metres vertically upwards in a lift.

Let i, j and k represent unit vectors of length 1 metre in the directions of east, north and vertically

upwards respectively.

a. Determine the position vector of Mary when she leaves the lift, relative to her initial position.
Give values rounded to 2 decimal places where necessary.

b. Determine her displacement correct to 1 decimal place in metres from her initial point.

THINK WRITE/DRAW
a. 1. Consider the two-dimensional north—east a. N
situation. First Mary walks 500 metres due
south, from the initial point O to a point A.

>
>

1.

W = ol % > E
500
A
Y
S
OA = —-500j
2. Next Mary walks 400 metres due west, from N
A to B. A
I
W =< o[ % > E
500
-] A
B 400
Y
S
AB = —-400i
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Column vector notation

Because vectors have similar properties to matrices, it is common to represent vectors as column matrices.

1 0 0
Vectors in three dimensions can be represented by the unit vectors i =[O0 |,j=|1]and k=]0|.
0|~ |0 1

The vector from the origin O to a point P with coordinates (x;, y;, z;) can be expressed as OP = X i+yj+zk

1 0 o] M
Thus, this is represented as a column matrix by oP =x |0|+y[1]+z[0]=]y1 |
0 0 1 Z

Operations such as addition, subtraction and scalar multiplication are performed on matrices in similar ways to
those performed on vectors. For this reason, the sets of vectors and column matrices are called isomorphic, a
Greek word meaning having the same structure.

WORKED EXAMPLE 11 Vectors in column notation

4 5 3
Given the vectors represented asA=| 5|,B=| 3|and C=| 7|, show that the points A, B and C
=5 -2 -8
are linearly dependent.
THINK WRITE
P
1. Consider the matrix A and vector a. A=| 5|, a=4i+5—5k
__5_
P e
2. Consider the matrix B and vector b. B=| 3|, b=5i+3j—2k
__2_
P
3. Consider the matrix C and vector c. C=| 7| c=3i+7j—8k
__8_
4. State the matrix C as a linear combination of C=aA+fB
A and B.
[ 3] 4 5
5. Write the equation in matrix form. T|=a| S5|+B| 3
| —8 ] =5 -2
[ 3] [ 4« 58 4o + 56
6. Use the properties of scalar multiplication and Tl=| Saf|+| 38|=| Sa+3p
addition of matrices. | —8] [—5a -2 —5a—2f
7. Use the properties of equality of matrices. 3=4a+58 (1)
7=5a+3p 2)
—8=—-5a-28 3)
8. Solve the simultaneous equations using Add (2) and (3) to eliminate «
elimination. so that § =—1.
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9. Substitute the value of § into (2) to determine Sa=7-38

the value of «a. Sa =10
a=2
10. Since we have not used (1), we must check that 3=4a+58 (1)
this equation is valid. Substitute « =2, f =—1:
RHS =8-5
= LHS
11. Write the equation relating the matrices. C=2A—-Bor
c=2a-b
12. State the conclusion. The points A, B and C are linearly dependent.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free
1. INZA If the point P has coordinates (2, —2, —1), determine:

a. the vector OP b. a unit vector parallel to OP.

2. If g=4i — 8j — 2k, determine 4.

3. @Two points are given by P(2,1,—3) and Q(4, —1, 2) respectively. Calculate a unit vector parallel
to PQ.

4. Two points are given by A(—1,2,—4) and B(2, 6, 8). Calculate the distance between the points A and B.

5. IEA If g = i + 2j — zk and b = 4i — 5j — 2k, determine the value of z if the vector ¢ = a — 2b is parallel to the
xy plane.
6. Determine the values of x, y and z, given the points C(x, —2, 4) and D(2, y, —3) and the vector
CD =3i+4j+ zk.
7. Given the vectors r =2i —j + zk and s = —4i + 2j + 5k, determine the value of z if:
a. the length of the vector ris 5
b. the vector r is parallel to the vector s.
8. Given the vectors @ = 3i +yj — 4k and b = —6i + 3j + 8k, determine the value of y if:
a. the vectors ¢ and b are equal in length

b. the vector g is parallel to the vector b.

9. IIEA Show that the vectors g =2i —j + 3k, b= —2i + 2j — k and ¢ = 2i +j + zk are linearly dependent, and
determine the value of z.

10. Given the vectors a = 3i — 2j + 4k, b =2i — 3j + 5k and ¢ = xi + 2j, show that they are linearly dependent and
determine the value of x.
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Technology active

11.

12.

13.

14.

15.

16.

17.

18.

IIETA Peter is training for a fun run. First he runs 900 metres in a direction S25°E, then a further 800 metres
due south and finally 300 metres due east. In all three of these movements he maintains the same altitude.
Finally Peter enters a building and runs up the stairs, climbing to a height of 150 metres vertically upwards
above ground level.

Let i, j and k represent unit vectors of length 1 metre in the directions of east, north and vertically upwards
respectively.

a. Determine the position vector of Peter at the top of the stairs relative to his initial position, rounding to
2 decimal places where appropriate.
b. Determine his displacement correct to 1 decimal place in metres from his initial position.

A helicopter takes off from a helipad and moves 800 metres
vertically upwards. It then turns and moves 2 km due west, and
finally it turns again to move in a direction S20°W for a further
2 km. In both of the latter two movements it maintains the same
altitude. Let i, j and k represent unit vectors of 1 metre in the
directions of east, north and vertically upwards respectively.

a. Determine the position vector of the helicopter relative
to its initial position, rounding to 1 decimal place where
appropriate.

b. Determine the displacement to the nearest metre of the
helicopter from its initial position.

2 3 1
II=EH Given the vectors represented as A=|—5|, B=|—6|and C=|—7 |, show that A, B and C are
4 4 8
linearly dependent.
2 -1
Given the vectors represented asA=|—4 |, B=|—=3|and C=| 1|, show that A, B and C are linearly
3 2 -1
independent.
a. Determine a vector of magnitude 6 parallel to the vector i — 2j + 2k.

b. Determine a vector of magnitude 26 in the opposite direction to the vector —3i + 4;j + 12k.
c. Determine a vector of magnitude 10\/5 in the opposite direction to the vector —5i — 3j + 4k.

a. Given the vectors ¢ =2i + 3j — k and b = —3i + j + 2k, show that the vector 2a + b is parallel to the
xy plane.

b. Given the vectors p =3i + 2j — 5k and g =2i + j — 2k, show that the vector 2p — 3¢ is parallel to the
vz plane.

c. Given the vectors r =2i — 3j + 5k and s =i + yj — 2k, determine the value of y if the vector 4r + 3s is
parallel to the xz plane.

a. Show that the points A(2, —1, 3), B(8, —7,15) and C(4, —3,7) are collinear.
b. Show that the points P(2, 1,4), Q(1,-2,3) and R(—1, —8, 1) are collinear.
c. Determine the values of x and y if the points A(x, 1, 2), B(2,y, —1) and C(3, —4,5) are collinear.

a. Given the points A(3, 1, —2) and B(5, 3, 4), determine the position vector of P where P is the midpoint
of AB.

b. Given the points C(—2,4, 1) and D(-S5, 1, 4), determine the position vector of P where P divides CD
in the ratio 1:2.

c. Given the points R(1, -2, —3) and S(—3, 2, 5), determine the position vector of P where P divides RS
in the ratio 3: 1.
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19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

a. Show that the vectors a =2i — 4j — 6k, b =3i + 6j — 9k and ¢ = 3i + 10j — 9k are linearly dependent.

b. Determine the value of y if the vectors p=2i— 3~j +4k, g=2i—j+ 515~and r=2i+yj+ 8k are linearly
dependent. ) ) ) ) )

c. Determine the value of z if the vectors a =2i — 3j + 4k, b =3i —4j + 2k and ¢ = —7i + 8j + zk are linearly

dependent.

A mountain climber walks 2 km due west to a point A, then

1 km due south to a point B. At this point he ascends a vertical
cliff to a point C, which is 500 metres above ground level. If
i, j and k represent unit vectors of 1 kilometre in the directions
of east, north and vertically upwards, determine the position
vector and displacement of the mountain climber from his
initial position. Give values rounded to 2 decimal places where =
necessary.

A student walks on level ground in a north-westerly direction a distance of 200 m to a point P. She then
walks 50 m due north to a point R. At this point she turns southward and ascends a set of stairs inclined

at an angle of 50° to the horizontal, moving 5 m along the stairs to a point R. If i, j and k represent unit
vectors of 1 metre in the directions of east, north and vertically upwards, determine the position vector and
displacement of the student from her initial position, writing your answers correct to 2 decimal places.

A plane takes off and flies upwards facing east for a distance ;

of 30 km at an angle of elevation of 35°. It then moves \Q
horizontally east at 300 km/h. If 7, j and k represent unit
vectors of 1kilometre in the directions of east, north and
vertically upwards, determine the position vector, correct to
3 decimal places, and displacement, correct to 2 decimal
places, of the plane after it has flown horizontally for

5 minutes.

A Determine the angle in degrees, rounded to 1 decimal place, that the vector i + 2j — 3k makes with the
Z-axis.

The vector i + zk makes an angle of 150° with the z-axis. Determine the value of z.

Given the point A(—2, 4, 1), determine:

a. a unit vector parallel to OA
b. the angle that the vector OA makes with the x-axis, rounded to 1 decimal place.

Given the point B(3, 5, —2), determine:

a. a unit vector parallel to OB
b. the angle that the vector OB makes with the y-axis, rounded to 1 decimal place.

Given the point C(4, 6, —8), determine:
a. a unit vector parallel to OC
b. the angle that the vector OC makes with the z-axis, rounded to 1 decimal place.

a. Given the points A(3,5, —2) and B(2, —1, 3), calculate the distance between the points A and B.

b. Given the points P(—2,4, 1) and Q(3, —5, 2), determine the angle the vector P_Q) makes with the y-axis,
rounded to 1 decimal place.

c. Given the points R(4,3,—1) and S(6, 1, —7), determine a unit vector parallel to SR.
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29. Given the vectors ¢ =i — 2j + 4k and b = xi + 6j — 12k, determine the value of x if:

a. g is parallel to b
b. the length of the vector b is 10\/5.

30. Given the vector r=3i + yj + k, determine the value of y if:
a. the length of the vector ris 10

1 . .
b. the vector r makes an angle of cos™! <—§> with the y-axis.

31. Given the vector u = 2\/55' + 2j + zk, determine the value of z if:

a. the length of the vector u is 6
b. the vector ¥ makes an angle of 120° with the z-axis.

32. A helicopter moves 600 metres vertically upwards and then moves S60°W for 500 m parallel to the ground.
It then moves south-west, moving upwards at an angle of elevation of 50° and a speed of 120 km/h for
1 minute. If 7, j and k represent unit vectors of one metre in the directions of east, north and vertically
upwards, determine the position vector and displacement of the helicopter from its initial position. Give
values rounded to 2 decimal places where necessary.

33. a. Determine the value of m if the length of the vector (m — 1)i 4+ (m + 1)j + mk is \/ﬁ .
b. A unit vector makes an angle of 45° with the x-axis and an angle of 120° with the y-axis. Determine the
angle it makes with the z-axis if it is known that this angle is acute.
c. A unit vector makes an angle of 60° with the x-axis and an angle of 120° with the z-axis. Determine the
angle it makes with the y-axis if it is known that this angle is obtuse.

34. a. Given the vectors a=4i —3j+2k, b=—i+2j—3k,c=4i—j+ 2k and d=7i +j + 11k, determine the
values of the scalars p, g and r if d = pa + gb + rc.
b. Determine the values of x and y if the two vectors xi + 2yj + 3k and 2xi + yj + 4k both have a length of 5.

3.3 Exam questions

Question 1 (4 marks)
Source: VCE 2021 Specialist Mathematics Exam 1, Q6; © VCAA.

Consider the three vectors a = —i + 6j — 3k, b=2i — 8j + 5k and ¢ = 3i + 2j + || — p*| k, where p is a
real constant.

Find the values of p for which the three vectors are linearly independent.

Question 2 (1 mark)
Source: VCE 2020 Specialist Mathematics Exam 2, Section A, Q13; © VCAA.

A The vectors a =i +2j —k, b=Ai + 3j + 2k and ¢ =i + k will be linearly dependent when the value
of A1is
A1l B. 2 c.3 D. 4 E. 5

Question 3 (2 marks)
Source: VCE 2016 Specialist Mathematics Exam 1, Q5b; © VCAA.

Consider the vectors @ =3i + 5/ — 2k, b=i—2j+ 3k and ¢ = i + dk where d is a real constant.

Find the value of d if the vectors are linearly dependent.

More exam questions are available online.
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3.4 Scalar product and applications

LEARNING INTENTION

At the end of this subtopic you should be able to:
e calculate the scalar product of two vectors
e determine the angle between two vectors using the scalar product
e calculate the scalar resolute of one vector in the direction of another vector
e calculate the vector resolutes of a vector parallel to and perpendicular to another vector.

3.4.1 Multiplying vectors

When a vector is multiplied by a scalar, the result is a vector. What happens when two vectors are multiplied
together? Is the result a vector or a scalar? What are the applications of multiplying two vectors together? In
fact, vectors can be multiplied together in two different ways: either by using the scalar product (also known as
the dot product) and obtain a scalar as the result, or by using the vector product and obtain a vector as the result.
The vector product is covered in the next topic.

Definition of the scalar product

The scalar or dot product of two vectors g and b is defined by
a-b=la||blcos(®).

This is read as @ dot b, where 6 is the angle between the vectors ¢ and b.

Note that the angle between two vectors must be the angle between the tails of the
vectors. The scalar product or dot product is also known as the inner product of
two vectors.

The scalar product

The scalar or dot product of vectors a and b is:
a-b = la]|blcos(6)

where 0 is the angle between a and b.

WORKED EXAMPLE 12 Calculating the scalar product of two vectors

Given the diagram below, calculate a - b.

‘i]z

43
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THINK WRITE

1. Write the magnitudes or lengths of the two |a| =6 and |b| = 4\/5
vectors.

2. Write the angle between the two vectors. 6 =150°

3. Apply the formula from the definition to a-b =|a||b|cos(®)
calculate the value of the scalar product. = 6x 41/3 cos(150°)

-3
=241/3% <—\/_>
2
4. State the final result, which is negative because  a-b=—-36

cos(150°) < 0.

Properties of the scalar product

e The scalar product always gives a number as the result, hence its name. This number can be positive,
negative or zero.

* Because g - b = |a||b|cos(B) for non-zero vectors ¢ and b, both |a| > 0 and |b| > 0, so the sign of a - b
depends upon the sign of cos(6). Hence, it follows that:

-b>0if cos(6) > 0; that is, O is an acute angle or 0 <6 < g

1Q

1Q

-b < 01if cos(8) < 0; that is,  is an obtuse angle or % <b<m.

1Q

-b=0if cos(8) =0; that is, 6 = % This means that g is perpendicular to b unless either a =0 or b =0.

® The scalar product is commutative. Thatis,a - b=5b - a. 27-9
e This follows because the angle between b and ¢ is 27 — 6, and cos(2w — 0) = cos(0).
e The scalar product of a vector with itself is the square of the magnitude of the vector.
That is, a - a = |a|?, as 6 = 0 and cos(0) = 1.
e Scalars or common factors in a vector are merely multiples. That is, if A € R, then
a-(Ab)=(Aa)-b=Aa-b). a
Component forms
The vectors i, j and k are all unit vectors; that is, |i| =1, || = 1 and || = 1. The angle between the vectors i and

i1s zero, as cos(0) = 1. It follows from the definition and properties of the scalar product that i i-i=1. Similarly,
jrj=landk-k=1.

and j

ja are all 90°,
ls k-i

The unit vectors are mutually perpendicular; that is, the angles between i and j, { k
0 and

as cos(90°) = 0. From that fact and the commutative law, it follows that i - J=ji
j-k=k-j=0.

i and and
=O =

z~ o

In general, if a =x,i +y,j+z;k and b =x,i + y, j + 2ok, then
b= i+yj+21k) - (i +y2j+22k)
=x1X0 L+ Y1y )+ 12k -k
=X1X+Y1y2 + 2122
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The scalar product of vectors in component form
If a =x1i +yy +z1k and b = x;i +yyj + 22k, then

a*b=x1x+y1y: +2122

WORKED EXAMPLE 13 Calculating the scalar product of two vectors in component form

If a=2i+3j—5k and b = 4i — 5j — 2k, calculate a - b.

THINK WRITE

1. Substitute for the given vectors. a-b=2i+3j—5k)-(4i — 5/ —2k)

2. Use the result for multiplying vectors in a-b=2X4+3X(=5)+(=5)%x(=2)
component form. =8—-15+10

3. State the final result. a-b=3

Orthogonal vectors

Two vectors are said to be orthogonal or perpendicular if the angle between them is 90°. In b
this case, the dot product of the two vectors is zero.

‘ 1

WORKED EXAMPLE 14 Determining a value for which two vectors are orthogonal

If the two vectors a = 3i — 2j — 4k and b = 2i — 5 + zk are orthogonal, determine the value of z.

THINK WRITE

a-b=@Gi—2j—4k) - (2i—5j+7zk)
=3X2+4(=2)X(=5) + (—4) X z

1. First calculate the value of the scalar product
between the two vectors.

=6+10—4z
=16—4z
2. The vectors are orthogonal. Equate theirdot — «¢-b = 16—4z
product to zero. =
3. Solve for z. 4z =16
z=4
TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE

On a Calculator page,
complete the entry as
shown.

solve(dotP(a,b)=0,z) z=4

On a Main screen,
complete the entry as
shown.

O Edit Action Interactive
[

12 sle el A R A
3] (2 4]
,.,.\.,'m[l-z . ]]'
-4l Iz
{z=4)
o
v
@

Alg Standsrd  Resl Deg
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Previously, the angle that a single vector makes with the x-, y- or z-axis was found using direction cosines. Now,
by using the scalar product, the angle between two vectors can be calculated.

Angle between two vectors

The formula @ - b = |a||b|cos(6) can be rearranged to determine the angle 6 between the two vectors, giving
a - a-b

cos(@)= == or@=cos~! ( e I
a |al[b]

The angle between two vectors

The angle between two vectors a and b is:

9=cos‘1< Gl )
lall5]

WORKED EXAMPLE 15 Determining the angle between two vectors

Given the vectors a =i — 2j + 3k and b = 2i — 3j — 4k determine the angle between the vectors a and b,
writing your answer correct to 1 decimal place.

THINK WRITE
1. First calculate the value of the scalar a-b=(i—2j+3k)-(2i —3j—4k)
product between the two vectors. =1X2+(—2)X(=3)+3x(—4)
=2+6-12
=—4
2. Determine the magnitude of the first vector. a=1i—2j+3k

la| = /12 +(=2)" + 32

I

=V1+4+
:\/ﬁ

3. Determine the magnitude of the second vector. b =2i —3j—4k

bl = /22 4+ (=37 + (—4?
= V4+9+16
_ /5

a. —4
4. Apply the formula to calculate the angle cos(f) = —= =
between the vectors. lallbl - \/144/29
. S . . —4
5. Using a scientific calculator, determine the 6 =cos e
angle between the two vectors, rounding the V14v/29

answer to 1 decimal place. Since the dot product is negative, the angle between

the vectors will be obtuse.
6=101.5°
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Determining magnitudes of vectors

The magnitude and the sum or difference of vectors can be calculated using the properties of the scalar product:
a-a=la>andg-b=b-a.

WORKED EXAMPLE 16 Determining the magnitude of the sum of two vectors

If |a| =3, |b] =5 and a-b = —4, determine |a + b|.

THINK WRITE

1. The magnitude of a vector squared is obtained |a +b|* = (a+b) - (a+b)
by calculating the dot product of the vector
with itself.

2. Expand the brackets. la+bl>=a-a+a-b+b-a+b-b
3. Using the properties of the scalar product, la+b|>=|a|* +2a-b+|b|?
a-a=la’,b-b=|b>anda-b=b-q.
4. Substitute for the given values. la+b]> =32 +2%x(—4)+5%
=9—-8+25
=26
5. State the answer. la+b| =26

3.4.2 Scalar and vector resolutes

As seen previously, a vector can be resolved parallel and perpendicular to the x- or y-axis. In this section, a
generalisation of this process will be considered in which one vector is resolved parallel and perpendicular to
another vector.

Scalar resolute

The projection of the vector g = OA onto the vector b= OB is defined by
dropping the perpendicular from the end of @ onto b, that is at the point C. The
projection is defined as this distance along b in the direction of . This distance,
OC, is called the scalar resolute of a onto b, or the scalar resolute of g parallel
to b.

ocC .
Because cos(0) = | a | it follows that ‘ OC‘ =|al| cos(6).
a
a - b el a - b
But cos(f)= —=,s0 |OC| = =—=
jal o] 2]
=a-b.
The scalar resolute
b N
The scalar resolute of « in the direction of b is given by ‘~l|b—|~ =a-b.
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Parallel vector resolute

Consider now the vector joining O to C (shown in green). It’s magnitude is the
scalar resolute g - b, while its direction is the same as b, that is 4. This is known
as the vector resolute of ¢ parallel to b and is denoted by the symbol ¢;.

The vector resolute of a parallel to b

The vector resolute of a parallel to b is given by ) = (g . I}) 12

Perpendicular vector resolute

Now consider the vector joining C to A (shown in pink). This is known as the
vector resolute of ¢ perpendicular to b, denoted @, and it is equal to @ — g;.

The vector resolute of a perpendicular to b

1?‘)

The vector resolute of a perpendicular to b is given by e, =a —aq;=a - (a . I;>

WORKED EXAMPLE 17 Determining scalar and vector resolutes

Given the vectors u = 3i — j+ 2k and v = 2i — 3j — k, determine:

a. the scalar resolute of u in the direction of v
b. the vector resolute of # in the direction of v
c. the vector resolute of u perpendicular to v.

THINK WRITE

a. 1. First calculate the magnitude of the second a. v=2i—3j—k
vector, that is y.

vl = /22 + (=32 + (<12

=V4+9+1

=4/ 14
. . . 1 L.
2. Write a unit vector parallel to the second V=—+=2i—3j—k)
given vector, that is 7. V14
3. Determine the scalar product of the two u-v=0Gi—j+2k)-2i—3j—k)
vectors, u - v. =6+3—-2
=7
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4. The scalar resolute of u in the direction
of v is given by u - V.

5. Rationalise the denominator.

b. The vector resolute of u in the direction
of v is given by (u - V)V.
Substitute for the scalar resolute u - ¥
and the unit vector 7.

c. 1. The vector resolute of u perpendicular to v is
given by u — (u - 9)v. Substitute for the given
vectors.

2. Form a common denominator to subtract the
vectors.

,!.\:,z;
V]
_
V14
. 7
-y=——X——
Via
_ Vi
)
b. (u-7)v= \/ﬁ‘:}

= > [2Gi=j+ 20 - Qi- 3~ ]

L. . . . .
=5 [(61 — 2+ 4k) — (2 — 3] — k)]
.. .
3. State the final result. = 5(41 +j+ 5k)
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
On a Calculator page, On a Main screen, o Edit Action Intarsctive
complete the entry as complete the entry as e[ [ [STT
shown. shown. ReSER = sl
12 =3 =1)9v ! .
dotP(u, v)
norm{v)
via
dotP (8, %) gy () :
norm{v)
[+-3 -2l
O T
- 2al1l38
dotplus) I [z 318
norm(y) 2 B twwd Wl oo @
—dw{'f[": ~unitv(y) ll = 1]
normiv, 2 2
h_dot_P{uﬂ" unitv(v) [2 e il
norm(y) i
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free
1. KEHA Given the diagram, calculate g - b.

1S

2. Given the diagram, calculate r - s.

1w

3. a. Two vectors have lengths of 8 and 3 units and are inclined at an angle of 60°. Calculate the value of their
scalar product.
b. Given the diagram, calculate the value of g - b.

b
135°

Y
1

6\2

c. Two vectors have lengths of 7 and 3 units. The vectors are parallel but point in opposite directions.
Calculate the value of their scalar product.

4. IZHEH Given the vectors ¢ =2i — 3j+ 5k and b = —i + 3j — 2k, calculate ¢ - b.

5. Given the vectors r =i+ yj+ 4k and s = —2i + 6j — 7k, determine the value of y if r- s =12.
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10.

11.

12,

13.

14.

15.

16.

17.

18.

19.

20.

a. Given the vectors y = 2i — j + 4k and y = —i 4+ 2j — 3k, calculate the value of u - y.
b. Determine the value of (i +j — 3k) - (2i +).
c. r=2i—3jand s = 3i + 2j + 4k, determine the value of - s.

. INIZ2A If the two vectors a =2i + 3j — k and b = 4i — 3j + zk are orthogonal, determine the value of z.
. The vectors a = xi — j + xk and b = xi + 5] — 4k are orthogonal. Determine the value(s) of x.

. Given the vectors p =2i —j + zk and g = —6i + 3j + 5k, determine the value of z if:

a.p is parallel to the vector q
b. p is perpendicular to the vector q
c. the length of the vector pis5.

Given the vectors 7 = 6i + yj — 9k and s = —4i + 2j + 6k, determine the value of y if:

a. ris parallel to the vector s
b. ris perpendicular to the vector s
c. the length of the vector 7 is twice the length the vector s.

Given the vectors a =xi + 2j — 3k, b=1i—2j — k and ¢ = 2i + 4j — 5k, determine the value of x if:
a. 2a — 3b is parallel to the yz plane

b. 2a — 3b is perpendicular to the vector ¢
c. the length of the vector 2a —3b is 11.

RZEA Given the vectors ¢ =4i — 5j — 3k and b = 2i — j + k, determine the angle between the vectors
a and b, giving your answer rounded to 2 decimal places.

The angle between the vectors u =xi +j+ kand y=1i—j+k is 120°. Determine the value of x.
K= If |a| =7, |b| =5 and a - b =26, evaluate |a — l3|.
Given that |r| =2, |s| =4 and r-s =8, evaluate |25 —r|.

Consider the vectors g = 3i —

2
a. Show thata-(b+c)=a-b+
b. Show thata-(b—c)=a- b a-c.
c. State what property a and b illustrates.
d. State what meaning can be giventoa-b-c.

+4k b=i+j—3kand ¢ =4i — 3j+ 5k.
a-

¢

Given the vectors u=5i — 3j — 2k and v = i — 2j — 2k, calculate:

a. the scalar resolute of u in the direction of v

b. the vector resolute of u in the direction of y

c. the vector resolute of u perpendicular to v.

Given the vectors r = 2i + 4k and s = i — 4j — 2k, calculate:

a. the vector component of r parallel to s

b. the vector component of r perpendicular to s.

Given the points A(2, 3,2), B(4,p,0), C(—1,—1,0) and D(-2, 2, 1), determine the value of p if:

a. AB is parallel to DC
b. AB is perpendicular to DC
c. the length of the vector AB is equal to the length of the vector DC

d. the scalar resolute of AB parallel to DC is equal to .
V11

Determine the value(s) of p if the points P(4, p, —3), Q(—1,—4,—6) and R(1, 6, —1) form a right-angled
triangle at P.
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21.

22,

23.

24,

25.

26.

27.

28.

29.

30.

31.

a. The angle between the vectors g =xi — 3j — 4k and b= —i + 2j + k is 150°. Determine the value(s) of x.

b. The angle between the vectors p = 6i + 2j + 3k and g = i +yj — 2k is equal to cos ™! <24—1> . Determine the

value of y.

c. Determine the value of z if the cosine of the angle between the vectors u =2i —2j+ k and vy =4j + zk is
1 Y 4
equal to ——.
a 3

If |u| =3, |v| =4 and u . v = 6, evaluate:
a. lu+y b. u—y c. |3u—2y].
If |r| =4\/§, ls|] = 5\/5 and r- s = —6, evaluate:
a. |r+s| b. |r—s| c. [4r+3s.
Given the vectors ¢ =2i —4j + k and b =3i — j — 4k, determine:

a. a unit vector parallel to b

b. the scalar resolute of g in the direction of b

c. the vector resolute of ¢ in the direction of b

d. the vector resolute of g perpendicular to b

e. the angle between the vectors ¢ and b, giving your answer rounded to 2 decimal places.

Given the vectors p = 3i + 2j — 5k and g = 2i + j — 2k, determine:

a. a unit vector parallel to ¢

- the scalar resolute of p in the direction of g

- the component of p in \ the direction of q

. the component of p perpendicular to q

. the angle between ‘the vectors p and g, giving your answer rounded to 2 decimal places.

O O 0 T

Given the vectors r =3i —4j+k and s =i — 2j + 3k:
a. resolve the vector 7 into two components, one parallel to s and one perpendicular to §
b. calculate the angle between the vectors r and s, giving your answer rounded to 2 decimal places.

Given the points A(3, =2, 5), B(—1, 0, 4) and C(2, —1, 3), determine:

a. a unit vector parallel to BC

b. the vector resolute of E) onto BC

c. the vector resolute 0f AB perpendlcular to BC

d. the angle between AB and BC correct to 1 decimal place.

If a=cos(a)i + sm(oc)] and b =cos(B)i + sm(ﬁ)], determine the angle between the vectors ¢ and b, and
hence show that cos( — o) = cos(a)cos(f) + sin(a)sin(B).

When a force F moves a point from A to B producing a displacement s = E, the work done is given by
W =F-s. Determine the work done when the force F' = 3i 4 2j + 4k moves a point from A(1, —2, 2) to the
point B(2, 1, —4).

a. Given the vectors |a| =3, |b| =4 and |¢c| =5 such that ¢ + b 4+ ¢ =0, determine the value of a - b.
b. Given the vectors |p| =35, |g| =12 and [/[=13 and p- ¢ =0, evaluate p+ g +r.
c.Ifa-b=b-c, state ‘what can be deduced about the vectors a,bandc.

a. Show that y -y = Z|k¢ +v” = Z|k¢ —v|* and [u+v* + | —v[* = 2(Jul* + |v*).

T

1
If ju+v| =+/17 and |u — v| = V/13 and the angle between the vectors u and v is cos™! (—)
V50
calculate |u| and |v|.
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32. OABP is a pyramid, where O is the origin. The coordinates of the points are A(4, —1, —-3), B(3,—4, 1) and
P(x,y,z). The height of the pyramid is the length of GP, where G is a point on the base OAB such that GP is

33.

perpendicular to the base.

a. Show using vectors that OAB is an equilateral
triangle.

b. Let M be the midpoint of AB. Given that the
point G is such that 0G = % OM , determine

the vector OG.

c. Calculate the vector ﬁ and, using the fact that
GP is perpendicular to OG , show that
Tx —5y—27=26.

d. The faces of the pyramid, OAP, ABP and OBP,
are all similar isosceles triangles, with distance
OP=AP=BP=5 \/ﬁ Write another set of
equations expressing this relationship in terms
of x, y and z.

e. Determine the coordinates of P.

Determine the height of the pyramid.

g. Determine the angle, in degrees correct to
2 decimal places, that the sloping edge makes
with the base.

0(0,0,0)

=h

OABCD is a right pyramid, where O is the origin. The

coordinates of the points are A(—2, —1,2), C(1,2,2) and

D(x,y, z). The height of the pyramid is the length of ED, where

E is a point on the base of OABC such that E is the midpoint

of OB.

a. Show that OABC is a square, and hence show that the
coordinates of B are (—1, 1,4).

b. Determine the coordinates of the point E.

c. If the vector ED is perpendicular to Ué show that
—x+y+4z=9.

d. The faces of the pyramid, OAD, ABD, BCD and OCD, are
all similar isosceles triangles, with sloping edges OD, AD,

9
BD and CD all equal in length to . Write another set

of equations that can be used to solve for x, y and z.

0(0,0,0)

e. Determine the coordinates of D and hence calculate the
height of the pyramid.

f. Determine the angle, in degrees correct to 2 decimal places,
that the sloping edge makes with the base.

B(3,-4,1)

A@4,-1,-3)

A(-2,-1,2)
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3.4 Exam questions

Question 1 (1 mark)
Source: VCE 2021 Specialist Mathematics Exam 2, Section A, Q13; © VCAA.

The scalar resolute of vector of g in the direction of vector b is —4.

T If b = —/3i, the vector resolute of @ in the direction of b is
A —4i
B. —3i

c. 4

NCS
D. 3i
E. 4i
Question 2 (1 mark)
Source: VCE 2018 Specialist Mathematics Exam 2, Section A, Q14; © VCAA.
I The scalar resolute of @ = 3i — 2k in the direction of b = —i + 2j + 3k is
9¢/3 )

13
B _—9(—i+2'+3k)
Cqg o PTHATE

914

A.

C.
14
9
D. —— (3i—2k
13( =2
V14
E. ———
2

Question 3 (5 marks)
Source: VCE 2014 Specialist Mathematics Exam 1, Q1; © VCAA.

Consider the vector g = \/5 i—j— \/Elg, where i, j and k are unit vectors in the positive directions of the x,y and z
axes respectively.

a. Find the unit vector in the direction of a. (1 mark)
b. Find the acute angle that ¢ makes with the positive direction of the x-axis. (2 marks)
c. The vector b= 2\/55' +mj — 5k.

Given that b is perpendicular to g, find the value of m. (2 marks)

More exam questions are available online.

160 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition



3.5 Vector proofs using the scalar product

LEARNING INTENTION

At the end of this subtopic you should be able to:

e prove geometrical facts using vectors.

3.5.1 Applying the scalar product to vector proofs

Now that we have learnt about the scalar product of vectors we can demonstrate and prove more facts about
geometric shapes.

Recall that the scalar product of perpendicular vectors equals 0. This can be used to show that a quadrilateral is a
rectangle or a square.

r
=

In the rectangle ABCD, E = D_(:’, A_lj = B_(f and thus E . B—)C =0, B_C: . CTj =0, C—D) . E&’ =0 and
DA - AB =0, since all these sides are perpendicular.

D , c
7 ' 0
A X
nl , ]
A B

In the square ABCD, A_B):D_C)‘,A_D):B_C) andthusA_B)~B_C‘):0,B_C’)~C_D):O,C_D)~E4):O, DA - AB =0
and |45 = €| = DC| =| 4B |

Using vectors to prove geometrical theorems

The following statements are useful in proving geometrical theorems.

1.

If O is the origin and A and B are points, the midpoint M of the line segment AB is given by:
—_— 1 —_— —_—

oM =2 (04 + OB)

If two vectors AB and CD are parallel, then AB = ACD where 1 € R is a scalar.

If two vectors AB and CD are perpendicular, then AB - CD = 0.

If two vectors AB and CD are equal. Then AB is parallel to E; furthermore, these two vectors
are equal in length, so that AB = CD = |AB| = |CD‘ 5

If AB = /IB_C), then the points A, B and C are collinear; that is, A, B and C all lie on a straight line.
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WORKED EXAMPLE 18 Geometric proof using vectors

Prove that if the diagonals of a parallelogram are perpendicular, then the parallelogram is a rhombus.

THINK WRITE/DRAW
1. Let OABC be a parallelogram. C B
<
0] a A
Let OA =g and oC =
2. State the properties of the parallelogram. Because OABC is a parallelogram, g = OA = CB and
¢c=0C = AB.
3. Determine a vector expression for the diagonal OB = OA + AB
OB in terms of ¢ and c. = OA + OC
=a+c¢
4. Determine a vector expression for the diagonal AC = AO + OC
AC in terms of @ and c. = 0C — OA
=c—a

5. The dot product of the diagonals is zero, since OB - AC = (a+c)-(c—a)

it was given that they are perpendicular. =0
6. Expand the brackets. m-ﬁz—g-g+g-g—g-g+g-g
=0
7. Use the properties of the dot product: OB - AC = |af* —|c]
¢ra=g-canda-a= |a’. =0
8. State the conclusion. OB - AC =0=> |a|* = |c]? so that |E¥| = | O_C"'

The length of OA is equal to the length of O_C";
therefore, OABC is a rhombus.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS (C)

Technology free
1. IEZEA Prove that the diagonals of a rhombus are perpendicular.

2. Prove that if the diagonals of a parallelogram are equal in length, then the parallelogram is a rectangle.
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10.

11.

12.

13.

14.

15.

16.

. Given the points A(8, 3, —1), B(4,5,—-2) and C(7,9, —6), show that ABC forms a right-angled triangle at B,

and hence determine the area of the triangle.

. Given the points A(—3,5,4), B(2,3,5) and C(4, 6, 1), show that ABC forms a right-angled triangle at B, and

hence determine the area of the triangle.

. Given the points A(4,7,3), B(8,7,1) and C(6, 5, 2), show that ABC forms an isosceles triangle. Let M be the

midpoint of AB, and show that MC is perpendicular to AB.

. Given the points A(3, —3,4), B(5,3,6) and C(3, 1, 3), show that ABC forms an isosceles triangle. Let M be

the midpoint of AB, and show that MC is perpendicular to AB.

. Prove Pythagoras’ theorem.
. Prove that the angle inscribed in a semicircle is a right angle.

. The diagram shows a circle of radius r with centre at the origin O on the x- and y-axes. The points A and B

lie on the diameter of the circle and are on the x-axis; their coordinates are (—r, 0) and (r, 0) respectively. The
point C has coordinates (a, b) and lies on the circle, where a, b and r are all positive real constants. Show
that CA is perpendicular to CB.

YA

1~

OABC is a square. The points P, Q, R and S are the midpoints of the sides OA, AB, BC and OC respectively.
Prove that PQRS is a square.

OABC is a thombus. The points P, Q, R and S are the midpoints of the sides OA, AB, BC and OC
respectively. Prove that PORS is a rectangle.

Prove that the line segments joining the midpoints of consecutive sides of a rectangle form a rhombus.

AB and CD are two diameters of a circle with centre O. Letting OA = a and oC = ¢, prove that ACBD is
a rectangle.

OAB is aright-angled isosceles triangle with ‘ OA | = )E;’ | Let M be the midpoint of AB, and let OA = a
and OB =b.

a. Express OM in terms of g and b. b. Prove that OM is perpendicular to AB.

c. Show that [0 = > |45

Prove that the vector & + b bisects the angle between the vectors ¢ and b.

ABC is a triangle. P, Q and R are the midpoints of the sides AC, BC and AB respectively. Perpendicular lines
are drawn through the points P and Q and intersect at the point O. Let OA =g, OB =b and OC =c.

a. Express OP and OQ in terms of a,bandc. b. Show that |a| = |b| = |¢|.

c. Prove that OR is perpendicular to AB.
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17. The diagram shows a circle of radius » with centre at the v
origin O on the x- and y-axes. The three points A, B and D
all lie on the circle and have coordinates A(a, b), B(a, —b)
and D(—r,0), where a, b and r are all positive real constants.

SN N A
a. Let 8 be the angle between the vectors OA and OB.
2 _ b2
Show that cos(f) = a7
a’ +b? j i
b. Let o be the angle between the vectors DA and DB. < ) = 0~ ? >
Show that cos(a) = L. -
Va2 +b?
c. Hence show that 2a =f.
B

<
<

3.5 Exam questions

Question 1 (1 mark)
Source: VCE 2019 Specialist Mathematics Exam 2, Section A, Q11; © VCAA.

I Let point M have coordinates (a, 1, —2) and let point N have coordinates (—3, b, —1).

. . — 3
If the coodinates of the midpoint of MN are (—5, 5, c> and a, b and ¢ are real constants, then the values of a, b
and c are respectively

A. —13, 2and — l B. -2, l and —3 C. =7, —2and — E
2 2 2

D. —2,—land—3 E. —7,2and—E
2 2

Question 2 (1 mark)
Source: VCE 2018 Specialist Mathematics Exam 2, Section A, Q12; © VCAA.

LA If |a + b| = |a| + |b| and a, b+# 0, which one of the following is necessarily true?
A. g is parallel to b B. |a|=|b| C.a=b
D.a=-b E. a is perpendicular to b
Question 3 (3 marks)
Source: VCE 2015 Specialist Mathematics Exam 1, Q1; © VCAA.
Consider the rhombus OABC shown below, where OA = ai and oC = i+j+k, and ais a positive real constant.

C B
o A
a. Find a. (1 mark)
b. Show that the diagonals of the thombus OABC are perpendicular. (2 marks)

More exam questions are available online.

164 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition



3.6 Parametric equations

LEARNING INTENTION

At the end of this subtopic you should be able to:
e determine and sketch the Cartesian equation of a vector equation.

3.6.1 Parametric equations in two dimensions

A locus is a set of points traced out in the plane, satisfying some geometrical relationship. The path described by
a moving particle forms a locus and can be described by a Cartesian equation. However, the Cartesian equation
does not tell us where the particle is at any particular time.

The path traced out by the particle can be defined in terms of another or third variable. Here we will use
the variable ¢ as the parameter. For example, the unit circle can be described by the use of a parameter ¢,
x=cos(t), y=sin(?). In the two-dimensional case there are two parametric equations, as both the x- and
y-coordinates depend upon the parameter .

x = x() €]
y=y() (@)

Because a position vector is given by r(f) =xi +yj, where i and j are unit vectors in the x and y directions, this
is also called the vector equation of the path. If we can eliminate the parameter from these two parametric
equations and obtain an equation of the form y = f{x), then this is called an explicit relationship and is the
equation of the path.

Often we may be unable to obtain an explicit relationship but can find an implicit relationship of the form
fix,y) =0. Either way, the relationship between x and y is called the Cartesian equation of the path.

WORKED EXAMPLE 19 Determining and sketching the Cartesian equation (1)

Given the vector equation r(f) = (t —1)i + 212, for t > 0, determine and sketch the Cartesian equation
of the path, and state the domain and range.”

THINK WRITE/DRAW
1. Write the vector equation: r=0—1)i+ 21%,t>0
16 =x(0i + (). ~
2. State the parametric equations. x=t—1 (1)
y=2r 2)
3. Eliminate the parameter. Express ¢ in terms From (1), r=x+1.
of x.

4. Substitute into the second parametric equation Substitute (1)7=x+ 1 into (2) y =27’
to obtain the Cartesian equation of the path. y=2(x+ 1)?

5. From the restriction on ¢, determine the domain Since 7> 0, it follows from the parametric equations
and range. that x> —1 and y > 0.
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6. The graph is a restricted domain function. The graph is not the whole parabola; it is a parabola
on a restricted domain, with an endpoint at (-1, 0).

7. Although it is not required, a table of values ¢ r=t-1 y=27
can show the points as they are plotted and
can give the direction of a particle as it moves 0 —1 0
along the curve. 1 0 2
2 1 8
3 2 18
4 3 32
5 4 50
TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
On a Graphs page, navigate [Z 7 Acions .— On a Graph&Table screen, [o it zoom wabes + X
to Graph Entry/Edit, B2 View = select the parametric mode 5 I (I B N B9 O

Sheet! |Sheet2 Sheet3 Sheetd [Sheets
and complete the entry as wi=t-1 o

4]
|

%mm# 1 Function

Q 4 Window/ Zoo - 2 Relation

the entry as shown. M5 Trace © 3 Equation Templates » shown.
a6 Anayze Gra - ESATPT -
E Table

S Polar
# 8 Geometry I 6 Scatter Plot
{3 9 Settings... 2 7 Sequence »
v 18 8 DifEq

Parametric and complete

|

x1(f)=t-1
yilf)=2: 2

E] 2 ] 1 2 3

Eliminating the parameter

Eliminating the parameter is not always an easy task. Sometimes direct substitution will work; other times it is
necessary to use trigonometric formulas and simple ingenuity.

WORKED EXAMPLE 20 Determining and sketching the Cartesian equation (2)

Given the vector equation r(¢) = (2 + S cos (t))g' + (4 sin () — 3) j for t > 0, determine and sketch the
Cartesian equation of the path, and state the domain and range.

THINK WRITE/DRAW
1. From the vector equation, r(t) =x()i +y(0)j. (1) = (2+5 cos(t))z + (4sin() — 3)~]
2. State the parametric equations. x=2+415 cos(?) (1)

y=4 sin(t) — 3 2
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3. Express the trigonometric ratios cos(?) and
sin(f) in terms of x and y respectively.

4. Eliminate the parameter to determine the
Cartesian equation of the path. In this case,

the expression is given as an implicit equation.

5. Determine the domain.

6. Determine the range.

7. The graph is the whole ellipse. The exact
ordinates of the x- and y-intercepts are not
required in this case.

[\

X —

(1)=cos(r) =
3

+ wn

)= sin(f) =

-P ‘

Since cos2(¢) + sin’(7) = 1, it follows that
) 3)*
=2, 0+3° _
25 16
This is an ellipse, with centre at (2, —3) and semi-
major and semi-minor axes 5 and 4.

Since —1 < cos(?) < 1, it follows from the parametric
equation x(#) =2 + 5 cos(¢) that the domain is —3 <
x <7, thatis [-3,7].

Since —1 <sin(?) < 1, it follows from the parametric
equation y(¢) =4 sin(¢) — 3 that the range is
—7<y<1,thatis [-7,1].

YA
2,1
< 0 %x
(=3,-3) ° (7,-3)
(27 _3)
(=27 0+3_ |
2,-7) 25 16
Y

WORKED EXAMPLE 21 Determining and sketching the Cartesian equation (3)

Given the vector equation r(f) = 3 sec(2¢)i + 4 tan(2¢) for ¢ > 0, determine and sketch the Cartesian
equation of the path, and state the domain and range.

THINK
1. From the vector equation, 7(f) =x(2)i + y(1)j.

2. State the parametric equations.

3. Express the trigonometric ratios sec(2¢) and
tan(27) in terms of x and y respectively.

4. Eliminate the parameter using an appropriate
trigonometric identity to determine the
Cartesian equation of the path. In this case,

the expression is given as an implicit equation.

5. Determine the domain.

WRITE/DRAW
7() =3 sec(21)i + 4 tan(2t)j
x =3 sec(2r) (D)
y=4tan(2¢) 2)
(1)=> sec(2f) = ;—C
Qﬁ:um@ﬂ:ﬁ
Since sec?(2f) — tan?(2¢) = 1, it follows that
2y
——=—=1.
9 16
This is a hyperbola with centre at the origin. It has

x2 2 . 4x
asymptotes when — — — =0; that is, when y==+ —.
9 16 3

It follows from the parametric equation
x(t) = 3 sec(2r) that the domain is (—oo, —3] U [3, 00).

4
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6. Determine the range. It follows from the parametric equation
y(t) =4 tan(2¢) that the range is R.

7. The graph is the whole hyperbola.

Parametric representation

The parametric representation of a curve is not necessarily unique.

WORKED EXAMPLE 22 A vector equation representing a given Cartesian equation

3 1 1
Show that the parametric equations x(¢f) = E <t + ;) and y(f) =2 (t — ;) where ¢ € R\{0} represent

2 2
x” Yy
the hyperbola — — — =1.
P 9 16
THINK WRITE
. . 3 1
1. State the parametric equations. x= > I+ - (1)
t
1
y=2 (z - —) 2)
t
. . I 2x 1
2. Express the equations in a form to eliminate the —=f+— (1)
parameter. j lt
—=t—- 2
2 5 2
. 4x? ) 1
3. Square both equations. Y =r+2+-5 D
t
2
Y _ s 1
—=r-24+-= (2
4 7 ©
4. Subtract the equations to eliminate the parameter. (1) —(2):
4)(2 y2 3
9 4
2 2
5. Divide by 4. S
9 16

This gives the hyperbola as required.

