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Rationale — Extension 1
Year 12

CambridgeMATHS Extension 1 Year 12 covers all syllabus dotpoints for Year 12 of both new courses
being implemented in Term IV 2019 — the Mathematics Advanced course and the Mathematics
Extension 1 course. This rationale serves as a guide to how the book covers the dotpoints of the two
syllabuses. Further documents are available in the teacher resources.

The exercises

No-one should try to do all the questions! We have written long exercises with a great variety

of questions so that everyone will find enough questions of a suitable standard — they cater for

differentiated teaching to a wide range of students. The division of almost all exercises into Foundation,

Development and Enrichment sections helps with this. Each student will need to tackle a selection of

questions, and there should be plenty left for revision.

= Compared to our previous Extension 1 textbooks, the Foundation section in each exercise provides a
gentler start. There are more questions, and they are straightforward. Students need encouragement to
assimilate comfortably the new ideas and methods presented in the text so that they are prepared and
confident before tackling later problems.

= The Development sections are graded from reasonably straightforward questions to harder problems.
They are intended to bring students up to Extension 1 standard. The examinations have traditionally
included questions that students find difficult, and we assume that this will continue with the HSC
examinations on the new syllabuses — there are questions at the end of the Development sections
intended to prepare students for these demands.

® The Enrichment sections contain ‘interesting’ questions that are probably beyond the Extension
1 examination standard (although one can never be sure of this) and often beyond the Extension
1 syllabus. Some are algebraically or conceptually challenging, some establish significant results
beyond the theory of the course, perhaps linking with Extension 2, some make difficult connections
between topics or give an alternative approach, some deal with logical problems unsuitable for the text
of an Extension 1 book. Students taking the Extension 2 course should attempt some of these.

The Extension 1 material

This book presents the Year 12 Advanced course and Year 12 Extension 1 course within the one book.

Despite the tight integration of the two courses, there are various practical reasons why Advanced

material and Extension 1 material need to be easily identified and separated. In this book:

= The ten chapters from the Advanced textbook have been retained, and so have their sections, with
a handful of additional sections needed in the Extension 1 book. Some of the text and exercises in
those chapters has been made slightly more demanding so that it is suitable for the higher standards
customary in Extension 1.

= The Extension 1 material has been placed into seven separate chapters distributed appropriately
through the volume, and clearly marked as Extension 1 content.

The circumstances of individual schools, and particularly the need to coordinate with the Extension 2

course, may require the order of the chapters to be varied.

vii
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The structure of Advanced calculus

Calculus is the centre of these two courses, and the structure of calculus has determined the order in
which the topics are presented in the book. Explanation is particularly needed for how the ten Advanced-
content chapters organise Year 12 calculus and group the other topics around it.

CHAPTER 1: Sequences and series are the discrete analogue of infinitesimal calculus. In particular, a
definite integral consists of ‘an infinite sum of infinitesimally thin strips’, so that sums of series, which
are conceptually much easier, should precede integration. Also, linear and exponential functions are
the continuous analogues of APs and GPs.

CHAPTER 3: Systematic curve-sketching using differentiation is traditionally the first and most
straightforward application of calculus. But before reaching for the derivative, it is important to give a
systematic account of the various non-calculus approaches to curve-sketching.

CHAPTERS 4-5: Differentiation, curve-sketching with calculus, and integration, are three dramatic new
ideas in school that change students’ perceptions of the nature of mathematics, making it far more
imaginative and speculative, and allowing easy solutions of problems that may otherwise seem
impossible. The first encounter with these three ideas should involve only algebraic functions, because
the complexities of the special functions associated with e* and sin x are unnecessary here, and they
cause confusion if introduced too early.

1 Differentiation was introduced in Year 11, so curve-sketching and integration are the next two topics
in the book. The derivative of e* was established last year because of the interest in rates, but we have
briefly left e* aside in thesetwo chapters so that the story is not confused.

CHAPTER 6: With the basic methods of calculus now established, the significance of ¢* as a function
that is its own derivative, and of log, x as a primitive of x~!, can be explained, and the importance
of the special number e made clear. This chapter is necessarily long — the ideas are unfamiliar and
unsettling, their far-reaching significance is difficult to explain, and students need time to assimilate
them.

CHAPTER 7: The other group of special functions are the trigonometric functions, with their special
number 7. The standard forms now become more numerous, but the basic methods of calculus remain
the same, and by the end of Chapter 7 these methods will have been reviewed three times — for
exponential functions, for logarithmic functions, and for trigonometric functions.

CHAPTERS 9 & 14: These are application chapters. Chapter 9 applies calculus to motion and

rates. Chapter 14 is the discrete analogue of Chapter 9, applying series to practical situations,

particularly finance.The discussion of motion and rates in Chapter 9 allows a review of all the

functions introduced in calculus. Motion, in particular, allows the derivatives to be perceived by
the senses — the first derivative is velocity, which we see, and the secondderivative is acceleration,
which we feel.

1 Learning to handle applications of calculus is surprisingly difficult, and while a few motion questions
have been included in earlier exercises, motion needs a sustained account if it is to be mastered — it
requires confusing contrasts between displacement, distance and distance travelled, and between
velocity and speed. Rates were addressed in Year 11 (Chapter 17, an Extension 1 chapter), but still
require further experiences of translating physical events into the abstractions of calculus.

