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INTRODUCTION AND DEDICATION

J.B. Fitzpatrick

It is interesting to wonder whether J. B. Fitzpatrick (‘Bernie’) realised in 1983 just how popular
his book New Senior Mathematics would be. That first edition of New Senior Mathematics was
to remain in print for almost 30 years. It has stood the test of time thanks to the quality, rigour
and variety of its questions, its accuracy and its high mathematical standards.

As Fitzpatrick wrote in 1983: ‘Mathematics, like many other things, is best learnt by doing. A
student begins to appreciate the power of mathematics when he or she has achieved a mastery
of basic techniques, not after reading lengthy explanations ... The emphasis throughout

the book is on the understanding of mathematical concepts. (Introduction, New Senior
Mathematics 1984.)

J. B. Fitzpatrick passed away in 2008. Fitzpatrick was a respected author, teacher and figurehead
of mathematics education.

Bob Aus

Bob Aus taught in New South Wales high schools for 40 years, retiring in 2007. During that
time Bob taught all courses from years 7 to 12 up to Level 1 / 4-unit / Extension 2. He has
marked HSC examination papers and has been involved in the Standards Setting Process

as Judge and Chief Judge for the three calculus-based courses over four years. He has also
completed review work for the NSW Board of Studies and represented NSW at a week-long
review and standards setting of the upper level course from each state prior to the development
of the Australian National Curriculum for senior students.

Bob spent time as Regional Vocational Education Consultant in the North Coast Region
and Mathematics Consultant in the Hunter Region. When he retired he was Head Teacher
Mathematics at Merewether High School and enjoyed teaching an Extension 2 class with
24 students.

Bob’s first publication was in 1983 and he has been involved with writing a range of textbooks
and study guides since then, including revising and updating the New Senior Mathematics
series 2nd Edition in 2013.

Bob has presented talks on the three calculus-based courses throughout the state. He has
co-written the Years 6-9 Mathematics Syllabus for the Abu Dhabi Education Authority, as
well as managing the writing project for support material for this course. He also wrote
the years 10-12 syllabus for their calculus-based course.

This third edition of New Senior Mathematics updates the series for the new Stage 6 courses in
New South Wales to be implemented in Year 11, 2019.
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CHAPTER 1

Algebraic techniques

1.1 SIMPLIFYING ALGEBRAIC EXPRESSIONS

When adding and subtracting algebraic expressions, you can only combine like terms (that is, algebraic parts
that have the same pronumerals). Be careful that when subtracting terms with brackets, the subtraction must be
applied as a negative to each term inside the brackets (as in part (c) of the example below).

Example 1
Simplify each expression by collecting the like terms.
(@) 3x+2y+5x—6y (b) x*+2x—x+3x° (c) 2(3a—4b)—3(a—>5b)
Solution
(@ 3x+2y+5x—6y (b) x*+2x—x+ 3% (c) 2(3a—4b)—3(a—5b)
=3x+5x+2y—6y =x*+3x+2x—x =6a—8b—3a+15b
=8x—4y =4x" + x =6a—3a—8b+15b

=3a+7b

EXERCISE 1.1 SIMPLIFYING ALGEBRAIC EXPRESSIONS

Simplify each expression by collecting the like terms.

1 3x+5+7x+10 2 7x—3+3x-2 3 4a+b—-a—4b
4 6ab+3ab+5a+4a 5 3xy+2xy—yx 6 3a’b—3ab’ +2a’b
7 25y +3x°y =Xy +3x°y 8 3abc+ 5bca —2cba 9 12mn+3m—6mn—m
10 % —3x+2x +4x 11 2x° +5)° —4x°
Simplify each expression by expanding the brackets and then collecting the like terms.
12 5a-3(a+b) 13 4(2x—y) —6x 14 8m —502m —3n)
15 3(2x+5y) +4(x—y) 16 5(2x+3)—5(x+7) 17 6(2a+3b)+3(a—D)
18 5a(a+2)-3a(a+1) 19 5x(x —2y) +3x(2x—y) 20 2a+3b—-(a-b)
21 x+5y—(3x+2y) 22 5x(2x+1) — (x> +x) 23 15(x—2) +4(3x-3)
24 3x(x—2)—4(x—-1) 25 3(x*+5x—1)—(2x*+x—-2) 26 5x+2y—-3—-(x—7y+9)

27 The expression a(a + 1) — 3(2a + 1) simplifies to:
A a-7a-3 B a’-5a+3 C da*—5a-3 D a*—7a+3

28 The expression 3(m* —m) —2(m* +2m +5) simplifies to:
A 5m’—7m—10 B m’—7m-10 C m+m-10 D m’—7m+10

Chapter 1 Algebraic techniques 1



1.2 SUBSTITUTION IN FORMULAE

Example 2
If V= n’h, find:
(@) Vwhenr=35h=5 (b) rwhen V=275 h=14
Solution
(@) V=mrx35"x5 (b) rzz%
=61.257 (exact value) 2 275
T l4xrm

=192.4 correct to one decimal place

_[275
r=, ,—1 ar (exact value)

r=2.5 correct to one decimal place

EXERCISE 1.2 SUBSTITUTION IN FORMULAE

Use the value of 7 on your calculator. Give your answer correct to one decimal place when needed.

1 If P=2(l+ b), find the value of P when [ =20, b= 12.
2 IfE=1IR, find E when I =2.4, R =40.

3 If F=ma, find F when m =50, a=0.2.

IfF=%+32,ﬁnd: (@) FwhenC=60 (b) Cwhen F=41.

If A= 7%, find A when r=3.5.

4
5

6 If V=nr’h, find V when r=4.2, h = 10.

7 IfE=mc, find: (@) Ewhenm=10,c=1.6 (b) cwhen E=13.5m=1.5.

8 If v=u+at, find vwhen u=20,a=1.8, t=10.

9 Ifs=ut+%at2,ﬁnd: (@ swhenu=5,a=6,t=24 (b) awhens=50,t=2.5,u=10.
10 Ifv*=u? + 2as, find v when u =12, a =2, s = 20.25.

11 Ifs:%(u+v)t,ﬁndswhenu=2.6,v:3.2,t:2.5.

12 If S=27rh, ind Swhen r=2.5, h=3.5.

13 Ifr= %,ﬁnd: (@) rwhenA =154 (b) A whenr=1.75.

14 IfE=%(v2—uz),ﬁndEwhenm=4,v=4,u:2.

15 Ift=a+ (n—1)d, find: () twhena=3.8,n=20,d=0.2 (b) nwhena=5.6,d=5,t=25.6.

16 IfF= m(vt_u),ﬁndehenm=20, v=4,u=2,1t=6.

17 Ift=ar’, find t when a = 64, r=0.5.

a(r3—1)
18 IfS:ﬁ,ﬁndSwhena=5,r:3.
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YEAR 11

19 If A =n(R*— %), find A when R=5.6,r=1.4.
20 If V=m(R*—r*)h, find Vwhen R=0.9, r=0.2, h = 1.5.

21 If v = %nrzh, find Vwhenr=3, h=3.5.

22 1fp=[2R=V find: (@) PwhenR=50,V=20  (b) VwhenP=0.2, R=20.

5
23 If W=Ldrr’h, find Wwhend=3, r=2  h=11
3 b b 11) 14'
24 If f = 2%, find: (@ fwhenv=20,u=25  (b) vwhen f=20, u=25.

25 IfA:P(1+ﬁ) , find A when P = 1000, r=10, n = 2.

1.3 BASIC POLYNOMIALS

Common terms
A monomial is an expression that contains only one term, e.g. 5x, x°, 2ab, 5a°b’.

A binomial is an expression that contains two terms added or subtracted, e.g. x + y, 3a — 20, X+1, 3y—4.

A trinomial is an expression that contains three terms added or subtracted, e.g. x* — 5x + 6, x + y — 4, 4x* — 2xy + ¥,
m+n—p.

A quadratic trinomial is a trinomial of the form ax’ + bx+ ¢ (where a #0, b # 0, c # 0); a is the coefficient

of X%, b is the coefficient of x, and c is the constant term.

Standard results

(x+m)(x+n)=x"+ (m+n)x+mn In each of these results, the expression on the left-hand side has been

(a+b?=a*+2ab+ 1’ expanded to obtain the expression on the right.
(a—b)*=a’—2ab+b’ If we start with the expression on the right-hand side, then we can
(a=b)a+b)=a*-1* factorise it to obtain the (usually) shorter form on the left.
Example 3
Expand and simplify each expression.
(@ (x+2)(x+3) (b) (Bx—2)(2x+ 3) () (@y+ 5)*
(d) Bx—4)(3x+4) (e) (x+2)(x*—5x+6) ®  (x=1Dx+2)(x+3)
Solution
@ (x+2)(x+3) (b) (3x—2)(2x+3) (€ (2y+5)
=x(x+3)+2(x+3) =6x"+9x—4x—6 =4y + 20y + 25
=x"+3x+2x+6 =6x"+5x—6
=x’+5x+6
(d) Bx—4)3x+4) () (x+2)(x*—5x+6) H x=1D(x+2)(x+3)
=9x* - 16 =x(x* — 5%+ 6) + 2(x* — 5x + 6) =(x—1)(x*+5x+6)
=x°—5x*+ 6x+ 2x° — 10x + 12 =X +5x+6x—x'—5x—6
=x —3x*—4x+ 12 =x+4x*+x—6
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EXERCISE 1.3 BASIC POLYNOMIALS

Write the expansion of the following.

1 (x+5)(x+1) 2 (x-2)(x—3)

4 (x-2)° 5 (y+7)

7 (3x—4)(x-2) 8 Bm+7)(2m—1)
10 (2p—9)(2p+9) 11 (3x+2)(2x+3)
13 (3x+4)* 14 (x—3)2x*+3x+1)
16 x(x—2)(x+2) 17 (x—D(x-1)(x—2)
19 (X +5)(x* - 2x—3) 20 (x—-2)(x+2)(x+2)

22 The correct expansion of (\/; + \/; )2 is:

A X+2xy+y B x+y+2xy C x+y+2\/E

3 (a—3)(a+4)

6 2x+3)(x+5)

9 3x+2)(3x+2)

12 (4p-5)°

15 (3x*—5x+2)(2x—4)
18 2(x—1)(x—2)(x—3)
21 (-’

D x2+y2+2\/g

23 Indicate whether each answer is a correct or incorrect factorisation of x* — 4xy + 4y,

(@) (x+2y)° (b) (2y-x’ (€ (2x-y)

1.4 FACTORISING BY GROUPING IN PAIRS

(d) (x-2y)’

This method is used when there are four terms in the expression.

Example 4
Factorise:
(@ bx+by+cx+cy (b) m*—mn—2m+2n
Solution
Group in pairs: (@ bx+by+cx+cy
%/_/ %,—/
Take out common factor: =b(x+y)+clx+y)
Take out common factor: =(x+y)(b+0)

(b) m*—mn—2m+2n
—_—

=m(m—n) — 2(m—n)

=(m—2)(m—n)

EXERCISE 1.4 FACTORISING BY GROUPING IN PAIRS

Factorise:
1 a(x+2)+b(x+2) 2 3a(2b—-3c) —m(2b-3¢)
4 ¥*(2x—1)+402x—1) 5 ax+4a+bx+4b
7 2xy+2xz+y+z 8 a’—ab—ac+bc
10 a’+3a’b +ab® + 31’ 11 ac—2bc—2ad +4bd
13 X’ —2xy—xz+2yz 14 @’ —a’b—ab+ b’
16 x°+3x" +4x+12 17 p’q—pq’ +5p—5q

4 New Senior Mathematics Advanced for Years 11 & 12

3 pla+b)+qla+b)—r(a+b)
6 X —xy+xz—yz

9 10y —25y" +4x— 10xy

12 3xy—6y+7x—14

15 2mn +2mp + pn’ + p’n

18 m’p+m>+np+n



19 Py +x°+y+1 20 ab—-3a—-4b+12 21 2x—6y—xy+3y°
22 When 3m?* — 3mn — m + n is factorised, the answer is:

A (GBm-1)(m-n) B (GBm-n)(m-1) C (@Bm-1)(m+n) D (Bm+1)(m-—n)
23 Indicate whether each answer is a correct or incorrect factorisation of 2x° — 2x* — 2x + 2.

@@ 2x+1Dx+1Dx-1) (b) 2(x+1(x—-1)* (c) 2(x+1Dx—-1)(x—-1) (d) 2(x—1)(x+1)*

1.5 STANDARD FACTORISATIONS

Factorising using the difference of two squares
Remember the difference of two squares: a*—b*=(a—b)(a+b)

Example 5
Factorise:
(@) a*-25 (b) 9x*—49 € (x+1Y-(@-1)7° (d) @@ -ab—ab>+b
Solution
(@) a*-25=a>-5 (b) 9x*—49=(3x)> -7
=(a—5)(a+5) =(B3x—-7)(3x+7)
€ (x+17%-(y—-1) d) @-a’b—ab’+b’
=[(x+1)-(-DIx+1)+(-1)] =a’(a—b)—b*(a-b)
=(x—y+2)(x+y) =(a*-b)(a-D)

=(a—b)(a+b)(a—D)
=(a—-b)*(a+D)

Sum and difference of two cubes

Two important identities are: a@+b=(a+b)(a*—ab+b)
a@-b=(a-b)(a*+ab+b)

The identities can be verified by expanding the right-hand side.

Example 6
Factorise:
(@ x-8 (b) 27y +64x° (€ (x+2)+y d) Xy’ -2y —xw + 2w
Solution
(@ x-8=x-2° (b) 27y3 +64x° = (3)/)3 + (4x)°
=(x—2)(x*+2x+4) = (3y+4x)(9y2— 12xy + 16x%)
© (x+2°+y d) &%y’ -2 — W + 2w
=(x+2 +y)[(x+2)2— (x+ 2)y+y2] =y3(x2—zg) —w(* =72
=(x+2+y)(x2+4x+4—xy—2y+y2) =(x2—z2)(y3—w3)

=(x—-2)(x+2)(y— w)(y2 +yw + w?)
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EXERCISE 1.5 STANDARD FACTORISATIONS

Factorise:
1 m> -1 2 x*-16 3 64—m’ 4 94*-25
5 x*-0.36 6 a’b*-¢ 7 9962—4}/2 8 (x+1)7%-9
22 a’ 2 1 x_z_ 1
9x—yz2 10 2—5—1 11 P_Z 12 479
13 (a+2)°—4 14 X —(y+2)° 15 99°—1 16 523 —477°
17 a’b—ab’ 18 124’ - 3ab’ 19 3x°y—27y 20 (x+y)’—4
21 @~ (a-b)’ 22 X —xX’y-9x+9y 23 X’ +3x—4x—12 24 p’q—p’-16q+16
2
25 a’x—x 26 484 —75b° 27 (1+h)?*-1 28 ’2‘—5— 2
29 When (p +2)* — (p — 2) is factorised, the answer is:
A 2p°+8 B -8 C 2p°-38 D 8
2 2
30 Indicate whether each answer is a correct or incorrect factorisation of a_2 - b—2
a
—b)(a+b)(a’+ b’
@ (f-8)(5+8) © (f-8)E+5) © (5-8)F-8) @ e
31 y—125 32 Z7+1 33 8p’+27 34 216-a’
35 (x+5°+(x—2)° 36 2x+3)°-(x—4)° 37 v*-4a° 38 644’ + 8V’
39 %n’R3 - %n’f 40 p’x* - p*x’ 41 x°+)° 42 :;3 - %
43 a’m’ +a’nw’ - v’n’ - b’m’ 44 4x° —9x° —4x*+9 45 (x+h)’ -«
46 a’+(a-0)’ 47 (a+b)’-(a-b)’ 48 (2x+1)]°-(2x-1)
49 8- (2-x)° 50 a’b*-a’b 51 2(x—y)’ +54
52 When 1000p° — ¢° is factorised, the answer is:
A (10p - q)(100p* + 10pq + q°) B (10p—¢°)(100p* + 10pq” + q*)
C (10p+4g)(100p* — 10pg + q°) D (10p+4°)(100p*> - 10pg” + g*)
53 When (2x + 1)’ + (2x — 1)’ is factorised, the answer is:
A 2(124°+1) B 4x(12x*+1) C 24x*+3) D 4x(4x*+3)

1.6 FACTORISING QUADRATIC TRINOMIALS

To factorise quadratic trinomials, you must remember how to expand binomial products and then work backwards.
We know the following:

o (x+m)(x+n)=x*+ (m+n)x+mn=x>+ (sum of m and n)x + (the product of m and n)
o (x=m)(x—n)=x>—(m+n)x+mn=x"+ (sum of —=m and —n)x + (the product of —m and —n)

o (x+m)(x—n)=x"+ (m—n)x—mn=x"+ (sum of m and —n)x + (the product of m and —n)

To factorise x* + 5x + 6 you must write it in the form (x + m)(x + n), where m + n =5 and mn = 6. This means
you must find two numbers whose sum is 5 and whose product is 6.
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Example 7
Factorise:

(@ x*+5x+6 (b) ¥*—7x+10 (c) ¥+x—-12 (d) x¥*—6x+9 (e) x*—5x—24
Solution
(@ x*+5x+6
Write: x>+ 5x+ 6= (x + m)(x + n)
Look for numbers m and n whose sum is 5 and whose product is 6.
List possible factors of 6 and check the sum: 6x1=6 6+1=7
3X2=6 3+2=5
Hence: x*+5x+6=(x+3)(x+2)
The information could also be set out using the cross method: x 6 3
X >< ¥ 2

The correct pair will give 5x when multiplied across.
(b) x*—7x+10
Write: x> —7x+ 10 = (x + m)(x + n)
Look for numbers m and n whose sum is —7 and whose product is 10.
Since the sum is negative and the product is positive, both the numbers are negative.
List possible factors of 10 and check the sum: —10x (-1) =10 -10+(-1)=-11
—5x(-2)=10 -5+ (=2)=-7
Hence: x*—7x+10=(x—5)(x—2)
() ¥*+x-12
Write: x> +x— 12 = (x+ m)(x +n)
Look for numbers m and n whose sum is 1 and whose product is —12.

Since the sum is positive and the product is negative, the numbers have different signs and the larger
number is positive.

List possible factors of —12 and check the sum: 12 X (—1) =-12 12+(-1)=11
6% (=2) =—12 6+ (=2)=4
4x(-3)=-12 4+ (=3)=1

Hence: x*+x—12=(x+4)(x—3)

Using the cross method: x 1 6 4
x >< A 2 =3

The correct pair will give x when multiplied across.

(d) x*—6x+9
Write: %% — 6x+ 9= (x+ m)(x + n)
Look for numbers m and n whose sum is —6 and whose product is 9.
Since the sum is negative and the product is positive, both the numbers are negative.
List possible factors of 9 and check the sum: -9 x(-1)=9 -9+ (-1)=-10

-3x(-3)=9 -3+(-3)=-6

Hence: x*—6x+9=(x—3)(x—3)=(x—23)

Chapter 1 Algebraic techniques 7



YEAR 11

(e) x*—5x—24
Write:  x° —5x—24 = (x + m)(x + n)
Look for numbers m and n whose sum is —5 and whose product is —24.

Since the sum is negative and the product is negative, the numbers have different signs and the
smaller number is positive.

List possible factors of —24 and check the sum: —24 x 1=-24 —24+4+1=-23
—12x2=-24 -12+2=-10
—6X4=-24 —-6+4=-2
—8X3=-24 -8+3=-5

Hence: x*—5x—24=(x—8)(x+3)
x >< 24 AT 6 -8
x r Z A 3

The correct pair will give —5x when multiplied across.

With practice, you will be able to write the factors simply by looking at the sum and product.

MAKING CONNECTIONS O

Factorising quadratic trinomials
Use technology to check the factorisation of quadratic trinomials.

EXERCISE 1.6 FACTORISING QUADRATIC TRINOMIALS

Factorise the following quadratic trinomials:

1 x> +4x+3 2 X +10x+21 3 X+ 11x+24 4 @*+12a+32
5 m’+9m+20 6 x*+13x+12 7 X +8x+12 8 X —7x+12
9 x*—13x+12 10 x*—8x+12 11 p*+2p—15 12 p*+14p—15
13 p’—2p-15 14 p*—14p—15 15 x*—2x—35 16 x*—3x—10
17 £+ 17x+ 72 18 @’ —4a—12 19 ¥* —7x+6 20 X —x-72
21 X’ +6x—72 22 x*—21x-72 23 a*+13a+30 24 X' —x—42
25 x*—19x—42 26 x*+19x —42

27 'The factors of x> — 11x — 42 are:
A (x+14)(x-3) B (x—-7)(x+6) C (x-6)(x+7) D (x—14)(x+3)

28 Indicate whether each answer is a correct or incorrect factorisation of x* — 8x + 7.
(@ x+1)(x-7) (b) (1-x)(7-x) () (x—D(x+7) d) (x-1D(x-7)

1.7 FACTORISING NON-MONIC TRINOMIALS

When the x” term in the quadratic has a coefficient other than 1, finding the factors becomes more difficult because
there are more possibilities. You must find factors of the coefficient of x” as well as the factors of the constant term
and get the correct pairs together. You could use trial and error, but the cross method is easier because it keeps the
information more organised.
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Example 8
Factorise 6x° + 19x + 10.

Solution

Write:  6x* + 19x + 10 = (ax + m)(bx + n) = abx” + (an + bm)x + mn

This gives: ab=6, an+ bm =19, mn =10

List the factorsof 6: 6,1 or 3,2

List the factors of 10: 10,1 or 5,2

List possible binomial factors:
(6x+10)(x+1) (6x+ 1)(x + 10) (6x+5)(x+2) (6x+2)(x+5)
(3x+10)(2x+1) (3x+1)(2x +10) (Bx+5)(2x+2) (Bx+2)(2x+5)

You can expand the binomial factors to see which answer gives the original quadratic trinomial.

Before doing this, you can eliminate any possibility that has a common factor, because there is no common
factor in the original quadratic trinomial. This means you can eliminate the answers containing (6x + 10),
(6x+2), (2x+ 10) and (2x + 2), because they all have a common factor of 2 (and the original quadratic
trinomial does not).

Expand the others: (6x+ 1)(x + 10) = 6x* + 61x + 10 Not correct
(6x+5)(x+2)=6x"+17x+ 10 Not correct
(3x+10)(2x+ 1) =6x> + 23x+ 10 Not correct
(3x+2)(2x +5) =6x"+ 19x+ 10 Correct
Hence: 6x*+ 19x+ 10 = (3x + 2)(2x + 5)

Alternatively, using the cross method: 6x >< 10 1 5 2 3x >< 10 1 5 2

or
x 1 10 2 5 2x 1 10 2 5

The correct pair will give 19x when multiplied across.
Hence: 6x*+ 19x+ 10 = (3x + 2)(2x + 5)

Example 9
Factorise 4x* — 4x — 15.

Solution
The factors of 4x* are either 4x and x, or 2x and 2x.

The factors of =15 are —15 and 1, 15 and —1, =5 and 3, or 5 and —3.
Set up the cross method: 4x >< -1515 =5 5 o 4x >< 1 -1 3 3
X 1 -1 3 -3 X —15

or

2x -15 15 -5 5 2x 1 -1 3 -3

2x>< 1 -1 3 -3 °r2x><—1515—55
The only combination that gives —4xis: 2x >< =5

2x 3

Hence: 4x*—4x—15=(2x—5)(2x + 3)
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Example 10

Factorise 3x* + 8x — 16.

Solution

The factors of 3x° are 3x and x.

The factors of —16 are —16 and 1; 16 and —1; —8 and 2; 8 and —2; —4 and 4; or 4 and —4.

Set up the cross method: 3x >< -16 1 16 -1 8 2 -2 8 -4 4
X 1 -16 -1 16 2 -8 8 -2 4 -4

The only combination that gives 8xis: 3x >< —4
X 4
Hence: 3x*+8x—16=(3x—4)(x+4)

EXERCISE 1.7 FACTORISING NON-MONIC TRINOMIALS

Factorise:
1 2x° +3x+1 2 3¢ +11x—4 3 2x*+7x+6 4 4a*+13a+3
5 3a*—5a+2 6 8x*—14x+3 7 13 -7c—6 8 8x*+14x+5
9 3x*—17x+10 10 64°—13a-63 11 35— 11x—4 12 10x°—11x—8
13 2x° +3x—2 14 4x°—12x+9 15 9x* — 12x+4 16 2x*—9x+10
17 6x°—85x+ 14 18 y*—2y-3 19 12)°+14y-6 20 6x*—25x+ 14
21 6x>—29x + 28 22 6x*—19x+ 14 23 6x° —20x + 14 24 8x*+2x-3
25 6p>+25p +21 26 10a’—11la—6 27 12y*+28y—5 28 24x* —59x + 36
29 15x*—19x+6 30 3x°—2x-1 31 9x°+9x—10 32 2x*—9x+4
33 'The factors of 8x* — 6x — 9 are:
A (4x-3)2x+3) B (Bx—-9)(x+1) C (x+3)(2x-3) D (4x-9)(2x+1)
34 Indicate whether each answer is a correct or incorrect factorisation of 4x* + 12x + 9.
(@) (2x+3)(2x+3) (b) (3+2x)(3+2x) (€) (x+3)° d) (2x-3)°

1.8 MIXED FACTORISATIONS

To factorise the expressions in the next exercises, you will need to use one or more of the techniques learned so far:
« remove a common factor
e group in pairs and remove common factors
« difference of two squares

o quadratic trinomials.

EXERCISE 1.8 MIXED FACTORISATIONS

Factorise completely:
1 x°—3x 2 24’ 8a 3 x-9 4 X —8x-9

5 3x2y - 12)/3 6 5x3y - 20xy3 7 1—-(b+c)? 8 10X +9x—1
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9 (a+b)’-V* 10 6x°—24 11 a>—a—42

13 2X° + 14x* —16x 14 3a’+24a*+2la

17 x2—36y2 18 x(y—2)+y(y—2)

21 6y°+3)* -3y 22 6y’ +26y° + 8y 23 15a° - 60

25 5a4°x —125x 26 (x +y)2 —(x —y)2
29 x*(x+3)—4(x+3) 30 mx’ —xy+ly—mlx

31 The factors of 4 — (x + 1)* are:
A B-x)(5+x) B 2-x)(2+x) C

15 (x+2y)2—4

19 4x* — 28x— 480

27 5¢ + 5% — 360t

(1+x)(3-x)

D

YEAR 11

12 a(m+n)— b(m+n)
16 ab’ + abc + abd

20 bx’— 14bxy + 49by’
24 9mn-25m’n’

28 m’—mn+6m—6n

(1-x03+x)

For questions 32 to 39, write an algebraic expression in factorised form for the shaded area in each of the figures.

32 33 34

35\

4r

36 37 v
?¢
9C

40 Indicate whether each answer is a correct or incorrect expression for the shaded area in question 39.

(@ (a+b)a+c)—bc (b) a*+ab+ac

1.9 ALGEBRAIC FRACTIONS

() (a+b)a+c)

(d) ala+b+c)

To simplify algebraic fractions:
1 Factorise the numerator and denominator.

2 Cancel any common factors.

Example 11
Simplify:
9x +6 15a* —5ab
@ 32 T
Solution
@ Sx+6 _33%+2 (o) 158" =5ab _ 5a(3a-b)
3x+2 342 10ab  ~  10ab
=3 _ 3a—b

2b

9x2_y2
6xy—2y°
9x’—y*  (Bx=7)(3x+y)
6xy-2y" 2y (3x~7)
_3x+y
="
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Example 12

2 2
N x"=5x+6 _ x"+3x
Simplify: = X pop—

Solution
xz—5x+6>< x* +3x :MMX x (x+3)
x* -9 xP—x-2 MM (x+1)M
x

x+1
EXERCISE 1.9 ALGEBRAIC FRACTIONS
Simplify:
1 8a—4b o 15x+10y 3 14x—7y 4 8x° —4xy
4 15 2x—y 8xy
12ab - 6b 8x+2 3a—>5b m+m’
> " oab 6 ax+1 " 3% sab 8 T
9 mn—n* 10 qu—qu 11 x2+xy 12 2rs—12r
n P4 2x rr+rs
(x+y) k+1 x% +3x 3ab-b*
2 _ 2 2 2 12
17 4X2 42“)/ 18 X ;7x+6 19 ¢4 +€l129 20 az—b
X =y x°—36 ab+b a” +ab
21 X2—1 29 x2—6x+8 23 x2+3x+2 24 x2—5x+6
x> —5x+4 xP—x-2 x> —4 x> +x—12
o5 X’ +4x+4 op 4’y —16xy o7 12049 5 og ¥ %y Xy
x> =3x-10 x> +2x—8 15 4a+3 4 3xy-y°
2
29 % simplifies to:
m —m
(m—-2)(m+1) m+2 m—2
A Tmm—1) B 2 C =~ D ==
2 2 2 _ _ 2 2
30 24 —3(21bx2a —2ab gq 15X —5xy 3x-y 32 12x2—4x+1092€)2/
ab—b 4a—-6b 10xy 2y 3x> —x  5x°y
33 x2—2x—3x x2—-25 (a+2b)(a—b)><512—3ab+2b2
x*—4x—5" (x=3)(x+5) a’ —4b’ ab-b’
2 2
35 Simplity 2m S 2m =3M _ Indicate whether each answer is correct or incorrect.
m- —m-—12 m"—-9m+20
m(m—3)* 3 m+5 m-—>5
@ s o] © "ox2 @ "2
Simplify:
3 3 2 2 2
36 x2+y2 37 8x +34x+2 38 2x+2yxx 22xy-;—y
x“—y 8x” -1 x3—y3 x“—y
39 (x+h) —x° 40 x° —(x—y)3
h x*—(x—y)
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1.10 ADDING AND SUBTRACTING ALGEBRAIC FRACTIONS

When adding and subtracting fractions, first rewrite each fraction with the same (common) denominator, then add
or subtract the numerators.

Example 13
Express as a single fraction:
3.2 3x  2x+1 3.2 2X—y _x—y
@ 5-7 (b) 5 =7 & St 7 @ =3 6
Solution
3 2 3x  2x+1 3.2 2X—y _x—Yy
@ -7 b) -3 © 5,+7, @ =3 6
_21_10 _21x _5(2x+1) _21 10 _22x-y) (x—y)
35 35 35 35 35x ' 35x 6 6
_ 11 _21x—10x-5 _ 31 _4x—2y-x+y
35 35 35x - 6
zllx—S 3x—y
35 T 6

Harder algebraic fractions

More-complex algebraic fractions require you to factorise the denominator before you find the common
denominator. Write each fraction with the common denominator before you add or subtract the numerators.

Example 14

Express as a single fraction:

3.1 11 3 2 11
@ x2—4+x—2 (®) A=y vy © X +2x x*—4 (@) x> —5x+6 x*+2x-8
Solution
3 1 1
@ x2_4+xi2 (b) X—y x+y
_ 3 n 1 _ x+y _ x—y
(x=2)(x+2) x-2 T (x=p)(x+y) (x—y)x+y)
_ 3 x+2 +y— —
G-2)x+2) " G=2(x+2) =%
(X—Z)(X+2) ZW
3 2 1 1
© x2+2x_x2—4 (@) x2—5x+6_x2+2x—8
_ 3 _ 2 _ 1 1
x(x+2) (x—2)(x+2) T (x=2)(x=3) (x=2)(x+4)
__ 3(x=2) _ 2x _ x+4 _ x=3
x(x+2)(x=2) x(x—=2)(x+2) T (x=2)(x=3)(x+4) (x=2)(x-3)(x+4)
__3x—=6-2x _ x+4—(x-3)
x(x +2)(x—2) T (x=2)(x-3)(x+4)
S - B _ x+4-x+3
x(x+2)(x—2) T (x=2)(x-3)(x+4)
7

T (x=2)(x=3)(x +4)

Chapter 1 Algebraic techniques
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EXERCISE 1.10 ADDING AND SUBTRACTING ALGEBRAIC FRACTIONS

Simplify:
X_Xx 3x X a,4a_a
15756 28" 337576
a+2 a-1 2x—y x=3y 3x+2  x+1
S 5 3 6 3 6 ! 6 4
x, )y Xty a—-2b_ 2a+b 3a+b) a-b
9373 1075 9 "y 6
3.1 12 m_n
13 a+a—2 14 b0 15 -
5 2 atl a—4 1 2
17 P 18 T 19 ~1173
21 Simplity alib + i. Which of the following is correct?
1+a c+a’ C 1+a
abc abc ab’c
For questions 22 to 29, write the lowest common multiple (LCM).
22 (x—3)and (x+3) 23 xand (x—2) 24

25 (x*—4x) and (x — 4) 26 (x*—4x) and (x* — 16) 27

28 (x—y), (x+y),and (x* —yz) 29 (x* —yz), (o + xy), (xy —yz)

30 The lowest common multiple of x, x + 3 and X —9is:

Yy 2y
49t 3 71

3m—2n+m+n

8 5 10

(2x—4) and (3x—6)

(x+2) and (x* + 4x + 4)

A x(x—-3)(x+3) B x(x—3)(x*-9) C x(x+3)(x*-9) D x(x-3)*
Express each of the following as a single fraction.
1 1 3 2 x Y
3 aTptarh 2 %=y 5y B x=ytxsy
4 _x Y 3a—b | 1 11
3 X—y x+y % az—b2+a—b % x*—4 x+2
37 X -7 38 —3 42 39 1 1
=yt Xty (x=-2 x-2 x*—4x+3 x*-1
3 1 11 5 a
40 x—2 x+3 41 x+y Xx—Yy 42 2a+6+a2_9
1 1 x+10 6 8 7a__ 5a
43 x—=5 x+45 x2-25 44 3x—=2 4x+1 45 3a—4 2a-3
J 1 1 X 1 1 4
46 ——+ 47 48
xz—xy X x+4+x2—16 x+2+x—2+x2—4
a+3 @’ +5a+6 x*—4 x*—3x+2 x=1 x+1
52 2 _, 3 53 _3x __2 54 5 __ 2
x—2 x*_4 x2-16 x+4 3x  x*—5x
55 Simplity % “ <7 Indicate whether each answer is correct or incorrect.
2x =7 2x—13 2 2x—1
@ ey P einesy 9 ey 9 Gineoo

14
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1.11 REAL NUMBERS AND SURDS

Rational numbers may be expressed in the form % where a and b are integers and b # 0. Rational numbers include
fractions, terminating decimals and recurring decimals. Integers are rational numbers with a denominator of one,
for example 5 = =)

1
Irrational numbers are numbers that cannot be represented as a fraction, such as 2 , 415, 2.7 or . They are

not rational. Irrational numbers that are roots, such asv/2, 3/15 and 2+/7, are called surds. Some other irrational
numbers, such as 7, are called transcendental numbers.

The following diagram shows how to construct exact lengths for /2, v/3, /4, /5 and v/6, starting with a right-
angled triangle with side lengths of one unit. Each triangle’s hypotenuse is an exact value, written as a surd.

The diagram shows that J4 = 2, which

< e is a rational number. The square root

NN of a perfect square is always a rational
NN number. Similarly, 3/8 = 2 is rational.

NI AN Surds that simplify to a rational number

\ do not represent irrational numbers.

\
1

\
\ L
! 1
! 1

0 T . .

1
! Numper line

The sets of all rational and irrational numbers together form a
Real numbers

larger set called the set of real numbers.
Rational Irrational
The real numbers can be represented by all the points on the real numbers numbers
number line.
Integers
- J

Operations with surds—basic rules

Surds have their own set of simplifying rules for the four operations of arithmetic. These rules are used to simplify
expressions involving surds.

If a and b are positive numbers, then:

(@) Vab =+ax+b (b)\/%:% (©) Va? =a

-
(@) a + b =a_Naxyb _ab

= = to write the expression with a rational denominator.
NNV 2

Surds can also be simplified sometimes by identifying a factor in the surd that is a perfect square and then taking that
factor’s square root. (For example, see part (a) in Example 15.) You might also multiply two surds and find that the
answer has a perfect square factor.

You should know the perfect squares so that you can look for them as factors in surds. When a surd contains a
perfect square factor, you can use rules (a), (c) and (g) above to simplify the expression.

Chapter 1 Algebraic techniques 15
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16

Example 15
Simplify each expression.
(@) V12 (b) /80 (c) 328
(¢) V6x+10 U (@ V3x+i2
Solution
(@) Look for a factor of 12 that is a perfect square.
12=4x3

~V12=Vax3=Vax\3=23
(€) 3v28=3Vax7=6V7
(e) V6 x+10=+/60 =4x15 =215
(@ V3x12=3x2/3=2x3=6

(h) 4v2 x+/24

(b) Look for a factor of 80 that is a perfect square.
80=16x5

- 80 =165 =44/5
d \/15%:\/25><7 :5\5/?:\/7

5

/80 _ 80 _ iz _

o Y- [ - JiE-4
() 442 x~24 = 42 x 26 = 8/12 = 164/3

Simplify each expression, writing your answer with a rational denominator (or no denominator).

Example 16
(a) % (b) %
Solution
@ & =P (6) YO - JEx 0
V3 3B W6 36
_6\3 _Jio
3 3

=23

35
() N
@ 35 35
Vi5  3x+5
3
A
_3x43
NE)
=3

EXERCISE 1.11 REAL NUMBERS AND SURDS

Simplify all the expressions in this exercise, writing each answer with a rational denominator (or no denominator).

18 2 J20 3 27 4 32
5 When simplified, /40 equals:

A 45 B 10 c 210 D 20
6 J45 7 72 8 /84 9 /98 10 /108 11 J125
12 J162 13 200 14 5128 15 4+/800 16 24/150 17 352
18 When simplified, 7+/245 equals:

A 75 B 357 C 355 D 495
19 7\’3220 20 7\'1575 21 4\’3243 22 @

New Senior Mathematics Advanced for Years 11 & 12
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23 When simplified, V50 equals:

NG
A 2 B V10 C 52 D 10
24 Simplify 3\4—2 Indicate whether each answer below is correct or incorrect.
2 14 245
= b) = == d) 10
(@) NG (b) N © = (d)

25 3x+5 26 /8 x2 27 Jex\2 28 6 x+/10 29 2./3x42
30 /8 x242 31 245 %52 32 4J6x23 33 2/5%x37 34 4/3x4/18

3 2 V28

35 248 x+/12 36 44/5 x+/20 37 i 38 NEl 39 "3
7 J80 342 72 218

40 N 41 5 42 N3 43 N 44 B

1.12 ADDING AND SUBTRACTING SURDS

Surds of the same kind can be added and subtracted just like pronumerals, using the distributive law to collect like
terms: ab + ac = a(b + ¢)

You can only add and subtract like algebraic terms, such as 2a + 3a — a = 4a. Similarly, you can only add and

subtract like surds, such as 24/2 + 3v/2 = 51/2. It may be necessary to first simplify the surd terms by removing
perfect square factors.

Example 17

Simplify each expression by collecting like terms.

@ 2/3+53 (b) 4410 -+10 (©) 3vV6+46-+5 (d) 3v5+47 +25-67

Solution
@ 2V3+5v3=02+53=73 (b) 4410 —+/10 = (4-1)10 =310
(©) 3J6+4V6—-5=7J6-5 (d) 35 +447 +24/5-63/7 =55 -27

In parts (c) and (d) the different surds cannot be combined into a single term.

Example 18
Simplify:
(@ V8-v18+50  (b) 5V3++20-2V12+4/45
Solution
Where possible, simplify each term before attempting to add or subtract the surds.
(@) V8-+18+50 (b) 5v3++/20-2V12++/45
=/4x2 -9x2+/25x2 =5V3+2J5-43+35
=2J2-3V2+5V2 =3+55
=42

Chapter 1 Algebraic techniques 17



EXERCISE 1.12 ADDING AND SUBTRACTING SURDS

Simplify the expressions in this exercise.

1 V3+243+443 2 57 - 2\7 +447 3 3J5+5/5-25
4 42-3+43-2 5 J5+2+3/5-6v2 6 V8-2
7 When+/27 =18 ++/3 is simplified, the answer is:

A 43-32 B 3 C 3+43 D 243
8 V20 +5 9 V18 +/32-2 10 27 +2/48 - 43
1 V12 +/3+/48 12 2450 -3V18 13 7 +28-/63

14 Simplify /5 ++/2 — /45 + /8. Some steps in this simplification are given below. Indicate whether each
statement is a correct or incorrect step.

(@ v10-+/45 (b) —/35 © V5+v2-35+2¢2 () 3v2-25

15 64/5+47 =25 16 543 +27 —/45 17 J20++/5+/18
18 315 +/60 — /40 19 4/7 28 +/63 20 2450 -3/18 +/3
21 3+3J75-48 22 150 —~/200 23 6 +v24 ++/54
24 57 +3J5-2428 25 5445 -24/32 26 /98 — 220 - 12
27 J125 - 542 ++/50 28 7\3-22+12+/8 29 V150 — /96 — /24

30 62 +12-2/3-38

1.13 THE DISTRIBUTIVE LAW

The distributive law can be used with surds to expand expressions with a binomial factor: a(b + ¢) = ab + ac

Example 19
Expand and simplify:

@ V6(v2+2v3) () (V3+2)(V5+v6) (@) (V5-+3)(V5+v3) @ (V5+3)(v5+43)

Solution

(@) V6(v2+243) (b) (V3++2)(v5+6)
=6 xV2+/6x 243 =3(5+6)+2(5+6)
=12 +2418 =J15+3V2+10+ 243
=2J3+6\2

(© (V5-+3)(v5+3) (d) (V5++3)(v5+3)
=(v5)' = (+3)° =5(5+3)+3(V5+43)
=5-3 =5+24/15+3
=2 =8+2415

Tikig f il t _ b b — 2 _ bz_
is is similar to (a — b)(a + b) = a This is similar to (a + b)* = @’ + 2ab + b’

18 New Senior Mathematics Advanced for Years 11 & 12



EXERCISE 1.13 THE DISTRIBUTIVE LAW

Expand and simplify the expressions in this exercise.

1 V5(vV2+43) 2 5(5+2) 3 V2(v2+4/8)
4 \3(v2-+e) 5 V6(v/3-2) 6 7(25-1)
7 When simplified, v2 (/32 - v/8 ) equals:
A 83 B 4 C 2V2 D 8-2\2
8 3v2(2v6-+5) 9 Va(Va+b) 10 Vx (Vx -7)
1 (V5+3)(V7-42) 12 (V2+47)(V3+242) 13 (V3-1)(v2+3)
14 (V5+2)(2v5+3) 15 (243 -5)(243+3) 16 (V3-v2(243-472))
17 (245 -+2)(2v5+3) 18 (2v2-6)(2v3-1) 19 (ﬁ+1)
20 (x/g—\/?)z 21 (2J€+I) 22 (242-1)(2v2 +1)
23 (2v6-+/3)(2v6 ++/3) 24 (VI1-+7)(V11++7) 25 (V7 -2)(v7 +2)

26 When simplified, (3\/7 - 2)2 equals:

A 59 B 67+124/7 C 23-1247 D 67-1247
27 (V5-3) 28 (VI1+47) 29 (243-1)(v3+2)
30 (VII-VI0)(VIT+v10) 31 (V6-+5)(v6++5) 32 (2V2+43)
33 (3v5-242)(3v5+2v2) 34 (V5+242)(V6-1) 35 (246 -/3)(v6+343)

36 Expand and simplify (4\/§ + 1)(2\/5 - 3). Some steps in this simplification are given below. Indicate whether

each statement is a correct or incorrect step.

(@ 72-12/3+2/3-3 (b) 24—12/3+2/3-3 (c) 21-103 (d) 27-103
37 (5v2-4)(5v2+4) 38 (2J7+3J€)2 39 (215 ++/5)(v15-35)
40 (2J5+3J§)2 41 (243-1)(243+1) 42 (2\/5—1)2

1.14 RATIONALISING DENOMINATORS

The expressions /a X +/a and («/E b )(\/E +/b ) both have rational answers (that is, answers that do not involve
surds): Jax+Ja=aand (\/Z—\/E)(\/E+\/E) = (\/5)2 —(\/5)2 =a—b. For example:

o \/Ex \/5 =3

. (V7-V2)(V7+42)=7-2=5

The expansion (\/E b )(JE +/b ) = a—b is known as the difference of two squares. You have seen this previously

as (x — y)(x + y) = x* — 2. By letting x = /a and y = /b, we have obtained a process to convert any binomial surd
into a rational number.

Chapter 1 Algebraic techniques 19
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When you have a surd expression in the denominator of a fraction, it is normal to make the denominator
into a rational number. This process is called rationalising the denominator.

Remember: to change a fraction without changing its value, multiply the numerator and the denominator

by the same amount.

The expressions v/a —+/b and v/a + /b are called conjugate surds, with each expression being the conjugate
of the other. To convert any surd into a rational number, multiply the surd by its conjugate.

Example 20

Express with a rational denominator:

1 V7 1 B
(@) 5 (b) (©) NErws (d) 703
Solution

N
(@ f : multiply by f (b) ﬁ: multiply by 3

1 2 NG

X = e

NG
N2
2

In parts (c) and (d) the denominator is a binomial surd, so you have to multiply both numerator and
denominator by the conjugate of the denominator.

© L -1 _ 3-42 @ —B B 2743
V3442 B+27\B3-\2 247 -3 24737 247 +43
_3-2 _221+3

3-2 T 4%x7-3
=3-V2 _2J21+3
25

Example 21
V2 2
E i+
PSS 2 +1 B+l

Solution

You can add the two fractions by finding a common denominator and then rationalising the result, or by first
rationalising each denominator and then adding the resulting fractions. The latter is usually the easier method,
unless the denominators happen to be conjugates.

as a single fraction with a rational denominator.
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V2 . 2 _ N2 22-1, 2 \3-1
W2+l Bl N2+l 2z—1 B+l Bl

4\/—(I)

4><21 3-1

=4_\/5+2(\6—1)

7 2

_4-V2 3-1
7 1
_4-2+7(V3-1)

7
_73-+2-3
7

YEAR 11

EXERCISE 1.14 RATIONALISING DENOMINATORS

For questions 1 to 27, express each fraction with a rational denominator.

2 V5 35 1
5 > N RN
5 1 6 1 . 1 32

247 ++/6 V5 +2 245-32 RV
9 L \/— 11 J3+2 4J_+3f

2532 O 3 ii-2%5 J3-2 2 -2

43 N7=245 1a 32+243 45 5Y3+35 16 23

3W5-22 W2-243 545 -343 3V3-2
17 36 _ g SYIL+3 19 2 _ 00 —2V3 _

22443 8 Wii—2 22-23 23+2

NE) V2-1 252 J6+23
21 - as 2 RN # 3e-B
o5 27 =32 op N5+3 o7 2253
247 -2 210 - /6 346 —/15
28 Ifx= ;_2% then the value 0fx+%1s:
A 34 B 2442 C 34-242 D 2
29 Ifx=\/§+1,ﬁndtheva1ueofx2—$.

30

31
32
33

2
If x = 3/2 +1, find the value ofﬂ

2
If x = /5 — 2, find the value of X +2x
x+3

Show that x = 24/2 — 3 is one solution of the equation x* + 6x + 1 = 0.

Which values of x satisfy x* + 4x + 2 = 0? Indicate whether each answer is correct or incorrect.

@ x=2-+2 (b) x=2-2 (© x=+2+2 d) x=—2-2
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34 Show that x = /5 —1 is one solution of the equation x° + 3x* — 2x — 4 = 0.

35 Show that x = ﬁl ! is one solution of the equation 2x* — 2x — 1 = 0.

For questions 36 to 44, express as a single fraction with a rational denominator:

1 3 V542 -2 B2 22-3
® B B RNCEN N N SN FN RPN
39 Y5 +V2 25 -3\2 40 25+1_ N5-1 4 2B B

=27 5+22 25-1 245-3 J6-3 2J6+33
4o V3-1_ -3 43 25 347

V1I0-15 3514

, where x = 2\/§+1.

G+2 2d5+43
1 1
x—1+x+1_x2_1

CHAPTER REVIEW 1

1 Expand and simplify:

44

(@) (2x- 5)* b) (x+3)(x—-7) () 2y+1)(3y+4)
(d) (5x—4)(5x+4) (e) 2x—y) (x* — xy + yz)
2 Factorise:
(a) 81-4d’ (b) 10xy -5y () 5x’y—10xy* - 5xy (d) a*—18a+56
(e) 16x°—1 M 3x*+4x—-7 (9) a*—b*+2a-2b (h) 3x+7x*—6x°
(i) 8a>-27 i) 8-(x+h)’ (k) 8 —6y-9  x*—8x
3 Ifa=-3and b =4, evaluate Va* + b*.
4 Simplify:
3x> ay—a 3y-3 55 2x+3 X 12m* —4n _ 10m’n
2X_ % + b) 2X- +% +
(a) 4g2 xyz 4ay2 (b) 3 4 6 (c) 3t —n  5mPn?
2
(d) 3x-;-4_§ (e) 3 + . 1 (f) 2x —3xy+ 4x—6y
x x x+1 x*+2x+1 xy—y>  2x*—2xy
a+b’ 2 1 . 1 1
h - i +
@) a’—b* (h) m*—4 m’=3m+2 0) x> =9x+20 x*—11x+30
5 Expand and simplify:
1 1) 2 11 2 1 _1)?
(a) (a3 -b3 )(a3 +a’b? +b3) (b) (a2 -b 2)

4

4 2
6 Find the exact value of 2 where a = (%) , b= (
c

w|co
S —
~
o
1]
—_——
[SSYIEN
S —
[

7 IfE= ﬂ(vz —uz), find:

2
(@) Ewhenm=13,v=17,u=15 (b) vwhenE=98, m=4,u=24,ifv>0
8 Simplify:
2 8
12 +4+/3 ++/27 — 3454 b) =++20+—
(@) T3+ 43477 - 35 o) v+
V542 3t x15¢
9 (a b) ———— (A challenge!
(@) \/§+\/5 (b) =% % 45" ( g )
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10 Expand and simplify (3\/5 -2\3 )

11 Thecorrectexpansionof(\/g+2\/5)(\/g—\/§) is:
A J30+2y2-5 B J6+2V12-2410 C 4V3-410-5 D 30+4y3-2J10-5

2-1
12 Express 2\{/_5 1 with a rational denominator.

13 Find the exact value of x* — 2x* + 1 when x = 3+/2.

J5-1

2

14 Show by substitution that x = is a root of the equation x° + 3x* + x — 2 = 0.

15 Simplify:

(@) 1-@ (b) % (c) Hn(%)z—%n(%f d 2x(x_ii__(1’;j+3)><1
4
b
1 36

) %XW ) 2*%‘(1’7%) @) 2(%+2—(%+1))
36

2 2
(h) Simplify, factorising your answer as much as possible: (\/ (x+1)* +( y— 0)> ) + (\/ (x—3)% +( y— 0)* ) =40

16 Factorise fully:

(@) 2x* -8 (b) 6x*—216
17 Evaluate:
120 1.006'%° —1
(@) 100000 x 1.006 780(70' 006

500000 x 1.005°%° x 0.005
1(1.005360 _ 1)

(b) correct to 2 decimal places, M =

240
(c) correct to 2 decimal places, Ay, = 500000 X 1.005>° — 2998 x %
oof [ 1.01 )% _
y 1.003 ((1'003) 1)
(d) $500x Lot _,
1.003
. . H R
18 Make y the subject of the formula in ==,
H-y «x
19 If S Jn+1—+/n then find the value of L + L + L +..+ 1 .
Jn++n+1 V+V2 243 B+/4 V99 +/100
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CHAPTER 2

Trigonometry

2.1 REVIEW OF RIGHT-ANGLED TRIANGLES

Trigonometric ratio definitions
From your study of the trigonometry of a right- B B

angled triangle, you should already know the

definitions of the trigonometric ratios for sine, Hypotenuse

cosine and tangent. /
A c A c

Adjacent side b

Opposite side a

. Opposite side g Adjacentside _p Opposite side g
= = — A = = — = = —
sinA Hypotenuse ¢ o8 Hypotenuse ¢ tanA Adjacentside b

To remember these ratios you can use the mnemonic SOHCAHTOA, which stands for Sin is Opposite over
Hypotenuse, Cos is Adjacent over Hypotenuse, Tan is Opposite over Adjacent.

These trigonometric ratios describe the relationship between the angles and sides of a right-angled triangle, while
Pythagoras’ theorem ¢*=a’+b” describes the relationship between the side lengths without reference to the angles.

Example 1
Use the trigonometric ratios to find the value of each variable
given on the diagram, giving the lengths correct to 2 decimal places. Jem zem
Hence, calculate the area of the quadrilateral.
Solution 57°20' 5cm 0°
x _, 270
5 =tan 27°
x=>5tan 27°
x=2.55cm rem
Y — cos 57°20°
5
y =5 cos 57°20"
y=2.699 =270 cm
& =sin 57°20° 1
Area of quadrilateral = E(Sx + yz)
z=5sin 57°20
z=4.21cm 1
=(5%2.55+2.70 x4.21
0=180— (90 + 57°20") 2( )
6=32°40" =12.06 cm’
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EXERCISE 2.1 REVIEW OF RIGHT-ANGLED TRIANGLES

1 Which is the correct expression for the value of x in the following diagram?
A x=12sin40°15

B x=12tan40°15 cem 41\ 12 em
C x=12co0s40°15
12
D x=—=—
* T Sin49°15 m
2 Find the value of x in each diagram. Where necessary give your answer correct to 2 decimal places.
@ L ; (b) © ; @ !
. 22°19
21017 x 10 " o 47
63° 14 57 AT
3 Find the value of 8in each diagram. Where necessary give your answer in degrees and minutes.
(@) (b) ALY : d ——=
1 % 2
- 5
13
9
i 9
4 Use trigonometry to find the values of x and y, giving your answer correct
to 1 decimal place.
30m
56° 20 33°27'
-—
y

2.2 ANGLES OF ANY MAGNITUDE

The unit circle

Consider a circle of unit radius whose centre is at the origin. The equation of the circle is x* + y* = r*and r=1.

y y
0,1 1B 'B
P(x) P(x) \
1 f 3 1 9
C 07 \A_ | C ™ AL
©,-1) I D D

Y

A
x

y
P(x,y)

Jn

(@)

D

y
'B

A

Take any point P on the circumference of this unit circle whose coordinates are (x, y). Consider the point P as

starting at A and rotating in an anticlockwise direction, taking various positions around the circumference as shown
in the diagrams above. In each position ZAOP = 6.

You can define cosine (cos) and sine (sin) as:

Adjacent
Hypotenuse
Opposite
Hypotenuse 1

cos 0= = x=x-coordinate of P (the abscissa)

= I

sin @ = =y=y-coordinate of P (the ordinate)

Chapter 2 Trigonometry
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The definitions of sine and cosine apply to angle 6 of any magnitude. Also note:
o Because—1<x<1, cos@isfrom-I1to 1.
o Because—-1<y<1, sin@isfrom—1tol.
Referring to the unit circle diagram, if the point P is:
(@) at A, 6=0°, the coordinates of A are (1,0) and hence cos0° =1, sin0° =0
(b) at B, 8=90°, the coordinates of B are (0, 1) and hence cos90° =0, sin90° =1
(c) at C, 6=180°, the coordinates of C are (—1,0) and hence cos 180° =—1, sin 180° =0
(d) at D, 6=270°, the coordinates of D are (0,—1) and hence cos270° =0, sin270° =—1
(e) all the way around to A again, 6= 360°, the coordinates of A are (1,0) and hence cos360° =1,
sin 360° = 0.
Note that cos360° = cos0° = 1, and sin 360° = sin 0° = 0.

There are four other trigonometric ratios: tangent (tan), cotangent (cot), secant (sec) and cosecant (cosec, or
sometimes csc). These can all be defined in terms of cos and sin. The functions cot 6, sec 8 and cosec 0 are the
reciprocals of tan 6, cos 0 and sin 0 respectively.

Y _ sin@ x _ cos@ 1 .
t 0:—: —_—— S
an X COSH,COSO;EO cot@ Y= 50 tan9,51n9¢0
secé’:l:L cos0#0 cosec9=l: 1 sin@#0

X cos@’ Y sin@’

Because sin and cos appear as denominators, there are restrictions on the values of 8 in these functions. The
functions tan and sec are undefined when cos 6 = 0, which is when 6=90°, 270°, 450°, ... (i.e. 90° + n180°,
where 7 is any integer); cot and cosec are undefined when sin 8= 0, which is when 6= 0°, 180°, 360°, ...
(i.e. n180°, where n is any integer).

The tangent ratio can also be considered as a ratio without reference to sin or cos.
At the point A(1,0) where the unit circle cuts the x-axis, draw a tangent line AT.

Y Y
3
T B

B
& P(x,) \
\\ 0
\CA C <N\ A
NVl
T

D

If ZAOP = 6, you can define tan 6 as the y-coordinate of T. (The tan function gets its name from this tangent line.)
If Pis at B, 8=90°, OP (or OB) is parallel to AT and so tan 90° is undefined.

Symmetry properties of trigonometric ratios
The coordinate axes divide the circle into four quarters, called quadrants.