Note: Graphing calculators and CAS calculators can draw the Cartesian equation of the path from the two
parametric equations, even if the parameter cannot be eliminated.
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Students, these questions are even better in jacPLUS

Find all this and MORE in jacPLUS C)

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Technology free

1.

10.

11.

. Show that the parametric equations x =

EIZEA Given the vector equation r(f) = (t+ 1)i + (1 — 1)2j for t >0, determine and sketch the Cartesian
equation of the path, and state the domain and range.

. Given the vector equation r(f) = \/;g' + (2t + 3)j for t > 0, determine and sketch the Cartesian equation of the

path, and state the domain and range.

. IIIZXA Given the vector equation r(f) = 3 cos(#)i + 4 sin(#)j for ¢ > 0, determine and sketch the Cartesian

equation of the path, and state the domain and range.

. Given the vector equation r(t) = (5 -2 cos(t)) i+ (3 sin(f) — 4) j, for t > 0, determine and sketch the Cartesian

equation of the path, and state the domain and range.

. IIZ3M Given the vector equation r(¢) = 5 sec(2f)i + 3 tan(21)j for ¢ > 0, determine and sketch the Cartesian

equation of the path, and state the domain and range.

. . t t . .
. Given the vector equation () =4 cot <5> i+ 3cosec <5 ) Jj for t >0, determine and sketch the Cartesian

equation of the path, and state the domain and range.

. I3 Show that the parametric equations x = % <t + l) and y= % (t - l) where 1 € R\{0} represent the
t t
2P
hyperbola — — — =1.
PR S T

and y= 3(1 —t2)
1+ 1+

represent the circle x> 4+ y> =9.

. Determine and sketch the Cartesian equation of the path for each of the following vector equations, and state

the domain and range.
a. [(t)=2ti+4t2jf0rt20 b. [(t)=(t—1)£'+3z:jf0rt20 c. [(t)=2t£'+8t3~jf0rt20

Determine and sketch the Cartesian equation of the path for each of the following vector equations, and state
the domain and range.

a. (=2t + lj for >0
t~

b. r(f) =2ti + (£ — 4n)j for 120

c. r(t)= <t+ 1) i+ <t—l>jf0rt>0
t t)*

Determine and sketch the Cartesian equation of the path for each of the following vector equations, and state
the domain and range.

a. r(ty=e i+ e*jfort>0

b. r=e""i+ (2+¢*)jfort>0

c.r)=ei+ (2+¢*)jfort>0
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12. Determine and sketch the Cartesian equation of the path for each of the following vector equations, and state
the domain and range.

a. r(t) =3 cos(?)i + 3sin(f)j for 1 >0
b. 1(f) = 4 cos(t)i + 3 sin(r)j for 1 >0
6. H(t) = 4sec(1)i + 3 tan(1)j for 120
13. Determine and sketch the Cartesian equation of the path for each of the following vector equations, and state
the domain and range.
a. r(H)= (1 +3 cos(t))g' + (3 sin() — Z)J fort>0
b. r(f) = (4 +3cos(t))i + (2sin(r) — 3)~] fort>0
c. ()= (2 -3 sec(t))z + (5 tan(¢) — 4)~J fort>0
Technology active

14. Determine and sketch the Cartesian equation of the path for each of the following vector equations, and state
the domain and range.

a. r(t)= cosz(t)i + sinz(t)j fort>0
b. r(t) = cos>(1)i + sin* (1)) for 1> 0
c. r(t) = cos*(t)i + sin4(t):j fort>0
15. Determine and sketch the Cartesian equation of the path for each of the following vector equations, and state
the domain and range.
a. r(t) = cos*(1)i + cos(21)j for t >0
b. () = cos()i + cos(21)j for 1> 0
. r(t) = sin(®)i + sin(20) for 1> 0

16. If @ and b are positive real numbers, show that the following vector equations give the same Cartesian

equation.
_p
a. r(t) =acos(t)i + asin(?)j and r(¢) = < 2at > i+ <M>j
” ” ~ - 1+2)~ 1+ )
b(1 -1
b. r(t) = acos(?)i + b sin(¢)j and r(t) = < 2at > i+ <g>]
- - ~ T 1+2)" 1+£2 )*

2
17. The position vector of a moving particle is given by r(#) = 2 sin(#)i + 2 sin(?) tan(#)j, for > 0. Show that the
5 J

c. r(t) = asec(t)i + btan(r)j, r(t) = % <t + l) i+ b (t— l) jand r(t) = g(ez’ +e )i+ 2(62’ — e
/] p PE )]

particle moves along the curve y = .
4—x2

a
+72

18. A curve called the Witch of Agnesi is defined by the parametric equations x =ar and y = ! Show that

3

Cartesian equation is given by y= -
a-+x

19. a. Show that cos(34) =4 cos*(A) — 3 cos(A).
b. A curve is defined by the parametric equations x =2 cos(#) and y =2 cos(37). Determine the Cartesian
equation of the curve.

20. a. Show that cos(44) = 8 cos*(4) — 8 cos?(A) + 1.
b. A curve is defined by the parametric equations x =2 cos?(f) and y = cos(4f). Determine the Cartesian
equation of the curve.

21. The position vector of a moving particle is given by r(¢) = 2 tan(#)i + 2 cosec(2¢)j for ¢t > 0. Show that the
x2+4

2
170 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition

particle moves along the curve y =




22. A curve is defined by the parametric equations x = cos(#) (sec(#) +acos()) and y = sin(t)(sec(t) +a cos(t))
for ¢ € [0, 27]. Show that the curve satisfies the implicit equation (x — 1)(x*> 4+ y*) —ax*> =0.

4 sin’(¢
23. A curve is defined by the parametric equations x =4 cos(¢) and y = ZL(()) for € [0, 27]. Show that the
=+ sin(z

curve satisfies the implicit equation y*(16 — x?) = (x*> + 8y — 16)°.
24. Given the vector equations, sketch the equation of the path of the following.

a. r(t) = cos(21)i + sin(4t)j for t > 0 b. r(t) =cos(21)i + sin(61)j for t > 0
25. Given the vector equations, sketch the equation of the path of the following.

a. r(t) = cos(31)i + sin(?)j for >0 b. 7(¢) =cos(31)i + sin(21)j for t > 0

26. Given the vector equations, sketch the equation of the path of the following.

a. The cycloid r(f) = 2(t - sin(t))g +2(1- cos(t))J fort>0
b. The cardioid r(r) = 2 cos() (1 +cos(r))i +2 sin(t)( 1+ cos(t))J fort>0

27. Given the vector equations, sketch the equation of the path of the deltoid
r(t) = (2 cos(f) +cos(2))i + (2 sin(t) — sin(2t))j for t> 0.

28. Given the vector equations, sketch the equation of the path of the hypercycloid
r(t) = (5 cos(t) +cos(51)) i + (5 sin(¢) — sin(SI))j.

3.6 Exam questions

Question 1 (1 mark)
Source: VCE 2017 Specialist Mathematics Exam 2, Section A, Q12; © VCAA.

I Let r () = <1 - \/Esin (t)) i+ <1 - % cos (t))J for >0 and a, b € R be the path of a particle moving in
the Cartesian plane.

The path of the particle will always be a circle if
A ab’*=1 B. a’h=1 C.ab*=1 D.ab=1 E. a’h=1

Question 2 (1 mark)
Source: VCE 2015 Specialist Mathematics Exam 2, Section A, Q1; © VCAA.

x=2% (=37

I3 The ellipse 5 + 2 =1 can be expressed in parametric form as
A.x=2+3tand y=3+2V1+2
B. x=2+3sec(?) and y=3 + 2 tan(r)
C. x=2+49cos(f) and y =3 + 4 sin(?)
D. x=3+2cos(?) and y=2 + 3 sin(¢)
E. x=2+3cos(t) and y =3 + 2 sin(¢)

Question 3 (3 marks)
Source: adapted from: VCE 2014 Specialist Mathematics Exam 1, Q2; © VCAA.

The position vector of a particle at time >0 is given by
r)=0=2)i+(F—4r+1)j

a. Show that the cartesian equation of the path followed by the particle is y = x> — 3. (1 mark)
b. Sketch the path followed by the particle on the axes below, labelling all important features. (2 marks)

More exam questions are available online.
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3.7 Review
3.7.1 Summary

doc-37057

Hey students! Now that it's time to revise this topic, go online to:

Access the Review your Watch teacher-led Practise VCAA
topic summary results videos exam questions

3.7 Exercise

Technology free: short answer

1. Consider the points A(4, —2,3) and B(10, 12, —3).
a. Calculate the distance between the points.

b. Determine the angle that the vector AB makes with the z-axis.
c. Determine the coordinates of the point P which is the midpoint of AB.
d. Determine the coordinates of the point Q which divides the line segment AB in the ratio 1:2.

2. Given the points A(8, -3, 5), B(2,—1,3) and C(5, 4, —1), show that ABC forms a right angled triangle at B,
and hence calculate the area of the triangle.

3. Consider the vectors ¢ =4i —3j — 8k and b = —2i + yj + 4k.

Determine the value of the scalar y if:
a. the length of the vector b is 5

b. 3a + 2b is parallel to the xz plane
c. g is parallel to the vector b
d. a is perpendicular to the vector b.

4. Consider the points A(—2, 2, 1) and B(1, 4, 3).

a. Determine the vector component of OB perpendicular to OA.
b. Hence, determine the closest distance of the point B to the vector OA.

5. P, Q and R are the three points given by P(x, 3, —1), Q(2, —1, 5), R(—1, 1, 2).

Detej)nine the value(s) of x if:
a. PQ is parallel to the yz plane

b. @ is parallel to @é

(2}

. FQ is perpendicular to @é

d. the vector ?Q has a length of 9

o

— -1
. the vector PQ makes an angle of cos™! (—) with the x-axis.
V13

6. Prove that the sum of the squares of the lengths of the diagonals of a parallelogram is equal to the sum of
the squares of the lengths of the sides.
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7. ABC is aright-angled triangle at B. Let g = OA, b= OB and c= OC. Show that:

8.

a. [b’=a-b+b-c—ca
b. if the angle CAB =6, use the fact that CB = AB — AC to prove the cosine rule.

A particle moves along the vector equation r (1) = (2 +3 cos(t)) i+ (4 + 2 sin(¥) ) j, for t > 0, determine and
sketch the Cartesian equation of the path, stating the domain and range.

Technology active: multiple choice

9. I A vector which is not a unit vector is

10.

11.

12,

13.

14.

15.

1
A —=(i+j+k)
3 A

1
B. — (V5i+V6j+1/7k
3\/5( : )
no

1/, .
D.§<2L+\/§!+215)

E. I (2 +3j+4K)
V29 :

T3 A vector in the opposite direction to —2i + j — 2 k with magnitude 9 is

A.9Qi—j+2k) B.3Qi—j+2k) C.9(=2i+j—2k) D.3(-2i+j—2k E.%(Zé—]+2]g)

DA Ifg=i—mj—2kand b=—2i+j—nk and g and b are perpendicular, then it is possible that
A.-m=2andn=2

B.m=—-2andn=-2

C.m=—-2andn=-4

D.m=-2andn=2

E.m=2andn=-2

A If the length of the vector i —j + 7k is 4 then the possible value(s) of 7 are
A 42 B. +2 c.2 D. +4/14 E. V2

I If m and n are real constants, then the two vectors n i + \/ﬁj —nk and 4i — 2@ Jj— \/Elg are parallel
when

A.n=—landm=1
.n=—2andm=4
.n=—2andm=16
.n=2andm=—-4
n=2_8

moOOmw

1
A If the vector 3 (—i+j+ zk) makes an angle of 135° with the positive z-axis, then the value(s) of z are

A =2 B. £1/2 c. V2 D. V2 E. V2

2 2

I3 A, B and C are points with an origin O and given the non-zero vectors OA =a, OB =b and OC = c.
If c —b=1t(a—b) where ¢ is a real non-zero constant, then the statement which must be true is

A. b and c are linearly independent.
B. b and c are linearly dependent.
C. A, B and C are collinear and g, b and c are linearly dependent.
D. A, B and C are collinear and g, b and ¢ are linearly independent.
E. B and C are collinear and b and ¢ are linearly dependent.
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16. I To prove that the triangle OAB is isosceles, with OA = a and OB = b it is sufficient to prove that

A.a=b
B.a.b =
C. 2 @+b)-(a+h)=0
. (b= (b-0) =0

E S @+ (k-0 =0

17. I Two vectors a and b are such that g- b =0, a-a=1 and b- b =4. The statement which is true is

A. a is parallel to the vector b and |a + b| = V3.

B. g is parallel to the vector b and the length of the vector b is 2.
C. g is a unit vector and |a + b| =5.

D. a is perpendicular to the vector b and |a + b| = 5.

E. a is perpendicular to the vector b and |a + b| = V5.

18. I If the vector equation of a moving particle is given by r (¢) = <t + l) i+ <t2 + %) J» t>0 then the
‘ J
particle moves as part of a

A. straight line path. B. parabolic path.
C. circular path. D. elliptical path.
E. hyperbolic path.

Technology active: extended response

19. The position vector of a moving particle is given by 7 (¢) = 3 (e +e )i+ > (e —e™) j, for 1 >0.

Determine and sketch the Cartesian equation of the path, stating the domain and range.

20. A ship moves 700 metres due west, then turns and moves 4 km in a south
direction, then finally turns again and moves in a direction SS0O°E for a
further 3 km. If 7, j and k represent unit vectors of one kilometer in the
directions of east, north and vertically upwards respectively, determine
the position vector of the mast of the ship which is 50 metres above
the level of the ship (giving values rounded to 2 decimal places where
necessary) and calculate the distance, to the nearest metre, of the mast of
the ship from its initial point.

3.7 Exam questions

Question 1 (4 marks)
Source: VCE 2020 Specialist Mathematics Exam 1, Q5; © VCAA.

Let a=2i—3j+ kand b= i+ mj—k, where m is an integer.

. L N b .
The vector resolute of @ in the direction of b is T (i+mj—k).

a. Find the value of m. (3 marks)
b. Find the component of ¢ that is perpendicular to b. (1 mark)
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Question 2 (1 mark) NS 0TE

Source: VCE 2020 Specialist Mathematics Exam 2, Section A, Q16; © VCAA.
ITA Let g =i —2j + 2k and b = 2i — 4j + 4k, where the acute angle between these vectors is 6.

The value of sin(20) is
4
Al g 15 o, V5 b, 8V5 g 2V
9 9 81 81 25

Question 3 (11 marks) L GOTH

Source: VCE 2019 Specialist Mathematics Exam 2, Section B, Q4; © VCAA.

The base of a pyramid is the parallelogram ABCD with vertices at points A(2, —1, 3), B(4, -2, 1), C(a, b, c¢) and
D(4,3,—1). The apex (top) of the pyramid is located at P(4, —4,9).

a. Find the values of a, b and c. (2 marks)
b. Find the cosine of the angle between the vectors AB and AD. (2 marks)
c. Find the area of the base of the pyramid. (2 marks)
d. Show that 6i + 2j + 5k is perpendicular to both AB and E, and hence find a unit vector that is
perpendicular to the base of the pyramid. (3 marks)
e. Find the volume of the pyramid. (2 marks)

Question 4 (2 marks)
Source: VCE 2018 Specialist Mathematics Exam 1, Q9a; © VCAA.

2
A curve is specified parametrically by r(¢) = sec(?)i + % tan(r)j, t €R.

Show that the cartesian equation of the curve is x*> — 2y = 1.

Question 5 (4 marks)
Source: VCE 2017 Specialist Mathematics Exam 1, Q5; © VCAA.

Relative to a fixed origin, the points B, C and D are defined respectively by the position vectors
b=i—j+2k, ¢=2i—j+kand d=ai—2j, where a is a real constant.

Given that the magnitude of angle BCD is %, find a.

More exam questions are available online.

Hey students! Access past VCAA examinations in learnON

Sit past VCAA Receive immediate Identify strengths
examinations feedback and weaknesses

Find all this and MORE in jacPLUS (C)

Hey teachers! Create custom assignments for this topic

— Create and assign Access quarantined e — Track your
"o L

unique tests and exams tests and assessments 4y  students’ results

Find all this and MORE in jacPLUS C)
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Answers ra 25 bl

: 3
Topic 3 Vectors sa x2y21 b3
3.2 Vectors in two dimensions 9.7
3.2 Exercise 10.7
— 11. a. 680.36i — 1615.68j + 150k
1. 3AB ~ = ~
— b. 1759.5 metres
2304 12 2684.0i — 1879.4j + 800k
3.a. 3AC b. 504 s 2 g -
. . b. 3373 metres
4.a.60B b. 20A 13, 14. Sample responses can be found in the worked solutions
5. AB =2BC in the online resources.
T TS 15. a. 2i — 4j + 4k
6. PR =3RQ ~ s
. L b. 6i — 8 — 24k
7-10. Sample responses can be found in the worked solutions in =L T
the online resources. c. 10i + 6/ — 8k
11. a.a= OA = CB = DE = GF 16. a, b. Sample responses can be found in the worked solutions
b.c= OC = AB = EF = DG in the online resources.
c.d= OD = AE = CG = BF o4
d. ~i.a +e ic—d 17. a, b Sample responses can be found in the worked solutions
i ~—(a~+ c+d) v.ate—d in the online resources.
.—(a+c+d .a+c—d 5
12-24. Sample responses can be found in the worked solutions c.x= 3 y=6

in the online resources. o S o
25. a-c. Sample responses can be found in the worked solutions ~ 18- a-4i+2%+k  b. =3i+3j+2k c. =2i+)+ 3k

in the online resources _ 4 1
d. All are coincident at the centroid of the triangle. 19.a.¢= 513 —5¢ b > ¢ 6
1 1
26. a. Z(g +b+o) b. Z(g +b+o¢) 20. —2i —j+ 0.5k, 2.29km
1 o 21. —141.42i 4+ 188.21j + 3.83k, 235.45 m
c. Z(g +b+o) d. All are coincident. 22. 40.575i + 17.207k, 52.48 km
_ 23. 143.3°
3.2 Exam questions 24, —\/3
Note: Mark allocations are available with the fully worked 1
solutions online. 25. a. ?(—ZZ +4j+k  b.115.9°

1. i.m=u+—v
~THe

1
1 26. a. ——(3i+5j — 2k) b. 35.8°
ii. CM:E(y—y) V38 -
— 1 1
BP =—v——-u 27. a. ——(2i + 3j —4k) b. 138.0°
Z 2= \/2—9 £
iii. AN + CM + BP =0
. - . 28. a. /62
2. Sample responses can be found in the worked solutions in the .
online resources. b 15;)'5
3.D c. —(—=i+j+3k
11 :
3.3 Vectors in three dimensions 29, & —3 b, £2/5
3.3 Exercise 5
. . 1 30. a. £34/10 b. —i
1.a.2i—2—k b. =(2i —2j — k) 2
1 30 31.a. £21/6 b. =2
2. —Qi—4j—k T ’
V21 - 32. —1342.05{ — 1159.03j + 2132.09%, 2773.14 m
1 33. 2. £1/5 b. 60° c. 135°
3. ——(2i—2j+5k)
V33~ =~ 34.a.p=—-4,g=-3,r=5
4. 13 24/3 V33
b.x==% i, y=*x—
5.4 3 3

6.x=—1,y=2,z=-7
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3.3 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1.p€R\{i \/3}
2. E
3.d=1

3.4 Scalar product and applications

3.4 Exercise

1. —12

2. 15

3.a. 12 b. =30 c. =21

4, =21

5.7

6.a. —16 b. 3 c. 0

7. —1

8. —1,5

9. a. _§, b. 3 c i2\/§

3

10. a. =3 b. 39 c. £4/107
3 49

1. a = b. —— 3£2v/3
2 4 C.

12. 54.74°

13. —\/6

14. /22

15. 6

16. a, b. Sample responses can be found in the worked solutions

in the online resources.
c. The dot product is distributive over addition and
subtraction.

d. It is meaningless; the dot product of a scalar and vector

cannot be found.
17.a. 5

5
b. =(i —2j — 2k
FU-%-20
1
o 3101+ +4k)
2
18.a. S(=i+4/+20)

8
b =20 —j+3b)

13
19. a. =3 b. = .33 d.3
20. 5, =3
21. a. 5, 2 b. 2 c.3
7

22, a.

23. a.

24.

25.

26.

27.

28.

29.
30.

31.

32.

33.

1 6
a. —@Gi—j—4k) b —

Vae T V26

3 1
= @Bi—j— 4k d. —(17i — 49j + 25k
ERTI ERE R Al
6. 75.12°

1
a Qi+j =20 b. 6
c. 22i +j— 2k) d —i—k
e. 13.26°
a. i —2j+ 3k 2 — 2 — 2k

b. 42.79°
1

a. —@Bi—j—k b.

Vit

1
o T(=5i+9=24k) .

Boisisp
TR

148.8°

Sample responses can be found in the worked solutions in

the online resources.
33

a. 0

b. 0

c. It is possible that @ = c. It is possible that b is

perpendicular to a — c.

a. Sample responses can be found in the worked solutions

in the online resources.

b. [u] = V/5and [v] = v100r [u] =V/10and |y| =+/5

a. Sample responses can be found in the worked solutions

in the online resources.

1
b. (70 =5/ = 2K)

c. Sample responses can be found in the worked solutions

in the online resources.
d. x> +y* + 2 =350

—8x+2y+6z=-26

—6x+ 8y —27=-26

25 37
e. (13,9,10) or <——, Y

3

324/3
3
g. 80.95°

34>
T3

a. Sample responses can be found in the worked solutions

in the online resources.

(-37)
b.|{—=,=,2
2°2

c. Sample responses can be found in the worked solutions

in the online resources.
891
d. ¥ +y2 +7=—
4x+2y—4z=-9
2x—2y—8z=-18
2x+4y+4z=9
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2 27) 3y
f. 84.23°

“ ( 3 ) or <2_7 et 9) 21 2. Part of parabola y = 2% + 3; domain [0, o), range [3, o0)

3.4 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. E

2.C
1
s.a.a=—(\3i—j—V2b
~ \/8 J

b. 45°
c.m=6+5\/§

3.5 Vector proofs using the scalar product

3.5 Exercise

1, 2. Sample responses can be found in the worked solutions in
the online resources.

1
3. =861
2
4 ! 870
2 At M s o ST
5-13. Sample responses can be found in the worked solutions in 4 Ellipse 4 + 9 1; domain [3, 7], range
the onlinle resources. [=7,—1]
14.a. OM = 5(@+lg) S NP
b, c. Sample responses can be found in the worked solutions - :
in the online resources. 0 *
15. Sample responses can be found in the worked solutions in G, ) > 7.4
the online resources.
— 1 — 1 5.-7
16. a. OPZE(g+g),OQ:5(Ig+g) v
b, c. Sample responses can be found in the worked solutions 2 2 3x
in the online resources. 5. Hyperbola — — — =1, asymptotes y = *= g; domain
17. Sample responses can be found in the worked solutions in (—o0, —=5]U[5, o), range R
the online resources. y
A

3.5 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1. E

2. A

3. a.a:\/g

b. Sample responses can be found in the worked solutions in
the online resources.

3.6 Parametric equations

3.6 Exercise
1. Part of parabola y = (x — 2)2; domain [1, c0), range [0, o0)
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2 2 1 '
6. Hyperbola it 1, asymptotes y = % 34_)‘; domain R, b. Part of a parabola, y = Z(xZ — 8x); domain [0, o),
range (—oo, —3] U [3, c0) range [—4, o0)
YA
(0,0) (8,0)
0 X
4, -4)
Y

7, 8. Sample responses can be found in the worked solutions in
the online resources.
9. a. Part of a parabola, y = x*; domain [0, o0), range [0, c0)

c. Part of a hyperbola, y = V/x2 — 4; domain [2, c0),
range R
N\ YA

b. Part of a straight line, y = 3x + 3; domain [—1, o0), range
[0, c0)

1
11. a. Part of a hyperbola, y = —; domain (0, 1], range [1, c0)
X

Y}

. n

A
<Y

c. Part of a cubic, y = x*; domain [0, 00), range [0, c0)
Y,

(2’ 8) x=0

Y
1

b. Part of a truncus, y =2 + = domain (0, 1], range [3, o0)
X

YA

(1,3)

A
=
=Y
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c. Part of a parabola, y=2 + xz; domain [1, c0), 13. a. Circle with centre at (1, —2), radius 3,

range [3, o0) (x— 1)2 +O+ 2)2 = 9; domain [—2, 4], range [—5, 1]
YA y
2,6
(2,6) (1.1
1,3 k X
(-2,-2) ° 4,-2)
(1,-2)
- 5 >
Y
12. a. Circle with centre at the origin, radius 3, 2+ y2 =9; (x— 4)2 O+ 3)2
domain [—3, 3], range [—3, 3] b. Ellipse with centre at (4, —3), + T =1;
domain [1, 7], range [—5, —1]
YA
0 @0 g
(1,-3) - (7,-3)
4,-5)
Y

x=2" (+4)7

. . o X y2 . c. Hyperbola with centre (2, —4), ——— — =1,
b. Ellipse with centre at the origin, — + — = 1; domain 9 25
16 9 5x 22 S5x .
[—4,4], range [-3,3] asymptotes y = — — —, y = -3 73 domain
YA (=00, —1]U[5, o0), range R
X YA
©,3)
(-4,0) 4,0) - :x
0 X
0,-3)
Y
xz y2 ; y ;
c. Hyperbola with centre at the origin, E - 3 =1, 14. a. Part of a straight line, y = 1 — x; domain [0, 1],
3x ) range [0, 1]
asymptotes y = %+ Z; domain (—o0, —4]U [4, ), :
range R
O, 1)
D o "qo x
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b. x§ + y§ = 1; domain [—1, 1], range [—1, 1] 20. a. Sample responses can be found in the worked solutions

in the online resources.

Y
b.y=2x" —4x+1
21-23. Sample responses can be found in the worked solutions
in the online resources.
24. a.

c. \/§ + \/)—c = 1; domain [0, 1], range [0, 1]
Y

15. a. Part of a straight line, y = 2x — 1; domain [0, 1],

range [—1, 1]
Y
/(1, 1))
* 0 :x

b. Part of a parabola, y = 2x% — 1; domain [—1, 1],
range [—1, 1]
-1, 1) Yo (1,1

c.y==%2xV1—x? domain [—1, 1], range [—1, 1]

y
(-1,0) (1,0) 4
X

3 -

16. a. Circle, centre at the origin, radius a, x> + y* = a* 2

2 |-

b. Ellipse, centre at the origin, — + — =1
a?  b?

|l T 1 >
2y 0 12 24 36

c. Hyperbola, centre at the origin, i =1

17, 18. Sample responses can be found in the worked solutions
in the online resources.
19. a. Sample responses can be found in the worked solutions
in the online resources.

b. y=x>—3x

TOPIC 3 Vectors 181



123456°%

Y

3.6 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1. A

2.E

3. a. Sample responses can be found in the worked solutions in

the online resources.

\

3.7 Review

3.7 Exercise
Technology free: short answer

-6
1. a. 21/67 b. cos™! <-—)
24/67
8
(65)
3

c. (7,5,0)

2.5v/22

3.a.i\/§ b.g c_é d.—@
2 2

4.a.3i+2j+ 2k
5.a.2

d.2+4/29

6, 7. Sample responses can be found in the worked solutions in
the online resources.

_? —4)’
8. Ellipse =2 + (y )
[—1,5], range [2, 6]
y
A5 ©
4+\;?
4 3’2_0

V9 2

e. ——
3

=1, centre (2,4), domain

Technology active: multiple choice
9.D
10.
11.
12,
13.
14.
15.
16.
17.
18.

Technology active: extended response
2 2

19. Hyperbola a=— Smii= 1
. eroola — — — =
P 9 25

mm O Qg »w

s}

S5x
Asymptotes y = % ?, domain [3, o), range R

// -6 \
y Y \

20. 1.598i — 5.928j + 0.05k, 6140 m
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3.7 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1
1.aam=4 b.1—8-(47l'—10j+7l~€)

2. D
3.a.a=6, b=2, c=-3

4
b. cos(B) = 5

c. 2\/6

d. Sample responses can be found in the worked solutions in
the online resources.
e. 24
. Sample responses can be found in the worked solutions in the
online resources.
. =2







Vector equations of lines
4 and planes

LEARNING SEQUENCE

Aol OVEIVIEBW ...ttt ettt ettt
4.2 Vector cross product ..........
4.3 Lines in three dimensions ...
4.4 Planes ...,
A5 REBVIBW ...t

Fully worked solutions for this topic are available online.




4.1 Overview

Hey students! Bring these pages to life online AN ,ZQ
Watch Engage with Answer questions ',) ?
videos interactivities and check results /°

4.1.1 Introduction

In this topic we extend the concepts learned in the previous topic to cover the vector cross product, and vector,
parametric and Cartesian equations of lines and planes in two and three dimensions. In subtopic 4.2 we will
revise some matrix arithmetic and learn how the determinants of 3 x 3 matrices can be used to evaluate vector
cross products.

In two dimensions, the equation ax + by = c represents a line, so you may expect that in three dimensions the
equation ax + by + cz =d also represents a line; however, this equation actually represents a plane. A plane can
be thought of as an infinite set of points forming a connected flat surface extending infinitely in all directions. A
plane has an infinite length and width but zero height or thickness. In three dimensions planes are defined by a
point which is on the plane and a vector which is normal to the plane.

Once we have learnt how to express lines and planes in three dimensions using equations, we will look at how
we can determine the points of intersection of lines and planes, the shortest distances between points and lines or
planes, and even the angles at which lines and planes intersect.

KEY CONCEPTS

This topic covers the following key concepts from the VCE Mathematics Study Design:
e vector (cross) product of two vectors in three dimensions, including the determinant form
e vector equation of a straight line, given the position of two points, or equivalent information, in both
two and three dimensions
e vector cross product, normal to a plane and vector, parametric and Cartesian equations of a plane

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.
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4.2 \/ector cross product

LEARNING INTENTION

At the end of this subtopic you should be able to:
e calculate the vector cross product of two vectors.

4.2.1 Vector products

We have seen that we can multiply two vectors together according to the definition of the dot or scalar product
and obtain a scalar. We can also multiply two vectors together according to the vector cross product or vector
product and obtain a vector.

Definition of the cross product

If g and b are two non-zero vectors in three dimensions and © is the angle between ¢ and b where 0 <0 <7 and
71 is a unit vector which is perpendicular to both g and b, then we define the cross or vector product of g and b in
that order as given by g X b =|q||b|sin(6)7. This is read as g cross b.

The vector cross product

axb=lallb] sin(©)h

The orientation of the vector cross product is given by the right-handed coordinate system. To determine the
direction of g X b, use your right hand and curl your fingers from g to 5. The direction of @ X b is the direction
in which your thumb is pointing.

Consider taking the cross product of ¢ and b in the opposite order, b X a. This time you will need to curl your
fingers from b to g, giving a direction which is opposite to the direction of a X b.

L
7\

a

1R
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Properties of the cross product

Notice that the vector cross product is not commutative, in fact a X b=—b X a.
We must pay specific attention to the order of the factors.
If a=0or b=0 orif g is parallel to b then 6 =0 or 7, in which case g X b =0 (note that this is the zero vector).

These properties, and some additional properties of the cross product are summarised below.

Properties of the cross product

*axb=-bxa

*axa=0

*ax0=0
cax@G+o=axbtaxc

* (A@)xXb=1(axb)=ax(4b)

Component forms

Applying these properties to the unit vectors i, J and k:

iXj=k, jXk=1i, kxi=j(by the right-hand rule)

And since g X b= —bXa, it follows that /X i=—k, kXj=—1, i Xk=—].

Also recall that i X =0, jxj=0and kxXk=0.

Consider the following vectors, ¢ and b which are in component form.

a=xji+yj+zkand b=xi+y,j+ 2k

Using the properties of the cross product, the cross product of g and b can be determined as follows,
axb=(x;i+yj+21k) X (i + Yy +20k)
axXb=x0X (X0 + yof + 22K) + y1J X (¥i + yoj + 20K) + 21k X (%20 + ya) + 22K)

and ignoring all the zero vectors,

axXb=x1y; (i X))+ X120 (I XK) +y1X G X D)+ y120 GXK) + 2100 (kX D) + 2192 (kX))
aXb = x1y,k —x12] = 10k + Y1220 + 21X0] — 212k

factorising the unit vectors, gives

axb=iza—z21y2) i+ (%21 —X122)j + (X1y2 = X2y1) k

Now this result is too difficult to remember as a general formula so we digress to and revise 2 X 2 determinants
which will make it easier to compute the cross product.
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4.2.2 Determinants

Determinants of 2 X 2 matrices
When studying matrices, we have seen that the determinant is a number associated with a square matrix. For a

2 X 2 matrix, A = [? ] , the determinant is denoted by the symbol A and is written with straight lines, rather

d

than square brackets as for the matrix, A =det(A) = Z Z‘

To calculate the value of the determinant, multiply the elements in the leading diagonal and subtract the product

Z=ad—bc.

a
of the other two elements, A = ‘c

2 X 2 determinants

a b
A= c d‘ =ad — bc
WORKED EXAMPLE 1 Calculating the determinant of a 2 x 2 matrix
-5 4
Evaluate 2 3‘
THINK WRITE
. . . . -5 4
1. Multiply the elements in the leading diagonal and subtract ‘ > =—-5%X3-4X%2
the product of the other two elements
2. State the final result, as the value of the determinant. =—15-8
=-23
Determinants of 3 x 3 matrices
12 XV
Consider a3 X3 matrix A=|x, Yy, 2|, then a3 X3 determinant is of the formdet(A)=A=|x, y, 25|
X3 Y3 &3

X3 V3 23

There are a couple of methods which can be used to evaluate a 3 X 3 determinant. The one that we will use is to
proceed across the first row multiplying that element by the 2 X 2 determinant that remains when we delete the
row and column in which that element appears. Then multiply out each 2 by 2 determinant also following the

oo SR Z X Z X
sign pattern | — + —|on the coefficients. Sothat A=|x, y, 2z|=x; % 22 -y x2 24z xz %]
+ - 4+ X3 Y3 23 3 3 3 )3

Note that there is a negative sign in front of the term y, since its position in the 3 X 3 matrix is negative in the
sign pattern matrix.

3 x 3 determinants

Pl o y, 22 X2 2 X2 Y
A=|x2 y, 22|=x y2 = - %5 3 +24 3 y2
3 3

X3 Y3 23
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WORKED EXAMPLE 2 Calculating the determinant of a 3 x 3 matrix

e | 2 1
Evaluate |—5 3 4
2 -1 3
THINK WRITE
—1 2 1
1. Expand across the first row, A=|-5 3 4
multiplying each element by the 2 =l g
2 X 2 determinant which remains, 3 4 -5 4 -5 3
and following the sign pattern. =-1 -1 3| 2 2 3 +1 2 1
2. Multiply and expand each 2 X 2 =—1BX%X3—-4Xx—-1)—2(-5%X3—-4Xx2)+1(-5x—-1—-3X%X2)
determinant. =—1094+4)—2(-15-8)+1(5-6)
=—13+46—-1
=32
3. State the final result, as the value of A =32
the determinant.
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
Use the command det() Use the command det() and © &9 Action Inaractive
and insert the matrix in the iy g 2 insert the matrix in the brackets. [=1°" :
brackets. d“(] s 3 4D
2 =13

Math? |[fine | ™ | vl | x | o
wie [ TalT 1=

Mathd
Trig
Var
o) |
v+ |% |G |ws o

W/ | &0 &0 /| i
w0 (= |28 &= | [

cos |tan | O t

Aig $Standard Cplx Rad ]

4.2.3 Using determinants to calculate the vector cross product

The vector cross product of two vectors in component form can be calculated using determinants as follows.

Vector cross product using determinants
Givena =xi +y1j+z1k and b =xi +y»j + z2k:

i j ok

X1 N

T2 2

Y1 21
Y2 22

X1 z21

1

Xb=|x1 y1 z1|=1i

X2 22
X2 Y2 22

Xb = (122 —21y2) i + (6221 — X122)J + (¥1y2 —X2y1) k

1

Now, since g X b is a vector perpendicular to both ¢ and b, we can determine a unit vector perpendicular to both

axb B
a and b as 1 =+ —— . Note that there are two possibilities, one up and one down.
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WORKED EXAMPLE 3 Calculating the vector cross product

Consider the vectorsa=—i+2j+k and b =—5i + 3/ + 4k.
a. Evaluate a x b.
b. Determine a unit vector perpendicular to both ¢ and 5.

THINK WRITE
ig ok
a. 1. Use the results to express the cross product in terms of the a. axb=|_1 2
determinant. -5 3 4
S . 2 1) -1 1 =12
2. Expand across the first row, multiplying the unit vectors =iy 4|5 4 +k| s 3

by the 2 X 2 determinant that remains, following the
sign pattern.

3. Evaluate the 2 X 2 determinants. =@8—-3)i—(—4+ S)J +(=3+10)k

=5i—j+7k
4. State the result. axXb=5i—j+7k

. Calculate the magnitude of the cross product vector. b.

.. . . . axb 1 -
2. Divide the vector a X b by its magnitude. n== l; =+ ——0Oi—j+7k
B . . . a &
Note that there are two vectors, in either direction, so give |~ S ~| 5 \/5
the * of the vectors.
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
Define the vectors a and b. peysp | Use the command crossP to © £t Action Intersctive
: I EESEEE)
Use the command crossP to a=[-1 2 1] 12 4] determine the vector g X . crossP((-1 2 11,05 3 4) 0
. (Note: Vectors can be defined s-1 18
determine the vector a X b. bie[-s 3 4] [ 2 4] . RS
Se (e as column or row matrices.) il = —
Use the command unitV cro.ss Use the command unitV 3 18 T]
to determine a unit vector wiels -1 7) [£ s LS ﬁ] to determine a unit vector B s
. . 3 15 15 M
perpendicular to g and b (in perpendicular to g and b (in T B
the direction of X ). the direction of @ X b). Mok [ o | ¢ | =
~ ~ Mat 1 1

w [0 &0 /= s
CHENEEIEIN S

sin [cos (tan| @ | ¢

Trig
Var
S :

T« | % |G |ws |Ex

g Stendard  Cplx  Rad -

4.2.4 Applications of the cross product

Area of a triangle

Consider the triangle PQOR, in three dimensional space.

R
I
l
N
1
1
-

TOPIC 4 Vector equations of lines and planes 191



The area of the triangle is A = % X base X height = % ‘ FQ | h, but sin(0) = é Rearranging this to
PR

h= .ﬁﬂ sin(6) and substituting it into the area formula gives A = % |@‘ ‘Hﬂ sin(0). Using the definition of

the cross product and taking the magnitudes of the components: | P—Q X ﬁﬂ = |?Q‘ ‘ﬁﬂ sin(6) 7. Since |71| =1
it follows that | PQ x PR |=|PQ||PR]|sin(6).

The area of a triangle POR is therefore equal to half of the magnitude of FQ X PR.

Area of a triangle

The area of a triangle POR is given by the following formula.

A=§|Tgxﬁi|

WORKED EXAMPLE 4 Calculating the area of a triangle

Calculate the area of the triangle with vertices P(1,3,2), Q(2, —1, 1) and R(-1, 2, 3).
THINK WRITE

1. Give the position vectors of the points P, Q OP = i+3j+2k
and R. @=2Z—j+k
OR = —i+2j+3k

2. Determine the vector ?Q P_Q) = @ - OP
=i—4j—k
3. Determine the vector PR. PR = OR — OP
=—2i—j+k
- ik
4. Calculate the cross product of the vectors PQ PO X PR =| 1 -4 —1
and PR. ! 1
s -4 -1 | 1 -1 1 —4
5. Expand across the first row, multiplying the =i =Jj +k
. . ~1-1 1| <=2 | ~{-2 -1
unit vectors by the 2 X 2 determinant that
remains, following the sign pattern.
6. Expand each 2 X 2 determinant. =i(—4—-1)—j(1—-2)+k(=1-38)
=—5i+j—9%
7. State the vector which represents the cross @ X PR = -5 i+j—9

product.
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8. Calculate the magnitude of this cross product | FQ X ﬁ| = \/ (—5)2 + 12+ (—9)2

vector. =1/25+1+381

= /107

9. The area of the triangle is half the magnitude = The area of the triangle is ! V 107.
of the cross product vector. State the result. 2

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS @

Technology free
1. IEZM Evaluate each of the following:

I b | 4 —1‘
12 -1 -3 2
2. [l Evaluate each of the following:
5 2 1 1 =2 3
a. |3 4 =2 b.2 4 2
1 2 3 5 31

3. a. Given the vectors u =2i —j+ 4k and v = —i + 2j — 3k calculate u X y.
b. Evaluate (i +j — 3k) X (2i +).
c. Given the vectors r=2i — 3j and s = 3i + 2j + 4k calculate r X s.

4. I Determine a unit vector perpendicular to the following vectors.
a. 3i —j+2kand 4i — 2j + 5k
b. 5i—2j—3kand —2i+3j+k
c. =5i+2j+3kand 2i —j—2k
5. Answer the following questions given the vectors ¢ =3i —2j+ 4k, b=i+j— 3k and ¢ =4i — 3j + 5k.
a. Show thata X (b+c)=aXb+aXc.
b. Show thata X (b—c)=aXb—aXc.
c. Describe what property parts a and b illustrate.
d. Evaluate (a+b)X(a—b)and bXa—aXxb.
e. Calculate g X ¢ and hence without finding further cross products, deduce the value of (a + ¢) X (@ — ¢).

6. I Calculate the area of a triangle with the following vertices.
a. AQ2,—-1, 3), B(1,—-2, 4) and C(4, 3,—1).
b. P(3, 1,—1), O(1, 0, 2) and R(2, 2, —3).
c. A(—4, 2,—1), B(~=2, 1,—3) and C(=3, 2, ).
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7. If a=5i —j+ Tk and b =5i + 3j + 4k answer the following questions.

. Determine the length of the vector a.

. Determine the length of the vector b.

. Evaluate g - b.

. Evaluate the angle between the vectors ¢ and b.

. Evaluate a X b.

. Determine a unit vector 71 perpendicular to both ¢ and b.
. Verify that a X b = |a||b|sin(0)7.

. Show that |a x b|* = |a|* [bI* - (- b)".

0 Q L 0 Q0 T O

8. If a=5i—2j+4k, b=2i+3j—k and ¢ = a X b answer the following questions.

. Determine the vector c.

. Calculate g - b.

. Calculate g - ¢

. Calculate b - c.

. Explain your answers to ¢ and d.

. Determine whether the vectors g, b and ¢ are linearly dependant or independent. Explain your answer.

- O 2 O T o

9. Given the vectors p =xi +yj — k and g =4i — 2j 4+ 2k determine the values of x and y if:

a.pxq=0
b. p-g=0and |p|=V14.

10. a. Calculate the value of y if p=3i+yj—kand g=4i+yj—2kand p X q=3i+2j+ 3k
b. If r=xi+ 2] kand s= 41 4] + zk and rXs=0, determine the values of x and z.
c. Given the vectors a = ti — Jj+ 2tk and b=2ti + 3j — tk, determine the value of 7 if laxb|= 10\/_

11. a. By taking the cross product of the vectors a = cos(a)i + sm(oc)] and b =cos(B)i + sm(,B)] and interpreting
geometrically deduce that sin(8 — a) = sin(f3) cos(a) — cos(f3) sin(a).
b. When a force F moves a point from A to B producing a displacement s = E the torque produced is
T =F'Xs. Calculate the magnitude of the torque when the force F'=3i + 2j — k moves the point
A(1, —1, 2) to the point B (2, —1, 4). )

12. a. The expression a X b - ¢ is called the scalar triple product. Explain why the expression
(@axb)-c=axb-cdoes not require the brackets.
For the vectors @ =2i + j — 4k, b=3i —2j — k and ¢ = i + 2j — 3k evaluate:

b.axb-c
c.a-bxc
d.cxa-b
2 1 —4
e.|3 -2 -1
1 2 =3

13. a. Expressions such as (¢ X b) X ¢ or a X (b X ¢) are called vector triple products.
State some meaning to the expression ax b Xc.
b. For the vectors a=1— 2] +3k,b=2i—j—kand c=3i+ 4] 2k answer the following questions.

i. Evaluate (a xb)Xc.

ii. Evaluate a X (bXc).
iii. Determine if (aXb)Xc=aX (bXc).
iv. Show thatax(bxc)=(a-c)b—(a-b)

v. Show that (axb)Xc=(a-c)b—(b-¢)a.
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Technology active
14. For each of the following, given the vector @ =xi + i+ zk, determine the values of x, y and z if:
a. b=3i— ]+2k axb——2l+8]+7kanda b=17
b. b=2i— 3] +2k, axb=5i+ 18] + 22k and g and b are perpendicular
c.b=2i+ 3] Sk,axb=Ti+ 12] + 10k and the length of the vector g is 3
d. b=3i— 2] + 4k, axb=26i+ 23] 8k and the length of the vector g is 3\/_

4.2 Exam questions

Question 1 (1 mark) [ESFG0E
I Which of the following statements imply that a X b =0?

A. g and b are perpendicular
B. ¢ and b are parallel

c. lal =1t
D
E

l@z

. Neither g or b are the zero vector
- lal <]l <1

Question 2 (3 marks)
Consider the points P(3, 0, 0) , Q(0, =2, 0) and R(0, 0, 1).

Determine the area of the triangle POR using a vector method.

Question 3 (2 marks)
For any two vectors g and b, show that |a X l~)|2 = |6~l|2 |l~7|2 —(a-b).

More exam questions are available online.

4.3 Lines in three dimensions

LEARNING INTENTION

At the end of this subtopic you should be able to:
e determine the vector equation of a straight line, given the position of two points, or equivalent
information, in both two and three dimensions.

4.3.1 The equation of a line

To uniquely define a line in three dimensions, we need to specify a point on the line and the direction of the line.
Consider a line with direction v = ai + bj + ck passing through a given fixed point Py(xy, yo, 2o). Let P(x, y, 2)
be any general point on the line. If O is the origin, then the vector from the origin to the fixed point PO is given
by ry= OPO =Xol+yo/ + Zok. Now consider the vector from the origin to the general point P, that is OP . This
vector is denoted by the position vector r () = OP = xi+yj +zk, where t is a scalar.

4

P
Py
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Now OP = OP, + PyP, and since PP is a vector parallel to the direction of the line y, then it can be written
as a multiple of the that vector, so PyP =ty where t ER.

The vector equation of the line can be written as r () =ry + tv.