CHAPTERS 15-16: Integration and the exponential function together make possible a coherent presentation
of statistics and the normal distribution in these two chapters. Probability becomes an area, and most
. 2 .
of the mysteries of e = can now be rigorously expounded.

viii
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Syllabus coverage of the chapters
Chapter 1: Sequences and series (Advanced)

1A Sequences and how to specify them

1B Arithmetic sequences

1C Geometric sequences

1D Solving problems involving APs and GPs
1E Adding up the terms of a sequence

1F Summing an arithmetic series

1G Summing a geometric series

1H The limiting sum of a geometric series

1T Recurring decimals and geometric series
Chapter 1 Review

Syllabus References: MA-M1.2
MA-M1.3

Chapter 1 presents the theory of arithmetic and geometric sequences and series. Its purpose at the start of
the book is to give a wider mathematical context for linear and exponential functions in Chapters 3 and
6, for the derivative used in Chapter 4, and for the definite integral in Chapter 5. There are some practical
examples throughout, but there are many more in Chapter 14, and it may be appropriate to bring forward
some questions from Sections 14A-14C.

Arithmetic and geometric sequences are closely related, and are explained together as the theory progresses
through sequences in Sections 1A—1C, problems in Section 1D, and the sums of series in Sections 1E-1G.
The chapter concludes in Sections 1H-11 with limiting sums of GPs and the explanation — finally —

of what a recurring decimal actually is.

Sigma notation is introduced for several reasons. It allows a more concise notation for series, it prepares
the ground for the continuous sum f of integration, it makes more precise the rather vague use of X in the
statistics chapters, it was badly needed in Yearl1 with Chapter 15 on the binomial expansion, and the
notation is needed in later mathematics courses. Nevertheless, neither the text nor the exercises rely on it,
and the few questions that use it can easily be avoided or adapted.

Chapter 2: Mathematical induction (Extension 1)

2A Using mathematical induction for series
2B Proving divisibility by mathematical induction
Chapter 2 Review

Syllabus References: ME-P1

Mathematical induction is a very general method of proof, and is actually is one of the axioms of
mathematics itself, so that learning how to use mathematical induction is an essential part of learning the
structure of mathematics.

In this course, mathematical induction is only applied to two tasks — proving formulae for the partial
sums of series, and proving divisibility (the Extension 2 course has more). We have nevertheless placed
some further well-known and straightforward proofs using mathematical induction into the Enrichment
sections so that the general nature of the approach can be understood.

ix
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Because the method is so fundamental, it is also important to give the odd question with an invalid
argument asking for an explanation of how the method was misused.

Chapter 3: Graphs and equations (Advanced)

3A The sign of a function

3B Vertical and horizontal asymptotes
3C A curve-sketching menu

3D Solving inequations

3E Using graphs to solve equations and inequations
3F Regions in the coordinate plane

3G Review of translations and reflections
3H Dilations

31 Combinations of transformations

3] Trigonometric graphs

Chapter 3 Review

Syllabus References: MA-F1.2 dotpoint 2 (An alternative interval notation)
MA-F 1.2 dotpoint 7 (An alternative composite function notation)
MA-F2
MA-T3

The syllabus item F1 stresses ‘any function within the scope of this syllabus’. As explained in the
introduction, the methods used here will be extended to other functions as they are introduced in
Chapters 6, 7 and 16, apart from the trigonometric graphs that are covered in Section 3J. It also stresses
‘real-life contexts’, which will be further developed in Chapter 9.

Regions in the coordinate plane are not mentioned in the syllabus, but they receive sustained attention in
the current NESA Extension 1 study guides. Section 3F deals with the sketching of regions specified by a
set of inequalities in x and y. Some idea of regions would be very helpful when studying the Extension 1
topic of areas of regions and volumes of rotation (Section 12F).

F1.2 dotpoints 2 & 7 & Sections 3A: The chapter begins with two pieces of notation that were flagged
last year as being a distraction at the start of Year 11. Bracket interval notation such as [3, 6] or (2, o) is
an alternative for inequality interval notation such as 3 < x < 6 or x > 2. It requires more sophistication
than was appropriate at the start of Year 11, and in particular it requires the symbol U for the union of
sets, which was introduced for probability in Sections 12C-12D late in the Year 11 book. A composite
function g (f(x) ) can also be written as g o f(x), which was unnecessarily abstract for the start of

Year 11.

F2 dotpoint 2, sub-dotpoints 1-2 & Sections 3A-3C: These sections consolidate and extend the curve-
sketching methods from Year 11, particularly the sign of the function and asymptotes, and organise them
into a curve-sketching menu, which gives asystematic approach to sketching an unknown function (this
organisation of approaches to curve-sketching is only our suggestion).

F2 dotpoint 2, sub-dotpoints 3—4 & Sections 3D-3E: Graphing is closely related to the solving of
equations and inequations. These sections formalise several important connections and methods.

F2 dotpoint 1 & Sections 3G—31: After reviewing the translations, reflections and rotations introduced
last year, these sections introduce dilations, then investigate which transformations do not commute

with other transformations — a difficult question with a surprisingly simple answer. Replacement is our
preferred method of relating transformations to the equations of the function or relation, but the formulae
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approach is also presented. The sections conclude with a complicated formula that transforms a function
successively by four separate transformations.

T3 & Section 3J: Radians were introduced last year, so transformations of trigonometric graphs can be
covered here. They lead to the four ideas of amplitude, period, phase and mean value, and they can be
dealt with by the same complicated formula given in Section 3I.

Chapter 4: Curve-sketching using the derivative (Advanced)

4A Increasing, decreasing and stationary at a point
4B Stationary points and turning points

4C Some less familiar curves

4D Second and higher derivatives

4E Concavity and points of inflection

4F Systematic curve sketching with the derivative
4G Global maximum and minimum

4H Applications of maximisation and minimisation
41 Maximisation and minimisation in geometry

4] Primitive functions

Chapter 4 Review

Syllabus References: MA-C3.1
MA-C3.2
MA-C4.1 dotpoints 1, 2, 3, 11 (without the use of the integral sign)

The first and most straightforward application of the derivative is to assist in the sketch of a function
by examining its gradient, stationary points, concavity and inflections. This chapter explains those
procedures, which will be reviewed and extended progressively to exponential functions (Section 6E),
logarithmic functions (Section 6H) and trigonometric functions (Section 7E), and used in various
applications throughout the book, particularly in Chapter 9 on motion and rates.