First quadrant 0° < 6 < 90°

B 1st quadrant
Consider the point P(a, b), where P lies between A and B. P(a,b)
Both the x- and y-coordinates of P are positive numbers, so all the ratios are

positive. Q y x
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Second quadrant 90° < 0< 180° y
Consider the point P(a, b) in the first quadrant such that ZAOP = 6, and a 2nd quadrant
point Q in the second quadrant such that ZAOQ =180° — 6. Qb ; (1807-6) 5 rel)
By symmetry, the coordinates of Q are (—a, b). Hence: —— 6,1 132 .
c0s(180° — ) =—a=—cos 0 J
sin (180° — ) =b=sin 6

tan (180° — 0) = _b—az—tan 7]

Because the triangles are congruent, we can see that for every angle in the second quadrant there is a corresponding
angle in the first quadrant whose sine, cosine and tangent ratios are numerically the same. You can find this angle by
subtracting the second quadrant angle from 180°. (For example, 180° — 40° = 140°, so the angle in the first quadrant
corresponding to 140° is 40°.) Because the x-coordinate is negative in the second quadrant, the values of cos and tan
are now negative; sin remains positive. For example:

c0s 140° = cos (180° — 40°) = —cos 40° = —0.7660
sin 140° = sin (180° — 40°) = sin40° = 0.6428
tan 140° = tan (180° — 40°) = —tan 40° =~ —0.8391

Third quadrant 180° < 6 < 270° 4
Consider the point P(a, b) in the first quadrant such that ZAOP = 6, and a Pla,b)
point Q in the third quadrant such that ZAOQ = 180° + 6. /(180 " Z) b\ ,
By symmetry, the coordinates of Q are (—a,—b). Hence: /10 a X
c0s(180°+ 6) =—a=—cos 0
. . Q(-a,-b)
sin (180° + ) =—b=—-sin O 3rd quadrant

tan (180° + 0) = :—Z =tan0

For every angle in the third quadrant there is a corresponding angle in the first quadrant whose sine, cosine and
tangent ratios are numerically the same. You can find this angle by subtracting 180° from the third quadrant angle.
(For example, 220° — 180° = 40° and 220° = 180° + 40°, so the angle in the first quadrant corresponding to 220° is 40°.)
Because in the third quadrant x < 0 and y < 0, only tan is positive, while sin and cos are both negative. For example:

€05220° = cos (180° + 40°) = —cos 40° =~ —0.7660
sin 220° = sin (180° + 40°) = —sin 40° =~ —0.6428
tan 220° = tan (180° + 40°) = tan40° = 0.8391

Fourth quadrant 270° < 6 < 360° y
Consider the point P(a, b) in the first quadrant such that ZAOP = 6, and a P(a,b)
point Q in the fourth quadrant such that ZAOQ = 360° — 6. @e/e) b
By symmetry, the coordinates of Q are (a,—b). Hence: :Q Z - Ax
c0s(360°— 0)=a=cos0
; o — b —_qi Q(a, -b)
sin (360° — ) =—b =—sin 0 4th quadrant

tan (360° — 6) = _Tb =—tan 0

For every angle in the fourth quadrant there is a corresponding angle in the first quadrant whose sine, cosine and
tangent ratios are numerically the same. You can find this angle by subtracting the fourth quadrant angle from
360°. (For example, 320° = 360° — 40°, so the angle in the first quadrant corresponding to 320° is 40°.) In the fourth
quadrant only cos is positive. For example:

€0s320° = cos (360° — 40°) = cos 40° = 0.7660
sin 320° = sin (360° — 40°) = —sin 40° = —0.6428
tan 320° = tan (360° — 40°) = —tan 40° =~ —0.8391
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Sign of the trigonometric ratios

The sign of cos 6, sin 6 and tan 6 for the first four quadrants can be summarised as follows:
« First quadrant: all are positive (A)

Second quadrant: sin 6 only is positive (S
o Third quadrant: tan O only is positive (T)

Fourth quadrant: cos O only is positive (©)

The trigonometric ratio positive signs in the different quadrants can be remembered with the mnemonic ASTC: All
Stations To Central.

Complementary angles: 6 and (90° — 0)
Consider the point P(a, b) on the unit circle such that ZAOP = 6, and a point Q such that ZAOQ = (90° - ).

y
Q(b,a) P
1/ |a \ P(a,b)
5 b 1 (90° - 6) b
o) N MJA x
0
O M

From congruent triangles, the coordinates of Q are (b, a) because ON = PM = b and QN = OM = a. Hence:

sin(90° — 6) =a=cos 6 c0s(90°—0)=b=sin 0O
tan (90° — 9)=%=cot9 cot (90° — 9)=%=tan0
sec(90° — 0) = % = cosec O cosec(90° — 0) = % =secO

These relationships are said to be complementary. This is why the prefix ‘co-’ is in the words cosine,

cosecant and cotangent.

The ratios sine and cosine, tangent and cotangent, secant and cosecant are complementary pairs. For example:
sin 50° = cos (90° — 50°) = cos40° tan 75° = cot (90° — 75°) = cot 15°
sec80° = cosec (90° — 10°) = cosec 10° €08 60° = sin (90° — 60°) = sin 30°

Use your calculator to verify these results.

Negative angles: 6 < 0°

So far we have only considered 6> 0°. If we start from the point A and rotate Fleb)

anticlockwise to P, then 6> 0°. However, if we rotate clockwise to Q so that £ s b\ 4

y
ZAO0Q= ZAOP, then 6< 0°. <(; -0 o x

Hence, by symmetry:
Y SY. Yy Q(a, -b)

cos(—0)=a=cos0 sin(—6) = —b=—sin 0 tan (—0) = %b =—tan O
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For example: Y
cos (—40°) = cos40° = 0.7660
tan (—25°) = —tan 25° = —0.4663 0
sin (=70°) = —sin 70° = —=0.9397 .7 x
Z160°
€08 (—=160°) = cos 160° = —c0s20° = —0.9397
tan (—245°) = —tan 245° = —tan 65° = —2.1445

sin (—210°) = —sin 210° = —(—sin 30°) = sin 30° = 0.5
cot (—135°) = —cot 135° = cot45° = tan45° = L <7071

2

EXERCISE 2.2 ANGLES OF ANY MAGNITUDE

1 In which of the four quadrants is the following true?

(@) sin6>0 (b) tan6<0 (c) cosB<0 (d) sinf<0andtanf8<0
(€) sinf@>0andcosf<0 (f) cosf@<0andtanO>0 (g) cosf@>0andtan >0

2 State the quadrant of each angle.

@ 72° (b) 114° (€) 95° (d) 200° (e) 321°

A 183° (g) 83° (h) 216° () 300° () 155°
3 Express each of the following as a trigonometric ratio of angle A.

(@) sin(180°—A) (b) cos(90°—A) (c) tan(360°—A)

(d) cos(180°+A) (e) sin(360°—A) (f) cot(90°—A)

4 Use a calculator to evaluate sin 6, cos 6, tan 6, cosec 6, sec 6, and cot 0 for each of the following values of 6,
writing each answer correct to 4 decimal places:

(@ (i) 125° (i) 152° (iii) 117° (b) (i) 205° (i) 217° (iii) 251°
(c) (i) 282° (ii) 301° (iii) 342° (d) (i) —25° (i) —122° (iii) —215°

5 If sin or= 0.2, write the value of:
(@) sin(180°— ) (b) sin(360° — @) (c) sin(-o)
(d) cos(90°— ) (e) sin(180°+ @) (f) coseco

6 If tan O=t, express in terms of t:
(@ coto (b) cot(90°—-6) (c) tan(180°—-6)
(d) tan(360°—6) (e) cot(180°—0) () tan(180°+ 6)

7 If cos A = ¢, express in terms of ¢:
(@) secA (b) cos(—-A) (c) cos(180°—A)
(d) cos(360°—A) (e) sec(-A) (f) cos(180°+A)

8 Use a calculator to evaluate, correct to 4 decimal places:
(a) tan305° (b) sin212° (c) cos(—140°)
(d) sin(-160°) (e) cot42° (f) cos260°

9 If Ois an angle in the second quadrant, state whether the following are positive or negative:
(@ cos(180°—6) (b) tan(180° - 6) () sin(90° - 6)
(d) sin(360° — 6) (€) cos(180°+ 6) () tan(90°—06)

10 If90° < 8< 180°, use a unit circle diagram to show that:
(@) cos(180°+ 6) =—cos O (b) sin(360° — 6) =—sin O
11 Which expression is equal to sin (360° + 6)?

A cos6 B -—sinf C —cos@ D sinf

12 Write ‘correct’ or ‘incorrect’ for each answer: cos 6=...
(@) cos(360°—6) (b) sin(180°— 6) () —cos(180°+6) (d) sin(90°—6)
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2.3 TRIGONOMETRIC GRAPHS

Graphs of trigonometric functions
Sine (sin) and cosine (cos)

In the figure below, the graph of y = sin 0 is represented by the continuous curve, and the graph of y = cos 0is
represented by the broken curve. The graphs are drawn in the domain —360° < 6 < 360°. For a domain of real
numbers, the graphs continue similarly in both directions: for example, the graph for the domain 360° < 8< 720° is
the same as the graph for the domain 0° < 6< 360°, as 720° = 360° + 360°.

As Oincreases, the values of sin 6 and cos 6 y

repeat after each interval or period of 360°. The PR - = cost
functions sine and cosine are therefore called A A /
4
’ \ 7

periodic functions, with the period being 360°. ' / ) ,
. . o Nl o o o o 7 o o
We saw earlier that the point P(x, y) corresponds to -360° 2703 ~180°\  ~90° /1O 90°: 180 \/27360 b
4

\ ’ Al

angles 6, 360° + 6, 720° + 6 and so on, and hence . AR

.~ v o .
sin (360° + 0 ) = sin O and cos (360° + 6 ) = cos 6.
The maximum and minimum values of sin 6 and
cos O are 1 and —1 respectively.

In other words their amplitude is 1.

If the graph of y = cos O is translated 90° to the right, parallel with the 6-axis, it coincides with the graph of y =sin 6.
This can be seen to follow from the fact that cos 8= sin (90° + 6).

MAKING CONNECTIONS O

Transforming a sine graph into a cosine graph
Move the slider to see how the translated sine graph matches the cosine graph.

Tangent (tan)

The graph of y = tan 8 can be drawn by plotting points from a table of values or by using graphing software. But you
can determine features of the graph simply from the definition of tan:

sin @
cos6’
0° < 6<360°, tan O will be undefined when 6= 90°, 270°.

o Ifsin =0 then tan 8=0, so in the domain 0° < 6 < 360° you know that tan =0 when 6= 0°, 180°, 360°.
o Ifsin 8= cos Othen tan 6= 1. In the domain 0° £ 6 < 360°, tan 6= 1 when 6=45°, 225°; tan 6 =-1 when
0=135° 315°.
For 0° < 6< 360°, the graph of y=tan fis:
As Oincreases, the values of tan 6 repeat after each interval or period of 180°.

» Because tanf = the graph of y = tan 6 will not exist for values of 6 that make cos 6= 0. In the domain

14

y

: : The curve has no greatest or least value, so it does not have an amplitude:

E 5= tanf E y = tan @ is discontinuous at 8= 90°, 270°. The dotted vertical lines drawn at
L ! ! these values are called asymptotes.

! ! |
o 9%°  /isoc  270°  /A60° O
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Cotangent (cot)

The graph of y = cot 6 can be drawn by plotting points from a table of values or by using graphing software, but you
can determine some features from its definition:

1 _ cos@
tan@ sin@’
sin 6= 0. In the domain 0° < 8 < 360°, cot @ will be undefined when 0= 0°, 180°, 360°.

o If cos =0 then cot 8=0. In the domain 0° < < 360°, cot @ =0 when 6= 90°, 270°.

o Ifsin 8= cos @then cot 0= 1. In the domain 0° < 6< 360°, cot =1 when 0=45°, 225° cot@=-1
when 6= 135°, 315°.

For 0° < 6< 360°, the graph of y = cot O is:

Y As Oincreases, the values of cot 6 repeat after an interval or period of 180°. The
curve has no greatest or least value, so it does not have an amplitude: y = cot 0

+ Because cotf = the graph of y = cot 8 will not exist for values of 6 that make tan 6=0 or

y=cotf
is discontinuous at 8= 0°, 180°, 360°. The dotted vertical lines drawn at these
1 values are asymptotes.
Because cot 0= tan (90° — 6) and cot 6= ﬁ, these two ratios are both

-1+

1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
0 90°\  180° 270N  360° 0 ] . _
: ' complementary ratios and reciprocal ratios.
1 1
1 1
1 1
1 1
1 1

Cosecant (cosec)
The graph of y = cosec 6 can be drawn by plotting points from a table of values or by using graphing software, but
you can determine some features from its definition:

« Because cosec = ﬁ, the graph of y = cosec 8 will not exist for values of 0 that make sin 8= 0. In the
domain 0° < 0< 360°, cosec O will be undefined when 6= 0°, 180°, 360°.

o Ifsin@=1 then cosec @= 1. In the domain 0° < 8 < 360°, cosec =1 when 6= 90°; cosec 0=-1

when 6=270°.
For 0° < 6< 360°, the graph of y = cosec O is:

Y , , As B increases, the values of cosec O repeat after an interval or period of 360°.
: o : The curve has no greatest or least value, so it does not have an amplitude, but
1 = cosec 1 . . . .
! g ! the range is cosec 8 < —1 or cosec 0> 1. Also, y = cosec 0 is discontinuous at

1+ ! ! 0=0°,180°, 360°. The dotted vertical lines drawn at these values are

| ) | ) asymptotes.
0 90°  1§0°  270°  360°0
-1+ ] ]

Secant (sec):

The graph of y = sec 6 can be drawn by plotting points from a table of values or by using graphing software, but you
can determine some features from its definition:

o Because sec = the graph of y = sec 6 will not exist for values of 6 that make cos 8= 0. In the domain

1
cos@’
0° < 0<360°, sec B will be undefined when 6= 90°, 270°.
o Ifcos@=1 then sec @= 1. In the domain 0° < < 360°, sec 0= 1 when 6= 0°, 360°; sec =—1 when

0=180°.
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32

For 0° < 0< 360°, the graph of y = sec O is:

y ! ! As Oincreases, the values of sec 8 repeat after an interval or period of 360°. The
' y=secd | curve has no greatest or least value, so it does not have an amplitude, but the
| | range is sec 0 < —1 or sec 0> 1. Also, y = sec @ is discontinuous at 8=90°, 270°.
14 E E The dotted vertical lines drawn at these values are asymptotes.
' | : |
0 doo 180° 2%0°  360° 0
-1+ 1 :

Graphing software is an ideal way to investigate these trigonometric curves.

EXPLORE FURTHER O

Reciprocal trigonometric functions
Use technology to explore the relationship between trigonometric and reciprocal trigonometric functions.

EXERCISE 2.3 TRIGONOMETRIC GRAPHS

Draw these graphs using a table of values where given and appropriate graphing software.

1 (a) Complete the following table and use it to draw the graph of y = sin 6 for values of 6 from 0° to 360°.

0 0° 30° 90° 150° | 180° | 210° | 270° | 330° | 360°

sin @

(b) Draw the graph of y = sin 6 for values of 8 from 0° to 360° using graphing software.
2 (a) Complete the following table and use it to draw the graph of y = cos 0 for values of 6 from 0° to 360°.

0 0° 60° 90° 120° | 180° | 240° | 270° | 300° | 360°

cos 0

(b) Draw the graph of y = cos 6 for values of 6 from 0° to 360° using graphing software.

3 (a) Useyour graph in question 1 to draw the graph of y = cosec 8 for 0° < 6< 360°.
(b) Draw the graph of y = cosec 6 for values of 8 from 0° to 360° using graphing software.

4 (a) Use your graph in question 2 to draw the graph of y = sec 6 for 0° < 6< 360°.
(b) Draw the graph of y = sec 0 for values of 0 from 0° to 360° using graphing software.

5 (a) Complete the following table and use it to draw the graph of y = tan 6 for values of 6 from 0° to 360°.

0 0° 30° 90° 150° | 180° | 210° | 270° | 330° | 360°

tan 0

(b) Draw the graph of y = tan 6 for values of 6 from 0° to 360° using graphing software.

6 (a) Use your graph in question 5 to draw the graph of y = cot 6 for 0° < 8< 360°.
(b) Draw the graph of y = cot 0 for values of 8 from 0° to 360° using graphing software.

7 Repeat questions 1 to 6 using a domain of —180° < 6< 180°.
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2.4 EXACT VALUES OF TRIGONOMETRIC RATIOS

The exact values of sin, cos and tan for 30°, 60°, and 45° can be found from the following diagrams.

60° 60° ] 45° =

You can use Pythagoras’ theorem to calculate the side lengths of the right-angled triangles and relate the lengths to
the trigonometric values, as summarised in the following table.

0 30° 45° 60°
1 1
o |2 | 5%
V3 1 1
cos 0 3 N 2
1
tan 6 Nl 1 3

You can either remember how to calculate these values from the triangles or remember the table of values. It is also
easy to obtain the exact values for the reciprocal functions cosec, sec and cot by taking the reciprocal of each value
above. These are given in the following table.

0 30° 45° 60°
2
cosec 6 2 J2 N}
2
sec O NG V2 2
1
cot@ J3 1 N
Example 2
Calculate the exact length of the sides in each triangle.
(@) ¢ (b) Q
12 8
60°
30°
N 5 P R
Solution
(@) sin30°= % 0s30° = % (b) tan60° = % PR?=QR*+ PQ’
BC=12sin30° AB=12c0s30° QR = 8 tan 60° =(8J§)2 482
=12x3 :12x§ =83 = 192+ 64 =256

=6 _ 63 PR=+/256 =16
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EXERCISE 2.4 EXACT VALUES OF TRIGONOMETRIC RATIOS

Give the exact answer to each of the following, expressing lengths in simplest surd form where necessary.
(Do not use a calculator.)

1 In AABC, B=90° A =30°, AC =20 cm. Calculate the lengths of:
(@ BC (b) AB
2 In AABC, C=90° A =45° BC=10cm. The lengths of AC and AB are:
A AC=10\/§cm,AB=10cm B AC=10cm,AB=10\/5cm
C AC=10cm,AB=5\/§cm D AC=10cm,AB=10cm
3 A vertical pole of height 15m stands on level ground and a straight wire 30 m long joins the top of the pole to
a point on the ground. Find:
(@) the distance of this point on the ground from the foot of the pole
(b) the angle the wire makes with the ground.
4 Aladder 10 m long, standing on level ground, leans against a vertical wall and makes an angle of 60° with the
ground. Calculate:

(@) how high up the wall the ladder reaches
(b) the distance of the foot of the ladder from the wall.

5 In AABC,AB=12cm, AC=8cm, A =60°. CF is drawn perpendicular C
to AB to meet AB at F. Calculate the length of:
(a) AF 8cm
(b) FC /0
(c) BC A 3

6 For the given diagram, calculate the length of:

B
C
(a) AC A B
(b) DC
() AB p <3 A

(d) BC 20cm

7 In the diagram, AC = 12 cm. Calculate the length of: A
(a) AB
(b) BC
(c) DC
(d) AD

8 Calculate the perimeter of the trapezium ABCD given that D 8cm C
AD=16cm, DC=8cm, A = 30°, B = 45°, L6em

30° 45°
A B

9 A stepladder stands on horizontal ground with its feet 2m apart. If the angle formed by the legs is
60°, how high above the ground is the top of the ladder?

10 The magnitude of the angle formed by the diagonal of a rectangle and one of its longer sides is 30°.
Find the dimensions of the rectangle if the length of the diagonal is 60 cm.
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11 In the diagram, AC=16cm, ZABD =90°, ZACB = 60° and
ZADB = 30°. Indicate whether each answer is correct or incorrect.
(@) £DAC=30° (b) DC=16cm
(c) AB=8cm (d CB=8cm

16cm

30° 60°

2.5 MORE TRIGONOMETRIC EXACT VALUES

YEAR 11

You have already found exact values of trigonometric ratios for the first quadrant angles of 30°, 45° and 60°. You can

also find exact values for 0° and 90°.

Using the unit circle: y
e 0=0° when Pis at A ©.1 15 Plxy)
e 0=90° when Pis at B
AEAAY

!y(l)())x

The table of exact values now becomes:

0 0° 30° 45° 60° 90°
sin 0 % % g 1
cos 0 1 % % % 0
tan 6 0 % 1 NE) undefined

You should learn these results for sin, cos and tan. Once learnt, they can easily be used to find exact values for the

reciprocal functions cosec, sec and cot.

Example 3
Find the exact value of each expression.

(@) sin150° (b) cos225° (c) tan240° (d) sin270° (e) cos(—300°) (f) cos405°

Solution
(@) sin150° = sin (180° — 30°) = sin 30° = % (b) c08225° = cos (180° + 45°) = —cos 45° = %
(c) tan240°=tan (180°+ 60°) = tan60° = NE) (d) sin270°=sin(180° + 90°) = —sin90° = —
(6) cos(~300°) = cos 300° = cos (360° - 60°) () cos405° = cos (360° + 45°) = cos45° = —=
_ o_ 1 2
=c0s60° = >
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Example 4

Find the exact value of each expression.

(@) sec150° (b) cosec 225° (c) cot 240°

Solution
(@) sec 150° =sec (180° — 30°)
=—sec 30° (1st quadrant)
2

J3
(c) cot240° = cot (180° + 60°)

= cot 60° (3rd quadrant)
1

V3

(e) sec (—=300°)=sec (—300° + 360°) {j]

= sec 60°
=¥

(d) cosec270°

(e) sec (—=300°) (f) cot405°

(b) cosec 225° = cosec (180° + 45°)

=—cosec 45° (3rd quadrant)

;)

(d) cosec270°= % (unit circle definition)

= _L (In the unit circle an angle of
270° corresponds to a position

of (0,-1).)
=-1
cot 405° = cot (405° — 360°)
= cot 45°
=1

Example 5
Find all values of 6, for 0° < 0 < 360°, for which:

(a) cosG:% (b) sin@z—% (c) tan6=1
Solution
(@) cos0>0,so Ois in the 1st and 4th quadrants.
cos 0= % . 6=60° 360° — 60°

6=60°, 300°
(b) sin0<0, so Ois in the 3rd and 4th quadrants.
6=180° + 45°, 360° — 45°
6=225° 315°

sin 0= —L:
2

(c) tan 6> 0, so Ois in the 1st and 3rd quadrants.
tanf=1: 6=45°180° + 45°
6=45°,225°

(d) 00529=—§ (e) sinf=-1

(d) 0°<0<360° s00°<260<720°. Because cos260< 0, 20is in the 2nd and 3rd quadrants.

cos20= _ﬁ

==3 260=180° - 30°, 180° + 30°, 540° — 30°, 540° + 30°

2
260=150°,210°,510°, 570°

6=75°105°, 255°, 285°
(e) sin0<0,so Ois in the 3rd and 4th quadrants.
6=180° + 90°, 360° — 90°
60=270°

sin 0=-1:
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Example 6
Find all values of 6, for 0° < 8 < 360°, for which:
2
(@) secO=2 (b) cosec 6= —\/E () cotO=1 (d) sec26= _ﬁ
Solution

(@) sec 8>0,so Ois in the 1st and 4th quadrants.
sec 60° =2: 6=160°, 360° — 60°

6=60°, 300°
cosec 0< 0, so O1is in the 3rd and 4th quadrants.
cosec45°=+/2:  §=180°+45°, 360° — 45°
6=225° 315°

cot 6> 0, so Bis in the 1st and 3rd quadrants.
cot45°=1: 0=45°,180° + 45°

6=45°,225°

(b)

(c)

(d)

(

sec 30° = %: 26=180° —30°, 180° + 30°, 540° — 30°, 540° + 30°
20=150°, 210°, 510°, 570°
6=75°,105°, 255°, 285°
() cosec 6=-1so 1-4 (unit circle definition)
y=-1
The position is (0, —1)
60=270°

e) cosec O=-1

0°< 0<360°s0 0°<26<720°. Since sec 20 < 0, then 20 is in the 2nd and 3rd quadrants.

EXERCISE 2.5 MORE TRIGONOMETRIC EXACT VALUES

For questions 1 to 4, write the exact value without using a calculator.

1 (@) sin90° (b) cos120° (c) tan150° (d) cos180°
2 (a) sin180° (b) cos210° (c) tan225° (d) cos240°
3 (a) sin270° (b) tan300° (c) tan315° (d) cos330°
4 (a) sin360° (b) cos390° (c) tan405° (d) cos450°
5 The exact value of sin210° is:

A - B @ c % D 0

6 Write ‘correct’ or ‘incorrect’ for each answer: -1 =...
(@) cos180° (b) sin45° (c) sin270°

For questions 7 to 18, find all the correct values of 6 for 0° < 6 < 360°.

7 sinBz—% 8 tan0=-1 9 cosf=-1
11 sin6=0 12 2cos0+1=0 13 2sin6=+/3
15 sin26=0.5 16 cosgzl 17 tan260=1 18

272

(d) tan495°

0
2

sin 120°
tan 180°
sin 300°
sin 420°

(e)
(e)
(e)
(e)

10 sinO@=cosO
14 sinO++/3 cos0=0

1

sin2 = ———
V2
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19 Use a calculator to evaluate cosec 6, sec 6, and cot 6 for each of the following values of 0, writing each answer
correct to 4 decimal places:

(@ (i) 125° (i) 152° (i) 117° (b) (i) 205° (i) 217° (i) 251°

(c) (i) 282° (ii) 301° (iii) 342° (d) (i) —25° (i) —122° (iii) —215°
20 If cos A =, express in terms of c:

(@) secA (b) sec (180°—A) (c) sec(—A) (d) sec(180°+A)
21 Use a calculator to evaluate, correct to 4 decimal places:

(a) cosec305° (b) cot212° (c) sec (—140°) (d) cot42°

22 Which expression is equal to cosec (360° + 6)?
A cosO B sin6 C sech D cosecH

23 Write ‘correct’ or ‘incorrect’ for each answer: sec 0= ...
(@) sec (360°—0) (b) cosec (180°—0) (c) sec (180°+ 6) (d) cosec (90° — 6)
24 Write the exact value without using a calculator.

(@) cosec90° (b) sec 150° (c) cot240° (d) cosec180° (e) sec 300°
() cot315° (@) sec(-=30°) (h) cosec510° (i) cot(—150°) (j) sec 120°+ cosec 150°

25 The exact value of cosec 300° is:

A -3 B V3 c -2 D 2
2 3 V3
26 Solve for 0° < < 360°.
(@) cosecO= —% (b) cotO=+3 (c) secO=-1 (d) cosecO=-—sec O
(€) cosecH=0 (f) secO=2 (g) cot20= % (h) sec g = %

2.6 DIRECTION AND BEARING

Navigators and surveyors measure direction by reference to the points of the compass: north, south, east and
west. Directions are indicated in terms of the number of degrees east or west of north or south, known as compass
bearings, or are measured clockwise from north and written in standard three-figure notation, known as true
bearings:

N 30°E or 030° means the direction is 30° east of north.

A bearing is a direction angle that indicates the direction of one point relative to another point. In this diagram, the
bearing of B from A is N70°E or 070°. (In bearings, the word ‘from’ indicates the starting point.) The bearing of A
from B is S70°W or 250°.

All bearings are in a horizontal plane.

38 New Senior Mathematics Advanced for Years 11 & 12



MAKING CONNECTIONS O

Bearings
Move the compass point to view the relationship between compass bearings and true bearings.

Example 7
Two yachts sail in a straight line away from a buoy B. One sails 12km in the
direction 038° and the other sails 16 km in the direction 128°.

(@) How far apart are the yachts now?

(b) What is the bearing of the first yacht, as seen from
the second yacht?

Solution
(@) ZABC=128°—38°=90°
Use Pythagoras’ theorem for AABC: AC* = 12" +16°= 400

AC=4/400 =20

The two yachts are 20 km apart.
(b) To find the bearing of A from C you first must calculate the size of ZACN.
INAABC:  tan(£ACB)=12=0.75
ZACB=36°52’
From angle sum at B: ZEBC =38°
BE || CE, alternate angles give: ZBCW =38°
LACN=90° — (LACB + ZBCW)
=90°—(36°52" +38°) =15°8’
The bearing of A from Cis N 15°8" W or 344°52’.
The bearing of C from A would be S15°8"E or 164°52’.

When working with bearings, draw a diagram to show all the given information. Use the diagram to calculate
missing angles.

EXERCISE 2.6 DIRECTION AND BEARING

1 Two towns A and B are 15km apart, with B due west of A. (For compass directions, ‘due’ means ‘exactly’)
Town C is due south of B and 12 km away. Which diagram represents this information correctly?

A B 15km 4 B A 15km  p C g 15km A D C
12km 12km 12km I 12km
C c c B~ Tsim
2 The bearing of B from A is 120°, the bearing of C from A is NE and AN
the bearing of C from B is N. Find the bearing of: ¢
(@ AfromC N
(b) A from B :
(c) BfromC pod had
B
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3 Two towns A and B are 15km apart, with B due west of A. Town C is due south of B and 12 km away.
Calculate the distance and bearing of A from C.

4 Ahmed cycles 15km due north, then 12km due east and finally 20km N
due south. What are his distance and bearing from his original position? 5 ' 12km C
E
15km
20km
A
'D
Sy

5 On level ground, A is 50 m due east of O. The bearing of B from O is
030° and the distance of B from O is also 50 m. Find the distance and
bearing of B from A.

6 A is 5km from a lighthouse, L, on a bearing N37°W. B is 12km from the
same lighthouse on a bearing of $53° W. Find the distance and bearing
of B from A.

=~

B

7 Karen and David set out from home at the same time. Karen cycles due north at 15kmh™ and David cycles
due east at 20kmh™". Find:

(@) how far apart they are after 1 hour
(b) after how many minutes they are 10 km apart
(c) the bearing of Karen from David at any time.

8 A and B are two lighthouses, A being 20km due north of B. The bearing of a AN
ship is 145° from A and 055° from B. Calculate the distance of each lighthouse M 145°
from the ship. N 3
20km
c
55°
B

9 Two ports A and B are such that B is due west of A. A is due north of a ship C. The ship is on a course N32°W
and reaches B after travelling for 3 hours at 25kmh™". Calculate the distance between the two ports and the
time it would take the ship to reach A from C.

10 A hiker walks 15km from camp in the direction S36°52"W and then walks 7 km due west. What are the
distance and bearing of his new position from the camp?
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11 A ship sails for 20km on a course S20° W and then 25km on a course S25°W. N4
Calculate:
(@) how far south the ship now is from its original position
(b) how far west the ship now is from its original position
(c) the bearing of the ship now from its original position.

2.7 ANGLES OF ELEVATION AND DEPRESSION

(a) (b)
A
- T Horizontal line
e T P
7

o 1
a0 |

§ o |

887 oo [ | wall

T [
,{P&%\e |

perito o e d AT

Horizontal line | |

In (a) above, if you look up at A from the point P then the angle of elevation of A from P is the angle between the
horizontal line PX and the line of sight PA. ZAPX is an angle of elevation.

The point P is the eye of the observer. A could be, for example, a point on top of a wall.

In (b) above, if you look down at A from the point P then the angle of depression of A from P is the angle between
the horizontal line PX and the line of sight PA. ZAPX is an angle of depression.

The point P is the eye of the observer. The observer could be, for example, at the top of a cliff looking down on a boat
at A in the water below.

If we look up from A to P, then ZPAB is an angle of elevation. ZAPX = ZBAP because alternate angles between
parallel lines are equal, so the angle of depression from P is the same as the angle of elevation from A.

Angles of elevation and depression are in the same vertical plane.

Example 8
A point A is level with the foot of a vertical pole and 25 m away from it. The angle of
elevation from point A to the top of the pole P is 40°. Calculate:

(@) the height of the pole, in metres to the nearest centimetre

(b) the angle of elevation from A of a point R, half-way up the pole, to the nearest

minute.
Solution
In the diagram, PQ is the vertical pole and ZPAQ is the angle of elevation of P from A.
@ InAPAQ:  tan0°=LY () PQ=2RQ:  RQ=10.49
PQ =25 x tan40° = 20.98 INARAQ:  tan(ZRAQ) =122 =0.4196
The height of the pole is 20.98 m. ZRAQ=22°46

The angle of elevation of R from A is 22°46'.
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Example 9

An observer in a lighthouse, 100 m above sea level, is watching a ship sailing towards the lighthouse. The angle of

depression of the ship from the observer is 15°.

(@) How far is the ship from the lighthouse?

(b) Sometime later, the angle of depression is
measured to be 25°. How far has the ship
travelled in this time?

A
Solution o
. o 100 o A%
(@ InAPAQ: tanl5°= A0 OR tan75 100
AQ= 100 AQ =100 X tan75°
tan15°
e ¢ AQ=3732

The ship is 273.2 m from the lighthouse.

(b) In the diagram, the ship has moved from A to B.

ZBPX is the angle of depression when the ship

is at B.
. o_ 100
In ABPQ: tan25°= BQ OR
100
BQ= tan 25°
BQ=214.5
AB=AQ-BQ
=373.2-214.5
=158.7

The ship has travelled 158.7 m.

BQ

tan 65° = —=

~ 100

15°

BQ =100 X tan 65°
BQ=2145

EXERCISE 2.7 ANGLES OF ELEVATION AND DEPRESSION

1 From the top of a cliff, T, a walker sees two
ships P and Q at horizontal distances of 50 m
and 70 m in a straight line. The angle of
depression of P from T is 25°. Indicate whether
each of the given diagrams is correct or
incorrect.

(@ r

() r

2 A person 2m tall is standing on the ground and looking up at the top of a
building. If the person is 18 m from the building and the angle of elevation of
the top of the building is 30°, calculate the height of the building.
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An aircraft flying in a horizontal straight line at an altitude of 2000 m
passes directly over an observer on the ground. One minute later, the 2000m
observer finds that the angle of elevation of the plane is 13°24’. Calculate:

(@) the distance flown by the aircraft in that time
(b) the speed of the aircraft in kmh™.

The diagram represents a vertical flagpole AB on top of a building.
From a point P on the ground, the angle of elevation of A is 36°52".
PD=55m, CB=5m, AB=12m. Calculate: c

(@) the height of A above the ground
(b) the distance from A to P 1
(c) the angle of elevation of A from C. |

From an aircraft 1000 m above the ground, the angles of depression of the tops of two houses (the same height)
in line with the aircraft are 40° and 60° respectively. How far apart are the two houses? (Ignore the height of
the houses.)

AB and CD are two vertical buildings with their bases A and C on level ground.
The height of AB is 50 m. The angle of elevation of B as seen
from Cis 20° and that of D as seen from A is 35°. Calculate: B

(@) the horizontal distance between the buildings >0m e oo

(b) the height of CD A c
(c) the angle of elevation of D as seen from B.

From the top of a cliff, T, an observer sees two ships P and Q in line with the observer and at horizontal
distances of 50 m and 70 m. The angle of depression of P from T is 25°. Calculate:

(@) the vertical height of the cliff
(b) the angle of elevation of T from Q.

From a point 5m above the ground, the angle of elevation of the top of a
wall is 32° and the angle of depression of the bottom of the wall is 21°. Find:

(@) the horizontal distance from the point of observation to the wall

(b) the height of the wall, correct to the nearest metre. 5m ‘

From a point A on the ground, the angle of elevation of the top of a tower is 38° and the angle of elevation
of the top of a vertical flagpole on top of the tower is 41°. A is 80 m from the foot of the tower. The ground
between A and the tower is horizontal. Calculate the length of the flagpole.

A city building is 45 m high. From the top of this building, the angle of
depression of an object O on the wall of a building opposite is 50°. The width of the
street is 20 m. Find:

(@) the height of O above street level 45m
(b) the angle of elevation of O from the foot of the first building.

Two buildings of unequal height stand at a distance apart on horizontal

ground. The taller building is 60 m high and from its top an observer 60m
finds that lines of sight to the bottom and the top of the shorter building

are at angles of depression of 25° and 10° respectively. Calculate:

(@) the horizontal distance apart of the buildings (b) the height of the shorter building.
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12 From the top of a lighthouse 75 m above sea level, the angles of depression of two buoys due north of the
lighthouse are 60° and 30° respectively. Find, in simplest surd form:

(@) the distance of each buoy from the lighthouse (b) the distance between the two buoys.
13 From a point P on horizontal ground, the angle of elevation of the top of a building 40 m high is 30°. From

a point Q on the same horizontal level as P and in line with the foot of the building, the angle of elevation
is 60°. Calculate the distance PQ in simplest surd form.

2.8 THE SINE RULE

Not all triangles are right-angled. You now consider triangles that have either three acute angles or one obtuse angle
and two acute angles. To do this you must establish two rules: the sine rule and the cosine rule.

. a b c
The sine rule: — ===
sinA sinB sinC

In triangle ABC, a, b and c are the lengths of the
sides opposite the angles of magnitudes A, B and C

respectively. A, B and C are also used to label the Acute-angled triangle Obtuse-angled triangle
vertices of the triangle.

Proof
Let & be the length of the perpendicular from C to AB. The foot of this perpendicular lies on AB if AABC is
acute-angled (diagram above left), or on BA produced if AABC is obtuse-angled (diagram above right).

In the right-angled triangles AACD and ABCD:

Acute-angled triangle: Obtuse-angled triangle:
h=bsinA =asinB h="bsin(180°— A) =asinB
But: sin(180°—A)=sinA
So: bsinA=asinB So: bsinA=asinB
Hence: a___b

sinA~ sinB’
b c

sinB~ sinC’

Similarly, by drawing a perpendicular from A to BC it can be seen that

a b c

Hence — =— =— .
sinA sinB sinC

. . sinA _a
The sine rule may also be written as snB-b

B b the ratio of the sines = the ratio of the corresponding sides.

The sine rule can be used with a triangle when you are given:
(@) the size of two angles and the length of one side, OR
(b) the lengths of two sides and the size of an angle opposite one of these sides.

Important result
sin (180° — ) =sin 6
Hence: sin150° =sin (180° — 30°) = sin30° = 0.5

Solving an equation like sin 8= 0.5 gives two possible answers: 0=30° or (180-30)°=150°

New Senior Mathematics Advanced for Years 11 & 12



YEAR 11

Example 10 5
In AABC, given A = 45°, B=30° and BC = 5cm, calculate the size of c 5
C,bandec. A o
Solution A b ?
Because A + B+ C = 180°, it follows that C = 180° — (45° + 30°) = 105°.
Using the sine rule: sir‘f 1= siﬁ 3 Sili c= sir? 1
5 __ b c __5
sin45°  sin30° sin105°  sin45°
_ 5sin30° _ 5sin105°
sin 45° sin45°
b=5x%><£ c=6.8cm

542

The exact value of b is Tz cm, which is 3.5 cm correct to one decimal place.

The ambiguous case

It is sometimes possible to find two different solutions that use the same values for the two sides of a triangle and an

angle opposite one of these sides. This situation is investigated in the examples below.

Example 11
Solve the triangle ABC given A =52°, BC=12cm and AC=8cm. ~
(In this context, to ‘solve the triangle’ is to find the sizes of all unknown 8 12
angles and sides.) s
a L2 B

Solution
Find B by writing the sine rule in the form with sin 6 in the numerator.

Sine rule: sind _ sinB

a b
sin52° _sinB
12 8
., 8sin52°
sinB = —1

If needed, write as a decimal:  sin B =0.5253

Because sin(180° — 6) = sin 8 you must consider both the acute angle and its supplement as possible solutions.
B=31°41" or 180°-31°41"
B=31°41" or 148°1Y

Check whether B =148°19’ is a possible answer. The angle sum of a triangle is 180°:
A+ B=52°+148°19"=200°19" > 180°

Thus the only value of B is 31°41".

Find C using A and B:
C=180°— (52° + 31°41")
C=96°19
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Find c using the sine rule: £ - 4
sinC sinA
[ _ 12
sin96°19” sin52°
_ 12sin96°19’
sin52°
c=15.14 (correct to 2 decimal places)

. B=31°41",C=96°19", c=15.14cm

Example 12
In AABC, given A =40°, BC=20cm and AC = 30 cm, find the sizes of the other angles.
Solution | |
Draw a diagram: C By the sine rule: SH;A = SHI;B

sin40° _ sin B

p 20 20 30
sinB= 30sin40°
A B 20

B=74°37" or 105°23
Test to see whether these values for B give a valid value for C:
When B =74°37": C=180° — (40° + 74°37’) = 65°23’
When B =105°23": C=180°— (40° + 105°23") = 34° 37

Both these values for C are valid, so there are two possible triangles for the given information. This is an example
of the ambiguous case: there is not enough information for you to find a unique solution.

In general, for a triangle ABC if you are given two sides and a non-included angle (that is, values of 4, b and A), then
one of four situations can occur.

Case l: Ifa<bsin Athenno -~~~ 7~~_ Case 2: If a = b sin A then e RN
triangle can be constructed. I/ c N one triangle exists and it ) \
L ! is right-angled at B. ’,'
\ . /b “

Case 3: If a > b, there is a unique solution Case 4: If b> a > b sin A, there are two distinct triangles.
as B must be an acute angle. This is the ambiguous case.

The ambiguous case arises only when the given angle is opposite the shorter of the two given sides. Angle B may be
either acute or obtuse. The two possible sizes for angle B are supplementary to each other.
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The ambiguous case of the sine rule
Use technology to explore the ambiguous case of the sine rule.

EXERCISE 2.8 THE SINE RULE

1 Inatriangle ABC, a=8, A =30° and B =75°. The correct diagram is:

2 In AABC, b=10, B=45° and C=120°. Calculate the size of A, a and c.

3 In APQR, P=65° Q=70°and PR =25 cm. Calculate the length of PQ. Q

70°

R 65°\ p
25cm
4 In AABC,a=5, A =60° and B =45°. Find the exact value of b.
5 In AABC,sinB= %, a=6and b=9. Find sin A.
6 In AABC,B=2A,b=5 and a = 3. Show that 5sin A = 3sin2A.
7 Find the length of the longest side of a triangle ABC in which <
A=36°52",B=30°and AC=8cm. Scm
36°52 30°

B

8 Inatriangle ABC, A =42°, B =28° and BC= 6 cm. Indicate whether each statement is correct or incorrect.
AB _ 6 AB _ 6 AB _ 6 AB _ 6
(@) sin110° ~ sin28° (b) sin110° ~ sin42° () sin100° ~ sin42° (d) sin70° ~ sin42°

9 Ina triangle ABC, a =16, b= 12 and sin A = 0.4. Calculate:
(@) sinB (b) the length of the perpendicular from C to AB (the altitude).

10 A wooden stake S is 13 m from a point A on a straight fence. SA makes
an angle of 20° with the fence. If a goat is tethered to S by a 10 m rope,

10m
where on the fence is the closest point to A that the goat can reach?

20°
B

A

11 In atriangle ABC, AC=30cm, AB=44cm and B =37°. Find two possible values of angles A and C.
12 In a triangle PQR, PQ =20cm, QR =22 cm and R = 15°. Find two possible values for ZRPQ and PR.

13 In atriangle ABC, A =36°52’, B=30° and the perpendicular distance
from C to AB is 3 cm. Calculate the perimeter of AABC.
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14 In AABC, the lengths of BC and AC are in the ratio 2:1 and sin B = i . Calculate:
(@) sinB (b) two possible sizes for A.

15 In AABC, B=25° C=55° BC =5m. Calculate:
(@) thelength of AC
(b) the length of AX, where X is the foot of the perpendicular line from A to BC.
16 In APQR, PR =3cm, P =40° Q= 60°. Calculate:
(@) the perimeter of APQR
(b) the length of the perpendicular line from R to PQ.
17 In ZKLM, L =55° L =35° KL =10cm.
(@) Use the sine rule to calculate the length of KM correct to 1 decimal place.
(b) What is the size of K¢ Comment on the significance of this result.

18 In AXYZ, XY=5m, X=68°, Y = 82°. Calculate the length of XZ.

19 An aircraft flies 400 km from point A to point B on a course 040°. It then flies on a course 160° from B to C,
500km from A. Calculate:

(a) the distance BC (b) the bearing of C from A.

20 The bearing of a ship from a lighthouse A is N 75°E. The ship’s bearing from a second lighthouse B, 44km
south of A, is N40°E. Find the distance of the ship from B.

21 Three points A, B and C lie on a horizontal plane. B is 2000 m due south of A. C is on a bearing 145° from A
and 052° from B. Calculate the distance of C from both A and B.

22 Two points A and B on the same bank of a river are 50 m apart. C is a point on the other bank. A = 80°,
B =70°. Calculate the width of the river, assuming the river is straight and its width is constant.

23 O, A and B are three points in a straight line (in that order). The bearings of
A and B from O are 020°. From a point P, 4km from O in a direction NW,
the bearings of A and B are 112° and 064° respectively. Calculate the
distance from A to B.

AB _ BD A

24 In AABC, AD bisects angle A. Use the sine rule to prove that AC= DO m

B D C

25 In AABC,a=11 cm and B =53°.

What can you say about the value of b if: A
(@) two distinct triangles can be drawn to fit the information
(b) only one triangle can be drawn to fit the information

(c) no triangles can be drawn to fit the information.

11 cm
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26 In AABC,a=6cm, b=7 cm, and either A or B is given. In which case is there certain to be a unique triangle?

27 In AABC, C=110° b =9 and the value of c is given. If it is possible to find a unique value for a, what can you
say about the value of ¢?

28 In AABC,a=6.5cm, b=8.5cm, A =40°. Find the size of B. B
6.5
29 In AABC, b=12 cm, c=17 cm, B=40°. Find the size of C. -
40°
A C
30 In AABC,a=5.4cm, b=6.7 cm and A = 53°40’. Find the size of B. 8.5cm

31 In AABC,a=7.8 cm, c=8.3 cm and C=62°30". Calculate the size of the other sides and angles in this triangle.

2.9 THE COSINE RULE

For AABC, the cosine rule states a” = b* + ¢> — 2bccos A. In words:

 The square of one side of a triangle is equal to the sum of the squares of the other two sides minus twice the
product of those two sides and the cosine of the included angle.

To find a side, use: To find an angle, use:
a’=b*+ > = 2bccos A b+t -a
COSA=——+——"
2bc
2 2 2
b>=a"+ ¢ —2accosB A+ -b
cosB=——1—
2_ 242 b 28
c=a +b"—2abcosC
cosC = M
2ab

Proof

From C, draw the perpendicular to meet AB at D (for acute-angled triangles) or to meet BA produced at D
(for obtuse-angled triangles).

Let CD = h and AD = x-units.
Apply Pythagoras’ theorem to ABCD:

ofy------->0

Obtuse-angled triangle

Acute-angled triangle Obtuse-angled triangle:

Acute-angled triangle: Pk +(c+x)°

2 2 2
a=h+(c—x) A=h++2cx+x

A=W+ 2cx+x But: 4= b

2 2 2
But: h"+x =D And: x=bcos(180°—A)
And: x=bcosA x=-bcosA
sat=b+ = 2bccosA sat=b+ = 2bccosA

The cosine rule can be used with a triangle when you are given:
(a) the lengths of three sides, OR
(b) the lengths of two sides and the size of the included angle.
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If A =90° then cos A = cos 90° = 0. The size of A determines the proportions of the sides:
« fA<90° then a’<b’+¢
« fA=90° then a’=b"+c (Pythagoras’ theorem)
« fA>90° then a@’>b+¢

Important result
cos(180° — 6) =—cos O
Hence: c0s120° = cos(180° — 60°) = —cos60° =—0.5
Solving an equation like cos 8=—0.5 gives 8= (180 — 60)° = 120°.

Example 13
In triangle XYZ, XY =7cm, YZ=6cm and Y = 60°. Calculate the exact length of XZ.

Solution
Show the information on a diagram.
Two sides and the included angle are given.

Use the cosine rule: V' =x"+2 —2xzcosY
Y =6"+7"—2X6X7 X cos60°

¥’ =36+49—84x0.5 7em
y2=43

y=4/43

XZ:\/B cm

Example 14

Find the size of the largest angle of a triangle with side lengths 3 cm, 5c¢cm and 7 cm.

Solution

Show the information on a diagram. A

The largest angle is opposite the longest side. Find the size of A. (=5 3

7

2 2 2
b"+c" —a 3

Use the cosine rule: COSA = 2be a=7cm
32 45°-7°
2X3x%5

_9+25-49
30

15_ 1

T30 2
Because cos A <0, A is obtuse: A =180° —60° =120°
The largest angle in the triangle is 120°.

COSA =
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Example 15
In AABC, a =10, c=5 and B=36°52". Calculate:

(@) Thelength b (b) the size of angle C

Solution
Show the information on a diagram.
A
5
¢
36°52/
a=10 €
(@ Two sides and the included angle are known.
Use the cosine rule: b*=a*+c* — 2accosB

b*=10>+5"—2Xx 10 X 5 X cos 36°52’
b”> =125 —100cos 36° 52’

b® = 44.9966

b=6.71

(b) Because you now know the length of the three sides and the size of one angle, you can use either the
sine rule or the cosine rule to find the required angle. The sine rule is usually quicker and easier to use.

Use the sine rule: sinC _ sinB

¢ b
sinC _ sin36° 52
5 6.71
.~ 5sin36°52" _
sinC = 1 - 0.4471
C=26°33

Example 16

Two people set out from point P at the same time. One travels at 20kmh™" along
a straight road in the direction 032°. The other travels at 25kmh™" along another

straight road in the direction 132°. Find their distance apart after 3 hours.

Solution

After 3 hours, one person is at A, 60 km from P, and the other is at B, 75km from P,

as shown above.
ZAPB=132°-32°=100°
Two sides and the included angle are known. Use the cosine rule:
AB’=60%+ 75" — 2 x 60 X 75 X cos 100°
AB*=10787.8
AB=103.9
The two people are 103.9 km apart.
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EXERCISE 2.9 THE COSINE RULE

1

10

11
12

13

In AABC, b=4cm, c=5cm, A =53°8". The correct diagram for this information is:

A A B A C A D A
5cm 4cm 4cm 5cm 5cm 4cm
4cm
C
B Sem C B C B C B
Calculate the cosine of the smallest angle of a triangle with 1lem

side lengths 9cm, 11cm and 13 cm.

13cm

In AABC, A =36°52’, b=7 and c = 10. Calculate: (@ a (b) B.

Two adjacent sides of a parallelogram have lengths of 12cm and 15cm and
the included angle is 50°. Calculate the lengths of the diagonals. 12
15cm

In AABC, b=4cm, c=5cm, A =53°8". Calculate the perimeter of the triangle, correct to the
nearest centimetre.

Two sides of a triangle have lengths of 3.2 cm and 4.8 cm and the included angle is 65°. Calculate the length of
the third side, correct to one decimal place. Indicate whether each statement is a correct or incorrect step in
the working.

(@ x= 3.25in65° (b) x= 4.8sin65° () x*=3.2%+4.8"—30.72c0s65° (d) x=4.5cm

4.8 32
In AABC, B=126°52",a=12 and ¢ = 15. Find: (@ b (b) A.
The lengths of the sides of a triangle are in the ratio 5:6:9. Find the size of the largest angle.
In AABC, BC=8cm, AC=9cm and AB=7cm. If D is the A

midpoint of BC, calculate:

(a) the size of ZABC
(b) the length of AD
(c) the size of ZDAC.

dem 7cm

1 1
4c'm D 4c'm

The two adjacent sides of a parallelogram have lengths of 8 cm and 10 cm. If the length of the longer diagonal
is 14 cm, calculate:

(@) the size of the angles of the parallelogram (b) the length of the other diagonal.
In APQR, g=12,r=5 and ZQPR = 108°. Calculate: (@ p (o) ZPQR.

In AABC,BC=11cm, AC=5cm and AB=8cm. P is a point on BC such that BP = 4 cm. Indicate whether
each statement is correct or incorrect.

(@) AP=5cm (b) cos(£ABC)=10 © Ap=22 (@) cos(£ACB)=121
Two cars A and B depart from the same position. A travels along a straight road due east at 30kmh ™.

B departs 15min after A and travels along another straight road in a north-east direction at 40kmh™.
How far apart are they 15 min after B departs?
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14 A, B and C are three towns such that B is 20km from A in a direction 330° and Cis 30km from A in a
direction 203°8’. Find the distance from B to C.

15 Pand Q are two towns 50km apart with Q due east of P. A third town R, to the north of the line joining P and
Q, is 70km from P and 30 km from Q. Find the bearing of R from: (@ Q (b) P.

16 A lighthouse is 10km north-west of a ship travelling due west at 16kmh™".

(@) How far is the ship from the lighthouse, 45 minutes later?
(b) What is the bearing of the lighthouse from the ship then?

17 P, A, B and C are four points (in that order) on a straight road that D
runs up a hill and makes a constant angle of 10° with the horizontal.
A flagpole of height hm stands at P. From A and B, the top of
the flagpole has elevations of 30° and 5° respectively above the

hm
horizontal.
(@) If ABis 100 m, what is the height of the flagpole? ,
(b) If BCis also 100 m long, what is the elevation of the top of the _ 100
flagpole from C?

18 From a point P, a person observes that the angle of elevation of the top of a cliff A is 40°. After walking 100 m
towards A along a straight road inclined upwards at an angle of 15° to the horizontal, the angle of elevation of
A is observed to be 50°. Find the vertical height of A above P.

19 The captain of a ship at D sailing on a bearing of 065° observes two
lighthouses, A and B, in a line due north. After travelling 4km to C, she
notes that one lighthouse is on a bearing of 285° and the other 315°.
Calculate the distance between the lighthouses.

D

20 Two cars leave a point A at the same time. One car averages 80kmh ™" along a straight road in the
direction 025°. The other car averages 90kmh™" along a straight road in the direction 135°. How far
apart are they after 3 hours?

2.10 AREA OF A TRIANGLE
The formula for the area of a triangle is the same for both acute-angled and obtuse-angled triangles.

Area of AABC = base X altitude, % x base X perpendicular height

2
In each triangle the altitude is of length h.
- Areaof AABC = %
c

g :
A 1:)_1 B b AP
| c ; Obtuse-angled triangle
Acute-angled triangle Obtuse-angled triangle:
Acute-angled triangle: h=bsin(180°—A)=bsinA
h=bsinA
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Hence: Area of AABC = Area of AABC = %bc sinA = %ab sinC = %ac sin B

= half the product of two sides with the sine of the angle between them.

Example 17

The adjacent sides of a parallelogram are 12 cm and 15cm and the angle between them is 50°. Calculate the area
of the parallelogram correct to the nearest square centimetre.

Solution

Show the information on a diagram. 1
Draw the shorter diagonal. A
The area of the parallelogram is twice the area of the triangle. 5em
12 X 15sin50°
2

=180sin50° = 138 cm”

Area of parallelogram = 2 x

EXERCISE 2.10 AREA OF A TRIANGLE

1 In AABC, A=36°52’, b=7cm and c = 10 cm. Calculate:
(@ a (b) B (c) the area of AABC.

2 InAABC,b=4cm, c=5cm, A =53°8". Calculate the area of the triangle, correct to the nearest
square centimetre.

3 In AABC,BC=11cm, AC=5cm and AB = 8 cm. Calculate:

(@) the magnitude of A (b) the length of the perpendicular from A to BC
(c) the area of AABC.

4 The area of AABCifa=6cm, b=7cm and c =11 cm is nearest to:

A 6’ B 19cm’ C 20cm’ D 22cm’
5 ABCis a triangle in which AC=7cm. A circle, centre B and radius BC, cuts A
AB internally at D. AD = 5cm, DC = 4 cm. Calculate: 7em

5cm

(@) thelength of BC

P
(b) the area of AABC. v

6 P, A, Band C are four points in a plane such that angles BPA and CPA C
are obtuse and on opposite sides of PA. PA =8cm, BP=10cm, 18cm
PC=12cm, AB=14cm and AC = 18 cm. Calculate: A
(@) thelength of BC
(b) the area of AABC.
1l4cm
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7 The equal sides AB and AC of an isosceles triangle ABC are each 5cm and BC=4cm. D is a point on AC such
that DC =1 cm. Calculate:

(@) the size of A (b) the length of BD (c) the area of AABC.
8 ABCD is a parallelogram in which AB=8cm, BC =5cm and ZDAB = 60°. Calculate:
(@) the length of the diagonals AC and BD (b) the area of ABCD.

9 Two sides of a triangular field are 60 m and 50 m and the included angle is 140°. Indicate whether each
statement is correct or incorrect.

(@) Thirdside=103.4m (b) Area=964.2m> (c) Thirdside=38.8m (d) Area=1149m’
10 The sides of a triangular field have lengths 80 m, 90 m and 100 m. Calculate the area of the field.

2.11 APPLIED TRIGONOMETRY

This section uses the skills from earlier in this chapter to solve harder two-dimensional problems and problems in
three dimensions. In three-dimensional problems it is important that you break the 3D diagram into its 2D parts.

Example 18
In this diagram, AC=15cm, AB=7cm, DB=10cm and ZDBA = o

Find the perpendicular distance CE of C from DA in terms of o and
evaluate it for or=25°.

Solution

Use the cosine rule in ADBA: DA*=10*+7*—2Xx 10X 7cos &
DA® =149 — 140 cos o

DA =+/149—-140cos [1]

. . 10 DA
Use the sine rule in ADBA: Sn(ZDAB) ~ sinax
. _ 10sinar
sin(£DAB)= DA [2]
In ACAE: CE=15sin(ZLCAE) [3]

Now: <ZDAB=180°—- ZCAE
Hence: sin(Z£DAB) = sin(£LCAE)

_ 150sin ¢
V149 -140coso

___ 150sin25°
149 — 140 cos 25°

Using [1], [2] and [3]:

For ov=25°:

=13.48
Perpendicular distance = 13.48 cm

Example 19

From a point P due south of a vertical tower, the angle of elevation of the top of the tower is 20°; from a point Q
due east of the tower, the angle of elevation is 35°. The distance from P to Q is 40 metres. Find the height of the
tower.
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Solution
(Trigonometric values are rounded to 3 decimal places.)

Draw a 3D diagram to represent this information. Let the height
of the tower be x m.

There are three right-angled triangles: APAB and AQAB in the

vertical plane, and APAQ in the horizontal plane. Draw each w
right-angled triangle separately as you use it. B W~s/'s =
X PA
i o_ X ® = 228 70°
In APAB: tan20 PA OR tan70 p p
X ° 5%
A = m PA =xtan70
PA=2.747x PA=2.747x A
P B
o_ X o_ QA
In AQAB: tan 35°= Q& OR tan55°= p 250
p
X o
QA—W QA—Xtan55 X
QA =1.428x QA =1.428x 35° 5
A
In APAQ, use Pythagoras’ theorem: (2.747x)% + (1.428x)* = 40°
7.546x" + 2.039x" = 1600
9.585x> = 1600 P i Q
&
. [1600 3 .
9.585
j2

x=12.920

The height of the tower is 12.92 m.