Expanding the vector form into components gives

xi+yj+zk = xol + yoj + 20k + 1 (ai + bj + ck)
=M +1a)i+o+1b)j+(zp+10)k

or by equating the components of i, j and k gives the parametric equations of the line

xX=Xxy+ta
y=yo+1tb
z=2zy+I1c

where ¢ is the parameter.
We can eliminate ¢ from these three equations and write these equations in the Cartesian equation of the line:

2% =y_by° =720 assuming that a#0, b0 and ¢ #0.
a C

The value of ¢ can be interpreted as stepping along the line, as ¢ changes, we move to different points along the
line. Note that when ¢ =0, the point on the line is Py(xy, Yo, zo). The value of ¢ can be positive or negative, and is
usually in an integer, but does not have to be an integer, so ¢ can be any real number, so t € R.

Equation of a line

The line with direction v = ai + bj + ck, passing through the point Py(xo, yo,z0)
has a vector equation r (f) =ro + fg

Expressed in parametric form:

X =Xx9+1ta
y=yo+tb
z=2zp+tc

Expressed in Cartesian form:
X—Xxo _Y—Yo _2—2o

a b c

WORKED EXAMPLE 5 Investigating lines in 3 dimensions using vectors

-3
Consider the line £ = xT =y+2=——.

a. Determine if the point (5, — 1, 2) lies on the line.
b. Determine the point corresponding to # = —8.
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THINK WRITE
x—3 y+2 z-5

a. 1. Write the line in parametric form. a. t= 5 T e
Therefore: x=3+2¢, y=—2+1t, z=5-3t
2. Determine the values of x, y and z at the Given the point (5, —1, 2), x=5, y=—1, z=2
point (5, —1, 2).
3. Check the x-value. 55 = 3=
5=3+2t
r=1
4. Check the y-value. yi=I—2+71
—1==-2+1
t=1
5. Check the z-value. z=5-3t
2=5-3¢
t=1
6. State the conclusion. Whent=1,x=5, y=—1, z= 2. The point
(5,—1, 2) therefore does lie on the line.
b. 1. Substitute = —8 into the parametric b. x=3+2(-8)=-13
equation of the line. y=-—-2+4+(—8)=-10

z2=5-3X(—8)=29

2. State the result. When ¢ = —8, the point is (—13, —10, 29).

Lines parallel to the xy, xz or yz plane

. . . - =2 . ..
If say a=0, b+#0 and ¢ #0 then these equations are written in the form x = x;; Y b)’o = 9 in this case the
¢

line is parallel to the yz plane.

Similarly, if b =0 or ¢ =0, then the line is parallel to the xz or xy plane and the equation is of the form

X—Xy 2—2p X—Xo Y=o

y = yO’ = or = ZO; =
a c

WORKED EXAMPLE 6 Determining the equation of a line

Determine the equation of the line in Cartesian form, passing through the point Py(3, —2, 4) parallel
to the vector 2i — j.

respectively.

THINK WRITE

1. Determine r, using the coordinates of the point o= m =3i—2j+4k
Py(3, =2, 4).

2. State the direction of the line. v=2i—]

3. State the vector equation of the line. r)=ry+tv

= (3i—2j+4k) +1(2i —j)
=(B+20i+(-2-1)j+4k
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4. State the line in parametric form. x=3+4+2t

y=-—-2—t
z=4
. . . x—3
5. Rearrange each of the parametric equations to isolate z. 7 = >
+2
o
—1
z=4
- +2
6. Eliminate 7 and write the line in Cartesian form. In this 7= 3 —
case the line is parallel to the xy plane. . 32 " 2_1
S R

Determining the equation of a line given two points

A straight line can also be specified by two distinct points on the line.

=<

o

If we are given two points on the line, Py(xq, Yo, Zo) and P;(x;, y1, z1) then the vector PyP; is a vector parallel

to the direction of the line, so that v= PyP; =(x; —xp) i+ (yy —Yo)j+ (21 —20) k.

WORKED EXAMPLE 7 Determining the equation of a line from two points

Determine the Cartesian equation of the line passing through the points P(2,1,—3) and Q(1, 3, —2).

THINK WRITE

1. Write the position vectors of the two points. P2, 1, =3)and Q(1, 3, —2)
@’ =2i+j—3k
0Q =i+3j-2k

2. Determine the vector passing through the two given ?Q = @ — oP
points. This is the direction of the line. =—i+2j+k
v=—i+2j+k
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3. State the vector equation of the line. You can use either r= OP +1ty

point or Q. = Qi+j—=30)+1(=i+2+0)
=Q2-0i+(1+20j+(=3+0Dk
4. State the equation of the line in parametric form. x=2—t
y=1+2t
z2=—3+¢
. . . x—2
5. Rearrange each of the parametric equations to isolate 7. t=
— 1
=2
2
z+3

6. Eliminate the parameter ¢. This is the Cartesian equation
of the line.

Angle between two lines

If we are given two intersecting lines there are a couple of possible angles between the lines. Given line one

L, specified by the direction of the line v, and line two L, specified by the direction of the line v,, the angle
between the lines could be acute or obtuse. We define the angle between the lines to be the acute angle between
the directions of the lines.

The angle, 0, between two lines is the angle between their direction vectors v; and v,, such that
V1Yol _ |

[Vi]v,]

cos(6) = Py - Dy], and 0 <6 <90°.

Angle between two lines

_ 1’1"32| “1/lA A
0 =cos l<|—>=c0s LD, -9
val 22l (124

Note: Angles may be expressed as exact values in terms of the inverse cosine ratio or approximately using a
calculator. In some cases in this topic you will be allowed the use of a scientific calculator to evaluate inverse
cosine ratios and determine approximate values of angles.
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WORKED EXAMPLE 8 Determining the angle between two lines

x—l_y—3_z+2

-1 2
between the lines. Use a scientific calculator to state the angle in degrees, rounded to 1 decimal place.

Given the two lines and x = -3+ 5¢t, y =4 — 3t, z =1 — 4¢, determine the angle

THINK WRITE
. . . x—1 y—3 z+42
1. State the direction of the first line by first = = =
converting it into parametric form. x_i i % .
y=2t+3
z=3t—-2

vy =—i+2j+3k

2. State the direction of the second line. x=-3+5t
y=4-3t
z=1—4t
Vo = 5i—3j—4k
3. Calculate the magnitude of v;. lvi| = V12422 +32
=14
4. Calculate the magnitude of v,. [vp| = \/52 + (—3)2 + (—4)2

e
=512

5. Calculate the dot product of the direction VoV =(—=1X5)+2X-=3)+(B3x—4)
vectors. =-23
. . V1 - Vs
6. Substitute these values into the formula for cos(f) = —=
the angle. [vil [
23

V14 x5v2
23 2347

5y 70

2347
7. Determine the angle. 6 = cos™! <7—2)/_>
8. Use a scientific calculator to evaluate the = 29.6°
inverse cosine in degrees.
9. State the result. The angle between the lines is 29.6°.

Intersection between two lines

Two lines are parallel if the vectors defining their directions are parallel, that is if v; = A v, where 1 €R. In two
dimensions if two lines are not parallel then they intersect in a unique point. This is not necessarily so in three

dimensions. Lines that are not parallel which do not intersect are called skew lines. Any two lines which lie in

parallel planes will be skew.
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To determine the intersection of two lines, we cannot use the same parameter for each line, so we use ¢ for
one line and s for the other line. To determine the point of intersection, if it exists, we must equate the three
parametric equations for x, y and z from both lines and solve. Note that we must check all three equations to

check the lines do in fact intersect.

WORKED EXAMPLE 9 Determining whether two lines intersect

x+3 y—-4 z-1

x—l_y—3_z+2

Given the two lines PR and = 5 , show that the lines intersect and
determine the point of intersection.
THINK WRITE
. . . x+3 y—-4 z-1
1. Write the first line in parametric form. Lett= = =

2. Write the second line in parametric form.

3. Equate the x, y and z components.

4. Solve the first equation for s in terms of ¢.

5. Substitute for s into the second equation and
solve for 7.

6. Determine the corresponding value of s from
the first equation.

7. Since we have not yet used the third equation,
we must check it is valid.

8. Substitute the value of ¢ into the parametric
equations for the first line.

-3 —4
x==-34+5t, y=4-3t, z=1—4¢
x—1_y—=3 z42
-1 2 1
x=1-—s, y=34+2s5, z=—2+s

(1) —3+5t=1—s
(2) 4-3t=3+2s
(3) 1—4t=-2+s

Lets=

(1)=>s=4-5t¢

4-3t=3+2(4-50
4—-3t=3+8—-10¢

Tt=17
t=1

(1) s=4-5¢
=4-5

=—1
Whent=1 and s = —1

1-4t=-2+s
1-4(1)=-2+(-1)
—-3=-3

The third equation is consistent, so the lines
intersect.

Substitute =1 into the first line
x=-34+5t y=4—3¢t z=1—4¢; this gives
x=2, y=1and z=-3.
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9. Substitute the value of s into the parametric Substitute s = —1 into the second line
equations for the second line. (This step is x=1—-s, y=3+42s, z=—2+s; this also
not really necessary but can be used to double gives x=2, y=1 and z=—3.
check that the lines intersect.)

10. State the coordinates of the point of The point of intersection is (2, 1, —3).
intersection between the lines.

If the equations do not check out and we have a contradiction, or inconsistency, then the lines do not intersect,
and there is no solution for the intersection between the two lines.

WORKED EXAMPLE 10 Showing that two lines don’t intersect

x—2_y—1_z+3

Show that the two lines r s andx=—-4—t,y=06+2t, z=3+¢ do not intersect.
THINK WRITE
-2 —1
1. Write the first line in parametric form. Lets= 2 - — : =z Z :
x=2-—15s, y=1+4+3s, z=-3+4s
2. Equate the x, y and z components. (1) 2—-5s=-4—¢
2) 1+43s=6+2¢
(B) —3+4s=3+¢
3. Solve the first equation for ¢ in terms of s. (I)=> t=—-6+5s
4. Substitute for 7 into the second equation and 1+35s=6+2(—6+5s)
solve for s. 1+3s=6—12+10s
Ts =11
s=1

5. Determine the corresponding value of # from (1) 7= —6+5s

the first equation. =—6+5
=—1
6. Since we have not yet used the third equation, Substitute 7= —1 and s =1 into (3).
we must check it is valid. —3+4s5s=3+¢
—3+4(1)=3+(-1)
1=2
This is a contradiction, the third equation is
inconsistent.
7. State the conclusion. The lines do not intersect.

Distance of a point to a line

Consider calculating the distance of a point to a line. By this distance we understand it to be the closest
perpendicular distance. Let the line L be specified by a point P, on the line and the direction of the line y.
Consider calculating the distance d from this line to a given point A.
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47|

Let B be the point on the line such that AB is perpendicular to the line. Now in the triangle sin(6) =

so that d = |AP0 | sin(6). However, from the definition of the cross-product, we can write
APy X v= |APO | |v| sin(6) i where 7 is a unit vector perpendicular to both AP, and v. Rearranging and taking
|AP; x v

the magnitudes gives sin(0) = ——
|APg | 1v]

since |/2| = 1. Substituting this back into d = )APO | sin(6) gives

Distance from a line to a point

The distance d between a point A and a line with direction v is:

fF |
— = 0 y
d |4Py x

14

WORKED EXAMPLE 11 Calculating the distance of a point from a line

-3 +1 -5
Calculate the distance of the point (1, 3, —2) to the line ! = J =z .

-2 3
THINK WRITE
— +1 —
1. Determine the direction of the line by first 3 — =Z >
converting the line into parametric form. 2 —2 3
x=3+4+2t,y=—1-2t,z=5+3¢
v=2i-2+3k
2. Calculate a point on the line by determining When ¢t =0:
the coordinates when ¢ =0. x=3,y=—1,z=5
Py(3,-1,5)

OP, =3i—j+ 5k
3. Determine the vector AP . The point is A(1, 3, —2).
OA =i+3j—2k
APO = OPO - O_A)
= Gi—j+5K) — (i+3/—2k)
=2i—4j+7k
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4. Calculate the vector cross product of AP
with the direction of the line.

5. Calculate the magnitude of the vector

6. Calculate the magnitude of the direction of
the line.

~

. Determine the distance between the point and
the line and rationalise the denominator.

8. State the answer.

ij ok
AP, xv=[2 —4 7
2 -2 3
_i 7\_42 7’+k‘2 —4‘
=—2 3["Z2 3T —2
=(—124+14)i—(6—14)j+ (—4+8)k
=2i + 8j + 4k :

|A—P(;><y| =22 4+824+4
— 4164116

vl = 1/22 +(=2)" + 32
= V4+4+9
=17

i x
d=1——"1

5

Students, these questions are even better in jacPLUS

Receive immediate Access
feedback and access additional
sample responses questions
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results and
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Technology free

X
1. A Consider the line =
-3 -6 2

-5 y+1 z42

a. Determine whether the point (8, 5,4) lies on the line.

b. Determine the point corresponding to #=6.
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x—=4 y+4 z-5
-1 2 -3

. a. Determine if the point (1,2, —4) lies on the line

x—6 y+3 z-5
2 =3
corresponding to t=10,7=5 and r=0.

b. Given the line, r= , determine the coordinates of the points on the line,

. [lEA Determine the Cartesian equation of the following lines in Cartesian form.
a. Passing through the point (2, —3) parallel to the vector i + 2j

b. Passing through the point (2, —3, 4) parallel to the vector { + 2j — 3k

c. Passing through the point (3,5, 1) parallel to the vector 2i + k

. IlIIZA Determine the equation of the line in Cartesian form passing through the following points.
a. (2,-3,4)and (5,2,-2)
b. (1,0,—3) and (-3,2,5)
c. (3,4,—2) and (0,6, —2)

. IIEA Given the two lines, calculate the angle in between the following pairs of intersecting lines. Use a
scientific calculator to state the angle in degrees, rounded to 1 decimal place.

alx—314=y+5=z—211 andx=—-6—-4t,y=—7-3t,z=7+2t
— -4

b T3 YT I vl y=8—2t2= 14— 3t
3 2 -2
— +10 1

o X YN0 i k=242 y=—d—2r =21
-3 4

. llZA Given the two lines, show that the lines intersect and determine the point of intersection.
—14 —11

a X : =y+5="1 - andy=—6—41,y=—7-32=7+2
— -4

b.x 13=y =Z+7andx=—1+t,y=8—2t,z=14—3t
3 2 -2
- +10

c. z 37=y 2 :Z-I_1 andx=-24+2,y=—4-2t,7=2—1t

. [EE Show that the following lines do not intersect.
. x—=2 y—1 z43

andx=—4—t,y=6+2t,7=3+1¢

=5 3
+1
x;7=yT=z—3andx=—3+t,y=4+2t,z=—2+t
— +3 —
c.x32=y . =373 andx=—8—4ny=1+312=7+2
. Determine the distance from the origin to each of the following lines.
x-2_y+4 x+2 y+3 z-4 X+2 y-2
=——=z-5 b. = = C. =_,Z=1
3 -2 5 2 -2 -3 4

. IKEEA Calculate the distance from the given point to the line.
a. (—1,-2,6)and x=3+2t,y=2—-2t,7z=2

9 .
b. (1305_3)andx:2; )}—zu
3 4
4
e (2.—3.4)and 1T2 Y= _ 242
-2 5 3
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10. a. One line passes through the two points (1, —2, 3) and (3, —4, 2). A second line is given by
x=3—-2s,y=—1+s,z=—1+42s. Determine the point of intersection and angle between the two lines.
Use a scientific calculator to state the angle in degrees, rounded to 1 decimal place.
b. One line passes through the two points (4,5, —2) and (8, 11, —4). A second line is given by
x=—6+s5,y=4—2s,7=—3+ 5. Determine the point of intersection and angle between the two lines.
Use a scientific calculator to state the angle in degrees, rounded to 1 decimal place.

11. a. The line through the two points (2, —5,4) and (xg, ¥y, 8) is parallel to the line il 2% 2 =2 3.
Determine the values of x, and y,. . g -2
b. The line in two dimensions in the xy plane, can be written as 2 —axo -4 _byo, and in the form y =mx +c.
Show that m = Z and c =y, — %.

12. a. Show that the equation of the line passing through the points (xy, ¥y, o) and (x;, y;,z;) can be written as
X—=Xp Y—Yo 220

X1—=X Y1—= Yo Z21—%0

2 - -2
b. Given that the lines t5- 2 ;O =z
a —
7=9 — 2t intersect and are perpendicular, determine the values of a and y,.

=

andx=—-4+4+4t,y=—6+2t,

Technology active

13. Two swords are defined by two lines. The swords intersect at the point (1, yy, —2)
and the angle between the swords is 30°. One sword has the equation x = x; — 21,
y—11 z-8
4 ¢
It is known that a, b, c are integers, determine the values of a, b, ¢, x, and yj.

4.3 Exam questions

Question 1 (1 mark)

I8 Which of the following is a vector equation for the line passing through A(-3,0,5) and B(2,5,—7)?
() =(=3i+5k) +1(5i+ 5 — 12k)

() =(=3i+5k) +1(=5i—Tj+ 12k)

() =(=8i+5j—Tk)+1(5i—Tj+ 12k)

cr()=Qi—Tj+ 17k) +1(=5i + 5/ — 12k)

1O =Qi+5+7k) +1(=5i — 5/~ 12k)

) 5
y=—1+bt, z=—6+ 1 and the other sword has the equation Xt =
a

mooO w>»

Question 2 (3 marks)
x=2 y+1 z-—

a -2 —4

and which

Determine the vector equation of the line given by the Cartesian equation
passes through the point (8, —5, —1).

Question 3 (5 marks)

One line passes through the two points (5,4, —1) and (9, 14, —7). A second line passes through the two points

(5,3,10) and (6, 5, 14). Show that the two lines intersect and calculate the point of intersection and angle
between the two lines.

More exam questions are available online.
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4.4 Planes

LEARNING INTENTION

At the end of this subtopic you should be able to:
e determine the normal to a plane and the Cartesian equation of a plane.

4.4.1 Equation of a plane

A plane is an infinite flat sheet. To uniquely define a plane in three dimensions, we need to specify a point on the
plane and a vector perpendicular to the plane. Consider a plane containing a given fixed point with coordinates
Py(x9, o, 20) and a normal vector n = ai + bj + ck.

Let P(x,y, z) be a general point on the plane. If O is the
origin, then the vector from the origin to the fixed point P is
given by OP\ = x,i + yyj + 2ok and the vector

n
E’)=x£'+y~j+zl~c.Nowthevectorﬁ=E’)—O—PO)= /J
(x—x0) i+ (y—y9)Jj+ (z—z0) k is perpendicular to n so
thatn- PoP =0.
Py
P

That is i + bj+ck) - ( (x—0) i+ (= yo)j+ @ =)k ) =0,
using the definition of the dot product, the equation of the
plane can be written as a (x —xg) + b (y — yg) + ¢ (2 —z9) =0.

We can write the equation of a plane, which passes through the fixed point with coordinates Py (xg, yo, zg) and has
a normal vector n = ai + bj + ck in the form ax + by + cz=d where d = ax + by, + czy and d > 0.

Equation of a plane

Given a fixed point Py(xy,yy,20) on a plane and a normal vector to the plane
n =ai +bj + ck, the equation of the plane is:
ax +by+cz=d

where d = ax + by, +czp and d > 0.

WORKED EXAMPLE 12 Determining whether a point lies on a plane

Determine whether the point (2,1, — 3) lies on the plane —5x +y — 7z = 12.

THINK WRITE
1. Substitute the values from the coordinates Given the point (2,1, —3), x=2,y=1,z=-3.
of the point into the equation of the plane. LHS = -5x+y—-7z
=-5X2+1—-7%X(=3)
=—-10+1+21
=12
= RHS
2. State the result. Yes, the point (2, 1, —3) does lie on the plane
—Sx+y—Tz=12.
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Consider determining the equation of the plane, given the normal to the plane and a point on the plane.

WORKED EXAMPLE 13 Determining the equation of a plane

Determine the equation of the plane perpendicular to the vector 5i — j + 7k which passes through the
point (2,1, —3). i

THINK WRITE
1. State the normal vector. n=>5i—j+7k
2. State the point on the plane and the vector Py(2,1,-3)
from the origin to this point. oP, = 2i+j—3k
3. State the vector PyP. PyP = OP — OP,
=@=2)i+(G-Dj+@@+3)k
4. Calculate the dot product of the vector PyP n-PpP=5x-2)—10—-1D+7(@+3)
with the normal vector.
5. Let the dot product of these vectors equal Sx—2)—1(y—1)+7@+3)=0
zero and simplify to determine the equation Sx—y+7z+12=0
of the plane. Sx—y+T7z=—12
—Sx+y—Tz=12
6. State the equation of the plane. The equation of the plane is —5x+y—7z=12.

Determining the equation of a plane from three points on the plane

A plane can also be defined by three distinct points on the plane,
provided that these three points are not collinear.

1S

Given the three points, P, Q and R which lie on the plane, the
vector cross product FQ X PR is a normal vector to the plane.
‘We can then use any of the three points, to determine the equation
of the plane.

A/

WORKED EXAMPLE 14 Determining the equation of a plane from 3 points

Determine the equation of the plane passing through the three points P(1, 3,2), 0(2,—1,1)
and R(—1,2,3).

THINK WRITE

1. State the position vectors of the three points. OP = i+3j+2k
00 =2i—j+k
OR =—i+2j+3k
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2. Determine two vectors which lie in the plane. FQ = @ — OP

=i—4j—k
PR = OF — OP
=—2i—j+k
ik
3. A vector perpendicular to both of these is POXPR=|1 -4 -1
a normal to the plane. Calculate the cross =2 =l 1
product of these two vectors.
IS e et | N _1+k 1 -4
it 1|2 1| TE—2 -1
= (4= 1)i—(1-2)j+(-1-8)k
4. State the normal vector to the plane. n=-=5i+j—9%
5. Determine the equation of the plane using the —5(x—xy)+1(y—yy)—9(z—2zy) =0
normal vector and any point on the plane. —Sx—-1D+@H-3)—9(—-2)=0
In this example we are using the point P. —5x+y—9z+20=0
5x—y+9z=20
6. State the equation of the plane. Sx—y+9z=20

4.4.2 Distances between points and planes

Distance of a point to a plane

Here we consider calculating the distance of a point to a plane.

By this distance we understand it to be the closest perpendicular
distance. Let the plane be specified ax + by + cz =d and a point P,
on the plane, the normal vector to the plane is given by

n=ai+ bj + ck. Consider calculating the distance D from this
plane to a given point A.

A/U—/f
S >

In the triangle, cos(0) =

soD= )APO | cos(9). From the

AP |
. ii- AP, i .
definition of the dot product, cos(8) = ———-. Substituting this
|| ’AP 0 |
— iL- AP, - AP —
back in gives D = ’AP 0 | X = ‘ 0,’ == o 0 - i+ APy . However, the scalar product could give a negative
|| APy 4

number, while the distance must be positive, so we take the modulus, D = |1:1 - AP, |

Distance of a point to a plane

The distance of a point A from the plane with normal n and containing the point P,
is given by:

m-apo|
- 1 |@.Ap0|
|72

D=
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WORKED EXAMPLE 15 Determining the distance of a point to a plane

Determine the distance of the point (1,3, —2) to the plane 2x —y — 3z =6.

THINK

1. State the position vector of the given point.

2. State the normal vector to the plane.

3. Calculate the magnitude of the normal vector.

4. We need a point on the plane. Any point will
do here.

5. Write the position vector OP, .

6. Determine the vector APy .

7. Calculate the dot product of the normal vector
and AP, .

8. Calculate the distance and rationalise the
denominator.

9. State the answer.

WRITE
A(l, 3, =2)
OA =i+3j—2k

n=2i—j—3k

1l = /22 + (=12 + (=3)°
= \/ﬁ

Let x=3, then y=0 and z=0.

2x—y—3z=6
2(3)—0-30)=6
6=06

The point Py(3, 0, 0) lies on the plane.
APO = OPO _ m
=3i —(i+3j—2k)
=2i—3j+2k

n- APy = (2i —j—3k)-(2i — 3j+2k)
—4+3-6
= Il

Distance between a plane and the origin

Consider the special case of calculating the distance of a plane to the origin. By this distance we understand it
to be the closest perpendicular distance. Let the plane be specified by ax + by + cz = d. Consider calculating
the distance D from this plane to the origin O. Let P, be a point on the plane. Without loss of generality we

can choose x = 51 , assuming a #0 and y =z=0, so that P, <£1 ,0, O> . Using the results obtained earlier and
a a

substituting O for A gives, D = o
n

_— _— d .
=0+ OPy.Now OP, = — i and the normal vector to the plane is
a
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n=ai+bj+ck, so that n- OP, =d. Since |n| = \/a? + b2 + 2, it follows that the distance from the plane to the

origin is given by and since we assumed that d > 0O this distance is non-negative.
vaz+b>+c?

Distance between a plane and the origin

The distance between the origin and the plane defined by the equation
ax +by +cz=dis:

Parallel planes
Two planes are parallel if their respective normals are parallel. Consider two planes with normals n; and n,.

The planes are parallel if n; = An,, where A €R.

Two parallel planes do not intersect and we can therefore calculate the non-zero distance between the planes.

‘|
n ]

If two parallel planes are on opposite sides of the origin, their respective normals are anti-parallel and point

away from each other, so that 4 <0.

ZA

D,
N/
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If two parallel planes are on the same side of the origin, their respective normals are pointing in the same
direction, so that A > 0.

<A

X

To calculate the distance between two parallel planes, we determine their respective distances from the origin
and either subtract or add these distances if the planes are on the same or opposite sides of the origin.

WORKED EXAMPLE 16 Determining the distance between two parallel planes

Determine the distance between the planes 2x —y + 2z =4 and —4x + 2y — 4z = 13.

THINK WRITE

1. State the normal to the first plane. 2x—y+2z=4
n=2i—j+2k

2. State the normal to the second plane. —4x+2y—4z=13

n, = —4i+2j—4k

3. The two planes are parallel and are on opposite —2n =mn,
sides of the origin.

4. Calculate the magnitude of the normal to the |ny| =4/22+ (—1)* +22

first plane. — \/5
=3
. d 4
5. Calculate the distance of the first plane from D=—=-
the origin. Il 3
6. Calculate the magnitude of the normal to the |n,| = \/ (—4)2 +22 4+ (—4)2
second plane. = 1/36
=6
. d, 13
7. Calculate the distance of the second plane from Dy=—=—
the origin. 2| 6
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8. The distance between the planes is the sum of Since 1 <0
their distances from the origin. Evaluate this D=D+D,
sum and simplify the result. 4 13

= -4+ —
6

. .
9. State the final result. The distance between the planes is o

4.4.3 Intersections between lines and planes

Angle between a line and a plane

1S

If we are given a line and a plane which intersect, then
there are several possible angles between them. Let o
be the angle between the line with direction y and the
normal to the plane n.

125

[0
|v-n| . “~e
Then cos(a) = m We define the angle between a line ~
V| |n S
and the plane to be the acute angle 6. From the diagram

0 + a =90°, so cos(ar) = cos(90° — B) = sin(H).

. lv.n
Therefore sin(6) = —= .
vl 17|

Angle between a line and a plane

The acute angle 0 between the line with direction v and the plane with normal 7 is given by:

: 2 - 2|
sin(6) =
I211z]
or
n
e=sn-1<|~ ~|>=sml(|9 al)
2l 12|

WORKED EXAMPLE 17 Determining the angle between a line and a plane

x+8 y+5 z+11
3
scientific calculator to state the angle in degrees, rounded to 1 decimal place.

Determine the angle between the line

and the plane —5x +y — 7z =12. Use a

THINK WRITE
+5 11
1. State the direction of the given line. x—;— 8 _ 5 = ZZ
v=>5i+3j+4k
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2. Calculate the magnitude of the direction of [v| = /52 +32442
the line. =50
=52

3. State the normal to the plane. —Sx+y—Tz=12
n=—5i+j-Tk
4. Calculate the magnitude of the normal to |n| = \/ (—5)2 +12 + (—7)2
the plane.
€ plane _ \/%
=53
5. Calculate the dot product of the vector parallel ven=(5i+3j+4k)-(=5i+j—Tk)
to the line and the normal vector to the plane. —=0SERSEDE
=50
. . |v-n|
6. Use the result for the angle between a line and sin(f) = —=
a plane. [l iz
50

6
7. Determine the angle, using a scientific calculator 6 = sin™! <£> =54.7°
to express it in degrees rounded to 1 decimal place. 3

8. State the final result. The angle between the line and plane is 54.7°.

Intersection between a line and a plane

Planes and lines may intersect. The intersection of a line and a plane could be a point, if the line passes through

the plane.
\
\,
\,
\
\
\,
\,
\,
\,
N\,
\\
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WORKED EXAMPLE 18 Determining the point of intersection between a line and a plane

x+8_y+5_z+11

Determine the intersection between the line and the plane —5x +y — 7z =12.

3
THINK WRITE
. . . 8 +5 11
1. State the parametric equations of the line. Letr=" R _it , then

3
x=—8+5t,y=—-5+3t,z=—11+4¢

2. Substitute the parametric equations of the —Sx+y-—Tz=12

line into the equation for the plane. —5(-8+5)+1(-5+30)—-T7(—11+4n =12
3. Expand and solve the equation for 7. 40 —25t—=5+3t+77—-28t =12

=50t + 112 =12
50t = 100
r=2

4. Substitute the given value of ¢ into the Substitute t = 2

parametric equations of the line, to x=—8+4+5X2=2

determine the values of x, y and z. y=-543%x2=1

z=—114+4%x2=-3
The point (2, 1, —3) lies on the plane.

5. State the result. The line and the plane intersect at the point (2, 1, —3).

The intersection of a line and a plane could be the whole of the line, if the line lies entirely on the plane. In this
case the equations are consistent and there is an infinite number of solutions, given as the infinite number of
points which lie on the line.

A line and a plane may not intersect at all, that is there is no solution. In this case the line lies in another plane,
which is parallel to the other plane. The equation will lead to a contradiction or inconsistency.
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To determine which case a particular problem falls in, solve the equations simultaneously. If there is a
contradiction then the line does not intersect the plane. If there is a solution to the equation calculate the dot
product of the direction vector and the normal vector. If this dot product equals zero, the line is perpendicular
to the normal vector and must therefore lie on the plane.

WORKED EXAMPLE 19 Determining whether a line and plane intersect

x+5_Y+6_z—
2
THINK WRITE

7
Determine whether or not the line and the plane 2x +y — 2z = 3 intersect.

x+5 y+6 z—
2
x=—5+4t,y=—6+2t,z=T+5¢

. . . 7
1. State the parametric equations of the line. Lett= , so that

2. Substitute the parametric equations of the line 2x+y—2z =3

into the equation for the plane. 2(=5+4t)+(=6+21)—2(7+51) =3
3. Expand and simplify the equation. —10+8—6+2t—14—10r=3
Notice that this introduces a contradiction. —-30=3
4. State the result. There are no solutions to the equation, therefore the

line and the plane do not intersect.

4.4.4 Intersection between planes

If two planes are not parallel then they intersect in a line.

To determine the intersection between two non-parallel planes, we solve the two simultaneous linear equations;
however, there are three unknowns. To solve these we can let z =t and then express both x and y in terms of 7.
This will then give us the solution, which is given as the parametric equation of the line in terms of .
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WORKED EXAMPLE 20 Determining the intersection of two planes

Determine the line of intersection between the following pairs of planes 2x +y —z =3 and

x—y+3z=8.
THINK
1. Write the two equations as equation (1) and (2).

The planes are not parallel.

To solve these equations, let z=¢, and rewrite
the equations.

To eliminate y add these two equations and
solve for x.

To solve for y use (2).

State the solution, which is a line in
parametric form.

WRITE
(1) 2x+y—2z=3
2) x—y+3z=38

Substitute z = ¢
(1) 2x+y=3+t
2) x—y=8-3t
3x=11-2¢
1
x=—-(11-2¢
3( )

y=x—(8—-31
Substitute for x
1
y= g(ll —21)—(8—131)
1
=—(7t—13
y 3( )

The intersection of the planes is the line
1 1
x==-11=-2t),y==(7t—13), z=t.
3 ( )y 3 ( )

Angle between two planes

If we are given two planes which intersect in a line, then there are several possible angles between them. We
define the angle 6 between the two planes to be the acute angle between their respective normals.

The acute angle 6 between the two planes can be calculated by rearranging the formula for the dot product to
isolate 6.

[ny - no| = |ny||n2]cos(6)

cos(9) =

ny -1y

72|75

0 = cos—! <|’11 "12|>
|72y ]2,
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Angle between two planes

The angle 6 between two planes with normals n; and n; is given by:

ny-n,| A a
49=c0s‘1<|—>=cos‘1 )
| |1, (12 2a])

WORKED EXAMPLE 21 Determining the angle between two planes

Determine the angle between the planes 2x +y —z =3 and x — y + 3z = 8. Use a scientific calculator to
state the angle in degrees, rounded to 1 decimal place.

THINK WRITE
1. State the normal to the first plane. 2x+y—2z=3
n=2i+j—k
2. Calculate the magnitude of the normal to the |ny| =1/22+ 12+ (—1)2
first plane.
p _ \/g
3. State the normal to the second plane. x—y+3z=38
ny =1i—j+3k
4. Calculate the magnitude of the normal to the lno| =4/ 12+ (—1)* +32
second plane. =1/11
5. Calculate the dot product of the two n-n,=Qi+j—k)-(i—j+3k)
normal vectors. =2—-1-3
=-2
n, -n
6. Use the result for the angle between the cos(f) = M
two planes. <o)

2
Vex /11
2 _ V66

N

1/ 66
7. Calculate the angle, using a scientific calculator 0 =cos™! <—> =75.7°
to state the angle in degrees, rounded to 33
1 decimal place.

8. State the answer. The angle between the planes is 75.7°.
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free
1. IIZE Determine whether the point (5, —2, 3) lies on the plane 2x + 3y + z= 1.

2. a. The point (2, —1,—3) lies on the plane x — 2y — 3z = d, determine the value of d .
b. The point (x,, 2, —4) lies on the plane 2x +y — 3z = 10, determine the value of x,.

3. I3 Determine the equation of the plane perpendicular to the vector n which passes through the point Py,
given the following information.
a. Py(2,-3,5) and n=i+3j—2k
b. Po(1,0,4) and n=—2j + 3k
c. Py(3,-2,—D)andn=—i+)+4k
4. IZ Determine the equation of the plane passing through the three points.
a. A(1,-2,3), B(—2,0,2) and C(3,—4,2)

b. A(=2,3,1), B2, —1,3) and C(—1,—1,0)
c. A(3,-2,5), B(1,2,3) and C(2, —1,3)

5. Calculate the distance from the origin to each of the following planes.

a.2x—y+2z=6
b. 3x+5y—4z=10
c. =4x—5y+2z=15

o

. [lIEHE Calculate the distance from the point to the plane.
a. A(1,=2,4), 2x— 2y +3z=6
b. A(3,2,—1), =3x+6y+2z=2
c. A(=2,1,-3), 2x+y—2z=5

~

. IIIZ1A Calculate the distance between the following pairs of parallel planes.
a. —x+y+3z=1and 2x—2y—6z=3
b. 3x—4y+12z=17 and 6x — 8y +24z=8
c.3x—6y—2z=2and —6x+ 12y+4z=9

8. Calculate the angle between the line and the plane. Use a scientific calculator to state the angle in
degrees, rounded to 1 decimal place.
. x+16 y—13 z+13

,4x+2y+5z=13

3 -
- _4

b FTI3_Y=d 24T o ey
3 2
_ 5 L_

.k 9=y+ == 10,4x—y+3z=2
2 3 4
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9. IIEEA Determine the point of intersection between the line and the plane.
. x+16 y—13 z+13

,A4x+2y+5z=5
3 -2
- —4
b.x 13:y :Z+7’2x+3y—2z=4
3 2 -2
- 5 -
c. X 9:y+ =2 10,4x—y+3z=2
-2 3 —4

10. [lIIZEA Determine whether or not the line and the plane intersect.
. x+3 y—=2 z+41

,2x+3y—3z=5

3 2
— —4

b, X 13=y =Z+7,2x—4y—z=l7
3 2 -2
_ -3 ,_

c_x 5=y =Z 1,2x—2y—5z=2
3 -2

11. IEEZA Determine the line of intersection between the following pairs of planes.

a.x+2y+3z=1and2x—y+4z=3
b. —x+y+3z=1and 2x—2y—6z=3
c.2x—3y+z=1land3x+y+2z=7

12. IZ3H Calculate the angle between the following pairs of planes. Where necessary, use a scientific
calculator to state the angle in degrees, rounded to 1 decimal place.

a.x+2y+3z=1and 2x—y+4z=3
b. —x+y+3z=1and 2x—2y—6z=3
c.2x—3y+z=1land3x+y+2z=7

13. Note: For this question you may use a scientific calculator to state the angles in degrees rounded to
1 decimal place.

a. The blade of a knife passes through the two points (1, -2, —3) and (2, 1, 4) and intersects a chopping
board with the equation —3x —y + 2z = 1. Calculate the angle and point of intersection between the knife
and the chopping board.

b. A plane passes through the three points (2, 1,5), (3,2,6) and (1, —1, 1). Calculate the angle and point of

x+2 y—1 z-1

-1 -3

c. A plane passes through the three points (1,0, —4), (2,8, 1) and (3,2, —1). A line passes through the two
points (—1, 6, 8) and (=3, 9, 13). Calculate the angle and point of intersection between the plane and
the line.

intersection of the plane with the line

—4 -3 -1
14. Consider the line =7 T s and the plane 3x — 2y — 2z =d. Determine the values of ¢ and d for
- c
which the line and the plane, have:

a. a unique point of intersection
b. an infinite number of solutions
c. no solution.
. . ox—1 y=3 z-2 :
15. Consider the line 5 = P = 2 and the plane 4x — 2y 4+ 3z = d. Determine the values of b and d for
which the line and the plane, have:

a. a unique point of intersection
b. an infinite number of solutions
c. no solution.
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16.

17.

. The line

. Show that the equation of the plane passing through the three points (xy, ¥y, 2o), (X1, V1, 2;) and (X, ¥2,22)

can be written as
X—=Xo Y—Yo <2—2
X=X Yo—=yi Z—z|=0
X1—=Xo Y1—Yo Z21—%0

. In two dimensions ax + by = d represents a line, the closest distance of the line to the origin is given by

. Verify this result using both calculus and a geometrical consideration.
Vaz+b?

. The two planes 2x —y + 2z =6 and ax + by + cz =45 are parallel and are a distance of 3 units apart.

If a > 0, determine the values of a, b and c.
x—4 y+7 z+7

a b
between the line and the plane is 60°. If a* + b* + ¢* =50, determine the values of a, b, ¢ and d.

and the plane 2x —y — z =d intersect at the point (1, —2, —3) and the angle

4.4 Exam questions

Question 1 (3 marks)
Determine the equation of the plane which contains the points A(1, 3, —4), B(2,0,—1) and C(0, —3,4).

Question 2 (2 marks)
Determine the equation of the plane which is perpendicular to n =2i 4+ 3j — k and which contains the point
Py(1,3,-1). B

Question 3 (2 marks)
The parametric equation x =7+ 3,y=5 —t and z=2¢+ 1 defines a line. The line intersects the plane
3x —2y+z="7 at a point. Determine the coordinates of this point of intersection.

More exam questions are available online.
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4.5 Review
4.5.1 Summary

doc-37058

Hey students! Now that it's time to revise this topic, go online to:

Access the Review your Watch teacher-led Practise exam
topic summary results videos questions

Find all this and MORE in jacPLUS C)

Technology free: short answer
1. a. i. Determine a unit vector perpendicular to both @ =3i — j 4+ 2k and b = 4i — 2j + 5k.
ii. Determine a unit vector perpendicular to both = 5i —2j — 3k and s = —2i + 3j + k.
b. Consider the three points A(1,—2,—3), B(2, 1,4) and C(3, —1,—4). )

i. Calculate the area of the triangle ABC.
ii. Determine the equation of the plane passing through the three points A, B and C.

c. i. Determine the equation of the line L passing through the points P(—1, 3,5) and Q(5, —1, 2).

ii. Determine the equation of the plane passing through the points P(—1, 3,5), Q(5, —1,2) and
R(2,1,—1). Show that the intersection of the line L with this plane has an infinite number of solutions
and is the line.

iii. Calculate the area of the triangle POR.

2. Note: For this question you may use a scientific calculator to state the angles in degrees rounded to
1 decimal place.

x—1 +5 .
=y= Z—, show that the lines intersect

a. Given the two lines x=2—1¢, y=3+2¢f, z=—4—2tand

and determine the point of intersection and the angle between the lines.
x+5 y+6 -7

b. Given the line and the plane 2x +y — z =3, show that the line and plane intersect

and determine the point of intersection and the angle between the line and the plane.

c. Given the two planes 2x +y —z =3 and 3x — 2y + 2z = 1, determine the line of intersection and the angle
between the planes.

3. A line L passes through the points (1,—2, —3) and (2, 1, 4). For this question you may use a scientific
calculator to state the angles in degrees rounded to 1 decimal place.
x+7 y—13 z42
—4

a. Show that the line L intersects the line

and determine the point of intersection and
the angle between the lines.

b. Determine the point of intersection and the angle between the line L and the plane —3x —y +2z=1.

4. a. Calculate the distance from the origin to the following.
x+1 y—=3 z+42

-2 4 5
ii. The plane —4x+3y+12z=13

i. The line

b. Calculate the distance from the point (2, —1, —3) to the following.
— 2
i. Thelinex 3:y+ :Z+4
2 -1 -3
ii. The plane 3x—4z=38
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5. a. Given the two planes 3x — 2y — 2z =6 and 2x + 3y =7, determine the line of intersection and the angle
between the planes.
b. Given the two planes 3x — 2y — 2z =6 and —6x + 4y + 4z =10, calculate the distance between the planes.
c. Calculate the distance from the plane 3x — 2y — 2z = 6 to the point (5, —2,4).

6. Determine the intersection of the plane 5x — 2y + 4z = 12 with each of the following lines.
. x+4 y—=2 z-9

2 -1 -3
b x+8 y—=2 z-—11
) -1 -3
x—6 y—1 z-9

c. = =
-2 2 -3

x—4 z—3

7. Determine the intersection of the line =y+2= 3 with each of the following planes.

a.2x—y—3z=1
b. x—2y—z=4
c.x—3y+z=3

Technology active: multiple choice
8. I The line x=2; y=3; z=2+3t1is
A. parallel to the xy plane.
B. parallel to the yz plane.
C. parallel to the xz plane.
D. parallel to the z-axis.
E. perpendicular to the z-axis.

9. I Given the points A(0, 2, —3), B(0, —6,9) and the line x =0; A % then

A. the origin and both points A and B lie on the line.

. the origin and point A lies on the line; point B does not lie on the line.

. the origin and point B lies on the line; point A does not lie on the line.

. neither of the points A and B lie on the line; however, the line does pass through the origin.
. both points A and B lie on the line; however, the line does not pass through the origin.

moOOuww

. ) —1 -3 2
10.I.T.EIHleenthetwohnesx2 e :Z+ a

is true.

x=3 y+1 z+1
nd = =
—4 1 -2 4 -l

, select which of the following

A. The two lines are in fact the same line.
B. The two lines do not intersect and are parallel.
C. The two lines do not intersect, they are not parallel but skew lines.
D. The two lines intersect in a unique point but are not perpendicular.
E. The two lines intersect in a unique point and are perpendicular.
11. I3 The two lines X3 _yHt2_z-2
3 2
A. do not intersect and are parallel.
. do not intersect and are skew.
. intersect in a unique point and are not perpendicular.
. intersect in a unique point and are perpendicular.
. intersect in an infinite number of points, since they are in fact the same line.

andx=14+2t,y=—-2t,z=3—1¢

mOOw

-1
12. I The distance of the line g = yT z=0, from the origin is

A. C. D. 1 E. 5

w
| W
|

| —
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13.

14.

15.

16.

17.

T The distance of the plane —x + 2y + 2z = 3, from the origin is
A0 B. 1 c.2 D. 3 E. 4
T Consider the two planes 2x + y — z=0 and —4x — 2y + 2z = 2. These two planes

A. are not parallel and intersect each other at the origin.

B. are parallel and intersect each other at the origin.
C. are parallel, do not intersect, and one plane passes through the origin.
D. are perpendicular and intersect in a line.
E. are not parallel but intersect in a line.
. . . -1 +2 -3
I Consider the point (1, —2, 3), the line z ] =7 3 =z 3 and the plane x —y —z=0. Then

A. the point lies on the line but not on the plane.

B. the point lies on the plane but not on the line.

C. the point does not lie on the line and does not lie on the plane; furthermore, the line and the plane do
not intersect.

. the point does not lie on the line and does not lie on the plane; however, the line and the plane do intersect
in another unique point.

E. the point lies on the line and the line lies in the plane.

]

I The line x=3+1¢, y=2+6t, z=2—t and the plane 2x—y—4z=35

A. intersect in infinitely many points as the line lies in the plane.
B. are orthogonal.

C. are parallel.

D. intersect in a unique point.

E. do not intersect.

I3 Given the two points P(1,—2,4) and Q(2,—1, 3) then which of the following is false?

A. The points P and Q both lie on the line x=¢t—1, y=r—4, z=6—1.
B. The points P and Q both lie on the linex=4+1¢, y=t+1, z=1-1.
C. The point Q lies on the plane x —y + 2z=10.

D. The points P and Q both lie on the plane —2x + 5y + 3z =0.

E. The point P lies on the plane x —y + 2z =13.

Technology active: extended response

18.

19.

20.

a. The line x=5—1t, y=4t—8, z=6—2¢, passes through the point A in the xy plane, the point B in the yz
plane and the point C in the xz plane. Determine the coordinates of the points A, B and C.

b. A plane passes through the points P(0,2,—3), O(1,0,—2) and R(4,—1,0).
Determine the equation of the plane POR and the area of the triangle POR.

a.Letx=r+2, y=2t—3, z=3—tandx=2t—1, y=t—3, z=23t—4 be two lines which intersect.
Determine the equation of the plane which contains both lines.

b. Letx=2t+1, y=t+3, z=4—tandx=2t—1, y=t—2, z=06—1be two lines which do not intersect.
Determine the equation of the plane which contains both lines.