C3.1, 3.2 dotpoints 1-2 & Sections 4A—4F: What is needed here for curve-sketching are pointwise
definitions of increasing and decreasing, and of concave up and concave down. The interval-wise
definitions are delayed until Section 9D, where they are needed for the discussion of rates in Sections
9D-9F. Section 4F concludes the discussion by extending the curve-sketching menu of Chapter 3 with
two more steps involving the first and second derivatives.

C3.2 dotpoint 3 & Sections 4G—41: The global maximum of a function is now introduced, followed by
two exercises giving diverse examples of the use of these procedures to find the maxima or minima of
functions in various practical situations.

C4.1 & Section 4J: Primitive functions have a strong graphical interpretation, and in preparation for the
following integration chapter, it is useful to review and extend here the discussion of primitives in Section
9D of the Year 11 book.

More is required in Extension 1 than in Advanced. Section 3C has more detail about cusps and vertical
tangents, and Section 4I has more detail about optimisation in geometric situations.

Chapter 5: Integration (Advanced)

5A Areas and the definite integral
5B The fundamental theorem of calculus
5C The definite integral and its properties

Xi
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5D Proving the fundamental theorem
5E The indefinite integral

SF Finding areas by integration

5G Areas of compound regions

5H The trapezoidal rule

51 The reverse chain rule

Chapter 5 Review

Syllabus References: MA-C4.1
MA-C4.2

Having briefly reviewed the primitive in Section 4J, this chapter now begins and develops integration in
the traditional way by asking questions about areas of regions where some of the boundaries are neither
lines nor arcs of circles. The procedures in this chapter will be reviewed and extended progressively

to exponential functions (Sections 6D—6E), reciprocal functions (Sections 61-6J) and trigonometric
functions (Sections 7D-7E), and used in various applications throughout the book.

C4.2 dotpoints 1-3, 5-8 & Sections 5A-5D: These sections introduce the definite integral in terms

of area, and first calculate integrals using area formulae. There is also some guided work on limiting
sums of areas. The fundamental theorem isstated and used in Section 5B, but not proven until Section
5D, when its significance will have become clear. Using geometric arguments, Section 5C explores the
behaviour of the definite integral when the curve is below the x-axis or the integral runs backwards, and
identities are developed that can simplify the evaluation of a definite integral.

C4.2 dotpoints 4, 9—11 & Sections SF-5H: Areas between curves are introduced, including areas between
a curve and the y-axis. Then the trapezoidal rule is developed, first geometrically, then algebraically,

then using spreadsheets to aid the computation. Some practical examples are given, and others occur
throughout the book, particularly with motion in Chapter 9.

C4.1 & Sections SE, 51: The basic ideas of primitives were discussed in Section 4H (C4.1 dotpoints 1-3,
9-11), and the remaining standard forms are dealt with in Chapters 6—7 as the new special functions

are developed. The reverse chain rule is introduced here with powers of functions (C4.1 dotpoint 4), in
preparation for its further use with special functions.

Chapter 6: The exponential and logarithmic functions (Advanced)

6A Review of exponential functions base e
6B Differentiation of exponential functions
6C Applications of differentiation

6D Integration of exponential functions

6E Applications of integration

6F Review of logarithmic functions

6G Differentiation of logarithmic functions
6H Applications of differentiation of log, X
61 Integration of the reciprocal function

6J Applications of integration of 1/x

6K Calculus with other bases

Chapter 6 Review

Syllabus References: MA-F2, as relevant
MA-C2.1 dotpoints 3-5
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MA-C2.2, as relevant
MA-C3.1, as relevant
MA-C3.2, as relevant
MA-C4.1, as relevant
MA-C4.2, as relevant

As stated in the introduction to these notes, the exponential and logarithmic functions are unfamiliar
and difficult for students, and need their own sustained development rather than being interlocked with
powers of x and trigonometric functions. All curve-sketching, equation-solving and calculus relevant
to these functions is completed in these sections, in preparation for its further use, particularly in
Chapter 9 on motion and rates, in Chapter 13 on differential equations, and Chapter 16 on the normal
distribution.

The topic was begun in Chapter 11 of the Year 11 book with the differentiation of the special number e
and the exponential function e*. The results, but not all the explanations, are reviewed here in Sections
6A and 6F. Some further review of that earlier chapter may be appropriate.

We draw attention to what are possibly unfamiliar standard forms in Section 61 (C4.1 dotpoint 7).
/1dx = log |x| + C and Y
X J(x)

Students will now need to cope with absolute values in their integrals, and the further consequences of
this standard form have made the topic more difficult than it used to be.

dx = log|f(x)| + C.

Section 6K on calculus with other bases is important because in ordinary language, half-lives and
doubling times are so often used. The standard forms are to be learnt, but students should be aware of the
other possibility — convert everything to base ¢ before applying calculus.

Chapter 7: The trigonometric functions (Advanced)

7A The behaviour of sin x near the origin

7B Differentiating the trigonometric functions
7C Applications of differentiation

7D Integrating the trigonometric functions

7E Applications of integration

Chapter 7 Review

Syllabus References: MA-C2.1, as relevant
MA-C2.2, as relevant
MA-C3.1, as relevant
MA-C3.2, as relevant
MA-C4.1, as relevant
MA-C4.2, as relevant

As in the previous chapter, the trigonometric functions are difficult for students, who learn best when
these functions are developed separately before being combined with other functions. All curve-
sketching, equation-solving and calculus relevant to these functions is completed in these sections, in
preparation for its further use, particularly in Chapter 9 on motion and rates, Chapter 11 on trigonometric
equations, and Chapter 12 on further calculus.

Xiii
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Radian measure, based on the special number 7z, was introduced in Chapter 11 of the Year 11 book, and
the geometric formulae established there are important tools in this chapter. The graphs in radians were
also discussed there at length, then subjected to four separate transformations in Section 31.