To avoid errors due to rounding, it is better if you can avoid using your calculator until the last step. Without
rounding, the calcuation is: (xtan 70°)* + (xtan 55°)* = 1600

x*(tan® 70° + tan® 55°) = 1600
2_ 1600
X = 2 o 2 o
tan” 70° + tan” 55
y= 40
«/tan2 70° + tan® 55°

x=12918=12.92m

EXERCISE 2.11 APPLIED TRIGONOMETRY

1

P, A, B, Care four points in a plane such that the angles BPA and CPA are obtuse and on opposite sides of PA.
PA=8cm, BP=10cm, PC=12cm, AB=14cm and AC = 18 cm. Calculate the length of BC and the area of the
triangle ABC.

P, A, B, C are four points (in order) on a straight road that runs up a hill at a constant angle of 10° to the
horizontal. A flagpole with a height of h m stands at P. From A and B, the top of the flagpole has elevations of
30° and 5° respectively above the horizontal. If AB is 100 m long, what is the height of the flagpole? If BC is
also 100 m long, what is the angle of elevation of the top of the flagpole from C?

From a point P, a person observes that the angle of elevation of the top of a cliff A is 40°. After walking
100 m towards A along a straight road that inclines upwards at an angle of 15° to the horizontal, the angle of
elevation of A is observed to be 50°. Find the vertical height of A above P.
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A ship sailing in a direction 065° observes two lighthouses in a line due north. After the ship has travelled
4km, one of the lighthouses is on a bearing of 285° and the other 315°. The distance between the lighthouses
is given by which two of the following expressions?
4( sin75° _sin 40°) 4( sin70° _ sin40° 25in65° 2sin75°
sin45°  sin70° sin45°  sin75° sin75°sin45° sin65°sin45°

A and B are the bases of two vertical towers each 30 m high. B is due north of A. From a point P that is due
east of A and in the same horizontal plane, the angles of elevation of the tops of the towers A and B are 45° and
36° 52’ respectively. Calculate the distance:

(@) from P to the bases of the two towers (b) between the two towers.

From a point P, an observer finds that the angle of elevation of the top of a vertical tower is o°. After walking
x metres horizontally towards the base of the tower, the observer finds the angle of elevation of the top of the
tower is now f3°. If the height of the tower is h metres, show that x = h(cot &® — cot f°).

A flagpole 5m high stands on top of a vertical tower. From a point on the ground, the angles of elevation of
the top and bottom of the flagpole are 68° and 62° respectively. Show that the height of the tower (h metres)
5tan62°
tan68°—tan62°"

An open rectangular tank a units deep and b units wide holds water and is

tilted so that the base BC makes an angle 6 with the horizontal. When BC is
2

a’cot@

2b

is given by h =

returned to the horizontal, show that the depth of the water is

units. 4

B
Cross-section of tank

A conical vessel with vertex at O and semi-vertical angle o is suspended from a
point A on the rim of the base. G is a point on the axis OC of the cone such that

0G = 2 OC. If the vessel rests with G vertically below A, show that the acute
3 2tana c

angle (3 that AO makes with the vertical is given by tan = —————.
& ﬁ & Y ﬁ 1+3tan’ o

In AABC, AC =7 cm. A circle with centre B and radius BC cuts AB
internally at D. AD = 5cm, DC = 4cm. The length of BC is: 0

A 10cm B 5cm C 7cm D impossible to find

A and B are two towers, with B 4km due east of A. A flagpole C has true bearings from A and B that are o°
east of north and o° west of north respectively. A second flagpole D has true bearings from A and B that are
(o+ B)° east of north and (o — B)° west of north respectively. Draw a sketch to indicate the positions of A, B, C
and D. Assuming that A, B, C and D are on level ground and that o= 25, =10, find the distance between C
and D.

A, B, C, D are four points equally spaced on the circumference of a horizontal circle of radius 3 cm. P is a point
above the circle such that PA = PD =4 cm and PB = PC = 6 cm. Calculate the size of ZAPC.

The angle of elevation of the top of a building from a point P due east of it is 40°, and from a point Q due
south of P is 30°. If the distance from P to Q is 20 metres, find the height of the building.

A railway line runs south-west between two railway stations A and B. Two spires 3 km apart are both directly
north-west of A. From B, the bearings of the spires are N7.5°E and N 37.5°E. Show that
AB = 65sin52.5° cos 7.5°. If a train takes 4 minutes to travel from A to B, find its average speed.

Two buildings of equal height are 40 m apart. At a point on the horizontal line joining the buildings’ bases, the
angles of elevation of the tops of the buildings are 47° and 28°. Show that the height & of the buildings is given
by h= 40tan47°tan28°

tan47°+tan28° °
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22

23

24

25

26

An observer’s eye is 2m above the ground. A vertical pole fixed in the ground subtends an angle of 45° at the
observer’s eye. The angle of depression of the base of the flagpole from the eye is 15°. Show that the height of
the flagpole is 2(1 + tan 30° tan 75°) metres.

From a point A, two points B and C are in line in a direction 049°. From a point D that is 100 m from A in a
direction 139°, B is in a direction 352° and C is in a direction 022°. Calculate the distance between
Band C.

From a point A, the angle of elevation of the top of a tower due north of it is 20°. From point B, due east of
the tower, the angle of elevation is 18°. A and B are 100 m apart. Show that the height 4 of the tower is given
by 1= 100 _ .
\/tan2 72°+tan”70° B
In the diagram shown, AB =25cm, BC=27cm, AC = 40 cm. Calculate the
length of AD.
-

ABCD is a cyclic quadrilateral in which AB=5cm, BC=6cm, CD=7cm, A D
AD = 8 cm. Show that cos (LADC) = %
A and B represent successive positions of an aircraft flying horizontally A B
at an altitude of 2000 metres. From a point P the angles of elevation T
of A and B are 15° and 25° respectively. If ZDPC = 60°, calculate the 2000m
distance AB. J_

D c

P

The elevation of a hill at a point P due east of it is 42° and at a point Q due south of it is 22°. If the distance

from P to Q is 400 metres, find the height of the hill.

O, A, B are three points in order in a straight line. The bearings of A and B from O are both 020°T. From a
point P that is 4km from O in a NW direction, the bearings of A and B are 112°T and 064° T. Calculate the
distance from A to B.

From a point P an observer finds that the angle of elevation of the top of a vertical tower is . After walking
x m horizontally towards the foot of the tower, the observer finds that the angle of elevation is 3°. If the height
xsin®sin 3°

sin(f-a)°

of the tower is h m, prove that h =

Area AABC _ \/g A

. . X 3
Using the sine rule, show that 7= 72 and also that Area AADC = 7"

45° 75° 60°
B X C y D

A side of a hill can be regarded as a plane making an angle of 20° with the horizontal.

(@) From a point A at the base of the hill, I walk 100 m up the hill along a straight line of steepest slope to the
point B. Find the vertical height of B above A.

(b) A tower 40m tall is constructed at B. Find the angle subtended by the tower at my eyes, which are 1.5m
above the ground, when I stand at A.

(c) A straight road is constructed on the hillside with a slope of 1 in 10, i.e. with a 1 m vertical rise for every 10m
horizontally forward. Find the angle this road must make with the line of steepest slope on the hillside.
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27 A tower PQ of height h metres has an angle of elevation of 13° at a point A due east of it. From another point

28

29

B, the bearing of the tower is 050° T and the angle of elevation is 10°. The points A and B are 1000 metres apart
on the same level as the tower’s base Q.

p
(@) Show that LZAQB = 140°. p
(b) Consider the triangle APQ and show that AQ = htan77°. 13° A
(c) Find a similar expression for BQ. Q
(d) Use the cosine rule in the triangle AQB to calculate h to
the nearest metre. 10 1000m
B

Two observers P and Q, who are 2000 metres apart, take the bearing and elevation 345°T 018°T
of a balloon B at the same instant. The observer P finds the bearing to be 018°T
and the angle of elevation to be 22°, while the observer Q finds the bearing to be
345°T and the angle of elevation to be 19°. Find the height BC of the balloon to
the nearest metre.

22° 19°

P

2000m Q

AB is a tower. CD is a road. A person walking along the road observes

the tower AB from C at a bearing of 038° T and with an angle of elevation

of 11°. After travelling 3000 m along the road to D, the person observes

the tower from D at a bearing of 320° T and an angle of elevation of 8°.

By letting CB=x, BD=y and AB=h:

(@) Show that ZCBD =78°.

(b) Express x in terms of h.

(c) Express y in terms of .

(d) Using the cosine rule with ACBD, find the value of h correct to
one decimal place.

CHAPTER REVIEW 2
1 Simplify:
(@) cos(90°—06) (b) sin(270°— 0) (c) cos(90°+ 6)
(d) tan(6—180°) (e) tan(180°—6) (f) sin(6+180°)
2 Write the exact value.
(@) tan315° (b) sin225° (c) cos180°
(d) tan360° (e) sin60° (f) cos210°
3 Simplify:
(@) Wﬁ?_e) (b) cos(90° + 6) +sin O

If tan 6= % and 180° < < 270°, write the exact value of: (@) sin@ (b) cos@

If sin = 0.6 and 0° < o < 90°, write the exact value of:

(@) sin(180° - o) (b) cos(90° — ) (c) cos(180°+ o)
(d) tano (e) tan(180° - o) (f) sin(360° - o)
If tan O=t, express in terms of t:

(@ tan(90°-—6) (b) tan(180°+ 6) (c) cot(180°—6)
(d) tan(360°— 6) (e) tan(—06) (f) tan(90°+ 6)
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Calculate the cosine of the smallest angle of the triangle with side lengths 5c¢m, 6cm and 7 cm.

Find the size of the largest angle of the triangle with side lengths 5cm, 6 cm and 8 cm. Hence, show that the
triangle is obtuse-angled.

In AABC, B=53° C=48° AC = 8cm. Calculate:
(@) thelength of BC (b) the area of AABC.

A ladder 8 m long rests against a wall and its foot makes an angle of 60° with the horizontal ground. The top of
the ladder then slips down the wall until its foot makes an angle of 45° with the ground. Find, in simplest surd
form, how far down the wall the ladder slips.

From a point A, level with the foot of a vertical pole and 30 m from it, the angle of elevation of the top of the
pole is 40°. Calculate:

(@) the height of the pole (b) the direct distance from A to the top of the pole
(c) the angle of elevation from A of a point half-way up the pole.

AB and CD are two vertical buildings with their bases at A and at C on horizontal ground. The height of AB is
30m. The angle of elevation of B as seen from C is 25° and the angle of elevation of D as seen from A is 40°.
Calculate:

(@) the horizontal distance between the buildings (b) the height of CD
(c) the angle of depression of B as seen from D.

Two yachts sail in a straight line from a buoy B. One sails 10km in the direction 040° and the other sails 20km
in the direction 160°.

(@) How far apart are the yachts?
(b) What is the bearing of the first yacht as seen from the second yacht?

(@) Find a simplified expression for r given that > = (100 — 50£)* + (801)* — 4(100 — 50¢) X 80¢ X cos 60°.
(b) Find the value of r to the nearest whole number when t = % .

The elevation of a hill at a place K due east of the hill is 38°; at a place L, due south of K, the elevation of the
hill is 26°. If the distance from K to L is 500 metres, calculate the height of the hill to the nearest metre.
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Further algebraic techniques

3.1 LINEAR EQUATIONS IN ONE VARIABLE

To solve a linear equation in one variable is to find the value of the variable that will make the equation true.

Example 1
Solve:
(@) 5x—3=2x+9 (b) 5(x—3)—3(x—2)=19
Solution
(@ 5x—3=2x+9 (b) 5(x—3)—3(x—2)=19
5x—-3-2x=9 5x—-15-3x+6=19
3x—3=9 2x—9=19
3x=12 2x =28

x=4 x=14

EXERCISE 3.1 LINEAR EQUATIONS IN ONE VARIABLE

Solve:
1 5x=3x+9 2 42x—-7)=3x-5 3 3(x+3)=3(9-3x)
4 x—7=3-x 5 52a+1)=6(a—5) 6 3(56x—1)-2(4—x)=6
7 4-3x=x+9 8 3x—2=5x 9 52x—-1)=2(x—-5)-3
10 43a+2)—-6(3—a)=8 11 5-9y=10-11y 12 4Bm—-1)=11+2m
13 2c-(4—¢c)=5-c¢ 14 m+8=5(m—1)-2m 15 4(x+5)—(x—1)=9
16 18-3(a—2)=2(a+2) 17 3(2x+5)=4—-(3x—-2) 18 5(c—7)=3(3c+8)

19 6(2x—3)=8-2(3x+1) 20 a+6=3-a

3.2 LINEAR EQUATIONS INVOLVING FRACTIONS

For equations involving fractions, write the terms with a common denominator and then solve the equation given
by the numerators.

If the equation has only one term on each side of the equals sign, you can multiply each numerator by the other
term’s denominator to achieve the same result (see Example 2(d)).
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Example 2
Solve:
X 4x 2x+1 2x-3 7 3 2 3a—2 _ 3a+1
a) 24 2% b = = _ = == C — =
@ $+75=23 (b) = s -3 O =4=77 @ S 1=%13
Solution
4x 2x+1 2x-3_7
@ §+75 =2 b = =" =3
3x  5x4x _ 5, 3(2x+1) 2(2x-3) _ 28
15 15 12 12 12
23x_23 6x+3—-4x+6=28
- 2x+9=28
23x =15x%23 B
15 2x =19
x=95
3 2 3a—2 _ 3a+1
(o} =———,x#4,x#*2 = 5 o —1l.
© =132 &) et ey 2F U LS
3(x=2) _  2(x-—-4) 3a—2 _ 3a+1
(x—4)(x-2) (x—2)(x—4) 20—1" 2a+3
3(x—2)=2(x—4) (3a—2)(2a+3)=Ba+1)(2a—1)
3x—6=2x-38 6a*+5a—6=6a*—a—1
3x—2x=6—8 6a=>5
x=-2 azé
6

Solutions may have restrictions, which can be easy to miss. In (€), x # 4 and x # 2, because these values would
make the denominators zero. In (d), a # 0.5 and a # —1.5.

EXERCISE 3.2 LINEAR EQUATIONS INVOLVING FRACTIONS

Solve:
125305 2 3 _2%_14 3% »
42x_3+5=x-7|-2+4 5%=x+2 6 x;3_2x6—1=x+1
. %=¥ 8 %_52% 9 2(2§+1):5(a2—2)
10 5)’4+1: _27)’ 11 §+x27=xT+1 12 x-54_3—44x:5—8x
13 222 _Ax-1) 2 14 224 _s 15 213 —)
16 F+2=3 17 ﬁzzpzﬂ 18 =
22 Solve 2213 = 2X=5 \yhjch of the following is correct?
3x—-1 3x+4
A3 B 3 C >
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Solve:
2m—-5_ 2m 2 3 5_ 2
23 T 24 7x+1+x+9_0 25 y=y-7
3 2 1 4 3 1 1 1
26 - = 27 T2 - 28 —+ =0
X—=2 x+2 x*_4 a a+2 a(a+2) x—1 2x-1
1 1 1 1 1 1 1 1 1
29 + = = 31 =
x+2 x-3 (x+2)(x-3) x+1 x+2 X2 43x+2 x—3 x+3 x2—9
32 Solve I 1 ; + lit = . 2t > Indicate whether each answer is correct or incorrect.
- —t
(@ -1 (b) 0 (c) 1 (d) 2

3.3 SIMPLE LINEAR INEQUALITIES

The solution to an inequality is usually a range of numbers described by another inequality, related to the inequality
in the question. The solution is also usually a range of real numbers, unless another set of numbers is specified in the
question (e.g. integers).

Rules for inequalities

If both sides of an inequality are multiplied or divided by a negative number, then the direction of the inequality is
reversed.

Ifa>b,thenia+c>b+c Ifa<b, thenta+c<b+c
a-c>b-c a—-c<b-c
ac>bc ifc>0 ac<bc ifc>0
ac<bc ifc<0 ac>bc ifc<0
a_b . a_b .
> ifc>0 c<¢ ifc>0
a_b . a_b .
Z<? 1fC<0 Z>E 1fC<O

On number lines:
o a>bmeans that a is to the right of b.
e a< bmeans that a is to the left of b.

| | | *_|_|‘>
o x2>21is shown by a solid circle over 2 and an arrow to the right. Qo0 1 2 3 4
o x> 2 is shown by an empty circle over 2 and an arrow to the right. R RO ===
This is demonstrated in the following examples. Lo 23 4

Example 3

Solve 2x + 3 > 9 and show the solution on a number line.
Solution
2x+329
2x2>26 -1 0 1 2

x=3
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Example 4

Solve 35 — 3x > 19 — x and show the solution on a number line, for the conditions:

(a) xisareal number

(b) xisan integer (c) xis not negative

Solution
35-3x>19—x
35>19 +2x Add 3x to both sides
16 > 2x Subtract 19 from both sides
8>x Divide both sides by 2
x<8 Rewrite starting with x

(a) For real numbers:
Solution is x < 8

(b) For integers:
Solutionis x=7, 6, 5,...
(all integers to the left on the number line)

i i i i i i i i —()
T T T T T T T T T I

-1 0 1 2 3 4 5 6 7 8 L B e e e

-1 0 1 2 3 4 5 6 7 8
(c) For non-negative numbers, x > 0:
Solutionis 0 < x < 8
S
-1 0 1 2 3 4 5 6 7 8

Example 5
x—1_x+1

Solve

Solution
x—1 < x+1
3

5

15><(xg1)315><

3(x—1)<5(x+1)
3x—3<5x+5

and show the solution on a number line.

Multiply both sides by 15

Expand both sides

—-3<2x+5 Subtract 3x from both sides
—-8<2x Subtract 5 from both sides 4 _; _iz _il (i) i é ; i
—4<x Divide both sides by 2
x=—4 Rewrite starting with x
Example 6

64

Solve —5 < 2x — 3 £ 7 and show the solution on a number line.

Solution
This is really two separate inequalities, =5 < 2x — 3 and 2x — 3 < 7, solved simultaneously.

Solve them together by applying the same steps to each part.
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—-5<2x—-3<7 or 2x—3>-5 2x—3<7
—5+3<2x<7+3  Add3toeach part 2x>-5+3 2x<7+3
—2<2x<10 Simplify 2x> -2 2x<10
—1<x<5 Divide each part by 2 x>-1 x<5

—1<x<5

The solution shows that x is greater than —1 but less than or equal to 5.

EXERCISE 3.3 SIMPLE LINEAR INEQUALITIES

In questions 1 to 15, solve each inequality and show the solution on a number line.

15x-2213 2 2x-2<0 3 2x+5<-5 4 6x+2=-10
5 3x>2x+12 6 3(x+1)=9 7 7x<32x+1) 8 2(x—6)>8
X X 3x x _3
XX 2t _ X2 1>
9 3 4>1 10 5 ~3<5 11 3x-12x+2 12 2x+7<3x+10
13 XT_1>-1 14 X-5|-3<7 15 x—1>5, xis an integer
16 Solve 4x < x + 15 for x as a positive integer. The solution on a number line is:
A 2o B -+ ¢+ ¢+ %1+
0 1 2 3 4 5 01 2 3 4 5
C ~—42 0000 D -——+* "%t
0 1 2 3 4 5 0 1 2 3 4 5
In questions 17 to 23, solve each inequality and show the solution on a number line.
3x  2x 7x 4x x—=5_5x-3 5x-3
175 3>2 183<3+3 192>6 20 2<x+2
21 5<x+d<l 22 2<5c-3<32 23 -3<2olas

24 Solve simultaneously x — 2 > -2 and x — 3 < 0. Indicate whether each answer is correct or incorrect.
(@ 0<x<3 (b) 0<x<3 (c) 0<x<3 (d) x>0 or x<3

25 If 5 is subtracted from a certain positive integer, the result is greater than 5 but less than 12. What values can
this integer take? (Let the positive integer be x, so that 5<x—5<12.)

26 Ifa certain number is divided by 2, the result is greater than 4 but less than 8. What values can this number take?
27 The sum of two consecutive positive integers is no more than 35. What are the possible values of these integers?

28 A committee consists of 3 more women than men. The total number of committee members is at least 7 but
not more than 15. How many women could be on the committee?

29 When a certain number is added to 5 and the sum is divided by 5, the result is not more than if this same
number is added to 13 and the sum is divided by 9. What is the largest value this number can take?

30 The base length of an isosceles triangle is an integer (in cm) and is 4 cm less than the sum of the two equal
sides. The perimeter is an integer (in cm) less than 80 cm. What are the possible base lengths?

31 The sum of three consecutive integers is greater than 7 and less than 25. Find all possible values of the smallest
of these integers.

32 The side lengths of a triangle are 8 cm, 10 cm and x cm. What are the possible values of x?
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66

3.4 QUADRATIC EQUATIONS

An equation of the form ax® + bx + ¢ =0, a # 0 is called a quadratic equation in x. The values of x that make this
equation true are called the solutions or the roots of the equation.

A quadratic equation can be solved by factorising the quadratic expression and making the factored expression
equal to zero:

If AB=0, then A=0or B=0 or A=B=0. (This is the null factor law.)

Example 7
Solve:
(@ x(x-—2)=0 b) (x+1)(x—4)=0
Solution
(@ x(x—2)=0 (b) (x+1)(x—4)=0
x=0 or x—-2=0 x+1=0 or x—4=0
x=0 or x=2 x=-1 or x=4

EXERCISE 3.4 QUADRATIC EQUATIONS

Solve:
1 x(x=5)=0 2 (x-2)(x—3)=0 3 x(2x+1)=0
4 (x-7)2x+5)=0 5 3x(2x—9) =0 6 —5x(x+1)=0
7 (x—a)(x—b)=0 8 (x—3a)(x+2b)=0 9 (x-2)(x+2)=0
10 2x—11)(2x+11)=0 11 (x—1)°=0 12 2x+3)*=0

3.5 QUADRATIC EQUATIONS WITHOUT A LINEAR TERM

To solve ax* + ¢ =0, ¢ < 0, remember the difference of two squares: a—b'=(a-b)a+b).

Example 8
Solve:
(@) x¥’—4=0 (b) 2x*—18=0 (€) 9x*=25 d) (x-2)=9
Solution
(@ x*—-4=0 (b) 2x*—18=0
(x—2)(x+2)=0 2(x*-9)=0
x—2=0 or x+2=0 2(x—=3)(x+3)=0
x=2 or x=-2 x=3 or x=-3
() 9x*=25 d (x-2)°=9
9x*—25=0 (x—2)*-9=0
(3x—5)(3x+5)=0 (x—2-3)(x—2+3)=0
3x—5=0 or 3x+5=0 (x=5)(x+1)=0
x:% or x:—% x=5 or x=-1
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Example 9
Solve:
@ x-6=0 (b) 3x*=15
Solution
(@ x*-6=0 or x'=6 (b) 3x*=15 or x'=5
Use 6=(V6) vole 3((2_5) )(0 f) T
2 2 3 X+
* _(\/g) =0 x=+5 or =5
(x4 6) =0
X=\/g or X=—\/g

MAKING CONNECTIONS o

Quadratic equations without a linear term
Use technology to investigate solutions to ax2 —¢c =0

EXERCISE 3.5 QUADRATIC EQUATIONS WITHOUT A LINEAR TERM

Solve:
1 x-1=0 2 ¥-25=0 3 x-49=0 4 xX=16
5 The roots of the equation x* — 0.25 = 0 are:

A x=05 B x=-05 C x=+05 D x=+L

16
Solve:
6 4x’=9 7 %7 =65=0 8 44 -25=0 9 x*-27=0
10 5x°-5=0 11 16x°—1=0 12 16-x"=0 13 25x° =49
14 For the equation 9(x — 1)’ — 36 = 0, indicate whether each statement is correct or incorrect.
@ (x-1)°=4 (b) x=1+4 (€ x=-3,1 d) x=-1,3
Solve:
15 (x-2)*=16 16 5x*—245=0 17 7% =63 18 (5x-1)’=16
19 (x+3)°—4=0 20 x¥*-5=0 21 =2 22 (x+1)=8

3.6 QUADRATIC EQUATIONS WITHOUT A CONSTANT TERM

To solve ax” + bx = 0: the equation has no constant term, so the common factor is x or a multiple of x.

Example 10
Solve:
(@) x*-3x=0 (b) 4x*=8x
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Solution
(@ x*-3x=0 (b) 4x* = 8x
x(x—3)=0 45" —8x=0
x=0 or x=3 4x(x—2)=0 Divide by 4, do not divide by x

x=0 or x=2

EXERCISE 3.6 QUADRATIC EQUATIONS WITHOUT A CONSTANT TERM

Solve:
1 X —6x=0 2 ¥ —5x=0 3 X +5x=0 4 x*+10x=0
5 The solution to x° = 4x is:

A x=0 B x=4 C x=0,2 D x=0,4

Solve:
6 2x"—5x=0 7 X =7x 8 3x°—21x=0 9 2x°+20x=0
10 6x°=24x 11 2x°—x=0 12 55 +x=0 13 3x*=—9x
14 12x*-5x=0 15 15x—x*=0

3.7 GENERAL QUADRATIC EQUATIONS

To solve ax’ + bx + ¢ = 0, factorise the trinomial if possible.

Example 11
Solve:
(@ x*-5x+6=0 (b) 2x’=x+3 € x(x-2)=3 (d) Bx+4)(x-3)=16
Solution
(@ x-5x+6=0 (b) 2 =x+3
(x=2)(x-3)=0 26 —x—3=0
x=2 or x=3 2x—=3)(x+1)=0
x=15 or x=-1
(c) x(x—2)=3 (d) Bx+4)(x—3)=16
X —2x-3=0 3x’ - 5x—12=16
(x=3)(x+1)=0 3x* —5x—28=0
x=3 or x=-1 (Bx+7)(x—4)=0
x=—2% or x=4
Solve:
1 X -3x+2=0 2 X —6x+5=0 3 x¥-2x—8=0 4 X' —4x+3=0
5x-6x+9=0 6 X’ —5x+4=0 7 X +9%+8=0 8 9 +4x-5=0
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9 The roots of the equation 5x° + 7x — 12 = 0 are:

A x=-1,24 B x=-24,1 C x=-12,1 D x=-083
Solve:

10 X’ +4x-12=0 11 5x° - 11x+2=0 12 45" —12x—7=0 13 2x° —x—10=0
14 x> +10x+25=0 15 X’ +5x+4=0 16 4x"—8x—21=0 17 3x* —28x+25=0
18 x*—8x+16=0 19 5x° +26x+24=0 20 3x*—41x+60=0 21 30-7x—x"=0
22 5x*=8x-3 23 x(2x—11)=6 24 x(x+5)=6 25 x(3x+19)=72
26 x*+15=8x 27 (x—2)(2x+5)=2x+5 28 12—4x—x"=0 29 (2x+1)* =4

30 (x+1)°=4x 31 (x+6)°=x+6 32 6x*=10—11x 33 7%’ =2(17x—12)

3.8 COMPLETING THE SQUARE

2
In the expansion (x + 6)° = x° + 12x + 36, the constant term 36 is half the coefficient of x squared: (E) = 36.

2
2
In the expansion (x — 5)° = x* — 10x + 25, the constant term 25 is half the coefficient of x squared: _710) =25.
. . 2 2 2 2a\’ _ 2
This can be shown for the general expansion (x —a)” =x"—2ax +a” as - ) =

2
Thus, an expression like x* + 6x can be made into a perfect square by adding (g) — 9 to obtain x” + 6x+9 = (x + 3)°.

Example 12
What must be added to each expression to complete the square?
(@) x*+8x (b) x*—3x
Solution
(@) x°+8x (b) x*—3x
¢ Hal.fo'fS is 4 ) _ o Halfof -3 is 2
(This is the value that will go in 2
the brackets.) o The square of —% is %

9

» The square of 4 is 16 o Hence I must be added

o Hence 16 must be added . 2
Check: x*+8x+16=(x+4) Check: x2_3x+Z:(x_f)

EXERCISE 3.8 COMPLETING THE SQUARE

In questions 1-4 and 6-13, write the number to be added to complete the square.

1 X +4x 2 x*—6x 3 x*+ 14x 4 x*+2x

5 The number added to x* — 12x to complete the square is:

A 36 B 144 C -36 D -144
6 xX—x 7 x*+5x 8 x*+3x 9 x*—7x
10 ¥ +x 11 2%+ 2ax 12 x* —2bx 13 X’ +cx

Chapter 3 Further algebraic techniques 69



YEAR 11

14 The square is completed for the expression x* — ax. Indicate whether the following statements would be correct
or incorrect.

(@ xz—ax+% (b) xz—ax+% (c) (x—;)2 (d) x¥—ax+a
Example 13
Complete the square to solve:
(@) ¥+4x-5=0 (b) ¥ —5x+6=0 (c) x*=8x
Solution
(@) xX*+4x-5=0
X +4x=5 Add 5 to both sides
X +4x+4=5+4 Add 4 to both sides to complete the square
(x+ 2)2 =9 Factorise
x+2=13 Take the square roots of each side
x+2=3 or x+2=-3
x=1 or x=-5
(b) x—5x+6=0
X’ —5x=—6 Subtract 6 from both sides
x?—5x+ % =—6+ % Add % to both sides to complete the square
(x = 2)2 = i Factorise
x— % = i% Take the square roots of each side
pBall o e
x=3 or x=2

OR, instead of taking the square roots of each side, rewrite the expression as:

(x-2) -1=0

2 4
Then, factorise using the difference of two squares:
33
(x—=3)(x—2)=0
x=3 or x=2
(c) x*=8x
x—8x=0 Subtract 8x from both sides
X —8x+16=16 Add 16 to both sides to complete the square
(x—4)*=16 Factorise
x—4=%4 Take the square roots of each side
x—4=4 or x—4=-4
x=38 or x=0
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EXERCISE 3.9 SOLVING QUADRATIC EQUATIONS BY COMPLETING THE SQUARE

Complete the square to solve the quadratic equations in this exercise.

1 x*—6x+5=0 2 X*—2x-8=0

3 X*+4x-5=0 4 ¥+4x=12

5 When solving x* — 10x + 24 = 0 by completing the square, the line of working after completing the square

could be:
A x-10x+16=-8 B
6 x*—4x=21 7 ¥ —26x+25=0
10 x> —5x+4=0 11 x> +7x=30
14 x*=7x-10 15 ¥’ +x=72
18

incorrect.

(@) X —3x+2

9_9
474

o (3]

X —10x+25=0

D x*—10x+25=1
9 ¥*+x-12=0

C xX*—10x+100=76
8 ¥*—3x+2=0

12 ¥ —11x=12 13 x*—3x-10=0

16 x¥*—10x—11=0 17 ¥ —10x=0

3

(€ x-3

3
=42 =
+3 (d) x=0,3

x” = 3x is solved by completing the square. Indicate whether the following steps in the working are correct or

3.10 QUADRATIC EQUATIONS WITH NON-RATIONAL SOLUTIONS

All the questions in Exercise 3.9 could have been solved by factorising. Practice in completing the square will
also enable you to solve equations that do not have rational factors.

Example 14

Complete the square to solve:
(@ x*+2x-5=0
Solution
(@ x*+2x-5=0
K +2x=5
F+2x+1=5+1

(x+1)7°=6
x+1=i\/g
x=—1+x/€ or x=—1—\/€
x=1.45 or x=-3.45
(b) X=4x+8
X —4x=8
X —4x+4=8+4
(x—2)Y%=12
x—2:i\/ﬁ
x=24+2Y3 or x=2-23
x=>5.46 or x=-1.46

(b) xX*=4x+38

() ¥—5x+2=0

Move constant to RHS

Add 1° to complete the square
Factorise

Take square roots of both sides
Exact answers

Answers correct to 2 decimal places

Rewrite with only the constant on RHS
Add 2’ to complete the square
Factorise

Take square roots of both sides

Exact answers

Answers correct to 2 decimal places
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X —5x=-2 Move constant to RHS
2
X% —5x+ % =2+ % Add (%) to complete the square
2
(x — %) = IZ Factorise
X — % = i% Take square roots of both sides
_5,.\17 _5_V17

x=3 4 > or x=5 2 Exact answers
x=4.56 or x=0.44 Answers correct to 2 decimal places

EXERCISE 3.10 QUADRATIC EQUATIONS WITH NON-RATIONAL SOLUTIONS

Complete the square to solve the following quadratic equations, giving answers to even-numbered questions in surd
form and answers to odd-numbered questions correct to two decimal places.

1 x*—2x—4=0 2 X +4x—4=0 3 x¥-x-5=0 4 ¥ —6x+2=0
5 xX—5x+1=0 6 X’+2x—2=0 7 X*=6x—4 8 X¥+x-1=0
9 x¥*—6x—5=0 10 X’ +4x=1 11 X*=2x+5 12 X’ +3x-6=0

3.11 COMPLETING THE SQUARE FOR NON-MONIC EQUATIONS

Completing the square is more difficult when the coefficient of x” is not 1. You can overcome this problem by
first dividing every term by the coefficient of x°.

Example 15
Complete the square to solve 2x” — 3x — 3 =0.
Solution
2%’ =3x-3=0
2" —3x=3 Move constant to RHS
x* - 3% = % Divide by coefficient of x*
2 3x,.9_3.9 3\
R AT BT Add( 4) to complete the square
_3)_3
*T4) T 16 Factorise
3_ .33
XTy = + 4 Take square roots of both sides
_3.4/33_3+33 _3_+33_3-433
x=g+37=" or x=g—- =y Exact answers
x=2.19 or x=-0.69 Answers correct to two decimal places

New Senior Mathematics Advanced for Years 11 & 12



YEAR 11

EXERCISE 3.11 COMPLETING THE SQUARE FOR NON-MONIC EQUATIONS

Complete the square to solve the following quadratic equations, giving answers to even-numbered questions in surd
form and answers to odd-numbered questions correct to two decimal places.

1 2x'—x-5=0 2 2x+6x—-5=0 32X +x-2=0 42X +3x—1=0
5 35" —5x—1=0 6 3x° +4x=5 7 3% —2x=4 8 2x’—6x+1=0
9 3x’=7x+3 10 4x° +4x-5=0 11 2x° —5x=9 12 35" —2x—2=0
13 2x° +x=4 14 35" - 8x+3=0 15 6x*—10x+3=0

3.12 THE QUADRATIC FORMULA

The equation ax” + bx + ¢ = 0, a # 0 is the general quadratic equation.

If you solve this equation by completing the square, you obtain the quadratic formula, which is a solution that must

be true for all quadratic equations. This formula enables us to solve quadratic equations even when the factors are
not obvious.

ax’*+bx+c=0

ax® +bx =—c Move constant to RHS
x>+ Q =— £ Divide by coefficient of x*
X+ x+(£2 -< Addizt lete th
2a) “ap @ 55 to complete the square
b\ b2 - 4ac .
*t3a Factorise
b \/ b*—4
toa " iTaC Take square roots of both sides
__ b \/ b* — 4ac
x= NO —4ac
2a 2a
_ —bx+b* —4ac .
== 55 Thequadratic formula
Example 16
Use the quadratic formula to solve the following quadratic equations.
(@) x¥*+8x+12=0 (b) x¥*—3x-2=0 () 2xX’—4x+1=0 (d) 4x°+5x—2=0
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Solution
(@ X*+8x+12=0 (b) ¥*—3x—2=0
2 2
x:_bi— Vb_4ac,a:1,b:8,c=12 x:_bi— Vb—4ac,a=1,b=—3,cz—2
2a 2a
_ 84487 —4x1x12  (-3)£4/(-3) —4x1x(-2)
X = X =
2 2
_-8+64-48 _3£VJ9+8
2 2
_-8+4/16 _3+\17
2 2
_ -8+4 -8-4
-2 or 2 = 3+g/ﬁ or 3_£/ﬁ (Exact solution)
== o =6 =3.56 or —0.56 (Correct to 2 d.p.)
It would have been faster to use factors
to solve (@): x° + 8x + 12 = (x + 2)(x + 6)
() 2x*—4x+1=0 (d) 4x*+5x—2=0
—b+~b? - bbb -
Xz—b_ b 4ac,a=2,b:—4,c:1 X = el 4acaa:4>b:5:C:_2
2a 2a
_ (-4)*4/(-4) -4x2x1 5445 —4x4x(=2)
X = X =
4 8
_4+-/16-8 _ -5+/25+32
4 8
_ 4248 _ -5+57
4 8
+ _ _5_
= 4_5\5 = 5+T\/§ or 5T\/§ (Exact solution)
242 =0.32 or -1.57 (Correct to 2 d.p.)

= (Exact solution)

=171 or 029 (Correctto2d.p.)

EXERCISE 3.12 THE QUADRATIC FORMULA

Solve the following quadratic equations, giving the answers to the even-numbered questions in surd form, and to the
odd-numbered questions correct to two decimal places (if necessary).

1 X +6x+5=0 2 X*+2x-8=0 3 x¥-6x-7=0 4 ¥ —7x+10=0
5 xX*+2x—1=0 6 xX*—6x+4=0 7 X*—-2x-5=0 8 X*+5x—1=0
9 x¥*-2x-9=0 10 X +4x+2=0 11 X'~ 15x+56=0 12 ¥ +2x-15=0

13 2% +5x+1=0 14 2x°—8x+3=0 15 2x°+3x+1=0 16 2x*—3x=0
17 3x°+2x-2=0 18 2x°+3x—5=0 19 ¥ +6x+1=0 20 x*—8x+16=0
21 2x*—x-3=0 22 7x*—7x-2=0 23 4x*—9x+4=0 24 3 —11x—4=0

25 2x* +x=3 26 x(x+3)=2 27 2xX*+6x+1=0 28 2x*—6x=3
29 x*=2x+2 30 X*=6x+2 31 2x*=3x+4 32 2x*+10x+5=0
33 ¥ +17x=60 34 3 +9x+5=0 35 3x°—15=0 36 x(x+1)=1
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3.13 PROBLEMS INVOLVING QUADRATIC EQUATIONS

Example 17
One side of a rectangle is 2 cm longer than the other side. The area of the rectangle is 120 cm’. What are the
dimensions of the rectangle?

Solution
Let one side length be x cm.

The other side length is (x +2) cm. 120 cm? x

Draw a diagram to show this information.

The area of the rectangle is 120 cm’, so: x+2
x(x+2) =120
X +2x=120
X +2x-120=0
(x+12)(x—10)=0
x+12=0 or x-—10=0

x=-12 or x=10

Because x represents the side length of a rectangle, x > 0. This means the only possible solution is x = 10.
Therefore the dimensions of the rectangle are 10 cm by 12 cm.

We should have written the original equation as x(x + 2) = 120, x > 0, to remember that x must represent a
positive length.

Also, don'’t forget that when solving AB =0, either A =0 or B=0 or A = B=0, but zero is not always a valid
solution to the problem. This is one reason why we don’t always use all solutions to the quadratic equation in
practical problems.

Example 18
The height h metres of a stone,  seconds after being thrown straight up, is given by the equation h = 30t — 5¢°.
When is the stone at a height of 40 metres?

Solution
h =30t 5¢*
For h=40: 40 =30t — 5¢*

5 —30t+40=0
5(8 —6t+8)=0
5(t—2)(t—4)=0
t=2 or t=4

On the way up, the stone reaches a height of 40 m after 2 seconds; on the way down, it comes back to a height of
40m at 4 seconds. In this problem both answers make sense.
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EXERCISE 3.13 PROBLEMS INVOLVING QUADRATIC EQUATIONS

1

N o a b

0o

10

11

12
13

14

In each diagram, all measurements are in centimetres and the area of the shaded region is given. Find the
value of x in each case.
(a) (b) (c) Area =33 cm?
40 cm? (x-1) (x+1) ) 7
il 20 em > 3 (x+3)
(x+2) (x+4) m
(x+5)
(d) Area = 44 cm? 1 (e) z
' Area =22 cm?
X1 4
| 5
-
(x+3) Hl X
For the information given on the triangle, which statement is correct?
A x(x-1)=2.5 B 2x-1=5 5 o1
C ¥=12 D x-x-12=0
X
Use Pythagoras’ theorem to find the value of x, given that all measurements are in centimetres.
(@) (b) X3 ()
13 x x+1 x-1
x xX+6
x+7 x+3

The sum of a certain positive number and the square of that number is 12. What is the number?
The product of two numbers is 88. If one of the numbers is 3 more than the other, what are the numbers?
The product of two consecutive numbers is 72. What are the numbers?

The height & metres of a stone,  seconds after being thrown straight up, is given by h = 40 — 5¢°. At what times
is the stone at a height of: (a) 60m (b) 80m?

The sum of the square of a positive number and four times the number is 60. What is the number?

A rectangular swimming pool, 12m by 8 m, is surrounded by a concrete path of uniform width. If the area of
the path alone is 224 m?, find its width.

A carpet is placed in a room measuring 6 m by 4m, leaving an uncarpeted border of uniform width around it.
If the area of the carpet is 8 m”, find the width of the border.

A picture on a wall measures 24 cm by 20 cm. It is surrounded by a frame of uniform width whose area, not
including the picture, is 416 cm®. What is the width of the frame?

A rectangle is 8 cm longer than its breadth. If the area of the rectangle is 48 cm’, what are its dimensions?

In a right-angled triangle, one of the sides adjacent to the right angle is 4 cm longer than the other side. If the
area of the triangle is 96 cm’, find the length of each of the three sides.

The perimeter of a rectangle is 40 cm and its area is 84 cm’.

(@) If the breadth of the rectangle is x cm, express the length in terms of x.
(b) Write the area of the rectangle in terms of x.
(c) Form a quadratic equation in x and solve it to find the length and breadth.
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1 Solve:
@ 5a-6=4Q2a+3) (b) 3(8a—2)—3(2a+4)=0 € 8(x+2)—3(x+5)=2(x—2)
2 Solve:
o33 o g =
3 Solve, showing your solution on a number line:
(@) 3x5‘2>2 (b) —8<3x—2<16 © |x-1 >1
4 Solve:
(@ x’=4 (b) x*=4x (©) x¥*=4x-4
(d) (*-3x)°=16 € (x*—3x—10)(x-3x—4)=0 () 6x’+7x—3=0

5 The hypotenuse of a right-angled triangle is (x + 1) cm in length and the other two sides are x cm and
(x —7) cm. Form an equation and solve it to find the length of each side.

6 Solve the quadratic equation 2x” — x — 5 = 0, giving your solutions:

(@) in simplest surd form (b) correct to 2 decimal places.

7 Find the solutions of the equation —*— — 1
X

= 3 as surds.
+1 x+2

8 Expand and simplify (2x — y)(x2 —xy+ )’2)-
2 1
m*—4 m’=3m+2

10 Ifn >0, solve 262500 = %(66000 +1500(n—1)).

9 Simplity:

11 The perimeter of a rectangle is 18 cm and its area is 20 cm’.

(@) If the length is x cm, express the breadth in terms of x.
(b) Write the area in terms of x.
(c) Form a quadratic equation in x and solve it to find the length and breadth.

12 If n >0, solve 200 = %(6 +2(n—1)), rounding your answer to the nearest integer.

13 Solve 12x° + 12x* — 24x = 0.

14 Solve 2=* — X forx.
x b—x

15 If x > 0, solve 22* = x* + 20° — 40x cos 60°, giving your answer to the nearest integer.

16 Solve x(x* + 5) = 6x°.
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CHAPTER 4

Functions

4.1 FUNCTIONS AND RELATIONS

A function is a type of mathematical object that precisely describes a relationship between variables.

Definitions

A real function f of a real variable x assigns to each element x of a given set of real numbers exactly one real
number y, which is called the value of the function fat x. The dependence of y on fand x is made explicit by
the notation f(x), which means the value of f at x. This can be written as y = f(x).

o The set of real numbers x on which fis defined is called the domain of f, while the set of values f(x)
obtained as x varies over the domain of fis called the range or image of f.
(In other words, the domain may be thought of as the function’s potential ‘input, while the range is
the ‘output’)

o The variable x is called the independent variable, as it may be chosen freely from the domain of f, while y is
called the dependent variable, as its value depends on the particular value chosen for x.

« A function may also be defined as a set of ordered pairs with the special property that no two pairs have the
same first element (x value).

Finding the value of a function
Consider a function defined by the rule f(x) = 2x — 7. What is the value of the function when x =4, x =0 and
x =—1? In the past you would have written the two equations x = 4, y = 8 — 7 = 1. With function notation, you can
simply write f(4) =8 — 7= 1. Thus:

. f@)=1 . f(0)=0-7==7 . f-1)=—2-7=-9
The function notation f(x) allows you to write, in a single statement, the value of the independent variable as well as
the corresponding dependent variable.

Example 1
Plot the following points on a number plane: (-1,2), (0,1), (1,0), (2,3), (3,-2), (4,0).

Does this set of points represent a function? Write its domain and range.

Solution P
The graph shows that for each first value, x, there is only one second 3T *
value, y. o 21
This means the set of points is a function:
1-¢
Domain=1{-1,0, 1, 2, 3, 4}
| & | | &

Range =1{-2,0, 1, 2, 3} 0 MR
Note that 0 is the y value for two points, but it only needs to be listed -1+
once in the range. Ll .
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Example 2
Determine whether each graph represents a function. Write the domain and range for each.
@ y (b) i © ’
31 2
2 4+ 3T 14+
1 2T :
/ 1 p*
I —t—t 'T
2 /1 O 1 2 3 F
14 | | I —
2 -1 9 1 2 3%
24 I PL+yr=4
y=x+1 y=x
Solution
(@) Function (b) Function (c) Not a function
Domain: real numbers Domain: real numbers Domain: real numbers,
Range: real numbers Range: real numbers, y >0 —2sxs<2
Hence we can write Hence we can write g(x) = x° Range: real numbers,
fx)=x+1 —2<x<2

In parts (a) and (b) the functions are different, so they have been given different labels, fand g.

Vertical line test

A simple way to determine whether a graph represents a function is to draw vertical lines. If each vertical line
cuts the graph only once, then the graph represents a function. If any of the vertical lines cut the graph more than
once, then the graph does not represent a function. The x values for which vertical lines do not cut the graph are
not in the domain.

Example 3
Use the vertical line test to show that each graph represents a function. Write the domain and range for each.
(@) f(x)=2-2x (b) g(x=+ (© h(x)=a—x’
y

N 1
N . T

2 10 1 2
14
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80

Solution
Draw several vertical lines on each graph.

@ \y\ (b)
11 —\

T Ty
2 10 N 2 3
L] 4+
1

1
1 1
[ig R 1
1 1
1 1

Vertical line can only
cut once.

Domain: real values of x

Range: real values of y

Vertical line can only
cut once.

Domain: real values of x

Range: real values of y

()

———
[3S)

Vertical line can only cut once,
between x =—-2 and x = 2.

Domain: 2<x<2

Range: 0<y<2

One-to-one functions

In a one-to-one function, every element in the range of the function corresponds to exactly one element in the domain.

Horizontal line test

If a horizontal line intersects the graph of a function more than once then the function is not a one-to-one function.

The graph of the parabola y = x” is an example of a function that can be intersected by a horizontal line.

Relations

The simplest definition of a relation is that it is a multi-valued function: it is a set of ordered pairs, usually defined by
some rule, but each first member of the ordered pairs can have more than one second member. If the semicircle
in Example 2(c) were a complete circle instead, then it would not be a function, but it would be a relation.

The language of functions also applies to relations, so the terms independent variable, dependent variable,

domain and range have the same meaning.

Example 4

Determine whether each graph represents a function or relation. Write the domain and range for each.

@ v (b)

/

0 1 2 3 4
14

24

Solution
(@) Relation

Independent variable is ¢
Domain: real ¢, £ = 0

Range: real numbers

m

(b) Function

Independent variable is n
Domain: real numbers

Range: real m, m 20

(c) Function
Independent variable is x
Domain: real numbers

Range: real numbers
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Types of functions and relations

Sometimes other terms are used to define a function or relation in terms of a ‘mapping’ between two sets

of numbers.
Consider the sets X=1{1, 2, 3,4, 5,6} and Y=1{5, 11, 14, 17, 23, 27}.

One-to-one functions

Make up the set of ordered pairs {(1, 5), (2, 11), (3, 14), (4, 17),
(5,23), (6,27)}. This is a one-to-one mapping of set X onto set Y as
each element of set X is paired with a different element of set Y.
The resulting set of ordered pairs form a function as shown in

the diagram.

This function would pass the vertical line test.

Many-to-one functions

Make up the set of ordered pairs {(1, 11), (2, 5), (3, 14), (4, 11), (5, 5),
(6, 17)}. This is a many-to-one mapping of set X onto set Y as more
than one element of set X is paired with an element of set Y. The
resulting set of ordered pairs form a function as shown in the diagram.

This function would pass the vertical line test, but it would not pass the
horizontal line test as some y values are paired with more than one
x value. This is why it is called ‘many (x values) to one (y value).

One-to-many relations

Make up the set of ordered pairs {(1, 5), (2, 11), (3, 14), (4, 17), (2, 23),
(4, 27)}. This is a one-to-many mapping of set X onto set Y as some
elements of set X are paired with more than one element of set Y.

The resulting set of ordered pairs is not a function, but a relation

as shown in the diagram.

This set would not pass the vertical line test, but it would pass the

horizontal line test as no y values occur more than once. This is why
it is called ‘one (y value) to many (x values)’

Many-to-many relations

Make up the set of ordered pairs {(1, 5), (2, 5), (2, 14), (4, 14), (5, 23),
(6, 17)}. This is a many-to-many mapping of set X onto set Y as some
elements of set X are paired with more than one element of set Y and
some elements of set Y are paired with more than one element of set X.

The resulting set of ordered pairs form a relation as shown in the diagram.

This set would not pass the vertical line test nor the horizontal line test.
Some y values are paired with more than one x value and some x values
are paired with more than one y value. This is why it is called ‘many

(y values) to many (x values).

Function rules

YEAR 11

y
30 &
25 | *
[ ]
20 L
[ ]
15 1 .
10 4 .
54+ e
—t——t—F—1+—+—
Oy 1 2 3 4 5 6 7 8F%
y
20 4
15 - . *
10_ [ ] [ ]
5 4 ° °
—
Oy 1 2 3 4 5 6 7 %
y
30 &
[ ]
25 L
[ ]
20 4
[ ]
15 1 .
10 + °
54+ e
—t—t—t—t—t—+—
Oy 1 2 3 4 5 6 7 8%
¥y
25 4
[ ]
20 4

15 1
10 1
5

When a function rule fis given and a domain is not specified, it is assumed that the domain of the function
is the set of real numbers for which f(x) defines a real number range. To find the domain, the solution of an

inequality may be needed.

When the domain of fis all values of x over an interval, the graph of y = f(x) is called the curve y = f(x) and a

part of the curve between two points is called an arc.
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Example 5

State the largest possible domain for the function defined by the given rule. What is the range of each function?

82

(@

f=2  ® f=1 (@ f@=vr @ fW=Vi-¥ (@ flx)=—

x> -1

Solution

(a

(b)

(©)

(d)

(e)

Any real number squared is also a real number, so the domain of f(x) = x” is all real numbers.

Any real number squared is never negative, so the range of the function is all positive real numbers and zero.

Fractions are not defined for a denominator of zero, so % is defined for all values of x except x = 0. Thus
the domain of f(x)= % is all real numbers except x = 0. You can write f(x)= %, x#0.

Because the numerator of f(x) is never zero, we have f(x) # 0. The reciprocal of every non-zero real
number is another non-zero real number, so the range of the function is all real numbers except zero.
Only the square roots of non-negative numbers are real, so the domain of f(x)= Jx is real x, x> 0.

The square root of zero is zero and the square root of a positive real number is another positive real
number, so the range of the function is all positive real numbers and zero: f(x) = 0.

For the value of f(x)=+v4— x> to be real, 4 — x* > 0, so —2 < x < 2. Therefore the domain of
f(x)=\/4—x2 is real x, 2 <x <2 (or |x| £2).

When x = 0, the value of the function is f(0) = 2; also, f(2) = 0 and f(-2) = 0. For all other values of x
in the domain, 0 < f(x) < 2, so the range of the function is the real numbers 0 < f(x) < 2.

The function is not defined when the denominator is zero, i.e. when x> — 1 = 0. This is true for x = +1, so

o X g
the domain of f(x)= 21 isreal x, x # £1.
f(0) =0, and for all values of x in the domain the function exists. The range of the function is the set
of real numbers.

EXPLORE FURTHER

Investigating domain and range
Use technology to investigate the domain and range of a set of functions.

A function may be defined over its domain by several different rules.

Example 6
2
. <1
A function is defined as f(x)= {;C * : Find the domain and range of this function.
-x, x>
Solution
When x<1, f(x) = x* exists for all real values of x. y

When x > 1, f(x) = 2 — x exists for all real values of x.

Thus the domain of the function is all real x. \\ /\

When x<1, f(1)=1, f(0)=0, f(-1) =1 and f(x) > 0 when x # 0. S N

When x > 1, f(1.01) = 0.99. f(2) =0, f(3) =—1 and for x > 2, f(x) < 0.

1

Thus the range of the function is all real numbers.

A sketch of the function shows this information more clearly.
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Interval notation
Parentheses ( ) are used to indicate open intervals while square brackets [ ] are used to indicate closed intervals.

A combination of these two symbols, ( ] or [ ), is used to indicate intervals that are open at one end and closed at the
other end.

For example:
o The domain 1 < x < 3 is an open interval and may be written (1, 2) or x € (1, 2).
o The range —3 < y < 51is a closed interval and may be written [-3, 5] or y € [-3, 5].
o 2<x<7maybe writtenas [2,7) orx € [2,7).
o 0<y<17 may be written as (0, 17] or y € (0, 17].
o The statement x € (—oo, 0) represents the interval —eo < x < 0 or just x < 0.

When graphing an interval on a number line, the interval is shown as a line with a circle at each end: a solid circle
for a closed interval, or a hollow circle for an open interval.

Open interval

(1, 3) represents the interval 1 < x < 3 and when graphed on the number line is shown as: 1

Closed interval

[—2, 3] represents the interval —2 < x < 3 and when graphed on the number line is shown as: <« G ———— |
2-101 2 3 4

Half-open intervals

(0, 4] represents the interval 0 < x < 4 and when graphed on the number line is shown as: ——

[—1, 3) represents the interval —1 < x < 3 and when graphed on the number line is shown as: 1

EXERCISE 4.1 FUNCTIONS AND RELATIONS

1 Indicate whether each set of points is a function or relation. In each case write the largest possible domain and range.
(a) {(1) 1)) (2) 2)) (3) 5)7 (3) 7)} (b) {(_3) 1)) (3) 1)) (8) 7)) (9) _2)) (1 1! 6)}

(c) (x,5) for all real x (d) (2,y) for all real y (e) x*+ y2 =9
(f) y:\/16—x2 (g) y=x+2 (h) y:2_x2

2 Which statement is correct about the function f(t) = - 9?
A Domainist=9 B Rangeisf(t)<-9 C Rangeisf(t) >2-9 D Domainist=0

3 For each of the following functions, sketch the graph and state the largest possible domain and range.
(@ f()=9-x  (B) g=9-%¥ (0 h(x)=—Vd-x" () f(t)=+F
4 Consider the function defined by f(x) = 3x — 6 for all x.

(@) Find the value of f(1), f(-=2), f(a). (b) For what values of a is f(a) = a?
(c) For what values of x is f(x) > x? (d) Sketch the graph of f.

5 Consider the function f(x) = x° — 1, where x is any real number.
(@ Find f(3), f(-3). (b) Find f(a), f(b), f(a+ b).
() Isf(a)+f(b)=f(a+b) true for all a and b? (d) State the range of f.

6 For the function g(x) = Jx, x>0, state whether each statement is correct or incorrect.

(@ g(1)=1 (b) g(9)=-3 © gH=x  (d) glx+2)=x+2
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7 Sketch each function and write the domain and range.

x+1 forx2>1 1 for x #-2
(@ f(X)={ (b) f(x)=9x+2
2 for x <1 4 for x = -2
2x for x>0 x x&(l, )
(© fX)=y_ <o @ f(x)=11 xe[-1,1]
—-X X € (—oc0, —1)

8 State the largest possible domain and range for:

@ f(x)=vx-2 (b) f(x)=+3-x (c) f(x)=\/x2—9

(d) g(x)Z% (€ hn=r M glk)=5-K
1-x, X€(—o0, 2]
9 A function is defined by the rule f(x)=<-1, xe(-1,1)
x+1, x€[1, o)
Find the values (if they exist) for:
(@ f(1) (b) f(-1) (e) f(0) d f(2)+f(-2)
1
=, x<0
10 A function is defined by the rule f(x)=1*
{x, x=20
Find:
(@ f(0) (b) £(2) © f(=2) (d) f(a*)
o x—1, x<1
11 A function is defined by the rule f(x)= { Gl x>
Find:
(@ f(1) (b) f(-1) (c) f(10)+f(-10) (d) f(5)

4.2 SKETCHING BASIC FUNCTIONS

You should be able to sketch simple linear functions from either the gradient-intercept form or the general
form of the equation. You also need to be able to quickly and neatly sketch the power functions, such as

F(x) = 2%, fx) ==, f(x) = 7, f(x) = =, f(x) = &, f(x) ==, f(x) = % and f(x)= % You should already
be familiar with many of these. X

The following examples should also be graphed using graphing software. You may need to rewrite each equation in
the form y = f(x).

Example 7
Sketch each straight line. State the gradient and both axis intercepts of each.
@ y=2x+1 (b) 2x+3y—6=0 () y=4—-x
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Solution
@ y=2x+1
Find the value of y for three different values of x: (0,1), (2,5), (-=1,-1)
Plot these points on the number plane. Join them to obtain the line.
OR

From the form of the equation, recognise that the y-intercept is
1 and the gradient is 2.

Because the line passes through (0, 1) it also passes through
(1,14 2=3)and (2, 342 =5). This is because the gradient is 2, 24
which means that as x increases by 1, y increases by 2. Plot and
join the points.

Gradient = 2, x-intercept = —0.5, y-intercept = 1.