The first line x=2¢+6, y=t+1, z=—2¢— 1 and the plane 4x —y — z = 6 intersect at the point A.

a. Determine the coordinates of the point A.
b. Calculate the angle between the line and the plane.
x—xp y-—3

c. Another line =z —1is perpendicular to the first line and also intersects the plane at the

a
point A. Determine the values of a, b and x,.
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4.5 Exam questions

Question 1 (1 mark)

X—x — -
T Consider the line YT T and the plane a,x + b,y + ¢,z =d, the acute angle between the
b
a 1 ¢
line and the plane is given by

. aa, +bb, + ¢ c
A. sin~! 14y T D10y +C1C)

2400202 /2032, 2
\/al+bl+c1 \/a2+b2+02

_1 a a, +b1b2+C1C2

2,92, .2 [ 232 2
\/al+b1 + ¢ \/c12+b2+c2

- laya, +byby + 0,
2,122 /2,32, .2
\/al+1)1+cl\/az+192+c2
-1 layas| + |byby| + |ci ey
2, 12.,.2 /2,32, .2
\/a1+b1+c1\/a2+b2+cz

Question 2 (1 mark)

. . X=X - 72—z X—x - 72—z
I Consider the two lines . )’1 = L and 2 Y7 2, the acute angle between the

lines is given by

A sin_l a1a2+b b2+C1C2
\/a%+b%+c a, +b2+c
B. cos—! aja, +bby +cicy
\/a%+b%+c as +b2+c
C. sin~! laya, +byb;y + 16,
\/af+b%+c a, +b2+c
D. cos—! laya; +byby + 16,
2,12, 2 2,12 2
\/al+bl+c1 \/a2+b2+c2
E. cos! layay| + [byby| + ey
2,12, 2 2,12, 2
\/al+bl+c1 \/c12+b2+c2
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Question 3 (1 mark)

I In three dimensions the equation y = x represents

. a line parallel to the xy plane.

. a line parallel to the z-axis.

. a plane parallel to the xy plane.

. a plane parallel to the z-axis.

a plane passing through the origin and perpendicular to the z-axis.

moow>»

Question 4 (1 mark)
I Consider the line X= —y =z and the plane x +y — z =0 then the line and the plane

. are parallel and do not intersect.

. are skew and do not intersect.

. are perpendicular and intersect only at the origin.

. intersect at two points (2, —1, 1) and the origin.

. intersect at an infinite number of points as the line lies in the plane.

moOooOw>»

Question 5 (3 marks)
A triangle is formed by the points A(—3, 5, 6), B(—=2,7,9) and C(2, 1, 7). Classify the triangle as either scalene,
isosceles or equilateral and prove the triangle is right-angled.

More exam questions are available online.

Hey students! Access past VCAA examinations in learnON

Sit past VCAA Receive immediate Identify strengths
examinations feedback and weaknesses

Find all this and MORE in jacPLUS C)

Hey teachers! Create custom assignments for this topic

i? Create and assign 3 Access quarantined e — Track your

- L}
v unique tests and exams tests and assessments 4y  students’ results

Find all this and MORE in jacPLUS ®
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Answers

Topic 4 Vector equations of lines
and planes
4.2 Vector cross product

4.2 Exercise
1.a. =5 b. 5
2. a. 60 b. —60
3.a —5i+2j+3k
b.3i—6j—k
c. —12i—8j+ 13k
+1 -
4. a (i + 7j + 2k)
3/6 -

*1
b. —— (Ti+,j+ 11k)
CRVAT

+1

c. —(i+4—k

32 T

5. a. Sample responses can be found in the worked solutions
in the online resources.

b. Sample responses can be found in the worked solutions
in the online resources.

c. The cross product is distributive over addition and
subtraction.

d. —4i —26j — 10k
e 2i4j—k —4i—2j+2%

6.2 12 b..;.\/@ o 2v/a

7. a. 5\/5
b. 5v/2

c. 50

s ()

e. —25i+ 15/ + 20k
1
f. ——=(=5i+3j+4k)
512 -
g. Sample responses can be found in the worked solutions
in the online resources.

h. Sample responses can be found in the worked solutions
in the online resources.

. —10i + 13j + 19k
0 (4
0
0
. ¢ is perpendicular to both g and b.

-~ 0 2 0 5T ®

. a, b and c are all mutually perpendicular, so they are
linearly independent.

9. a.x=-=-2,y=1

6
b.x=2,y=30rx=—=,y=——
X y X 3 y S

10. a. =3 b.x=-2,z=2 c. X2

11. a.

Sample responses can be found in the worked solutions
in the online resources.

b. V69

12. a.

13.

14. a.

o » 0 o0 T

a X b is a vector, must then be dotted with ¢ to produce
a scalar.
-8
-8
-8
-8
. aXbXc is ambiguous, could be (a X b) X c oraX (bXc)
i. —26i+ 19—k
i, —25i +7j + 13k
iii. No i

iv. Sample responses can be found in the worked
solutions in the online resources.

v. Sample responses can be found in the worked
solutions in the online resources.

x=2,y=-3,z=4

b.x=—-6,y=-2,z=3
_ _ _ 52 1716
.x_2,y_—2,z—1orx—E,y——E,z——E
.x=—2,y=4,z=50rx=—%,y:ﬂ,zzgz
29 29 29

4.2 Exam questions

Note:

Mark allocations are available with the fully worked

solutions online.

1. B

7
2. =
2

3. Sample responses can be found in the worked solutions in the
online resources.

4.3 Lines in three dimensions

4.3 Exercise

1.

o o T o

No
. (—13,-37,10)
Yes
. (46,17,-25), (26,7, —10), (6, —3,5)
+3
_,_ %3
2
+3 —4
Ly y¥3 o4
2 -3
o 1y=s
> =z Y=
x—2 y+3 z—-4
3 5 —6
x—1 'y z+43
-4 27 8
x—=3 y—4
=—z==2
3 2
. 75.6° b. 71.1° c. 8.0°

.2,-1,3) b.(4,-2,—-1) c. (16,-22,-7)
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10.

11.

12.

13.

. Sample responses can be found in the worked solutions in

the online resources.

1/3766 b V1397 V29
* T T “7s
V131138
a. 41/3 b. V17 o5 —
a. (-3,2,5),27.3°
b. (=2,—-4,1),56.9°
a. xg=—4,y,=-9
b. Sample responses can be found in the worked solutions
in the online resources.
a. Sample responses can be found in the worked solutions

in the online resources.
b.yo=7,a=2
a==-3,b=1,c¢=5,x=9,y,=3

4.3 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1. A
2. r=Qi—j+7k)+1(3i—2j—4k)
3. (3,—1,2),90° i
4.4 Planes
4.4 Exercise
1. Yes
2.a. 13
b. —2
3.a. —x—3y+2z=17
b. =2y +3z=12
c.x—y—4z=9
4. a. —4x—Sy+2z=12
b. =2x—y+2z=3
c.3x+y—z=2
5.a.2 b. \/5 c. \/g
6. a. 12\/ﬁ b. l c.2
17 7
22 14
8. a. 40.6° b. 70.3° c. 56.9°
9.a. (2,1,—-1) b. (4,-2,—1) ¢ (3,4,-2)
10. a. The line and plane do not intersect.

b. The line and plane intersect in a line.

c. The line and plane do not intersect.

1 1
1l ax==T-111),y=—=14+20,z=t
5 5
b. Planes are parallel, no solution.
1 1
x=—032-T7t),y=——(194+1),z=t
c.x 11( )y 11( )2
228

12. a. 45.6° b. 0° or 180° c. 69.1°
13. a. (2, 1,4), 16.2°
b. (4,-2,-38), 16.6°
c. (3,0, -2), 36.5°
14.a.c#4,d€R b.c=4,d=4 c.c=4,d#4

15.a. b#—2,dER
b.b=—2,d=—4
c.b=—=2,d%# —4

16. Sample responses can be found in the worked solutions in

the online resources.
17.a.a=6,b=-3,c=6
b.a=3,b=—-5,c=—-4,d="7

4.4 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1. 6x+ 11y +9z=3

2. 2x—=3y+z=12

3. (4,4,3)

4.5 Review

4.5 Exercise
Technology free: short answer

1. a. i.

1
(i+7j+2k)
6

g 11k)
i, —— (7Ti+j+ 11k
3y19 T 7

514
T2

i. 2x—3y+2z=5
c. hx=—=14+6t,y=3—-4t,z=5-73t
i 2x+3y=7

9¢/13

2
.(3,1,-2),57.7°

. (3,=2,1), 80.2°
x=Ly=1+t2z=1t"78.6°
.(2,1,4), 83.1° b. (2,1,4), 16.2°

13070

O O T o

4. a.i.

b. i.

N

1 1
5.a.x=—0324+61),y=—0O =41, z=1,90°
a. x 13( ),y 13( ),z

) 1117

17

5¢/17

17
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+4 -2 z-=9
6. a. Line = =2 =2 :
2 -1 -3
b. The line and plane do not intersect.

c. Point (2, 5, 3).
x—4 _z-3
=y+2= T
b. The line and plane do not intersect.
c. Point (=6, —4, =3).
Technology active: multiple choice
8.D
9.
10.
11.
12,
13.
14.
15.
16.
17.

7. a. Line

mmaOww3g > >

@)

Technology active: extended response
18. a. A(2,4,0), B(0, 12, —4), C(3,0,2)

b. 3x—y—5z=13, -]2-\/3_4
19. a. 7x—5y—3z=20

b. 3x+ 2y +8z=41
20. a. (2,—1,3)

b. 45°

ca=2, b==-2, xo=-2

4.5 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. C

D
D
E

. Triangle ABC is a right-angled scalene triangle. Sample
responses can be found in the worked solutions in the online
resources.

o p 0D
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LEARNING SEQUENCE

5.1 Overview

5.2 Review of differentiation techniques .

5.3 Applications of differentiation

5.4 Implicit and parametric differentiation ..
5.5 Second derivatives

5.6 Derivatives of inverse trigonometric functio
5.7 Related rates ..

5.8 Review

Fully worked solutions for this topic are available online.

5 Differential calculus




5.1 Overview

Hey students! Bring these pages to life online ~n qu
Watch Engage with Answer questions ,,) 9
videos interactivities and check results /'

Find all this and MORE in jacPLUS (C)

5.1.1 Introduction
Differential calculus is one branch of calculus that studies the rates at which quantities change.

Differential calculus is concerned with finding the derivative or gradient or the rate of change of a function. The
process of finding the derivative is called differentiation. Geometrically, the derivative at a point is the slope

of the tangent line to the graph of a function at that point, provided that the derivative exists and is defined at
that point. The origin of calculus was a controversial topic for some time as two famous mathematicians, Isaac
Newton (1642—1727) and Gottfried Wilhelm Leibniz (1646-1716), both claimed to have invented calculus at
around the same time. Although Leibniz published his work first, Newton accused Leibniz of plagiarizing his
unpublished work. These days it is agreed that both men developed their ideas independently, and we use a
combination of Newton’s and Leibniz’s notation.

Differentiation has applications in nearly all quantitative disciplines. The derivative of the displacement of a
moving body with respect to time is the velocity of the body, and the derivative of the velocity with respect to
time is the acceleration.

KEY CONCEPTS

This topic covers the following points from the VCE Mathematics Study Design:
e derivatives of inverse circular functions
a
e second derivatives, use of notations f’'(x) and ;)2], and their application to the analysis of graphs of
functions, including points of inflection and concavity

e applications of chain rule to related rates of change and implicit differentiation, for example, implicit
differentiation of the relations x> +y? =9, 3xy> =x+y and xsin(y) + x> cos(y) = 1.

Note: Concepts that are greyed out are covered in other topics.

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.
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5.2 Review of differentiation technigues

LEARNING INTENTION

At the end of this subtopic you should be able to:
e differentiate composite, product and quotient functions using the chain, product and quotient rules.

5.2.1 Derivatives of basic functions

In the Mathematical Methods course, the derivatives of functions and the standard rules for
differentiation are covered. If y =f{(x) is the equation of a curve, then the gradient function is given by
dy o Jo+h)—fv)

— =f"(x) =lim ————
dx h—0 h o
using the method of first principles.

. Using this formula to obtain the gradient function or the first derivative is called

Usually, the standard rules for differentiation are used to obtain the gradient function. In this section, these
fundamental techniques of differentiation are revised and extended. The table below shows the basic functions

d
for y=f(x) and the corresponding gradient functions for d_y =f’(x), where k and n are constants and x €R.
X

Function: y = f(x) Gradient function: Z—i =f'(x)
x" nx"=1
sin(kx) k cos(kx)
cos(kx) — k sin(kx)
e ke
log, (x) !
X

5.2.2 The chain rule

The chain rule is used to differentiate functions of functions. It states that if y =f{x) = g(h(x)) = g(u),

dy dy du
where u = h(x), then— = — — =g’ (u)h'(x).
(x) T s g (wh'(x)
A quick proof is as follows. Let dx be the increment in x, and §y and du be the corresponding increments in
o) o)
y and u. Provided that du # 0 and dx # 0, DD, @
ox Ou Oox
9 dy & d dy d
Now in the limit as 5x—>0,5u—>0,—y - _y’_y - ol and @—> @, so that Y @
6x dx Su du ox dx dx du dx
The chain rule
dy _ dy du
dx dudx
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WORKED EXAMPLE 1 Differentiation using the chain rule (1)

a. If f(x) = \/4x2 + 9, determine the value of f'(—1).
b. Differentiate 2 cos*(3x) with respect to x.

THINK

a. 1. Write the equation in index form.

2. Express y in terms of # and u in terms of x.

3. Differentiate y with respect to u and u with
respect to x.

4. Determine f’(x) using the chain rule.
5. Substitute back for # and cancel factors.

6. Evaluate at the indicated point.

7. In this case we need to rationalise the
denominator.

8. State the final result. This represents the
gradient of the curve at the indicated point.

b 1. Write the equation, expressing it in index

notation.

2. Express y in terms of # and u in terms of x.

3. Differentiate y with respect to u and u with
respect to x.

d
4. Determine d_y using the chain rule.
X

5. Substitute back for u and state the final result.

WRITE

a. flx) = V4x2+9
I
= (4)c2 + 9) 2

I
y=u2 where u=4x>+9

d _1
—y:lu 2andd—uz8x
du 2 dx
1
N
d
f’(x)z—yd—uzLXSx
du dx 2\/5
, 4x
fx)=—=
V4x2+9
, —4
f=hH=

V@ +9)
4 V13

fl=h=——=x~=
V13 V13

o 413

fi=H= 5

b. y = 2cos*(3x)
= 2(cos(3x))*

y = 2u* where u = cos(3x)

d
D — 83 and % = _35in3x)
u dx
d d
@ _ D @ = 8u’ X (=3 sin(3x))
dx dudx
d
A ¥ cos>(3x) sin(3x)
dx

The chain rule can also be used in conjunction with other mixed types of functions.
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WORKED EXAMPLE 2 Differentiation using the chain rule (2)

a. If f(x) =4sin <E>, evaluate f’ <£>
x

T

b. Differentiate e with respect to x.

THINK WRITE

a. filx)=4sin <%>
X

Let y =4 sin(u) where u = g =2x
X

a. 1. Write the equation.

2. Express y in terms of u and u in terms of x. -

. . . . d d 2
3. Differentiate y with respect to u and u with D4 cos(u) and e P
du dx x?

respect to x.

4. Determine f’(x) using the chain rule.

)= dy du =4 cos(u) X <—£2>
X

du dx
8
= —— cos(u)
2
. , 8 2
5. Substitute back for u. ffx)= ——cos | -
X X
. . L 6 8
6. Evaluate at the indicated point and simplify. fl=)= ——— cos
" (2)
Vs

7. Substitute for the trigonometric values.

8. State the final result.

b. 1. Write the equation. b. Lety =@,

2. Express y in terms of u and u in terms of x.

3. Differentiate y with respect to u and u with
respect to x.

d
4. Determine d_y using the chain rule.
X

5. Substitute back for u and state the final result.

y=e" where u = cos(4x)

d

D _ ot and P = _4sin(an)
du dx

d d

a _a @ = e" X (—4 sin(4x))
dx dudx

d
Y 4 sin(dx)es @)
dx

Derivatives involving logarithms

d
If y=log, (x) = In(x) where x> 0, then x = ¢’ so that d_x =e.
Y

. dx dy dy 1 1

Since —=1/—, —=—=-.
dy dx dx €& x
By applying the chain rule, we can quite easily determine the derivative of any logarithmic function of the form
. . . . d 1 '

y=log,(f(x)). These functions are composite functions, so it follows that d_y =—Xf'(x)= @
by

fx) fo)
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Derivatives of logarithmic functions
If y =log,(f(x)), then:

b _fw
dx  f(x)

WORKED EXAMPLE 3 Differentiation of logarithmic functions

a. Differentiate log,(cos(3x)) with respect to x.

b. Determine 4 [loge <3x *+S >] c
dx 3x -5

THINK WRITE
a. 1. Write the equation. a. y=10g3(cos(3x))

dy _ 5:(cos(3x))
2. Use the general result. =

dx cos(3x)
& —3si
3. State the derivative in the numerator. = =3 s1nGx)
dx cos(3x)
d
4. Simplify and state the final result. d—y = 3 tan(3x)
b
b. 1. Write the equation. b. y=Ilog < S )
“\3x-=5
2. Simplify using log laws. y=log,(3x+5)—log,(3x—75)
dy 3 3

3. Differentiate each term. = —
dx 3x+5 3x-—5

dy 3(3x—5)—3(3x+5)
dx (Bx+503x=5)
dy _9x—15—(9x+15)

4. Form a common denominator.

5. Expand the numerator and denominator

2
and simplify. dx 9x* —25
d —
6. State the final answer in simplest form. A 0
dx 9x*-25

5.2.3 The product rule

The product rule states that if u = u(x) and v = v(x) are two differentiable functions of x, and y=u - v, then
dy dv  du

— =u— +v—. A quick proof is as follows.

dx dx  dx

Let dx be the increment in x and du, dv and Jy be the corresponding increments in u, v and y. Then
y+0y=(u+du)(v+46v)

Expanding, y+ 0y = uv+udv+véu+ Sudv

Since y=u-v, 8y = udv +vou + Sudv
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)
Divide each term by &x: o u@ + v% +
Sx ox  Ox ox

Su-o0v

é d .
Now in the limit as 5x—>0,5u—>0,5v—>0,—y — _y,@ — @,%_) % and du-dv - 0.
ox dx dx dx o6x dx ox
d
Hence, i = uﬂ + v@.
dx dx dx
The product rule

If y =uv, where u and v are both differentiable functions of x, then:

WORKED EXAMPLE 4 Differentiation using the product rule

a. If f(x) = x*sin(2x), determine f’ (x).

b. Determine i [xse‘l"].
X

THINK
a. 1. Write the equation.

2. State the functions u and v.

3. Differentiate u and v with respect to x.

4. Determine f’(x) using the product rule.
Substitute for u, —V, y and @
dx dx

5. Simplify by taking out the common factors.

b. 1. Write the equation.

2. State the functions « and v.

3. Differentiate u and v with respect to x.

d
4. Determine d_y using the product rule.
X

Substitute for u, ?, v and @

ke dx

5. Simplify by taking out the common factors.

WRITE
a. y=f(x)=x*sin@x)=u-v

u=x*and v = sin(2x)

du =4x> and v 2 cos(2x)
dx dx
dv  du
") =u— +v—
S &) dx dx

= 2x* cos(2x) + 4x° sin(2x)

) =2x3 (xcos(2x) +2 sin(2x))
2x

b. Lety=xe > =u-v.

u=x and v=e=%

du_ 5x* and dv_ —D 2%
X dx

dy dv  du

—_— =y— V—

dx dx dx

d

D_ X X (—26‘2") + e~ x 5x*

dx

d

& =x*e=2(5 — 2x)

dx
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Alternative notation

The product rule can be used without explicitly
writing the expressions u# and v. The setting out
is similar, but an alternative notation is used.

. . .. . d :
1. Write the expression. This is called ‘operation = [x5 e‘z*]
notation’. ke
d d
2. Use the product rule. =X — (™) + e — (x°)
dx dx
3. Calculate the derivatives. =x" X (—2¢7%) + e 2 x 5x*

4. Simplify by taking out the common factors and 4 [Fe=>] =x*e™2(5 — 2x)
state the final result. ki

5.2.4 The quotient rule

The quotient rule states that if u =u (x) and v =v (x) are two differentiable functions of x and y = E,
v

v
d
then & = dx__dx quick proof is as follows.

dx v

u
Lety=—=u-v\.
v

d
Now by the product rule, Y ui (v +v7! @
dx  dx dx
d
Using the chain rule, Y ui (v & v‘lﬁ
dx dv dx dx
Ldv  _,du
= —uy “"— + _—
dx dx
du dv
V— —u—
_ _dx dx
2

The quotient rule

Ify= E, where u and v are both differentiable functions of x, then:
v
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WORKED EXAMPLE 5 Differentiation using the quotient rule

a. Differentiate

with respect to x.

3 sin(2x)
2064

THINK

a. 1.

2.

Write the equation.
State the functions « and v.

Differentiate u and v with respect to x.

d
Determine oY using the quotient rule.

Substitute for u, ?, v and @

x dx’

Expand and simplify by taking out the
common factors.

. Cancel the common factors and state the final

result in simplest form.

. Write the equation.

. State the functions « and v.

. Differentiate u and v with respect to x, using

the chain rule to determine ? See Worked
x

example 1a for %

. Determine f”(x) using the quotient rule.

Substitute for u, —v, v and @
dx dx

. Simplify by forming a common denominator

in the numerator.

. Expand and simplify the terms in the

numerator.

b. If f(x) = , determine [’ (x).
4x2+9
WRITE
3sin(2x) u
a. Lety= =-.
! 2x* v
u=3sin(2x) and v = 2x*
du_ 6 cos(2x) and v _ 8x3
b x
du dv
V— —u—
dy __dx  dx
dx 2
dy _ 2x* X 6 cos(2x) — 3 sin(2x) X 8x°
dx (2x4)2

dy _ 12x’(xcos(2x) —2sin(2x))
dx 48

d
d_y = % (xcos(2x) —2sin(2x))
X X

3x u

. Letflx)= ———— =

V4x2 +9 v
u=3xand v=V4x2+9

d_u N dv 4x

=3and —=——
dx dx  \/4x2 49
du dv
i ax
fe) ===
12
VAR +9x3 - 3rx o=
f')= :

2
< 4x2+9)

3 (4x* +9) — 1247

Vax>+9

Ix —

F 452 +9
12x2 427 — 1232

, V4x2+9

fx)=

4% 49
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5 2 1
7. Simplify using () _a x 1 Foy= —2
c b ¢ Vaz+9 4P+9
- 27
-3
(4x* +9)2
. S , 27
8. Use index laws to simplify and state the final ffx)=

result in simplest form. v/ (4x2 +9)°

Derivative of tan(kx)

The quotient rule can be used to determine the derivative of tan(kx).

Let y =tan(kx) = sin(kv) = E, where u = sin(kx) and v = cos(kx).
cos(kx)
Then @ =k cos(kx) and @ = —k sin(kx).
dx dx
du dv
dy ax i
Using the quotient rule, — = X A&
dx V2
@ _ cos(kx) X k cos(kx) — sin(kx) X —k sin(kx)
dx (cos(kx))’
k (cos?(kx) + sin” (kx)
= ( ) since cos?(kx) + sin”(kx) = 1
cos?(kx)
 cos2(kx)
= ksec?(kx)
d 5 k
Hence, — (tan(kx)) = k sec”(kx) = .
dx cos?(kx)

Derivative of tan(kx)

d
— kx)) =k sec?(kx) =
dx(tan( )) sec”(kx) o)

WORKED EXAMPLE 6 Differentiation of tangent functions

2x
a. Differentiate 2 tan® (g) with respect to x. b. If f(x) = x’tan (; ) , evaluate f’ <§>

THINK WRITE
a. 1. Write the equation. a. y=2tan’ <§>
2. Express y in terms of u and u in terms y=2u’> where u= tan<§>
of x.
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. Differentiate y with respect to # and u
with respect to x using

i(tan(kx)) = k sec?(kx) with k= l
dx 2

d
. Determine d_y using the chain rule.
x

. Substitute back for u and state the final

result.

. Write the equation.
. State the functions « and v.
. Differentiate u and v with respect to x.

. Determine f”(x) using the product rule.

Substitute for u, ?, v and @

X dx

. T
. Substitute x = 5

. Substitute for the trigonometric values
and simplify.

. Express the final result in simplest
form by taking a common
denominator and the common factor
out in the numerator.

d d
O _ DU _ oy L gec <E>
dx dudx 2 2

A
i =5tan® a sec? <E>
dx 2 2

. fix) =x?tan <2?x> =u-y

2
u=x?and v=tan <?x>

d—M:Z)cand @:gsecz <2_x>
dx dcx 3 3

dv du
"X) =u— +v—
F e dx dx

flx)=x>x 2 sec? <%> + tan <2_x> X 2x
3 3 3
T 2(m : 1 T T
f/<—> = —<—> X ————— +tan <—> X2 X —
2 3\ 2 cosz(%) 3 2

3
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS @

Technology free

1. IEH a. If fix) = L determine the value of f'(—1).
3x2+5

b. Differentiate 5sin’ (2x) with respect to x.

1
2x+5

b. If f(x) = 64/cos(4x), determine the value of f” <1—7T2>

. d
. a. Determine —

N

3. Differentiate each of the following with respect to x.
a. 2sin*(3x) b. 5cos’(4x)

4. Differentiate each of the following with respect to x.

a. x\V/2x2+9 b. _—*
V3x2+5

5. Determine f'(x) for each of the following.
12
a.fn=e 2 b. f(x) = ®5®
6. Determine g’(x) for each of the following.

a. g(x) =cos (e*) b. g(x)=eV*

3 18
7. A a. If f{x) =6 cos <—> evaluatef’(—).
x T
b. Differentiate """ with respect to x.

8. a. Differentiate sin <\/)_C> with respect to x. b. If h(x) = 5?9 evaluate A’ (%) )

9. [I=A a. Differentiate log, <sin <§> ) with respect to x.

b. Determine 4 [log (
dx ¢

4> +9 )
4x2 -9 )|
10. 2 a. If £ (x) = x> cos(4x), determine ' (x).

b. Calculate 4 (xte).
dx

11. a. Differentiate ¢=3* cos(2x) with respect to x.

b. If f(x) = x%e~* , evaluate f'(2).
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

d
Determine d_y for each of the following.
by

a. y=x> sin(5x) b. y=x* cos(4x)

Determine each of the following.

i 3 —dx i _
a.dx(xe ) b. dx(e

3 3
KA a. Differentiate M

o0 with respect to x.
X

b. If f(x) =

, determine f” (x).
4x+9

3% sin(2x))

2 2
a 1A = 3%’ determine f*(x). b. Determine - [< = 5) ] :
xe*

d
Calculate d_y for each of the following.
X

_ 3sin(3x)

a.y
Determine each of the following.

3x
a. i [e_] b d

dx | 2%

. : x\ .
KA a. Differentiate 6 tan* <§> with respect to x.

b. If fix) =x* tan (i) evaluate f”(7r).

d 1
D dx [x3e>

dx 3x2-5

_ 4cos(2x)
2x3 Y 3x*

tan(3
a. If g(x) = an X), evaluate g’ <g> b. If g(x) =5 tan <z> evaluate g’ <2>
x T -

a. If f(x) =log, ( 42+ 9), evaluate f'(—1).

b. Differentiate cos <loge <§) > with respect to x.
. dy )
Determine o for y=x"log, (5x +4).
X

d
Determine d_y for each of the following.
by

4x—9
a.y=lo b. y=1lo
Y & <4x+9> Y

. <3x2+5>
e\3x2-5

a. If g(x) =log (sin(3x)), determine the exact value of g <17T—2> .

b. If h(x) =log (tan(2x)), determine the exact value of A’ <%> .
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24,

Y

. If filx)y=4cos (2) evaluatef’<i>. b. If flx) =2tan <§> evaluatef’<1—8>.
X 2 X T

25. a. Use the chain rule to show that di(sec(kx)) = k sec(kx) tan(kx).
x
b. Use the chain rule to show that di(cosec(kx)) = —k cosec(kx) cot(kx).
X

c. Use the quotient rule to show that di(cot(kx)) = —k cosec?(kx).
x

d
26. If y=1log | cot ) +cosec ( = , show that Y 1 cosec = ).
¢ 2 2 dx 2 2

27. If n, k, b and « are all constants, verify each of the following.

a. i [sin(rx + ot)] = n cos(nx + o) b. i [cos(nx + ax)] = —n sin(nx + @)
dx dx

28. If n, k, b and « are all constants, verify each of the following.

a. di [sin"(kx)] =nk sin”_l(kx) cos(kx) b. di [cos™ (kx)] = —nk cos™ ™! (kx) sin(kx)
X X

29. If n, k, b and « are all constants, verify each of the following.

a. di [ sin(bx)| = e**(b cos(bx) + k sin(bx)) b. di [e¥ cos(bx)| = e (k cos(bx) — b sin(bx))
X X

30. If n and k are both constants, verify the following.
di [x" sin(kx)] = x*~(n sin(kx) + kx cos(kx))
X

31. If n and k are both constants, verify the following.

in(kx [ cos(kx

4 [Sm( )] =L (rcostbo —nsinkvy b, L |2ED
X+l dx | x"

-1 .
a. o = ] = xn_+1 (kx sin(kx) + n cos(kx))

32. If n and k are both constants, verify the following.

[ kx kx kx —
a. i [x"ekx] =x""1ek(n + kx) b. i S u
dx dx | x" X+l
33. If a, b, c,d and n are all constants, verify each of the following.
d [ ax d | ax+b ad — bc
a. — |lo <\/ax2+b>]= b. — |lo < ) =
dx Ee ax’> +b dx | & cx+d (ax+Db) (cx+4d)

34. If a, b, c,d and n are all constants, verify each of the following.

d ax>* +b 2(ad—bc) x d o nb
. — |1 — || = b. — |1 b =
? dx [oge <cx2+d>] (ax2+b) (cx2+d) dx [oge (Sm ( x))] tan(bx)

35. If a, b, c,d and n are all constants, verify each of the following.

d d 2nb
a. — |log (cos” (bx))| = —nbtan (bx b. — |log (tan(bx))| =
= [log, (cos” (bx))] (bx) = [log, (tan"(bx))] T
36. a. If u(x), v(x) and w(x) are all functions of x and y = u(x)v(x)w(x), use the product rule to

d
show that o v(x)w(x)ﬂ + u()c)w()c)ﬂ + u(x)v(x)d—w.
dx dx dx dx

- dy 3 —d
b. Hence, determine — for y=x"e¢™**

cos(2x).
o (2x)
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in(0
37. Using the fundamental limit lim %() = 1, verify each of the following, using the method of first principles

6—0

where k is a constant and x €R.

a. i (sin(kx)) = k cos(kx) b. i (cos(kx)) = —k sin(kx) c. i (tan(kx)) = k sec?(kx)
dx dx dx
. . . .. sin(®) . . . .
38. Using the fundamental limit éln’(l) o =1, verify each of the following, using the method of first principles
where k is a constant and x € R.
a. di(sec(kx)) = ktan(kx) sec(kx) b. di(cosec(kx)) = —k cot(kx) cosec(kx)
x x

c. i(cot(kx)) = —k cosec?(kx)
dx

5.2 Exam questions

Question 1 (2 marks)
Calculate the derivative of y =log, <\/ 2x2 + 9).

Question 2 (2 marks)
d
If y=log, ( tan(3x) + sec(3x)), show that d_y =3 sec(3x).
X

Question 3 (2 marks)
If n and k are both constants, verify the following.

di [x" cos(kx)] = x"~! (n cos(kx) — kx sin(kx))
X

More exam questions are available online.

5.3 Applications of differentiation

LEARNING INTENTION

At the end of this subtopic you should be able to:
e determine and sketch the tangent and normal to a curve at a point
e determine rates of change of one variable with respect to another.

There are many mathematical applications of differential calculus, including:
e determining tangents and normals to curves
e rates of change
¢ maxima and minima problems
e curve sketching
e related rate problems
e kinematics.

5.3.1 Tangents and normal to curves

Tangents to curves

As you will recall from Mathematical Methods, a tangent to a curve is a straight line that touches a curve at
the point of contact. Furthermore, the gradient of the tangent is equal to the gradient of the curve at the point
of contact.
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WORKED EXAMPLE 7 Determining and sketching the tangent to a curve at a point

Determine the equation of the tangent to the curve y = —x* + 3x + 4 at the point where x = 3. Sketch

the curve and the tangent.

THINK

1. Determine the y-coordinate corresponding to
the given x-value.

2. Determine the gradient of the curve at the
given x-value. This will be denoted by m;.

3. Determine the equation of the tangent, that
is, the straight line passing through the given
point with the given gradient. Use
y =y =mplx —xp).

WRITE/DRAW

y=—x>+3x+4

When x =3,

y=-9+9+4
=4

The point is (3,4).

dy

— =—2x+3
dx

When x =3,
_ b
- dx x=3
=-3

my

x; =3,y =4 and my=-3
y—4=-3(x-3)
y=-3x+9+4

4. State the equation of the tangent and sketch the y=-3x+13
graph. ‘i‘
(0, 13)
y=-3x+13
(0, 4)
L0/ 0
y=-x>+3x+4
)
TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
On a Calculator page select [777 azione N mold XI On a Main screen select © Edit Action Intersctive
Menu: bs 2 Qumberl Duvane Action: Calculation: line: ~ |SH5 s ][] v ||
4 Caleulus % %&%g |nte9fal tanLine. nnmn(-xhoxu.x.s)-a.“la -3
9 Tangent Line @5 Probabil 4 Limit In the brackets type the o

X 6 Statistic 5 Sum
k4 7 Matrix 86 Product
$¢ 8 Finance 7 Function Minimum
3 9 Functior 8 Function Maximum
9 Tangent Line
A Normal Line

v

expression, the variable
and the x-value, all
separated by commas as
shown.

8 B8

Alg Stadard  Fosl Red
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Type the expression and
then the x-value into the
brackets, separated by a
comma, as shown.

2
tmgentl.me('.\" +3 X+ Z)

Normals to curves

The normal to a curve is a straight line perpendicular to the tangent to the curve. If two lines are perpendicular,
the product of their gradients is —1. If my is the gradient of the tangent and my is the gradient of the normal, then

meNz—l.

WORKED EXAMPLE 8 Determining and sketching the normal to a curve at a point

Determine the equation of the normal to the curve y = x*> — 3x — 10 at the point where x = 4. Sketch the

curve and the normal.

THINK

1. Determine the y-coordinate corresponding to
the given x-value.

2. Determine the gradient of the curve at the
given x-value. This is denoted by m.

3. Determine the gradient of the normal, which
will be denoted by m,. Since the normal line
is perpendicular to the tangent, the product of
their gradients is —1.

4. Determine the equation of the normal, that
is, the straight line passing through the given
point with the given gradient. Use

Y=y =my(x—x).

WRITE/DRAW

y=x>—3x—10

When x =4,

y=16—12-10
=—6

The point is (4, —6).

d

. 2x—3

dx

When x =4,

_ Y

- dx x=4

=)

mry

mNmT = —]

m7‘=5
1
:>mN:—g

1
The normal has a gradient my = N

x;=4,y,=—06 andmNz—é

1
+6=——(x—4
y 5(x )

S5y+30=—x+4
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5. State the equation of the normal. To avoid Sy+x+26=0
fractions, give the result in the form

ax+by+k=0.
Sketch the graph.
(5,0
Sy+x+26=0
(0’ _10)
TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
On a Calculator page select [777 azione N moli X On a Main screen select © Edit Action Interactive
Menu: bs2 Number 1 Derivative Action: Calculation: line: 7]
\= 3 Algebra 2 Derivative at a Point... normal(x2-3x-10, x, 4) Al
4 Calculus f MGG 3 'ntegral normal. P el
A Normal Line @5 Probabil 4 Limit In the brackets type the 2 o
X 6 Statistic 5 Sum . .
£4 7 Matix 86 Product expression, the variable
$¢ 8 Finance 7 Function memum and the x—value, all
3 9 Functior & Function Maximum
9 Tangent Line separated by commas as
A omaiee S

& 81

Alg Standard Resl Rad
Type the expression and
then the x-value into the
brackets, separated by a
comma, as shown.

General results for determining tangents and normals to curves

In general, to determine the equation of the tangent to the curve y =f(x) at the point where x = a, the y-value

is y=f(a), so the coordinates of the point are (a,f(a)). The gradient of the curve at this point is m; =f" (a), so
the equation of the tangent is given by y — fla) =f'(a) (x — a). The normal has a gradient of my = _f’L’ so the
equation of the normal to the curve is given by y — f(a) = — 1 (x—a).

f' (@)

WORKED EXAMPLE 9 Using the tangent at a point to determine the equation of a curve

The tangent to the curve y = \/; at a point is given by 6y —x + ¢ = 0. Determine the value of c.

THINK WRITE
1
1. Determine the gradient of the curve. y= \/)_c =x2
d -1 1
Then s =7 A= ——
d.
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2. Determine the gradient of the tangent line.

3. State the gradient of the tangent line.
4. At the point of contact these gradients are
equal.

5. Solve the equation to calculate the x-value at
the point of contact.

6. Determine the coordinate at the point of
contact. Substitute the x-value into the curve.

7. This point also lies on the tangent.

8. State the answer.

6y —x+c=0,

Rearrange to make y the subject:
6y=x—c
_r_ ¢
"T67 6

mr=—

11

24/x ©

V=3

55=C)

When x=9,

J=yE=/o=3

The point is (9, 3).

6y—x+c=0
c=x—06y
=9—18
c=-9

Determining tangents and normals to other functions

When determining the equation of the tangent and normal to trigonometric functions or other types of functions,

we must use exact values and give exact answers. That is, give answers in terms of 7t or surds such as \/5,
and do not give answers involving decimals. This principle applies across the entire course of VCE Specialist
Mathematics, always give answers as exact values unless otherwise specified.

WORKED EXAMPLE 10 Determining the tangent and normal to a curve at a point

b3
Determine the equation of the tangent and normal to the curve y = 4 cos(2x) at the point where x = 5

Sketch the tangent and the normal.

THINK

1. Determine the y-coordinate corresponding to
the given x-value.

WRITE/DRAW
T

When x= —,
8

V4
=4cos | —
’ <4>

=212
The point is (%, 2\/§>
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2. Determine the gradient of the curve at the

given x-value.

3. Determine the equation of the tangent, that

is, the straight line passing through the given
point with the given gradient. Use

Y=y =mr(x—xp)

. State the equation of the tangent.

. Determine the gradient of the normal, my.
Since the normal line is perpendicular to the
tangent, the product of their gradients is —1.

. Determine the equation of the normal, that
is, the straight line passing through the given
point with the given gradient. Use

Y=y =my (x—xp).

. State the equation of the normal and sketch the
graph, showing the tangent and normal.

y .
— =—8sin(2x
e (2x)
When x=—,
dy
mr= —
"7 =

x =2,y =24/2 and my = —44/2

y=2v2=-41/2 <x— %)
2x+ @H\/E

-
4 2

mymyp = —1

mp= —4\/5

:>mN:

oo|§|§l|>—
SIS

The normal has a gradient m, = ?

2
x1=%’)’1=\j_zandm/v=\/?—
2 Vo
—2\/2=~=[x==
y-2v2=2 (x-2)
V2x Vo
——— — ——— L)
8 64 " \/_
6
5
4
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5.3.2 Rates of change

The first derivative or gradient function, d—y, is also a measure of the instantaneous rate of change of y with
x
respect to x.

WORKED EXAMPLE 11 Calculating rates of change (1)

Determine the rate of change of the area of a circle with respect to the radius.

THINK WRITE
1. Define the variables and state the area of a If the radius of the circle is r and the area is A, then
circle. A=mr.
dA

2. We require the rate of change of the area of a

circle with respect to the radius. dr
. dA

3. State the required result. o =2nr
r

Average rates of change

The average rate of change is not to be confused with the instantaneous rate of change. The average rate of
change of a function y =f(x) over x € [a, b] is the gradient of the line segment joining the points.

(b, fib)

I
I
I
|
! “x
a b
. . . D . fb)—f(a)
Looking at the above graph, the gradient of the line segment joining (a, f(a) ) and (b, f(b) ) is s
—a

f(b)—f(a)
b—a

Therefore, the average rate of change of a function f(x) over x € [a, b] is

WORKED EXAMPLE 12 Calculating rates of change (2)

The tides in a certain bay can be modelled by
. it
D(t) =9 + 3sin <;>

where D is the depth of water in metres and ¢ is the
time in hours after midnight on a particular day.
a. Calculate the depth of water in the bay at 2 am.
b. Sketch the graph of D(¢) against ¢ for 0 <t < 24.
c. Determine when the depth of water is below
7.5 metres.
d. Determine the rate of change of the depth at 2 am.
e. Over the first 4 hours of each day, determine the
average rate of change of the depth.
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THINK WRITE/DRAW

a. 2 am corresponds to = 2. a. D(2) =94 3sin <2—7T>
Evaluate D(2), expressing your 6
answer in simplest form. —043x ﬁ
2
18+34/3
= ————— metres
2
b. 1. Determine the period and amplitude of the b. n=2
graph. State the maximum and minimum ¢ o o
values of the depth. The period is e or == 12.

6
Over 0 <t <24, there are two cycles.
The maximum depth is 9 4+ 3 = 12 metres and
the minimum depth is 9 — 3 = 6 metres.

2. Sketch the graph on the restricted domain.

D
12

10
0.9 (24, 9)

N A~ N

I't

o T T T 1T
lZ 4 6 8 1012 14 16 18 20 22 24

. . . . t
c. 1. Solve an appropriate equation to determine c. D(©)=7.5=943sin <£>
the times when the depth of water is 6
. [ 7t 1
7.5 metres. sin <_> ===
6 2
nt Tm 1w Im 17
—=—,—,—+27r,— +27
6 6 6 6 6
t=7,11,19,23
2. State when the depth is below 7.5 metres. The depth is below 7.5 metres between 7 am
and 11 am and between 7 pm and 11 pm.
. . dD 7 mt
d. 1. Determine the rate of change of depth with d —=—cos| —
respect to time. dt 2 6
dD
2. Evaluate this rate at 2 am, giving the correct — =Z cos (E)
. dt l,=p 2 3
units. T

I
|
3
=
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e. 1. Calculate the average rate of change over the e. t€[0,4]
first 4 hours. D(0)=9 +3sin(0) =9

e
D(4)=9+3$in<4£>=9+i

2
3\/5_9

94—

DA-DO) _ """
4—-0 4-0
. . . 3
2. State the required average rate, giving the The average rate is m/h.

correct units.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free
1. Determine the equation of the tangent to the curve y = x*> — 2x — 8 at the point where x = 3.

2. Determine the equation of the tangent to the curve y = 1/4x + 5 at the point where x = 1.

3. Determine the equation of the tangent to each of the following curves at the point indicated.

a.y=9—x’atx=2 b.y=5sin(2x)atx:§

4. Determine the equation of the tangent to each of the following curves at the point indicated.

a.y=V2x+latx=4 b_y=4cos(3x)atx=%

5. [IlIEA Determine the equation of the normal to the curve y = —x? 4+ 2x + 15 at the point where x = 2.

6. Determine the equation of the normal to the curve y = at the point where x = 1.

x —
7. IIEA The tangent to the curve y=x> — 6x + 5 at a point is given by y = 2x + ¢. Determine the value of c.
8. The normal to the curve y = x? 4+ 4x + 12 at a point is given by 2y — x + ¢ = 0. Determine the value of c.
9. a. Determine the value of ¢ if y=—12x + c is a tangent to the curve y=x> — 8x—9.

b. Determine the value of ¢ if y =8x + ¢ is a tangent to the curve y = — .
2x-3)

. . . 3
10. a. Determine the value of ¢ if 3y —4x + ¢ =0 is a normal to the curve y = -
X
b. Determine the value of ¢ if 2y + x4+ ¢ =0 is a normal to the curve y = 1/4x — 3.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

. . . [ x .
ET Determine the equation of the tangent and normal to the curve y =4 sin <5> at the point

T
where x = g

Determine the equation of the tangent and normal to the curve y = —3e~>* + 4 at the point where it crosses
the y-axis.
Determine the equation of the normal to each of the following curves at the point indicated.

a.y=16—x*atx=3 b.y:tan(3x)atx:%

Determine the equation of the normal to each of the following curves at the point indicated.

a. y=log (4x—3)atx=1 b. y atx=3

C(x—3)
IIZEH For a sphere, determine the rate of change of volume with respect to the radius.

For a cone, determine the rate of change of volume with respect to:

a. the radius, assuming the height remains constant
b. the height, assuming the radius remain constant.

Given the function £ R — R, f(x) =5 — 3¢~
a. show that the function is always increasing
b. sketch the graph of y = f(x), stating any axis intercepts and the equations of any asymptotes

. . 1
c. determine the equation of the tangent to the curve at x = %

Given the function f R = R, f(x) =4 — 3¢>*:
a. show that the function is always decreasing

b. sketch the graph of y =f(x), stating any axis intercepts and the equations of any asymptotes

. . 1
c. determine the equation of the normal to the curve at x = %

a. Sketch the graph of y =3log (4x—35), stating the axis intercepts, the equations of any asymptotes, and the
domain and range.

b. Show that there are no stationary points.

c. Determine the equation of the tangent to the curve y =3 log (4x —5) at the point where x =2.

a. Sketch the graph of f{x) =21log (5 — 2x), stating the axis intercepts, the equations of any asymptotes, and
the domain and range.

b. Show that the function is a one-to-one decreasing function.

c. Determine the equation of the normal to the curve y =21log (5 — 2x) at the point where x = 1.

I The tides in a certain bay can be modelled by

D(t)=6+4cos <E>
12

where D is the depth of water in metres and ¢ is the time in hours after midnight on a particular day.

[V

. Calculate the depth of water in the bay at 6 am.

. Sketch the graph of D () against ¢ for 0 <1 <24.

. Determine when the depth of water is below 8 metres.

. Determine the rate of change of the depth at 3 am.

. Over the first 6 hours, determine the average rate of change of the depth.

® O 0 T

254 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition



Technology active

22. The population number, N(¢), of a certain city can be
modelled by the equation N(r) = NyeX’, where N,y and
k are constants and ¢ is the time in years after the year
2010. In the year 2010, the population number was
500000 and in 2020 the population had grown
to 750 000.

a.
b.
c.

. Calculate the average rate of growth over the first

Determine the values of N, and k.

Calculate the predicted population in 2025.
Determine the rate of change of population in 2025,
correct to 1 decimal place.

30 years, correct to 1 decimal place.

. Sketch the graph of N(?).
23. a.

The tangent to the curve y =k — x2, where k> 0, at the point where x = a and a > 0 crosses the x-axis at B
and crosses the y-axis at C. If O is the origin, determine the area of the triangle OAB.

. The normal to the curve y =k — x? at the point where x = a and a > 0 passes through the origin. Show that

1
k=a*+ —.

24. The current, i milliamps, in a circuit after a time ¢ milliseconds is given by i = 120e=% cos(10¢) for t > 0.

a.

b.

25. The amount of a drug, D milligrams, in the bloodstream
at a time ¢ hours after it is administered is given by

t
D(t)=30te” 3.

a.

. Calculate the instantaneous rate of change of

Determine the rate of change of current with respect to time and evaluate it after 0.01 milliseconds, giving
your answer correct to 3 decimal places.

Over the time interval from # =0 to = 0.02, calculate the average rate of change of current, giving your
answer correct to 3 decimal places.