The fact that the derivative of sin x is cos x should be informally clear by now, but the informal graphical
proof is presented again. Using the geometric formulae, we are now able to prove in Section 7A using
limits that sin x has gradient exactly 1 at the origin. The rest of the proof uses compound angle formulae
from Chapter 17 of the Year 11 book to move this result along the curve.

The standard forms for integration on the current formulae sheet seem to go significantly beyond the
standard forms in C4.1. There may be future adjustment here.

Chapter 8: Vectors (Extension 1)

8A Directed intervals and vectors

8B Components and column vectors
8C The dot product (or scalar product)
8D Geometric problems

8E Projections

8F Applications to physical situations
Chapter 8 Review

Syllabus References: ME-V1.1
ME-V1.2

Vectors and linear algebra are fundamental in all mathematics, but difficult to motivate at school. The
most obvious motivation is that vectors, understood as ‘quantities with directions’, are needed in physics
and many other sciences — Section 8F gives examples of this.

Application in science, however, cannot be used for the exposition of the topic in mathematics. On the
other hand, the abstract axiomatic approach in many university courses is quite out of the question. The
presentation here in terms of Euclidean geometry (Section 8A) using trigonometry (Section 8C) is the
best approach. Our presentation is as rigorous as is reasonable at school, and we ignore some of the
tricky machinery required to set up vectors rigorously this way.

An origin and coordinate axes are introduced early (Section 8B) so that the topic can be linked quickly to
the familiar coordinate axes, but care should be taken to distinguish between questions where and origin
and coordinate axes are involved, and questions that refer to the Euclidean plane without an origin or
axes.

Proving Euclidean theorems is a large part of this topic (Section 8D particularly), but readers may miss
the systematic rigour of Euclidean geometry. We have chosen to be unclear, for example, about the
distinction between the definition and the properties of a parallelogram, judging that too much rigour

in a preliminary course kills the subject. Some classes would benefit from more care and detail in the
exposition of Section 8A. Projections are difficult, whereas components are not. Explanations in terms of
components seem to be the best way to approach Section 8E.

Chapter 9: Motion and rates (Advanced)

9A Average velocity and speed

9B Velocity and acceleration as derivatives
9C Integrating with respect to time

9D Rates and differentiation

Xiv
Mathematics Extension 1 Year 12 ISBN 978-1-108-76630-2 © Bill Pender et al. 2019 Cambridge University Press
Cambridge Maths Stage 6 Photocopying is restricted under law and this material must not be transferred to another party. Updated July 2022



9E Review of related rates
OF Rates and integration
Chapter 9 Review

Syllabus References:
Motion: MA-C1.2 dotpoint 3, MA-C1,3 dotpoints 6—7, MA-C3.1 dotpoint 2, MA-C3.2 dotpoint 3
Rates: MA-C1.2 dotpoints 1-2, MA-C1.3 dotpoint 8, MA-C1.4 dotpoint 4, MA-C3.2 dotpoint 3,
MA-M1.2 dotpoint 5, MA-M 1.4 dotpoint xtension 1 rates: ME-CI1.1, ME-C1.3

The syllabus references are scattered through the topics (the references above include both Year 11 and
Year 12), but there is a constant concern that calculus be modelled by rates of various types, and in
particular applied to motion and to exponential growth and decay. Rates appear in everyday things that
we can see and feel, such as velocity, acceleration, the rise and fall of the tides and the temperature.
Then they appear in important contemporary concerns such as populations, radioactive decay and
inflation.

As explained in the introduction to this Rationale, learning to apply calculus to practical situations

is surprisingly difficult. What is needed is sustained and contrasting work to gain experience in
reinterpreting the abstract objects of calculus. A few motion questions have been asked already, and rates
were addressed in Chapter 17 of the Year 11 book.

Motion is particularly tricky and needs its own treatment in Section 9A-9C separate from other rates.
Related Rates are reviewed from Section 16A of the Year 11 book (Section 9E), but exponential growth
and decay is not reviewed here (as it is in the Advanced book) because it was well covered in Year 11
(Chapter 17), and it is reviewed in Chapter 13: Differential equations.

There are several common ideas through the whole chapter. First, there are the correspondences, radient
of achord « averagerate « average velocity, radient of a tangent <« instantaneous rate <«
instantaneous velocity.

Secondly, concavity can be interpreted as indicating whether the rate of increase or decrease is increasing
or decreasing, and in motion as the direction in which the particle is accelerating and whether the speed
is increasing or decreasing. Thirdly, differentiation moves from the quantity to the rate (Section 9D), and
integration from the rate to the quantity (Section 9F).

Section 9D gives at last a precise definition of increasing in an interval and of concave up in an interval.
Curve-sketching with calculus (Chapter 3) was not an appropriate time for these ideas, but they are part
of the languageof rates.

Chapter 10: Projectile motion (Extension 1)

10A Projectile motion — the time equations
10B Projectile motion — the equation of path
Chapter 10 Review

Syllabus References: ME-V1.3

Projectile motion is the only motion in two dimensions in this course. The new idea of vectors
(Chapter 8) is obviously involved here, but it turns out that the main use of vectors here is first, to allow
more concise descriptions of the motion, and secondly, to make clearer the role of components in the
analysis of the motion.

The derivation of the equation of path is demanding, but standard. Some of the applications of the
equation of path, however, can be rather difficult.
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Chapter 11: Trigonometric equations (Extension 1)

11A Equations involving compound angles
11B The sum of sine and cosine functions
11C Using the r-formula to solve equations
Chapter 11 Review

Syllabus References: ME-T3

Compound angle formulae were introduced in Chapter 17 of the Year 11 book. Here they are applied to
the solution of trigonometric equations.