(b) 2x+3y—-6=0 y
Find the value of y for three different values of x: (0,2), (3,0), (=3,4)

Plot these points on the number plane. Join them to obtain the line.

2)
—2x | ] z

Rewrite the equation in the gradient-intercept form: y = = T 2 _i _i _i ol 1 T N
The gradient is a fraction, so this is not so convenient. T

OR

Rewrite the equation by putting the constant term on the RHS of the

equation and dividing by 6: the equation becomes §+ % =1

This shows that the x-intercept is 3 and the y-intercept is 2. Draw a
line through these intercept points to obtain the graph.

Because the line falls as x increases, the gradient is negative.

-intercept
_ y-ntercept _ 2, x-intercept = 2, y-intercept = 3.

Gradient = - =
x-intercept 3

() y=4—-x
From the equation:
gradient = —1, x-intercept = 4, y-intercept = 4.
Use this information to sketch the graph.

If you use this method, you should also find the coordinates of a third
point to check that you haven't made a mistake, e.g. (2,2).

Example 8
Sketch each function, showing any intercepts on the coordinate axes.
@ fi)=x (b) ()= © f=%
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Solution
(@ fx)= isa type of curve called a parabola. Create a table of

values and plot the points.

X -2 -1 0 1 2

fx) 4 1 0 1 4

Note that f(—x) = f(x). The curve is symmetrical about the
y-axis. The curve passes through the point (0, 0).

When x > 0, f(x) increases as x increases, so we say that f(x) is
an increasing function for x > 0.

When x < 0, f(x) decreases as x increases, so we say that f(x) is
a decreasing function for x < 0.

(b) f(x)=—xis a type of curve called a cubic. Create a table of

()

values and plot the points.

X -3 =7 -1 0 1 2 3

f(x) 27 8 1 0 -1 -8 =27

Note that f(—x) = —f(x). The curve has rotational or point
symmetry about the origin.

The curve passes through the point (0,0).

As x increases over the domain, the value of f(x) decreases, so f(x)
is a decreasing function over its domain.

flx)= % is a type of curve called a hyperbola. Create a table of

values and plot the points.

X =2 -1 -0.5 0 0.5 1 2

flx) | —0.5 -1 —2 | undefined 2 1 0.5

Note that f(—x) = —f(x). The curve has rotational or point
symmetry about the origin. Also note that f(0) is undefined

because % does not exist.

The curve does not cut either axis.

As x — Foo, f(x)—> 0and as f(x)— too, x — 0.
The line f(x) = 0 is called a horizontal asymptote.
The line x = 0 is called a vertical asymptote.

When x <0, f(x) decreases as x increases, so we say that f(x) is a
decreasing function for x < 0.

When x > 0, f(x) decreases as x increases, so we say that f(x) is
a decreasing function for x > 0.

Thus f(x) is a decreasing function over each part of its domain.
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Odd and even functions

An odd function has the property that f(—x) = —f(x). For example: y
If flx)=x
then fl=x)= (—x)’
=—X

3 -a
T
1
1

= - —
=—f(x) | f)=x
Hence f(x) = % is an odd function.

Because f(x) and f(—x) are opposite in sign, the graph of f for x < 0 can be obtained by rotating the graph for x = 0
through an angle of 180° about the origin.

An even function has the property that f(—x) = f(x). For example: ¥y
If flx)=x ! .
then  f(-x) = ()’ i i
= T
=f(x)
Hence f(x) = x* is an even function. fx) =%

The graph of an even function is symmetrical about the y-axis. The graph for x <0 can be obtained by reflecting the
graph for x > 0 in the y-axis.

Note that the statement f(—a) = f(a) implies that the function is defined at both x = a and x = —a. The function
flx)= x%, x>0 is not an even function, because f(—a) is not defined.

The properties of odd and even functions are useful when sketching the curves for these functions. After drawing a
curve for x 2 0, the other half of the curve can be drawn immediately from the odd or even symmetrical properties.
Disappointingly, however, most functions are neither even nor odd.

EXPLORE FURTHER O

Odd and even functions
Use graphing software to determine if a function is odd or even.

EXERCISE 4.2 SKETCHING BASIC FUNCTIONS

1 Sketch each function. State the gradient and the x- and y-intercepts for each.
(@ y=3x+1 (b) 3x+2y—6=0 () y=4-2x (d) y=x-1 (e) 4x—y—-8=0
) y=—x (9) y=3 (h) x=4 () x+2y+5=0

2 For each part of question 1, determine whether the function is increasing, decreasing or neither. What do you
notice about the gradient in each case?

3 Sketch each function, showing any intercepts on the coordinate axes. State the domain for which each function
is increasing.

@ fW=x O fW=+ @ 0= @ f0=-1 @ f=x' O f)=2
4 For each part of question 3, determine whether the function is odd, even or neither.
5 Iff(x)= 2x* and g(x)= %, which of the following statements is correct?

A fand gare both odd functions B fisan even function and gis an odd function
C fand gare both even functions D fand gare neither even nor odd functions

6 For y =2x — 3, indicate whether each statement is correct or incorrect.

(@) gradient=2 (b) x-intercept=3 (c) yisan increasing function (d) y-intercept=3
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4.3 SQUARE ROOTS AND ABSOLUTE VALUE

Square roots

If a >0, then +/a is a non-negative number such that (\/Z )2 =a.+/a is called the positive square root of a.
An equation like x* = 9 always has two solutions: the positive and negative square roots of 9. In this case, they
arex=+9 =3and x =—/9 = -3,

The important fact is that the value of v/a will always be either positive or zero (non-negative) if a > 0.

What meaning can be given to v x’?

Ifx=2, then\/x72=\/(2)2 =J4=2
If x=-2, thenJF:\/(—Z)z =J4=2.
If x=0, then /x* =~/0° =0 =0.

This means: x2=x ifx>0
=—x ifx<0
=0 ifx=0

Here —x means the opposite sign of x, hence —x > 0.

Absolute value

The absolute value (also called ‘modulus’) of a real number x is written |x|. It is the non-negative number that defines
the magnitude of the given number.

Thus |3| = 3,|-3| =3 and |0| = 0.

This means: |x| = x if x>0
=—x ifx<0
=0 ifx=0

This is identical to vx?, so it leads to another definition of absolute value: |x| = v/ x*.

Because x is a real number, it can be represented by a point on the number line, and |x| is the distance of the point x
from the origin. Distance is always positive, so |x| > 0 for all x # 0.

The expression |x| = 2 thus describes a distance of 2 from the origin. The two points that are 2 units distant from 0
arex=0+2=2andx=0-2=-2.

Similarly, the expression |x — a| = 4 is saying that the distance between the points x and a is 4 units. For example, the
values of x for which [x —2|=4 are x=2 + 4 =6 and x = 2 — 4 = —2. This can be shown on a number line:

'S
'S

'

> 19

|
[\S}
|
—
(=]
—
\S)
w
U
v

In general: x—y|l=x-y ifx>y
=y—-x ifx<y
=0 ifx=y

Thus |5-3|=[3-5|=2.
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Important results

1 Jay|=xlx[y]
2 |x+y|<|x|+|y| (the ‘triangle inequality’)
and |x + y| =|x|+|y| if and only if x and y are either zero or have the same sign.

These results can be checked with specific values of x and y. Test them for x=—7 and y = 3.

EXPLORE FURTHER O

Absolute value and addition
Use a spreadsheet to explore the result |a + b| < |a| + |b|.

Example 9
On a number line, show the values of x for which:
(@ |x|>1 (b) |x|<2
Solution
@ [x[>1 (b) [x[<2
x>1 or —x>1 x<2 or —x<2
x>1 or x<-1 x<2 or x=>-2
x<-1 or x>1 —2<x<2

0} 1 (I“ i i i 1 1 1
1

I I I I I I I I I I
-4 -3 -2 -1 0 2 3 4 -4 -3 -2 -1 0 1 2 3 4

When the circle is filled in, the point is included, as it is in part (b).

Example 10
Solve for x:
(@ 2x-1/=3 (b) 3x+2|=1 (¢) [2x-1/=3 (d) 3x+2[<1
Solution
(@ [2x-1=3 (b) 3x+2[=1
2x—1=3 or —(2x—1)=3 3x+2=1 or 3x+2=-1
2x—1=3 or 2x—1=-3 3x=—-1 or 3x=-3
2x=4 or 2x=-2 xz—l or x=-1
3
x=2 or x=-1
(c) [2x-1/=>3 (d) 3Bx+2|<1
2x—123 or —(2x—1)=3 3x+2<1 or —(3x+2)<1
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Multiplying both sides of an inequality by —1 reverses the direction of the inequality, so:

2x—123 or 2x—1<-3 3x+2<1 or 3x+2>-1
2x24 or 2x< -2 3x<—-1 or 3x>-3
x=2 or x<-1 x<—% or x>—1

1

1<x< 3

In (b) above, the first line of working has been left out. When you are confident solving absolute value
equations, you can do this too. However, beware that skipping the first line of working in problems like
parts (c) and (d) could easily lead to wrong inequality signs.

Example 11

Write expressions to give meaning to the following:

@ [2x-3| (b) (y-2) (€) (2y—x)

Solution
@ Px-3=2¢-3  if2x-3>0ieifx>2 o [2x-3[=2x-3 ﬁxZ%
3
=3-2  if2x-3<0,ieifx>3 =3-2x  ifx<3
=0 ﬁm»3:mieﬁx=%

(b) (y-2) =[y-2| © V@y—x) =y—x]
— ify>2
=2—y ify<2
=0 ify=2

=2y—x if)’>%
=x-2  ify<3

=0 ify=>

Algebraic denominators

A fraction cannot have zero as a denominator. If we write a fraction with an algebraic expression as the
denominator, then that fraction is undefined when that algebraic expression is zero.

For example, % is undefined when x = 0, so we say that the expression is defined for all real x, x # 0.

x—1
x(x—1)

When an expression is undefined for some values, you must write the restrictions in the answer.

The expression is undefined for x = 0 or 1. The expression is defined for all real x, x # 0, 1.

Example 12
Simplify these expressions:
’ 2
(@ @ forx#0 (b) \xz— 24 forx#-2,2 (c) % for x between 0 and 1
X2 — _
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Solution
(a) @forxio (b) %for?ﬂﬁ—Z,Z
x| _ x if
X_x_y if x>0 |x —2| x—2 1 £
= = 2
|;C‘ X x2—4 (x=2)(x+2) x+2 x>
_ =X _ :
7—7——1 1fx<0 |X—2|_ _(x_z) _ -1

ifx<2,x#-2

x2—4 (x=2)(x+2) x+2

@ YOI

2
- for x between 0 and 1

JE-1? -1 _

x—1 x—1

because 0 < x < 1 means that (x — 1) < 0, but the
square root of its square must be positive.

EXERCISE 4.3 SQUARE ROOTS AND ABSOLUTE VALUE

Write expressions for the following:

1 V81 2 |J(-2.5)? 3 |6x—4| 4 \3-2|

5 |x+y| 6 |x| + |yl 7 x4+ x 8 |x—5 +|x+5|

9 \/ﬁ+m 10 J(2x +3)? 11 v9—-6x+x> whenx>3

12 Solve for x:
(@ [x—2[=3 (b) |x+3[=7 () [4—x|=5 d) |x+7]=2
() |x—6/=0 ( |x-5=1 (@ |x+1=0 (h) |10+x|=3
(i [2x+1=2 () [2x-5/=3 (k) [5x+1|=4 I [3x—4|=5
(m) [3x+1/=0 (n) |6x+1/=7 (0) [4x-1|=0 (P) 2x-9/=13

13 The solution to |2+ x| = 5 is:

A x=-3,7 B x=-7,-3 C x=-7,3 D x=3,7

14 Solve:
@ |x-1/<3 (b) [y+2|>4 (€ [t—6]<2 (d) [x+4|>2
(e) |m—-5/=0 (M 3—x[<5 @ |y+1<o0 (h) [7+x|<3
(i) [2x+1]>3 () [Bz-5/<1 (k) |4x+3|>5 () |3t-2/<5
(m) [3y+1]<0 (n) [5x+4/>9 (0) [1-2x|>0 () [2x-7|=11

Solve questions 15 to 32 and show your solution on a number line.

15 [x+1/>1 16 |y—4|<3 17 |x+2|<4 18 |y—2[>3
19 |t-3|<2 20 |x+2|>1 21 3-m|<2 22 3+x|>3
23 |3t-1|<4 24 |2x+5/<3 25 |1-2x| >3 26 |2+4x|>6
27 |x—1/<-2 28 [2x-3|<5 29 [3x+2|<2 30 |x* -1/ <4
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31 |x+3|>1and|2x+5|<3 32 2x+5|<3or|2+4x|26

33 ‘xz - 1’ <3and ‘xz + 1‘ >0 are solved and shown on a number line. Indicate whether each of the following is a
correct or incorrect part of the solution.
(@ 3<x’*—1<3 and x*+120 (b) 0<x<2
c) 2<x<2 d I (N —
(© * S 3-2-1 0 1 2
Simplify the following expressions, stating the values of x for which your answers apply.

2 2
34 ' a5 V&' 36 | E= 37 =%
x| x X ‘l—x‘
— ** -1
38 Vx> —10x+25 39 -1

40 For the following values of x and y, verify that (i) |xy| =|x|x|y|and (ii) |x + y| <|x|+]y|.
(@ x=5y=2 (b) x=3,y=-2 () x=—6,y=8 (d) x=—4,y=-3

4.4 ABSOLUTE VALUE FUNCTIONS

You can now consider f(x) =|x|, which is called the absolute value function (or the numerical value function).

X x €(0, =)
From our earlier definition of absolute value, you have: f(x)= x| = { e 0)
—x  x € (—oo,

Or, the alternative definition:  f(x)=|x|= Jx? for all real x

The domain of f(x) =|x| is all real x. The range of f(x) =|x| is non-negative real numbers (i.e. f(x) is zero or a
positive real number).

Example 13
Find the domain and range for each function. Sketch each function.

@ feo=vx (b) f(x)=[2x~1 © fG)=x+x @ fe)=|x*-4
Solution )

(a) f(x):\/x—2=|x|={i forx =0

x forx <0

Domain: real x. A rx
Range: f(x) is zero or a positive real number. o x
(b) f(x)=|2x-1]
flx)=2x-1 for2x—120 o
ie for x 2 %
fx)=—(2x—-1) for2x—-1<0 y=1-2x y=2x-1
f)=1-2x for x <
Domain: real x. 9| L *
Range: f(x) is zero or a positive real number.
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(d)

f(x)=x+|x|

y
flo)=x+x for x>0 y=2x
f(x)=2x forx=>0
fx)=x-x forx<0
fx)=0 forx<0 y=0
Domain: real x. ©
Range: f(x) is zero or a positive real number.
fx)=|x* 4] y
f(x)=x2—4 forx*—4>0

ie. for|x|>2 )

flx)=—(x"-4) forx’—4<0
fx)=4-x for |x| <2 y X -
Domain: real x.

Range: f(x) is zero or a positive real number.

This sketch can be obtained by first sketching the graph of f(x) = x* — 4. Take the part of that curve
that is below the x-axis and reflect it above the x-axis.

YEAR 11

EXERCISE 4.4 ABSOLUTE VALUE FUNCTIONS

1 Sketch the graphs of the following absolute value functions defined for all x and state the range in each case.

(@ f(x)=|x—4| (b) g(x)=|x| -2 (€) h(x)=|x+1] d) f(x)=+/(x+2)
(@) hx)=[3x—¢| O fo)=la-2x @ g@=4-]2x () f()=2x+]x

2 Which diagram is the correct sketch of y =|3x — 22

A y B C y D
24 2}/__ 2X zx
—_ 14 1+ 14+
PN oo GO it T o] A
3 3 3 3
14 14 -1+ -1
3 State the largest possible domain for:
@ f(x)=vx-2+V3-x b) f(x)= ﬁ

4 State whether the following functions are odd, even or neither, defined on their largest possible domain.

@ fx)=x
(d) f(x)= X +x

(@ f(x)=V4-x’

5 Find the largest possible range for the following functions:
(@) f(x)=(x-3)’

(b) f(x)=x+1
(e) f(x):4—x2

(h) f(x)=

(b) f(x)=x+|x]|

x> =1

(©) f(x)=|x|
M fl)=(x-2)
(i) flx)=x"+x

© f(x)=+16—x°
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6 Sketch the graph of f(x) =[2x — 5|. On the graph, indicate the values of x for which f(x) = 3.
7 Sketch the relation |x| + || = 1. Is this relation a function? State the greatest possible domain and the range.

8 The relation |x| + || = 2 is sketched and the equations of the four boundary lines are written. State whether
each of the following statements is a correct or incorrect equation of a boundary.

@ x+y-2=0 (b) x+y+2=0 () x—y—-2=0 (d x—y+2=0
9 For the given graph, state whether each statement is correct or incorrect. y

(a) The domain is real x, x # 0.
(b) Therangeisreal y,-1<y<1.
(c) The gradient of the function is zero.

(d) The equation of the function could be y = |

T
ﬂ 2 19 1 2 *
X —

4.5 CIRCLES

A circle can be defined as the set of all points P in a plane at a given distance from y
a fixed point in the plane. The fixed point is the centre of the circle and the given
distance is the radius.

Consider the circle of radius  units with its centre at C(h, k). If P is a point with
coordinates (x,y) on the circumference of this circle, then the distance of P from

Cis r units. -
Applying Pythagoras’ theorem to triangle CBP in the diagram gives: \O\/
BC’+BP*=CP*
(x—h)’+@y-k’=r
Thus the equation of the circle is given by (x — h)* + (y — k)* = #*, with the values for x and y restricted:

o The set of values for xis givenby h—r<x<h+r.
o The set of values for yis givenby k —r<y<k+r.

If the centre of the circle is at the origin, then & = 0, k = 0 and the equation of the circle is x* + y* = r°.

Example 14

Find the equation of the circle with centre (—3,4) and radius 6 units.

Solution
Use the result: (x—h)*+ (y— ky?=7r
Substitute (—3,4), r = 6: (x+3)+ (y— 4)* =36 is the equation of the circle.

Example 15

Find the coordinates of the centre and the length of the radius for the circle whose equation is
X +y —4x+10y+14=0.

Solution
Rewrite equation: X —dx+y’ +10y=-14
Complete the square for x and y: X —4x+4+y +10y+25=—14+4+25
Factorise: (x—2)"+ (y+ 50°=15

The circle has its centre at (2,—5) and has a radius of /15 units.
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Example 16
Find the equation of the circle with centre (3, 4) that passes through the point (-1, 1).
Solution
Use the result: (x—h)’+@y-ki’=r
Centreis (3,4):  (x—3)+(y—4)=r
(=1,1) satisfies equation: (—4)2 + (—3)2 =7

=25
Equation of circle is (x — 3%+ (y— 4)* =25,

Example 17

The diagram shows the graph of a circle with centre (1, 2)

that passes through the point (4, 6). Find the equation of the circle:
(@) in the form (x—h)*+ (y— k=7

(b) in general form.

Solution
(@) C(1,2), P®4,6)

Radius of circle, r= CP = \/(4 -1’ +(6-2)

=+/3*+4°
=5
Equation of the circle is: (x — 1)+ (y— 2)*=25

(b) In the general form the equationis:  x*—2x+1+y* —4y+4 =25
x2+y2—2x—4y—2020

Semicircles

The equation x” + y° = r* can be written so that instead of being a relation, it becomes two functions that
each represent a semicircle.

Rearrange the equation: yz =r-x

Take square roots: y = ++/r* — x”
Thus the circle can be represented by two functions, y = v'r* — x> and y =—/r” —x”. Both these functions have the
same domain, x € [-r,7].

 y=A/r’ —x* represents a semicircle in the upper half plane. The range is y €[0,7]-

» y=—r’ — x” represents a semicircle in the lower half plane. The range is y € [-7,0].

Example 18
Given the equation x° + y* = 25, find the equations of the two functions that represent the semicircles
that make up this circle. Sketch their graphs on separate diagrams.
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Solution
x2+y2=25: y =
y

96

The same approach for rewriting a circle relation as two y=k+ V- (x-h)? y=k-\Nr = (x-h)?
functions is used when the centre of the circle is not the origin. y y

Given (x — h)* + (y— k)=~
Rearrange the equation: (y—k)* =" — (x— h)’
: Y S RNRY . (h-r,k) (k) (h+rk)
Take square roots y—k==2\r"—(x—h) hon k) Eb henk) \ /
y=k+tr’—(x—h)

(0] X 0 x
The equations of the semicircles are y = k + Jri=(x—h)?

and y= k — / rr— (x— h)2 . Upper semicircle Lower semicircle
MAKING CONNECTIONS °

Graphing circles on the Cartesian plane
Move the sliders to explore transformations of the graph of (x — h)? + (y — k)2 = r2.

EXERCISE 4.5 CIRCLES

1 Find the equation of each of the following circles.

(@) centre (3,2), radius 4 units (b) centre (—1,—4), radius 3 units (c) centre (3,—3), radius /5 units
(d) centre (—2,%), radius % units (e) centre (0,—%), radius 4 units (f) centre (4,0), radius 3 units

2 The equation of the circle with centre (—4,4) and radius 6 units is:
A (x-4) +(@y-4)"=36 B (x+4)+(y-4) =36 C (x—4)+(y+4)’=36 D x+y'=36
3 Find the equation for each of the following circles.

(@) centre (3,2) and passing through the point (5,-5)
(b) centre (—1,4) and passing through the origin
(c) centre (0,0) and passing through the point (-3, 4)
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4 Find the coordinates of the centre and the length of the radius for the following circles.

@ x*+y —6x+4y—3=0 (b) X’ +y +4x+2y—4=0
(c) (x—3)2+y2=3 (d) (x+a)2+(y—b)2=8

(€) x*+y’—5x+3y—1=0 M X+y +4x+2y-5=0
(@ 2x°+2y°—8x+5y+3=0 (h) 3x°+3y°+9x—4y—24=0

5 Using the fact that the centre of a circle is the midpoint of a diameter, find the equation of the circle with the
diameter endpoints given.

(@ (3,4) and (9,-6) (b) (0,0) and (5,-3) (c) (5,8)and (-2,3)

6 For the equation x° + y° — 6x + 2y + 10 = 0, indicate whether each statement is correct or incorrect.
(@) centre (3,—1), radius=1 (b) centre (-3,1), radius=0
(c) centre (3,—-1), radius = 2\/§ (d) centre (3,—1), radius=0

7 For the circle with equation x* + y* + 6x — 8y = 0:

(@) find the coordinates of the centre and the length of the radius
(b) show that the origin is on the circle
(c) find the equation of the diameter that passes through the origin.

8 For each circle relation, find and sketch the equation of the semicircle in the upper half plane. State the range
of each function.
(8) x*+y =4 (b) x*+y" =36 (©) " +y’=5 @ x4y =%

9 For each circle relation, find and sketch the equation of the semicircle in the lower half plane. State the range
of each function.

(8) +y'=4 (b) x*+y =36 (© x'+y'=5 @ x4y =2

10 The equation of a circle is given by x* + y* + 2x — 6y + 1 = 0.
(@) What are the coordinates of the centre and the radius of this circle?
(b) What is the equation of the upper semicircle of this circle?
(c) Sketch the graph of your equation in (b).
(d) State the domain and range of your function in (b).
11 The equation of a circle is given by x° + y* — 8y = 0.
(a) What are the coordinates of the centre and the radius of this circle?
(b) What is the equation of the lower semicircle of this circle?
(c) Sketch the graph of your equation in (b).
(d) State the domain and range of your function in (b).

12 Find the equation of the circle that touches the x-axis at (4,0) and the y-axis at (0,4).

13 Show that the point (4,—3) is not on the circle x* + y* — 5x + 3y + 2 = 0. Determine whether the point is
inside or outside the circle.

14 Determine whether the origin is inside or outside the circle x* + y* — 4x — y + 1 =0.

15 (a) Find the equation of a circle with a radius of 5 units and its centre at the point (-1, 2).
(b) What is the length of the intercept cut off by this circle on the x-axis?
(c) Find the length of the tangent to this circle from the point (4,6).

(Note: A tangent line to a circle is perpendicular to a radius that is drawn to the point of contact.)
16 The equation of a circle is x* + y* + 4x — 2y — 20 = 0. Find:

(@) the length of the tangent to this circle from the point (5,2)
(b) the length of the intercept on the y-axis.

17 A diameter intersects a circle at the points (6,—4) and (-2,6).

(a) Find the centre and radius of the circle.
(b) What is the length of the circle’s tangent from the point (-5, 5)?
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18 The coordinates of two points A and B are (—1,3) and (5,7). Find:

(@) the coordinates of the midpoint of AB
(b) the equation of the circle of which AB is a diameter
(c) the coordinates of the intersection points of the circle with the y-axis.
19 (a) Find the coordinates of the centre and the length of the radius for the circle x* + y* — 4x — 8y — 5=0.
(b) The point (3,2) is the midpoint of a chord of this circle. Find the distance of the chord from the centre
and the length of the chord.

20 Given the coordinates of the centre and a point on each circle, find the equation of each circle:
() in the form (x — h)2 + (- k)2 =4
(ii) in general form.

(a) (b)

4.6 CUBIC POLYNOMIALS

So far you have considered the linear polynomial, ax + b and the quadratic polynomial ax® + bx + c. The graph of
y=ax+ b is a straight line and the graph of y = ax” + bx + c is a parabola. The equation ax + b = 0 has one root
whilst the equation ax” + bx + ¢ = 0 has at most two real roots, a # 0 in each case.

These functions are continuous: they have no gaps in them over their domain. Simply put, this means that they

could be drawn without taking your pen off the paper. In particular, all polynomial functions are continuous.

The general polynomial of the form a x" +a_ _ x" i a, X" o+ a, is a polynomial of degree ,

1 2
n a positive integer, a_ # 0, with coefficients a,a _.a cos Gy G 18 called the constant term.

-1 ""n-2"
The cubic polynomial is of the form ax’ + bx” + cx + d. The cubic function is easy to sketch without technology when it can
be written in any of the forms y = kx, y=k(x— b)’+cor y=k(x—a)(x—b)(x—c) where g, b, c and k are constants, k # 0.
A cubic polynomial is of degree 3, that is the largest power of x is x°. In ax’ + bx” + cx + d, ax’ is called the leading
term and a is called the coefficient of the leading term. b and c are coefficients and d is called the constant term.

Example 19

Draw the graph of y = (x +2)°. On your graph, draw the lines y = 1 and y = —8. Use the graph to solve
the equations:

(@ (x+2)°=0 (b) (x+2)°=-8 (©) (x+2)7°=1
Solution
(@) (x+2)Y’=0where (b) (x+2)’=—8where (c) (x+2)’=1where the
the graph cuts the the graph cuts the graph cuts the line
X-axis, so x =—2 is liney:—8, sox=—4 y=1,s0x=-11is the
the solution. is the solution. solution.

These equations could also have been solved algebraically. In each case, take cube
root of both sides:

(@ (x+2)°=0 (b) (x+2)°’=-8 () (x+2)°=1
x+2=0 x+2=-2 x+2=1
x=-2 x=—4 x=-—1
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You may know the terms ‘turning point, ‘local maximum’ and ‘local minimum®

The term turning point describes itself. It is the point where the curve turns around, i.e. stops rising and starts
to fall or stops falling and starts to rise. The curve in Example 20 has a turning point between x=-1and x=0
and another between x = 1 and x = 2. The first is a maximum turning point (or local maximum); the second is a
minimum turning point (or local minimum).

At a maximum turning point a curve is concave down; at a minimum turning point a curve is concave up. Between
two points like this, there must be a point where the concavity changes. This is called a point of inflection and will
be discussed more fully later in the course.

In Example 19, the graph of y = (x + 2)* does not have any turning points as it is always sloping up to the right.
For this curve, x = -2 gives the point of inflection as it is clear that the concavity changes from concave down to
concave up at the point (-2, 0).

Example 20

Draw the graph of y = (x + 1)(x — 1)(x — 2), using technology if necessary. On your graph, draw the lines y =2
and y = —4. Use the graph to solve the following equations.

(@ x+1Dx-1)(x-2)=0 b)) (x+Dx—-1)(x—2)=2 () (x+1)(x—1)(x—2)=—4

Solution
(@ (x+1)(x—1)(x—2)=0 where the graph cuts the x-axis, sox=-1,1,2 4
(b) (x+1)(x—1)(x—2)=2 where the graph cuts the line y =2, so x =—0.414, 0, 6T
4 1
2414 (3dp) (-0.414,2) | (2.414,2)
() (x+1)(x—1)(x—2)=-4 where the graph cuts the liney=—4, 7777 7° f" x """"
so x=-1.468 (3 d.p.) i o=
32 10| 172 3
(~1.468, -4)
These equations could also have been solved algebraically. It is easy to solve (@) ~  ------ i
(x+1)(x — 1)(x — 2) = 0 algebraically because it is in factored form. -6+

To solve the other two equations algebraically, you need to expand the left-hand
side and collect like terms. Part (b) is then solvable as the constant term disappears, but in part (c) the result is still a
cubic and not factorised. Using graphing software is often the only easy way to solve a cubic equation like this.

MAKING CONNECTIONS O

Solving cubic polynomial equations graphically
Use technology to solve cubic polynomial equations graphically.

Example 20 shows how horizontal lines y = ¢ drawn on a cubic graph can be used to see how many solutions there
will be. If the line y = ¢ is drawn on the graph in Example 20, then the graph shows that the equation (x + 1)(x — 1)
(x — 2) = c would always have at least one solution. If y = ¢ touches the curve at the local maximum or minimum
value, it will cut the curve again so that the equation (x + 1)(x — 1)(x — 2) = ¢ will have two distinct solutions.

If y = ¢ cuts the curve between the local maximum or minimum values, the equation (x + 1)(x — 1)(x — 2) = c will
have three distinct solutions. If y = ¢ cuts the curve above the local maximum or below the local minimum value,
the equation (x + 1)(x — 1)(x — 2) = ¢ will only have one solution.

Example 21
Draw the graph of y = x° — 2x” — 3x + 4. By drawing appropriate lines on your graph, use this to solve:
(@) x¥’—2x"—3x+4=0 (b) x’—2x"—3x+4=4 (€) ¥ —2x"—3x+4=-3
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Solution
Use graphing software to obtain this graph. Software will also give the
points of intersection.

(@) Use the x-axis (for the line y = 0) and find the intersections:
x=-1.562, 1, 2.562. This means the equation has a factor of (x — 1).

(b) Draw y =4 and find the intersections: x =-1, 0, 3.
This means that the equation can be factorised
asx(x+1)(x—3)=0.

(c) Draw y=-3 and find the intersections: x =—1.806

Example 22
Draw the graph of y = (x +2)*(1 — x). By drawing appropriate lines on your graph, use this to solve the following:

(@ x+2°1-x=0 (b x+2’1-x=4 () x+2)(1-x)=-2
(d) For what values of ¢ will the equation (x + 2)*(1 — x) = ¢ have three distinct roots?
(e) What is the coefficient of x’ when (x + 2)*(1 — x) is expanded?

Solution

(@) Find where the graph cuts the x-axis: x =2, 2.
Note that (x + 2)* = 0 gives a single value of x.

(b) Cuts the line y=4: x=-3,0.

(c) Cutstheline y=-2:x=1.196 = 1.2

(d) There will be three distinct roots where a horizontal line cuts the graph
three times. This happens only between the local minimum and local maximum,
so:0<c<4

(e) (x+2)*(1 —x)=—x"—3x"+4. The coeflicient of x° is —1.

Note that as x — o, y — —oo and that the coefficient of xis—1.

Properties of the cubic polynomial

For the polynomial y = ax’ + bx’ + cx + d, a # 0:
« Fora>0,ifx —cothen y — ax’and y — o
if x — —oo then y — —ax’ and y — —oo
« Fora<0,if x — oo then y — ax’ and y — —oo
if x — —co then y — —ax’ and y — oo
o The graph will cut the x-axis at least once;
ax’ + bx’ + cx + d = 0 for at least one value of x.

Cubic equations
The general cubic function is written y = ax’ + bx” + cx + d, a # 0. In this course you will look at the simpler versions
of the cubic function given by y = k(x — b’ +¢,k#0 and y=k(x—a)(x—b)(x—c), k#0.
You can show by expanding and collecting like terms that:
(a+b)Y’=a’+3a’b+3ab* + b’
(a—b)Y’=a’-3a’b+3ab’ - b’
Note that these results are quite different from the factorisation of @’ — b* and a’ + b’ studied in Chapter 1.

Using the expansion of (x — by’ you can show that a(x — b)’ + ¢ becomes an expression of the form ax +bx* +cx+d, a#0.
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Example 23
Solve the equation 2(x — 1)’+5=0.
Solution
Rearrange the equation: 2x—-1)°+5=0
2(x—1)°=-5
3__3
Take the cube root of both sides: x—1=-3 %
(You can always find the odd root of a negative number.)
5
x=1-3—
2

To put this in standard form required for surds (that is,
to rationalise the denominator), mui‘;iply the numerator

S15
SN

and denominator of the fraction by 3/4: 1 /20
R E
8
3
2
x=1- 0
2

Even though the equation in Example 23 is cubic, it only has one root. This becomes obvious when you consider

the following graphs.

;v=x3 yz(x—l)3 y=2(x—1)3 y=2(x—1)3+5
y Y y y
8+ 84 84 84
6+ 6+ 6+ 64
41 41 41 4

2+ 24

2/-

1 —t IIIO/

1 1 1
2 A9 1 2 3 2 -1 1 2 3 32 a9/ 2 3 ¥ -3 -2 -1
2 ) o/ _
44 44

This is the graph of
y=(x— 1)’ stretched
vertically by a factor of 2.

This is the graph of y = x’
moved 1 unit to the right.

This is the graph of y

Graphically, it is easy to see the solution to =0, (x—1)’=0and 2(x— 1)’ =0. It is not y
50 easy to see the solution to 2(x — 1)’ + 5 = 0. An approximate solution may be found 81

using graphing software and clicking on the point of intersection of the graph and the ®1

=(x-1)°

stretched vertically by a factor of 2
and moved upwards 5 units.

(0,3)

x-axis, and reading off the x-value at this point. 4 1
The diagram shows that the graph cuts the x-axis at (-0.357, 0) so the solution to (0357, Qf

2(x—1)*+5=01is x =—0.357. This is a good approximation to the exact value of B

the root found in Example 23.

In graphing each of these functions notice how the curve flattens out at x = 0 for

y=x"and at x = 1 for the other graphs. It would appear that the slope of the curve is

zero at this point. It is also worth noting that at all other points on the curve the slope is positive. The significance

of these observations will become clear later, after you have learnt how to find the derivative of a functio
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EXERCISE 4.6 CUBIC POLYNOMIALS

1 Draw the graph of y = (x + 2)°. On your graph, draw the lines y = 1, y = 8 and y = 2. Use this to solve the
equations:
@ x+2°=0 (b)) (x+2°=1 (¢) (x+2’=8 (d) (x+2)°=2
2 Solve the following equations algebraically:
@ (x+2°=0 (b (x+2°=1 (o) (x+2)’=8
d x+2°=2 () x—-1’=4 () 3(x—4) =5

3 Draw the graph of y = (x—1)(x + 1)(x + 2). On your graph, draw the lines y=-2 and y=4.
Use this to solve the equations:

@ (x-1DxE+1D(x+2)=0 b) (x—Dx+1D)(x+2)=-2 () x—1Dx+1)(x+2)=4
4 Solve the following equations algebraically: (@) (x—1)(x+ 1)(x+2)=0 b) (x—Dx+1D)(x+2)=-2

5 The line y = ¢ is drawn on the graph in question 3. For what values of ¢ will the equation
(x = 1)(x + 1)(x + 2) = ¢ have three distinct roots? Give your answer to one decimal place.

6 Draw the graph of y = (x — 2)*(1 - x). By drawing appropriate lines on your graph, use this to solve the following:

@ (x-2°(1-x=0 (b) (x—2)’(1-x)=4 €) (x-2)(1-x)=-2
(d) For what values of ¢ will the equation (x — 2)*(1 — x) = ¢ have three distinct roots?
(e) What is the coefficient of x* when (x — 2)*(1 — x) is expanded?

7 For a, b, ¢ > 0, the equation of the following graph is
best represented by:

y=x—-a)x—b)(x—c)
y=(x—a)(x+b)(x+0) /\\
y=x—-a)x—b)(x+c)

Y= (et a)(x—b)(x— o) 0 b\/ *

8 For a, b >0, the equation of the following graph is Y
best represented by:
A y=(x+a)(x— b)*
B y=(x+a) (b-x)
C y=(a—-x)(x+ b)*
D y=(x—a)(x+b) 0 b\ X

oow>»

9 Ify=(x+2)(x+1)(2 — x), which of the following is the graph of this function?

A y B y
8+ 8 +

6+ 61

4 4 4
—t } }

4 3 —Mzo 1 3

R
=

44
-6 4+
-84
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C Y D Y
8-t 84
6 + =+
44 4
A
- - - : -
-4 -3 304 % 4 -3 p 9| 2 34 "
a4
61
84 8+

10 Find the equation of the cubic function that cuts the x-axis at x =—1, 2, 3 and has a y-intercept of 6.

11 Find the values of a and b if the curve y = x(x — a)(x + b) + 4 passes through the points (1, 0) and (-2, 12).

4.7 THE EQUATION y=§AND INVERSE VARIATION

Earlier you have seen the link between direct variation and the equation of the straight line y = kx, which passes
through the origin. By definition, two variables are in direct variation if one is a constant multiple of the other. This

means if one variable increases then the other variable also increases at the same rate. This can also be written as

% = k: the ratio between the two variables is a constant.

Similarly, the equation xy = k can be written as y = % In this situation, as x increases then y decreases; or, as x decreases

then y increases. A change in one variable produces the opposite change in the other variable. This is called inverse
variation or inverse proportion. This is expressed by saying that °y is inversely proportional to x, where k is the
constant of proportion (or variation).

Inverse variation has many applications in science. For example, in physics, Boyle’s law states that ‘at constant
temperature a fixed mass of gas occupies a volume inversely proportional to the pressure exerted on it’ This is

written as the formula V = % or PV =k, where k is a constant.

The equation y = §

The equation y = % is the same as xy = k, the rectangular hyperbola.
4.

.

o the domain of the function is real x, x # 0

Consider the graph of y =

« therangeisreal y, y#0

o theline x =0 is a vertical asymptote

o theline y =0 is a horizontal asymptote.
An asymptote is a line that the curve approaches but never meets.
In both branches of the curve, as x increases then y decreases.
Notice that this graph passes through the points (2, 2) and (-2, -2).

In general, the graph of y = g will pass through the points (\/E ~k ) and (—\/E —Jk )
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Example 24
Sketch the following graphs. Give the domain and range of each function and state the equations of any asymptotes.
x+1 %
a = — b =
@ y== ) y=—"7
Solution

+1
(@ y= xT: This may be rewritten as y =1 + %

6 -
Th _x+1. . _1 N
us the graph of y = L isjust the graph of y = p moved 2 4

up 1 unit. —t+—+—F —t—t—

26}- 2 4 6 8
Vertical asymptote is x = 0. i

Horizontal asymptote is y = 1.
Domain is real x, x # 0.
Range isreal y, y # 1.

x+1-1_. 1 7
x+1 7 x+1 T

_ X . . . _
(b) y= —= This may be rewritten as y

Vertical asymptote is x =—1.
Horizontal asymptote is y = 1. 2T
Domain is real x, x #—1. et
Range isreal y, y # 1. 86421 24608

Note: The equations in this example do not represent inverse variation as their graphs do not have
the coordinate axes as their asymptotes.

EXERCISE 4.7 THE EQUATION y - % AND INVERSE VARIATION

1 Draw the graph of y = % Write the equations of its asymptotes.
2 Draw the graph of y = % Write the equations of its asymptotes.
3 Draw the graph of y = xT” Write the equations of its asymptotes, the domain and the range.
4 Draw the graph of y = % Write the equations of its asymptotes, the domain and the range.

5 (a) On the same set of axes, draw the graphs of y =2 + Land y=2- L
(b) Do these graphs ever intersect? x X
(c) Comment on their asymptotes.

6 (a) Inan experiment it is found that at a temperature of 100°C, 2 litres of argon gas is at a pressure
of 15.28 atmospheres. If this gas obeys Boyle’s law, PV = k, where V is in litres and P is in atmospheres,
then find the value of k.
(b) If the volume was expanded to 4 litres with the temperature held at 100°C, then what would be the
expected pressure?

(c) If the pressure was increased to 90 atmospheres with the temperature held at 100°C, then what would be
the expected volume?
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4.8 WORKING WITH FUNCTIONS

Sum and difference of functions

The sum or difference of two functions is found by adding or subtracting any corresponding terms of the two
functions, where this is possible. Where one of the functions has a restrictive domain, this domain must apply
for the sum or difference function.

For a sum h(x) = f(x) + g(x) or for a difference k(x) = f(x) — g(x), any simplification of the resulting functions
depends on the original functions.

Example 25

If (lx) =x—5, g(x) = x>+ 3, h(x) =vx+4 and k(x) =x° — 2x* + 6, find expressions for each of the following
functions, stating the domain and range in each case.

(@) f(x)+g(x) (b) flx)—g(x) (c) flx)+h(x) (d) K(x)—g(x) (e) g(x)—h(x)

Solution
(@) flx)+g(x) =x—5+x"+3
2
=x"+x—2
Domain is the set of real numbers.
For the range you need to find the least value of the quadratic expression.

Solve: X4+x-2=0
(x—1)(x+2)=0
SO x=-2orl
Least value occurs when: x= _22"' 1_ _%
__1 _1_1_
x= 2,f(x)+g(x) = 2

__p3
4

The range is y > —2%

(b) flx)—gx)=x—5—(x"+3)
2
=—x"+x-8
Domain is the set of real numbers.
For the range you need to find the greatest value of the quadratic expression. Since there are no obvious

factors of the quadratic expression, use the axis of symmetry of the parabola, x = —2%1 to find where the

greatest value occurs.

N
T (=2) 2
_1 o)=L L
x—z,f(x) g(x) 4+2 8
—_73
= 74

The range is y < —7%.
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(€) fix)+h(x)=x—-5+x+4

No further simplification of this expression is possible. The domain of the new function will be the same
as the domain of h(x) as this is the more restrictive. Domain is x > —4.

The least value of h(x) occurs when: x=—4
so the least value of flx) +h(x)=—4-54+0
=-9

The range is y =2 9.

(d) k(x)—g(x)= X =2 +6—(x"+3)
=x"—3x"+3
Domain is the set of real numbers.
Since k(x) — g(x) is a polynomial of degree 3, the range is the set of real numbers.

() glx)—h(x)=x"+3-~/x+4

The domain of the new function will be the same as the domain
of h(x) as this is the more restrictive. Domain is x > —4.

The least value of x* + 3 occurs at x = 0 and is 3.

The least value of /x+4 occurs when x =—4 and is 0.

When x =0, g(x) — h(x) =0+ 3 — 2 =1 and this appears to be the
least value of g(x) — h(x).

The only way to check this assertion at this stage is to draw a

graph of the function.

) 1 y=x*+3- Vx+4
The graph shows that the least value of x“ + 3 —v/x+4 (01230985~ ~
occurs when x = 0.123. 4 3 2 10 1 2 3 4 *

14

The range of x* + 3 —/x+4 is then y > 0.985.
The initial answer was a good estimate.

Product and quotient of functions

The product of two functions, which may be written as f(x) X g(x) or f(x) - g(x), will have its domain determined by
the more restrictive of the two original domains.

The quotient of two functions, f (x)’ will have its domain further restricted by the values of x for which g(x) =0,

Fx) g(x)

because at those values is undefined.
g(x)

Example 26
Given f(x) = x — 3 and g(x) = x, find expressions for each of the following functions, stating the domain and
range in each case.

. f(x) 8(x)
@ fog @) 2@ FE
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Solution
(@ flx) glx)=(x-3)xx
=x"—3x
Domain: Real x as the quadratic expression exists for all values of x.
Since f(x)- g(x) is a quadratic polynomial, find the axis of symmetry:
-3_3

X = ) 5

—3 e =29
x—i.f(x)g(x)—4 >

=1
4

This is the least value of the function as it is a concave up parabola.

Range is the set of real numbers > —Zi.

(b) f(x) _x-3_x 3 3

=X _2-1-2

gx)  x x x X

Domain: Real x, x # 0.

As x gets larger, x — oo, 1 — £l gets smaller and approaches
1 from below. x

As x gets smaller, x — —oo, 1 — i gets smaller
X
and approaches 1 from above.

T
8 6 -4 201 /2 4 6 8§ *

Range is the set of real numbers except 1. =7
6 4
() $&¥)__x_ 5
f(x) x—3
_x—3+3
- x-3
_ 3
=1 +—x 3

The calculation here shows a way to simplify algebraic fractions when the power of the numerator is the
same or greater than the denominator: create a factor of the denominator in the numerator, such as

(x — 3) here, by adding and subtracting the same number (here —3 + 3). Because —3 + 3 cancels to zero,
the expression has not really changed, but the term (x — 3) that appears can be divided to simplify.
Domain: Real x, x # 3.

For x > 3, as x gets larger, x — oo, 1 + gets smaller and approaches 1 from above.

x—3

po i 5 Bets larger and approaches 1 from below.
Range is the set of real numbers except 1.

For x < 3, as x gets smaller, x = —co, 1 +

Example 27
If (lx) =x—5, g(x) = x°+ 3, h(x) =vx+4 and k(x) = x° — 2x* + 6, find expressions for each of the following

functions, stating the domain and range in each case.

. b) o). h (%) a k&) h(x)
(a) flx)-g(x) (b) gx)-h(x) G @ 705 © 5
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Solution
(@ flx) gx)=(x- 5)(x* + 3) (b) g(x)-h(x)= (x* +3)Jx+4

=x" = 5¢" +3x~ 15 Vx+4 is only defined for x > —4.
Both f(x) and g(x) are defined for all real x.

The domain of g(x) - h(x) is real x > —4.
The domain of f(x) - g(x) is all real x.

fix)-g(x) = x* — 55" + 3x — 15 is a cubic Since x* + 3 >3 and vx+4 >0, the product
polynomial. (X +3)Wx+4>0.
The range is all real y. The range is the set of non-negative real
numbers, or g(x)-h(x) > 0.
g(x) x*+3
x° + 3 2 3 so the denominator is never zero. The domain of (J; Ei; is real x.
The sign of fgxz is the same as the sign of f(x) and since the denominator is never zero the range
g(x
of the function is the set of real numbers.
) k) X’ —2x+6
f(x) x—=5 oy
flx) =0 when x=5 so k(x) is undefined at x = 5. The numerator exists AWep
f(x) 150 +

for all values of x so the domain is real x, x # 5. 100 + ! S a2e
For the range, it looks as though the answer is the set of real numbers \i) 1 1V %5

k(x) k(x) o ~ ————t
as when x > 5, o) > 0, and when x < 5 then F(x) can be positive 5 __5500“‘\$ 1 20 2s %
or negative. Once again, drawing a graph of the function can confirm f

these answers.

(e) h(X) =\/x+4

f (x) x—5
_ _ h(x) . _
flx) =0 when x=5 so is undefined at x = 5. Y
f(x) ll
The numerator is defined for x > —4. 4T

2 1

ThedomainofMis—4Sx<5andx>5. — —
f(x)

-4 20 4
29 AL
The numerator is always positive or zero, the denominator 41
can be positive or negative so the range of the function is the set -6+

h(x)
f(x)

The graph confirms this answer.

=0 when x=-4.

of real numbers since

Using graphing software is a very effective way of finding domain and range when the functions are not straight
polynomial functions.

Composite functions
flx)=(Bx+ 1)* is a function in terms of x.
If g(x) = 3x + 1 then it is possible to write f(x) = (g(x))z. A “function of a function’ like this is called a composite function.

It is sometimes written f o g so if f(x) = (g(x))2 and g(x) =3x+ 1 then (fog) (x) =(3x+ 1%
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The order of the functions is important, because (go f) (x) =3(3x+ 1)*+ 1 which is a very different function to
(fog)x).

In a composite function, the output of one function g(x) has become the input of the other function: f(g(x)) or (f o g) (x).

Example 28
If ix) =~/x+3, g(x) =x’+2and h(x) = e
@ figx) (b)) flh(x)  (€) gh(x))  (d) g(ftx))  (€) h(flx))  (f) h(glx)

L ° find the expressions for:

Solution

@ flgw)= (¥ +2)+3 = +5 B) fh) = || 7 +3 = \/”jf_zl‘ } - \/3;22_‘12

(©) g(h(x))=( 1 )+z= L 12 (d) g(f(x)):(x/x+3)3+2=(x+3)%+2
x" -1 (xz—l)

_ 1 1 1 _ 1 - 1
(e) h(f(x))—(m)z_l =31 xez O h(g(x))_(x3+2)2_1_x6+4x3+3

With composite functions, you must be careful when finding the domain and range.
To find the domain of f(x) = 3x + 1)? you must first find the domain of g(x) = 3x + 1.

As g(x) is defined for all x, then f(x) is also defined for all x, because you can square any number. The range

of f(x) is flx) 2 0.

Example 29
Find the domain and range of f(x) given the following.

(@ flx)=vx—-4 (b) flx)=~x"+8 () flx)=

1
x* -
Solution
(@) f(x)=+x—4:You can only take the square root of a non-negative number,
x—420gives x = 4.

Domain is x = 4
Range is f{x) 20

(b) fx)=+/x> +8: You can only take the square root of a non-negative number,

x> +8>0 gives X’ >—8 50 x > -2 is the domain of f(x).
Range is f{x) 20

() fix)= ﬁ: The denominator x — 1 =0 at x =1 so f(x) is undefined for x = 1.

The domain of f(x) is real x, x # 1.

Where x > 1 then flx) >0

Where x < 1 then flx) <0

f(x) is never zero so the range of f(x) is all real numbers, f(x) # 0.
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EXERCISE 4.8 WORKING WITH FUNCTIONS

1 Iffix) = x*+7and g(x) =5 — 2x, then the correct expression for f(x) + g(x) is:
A X+2x+12 B x —2x+12 C x—-2x+2 D X +2x+2

2 Iffix) = x*+7 and g(x) =5 — 2x, then the correct expression for f(x) - g(x) is:
A 2x-5x"+14x—-35 B x'—2x+12 C —2xX—5x"+14x+35 D —2x’+5x — 14x+35

3 Ifflx)= x*+7and g(x) =5 — 2x, then the correct expression for f(g(x)) is:
A 4x'-20x+32 B -2x"-9 C 4x"+32 D X +2x+2

4 Ifflx) = x + 4, g(x) = x° — 6, find expressions for each of the following functions, stating the domain
and range in each case.

@ flx)+gx) (b) flx) - g(x)

5 Ifflx) = X +4, glx) = x —3x"+2x+6, find expressions for each of the following functions, stating
the domain and range in each case.

@ flx)+gx) (b) flx) - g(x)

6 If flx) = x, g(x) = x + 4, find expressions for each of the following functions, stating the domain and
range in each case. Use technology to sketch the new function.

(@ flx)-gx)  (b) ch((g (©) chgcc))

7 If flx) =x—1, g(x) =x + 1, find expressions for each of the following functions, stating the domain
and range in each case. Use technology to sketch the new function.

@ f)-gx) () S
g(x)

8 Ifflx)=x,g(x)= x> +4, find expressions for each of the following functions, stating the domain and
range in each case. Use technology to sketch the new function.

(x) (x)
(@ fix)-gx)  (b) g(i) © %

9 Ifflx)=x+6,g(x) = x*—9, find expressions for each of the following functions, stating the domain and
range in each case. Use technology to sketch the new function.

@ fo) g (b)) S
fx)
10 Ifflx) =x+4, gx) = x* =16, find expressions for each of the following functions, stating the domain and
range in each case. Use technology to sketch the new function.
@ fvgx) (o) £X © [
f(x) g(x)
11 Iffix)=x+3,g(x)= x* =5, h(x) =x—4 and k(x) =x’ + 2x* — 6, find expressions for each of the following
functions, stating the domain and range in each case. Use technology to sketch the new function.

@ flx)+g(x) (b) flx) - g(x) (€) flx) +h(x) (d) k(x)—g(x) (e) g(x)—h(x)

12 Ifflr) =x+3, g(x) = x* =5, h(x) =Jx—4 and k(x) = x° + 2x* — 6, find expressions for each of the following
functions, stating the domain and range in each case. Use technology to sketch the new function.

k h
@ flx)-gx)  (b) gx)-h(x) (©) /& (d) k) (e) L

g(x) f(x) f(x)
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CHAPTER REVIEW 4

1 State the largest possible domain for the following functions:

(@) f(x)=+x-1 b) f(x)= (€) flx)=+25-x (d) f(x)=|x]

x> —4

Sketch the graph of each function given in question 1.
If g(x) = x* = x>+ 1, show that g(x) is an even function.
Draw the graph of y=1—|x|.

Draw the graph of y = x — |x| and state the domain of the function.

o a0 A O DN

State the largest possible domain for each function:

(@) f(x)=vx+3+2-x (b) g(x)=ﬁ

N

Is the function y = x’ — 1 even, odd or neither?
8 Draw the graph of y = x| + 1.

9 The equation of a circle is x* + y* — 2x — 2y — 23 =0.
(a) Find the circle’s centre and radius.
(b) Calculate the distance from the point (7,—2) to the centre of the circle.
(c) Explain why the point (7,-2) is outside the circle.
(d) Use Pythagoras’ theorem to find the length of the tangent to the circle from the point (7,-2).
(Note that tangent L radius drawn to point of contact.)

10 Show algebraically that the line y = x — 4 is a tangent to the circle x° + y* = 8 and find the coordinates of the
point of contact.

11 Solve: (a) |x+7|=11 (b) |3x—4|=5

12 On the graph of y = (x — 2)(x - 1)(x + 1), which of the following lines would you need to draw on this graph in
order to solve (x —2)(x - 1)(x+ 1) +3=0?

A y=-1 B y=-3 C y=1 D y=3
13 Solve algebraically: (@ (x-37°=-8 (b) (x+5)°=4 (€) (x-2) =81
14 Find the equation of the cubic function that cuts the x-axis at x =—3, -2, 1 and has a y-intercept of —12.

?
x+3

A x=-3y=-1 B x=3,y=-1 C x=-3,y=1 D x=3,y=1

16 (a) On the same diagram, draw the graphs of y = XTH and y = xT—Z

15 What are the equations of the asymptotes of the graph of y =

(b) Do these graphs have the same asymptotes?
(c) Will these graphs ever intersect? Why?
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CHAPTER S
Equations and functions

In the seventeenth century, mathematics leapt forward with two great advances: analytical geometry and calculus.
René Descartes (1596-1650) was one of the mathematicians most responsible for the creation of analytical
geometry. He did this by setting up a coordinate system and applying algebra to geometry. The name of Descartes
is still used today as an adjective in terms such as Cartesian plane, Cartesian coordinates and Cartesian axes. The
Cartesian plane is also referred to as the number plane and the x-y plane.

5.1 GRADIENT OF A STRAIGHT LINE

A(x,y,) and B(x,,y,) are two points on the number plane, with B to the right of A.

The gradient (or slope) m of AB is defined as: 4 %

_ )y g
m= ﬁ ifx, #x,
If X, =Xy, the gradient is undefined and the line
is vertical (that is, parallel to the y-axis).

If y, = y,, the gradient is zero and the line is b
horizontal (that is, parallel to the x-axis). N

Angle of inclination, 0
The angle that a line makes with the positive direction of the x-axis is called the angle of inclination. It is usually
denoted by the symbol 8 where 0° < 6 < 180°. The gradient m is also equal to tan 6, hence:

0=)’2‘)’1

tan X, — X,

Eqi@

In the figure on the left above, the line rises from left to right and makes an acute angle 0 with the x-axis. The values
(x, —x,) and (y, — y,) are both positive numbers, so the gradient is positive.

In the figure on the right above, the line falls from left to right and makes an obtuse angle 8 with the x-axis. The
value (x, — x,) is a positive number, but (y, — y,) is negative, so the gradient is negative.

MAKING CONNECTIONS O

Gradient

Drag the points on the Cartesian plane to explore the calculation of the gradient and angle of inclination.

Example 1
Find the gradient of the line joining the given points and calculate the size of the angle of inclination.
(a) (2» 3) and (4) 7) (b) (_3a 5) and (27_]-)
Solution
(a) (2) 3) and (4) 7) (b) (_3> 5) and (2)_1)
_7-3 _-1-5
K "=213
=) =-1.2
tan 6=2 tanf=-1.2
0=163°26 0=180°—-50°12"=129°48’
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Parallel lines Y
Parallel lines make angles of equal magnitude with the positive direction of the x-axis,
i.e. their angle of inclination is the same.
Two lines are parallel if their gradients are equal, i.e. m, = m,. g /9
0 x

Perpendicular lines
In the diagram, OP and OQ are perpendicular to each other, with gradients m, and m, respectively. AORP = AQSO

(SSS). o y
N _b_ )
By definition: tan(£POR) =, =m,
a P(a,b
tan(£80Q)= - =m, . A?
=Bty o[
ie.m, = ;1—}, provided that m,, m, #0.

Two lines are perpendicular if the product of their gradients is —1, i.e. m m,=—1.

This can also be written as m, = ;1—} . Each gradient is the negative reciprocal of the other.
The converse of this statement says:
If m x m,=—1, then the lines with gradient m, and m, are perpendicular.

These two statements may be written as a single statement:

Two lines with gradient 7, and m, are perpendicular if and only if m m, =—1.

Example 2
The coordinates of the vertices of a triangle ABC are (-2, 1), (3,2) and (4,—3) respectively. Show that AB is
perpendicular to BC.

Solution
2-1 1 —3-2

Gradient of AB = 312°5 Gradient of BC = 23 - -5

Because éx —5=—1, AB is perpendicular to BC. (AB_LBC).