Determine the average amount of the drug present
in the bloodstream over the time from 7 =1 to

t =2 hours after it is administered, correct to

2 decimal places.

the amount of the drug after 1.5 hours, correct to
1 decimal place.

. Determine the time when the amount of drug is a

maximum and calculate the maximum amount of the
drug in the body, correct to 2 decimal places.

. Determine how long the amount of the drug in the

body is more than 10 milligrams, write your answer
in hours correct to 2 decimal places.

5.3 Exam questions

Question 1 (4 marks)

The tangent to the curve y = — at the point where x =a and a > 0 crosses the x-axis at B and crosses the

X
y-axis at C. If O is the origin, determine the area of the triangle OBC.
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Question 2 (4 marks)
Given the function £ R = R, f(x) =x’e™ 2"
a. determine the equations of the tangents to the curve y = x>¢~>* at the points where
x=landx=0 (2 marks)
b. show that the tangents above are the only two tangents to the curve that pass through the origin. (2 marks)

Question 3 (3 marks)
The population number, P(¢), of ants in a certain area is given by

520
PO= 5t
where 7> 0 is the time in months.

a. Calculate the initial population of the ants. (1 mark)
b. Determine the rate at which the ant population is increasing with respect to time and evaluate this rate

after 10 months, correct to 1 decimal place. (1 mark)
c. Over the first 10 months determine the average rate at which the ant population is increasing, correct to

1 decimal place. (1 mark)

More exam questions are available online.

5.4 Implicit and parametric differentiation

LEARNING INTENTION

At the end of this subtopic you should be able to:
 determine an expression for the derivative of y with respect to x for relations using implicit
differentiation
e determine an expression for the derivative of y with respect to x for parametric equations using
parametric differentiation.

9.4.1 Introduction to implicit differentiation

Up until now the relationship between x and y has always been explicit: y is the dependent variable and x

d
the independent variable, with y in terms of x written as y = f(x). It is said that y depends on x and d_y can be
by
determined directly. For example:

d
If y=x?+4x+13, thend—y=2x+4.
X

d
If y=3sin(2x) +4e~2, then d—y = 6.cos(2x) — 8e~ 2,
X

d —
If y=v16—22, then 2 = —
dx /16— x

dy 5
If y=Ilog (5x+3), then — = .
y=log, (Gx+3), then 50 = ==

There are times, however, when y is not expressed explicitly in terms of x. In these cases there is a functional
dependence or a so-called implicit relationship between x and y of the form f(x, y) = ¢, where c is a constant, or
g(x,y)=0. For example:
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¥ +y?=16
4x* +3xy—2y* +5x—Ty+8=0
e +3sin2x—3y) =c¢

These represent curves as an implicit relation and are not necessarily graphs of functions.

In some cases it may be possible to rearrange to make y the subject, but in most cases this is simply not possible.
In this implicit form an expression for 2 can still be obtained, but it may be in terms of both x and y. This can

by
be obtained by differentiating each term in turn, with respect to x (remembering to use the chain rule as shown
below).

d . . d
For example, d_ (xz) =2x, and in general, if n is a constant, then — (x"") = nx" L,

X

Recall that i(constant) =0.
dx

d d
Consider 4 (?). To find this, use the chain rule and let u = y*. Then 4 () = du _ du x 2 2y X 2.
dx dx dx dy dx dx
: d d dy dy
furthermore, in general — (") = — (") — =ny"~! =,
£ dx 0" dy 0" dx Y dx

This last result is known as implicit differentiation; it is just an application of the chain rule. When it is

d
necessary to differentiate a function of y with respect to x, differentiate with respect to y and multiply by d_y
X

WORKED EXAMPLE 13 Implicit differentiation

d
Given x? + y? = 16, determine an expression for d_y in terms of both x and y.

x
THINK WRITE/DRAW
1. Write the equation. ¥ +y?=16
d d d d
2. Take —( ) of each term in turn. — () +—(*)=—(6
dx() dx ( ) dx (y ) dx( )
o d dy
3. Use the results above together with d—(c) =0, 2x + 2yd— =0
ke x
since the derivative of a constant is zero.
. dy . dy
4. Transpose the equation to make — the subject. 2x = —2y—
dx dx
. dy X
5. Cancel the common factor and divide by x. o =—-
X y

State the final result, giving d_y in terms of

both x and y.

Alternatively, notice that in this particular example
it is possible to rearrange the equation to make y
the subject
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1. Write the equation.

2. Rearrange to make y the subject.

3. There are two branches to the relation, which
is a circle with centre at the origin and radius
4. Consider the branch or top half of the circle,
which by itself is a function.

., dy .
4. Rearrange to write 2 in terms of x,

differentiating using the chain rule.

d
5. However, since y = /16 —x2, express Ey in

terms of both x and y as before.

¥ +y* =16

0.4

(4,0

YA
(-4,0)

0,4

€

YA

0,4

(-4,0)

Y

y= V16 — x?
4,0)
X
4,0)
X
y=-\16 —x*
¥*+y2=16
4,0)
X
0,-4)

Consider y= V16 —x2.

dy_ =
dx  \/16—x
dy X
dx y

Further examples involving implicit differentiation

Sometimes it may be necessary to use the product rule to obtain the required derivatives.
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WORKED EXAMPLE 14 Implicit differentiation using the product rule

d
a. Determine — (3xy).
I y

d
b. Given 4x? + 3xy — 2y* + 5x — 7y + 8 = 0, write down an expression for d—y in terms of both x and y.

X
THINK WRITE/DRAW
a. 1. Write the expression. a. di(ﬁy)
X
d d
2. Use the product rule. —BxXy)=—mXv)
dx dx
Letu=3xand v=y.
d d d . d dy d
3. Calculate the derivatives. L 3 and g —(y)—y =115 CeY
dx dx dy dx dx dx
4. Use the product rule. i(u X V) = u@ + vd—u
dx dx dx
d
5. State the final result. i(3xy) = 3x—y +3y
dx dx
b. 1. Write the equation. b. 4x? +3xy—2y*+5x—7y+8=0
d d d d d d d
2. Take —( ) of each term — (4% + —CBxy)— — (2y*) + —(5x) — —(Ty) + —(8) =0
) dx() dx( ) dx( ?) dx(y) dx( ) dx( ) dx()
in turn.
. dy dy dy
3. Substitute for the result 8x+3x—+3y—4y—+5-7—+0=0
from the second term dx dx dx
from part a and use
implicit differentiation
on each term.
d d d
4. Transpose the equation 8x+3y+5= 7_y aF 4y—y = 3x—y
to get all terms involving dx dx dx
2 on one side of the
x
equation.
dy
5. Factor the terms 8x+3y+5= d—(7 +4y—3x)
X

involving =2 on the
b
right-hand side of the
equation.
dy 8x+3y+5

6. Divide and state the final =
dx T+4y—3x

2.g y .
result, giving — in terms

X
of both x and y.

Implicit differentiation with exponential or trigonometric functions

Sometimes it may be necessary to use the derivatives of exponential or trigonometric functions together with
implicit differentiation techniques to obtain the required derivative.
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WORKED EXAMPLE 15 Implicit differentiation of exponential and trigonometric functions

d
Given e~2 + 3 sin(2x — 3y) = ¢, where c is a constant, determine an expression for 4 in terms of both

x and y.

THINK

1.

10.

11.

12.

Write the equation.

. Take i( ) of each term in
dx

turn.

. Consider just the first

term and use implicit
differentiation.

. Use the chain and product

rule.

. Substitute back for u.

. Consider just the second

term and use implicit
differentiation.

. Substitute back for v.

. Substitute for the first and

second terms.

. Expand the brackets.

Transpose the equation to
get all terms involving 2 on

one side of the equation.

Factor the terms involving
d
d_y on the right-hand side of
X
the equation.
Divide and state the final
d
result, giving 2 in terms of

both x and y.

dx

WRITE
e +3sin2x—3y) =c¢

d , _, y d . d
— )+ —@3 2x—3y)) = —(c
o (e729) dx( sin(2x — 3y)) dx(t)
d —2xy d -

— (7)) = — (e™") where u =2x

p (e729) @™ y

d

du d dy
— (7)) —=—e*—2xy) = —e" | 2y+2x—
du( )dx dx( y) <y dx)

4 20y (4 2) o

dx x

d .. _d .y
o (3 sin(2x — 3y)) = (3 sin(v)) 0

d
where v = 2x — 3y so that dv :2—3—y.
dx dx

%(3 sin(2x = 3y)) =13 COS(V) <2 — 3%)

4 (3 sin(2x — 3y)) =3 cos(2x — 3y) <2 - 3@>
dx dx
d d
- <2y + 2x—y> e=29 4 3 cos(2x — 3y) <2 . 3—y> -0
dx dx
o oy dy
—2ye™ Y —2xe” Y — 4+ 6 cos(2x —3y) —9— cos(2x—3y) =0
dx dx

d d
—2ye™ 2 + 6 cos(2x — 3y) = 2xe‘2x~"—y + 9 cos(2x — Sy)—y
dx dx
5 2%y dy
—2ye™*Y + 6 cos(2x — 3y) = (2xe ' +9 cos(2x — 3y)) o
b

dy 6cos(2x—3y)— 2ye™ 2
dx  2xe> +9 cos(2x — 3y)
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5.4.2 Parametric differentiation

In the previous section, we saw that whether the variables x and y are given in the form y = f(x) as an explicit

relationship or the form f(x, y) = ¢ as an implicit relationship, an expression for d_y can be determined.
X

In this section, the two variables x and y are connected or related in terms of another variable, called a linking
variable or a parameter. Often ¢ or & are used as parameters.

A parameter is a variable that changes from case to case but in each particular case or instant it remains the

. d o . :
same. For example, an expression can be found for d—y; however, it will be in terms of the parameter by using

X
dy d 1
the chain rule, since Y_2 X ﬂ and noting that da = —. Alternatively, it may also be possible to eliminate
dx dt dx de dx

dt
the parameter from the two parametric equations and obtain an implicit relationship between the two variables x
and y. The following examples will illustrate these concepts.

WORKED EXAMPLE 16 Parametric differentiation

d
a. If x =3 cos(t) and y = 4 sin(f), determine the gradient d_y in terms of ¢.
x

b. For the parametric equations x = 3 cos(¢) and y = 4 sin(¢), determine an implicit relationship
between x and y, and write an expression for the gradient. Hence, verify your answer to part a.

THINK WRITE
a. 1. Differentiate x with respect to 7. The dot a. x=3cos(?)

. . . . . d i
notation is used for the derivative with & = _3sin )
respect to z. dt

2. Differentiate y with respect to . y = 4sin(?)
dy
— =y=4cos(?)
a

d
3. Use the chain rule to determine _y‘

dy dy dt dy 1 . 1 3y
—_— = _—_X y —

dx de dt " dx dt & X
d 4 t
4. Substitute for the derivatives. S L()
dx  —3sin(7)
L dy 4
5. State the gradient in simplest form. 0 = ——cot(?)
X
b. 1. Write the parametric equations. b. x = 3 cos(?) [1]
y = 4sin(r) [2]
2. Express the trigonometric ratios on their own. cos(t) = g [1]
: Y
sin(?) = = 2
(0 2 [2]
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3. Eliminate the parameter to determine the
implicit relationship.

4. Use implicit differentiation on the implicit
form.

5. Perform the implicit differentiation.
6. Transpose the equation.

d
7. Make i the subject.
dx

8. From the implicit differentiation, substitute
for the parametric equations.

9. Simplify to verify the given result, as above.

Since cos?(f) + sin’(7) = 1,

2 2
x_+y_=1
9 16
1d , , 1d,, d
— S (@) +==(¥)=—0
5z &) ez O = 2O
2 2y d
_x+_y_y:()
9 16 dx
x__ydy
9 8 dx
dy__l6e
dx 9y
Q _l6><3005(t)

dx 9 X 4 sin(r)

4
— = —— cot(t
3 (®

Students, these questions are even better in jacPLUS

Receive immediate Access
feedback and access additional
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Technology free

d
1. IlIZE Given x* + y? = 27, determine an expression for d_y in terms of both x and y.

X

d
2. Given \/x+ \/§ =4, determine an expression for d_y in terms of both x and y.

d
3. For each of the following implicitly defined relations, determine an expression for d_y in terms of x and y.

a. y?—2x=3
P
c. ———=1
16 9
.ood 5,
4. B3 a. Determlned—(4xy )
by

2 2
b =4l
49

X

=1

d. 4x—2y—=3x*+y*=10

d
b. Given 9x° + 4x?y? — 3y + 2x — 5y + 12 =0, determine an expression for d_y in terms of both x and y.

X
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10.

11.

12,

13.

14.

. Calculate the gradient of the normal to the curve x> — 4xy + 2y*> — 3x + 5y — 7 =0 at the point where x=2 in

the first quadrant.

d
. For each of the following implicitly defined relations, determine an expression for d_y in terms of x and y.

X
a. 2x* +3xy—3y*+8=0 b. x> +x*y? —6x+5=0
c. ¥ =3x%y +3xy? =y} —27=0 d. ¥ —y*=3x—x*4+9=0

. 242 . . . dy .
. l=ZHE Given 2xy + ¢~ ) = ¢, where c is a constant, determine an expression for d_y in terms of both

X
xand y.

d
. If sin (3x 4+ 2y) + x> + y?> = ¢, where c is a constant, determine d in terms of both x and y.

dx

d
. For each of the following implicitly defined relations, determine an expression for 2 in terms of x and .

X
Y —2x x4+ 8y
a_ —_— 6x . T T = .x
3x% +4y X = 2xy +4y?
C. ex+y + Cos(y) — y2 =0 d. eV + COS(Xy) + x2 =0

2

d
For each of the following implicitly defined relations, determine an expression for d_y in terms of x and y.
by

a. log (2x+3y) +4x—-5y=10 b. log (3xy) +x2+3y2=9=0

3 sin(3x) 5

1 1
c. —+2xy+--6=0 d. 2y x=0

X y sec(2y)

a. Calculate the gradient of the tangent to the curve y* = x> (2 — x) at the point (1, 1).

b. Calculate the equation of the tangent to the curve x> + 3xy +y* + 13 =0 at the point (1, —2).

c. Consider the equation x* + 4x + y*> — 3y + 6xy — 4 = 0. Calculate the gradient of the tangent at
the point (2, —1).

d. A certain ellipse has the equation 3x* + 2xy + 4y? + 5x — 10y — 8 = 0. Calculate the gradient of the normal
to the ellipse at the point (1, 2).

a. Determine the equation of the tangent to the circle x*> + y*> =25 at the point in the fourth quadrant

where x = 3.
22
b. Determine the gradient of the tangent to the ellipse xz + % =1 at the point in the first quadrant

where x=1.
2 2
c. Determine the gradient of the normal to the hyperbola )16_6 — yg =1 at the point in the fourth quadrant

where x=5.

d. Determine the gradient of the normal to the curve 2 (x2 + y2)2 =25 (x2 — yz) at the point (3, 1).

d
EEA a. If x =4 cos(r) and y = 4 sin(?), determine the gradient d_y in terms of ¢.
X

b. For the parametric equations x =4 cos(f) and y =4 sin(f), determine an implicit relationship between
x and y, and write an expression for the gradient. Hence, verify your answer to part a.

. . dy .
a. Given x=1> and y =2t —t*, determine Y in terms of 1.
X

. . . d .
b. For the parametric equations x = > and y = 2¢ — t*, express y in terms of x and calculate d_y Hence, verify
X
your answer to part a.
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d
15. For each of the following, determine d_y in terms of the parameter.
X

a. The parabola x =2/ and y = 4¢
b. The ellipse x = 3 sin(2¢) and y =4 cos(2f)

c. The rectangular hyperbola x =5¢ and y = 3
t

d. The hyperbola x = 3 sec(t) and y = 4 tan(r)

. . dy .
16. In each of the following, a and b are constants. Determine 2 in terms of the parameter.

x

a. x=at* and y=2at b. x=a cos(t) and y = b sin(¢)

c.x=atand y= 4 d. x=a sec(?) and y = b tan(z)
t

d
17. Check your answers to question 16a—d by eliminating the parameter and determining d_y by another method.
X

18. Rene Descartes (1596—-1650) was a French mathematician and
philosopher who lived in the Dutch republic. He is noted for introducing
the Cartesian coordinate system in two dimensions and is credited as the
father of analytical geometry, the link between algebra and geometry.

a. A curve called the folium of Descartes has the equation x*> — 3axy + \
d

YA

y*> =0. Determine d_y for this curve, given that a is a constant. <
x

b. Show that the folium of Descartes can be represented by the
2

and calculate the

parametric equations x = and y=

3 3’
r r
gradient of the curve in terms of the parameter, .

. . .. . 2
19. a. A curve called a lemniscate has the implicit equation (x> +y*)" =2 (x* —)?).

. . dy .
Determine an expression for d_y in terms of x and y.
X

b. Show that the curve can be represented by the parametric equations

\/5 cos(?) . \/5 sin(z) cos(7)

d
= nd y=——————, and determine Yin terms of 7.
sin“(f) + 1 sin“ () + 1 dx

X3

20. A curve known as the cissoid of Diocles has the equation y* = 2 .
a—x

. d . . .
a. Determine ad for this curve, given that a is constant.
X

b. Show that a parametric representation of the cissoid curve is given
2 3

=Y

YA

x=2a

. 2at . dy .
by the equations x = and y= ——, and determine — in
1+7 1+7 dx <
terms of ¢.

c. Show that another alternative parametric representation of the
cissoid curve is given by the equations x =2a sin’(r) and

20 sin’ (7 d
= M, and determine = in terms of 1.
cos(?) dx

264 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition




5.4 Exam questions

Question 1 (5 marks)
Source: VCE 2019 Specialist Mathematics Exam 1, Q10; © VCAA.

VE VT
V6 3
7 —a/b
V(e

Question 2 (3 marks)
Source: VCE 2017 Specialist Mathematics Exam 1, Q1; © VCAA.

> for the curve defined by the relation sin (x*) + cos (y*) = 3—\/§xy

dx

. dy .
Find — at the point
Vs

Give your answer in the form ,wherea, beZ".

Find the equation of the tangent to the curve given by 3xy* 4 2y = x at the point (1, —1).

Question 3 (1 mark)
Source: VCE 2016 Specialist Mathematics Exam 2, Section A, Q7; © VCAA.
. . 1. dy . .
T Given that x = sin(f) — cos(f) and y = 2 sin(2t), then d_y in term of ¢ is
x
A. cos(?) — sin(r) B. cos(t) + sin(r) C. sec(?) + cosec(?)
cos(21r)

D. sec(?) — cosec(?) . m

More exam questions are available online.

5.5 Second derivatives

LEARNING INTENTION

At the end of this subtopic you should be able to:
e determine the second derivatives of functions.

5.5.1 Second derivatives

d
If y=f(x) is the equation of the curve, then the first derivative is Y_ f' (x) and it is the gradient of the curve.

by
It is also the rate of change of y with respect to x, often abbreviated to ‘wrt x’. This is still a function of x, so if
the first derivative is differentiated again, the second derivative or the rate of change of the gradient is obtained.

. d (dy\_d& . . — :
This is denoted by — <_y> =2 /"' (x). Notice the position of the 2s in this notation and that the two dashes

dx \dx) dx®
after findicate the second derivative with respect to x.
. . . . . . d3y aa
Similarly, the third derivative is denoted by F =f""(x).
X
o d"y
In general, the nth derivative is denoted by i FP(x).
X

For example, consider the general cubic equation y =£(x) = ax® + bx> + cx + d where a, b, ¢ and d are constants.

d
The first derivative or gradient function is d_y =f"(x) = 3ax? + 2bx + c. The second derivative or rate of change of
X

2 3

gradient function is d_}; = 6ax + 2b. The third derivative is d_); = 6a, and all further derivatives are zero.
X X
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WORKED EXAMPLE 17 Calculating the value of the second derivative

44/x5

If f(x)= , evaluate '’ (9).
3x2
THINK WRITE
44/x5
1. Express the function in simplified form using Jix) = \/f_
index laws. 3);
3x2
5
_ 45
3
4 1
= —x2
. . . ) , 4 1 _1
2. Determine the first derivative, using the basic ffx)==X=-x 2
laws for differentiation. ; 12
=Zx"2
3
. . . ., 2 -1\ -3
3. Determine the second derivative, using the ffx)==%x—)x 2
basic laws for differentiation, by differentiating 3_1 2
the first derivative again. =
33
4. Substitute in the value for x. £(9) = il
3y/93
i
3x27
1
5. State the final result. "9 = i

Using product and quotient rules

Often when we differentiate we may need to use rules such as the product and quotient rules.

WORKED EXAMPLE 18 Using the product and quotient rules

. dy s
Determine — for y =x"log, 3x +5).

dx
THINK WRITE
1. Write the equation. Let y=x*log,(3x+5).
dy ,d d  ,
2. Use the product rule. — =x"— (log)(3x+ 5)) + — (x ) log 3x+5)
dx dx ¢ dx ¢
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dy
3. State the result for —.
dx

4. Differentiate with respect to x again.

5. Use the quotient rule on the first term and the
product rule again on the second term.

6. Perform the required derivatives.

7. Simplify the numerator in the first expression
and state the final result.

8. Add the first and last terms by forming a
common denominator.

9. State the final result in simplest form.

dy 2

dx  3x+5

dy d < 3x2 > d
—=—|—— |+ — (2xlog B3x+5
dx?  dx \3x+5 dx ( & ))

+2xlog,(3x +5)

d

d

— (3x?) Bx+5)— —(Bx+5) (3x?
£y B G- 1 69 ()
dx* ; (Bx+5)° ;

+—(2x) (log B3x+5)) +2x— (log Bx+5

o ) (log,( ) dx( g,( )
dty  6x(3x+5)—3(3x?) 6x
— = 5 +2log,(3x+5)+
dx Bx+5) 3x+5
d2 2
_)2) = ik 0 30; +2log,(3x+5)+
dx Bx+5) 3x+5
d> 9x +30x + 6x(3x + 5
—)2):210g€(3x+5)+ AL x(2x+ )
d;c Bx+5)
d Z 18x?
_}21:210ge(3x+5)+9x +30x + 8); +30x
dx Bx+5)
d> 3x(9x + 20
—)2)=2log€(3x+5)+x(x—2)
dx ' (Bx+5)

Determining second derivatives using implicit differentiation

Implicit differentiation techniques can be used to determine relationships between the first and second
derivatives. Equations involving the function y and its first and second derivatives are called differential
equations. They are explored in greater depth in later topics.

WORKED EXAMPLE 19 Using implicit differentiation

d* dy\?
If a and b are constants and y = x\/a + bx2, show that y—z aF <d_y> =a + 6bx*.
X

THINK

1. Write the equation and square both sides.

2. Expand the brackets.

3. Take di() of each term in turn.
x

4. Use implicit differentiation to determine the
first derivative.

dx
WRITE
y=xVa+bx?
y?*=x? (a + bxz)

y? =ax* + bx*

d  , d 2 d 4
£ -4 “ (b
dx(y) dx(ax)+dx(x>

d
2y—y =2ax + 4bx®
dx
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5. Take i() of each term in turn again. 4 <2 —) = i(Zax) + 4 (4bx*)
dx dx dx dx dx
d (dy d
6. Use the product rule on the first term. 2y— | — — —(2 )=2a + 12bx?
dx \ dx dx dx
d*y dy\’
7. Use implicit differentiation. 2y—+2 ( > =2a+ 12bx*
dx dx
iy dy (dy\’ .
8. Divide each term by 2 and state the final result. yd— aF e =a+ 6bx
X b

5.5.2 Using parametric differentiation to determine second derivatives

2
When determining d_); with parametric differentiation, often our first thought might be to use the chain rule

X
dry d2y d’t
as ——

i d . However, this rule is incorrect and cannot be used, as df*> and d°t are not equivalent;
by 1= dx

d2 . S S . . .
furthermore, — 76 1/ ——. To correctly obtain d—)zj, we must use implicit differentiation in conjunction with
dx? X

parametric differentiation. Because d_y is itself a function of 7, we obtain the second derivative using
X

Parametric second derivatives

1 (2)-4(2)8
dx? dx \dx dt \ dx dx’

WORKED EXAMPLE 20 The second derivative using parametric differentiation

2
If x = 3 cos(f) and y = 4 sin(¢), determine _y2 in terms of ¢.

dx
THINK WRITE
1. Differentiate x with respect to 7. The x = 3 cos(?)
d(?t notation is used for the derivative dx — = —3sin(®)
with respect to 7. dt
2. Differentiate y with respect to ¢. y = 4sin(r)
dy
— =vy=4cos(t
) Q)
d dy d y
3. Use the chain rule to determine _y‘ o di —<
dx dx dtdx x
d 4 t
4. Substitute for the derivatives. . &()
dx —3sin(r)
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d
5. State the gradient in simplest form. d_y = —g cot(?)
X
& d
6. Take i()ofeach term. _y:i <_y> = 4 <—icot(t)>
dx dx*>  dx \dx dx \ 3
& 4 cos(t
7. Use implicit differentiation and £y _ d <— C?S( )> di
cos(f) dx*> dt \ 3sin(?) ) dx
cot(t) = — .
sin(7)
d . d,, .
s — (4cos(n) (3sin(r)) — —(3sin(?)) (4 cos()) &
8. Use the quotient rule. G - et —
dx? (3 sm(z‘))2 dx
d2y —12sin’(r) — 12 cos(r) \ dt
9. Perform the derivatives in the — == < - > ) —
numerator. dx (3sin(9) dx

By__ 12 a
dx*  9sin’(r) dx

10. Simplify using sin’(¢) + cos2(f) = 1.

d’ 4 -1
11. Substitute for£=1/@. _Z: S X —
dx dt dx~  3sin™(r) 3sin(r)
d’ —4
12. State the final result. —)2} = 3
dx”~  9sin’(¢)
4 3
= ——cosec’(t
5 (0

5.5.3 Higher derivatives and mathematical induction

We can use mathematical induction to prove general results about nth derivatives of functions.

WORKED EXAMPLE 21 Using induction to determine nth derivatives of functions

da’
Use mathematical induction to show that — (x*¢*) = (x*+2nx+n(n—1)) e, VneN.

dx
THINK WRITE
1 Verify that the formula is true when Proof:

n=1. Consider the LHS. LHS = di (xzex) using the product rule
x

i 2 Zi X
ekdx (x )+x dx(e )

=2xe* + x2e*

= (x2 aF 2x) e*
2 Consider the RHS. RHS = (22 +2x+ 1 X0) " = (x? + 2x) &*

So it is true when n=1.

4
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3 Write down the formula for Assume that it is true for n =k.

_ ke
n=k % (:2e*) = (P +2kx+k(k— 1)) &
X
dk+1 d dk
4 Consider the (k + 1)th derivative, which (x?e) =— <— (xze")>
dxt] dx \ dx*

is the derivative of the kth derivative.

o+ 1
5 Use the fact that it is true when n=k. d (x?e*) = 4 ((x*+2kx+k(k—1)) &)
il dx
dk+1
6 Use the product rule on the right-hand N (x%€)
side. *
d > d
=" — (P +2kx+k(k—1))) + (2 +2kx+k(k—1)) — (e*
- (( (k=1)) + (k=1) —- ()
=" (2x+2kx) + (F + 2kx + k(k—1)) &*
7 Take out the common factor of e and = (x2 +2kx+k(k—1)+2x+ Zk) e
shrghify, = (2 + Qk+2) x + K2 — k+2k) ¢*

= (2 +Qk+2)x+ k> +k) e

= (P +Q*+1)x+k+1)k) e
which is of the form we want to show.

8 Write a statement to explain what you  If the statement is true when n =k, it is also true when

have demonstrated and concluded. n=k+ 1. The statement is true for n = 1; therefore,
by the principle of mathematical induction, it is true
Vn€eN.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
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Technology free
8/x3
3x

2. If f(x) =8 cos (%), evaluate f'' <§>

1. If f(x)= , evaluate f''(4).

4x? .
3. If f(x) = ——, evaluate '’ (4).
34/x

4. If f(x) = , evaluate f'(1).

3x—5
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10.

11.

12,

13.

14.

15.

16.

17.

18.

&
. IIEE Determine d_); fory=xlog, (2> +5).
x

2 4

. X
. Determine &y fory=—.
dx2 e3x

Iff(x)=4log, 2x—3), evaluate f''(3).

I f(x) =€, evaluate £/ (1).

2

. Determine gy if:

dx?

3

a. y=log, (x* +4x+13) b. y=e**cos(4x) c.y=xe >

7y
Determine — if:
dx

a. y=x%cos(3x) b. y=xlog, (6x+7) c. y=log, (x + Va2 + 16).

Py (dy\’
K= If a and b are constants and y* = a + bx?, show that yd_); + <d_y> =b.
x x

& dy\’
If a and b are constants and y* =x (a + bx*), show that yzd—); +2y <d_y> =4bx>.
x x

2

If a and b are constants, determine d_); for each of the following.
X

a. y> =4ax b. = —L =1 c.xy=a
a

d2
KA If x =4 cos(?) and y = 4 sin(7), determine d—); in terms of 7.
by

Given x=*> and y = 2¢ — ¢*, determine the rate of change of gradient and evaluate when ¢ =2.

2

In each of the following, @ and b are constants. Determine d_}zj in terms of the parameter.
X

a. x=at’ and y=2at b. x=atand y=2 c. x=acos(f) and y = b sin()
t

Let a and b be constants.

2 _ d’y dy ? _
a. If y"=a+ bx, prove thaty—+ | — | =0.
dx? dx

&y (dy\’
b. Given that y =x4/a + bx, verify that yd—)z) + (d_y> =a+ 3bx.
X X

If a, b and n are constants, show that:

2
a. % [(ax + b)"] =a’n(n—1)(ax+b)" 2
X

d —a’n
b. — |1 +H)' = ——
dx? [ og (ax+h) ] (ax+b)*
2 a0 =2 2—b
e 2 Jiog (et +5)'] = 2l =0)
dx (ax? +b)
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19. A circle of radius a with centre at the origin has the equation x> + y?> = a®.

2
a. Show that @ = —a—.
dx? y?

b. The radius of curvature p of a plane curve is given by

Show that the radius of curvature of a circle has a magnitude of a.

20. An involute of a circle has the parametric equations x = cos(6) + 6 sin(6) and y = sin(6) — 6 cos(6). Show
that the radius of curvature is 6.

21. A cycloid is the curve obtained by a point on a circle of radius a rolling along the x-axis. Its graph is shown
below.

2a

< T T >
Ol 2r 4z (3 x

It has the parametric equations x = a(6 — sin(6)) and y = a(l — cos(6)). Show that:

dy C] d*y -1
a. d_ =cot 5 b. P = —6
" o 4qasin* <5>

c. the radius of curvature of the cycloid is —4a sin (—>

| D

2 2 2 d
22. a. Given the implicit equation for an astroid x3 4+ y3 = a3, where a is a constant, express d_y in terms of both
by

x and y.

YA

13}
=Y

i
£

Y

b. Show that the astroid can be expressed in parametric form as x =acos*(8) and y=a sin’ (6), and
2

d d
determine o and ) in terms of 6.
dx dx?
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d&*
23. a. If y= e~ sin(3x), determine d—);

x
b. If y = u(x)v(x) where u(x) and v(x) are differentiable functions, show that
d*y &v  _dudv d*u
— =u(x)— +2— — +v(x)—.
dx? ( )dx2 dx dx ( )dx2

Use this result to verify d_)z) for y = e~ sin (3x).
X

24. a. If x and y are both expressed in terms of a parameter ¢, that is, x = f(f) and y = g (¢), show that

dx? 2
& dy\’ &
b. Showthat—y:—<—y> ﬂ
dx? dx) dy?
25. Show that the following statements are true.
I &
a. — (x°)=3! b. — (x*) =4!
a3 ( ) dx* ( )

26. IlIZZM Use mathematical induction to show that e x")=n!, VneN.
X

dn
xe )=(x+n)e',VneN.
dx”( )=( )

27. Use mathematical induction to show that

n

d (™) =m"e™,VnEN.
X"

28. Use mathematical induction to show that

29. Use mathematical induction to show that EeN.

n _ 1yl _
;x" (IOge (x)) — (I)—’Enl)!’ Vn

n

L . a . .
30. a. Use mathematical induction to show that ﬁ (sin (mx)) = m" sin (mx + % > VneN.

. . d"
b. Use mathematical induction to show that W (cos (mx)) =m" cos (mx + %) ,VneNn.
X

5.5 Exam questions

Question 1 (1 mark)

Source: VCE 2017 Specialist Mathematics Exam 2, Section A, Q6; © VCAA.
. d & . .

T3 Given that D arctan(y), the value of d_)z) at the point (0, 1) is

x X
1 3 1
A - B. — C. —— D.

2 8 2

IS
m
|

Question 2 (4 marks)

Use mathematical induction to show that = &) =nx""!,VneN.
X

Question 3 (4 marks)

2 _
If a, b and n are constants, show that % [(ax2 + b)"] =2an (ax2 + b)’l 2 (a Qn—1)2 + b).
X

More exam questions are available online.
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5.6 Derivatives of inverse trigonometric functions

LEARNING INTENTION

At the end of this subtopic you should be able to:
e determine the derivatives of inverse trigonometric functions.

5.6.1 Derivatives of inverse trigonometric functions

In this section, the derivatives of the inverse trigonometric functions are determined. These functions have
already been studied in earlier topics; recall the definitions and alternative notations.

The inverse function y = sin_l(x) or y = arcsin(x) has a domain of [—1, 1] and a range of [—%, g] Ctis

T z]
272 |

The inverse function y = cos~!(x) or y = arccos(x) has a domain of [—1, 1] and a range of [0, 7]. It is equivalent
to x =cos(y) and cos (cos_l(x)) =xif x€[—1,1], and cos~!(cos(x)) =x if x € [0, 7r].

equivalent to x = sin(y) and sin (sin_l(x)) =xifxe[—1,1], and sin_l(sin(x)) =xifxe

The inverse function y =tan~!(x) or y = arctan(x) has a domain of R and a range of <—§, %) . It is equivalent to

x=tan(y) and tan (tan™!(x)) if x R, and tan™! (tan(x)) =x if x € <—%, %) .

The derivative of sin_l(x)

First we must determine the derivative of sin_l(x).

Lety= sin_l(x). From the definition of the inverse function, x = sin(y), so
dx

dy 1
— =cos(y) and — = .
dy dx cos(y)

a right-angled triangle. Label the angle y with the opposite side length being x, so T
the hypotenuse has a length of 1 unit. From Pythagoras’ theorem, the adjacent side 1
X

length is /1 — x2. /
d 1 Yy

Thus, cos(y) = V1 =2 It follows that — (sin”'(x)) =
X

. L X
However, we need to express the result back in terms of x. Using sin(y) = T draw /

Vi 12—
. 1 [ x . .. d 1
A better result is if y=sin ! <—> , where a is a positive real constant; then A = —— . However, note that
a dx  \Jq2 — 2

1

. . Lo (XY . T
the maximal domain of y =sin —> is |x| < a, whereas the domain of the derivative is |x| < a. Although the
a

function is defined at the endpoints, the gradient is not defined at the endpoints; for this reason the domain of the
derivative is required.
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WORKED EXAMPLE 22 Determining the derivatives of inverse sine functions

d
Determine ol for each of the following, stating the maximal domain for which the derivative
is defined.

x
a.y= sin~! 5 b.y= sin~'(2x)
THINK WRITE
a. 1. State the function and the maximal domain. a. y= sin~! <§> is defined for g‘ <1; that is,
x€E[-2,2].
_ 1 d 1
2. Use the result 4 <sin ! <£>> =— 2 forxe(—2,2)
dx a @2 —x2 dx \[4_ 2
with a =2.
b. 1. State the function and the maximal domain. b. y=sin"'(2x) is defined for [2x| < 1; that i,
11
XE ||==y=]|-
2 2]
2. Express y in terms of u. y= sin™! (1) where u = 2x
@ B 1 du

3. Differentiate y with respect to u and u with

respect to x. du 1,2 dx

d d d 2
4. Determine oY using the chain rule. . du =
dx dx du dx \J1_,2
. dy 2 11
5. Substitute back for u and state the final result. —=———forxe|——, —
dx /1 —4x2 2 2

The derivative of cos™! <f>
a

o [ x . o . .
The derivative of cos™! <—> where a is a real positive constant is required.
a

. . . d. .
Lety=cos™! <£> . From the definition of the inverse function, 1= cos(y), so x =acos(y) and d—x = —asin(y),
a y

a
d —
and Y - ! .
dx asin(y)
We need to express the result back in terms of x. Using cos(y) = f, draw a right-
a
angled triangle. Label the angle y, with the adjacent side length being x and the / T
length of the hypotenuse being a. From Pythagoras’ theorem, the opposite side a Ny
. a —-x
length is v/ a2 — x2. /
2 52 Y l
a’—x
Therefore, sin(y) = ——. -~ x —>
a
-1
It follows that 4 (cos_l <£> > =,
dx a P2 — 2

and if @ = 1, we obtain di (cos_l(x)) =
X

\/l—xz'
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WORKED EXAMPLE 23 Determining the derivatives of inverse cosine functions

d
Determine U for each of the following, stating the maximal domain for which the derivative
is defined.

2x S5x—2
a. y=cos™! <—> b. y = cos™! < a )
3 6

THINK WRITE
. . . 1 2x . 2x .
a. 1. State the function and the maximal domain. a. y=cos ? is defined for |—| < 1; that is,
—lsz—xslorxe _é’i .
3 22
2. Express y in terms of u. y=cos~! <§> where u = 2x
d -1
3. Differentiate y with respect to u using EAS and du =72
d i (u -1 ' du /9 _,2 dx
— | cos - =—— witha=23,
du a )
and differentiate u with respect to x.
d d d —
4. Determine a using the chain rule. oL du = 2
dx du dx M
d -2
5. Substitute back for u and state the final result. A forx e <—§, §> .
dx /9 _ 452 2 2
. . . 1 [5x—=2). Sx—2
b. 1. State the function and solve the inequality b. y=cos —— ) is defined for <l1.
to determine the maximal domain of the 6
function. —-1< Sl <1
2= =
—6<5x—2<6
—4<5x<8
—‘—L <x< § orxe —4—1, § 5
5 5 55
2. Express y in terms of u. y=cos™! <%> where u=5x—2
d -1
3. Differentiate y with respect to u and u with o~ and du =5
respect to x. du 36 —u? dx
d dy d -
4. Determine = using the chain rule. b_D du = o
dx dx dudx \[36_,2
d _
5. Substitute back for u. d_y = S R
Y \/36-(5x—2)
N . . . dy -5
6. Simplify the denominator using the difference ==
of two squares. dx /(6 +(5x=2))(6—(5x—2))
d —
7. State the final result. A > forx e <—L—1 §>
dx /(4 +5x)(8 —5x) 55
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The derivative of tan™! <)—C>
a

. . X . ..
We also need to determine the derivative of tan™! <—) , where a is a real positive constant.
a

.. . . d
Let y=tan~! <£> . From the definition of the inverse function, I tan(y), so x = a tan(y), d—x = a sec? (), and
a a 'y
dy 1

dx  asec?(y)

. . X
However, we need to express the result in terms of x. Using tan(y) = —, draw

a
a right-angled triangle. Label the angle y, with the opposite side length being x and the
adjacent side length being a. From Pythagoras’ theorem, the length of the hypotenuse is Va? + x>
Va? + x2. /
1 a Y
a

We know that sec’(y) = o and from above, cos(y) =

cos“(y) Va2 + 12 -

d 2
It follows that Y= cos") = !

2
o L
dx a a\ \/a2+x2 '

d X a d 1
Thus, — (tan™! [ = ) | = ——, and ifa =1, then — (tan~!(x)) = )
dx( <a>> a’ + x? dx( ( )) 1+x°

= —>

>
>

The domain is defined for all x € R.

WORKED EXAMPLE 24 Determining the derivatives of inverse tangent functions

d
Determine 2 for each of the following.

dx
3x Sx+4

a.y=tan"! [ = b. y=tan™! < )

Y ( 1 ) ! 7
THINK WRITE

. -1 [ 3x

a. 1. State the function. a. y=tan a

2. Express y in terms of u. y=tan~! <Z> where u = 3x

ﬂ 4 du

3. Differentiate y with respect to u and u 3

with respect to x, using

il <tan‘1 <E>> =—2% witha=4.
du a a® + u?

d
4. Determine d_y using the chain rule.
X

=——and —
du 16+ u? dx

dy _dydu 12
dx dudx 16+u?
dy 12

5. Substitute back for u# and state the final result. -
dx 16+ 9x?
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4
b. 1. State the function. b. y=tan~! <5x7+ )

2. Express y in terms of u. y=tan~! (g) where u=5x+4

dy 7 du
o and — =5
du 49 4 u? dx

3. Differentiate y with respect to u and u
with respect to x, using

ol <tan‘l <E>> =— 2%  witha=7.
du a a* + u?

d dy d
4. Determine 2 using the chain rule. @ _dydu_ 35

dx dx  dudx 49+ >
d
5. Substitute back for u. @ _ Lz
dx 49+ (5x+4)
d
6. Expand the denominator, and simplify and C= 235
take out common factors. de 49+ 25% +40x + 16
©25x2 +40x + 65
35

5 (54 +8x+13)

dy 7

7. State the final result. e
dx  S5x*+8x+13

5.6.2 Applications of inverse trigonometric derivatives

Determining second derivatives

& d
Recall that the second derivative — = 4 (_y) is also the rate of change of the gradient function.

dx?  dx x

WORKED EXAMPLE 25 Second derivatives of inverse trigonometric functions

&
Determine X if y =sin~! (3_x> .
dx? 5

THINK WRITE
. . . . -1 (3x\. 3x .
1. State the function and the maximal domain. y=sin ? 1s defined for ? <1; that is
—153—x§10rxe —§§ .
5 33
2. Express y in terms of u. y= sin™! <§) where u = 3x
d 1
3. Differentiate y with respect to u and u with U and du =7

respect to u. du /25 _ 2 dx
dy_dvdu__ 3

dx  du dx_\/ﬂ

d
4. Determine d_y using the chain rule.
X
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5 Substitute back for u. - =

dx /25 -9x2
L . dy -
6. Write in index notation. I =2 (25 =10 ) 2
X
d’y 1 _3
7. Differentiate again using the chain rule. ﬁ =3X <— 5) X (—18x) (25 — 9x2) 2
X
d2
8. Simplify the terms. . EETE
2 3
(25 —9x%)2
2
9. State the final result in simplest form and the —i = ST forxe <—§, é)
domain. dx (25 —9x2) 3

Further examples

1 1 . 1
Because sec(x) = , cosec(x) = —— and cot(x) = ——, it follows that sec ™! (x) = cos™! <—>
cos(x) (%)

sin(x) tan(x X

cosec™!(x) =sin~! (l> and cot™!(x) =tan™! <l>
X X

WORKED EXAMPLE 26 Further derivatives of inverse trigonometric functions

d 3
Determine e if y = cos™! <— ) , stating the maximal domain for which the derivative is defined.
x

dx
THINK WRITE
. . . 1 (3 3
1. State the function and the maximal domain. y=cos — | for [=[<1
X X
. . . . 3 . .
2. Solve the inequality to determine the maximal —1 < —<1is equivalent to
domain of the function. *
3 by
-<1 =>-2>21 =>x>3
X 3
3> 1sf<o1 sa<-3
X 3
. _1 3 1
3. Express y in terms of u. y=cos™ ' (u) where u = — =3x
X
. . . . d —1 d 3
4. Differentiate y with respect to u and u with g and &= 3y 2=—=
du | — 72 dx x?
respect to x. u
@ B 3

d
5. Determine Y using the chain rule.

dx Gl N (I

d
6. Substitute back for u. = S
dx 2 [ 9
x — —
)
.. . . . dy 3

7. Simplify by taking a common denominator in —=———
the square root in the denominator. c e =9

2

X
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d 3
8. Simplity, noting that \/x_ = |x|. d_y = ZL
X x*Vx2-=9

d
9. State the final result and the domain. D # for x < =3 or x> 3.

Va2 -9

Students, these questions are even better in jacPLUS
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Find all this and MORE in jacPLUS (C)

Technology free

d
1. [lIIZZ Determine 2 for each of the following, stating the maximal domain for which the derivative
is defined.

a. y=sin_1 <§) b. y=sin_1(5x)

2. Given f(x) = sin~' (4x), evaluate f'(1).

3. Determine the derivative of each of the following, stating the maximal domain.
o x .-
a. sin”! <§> b. sin 1(3)c)
4. Determine the derivative of each of the following, stating the maximal domain.

a. sin”! <ﬁ> b. sin~! <4x+3>
3 5

d
5. llZ=0 Determine d_y for each of the following, stating the maximal domain for which the derivative is
x
defined.

a. y=cos™! (3_x> b. y=cos™! <2x—3>
4 5

—4 4
6. Determine the gradient of the curve y=cos™! <3xT> at the point where x = 3

7. Determine the derivative of each of the following, stating the maximal domain.

a. cos™! <%> b. cos™!(4x)

8. Determine the derivative of each of the following, stating the maximal domain.

a. cos™! <§> b. cos™! <3x+5>
4 7
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10.

11.

12,

13.

14.

15.

16.

17.

18.

19.

d
. IlZZA Determine d_y for each of the following.
be

2y —
a. y=tan~!(4x) b. y=tan™! < xS 3)

. . 3 .
Determine the gradient of the curve y =tan~! (%) at the point where x =4.

Determine the derivative of each of the following.

a. tan™! (%) b. tan~!(6x)

Determine the derivative of each of the following.

a. tan™! <5_x> b. tan~! <6x+5>
6 4

&
K= Determine — if y=cos™! <%> )
dx? 3

d2
Determine &y if y=tan™! <ﬂ) .
dx? 3

d
K= Determine d_y if y=sin™" <z> , stating the maximal domain for which the derivative is defined.
x x

. dy . 4 . . . . o
Determine d_y if y=tan™! <—> stating the maximal domain for which the derivative is defined.
X X

Determine the derivative of each of the following, stating the maximal domain.

X 2x
a. sin”! i b. sin~! <i> c. cos—! [ &=
3 4x 4

Determine the derivative of each of the following, stating the maximal domain.
() (%) ()
a. cos — b. tan — c. tan —
3x 3 5x

d?
Determine 2y if:
dx?

a. y=sin"' (5_x> b. y=cos~! <@> c. y=tan™! <7_x>
.y M .y 5 .y c )

5.6 Exam questions

Question 1 (1 mark)
Source: VCE 2020 Specialist Mathematics Exam 1, Q6a; © VCAA.

Let f(x) = arctan(3x — 6) + 7.

Show that f'(x) =

3
x> —36x+37
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Question 2 (1 mark)
Source: VCE 2017 Specialist Mathematics Exam 1, Q10a; © VCAA.

Show that i <x arccos <£>> =arccos <£> — ;, where a > 0.
dx a a Va2 — 2

Question 3 (1 mark)
Source: VCE 2015 Specialist Mathematics Exam 2, Section 1, Q2; © VCAA.