Expressing the sum of two sine or cosine functions of the same period as a single sine or cosine function
is particularly important because it is the beginning of Fourier analysis, which lies behind all our
electronic communications and so manynatural phenomena.

Chapter 12: Further calculus (Extension 1)

12A Inverse trigonometric functions — differentiating
12B Inverse trigonometric functions — integrating
12C Further trigonometric integrals

12D Integration by substitution

12E Further integration by substitution

12F Volumes of rotation

Chapter 12 Review

Syllabus References: ME-C2
ME-C3.1

This chapter develops calculus further in several directions, using the methods introduced earlier dealing
with inverse trigonometric functions and trigonometric identities (Chapter 17 of the Year 11 book),
trigonometric equations (Chapter 11) and calculus with trigonometric functions (Chapter 7).

ME-C2, dotpoint 4: Differentiation of inverse functions was in introduced in Year 11 as an example of the
chain rule in Section 9E, and is used particularly when differentiating the logarithmic function in Section
6G, and with differential equations in Chapter 13.

ME-C2 dotpoints 5-6 & Sections 12A—12B: Chapter 17 of the Year 11 book developed inverse

trigonometric functions. We can now develop the calculus of the inverse trigonometric functions, which

leads to two important standard forms allowing the integration of ! and L

1—X2 1+x2.

ME-C2 dotpoints 2—3 & Section 12C: This section develops further trigonometric integrals.

ME-C2 dotpoint 1 & Section 12D—12E: The reverse chain rule is further developed to integration by
substitution.

ME-C3.1 & Section 12F: Volumes of rotation are found by returning to the idea of a definite integral as
an ‘infinite sum of infinitesimals’ and slicing the solid into thin slices. It will benefit from at least some
prior work on regions in Section 3F.

Areas between curves, and areas between a curve and the x-axis are mostly covered in Chapters 5-7 on
integration and the special functions.
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Chapter 13: Differential equations (Extension 1)

13A Differential equations

13B Slope fields

13C Separable differentiable equations
13Dy’ = g(y) and the logistic equation
13E Applications of differential equations
Chapter 13 Review

Syllabus References: ME-C3.2

This is a difficult topic, with many new ideas and new words, and with many pathological curves that are
best avoided at school. We have done our best to expound the ideas in a logical order, where students’
experience of differential equations will grow as each section develops. Some difficult concepts are
unavoidable, but we have quietly avoided many others.

It may seem that the logistic equation and its solutions and applications should dominate the discussions,
but a great many more DEs are accessible by these methods, and we have given a variety of them.

Sections 13A—13E have been written theoretically, keeping the standard variables x and y, because this
seems the best approach while learning the methods and ideas. Then Section 13F passes over more
seriously to applications.

WolframAlpha seems currently the most satisfactory online software for slope fields, and some details of
its use are given in Exercise 13B. We have preferred the word ‘slope field’ over ‘direction field’ because
the line elements have no direction or length, only gradient.

It is required that first-order linear DEs be identified, but it is difficult to explain the word ‘linear’ at
school in the absence of linear algebra. Yet solving them does not seem to be required — or is it intended
that integrating factorsbe taught? Some adjustment may be necessary here.

Chapter 14: Series and finance (Advanced)

14A Applications of APs and GPs

14B The use of logarithms with GPs

14C Simple and compound interest

14D Investing money by regular instalments
14E Paying off a loan

14F Annuities and tables of interest factors
14G The present value of an annuity
Chapter 14 Review

Syllabus References: MA-M1.1
MA-M1.2 (review with applications)
MA-M1.3 (review with applications)
MA-M1.4

M1.2-M1.3 & Sections 14A—14B: Arithmetic and geometric sequences and series were presented in
Chapter 1 to give a wider context to the intense calculus of the next few chapters. Those formulae are
reviewed here, but the emphasis is on applications of series to practical situations.

Section 14B uses logarithms with problems involving GPs. These methods should be contrasted with
trial-and-error, which is attractive for occasional use, but clumsy in comparison.
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MI1.1, M1.4 & Sections 14C—I14E: These sections are still about APs and GPs, but specifically directed
towards interest, annuities (or superannuation) and paying off loans. The algebra involved in these last
two computations is difficult and tedious. Nevertheless, learning formulae should be discouraged, because
the question only has to start or finish the transaction slightly differently and any formula will fail.

Sections 14F-14G deal with the use of future value tables and present value tables to assist in questions
involving annuities, thus avoiding calculations with GPs. The Advanced syllabus in section M 1.1 requires
familiarity with these tables, and these two sections address this requirement.

The basic approach presented here is to treat each payment as a separate investment. Another widely-
used approach is recursion, where the monthly bank statement becomes the goal of the computations.
Opportunity has been given to use recursion instead — later questions do not specify which approach is
to be used, and earlier questions can easily be adapted.

Series are discrete objects, and their applications in Chapter 14 contrast with the applications of
continuous functions in Chapter 9. This contrast has an interesting companion — the discrete probability
distributions of Chapter 13 last year contrast with the continuous probability distributions of Chapter 16
this year. Datasets, on the other hand, are always discrete.

Chapter 15: Displaying and interpreting data (Advanced)

15A Displaying data

15B Grouped data and histograms

15C Quartiles and interquartile range

15D Bivariate data

15E Formulae for correlation and regression
15F Using technology with bivariate data
Chapter 15 Review

Syllabus References: MA-S2.1
MA-S§2.2

This chapter is in sharp contrast to Chapters 12—13 in the Year 11 book on probability and discrete
probability distributions. Those chapters were mostly about theoretical probabilities, with a little
sampling and data-gathering at the end. This chapter, however, is all about data — its display in tables
and charts, and the calculations of summary statistics — in order to gain a global view of a dataset that
could otherwise be just a meaningless jumble. After this, we seek interpretation (requiring common sense
and judgement) and prediction (risky), and we find a scientist to ask about causation.

Sections 15A—-15C concern univariate data — some of this may be familiar from earlier years.