Example 3
Given the points P(1,3), Q(5,2), R(6,6), S(2,7), show that PQRS is a rectangle.
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Solution
. _3-2_-1 . _2-6_
Gradient of PQ__I— == Gradient of QR——5_ ¢ 4
. _6-7_-1 . _7-3_
Gradient of RS——6_2— 7 Gradient of SP_—Z—I 4

Gradient of PQ = Gradient of RS, so PQ || RS
Gradient of QR = Gradient of SP, so QR || SP
. PQRS is a parallelogram.

But: Gradient of PQ X Gradient of QR = _Tl X4=-1

. PQLQR so PQRS is a parallelogram with at least one angle of 90° i.e. a rectangle.

MAKING CONNECTIONS O

Parallel and perpendicular lines
Move the sliders to explore the relationship between the gradients of two lines.

EXERCISE 5.1 GRADIENT OF A STRAIGHT LINE

1 Find the gradient of the line containing the given points.

(a) (2> 4)> (O’ 6) (b) (_35_1)) (_5) 6) (C) (_2’2)’ (_6)2) (d) (2)_3)) (_3)2)

(e) (a’ b)’ (b’ a) (f) (3b’ 2C)a (Zb: _3C) (g) (_1’ _5)’ (_4’ _3) (h) (0) 5)) (_8’ _7)
2 Calculate the angle of inclination of the line joining the given points.

(a) (_4’ _2)’ (4>6) (b) (0>5)> (_294) (C) (_5,6)a (393)

(d) (4> 5)) (_29 _4) (e) (20, b)) (Zb’ a) (f) (ba C)) (C> b)

3 Calculate the gradients of the lines joining the points (=2, 3) and (4,—-2) and the points (-1,7) and (-7, 12).
These two lines are:

A parallel B perpendicular C intersecting D coincident

4 For each of the following, show that ABCD is a parallelogram.

@ A(0,0), B(3,0), C(5,5), D(2,5) (b) A(=3,-1), B(4,1), C(8,5), D(1,3)
(c) A(~1,4), B(4,6), C(2,7), D(=3,5) (d) A(=2,-3), B(6,2), C(8,7), D(0,2)

5 For each of the following, show that PQRS is a trapezium.
6 Show that the points (-2,0), (2,12) and (—5,—9) are collinear.

7 For the points A(2a,b), B(a,2b) and C(—a,4b), indicate whether each statement is correct or incorrect.

(@) AB=BC (o) AB+BC=AC (c) ABLBC (d) A, Band C are collinear
8 For each of the following, show that ABC is a right-angled triangle.

(@ A(2,-3), B(5,2), C(-3,0) (b) A(-1,2), B(3,4), C(7,—4)
9 For each of the following, show that PQRS is a rectangle.

(@ P(1,4), Q(5,2), R(2,—4), S(=2,-2) (b) P(4,-7), Q(8,—4), R(2,4), S(-2,1)

10 A(-38,6), B(2,4), C(5,-7) and D(—5,—3) are the vertices of a quadrilateral. Prove that the diagonals of the
quadrilateral are perpendicular.
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5.2 EQUATION OF A STRAIGHT LINE

Point-gradient form

Given the gradient of a straight line and a point on the line, you can find the Y
equation of the line.

Let A(x,y,) be a given point and P(x, y) be any point on a line with gradient m.

Thus: 3)::2 =m

Ly=—y, =mx—x)

The equation of the line AP must be: y—y =m(x—x,)

This is known as the point-gradient form, because it is obtained using a point on the line and its gradient.

Example 4
Find the equation of the straight line through the point (2, 3) with a gradient of %

Solution
Use the point-gradient form: y—y, =m(x—x)
Substitute information: y—3= %(x -2)

Multiply through by 4: 4(y—3)=3(x—-2)
4y—-12=3x-6
3x — 4y + 6 =0 is the equation of the line.

Two-point form
Given the coordinates of two points, you can find the equation of the line that passes through those points.

Let A(x,,y,) and B(x,, y,) be the given points and P(x, y) be any point on the line.

Gradient of AB = % Gradient of AP = gc/ — 2

Because these gradients are the same, you have:

Y= _ V2= N

X=X X;—X;
This must be the equation of the line AB. This equation can also be written as:

Y= _ X=X _ Y2y
yZ_yl_xZ_xll o }’—y1—x2_xi(x—x1)

You can use the form that you find the easiest to remember. This is known as the two-point form, because it is
obtained using two points on the line.

Example 5
Find the equation of the straight line through the points (-3,4) and (2,-6).

Solution
J~h _X—x%
YYo= XX

Use the two-point form:
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—4 — (=

Points are (—3,4), (2,-6): _)/6_ 4 ;_ g_g
y—4_x+3
-10 5
y—4=-2(x+3)
y—4=-2x-6

2x +y+2=0is the equation of the line.

Gradient-intercept form of the straight line

Let the fixed point A(0, ¢) be the point where the line AP cuts the y-axis.
Let P(x, y) be any other point on the line.

Thus: m:y—c
x—0

y=mx+c 0 x

Here c is called the y-intercept.

Example 6
For the line of the equation 3x + 2y — 5 =0, find:
(@) the gradient (b) the angle at which the line crosses the x-axis (c) the y-intercept.
Solution
(@ 3x+2y-5=0 (b) tan6=-1.5 (c) Using the form y=mx+c
- _3__
m= > 1.5

When ¢ =0, the line y = mx + ¢ becomes y = mx and passes through the origin.

If x>0and y > 0, y = mx can be written as % = m. This is an example of direct variation as m is a constant.

As x increases then y increases at the same rate.
As y increases then x increases at the same rate.
This rate of increase is m. It is interesting to note that this rate is also the gradient of the straight line.

MAKING CONNECTIONS

Equation of a straight line
Move the sliders to view the effect of changing m and ¢ on the graph y = mx + c.

Line parallel to the x-axis
Any line parallel to the x-axis has zero gradient, or m = 0. y

The gradient-intercept form of the straight line gives:

y=0x+c or y=c

Thus y=c isthe equation of the straight line parallel to the x-axis passing through
the point (0, ¢).
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Line parallel to the y-axis
Any line parallel to the y-axis has a gradient that is undefined.

Any line parallel to the y-axis is a vertical line, so its equation must be of the form x =c.
Another way of looking at this situation is to recall that any fraction with a zero

Y~h

X—Xl

denominator is undefined. If the denominator in m = is zero, so that

x—x,=0, then the gradient is undefined.

This gives x = x| as the equation of the line through the point (x,,y,), which means that x is a constant. This can be
writtenas x=c.

General form of the straight line equation

The equation of a straight line is a ‘first degree’ or linear equation. It can be written in many forms, but it is called the
general form when written as ax + by + ¢ = 0, where g, b and c are integers:

ax+by+c=0

a is the coeflicient of x, b is the coeflicient of y and ¢ is the constant term.

Rewriting the general form in the gradient-intercept form:
_—a_ ¢
y= 7X - B N b #0
Hence the gradient = —% and the y-intercept = — %
Useful results:
1 If a=0, the line is parallel to the x-axis.
2 If b =0, the line is parallel to the y-axis.

3 If ¢ =0, the line passes through the origin.

Parallel and perpendicular lines

Consider the lines with equations: ax+by+c=0 (1]
ax+by+c =0 (2]
Writing these in gradient-intercept form: y= —751 X— % (1]
=4, 4

Y= Ty 2]
These lines have the same gradient when % = %, so the lines are parallel when % = %. The product of the gradients

1 1
is —1 when % X Z—i =—1 or aa, =—bb, so the lines are perpendicular when aa, = —bb,.
Useful results:

1 The equation of a line parallel to ax + by + c=01is ax+ by + d =0, where c # d.
2 The equation of a line perpendicular to ax+ by+c=0is bx—ay+d=0.

Example 7
Find the equation of the line through the point (2,-3) that is:

(@) parallel to the line with equation 3x + 4y —5=0
(b) perpendicular to the line with equation 3x +4y —5=0.
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Solution
For the line equation 3x +4y—5=0,a=3 and b=4.
(a) Method 1: Method 2:
Pl Bacs, g = —2e point is (2,—3) The equation of the line parallel to 3x + 4y —5=0is of
bl 4 b b .

the form 3x + 4y + c=0.

. . _ 3.
- GEARPRLS o= 4(x 2) Substitute the values of the point (2,-3) to find c:

4y+12=-3x+6

6—12+c=0
3x+4y+6=0 c=6
.. equationis3x+4y+6=0
(b) Method 1: Method 2:
Perpendicular lines, so m = —1+ — 3_4 The equation of the line perpendicular to
point is (2,-3). 4 3 3x+4y—5=0is of the form 4x + 3y + c=0.
N Quationtis o % (x—2) Substitute the values of the point (2,—-3) to find c:
3y49=dx—8 8+9+c=0
4x—3y—17=0 c=-17

<. equationis 4x+3y—17=0

EXERCISE 5.2 EQUATION OF A STRAIGHT LINE

1 Find the equation of the straight line with:
(@) gradient % , passing through (-6, 5) (b) gradient —%, passing through (4,-3)
2 Find the equation of the straight line passing through:
(@ (3,3)and (—4,-5) (b) (2,-8)and (7,2)
3 Find the equation of the straight line passing through:
(@) (6,6) with an angle of inclination of 45°
(b) (=2,3) with an angle of inclination of 53°8’ (tan 53°8" = %)
() (=5,-2) with an angle of inclination of 135°
(d) (=7,4) with an angle of inclination of 143°8’ (tan143°8’ = —i)

4
4 Find the equation of the straight line parallel to the x-axis and passing through the point (5, 2).

5 Find the equation of the straight line parallel to the y-axis and passing through the point (-2,—4).

6 The equation of the straight line with x-intercept 2 and y-intercept —5 is:
A 2x-5y-10=0 B 5x-2y-10=0 C 2x-5y+10=0 D 5x-2y+10=0
7 Find the equation of the straight line with x-intercept —3 and y-intercept —2.

8 Write each equation in the form y = mx + ¢ and find the gradient of each line.

(@ 2x+3y=4 (b) 3x—-2y=7 () 2y=6-3x (d) 5y—2x=38
9 Indicate whether each statement is correct or incorrect for the line 2x + 3y — 12 =0.
(@ m= —% (b) x-intercept=6 () y-intercept=—4 (d) passes through (3,2)
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10 (@) Show that (2,3) is on the line 2x+ 3y — 13 =0.
(b) If (-1,2)is on theline ax—4y+11=0, find a.
11 Find the equation of the line containing the point (2,-3) that is:
(@) parallel to the line 3x+2y—6=0 (b) perpendicular to the line 3x+2y—6=0

12 Find the equation of the line passing through the origin that is:
(@) parallel to the line 4x—5y+3=0 (b) perpendicular to the line 4x —5y+3=0
13 The coordinates of two points A and B are (0,—2) and (3, 0) respectively. The x-coordinate of a point C on the
line AB is 6. Find:
(@) the equation of AB (b) the angle of inclination of AB
(c) the y-coordinate of C (d) the equation of the line through C that is perpendicular to AB.

14 Show that the line with equation 2x — y =5 is parallel to the line joining the points (-1,5) and (1,9).

15 ABCD is a parallelogram. The coordinates of A, B and C are (—1,4), (4,6) and (2,7) respectively. Find:
(@) the equation of CD (b) the equation of AD (c) the coordinates of D.
16 ABCD is a rectangle. The coordinates of A and B are (1,4) and (5,2) respectively. The x-coordinate
of D is —2. Find:
(@) the equation of AB (b) the equation of AD (c) the y-coordinate of D
(d) the equation of BC (e) the equation of DC (f) the coordinates of C.
17 A(0,0), B(2,1) and C(1,5) are the vertices of a triangle ABC. The triangle is rotated anticlockwise about the
point A, through a right angle in the x-y plane. Find the equation of the image lines of:
(@) theline AC (b) theline AB (c) theline BC.

5.3 INTERSECTION OF TWO LINES

The point of intersection of two lines is found by solving the equations of the lines simultaneously.

You will look at finding the equation of a line that passes through the intersection point of two other lines and also
satisfies one other condition. You will learn two different methods of doing this.

Example 8
Find the equation of the line through the point A(4,—2) that also passes through the intersection point B
of the lines with equations 4x + 2y + 2 =0 and 3x+ 5y — 9=0.

Solution
Method 1:
To find B, solve simultaneously: 4x+2y+2=0 [1]
3x+5y-9=0 [2]
3% [1]: 12x+6y+6=0 [3]
4x[2):  12x+20y—36=0 (4]
[3] - [4]: —14y+42=0
y=3
Substitute into [1]: 4x+6+2=0
x=-2
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.~ Intersection point solution: B(-2,3)
. . _3+2 _ 5
Gradient of AB: m=_5 "1 "¢
Equation of AB: y—(-2)= —%(x—4)

6(y+2)=-5(x—4)
6y + 12 = —5x + 20
The equation of AB is 5x+ 6y — 8 =0.

Method 2:
Any line passing through the intersection point of 4x + 2y + 2 = 0 and 3x + 5y — 9 = 0 has the equation:
4x+2y+2+k(Bx+5y-9)=0

(You can check this statement by substituting some values for k and then seeing if the point B, found
above, satisfies the new equation.)

The line 4x + 2y + 2 + k(3x 4+ 5y — 9) = 0 is to pass through the point A(4,-2), so substitute the coordinate
values of A to find k: 16—4+2+k(12-10-9)=0

14-7k=0
k=2
Substitute k = 2 into the line equation: 4x+2y+2+2(3x+5y-9)=0
10x+12y—16=0
The equation of AB is 5x + 6y — 8 =0.

Two straight lines—only three possibilities

Two straight lines on the number plane must either:
(i) intersectatapoint or (i) be parallel or (jii) coincide.

This means that when you solve a pair of simultaneous linear equations, you will always get either:
() aunique solution (as the lines intersect)

or (i) no solution (as the lines are parallel)

or (iii) an infinite number of solutions (as the lines coincide).

You can determine which of these three situations is the case without actually solving the equations.

For the pair of equations a, x + b,y + ¢, =0and a,x + b,y + ¢, = 0, you have:

() intersecting lines if % # Z—l (the gradients are not equal)
2
(i) parallel lines if % = Z—l # % (the gradients are equal, but the lines are different)
2

(iii) coincident lines if Z—l = 5—1 = % (the equations are equivalent).
2 2

Example 9
Consider the simultaneous equations. Discuss their solution.
(@ 3x+2y—5=0 (b) 3x+2y—-5=0
6x+4y—16=0 6x+4y—10=0
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Solution
(@) The two lines have the same gradient, —% = —%, but % = % 2 %, so the lines are parallel
(not coincident) and do not intersect. Therefore there is no solution to the pair of equations.
Algebraically: 3x+2y—-5=0 (1]
6x+4y—16=0 (2]
2x[1]:  6x+4y—10=0 [3]

[2] - [3]: —-6=0
This is obviously false, so there is no solution to the pair of simultaneous equations.

(b) The two lines have the same gradient, _6_ —%, and 2 = 2 = 3 5o the lines are coincident. Therefore

4 6 410
the lines intersect at all points on the line 3x + 2y — 5= 0. Some of the points of intersection include

(1,1), (0,2.5), (-1,4).

EXPLORE FURTHER o

Two straight lines—only three possibilities
Use graphing software to explore the possibilities for two straight lines on the number plane.

EXERCISE 5.3 INTERSECTION OF TWO LINES

1 The coordinates of the intersection point of the lines x + 2y —3 =0 and 2x — 2y — 6 =0 are:
A (0,3) B (0,—3) C (3,0 D (-3,0)

2 Find the equation of the line that contains the intersection point of the lines 2x + 5y — 19 =0 and
3x —4y+ 6 =0 and is parallel to the line with equation 4x —y — 8 =0.

3 The coordinates of the vertices A, B and C of a triangle are (-1, 3), (2,5) and (1,-1) respectively. Find:
(@) the equation of the perpendicular line from A to BC
(b) the equation of the line through B, parallel to this perpendicular line.

4 Consider the equationsx+y+1=0,y=2—-x,3y=2x+1and 2x—3y+6=0.

(@) Show that these equations represent the sides of a parallelogram.
(b) Find the coordinates of the vertices of the parallelogram.
(c) Find the equations of the diagonals of the parallelogram.

5 Find the equation of the straight line that contains the intersection point of the lines 3x + 2y — 12 =0 and
5x—y—7=0and that:
(@) passes through the point (—4,-5) (b) is parallel to the line2x—y+4=0
(c) is perpendicular to the line y = 5.

6 ABCD is a parallelogram. The coordinates of A, B and C are (—1,4), (4,6) and (2, 7) respectively. Indicate
whether each statement is correct or incorrect.
(@ ADisx+2y—7=0 (b) CDis2x—-5y+31=0
(c) gradientof AB=0.5 (d) Dis(-3,5)

7 ABCD is a quadrilateral. The coordinates of A, B and C are (=8,6), (2,4) and (5,—7) respectively. If the
diagonals are perpendicular and DC is parallel to the x-axis, find:

(@) the coordinates of D (b) the coordinates of the intersection point of the diagonals.
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8 The equations of the sides of a triangle ABC are as follows:

AB: 5x+y—-10=0; BC: 3x-2y—-6=0; CA: x-5y+24=0

(@) Show that angle BAC is a right angle.
(b) Find the coordinates of the foot of the perpendicular from A to BC.

9 Without actually solving the simultaneous equations, state whether the following pairs of lines intersect, are

parallel or coincide.

(@ 2x-3y-8=0 (b) x+3y+7=0 () 6x—5y—24=0
4x—6y—16=0 2%+ 7y+16=0 9x—4y—22=0

(d) x+y-7=0
x+y—8=0

5.4 SIMULTANEOUS EQUATIONS

A linear equation in two variables x and y is an equation in which both
the pronumerals are of the first degree, e.g. x + y = 6. There are an infinite
number of values for x and y that satisfy an equation like this, e.g. (0,6),
(1,5),(2,4), (4,2), (—8,14). Graphically, the points that satisfy a linear
equation all lie on the same straight line.

Consider another equation x — y = 2, for which the graph is also a straight
line containing an infinite number of points, e.g. (0,-2), (1,-1), (2,0), (4,2),
(-10,—12).

From the two lists of points, you can see that the ordered pair (4,2)

satisfies both equations. Hence x =4, y = 2 is said to be the solution of the
simultaneous linear equations x + y = 6 and x — y = 2. Graphically, x = 4,

y =2 are the coordinates of the point of intersection of the two lines.

Algebraic solution of simultaneous equations

The most common algebraic methods of solving a simultaneous pair of linear equations in two variables are

elimination and substitution.

In the elimination method, you can eliminate one of the variables x or y by adding or subtracting the equations,

as long as the coefficients of one of the variables are equal in both equations.

Solving simultaneous equations by elimination:

o If the coefficients have the same size but opposite sign, eliminate by addition.

o If the coefficients are equal, eliminate by subtraction.

In the substitution method, rewrite one of the equations to make it equal to one of the variables, then substitute this

into the other equation.

Example 10

Solve the simultaneous equations x+ y=6 and x — y = 2.

Solution
xX+y=6 [1]
xX—y=2 [2]
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Elimination method Substitution method

The coefficients of y have the same size but opposite Rewrite [1] in the form y = ... to make a new

sign, so eliminate y by adding the equations [1] and [2].  equation, then substitute into [2].

[1] + [2]: 2x=38 Rewrite [1]: y=6-—x [3]

x=4 Substitute [3] into [2]: x—(6—x)=2

Substitute x = 4 into [1]: 4+y=6 X—6+x=2
y=2 2x=28

Check this solution by substituting it into the other x=4

equation, [2]. Substitute x = 4 into [3]: y=6-4=2

LHS=4-2=2=RHS

.. Solution is x =4, y=2.

. Solution is x =4, y=2.

Example 11
Solve the simultaneous equations 3x + 2y = 10 and 4x + 3y = 13.
Solution
3x+2y=10  [1]
4x+3y=13 [2]
Elimination method Substitution method
To use the elimination method, make the Rewrite [1]: = % [3]
coefficients of y both the same by multiplying [1]
by three and multiplying [2] by two. Substitute [3] into [2]:  4x+ 210230 =13
3x[1]: 9x + 6y =30 3
e S5vG &l 8x+30 - 9x =26
2% [2]: 8x+6y=26 (4] /
—X = —
(3] - [4]: x=4 e
Substitute x = 4 into [1]: 12+2y=10 10-12 —
2y=-2 Substitute x = 4 into [3]: =5 =5 = -1
y=-1 .. Solution is x=4, y=—1.
.. Solution is x=4, y=—1.
Example 12
Solve the simultaneous equations % + Yjand3X_ X"V _7
6 4 4 2 4

Solution
First, it is best to get rid of the fractions in each equation by multiplying each term by the LCM (lowest common
multiple) of the denominators.

%+%=1,LCM0f6and4is12: 2x+3y=12  [1]
%—x;y:%LCMoMandZis& 3x—2x-y)="7

x+2y=7 [2]
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2% [2]: 2x+4y=14  [3]
[1] - [3]: —y==2
y=2
Substitute into [2]: x+4=7
x=3

. Solution is x =3, y=2.

Check your solutions by substituting them back into the original equations.

EXPLORE FURTHER

Solving simultaneous equations
Use technology to solve simultaneous equations graphically.

Q

EXERCISE 5.4 SIMULTANEOUS EQUATIONS

Solve the simultaneous equations in this exercise. (Try to solve some using graphing software.)

1 x+7y=5 2 x+5y=34 3 4x—-5y=30 4 3x—y=5
x—=7y=-9 x—5y=-6 4x —2y=24 5x+3y=-8
5 2m+3n=—4 6 2x+7y=4 7 x+5y=-13 8 5x+2y=9
3m+2n=-6 —3x+5y=-5 2x—y=7 9x—7y=-5
9 The solution to the simultaneous equations 2a —3b =5 and 2a — 5b =—1 is:
A a=-7,b=3 B a=7,b=-3 C a=7,b=3 D a=3,b=7
10 2x+5y=16 11 2x+3y=14 12 5m—-6n=12
10x—-3y=—4 4x—5y=17 2m+9n=20
13 y=4x-2 14 x—4=4(y+2) 15 3(x—y)+8y=42
y=-3x+5 3(x—=2)=2y+20 9Ix—(x—2y)=78
Y 3a-2b _ x=3_2y+l1
16 2x 1= 17 3 =9 18 5 =3
3y 6a—b _ 3x—1 2y+1
7 — —=9 — =
x+ 1 1 5 5 > 1
19 3(x—y)—8(x+y)=7 20 2(3a—-b)=3(a+b) 21 5Q2x—-y)=7x+1
2(x+y)+5(x—y) =—65 3(a—4b) +46=5a 33x+y)=5(x—y+12)

5.5 PROBLEM SOLVING WITH SIMULTANEOUS EQUATIONS

Example 13
Three books and five pens cost $5.55. A book costs 10 cents more than ten pens. Find the cost of a book and
a pen.
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Solution
Let a book cost x cents and a pen cost y cents.
3 books and 5 pens cost 555 cents: 3x+5y=555 [1]
1 book costs 10 cents more than 10 pens: x=10y+10 (2]
Substitute [2] into [1]: 3(10y + 10) 4+ 5y =555
30y + 30 + 5y =555
35y = 525
y=15
Substitute back into [2]: x=150+ 10
x=160

Hence, a book costs $1.60 and a pen costs 15 cents, so a book and a pen together cost $1.75.

Example 14
y=mx + ¢ is the equation of a straight line that passes through the points (1,8) and (-2,—1). Form a pair of
simultaneous equations in m and c and solve them to find m and b. Find the equation of the line.

Solution
y=mx+c
At (1,8): 8=m+c 1]
At (=2,-1): —1=-2m+c¢c [2]
[1] - [2]: 9=3m
m=3
Substitute into [1]: 8=3+c
c=5

The equation of the line is y = 3x + 5.

Break-even analysis

One application of simultaneous equations is to find the break-even point in manufacturing and sales.

A business can determine a formula for the cost to produce a given number of items - the cost function. This
consists of the fixed costs plus a cost per item produced. They can also determine a revenue function, which is the
sale price multiplied by the number of units sold.

Where these two functions intersect is the break-even point. For sales above the break-even point the revenue
function is above the cost function so a profit is made. For sales below the break-even point the revenue function is
below the cost function and a loss is made.

Example 15
Georgia decides to turn her jewellery-making hobby into a small business. She spends $120 on equipment and
estimates that it costs her $8 to manufacture each item. She plans to sell the items for $20 each.

(@) If Cis her total cost and R her total revenue, in dollars, set up the cost and revenue functions for the sale
of x items.

(b) Determine her break-even point.

(c) Determine her profit if she sells: (i) 6 items (i) 50 items.
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Solution
(@) Georgia has a fixed cost of $120 and a variable (b) At the break-even point, R =C.
cost of $8 per item. If she produces x items, 20x=8x+120
then C=8x+ 120. 12x =120
Her selling price is $20 per item. The revenue 5= 120
function is R = 20x. 12
Her break-even point is 10 items. x=10

(c) Profit, P, is givenby: P=R-C
P=20x—- (8x+120)

P=12x-120
() x=6:P=72—120=-48 (i) x=50: P=600— 120 =480
She makes a loss of $48. She makes a profit of $480.
The information in this example may be represented CR
graphically, with C and R on the vertical axisand xon % T
the horizontal axis. The point of intersection of the two 1000 T .
graphs is the break-even point, which you can see is at Sl ep |
I
x=10. 800 T | Profit
70T R=20x |
600 + X
500 —+ :
400 + !
300 + C=8x+120 |
20081 LOS.S , Break-even point I
100 + /1 ) |
1 ! : 1 1 1 1 1 1 1 : 1 1
Ol 5 10 15 20 25 30 35 40 45 50 55 60
The revenue line is below the cost line when x = 6 so a loss 5K
occurs at that point. The revenue line is above the cost line 1100
when x = 50 so a profit occurs at that point. 1000 R=20x
P 900 +
Georgia incurs a loss when 0 < x < 10, breaks even when x = 10
and makes a profit when x > 10. 800 1
700 +
The break-even point will change if any of the fixed values C=9x+120
. ) 600 + Xt
in the equation are changed: for example, the fixed cost of s
production, the cost of producing each unit or the selling price. 00T -
The effect of these changes can be seen quickly using graphing 400 T -
software. SLUSE Lz
. . . 200 + - inti
In this example, if the cost to produce each unit rose to $9, then _~ zrg‘;k'zel";’i g)‘"m s
the cost function would become C = 9x + 120. The following 100 oo
graph shows the change in the break-even point. Ol 5 10 15 20 25 30 35 40 45 50 55 60

EXERCISE 5.5 PROBLEM SOLVING WITH SIMULTANEOUS EQUATIONS

1 There are 450 students at Newton High School. If there are 50 more boys than girls, how many boys and girls
are there at the school?
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A contractor has 8 trucks. Some trucks carry a load of 10 tonnes and the other trucks carry a load of 5 tonnes.
When all 8 trucks are filled, they contain a total load of 70 tonnes. How many of each size of truck does the
contractor own?

A father is 7 times as old as his daughter. In 5 years” time he will be 4 times as old as his daughter. If he is now
x years old and his daughter is y years old, which set of equations correctly describes their ages?

A x-7y=0, x—4y+5=0 B x+7y=0, x—4y-15=0

C x-7y=0,x—-4y—-15=0 D x+7y=0, x—4y+5=0

John’s mother is now 5 times as old as John. Three years ago, she was 9 times his age. What are their ages now?

Tickets to a movie cost $15 for adults and $12 for children. If 1000 people paid to see a movie and the total
money paid was $13 800, how many adults and how many children were there?

The straight line ax + by = 12 passes through the points (2,2) and (—4,5). Form two equations in a and b, then
solve them to find the equation of the line.

Let x be the numerator and y be the denominator of a fraction. The denominator is 5 more than the numerator.
If 2 is subtracted from both the numerator and the denominator, the denominator is then twice the numerator.
What is the fraction?

Find two numbers such that if 18 is added to the first number it becomes twice the second number, and if 6 is
added to the second number it becomes three times the first number.

The weekly wages of 5 carpenters and 3 apprentices total $5480 while the wages of 3 carpenters and
5 apprentices total $4440. Find the weekly wages of a carpenter and of an apprentice.

The equation of a straight line is given as y = mx + c. By forming a pair of simultaneous equations, find the
equation of the line if it passes through the points given.

(@ 4,1)and (-1,-9) (b) (0,4)and (1,0) (¢) (2,-1.5) and (-4,-6) (d) (2,4)and (-6,8)
For each set of cost and revenue functions (a)-(d), find:

(i) the break-even point
(ii) the revenue at the break-even point
(iii) the profit function, P.
(@) C=5x+200,R=15x (b) C=0.5x+100,R=1.5x
(€) C=15x+ 3000, R=45x (d) C=0.3x+5000, R=1.1x

Julian buys a coffee cart for $15000. His repayments work out to be $80 per day for the first year. He calculates
that it will cost him $2 per cup of coffee for the ingredients. He sells coffee at $4 per cup and he sells x cups of
coffee per day.

(@) Write the cost function C and revenue function R.
(b) What is his break-even point?

(c) Write the profit function P.

(d) What is his profit if he sells 100 cups per day?

Maya runs a market stall at the weekends, selling paintings. It costs her $90 per day for the site. It costs her on
average $4 per painting that she sells and she sells them for an average price of $10. If she sells x articles each
day, find:

(@) the cost function C and revenue function R

(b) her break-even point

(c) the profit she will make if she sells 40 paintings in a day.

(d) One weekend, the weather is fine on the Saturday and rainy on the Sunday. On Saturday Maya sells
30 paintings, but on Sunday she only sells 10 paintings. What profit (or loss) does she make for the
weekend?
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5.6 SOLVING SIMULTANEOUS EQUATIONS —

LINEAR AND SECOND DEGREE

Equations like y = x* — 5x + 6 (a parabola when graphed), x> + y° = 4 (a circle when graphed) and xy = 6
(a rectangular hyperbola when graphed) may be intersected by a straight line. To find the intersection points,
you can solve the pair of simultaneous equations.

For non-linear simultaneous equations like these, the substitution method is usually the best. You might also use
graphing software to find the solutions graphically.

Example 16
Solve the simultaneous equations y = x> and y = x + 2.
Solution
Graphically: Algebraically:
y=x [1]
y=x+2 [2]
Substitute [2] into [1]: x+2=4x

¥—x-2=0
(x—=2)(x+1)=0
x=2 or -1

Substitute into [2]: y=4 or 1

.. Solutions arex=2,y=4 or x=-1,y=1.

Example 17
Solve the simultaneous equations x* + y* = 25 and x + y = 5.
Solution
Graphically: Algebraically:
K +y'=25 [1]
x+y=5 [2]
Rewrite [2]: y=5-x (3]
Substitute [3] into [1]: X+ (5-x)7=25
£ +25-10x+x" =25
2x* = 10x=0
2x(x—5)=0
x=0,x=5
Substitute into [3]: y=5y=0

.. Solutions are x =0, y=5or x=5y=0.
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EXERCISE 5.6 SOLVING SIMULTANEOUS EQUATIONS—LINEAR AND SECOND DEGREE

Solve the following simultaneous equations. (Try to solve some using graphing software.)

1 y=5x+6 2 y=3x-2 3 y=x+5 4 x+y=15
2 2 2 2
y=x y=x y=x —3x y=x—6x+1
5 y=x-3 6 y—2x=1 7 x+y=5 8 2x—y=2
xy=10 x2+y2=10 x2+y2=13 y=x2—x—2
9 x-y=1 10 y=2x-5 11 y=2x-6 12 x+y=5
xy=2 y=x2—4x+4 xz—xy+2y2=16 3x2+xy—y2=29
18 y—2x+1=0 14 y—4x-8=0 15 x—y+3=0 16 3x+y=11
3y2—y—2x2=0 ;v=4—x2 xy=10 2x2—xy—y=10
17 x+y=2 18 x=2y-1 19 x+2y=-8 20 y=x+9
x2+y2:2 3x2:x+2y2 xy=38 y=x2—x—6

5.7 SOLVING SIMULTANEOUS EQUATIONS —

LINEAR AND SECOND DEGREE IN THE GENERAL FORM

Example 18
Solve the simultaneous equations 3x + 2y =4 and x> + xy — y° = 1.
Solution
3x+2y=4 (1]
Crxy-y=1 (2]
Rewrite [1]: 2y=4-3x
_4-3x
2
Substitute [3] into [2]: X+ x(4 ; 3x)_(4 —43x) =1

Multiply by 4:  4x” + 8x — 6x” — (16 — 24x + 9x”) = 4
8x—2x" — 16+ 24x — 9x" =4

11x° —32x+20=0

(11x—10)(x—2)=0

_10
xX=17 or 2
30
411 _44-30_ 7 4-
Substitute into [3]: JEE = © = Tz_l
4-2
When rewriting equation [1], you could have instead written x = 3 Y and substituted for x in equation [2].
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EXERCISE 5.7 SOLVING SIMULTANEOUS EQUATIONS —
LINEAR AND SECOND DEGREE IN THE GENERAL FORM

Solve the following simultaneous equations. (Try to solve some using graphing software.)

1 2x-5y=3 2 3y—4x=0 3 x+2y=3
x2—2y2—3x:2 x2+y2=25 xy+2x+y=4
4 3x—-2y=2 5 3x+2y=1 6 2x=3y+1
xz—xy+y2=21 xy+y2—y=8 xy+x+y=23
5.8 QUADRATIC FUNCTIONS
Definitions

ax’ + bx + ¢, a polynomial of the second degree, is called a quadratic polynomial or a quadratic expression.

A function defined by the rule y= ax” + bx + ¢ , where a, b and c are constants, a # 0, is called a quadratic function.
The domain of this function is the set of real numbers (unless otherwise stated or implied).
When y = 0 the quadratic function becomes the quadratic equation ax” + bx + ¢ = 0. The values of x that satisfy this

equation are called the roots of the equation. They are also called the zeros of the quadratic polynomial, as they are
the values that make the polynomial zero.

Example 19
Give the domain of each function.
(@ y=2x"-3x-5 (b) y=£+2t €) y=4p"-8
(d) A=s’, where s is the side length of a square
Solution
(a) Real numbers for x (b) Real numbers for ¢ (c) Real numbers for p

(d) Positive real numbers for s (because side length cannot be negative or zero)

Graph of a quadratic function %

The graph of a quadratic function has the characteristic shape of a
parabola. The parabola has a turning point at its vertex, where the
function has a minimum value if a > 0 or a maximum value if a < 0.

o When a > 0, the graph of the parabola opens upwards. It is 0 i X
said to be concave up. L v / ©

\ X
» When a <0, the graph of the parabola opens downwards. It
is said to be concave down. a>0 a0
Thus a straight line has no concavity.
 On either side of the minimum turning point of a parabola the curve is concave up.
 On either side of the maximum turning point of a parabola the curve is concave down.
The graph of the quadratic function y = ax” + bx + ¢ will cut the y-axis when x = 0. Thus the y-intercept is c.

The graph of the quadratic function y = ax” + bx + ¢ will cut the x-axis when y = 0. Thus the x-intercepts are the
roots of the quadratic equation ax” + bx + ¢ = 0, for which there may be none, one or two roots. The number of roots
can be predicted using the discriminant, which is explained in the next section.

130 New Senior Mathematics Advanced for Years 11 & 12



YEAR 11

Maximum or minimum value of a quadratic function
All quadratic polynomials can be expressed in the form a(x + B)2 + C, where a, B and C are constants, a # 0.

In this form, you are effectively completing the square on x. Because (x + B)” is a perfect square, it is non-negative
for all real values of x, i.e. (x + B)* = 0. Thus the smallest possible value of (x + B)” is zero, when x = —B.

(i) Ifa> 0, then the minimum value of a(x + B)> + Cis C.
(i) If a <0, then the maximum value of a(x + B)’ + Cis C.

Example 20
Express 2x” — 4x — 5 in the form a(x + B)” + C and hence state its minimum value.
Solution
Expression = 2%° —4x—5
Take out the factor of 2 from terms in x: =2(x*=2x) -5
Complete the square on x: =2(x—2x+1)-5-2x1
=2(x-1)°-7

Hence the minimum value of 2x* — 4x — 5 is —7, when x = 1.
The graph of the function y = 2x* — 4x — 5 is shown in the diagram.
The range of the function is y > —7.

The graph is symmetrical about the line x = 1, which is the axis of symmetry Tu
of a parabola that has its vertex at (1,-7).

Example 21
Find the maximum value of —3x” — 12x — 7 by the method of completing the square.
Solution
Expression = 35’ —12x—7
Take out the factor of 3 from terms in x: =-3(x*+4x) -7
Complete the square on x: =-3(xX"+4x+4)—7+3x4
=-3(x+2)°+5 29 7} s

Hence the maximum value of —3x* — 12x — 7 is 5 when x = —2. /\

The graph of the function y =—3x” — 12x — 7 is shown in the diagram.
The range of the function is y <-5.

The graph is symmetrical about the line x = —2, which is the axis of symmetry of a
parabola that has its vertex at (-2, 5).

Turning point of a parabola

From the examples above, it can be seen that the turning point (minimum or maximum value) of the quadratic
function y = ax’ + bx + ¢ will occur at x = 54"

Thus the turning point of f(x) = ax” + bx + ¢ has the coordinates (—%, f (—2%1))

+ If a <0 this will be a maximum turning point, so the maximum value of the function is f (—z—a).

« If a> 0 this will be a minimum turning point, so the minimum value of the function is f (—%).
Later in the course, you will be able to find the turning point using calculus and the fact that % =0.
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Example 22

A piece of wire of length 12 cm is bent in the shape of a rectangle. Find the maximum area of the rectangle.

Solution
Let one dimension of the rectangle be x cm.

Hence the other dimension will be (12 +2 — x) = (6 — x) cm.

For any given x in the domain 0 < x < 6, the area function is given by:

y=x(6—x) for0<x<6

=6x—x°
=—(x*—6x+9)+9
=—(x—3)*+9

Hence the maximum area is 9 cm? when x = 3 and the rectangle is a square.
The graph of the area function is shown in the diagram.

Domain: 0<x<6

Range: 0<y<9

MAKING CONNECTIONS O

Graphing quadratic functions
Move the sliders to view the effect of changing a, B and C on the graph of y =a (x + B )+ C.

EXERCISE 5.8 QUADRATIC FUNCTIONS

1 The minimum value of x* — 2x + 6 is:
A -1 B 1 C 5 D 6

2 Express each of the following functions in the form y = a(x + B)’ + C and hence find the maximum or
minimum value and the range.

(@) y=2x2—4x (b) y=—2x2+8x—3 (c) y=7+16x—4x2 (d) y=4x2+8x—7

(e) y=8—2x2 ()] y=7—2x—x2 (9 y=2x2—6x (h) y=6—10x—5x2
3 The maximum value of —x* + x + 11 is:

A -05 B 05 C 10.75 D 11.25

4 A stone is thrown straight up from the ground. The height above the ground, h(#) metres, is a function of
time, t seconds (¢ > 0), according to the rule h(t) =20t — 5. Find:

(@) the domain of h (b) the greatest height reached.
2
5 The equation of the path of a cricket ball thrown at an angle of 45° to the horizontal is y = x — 956—0,

where x m and y m are the horizontal distance travelled and the vertical height reached, respectively.
Calculate the greatest vertical height reached and the horizontal distance travelled.

6 The sum of two numbers is 20. Find the numbers and their product if their product is a maximum.

N

A piece of wire 60 cm long is bent in the shape of a rectangle. Find the maximum area of the rectangle.

8 A farmer wants to make a rectangular enclosure using her existing fence as one side. If she has 20 metres
of fencing material available to make the other three sides, find the area and the dimensions of the largest
enclosure that can be formed.
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9 A piece of wire 6 metres long is cut into two parts. One part is used to form a square and the other part
is used to form a rectangle whose length is three times its breadth. Find the lengths of the two parts if the
sum of the two areas is a minimum.

10 A large open area is to have a section surrounded by a rectangular fence. This rectangle is then divided into
six smaller rectangles, using one dividing fence parallel to its length and two fences parallel to its width. If the
total length of fencing available is 1200 m, find the maximum possible area.

11 A machine comes in two parts, which weigh x kg and b kg respectively. The cost ¢ of the machine (in dollars)
is given by ¢ = 2x + b. The earning capacity y of the machine is given by y = x(x + b). If ¢ has the fixed value
10, express y as a function of x and hence find the value of x for which y is a maximum. Find the maximum
value of y.

12 ABCD is a square of unit length. Points E and F are on the sides AB and AD respectively such that AE = AF = x.

Show that the area y of the quadrilateral CDFE is given by y = %(1 +x-x° ) . What is this quadrilateral’s
greatest possible area?

5.9 PARABOLAS AND DISCRIMINANTS

Discriminants
In Chapter 3 you solved the general quadratic equation ax’ + bx + ¢ = 0, a # 0, by ‘completing the square’ to obtain
the quadratic formula:

ax* +bx+c=0

Move constant to RHS: ax® +bx =—c
Divide by coefficient of x*: x*+ %x = —%

2
Add(%) to complete the square: X" +ox+

a 2a) 44> ¢
2 2
Factorise: (x + i) _ b’ —4ac
2a 442
2
Take square roots of both sides: X+ 2& _=x 52; 4ac
X = %— M
2a

The symbol A (delta) is sometimes used for the expression b* — 4ac.

This is called the discriminant: A= b>—4ac .

The roots of the quadratic equation can be written as x =

—b+JA ~b-A
2a )

or x =
2a

Casel IfA>0, JA is a real number and so the roots are two real numbers.
The equation has two unequal roots or two different roots.

Case2 IfA=0, JA =0 and so the roots are only one real number: —%.

The equation has only one root or two equal roots.

Case3 If Ais a perfect square, +/A is a rational number and so the roots are two rational numbers.
The equation has two unequal, rational roots.

Case4 If A <0, /A does not exist as a real number and so there are no real roots.
The equation has no real roots.
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Intersection of the parabola with the x-axis

The roots of the equation ax” + bx + ¢ = 0 are the x values of the points of intersection of the graph of the parabola
y= ax® + bx + ¢ = 0 with the x-axis. In other words, at the points where the parabola cuts the x-axis, y=0.

Thus, the parabola y = ax” + bx + ¢ = 0:

o cuts the x-axis at two distinct points if A >0 y 4 4
« touches the x-axis at one point only (or two coincident
points) if A=0
« does not touch the x-axis if A <0. - - 5 %) ~
For the parabolas shown, the coefficient of X% is positive, so the

X
- A<O
vertex is at the bottom and the curve opens upwards. 2;8 A 8 B ; 0
When a >0 and A <0, as in the third diagram shown, the graph
of f(x) = ax’* +bx+c=0is always above the x-axis, i.e. f(x) > 0 for all values of x. This fis called a positive definite

function because it is always positive.

For these parabolas the coefficient of x* is negative, so the y y y
vertex is at the top and the curve opens downwards. /\ -
When a <0 and A <0, as in the third diagram at right, the ° * © / * © *

graph of f(x) = ax” + bx + ¢ = 0 is always below the x-axis, i.e.
f(x) <0 for all values of x. This fis called a negative definite
function because it is always negative.

A<O

A>0 A=
a a<0

If a quadratic function is neither positive definite nor 2<0
negative definite, it is said to be indefinite.

Example 23
Write the discriminant of each of the following quadratic equations and hence state whether the corresponding
parabola cuts the x-axis at two, one or no points.

(@) x¥*—5x+6=0 (b) xX*—4x+4=0 (€) 2xX*=3x+3=0
Solution

(@ x*—5x+6=0 (b) x¥*—4x+4=0 (€) 2xX°—3x+3=0
A=b>—4dac A=b*—4dac A=b*—4dac
A=25-24=1 A=16—-16=0 A=9-24=-15
A>0 A=0 A<O
Two real roots, cuts x-axis One real root, touches x-axis No real roots, does not cut x-axis
at two distinct points at one point y

¥y y

-—

- | (0} x
o 23 o 2 F 5
y=2x"—-3x+3
y=x'—5x+6 y=x—4x+4 Cannot factorise with real
y=(x—2)(x—3) y=(x—2) numbers, does not cut or touch
Cuts at (2,0), (3,0) Touches at (2,0) x-axis.

Positive definite function, a = 2

The discriminant tells you whether the parabola cuts, touches, or does not cut the x-axis. To find the point at
which this occurs, you need to solve the quadratic equation. Thus the discriminant tells you whether you can
factorise the quadratic expression.
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Example 24

Solve the following equations after first finding the discriminant.

(@) 3x°—11x—4=0

Solution
(@) 3x°—11x—4=0:

(b) 4x*—20x+25=0

A=121+48=169

() x¥*=2x+5

d) 2x*+x+3=0

Because the discriminant is a perfect square, 3x” — 11x — 4 has rational factors.

3x*—11x—4=0
Bx+1)(x—4)=0

x=—% or

(b) 4x* —20x+25=0:

4

A=400-400=0

Because the discriminant is zero, 4x* — 20x + 25 has equal rational factors.
4x° = 20x+25=0
(2x—=5)*=0

x=25

() ¥*—2x—5=0:

A=4+20=24

Because A > 0 but it is not a perfect square, the equation has two unequal, irrational roots,
so it is best solved using the quadratic formula.

X —2x—5=0

x:Zig/ﬂJi;\/g:li\@

(d) 2x*+x+3=0:

A=1-24=-23

Because A < 0, there are no real roots.

EXPLORE FURTHER

Investigating the discriminant
Use technology to investigate the relationship between the discriminant and the parabola.

EXERCISE 5.9 PARABOLAS AND DISCRIMINANTS

1 Select the equation for which A > 0.

A X¥+2x+3=0

B xX*+6x+9=0

C 2X*—4x+5=0

D x*—4x-5=0

2 Calculate the discriminant for each of the following equations and hence state whether the equations have two,

one or no real roots.
@ X +6x+2=0
d) -3x"+2x—-1=0

(b) 2x°+3x+4=0
(e) 2x*=3x+7

3 For which curve can you say that a > 0 and A < 0?

A y

B y

]

0 X

(€) 4xX*—12x+9=0
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4 Without sketching the graphs of each function, determine whether or not they cross the x-axis.
(a) y=x2—5x+2 (b) y=—4x2+2x—1 (c) y=x2—6x+9
(d) y=8-3x—2x () y=3x"+2x+5 M y=-x—-x-1

5 Calculate the discriminant for each of the following equations. Use this information to decide on the best
solution method, then solve each equation.

(@ x*+2x—15=0 (b) x¥*—9x—-5=0 (c) 12x*=25x—12
(d) 4x*—12x+9=0 (e) 7x*=63 M x—6x=0
(@ (x+1)Y=4x (h) x*=4(x—24) () 2x*—x=25
() 3x°=2x+2 (K) 3x*—7x—3=0 () (x+6)°=x+6
(M) 4x*=9x—4 (n) 9x°+24x+16=0 (0) 3x°+4x=5
(P) 2X°+x—4=0 () x*=15x-56 (N x(2x-3)=0
(s) 2X°+5x+1=0 () 5x—7x+2=0 U (x-Dx-2)+(x+1)(x+3)=0
5.10 FURTHER EXAMPLES INVOLVING DISCRIMINANTS
Example 25
Find the values of m for which the equation x4 (m—2)x+4=0 has:
(a) oneroot (b) two roots (c) noroots.
Solution

Consider A, the discriminant.
(@) For one root only, A=0: A=(m-2)>-16

=m’—4m—12

=(m—6)(m+2) A
A=0whenm=6 or -2 \ /
(b) For two roots, A > 0: Ao K m
ie.(m—6)(m+2)>0 x
The graph of A= m’ — 4m — 12 cuts the m-axis at m = 6 and m = —2.

Thus A > 0 when m < -2 or m > 6, as shown by the graph.

(c) For no roots, A <0: 5
A=m"—4m—12
From the graph, A <0 for -2 <m <6.

Example 26
Prove that the equation x°+ (k= 3)x — k=0 has real roots for all values of k.
Solution A
For real roots, A > 0: A=(k-3)+4k
=k —2k+9

The graph of A = k> — 2k +9 does not cross the k-axis and the coefficient
of k” is positive, so A > 0 for all values of k.

Hence the equation x* 4 (k= 3)x — k=0 has real roots for all values of k. Y E—T
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Alternatively:
A=K -2k+9
=k -2k+1+8
=(k-1"+8

= a perfect square + a positive number

Hence A 2 8 for all k, so the given equation has real roots for all k.

Example 27

Show that the roots of the equation x>+ 2x — (m* = 1) = 0 are rational for all rational values of m.
Solution

For rational roots, A is a perfect square: A =4+ 4(m° —1)

2
=4m
Hence A is a perfect square if m is a rational number.

.. the equation x° + 2x — (m” — 1) = 0 has rational roots for all rational values of .

EXERCISE 5.10 FURTHER EXAMPLES INVOLVING DISCRIMINANTS

1 Find the values of k for which the following quadratic equations have: (i) one root (i) two roots.
(@ x*-3x+k=0 (b) ¥ +kx+3=0
() ¥+k-1x—Q2k+1)=0 d k-Dx*+(k+1x=1—-k

2 The quadratic equation (2k — 3)x* + (k+ 1)x — 1 = 0 has two roots when:
A k>lork<-11 B -1l1<k<l1 C -11<k<1 D k>lork<-11

3 For what values of m does the quadratic equation (5m — 3)x” — 4mx + m + 1 = 0 have only one root?
4 For what values of m are the roots of the following equations real?
(@ xX*+2x+m°—1=0 (b) (m—Dx*+(m+1x+m—-1=0 () X¥+2mx+2(m+12)=0

5 If the real roots of the equation x*—2mx + 3 =0 are a and b, find the values of m for which:
(@ a=>b (b) azb

6 Show that the roots of the equation 4(m + Dx* — 4(m — 1)x — 3 =0, for m # —1, are real for all real m.

7 Show that the roots of the equation (3m — S)x2 —3m’x+5m* =0, form # %, are rational if m is rational.

8 Show that the equation x* — (2a + b)x + ab = 0 has real roots for all values of a and b.

9 Find the values of p for which the equation 2x* — 4x + p = 0 has:

(@) one root (i.e. two equal roots) (b) two distinct roots.

10 For what values of m does the equation x*—2mx+8m—15=0have: (a) one root (b) two roots?
11 Show that the roots of the equation ax’ — (a+ b)x+b=0, for a #0, are rational for all rational values of a and b.

12 For what values of m does the quadratic equation x” + mx + (m + 1)* = 0 have two roots?

5.11 SOLUTION SET OF SIMULTANEOUS EQUATIONS

To find the points of intersection of a straight line and a parabola, you can algebraically calculate the solution set of
a system consisting of the equation of the line and the equation of the parabola.

A straight line may cut a parabola at two distinct points, touch it at one point or not intersect it at all. If the line is
a tangent to the parabola then the solution set has only one ordered pair (a ‘double root’).
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Example 28
Find the points of intersection of the line y = x + 6 and the parabola y = x* — x — 2.
Solution ,
For the points of intersection: L—x-2=x+6 (.10)
X —2x—8=0

(x—4)(x+2)=0 (-2,4)

x=4 or =2

y=10 or 4 o/ *
They intersect at the points (4,10) and (-2, 4).

Example 29
Prove that the line x — y + 1 = 0 is a tangent to the parabola y = X —3x+5. $
Solution
For the points of intersection: x° —3x+5=x+ 1
x2—4x+4=0 (2,3)
(x—2)*=0
x=2,y=3
This is a double root, so the straight line is a tangent to the parabola at the point (2,3) ©
Example 30
For what values of m does the line y=mx—-6 (a) touch (b) intersect (c) not intersect
the parabola y = X’ —2x+32
Solution
For the points of intersection: x° —2x +3 =mx—6 A+ ] . [
X —(m+2)x+9=0 T -8 0
(@) TouchwhenA=0: A=b"—4ac
=(m+2)"-36
=m’ + 4m — 32
=(m+8)(m—4)
Will touch when m=-8 or 4
- -8<m<4 S
(b) Intersects when A>0: (m+8)(m—4)>0 e s

Intersects when m < —8 or m > 4

(c) Does not intersect when A<0: (m+8)(m—4)<0

Does not intersect for —8 < m < 4.
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Note: The principles involved in the three examples above apply to the intersection of a straight line and any curve

whose defining equation generates an equation of the second degree when solved simultaneously with a linear
a
+ b)’

EXPLORE FURTHER O

The intersection of a parabola and a straight line
Use technology to explore the points of intersection of parabolas with straight lines.

EXERCISE 5.11 SOLUTION SET OF SIMULTANEOUS EQUATIONS

1 Find algebraically the solution set of each system of equations.
(@ y=2x"-3x+4andy=12-3x b) y=2-x-3xandy=2-7x
(c) y:x2+3x—2andx+y:3 (d) x—y:1andx2+xy:6

equation (e.g. a quadratic, a circle, or a rational function y = <

2 Find algebraically the coordinates of the intersection points of:
(@) the straight line y = x — 3 and the circle x* + y* =9
(b) the straight line y = 2x — 1 and the parabola y = x° — 3x + 5
(c) the straight line y = 3 — 2x and the parabola y = (x — 2)*
3 For what value of ¢ is the line y = 2x + ¢ a tangent to the parabola y = x* — x — 22
A c=-425 B ¢=025 C ¢=-225 D =425

4 For what value of ¢ is the line y = x + ¢ a tangent to the circle x* + y* = 42

5 For what value of a is the line y = ax a tangent to the circle x* + y* + 20x — 10y + 100 = 0?

6 For what value of m is the line y = mx a tangent to the parabola y = x* — 8x + 257

7 For what value of m does the line y=mx—-6 (a) touch (b) intersect (c) not intersect

the parabola y = x* — 2x + 3?

8 For what value of m does the line y=mx+5 (a) touch (b) intersect (c) not intersect
the parabola y = 3 + 5x — 2x7?

9 For what value of m does the line y=mx—12 (a) touch (b) intersect (c) not intersect
the parabola y = 2x” — x — 10?

2 ,

— 3 *

11 For what value of a does the line y = ax not meet the rectangular hyperbola y = po i

10 For what value of a does the line y = ax intersect the curve with equation y = po
?
2
12 Find the equations of the two lines that contain the point (1,3) and are tangent to the parabola
2
y=x —2x+5.

13 Prove that the parabolas y = 2x* — 6x + 7 and y = x° — 2x + 3 touch each other and find the coordinates
of the point of contact.

CHAPTER REVIEW 5

1 Given A(1,5), B(2,4), C(-2,3) and D(3,-2), find:
(@) the gradients of AB, AC, AD, BC, BD,CD  (b) which lines are parallel

(c) thelengths of AB, CD, AD (d) the midpoints of AD, BC, BD.

2 P(2,3), Q(6,—1), R(—4,-5) are the vertices of APQR. M is the midpoint of PQ and N is the midpoint of PR.
(@) Find the coordinates of M and N. (b) Show that MN || QR.
(c) Calculate the length of QR. (d) Show that the length of MN is half the length of QR.
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10

11
12

13
14
15

16

17
18

Find the perpendicular distance from the point (2,3) to the line 6x+ 8y —5=0.

Find the equation of the line that is perpendicular to the line 3x + 4y = 5 and also passes through the midpoint
of the line segment joining the points (3,-2) and (5, 8).

Find the coordinates of the intersection points of the lines 5x —3y —19=0, 3x+ 5y + 9=0and
x — 4y + 3 =0. Show that these intersection points are the vertices of a right-angled triangle.

Solve these simultaneous equations: 3(x—3)=2(2y+1)
2(3x—1)=52y+1)+10

By the method of completing the square, find:
(@) the maximum value of 5 + 4x — x* (b) the minimum value of 2x* + 6x — 9.
Solve these simultaneous equations: x+y—9=0
y= X +4x+3
Solve the following equations.
@ (*—x’-5(>-x)+6=0 (b) x*—4x*—45=0 (c) 3*-12(3)+27=0

Without actually solving the following quadratic equations, determine whether each equation has two, one or
no roots.

(@ x*—6x+5=0 (b) 2x*—3x-7=0 () ¥—20x+100=0 (d) 3x°+4x—1=0

Show that the roots of the equation mx® — (m + n)x + n = 0 are rational for all rational values of m and .

For what values of k does the quadratic equation x* — 5x + (k — 1) = 0 have:

(a) two roots (b) one root (c) noroots?
If 2x* — 9x + 9 = (ax — b)(x — b) for all values of x, find the values of a and b.
Find the coordinates of the points of intersection of the line y = 2x — 3 and the parabola y = x° — 4x + 5.

For what values of m does the line y=mx—5 (a) touch (b) intersect (c) not intersect
the parabola y = x* — 5x + 4?

A firm sells its product for $20 per unit.

(@ If x units are produced, write down the revenue function.

(b) In manufacturing this product, the fixed costs are $10000 and the variable costs are $10 per unit
produced. Hence write down the cost function.

(¢) What is the break-even point for this firm?

(d) How much profit is made when 3000 units are sold?

The sum of two numbers is 24. Find the numbers and their product if the product is a maximum.

A farmer has 24 metres of fencing material and Side of barn

wants to make three enclosures of equal area
using the side of the barn as one side of the
enclosures as shown in the diagram.

If the total area of the three enclosures is to be as large as possible, find the dimensions of each enclosure and
the total area enclosed.
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CHAPTER 6

Further trigonometry

6.1 RADIAN MEASURE OF AN ANGLE

y Later in this course, when you look at the calculus of trigonometric functions, you
will see that in many situations degrees are not a useful measure of angle size. Instead
= of using degrees, it is often better to use radians.

Consider a unit circle. Starting at point A and moving around the circle in an
o 5 anticlockwise direction, mark an arc of length 1 unit.
KJ The angle that this arc subtends at the circle’s centre is defined to have a magnitude
of 1 radian. If you mark any arc of length 6, then the angle that this arc subtends at

the circle’s centre has a magnitude of 6 radians. In this way, the length of the arc is the
same number as the size of the angle in radians.

In other words: 1 radian is the angle subtended by an arc of 1 unit in a circle of radius 1 unit.

You can write an angle of 6 radians as ¢, but the ‘C’ is usually left off so that the angle is written simply as 6. If an
angle has no degree symbol °, you should assume that it is measured in radians.