The range of the function with rule f(x) = (2 — x) arcsin <§ - 1) is

A. [, 0]
33
B. |-=, =
272
c. [_(Z—x)n" (2—x)7r]
2 2
D. [0, 4]
E. [0, 7]

More exam questions are available online.

5.7 Related rates

LEARNING INTENTION

At the end of this subtopic you should be able to:
e determine the rate of change of a variable with respect to another, indirectly related variable using the
chain rule.

5.7.1 Introduction

When two or more quantities vary with time and are related by some condition, their rates of change are also
related. The steps involved in solving these related rate problems are listed below.

1. Define the variables.

2. Write down the rate that is provided in the question.

3. Establish the relationship between the variables.

4. Write down the rate that needs to be determined.

5. Use a chain rule or implicit differentiation to relate the variables.

WORKED EXAMPLE 27 Related rates (1)

A circular metal plate is being heated and its radius is increasing at a rate of 2 mm/s. Calculate the
rate at which the area of the plate is increasing when the radius is 30 millimetres.

THINK WRITE
1. Define the variables. Let » mm be the radius of the metal at time 7 seconds.
Let A mm? be the area of the plate at time ¢ seconds.
2. The radius is increasing at a rate of 2 mm/s. dr =2 mm/s.
Note that the units also help to determine the dt
given rate.

3. The plate is circular. Write the formula for the A=nr.

area of a circle.
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4. Determine the rate at which the area of the
plate is increasing.

5. Form a chain rule for the required rate in terms
of the given variables.

. dr .
6. Since one rate, —, is known, we need to

determine —.
dr

7. Substitute the given rates into the required
equations.

8. Evaluate the required rate when = 30.

9. State the final result with the required units,
leaving the answer in terms of 7.

dA )
— =7 and evaluate this rate when r = 30.

dt
dA _dA  dr
dt dr dt

A=ﬂﬂ$%=2nr
dr

dA_dA dr

dt dr dt
=27mrX?2

% =47rr when r=30

dt

C = 12077 mm?2/s

dr r=30

The area is increasing at 1207 mm?/s.

Decreasing rates

If a quantity has a rate decreasing with respect to time, then the required rate is given as a negative quantity.

WORKED EXAMPLE 28 Related rates (2)

A spherical balloon has a hole in it, and the balloon’s volume is decreasing at a rate of 2 cm?/s.
Determine at what rate the radius is changing when the radius of the balloon is 4 cm.

THINK
1. Define the variables.

2. The volume is decreasing at a rate of 2 cm?/s.
Notice that the units also help determine
the given rate.

3. The balloon is spherical. Write the formula for
the volume of a sphere.

4. We need to determine the rate at which the
radius changing.

5. Form a chain rule for the required rate in
terms of the given variables.

WRITE

Let 7 be the time since the balloon was punctured, in
seconds. Let » cm be the radius of the balloon. Let
V cm? be the volume of the balloon.

d_V =—2cm’/s
dt
V= é—lmﬁ
3
dr .
; = ? and evaluate this rate when r=4.
t
dr_dr_ dv
dt dV dt
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. av .
6. Since one rate, ?, is known, we need to
t

. dr
determine —.
A%

7. Substitute the given rates into the required
equations.

8. Evaluate the required rate when r=4.

9. State the final result in the required units,
leaving the answer in terms of 7.

Since V= %‘n’ﬁ = av =47r* and

dr
v _
dv dr  4mxr?
dr_dr av
dt  dv’~ at
1
= —— X (-2)
4772
___
271>
When r=4, d_r = !

tlooy 327

. . |
The radius is decreasing at a rate of i cm/s.
V4

Relating the variables

It is often necessary to express a required expression in terms of only one variable instead of two. This can be
achieved by determining relationships between the variables, for example, by using similar triangles.

WORKED EXAMPLE 29 Related rates (3)

A conical funnel has a height of 25 centimetres and a radius of 20 centimetres.
It is positioned so that its axis is vertical and its vertex is downwards. Oil leaks
out through an opening in the vertex at a rate of 4 cubic centimetres per second.
Calculate the rate at which the oil level is falling when the height of the oil in the
funnel is 5 centimetres. (Ignore the cylindrical section of the funnel.)

THINK
1. Define the variables.

2. Write the rate given in the question.
3. Write which rate is required to be determined.

4. Make up a chain rule for the required rate, in
terms of the given variables.

WRITE/DRAW

Let r cm be the radius of the oil in the funnel.
Let & cm the height of the oil in the funnel.
dv

— =—4cm’/s
dt

ﬁ=?whenh=5
dt

dh_dh v
dt  dV dt
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5. Determine the relationship between the
variables. The variables r and & change;
however, the height and radius of the funnel
are constant, and this can be used to determine
a relationship between 4 and r.

6. We need to express the volume in terms of
h only.

7. Determine the rate to substitute into the chain
rule.

8. Substitute for the required rates.

9. Evaluate the required rate when 4 =>5.

10. State the final result with the required units,

leaving the answer in terms of 7.

Filled with
oil

V= 17Tr2h
3

Using similar triangles,
0 _r
25 h
4h
==
5

Substitute into V= %n'rzh:

2
V= ln<ﬁ> h
3 5

_l6mh?
75
dv _ 16zh’
dh 25
dh _ 25
dv  167h?
dh _dh _dV _ 25
v

- = — X —
dt  dv dt 167h?
2 B
dt |j,—s 1672(5)

47

1
The height is decreasing at a rate of o cm/s.
v

Determining the required variables

An alternative method to solving related rate problems is to use implicit differentiation.

WORKED EXAMPLE 30 Related rates (4)

A ladder 3 metres long has its top end resting against a vertical

wall and its lower end on horizontal ground. The top end of the
ladder is slipping down at a constant speed of 0.1 metres per second.
Determine the rate at which the lower end is moving away from the
wall when the lower end is 1 metre from the wall.
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THINK
Method 1: Using the chain rule
1. Define the variables.

WRITE/DRAW

Let x metres be the distance of the base of

. The top end of the ladder is slipping down at a
constant speed of 0.1 m/s.

. Apply Pythagoras’ theorem.

the ladder from the wall, and let y metres be
the distance of the top of the ladder from the
ground.

N
RN

— =—0.1 m/s
dt

P+ =3>=9

d.
4. We need to determine the rate at which the lower end & —9whenx=1.
is moving away from the wall when the lower end is d
1 m from the wall.
. . . dx dx d
5. Construct a chain rule for the required rate in terms of Ty i
the given variables. ddy b
6. Express y in terms of x. ¥+y?=9
Yy =9-x2
y=*V9—x2
y=V9—x%since y>0
dy X

. dy .
7. Since one rate, zy, is known, we need to - =

dx _,/9
9

— 2
determine " dx V9 — 2
y _—=
dy X
d )
8. Substitute the given rates into the required equation. d = &Y
dt dy dt
012
= YT (-0
X

9 d V8 _2v2

. Evaluate the required rate when x=1. — = —
dtl,—; 10 10
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10. State the final result with the required units, giving
an exact answer.

Method 2: Using implicit differentiation

The first 4 steps are identical to method 1 above.
From this point, we use implicit differentiation to
determine the required rate.

5. Take di( ) of each term in turn.
t
6. Use implicit differentiation.

7. Rearrange to make the required rate the subject.

8. Determine the appropriate values.

9. Substitute in the appropriate values of x and y.

10. State the final result as before.

dx
dt | =

V2

= — m/s
5

The lower end is moving away from the wall

at a rat

V2
e of — m/s.
5

d

d
— (x2 = (2) = =
(@) +2 07 =20)

dt

d
2xd—x +2y—y =0
dt dt
dx _ _ydy
dt x dt

d
Whenle,yz\/gandzyz—O.l —
t

dx
dt

=

dx
di

X =

1
10

VE_2v2

L1010

V2

= —m/s
i 5

The lower end is moving away from the wall

2
at a rate of ?m/s.
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Students, these questions are even better in jacPLUS

Find all this and MORE in jacPLUS C)

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Technology free

1.

2.

. A spherical bubble is blown so that its radius is increasing

. EZZA A spherical basketball has a hole in it and its volume is decreasing

. A metal ball is dissolving in an acid bath. Its radius is decreasing at a rate of

. A mothball has its radius decreasing at a constant rate of 0.2 millimetres,

A circular oil slick is expanding so that its radius increases at a rate of 0.5 m/s. Determine the rate at
which the area of the oil slick is increasing when the radius of the slick is 20 metres.

A circular disc is expanding so that its area increases at a rate of 4077 cm?/s. Determine the rate at which the
radius of the disc is increasing when the radius is 10 cm.

. a. A square has its sides increasing at a rate of

2 centimetres per second. Calculate the rate at which "
the area is increasing when the sides are 4 cm long.

b. A stone is dropped into a lake, sending out concentric
circular ripples. The area of the disturbed water region
increases at a rate of 2 m?/s. Calculate the rate at which
the radius of the outermost ripple is increasing when its
radius is 4 metres.

at a constant rate of 2 millimetres per second. When its
radius is 10 millimetres, calculate the rate at which:

a. its volume is increasing b. its surface area is increasing.

at a rate of 6 cm?/s. Calculate the rate at which the radius is changing when
the radius of the basketball is 6 cm.

3 cm/s. Calculate the rate at which the ball’s surface area is changing
when the radius of the ball is 2 cm.

per week . Assume it remains spherical.

a. Show that the volume is decreasing at a rate that is proportional to its
surface area.
b. If its initial radius is 30 millimetres, calculate how long it takes to disappear.

. IEZXA A conical vase has a height of 40 cm and a radius of 8 cm. The axis of the vase is vertical and its

vertex is downwards. Initially it is filled with water which leaks out through a small hole in the vertex at a
rate of 6 cm?/s. Calculate the rate at which the water level is falling when the height of the water is 16 cm.

. A cone is such that its radius is always equal to half its height. If the radius is decreasing at a rate of 2 cm/s,

calculate the rate at which the volume of the cone is decreasing when the radius is 4 cm.

. The sides of an equilateral triangle are increasing at a rate of 2 centimetres per second. When the sides are

24/3 centimetres, calculate the rate at which:

a. its area is increasing b. its height is increasing.
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Technology active

11.

12,

13.

14.

15.

16.

17.

a. Show that the formula for the volume, V, of a right circular cone with height % is given by

1 . .
V= gﬂh3 tan?(ar), where a is the semi-vertex angle.

b. Falling sand forms a heap in the shape of a right circular cone whose semi-vertex angle is 71.57°. If its
height is increasing at 2 centimetres per second when the heap is 5 centimetres high, calculate the rate at
which its volume is increasing.

A A ladder 5 metres long has its top end resting against a vertical wall and its lower end on horizontal
ground. The bottom end of the ladder is pushed closer to the wall at a speed of 0.3 metres per second.
Calculate the rate at which the top end of the ladder is moving up the wall when the lower end is 3 metres
from the wall.

A kite is 30 metres above the ground and is moving horizontally away at a . T
speed of 2 metres per second from the boy who is flying it. .
When the length of the string is 50 metres, calculate the rate at which the
string is being released.

a. The volume, V cm?, of water in a hemispherical bowl of radius r cm

when the depth of the water is 4 cm is given by V= %nh2(3r —h).

A hemispherical bowl of radius 10 centimetres is being filled with
water at a constant rate of 3 cubic centimetres per second. Calculate the
rate at which the depth of the water is increasing when the depth is 5 cm.

b. A drinking glass is in the shape of a truncated right circular cone. When the glass is filled to a depth of

h cm, the volume of liquid in the glass, V cm?, is given by V= é (h* + 108h? + 388h). Lemonade is

leaking out from the glass at a rate of 7 cm?/s. Calculate the rate at which the depth of the lemonade is
falling when the depth is 6 cm.

a. A rubber flotation device is being pulled into a
wharf by a rope at a speed of 26 metres per minute.
The rope is attached to a point on the wharf 1 metre
vertically above the flotation device. Determine
the rate that the flotation device is approaching the
wharf when it is 10 metres from the wharf. '

b. A car approaches the ground level of a 30-metre-tall |
building at a speed of 54 kilometres per hour.
Calculate the rate of change of the distance from
the car to the top of the building when it is 40 metres from the foot of the building.

The distance, g cm, between the image of an object and a certain lens in terms of p cm, the distance of the
10,
object from the lens, is given by g = —pl()
p—

a. Show that the rate of change of distance that an image is from the lens with respect to the distance of the

d -1
object from the lens is given by & _ 00

dp (p—10)*
b. If the object distance is increasing at a rate 0.2 cm/s, calculate how fast the image distance is changing,
when the distance from the object is 12 cm.

a. When a gas expands without a change of temperature, the pressure P and volume V are given
by the relationship PV!* = C, where C is a constant. At a certain instant, the pressure is
1.01 x 10° pascals and the volume is 22.4 X 10~ cubic metres. The volume is increasing at a rate of
0.005 cubic metres per second. Calculate the rate at which the pressure is changing at this
instant, correct to 1 decimal place.
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b. The pressure P and volume V of a certain fixed mass of gas during an adiabatic expansion are connected
by the law PV" = C, where n and C are constants.

Show that the time rate of change of volume satisfies v = _Yap

nP dr’

18. A jet aircraft is flying horizontally at a speed of 300 km/h at
an altitude of 1 km. It passes directly over a radar tracking
station located at ground level.

Calculate the rate in degrees per second, correct to 3
decimal places, at which the radar beam to the aircraft
is turning when the jet is at a horizontal distance of
30 kilometres from the station.

19. A helicopter is flying horizontally at a constant height of

W SNRY
300 metres. It passes directly over a light source located 5 E:;: e
at ground level. The light source is always directed at the pHHR _
helicopter. ELE
If the helicopter is flying at 108 kilometres per hour, :

calculate the rate in degrees per second, correct to 1
decimal place, at which the light source to the helicopter
is turning when the helicopter is at a horizontal distance of
0.4 kilometres from the light source.

20. A man 2 metres tall is walking at 1.5 m/s. He passes under a light source 6 metres above the ground.
Determine:

a. the rate at which his shadow is lengthening
b. the speed at which the end point of his shadow is increasing
c. the rate at which his head is receding from the light source when he is 8 metres from the light.

21. Two railway tracks intersect at 60°. One train is 100 km from the junction and moves towards it at 80 km/h,
while another train is 120 km from the junction and moves towards the junction at 90 km/h.

a. Show that the trains do not collide.
b. Determine the rate at which the trains are approaching each other after 1 hour.

S N % -y,
e R

AT
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5.7 Exam questions

Question 1 (1 mark)
Source: VCE 2019 Specialist Mathematics Exam 2, Section A, Q10; © VCAA.

T Sand falls from a chute to from a pile in the shape of a right circular cone with semi-vertex angle 60°. Sand
is added to the pile at a rate of 1.5 m® per minute.

/’

The rate at which the height 4 metres of the pile is increasing, in metres per minute, when the height of the pile
is 0.5 m, correct to two decimal places, is
A. 0.21 B. 0.31 C. 0.64 D. 3.82 E. 3.53

Question 2 (4 marks)

Source: VCE 2016 Specialist Mathematics Exam 1, Q4; © VCAA.

Chemicals are added to a container so that a particular crystal will grow in the shape of cube. The side length of
the crystal, x millimetres, ¢ days after the chemicals were added to the container, is given by x = arctan (7).

Find the rate at which the surface area, A square millimetres, of the crystal is growing one day after the
chemicals were added. Give your answer in square millimetres per day.

Question 3 (5 marks)

Source: VCE 2014 Specialist Mathematics Exam 2, Section 2, Q4 a,b; © VCAA.

At a water fun park, a conical tank of radius 0.5 m and height 1 m is filling with water. At the same time, some
water flows out from the vertex, wetting those underneath. When the tank eventually fills, it tips over and the
water falls out, drenching all those underneath. The tank then returns to its original position and begins to refill.

1m

_v

Water flows in at a constant rate of 0.02 7m?/ min and flows out at a variable rate of 0.01 n\/z m?/ min, where
metres is the depth of the water at any instant.
a. Show that the volume, V cubic metres, of water in the cone when it is filled to a depth of /& metres is given

by V= %m. (1 mark)

b. Find the rate, in m /min, at which the depth of the water in the tank is increasing when the
depth is 0.25m (4 marks)

More exam questions are available online.
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5.8 Review

5.8.1 Summary

Hey students! Now that it's time to revise this topic, go online to:

Access the Review your Watch teacher-led Practise VCAA
topic summary results videos exam questions

Find all this and MORE in jacPLUS (C]

Technology free: short answer

1. Differentiate each of the following with respect to x.

cos(2x) . by

x V32 +5

a. Ye

&
2. Determine d_}zj for each of the following.
X
o al —1 4x _ =3x _ .3
a. y=sin ? b. y=e7""sin(2x) c. y=x cos(2x)

3. Determine the equation of the normal to each of the following curves at the point indicated.

2 _ X
.y:6sin<§> atng b.y=tan<?x> atng c. y=sin 1<%) atx=1

a. Determine an expression for the gradient in terms of both x and y for the curve 2x* — 6x%y? +3y* =2 =0.

b. Determine the gradient in terms of x and y if 4x* — 7xy — 3y* -8 =0

c. Determine the equation of the normal to the curve x> — 4xy + y* — 15 =0 at the point (2, —1).

d. For the ellipse 4x? + 4xy + 9y* — 6y — 2x — 23 =0, determine the equation of the tangent at the point where
x =2 in the first quadrant.

[Y

5. An oil slick at sea has its area increasing at a rate of 507 square metres per hour. Assuming the oil slick
remains circular, when the radius is 5 metres, calculate the rate at which its radius is increasing.

6. While blowing up a balloon a child observes that the radius of
the balloon increases at a rate of 2 cm/s. Assuming it remains
spherical, when the radius is 6 cm, determine:

a. the rate at which the volume is increasing
b. that rate at which its surface area is increasing.

Technology active: multiple choice

7. 32 di [\/9x2 + 16] is equal to
X

18x 5 Ox
I9x2+16 9x2+16
18
D. —— E. 3

VIx2 + 16
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. . T .
8. A The equation of the normal to the curve y = cos <§> at the point x = 3 is equal to

xﬂi \/§ 47r\/§

Ay=—Z4+-+ B.y=—24+2L 4 Y2 C.y=—4x+—+—
2 6 2 4 12 2 3 2
47 \/_ 3
D. 4x— —+ — E. 2x— —+ —
YEETETY YEETETY
2x 3.
9. A The gradient of the tangent to the curve y=sin~ 3 at the point where x = 2 — is equal to
4 44/3 3
N _i L 43 . _\_f
9
3v3 Vs
D. — E. —
4 6

. T,
10. [0 If y = x? cos(2x), then the rate of change of y with respect to x, when x = 5 is equal to

N 5 © o Y3z
12 6 6
<6 3—7r> n(ﬁ—\@n)
D. ————8M8M8M8 E. —M8M8M8M8M—
36 36
11. [0 The gradient of the curve 2x? + 3y? — 4xy — 9 = 0 at the point (=3, —1) is equal to
4 4
A. 8 B. —— C. -
3 3
D. 2 E. —i
9
12. I The average rate of change of the function with the rule f(x) = v/2x+ 1 betweenx=0 and x=41is
equal to
AL B. - c.2
2 3 4
. 13 e V3
6 5
1 dy .
13. I If y = cos™ ! (1 — 2x) then o is equal to
X
-1 1 1
A ——— B. ——— C. ——
24/x(1 —x) 24/x(1 —x) Vx(l—x)
=2 -2
D. —— E. ———
Vx(1—x) V1—4dx+4x2
_ 5 d%y .
14. A If x=¢" and y = ¢* then 2 is equal to
X
A. 6e¥ B. 4¢ C. —6e*

D. 6e* E. 4¢*
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15. [T The gradient of the normal to the circle x> + y> = 169 at the point where x = —5 in the third quadrant is

equal to
A -2 B. > c.-12
12 12 5
12 5
D. — E. —
5 13

16. I An ice block has the shape of a cube and has its volume decreasing at a rate of
2 cm?/min. The rate at which each of the sides are decreasing in cm/min, when
the sides are 2 cm, is equal to:

A. 24 ,"
B. 16 ] -
C. 6 { s S| 'I. :
SR .
p 1 s
X / :
E. -
6

Technology active: extended response
17. a. Show that the equation of the tangent to the hyperbola xy = ¢? at the point <ct, %) is given by
x4+ 2y =2ct.
b. Show that the equation of the normal to the hyperbola xy = ¢ at the point <ct, %) is given by
y= xt? —ct + %
c. Verify that the hyperbola xy = ¢?, can be represented by the parametric equations x = cf and y = %

2 2
18. a. Show that the equation of the tangent to the ellipse x_2 + % =1 at the point (a cos (8), bsin (0)) is given
a

by xcos(6) N ysin(6) _

L.
a b
2y
b. i. Show that the equation of the tangent to the hyperbola — — » =1 at the point (x;,y;) is given by
X6 _yn ’
a b '
2y
ii. Show that the hyperbola — — o =1 can be represented by the parametric equations x = a sec(6) and
a
y=btan(b).
19. If a and b are constants, show that:
2 2b
a. d—z [x log (ax + b)] = a(ax—-l—z)
dx (ax+b)
2 2ax (ax2 + 3b)

d

b. — |xlog, (ax* +b)| =
dx* [ ( )] (ax2 + b)2

a(3ax +4b)

c. — |x"log (ax+b)| =2log (ax+b) +
ax? [ ¢ ] ¢ (ax+b)*
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. . . . 8a’
20. A curve called a witch of Agnesi has an explicit equation y = %.
x“+4a

d —16a3
a. Show that A ba’x

dx (x*+ 4412)2
b. Show that the witch of Agnesi can be represented by the parametric equations x = 2a cot(f) and
y=a(1—cos(2p)).

c. Show that d_y = —2sin’ (#) cos(?) and check your answer to part a.
X

21. A curve has the parametric equations x =2 sin(¢) and y = 2 sin(¢) tan(?).

dv  sin(®) (cos2() + 1
a. Verify that o ( ) .
dx cos>(f)

b. Show that the curve has the implicit equation x* 4+ x>y> — 4y?> = 0 and using implicit differentiation verify

2 2 2

b & X224
dx  y(4-x%)

2 3

d _
and that D Br—x

x —
4 — x2 dx ,(4—)(72)3

22. A spiral curve has the parametric equations x = ¢ cos(f) and y =7 sin(?).

c. Show that the implicit equation x* 4+ x2y> — 4y?> = 0 defines y =

YA

P

A
a
=Y

d .
a. Show that &_ M.
dx  cos(t) — tsin(r)

)

2
c. Using implicit differentiation on x> + y? = <tan_l <X> ) verify that d_y =
X X

b. Show that the curve has the implicit equation x* + y> = <tan‘1 <

= I<

x +xy? +ytan™! <X>
x

xtan™! (i) —yx2 =y
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5.8 Exam questions

Question 1 (3 marks)
Source: VCE 2021 Specialist Mathematics Exam 1, Q5; © VCAA.

Find the gradient of the curve with equation e*e® + ¢ =2¢* at the point (2, 1).

Question 2 (4 marks)
Source: VCE 2016 Specialist Mathematics Exam 1, Q3; © VCAA.

Find the equation of the line perpendicular to the graph of cos(y) +y sin(x) = x* at (0, —%) .

Question 3 (6 marks)
Source: VCE 2015 Specialist Mathematics Exam 1, Q9; © VCAA.

. 3
Consider the curve represented by x> —xy + =y> =0.

a. Find the gradient of the curve at any point (x, y). (2 marks)
b. Find the equation of the tangent to the curve at the point (3, 0) and find the equation of the tangent to the

curve at the point (0, \/6>

Write each equation in the form y = ax + b. (2 marks)
c. Find the acute angle between the tangent to the curve at the point (3, 0) and the tangent to the curve at the

point (0, \/6)
Give your answer in the form k7, where k is a real constant. (2 marks)

Question 4 (4 marks)
Source: VCE 2013 Specialist Mathematics Exam 1, Q6; © VCAA.

. 3D .
Find the value of ¢, where ¢ € R, such that the curve defined by y* + ¢ = c has a gradient of 2 where x = 1.
x —
Question 5 (5 marks)
. . 1 —1)"nla"
Use mathematical induction to prove that < ) = (1) nla ,VneN.
X" \ax+b/) (ax+b)"!

More exam questions are available online.

Hey students! Access past VCAA examinations in learnON

Sit past VCAA Receive immediate Identify strengths
examinations feedback and weaknesses

Find all this and MORE in jacPLUS C)

Hey teachers! Create custom assignments for this topic

i? Create and assign 3 Access quarantined :_— Track your

v unique tests and exams tests and assessments 4 5  students’ results

Find all this and MORE in jacPLUS C)
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Answers

Topic 5 Differential calculus
5.2 Review of differentiation techniques

5.2 Exercise

1. a. —

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

3 b. 30sin(2x) cos(2x)
16

—_— b. —61/6
(2x + 5)

a. 24sin’(3x) cos(3x)
b. —60cos’(4x) sin(4x)

a.

T o T O T 0T O

4% +9 b 5

V22 +9 V(322 +5)°

12

. —xe 2" b. —2 sin(2x)e*?Y
2x i (2x eV
. —2e sin (e ) b.
2\/}
77_2 b. 2c0s(2x)e3i“(2x)
36

cos (v/5) b. —\/3e

1 x . —144x
50t 3 " Toxt — 81
. x% (3 cos(4x) — 4x sin(4x))

LT (4 =3y
. —e ¥ (2sin(2x) + 3 cos(2x))

—12¢7*

. X% (5x cos(5x) + 3 sin(5x))
. 4x? (cos(4x) — x sin(4x))
X3 =4y

. e~ (2 cos(2x) — 3 sin(2x))

9 .
34 (xsin(3x) + cos(3x))

2x+9
\/(4x +9)°
—(1+2x) e . —120x (3% +5)
32 CGBe-5)

. i (x cos(3x) — sin(3x))

2x4

.- i (2 cos(2x) + x sin(2x))
3x5

e (Bx—2) . —(2x+3)
X3 T e

(T +8
. 8tan® <§>sec2 <£> b.¥
3 3 2

27 (47 = 3v/3) 572

72 T 54

20a—i b L 1 z
cA T . xsm og, >

2

21, 2xloge Gx+4)+

Sx+4
o 72 b 60x
. a, — .
16x2 — 81 25 — 9t
23. a.3 ] 8v/3
3

1672/3 27

24, 0, _L672Y3 i
9 81

25-35. Sample responses can be found in the worked solutions
in the online resources.
36. a. Sample responses can be found in the worked solutions
in the online resources.
b. ¢ [(3%% — 4x®) cos(2x) — 227 sin(2x)]
37, 38. Sample responses can be found in the worked solutions
in the online resources.

5.2 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
dy 2
YT 2219
2. Sample responses can be found in the worked solutions in the
online resources

3. Sample responses can be found in the worked solutions in the
online resources.

5.3 Applications of differentiation

5.3 Exercise
1.y=4x—17
) _2x 7
Y33
3.a.y=—4x+13
St 543
b.y==5x+—+—
3 2

4. a.3y—x—5=0

\V2n

b.y=—6 2x+T+2\/§

5. 2y—x—28=0
6. 12y—x—47=0
7. —11
8. =21
9.a. —13 b. —6
23
10. a. — b. =3
4
3 3x 3
Y ML PP 'L L0
3 3 9
12. y=6x+1,6y+x—6=0
T
13.a. 6y—x—39=0 b. 12y+x—12\/_—§:0

14. a. 4y +x—1=0
b. 12y =27x+77=0
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5

15. 471'52 | 20. a. Domain (—oo, 5) range R; intercepts (2, 0),
16. a. —=7Trh b. =71

3 3 (0,108, 29)):
17. a. Sample responses can be found in the worked solutions 5

in the online resources. x= = is a vertical asymptote.

1 3 . . Y
b. (0,2), 5 loge g ,0); y=>5is a horizontal

asymptote.

(0, 2log,(5)

~——
0

A
=Y

(2102:(3).) Yoo
b. Sample responses can be found in the worked solutions
in the online resources.
X3 g )
4 c.y=——=+1o
; : \ Y=E7 7% g,
c.y:—x+5_- 21.a.6m
N ¢ . . b. D
18. a. Sample responses can be found in the worked solutions 10
in the online resources. 8
1 4 , , 6
b. (0,1),| =log | = ),0); y=4is ahorizontal 4
2 ¢\3 5

asymptote.

Olrlllillllllﬁ
Zi 2 4 6 81012141618202224

c. Between 4 am and 8 am

_yn
6

d. m/s
2
e. —— m/s
3
1 3
22. a. Ny =500000,k=—1log | =
10 "¢ \2
| Y b. 918559
cy—g—5—3e+4 c. 37244.3
¢ . ¢ 3 d. 39583.3
19. a. Domain <Z’ oo>, range R, <5,0>; doesn’t cross the e. NA
J-axis; 1250000
5. .
x= 7 is a vertical asymptote. 1000000
Y,
0 750000 -
< 0 500000 -
T T T >
0 5 10 15 20
(@ +k)
23. a. —
Y 4a
b. Sample responses can be found in the worked solutions b. Sample responses can be found in the worked solutions
in the online resources. in the online resources.
c.y= 4x — 8 + 1Oge(27) 24. a. —463.875 mA/s

b. —462.048 mA/s
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25. a. 9.31 mg
c. 3 hours, 33.11 mg

5.3 Exam questions

Note: Mark allocations are available with the fully worked

solutions online.
1.2

2.a.y=xeZandy=0

b. Sample responses can be found in the worked solutions in

the online resources.
3. a. 400
b. 63.6 ants per month
c. 59.4 ants per month

b. 9.1 mg/hour
d. 9.91 hours

5.4 Implicit and parametric differentiation

5.4 Exercise

)('2
1. —)7
2. — /2
X
1
3.a. —
y
9x
16y

dy
4. a. 8x%y — + 8xy?
ydx y

9

5, ——
11
4x + 3y

a.
6y — 3x

c. 1
2 2
y—xe_<x +7)
’ ye_(XZ +y2) —X

3 cos (3x+2y) +2x
2 (y + cos (3x+ 2y))

27X + 12y + 1
BRI
o
"2y +sin(y) — e
24+ 8x+ 12y
15y+10x—3

(2x +1)
Cx(22+1)
y(2dy-1)
(l —2xy? )

3 cos(3x) cos(2y) — 2x

10. a.

" 6y2 + 2 sin(3x) sin(2y)

27x% + 8xy* +2

©549y2 —8x2y

3—x—xy*
x2y
2x+3

TyBy-2)

b 4% — 6x%y — 3x% + 8x)°

24y? 4+ 2x° — 8x2%y
y sin(xy) — ye® — 2x

xe¥ — x sin(xy)

11. a. 1

12. a. 3x—4y—25=0

13. a. —cot(?)

b. Sample responses can be found in the worked solutions

in the online resources.
127
1

14. a.

b. Sample responses can be found in the worked solutions

in the online resources.

15. a. —

16. a. —

17. a. —

2
X~ —ay
18. a.

ax — y?

x(x2+y2—1)

19.a. - —m—mmm8@8 ™
? y(x2+y2+1)

¥+ 327
2y 2a —x)
sin(z) (2 cos’(f) + 1)
2 cos3 ()

20. a.

5.4 Exam questions

Note: Mark allocations are available with the fully worked

solutions online.
dy  m-243

1. EC_—\/E<7T+\/§)

2.2y—x+3=0
3.E

5.5 Second derivatives

b.x—5y—11=0
8

d. —
15

b 4t 21
. ——tan
3

d 4 U]
. —cosec
3

b
b. —— cot(?)
a

b
d. —cosec(t)
a

b
b. — = cot(?)
a

b
d. —cosec(?)
a
(£ =2)
263 —1
2 — 3 cos’(d)
" sin(?) (2 + cos2(2))
(P43
i(#+3)
2

5.5 Exercise
1

12
2. —\/3

3.
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a. 2 5.6 Derivatives of inverse trigonometric
2 functions

20 (242 +7)
Q2 +5)°
6. 3x% (3x% —8x+4) ™™

5.6 Exercise

1
. ——,x€ (-5,))
V25 —x2

5. 6xlog, (24> +5) +

1. a

7 —E b 5 e( 1 1>
T  —X ——, =
Vi-252 >3
8. 6e
-2 (x2 +4x—5) 2 8\/5
9. a, ———— '
(2 +4x + 13)° 3
b. —e3x(7 cos (4x) + 24 sin (4x)) 3. a. ) X[ <3
79— 2
c. 2xe™ ™ (sz —6x+ 3) 9 =%
10. a. (2 — 9x%) cos (3x) — 12xsin (3x) b 3 x| < =

’ _ 2’ 3
L 120x47) V1-—9x

(6x+7)° 4.8 ——
y V9 —16x2 4
c. ——
2 1
\/(x2+16)3 L —2<x<§

o
=
A
|

b. ,
11-12. Sample responses can be found in the worked solutions Vx+2)(1 = 2x)
in the online resources. 5 4 -3 e 4 4
4 2 b4 2 2 -a. ———, e R
B8 =  b-—ms o — V16— 022 33
y asy X —1
- b, —— . ,xe (—1,4)
14. \/(x+1)(4—x)
4sin’ (1) 3
5 6. ——
—(1447) 33 5
15, ——————, —— —1
2r 16 7. a. ————, |x| <4
1 2 —b V16 — x?
16. a. ——— b, — c. ————
2ar ar® a*sin’(f) —4 ¥ 1
. . b, ——, [x|<—
17-21. Sample responses can be found in the worked solutions ’ 4
V1—16x2
in the online resources. _3 bx 4
22a_3X 8. a. ——, |x|< =
TV V16 —9x? 3
d dy 1 -3 2
o D) Do L b= _iere?
dx dx?  3acos*(0)sin(0) x+H(2=3%) 3
23. a. —e 2" (5sin(3x) + 12 cos(3x)) 4
b. Sample responses can be found in the worked solutions 9. a. 1+ 16x2
in the online resources. 5

24-30. Sample responses can be found in the worked solutions

b, ————
2 _
in the online resources. 2xf —6x+17

10. >

5.5 Exam questions 14

Note: Mark allocations are available with the fully worked 11. a. L

solutions online. x*+36

1. B b 6

2. Sample responses can be found in the worked solutions in the T 3602+ 1
online resources. 12. a. 30

3. Sample responses can be found in the worked solutions in the 25x* +36
online resources. 24

b, —m———— ™
36x2 + 60x + 41
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—8x

\/ (9 — 4x2)?
—384x
9 + 16x2)°

13.

14.

15. , x| >2

-2
|x|Vx?—4

-2
16, ————— x>0
Vx(x+16)

1
17. 2. ——————,0<x<9

24/x(9 —x)
-3 | |>3
x| > =
x| V16x2 — 9 4

_n,2x
€. T—i x<10ge(2)

4 4
18. 8. ———— , |x|> =
x| Vox2 — 16 3
b 6x
"X +9
—-30 20
c. —,x
25x2 + 36
125x 4
19. 8. —————, |x| < <
(16 — 25x2)2
—216x 5
b, ———, x| < =
(25 — 36x2)2
—4116x

" (49x2 + 36)°

5.6 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1. Sample responses can be found in the worked solutions in the

online resources.

2. Sample responses can be found in the worked solutions in the

online resources.
3. A

5.7 Related rates

5.7 Exercise

1. 207 m?/s
2.2 cm/s
3. a. 16 cm?/s b. 1 m/s
41

4. a. 8007r mm?/s b. 16077 mm?/s

. 1
5. Decreasing at an cm/s
6. Decreasing at 4877 cm?/s
7. a. Sample responses can be found in the worked solutions

in the online resources.
b. 150 weeks

8. Decreasing at cm/s

75
1287
9. Decreasing at 6477 cm?/s
10. a. 6 cm?/s

11. a. Sample responses can be found in the worked solutions
in the online resources.

b. 45077 cm?/s

b. /3 cm/s

12. 0.225 m/s
8
13. — m/s
5
14 ale / b 2l /
'a'257rcms '167rcms
15. a. 26.13 m/min b. —12m/s

16. a. Sample responses can be found in the worked solutions
in the online resources.

T

. Decreases by 5 cm/s
17. a. Decreases by 31 562.5 Pa/s

b. Sample responses can be found in the worked solutions
in the online resources.
18. 0.005°/s
19. —2.1°/s
20. a. 0.75m/s b. 2.25m/s c. 1.3m/s

21. a. Sample responses can be found in the worked solutions
in the online resources.

5.7 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. C

3t ,
2, > mm~/day

3. a. Sample responses can be found in the worked solutions in
the online resources.

b. 0.96 m/min

5.8 Review

5.8 Exercise
Technology free: short answer
1. a. x*e™ (5 = 3x)

b. —A% (2x sin(2x) + 3 cos(2x))

5
[ o —
V(32 +5)°
64x
2. a.

\/ (25 —16x2)°

b. ¢73*(5 sin(2x) — 12 cos(2x))
c. (6x —4x?) cos(2x) — 1247 sin(2x)
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3 3x+\/§n+18
3 6

by=-2+2 4\
YETR T e

c.y=-2 3x+2\/§+%
2x(x—2y2)

y (4x2 = 3y)

16x° — 7y

Tx + 12y3

c. 16y+5x+6=0

d. 10y +9x—28=0

5. 5m/h
6. a. 2887 cm’/s b. 9677 cm?/s

3.a.y=

Technology active: multiple choice

7.B

8.

9.
10.
11.
12,
13.
14.
15.
16.

o> 0» Q0 wU

es]

Technology active: extended response

17-22. Sample responses can be found in the worked solutions
in the online resources.

5.8 Exam questions

Note: Mark allocations are available with the fully worked

solutions online.
1

10

4. c=——
4

5. Sample responses can be found in the worked solutions in the
online resources.
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6.1 Overview

Hey students! Bring these pages to life online ~n an
Watch Engage with Answer questions ,,) 9
videos interactivities and check results /'

Find all this and MORE in jacPLUS C)

6.1.1 Introduction

Functions define special relationships between two variables — specifically, relationships where for every input
value (x) there is one output value (y). Functions were first defined in the late 17th century by Leibniz as any
quantity varying along a curve that is described by an equation. In 1734, Euler introduced the familiar

f(x) notation.

Today functions are used to model relationships between variables across a variety of disciplines, from forensic
science and computer programming to climate science. For example, climate scientists use data about sea level,
temperature, carbon dioxide and Arctic ice extent to define functions that allow them to create the complex
models required to predict the extent of global climate change.

If we understand the relationship between two variables, it is possible to model their relationship. Knowing what
a function looks like helps us understand why functions behave the way that they do. In this section, you will
explore the graphing of modulus functions, reciprocal functions and rational functions.

KEY CONCEPTS

This topic covers the following points from the VCE Mathematics Study Design:
e rational functions and the expression of rational functions of low degree as sums of partial fractions
e graphs of rational functions of low degree, their asymptotic behaviour, and the nature and location of
stationary points and points of inflection
e graphs of simple quotient functions, their asymptotic behaviour, and the nature and location of
stationary points and points of inflection.

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.
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6.2 Sketching graphs of cubics and quartics

LEARNING INTENTION

At the end of this subtopic you should be able to:
e sketch graphs of cubic and quartic functions using calculus to determine stationary points and points
of inflection.

6.2.1 Sketching graphs using key points

Throughout this topic we will be sketching graphs of all kinds of functions, the shapes of which may not be
intuitively obvious to you such as they have been in the past when sketching basic functions. To sketch more
complex graphs, we need a systematic method to apply to any function, y =f(x), we come across.

In general, the first step to sketching a graph is to determine any points of interest such as axis intercepts and
critical points. We determine these points of interest by investigating the function, its first derivative and its
second derivative.

Axis intercepts

As you will recall from previous years, the y-intercept occurs when x = 0 and the x-intercepts occur when y =0.
Given an equation, substituting x =0 and solving for y will determine the y-intercept, and substituting y =0 and
solving for x will determine the x-intercepts.

Stationary points

A stationary point on a curve is defined as a point where the gradient vA

d
is zero; that is, d_y =f"(x) =0. There are three types of stationary points:
X

maximum turning points, minimum turning points and stationary
points of inflection.

A maximum turning point is a point on the curve at which the y-coordinate +

A

|
|
|
|
has its highest value within a certain interval. Visually, a maximum turning i
point is like the top of a hill. At a maximum turning point the gradient of :
the curve changes from positive to zero to negative as x increases. The i
rate of change of the gradient (second derivative) is therefore negative. |
If there are higher y-values outside the immediate neighbourhood of this i
maximum, it is called a local maximum. If it is the highest y-value on the 5
whole domain, it is called an absolute maximum. Absolute maximums can
also be non-stationary points, in which case they are endpoints, so long as
the graph is continuous.

A minimum turning point is a point on the curve at which the y-coordinate v
has its lowest value within a certain interval. Visually, a minimum turning

point is like the bottom of a valley. At a minimum turning point the

gradient of the curve changes from negative to zero to positive as x

increases. The rate of change of the gradient (second derivative) is therefore

positive. If there are lower y-values outside the immediate neighbourhood

of this minimum, it is called a local minimum. If it is the lowest y-value on ol -
the whole domain, it is called an absolute minimum. Absolute minimums
can also be non-stationary points, in which case they are endpoints, so long
as the graph is continuous.

o4

=Y
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Stationary points of inflection are points on a curve where the gradient is zero, but the gradient is the same sign
on both sides of this point. This type of stationary point is not a turning point, as the graph continues to increase
(or decrease) on both sides of the stationary point. At a stationary point of inflection, the gradient function is also
stationary, which means that the second derivative is equal to zero.

YA YA
+
+ _
0, /+ -\..0
+/ -
1
+ .
+ p—
0 x ) 0 x
x=a X=a
Y Y

To determine the nature of a stationary point you can evaluate the gradient on either side of the stationary point,
or determine the value of the second derivative at the stationary point.

If the gradient changes sign either side of the stationary point, then it will be a maximum or minimum turning
point. If the sign of the gradient is the same either side of the stationary point, then it will be a stationary point
of inflection.

Determining the nature of stationary points

Once you have determined that a stationary point occurs at x = a, the nature of the stationary point
can be determined by investigating the gradient either side of it, or the value of the second derivative
at the point.

f"@<0 f"@>0 f"@=0
OR OR AND
when x <a, f'(x) >0 and when x <a, f'(x) <0 and when x <aandx >a, f'(x) <0
whenx >a, f'(x) <0 whenx >a, f'(x) >0 orf'(x)>0

6.2.2 Concavity and points of inflection

The last type of critical point that we will be using to sketch graphs are points of inflection, however, before we
define them we must introduce the concept of concavity.

Concavity

A curve (or section of a curve) is classified as concave up if the gradient of the curve increases as x increases.
If the gradient of the curve decreases as x increases, the curve (or section) is classified as concave down.

Since concavity depends on the rate of change of the gradient, it is determined by the second derivative f”(x).
When a graph is concave up (gradient increases as x increases), f”(x) is positive, and when a graph is concave
down (gradient decreases as x increases), f”(x) is negative.
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To test whether a curve is concave up or concave down at a point x = a, draw a tangent to the curve at that point
and look at whether it sits above the curve, or below the curve. If the tangent sits below the curve the graph is

concave up at that point, and if the tangent sits above the curve the graph is concave down at that point.
The graphs of y=x? and y = —x? are concave up and concave down respectively. Notice that the tangent at any

point on y = x? sits below the graph, and the tangent at any point on y = —x sits above the graph.

AY

[
\
[\S}
[
=
=)
—
[N
-
=Y

<Y

o -

Points of inflection

Some curves are made up of sections which are concave up and sections which are concave down. The point at
which the curve changes from concave up to concave down (or vice versa) is known as a point of inflection.
Points of inflection occur when the second derivative is equal to zero and changes sign on either side of the
point. At points of inflection the curve is neither concave up or concave down and the tangent to the graph sits
above the curve on one side of the point and below the curve on the other side.

3
For example, the graph of y = x? — x? 4+ 2 has a point of inflection at x = 1. The graph is concave down when

x < 1 and concave up when x> 1.

S
—
=)
_
[\
(O8]
o
=Y
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In summary, concavity and points of inflection depend on the second derivative f”(x).

Concavity and points of inflection

When f”(x) > 0: | The graph is concave up

When f”(x) < 0: | The graph is concave down

When f”(x) =0: | The graph has a point of inflection (provided the concavity changes sign
either side of this point)

Note: This analysis of the second derivative is what we used to determine the nature of stationary points in the
previous section.

6.2.3 Sketching graphs of cubic and quartic functions

To sketch graphs of any polynomials we must identify all key points. First, determine the axis intercepts by
solving the equations f{x) =0 and y = f(0). Next, identify the stationary points by solving the equation f’(x) =0
and determine the nature of these stationary points by calculating the sign of the second derivative at those
points. Finally, identify any points of inflection by solving the equation f”(x) =0.

Cubic functions are polynomials of degree 3 and are of the form y = ax® + bx*> + cx+d, a# 0. They can have up
to three x-intercepts, two stationary points and one point of inflection.

WORKED EXAMPLE 1 Sketching graphs of cubic functions

Sketch the graph of the function f : R — R, f(x) = x> + 6x* + 9x by determining the coordinates of all
axis intercepts and stationary points and establishing their nature. Also, calculate the coordinates of
the point of inflection, and determine and draw the tangent to the curve at the point of inflection.

THINK WRITE/DRAW
1. Factorise the function. fx) = x> +6x% +9x
=x(x> +6x+9)
= x(x+3)°
2. Determine the axis intercepts, which occur 0=x(x+ 3))2
when y =0 or x = 0. x=0orx=-3

The intercepts are (0,0) and (=3, 0).

3. Calculate the first derivative and factorise. fx) = x> +6x° +9x
f(x)=3x2+12x+9
=3(%+4x+3)
=3x+3)x+1)
4. Determine the stationary points by equating f(x)=3x+3)x+1)=0
the first derivative to zero. x=—lorx=-3
5. Calculate the y-values of the stationary points. flx) = x(x+ 3)2
A=) =—-1(-143)’=—4
f(=3)=0

The stationary points are (—3,0) and (—1, —4).
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6. Calculate the second derivative.

7. Test the two stationary points by using the
second derivative to determine their nature.

8. Determine the point of inflection by equating
the second derivative to zero and calculate the
y-value.

9. Determine the gradient at the point of
inflection.

10. Determine the equation of the tangent at the
point of inflection.

11. Sketch the graph and the tangent using an
appropriate scale. We see that the tangent
crosses the curve at the point of inflection.

f(x) =3x>+12x+9

F(x) = 6x+ 12
=6(x+2)

When x= -3, f"(-3)=—-6<0.

The point (-3, 0) is a local maximum.
When x=—1, f"(=1)=6>0.

The point (—1,4) is a local minimum.
f"(x)=6(x+2)=0 when x = -2.
A=2)==2(=2+3)*==2

The point (—2, —2) is the point of inflection.