Sections 15D—15F mostly concern bivariate data, which may be less familiar. Pearson’s correlation
coefficient and the least-squares line of best fit are a difficult part of this chapter. The intention is that
they be calculated by technology, which can be rather complicated whatever technology is used. The
formulae for them are particularly difficult, but because we dislike black boxes, Section 15E gives the
formulae and a short exercise to drill them. The rest of the chapter is quite independent of these formulae,
which could be regarded as Enrichment.

The technology used may be a calculator, or a spreadsheet, or special statistics software, and all these things
may be online. Technology in schools is still very variable, with no agreed equipment, rules or procedures.
We have given, here and elsewhere in the book, detailed instructions about using Excel, which is probably
the most widely-used spreadsheet, but even this is a highly contentious decision because the Mac versions
are different, the Windows versions keep changing, and many people prefer other technologies.
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The final exercise is an investigation. It contains links to large datasets on the online interactive textbook,
activities such as surveys to generate data for analysis, and investigations allowing the reader to search
out raw data from the internet. Many things here could become projects.

No guidance has been given about using a correction factor when calculating the variance of a sample
that is not a population. We do not want to make difficult things more complicated, so we have used
division by n, which is simpler, particularly when the formulae are developed for relative frequencies.
In Section 15B and in Chapter 13 last year, we have warned about the technology issues that arise when

computing variance, and we have written Challenge subsections, where we have explainedthe correction

as multiplying the variance by Ll . Adjustment may be needed here.
n —

Chapter 16: Continuous probability distributions (Advanced)

16A Relative frequency

16B Continuous distributions

16C Mean and variance of a distribution

16D The standard normal distribution

16E General normal distributions

16F Applications of the normal distribution

16G Investigations using the normal distribution
Chapter 16 Review

Appendix — The standard normal distribution

Syllabus References: MA-S3.1
MA-S3.2

Chapter 16 moves via Section 16A from the data of Chapter 15 back to probability theory, but with the
constant accompaniment of data, and this time the theory is about continuous random variables. Many
things about data lead into the continuous theory — the relative frequencies, the histograms and their
associated areas, the grouping that is so often necessary, the appearance of the frequency polygon —
besides of course the nature of what is being measured.

Various examples of continuous distributions are given in Sections 16B—16C. We have included some
distributions where the domain of the values is unbounded, because the domain of the normal distribution
is the whole real number line (—o0, o0). We have done any calculations over unbounded domains without
the usual complicated machinery, and the authors hope that such things will remain a side issue to the
important statistical ideas going on. More machinery may be appropriate in some classes.

The standard normal distribution is discussed in Section 16D, then stretched and shifted in Section 16E
to become the general normal distribution, where z-scores become a good example of the transformations
studied in Chapter 3.

We have used a short table of values of the normal in our calculations so that everything is accessible to
students whose only technology is a standard non-statistics scientific calculator. Some practice doing this
is useful for everyone, but as technology develops, such tables will fall out of use just as log tables have
done. Reading a printed table backwards is a particular nuisance because interpolation is clumsy and
time-consuming.
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The inflections and variance of the standard normal are difficult, but should be accessible to most
0 1,2
students. On the other hand, the proof that / e 2 = V2x will unfortunately have to wait for far more

sophisticated methods of calculus at some later time.

As in Chapter 15, Exercise 16G concludes the chapter with an investigation exercise using large datasets,
and projects can easily be developed from these questions.

Chapter 17: Binomial distributions Extension 1

17A Binomial probability

17B Binomial distributions

17C Normal approximations to a binomial
17D Sample proportions

Chapter 17 Review

Syllabus References: ME-S1.1
ME-S1.2

All the machinery to calculate individual binomial probabilities is already at hand from the Year 11 book
in Chapter 12: Probability, Chapter 14: Combinatorics, and Chapter 15: Binomial expansions. Section
17A develops these individual binomial probabilities, then Section 17B uses them to deal with binomial
distributions using the methods from the Year 11 book, Chapter 13: Discrete probability distributions.

The final task of the chapter, and the book, is to approximate using the normal distribution. The
reference ME-S1.2 only requires normal approximations to the sample proportions, but we have made
the judgement that approximating only sample proportions by the normal is rather forbidding, and that
it is better to introduce first the more approachable idea of approximating binomial distributions by the
normal. The calculations turn out to be almost the same, but with sample proportions the numbers are
fiddly and less clear. Once the idea is mastered with normal approximations to the binomial in Section
17C, then normal approximations to the sample proportions in Section 17D seem clearer.

The authors were unsure what attitude to take to continuity corrections. Depending on where in the
distribution they are being used, and how wide the interval is, a continuity correction may be negligible
or quite dramatic. We have chosen to use them in Section 17C because the correction is more obvious
there where it only involves half-integers. We have, however, mostly avoided them in Section 17D
because the fractions become tedious and in any case the situations involving sample proportions tend to
involve larger numbers. Again, future adjustment may be needed.

Bill Pender, June 2019
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Overview

As part of the CambridgeMATHS series, this resource is part of a continuum from Year 7 through

to 12. The four components of Mathematics Extension I Year 12 — the print book, downloadable PDF
textbook, online Interactive Textbook and Online Teaching Resource — contain a range of resources
available to schools in a single package at a convenient low price. There are no extra subscriptions or
per-student charges to pay.

Features of the print textbook

Refer to the Rationale for details of question categories in the exercises and syllabus coverage.
Each section begins at the top of the page to make them easy to find and access.

Plenty of numbered worked examples are provided, with video versions for most of them.
Important concepts are formatted in numbered boxes for easy reference.

Investigation exercises and suggestions for projects are included.

Proofs for important results are provided in certain chapters.

N O A WD =

Chapter review exercises assess learning in the chapter.