The circumference of a circle of radius r units is given by C = 27zr. Thus the circumference of the unit circle is 277 and
half the circumference is . An arc of length 7 therefore subtends a straight angle of size 7 at the centre of the circle.

You already know that the size of a straight angle is 180°, so 7°=180°:

180 o[\ _ c

( ) and 1 _(180) =0.01745
: c_ (1806 o_(mOY
So: 0 —( p ) and 0 _(180)

C
The relations 7° = 180° and 1° = (%) enable you to convert radians to degrees and degrees to radians.

Thus, forexample:% =9o°,% =60°, 4” =—><180°—144° 76” g><180° 210°.

Note that angles in radians are not always given in terms of . It is usually necessary to use a calculator and multiply
by = 180 ¢4 convert radians to degrees.

MAKING CONNECTIONS O

Radians and degrees
Move the point around the unit circle to see the degree and radian measures of the angle.

Example 1
Convert the following to degrees: (@ 2.4° (b) 4.6°
Solution
@ 24°=24x18% (b) 4.6°=46x15"
=137.5099...° =263.561...°
~137°31’ =~ 263°34’
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You can use a calculator to find sin 2.4, cos4.6 or any other calculation using radians without converting to degrees. Most

calculators will be set to calculate trigonometric functions using degrees, but they will also have a key labelled as

MODE, DRG or something similar that can be used to switch between the use of degrees (often displayed as ‘DEG’),
radians (‘RAD’) and sometimes also gradians (‘GRAD; which is an obscure unit equal to 9 ofa degree). If you are using

10

calculator software on a computer, you may need to change the trigonometry calculation mode through menu settings.

Example 2
Convert to radians: (@ 127° (b) 214°35’
Solution
o_ . 035/ = il
(8) 127°=127x g5 (b) 214°35 =214.58% {go
=~ 2.217 radians = 3.745 radians

Common conversions

It is important to be able to easily convert between angles in degrees and angles in radians for the common angles
that give exact values in trigonometric functions.

Degrees | 0° [ 30° | 45° [ 60° [ 90° | 120°|135°[150°|180°(210° |225°|240°[270° [300°|315°(330°|360°

. T T b4 T 2 | 3n | 57 77 | 5m | 4 | 3w | 57 | 77w | 11¢
Radians 0 3 y 3 5

3 |ale ||| 4|3 |23 |26 |

Adding 360° to an angle in degrees is the same as adding 27 to an angle in radians. Both 360° and 27 each
represent a full turn.

EXERCISE 6.1 RADIAN MEASURE OF AN ANGLE

1 Express the following angles in radians, in terms of 7.

(@) 30° (b) 225° (c) 72° (d) 210° () 315° (f) 112°30 (@ 330° (h) 144°

2 Express, in degrees, the angles whose radian measures are:

@2 ©oF ©@Ff @ @3 07 @ 187 () 5T

3 Use a calculator to express, in degrees and minutes, the angles whose radian measures are:

(@ 0.5 (b) 1.82 (c) 3 d) 426 () 272 () 3.426 (@ 524 (h) 4.782

4 Use a calculator to find the radian equivalent of each angle, giving your answer correct to 4 decimal places.

(@ 42° (b) 74° ©) 105° (d) 164° (e) 48°9Y’ () 220° (g) 138°12°  (h) 72°8

5 Indicate whether each statement is correct or is incorrect. 315° is:
@) 57” (b) 77” (©) 5.4978 (d) 3.9270

6 Convert each angle into radians, in terms of .

(@ 120° (b) 315° (c) 210° (d) 135° (e) 390° (f) 405°  (g) 480°  (h) 720°
() —30° () -135° (k) 450° () -180° (m) 15° (n) 22.5° (o) 345°  (p) —67.5°

7 Convert each angle to degrees.

@32 ®%F ©@F @ ©@F 0F ©@'F 0-x

4 2
0 -2 0-2ZF w23 020 mf ©®F ©@F ©-7F
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6.2 ARC LENGTH AND SECTOR AREA OF A CIRCLE

Arc length

Let the arc AB subtend an angle of 6° at the centre of a circle of radius r units. P )

Let the length of the arc AB= /. ”

Let ZPOQ = 15, hence the length of arc PQ =r. '
arc AB _ ZAOB

Compare arcs: arcPQ ~ ZPOQ

{6 A o B
Hence ;- = 1> so: v

Arclength: /=10

Example 3
Find the length of an arc of a circle of radius 12 cm, if the arc subtends an angle at the centre of:
(@) 1.5 radians (b) 40°
Solution 5
(@ r=12,0=15 (b) r=12,9:40><%:7”
=18 (=10
=12X%x1.5 _ 2 8¢
—18 1=12X 9 =3
Arc length is 18 cm. =8.378

Arc length is 8.4 cm (correct to 1 decimal place).

Area of a sector

Consider a unit circle with a sector AOB.

P Q
Comparing the shaded area AOB to the area of the whole circle gives: Q
Area of sector AOB _ ZAOB '
Areaofcircle 27

Area of sector AOB _0

Area of sector AOB = %rze A==r’0

D=

A useful variation of this formula is A = %rzé? = % XrOXr= %Kr.

Thus if you know the arc length and the radius, you can find the area of the sector without knowing the angle.

Example 4

The length of an arc AB of a circle with centre O and radius 10 cm is 8 cm. Calculate:

(@) ZAOB in degrees and minutes (b) the area of the sector AOB.
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Solution
(@ r=10,¢=38 0 (b) r=10,¢=8,0=0.8
(=16 G :%rZG Az%fr
8=100 A B
6=08 - =2X100x08 OR  =2x8x10
60=0.8% % =40 =40
0= 45°50" Area of sector is 40 cm™.
Area of a segment of a circle
This is an application combining the formula for the area of a sector with the
formula for the area of a triangle (see Section 2.10 Area of a triangle). D
The chord AB cuts the circle into two segments: minor segment ACB (the shaded
portion at right) and major segment ADB. >
Area of segment ACB = Area of sector AOB — Area of AAOB 2
:%rze—%rzsinQ C

Area of segment = %rz (6 —sin@), where s in radians.

Example 5
An arc AB subtends an angle of 126°52” at the centre O of a circle with radius 6 cm. Calculate:
(@) the length of the arc AB, correct to 1 decimal place
(b) the length of the chord AB, correct to 1 decimal place
(c) the area of the sector AOB, to the nearest cm”
(d) the area of the minor segment cut by the chord AB, to the nearest cm”.

Solution
(@ 6=126°52",r=6
Use your calculator to convert 126° 52 to 126.866...°, then:
0 =126.867 X —== = 2.214¢

180
=10
{=6x%x2.214

=13.284

Length of arc AB=13.3cm

(b) AB=2AX=2x6sin63°26’ (c) Area of sector AOB = %rze
=10.73
_1
Length of chord AB =10.7 cm =75 x36x2.214
=39.85
Area of sector AOB = 40 cm®
(d) Area of minor segment = %rz (6—sin0)
1

2
is set to radians.]

=254
Area of minor segment = 25 cm®

X36(2.214—sin2.214) [Remember to make sure that your calculator
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EXERCISE 6.2 ARC LENGTH AND SECTOR AREA OF A CIRCLE

1

Calculate, to the nearest minute of a degree, the size of the angle subtended at the centre of a circle of radius
8 cm by an arc whose length is 15 cm.

2 Find the length of an arc of a circle of radius 15cm if the arc subtends an angle of 70° at the centre.

3 An arc of a circle subtends an angle of 100° at the centre. If the radius of the circle is 12 cm, then the length of
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the arc in terms of 7is:

A 40mcm B @cm C 20—7z-cm D 1087 cm
5 3 5
The area of a sector AOB of a circle with centre O, radius 20 cm is 240 cm?. Calculate:
(@) the size of ZAOB, in radians (b) thelength of thearc AB  (c) the length of the chord AB.
A chord PQ, 24cm long, is 5cm from the centre of a circle. Calculate the
length of the arc PQ correct to 1 decimal place.
P L] Q

A point P is 8 cm from the centre of a circle of radius 5cm. Find the length of A
the major arc between the points where the circle touches the tangents that are A\
drawn from P to the circle. " P
O
B

In a circle with centre O, the length of the chord AB is 16 cm. If the radius of the circle is 10 cm, calculate:

(@) the size of ZAOB (b) the length of the minor arc AB
(c) the area of the minor segment formed by the chord AB.

The length of the minute hand of a clock is 20 cm. Calculate:
(@) the length of the arc that the tip of the hand travels along in 16 minutes
(b) the shortest distance between the initial and final positions of the tip of the hand.
An arc AB subtends an angle of 60° at the centre O of a circle of radius 15 cm. Indicate whether each statement
below is correct or incorrect.
(@) Arc AB=5nmcm (b) Arc AB=15cm
Y

(c) Chord AB=15cm (d) Area of sector AOB = Tcm2

From a circular piece of metal 6 cm in diameter, a sector of angle 30° is removed. Find the area that remains,
expressing your answer in terms of .

A chord subtends an angle of 140° at the centre of a circle of radius 16 cm. Find the difference in length
between the chord and the arc.

For the diagram, calculate (in terms of 7): y\
(@) the area of the shaded region between the two circular arcs 0 A

(b) the perimeter of the shaded region. ’N{
m

The minute hand of a clock is 3 cm long. What area is swept out by the hand in a time interval of 40 minutes?
Express your answer in terms of .

A circular metal plate is cut into two segments along a chord equal in length to the radius. What is the ratio of
the areas of the two segments?

A sheep, grazing in a paddock, is tethered to a stake by a rope 20 m long. If the stake is 10 m from a fence, find
the area (to the nearest m”) over which the sheep can graze.
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A sector of angle 160° is cut out of a circular piece of thin cardboard of radius 10 cm. The cut edges of this sector
are brought together to shape the cardboard into a cone. Find the circumference of the circular base of the cone.

A piece of land is in the shape of a circular sector of radius 25 metres and angle 30°. Find the piece

ofland’s: (a) perimeter (b) area.

A pendulum 40 cm long swings through an angle of 25°. Find:
(@) the length of the arc

(b) the shortest distance between the extreme positions of the bob (bottom of the pendulum).

Two circles, each of radius 10 cm, have their centres 16 cm apart.
Calculate the area common to the two circles.

Three circles are drawn, each with a radius of 5 cm. Their centres are at
the vertices of an equilateral triangle with sides of length 10 cm.
Calculate the area that is between the circles and inside the triangle.

The points K, L, N and M are on the circumference of a circle with centre O

and radius r. KL = KM = r+/3.

(a) Use the cosine rule, or otherwise, to find ZLKO.

(b) Calculate the area of AKLM.

(c) Write the length of LM.

(d) By finding the area of the circle, or otherwise, calculate the area of the
segment LMN.

(e) A circle with centre K is drawn through the points L and M. Calculate
the area between the arc LNM and this new arc joining L and M.

6.3 ANGLES OF ANY MAGNITUDE—RADIANS

This topic was introduced in Chapter 2 (Section 2.2 Angles of any magnitude) using degrees. You can now
investigate the same topic using radians.

Definitions

You can define circular or trigonometric functions as functions of real
numbers. For this purpose, consider a circle of unit radius defined by the
equation x* + y2 =1.

Starting from the point A, you can mark an arc of length 6 for any real
number 6. The arc AP subtends an angle of 6° at the centre of the circle. In
this way, the same number 6 measures the length of the arc as well as the
number of radians in ZAOP. For 6> 0, you mark the arc in an anticlockwise
direction; for 6 < 0 you mark the arc in a clockwise direction. If P(0) is

the endpoint of this arc, with coordinates (x, y), then you can define the
functions cosine and sine as:

cosO=x sinf=y
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Both these functions have the set of real numbers as their domain. Because -1 <x <1 and —1 < y < 1, the range of
each function is from —1 to 1 inclusive. Considering the unit circle diagram above and our definition of x and y:

o At A, 0= 0; the coordinates of A are (1,0) and so cos0 =1 and sin0 =0.

o AtB, 0= E; the coordinates of B are (0,1) and so cosZ =0andsinZ =1.

2 2 2
o At C, 0= r; the coordinates of C are (—1,0) and so cost=-1 and sint=0.
« AtD, 0= 37”; the coordinates of D are (0,—1) and so cos%r =0and sin%r =-1.

o At A again, 6= 2r; the coordinates of A are (1,0) and so cos27w =1 and sin 27 =0.
o The circumference of the unit circle is 27.

Notice that cos27=cos0 =1 and sin27=sin0 = 0. In fact, the points P(0), P2m + 0), P(47 + 0) etc. all coincide.
In general, P(0) and P(2km + 0) coincide, where k is any integer. This allows us to write cos (27 + 0) = cos 8 and
sin (2 + 0) = sin 6. Functions whose values recur at regular intervals like this (in this case, with a period of 27)
are called periodic functions.

Aside from sine and cosine, there are four other trigonometric functions: tangent, cotangent, secant and cosecant
(abbreviated as tan, cot, sec and cosec, respectively) that can all be defined in terms of cos and sin:

tanOz%zzgz, cos@ #0 secez%zcolse, cos@ #0
c0t9:£=cpse, sin@ # 0 cosec9=l=;, sin@=0
y sin@ Y  sin@
Thus there are restrictions on the domains of these functions. The functions tan and sec are not defined for cos 9=0,
i.e. for =0, z 3w om ...;cot and cosec are not defined for sin 8=0, i.e. for =0, 7, 27, ...

22372
Also note that cot, sec and cosec are the reciprocal functions of tan, cos and sin respectively.

Symmetry properties of trigonometric functions

The results established in Chapter 2 Trigonometry for 90° — 6, 180° % 6, 360° + 6 and —6 are still true when you
change from degrees to radians measure.

Degrees Radians

sin (90° — 6) = cos 6 sin(%—@):cose
c0s(90° — ) =sin O cos(%—@)zsin@
tan (90° — 6) = cot O tan(%—9)=cot9
sin (180° — 6) =sin 6 sin(r— 0) =sin O
cos(180° — 6) =—cos O cos(mr—6) =—cos O
tan (180° — ) =—tan 6 tan(mw— 6) =—tan 0
sin (180° + 6) = —sin O sin(w+ 6) =—sin 0
cos (180° + 6) =—cos O cos(m+ 6) =—cos 0
tan (180° + 6) =tan 0 tan(w+ 6) =tan 0
sin (360° — 0) = —sin O sin (2w — 6) =—sin 6
c0s(360° — 6) =cos O cos(2m— 0) =cos O
tan (360° — ) = —tan 6 tan (2w — 0) =—tan 0
sin (360° + 0) = sin 6 sin(2w+ 6) =sin 0
cos (360° + 0) = cos 0 cos(2m+ 0) =cos O
tan (360° + 6) =tan 6 tan(2mr+ 0) =tan 6
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Sign of the trigonometric ratios

The sign of sin, cos and tan for the first four quadrants can be summarised as follows:

« First quadrant: All are positive (A)
Second quadrant: sin only is positive (S) z-0 0
Third quadrant: tan only is positive (T)
. D z+0 2r-6
Fourth quadrant: cos only is positive © ‘,

You may find this easier to remember using the mnemonic ASTC: ‘All Stations To Central.

Exact values in radians

3 U3 n 3
5 0 6 4 3 2
: 1 1 3
sin 6 0 > NG > 1
J3 N 1
cos 0 1 > N > 0
1
tan 0 0 ﬁ 1 NEY undefined
0 defined 2 2 2 1
cosec undefine 2 N
2
sec O 1 ﬁ 2 2 undefined
1
cot O undefined NEY 1 N 0
Example 6
Find the exact values of: (a) sins?ﬂ (b) cos% (c) tan% (d) sin%r
5 27 11z
(e) cos(— 3 ) (f) sec 3 (g) cosec G
Solution
2% —ginlz-FlesnZf =1 ST _ T\ _cos®F—_ L
(@) sin 3 —sm(n' 6)—sm6 =5 (b) cos ) cos(ﬂ+ 4) cos 5
4r _ T\ _anZ = 3T ) _nZ - _
(c) tanT—tan(ﬂ+3)—tan3—\/§ (d) sin > —s1n(71'+2)— sin > = 1
ST _ 052 — ) R A 27 _ T o1 _
(e) cos(— 3 )—cos 3 —cos(27r 3)—cos3 =5 (f) sec 3 sec(n 3) sec cosT
(9) cosecH—”:cosec(Zﬂ—£)=—cosec£:— L
6 6 6 sinZ

6
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Example 7
Find all values of 0, 0 < @< 27, for which:
@) cosHZ% (b) sin@z—% © tanf=1  (d) secOz—% (€) sinf=-1
Solution
(@ cosB8>0,so Oisin the 1st and 4th quadrants: cost%: ng, —%
_T 57
CE 3
(b) sin6<0, so Bis in the 3rd and 4th quadrants: sinf = —%: O0=m+ %, 27— %
g 5T 71
4’ 4
(¢) tan 6> 0, so Ois in the 1st and 3rd quadrants: tan 6= 1: 0:%,ﬂ+%
_T 5
9_4’ 4
. . __2 __ B g, E .%
(d) secH<0,so Oisin the 2nd and 3rd quadrants: sec 6= N cos 0= 5 0=rm Tt
5w 7w
S Yot ey
(e) sin6<0, so Bisin the 3rd and 4th quadrants: sin 0=—1: 9:7t+%, 272:—%
3w
=

EXERCISE 6.3 ANGLES OF ANY MAGNITUDE—RADIANS

1 Express each of the following as a simpler trigonometric function.

(@) sin(7—x) (b) cos(%—x) (©) tan(27—x)
(d) cos(+x) (€) sin(2m—x) 0 cot(%—x)

2 For any angle 6, cos (7w — 0) is equal to:
A —cos0 B cos6 C sin6 D -—sinf

3 Indicate whether each statement is correct or incorrect.

(@) cos T _0)=cosb (b) cos(2mr—60)=cosO (c) sin(mw+ 0)=sin6 (d) sin(2mr— 6)=—sin 6
2

4 If sinx = 0.2, write the value of:

(@ sin(m—x) (b) sin(2Qr—x) (c) sin(—x) (d) cos(%—x) () sin(m+x) () cosecx

5 If tan =, express the following in terms of ¢:

(@ cot6 (b) cot(%—@) () tan(x—06) (d) tan(2r—06) (e) cot(m—6) (f) tan(mw+ O)

6 If cosx = c, express the following in terms of c:
(@) secx (b) cos(—x) () cos(m—x) (d) cos(Qmr—x) (e) sec(—x) (f) cos(m+x)
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7 Write the exact value of:

(@) sin z (b) cos 2z (c) tan =14 (d) cosm
2 3 6
r Y/ b4 . 2T
(e) sec T (] cot? (g) cosec > (h) sin 3
8 Write the exact value of:
(@) sinm (b) cos 7?” (c) tan ST” (d) cot 47”
(e) cos 4% (f) sec ST” (g) tanm (h) sin 7?”

9 Write the exact value of:

. 37 51 117 i
(a) sin=- (b) tan 3 (c) cosec r (d) tan 1
7T 117 . 51w 5
(e) cotT {j] oS == (9) sin =3~ (h) cosec 3
10 Write the exact value of:
(@) sin2rm (b) sinBT” (c) tan%r (d) cot%r
137 51 . I 117
(e) sec 6 ( os =~ (g sin-3- (h) tanT
11 For % < x < 1, use a diagram of a unit circle to show that:
(@) cos(m+x)=—cosx (b) sin(2m—x) =—sinx
12 If Ois an angle in the 2nd quadrant, state whether the following are positive or negative:
(a) cos(z—6) (b) tan(7+ 6) ©) sin(%—@)
d) sin@r—6)  (¢) cos(z+6) 0 tan(%— 9)

13 Solve, for 0 < x < 27:

3

(a) sinxz—T (b) tanx=-1 () cosx=-1 (d) cotx=+/3
(e) secx=—2 () sinx=cosx (g) sinx=0 (h) 2cosx+1=0
(i) 2sinx=+/3 () sinx++3cosx=0 (k) cosecx=secx

14 Using a diagram, find equivalent expressions for:

(@) cos(%t+x) (b) tan(%r—x) (c) sin(%r—x)

6.4 GRAPHS OF TRIGONOMETRIC FUNCTIONS USING RADIANS

In the diagram below, the graph of y = sin x is the unbroken curve and the graph of y = cos x is the dashed curve. The
graphs are drawn in the domain —27 < x < 27. For a domain of real numbers, the graphs continue to repeat in both
directions, so the graphs for the domains 27<x<0,0<x<2mand 27 < O< 47 are the same.

y As x increases, the values of sinx and cos x repeat
| themselves after an interval or period of 27. Sine and
X S0 , cosine are therefore called periodic functions. This
\ K N / means that the points P(x), P27+ x), P(4mw+ x) on the
S 3ms -A\ SZ o = Bz fr x  unit circle all coincide and hence sin (27 + x) = sin x,

N N cos (2 + x) = cosx and so on.

The maximum and minimum values of sinx and cosx are 1
and —1 respectively, so we say that their amplitude is 1.
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Trigonometric functions and the unit circle with radians
Move the point around the unit circle to explore the construction of the sine and cosine graphs.

If the graph of y = cosx is translated % units to the right, parallel with the x-axis, it coincides with the graph of
y = sinx. You can check that this follows from cosx = sin(% + x). You can also check by sketching graphs by hand or

by using graphing software.

y ! ! The diagram shows the graph of y = tan x for 0 < x < 27. As x increases, the
E y=tanx E values of tan x repeat after an interval or period of 7. Because tanx = zg;};, th
E E graph of y = tan x does not exist when cosx =0, so the tan function is undefined
! | ! | tx=F 37
. . s atx=7, 7
© z T 3 jim 2n-1rx
2 2 The domain of tan x is all real x except for x = BT T where 7 is an integer
| | (i.e. odd multiples of %). The range of tan x is all real y.
y ! ! The diagram shows the graph of y = cotx for 0 < x < 27. As x increases, the
y=cotx | | values of cotx repeat after an interval or period of 7.
E ! The cot function is undefined at x =0, 7, 27, ...
E ! The domain of cotx is all real x except for x = nm, where # is an integer
f6) 1\ . ixz;[ X (i.e. whole multiples of 7). The range of cotx is all real y.
2 ' 2 '
y ! : The diagram shows the graph of y = cosecx for 0 < x < 27. As x increases,
: | the values of cosec x repeat after an interval or period of 2.
E yTEOREEE The cosec function is undefined at x=0, 7, 27, ...
'T | 37” E The domain of cosecx is all real x except for x = nm, where n is an integer
| : | ; (i.e. whole multiples of 7). The range of cosecx is |y| > 1.
o z z 2 ¥
-1 2 X m |
Y ! E The diagram shows the graph of y = secx for 0 <x < 27. As x increases, the
| y=secx values of secx repeat after an interval or period of 27.
: I The sec function is undefined at x =%, 3%, .
! | 272
' : ! : The domain of secx is all real x except for x = M, where 7 is an integer
o z z 3z 2 ¥ . . T 2
) - (i.e. odd multiples of 5).
E | The range of secx is |y > 1.

The graphs of the six circular functions can be drawn as pairs of complementary functions:

» sine and cosine—because cos x = sin 5 — x| and sinx = cos E - X

« tangent and cotangent—because cotx = tan(% - x) and tanx = cot(% - x)

—X) and secx = COSEC(E—X).

» cosecant and secant—Dbecause cosec x = SCC( 5

(NI
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Reciprocal functions
The trigonometric functions can also be considered as pairs of reciprocal functions: sine and cosecant, cosine and

secant, and tangent and cotangent. Because these can be defined according to cosec x = ﬁ, secx = colsx and

cotx = ﬁ, you now have another way of sketching these trigonometric functions. For example, to draw

y = cosecx, first draw y = sinx and then take the reciprocal of each y value to obtain the graph of y = cosecx.

Example 8
Use the graph of y = sin x to sketch the graph of y = cosecx for 0 <x < 2. | |
Solution
For y=0, % is undefined. For y =1, % =1, so the curves intersect at this sinx 37 |
1 2 1
. 1 . . : :
point. For y =—1, 5= —1, so the curves also intersect at this point. 5 é P I 3
-1+ 2 ' !
r_1 T _ : |
ForO0<y<1, y>1 Because sm6 2,cosec6 =N Ll : |
7w __1 77 _ ! |
For-1<y<0, y < —1. Because sin 6 5> cosec—¢ 28
Example 9
Use the graph of y = cosx to sketch the graph of y =secx for 0 < x < 2.
Solution y : :
Fory=0, % is undefined. For y =1, % =1, so the curves intersect at this 2+ ! !
point. For y =—1, % =—1, so the curves also intersect at this point. M E 37”
\ ] 0 ]
0 ) 1 : —
For0<y< 1,%>1.Because cos%=%, sec%:Z, ol 3 i ¥ =icos x 2
1 2m_ 1 2; _ = S :
= £ 2 2L — [ y=secx | |
For-1<y<0, y< —1. Because cos 3 2,sec 3 2. | :
Example 10
Use the graph of y = tan x to sketch the graph of y = cotx for 0 < x < 2.
Solution ¢
a1l S . . 24 : : y=tanx
For y=0, 5 is undefined. For y =1, 5= 1, so the curves intersect at this 0 0 ' 0
14+ 1 1 : :
point. For y =—1, % =—1, so the curves also intersect at this point. ! ! ! !
o ' ﬂl' ' 2=7r *
ForO0<y<1, )1,>1 Becausetan—zT ot— JE 14 E ! : [
24 E = et : E
For-1<y<0, y< -1. Becausetan%r —% t% —2. | yi coxi E

To investigate these graphs further, use graphing software to draw the following pairs of graphs on the same axes:

« y=sinx and y = cosecx
Select the scale for each axis carefully. Start with 0 <x <7 and -5 < y < 5 and investigate what happens as you change
the dimensions of the graph window.
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Remember that as y — 0, % — oo and so the function will be undefined. The only functions that have an amplitude are

sinx and cosx. Also note that the period of a reciprocal function is the same as the original function.

EXERCISE 6.4 GRAPHS OF TRIGONOMETRIC FUNCTIONS USING RADIANS

1 Sketch the graph of y = sinx, —7 < x < 7. On the same axes, sketch the graph of:

(@ y=-sinx (b) y=1-sinx (¢) y=—cosx
2 Sketch the graph of each of the following, stating the period and amplitude of the function:

(@ y=sinmx,-1<x<1 (b) y=cos2mx,0<x<2 (c) y=tanﬂ—2x,OSxS2
3 Sketch the graph of y = tanx, —7 < x < 7. On the same axes, sketch the graph of:

(@ y=2tanx (b) y=-2tanx () y=2-2tanx

6.5 TRIGONOMETRIC IDENTITIES AND PROOFS

Because the equation of the unit circle is: Hy=1
and, by definition: x=cos 6, y=sin 6

it follows that: cos’@+sin*0=1 [1]

y
cos’@=1—sin’ 0 ol «x A
sin®@=1— cos’ 0 kJ

Dividing [1] by cos’ 0: 1 + tan’ O =sec’ 0 [2]

Dividing [1] by sin” : cot’ 0+ 1 =cosec’ 9 (3]

Statements [1], [2] and [3] are called identities as they are true for all values of 6.

Example 11
If sin 0= % and % < 0< r, find the exact values of cos 0 and tan 6.
Solution

Using: cos’0+sin’0=1

g 3. 2 9 _
s1n9—5. cos 0+25 1

So: cosf = i% ; because it is given that % < 6< 1, we have cos = —

(S]'N

tan

. 0 3
_sinf _ 5
0= 0sO _ 4

5

__3
tan@ = 1 p

Alternatively: in a right-angled triangle with a side length of 3 and a hypotenuse
length of 5, you can calculate that the third side length is 4. You also know from 3 \9

% < 0 < mthat the angle is in the second quadrant, so the x value will be negative. o x
Hence from sin = 2 you can obtain cos€ = —4 and tan@ = —%.

5 5
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Example 12
Simplify:
2
(a) 1-cos 6 (b) 1+tan*(Z£-6) () va’+x*, forx=atanBand 0< O<Z
1—sin® 0 2 2
Solution
2
(a) L=cos 6 (b) 1+tan®(Z— 6) © Vi +x°
1—sin” 6 2
_ sin’@ =1+cot’6 =+va’+a’tan’ 0
- 2 2
6 = 0
= tC:jz 6 o = Ja’ (1+tan’0)
=+/a’sec’ 6
=asecl
Example 13
Prove the following identities.
1-sin’@ cos@ _ . _
(a) m—cos (7] (b) [—sin® tan@ = secH (c) tan@sin 6+ cos@=secH
Solution
_ 1-sin’0 BB T i 02 20
(@ LHS=————— Usecos"@=1-sin"0 and sin" O+ cos” 6=1
sin“ 6+ cos” @
_ cos’0
1
=cos’ 0
= RHS

_ _cosf
(b) LHS_I—sinQ tan @

__cos® _ sin6
1-sinf® cos@

sin@
o

Replace tan 6 with 030

Find common denominator

2 . 5
_ cos“ 0 —sinB(1—sinB)
B (1-sin®)cosO Lt gpemsd
2 . .2
_ cos" O —sin@+sin” O o 2 20
= (1=sinB)cosd Use sin“ @+ cos“0=1
_ 1-sin@
= {=sinB)cosd Cancel common factor
_— for sin0#1
cos0
=secH
=RHS

154 New Senior Mathematics Advanced for Years 11 & 12



YEAR 11

(c) LHS =tan 6sin 6+ cos 6

_ sin® X sin @+ cos O Replace tan 6 with
0s0 ¢

_ sin’ @ o cos6
cos0 1

_ sin” 0 + cos’0

- cos@

1

" cos@

sin @
0s6

Find common denominator

Use sin’ 0+ cos’ 0= 1

=secH
=RHS

EXERCISE 6.5 TRIGONOMETRIC IDENTITIES AND PROOFS

1 Iftan6= % and r< 0< 37”, find the exact value of:

(a) sin@ (b) cos6
2 Ifsinf= % and 0 is acute, indicate whether each statement is correct or incorrect.
_12 _13 _2 _13
(@) cosb = 3 (b) secO= 5 (c) tanf= D (d) cotf= B

3 IftanO= —% and % < 0< m, find the exact value of:

(@) cotO (b) sin® (c) cos@

2 cosu—2cotu

4 If cosu =% and u is not in the first quadrant, then simplifies to:

3 tanu —3sinu
H5+6) L soags c -5
15 9 21 3(4\/§_5)
5 Simplify:
sin 0 + cos* 0 sin’ @ 2cotar ) .
A e © Tae c) 5 d 6-1)tan (£ -6
@ o ®) e © ot (d) (sec’6—1)tan (5 —6)

© sinA+cosA )

.3 . 2 2 .2 il
cosA T sin A sin”"@+sinfBcos“@  (g) cosec"Osin"@  (h) 1-—sin“(w+ 6)

6 Simplify:
2
(@) % forx=asec@ (b) Va*-x* forx=acos 6
X" —a

7 Ifseco= —% and % < o< 7, find the exact value of:

(@ cosa (b) sina (c) tanc

8 Ifr<O< 377[ and sin 8= p, express cos 6 in terms of p.
9 Find the exact value of sec @ if tan 8= 0.6 and 6 is not in the first quadrant.
2
10 Ifsin 8= x, express ﬂ in terms of x.
sec”0
11 Ifasin’0+ bcos’O=c, express sin 8 and cos 6 in terms of g, b and c.
12 If x=asin Oand y = bcos 6, find an expression from the two equations that does not involve 6.

13 Iftan® 6+ 2sec’ 0= 5, find the value of sin” 6.
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14 Simplify:
2 .2 1 1 sinf | 1+cos@
@ (1+tanu)(1 = sin"w) (b) 1—sinV+1+sinV () 1+cos@+ sin@
1—sinf  14+sin6 . v . _ sinAcosA
(d) 1+ c0s8 < 1=cosO (e) schos(2 6)+cos631n(2 0) M 1 tan A
(9) 2COSZ%— (h) 1—sin0cos(%—6)
Prove the following identities.
15 (1 —tanx)*+ (1 + tanx)* =2sec’x 16 (cott+cosect)2=iti§g:;
17 sin® ccos® B— cos® aesin® B = sin” ot — sin® B 18 sec9+tan0=%
19 sin® @tan 6+ cos’ @ cot O+ 2sin Hcos @ = tan O+ cot O 20 sin0(1+tan9)+cosl9(1+cot9):%
2 2, cot@cos@ _  cosO
21 tan 6(1 — cot“ 6) + cot 6(1 —tan"6) =0 22 otf +cosf 1+ sind
l+cotd  secl (costcott—sinttant)sintcost = .
cosec ~ tanf+cotd ~ %0 24 cost —sint =1+ sinfcost

6.6 SOLVING TRIGONOMETRIC EQUATIONS

You will solve some simple trigonometric equations where the values are given in degrees. You will then solve
equations where the answers are given in radians and learn how the question tells you the form of the answer.

To solve trigonometric equations you can use the same techniques that you have used for algebraic equations.
You will also use trigonometric identities to help solve trigonometric equations.

Example 14
Solve each equation for 0° < x < 180°.
(@) 3+2sinx=5sinx (b) sinx=2cosx (c) 6cos2x=3sin30°
Solution
(@) 3+2sinx=>5sinx (b) sinx=2cosx (c) 6cos2x=3sin30°
3=3sinx sinx _ _ 3sin30°
' o Ccos2x = 6
sinx =1 tanx =2 cos2x = 0.25
x=90 X=63.43° 2x = 75.52°, 360° — 75.52°
x=63°26

2x=75.52°,284.48°
x=37.76°, 142.24°
x=37°46", 142° 14

Looking at the solution to (€) above, you might ask, ‘Why two answers?” Consider that the value of x is given

as between 0° and 180°, so the value of 2x is between 0° and 2 x 180° = 360°. There are thus four quadrants

in which the cosine function might have solutions, but you also know that the solutions must be positive.
This means that the answers can be in the first and the fourth quadrants.
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Example 15

Solve each equation for 0° < x < 360°.
(@) sec’x=2 (b) 2sinx—tanx=0
Solution
(@) sec’x=2
secx =42
This gives values of x in all 4 quadrants.
In the first quadrant, secx =2 gives x = 45°.
oo x=45°180° —45°, 180° + 45°, 360 ° —45°
x=45°,135°,225°, 315°

(c) sinx—cosx=0
sinx = cosx
tanx=1
x=45°180° + 45°
x=45°,225°

(c) sinx—cosx=0

2sinx —tanx=0

. sinx _
251nx—cosx—0
sin x 2cosx —1 -0
COS X -

sinx(2cosx—1)=0,cosx#0
sinx =0, cosx=0.5
x=0° 180° 360° or x=60° 300°

The following equations give their domain in terms of 7, so the answers are to be given in radians.

You will need to remember the exact values for the common trigonometric ratios, or how to calculate them. You also

need to know the signs of the values in the four quadrants (remember ‘ASTC’).

Example 16
Solve each equation for 0 < x < 27.

(a) cosng (b) sin’*x+2sinx + cos’x=0
Solution

(@) Solve:

From the sign, angles are in 1st and 4th quadrants:

(b) Solve:
Rearrange equation:

Use the identity sin’x + cos’x = 1:

From the sign, angles are in 3rd and 4th quadrants:

(c) secx=-2

&

COSX =

2
_ _r
x—6,2ﬂ: 6
xZEU_”
6’ 6

0.2 . 2
sin“x+2sinx+cos"x=0

sinx + cos’x + 2sinx =0

1+2sinx=0
2sinx=-1
=1
sinx = 27[ i
x=7l'+g,27'[—g
L7n iz
6’ 6
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(c) Solve: secx=-2
Change to cos x: cols = =2
cosx = —%
From the sign, angles are in 2nd and 3rd quadrants: x=T— %’ T+ %
_2r 4z
373
Example 17
Solve, for —t< 0< 1: (@) 2sin*6=1 (b) 3sinf=2cosb (c) sin®@+2sinO+1=0
Solution
(@) Solve: 2sin’6=1
Rearrange: sin” 9= 3
: 1
Square root of each side: sinf=+—
! N
From the sign, angles are in all quadrants: 0= —377[, —%, %, '%t as—-w<O<rm
(b) Solve:  3sinf=2cos 6
Divide both sides by 3 cos 0: sinf _ 2
cosf 3
_ sin@ . _2
Buttan@-cose. taan—3

From the sign, angles are in 1st and 3rd quadrants:

0=0.5880,—7+0.5880 as—mw<O<T

6=-2.5536, 0.5880 (to 4 d.p.)

(c) Solve: sin @+ 2sin@+1=0

Factorise: (sinf+1)*=0

Square root of each side: sinf+1=0

Rearrange: sinf=-1
From the sign, angles are in 3rd and 4th quadrants: 0= —% as—-m<O<m
Example 18

4sin
9

Solve the equation sin 0=

Solution
Evaluate the expression to find 6:
Because 0 is an angle in a triangle, consider also:
The original equation can be rearranged into iﬁ 6=

sin %
9

if O1s an angle in a triangle. Give your answer correct to 2 decimal places.

0=0.277
0=m—0.277 =2.868

——, which is a statement of the sine rule (see Section 2.8

The sine rule, page 47). This implies that % is also an angle of the triangle so the second value is too large

(because 2.868 + £ > mwill not fit), hence: 6= 0.28

9 (to2d.p.)
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Example 19
Solve, for 0 < x < 7: (@) cos X =L (b) sin2x=— X (c) sec’2x—2tan2x=0
22 2
Solution
X 1
a Solve: COS = = —=
(@) olve 2=
X_T xX_ T
<x< << X_T
0<x<m so 0_2_2 >~
x==
2
1
(b) Solve: sin2x = )
0<x<m so 0<2x<27: 2x=7z:+%,27r—%
_7z iz
=605
_7x iz
T2 12
(c) Solve: sec’2x —2tan2x =0
Use identity sec’2x = 1 + tan’2x: 1+ tan® 2x — 2tan2x =0
Rearrange: tan’2x —2tan2x+1=0
Factorise: (tan2x—1)*=0
tan2x=1
0<x<m so 0<2x<2m: 2x=%,ﬂ+%
LT 5T
8’ 8
Example 20
Solve for <0< 1 (@) sec’20—2tan260=0 (b) sin® 6+ 2sin O+ cos®> =0
Solution
(@ Solve: sec’ 20 -2 tan20=0
Use sec” x =1 + tan® x: 1+ tan’260—2 tan260=0
Rearrange:  tan’26—2tan20+1=0
Factorise: (tan20—-1)*=0
tan20—-1=0
tan 260=1
T T /3
=_ L2 gt 2 as 2mw<20<
20 27r+4, Tt o T8 2r<20<2m.
__7n 3% 7 51
28= 4° 4’4 4
g=_'T _3n & 5w
8> 8’8 8
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(b) sin* 6+ 2sin O+ cos* =0
Use sin” 0+ cos” 0=1: 1 + 2sin =0

2sin O=-1
sin 92—%
9:—n+%,—%

Example 21
Solve the equation cosec” x — 2 cot x = 4, for 0 < x < 2.
Solution
Use cosec® x=1+ cot’ x: 1+ cot’ x—2cotx=4
Rearrange: cot’ x—2cotx—3=0
Factorise: (cotx—3)(cotx+1)=0
cot x =3 is the same as tan x = %: x=0.32, 7+ 0.32
x=0.32, 3.46
cot x =—1 is the same as tan x =—1: x=7r—%,27r—%
_3n7m
YTy
The solutions in order are: x=0.32, %, 3.46, %T

EXERCISE 6.6 SOLVING TRIGONOMETRIC EQUATIONS

Give answers correct to 3 decimal places where necessary.
1 Solve each equation for 0° < x < 180°.
(@) 3+2cosx=5cosx (b) sinx=3cosx (c) 6sin2x=3cos30°
(d) 4—3tanx=tanx () 3sinx=cosx () sin2x=sin30°

2 The solution to sinx + cosx =0 for 0° < x < 180° is:

A x=-45° B x=45° C x=90° D x=135°
3 Solve each equation for 0° < x < 360°.

(@) cosec*x=2 (b) sin*x=1 (c) tan’x=3

(d) 3+4sinx=9sinx (e) tan’x—tanx=0 (f) sin2x=cos2x

4 (a) On the same diagram draw y =sinxand y = % for 0° < x < 360°. Use your diagram to solve the equation
sinx = for 0° < x < 360°,

(b) What line would you need to draw to solve the equation sinx = —%? What are the solutions to this
equation for 0° < x < 360°?

5 Solve, for0< 0<27:

(@) sine=% (b) sec@z% (€) cotf=1

(d) sin’O—2cos O+ cos’0=0 (e) sin*6+cosf—1=0 () sec*0—2tanO=0
(g) 4sin°0=3 (h) sinf=cos b (i) cos’@—2cos@+1=0
() tan’0=3 (k) sinf+cosf=0 () 2cos*@—cosO=0
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6 What is the solution to cosecx =3, for 0 < x < 27?

A x=0.340,2.802 B x=19°28",160°32 C x=0.340 D x=19°2¢8
7 Solve, for—-r< 0< 1:
(@) 1+sinO=cos’O (b) 2cos®O+sinO=1 (¢) 4cosO=secH
(d) 2sin*6—2=3cos6 (e) 4sinB=cosecH (/) 2sec’0=5tan6
8 Solve, for 0 <x<2m:
(@) tanx=2sinx (b) 5cos’x+2sinx—2=0 (c) 3sec’x—5tanx=5
(d) 6tanx=5cosecx (e) 7sinxcosx+cos’x=1 () sin’x+ 2sinxcosx =3 cos’x

9 Solve the equation cosec”x + cot’ x = 3, for 0 < x < . Indicate whether each statement below is a correct or
incorrect step of the solution.

(@) 2cot’x=2 (b) 2cot’x=4 () cotx=%1 (d) xzi%
<x<om L x_3 x__ 1 x _

10 Solve,for0<x<2m: (a) sin ) (b) tan > NG () cos 3 1
11 Solve, for 0 < x < 7 (@) cos2x=0 (b) tan3x= /3 (c) sindx= LZ
12 Solvefor 0 < x < m: (a) sin% =04 (b) cos3x=-0.7 (c) tan% =15
13 What is the solution to cosec x =3, for 0 <x <2m?

A x=0.340, 2.802 B x=19°28", 160°32’ C x=0.340 D x=19°28
14 Solvefor0<x<2m: (@) 5cos’x+8sinx—8=0 (b) 6tan x=5cotx

15 Simplify:
(@) 1+ tan’ (% -0 (b) 1—cos’(m+6) (c) sinBcos (% — 0) + cos Bsin (%— 0)

(d) cos® % -1 () 1-sin0cos (% -0

16 Solve for values between 0 and 27 inclusive:
(@) tan’x+tanx=0 (b) sin®x —sin x cos x =0 (c) 2sin® O+cos =1

(d) 3cos’0-2sinf=2 (e) (2cosx+1)(sinx—1)=0 () S5sec’x+2tanx=8

17 If 0 < @< 27, then the solution to 3sin® @—4cos 8+ 1 =0 is (approximately or exactly):

A 0=0.841,5442 B 60=1.969,4315 C 6=2301,3983 D 9=2T”,4Tﬂ

18 Solve for0< <27
(@) 3tan’ 6—3tan* O—tan 6+ 1=0 (b) cos® 6—2cos® O+ cos =0

CHAPTER REVIEW 6

1 The minute hand of a clock is 1.2 metres long. How far does the tip move in 40 minutes?
2 An arc AB of length 6 cm subtends an angle of 56° at the centre of a circle. Calculate:

(@) the length of the radius (b) the length of the chord AB.

3 Find the exact value of sec’ % + cosec

4 Solve, for—m<x<m 6cos’x—5cosx+1=0.

¥4
T
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5

10

11
12

13

14

15

16

An arc AB of a sector of a circle is % metres long and subtends an angle of 60° at the centre, O, of the circle.
Calculate: (a) the length of the radius

(b) the area of the sector AOB (correct to 1 decimal place)

(c) thelength of the chord AB (correct to 1 decimal place).

Find all values of 6 between 0 and 27 for which:
(@) sinf@=-0.5 (b) cosB6=0 () tanf=-1
(d) secO= % (€) cotO= NE) () cosecOH= V2

Draw the graph of y = cos 2x for — < x < . On the same set of axes, draw the graph of y = —%.

Use your graphs to solve the equation cos2x = — %

An arc AB of a circle, centre C, is 20 cm long.

(@) Ifthe chord ABis 15cm long and subtends an angle of x radians at C, show that 8 sin% = 3x.

(b) Solve the equation in part (a) graphically, giving your answer correct to 1 decimal place.

Express in radians, in terms of m: (a) 45° (b) 240° (c) 160° (d) -210°
Express in radians, correct to 4 decimal places: (@) 65° (b) 281° (c) —100° (d) —326°

Express in degrees the angles whose radian measures are: (@) 4?” (b) 7?” (c) 213—2” (d)y — 37”

Express in degrees and minutes, to the nearest minute, the angles whose radian measures are:
(@ 26 (b) -14 (c) 0341 (d) -3

Simplify: (@) sin(mw+x) (b) cos(2m—x) (c) tan(mr—x)
Write the exact value of: (@) cosm (b) tan 7?” (c) sin % (d) cos 5?”
Solve for 0 < x < 27 (@ sinx= —% (b) sin x=+/3cos x (€) V2cosx+1=0
Simplity: (@ sin(% - x) (b) cos(%[ + x) (c) tan(% + x)
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CHAPTER 7
Introduction to differentiation

The study of calculus is rich in history and controversy. Isaac Newton (1642-1727) and Gottfried Wilhelm Leibniz
(1646-1716) are both credited with the original development of calculus, but there was much argument at the time
over who was first. Their approaches were quite different, although ultimately equivalent, and today the notation
that we use comes from both sources. Important contributions to calculus were also made by mathematicians such
as John Wallis, Isaac Barrow, Guillaume de 'Hopital and later Augustin-Louis Cauchy. The work of mathematicians
on differential calculus and integral calculus is the basis of much mathematics still used in a huge number of
applications today.

In this chapter, you will learn about differentiation—what it is, and how it can be used to find rates of change in a
variety of situations.

7.1 CONTINUITY AND GRADIENTS OF TANGENTS

Converting between fractions, decimals and percentages without using a calculator is an important skill.
A calculator cannot always simplify algebraic fractions, so you are expected to be proficient at this skill.

Continuity
You have drawn many different graphs in this course so far, but all of them can be divided into two special types:
o Graphs such as f(x) =x, f(x) = X, f(x) =sinx and f(x) = |x| are continuous curves: they do not have any
gaps or jumps in them.
x
o Graphssuchas f(x)= %, f(x)=tanx, f(x)= Q

and f(x)= % are not continuous (‘discontinuous’)
. . x
functions, because they all have gaps or jumps.

A simple way to describe a continuous function is that it can be drawn without lifting your pencil from the paper.
Continuous functions like f(x) = x, f(x) = X, f(x) = sinx are smooth graphs, but f(x) =|x| is not a smooth graph
because the slope of its curve changes suddenly at x = 0 to create a sharp corner.

You should use appropriate software to graph all of these functions so that you can remember what they look like.

Example 1
For each graph, decide whether it is (i) continuous or discontinuous, and, if continuous, whether it is
(ii) smooth or not smooth.

@ / () 4 (e) Y
(6} l x 0 l x O_o_
(b) Y (d) " h°_
(0] X
Lo 0 n
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Solution
(@ (i) Continuous (b) (i) Continuous for|x|<3 (c) (i) Discontinuous
(ii) Smooth (ii) Smooth

(d) (i) Continuous (e) (i) Discontinuous

(i) Not smooth

Each branch of (c), if considered on its own, is a smooth continuous curve. In (e), if the open circles had not been
at the start of each horizontal line then the graph would have represented a relation, not a function.

Gradient and rates of change

Smooth curves change gradually as x (the independent variable) increases. The rate of this change between two points on
the curve can be calculated as the average rate of change over that interval. If the function increases as x increases, then
the rate of change is positive. If the function decreases as x increases, then the rate of change is negative.

Now consider the gradient of a line. The gradient is positive if y increases as x increases (i.e. the line moves from left
to right). The gradient is negative if y decreases as x increases. Thus you can see that in general the gradient is the
rate of change.

Example 2 ;

The graph shows the distance d in kilometres that a car travels in 14
2

t minutes. The function is given by the equation d = % ol

The average speed of the car is the rate of change of the distance

travelled over a time interval. Find the average speed over the:
(a) first minute 61
(b) second minute
(c) third minute
(d) first three minutes 27

(e) first five minutes. i

Solution
(@) From the graph, find the value of d whent=0,t=1: t=0,d=0;t=1,d=0.5

Average speed = distance covered _ 0.5-0 _ 0.5km/min

time taken 1-0

(b) From the graph, find the value of d when t=2: t=2,d=2

t=1,d=0.5;t=2,d=2: Average speed = 22__0i5 =1.5km/min
(c) From the graph, find the value of d when t=3: t=3,d=45

t=2,d=2;t=3,d=4.5: Average speed = 435__22 =2.5km/min
(d) Using d =4.5 when t =3 from part (c)

Fort=0,d=0;t=3,d=4.5: Average speed = 455__00 =1.5km/min

(e) From the graph, find the value of d when t=5: t=5,d=12.5

t=0,d=0;t=5,d=12.5: Average speed = 125'5_;)0 =2.5km/min
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In Example 2 you were actually finding the gradient of each secant. A secant is a line joining two points on a curve.
This is shown on the following graph.

d Average speed over the:
27T (a) first minute
104 (b) second minute

(c) third minute
8T (d) first three minutes
(e) (e) first five minutes.

6 -4
4 -4

(d)

(©

2 -4

(b)

| | | | |

I A

The slope of a secant gives the average rate of change of
the function between the two values of its domain.

In the diagram, the slope of the secant AB is: y

f(x+h)—f(x) _ f(x+h)—f(x) fix +h)
(x+h)—x h

This is the average rate of change of f(x) between x

and (x + h).

The position of B varies according to the value of h.

Let A(x,,y,) be a fixed point on a curve. Take any other

point B(x, y) on the curve and join the points to obtain

the secant AB. Let the point B get closer to the point A. fix)
This means that / is getting smaller as the two points get

closer together. As the secant gets smaller, it becomes

more like the tangent to the curve at the fixed point. The

tangent can be considered to be the limiting position of

the secant.

Consider the following graphs in which A(1,0.5)

is a fixed point and B moves from the point B(3, 4.5)
to B,(2,2) and then to B,(1.5,1.125). By the third
graph, it is hard to distinguish the secant AB from

the curve.
y B(3,4.5) 5
4 4
Gradient of AB= 453_%.5 =2
T The equation of ABis y=2x—1.5
A
| |
0 1 1 X
1 2 3

Chapter 7 Introduction to differentiation 165



YEAR 11

4 B,(2,2)
4 =+
. 2-05
B Gradient of AB, = 5o — 19
2
The equation of AB is y=1.5x—1
A
//! I
0 1 2 3 F
y B,(1.5,1.125)
4 4
Gradient of AB, = L125-05 _ 55
2 B 1.5-1
= : The equation of AB, is y = 1.25x — 0.75
| I |

Let B move to B,(1.1,0.605), as shown in the next graph. Here the secant and the curve appear to be the same curve.
You can say that the curve here is ‘locally straight’

B,(1.1,0.605)

y
4 i
Gradient of AB, = 9:002=0:5 _ ; o5
Nl 3T L1
N The equation of AB, is y = 1.05x — 0.55
9 1 2 3 *

The gradient of the secant AB has changed from 2 to 1.05 as B has moved closer to A. This suggests that as B gets
closer to A, the gradient of the secant is getting closer to 1.

Let the point B move so that it coincides with the point A: the secant has now become the tangent at A. Importantly, the
gradient of this tangent at A represents the instantaneous rate of change of the curve at the point A.

C(2,1.5)

y

4+ The tangent at A appears to pass through
the point C(2,1.5).

s Gradient of AC=1

N ¢ The equation of ACis y=x—0.5
|
9 i 2 _,I) x

Given that the equation of the above curve is y = %xz, you can use graphing software to reproduce each of the above
diagrams. Investigate the point B,(1.05,0.55125).
Repeat this investigation process for the point A approaching the point B. Does the gradient of the tangent at B

appear to be 3?

MAKING CONNECTIONS O

The secant and the rate of change
Move the slider to see how the secant approximates the gradient of the tangent to a curve.
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Example 3

The graph of y = %xz is drawn for —3 < x < 3. Tangent lines are

drawn at the points where x =-2, -1, 0, 1, 2, 3, as shown on the graph.
From the graph, find the slope of each of these tangents and use

it to complete the following table:

X = -1 0 1 2 3

m

Plot these points on a separate number plane and write the equation of the curve that passes through them.

Solution J
x | 2 | -1 0 1 2 3 L
m -2 | -1 0 1 2 3 L L
2 a1 2 3*
The equation of the line through these points is y = x. i
This equation represents the gradient function for the curve, because ol
it gives the gradient of the tangent to the curve at each point on the curve.

EXERCISE 7.1 CONTINUITY AND GRADIENTS OF TANGENTS

1 Indicate whether each graph is continuous or discontinuous.
l/ © © ' @ '
O [\t \ /
() /y (f) Y J y
0] x o -~
/~ O

2 In question 1, which curves could be called smooth?

3 Which graph represents a smooth continuous curve?

g
e e g
(
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The following questions must be completed using graphing software.

4 Draw the graph of y = x* + 1. On it mark the point A(1,2). Consider the points B(2.5,7.25), B,(2,5),
B,(1.5,3.25) and B,(1.1,2.21).
(@) Find the gradient and equation of each of the secants AB, AB,, AB, and AB..
(b) Draw a separate graph of each secant on the curve.
(c) What value does the gradient of the secant appear to approach as B gets closer to A?
(d) Check your answer to (c) by considering the secant AB,, given B,(0.9,1.81).
5 Draw the graphof y=4— x%. On it mark the point A(2,0). Consider the points B(0.5,3.75), B (1, 3),
B,(1.5,1.75) and B,(1.9,0.39).
(@) Find the gradient and equation of each of the secants AB, AB,, AB, and AB..
(b) Draw a separate graph of each secant on the curve.
(c) What value does the gradient of the secant appear to approach as B gets closer to A?
(d) Check your answer to (c) by considering the secant AB,, given B,(2.1,—0.41).

6 Draw the graph of y = x* for —3 < x < 3. Draw tangent lines at the points where x=-2,-1,0, 1, 2, 3.
(@) Complete the following table, where m is the gradient of the tangent at each point x.

X —2 -1 0 1 2 3 (b) Plot these points on a number plane.
(c) Write the equation of the curve in (b).

m

7 Draw the graph of y = x’ for —2.5 < x < 2.5. Draw tangent lines at the points where x =-2, 1,0, 1, 2.
(@) Complete the following table, where m is the gradient of the tangent at each point x.

% —2 -1 0 1 2 (b) Plot these points on a number plane.
. (c) Write the equation of the curve in (b).

8 Draw the graph of y = % for x > 0. On it mark the point A(1,1). Consider the points B(3, %), BI(Z,%),
32 11 10
B2(2’3) arl0133(10’11)'
(@) Find the gradient and equation of each of the secants AB, AB, AB, and AB,.
(b) Draw a separate graph of each secant on the curve.
(c) What value does the gradient of the secant appear to approach as B gets closer to A?

(d) Check your answer by considering the secant AB,, given

7.2 LIMIT AND CONTINUITY

Example 4
For the function f, where f(x) = x + 2, find lin%(x +2) (that is, the limit of the function as x approaches 2).

Solution
The domain of this function is the set of real numbers. The table shows f(x) for values of x near (or ‘in the
neighbourhood of”) 2.

This table shows that as x approaches 2 from
either below or above 2, f(x) approaches 4.

f(x) | 3.95 | 3.99 | 3.995 |- 4 «| 4.005 | 4.01 | 405 | You can make f(x) as close to 4 as you like by
making x sufficiently close to 2.

x 1.95 | 1.99 | 1.995 | = 2«| 2.005 | 2.01 | 2.05

Hence: lirr;(x +2)=4
Notice that in this example, f(2) = 4. Thus lim(x +2) = f(2).
x—2

In this case you say that the function is continuous at x = 2.
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Example 5

. _x’—4 . x'—4
For the function fwhere f(x) = pre , find }CILI% P
Solution

If x = 2, this function is not defined (as the denominator is zero).
x*—4 _(x=2)(x+2) _

If x # 2:
X ) o x+2
2
o lim* =2 — lim(x +2)=4
x—2 X — x—2
2
If x#2 then f(x)= i is equivalent to f(x) = x + 2, so its graph is a

x—=2
straight line with a missing point at x = 2.

In this case you say that the function is discontinuous at x = 2:

2
. x"—4
M I

Example 6
Investigate the following functions:
x+1 whenx2>1 . |x| 0
@ f@=1, T ) f)=Fhae
Solution
(@) Draw the graph of the function.
x> 1: fx)=x+1
lim(x+1)=2
x—1
Thus as x — 1 from above, f(x)— 2 from above.
You can write this as lin}r f(x)=2
x—1
This can be confirmed by evaluating
£(1.01), £(1.001) etc.
x<1: flx)=3

This means that the value of f(x) is always 3, for all x < 1.

Hence lim f(x)=3

x—1"

=
I
——
®
+
=
=
\Y
—
[ 8] w
l
\"

Because lim+ f(x)# lim f(x) the function is discontinuous at x = 1.

x—1 x—1
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(b)

X _
—= 1 when x >0
flx)= % (which is undefined) if x = 0
X
— %= -1 when x <0

Draw the graph of the function.

The function is defined for all values of x except x = 0. y

As x — 0 from above, f(x)—1 1

As x — 0 from below, f(x)— -1
But }}_}mo f(x) does not exist, because it approaches different © | = Til
values when approached from above or from below. *

The function is discontinuous at x = 0.