F(=2) =3(=2*+ 12X —2+9
=-3

Use y —y; =m(x—x;):
P(-2,-2),m=-3
y+2=-3(x+2)

y+2=-3x—6
y=-3x—-28
y

y=3x-8

Sfix) =x3+ 6x2+ 9x

0,0

<Y

Quartic functions are polynomials of degree 4 and are of the form y = ax* + bx® + cx*> + dx+ e, a#0. They can
have up to four x-intercepts, three stationary points and two points of inflection.

WORKED EXAMPLE 2 Sketching graphs of quartic functions

Sketch the graph of y = 6x> — x* by determining the coordinates of all axis intercepts, stationary
points and points of inflection, and establishing their nature.

THINK

1. Factorise.

WRITE/DRAW
y = 6x% —x*
= x2(6 —x)

:xz(\/g—X><\/g+x>

4
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2. Determine the axis intercepts.

3. Calculate the first derivative and factorise.

4. Determine the stationary points by equating the
first derivative to zero.

5. Calculate the y-values at the stationary points.

6. Calculate the second derivative and factorise.

7. Test the stationary points using the
second derivative to determine their nature.

8. Determine the points of inflection by equating
the second derivative to zero and calculate the
y-value.

9. List any other features about the graph.

The graph crosses the x-axis when y=0, at x=0
orx=x= \/6

The x-intercepts are (0, 0), (\/6, O>, (—\/6, 0).
V6~2.45

y=6x2 —x*
d
D 12— 4
X
= 4x(3 —x%)

= ax(V3-x)(V3+x)
Z—y:4x<\/§—x)(\/§+x> -0

x);00rx:i\/§.
Whenx=\/§,y=6<\/§>2—(\/§)4:9.
Whenx——\/_y 6( > ( \/§>4=.
The stationary points are (0, 0), 3,9) and

(—\/5,9>.

/\

dy
— = 12x—4x°
x
&?
Y _ 12— 122
dx
= 12(1 —x?)
= 12(1 = x)(1 +x)
d2y
When x =0, =12>0.
dx®

The point (0, 0) is a local minimum. There are
y-values lower than zero in the range of the

function.
dzy

When x= /3, — =—24<0.
dx?

The point (\/5, 9) is an absolute maximum.
d2

When x=—1/3, =2 = 24 <0.
dx?

The point <\/§ 9) 1s an absolute maximum.

1191 +x=0

2 (I=x+x)=

x==*1

When x==+1, y=>5.

The points (—1,5) and (1, 5) are both points of
inflection.

Let f(x) = 6x> — x*, then f(—x) = f(x), so the graph
is an even function and the graph is symmetrical
about the y-axis.
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10. Sketch the graph, showing all the critical
points using an appropriate scale.

Tl | THINK DISPLAY/WRITE

On a Graphs page, type in the
equation of the function and click
enter.

Select Menu: 6 Analyse Graph:

1 Zero to find the x-intercepts.
Select Menu: 6 Analyse Graph:

CASIO | THINK DISPLAY/WRITE

On a Graph Editor screen, type
in the equation of the function.
Select the graph screen to draw
the image. Resize if needed.
Select Analysis>G-Solve>Root

3 Maximum to find the maximum
turning points.

to find the left-most x-intercept.
Cursor right to find the others.
Select Analysis>G-Solve>Max

Select Menu: 6 Analyse Graph:
5 Inflection to find the points of
inflection.

to find the left-most maximum
turning point. Cursor right to

find the others.

Select Analysis>G-Solve>
Inflection to find the leftmost
point of inflection. Cursor right to
find the others.

WORKED EXAMPLE 3 The equation of the tangent to a curve at the point of inflection

A cubic polynomial y = x> 4 bx? + cx +d crosses the y-axis at y = —10 and has a point of inflection at
(—2,22). Determine the equation of the tangent at the point of inflection.

THINK

1. Lety=f(x)=x* + bx’ + cx+d
The graph crosses the y-axis when x =0, solve
for d.

Calculate the first derivative
Calculate the second derivative
At the point of inflection the second derivative

18 zero.
Solve for b.

WRITE
f(0) =~-10

d=—-10
dy

=f'(x)=3x*+2bx+c
X
d*y

— =f"(x)=6x+2b

X
f1(=2)=0
—12+2b6=0

b=6
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5. State the equation including the known values  f(x) =x" + 6x% + cx — 10

of b and d.

6. Using the fact that the point (—2,22) lies on f(=2)=22
the curve, solve for c. —8+24—-2¢—-10=22

2c=-—16
c=-8

7. State the equation including the known value y=f(x) =x> 4+ 6x> —8x— 10
of c.

8. Determine the gradient of the curve at the f/(x)=3x*+12x—8
point of inflection. f(=2)=12-24-8

=-20

9. Determine the equation of the tangent to curve ~ y—22 = —20(x + 2)
at the point of inflection (—2, 22), where the y=—-20x—18
gradient is f'(—2) = —20.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free

1. [KIZM Sketch the graph of y = x* — 4x? + 4x by determining the coordinates of all axis intercepts and
stationary points, and establishing their nature. Calculate the coordinates of the point of inflection.
Determine and draw the tangent to the curve at the point of inflection.

2. Sketch the graphs of each of the following by determining the coordinates of all axis intercepts and any
stationary points, and establishing their nature. Also calculate the coordinates of the point(s) of inflection.
a.y=x>—27x b. y=9x—x>

3. Sketch the graphs of each of the following by determining the coordinates of all axis intercepts and any
stationary points, and establishing their nature. Also calculate the coordinates of the point(s) of inflection.
a. y=x>+12x* + 36x b. y=—x>+10x> — 25x

4. Sketch the graphs of each of the following by determining the coordinates of all axis intercepts and any
stationary points, and establishing their nature. Also calculate the coordinates of the point(s) of inflection.
a. y=x"=3x>—9x—5 b. y=—x>+9x* — 15x — 25

5. Sketch the graphs of each of the following by determining the coordinates of all axis intercepts and any
stationary points, and establishing their nature. Also calculate the coordinates of the point(s) of inflection.
a.y=x>—x>—16x+16 b. y=—x>—5x* +8x+ 12

6. I Sketch the graph of y = x* — 24x? + 80 by determining the coordinates of all axis intercepts and
stationary points, and establishing their nature. Calculate the coordinates of the point of inflection.
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7. Sketch the graphs of each of the following by determining the coordinates of all axis intercepts and any
stationary points, and establishing their nature. Also calculate the coordinates of the point(s) of inflection.
4

a. y=x*—4x° b. y=4x* —x
8. Sketch the graphs of each of the following by determining the coordinates of all axis intercepts and any
stationary points, and establishing their nature. Also calculate the coordinates of the point(s) of inflection.
a. y=x*+42° —16x—16=(x—2)(x +2)°
b. y=x'—6x2+8x—3=(x—1)’(x+3)
9. I A cubic polynomial y = x* + bx? + cx + d crosses the y-axis at y =5 and has a point of inflection at
(1, —21). Determine the equation of the tangent at the point of inflection.

10. The function f(x) = x> + bx* + cx + d has a stationary point of inflection at (1, —2). Determine the values of b,
c and d.

11. The function f(x) = x> + bx> + cx + d crosses the x-axis at x = 3 and has a point of inflection at (2, —4).
Determine the values of b, ¢ and d.

12. A cubic polynomial y = ax® + bx?> + cx has a point of inflection at x = —2. The tangent at the point of
inflection has the equation y =21x + 8. Determine the values of a, b and c.

13. The graph of y = ax* + bx? + ¢ has one stationary point at (0, —8) and points of inflection at (i \/5 12).

Determine the values of @, b and c¢. Find and determine the nature of any other stationary points.

14. Show that the graph of y =x* — 2ax? 4+ a*x, where a € R\ {0}, crosses the x-axis at (a, 0) and (0, 0), has

. . 4a3 . . . 2a 24° .
turning points at (a, 0) and <§, % > and has an inflection point at <?a’ %) . Show that the equation
. . .. 8a®  ax
of the tangent to the curve at the point of inflection is given by y = 57 T3

15. a. Show that the graph of y =x> — a’x, where a € R\ {0}, crosses the x-axis at (£ a, 0) and (0, 0) and has

\/ga _2a3\/§> and <_ \/ga 2a3\/§
b 9 b

3 3 9

turning points at < > Show that (0, 0) is also an inflection point.

b. Show that the graph of y = (x — a)z(x —b), where a, b € R\ {0}, has turning points at (a,0) and
a+2b 4(a—b)3 ) . ) 2a+b 2(a—b)3
,——— | and an inflection point at , .
3 27 3 27

16. Show that the graph of y = (x — a)3(x —b), where a, b € R\ {0}, has a stationary point of inflection at (a, 0), a
. . a+3b —27(a—b)* . . . a+b —(a—b)
turning point at , and an inflection point at , ———— ).
4 256 2 16

6.2 Exam questions

Question 1 (1 mark)
Source: VCE 2021 Specialist Mathematics Exam 2, Section A, Q9; © VCAA.

I Which one of the following derivatives corresponds to a graph of f that has no points of inflection?
A F()=2(x—2"+5 B. f/(x)=2(x—3)’+5

C.f(x)= %@—3)2 D. f'(x) = %(x—3)3 -5
E. f'(xX)=(x—3)" —12x
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Question 2 (1 mark)
Source: VCE 2017 Specialist Mathematics Exam 2, Section A, Q10; © VCAA.

= A function f; its derivative f and its second derivative f” are defined for x € R with the following properties.

flay=1, fl—a)=—1
fb)==1, fi=b)=1
(x+a)’(x—b)

and f"(x) = ————=, where g(x) <0
g)
The coordinates of any points of inflection of |f(x)| are
A. (—a, ) and (b, 1) B. (b,—1) C. (—a,—1)and (b,—1)
D. (—a,l) E. (b, 1)

Question 3 (1 mark)
Source: VCE 2017 Specialist Mathematics Exam 2, Section A, Q8; © VCAA.

I Let f(x) = x> —mx*> + 4, where m,x €R.

The gradient of f will always be strictly increasing for
A x>0 B.xz? c.xg% D. x> E x<

More exam questions are available online.

6.3 Sketching graphs of rational functions

LEARNING INTENTION

At the end of this subtopic you should be able to:
e sketch graphs of rational functions showing asymptotes and axis intercepts.

6.3.1 Sketching graphs of rational functions

P
A rational function is defined as f(x) = % where both P(x) and Q(x) are polynomials. In this section, we
X

will sketch the graphs of simple rational functions where P(x) is a constant, linear, quadratic or cubic function
and Q(x) is a simple linear or quadratic function. To sketch the graphs of these types of rational functions, we
consider the following main points.

Axis intercepts of rational functions

As with all functions, the y-intercept of a rational function will occur when x = 0. That is, the y-intercept of
P(x) . P(0)
Jx)=——=1is fl0) = —.
O(x) 0(0)
Similarly, the x-intercepts of a rational function will occur when y = 0. That is, the x-intercepts occur when
P(x)=0.

Asymptotic behaviour of rational functions

A function is not defined when the denominator is zero. We thus have a vertical asymptote (or a point of
discontinuity, which will be covered in section 6.3.4) for each value of x where Q(x) =0. A vertical asymptote
is never crossed.
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To obtain the equations of other asymptotes, if the degree of P(x) > the degree of Q(x), we divide the
denominator into the numerator to obtain an expression of the form S(x) + R_x, so that R(x) is of a lower degree
than Q(x). o0

Now, as x = 00, y = S(x), so y = S(x) is the equation of an asymptote.

S(x) may be of the form y = ¢ (a constant), in which case the non-vertical asymptote is a horizontal line, or it

may be of the form y = ax + b, in which case we have an oblique asymptote. It is also possible that S(x) = ax?, so
we can even get quadratics as asymptotes.

Stationary points of rational functions

It is easiest to determine the gradient function from the divided form of these types of functions. Equate the
gradient function to zero and solve for x.

Note that these stationary points may be local minima or local maxima. We are not concerned with finding the
inflection points of these types of graphs. However, we can find the second derivative and use it to determine the
nature of the stationary points. Using this information we can sketch the curve. Sometimes graphs of these types
may not cross the x- or y-axes, or they may not have any turning points.

WORKED EXAMPLE 4 Sketching the graph of a simple rational function

x3—

54
Sketch the graph of y = . State the equations of any asymptotes. Determine the coordinates of

x
any axis intercepts and any stationary points (rounding to two decimal places where required), and
establish their nature.

THINK WRITE/DRAW
1. Determine axis intercepts. First, determine the =~ The graph crosses the x-axis when the
x-intercepts. numerator is zero.
Solve x* =54 =0
X =54

x = 1/54~3.78

The graph crosses the x-axis at (\3/ 54, 0) or

(3.78,0).
. X —54
2. Vertical asymptotes occur when the y= 3
. . X
denominator is zero. The line x = 0 or the y-axis is a vertical
asymptote.
. . . X —54
3. Simplify the expression by dividing y=
the denominator into the numerator. . e 54
e
T Ox 9%
_ X 6
9 «x
2
4. Determine the equations of any other As x — 00, y — — from below.
asymptotes. ? 2

X
As x —» —o0, y — — from above.

2
The quadratic y = % is an asymptote.

4
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5. Calculate the first derivative by differentiating vy = T 6x

L 9
the divided form.
b _ + 6x72
dx 9
_x,6
9 X
. . . dy 2 6
6. Stationary points occur when the gradient is o +—=0
zero. Equate the gradient function to zero and dx ) 9 g
solve for x. => .
9 x?
x> =-27
x=v-27=-3
. . . —27-54
7. Determine the y-value of the turning point. When x=-3, y= — =32
d 2
8. Calculate the second derivative. e, +6x72
dx 9
d*y
ay = g — 12573
d®> 9
2
9 X

. . - dy 2 12 2
9. Determine the sign of the second derivative to When x = —3, fy_< +—===>0.

5 =
determine the nature of the turni int. oie 8 A 3
SIS R e s e The point (=3, 3) is a local minimum turning

point.
10. Using all of the above information, we can
sketch the graph using an appropriate scale.
Draw the asymptotes as dotted lines, and label
the graph with all the important features.

6.3.2 Sketching graphs of reciprocal functions

Reciprocal functions are the subset of rational functions which have a constant as the numerator. That is,

functions of the form f{x) = é where c is a real number and Q(x) is a polynomial.
X

Since a constant is a polynomial of degree 0, the degree of the denominator Q(x) is greater than the degree of

R
the numerator. The function can therefore be written in the form S(x) + % with S(x) =0 and R(x) = ¢ which
X

means there will be a horizontal asymptote at y =0.

316 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition



As with all rational functions, reciprocal functions will have vertical asymptotes when the denominator is equal
to zero.

If O(x) has a local maximum at (p, g), then f{x) will have a local minimum at <p, £>.
q

If O(x) has a local minimum at (p, g), then f{x) will have a local maximum at <p, £>.
q

WORKED EXAMPLE 5 Sketching the graph of a simple reciprocal function

Sketch the graph of y =

x2+2x—24

. State the equations of any asymptotes. Determine the

coordinates of any axis intercepts and any turning points. State the maximal domain and range.

THINK

1.

Factorise the denominator.

Vertical asymptotes occur when the
denominator is zero.

Determine axis intercepts. First determine the
x-intercepts.

Calculate the y-intercept.

Determine the equations of any other
asymptotes.

Use the chain rule to differentiate the function.

Stationary points occur when the gradient is
zero. Equate the gradient function to zero and
solve for x.

Determine the y-value of the turning point.
The second derivative will be complicated;
however, we can determine the nature of the
turning point.

WRITE/DRAW
, 24
=flx)= —
y=» X2 42x—24
_ 24
x+6)(x—4)

The lines x = —6 and x = 4 are both vertical
asymptotes.

The graph does not cross the x-axis, as the
numerator is never zero.

The graph crosses the y-axis when x =0,
f0)=—1at(0,—1)

As x — £00, y — 0T, The plus indicates
that the graph approaches from above the
asymptote.

The line y =0 or the x-axis is a horizontal
asymptote.

. 24
X)= ——
) B
= 24(x2 +2x—24)""

F(0) = —24(2x + 2)(2 +2x = 24)
24(2x +2)

(2 +2x —24)

) B

(2 + 2x — 24)
=>2x+2=0
x=-1

Substitute x ;4— 1: .
e ==

) 1-2-24 25

Since the graph of y=x? + 2x — 24 has

a local minimum at x = —1, the graph of

24 24
=————has (—1,—%) as a local
. X2 +2x—24 ( %)
maximum.
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9. Using all of the above information, we can

sketch the graph using an appropriate scale.
Draw the asymptotes as dotted lines and label
the graph with all the important features.

10. From the graph we can state the domain and

range.

24

V= 2t ox—24

The domain is R\{—6, 4} and the range is
(=00, =2] U(0, ).

WORKED EXAMPLE 6 Determining the equations of asymptotes

The curvey =

x> +bx+8

has a local maximum at (—3, —2). Determine the values of A and b. State the

equations of all asymptotes and the domain and range.

THINK

1.

The curve will have a local maximum
when the derivative of the quadratic in the
denominator is zero.

Substitute for b and the point (=3, —2)
lies on the curve, solve for A.

The curve has vertical asymptotes when the
denominator is zero.

Since the point (=3, —2) is a local maximum,
and from the features of the graph, we can
state the range.

WRITE
Letf(x)=y= ————
IS x> +bx+8
Let g(x)=x>+bx+8
gx)=2x+b
g(=3)=—-6+b=0
b=6
X) =y ——H——r—
=y 2 4+6x+8
A
-3y 2=—
f=3) 9—18+38
=—A
A=2

g)=x>+6x+8

=(x+4)x+2)
There are vertical asymptotes when x = —4 and
x=—2 and a horizontal asymptote at y =0.

The range is (—oo0, —2] U (0, o).
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WORKED EXAMPLE 7 Determining values of a parameter from the number of asymptotes

State conditions on k such that the graph of y =

a. two vertical asymptotes
b. only one vertical asymptote
c. no vertical asymptotes.

THINK

The discriminant of the quadratic in the
denominator is the key to answering this
question.

a. For two vertical asymptotes, the discriminant

is positive.
Solve for k.

b. For only one vertical asymptote the
discriminant is zero. Solve for k.

c. For no vertical asymptotes, the discriminant is

negative. Solve for k.

1 has:
kx —x*—4
WRITE

kx—x}—4=—x>+kx—4
a=—1, b=k, c=—4

A=b>—4ac
A=K —-16
a. A=k>—16>0

|k| >4
(=00, —4) U (4, )

b. A=k*—16=0

k=4
c. A=k>—16<0
|k| <4
(—4,4)

6.3.3 Using CAS to help determine the critical points

Some rational functions are difficult to differentiate (or differentiate twice) by hand. For such functions we
must use technology to help differentiate and determine the coordinates of critical points. You will be able to
differentiate functions and solve equations using your CAS calculator for questions which allow the use of
technology.

WORKED EXAMPLE 8 Sketching more rational functions

Sketch the graph of each of the following, stating the equations of any asymptotes and the coordinates
of any axial intercepts, stationary points and points of inflection. State the domain and range.

ay—x+2 by—x2_9
x2-9 T x+42
THINK WRITE/DRAW
. . x+2
a. 1. Factorise the denominator. a. y=flx)y=——
x+3)x—3)

2. Vertical asymptotes occur when the
denominator is zero.

The lines x = —3 and x = 3 are both vertical asymptotes.

3. Determine axial intercepts. The graph x+2=0
crosses the x-axis, when the numerator x=-=2
is zero. (=2,0)
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10.

. Calculate the y-intercept.

. Determine the equations of any

other asymptotes.

. Use the quotient rule to differentiate

the function.

. Stationary points occur when the

gradient is zero. Equate the gradient
function to zero and solve for x.

. Use CAS to calculate the second

derivative and equate to zero for
inflection points.

. Using all of the above information

we can sketch the graph using
an appropriate scale. Draw the
asymptotes as dotted lines, labelling

the graph with all important features.

From the graph we can state the
domain and range.

. Vertical asymptotes occur when the

denominator is zero.

. Express a proper fraction.

. y=

The graph crosses the y-axis when x = 0.

f(O)=—§ at <o,—§>

Asx— o0, y— 0% andas x - —co, y—> 0~
The line y =0 or the x-axis is a horizontal asymptote.
Note that the graph crosses the horizontal asymptote.

1(x*—9) —2x(x+2)

fx=

(2 =9)°
) —(x2+4x+9)
)= W
0 —(x2+4x+9) .
)= —m—— =
| (2 =9)°

Butx® +4x+9=(x+2)>+5>0
So there are no stationary points.

2 (2 +6x% +27x+18)
)= S

(2 —9)

Solving x* 4+ 6x% 4+ 27x + 18 = 0 gives one solution
as x=—0.786 and f(—0.786) = —0.145, so
(—0.786,—0.145) is the inflection point.

2

1 O 1

—6-
Y

The domain is R\{£3} and the range is R.

x=-3

S oocooooccoo N THbooooocococococccaoaos

~

, the line x =—2 is a vertical asymptote.

_2-9 xx+2)-20+2) -5

x+2 x+2

y=)c—2—i

The line y = x — 2 is an oblique asymptote.
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3. Determine axial intercepts. The graph X
crosses the x-axis, when the numerator x==3
is zero. (=3,00, 3,0
. Lo ) 9
4. Calculate the y-intercept, which is the f0)=—=
point corresponding to x = 0. 2 9
The y-intercept is (O, —5 > .
5. Use the chain rule to differentiate the y=x—2-5(x+ 2)_l
proper function expression. d_y -1+ 5
dx (x+2)°
. . y 5
6. Stationary points occur when the But — =1+ 5> 0
gradient is zero. 245 (x+2) :
So there are no stationary points.
dy  -10
7. Calculate the second derivative. —)2 =—
dx”  (x+2)
8. Inflection points occur when the
second derivative is zero.
9. Using all of the above information

we can sketch the graph using

an appropriate scale. Draw the
asymptotes as dotted lines, labelling
the graph with all important features.

10. From the graph we can state the The domain is R\{—2} and the range is R.
domain and range.

6.3.4 Points of removable discontinuity

We have stated that we get vertical asymptotes when the denominator is zero, but this statement is not exactly
correct.

A removable discontinuity or commonly called a point of discontinuity occurs when the graph of a function
has a hole. A hole appears when we cancel a factor.

x2=9 x+3)x—3)

For example, consider the function f{x) = 3 By factorising f{x) = Y13 the function is
X

X
y=x—3, x# —3 as the set of factors (x + 3) has cancelled out.
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2 _
Note that the limit exists, lim3 <x 39) = lim3(x —3) =—06, so the graph is the straight line y =x — 3 but with a
x—=3 \ x+ x—=

hole in it at the point (—3, —6).

Y

(=3,-6)

Removable discontinuities can be “filled in” if you make the function a piecewise function and define a part
of the function at the point where the hole is. In the example above, to make the function continuous we could
redefine the function as

_fx=3, x#-3
foo= -6, x=-3

WORKED EXAMPLE 9 Sketching more rational functions with points of discontinuity

x+3
x?—
axial intercepts and any points of discontinuity. State the domain and range.

Sketch the graph of y = stating the equations of any asymptotes and the coordinates of any

THINK WRITE
L . 3 3
1. Simplify the function. y= SRS s
=9 (x+3)(x-3)
1
= , XxX#-3
! x—3
2. Vertical asymptotes occur when the The line x = 3 is a vertical asymptote, however the
denominator is zero. graph has a removable point of discontinuity at x = —3
or a hole in the graph at x = —3.
3. Determine the equations of any other As x— 00 y— 0" and as x —» —co y — 0~. The line
asymptotes. y=0 or the x-axis is a horizontal asymptote.
4. Determine axial intercepts. The numerator of y = , X # —3 is never zero, the

X
graph does not cross the x-axis. The graph crosses the

1 1
-axis whenx=0aty=——, 0,——
y y 3 ( 3>

5. The graph is a hyperbola but has a point of lim < x2+ & > = lim < ! > = !
discontinuity at x = —3. This is indicated by an "~ ~ \* —9/ 2773 Ax— 3 1
open circle on the graph. Draw an open circle at the point <—3, 5
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6. Using calculus to determine stationary or
inflection points.

7. Using all of the above information we can
sketch the graph using an appropriate scale.
Draw the asymptotes as dotted lines, labelling
the graph with all important features.

8. From the graph we can state the domain and
range.

Both the first and second derivatives are never equal
to zero, the graph has no stationary points or points of
inflection.

4 3 2 -

_______________<,>___________________
_h_
=Y

1
The domain is R\{£3} and the range is R\{—g, 0}.

WORKED EXAMPLE 10 Determining vertical asymptotes and points of discontinuity

24+ 2x—15
Consider the function f(x) = rHa-h
xr—2x—
of discontinuity.
THINK

1. Simplify the function.

2. Vertical asymptotes occur when the
denominator of the simplified function
equals zero.

. State the equations of all asymptotes and/or points

WRITE

2 +2x—15

f = x2—=2x—3
_ (x+5)(x—3)
T+ D(x=3)

:x+5’x¢3
x+1

The line x = —1 is a vertical asymptote.
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2 +2x—15

3. The factor that cancels out is (x — 3). lim = 5
Therefore there is a point of discontinuity >3 —2x—3
. x+5
at x=3. lim =
=3 x+1
_3+5
3+1
=2
There is a point of discontinuity at (3, 2).
R 2 4+2x—1
4. Express the function in the form S(x) + ﬁ, Jx) = SR
o) X2 —2x—3
where Q(x) is a polynomial of higher x45
degree than R(x) to identify the non-vertical = a1 #3
asymptote.
x+1+4
=————, x#3
x+ 1
=1+ 4 , X#3
el

Asx— oo, y—> 1T andasx— —oo, y—> 1.
The line y =1 is a horizontal asymptote.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS @

Technology free
16 —x3
1. INIZH Sketch the graph of y =

X
any axis intercepts and any stationary points, and establish their nature.

. State the equations of any asymptotes. Determine the coordinates of

2+9

2. Sketch the graph of y= . State the equations of any asymptotes. Determine the coordinates of any axis

X
intercepts and any stationary points, and establish their nature.

3. Sketch the graphs of each of the following. State the equations of any asymptotes. Determine the coordinates
of any axis intercepts and any stationary points, and establish their nature.
244 X +16
= b. y=
2x 2x

a.y

1
4. A Sketch the graph of y = = 6

5. State the equations of any asymptotes. Determine the coordinates of

any axis intercepts and any turning points. State the maximal domain and range.
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10.

11.

12.

13.

14.

15.

. Sketch the graph of y =

. IlEA The curve y =

ERRETY by calculating the equations of all straight-line asymptotes. Determine
x-—4x—
the coordinates of any axis intercepts and turning points. State the maximal domain and range.

. Sketch the graphs of each of the following. State the equations of any asymptotes. Determine the coordinates

of any axis intercepts and any turning points. State the domain and range.

I 18 by 18
-y_x2—9 .y_8+2x—x2

. Sketch the graphs of each of the following. State the equations of any asymptotes. Determine the coordinates

of any axis intercepts and any stationary points, and establish their nature.

I I ).
e 2x2 = x2

. Sketch the graphs of each of the following. State the equations of any asymptotes. Determine the coordinates

of any axis intercepts and any stationary points, and establish their nature.

] -8l . —(x*+16)

.y= yYy=—
2x? 2x?

4
——— has a local maximum at <—4, ——>. Determine the values of A and b. State
x> +bx+7 3
the equations of all straight-line asymptotes and the domain and range.

The curve y = has a local minimum at (3, 2) and a vertical asymptote at x = 8. Determine the

2

X
values of A, b and c. State the equations of all straight-line asymptotes and the domain and range.

1
State conditions on k such that the graph of y= —————— has:
kx —4x* =25

a. two vertical asymptotes
b. only one vertical asymptote
c. no vertical asymptotes.

Sketch the graph of y = 21—89 by calculating the coordinates of any stationary points and establishing their
X

nature. Also determine the coordinates of the points of inflection, and determine the equation of the tangent
to the curve at the point of inflection where x> 0.

Consider the function f{x) = v +b where a, b € R\ {0}. State the equations of all the asymptotes and show

X
3
/ 3V 2a?%b
that the graph has a turning point at < > %, 2a > and an x-intercept at x = 3 _é‘
a

a

Consider the function f{x) = a +b where a, b € R\ {0}. State the equations of all the asymptotes and show

X
3
[ b 3V 2ab?
that the graph has a turning point at < ¥ 2£, Ta> and an x-intercept at x = ¥ —é.
a

a

4

Consider the function f{x) = b where a, b € R\ {0}. State the equations of all the asymptotes and show

2
that if ab > 0, the graph has two turning points at <i {/E , 2 ab) and does not cross the x-axis. However,
a

. . . . b
if ab < 0, then there are no turning points, but the graph crosses the x-axis at x = & y// —=.
a
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ax*+b

16. Consider the function f(x) =

X
that if ab > 0, then the graph has two turning points at <\/E , 2 ab> and (—\/E ,—24/ ab> and does not
a a

cross the x-axis. However, if ab < 0, then there are no turning points, but the graph crosses the x-axis at

b

x=*t4/—-.
a

where a, b € R\ {0}. State the equations of all the asymptotes and show

17. Sketch the graphs of each of the following, give the equations of any asymptotes and the coordinates of any
intercepts and any turning points.

x> +5x+4 2x*+x—6 5x—6—x*
ay=s—_—"— b.y=—"— C.y=—_——
X X X
. ax* +bx+c . .
18. For the function fix) = ————— state the equations of all the asymptotes and show that if ac > 0 then the
X

function has two turning points at <\/E , b+24/ ac) and (—\/E , b—24/ac ) . Additionally, show that
a a

if ac <0 then there are no turning points and if ¢ # 0 then there are no inflection points.

Technology active

19. IIEA Sketch the graph of each of the following, stating the equations of any asymptotes and the coordinates
of any axial intercepts and any stationary points. State the domain and range.
x+2 _ x*—16

a. y= b.
Y X2 —16 Y x+2

4
20. NIE Sketch the graph of y = ——
X

axial intercepts and any points of discontinuity. State the domain and range.

stating the equations of any asymptotes and the coordinates of any

2
T
21. [IEI Consider the function flx) = )62—)668 state the equations of all asymptotes and/or points
xX*—x—

of discontinuity.

X —6xr+9x

22. Consider the function f{x) = 3 , state the equations of all asymptotes and/or points
X

of discontinuity.

23. Sketch the graphs of each of the following, stating the coordinates of all axial intercepts, stationary points
and their nature, inflection points (if any) and the equations of any asymptotes.
-9 X249 =9

a. b. c.y=
T4 YT 4 Y2

24. Sketch the graphs of each of the following, stating the coordinates of all axial intercepts, stationary points

and their nature, inflection points and the equations of any asymptotes.
ay_x2—4 b y_x2+4 cy_)c2+4
. ¥ -9 - ¥ -9 - *+9

25. Sketch the graphs of each of the following, stating the coordinates of all axial intercepts, stationary points
and their nature, inflection points and the equations of any asymptotes.

2 +4 2% 4+ 2x+3
ay=——-— b.y=———
x*—=5x+4 2x-—2x+5
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X2 +bx+c

x2+px+q

. State the values of b and c¢ for which the graph of the function crosses the x-axis at two distinct points.
. State the values of b and ¢ for which the graph of the function does not crosses the x-axis.

. State the values of p and g for which the graph of the function has two vertical asymptotes.

. State the values of p and ¢ for which the graph of the function has no vertical asymptotes.

. State the values of b, p and ¢ for which the graph of the function has at least two inflection points.

. Determine the value of x where it crosses the horizontal asymptote.

6.3 Exam questions

Question 1 (4 marks)
Source: VCE 2018 Specialist Mathematics Exam 1, Q5; © VCAA.

1
Sketch the graph of f(x) = Xt 4on the axes provided below, labelling any asymptotes with their equations and

26. Consider the function f{x) = , where b #p and c #q.

- ® Q 0 T o

X2 —
any intercepts with their coordinates.

y
A
4
2
» X
—4 -2 0 2 4
)
)
Question 2 (1 mark)
Source: VCE 2016 Specialist Mathematics Exam 2, Section A, Q3; © VCAA.
3
. . . . X’ —ax .
I The straight-line asymptote(s) of the graph of the function with rule f{x) = >— > Where a is a non-zero
X
real constant, is given by
A. x=0only. B. x=0and y =0 only.
C. x=0and y=x only. D.x=0,x:\/aandx:—\/50nly.

E. x=0and y=a only.
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Question 3 (6 marks)
Source: VCE 2016 Specialist Mathematics Exam 2, Section B, Q1 a, b, ¢; © VCAA.

. . . 4+ x4+ .
a. Find the stationary point of the graph of f{x) = —————, x € R\{0}. Express your answer in
X
coordinate form, giving values correct to two decimal places. (1 mark)
b. Find the point of inflection of the graph given in part a. Express your answer in coordinate form,
giving values correct to two decimal places. (2 marks)
4+x+x° . . .
c. Sketch the graph of fix) = ————forx €[—3, 3] on the axes below, labelling the turning point
X
and the point of inflection with their coordinates, correct to two decimal places. (3 marks)
y
A
12
8
4
> x
3 -2 -1 0o 1 2 3
4
-8
—12

More exam questions are available online.

6.4 Sketching graphs of product and quotient functions

LEARNING INTENTION

At the end of this subtopic you should be able to:
e sketch graphs of product and quotient functions showing asymptotes and axis intercepts.

A rational function was defined as a ratio of two polynomial functions, we can also use calculus and sketch
the graphs of quotients and products of other types of functions, for examples logarithmic, exponential,
trigonometric, inverse trigonometric or radical functions.

First we revise the properties of the inverse trigonometric functions.

6.4.1 Inverse trigonometric functions

All circular functions are periodic and are many-to-one functions therefore their inverses will be
one-to-many relations, not functions. However, by restricting the domain so that the circular functions
are one-to-one functions, the inverses are functions.
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The inverse sine function
The sine function, y = sin(x) is a many-to-one function.

y = sin(x)

14
%ﬂ- ’ ’
—1-

Therefore its inverse does not exist as a function. However, there are many restrictions of the domain
37 . . .
, 7 so that it is a one-to-one function. Convention states that we use the

3
=

3 T T 7T T
——, ——|or|—=—, —|or|—
2 2 22 2
——, —| for the restricted sine function.

domain
Y
FEE A o =

STER
8-
~Y

Therefore, it is a one-to-one function and its inverse exists.

The inverse of this function is denoted by sin™", or alternatively arcsin.
The graph of y=sin"'(x) is obtained from the graph of y = sin(x) by reflecting in the line y = x.

Y
FiL 11 =[50 ) e = sin ()

STE

Y

|
IR}

If we were to solve the equation sin(x) = — we might recognise that there is an infinite number of solutions,

V4 V4 T . . .
such as —, 27w + —, 47 + — since we can add any multiple of 27 to a solution. However, if we try to solve
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the equation x = sin™!
T T
27 2]

General results for inverse sine function

<5> , there is only one solution, x = g, since the range of the inverse sine function is

xe

The inverse sine function is defined as follows:

fi -, 11> [—g g] fx)=sin"!(x)

The following results show how the inverse sine and sine functions combine:

sin (sin_l(x)) =xifxe[-1, 1]

=z z]
272

and

sin”! (sin(x)) =xifxe

The inverse cosine function

The cosine function, y = cos(x) is a many-to-one function.

YA
y = cos(x)

< T
A_/IS_” 2
2

Therefore its inverse does not exist as a function. However, there are many restrictions of the domain [ -7, 0]

or [0, 7] or [, 27] so that it is a one-to-one function. Convention states that we use the domain [0, 7] for the
restricted cosine function.

YA

S0, Zl=[=1, 1], f(x) = cos(x)

[SIE]
}‘_
By
<Y

Therefore, it is a one-to-one function and its inverse exists.

The inverse of this function is denoted by cos™!, or alternatively arccos.
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The graph of y=cos~!(x) is obtained from the graph of y = cos(x) by reflecting in the line y = x.

374
2

g\;: fiI=1, 11=[0, 7], f(x) = cos™'(x)
2 \

< *
1

=Y

If we were to solve the equation cos(x) = - we might recognise that there is an infinite number of solutions,

Vs /s Vs T T . .
such as rE 27+ —, 4n+ — ... 2m — —, 4m — — since we can add any multiple of 27 to a solution. However,

. . 2 ) . T .
if we try to solve the equation x = cos™! <7) there is only one solution x = Z since the range of the inverse

cosine functionis x€ [0, 7].

General results for inverse cosine function

The inverse cosine function is defined as follows:

£ [=1, 11— [0, x], f(x)=cos™"(x)

The following results show how the inverse cosine and cosine functions combine:
cos (cos‘l(x)) =xifxe[-1, 1]
and

cos™! (cos(x)) =x if [0, 7]

The inverse tangent function

The tangent function, y = tan(x) is a many-to-one function.

YA
y = tan(x)

e N ] e B
3

1
?

|
3
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Therefore, its inverse does not exist as a function. However, there are many restrictions of the domain

37 T T T 7 3m .. . .
—?, _E or _5’ E or E ? so that it is a one-to-one function. Convention states that we use

. T 7 . . . .
the domain Y for the restricted tangent function. Note that we must have an open interval, since the

L Ve . .
function is not defined at x =+ 5 At these points we have vertical asymptotes.

o s
. )—> R,}f(x) = tan(x)

<
|

[SIE

SIE

=Y

A
SN
(e}

1
:

Therefore, it is a one-to-one function and its inverse exists.
The inverse of this function is denoted by tan~!, or alternatively arctan.

The graph of y=tan~! (x) is obtained from the graph of y =tan(x) by reflecting in the line y = x.

Notice that there are horizontal asymptotes at y ==+

1N

YA
y==
I 3 D 2
2
_T T\ 4 = tan—!
f‘R—+( Z,Z}f@> tan~'(x)
<7171 T T 1 T T T T >
-5 4 3 2 -1 1 2 3 4 57
y=-Z
-~ . .3
2
\

If we were to solve the equation tan(x) = \/5 we might recognise that there is an infinite number of solutions,

such as %, T+ %, 2 + % . =T+ %, =21+ % since we can add any multiple of 27 to any angle.

. . . . T
However, if we try to solve the equation x = tan™! (\/5 ), there is only one solution, x = —, since the range of

. . T
the inverse tangent function is x € <— 5, —> .

2
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General results for the inverse tan function

The inverse tangent function is defined as follows:

f:R— (—g §> flx) =tan™! (x)

The following results show how the inverse tangent and tangent functions combine:

tan (tan‘l(x)) =xifx€eR

tan™! (tan(x)) =xifxe (—% , f)

and

2

WORKED EXAMPLE 11 Sketching an inverse trigonometric function

Sketch the graph of the function f (x) = O g <
r

> stating the coordinates of all axial intercepts

and endpoints. Determine if the graph has any stationary points or points of inflection.

THINK

1. Determine the maximal domain.

2. Calculate the coordinates of the endpoints.

3. Determine the equations of any asymptotes.

4. Calculate where the graph crosses the
coordinate axes.

WRITE

Since the maximal domain of sin_l(x) is [—1, 1]
the maximal domain is:
2x—35
3
—3<2x—5<3
2<2x<8
1<x<4
or[1,4]

<1

The endpoints are

=i i-1y=Ex F = _3,(1,-3)
Vi T 2

ay=2sinm ' ()=2xF =3 @43
Vi T 2

The graph has no asymptotes.

The graph does not cross the y-axis, but crosses the
x-axis when y =0, that is when 2x—5=0

xX= § at <§,O>.
2 2
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5. Calculate the first derivative. We can differentiate using the chain rule.

¥= o sin™! <§> where u=2x—15
T

dy_ 6 du _,
du 79 — 42 dx
dy 12

& Jo—@x—s5)

dy _ 12

dx  74/9 — (4x2 —20x + 25)
dy _ 12

dx  gy/—4(x2 —5x+4)

dy _ 6

dx  g\[—4+5x—x2

d
Since d_y > 0 for x € (1,4) there are no stationary

X
points, the function is an increasing function.

6. State the range of the function. The range of the function is [—3, 3].
o dy 6, , -1
7. Calculate the second derivative. e (=x>+5x+4) 2
x 7
d? 1 _3
Y L8 (ot (2t 5xtd)T
dx? 2 7
For inflection points,
d?
¢y _ —2x+5=0, )c=§
dx? 2
d’ 342 d’ 34/2
Byl _ W2 e B 32
| A | 4w

. 5 . . . . .
The point <§ 0) is a point of inflection point as the

second derivative changes sign.

8. Sketch the graph, showing the critical points

) ; YA 4,3)
using an appropriate scale. 3
2_
17 5
. (59) .
T T T T
1 3 4%
—1-
-2
-3 (1,-3)
Y
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6.4.2 Sketching graphs of quotient and product functions
8x)

Quotient functions are functions of the form f(x) = h_ and product functions are functions of the form

X
J(x) = g(x)h(x). g(x) and h(x) can be any type of function. When sketching quotient and product functions we
use the same method as we used for rational functions. First, determine the key features such as axis intercepts,
stationary points, inflection points and equations of any asymptotes and then put all of this information together
to create a sketch of the graph.

You may need to use CAS to determine some derivatives or solve some equations.

WORKED EXAMPLE 12 Sketching a quotient function involving a logarithmic function

log,(x)

Sketch the graph of the function f(x) = , stating the domain and range, equations of any

asymptotes, the coordinates of any axial intercepts, the stationary points and points of inflection,
giving all answers correct to two decimal places.

THINK WRITE
1. Determine the maximal domain. Since the maximal domain of log (x) is x> 0 this is
the domain of the function.
2. State the equations of the asymptote. The denominator is undefined when x = 0, so this (the
y-axis) is a vertical asymptote.
log (x)
3. Determine the equations of any other Since lim ( - > =0, so y =0 (the x-axis) is a
X—00
asymptotes. horizontal asymf)tote.
4. Calculate where the graph crosses the The graph does not cross the y-axis, but crosses the
coordinate axes. x-axis when y =0, that is when log (x) =0

x=1at (1,0). So the graph crosses the horizontal
asymptote, note that if x> 1 then y>0 and if 0 <x < 1

then y < 0.
5. Determine the coordinates of the We can differentiate using the quotient rule
stationary points. y= % Where u= log (x) and v=x.
v
du = ! and dv =1
dx x dx
1
d -Xx—log (x) 1-—1log (x)
_y:f/(x)zx e = * _ =0 for
dx x? x?

stationary points.

. . . 1
6. Establish the nature of the stationary When log (x)=1thatisx=e, y=fle)=-= e
e

point. To establish the nature of this stationary point, use a
sign test, if x <e, @ > (0 and when x> e, ? <0, the
point (e, e™!) » (2.?2, 0.37) is an absolute e
turning point.
7. State the range of the function. The range of the function is

{y:yﬁe‘l} = (—oo, e‘_l].
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&y 2log,(x)—3 ) ) )
8. Use CAS to calculate the second ——= 7e)= —— = 0 for inflection points,
derivative. dx *
x=Ve3~448,
3
y=f<\/e3): ~0.33
24/ 3
The point (4.48,0.33) is the inflection point.
9. Sketch the graph, showing the critical YA
points using an appropriate scale. 1
(1,00 (2.72,037) (4..48, 0.33)
< 1 T T e
1 0 2 3 4 5 6 70
14 y=
I log,(x)
X
34
4
x=0Y
Tl | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
On a Graphs page, type in the _ On a Graph Editor screen, type
equation of the function and ay in the equation of the function. P
click enter. (1,0) (272,0.27) (4.48,0.33) Select the graph screen to draw 57 B s e
Select Menu: 6 Analyse Graph: |43 3 the image. Resize if needed. ~
1 Zero to find the x-intercept. Select Analysis>G-Solve>Root J
Select Menu: 6 Analyse Graph: to find the x-intercept. Select 1
3 Maximum to find the maximum ()-8 Analysis>G-Solve>Max to find Y
turning point. i x the maximum turning point. -
Select Menu: 6 Analyse Graph: Select Analysis>G-Solve - s ..\:
5 Inflection to find the point of >Inflection to find the point of
inflection. inflection.

Radical functions

A radical function is a function of the form 4/f(x) where f(x) is a polynomial. The key thing to consider when
sketching functions involving radical functions is that the function inside the square root is not defined when it is
negative. This will restrict the domain of the function.

WORKED EXAMPLE 13 Sketching a quotient function involving a radical function

x+4
Sketch the graph of the function f(x) = d stating the maximal domain and range, the equations
+

x
of all asymptotes, any axial intercepts and the coordinates of any stationary points or inflection points.

THINK WRITE
1. Determine the maximal domain. The maximal domain of f(x) is [—4, —2) U (=2, ).
The maximal domain of \/x + 4 is x > —4, but
x+2#0sox#-2.
2. State the equation of the vertical asymptote, There is a vertical asymptote at x=—2 .
which occurs when the denominator is equal
to zero.
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Vx+4

. Determine the equations of any other lim — 0 so the y-axis is a horizontal
asymptotes. oo\ x+2
asymptote.
. Calculate where the graph crosses the When y =0, x=—4, so the x-intercept is (—4, 0).

coordinate axes. \/Z
When x =0, f(0) = 5 =1, so the y-intercept

is (0, 1).
. Calculate the first derivative and We can differentiate using CAS.
determine the coordinates of the stationary )= —x—6
points. (26> +8x+8) \/x+4

d
Since x € [—4,—2) U (=2, 00), d_y # 0 so there are no
X

turning points.

2
2
. Use CAS to calculate the second derivative f"x) = AR
and determine the coordinates of any inflection (4x3 42452 + 48 + 32) (x+4)°
points. For inflection points, f”(x) =0: 3x> +36x+92=0.

Solving for xin the domain, gives x = —3.69,
f(=3.69) =—-0.33.
(—3.69, —0.33) is the point of inflection.

. State the range of the function. The range is R.
8. Sketch the graph, showing the critical points :
using an appropriate scale. !
|
|
|
|
|
E y —\/m
(—4,0) i x+2 N
<& T >
4 = 0 2 40x
33) - y=
|
|
| —4-
|
|
! x=—2 v
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free
4
1. Sketch the graph of the function f(x) = x—2x by calculating the coordinates of the absolute minimum turning

e
point, the local maximum turning point and the points of inflection.

. 3 .1 /3 . . .
2. II3EH Sketch the graph of the function f{x) = = sin™" <xT> stating the coordinates of all axial
T

intercepts and endpoints. Determine if the graph has any stationary points or points of inflection.

2 -2
3. Consider the function f{x) = = cos™! <¥> sketch the graph stating the coordinates of all axial
T

intercepts and endpoints. Determine if the graph has any stationary points or points of inflection.

4. Sketch the graph of the function f{x) = 4 tan~!(x — 1) stating the coordinates of all axial intercepts, the

Vs
equations of any asymptotes and the domain and range. Determine if the graph has any stationary points or
points of inflection.