Downloadable PDF textbook

8 The convenience of a downloadable PDF textbook has been retained for times when users cannot go
online. PDF search and commenting tools are enabled.

Digital resources in the Interactive Textbook powered by the HOTmaths platform
(shown on the next page opposite)

The Interactive Textbook is an online HTML version of the print textbook powered by the HOTmaths
platform, completely designed and reformatted for on-screen use, with easy navigation. It is included
with the print book, or available as digital-only purchase. Its features include:

9 Video versions of the examples to encourage independent learning.

10 All exercises including chapter reviews have the option of being done interactively on line, using
workspaces and self-assessment tools. Students rate their level of confidence in answering the question
and can flag the ones that gave them difficulty. Working and answers, whether typed or handwritten,
and drawings, can be saved and submitted to the teacher electronically. Answers displayed on screen if
selected and worked solutions (if enabled by the teacher) open in pop-up windows.

11 Teachers can give feedback to students on their self-assessment and flagged answers.
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12 The full suite of the HOTmaths learning management system and communication tools are included in
the platform, with similar interfaces and controls.

13 Worked solutions are included and can be enabled or disabled in the student accounts by the teacher.

14 Interactive widgets and activities based on embedded Desmos windows demonstrate key concepts and

enable students to visualise the mathematics.
15 Desmos scientific and graphics calculator windows are also included.
16 Chapter Quizzes of automatically marked multiple-choice questions are provided for students to test

their progress.

17 Definitions pop up for key terms in the text, and are also provided in a dictionary.
18 Spreadsheet files are provided to support questions and examples based on the use of such technology.
19 Online guides are provided to spreadsheets and the Desmos graphing calculator, while links to scientific
calculator guides on the internet are provided.
20 Users who had Year 11 digital accounts may access Year 11 material for revision of prior knowledge.
21 Examination and assessment practice items are available

INTERACTIVE TEXTBOOK POWERED BY THE HOTmaths PLATFORM L&C‘u

Numbers refer to the descriptions on the opposite page. HOTmaths platform features are updated regularly.
Content shown is from Mathematics Standard.
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Online Teaching Suite powered by the HOTmaths platform

22 The Online Teaching Suite is automatically enabled with a teacher account and appears in the teacher’s
copy of the Interactive Textbook. All the assets and resources are in Teacher Resources panel for easy
access.

23 Teacher support documents include editable teaching programs with a scope and sequence document and
curriculum grid.

24 Chapter tests are provided as printable PDFs or editable Word documents.

25 Assessment practice items (unseen by students) are included in the teacher resources.

26 The HOTmaths test generator is included.

27 The HOTmaths learning management system with class and student reports and communication tools is
included.

ONLINE TEACHING SUITE POWERED BY THE HOTmaths PLATFORM L&J

Numbers refer to the descriptions on the previous page. HOTmaths platform features are updated regularly.
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The Book of Nature is written in the language of Mathematics.

— The seventeenth-century Italian scientist Galileo

It is more important to have beauty in one’s equations than to
have them fit experiment.

— The twentieth-century English physicist Dirac

Even if there is only one possible unified theory, it is just a

set of rules and equations. What is it that breathes fire into

the equations and makes a universe for them to describe?

The usual approach of science of constructing a mathematical
model cannot answer the questions of why there should be a
universe for the model to describe.

— Steven Hawking, A Brief History of Time
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Many situations in nature result in a sequence of numbers with a simple pattern. For
example, when cells continually divide into two, the numbers in successive generations
descending from a single cell form the sequence
1, 2, 4, 8, 16, 32, ...
Again, someone thinking about the half-life of a radioactive substance will need to ask what
happens when we add up more and more terms of the series
ptitithtateat o
Some applications of sequences are presented in this chapter, and further, more specific,
applications are in Chapter 13 on finance.
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2 Chapter 1 Sequences and series _

m Sequences and how to specify them

A typical infinite sequence is formed by arranging the positive odd integers in increasing order:
1,3,5,7,9,11, 13, 15, 17, 19, . ..

The three dots . . . indicate that the sequence goes on forever, with no last term. The sequence starts with the
first term 1, then has second term 3, third term 5, and so on. The symbol 7', will usually be used to stand for
the nth term, thus

T, =1, T,=3, T;=5 T,=7, Ts=09,
The two-digit odd numbers less than 100 form a finite sequence:
1, 3,5 7, ..., 9
where the dots . . . stand for the 45 terms that have been omitted.

There are three different ways to specify a sequence, and it is important to be able to display a given
sequence in each of these different ways.

Write out the first few terms

The easiest way is to write out the first few terms until the pattern is clear to the reader. Continuing with our
example of the positive odd integers, we could write the sequence as

1, 3,5 709, ...

This sequence clearly continues as 11, 13, 15, 17, 19, ..., and with a few more calculations, it becomes
clearthat 7, = 21, T, = 27,and T = 31.

Give a formula for the nth term
The formula for the nth term of this sequence is
T,=2n -1,
because the nth term is always 1 less than 2n. Giving the formula does not rely on the reader recognising a

pattern, and any particular term of the sequence can now be calculated quickly:

T3O = 60 - 1 TlOO = 200 - 1 T244 = 488 - 1
=59 = 199 = 487

Say where to start and how to proceed

The sequence of odd positive integers starts with 1, then each term is 2 more than the previous one. Thus the
sequence is completely specified by writing down these two statements:

T, =1, (start the sequence with 1)
T,=T,_, +2, forn > 2. (every term is 2 more than the previous term)

Such a specification is called a recursive formula of a sequence. Most of the sequences studied in this chapter
are based on this idea.
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1A Sequences and how to specify them

Example 1 1A

a Write down the first five terms of the sequence given by 7, = 7n — 3.
b Describe how each term T, can be obtained from the previous term 7, _;.

SOLUTION
aT,=7-3 T,=14-3 T;=21-3 T,=28-3 T5=235-3

b Each term is 7 more than the previous term. Thatis, T, = T,_; + 7.