Example 7
Find yng—f (”hz‘f %) here: (@) fx) =+ (b) f(x)=6+5x—2x
Solution
(@) flx)=x
flx+h)=(x+h)’
=x*+2xh+h
f(x+h)—f(x)zxz+2xh+hz—x2
=2xh+ I’

fGx+h)— f(x) _ 2xh+h’

h h
— 2
i JEHW = () | 2xheh
h—0 h—0 h
. h(2x+h)
h—0 h

=1lim(2x + h) for h#0
h—0
=2x
(b) f(x) =6+ 5x—2x"
flx+h)=6+5(x+h)—2(x+h)’
=6+ 5x + 5h — 2x* — 4xh — 2K
f(x+h) —f(x)=6+5x+5h—2x2—4xh—2h2—(6+5x—2x2)

=5h—4xh —2K*
f(x+h)— f(x) _ 5h—4xh—2h
h h
— 2
lim L& = f(%) . Sh—4xh—2h
h—0 h—0 I’l

=}1im(5—4x—2h) forh#0
—0

=5—-4x

170 New Senior Mathematics Advanced for Years 11 & 12



Limit theorems

These theorems on limits of functions will be stated without their proofs.

Theorem 1

For the constant function f, where f(x) =¢: lim f(x)=¢

Theorem 2

If lim f(x)= L and lim g(x) = M, then: lim(f(x) + g(x)) =lim f(x)*lim g(x)
=L*M

The limit of a sum = the sum of the limits.

The limit of a difference = the difference of the limits.

. 2 _ —1; 2 _1; .
e.g. }CILI%(X 3x+5) }cllg(x ) £13(3x)+£1i1%5
—4-6+5=3

Theorem 3

Iflim f(x)= L and lim g(x) = M, then: lim(f(x) X g(x)) =lim f(x)xlim g(x)
=LxXM

The limit of a product = the product of the limits.
. 2 _ —1; . 2 _
e.g. hm{Zx(x 4)} xlgr_ll(Zx)xJ}gr_ll(x 4)

x—-1
Theorem 4
| | (S0 mfeo
i )= L and i) =30, thens | (053|550
_L
i for M #0

The limit of a quotient = the quotient of the limits.

x*+2 _ }cifi("z”)

“& }clig x+1 ~ lim(x+1)
x—3
1
4
Continuity
If f(x) and g(x) are both continuous at x = g, then the new functions f(x)  g(x), f(x) X g(x) and £ 83 are also

continuous at x = a. This is a direct consequence of the limit theorems.

Continuity at a point—formal definition

A function f that is defined in some region that includes x = ¢ is said to be continuous at c if:

(@) the function has a definite value f(c) at c, AND
(b) asx —c, f(x)— f(c)asalimit, ie. lim f(x)= f(c).

y

flo|--=--=--==-=-----
fop---------

[ JE SRR
-~ m————————
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A function fis said to be continuous in an (open or closed) interval if it is continuous at all points of that interval.

For a closed interval [a, b], continuity at a and b implies that lim+ f(x)= f(a)and lim f(x)= f(b).
x—b~

xX—a

In simple language, a function is continuous in the interval [a, b] if its graph can be drawn fromx=atox=1b
without lifting your pencil off the paper. (See the diagram above.) Thus all polynomial functions are continuous.

EXERCISE 7.2 LIMIT AND CONTINUITY

1 Evaluate each limit.

(@) lim(3x) (b) lim (x*+4x) (©) lim(9-x7) (d) lim (x*—2x+1)
x—3 x—>-1 x—3 x—>-2
Z_5
lim x2(x+2 lim(h* — 4h+ 4 li —4 h) lim| X
O D) 0 e @ Imlerees o) il
2 The value of lim w=
x—-3 x+3
A -2 B 0 Cc 2 D indeterminate
3 Evaluate the following limits.
. . [ x*+5x . (x*+8
om(<5) 0 (2
2
x“—5x+6 3x x—5
d) lim| —— lim| —— im| ————
(d) x:n;( x—3 j ©) xl—%(x+3) 0 }clig(sz—%c—S)
— — 3
(a) lim(zx—l) (h) lim(zxil) () lim(x 1)
- Xx +x—2 x4\ x“+x—2 a1\ x—1
4 Evaluate each limit.
x*+1 for x>0 2x for x >1
a) li h = b) I h =
(@) xlir(l)f(x) where f(x) {1 for x <0 (b) xlg}f(x) where f(x) {—2x+4 for x <1
5 Evaluate ilnéw where:
(@ fx)= -1 (b) f(x)= 2x°—3x+2 () flx)= X (d) f(x)=x(6-x)
6 Show that the following limits do not exist:
i 1 b i (x) b (x) = 0 for x<0
@ o x (b) xlggf *)  where f(x) = 1 for x>0
x for x>0 x*+1 for x>0
() xlgéf(x) where f(x) {x+1 for x <0 @ xlg(l)f(X) where f(x) {2 for x <0

7 The function whose graph is shown is: Y

A discontinuous at x=0

B continuous for all x

C discontinuous at x =2

D continuous for all x > 0 but discontinuous at x =1

I
%10123’“
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7.3 GRADIENT OF A CURVE

Two expressions have been used to find the gradient of a secant, or the average gradient of the interval joining two
points on a curve. This can also be called the average rate of change of the function represented by the curve.

The average gradient of the secant joining the points (c, f(c)) and (x, f{x)) on the curve y = f(x) is given by
Fx)=fo), (To visualise this, you may want to refer to the graph of the secant in Section 7.1 on page 165.)

x—c
The average gradient of the secant joining the points (a, f(a)) and (a + h, f(a + h)) on the curve y = f(x) is given by

W. This could also be called the average rate of change of the function f(x) on the interval [a, a + h].

The earlier calculations have shown that as & gets smaller, the gradient of the secant becomes closer to the gradient
of the tangent at the point (a, f(a)).

Consider the point P(2,4) on the curve f(x) = x°. Let Q be a point near P on the same curve. Consider the gradient
of the secant PQ for different positions of Q near P, as shown in the following tables:

x-coordinate of Q | Gradient of secant PQ x-coordinate of Q Gradient of secant PQ
2.1 22'.112__24 =41 1.9 li.992:; =39
2.01 % =4.01 1.99 % =3.99
2,001 %5_‘24 = 4,001 1.999 % =3.999
2.0001 %ﬁ_‘; = 4.0001 1.9999 % =3.9999

It appears from the tables that as Q gets closer to P (that is, as x gets closer to 2), the gradient of the secant gets closer
to 4. In general:
Let Q be the point (x, f(x)) and P be the fixed point (2,4) on f(x) = x°. The gradient of PQ = %

The information from our table for the function f(x) = x> indicates that as x approaches 2, the value of the gradient
flx)-4

x—2

approaches 4.

. . . . . fx)—4
This sentence can be written in a new notation as lim 7)6
x—2 -

function x minus 4 divided by x minus 2 is equal to 4.
If you let Q be the point (2 + h, f(2 + h)) and P be the fixed point (2, 4),

fQ2+h)-f(2) _ fQ+h)—-f(2)
24h-2 h ’

= 4. This is read as ‘the limit as x approaches 2 of

then the gradient of PQ =

Now as h approaches zero, the value of the gradient

fQ+h)-f(2) _

This sentence can be written as lim Z-————Z~-"2 = 4. This is read as ‘the limit as h approaches zero of
h—0

w approaches 4.

function (2 + h) minus function 2 divided by h is 4.
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The gradient of a curve
Following the example above: if you let your points be P(c, f(c)) and Q (x, f(x)), then the gradient of the secant PQ
is given by the general expression ,@4 This expression does not exist when x = ¢ because the denominator

c
becomes zero.

From our calculations above you have seen that the limiting value of the gradient of the secant is defined to be the

gradient of the tangent at P, and is simply called the gradient of the curve at P.

The gradient of the curve y = f(x) at the point P (c, f(c)) is defined as the limiting value
i L= F©)_

= f’(c), provided that this limit exists.

Thus f’(c) is the slope of the tangent to the curve y = f(x) at the point x =c.
This is also called the derivative of f(x) at x =c.

Gradient and derivative notation

For the function f(x), the gradient function or the derived function is given by the notation f’(x). However, there are
also other common notations used for this derivative function.

Let x = c + h, where h may be positive or negative. Thus x — ¢ =h, so as x — ¢ then 1 — 0.
This gives f’(C) — hmw
h—0 h

. . oy dy
Also, if 8x = h and 8y = f(c + h) — f(c) when y = f(x), then you can write f"(c) = llm m =

Ifin f'(c) = }F%W we replace ¢ by x, then you obtain f'(x) = %ing w

This now gives us a definition of the derivative at any point (x, y) on the curve y = f(x).

The gradient at any point (x, y) on the curve y = f(x) can be represented by any of the following notations:

£, 2 A (0).y

EXERCISE 7.3 GRADIENT OF A CURVE

1 P(1,1) is a point on the curve f(x) = x°. Complete the following table of values.

x-coordinate of Q 0.9 0.99 | 0999 | 1.001 | 1.01 1.1

Gradient of secant PQ

Use the table to find lim

x—1

2 P(1,5) is a point on the curve f(x) = 2x + 3. Complete the following table of values.

fx)-fQ@)
x—1

x-coordinate of Q 0.9 0.99 | 0999 | 1.001 | 1.01 1.1
Gradient of secant PQ
Use the table to find limM.
x—1 x—1

Could you have predicted this answer from the function? Why?
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3 P(3,9) is a point on the curve f(x) = x°. Complete the following table of values.

x-coordinate of Q 2.9 2.99 | 2999 | 3.001 | 3.01 3.1

Gradient of secant PQ

Use the table to find limw.

x—3 x—3

4 Ifg(x)= x°, then 8(3999)-g(4) is closest to:

3.999-4
A -8 B 0.008 C 0.001 D 8
5 P(1,1) is a point on the curve f(x) = x’. Complete the following table of values.
x-coordinate of Q 0.9 0.99 | 0999 | 1.001 | 1.01 1.1
Gradient of secant PQ
Use the table to find lim M
x—1 x—1
6 P(Z,%) is a point on the curve f(x)= % Complete the following table of values.
x-coordinate of Q 1.9 1.99 | 1.999 | 2.001 | 2.01 2.1
Gradient of secant PQ
flx)=f(2)

Use the table to find lim
x—2 x—2

7 P(-2,4) isa point on the curve f(x) = x*. Complete the following table of values.

x-coordinate of Q -2.1 | =2.01 | =2.001 | —=1.999 | -1.99 | -1.9

Gradient of secant PQ

Use the table to find lim M
x—-2 x+2

fathf) )

8 For each of the functions given below, find
(@ fx)= 2x% (b) f(x)= 2%+ x (€) flx)=4x- x° (d) f(x)= x
find 1imw, h#0:

9 For each of the functions given below,
h—0

(@ fx)=5x+1 (b) f(x)= x° (¢) flx)= 3x° + 7x d) f(x)= X+ 2x

7.4 FINDING THE DERIVATIVE FROM FIRST PRINCIPLES

This process is also called ‘differentiation from first principles’. You will use this to show how the general result for

the derivative of x" (powers of x) is obtained.

Example 8

Use the result f'(x) = }11n3

@ flx)=x b) =% (¢ flx)=x

W to find the expression for f*(x), if:

Chapter 7 Introduction to differentiation 175



YEAR 11

Solution
(@ flx)=x f(x)= }}E&

o1 X+h—x
f1(x)=lim == ==

h

flx+h)= flx)
h

=lim1
h—0

=1

B f=x:  fo)=limd FEZIE)

2 2
— Jjm &R =
h—0 h
. ((x+h)=x)((x+h)+x)
h—0 h
- hmw
h—0 h
=lim(2x + h)
h—0

Ash—0,2x+h— 2x,s0: f'(x) =2x

€ flx)=x" f’(x):}mw
f(x)—}g(l) ;

Now (x + h)® = (x + h)(x + h)? = x° + 35%h + 3xh* + i

x° +3x%h+3xh* +h° — x°

N
h(3x” +3xh+ 1)
=lim
h—0 h

= lim(3x2 +3xh+h* )
h—0

=3x’

OR
((x+h)—x)((x+h)2 +x(x+h)+x2)
h
h((x+h) +x(x+h)+x7)
=lim
h—0 ]’l

= 1im((x+h)2 +x(x+h)+x2)
h—0

Usea’ — b’ =(a—b)(a>+ ab+ b>): f’(x)=1lim
h—0

Ash%O,x+h—>x,so:f'(x)=x2+x2+xz=3x2

These examples seem to suggest that there might be a rule for finding derivatives without resorting to first principles
every time.

176 New Senior Mathematics Advanced for Years 11 & 12



YEAR 11

Important result

a"—b'=(a-b)(a" +a"b+a b+ . +ab"r+ b

This factorisation can be shown to be true by expanding the right-hand side and collecting like terms.

If f(x) = x", then the above factorisation can be used to find the derivative as follows:

fl) =" f'(x>=},iggw

=lhi§3(x+h})l x

) (x+h—x)((Ge+h)'™ + (x+h) 2 x+(x+h)' 75 + .+ (x+ h)x" + 5"
:hlgcl) h

B Ry T e R T x (xR L (xR )
= jim h

= }lim((x +h)" T (x+ R x4 (x+HR)" T L+ (xR + x"_l)
—0
=x" " T

n factors

n—1
=nx
This process can be described in words: “To differentiate a power of x, multiply the power by x to the power reduced
by one’

EXERCISE 7.4 FINDING THE DERIVATIVE FROM FIRST PRINCIPLES

1 For the graph of f(x) = 6x — 2x™:
(@) find the gradient of the secant joining the points whose x-coordinates are 1 and 1 + h respectively
(b) deduce the gradient of the curve at x=1.

2 Use theresult f'(x)= }’imw to find:
—0
(@ f’(-2) when f(x) =x (b) f’(~1) when f(x) =x’
3 P(1,1) and Q(2,8) are points on the curve f(x) = x°. Indicate whether each statement is correct or incorrect.

(@) Gradientof PQ=7 (b) f'(z):iigx 8 (0 f'(1)=£1g}x 1 d) f'(x)=3x

3 3
x—2 x—1
fa+h)-fQ) _

=

4 TIf f(x) = 3 — 2x + 4x°, then lim
h—0

A -10 B 0 C 5 D 6

5 For the function f(x) = 2x” — 4x, find the following:

() lim—f(3+h}3_f(3) (b) nm—f(“hg‘f(x)

h—0 h—0
Interpret your results geometrically.

f(x+h)— f(x)
h

6 Find Lim for the following:

0

@ f(x)=4x"—1 (b) f(x):%z—Zx—?) € fx)=x-2x

Chapter 7 Introduction to differentiation 177



YEAR 11

7.5 CONDITIONS FOR DIFFERENTIABILITY

If f(x) possesses a derivative f’(x) for each x belonging to the domain of f, then f(x) is called a differentiable
function.

The statement ‘f(x) is differentiable’ means ‘f(x) has a derivative at each point of its domain.

Example 9
Investigate the continuity and differentiability of the given graphs.
(@ (b) y

x®
o
NWdboooaooo
=

(c) 4 (d) y
%-m Tx) = I+
O i x lo) X
To-1] °
Solution
(@ f(x)= %, x#0 f7(0) cannot be found because f(0) is undefined.
Not differentiable at x = 0. The function is discontinuous at x = 0.
2
(b) f(x)= 3; __24 ,XE2 f’(2) cannot be found because f(2) is undefined.

Not differentiable at x = 2. The function is discontinuous at x = 2.
x+1 for x=1 , o )
f’(1) cannot be found because the left-hand derivative does not exist

(©) f(x)={

i for x <1 at x =1, even though f(1) is defined.
Not differentiable at x = 1. The function is discontinuous at x = 1.
(d) f(x)=|x| £7(0) cannot be found because the left-hand derivative is —1 and the

right-hand derivative is 1.

Not differentiable at x = 0. The function is continuous at x = 0.

EXERCISE 7.5 CONDITIONS FOR DIFFERENTIABILITY

In each case write the value of f’(a), if it exists, and sketch the graph of f.

1 @ fx)=x-2,a=2 (b) fX)=x"—-4,a=2 (c) f(x)=3;2_:24,a=2 (d) f(x):%,a:z
2 x’ =l 3 2 f
f(x)_{(x—z)z, . ora=1,a=3 fx)=|x-2| fora=2,a=4
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2 2
x<0 X" —-2x, x<2
4 f(x fora=0,a=-1 5 x)= fora=2,a=3
f( )= {x+1 x>0 f( ) {x—z, x>2
X, x>3
6 f(x)=13, 3=<x=<3 fora=3,a=-3
x+1, x<-3 Y

7 For the points at x = g, b and ¢, comment on the continuity
and differentiability of the function given in the diagram:

?

e}
Eg
~—d--d-

[ Y S,

7.6 STANDARD DERIVATIVES

There are several different notations for differentiation, the processes used for the derivative of a function, or finding
the derived function.

d
If y = f(x) then the derivative may written as _)/) f'(x),y" or % [f(x)] where the definition of each of these

. h
expressions is given by =f'(x)=y =— [f( x)] = hmw '

h—0

Z—y is read as dee y dee x. f’(x) is read as f dash x. d—[f(x)] is read as dee dee x of fof x. y" is read as y dash or y prime.
X X

In each case you are differentiating the given function with respect to x.

. : T d - . .
You have shown that if y = x", where 7 is a positive integer, then %V _ x"". In fact this result is true for all

values of n. dx

Derivative of JVx
If f(x)=+/x,then f’(x) =

s\

Proof
Flx) = f(x+h) f(x)
Fo =V flx)= gngi“*’;‘ﬁ
Rationalise the numerator: f(x)= }111)13( L };l —Vx X \/“ jz IZ Iﬁ)

— lim _ (x+h)-x
Y Wiy

. h
=lim———r——

h—>0h(\/x+h+\/§)
=1i

hlgé\/x+ +\/_
:\/;4‘\/;:2\/;

1 . 1 dy 1
Now v/x = x2, s0 if y = x2 then you have shown that 2 = —— =
J y dx ~ 2 Jx

DO [—

Hence the rule for the derivative of x” works for n =
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Derivative of l
X

Hﬂ@z%ﬁ&qﬂ@z——

Proof

fw=Lti peo=tm /EEWZIE)

-1
X

f’ (x)—thZ

X= (x+h))
( +h)x

1. —h
Xu+hn)

Simplify the fraction: f(x)= hm

=lim
h—0

= lim

h—0

o)
1

XXX xz

_ _ d
Now L = x 1so ify=x ! then you have shown that Y _ —Lz =-1x
x dx X

Hence the rule for the derivative of x” works for n=—1.

-2

Derivative of ¢
If f(x) = ¢, a constant, then f'(x) =

Proof

Filx) = f(x+h) f(x)

fx)=c fxm=E3%§=o

d -
Now ¢ = cx’, so if y = cx” then you have shown that Y _ox=0.

dx
Hence the rule for the derivative of x” works for n = 0.

Derivative of x"
If f(x) = x", then f'(x) = nx""', where n is any real number.

. d _
This can also be written as i(x” ) =nx"" or Lo a— L
dx dx

Example 10
Consider f(x) = cx”, where c is a constant. Find f’(x).
Solution
Filx)= f(x+h) f(x)
_ o roon 1 c(x+h)" —cx"
f(x)=cx" f(x)= }g{l}—h
4 (x+h) ="
=clim™=,
=cxnx""
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dy  du
If y = cu, where c is a constant and u = g(x), thena C gy
Proof
- . du_ . 8xth)—g(x)
If u=g(x), then: dx—}lliI(l) A
Then: & _ lim cglxth)=cglx)
dx h—0 h
=limc —g(x+h)—g(x)
h—0 h
=clim —g(x+h)—g(x)
h—0 h
— ol — AU
=cg (x)—cdx
Example 11
If f(x) = x° + x, find f’(x).
Solution Filx) = f(x+h) f(x)
2 0o T (x+h) +(x+h)—(x2+x)
fx)=x"+x f (x)_}g% A
=1imx2+2hx+hz+x+h—xz—x
h—0 h
i 2hx+H +h
h—0 h
zlimh(2x+1+h)
h—0
=lim(2x+1+h)
h—0
=2x+1
Derivative of f(x) £ g(x)
_ _ _ d_}’ du  dv
If y=u+ v where u=f(x) and v=g(x), then Ix = dx T
Proof ,
B , fx+h)— f(x) dv g(x+h)—g(x)
If u = f(x), then: dx h_)()— and I 1,—>0 A
Then fory=u+v: dl:lim(f(x+h)+g(x+h))—(f(x)+g(x))
dx h—0 h
_1m(f(x+h)—f(x))+(g(x+h)—g(x))
B h

h—0
f(x+h) f(x)) (g(x+h)—g(x))
hao h
( flx+h)— f(x))] hm((g(x+h)—g(x))j
h—>0 ]’l

h—0

dx dx
The result follows similarly for y = u —v.
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Summary of important results so far

1 If y=x", then & =nx""', where n is any real number.

dx
dy du

2 If y=cu, where cis a constant and u = g(x), then e CE.

d_y_d”+ﬂ

If y=u+ v where u= =g (), th Tdx T dx’
3 Ify=uxvwhereu=f(x)and v g(x)tendx dx ~ dx

dy 1

4 If y=+/x then 2= ——.

y=+xt en - E

5 Ifyzlthend—y=—L.
X dx x2

6 From results 1 and 3, it follows that if y = x" + X'+ X2+ .. +x then
/) =nx" +(n-Dx"F+n-2)x" +.. . +1.

X
Example 12
d
Find % for each function.
@ y=x'+x"+x (b) y=5x"—4x+3 € y=x+6x"—7x
Solution
(@ y=x'+x+x (b) y=5x"—4x+3 (€ y=x+6x"-7x
d—y=4x3+2x+1 d—y=5><3x2—4 d—y=5x4+6><4x3—7
dx dx dx
=15x>—4 =5x*+24x> -7
Example 13
Find Z—y for each function.
X
@ y=1s () y=3+"+x © y=4-5+¥x
X
Solution 1 1
@ y=x" (b) )/:3x2+xE (€ y=4-x"+x3
Y ox dy _ 1,3 dy _ oY\, 1.5
B f AR 2 =0 (127437
2 1 1 1
x3 * 2'\/; xz 33x2
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Example 14
If y=x’ — 6x, find: (a) % (b) the gradient when x=-1

(c) the coordinates of the points at which the gradient is 6.
Solution

@ y=x"-6x: %:39&—6 (b) x=-1: %=3_6=_3

(©) d—i:& 3x—6=6

d 3x*=12
=4
x=x2

x=2,y=—4;x=-2, y=4. Points are (2,—4) and (-2,4).

Example 15
If f(x) = x* — 3 + 2x, find: (@ f'(x) (b) f'(a) () f'(2) d) f'(-2)

Solution
(@ fx)= Xt = 3%+ 2x: f(x)= 4 -9x*+2  (b) f(a)= 40° - 9a* +2

©) f/(2)=4x8-9Xx4+2=32-36+2=-2 (d) f/(-2)=4x(-8)—9x4+2=-32-36+2=—66

Practical application of differentiation

In business, manufacturers create a function called the cost function based on the expenses involved in producing
their product. This function may be written ¢ = f(x) where x is the number of units produced.

The marginal cost is given by the derivative, % and represents the change in the total cost of producing one

extra unit. x

Example 16

The cost function, in dollars, for a manufacturer is given by ¢ = 0.4x” + 3x + 750, where x is the number of items
produced in a week. What is the marginal cost when x = 50?2

Solution
c=0.4x*+ 3x + 750
dc
o = 08x+3
dc
When x=50: — =0.8 x50 + 3 =43

dx
It costs $43 for an extra item to be produced when 50 items are produced in a week.
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Families of curves

Example 17
(@) For each of the functions find their derivative: (i) f(ix) = x° (ii) g(x) =x* + 2 (iii) h(x) = x* - 3.
Comment on your answers.

(b) On the same diagram, graph each of the functions in part (a) and well as the derivative function
obtained in each part.

Solution

@ (@) fix)=xf"(x)=2x (ii) g(x) = x> +2: g'(x) = 2x (iiii) h(x) — x* = 3: W' (x) = 2x
The derivative of each function is the same, 2x.

(b) This example shows that functions that only differ by a constant
will have the same derivative.

Thus when x = 0 on each function, the gradient of the tangent at
this point on each function is 0. This is called a horizontal tangent
and the point at which it occurs is called stationary point.

When x > 0 the gradient of each function is positive; for example,
when x = 1 the gradient of the tangent for each function is 2. For
x>0, as x increases the value of the gradient remains positive so
each function is called an increasing function.

4 3 —2\-1 1 /2 3 4 * When x < 0 the gradient of each function is negative; for example,
Vel = h(x) when x = —1 the gradient of the tangent for each function is —2.
For x <0, as x increases the value of the gradient remains negative
so each function is called a decreasing function.

2 1
=3
—4 L

This shows that for a given derivative, f’(x), there are many
functions that will give this derivative, each one differing by a
constant. For example, f(x), f(x) + 1, f(x) — 2, f(x) + ¢, where c is
a constant, will all give f’(x) as their derivative.

Properties of the derivative

1 Ifflx) is a polynomial then the degree of f’(x) will be one less than the degree of f(x)

f’(x) is also a function.

Functions that only differ by a constant will have the same derivative.

If the derivative is a constant then the original function increases or decreases at a constant rate.

a b WODN

If the derivative is itself a function of the variable, then the original function will increase and/or decrease at a
variable rate.

Example 18

On the same diagram, draw the graph of each function and its derivative.
(@ flx)=2x
(b) g)=x
(€) h(x)=x"—-3x

(d) Describe the rate of change of each function.
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Solution
The derived function is shown as a dashed curve.
(@ flx)=2x:f"(x)=2 (b) g(x)=x":g"(x)=3x"
p .
8 1
7 L
y=fx)
6 |
5 1+
4 +
e L L
1+ j
1 1 1 1 4 x
43249 1 23 47
2 4
341
4 L
(©) hx)=x-3x:HW(x)=3x"-3 (d) In(a), f(x) =2x is a straight line which has
7 i a constant gradient. This is verified by the
A gradient function f”(x) = 2.
o6+ : . .
| | In (b) g(x) = x° is a cubic function whose
R radient function, ¢’(x) = 3x%, is zero when
l ! g &
: T ’ x =0, but positive elsewhere. This means that
y=b, 2T | [y=he g(x) is an increasing function. When x > 0,
N then as x increases g(x) also increases at an
\T increasing rate. x = 0 is a stationary point
— —H—— on g(x).
43 o 4PN\ S2 3 4 7 2 s _ ) )
T In (c), h(x) = x” — 3x is a cubic function whose
‘2\ T, gradient function, h’(x) = 3x* — 3, is zero when
B3 x = 1. Stationary points occur when x = %1.
-4+ For |x| > 1 then h’(x) > 0 and h(x) increases as
-5+ x increases over those domains. For -1 < x < 1,
6+ K’ (x) < 0 and h(x) decreases as x increases over
1 that domain.

EXERCISE 7.6 STANDARD DERIVATIVES

1 Find the derivative of:
@ y=3x"+2x-1 (b) y=4x—3x (€) y=7x—4x
(d) y=x"+x"+1 € y=x-x"+x () v=>L+42-2t+5

2 Find the derivative of:

3
@y=x O y=2 @y=2x @v= @ hm="1r O f)=1
m X

Chapter 7 Introduction to differentiation
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3

10
11

12

13

14

15

16

17

4
If g(x)=x3,theng’(x) = ...

1
A g’(x)=4x% B g’(x)=i1 C g’(x):x% D g/(x):%xg
3x°
Expand each expression and find %
@ y=x-1)(x+2) (b) y=3x(x"-2) (€ y=(x-3)
d) y=(x—-4)(x+4) (e) y=02x-3) f y=(x-2)(x+1)(3x+1)
Write the derivative of each function.
(a) f(x)=3xz—2x3 (b) g(x)=4x(1—x3) () v(t)=3 -2 +5t+4
(d) y=ax’ +bx’+cx+d (e) y=3x+4 ()] :%,xio
Find f(x).
(@ f(x)=x+x (b) f(x)=x2+% () f(x)=x2+x+1+%+é
(d) f(x):,ﬁ 3 ©) f(x):(x—%)z M flx)=xVx
For f(x) = 3x* — 2x + 7, indicate whether each statement is correct or incorrect.
@ f'x=6x-2  (b) f(0)=7 () f(1)=8 d f(2)=10
For each of the following functions, find the value of x for which f’(x) = 0.
@ fx)=x"—4 (b) f(x)=2x"—6x € flx)=x"—4x"
Find the gradient of the curve y = x* — x — 6 at the points where y =0.

If f(x) = x° —x* — 6x + 1, find the values of x for which f'(x)=-5.

Show that the graph of y = x* + 4x — 12 crosses the x-axis at two points. Find the gradient of the curve at these
points.

For the graph of f(x) = (x — 1)?, find the values of x for which:
@ f(x)=0 (b) f'(x)=0 © fx)=-1
Find the coordinates of the points on the curve y = x> — 5x + 6 at which the tangent:

(@) makes an angle of 45° with the x-axis
(b) is parallel to the line with equation 3x+y—-4=0
(c) is perpendicular to the line with equation 2y —x+ 3 =0.

Find the x values of the points on the curve y = %xz’ - %xz + 2x +1 at which the tangent:

(@) is parallel to the x-axis

(b) makes an angle 0 with the x-axis such that tan 6 =2

(c) is parallel to the line y — 6x —1=0.

Find the coordinates of the points on the parabola y = x* — 2x — 8 at which:

(@) the gradient is zero (b) the tangent is parallel to the line 2x+ y =7.

The cost function, in dollars, for a manufacturer is given by c = 0.6x> + 4x + 650, where x is the number of
items produced in a week. What is the marginal cost when x = 40?

2
The profit function, in dollars, for a manufacturer is given by the function P = 6x — % — 10, where x is the
number of items produced in a day up to a maximum of 6 items.

(@) If the break-even point is when the profit is zero, what is the break-even point for this manufacturer?

(b) Find 92
dx dP
(c) For what values of x is T > 0?
X
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18 The value, in dollars, of a machine is given by v = 40 000 — 4000¢, where t is in years and 0 < t < 10. How fast is
the value falling with respect to time when t =2, t =5 or at any time, ¢, in its domain?

19 (a) Find Z—y for each of the following functions:
X

() y=x"+3x (i) y=x*+3x+5 (i) y=x"+3x—7

(b) What do you notice about each of the answers in (a)?
20 (a) Given f(x) =x"+ 3, find f’(x).

(b) On the same diagram sketch the graph of y = f(x) and y = f"(x).
21 (a) Given f(x)=x"— 1, find f’(x).

(b) On the same diagram sketch the graph of y = f(x) and y = f"(x).
22 (a) Given f(x) =x" +x" +x, find f'(x).

(b) On the same diagram sketch the graph of y = f(x) and y = f"(x).

23 (a) If¢(x) =3 give the equations for 3 possible functions for g(x).
(b) On the same diagram, graph g’(x) and one of your functions for g(x).

7.7 THE PRODUCT RULE

In previous exercises you have differentiated the product of two functions by first expanding the product, then
differentiating term by term. Luckily there is a rule, known as the product rule, that allows you to differentiate
products without expanding first.

The product rule:
o If u and v are functions of x, and y = uv, then %(w) = v% + u%.
The product rule can also be written as %(uv) =u % + v%. You may find it easier to remember this in the form
%(uv) =y % + u%, because this is consistent with the form of the quotient rule to come later.
Example 19
If y = x’(3x + 4), find %: (@) by expanding the expression and differentiating term by term
(b) by using the product rule.
Solution
3 2 dy 2
(@ y=3x"+4x": E:%c + 8x
(b) y=x2(3x+4): u=x’ v=3x+4
du dv
E 2x, E =3
Product rule: %(w) = v%+u%
%(uv)z(?ax+4)><2x+x2 x3

=6x%+8x +3x”

=9x"+8x
The answers are the same. This example verifies the product rule.
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Proof of the product rule
If f(x) = uv, u = g(x) and v = k (x) are functions of x, then:

f)=lim flx+ h}z— f(x)

—>

§'(x)=lim glx+ h}z —g(x)

—>

k(x+h)—k(x)
h

K=
Now f(x) = g(x)k(x) and f (x + h) = g(x + h)k(x + h), so:

f(x)=lim glx+h)k(x +hh) — g(x)k(x)

_ lim{g(x+h)k(x+h)—g(x)k(x+h)+g(x)k(x+h)—g(x)k(x)}
h

_ hm{g(x+h)k(x+h)—g(x)k(x+h) N g(x)k(x+h)—g(x)k(x)}

h—0

h h

{g<x>(k<x+h>—g(x>)}
h

h—0

+ lim
h—0

e {koc st +h>—g(x))}

h—0

g(x+h)—g(x)} k(x+h)—g(x)}
h

kol T

=k(x)g'(x)+ g(x)k'(x)

d )=y U, dv
Hence a(w)_vdx-'_udx'

Example 20
Use the product rule to differentiate y = (3x + 2)(2x° — 3x + 4).

Solution
y=(3x+2)(2x2—3x+4): u=3x+2 v=2x"—3x+4

du _ AV _ e
=3 To=4x-3

oA ()= du dv
Product rule: dx(uv)—vdx+u »

%:(sz—3x+4)><3+(3x+2)><(4x—3)

=6x>—9x+12+12x>—9x+8x—6

=18x" —10x+6
You can check this answer by expanding the function in the question and then differentiating term by term.

EXERCISE 7.7 THE PRODUCT RULE

1 Use the product rule to find the derivative of each function.

(@ y=x-2)(6x+7) (b) flx)=(2x+1)(x+3) (c) y:(3x+4)(x2—2x)

(d) g(x)=(x-1)(x*-3x) (€ y=(2x"—5x)(x—2) M f(x) =" —4x0)(x"+3)

(@ y=(x-1)Bx+5) (h) f(x)=(x"~5%)(2x+3) () g0 =x—-1)(5¢~7)
2 Ifg(x)=(3x— 1)(3x*+ 1) then g)=...

A g’(x)=27x2—6x+3 B g¢g'(x)=18x

C g’(x)=3+6x—9x2 D g’(x)=9x3—3x2+3x—1
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3 For f(x) = (x* — 1)(2x + 3), indicate whether each statement is correct or incorrect.
@ f'(x)=6x (b) f'(x)=8x+9x* -2 (€ f(0)=-2 d) f(0)=-3

4 For g(x)=(x2+5x)(x3+x2+ 1), find: (@ ¢g'(x) (b) ¢’(1) (c) g'(-2)
5 Find%for: @ y=+x(x-1) (b) y:x(&_l) ©) y:x(%H)

(d) y=(3\/;+1)(x2+4) (e) yz(x+%)(x—%) (f y=(x2+%)(l+\/;)

7.8 THE CHAIN RULE

The chain rule is also known as the ‘composite function rule’ or the ‘function-of-a-function rule’ This rule allows
you to differentiate functions such as f(x) = (x* — 5)” without having to expand.

Example 21
Differentiate each function after expanding the parentheses. Factorise your answer.
@ flx)=@x-5)° (b) g(x)=(*-5)°
Solution
@ f(x)=(*-5)"=x"—10x"+25 (b) g(x)=(x*—10x* +25)(x* - 5)
f(x)= 4x> — 20x =x°— 15x* + 75x* — 125
= 4x(x* - 5) g (x) = 6x° — 60x” + 150x
=2x % 2(x* - 5) = 6x(x* — 10x* + 25)

=2x X 3(x* = 5)°

There is a pattern in the answers to Example 21. In each case, 2x is the derivative of x” and the second part looks a
s 1: d ny\ _ n-1 _
bit like E(u ) =nu"" where u = h(x).
du

Let u=(x*—5) so thatEZZx. This allows you to write:
fx)=u* g =v
"(x) =2x X 2u "(x) = 2x % 3u”
') g'(x)
’ _ @ ’ _ 2 @
f(x)—Zuxdx g'(x)=3u de

Ify=f(x)= [h(x)]% where u = h(x), then you have y = .

Hence, the chain rule: If f(x) = u(h(x)) then f'(x) = u’(h(x)) h’(x)
OR f'(x) = % (f(x)) % % for any differentiable function f.

x
Y _dy du
dx du’ dx
You can check this rule using Example 21(b):
y=(x"—5)" y=u’ whereu=x"-5
Y 57 and -
i =3u” and o 2x
e Do du
Chain rule: I = du X I
dy _, 2
a =3u" X2x

2 2
= 3(x2 - 5) X2x = 6x(x2 - 5)
This is the same as the derivative obtained by expanding the function and differentiating term by term.
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Proof of the chain rule

The chain rule: if y = f(u) and u = g(x) then %

Using first principles, you can write:

and

If k=g(x+h)—g(x) then g(x + h) zg(x) + k
If h — 0 then g(x +h) — g(x) and thus k — 0.

du
hao(
kao(

(x+h) g(x))

k—0

f(u+k) f(u)) lim (f(g(x)+k) f(g(x)))_

Using first principles, you can write: E li 0( flglx+ h)) f( g(x)))

=lim f(glx+h)—fg(x)) glx+h)—g(x)

s g(x+h)—g(x) h

_ f(g(x+h)- f(g(x)) g(x+h)—g(x)

_},123( glx+h)—g(x) ) }zl—>O( h ]
(f(g(x)+k) f(g(x))] ( glx+h)- g(x))

k—>0 heO
=2 x
Example 22

Use the chain rule to find the derivative of each function.

(@ fx)=(C2x+ 1)?

Solution
(@ Letu=2x+1 so %:2
fR)=w  s0 L(f(x))=2u
Hence: f’(x)=%(f(x))x%
=2ux?2
=4(2x+1)

—a_ 2 du _ _
(c) Letu=4—-x" so ol 2X

y=\/; sod—y——

Hence: @ = @ % du

dx  du’ dx

2\/_><( 2x)
_\/4—x2

(b) g(x)= (2x* —3x+1)*

(€ y=+v4-x°
(b) Letu=2x*-3x+1 so @:4x—3
dx
_ 4 d

g(x)=u $0 E(g(x))zélu3

iy d du

Hence: g’(x)= du(g(x))xdx

— 44% X (4% —3)

= 4(4x-3)(2x* =3x+1)’
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Example 23
Find f'(¢) if f(t)=tVt>—9.
Solution
This example requires both the product rule and the chain rule.
_ du _
u=t P 1
. . 2 dv _1(,2 —
Chain rule: v=At" =9 E—E(t —9) 2 X2t

Y/

Product rule: %(u) v@+ v, () =N —9xX1+tx

dt dt’ -9
2
=V —9+—-L
2 -9
£’ -9+t
Write with common denominator: e
)

_28-9
? -9

EXERCISE 7.8 THE CHAIN RULE

1 Use the chain rule to differentiate:

@ y=@x*—4) (b) f(x)=+5x- © y=("-3x)"
(d) y=Qx+5)" (€) f()=Rt*+3t (M gx)=@x"+5x—4)"
(@ f(x)=vx*—2x (h) f(5)=(F+4)" () y=+25-2°
2 Iff(x)= (x*—1)° then f’(x) =
A 3 -1)* B 15x%x’—1)* C 5xX*(x*-1)* D 15x
3 Find the derivative of each function.
@ y=+x*-4 (b) f(x):(xz—kl)% © y=Q1+2x)"
(d)y v= (m* +25)* () y=(2x- 1)° M gt)=xt+1
(@) f(x) =3 - 20— 1)* () f()=(P+4) 0 y=(x-1)
4 For g(x)= x? +5x +3/x* — 4, indicate whether each statement is correct or incorrect.
@ g'(x)= %’C(x2 - 4)% (b) g(x)=4x
(©) g'(x)=zx+5+27x(x2—4)’§ (d) g'(x)=2x+5+—2%
3(x2 - 4)5
5 Find the derivative of each function.
(@) y:(x—?a)(3x+4)6 (b) f(x):xlel—x2 () h(Hh=FL+4-1*
d) y=vi-x+l+x € y=f-1+1+p" f g(x)zx(l+%)2
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This rule is a special application of the product rule.

Consider: If u and v are functions of x, and y = u X %, v # 0, then by the product rule
d 1\_ldu_  d(1
E(ux;)— v dx +udx(")
. d(u\_ldu  d (-
Hence: dx(V)_de+udx(V )
—ldu —1 X v using the chain rule
Vdx dx .
Hence, the quotient rule:
_td_udy If u and v are functions of x, and y = %, v 0
“Vidx 7 dx o If uand v are functions of x, and y = 35, v#0,
du dv
y iy, dv dy _Vdx "dx
__dx dx then == = :
2 Vv
%
Example 24
Use the quotient rule to differentiate each function: (@) y= % b) f@)= 1 e
Solution
@ y= Z;C"‘; u=2x+1 v=4x-3
du _, av_,
dx dx
pdu_ dv
Quotient rule: dy __dx dx
dx vz
dy _(4x-3)x2-(2x+1)x4
dx (4x-3)
_8x-6-8x-4
(4x -3)
-_ =10
(4x —3)?
Because the function is only defined for x 23 1 the same restriction applies for the derivative.
b) f(t) =1 =1+¢
(b) f(t)= 1+t " Y
Gl LAREY,
dt dt
@ _u v dv
Quotient rule: f(t)= M
v
o (1+8)x1—txot
f6)= o~
(1+¢%)
_1+£2-2¢
(1+¢ )2
__1-¢
(1+¢ )2
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Example 25
[ 2
Find the gradient of the tangent to the curve y = i;f at the point where x = 0.
Solution
To find Z you have to use both the chain rule and the quotient rule.
2
y= i;f u=+4-x> v=x+1
1 dv _
% %(4—x2)2x(—2x) dx !
_ =B
4-x
v
i . 4y _ “dx < dx
Quotient rule: o 7
(x+1)X ——2— —J4—x? x1
d_)’= Vi—x’
dx (x+1)°
-1 x(x+1) \/—
+v4—x
(x+1)° (\/4 x> J
-1 X +x+4-x
(x+D*\ a—x
__ —(x+4)
(x+1)V4—x*
o, Y 4
Where x = 0: e =12 2

EXERCISE 7.9 THE QUOTIENT RULE

1 Use the quotient rule to differentiate each function.

-1 _3x-7 2t+5
@ y=7 (b) flx)=3227 © ()=
@ fO=——t— @ hm=TENEE g e
x> —5x+6 2n—1 3
_4x’ _4x’ -2 , L
@ y=52 () =25 M vin=5t
x+1 dy
2 Ify— then I
1-2x—x 3x* +2x+1 c l=2x-x’ p 3x’+2x+1
21Y ‘41 x*+1 2
(x +1) x + (x +1)
3 Differentiate each function with respect to x.
x+1 _(x+1)? __ X
(a) y=3% b) f(x)=t © y= 5
(2x+1)° X _(x+1 2
d y=-"—=5 e = —(x+1L
@ =y @ )= (0 :

Chapter 7
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4 f(x)— ‘/_
or 1ncorrect.
X" +1)X—F— x/_><2x x2+1—2x\/;
A f’(x)—( oz B =2
(x +1) (x +1)
c ()_x+1 4x D f/(x)= 5x2+12
S (e e1) T R e)
5 Find the derivative of each function.
@ y=(—4)(x+2) () f(x)=4x?—2x 4657 (¢) y=5x1
@ g=r+@-1 (@ y=i*2 ® S =Vx+2
— 2 — _z+4 . _ 1
(@ y=x"—-5x++x-2 (h) f(z)_2z—1 (i) y_7x2—2x+2
i) fO=(P-70x+1) K y=G+1)Vx 0 g(x)= \“‘2“1
X+

6 Show that the gradient of the tangent to the curve y = —~ I is zero twice,atx=—l and x=1.
X"+

7.10 TANGENTS AND NORMALS TO A CURVE

Differentiation gives the gradient function of a curve. This function can be evaluated at a point on the curve to
obtain the gradient of the curve’s tangent at that point. The point-gradient form of the straight line can then be used
to find the equation of that tangent.

A normal at a point on a curve is the line that is perpendicular to the tangent at that point. Because the lines are
perpendicular, the gradient of the normal can be obtained from the gradient of the tangent at that point.

MAKING CONNECTIONS O

Tangent and normal to a curve
Move the sliders to explore the relationship between the tangent and normal to a curve.

Example 26
Find the equation of the tangent and the normal to the curve y = x* — 4x + 4 at the point on the curve where x = 3.

Solution
x=3,y=9-12+4=1so the point is (3,1)
dy
— o2 _ . 2 _ _
y=x"—4x+4 I 2x—4
Ay e 4=
x=3: 5—6—4—2
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Equation of the tangent (from point-gradient form): y—1=2(x—-3)

y=2x-5
. _ il _ 1 _ : :
Gradient of normal = EE e e (Remember m, X m, =1 for perpendicular lines)
Equation of the normal (from point-gradient form): y—1=— % (x=3
2y—-2=—x+3
x+2y—-5=0

Example 27
Find the equation of the tangent and normal to the curve y = +/x at the point on the curve where x = 4.
Solution
Draw a sketch. Pointisatx=4, y=2: yzx%: d—y—lx_% = L
’ dx 2 2%
dy _ 1 _1
x=4: E = 2\/2 4
For (4,2), m= i, tangent is: y—2= i(x —4)
4y—8=x—-4

The equation of the tangent is x — 4y + 4 =0.
For (4,2), m =—4, normalis: y—2=—-4(x—4)
The equation of the normal is 4x + y — 18 = 0.

Example 28
3
Find the equation of the tangent to the curve y = % — x> — x + 1 at the points on the curve where the

tangent is parallel to the line 7x — y + 5=0.

Solution

_x_3_ 2 X 4+1: d—y:x2—2x—1

YT T X T dx

Gradient of 7x — y + 5 =0: m=7
Solve: x=2x-1=7
x*—2x—8=0
(x—4)(x+2)=0
x=-2,4
11 7

Atx:Z,y:—?;atx:4,y:§.

At (— ,—%1), tangent is: y+%=7(x+2) At(4,%), tangent is: y—%=7(x—4)
3y+11=21x+42 3y—7=21x—-84
21x—3y+31=0 21x—-3y—-77=0

Example 29

Find the points of intersection of the parabolas y = x* — 2x and y = 4x — x°. Sketch the parabolas and find the
angle between the parabolas at their point of intersection in the first quadrant.
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Solution y
y=x"—2x,y=4x—x’, intersection at: ~ x* —2x=4x—x (3,3)
2%* —6x=0 «
2x(x—3)=0
x=0,3 y=0,3 0 B
Curves intersect at (0,0) and (3, 3). Intersection point in the first quadrant ¢ 2/ ‘;\ \ *

is (3,3). The angle between the curves at this point is the angle between their
tangents at this point.

dy
— 22 Dy = —
For y =x" - 2x: g 25g=2

At (3,3): %:6—2:4 Hence tan =4, so 6=75°58’

For y=4x — x*: ——=4-2x
At (3,3): & 4—6=-2 Hence tan f=-2, so B=180°—63°26" = 116°34’

Now = o+ 6 (exterior angle of a triangle), so ot = 116°34" — 75° 58" = 40°36’.

EXERCISE 7.10 TANGENTS AND NORMALS TO A CURVE

1 Find the equations of the tangent and normal to the curve y = x” at (2,4).

2 Find the equations of the tangent and normal to the curve y = 3x — x” at (0,0).

3 The equation of the tangent to the curve y = x* — 5x + 6 at (3,0) is:
A y=x-3 B y=x+3 C y=—x-3 D y=—x+3
4 Find the equations of the tangent and normal to the curve y = 2x” + 3x — 4 where x=0.
5 Find the equations of the tangent and normal to the curve y = 2x” — 4x + 1 where the gradient is 4.

6 Find the equations of the tangent and normal to the curve y = % at the point where x = —2. Indicate whether

each statement below is a correct or incorrect step in answering this question.

& _1 1) A1
@ = ®) at(-2-3) =4
(c) Equation of tangentisx+4y+4=0 (d) Equation of normal is 8x —2y+15=0

7 Find the equations of the tangent and normal to the curve y = 3 — x — x” at the point where the curve crosses
the y-axis.

8 Find the equations of the tangent and normal to the curve y = 3x’ — 7x” + 2x at the point where x = 2.

2
9 The straight line y = x + 2 cuts the parabola y = % — 2 at two points P and Q. Find the coordinates of
P and Q. Also find the equations of the tangents to the parabola at P and Q and the coordinates of the point of

intersection of these tangents.
10 Find the equations of the tangents to the parabola y = 4x — 3x” at the points where the parabola cuts the x-axis.
11 Find the equations of the tangent and normal to the parabola y = 2x* — 4x + 1 at the point of zero gradient.

12 Prove that the parabolas y = 2x* — 6x + 5 and y = x* — 2x + 1 touch at a point and find the equation of their
common tangent.
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13 The line y = x + 4 cuts the parabola y = x* — 2x at two points A and B. Find the size of the angles that the
tangents to the curve at A and B make with the x-axis.

14 Theline y=x + 1 cuts the parabola y = x* — x — 2 at two points P and Q. Find:
(@) the coordinates of P and Q (b) the equations of the tangents at P and Q
(c) the coordinates of the intersection point of these two tangents.

15 Find the equations of the tangents to the parabola y = x* — 2x + 4 at the points where:
(@) the gradient is zero (b) the tangent is parallel to the line y =2x + 1.

16 Find the equations of the tangent and normal to the parabola y = 2x* — 5x + 1 at the point on the parabola
where the gradient is 3.

17 The normal to the curve y = (x + 2)* at the point A(=3, 1) meets the curve again at B. Find
(@) the equation of the normal (b) the coordinates of B
(c) the angle at B between the curve and the chord AB.

18 The line y = x — 2 cuts the curve y = x’(x — 2) at two points A and B. Calculate the angles that the tangents to
the curve at A and B make with the x-axis and hence find the angle between the tangents.

19 Find the equations of the tangents to the curve y = (x* — 1)(x — 2) at the points where the curve crosses
the x-axis.

20 Find the coordinates of the points on the curve y = x*(2x — 3) at which the tangent is parallel to:
(@ theliney=12x-1 (b) the x-axis.

7.11 THE GRADIENT AS A RATE OF CHANGE

Consider the linear function y = f(x) = 3x + 2. An increase of h in the value of x leads to an increase of 34 in the
value of y. For any value of h, h # 0, y increases by an amount equal to three times the increase in x.

You can say that ‘the rate of change of y with respect to x is 3> The 3 is the gradient of the line. Because the gradient
in this case is constant, y increases at a constant rate.

f(x+h) —f(x))
2 .

(This should remind you of differentiation from first principles, where the gradient of the function =
Consider the function y = f(x) = 2x” at the point (1,2):
Flx) =24 f(1)=2 f(l+h)=2(1+h)’=2+4h+2hK
k=f(1+h)—f(1)=2(1+h)>-2=4h+2K

k_
ﬁ_4+2h’h¢0

Thus when x changes by an amount £, from 1 to 1 + k, f(x) changes by an amount k = 4k + 2h’; that is, the value of
the function changes by an amount that is (4 + 2h) times the amount of the change in x.

The ‘average rate of change of y with respect to x” = 4 + 2h. This rate varies with h.
Ash—0,4+42h—4,ie. f'(1)=4. The number 4 in this case gives you:

(@) the gradient of the tangent at x=1
(b) the rate of change of y with respect to x at x=1.

This concept of the derivative as a ‘rate of change’ is very important in differential calculus. For example, there are
many practical situations in which the change in a physical quantity depends on time:

o Ifavessel is being filled with water, the volume V of the water in the vessel is a function of time. Lii—‘t/ is the
rate at which the volume changes, which may or may not be a constant rate.

o The population P of a town may increase or decrease with time. % is the rate of change of population with
respect to time.
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 Asaspherical balloon is being inflated, ii_‘t/ is the instantaneous rate of change of its volume with respect to

time. Its spherical radius is also increasing, so % is the rate of change of the radius with respect to time.
4

Because a sphere’s volume is given by V = §7Z'1’3, we have Coli—‘r/ = 47r’, where Ccli_‘r/ measures the rate of change

of volume with respect to the radius.
Note: When dealing with time ¢, you will only consider ¢ > 0, so you will use the term initially to mean ‘at time t =0’

Rates of change have many applications in physics and chemistry. Boyle’s law for gases states that ‘the pressure P of a
given mass of gas varies inversely with the volume V’, so that P is a function of V where:

ko

P——V—kV
dpP _ k—tfh f ith tt 1
W_—F—raeo C angeo pressure W1 respec O volume.

The negative sign indicates that an increase in V leads to a decrease in P.

Proportion

If two variables are in direct proportion, this means that their absolute values vary in the same direction: as

the magnitude of the independent variable increases, the magnitude of the dependent variable will increase
proportionally (and vice versa). Mathematically, the two variables are linear functions of each other (e.g. y = kx).
Inverse proportion means that the absolute values of the variables vary in opposite directions: as the magnitude of
the independent variable increases, the magnitude of the dependent variable will decrease proportionally (and vice
versa). Mathematically, the two variables are the inverse (reciprocal) of each other (e.g. y= k)

<)
Example 30
The volume V litres of water in a tank is given by V = 4t + 30, where t is in seconds.

(@) How much water is in the tank initially? (b) At what rate is water flowing into the tank?
Solution

(@) ‘Initially’ means t =0, as we are dealing with time ¢ > 0.
When ¢ =0: V=30
Initially there is 30 L of water in the tank.

_ . dv _
(b) If V=4t + 30: o =4

Water is flowing into the tank at a constant rate of 4 litres per second (L sh.

EXERCISE 7.11 THE GRADIENT AS A RATE OF CHANGE

1 A trench is being dug by a team of labourers who remove V cubic metres of soil in f minutes,
2
where V=10t - %
(@) State the domain of the function, i.e. the values of t during which soil is being removed.
(b) At what rate is the soil being removed at the end of 40 minutes?
(c) Are the labourers working at a constant rate?
(d) What is their initial rate of work, i.e. when t = 0?
(e) At what time are they removing soil at the rate of 5m’ per minute?

2 When some concentrated chemical solutions are allowed to evaporate slowly, crystals are formed. The surface
area of a particular crystal is given by A = 0.6£>, where A is in mm” and ¢ is in days. The rate at which the
surface is increasing after 4 days is:

A 9.6mm?*/day B 12.8mm®/day C 0.6mm*/day D 4.8mm?*/day
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3 A cube of ice has an edge length of 10 cm. It melts so that its volume decreases at a constant rate and the block
remains a cube. If the edge length measures 5cm after 70 minutes, find:

(@) the rate at which the volume decreases (b) the volume at any time ¢.
4 A water tank is being emptied. The quantity Q litres of water remaining in the tank at any time t minutes after
it starts to empty is given by Q(¢) =1000(20 — £)% > 0.
(@) At what rate is the tank being emptied at any time £?
(b) How much time does it take to empty the tank? (When is V' =0?)

(c) At what time is the water flowing out at a rate of 20000 litres per minute?
(d) What is the average rate at which the water flows out in the first 5 minutes?

5 The following table shows the temperature T degrees Celsius (°C) of water in a vessel, initially at 100°C, after # minutes.

t(min) | 0 5 10 15 20 25 30
T(°C) | 100 85 74 64 56 48 44

Plot the graph of this data to show the relation between temperature and time. From the graph, estimate the
rate at which the temperature is falling:

(@) after 15 minutes (b) when the temperature is 80°C.
6 A machine manufactures items at a variable rate given by i—? =2t+1,t >0, where Q is the number of items

manufactured in a time t minutes.

At what rate is the machine working: (a) initially (b) after 10 minutes?

7 If the area of a circle is given by A = 717, show that the rate of change of the area with respect to the radius, Z—’:‘,
is proportional to the radius. Find this rate when the radius is 2 cm.

8 A right circular cylinder of volume V has height h and radius of its base r. Find:

(@) the rate of change of volume with respect to height, if the radius of the base is constant
(b) the rate of change of volume with respect to the radius of the base, if the height is constant.

9 The pressure P and volume V of a given mass of gas at constant temperature are connected by the formula

_ .1 4P _
PV =500. Find Fiia when V=10.

10 Using the straight-line method of depreciation, it is found that after ¢ years have elapsed the value V of a
certain machine is given by V' =40000 — 5000¢, where 0 < ¢ < 8.

(a) Find ii_‘t/ and interpret your result. (b) What is the value of the machine after 3 years?

11 The revenue function for a particular manufacturer is R = x(15 - L), where x is the number of units of the

30
product sold. If the marginal revenue is given by 3—5, find the marginal revenue when:

(@ x=6 (b) x=15 () x=225

7.12 VELOCITY AND ACCELERATION AS A RATE OF CHANGE

Particle is the term used for a body that behaves such that all forces acting on the body can be regarded as acting
through a single point. This means that you can represent the body as a single point, regardless of its actual size
and shape. This definition of a particle means that quite large bodies, e.g. trains, can still be classified as ‘particles’
provided this condition applies.

Displacement
- Consider a particle, which can be represented by a point P, moving in a straight line X’OX.

I The displacement x is the particle’s position relative to the fixed point O. It may be a

X o a p X positive or negative number, according to whether P is to the right or left of O. The origin
of the motion is not necessarily at O, so when t =0, P may be (for example) at the point A.
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Displacement is defined as the position relative to a starting point. It can be positive or negative.
Displacement does not necessarily represent the total distance travelled.
Unlike displacement, distance is always a positive quantity.

Velocity

Consider the equation x = f(¢) that gives the position coordinate x of a particle moving in a straight line at time ¢.

* At time t, the particle is at A, and at time (¢ + h) the particle is at B, as shown
in the diagram. Thus in the small time interval / the particle has changed its
position by an amount k = f(t + h) — f(¢).

L D t+h, fit +h) The average velocity in this time interval = k_ M, h#0.
aboec D ke - o h h
L The instantaneous velocity of the particle at time ¢ is defined by
0 t t+h t lhimw. It may be denoted by v(t), f’(t), % or x.
—0

Velocity is defined as the rate of change of position (i.e. of displacement) with respect to time, or as the time rate
of change of position in a given direction.

e _dx _ .y f+h) = f(£)
MO =f0)=g =%=lim=—}
Velocity can be positive or negative, depending on the direction of travel.

Speed is the magnitude of the velocity and is always positive.