Technology active

5. IKIEHA Sketch the graph of the function f{x) = x? log, (x), stating the domain and range, equations of any
asymptotes, the coordinates of any axial intercepts, the stationary points and points of inflection, giving all
answers correct to two decimal places.

e—2x

6. Sketch the graph of the function f{x) =

, stating the domain and range, equations of any asymptotes

X
and the coordinates of any axial intercepts, the stationary points and points of inflection, giving all answers
correct to two decimal places.

n~'(x)

si
7. a. Sketch the graph of the function f{ix) = ———, stating the domain and range, and coordinates of the
X
endpoints. Determine if the graph has any stationary points, inflection points or points of discontinuity.
. 1 . . .
b. Sketch the graph of the function f{x) = —— > stating the domain and range, equations of any
sin” (5

2
asymptotes and the coordinates of the endpoints. Determine if the graph has any stationary points or
inflection points.

tan™!(x)

8. Sketch the graph of the function f{(x) = , stating the domain and range. Determine if the graph has

X
any stationary points or inflection or points of discontinuity.

. . (1 . . .
9. a. Sketch the graph of the function f{x) = sin (—>, stating the domain and range and the equations of any
X

asymptotes. Classify the point at the origin.
sin(x)

b. Sketch the graph of the function flx) = , stating the coordinates of the absolute minimum and the

X
first local maximum turning points and the equations of any asymptotes. Classify the point at the origin.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

EIZHE Sketch the graph of the function f(x) =

X
of all asymptotes, any axial intercepts and the coordinates of any stationary points or inflection points.

stating the maximal domain and range, the equations

Sketch the graph of the function f(x) =

, stating the maximal domain and range, the equations of all
X—
asymptotes, any axial intercepts and the coordinates of any stationary points or inflection points.

Vx2+4

2
asymptotes, any axial intercepts and the coordinates of any stationary points or inflection points.
Vx2+4x+4

(x+2)°

a. Sketch the graph of y =f(x) stating the domain and range, classifying all critical points.

Sketch the graph of the function f{x) = , stating the maximal domain and range, the equations of all

Consider the function f{x) =

1
b. Sketch the graph of y :]ﬂ stating the domain and range, classifying all critical points.
X

(x+2)°

Sketch the graph of the function f{x) = ——— stating the maximal domain and range, the equations of all
x2—4

asymptotes, any axial intercepts and the coordinates of any stationary points, points of inflection or points of

discontinuity.

Consider the graph of the function f{x) =x"log (x+ 1), where n € Z". State the maximal domain, the
equations of all asymptotes and classify the point at the origin for values of n.

2
Consider the function f: R— R, f(x)=x"e™ where n € Z*. State the equations of all asymptotes and
determine how many points of inflection and turning points the function has for various values of n.

a. Consider the function f: [—7, 7] — R, f(x)=x"sin(x) where n€Z".

Determine how many points of inflection and turning points the function has for various values of n.
b. Consider the function f: [—7, 7] — R, f(x)=x"cos(x) where n€ Z*.

For various values of n determine how many points of inflection and turning points the function has.

16

a. Sketch the graph of y = f(x) stating the coordinates of all axial intercepts and endpoints.
b. Define the function f'(x) and sketch its graph stating all critical features.

4 21
Consider the function f{x) = —Osin_1 (x 6> .
V4

24
Consider the function f{x) = Ecos‘1 <x_9> .
T 49

a. Sketch the graph of y = f(x) stating the coordinates of all axial intercepts and endpoints.
b. Define the function f'(x) and sketch its graph stating all critical features.

a. The amount of a certain drug, A milligrams, in the bloodstream at a time ¢ hours after it is administered
is given by
t
A()=30te 3,for0<1<12.
i. Determine the time when the amount of the drug, A, in the body is a maximum, and calculate the
maximum amount.

ii. Determine the point of inflection on the graph of A versus .
b. The amount of a drug, B milligrams, in the bloodstream at a time ¢ hours after it is administered is given

3
by B(t) = 15¢?¢" 2, for 0 <t < 12.
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i. Determine the time when the amount of the drug, B, in the body is a maximum, and calculate the
maximum amount.
ii. Calculate the points of inflection correct to 2 decimal places on the graph of B versus t.

c. Sketch the graphs of A(f) and B(f) on one set of axes and determine the percentage of the time when the
amount of drug B is greater than drug A in the bloodstream.

6.4 Exam questions

Question 1 (1 mark)
Source: VCE 2021 Specialist Mathematics Exam 2, Section A, Q3; © VCAA.
1

(cos(ax) + 1)* +3

& The coordinates of the local maxima of the graph of y = , where a € R\{0}, are

A (ﬁ 1>,kez B. (ﬁ,l)kez
a 7 a 3
c. (U+207 13 s p. (FU+20 1)\
2a 4 a 4
E <L+2k),l>’kez
a 3

Question 2 (10 marks)
Source: VCE 2020 Specialist Mathematics Exam 2, Section B, Q3; © VCAA.

Let f(x) =x*e™".

a. Find an expression for f'(x) and state the coordinates of the stationary points of f{x). (2 marks)
b. State the equation(s) of any asymptotes of f{x). (1 mark)
c. Sketch the graph of y =f{(x) on the axes provided below, labelling the local maximum stationary
point and all points of inflection with their coordinates, correct to two decimal places. (3 marks)
y
4
3
2
1
» x

-2
3
Let g(x) =x"e™, where n € Z.
d. Write down an expression for g”(x). (1 mark)
e. i. Find the non-zero values of x for which g”(x) =0. (1 mark)
ii. Complete the following table by stating the values(s) of n for which the graph of g(x) has the
given number of points of inflection. (2 marks)
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Number of points of inflection

Value(s) of n (where n € Z)

0

1
2
3

Question 3 (1 mark)

Source: VCE 2019 Specialist Mathematics Exam 2, Section A, Q1; © VCAA.

I The graph of fx) =
. horizontal asymptote.
. vertical asymptote.

. local minimum.

. vertical axis intercept.
E.

OO0 w>»

e
does not have a
x—1

point of inflection.

More exam questions are available online.
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6.5 Review

6.5.1 Summary

Hey students! Now that it's time to revise this topic, go online to:

Access the Review your Watch teacher-led Practise exam
topic summary results videos questions

Find all this and MORE in jacPLUS (C]

Technology free: short answer

1. Sketch the graphs of each of the following by finding the coordinates of all axial intercepts, stationary points
and points of inflection.
a.y=x>—12x
b. y=x*—12x> + 48x> — 64x

2. a. Determine for what values of x the graph of y = x* — 8x? is concave up.
b. For the graph of y = x* + 2bx? + 3cx? where ¢ > 0, express b in terms of c if the graph has no
inflection points.

3. The graph of y = x*> — 6x? + px + ¢ has a stationary point at (1, 9). Determine the values of p and g and
calculate the coordinates of all other stationary points, and the inflection point.

4. Sketch the graphs of each of the following. State the equations of any asymptotes and determine the
coordinates of any turning points. State the domain and range.

I 12
Y X%+ 4x
by=— 5>
’ 7 —6x —x*
A . .
5. The curve y= ———— has a local maximum at (4, —2). Determine the values of A and b. State the

i x> +bx+12 ]
equations of all asymptotes and the domain and range.

6. Sketch the graph of y = ;C
X

intercepts and any points of discontinuity. State the domain and range.

stating the equations of any asymptotes and the coordinates of any axial

7. a. Sketch the graph of the function f(x) = classifying all critical points.

x=3 2
. (=3 o I
b. Sketch the graph of the function fix) = ———— classifying all critical points.
xX2—6x+9

2_ 0
X —a . . .
where a # b has stationary points at x = b+ \/b? — a2 provided that

|b| > |a| and does not have any inflection points.

8. Show that the graph of y =
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Technology active: multiple choice
9. I Let f(x) = x> + 3kx?, where x, k € R. The gradient of fis decreasing for values of x
A. [—k, 0) B. (—o0, —k] C. [—2k, o) D. (—o0, —2k] E. [0, o)

x2+4x—12
x—=2
A. has a point of discontinuity at x =2.
B. has only one horizontal asymptote at y = x.
C. has only one vertical asymptote at x = 2.
D. has a horizontal asymptote at y =x and a vertical asymptote at x =2.
E. crosses the x-axis at x=—6 and x =2.

10. [T The graph of the function y =

11. I For the graph of the function y = > which of the following is false?

x°—2x—8

A. The graph has a point of discontinuity at x = 2.
B. The graph has two vertical asymptotes at x = —2 and x =4.
C. The graph has a horizontal asymptote at y =0 and crosses the asymptote at the point (2, 0).
D. The graph crosses the x-axis at x =2.
. 1
E. The graph crosses the y-axis at y = R

X
12. [[IA The graph of the y = \/_2 defined on its maximal domain, does not have
X+
A. a horizontal asymptote. B. a vertical asymptote.
C. an absolute maximum turning point. D. an axial intercept.
E. a point of inflection.

13. [T The graph of the function y = has

X’ +4

. no asymptotes.

. one horizontal asymptote at y = 1.

. one horizontal asymptote at y =0.

. two vertical asymptotes at x =+ 2.

. two vertical asymptotes at x = * 2 and one horizontal asymptote at y = 0.

1
ax*+b(1 —a)x—b?

moOOwm?>»

14. I The graph of y =

where a and b are non-zero real constants, has asymptotes at

A. x=b, x=—é and y=1. B. x=0, x:—é and y=0.
a a
b b
C.x=-b, x=- and y=0. D. x=—b and x= — only.
a a

b
E. x=0 and x=—— only.
a
¥ +a? .
15. IIA For the graph of y = 5 Where a is a non-zero real constant, then

x2—a

. the maximal domain is R\{ £ a} and the range is R\{0}.

. the graph has vertical asymptotes at x =+ a and a horizontal asymptote at y =0.

. the graph crosses the y-axis at y=—1 and this point (0, —1) is a minimum turning point.

. the graph has vertical asymptotes at x ==+ a and a horizontal asymptote at y = —1.

. the graph does not cross the x-axis, the line y =1 is a horizontal asymptote and the range is
(=0, —1]U(l1, o).

mOO w >

TOPIC 6 Functions and graphs 343



16. I The graph shown, could be that of a function f whose rule is

A YA i
: :
l :
| |
| |
| |
; |
B x=a! lx =b

i0 ! x
! 1
| |
! 1
| |
! |
| |
Loy !

A. flx) = 1 B. flx) = 1

' x>+ (a—bx—ab ) x> —(a+b)x+ab
1 1
C. fx)= D. fix)=
U ab—(a—b)x—x* S ab—(a+b)x—x2
1
E. flx)=
f (a+b)x—ab—x*
17. I Consider the graph of the function with the rule f(x) = ;2 over its maximal domain, where c is

c—4x—x
a non-zero real constant. Which one of the following statements is false?

A. The x-axis is a horizontal asymptote.
. 1
B. The graph crosses the y-axis at y = —.
&

C. The graph has a minimum turning point at x = —2.
D. If ¢ < —4, then the graph has two vertical asymptotes.
E. If ¢ = —4, then the graph has only one vertical asymptote.

18. IIA Consider the graph of the function with the rule f{x) = ———— over its maximal domain, where b is
x*+2bx+9

a real number. Which one of the following statements is false?

A. If | b| < 3 then the graph has no vertical asymptotes.
B. If | b| > 3 then the graph has two vertical asymptotes.
C. The x-axis is a horizontal asymptote.

1
D. The graph has a minimum turning point at <—b, W)

. 1
E. The graph crosses the y-axis at y = 9

Technology active: extended response

9
19. a. Sketch the graph of fix) = stating the maximal domain and range, the equations of all asymptotes,

¥—
any axial intercepts and the coordinates of any stationary points or inflection points.

where a and b are real.

. Vx+a
b. Consider the graph of fix) =
x+b

i. Determine a relationship between a and b such that the graph does not cross the x-axis.
ii. Determine a relationship between a and b such that the graph does not have a vertical asymptote.

20. Sketch the graph of the function f: [-27,27] = R, flx) = al ) stating the equations of all asymptotes, the

cos(x
coordinates of the endpoints, stationary points and inflection points.
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6.5 Exam questions

Question 1 (10 marks)
Source: VCE 2021 Specialist Mathematics Exam 2, Section B, Q1; © VCAA.
2x—=3)(x+5)

Let fix) = .
R x=Dx+2)
. Bx+C
a. Express f(x) in the form A + ————  —, where A, B and C are real constants. (1 mark)
x—=Dx+2)
b. State the equations of the asymptotes of the graph of f. (2 marks)

c. Sketch the graph of f on the set of axes below. Label the asymptotes with their equations, and
label the maximum turning point and the point of inflection with their coordinates, correct to
two decimal places. Label the intercepts with the coordinate axes. (3 marks)

-5
\

(2x=3)x+5)

d. Let, g (x)= where k is a real constant.
k x—k(x+2)
i. For what values of k will the graph of g, have two asymptotes? (2 marks)
ii. Given that the graph of g, has more than two asymptotes, for what values of k will the graph
of g, have no stationary points? (2 marks)
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Question 2 (5 marks) fFEELES

Source: VCE 2020 Specialist Mathematics Exam 1, Q6; © VCAA.
Let f{x) = arctan(3x — 6) + 7.

a. Show that f’(x) = (1 mark)

9x% —36x+37
b. Hence, show that the graph of f has a point of inflection at x =2. (2 marks)
c. Sketch the graph of y = f(x) on the axes provided below. Label any asymptotes with their equations and the

point of inflection with its coordinates. (2 marks)

[ S I N |

|
@)
|
AN
|
[\
[N S

B Tl e N o e

I
I
1
1
I
————e - ———
I
I
1
1
}

[\

Question 3 (1 mark)

Source: VCE 2019 Specialist Mathematics Exam 2, Section A, Q2; © VCAA.
2

I The asymptote(s) of the graph of f(x) = )26 + ;
—
A x=4

has equation(s)

B. x=4and y=
C.x=4andy=—-+2

D. x=8andy=

===

E. x=8and y=2x+2

Question 4 (8 marks)
Source: VCE 2017 Specialist Mathematics Exam 2, Section B, Q1 a,b; © VCAA.

Letf:D—R, fix)= % where D is the maximal domain of f.
+x

a. i. Find the equations of any asymptotes of the graph of f. (1 mark)
ii. Find f'(x) and state the coordinates of any stationary points of the graph of f, correct to two
decimal places. (2 marks)
iii. Find the coordinates of any point of inflection of the graph of f, correct to two
decimal places. (2 marks)

b. Sketch the graph of f{x) = " s 5
x

stationary points, points of inflection and intercepts with axes, labelling them with their
coordinates. Show any asymptotes and label them with their equations. (3 marks)

form x = —3 to x =3 on the axes provided below, marking all

346 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition



Question 5 (1 mark) NS 0TEH

Source: VCE 2014 Specialist Mathematics Exam 2, Section A, Q3; © VCAA.

. . ¥ —4x+3
A The features of the graph of the function with rule f{x) = ————— include

x> —x—6
. asymptotes at x =1 and x=—2
. asymptotes at x=3 and x = -2
. an asymptote at x =1 and a point of discontinuity at x =3
. an asymptote at x = —2 and a point of discontinuity at x =3

E. an asymptote at x =3 and a point of discontinuity at x = —2

OO0 w>

More exam questions are available online.

Hey students! Access past VCAA examinations in learnON

Sit past VCAA Receive immediate Identify strengths
examinations feedback and weaknesses

Find all this and MORE in jacPLUS C]

Hey teachers! Create custom assignments for this topic

i Create and assign Access quarantined e — Track your
1 )
v ° unique tests and exams tests and assessments 4 5  students’ results

Find all this and MORE in jacPLUS @
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Answers

Topic 6 Functions and graphs
6.2 Sketching graphs of cubics and quartics
6.2 Exercise
. <2 32> <4 16>
1. (0,0), (2,0) local min., | =, — | local max., { =
3727

3’27
inflection

4 +64 y=x>—4x? + 4x

3

2. a. (0,0), (i 3\/5, O), (3, —54) local min., (—3, 54) local
max., (0, 0) inflection

0,0 (333,0)

b. (0,0, (3,0), (—\/5, —6\/5) Jocal min., (\/5,6\/5)

local max., (0, 0) inflection

(=3, -6V3)

3. a. (0,0), (—6,0) local max., (—2, —32) local min.,
(—4, —16) inflection
Y,

y=x3+ 12x% + 36x

5 14
b. (0,0), (5,0) local max., (3, - 185> local min.,

(10 7 ) . .
—, —9— | inflection
3 27

y=-x*+ 10x? - 25x

4. a. (0, -5), (5,0), (—1,0) local max., (3, —32) local min.,
(1, —16) inflection

b. (0, —25), (—1,0), (5,0) local max., (1, —32) local min.,
(3, —16) inflection
Y,

y=—x+9x% - 15x-25

(5,0)

5. a. (0,16), (£4,0), (1,0), (-2, 36) local max.,
8 22 . 1 16\ . .
=, —14— ) local min., | =, 10— ) inflection
3 27 3 27

11016
(4 -10%)

y=x’—x>—16x+ 16

2 22
b. (0,12), (—=6,0), (—1,0), (2,0), (-3—, 14E> local max.,

5 16
(—4, —36) local min., <— -, —10—> inflection
3 27
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y=—x—5x2+8x+ 12
Y

(-4, -36)

Y
6. (: 21/5, 0) ,(£2,0), (0, 80) local max., <i 21/3, —64)

min., (£2,0) inflection

y=x*-24x" + 80

(-2V3, -64) (2V3, —64)

7. a. (0,0), (4,0) (3, —27) min., (2, —16) inflection, (0, 0)
stationary point of inflection

T

b. (+2,0).(0,0)local min., <i V2, 4) max.. <i ﬁ, 2%)

3
inflection

8. a. (0, —16), (2,0), (1, —=27) min., (=2, 0) stationary point
of inflection
Y,

y=x*+4x - 16x-16
16)

(1,-27)

b. (0, —3), (—=3,0), (=2, —27) min., (—1, —16) inflection,
(1, 0) stationary point of inflection

y=xt—6x>+8x-3
Y

9. y=6—27x

10. b=-3,c=3,d=-3

1. b=—-6,c=15,d=—18

12.a=-1,b=—-6,c=9

183.a=—1,b=12, c=—8: (i \/8,28) max.

14. Sample responses can be found in the worked solutions in
the online resources.

15. Sample responses can be found in the worked solutions in
the online resources.

16. Sample responses can be found in the worked solutions in
the online resources.

6.2 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. B

2. E
3.B

6.3 Sketching graphs of rational functions
6.3 Exercise

2
1.x=0,y= —%; (\3/16,0>, (=2, —3) max.

TOPIC 6 Functions and graphs 349



3. a.x=0,y= g; (2,2) local min., (—2, —2) local max.

x=0
Y
4. y=0,x==4; (0, —1) local min.; domain x € R\ { £ 4},

range (—o0,0)U[1, c0)
YA

©,1) 16— x2

A=
1]
)

XY

=

;
i
I
i
I
I
|
|
| 0
|
|
I
I
I
|

x=-4 Y x=4
3 .
5. y=0,x=-2,x=6;( 2, _4_1 local max.; domain

3
x € R\{-2, 6}, range (—oo, _Z] U (0, c0)

YA

;J

A
<
]
(=]
e P ———

6. a. y=0,x==*3; (0, —2) local max.; domain x € R\ { £ 3},
range(—oo, —2] U (0, o)

9
b.y=0,x=-2,x=4; <O, Z)’ (1,2) local min.; domain
x€R\{-2,4}, range (—o0,0) U[2, 00)

YA i
18 ) H
- | I
8+ 2x—x2 | 9 i
X — X : (O’Z) :
[} 1
I I
| (7))
o !
I 1
I 1
[} 1
[} I
| |
[} 1
| |
I Y x=41
3

S

X

> (£3,0), no turning points

_—(x*+16)
y= 2.)C2 x=0
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9.A=12,b=8,y=0,x= —7,x = —1; domain _Sx—6-x" 6
4 c.y= — 5—x— =
x€R\{=7, —1}, range <—°°, - 5] U (0, 0) Crosses the x-axis (2,0) (3,0)
Does not cross the y-axis
y =15 — x oblique asymptote
x = 0 vertical asymptote

10. A=50,b=6,c=16,y=0,x= —2,x = 8; domain
x€R\{-2, 8}, range (—o0,0) U [2, 0)

11. a. (—o0, —20) U (20,00) (2.45,0.101) local max
b. £20 (—2.45,9.9) local min
i
c. (=20,20) 7 i, SRR 0o o Sr=6-4
3 3x 9 A g X
12. (0,2) max., | £v/3, — ) inflection, y= ——— + — . O~ =5_
0,2) x<\/‘2)1 ion, y 1 1 (-2.45,9.9) ﬁijx
447~ _(245,0.101)
2 k-
S| PR R [ RENT e
0
54321 -
4
x=0
18. x=0,y=ax+b
19 x+2
La.y=
13. x =0,y =ax x> =16
14. x=0,y= a Crosses the x-axis (—2,10)
15. x=0,y = ax’ Cross the y-axis (O, - g)
16.x=0,y=ax y = 0 horizontal asymptote
17. 8. y= M — x4+ 54 4 x =4 vertical asymptote
X X No turning points
(=1,0) (—=4,0) (—0.724, —0.082) point of inflection
Does not cross the y-axis YA F

y=x+ 5 oblique asymptote
x = 0 vertical asymptote
(2,9) local min

(=2, 1) local max

YA
X +5x+4 15
= X 124 2,9
°7 == 2
(4’0)(’3-1—)‘2:/ y=x+5 b.y:x 16=x—2— 12
_4-- x+2 x+2
S T T T T Crosses the x-axis (£ 4, 0)
1234 Crosses the y-axis (0, —8)
(-1,0)° -6 | x=0 y = x — 2 oblique asymptote
x = —2 vertical asymptote
_ 2> +x—6 a1 9 No turning points
b.y= X =a+l- x No points of inflection

20 (20)
(_’) 2,

Does not cross the y-axis
y=2x+ 1 oblique asymptote
x =0 vertical asymptote

No turning points

Does not cross the x-axis

Crosses the y-axis | 0, _4_1

1
Point of discontinuity at (—4, - §>

y = 0 horizontal asymptote
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x = —4 vertical asymptote
No turning points
No points of inflection

4
-6

3 ,
6 i

x+4
- 4 i
T |
I
- 1
T T T T T T
543 —2—12O 4
- |}
]
1
U
I

6
21. (—2, g) point of discontinuity

x=3and y =1 are asymptotes

22. (0, —1),(3,0) are both points of discontinuity
x= -3 and y =1 are asymptotes

9
23. a. (£3,0) <O, Z) local min

x=x2,y=1
No inflection points

:

x=-2

b. Doesn’t cross x-axis

9
0, —— | local max
4

x=x2,y=1
No inflection points

e N ——————————

9
c. (£3,0) <0, _Z> local min
y=1

. 2y/3 23
Inflection | + ——, — —
3 16

24.

4
a. (£2,0) (O, 5) local max

x=%x3,y=1
No inflection points

x=-3

e e e e e s

b. Doesn’t cross x-axis

0, —— | local max
9

x=%3,y=1
No inflection points

e A e i e A e S T e s

c. Doesn’t cross x-axis

0, = ] local min
9
y=1

7
Inflection <i \/g, —>

12

352 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition



3)7“ R . 3
5] 244 b. Doesn’t cross x-axis | 0, 3
y=
) B 0 5.2 S— 1\ (.5
—1,—= ) min, | 2, = | max
@% 3 3
7 1y 1
-3, = A =1 crosses asymptote at x = =
53] (5.5) g v 2
< T T T T T T > . 1
4 3 2 -1 0 1 2 3 47 Inflection (—=2.1,0.43), <5, 1) , (3.1,1.58)
b
2 Y

. Doesn’t cross x-axis

-2, 5 local min, (2, —4) local max

_2x%+2x+3
%) Y= 2x+5

x=1, x=4, y=1 crosses horizontal asymptote at x =0
Inflection (—4.11,0.5)
y

2+4 6 i E €7 T T T 0 T T T T
= _ 1 1 _ _ _
Y= x4 | ! —4 3 2 1 l 1 2 3 4
} I
E E 26. a. b> > 4c b. b* <4c c. p2 >4q
—c
y=1 (411,05 0.0 d. p? <4q e. p <4q i 1
St s ) it [t b—p

* o

- 4
S T R (R FERNN O [ |

0 .
e -5 421 6.3 Exam questions

I
T T T T T
l 2 3 i 567
I I
_ I I
(—2, %) 2 - | Note: Mark allocations are available with the fully worked
o G solutions online.
| i 1. See graph at the bottom of the page*
I |
_6 i i 2.C
X = 1 X =4
y
A
l 4 !
{ !
I |
I |
| I
| |
| q A
T T \
I I
i i)
| L\
'\ | [N
| \ |
| | Y= 0
i P> i » x
AT 2 |10 - 2 4
~N T ~ T
N | h 1\\ |
\! JIERW
| \ |
: 2 \ i
| |
! !
I |
! |
T T
| |
| i
| x=F2 ) [(x=P
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3. a. (1.11, 5.95)
b. (—1.59, —1.59)
c. See graph at the bottom of the page*

6.4 Sketching graphs of product and quotient
functions

6.4 Exercise
1. Absolute minimum (0, 0)

Local maximum (2, 166_4)
Inflection points (1, e'z), (3, 816_6) 3. Crosses x-axis <l,0>
2
= 0 horizontal tot:
Y ortzontal asymprote Doesn’t cross y-axis

y ) 1 9
1 Endpoints { =,0 ), [ =,2
4 2 2

X

S ==
&2

X 5
B Inflection point <5, 1)
e (2, 16¢™) (3. 81¢°6)

:_i(O, 0;)1 i é 3I, 1 :‘ % 39 1) :2005’(%) (%’ 2)

2 1
2. Axial intercepts <—, 0) s (0, — —>
3 2

3
Endpoints <2, 5) s <—

2
Inflection point (5 , 0)

YA

*3. c.

y
A
‘ (3, 13.33)
\ /
12
\ v/
8 \
31467 —
( .\\) . (1.11, 5.95)
» x
-3 -2 -1 o 1 2 3
(-1.59, -1.59) 4
-8

x=0VA
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4. Axial intercepts (1,0), (0, —1) 7. a. Endpoints (_1 _Z) (1 _E)

Inflection point (1, 0) 2 2
Does not cross the x- or y-axis

= *£ 2 horizontal asymptotes . . . o
Y ymp x =0 1is a point of discontinuity

Domain R, range (—2,2) Domain [—1,0) U (0.1]
YA T

_ Range ( 1, —

. I 2
4 No turning points
foy=gani=1) | No inflection points
YA
(1,0)
- T T T T T > A& z
3 2 0/ 2 3 7 1.3) ,, (15)
(URY) sin™! (x)
V=2 -2 S =—
Y € —
, -1 0 1
5. Crosses the x-axis (1, 0) Y
Does not cross the y-axis
y= X quadratic asymptote b. Endpoints <_2, — % ), (2, .%)
Domain x>0 & T
1 Does not cross the x- or y-axis

Range [— 20’ oo> x = 0 vertical asymptote

Domain [—2,0) U (0,2
Local min (0.61, —0.18) omain [ )U (0, 2]

Inflection point (0.2, —0.07) Range <_oo, _ 7% U _72; oo)
6y_“ / No turning points
5 l/ No inflection points
5 022,007, i
3 | II 6_
> 1) = 2210g, ()
14/ [0 | 47

-~ fx)=——"—

0 X sin”! (*\) 2
-1 ‘\1 2 3 2 5
2 (0.61,-0.18) .2)
Y S | T T >

(3]
(98]
~

6. Does not cross the x- or y-axis
x = 0 vertical asymptote
vy = 0 horizontal asymptote
Domain R\{0}
Range (—o0, —Ze] U (0, )

1
Local max <—5, —2e>

8. Does not cross the x- or y-axis

No inflection points x =0 is a point of discontinuity

8y_‘ y = 0 horizontal asymptote
Domain R\{0}
6 Range (0, 1)
No turning points
4- (£0.824,0.836) inflection points
Y
2_
O, 1)
(-0.824, 0.836) (0.824, 0.836)
= T R
0 X
-2 -1 2
=0 ' tan' (3
A ’ fiy = 2D
S | T T | g
4 -2 - 0 1 2 ¥
(-0.5, 2e¢)
6—
4 1x=0
Y
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9. a. x =0 is a point of discontinuity
Domain R\{0}
Range [—1, 1]
Infinitely many turning points
Infinitely many inflection points
YA

fio)=sin (%) 1_1

A

b. x =0 1is a point of discontinuity
Domain R\{0}
Range [—0.217, 1)
(£4.49, —0.217) absolute min
Infinitely many turning points
Infinitely many inflection points

1
140D

Jx)

_sin(x)
T x

(=7.73,0.128) (7.73, 0.128)

-12

(4.49,-0.217) | (4.49,-0217) Y= 0

Y

10. Axial intercepts: (=9, 0) endpoint, (0, 1)
Inflection point: (—8.07, —0.19)
x = =3 vertical asymptote
y = 0 horizontal asymptote
Domain [—9, —3)U(—3, ), range R
i YA

V+9

x+3

fx) =

(-9,0)  (-8.07,-0.19)
< T

T

-10

11. Axial intercepts: (—4, 0) endpoint, (0, —2)
Inflection point: (—3.23, —0.21)
x =1 vertical asymptote
y = 0 horizontal asymptote
Domain [—4, 1)U (1, o), range R

4_
Vx +4

o=

(4,0

1
6 4 2~
(-323,-021) )

0,-2)
_4 -

—64

yyix=1

12. Does not cross the x-axis
1
Crosses the y-axis (0, - E)

x = £ 2 vertical asymptote
y =0 horizontal asymptote

1
Domain R\{%2}, range <—oo, —5 U (0, c0)

1
Local max (0, - —>
2

No inflection points

Y)

x=-2

1
13. a. flx) = m

Does not cross the x-axis

1
Crosses the y-axis | 0, 5

x = —2 vertical asymptote

y = 0 horizontal asymptote
Domain R\{—2}, range (0, c0)
No turning points

No inflection points
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14.

15.

16.

four other inflection points, two absolute maximum turning
points.
17. a. n odd (0, 0) is an absolute minimum turning point,
two other inflection points, two absolute maximum
turning points.
n even (0, 0) is an inflection point, two other inflection
points, one absolute maximum and minimum turning

points.
b. n odd (0, 0) is an inflection point, two inflection points,
one local maximum and one local minimum turning
b —— =[x +2], x#t—2 points.
Jx) n even (0, 0) is a minimum turning point, two other
x = —2is a point of discontinuity inflection points, two absolute maximum turning points.

Does not cross the x-axis

18. a. Axial intercepts (£4,0), (0, —20
Crosses the y-axis (0,2) a. Axial intercepts ( )5 ( )

Domain R\{—2}, range (0, o) Endpoints (i 4 \/5, 20)
No turning points
No inflection pointsy 3Oy_“
P (4472, 20) (442, 20)

4_

Domain (—1, o0)

y = X" non-linear asymptote
Crossesy=x"atx=e— 1

n even (0, 0) is an inflection point.

n odd (0, 0) is an absolute minimum turning point.

2
T >
- X 6 8"
T T h s 0 T T 'X
6 4 =2 2 4
2.0,
Y
x = —21is a point of discontinuity
Does not cross the x- or y-axis =30 g
Domain (—o0, —2) U (2, o), range (0, o0)
: 80
Local min 4,6\/5 0<x<4\/§
No inflection points b. f'(x) = T\ 32 — %%
‘ : - —80
16Y_A i —_—, —4V/2<x<0
! TV 32 — X%
1
. . . 102
124 S Points of discontinuity <O, + OT>
1 53
) o (4,6V3)
fo0) = (x+2) 8 ! x = £ 44/2 vertical asymptotes
2 -4 ! | YA
Nl : 307 :
‘\(_2, 0) ! | y=fi
- | - I
<7 T Q I T ™ 20 :
6 4 2 O 2 a4 6" E |
-2 | | i
| | 1
: : :
Y =2 | e
1
I 1
x = —1 vertical asymptote : :
| i
I |
I 1
| 1
| 1
| 1
I 1
g :

y = 0 horizontal asymptote

n odd (0, 0) is an inflection point,

four other inflection points, one absolute maximum
and one absolute minimum turning points.

n even (0, 0) is an absolute minimum turning point,
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19. a. Axial intercepts (i 7\/5, 0) , (0,30) b. y =0 is a horizontal asymptote

c.
Endpoints (i 7\/5, O) 3}}“
See graph at the bottom of the page*
2
—60 2
—, 0<x<TV2 {(x) =Xe
’ I
b fl) = {FVI8 =2 T.00, 0,54)*——“
: 60 o.lo (3.41,0.38)
—, —7V2<x<0 RN
VI8 — 2 Y 54321011 2 3457
. . . 2 0.59, 0.19
Points of discontinuity <0, + L) 1 ( )
T
x = £ 74/2 vertical asymptotes 2
YA i
20+ —3"

d. g’ ) =x"2 (x2 —2nx+ n(n— 1)) e

e. i.x=ni\/ﬁ

A
<Y

1" Number of points of Value(s) of n (where
inflection nez)
0 n<0
| 1 1
20. a. i. (3,90¢7" 2 2,4,6...n even
b. i. (4,240¢7%) n=2kkez'
ii. (1.17, 11.46), (6.83,23.01) 3 3,5,7...n 0dd
c. 44.7% n=2k+1,kezt
4(? A(t) = 30197% 3.E

30 , 6.5 Review
25 B(1) = 15¢¢™3
20 6.5 Exercise
}g (12, 6.6) Technology free: short answer
5 3 1. . Axial intercepts (0,0), (£2+/3,0)
0 T ¥ y ) I ™ Local max (—2, 16), local min (2, —16)

Inflection points (0, 0)

6.4 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. E
2.a f(x)= (2x—x2) e
Absolute minimum at (0, 0)
Local maximum at (2, 46_2)

k
19. a. ¥

(72, 0) ~10-] (742, 0)
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5.b=-8, A=8
y = 0 horizontal asymptote

x =72, x=6 vertical asymptote

Domain R\{2, 6}
Range (—o0, —2] U (0, )
x—35 1
6. y= — X #5

2—=25 x+5
Does not cross the x-axis

1
Crosses the y-axis (O, §>

b. Axial intercepts (0,0), (4,0)

; 1
Absolute min (1, —27) Point of discontinuity at <5 , —>
Inflection points (2, —16), (4,0) 10
y = 0 horizontal asymptote
y .
24 x = —5 vertical asymptote
16 No turning points
3 No points of inflection
0,0 (4,0) x Domain R\{*5}
T T T T T 1 > G T T 1
321 ) 1 2 4 5 6 7 Range R\ {0, B}

(2,-16)
v =x*— 12x% + 48x> - 64x

2. a. (—00,0)U (4, o)

b (~VE V)

3.p=9, ¢g=35 (3,5) turning point
(2,7) inflection point

4. a. y=0,x=—4,x=0; (=2, —3) local max.; domain
x € R\{—4,0}, range (—o0, —3] U (0, o0)

(=2,-3)

x=-4 {x=0

8 1
b.y=0,x==-7,x=1; (O, ;), (—3, E) local min.;

1
domain x € R\{—7, 1}, range (—o0,0)U [5, oo>

TOPIC 6 Functions and graphs 359



7. a. See graph at the bottom of the page*
b. See graph at the bottom of the page**
8. Sample responses can be found in the worked solutions in the
online resources.
Technology active: multiple choice
9.B
10.
11.
12,
13.
14.
15.
16.
17.
18.
Technology active: extended response

19. a. Crosses x axis (=9, 0)
Crosses y-axis (0, —1)
x = 3 vertical asymptote
y = 0 horizontal asymptote
Domain [—9, 3)U (3, ), range R
No turning points
Inflection point (—7.14, —0.13)

ooow O w > >

v

A i
6 :
I
I
a0
I
I
2 l
I
D : .
i T I I H I | oS
10 -8 -6 4 20 214 6%
I
. VX +9 =2 )
fix) = 3 :
4 !
|
-6 i
Y Ix=3
b.i. a=b ii. a<b
20. Endpoints (27t,27), (=27, —=27)
T 37 .
x ==+ —, x =% — vertical asymptotes
Local min (—2.80,2.97)
Local max (2.80, —2.97)
Inflection point (0, 0)
TS S
2| I (s I
= o ! | | i -
AW RS B L
1 I | I
1 I | |
| P3 i
(—2.80; 2.97) ' : !
- ! ! (0,10) ! -
el T ; \ i T ; T T 'x
-3z 2 - \ T, 2 3r
| [ I (2.801-2.97)
1 I 3_ |
I I |
1 I |
1 I |
(-2, -27) i -6 |
1 I |
3 1 _ E I | _ 3].[
X:—T]Z Ex— B :_9_“ : X—T

*7. a.

**7. b.

24
Y
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6.5 Exam questions c.

i i i YA i i i
Note: Mark allocations are available with the fully worked ---\:- ----- E ----- -s--3-—7£ ------- E— e : ----- : ==
solutions online. h, = 37 b2 ! ! !
b a =24 21 Y= : : : :
ca.s J(x) = e S . | P R O —— | S L
(r=Dx+2) T T P N
b. Vertical asymptotes x =1, x=—2 | | | | iy=Z |
. I I I 1 I 2 1
Horizontal asymptote y =2 S T - e e de-e
c. See graph at the bottom of the page* E E E 2 E E a
2)6 - 3 I I I 1 ' 1
d i.k=-=5, g)= ~12 kEeR ~— } f 0 f i =
IR
=2 ST R R P T2 R T
I | | 1 ' 1
k=2 gy= 2Dt 2 T
o+ SR e S R e
3 I I I 1 I 1
ii. k<=5 or k>5 '——E— _____ E ————— _E_,if ——————— :1___.___1: ————— i-__
2. a. Sample responses can be found in the worked solutions in : : ) Y : ; :
the online resources. 3. C
b. Sample responses can be found in the worked solutions in
the online resources.
*1. c. y
| A
\15 L
“
0
\
AP
05
—0[04] 7.49) .
5
(4i442.51)
v =2 .- - >
V4 (6179] 2.45)
~_ =3, 0 7
0 s
—-10 -5 (B 5 10—
\ -7
\
\
=5
N
X= -2 X = 1
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X

4. a. i. flx)= P x = —11is a vertical asymptote and y =0

is the horizontal asymptote.
1—24°
1+
(0.79, 0.53) is a local maximum.
iii. (1.26, 0.42) is a point of inflection.
b. See graph at the bottom of the page*
5.D

i. f'(x) =

*4. b.

y
A
2
T 079,053
(1.26, 0|42)
3 2 1 1 2
]
2
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7 Integral calculus

LEARNING SEQUENCE

7.1 Overview

7.2 Areas under and between curves

7.3 Linear substitutions

7.4 Non-linear substitutions

7.5 Integrals of powers of trigonometric functi

7.6 Integrals involving inverse trigonometric functions ...
7.7 Integrals involving partial fractions

7.8 Review

Fully worked solutions for this topic are available online.




7.1 Overview

Hey students! Bring these pages to life online AN ‘ZQ
Watch Engage with Answer questions ',) 9
videos interactivities and check results /'

Find all this and MORE in jacPLUS (C)

7.1.1 Introduction
Calculus is concerned with both differentiation and integration.
The process of finding integrals is called integration.

How do you find the area under a curve? Integral calculus and evaluating definite integrals give us the means to
answer this question and many more applications of integral calculus in the next couple of topics. When first
discovered, again by Newton and Leibnitz independently, it was surprising that the integral calculus was the
opposite procedure to that of differential calculus.

KEY CONCEPTS

This topic covers the following points from the VCE Mathematics Study Design:

e techniques of anti-differentiation and for the evaluation of definite integrals:
L . 1 .
- anti-differentiation of — to obtain log, |x|

e techniques of anti-differentiation and for the evaluation of definite integrals:

. _ 1 a .. .
- anti-differentiation of and —— for a > 0 by recognition that they are derivatives
Va2 — 2 a-+x

of corresponding inverse circular functions
. . o 1 1
- use of the trigonometric identities sin” (ax) = > (1 —cos(2ax) ) and cos? (ax) = > (1+
cos (2ax) ) in anti-differentiation techniques

- use of the substitution u = g(x) to anti-differentiate expressions
- anti-differentiation using partial fractions of rational functions.

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.
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7.2 Areas under and between curves

LEARNING INTENTION

At the end of this subtopic you should be able to:
e calculate the area under and between curves.

7.2.1 Area between a curve and the x-axis

Basic integration techniques and evaluating areas bounded by curves and y
the x-axis, have been covered in the Mathematical Methods course. The

y =fx)
examples and theory presented here are a review of this material. /\/
b

Recall that the definite integral, A = [ J(x)dx, gives a measure of the area /

[~ P —
[Sug S
=Y

A bounded by the curve y = f(x), the I;c-axis and the lines x=a and x =b. 0
This result is known as the Fundamental Theorem of Calculus.

Area under a curve

The area under the curve of f(x), between x =a and x = b is:
b

j f(x)dx =F(b) — F(a)

a

WORKED EXAMPLE 1 Calculating the area under a linear graph

Determine the area bounded by the line y = 2x + 3, the x-axis and the lines x =2 and x = 6.

THINK WRITE
1. Draw a diagram to identify the required area and shade
this area.

y=2x+3

Y
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6
2. The required area is given by a definite integral. A= J(Zx + 3)dx
2

3. Perform the integration using square bracket notation. A =[x + 3x]g’

4. Evaluate. A=(6*+3%x6)—(2*+3x%x2)
=36+18)—(4+06)
=44
5. State the value of the required area region. The area is 44 square units.
6. The shaded area is a trapezium. As a check on the result, The width of the trapezium is h=6—2 =4,
calculate the area using the formula for a trapezium. and since y =2x+ 3:
when x =2, y=7 and when x =6, y=15.
Y

=Y

Y

The area of a trapezium is g(a +b).

4
The area is 5(7 + 15) =44 square units.

TI | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
On a Calculator page, On a Main screen, ©_Edit Action Interactive
complete the definite complete the definite L‘L’_I'_El‘_“l’il_[_l_ﬂ_
integral as shown. integral as shown. [:mﬂdx

a4
o

Alg Staderd  Fosl Rad (]
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Using symmetry

Sometimes symmetry can be used to simplify the area calculation.

WORKED EXAMPLE 2 Calculating the area under a curve using symmetry

Calculate the area bounded by the curve y = 16 — x?, the x-axis and the lines x = + 3.

THINK WRITE
1. Factorise the quadratic to determine the y=16—x?
x-intercepts. y=@-x)4+x)
The graph crosses the x-axis at x =% 4 and crosses the
y-axis at y = 16.
2. Draw a diagram to identify the required area YA
and shade this area. (0, 16)
y=16-x
i |
| |
| |
| |
(4,0 | L V40
< i i >
Y
3
3. The required area is given by a definite A= J (16 — x?)dx

integral; however, we can use symmetry.
3

-3
0

= J (16 — x*)dx + J(16 — x?)dx
-3

0

0 3
However, j (16 —x*)dx = J(16 — x%)dx
=3 0

3
A=2|16—x%)dx

0
- 3

1
4, Perform the integration using square =2|16x— —x3]
bracket notation. L 3 1o
[ 1
5. Evaluate. =2 <16 X3 — 5(3)3> -~ 0]
=2(48-9)
=78
6. State the value of the required area. The area is 78 square units.
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Areas involving basic trigopnometric functions

For integrals and area calculations involving the basic trigonometric functions, we use the results

J. cos(kx)dx = % sin(kx) + ¢ and J sin(kx)dx = —% cos(kx) + ¢, where x ER, k# 0, and k and ¢ are constants.

WORKED EXAMPLE 3 Calculating the area under a trigonometric curve

Calculate the area under one arch of the sine curve y = 5 sin (3x).

THINK

1. Draw a diagram to identify the required area
and shade this area.

2. One arch is defined to be the area under one
half-cycle of the sine wave.

3. Perform the integration using square bracket
notation.

4. Evaluate, taking the constant factors outside
the brackets.

5. State the value of the required area.

WRITE
vy =5 sin(3x) has an amplitude of 5 and a

period of 2?7[

YA
5 —
y =5 sin(3x)
S0 B 2 e
3 3
5
Y

The graph crosses the x-axis at sin(3x) =0, when x =0,

2
% and ?ﬂ The required area is

A = | 5sin(3x)dx

S —uw|y

x
3

=5

||

COS(BX)]

W=

0

[cos(r) — cos(0)]

WD W | W

=—2[-1-1
3[ ]

_10
3

. 10 .
The area is 3 square units.
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Areas involving basic exponential functions

For integrals and area calculations involving the basic exponential functions, we use the result J dx = % e+,

where x €R, k# 0, and k and c are constants.

WORKED EXAMPLE 4 Calculating the area under an exponential curve

Calculate the area bounded by the coordinate axes, the graph of y =4e~* and the line x = 1.

THINK WRITE
1. Draw a diagram to identify the required area b
and shade this area.

X
1
2. The required area is given by a definite A= J de=>dx
integral. 0
! 1
3. Perform the integration using square =4 [——e‘zx]
bracket notation. 2 0
— A [,—2!
2[e™],
4. Evaluate. = —2[e 2 —¢€"]
=-2(2-1)
5. State the value of the required area. The exact area is 2(1 — e~?) square units.

7.2.2 Areas involving signed areas

When evaluating a definite integral, the result is a number; this number can be positive or negative. A definite
integral that represents an area is a signed area; that is, it may also be positive or negative. However, areas cannot
be negative.

Areas above the x-axis
When a function is such that f{x) > 0 for a <x < b, where b > a, that is, the YA

function lies above the x-axis, then the definite integral that represents the area y=f(x)
A is positive:

b

A= Jf(x)dx >0

a

AN

A

(e}

Q R
@ R ——
=Y

Y
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Areas below the x-axis

When a function is such that f{x) <0 for a <x < b, where b > a, that is, the YA
function lies below the x-axis, then the definite integral that represents the area
A is negative:

< a b >
b o | ! X
J fodx <0 N | |
/

So, when an area is determined that is bounded by a curve that is entirely below
the x-axis, the result will be a negative number. Because areas cannot be negative,
the absolute value of the integral must be used.

b b a
A= J fo)dx|=— J f)dx = J fo)dx
a a b

WORKED EXAMPLE 5 Calculating the area above a curve and below the x-axis

Calculate the area bounded by the curve y = x* — 4x + 3 and the x-axis.

THINK WRITE
1. Factorise the quadratic to determine y=x>—4x+3
the x-intercepts. =x—-3)x—1)

The graph crosses the x-axis at x =1 and x = 3 and crosses
the y-axis at y = 3.

2. Sketch the graph, shading the

_ YA
required area.
y=x’—-4x+3
©,3)
B (1,0) 3,0)
0 X
Y
3

3. The required area is below the A= J(x2 —4x+ 3)dx

x-axis and will evaluate to a negative 1
number. The area must be given by

the absolute value or the negative of = — J( x> —4x+ 3)dx
this definite integral.

3

1
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4. Perform the integration using square =— [%ﬁ -2 + 3x]

bracket notation.

5. Evaluate the definite