Example 2 1A
\e——)

a Find the first five terms of the sequence givenby 7y = 14and 7, = T,,_; + 10.
b Write down a formula for the nth term 7,,.

SOLUTION
a Tl - 14 T2 = Tl + 10 T3 = T2 aF 10 T4 - T3 + 10 TS = T4 + 10
= 24 = 34 = 44 = 54

b From this pattern, the formula for the nth term is clearly 7, = 10n + 4.

1 THREE WAYS TO SPECIFY A SEQUENCE

*  Write out the first few terms until the pattern is clear to the reader.
e Give a formula for the nth term 7,,.
» Say where to start and how to proceed. That is:
— Say what the value of 7' is.
— Then forn > 2, give a formula for 7', in terms of the preceding terms.

Using the formula for T, to solve problems

Many problems about sequences can be solved by forming an equation using the formula for 7,.

Example 3 1A
\——)

Find whether 300 and 400 are terms of the sequence 7, = 7n + 20.

SOLUTION
Put T, = 300. Put T, = 400.
Then7n + 20 = 300 Then7n + 20 = 400
Tn = 280 Tn = 380
n = 40. n = 542
Hence 300 is the 40th term. Hence 400 is not a term of the sequence.
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4 Chapter 1 Sequences and series _
Example 4 1A
\e—— )

a Find how many negative terms there are in the sequence 7,, = 12n — 100.

b Find the first positive term of the sequence 7,, = 7n — 60.

SOLUTION
a Put T, <O. b Put T, > 0.
Then 12n — 100 < 0 Then7n — 60 > 0
n < 81, 7n > 60
so there are eight negative terms. n > 8%

Thus the first positive term is Ty = 3.

Note: The question, ‘Find the first positive term’ requires two answers:
*  Which number term is it?

*  What is its value?

Thus the correct answer is, ‘The first positive term is T¢ = 3’.

FOUNDATION

1 Alex collects stamps. He found a collection of 700 stamps in the attic a few years ago, and every month
since then he has been buying 150 interesting stamps to add to his collection. Thus the numbers of
stamps at the end of each month after his discovery form a sequence

850, 1000, ...
a Copy and continue the sequence to at least 12 terms followed by dots . . . .
b After how many months did his collection first exceed 2000 stamps?

2 Write down the next four terms of each sequence.

a o, 16, 26, ... b 3,6, 12, ... c 38, 34, 30, ... d 24, 12,6, ...

e —1, 1, -1, ... f 1,409, ... g L3 ... h 16, -8, 4, ...
3 Find the first four terms of the sequence whose nth term 7, is:

aT,=5n-2 b 17,=5%" c T,=6—2n d 7,=7x 10"

e T,=n’ i T,=nn+1) 9 7,= (=1 h T, = (=3)

4 Write down the first four terms of each sequence described below.
a The first term is 11, and every term after that is 50 more than the previous term.
b The first term is 15, and every term after that is 3 less than the previous term.
¢ The first term is 5, and every term after that is twice the previous term.
d The first term is — 100, and every term after that is one fifth of the previous term.

5 Write out the first twelve terms of the sequence 7, 12, 17, 22, ...

a How many terms are less than 30? b How many terms lie between 20 and 40?
¢ What is the 10th term? d What number term is 377
e Is 87 aterm in the sequence? f 1Is 201 aterm in the sequence?
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1A Sequences and how to specify them

3,6, ...
a How many terms are less than 400? b How many terms lie between 20 and 100?
¢ What is the 10th term? d  What number term is 192?
e Is 96 a term in the sequence? f TIs 100 a term in the sequence?

Write out the first twelve terms of the sequence %, 1%,

DEVELOPMENT

10

11

12

13

14

15

16

For each sequence, write out the first five terms. Then explain how each term is obtained from the
previous term.

aT,=12+n b T,=4+ 5n c
d T,=3x2" e T,=7x (-1) f

T,=15 — 5n
T, =80 x (3)"
The nth term of a sequence is given by T,, = 3n + 1.

a PutT, = 40, and hence find which term of the sequence 40 is.

b Put T, = 30, and hence show that 30 is not a term of the sequence.

¢ Similarly, find whether 100, 200 and 1000 are terms of the sequence.

Answer each question by forming an equation and solving it.

a Find whether 44, 200 and 306 are terms of the sequence T,, = 10n — 6.
b Find whether 40, 72 and 200 are terms of the sequence T, = 2n>.

¢ Find whether 8, 96 and 128 are terms of the sequence T,, = 2".

The nth term of a sequence is given by 7, = 10n + 4.
a PutT, < 100, and hence find how many terms are less than 100.
b PutT, > 56, and find the first term greater than 56. State its number and its value.

Answer each question by forming an inequation and solving it.
a How many terms of the sequence 7, = 2n — 5 are less than 100?
b What is the first term of the sequence T, = 7n — 44 greater than 100?

In each part, the two lines define a sequence T,,. The first line gives the first term 7';. The second line
defines how each subsequent term 7', is obtained from the previous term 7, _,. Write down the first four
terms of each sequence.
a T, =5, b T, =12,

T,=T,_, + 12, for n > 2. T,=T,_, — 10, forn > 2.

¢ T, = 20, d 71, =1,
T,=3T,_,, forn > 2. T,=-T,_,, forn > 2.

Give a recursive formula for the nth term 7', of each sequence in terms of the (n — 1)thterm 7', _,.
a 16, 21, 26,... b 7,14, 28,... c 9 2 -5, ... d 4, -4,4, ...

Write down the first four terms of each sequence. Then state which terms of the whole sequence are zero.
a T, = sin 90n° b T, = cos90n° ¢ T, = cos 180n° d T, = sin 180n°
a Which terms of the sequence T, = n> — 3n are 28 and 70?

b How many terms of this sequence are less than 18?