Example 31
Consider the equation x =5 + 4t — £, which defines the displacement x metres from O at time ¢ seconds
(for t = 0) of a particle moving in a straight line.

(@  Find the velocity function. (b) Discuss the sign of the velocity over 0 <t <6.

Solution
dx

(@) Forx=5+4t—t: V=E=4—2t

() The diagram at left is the graph of the displacement
2 _\ function. The diagram at right is the graph of the

129

()=4-2t velocity function.
o When t=0, v=4 and the particle is at point A.

o When t=2, v=0 and the particle is at rest at B. For
the first 2 seconds of motion the particle is moving
in a positive direction with a positive velocity.

-84 (6,-8) « When ¢ =3, v=-2. This negative velocity means
that the particle is moving in a negative direction
(i.e. ‘backwards’) with a speed of 2m st

« When t =6, v=-8. The particle is moving with a
speed of 8ms™" in the negative direction and is
at the point C.
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Over 0 <t < 6, the particle moves from A to B to C. Its final displacement from O is =7 m. The total
distance travelled is 20 m, which includes the distance from A to B (4 m) plus the distance from
Bto C (16m).

After the particle was at rest (at ¢ = 2 seconds), it reversed its direction and was then moving in the
opposite direction.

Also, when t =3, v=-2 and x = 8. The particle has moved from a displacement of 9m to a displacement
of 8 m. The displacement has decreased, so its rate of change (i.e. velocity) is negative.

Acceleration

Acceleration is defined as the rate of change of velocity with respect to time. Acceleration, like velocity,
can be positive or negative. Positive acceleration indicates that the velocity is increasing, while negative
acceleration indicates that the velocity is decreasing, which is often called deceleration or retardation.

(Note that ‘increasing velocity’ is not necessarily ‘faster speed, it only means acceleration in the direction of
positive displacement.)

If you denote the velocity by v(f), then the average acceleration over the time interval from ¢ to (¢ + h) is w .

The instantaneous acceleration at time ¢ is defined by %imw . It may be denoted by v'(t), a(t),

—0

a(t) =V'(t)=%=x‘=hmw

The notations for the acceleration involving double differentiation are introduced here for completeness. They will
be formally introduced in Chapter 14.

Example 32
A particle is moving in a straight line such that its displacement x m from a fixed point O on the line
at time ¢ seconds (for ¢ > 0) is given by x = £’ — 12t + 16. Find:

(@) the particle’s initial displacement, velocity and acceleration

(b) the time when its velocity is zero, and its displacement and acceleration at this time.

Solution
(@) x=£—-12t+16 (b) v=0: 3t -12=0
v:%zg,tz_ 1 Factorise:  3(t—2)(t+2)=0
dv St=2,-2
a=—-=06t o
dt But ¢ > 0, so the particle is at rest at 2 seconds.
W ESIBESIE VL 2 Whent=2: x=8-24+16=0, so the
Initially the particle is 16 m from O, moving particle is at O.
. X -1 .
w1thave.loc1ty of -12ms " and with zero =12 o paedbeifan i 19
acceleration.
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It is worth looking at the graphs of the functions for x, v and a:

From the graphs we can see that the

acceleration, after initially being zero,

is positive and increasing at a constant

rate. As a > 0, the velocity is increasing

at all times. During the first two seconds

16 4 the particle moves from 16 metres on

121 the positive side of O back to O, with an

0 h E increasing negative velocity. After

2 seconds the particle is at rest at O
(v=0). It then moves back in a

2 127 0 2 positive direction with an

increasing velocity.

x v a

Q

Summary of important motion terms

‘initially’: t=0 ‘at the origin’:

‘at rest’: v=0 ‘velocity is constant’:

Units and symbols

Physical quantity Unit Symbol
Time s t
. X
Displacement cm, m (or s in Physics)
Velocity cms ', ms’ v, %, X
- 2 e dv d’x
Acceleration cms S, ms @ 10 R b

Note that s’ is the abbreviation for second, ‘cm’ for centimetre and ‘m’ for metre.

Constant acceleration due to gravity =9.8ms > (=<10ms )

EXERCISE 7.12 VELOCITY AND ACCELERATION AS A RATE OF CHANGE

1 A particle moves in a straight line so that its displacement x m from a fixed point O on the line at any time ¢
seconds (t > 0) is given by x = t* — 5¢ + 6. Find:
(@) its initial displacement (b) its initial velocity
(c) when it first passes through O and with what velocity
(d) when it passes through O the second time and with what velocity
(e) when and where its velocity is zero.

2 The displacement x m at time ¢ seconds (t = 0) of a particle moving in a straight line is given by
x =2t —t*+ 4t + 1. Its acceleration is given by:

A a=28—F+4t+1 B a=6-2t+4 C a=12t-2 D a=12
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3 The displacement x m at time ¢ seconds (¢ > 0) of a particle moving in a straight line is given by x = t* — 5¢ + 4.

(b) What is the acceleration at this time?
(d) At what time is the velocity §ms'?

(@) At what time is its velocity zero?
(c) What is the distance travelled in the first 4 seconds?

4 A point moving in a straight line is distant x m from the origin O at time ¢, where x = 2t* — 15¢* + 36t.

(@) Find the velocity and acceleration at any time ¢.

(b) Find the initial velocity and acceleration. (c) At what times is the velocity zero?
(d) At what time is the acceleration zero? Find the velocity and position at this time.

(e) During what interval of time is the velocity negative?

5 The displacement x m at time ¢ seconds of a particle moving in a straight line is given by x=2£’ — 9 + 12¢ + 6. Find:

(@) when its acceleration is zero, and its velocity at this time
(b) when its velocity is zero, and its acceleration at this time.

6 Two bodies move along a straight path, starting at the same time, so that their displacement x m from a fixed
point O at any time ¢ is given by x = t + 6 and x = £* + 4 respectively. At what times are they:

(@) together (b) travelling with the same velocity?

7 The velocity v ms™" at time ¢ seconds (¢ > 0) of a body moving in a straight line is given by v = 6¢* + 6t — 12.
Its initial displacement is 7m from O. Find:

(@) the acceleration when the velocity is zero (b) the initial velocity and acceleration.

8 Two cars A and B travel along a straight road in the same direction. Their respective distances x km from a
fixed point O at any time ¢ hours are given by the following rules:

A: x=50t-20f B: x=80f+20t
(@) Calculate each car’s speed at the point O.
(b) At what time are the cars travelling at the same speed?
(c) Both cars reach a point Q at the same time. Calculate the distance from O to Q.
(d) A third car, travelling at uniform speed, is 2km ahead of A and B when they pass the point O. If this car
arrives at Q at the same time as A and B, find a rule connecting x and ¢ for it.

9 A particle moves in a straight line so that its displacement x(t) from a fixed point in the line at time ¢t > 0 is

given by x(t) = 3 + 4t — 5v/t” + 4. Find the particle’s displacement when it comes to rest.

10 A particle is moving so that, for 0 < t < 1, its velocity is positive and its acceleration is negative. Which graph

could represent the displacement function of this particle?
X

A * B C x D x
} -~ | |
0 Tt 0 T 5 i - e
CHAPTER REVIEW 7
1 Find the following limits.  (a) lim 1=4% (o) lim* =27
8 ’ x—% 1-2x x—3 X—3
2 2 3
2 Evaluate: (a) limM (b) lim Q+h) -4 (€ lim (1+h) -1
h—0 h h—0 h h—0 h

3 Find W h#0, for f(x) = 2x* — 3x.

4 For f(x) = x* + 6x + 8, find:

(@ f(2) (b) f(2) () f'(o (d) the value of ¢ for which f(c) = -2
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5 Find f’(x) for f(x)=+2x-1.

6 Given y=(x’—4)(3x* - 2x+1)’, find d%

7

8
9
10
11

12

d

Find the derivative of each function.

@ y=(x-2) (b) f(x)=(*+x) () v=+25-1
_ -1y2 _ _x—=2
d) y=(x+x) (e) g<x)_7(x+4)2 M y===%
@ f(x)=(x—1)°(x+2) (h) y=x*+3x+Jx-2 i fx)= 75
0 u=2m"7 W y=tty O he)=(-3W=3
Differentiate with respect to x: @@ «* (b) x(x—1) () x*—2x

Find the equation of the tangent to the parabola y = 4x — x” at the point where the gradient is —2.
Find the equation of the tangents to the curve y = 2x*(4 — x) at the point where the curve intersects the x-axis.

A body starts from rest and moves in a straight line so that its velocity v ms™" after ¢ seconds is given by
v=2t+ 6t". Calculate:

(a) its acceleration at the end of the first second

(b) its displacement after 5 seconds, given that the body is initially at zero displacement.

A particle is moving along the x-axis and is initially at the origin. Its velocity v metres per second at
2t

9+t

(@) What is the initial velocity of the particle?

(b) Find an expression for the acceleration of the particle.

() When is the acceleration zero?

(d) What is the maximum velocity attained by the particle and when does it occur?

time f seconds is given by v=
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CHAPTER 8

Exponential and logarithmic functions

8.1 INDEX LAWS WITH INTEGERS AS INDICES

You have frequently used the following index laws, where a and b are real numbers and m and n are positive
integers. These rules can now be extended to include m and n as any real numbers.

Index laws
a"xa'=a"" (ab)"=a"xb" a’= Ln and hence a™' = %
a
a—nzam_n a1=a a%:%
a
(am)":amn a0=1 a%:(%)mznam
Example 1
Simplify, writing the answers with positive indices:
=3 -2 3 -2
@ 47 ® (3] (c) X6 x127
2 97 x 27!
Solution
(@) 47 (b) (1)‘3 (c) 3°x6 x127
_1 2 9—3 x 2—1
4 _1° _32x23x 3P x32x47
_ 1 2 - 3% 27
= 2 _ a3
(22) =2 _3'x2°x2™
1 3°x27"
=i _ 3
Example 2

=i
Simplify X sll writing the answer with positive indices.
x

Solution
First simplify the numerator and denominator:
x‘1+1:%+1:1+7x
-1 1 =g
X —x=p-x="
1+x
. x_1+1: X =1+xx x
xl-x 1-x* X T1-x?
X
_ 1+ x
“aroa-xy **°
:L, x#-1,0
1-x
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EXERCISE 8.1 INDEX LAWS WITH INTEGERS AS INDICES

1 Simplify, writing your answer with positive indices.

(@) 2°x4>x 8§’ (b) a’b*x (a’b?)* ©) m’p’x(m’n®y’x(p)*  (d) 2"x2*"x2*
(x2y3 )4 x (xp) (Zmzn)3 5x % 3(xy3 )2 (azb)z x(ab)'
(e) 7 O o n @ oo () \27) 0
(mn ) ><(4m ) Xy (azb)
“2xy ) x 2%yt 2
2 (2%) (_3 Y ) simplifies to: A B x%’ Cc 'Yy D x'y’
8(xy) 2
3 Simplify:
23 3 2. 2 2, -1_\?
@ mn’p?x (mnp’y® (o) BT @ 2y @ 2°x(@)x2"
pqr xyz
4 Write the following as negative powers of 2.
1 1 1 1 1 5
5 Write the following as powers of 10.
1 1
(@) 100 (b) 10 (c) 1 (d) 0.1 (e) 0.01 (f 0.001 (g9 1000 M 100000
6 Simplify, writing your answer with positive indices.
32n 252n—1 B B B B 2n 4n+1 ~ B
@ o N P RS B C I (@ (7 +x)
X—-5+6x" x—4x" o a4 15" x 25 x 5%
(e) 1— 25! (f) 1+ 2x°) (9) 47°x6"x8 x12 (h) 9" 1 952
7 For n as a positive integer, decide whether each statement is correct or incorrect.
(@) (-1)"=1whenniseven (b) (-1)"=-1 when nis odd
(c) (-1)"=-1whenniseven (d) (-1)"=1 when nis odd
8 Expand and simplify the following, expressing the results with positive indices.
(@ (a'+b)(a' ~b) (b) (' +p)(x+yT) © Ty -y
iy a'+b”! T
(@ (@*-26™) @~ b) © “orp 0 7
8.2 INDEX LAWS WITH FRACTIONAL INDICES
Example 3
Simplify:
2 -2 5 3
(@) 32° (b) 125 3 () x2xx*
Solution

(@) 32%=(25)§:22:4 or 32%:(532)2:22:4

2 2 2 _
35 _(=3Y3_2_1 1 -3 _ (3 2 o 1
(b) 125°=(5") =57 === or 125°=(125) =5 =5z
3 5.3

5 3
() x*xx *=x24=x

F SN
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Example 4
Simplify:
1 2
4 4 n—-2 n+l 1 _1
@ Sx10x42 () X © (s-x7)
20*
Solution
1 1 1 1 ) 2 n+l
@ 54 /10 x 42 5% x(2x5)? x 2* ) 329l 3 x(3)
- B 3 n-1 - n—1
o () )
1 1 1 1 _3%—2X32n+3
_ 5% x2%x52%x2* =T qana
= J 4 3
22 x54 3l
1 T q4n—4
-3
2t =3"" or n1_4
3
1 1\2 1\2 11 1\2 1 1\2 | 2
22 = 2 | Z9x2s2 2 or xz_xz) :[\/;_j
(c) (x X j (x 2x%x +(x j ( I
2
= x—2+x" :(x—l)
Jx
=x—2+— )
=(x—1) :x—2+%

EXERCISE 8.2 INDEX LAWS WITH FRACTIONAL INDICES

1 Evaluate the following:

(@ 64° (b) 497 © (9 )% (d) (%)
_3
@ 25 x4t o (L) @ 7<% () ol x5

2 The simplest correct expression for 3/8 x /4 is:
3 2
A 2°x2° B 32 C 2 D V32
3 Express each of the following as simply as possible using index notation.

(@) 436 (b) 32 (c) Y4x%16 (d) /3x3/81

4 Simplify the following, writing your answer with positive indices.

@ xxd o) (a‘lb)zx(b%jz © ("%)z‘(x-z)i (@) (x%jzx(xlf)”xx%yz

1 n
1 1 1 1 3 1 m+l1 m+n
2 2 2 _ 42 6/1243 o X 544 X XX
(e) (x ty j(x y j () x7y x 1 ) - (h) (szrlZn
y 61 x1272 (xm)" xx
5 Simplify ( a’b™! )_2 + (a‘lb2 ) Indicate whether each expression below is a correct or incorrect step in
the simplification.

@) a't?xa’b’ b) a'p*x—1 (©) a2b> (d) 1L

a—2b4 aZbZ
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8.3 SOLVING EQUATIONS WITH EXPONENTS

Example 5
Solve the equations:
(a) 3*=27 (b) 5* =
Solution
(a) 3*=27 (b) 5** =
3*=33 52% _
x=3
52x —
2x =
X =

EXERCISE 8.3 SOLVING EQUATIONS WITH EXPONENTS

1 Solve:
(@) 2*=8 (b) 3 '=27
(@ 27 _; M 4°=32
417x
2 3X5° -1 x_ 1
) ———=2 3 ==
0 X 0 3=3
2 The solution to the equation 9" = % is:
A x:% B x=2
3 Solve:
@) 2":% b) a=1
X X _ X_L
() 3*'x2"=1 (1i)] 5—125
. _x_L . x _
0 57 -2 0 (2-1)

() x¥=-125
(9) 9°=27
w1
k) 27 =424
C x:—%
© 4=1
(9) 16°=128
(k) (3*-9)("-1)=0

(d) x2=81

(h) 3*+5x3"=54

o 1
0 5 =15

D x=-2

(d) 2"x4"x8=2""
(h)

2x+1 _ 1

5°=125

8.4 LOGARITHMS

Logarithms (often called ‘logs’) were once used mainly as a way to simplify difficult calculations, but electronic
calculators and computers have made this technique obsolete. However, logarithms are still useful! You will study
logarithmic functions in detail later, but at this stage you need to learn and understand the laws of logarithms. These
laws are still needed to solve some equations where the variable is in the exponent (index).

Consider the statement 2° = 8. This is equivalent to the statement log, 8 = 3. These two statements are different ways
to write the same result. Given one statement, you can always write the other. The statement log, 8 = 3 is read as ‘the

logarithm of 8 to the base 2 is equal to 3’

The following pairs of statements are all equivalent:

3’=9 & log,9=2
10=10000 < log,,10000 = 4
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In general, if a > 0, a # 1, then the statements a* = y and log_y = x are equivalent. Thus you can see that a logarithm
is equivalent to an index or exponent.

Example 6
Without using a calculator, find the value of:
(@) log,16 (b) log,125
Solution
(@) Let log, 16 =x (b) Let log 125 =x
16 =27 125 =5"
2o 53 5%
x=4 x=3
log,16 =4 log 125=3

Each logarithm has been evaluated by converting it to the equivalent index (exponential) function.

You can obtain the laws of logarithms from the equivalent index laws.

Index laws Logarithm laws
Leta'=mand @ =n Letlog m=xandlog n=y Logarithm law examples:
S xad =a S mn=a" log (mn)=x+y=1log m+log n log 15=1og 3 +log 5
Z_;:a"*y _>%:a"*y logu(%):x—y:logum—logun logu(%):logu 17 —log, 5
aLx:a*x —>%=a7’ loga(%)z—xz—logam log, (%)z—logaZ

a* )p =a? 5>ml =qg? log m’ = px=plog m log 81 =log_(3*)=4log 3
a'=a log a=1 log ,10=1

a’=1 log 1=0

Note that these laws are all for a > 0, and so you also have m >0 and n > 0.

For m > 0 you can also see that log m > 0; for m = 1, log 1 =0; and for 0 <m < 1, log m < 0. This means that m is
never negative (because a* = 0). Therefore you cannot find the logarithm of a negative number.

On most calculators you will notice two keys, log and In. These are both logarithm keys. The log is the logarithm

to base 10, also called the ‘common logarithm’; In is the logarithm to base e and is called the ‘natural logarithm’ (or
occasionally the ‘Naperian’ or ‘Napierian’ logarithm).

Logarithms to different bases are useful in different situations, but base 10 and base e are often the most useful
because of the properties of the numbers 10 and e, as you will see. It is useful to be able to convert all logarithms to a
standard base. Luckily, this is possible by using the ‘change of base’ rule.

Change of base rule
Letlog n=y,son=a"
Take logarithms to base b of both sides: log, n=log, @’

Using the logarithm law for exponents: log,n=ylog, a
) _log,n
So: = —10gb "
Hence: log,n= }zgh Z
b
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This rule shows that the logarithm of a number to a given base is equal to the logarithm of the number to a new base
divided by the logarithm of the old base to the new base.

Logarithm laws

B _ _log,n
log (mn) =log m +log n log a=1 log,n= T
log, (%) =log, m—log,n log 1=0
log m” =plog m log, (%) =—log,m
Example 7
Simplify:
(@) log,,20+log 5 (b) log 4 +log 3+log 2 (c) log,20-log,5
Solution
(@) log,,20+log,,5 (b) log 4 +log 3+log 2 (c) log,20—log,5
=log,, 100 =log, (4% 3%2) ~log (%)
2
=log,, 10 =log 24 — log, 4
=
=2log,,10 :10g222
=2 —5
Example 8
Simplify:
(@) log,,5+log, 4 —1log,, 2 (b) 3log,,2+log, 182 logm(g)
Solution
(@) log,,5+log, 4—1log, 2 (b) 3log,2+log, 18— 210g10(g)
=log,,(5%x4)—log .2 36
_ logw (&) 10 =log 8 +log 18 - 10810(2_5)
Bk — log,o(8x18x 22
=log,,10=1 §10 36
=log ,100=2
Example 9
Evaluate log, 9 using base 10 logarithms.
Solution
Use the change of base rule: log, 9= 1ogi9
8 : 08,7 = loglo 2

Use the log key on your calculator: log,9 = 3.1699 (correct to 4 decimal places)
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EXERCISE 8.4 LOGARITHMS

1 Simplify:
(@ log,9 (b) log,3 (c) log,128 (d) log,a
(e) log3% (f) log,0.25 (9) log ;243 (h) log3x/§
2 log,512 is equal to: A3 B5 Cc7 D9
3 Simplify: (a) log,625 (b) log 243 (c) logaa3 (d) log,,0.0001

4 Simplify the following:
(@) log,16+1log,8

log, 8
(€) log, 2

(b) log,,2+log,,5

(c) (log,16)(log,4) (d) log,54—log,18

(f) log,5+]log, % (9) log,18—2log,3 (h) log,81 xlog, 125
5 Simplify log, 125 +log, 32 — log,,4 and state whether each of the following expressions is a correct or

incorrect step in the simplification.

(@) log,,1000 (b) log,,16000 (c) 3log,,5+3log,,2 (d) 3

6 Simplify the following:
1] 1 1 x 10"°810° log,, 25
(@ ilog,16+2log, 5 (b) log,(2%) (c) 10 (d) logT
log X’ 1+4/5 3+45 log x

(e) log, 125 +log, 25 +log 5 (f) loggx ) (@) log > +log,, > (h) logg\/;
7 Ifx=log,,2 and y =log, 3, express the following in terms of x and y:

(@ log, % (b) log,, g (c) log,15 (d) log,,54 (e) log,,5.4 (f) log,,75

(9) log,,150 (h) log,,0.27 (@) log,4.5 () log,,0.6 (k) log,,81 () log,1.8

8 Use the change of base rule to evaluate each expression, giving your answer correct to 3 decimal places:
(@ log,5 (b) log,12 (c) log,20 (d) log,3 (e) log,16 (f) log.4 (9) log.3 (h) log, 10

8.5 SOLVING EQUATIONS WITH LOGARITHMS

In the previous section you investigated the logarithm laws and the change of base rule. You will now see how
to use these techniques in an algebraic setting to solve more difficult equations.

Note that when the notation ‘log’ is written without a base, then by convention you should assume it represents
log, ,» the common logarithm.

Example 10

Solve the equations.

(@) log,,x=1log,,9+log,,3 (b) 3log,,x+4="7log  x

Solution
(a) log,,x=1log 9 +log 3

Use log m +log, n =log, (mn):
Ifloga =logb then a = b:

log,,x =log ,27
x=27

(b) 3log,,x+4="7log  x
Collect like terms: 4=4log, x

Simplify: log ,x=1
Iflog n=ythen n=a”: x=10"=10

Chapter 8

Exponential and logarithmic functions
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Example 11

For what value of x is log, (x + 1) —log, (x — 1) = 3 true?

Solution
For log x to exist, x > 0. Hence the equation requires x + 1 >0 and so x > —1.
The equation also requires x — 1 > 0, and so x > 1.

Therefore, for a solution to exist for this equation it requires x > 1.

Use log,m —log,n=log (17}~ loga( 3% =3

1
Iflog n=ythen n=a’: %:23
x+1=8x-38
Solve equation: x= 1%

As 1% > 1, this is a valid solution to the equation.

Remember that ‘log’ written without a base should be assumed to mean log, .

Example 12
Solve, giving answers correct to 3 decimal places: (a) 2*=7 (b) 3*'=12
Solution

(@ 2*=7

Take logs to base 10:  log, 2" =log 7
xlog 2 =log, 7

_log,y7
= log,, 2
x=2.807 (3d.p.)

(b) 31 =12
Take logs to base 10: log,, 3% =log,, 12
(x+1)log 3 =1log 12
_log;y12
1= log,o 3
_log,12
e log;, 3 !

x=1262 (3dp.)

Example 13
Solve the inequalities: (@) 2*>9 (b) 0.4<0.3
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Solution
(@) 2°>9 (b) 0.4°<0.3
x>log,9 xlog0.4 <log0.3
) log,, 9 log,, 0.3
Change of base rule: x> ) log,, 0.4

Although this step looks correct, it contains an error.
This is because log, ;0.4 < 0, so you have divided by
a negative quantity without reversing the direction

x>317 (2dp)

of the inequality sign.
] log;, 0.3
Correct result: log,, 04
x>131 (2d.p.)

Be very careful when using logarithms with inequalities. Remember that if 0 < m < 1 and a > 1, then
log m <0, so when you divide by that logarithm you must reverse the direction of the inequality.

Example 14
How many years does it take for $2000 to grow to $3000, at 7% p.a. compound interest?

100
money invested and A is the amount that P grows to after n periods of time (years) with interest applied at % per

n
Note that ‘p.a’ = ‘per annum’ = per year. The compound interest formula is A = P(l + L) , where P is the initial

period. Compound interest is investigated further in Chapter 18.

Solution
A=2000,7r=7,P=3000. Findn: 2000 x 1.07"=3000
107" =3
Take logs: n=log 15 OR nlog 1.07=log 1.5
_ log;y1.5
Use change of base rule OR rearrange: ~ Tog,,1.07

n = 5.993 years

The value of # is just under 6 years. Assuming that interest is added at the end of each year, it will take 6 years.

EXERCISE 8.5 SOLVING EQUATIONS WITH LOGARITHMS

1 Solve for x:

(@) log,x=3 (b) log 81=2 (c) logx=3 (d) log 343=3
() log.x=-3 (M log.81=x (@) log, & =-3 (h) log x=0.25
85 8 8x 64 8y
(i) log, 27\3=x () log,x=2.5 (k) log,(log,x) =2 () log,x=1log,8+log,8
2 Without using a calculator, solve each equation:

log,, 4

(@) log,,x=1log, 4+log, 2 (b) log,,x=log, 4~1log, 2 (c) log,x= log,, 2

1 1
(A logyox = Llog, (Z) (e) 2log, x+3=log,, () (M log, =2

Chapter 8 Exponential and logarithmic functions
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3 Find a relation between x and y that does not involve logarithms.

(@) logx+logy=1log(x+y) (b) 2log,,y—3log, ,x=2 (c) 2log,y—3log,x=2

(d) 2log,,y+3log, x=1log, (2x) (e) log.y=2+log,x () logy=1log5+3logx

(@ 2logx+3logy=0 (h) log,,(1+y)—log (1-y)=x
4 Solve:

(@) log,,2+log  5+log x—log 3=2 (b) 2log,x+3=>5log x

(©) log,,2+5log, x—log 5 log,, (x") =log, 40 (d) log,,x=4log,,2—2log x

(e) log,x—log (x—1)=1 (f) log,,x=2log,,3+log 5-log  2-1
5 Solve 27" = 5. Indicate whether each statement below is a correct or incorrect step in the solution.

_ log5 _ (l) _ —log5 _

(@ x= Tog2 (b) x=1log, 5 () x= fog 2 (d) x=-2.32 (2d.p.)
6 Solve, correct to 3 decimal places:

@ 2°=7 (b) 3*=18 €) 5°=2 d) 04%=2

e) 6°=21 M 3%=0.1 (@ 5°=16 (h) 4°=5
7 Find the values of x (to 2 decimal places) for which:

@ 5°>2 (b) 1.6°>0.5 (€) 3°<02 (d) 37>27

€ 2°>5 M 025%<15 (@) 0.8°<3 (h) 0.7°>0.3
8 Ify= a10%, then:

1 1 1
A leogloﬁ B x:Eloglo% C y:Elogm% D xzalogw%

9 Iflog,,A = bt+log P, express A in terms of the other symbols.

10 Iflogy=loga + nlogx, find an expression for y. 11 Ify= 122;, express x in terms of y.

12 If x = a’Vb’c, express logx in terms of loga, logb and logc.

2
13 Iflogx=0.6 and logy = 0.2, evaluate log(xTJ. 14 If y = ae", express t in terms of a and y.
y

15 Iflog,a=pandc= a’, find the following in terms of p: (@) log,c (b) log. b
16 If loga2 = logb 16, show that b = a*.

17 $5000 is invested at 7% p.a. compound interest. How long does it take for this money to:
(a) double in value (b) grow to $20000 (c) grow to $30000?

18 $5000 is invested at 6% p.a. compound interest. If the interest is calculated monthly, how long does it take for
this money to:

(a) double in value (b) grow to $20000 (c) grow to $30000?

19 Marika and Joe deposit $4000 in an account that pays 9% p.a. compound interest, to be withdrawn when it
has grown to $20000. If the interest is calculated monthly, for how many whole months must they leave the
money in the account?

20 A company is considering a merger. Currently the company earnings are $5 per share and these earnings are
growing by 5% p.a. It is predicted that after the merger the earnings will drop to $4 per share, but will
then grow by 7% p.a.

(@) Show that if no merger occurs, the earnings per share after n years are given by y =5 x 1.05".
(b) Show that if the merger occurs, the earnings per share after n years are given by z, = 4 x 1.07".
(c) If the merger goes ahead, how many years will it take for a shareholder to be better oft?
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8.6 EXPONENTIAL FUNCTIONS

An exponential function is a function f(x) = a*, where the base a is a positive real number other than 1. Its domain is
the set of real numbers and its range is the set of positive real numbers.

The exponential function can be used to model many real-life situations. The compound interest formula is an
example of this. You can also use exponential functions to model population growth and radioactive decay.
For a > 1: a” increases as x increases. y
As x = —o0, a* — 0 from above.
For all values of x, a* > 0.
For all values of x < 0,0 < a*< 1.
Atx=0,a"=1.

y=a" cuts the y-axis at (0, 1) for all values of a. 0 ;

(0,1)

For all values of x >0, a* > 1.
flx)=a%a>1

For 0 < a < 1: a* decreases as x increases. y
As x = o, a* = 0 from above.
For all values of x, a* > 0.
For all values of x < 0, a* > 1.
When x=0,a’=1.

y=a" cuts the y-axis at (0, 1) for all values of a. 0 x

(0,1)

For all valuesof x>0,0<a* < 1.
flx)=a,0<a<1

2
is the same as f(x) = a " for a > 1. Hence the graphs now

represent f(x) =a" and f(x) =a " fora> 1:

Forazl, f(x):(%)x=(2_1)x:2_",sof(x)=axfor0<a<1 y y

From these graphs you can see that the gradient of f(x) = a*
is always positive (i.e. f’(x) > 0) and the gradient of
f(x) =a™" is always negative (i.e. f'(x)<0). You cannot

(0,1) (0,1)

o X o) x
find the gradient functions yet, but the graphs tell us their
signs. Also note that both graphs are concave upwards. fo)=ata>1 fx)=ara>1
Gradient of exponential functions
The diagram shows the graph of y = 10™.
4 To find the gradient at any point P on the curve, you need to go back to our first-principles

definition of the gradient function (see Chapter 7).
Let f(x) = 10" so f(x + h) = 10"™. From the definition of the gradient function:

f,(x)zygéf(x+h}2—f(x)

==lm-——-
h—0 h

° % _10%(10" -1
i

h
~10*lim1®—1
h—0 h

because 10 is independent of h.
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You can use a spreadsheet or a calculator to

h 10" -1 10" -1
investigate the values of 10 h_ Lash—o0: 2 h & h
As h — 0 from either positive or negative values, 0.1 2.5893 —0.1 2.0567
h
the value of 10 h_ 1 approaches a limit. The value of 0.05 2.4404 —0.05 2.1750
this limit is between 2.3029 and 2.3023, so a good 0.01 2.3293 —0.01 2.2763
approximation to 4 decimal places is 2.3026. This ~
limit is the gradient at the point where the graph of 0.001 2.3052 0.001 2.2999
y=10" crosses the y-axis. Thus f’(x)=2.3026x10". 0.0001 2.3029 —0.0001 2.3023
h h
You can repeat this investigation of the derivative for f(x) = 2" and f(x) = 3%, evaluating 2 h_l and 3 h_ Lash—0,
as shown in the following table and graphs.
y s =100
fx) f'(x)

2" 0.6931 x 2*

3 1.0986 x 3"

10 | 23026x 10° 01) on

0 X 0 X /O X

In general, you have i(cl" ) = ka" for some positive integer k, which is the gradient of the function a" at (0, 1).

dx
If you could find a value for a that gave k = 1, then that function would be its own derivative. When a =2, k=0.693

and when a = 3, k = 1.099, so you are looking for a value of a between 2 and 3. Denote this special base by e, where

wood(x\_ x
2 < e < 3 such that you can write a(e )—e .

Evaluation of e

_ b x _ bx . i x\_ i bx
Let e = 10", so that ¢* = 10™. So: dx(e )—dx(lo )
Now let y = 10 = 10%, where u = bx.

You showed earlier that di( 10* ) =2.3026 x 10%, so ;

7(1()“ ) =2.3026 x 10*

x
- inrule ¥ = W du D _ u du _
Using the chain rule I = du X dx’ SO I = 2.3026 x 10" X b because Ix b.
Hence: % =2.3026b x 10" replacing u, as u = bx
Thus: d%(lob" )=2.3026b¢"  replacing y, as y = 10" = ¢*
d(x\_ x
So: (") =2.3026be
But the original definition of e requires that %(ex ) = ¢%, s0 you can now write that ¢* = 2.3026be".
Ive thi ion for b: =1 = 4 decimal pl y
Solve this equation for b b 33036 0.4343 (4 decimal places)

Hence: e=10""*=2.7183 (4 decimal places)

This number e is known as Euler’s number after mathematician Leonhard Euler, who
invented its notation. After 7, e is one of the most famous transcendental numbers and
scientific constants. (For more on transcendental numbers, see Section 12.3.) ’/

Here the graph of y = e" is drawn, as well as the tangent to the curve at (0, 1).

The gradient of this tangent is 1, because at (0, 1) you have % =e’=1.
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Formal derivation of e

Consider the function f(x) = e*, where e is some positive number. Differentiating from first principles, you have:

f)=lim f(x+h2—f(x)

x+h

. e
=lim

=lim

h—0

—€

X

h—0 I’l
h
. -1
=e*lim&—
h—0 ]’l

Hence: f'(x)= f(x)X }1123

ex(eh—l)

because ¢* is independent of .

e —1
h

Define the value of e such that %(ex ) =e", or f'(x) =f(x).

Thus you require lim
h—0

-1

h

Hence: ¢"—1=h for very small h.

e 1. 1
Recall that if 7 is very large (# — °) then the value of _; is very small (g - 0).

) =1, which requires that

e -1

Thus for very small 4, ¢" — 1 = h can be written as e —1= %, where # is very large.

Hence:

Raise both sides to the power #:

So:

n
) for n — oo,

Thus you have found the value of e for which the function f(x) = " has the property that

More formally, you could write:

e%:%jtl
n n
(ei) :(%+1)
e=(1+%

. 1Y

=1 (1+7)

L= 1 for a very small value of h.

dx

d (ex):ex.

YEAR 11

You can use this equation to calculate values of e for increasing values of n using a calculator or a spreadsheet. Some
values are given in the following table.

Thus e =2.718 28 is an approximation for e correct to 5 decimal places. Most calculators will give you an

n

100

1000

10*

10°

10°

10°

e

2.704814

2.716923

2.718146

2.718268

2.718280

2.718282

approximation for e correct to 9 decimal places.

Derivative of €%, k a constant

To find the derivative of y = ¢, you first write y = ¢ = ¢*, where u = kx.

Use the chain rule: %=%x%
%:euxk:kex
oo d (k) _ ke
. a(e )—ke

Thus the function f(x) = ¢ is a function whose derivative is proportional to the value of the function itself.

Thatis: f’(x)=kf(x), or Zy—ky where y =€ .

x_
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Consider some values for k, for example:

k=2: d (ezx)=2ezx

dx
_ . d —3x\ _ —3x
k=-3: a;(e ) =3¢
_1 d(5)_153
k=3 dx(e ]_26

Derivative of e

Again, you first write y = ¢

, @ and b constants

et — o4 \where u = ax + b.

. dy dy du

Ch | . —— =X
ain rule I = du S dx

Zl:euXa:aeax+b
x
S dy _ _ ax+b
o: yoaalZ where y=e¢
. %(ewﬁb ) — aeax+h

Derivative of e

Y=/ = & where u=f(x)

inrule: | W _Y . du
Chain rule: T du X Ix
dl_ u ’ — £ f(x)
dx_e X fi(x)=f'(x)e

) PN 1S
So: I = f'(x)e

Summary of derivatives involving e*

d (ex):ex i(ekx):kex d (eux+h):aeux+h i(ef(x)):f/(x)ef(x)

dx dx dx dx
Example 15
Differentiate: (a) y=e""* (b) e (c) e
Solution
(@) % =3¢ (b) Lety= e’ = ¢" where u = £, () Lety= V¥ = ¢“ where u=x ++/x.
: . dy_dy du dy _dy du
Chain rule: T dn ¥ e T = du X dx
dy u d)’ 1
—_ = X 2 — = i _—
pral 2x de ¢ x(1+2\/;
=2xe”
1 x+x
=1+
( 24x je
Example 16
Differentiate: (a) (2x*+ 1)e** (b) %
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Solution .

(@) Lety=(2x*+1)e™ =uvwhere u=2x"+1 (b) Let y= 67 = % where u=¢"and v=x.

and v=¢". yau_ dv

LAy du dv - oAy _Vax Max

Product rule: =V + o Quotient rule: I 7
dy _ s 2 3x d_y=x><e"—e"><1
a—e X4x+ (2x"+1) X 3e x- . 2
= (6x" + 4x + 3)e™ _ef(x—=1)

2
X

EXERCISE 8.6 EXPONENTIAL FUNCTIONS

1

© 00 N O

10
11

12

Write the derivative of:
@ e~ (b) 2e: € e¥—¢* (d) 2e%+¢e™ ) 4e*—e™
(f) 63‘2)6 _ el.6x (g) 3ex _ Ze—x (h) 46296 + %e—Zx (l) er(ex _ e—X)
Ify= ¢ then j—y is: A x%e* B 2xe* C x’e* D 2xe™
x
Differentiate:
(@) x*e* (b) 2x+1)e™ (©) (P +x+1)™ (d) xe™
(e) e*x’ H x*—xe* (@) x*—x’e™ (h) e—z
x

3x 3 4x X
) € )y X K) -€ ) €
) = )} = (k) o () N
Differentiate:

(a) 62x+3 (b) ex2—2x (C) 3e—xE (d) 263x—1 (e) eSx—1+e4x+2 (f) \/;e—x (g) 362){2

() 3¢ (i) xe*

If y = ¢** + €%, indicate whether each statement below is correct or incorrect.

(a) b 4 gt (b) Y _ 10
dx dx

d*x dx

Ifx=(1+1t)e", prove that =5 —10=-+425x =0.

dar? dt

(©)

2

dJ_ 2x 8x dzy dy _
dx2—4€ + 64e (d) W—IOE+16)/—0

Find the equation of the tangent to the curve y = e at the point where it crosses the y-axis.

Find the equation of the tangent to the curve y = ¢ " at the point where it crosses the y-axis.

Find the equation of the tangent to the curve y = ¢** at the point where x = 1. Find also the coordinates of the

points where the tangent intersects:

(@) the x-axis

(b) the y-axis.

Write the equation of the tangent and the normal to the curve y =2 + ¢ at the point where x = 0.

After n years, the value V of a principal of P dollars that is invested at a rate of 7% per year (with r expressed as

a decimal) and compounded continuously is given by V = Pe"™. Show that av _ vy,

—0.2¢

The expression y =500(1 — e

dn

) represents the daily output of y units on day ¢ of a production run. Find the

instantaneous rate of change of the output y with respect to t.
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8.7 SOME APPLICATIONS OF EXPONENTIAL FUNCTIONS

Note: This section is enhancement material and may be skipped as these concepts are developed in Chapter 14

Example 17
For the function f(t) = 2te™", find the value of ¢ for which f(t) has a maximum and hence calculate the maximum
value. Sketch the graph of f(1).

Solution
£() = 26
f'(t)= Z(e_O'St +tx(-4)e ™ ) using the product rule
flt)y=e*"(2-t)
For stationary points, f’(t) = 0: e 2 -1)=0
But ¢ > > 0 for all ¢, so t =2 is the only solution and f(2)= %
For t < 2: f(t)>0
For t > 2: f(t)<0

Gradient changes from positive to negative as x increases, so (2, %) is a maximum turning point.

The maximum value of the function is % = 1.472

f(H)=0att=0ase ™ >0forallt. ’ (2’%) § = 26705
t<0, f(1)<0 t<2, f'(t)>0
t>0, f(£)>0 t>2, f'(t)<0
t — oo, f(t) — 0 from above 0 t

t =0 is horizontal asymptote

EXERCISE 8.7 SOME APPLICATIONS OF EXPONENTIAL FUNCTIONS
1

Find the minimum value of (x — 2)e".

2 Find the coordinates of the turning point of the curve y = xe " and state whether it is a maximum or
minimum. Find also the values of x for which:

(@ y>o0 (b) % >0

3 Consider the function defined by the rule f(x) =3 —¢™, x 2 0.
(@) Find the value of f(0) and f7(0). (b) Show that f’(x)> 0 for all values of x in the domain.
(c) What is the value of li_r)n f(x)? (d) Sketch the graph of f(x).

4 Consider the function defined by f(x) = e"‘2 for all values of x.
(@ Find f’(x).
(b) Find the values of x for which: i f'(x)=0 (i) f'(x)>0 (i) f'(x)<0
(c) Sketch the graph of the function.

5 The concentration of a certain drug in the blood at a time ¢ hours after taking the dose is x units, where x = 0.3te"".

(a) Determine the maximum concentration and the time at which this is reached.

(b) Plot the graph of x = 0.3te * for t=0,0.1,0.5, 1, 2, 3 using graph paper or graphing software.

(c) This drug kills germs only while its concentration is at least 0.06 units. From the graph, find the length of
time during which the drug will kill germs.
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6 For y=e¢'+4e”, find the minimum value of y. Indicate whether each of the statements below is a correct or
incorrect step in solving this problem.

@@ y=é—4e’ (b) Stationary point when e’ =2
(€) y'=e+4e”" (d) Minimum value is 4
5

7 Sketch the graph of f(t)=
2+ 3e

(@) Show that f’(¢)> 0 for all values of ¢ in the domain. (b) Find lim f(¢).
(c) State the range of the function. e

t20.

—t

2 2

8 The rectangle PQRS has two vertices on the x-axis and two on the curve y =e ™. r=e
Find: S P(x,e™)

(@) the value of x for which the rectangle has a maximum area
(b) the maximum area of the rectangle. R O Q x

8.8 NATURAL LOGARITHMS

You have previously looked at the relationship between the expressions y = a* and x = log_y. You have also defined the
exponential function y = ¢* so that x =log y. This logarithm to the base e is called the natural logarithm, or sometimes
the ‘Naperian’ or ‘Napierian’ logarithm after John Napier, the Scottish mathematician who introduced logarithms in the
1600s. The function log, x is sometimes written as Inx, and calculators usually have a natural logarithm key labelled In.

The diagram shows the graphs of g(x) = ¢" and f(x) = log, .

Y gx) =¢* e These two graphs are symmetrical about the line y = x. You can
. say that f(x) is the reflection of g(x) in the line y = x. To ‘reflect’
//y =X X . _ .
L’ a curve of y = ¢” in the line y = x means that you interchange
. (swap) the x and y values, so the equation of the reflection

becomes x = e¢”. Because you know how the exponential and

N, flx) =log,x o . . .
N logarithmic functions are linked, you can rewrite x = e’ as

/ @1 y=log,x.
, Because of this property, y = ¢* and y = log, x are known as
_2' _1' * inverse functions.
On the graph of g(x) = ¢" the point (1,e) shows that e' =e.
On the graph of f(x) =log, x the point (e, 1) shows that
log,e=1.

ogee oge X

Hence you can write that ¢'°%° = ¢ and in general that ¢'*%¢* = x.

You can verify this result by taking the point (2,log,2) on y = f(x) and checking whether the point (log,2,2) is on
y = g(x) using graphing software or your calculator.

Important properties of €* and log_x

. |
If y =log,x then you can write: e’ =e%* or =€
1 |
But ¢’ = x so: x=e%%* or x=e"
1 |
Hence: e%er = x or e =x

Similarly, if y = ¢* then: log y=log e* or Iny=Ine
But log,y = x, so: x=log e* or x=Ine*
Hence: log e"=x or Ine'=x

logg x

In general, you can write a = x for all real x, and log, a*= x for all x > 0.

Note that the operations ‘square’ and ‘square root’ are similarly inverse operations (for positive values), because
2
when repeated after each other they return to the starting value: v/x* = x and (\/; ) = x. This is the same as for the

loge x

exponential function and the natural logarithm function: e =x and log ¢ = x.
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Summary of important results—exponentials and logarithms

» Ify=¢"thenlog y=xorlny=x « ¢’=1landlog 1=0
o Ify=log xory=Inxthene =x o e'>0forallx
o olosex — yore™=x + Domain of y =log x is x>0

o loge'=xorlne’ =x

EXPLORE FURTHER o

Exponentials and natural logarithms
Use technology to explore how exponentials and natural logarithms are inverse functions of each other.

Example 18
Solve log (x +3) +log, (x—4) =1.

Solution
State the domain for possible solutions. (x+3)>0and (x—4)>0,s0x>4
Write the LHS as a single log expression:  log (x+3)(x —4) =1
Hence: X—x—12=¢
Use the quadratic formula: Pex—12—e=0
R E: \/1+;87+4€

_1+4e+49
2

=4.37,-3.37

Check domain for valid solutions: ~ x > 4 for the first solution only.

o l+\de+49
2

The only solution is:

EXERCISE 8.8 NATURAL LOGARITHMS

1 Solve for x: (@) e&*=¢ (b) e =¢""? (c) =5
2 Solve for x: (a) log, e =2 (b) e*=3 (c) 5¢*=8

3 Solve for x:

(@ log, (x+5)=log,3 (b) log, (x—1)+log, (x+1)=3log,2 (c) log, (x—3)—log, (x+1)=2log,3
4 Solve for x:

(@) log, (x+2)=3 (b) log, (2x—2)=4 (c) log, (x+2)—log,(x—2)=1
5 Solve for x: (@) log, (x+2e)+log, (x—2e)=2 (b) log,x+log, (x— 2¢) =2

6 Solve for x:
(@) log,x+log, (x+5)=log, (x+2)+log, 6
(b) log,x—log, (x+5)=log, (x—4)—log, (x+2)

7 Which expression is equivalent to 3 +log,x?
A log, 3x B log, (€ +x) C 3log, (ex) D log, (€’x)
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8.9 GRAPHS OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS

There are many transformations of exponential and logarithmic functions of the types f(x) = ke™ "+ ¢ and

g(x)=klog,(ax+b)+c.
In each case, adding ¢ provides a vertical translation. Multiplying by k extends the range of the function (a dilation)
by a factor of |k|. Reflection in the x-axis occurs if k is negative.

Example 19
Draw the graphs of f(x) = ¢**, g(x) = ¢**' and h(x) = ** + 1. Describe the properties of these graphs. Find the
coordinates of any points of intersection by solving the appropriate equations.

Solution
flx)=e** g(x)=e" h(x)=e> +1
f,(X) — zer g/(x) — 262x+l h,(x) — zezx f/(x) — h/(x)

All three functions increase as x increases.

All three functions have a positive slope which gets steeper as x increases.
g(x) is flx) translated 0.5 units to the left. h(x) is f(x) translated 1 unit up.
The three curves have the same shape; only their position is different.

As x — —oo, flx) = e” — 0 from above; glx) = ¢”*! = 0 from above; and
h(x) = e**!' — 1 from above.

fl0)=1 so f(x) cuts the y-axis at (0, 1).

g(0) =e so g(x) cuts the y-axis at (0, e).

h(0) =2 so h(x) cuts the y-axis at (0, 2).

Intersection of g(x) and h(x):

62x+1262x+1
exe—e=1
eXe—1)=1
oo 1
e—1

x=llog (L)
2 %%\e-1

Hence: h(x) = ;Gloge(e%l)) +1

1 e
=——+4+1=—
e—1 e—1

Point of intersection is (%loge (i), ﬁ) or about (—0.27, 1.58).

In the example above if the functions were j(x) = e, k(x) = e ™" and m(x) = e > + 1, then the curves would be the

reflection of f(x), g(x) and h(x) in the y-axis. The graphs of f(x) and g(x) would approach zero as x increases and h(x)
would approach 1 as x increases. The curves would still cut the y-axis at the same points.

Also note: j'(x) =—2e >, k'(x) = —2¢ ", m’(x) = —2¢ >

Hence: j'(x) = m’(x)

MAKING CONNECTIONS O

Graph of the exponential function
Move the sliders to explore the effects of k, a, b, ¢, on the graph of y = ke®™** + c.
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Example 20
Draw the graphs of f(x) =log, x, g(x) =log, (2x) and h(x) =log, (2x + 1). Describe the properties of these graphs.
Find the coordinates of any points of intersection by solving the appropriate equations.

Solution
flx) =log, x, s0 x> 0.
f(1) =0 so f(x) cuts the x-axis at (1, 0).

: 2 L h(x)=loge (2x + 1)
As x — 0 from the right f(x) — —e so x = 0 is an asymptote. |

g(x) = log, (2x)
g(x) =log, (2x) =log, 2 +log, x=1log, 2 + fix) <= fi0) =loge x
g(x) is just f{x) translated up by log, 2. .
£(0.5) =0 so g(x) cuts the x-axis at (0.5,0). -5 ds/1 2 3 M
h(x) =log, (2x + 1) so x> —0.5.

h(0) = 0 so h(x) cuts the axes at (0,0).

As x — 0 from the right h(x) — —eo so x=—0.5 is an asymptote.

All three functions increase as x increases.
All have a positive slope which flattens out as x increases.
The graphs do not intersect.

MAKING CONNECTIONS O

Graph of the logarithmic function
Move the sliders to explore the effects of k, a, b, ¢, on the graph of y = klog, (ax + b)+ c.

EXERCISE 8.9 GRAPHS OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS

In each question, find the coordinates of any points of intersection by solving the appropriate equations.

1 On the same set of axes draw the graphs of f(x) = ", g(x) = ¢ and h(x) = —e". Describe the properties of
these graphs.

2 On the same set of axes draw the graphs of f(x) = ¢, g(x) = 3¢" and h(x) = ¢*. Comment on the differences
between these graphs.

3 On the same set of axes draw the graphs of f(x) = ¢, g(x) = ¢" + 1 and h(x) = " — 1. Describe the properties of
these graphs.

4 On the same set of axes draw the graphs of f(x) =log, x, g(x) =log, (3x) and h(x) =log, (x + 3). Describe the
properties of these graphs.

5 On the same set of axes draw the graphs of f{x) = log, (x — 2), g(x) = 2log, x and h(x) = log, (x + 2). Comment

on the differences between these graphs.
6 On the same set of axes draw the graphs of f(x) =log, (2x), g(x) =log, x* and h(x) = log, (%) Comment on the
differences between these graphs.

7 On the same set of axes draw the graphs of f(x) =log, (=x), g(x) = e " and h(x) = —x. Describe the properties of
these graphs.

8 On the same set of axes draw the graphs of f(x) = ¢, g(x) = ¢ and h(x) = €* + ¢ . Describe the properties of
these graphs.
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8.10 LOGARITHMS IN THE REAL WORLD

A range of logarithmic scales are used in science \
and engineering to measure natural phenomena.
When phenomena involve large differences

in values, logarithms of values can be used to

reduce the numbers to a size that is meaningful to
non-scientific people so that useful comparisons can
be made. Sometimes the common logarithm base 10
is used; at other times base 2 is more useful.

Logarithmic scales, rather than linear scales, are
also used to graph experimental results. If this
produces a straight line graph, then this indicates
a logarithmic mathematical relationship.

Before calculators were invented, tables of
logarithms and devices called ‘slide rules’ (see the picture at right) were used to perform calculations involving
multiplication, division and corresponding operations, e.g. raising to a power or finding the square root. The slide
rule had a logarithmic scale and used the fact that you can find the product of two numbers by adding their indices
or logarithms.

Decibels (dB)

The decibel was originally used to measure sound levels, but now is also widely used as a measurement unit in
electronics, signals and communications. It is based on a logarithmic scale. The difference in intensity or ‘loudness’

between two sounds, or between two sources of power P, and P,, is defined to be 10 log,, (%) dB. The absolute
1

measurement of the intensity or loudness of a sound is given by L =10 log, (%), where P, is the reference value
and has an intensity of 0 dB. 0

This is the quietest noise that can be (just) heard by the typical human ear. It has an intensity of 10> W/m?® (watts per
square metre). The intensity of any other sound measured in these units is

10 log,, (%) =10log,, P—10log, P,
=10log,, P—0
=10log,, P

Sounds quieter than P, have a negative number of decibels.

Because it is a logarithmic scale, every increase of 10dB is 10 times more powerful. So if 0 dB the smallest audible
sound, then 10dB is a sound 10 times more powerful than that, 20dB is a sound 100 times more powerful, and
30dB is 1000 times more powerful.

Sound intensities for some common events, in dB:
 near total silence: 0 dB
« anormal conversation: 60 dB
« alawnmower: 90dB
« arock concert or a jet engine: 120dB
o agunshot or a firecracker: 140 dB and above.

You should not be exposed to a continuous noise level of 85dB for more than 8 hours, or else you risk hearing
damage. For each 3 dB increase, the length of time that you can be exposed is halved. This means that if the noise
level in a nightclub is 100 dB, then you should only stay 15 minutes. Of course, the further away from the noise
source you are, the lower the sound intensity.

The decibel scale reduces very large numbers to numbers that people can relate to.
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Example 21
(@ () How many times more intense is a sound P, which is 30 dB louder than another sound P ?
(i) How many times more intense is a sound P, which is 14 dB louder than another sound P,?
(b) How much louder is:
(i) asound of 50 dB than the smallest audible sound
(ii) asound of 47 dB than a sound of 27 dB
(ili) a sound of 102 dB than a sound of 64 dB?

Solution
. P, " P _
(@ (@) 10log,| = |=30 (i) 10log, | = |=14
B Py
IR P,
loglo(ﬁ)_3 loglo(é)zl.él
B 0% =1000 B0~ 0s5
R 2)
P, is 1000 times as loud as P,. P, is about 25 times as loud as P,.
(b) () The smallest audible sound (i) 47 dB—-27dB=20dB
is 0 dB p
50 dB — 0 dB =50 dB 1010810(1)0):20
P_
1010810(130)—50 log10(£)=2t
F
P P
lo — |=5 £ _ 102
gm(Po ) B 10
P£ ~10° P=100P,
0 The sound is 100 times as loud.
P=10"P,
The sound is 100 000 times as (i) 102 dB —64 dB =38 dB
loud.

10 log,, (II):) =38

loglo (II)())) =38

P .3
PO—IO

P=~6300 P,
The sound is 6300 times as loud.
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Richter scale

The Richter scale is a logarithmic scale that is used to compare the magnitude of earthquakes. It was developed in
the 1930s in California by Charles Richter. Using the Richter scale, the magnitude of an earthquake is expressed as
a number (without units) determined by the logarithm of the amplitude of waves recorded by seismographs, which
are devices that directly measure the seismic vibrations of the earth. Adjustments are made for the variations in
distance between the various seismographs and the epicentre of the earthquake.

The Richter scale formula is M; =log,, % , where M, is the measurement value of the Richter scale, A is the

amplitude of the wave recorded by the seismograph and A is the reference value that corresponds to a zero-level,
earthquake, i.e. no earthquake. Because the scale is logarithmic, every increase of 1 on the scale corresponds to an
earthquake that is 10 times ‘stronger’ This means that an earthquake that measures 6.3 on the Richter scale is

10 times as strong as an earthquake measuring 5.3. This corresponds to a tenfold increase in the wave amplitude,
but this actually means it releases approximately 32 times more energy.

The difference on the Richter scale between the intensity (amplitude) of two earthquakes is log, 0(% )

1

pH

The pH level of a solution (where the word ‘solution’ here means water that has something dissolved in it) is a
measure of how acidic or basic the solution is. The more acidic a solution, the more positive hydrogen ions are
produced for chemical reactions; the more basic a solution, the more negative hydroxide ions are produced for
chemical reactions. Acids and bases are important because they are involved in many common chemical reactions
that involve water and other useful compounds. pH levels vary from 0 to 14, with 7 being neutral (neither acidic nor
basic); a pH of less than 7 indicates acidity, whereas a pH greater than 7 indicates basicity.

The definition of pH is given by pH = —log [H'], where [H'] is the concentration of the H" (hydrogen) ions
measured in units of mol/L.

In pure water, [H*] = 1.0 x 107" mol/L, so the pH is —log, ,[H'] = -log, (1.0 x 107)=7.

Octaves

In music, there are 8 notes in each octave, named using the letters from A to G. An octave is any sequence of 8 notes
starting and ending at the same note,e.g. CDEFGABC.

Every musical note is a sound wave that has a particular vibration frequency. ‘Higher’-sounding notes have higher
frequency values, while ‘lower’ (or ‘deeper’) notes have lower frequency values.

The note at the high end of any octave has double the frequency of the note at the lower end. For every octave
higher, the frequency doubles, so for two octaves higher the frequency would quadruple; three octaves higher, the
frequency would increase by a factor of 8; and so on. This suggests using logarithms to the base 2 as a measure of
how much higher one note is than another.

f2

So, log, (f) is a measure of how many octaves higher a note of frequency f, is than a note of frequency f,.
1

For example, if two notes have frequencies of 120 Hz and 1920 Hz, then the difference can be measured as

log, (%) =log, 16 = 4, meaning that one note is 4 octaves higher than the other.
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EXERCISE 8.10 LOGARITHMS IN THE REAL WORLD

1 What is the value of 10 log , (%) when: (a) P,=P, (b) P, =100 000P,
1

2 How many times louder is:

(a) asound which is 20 dB louder than another sound
(b) a 75 dB sound than a 35 dB sound
(c) a79dB sound than a 72 dB sound?

3 If one sound is twice as loud as another, how many more decibels is its intensity?

4 An earthquake measuring 8.7 on the Richter scale is followed by one that measures 6.5 on the Richter scale.
How many times stronger is the first earthquake than the second?

5 The energy released by an earthquake, E, can be given by log . E=11.8 + 1.5 M, where M, is the
measurement of its magnitude on the Richter scale. Calculate the energy released by both of the earthquakes
in Question 4 and state how many times more energy is released by the first earthquake than by the second.

6 Calculate, correct to one decimal place, the pH level of a solution where the concentration of H' (hydrogen)
ions is 2.3 X 10~ mol/L. Is this an acidic or a basic solution?

7 'The frequency of the note A3, the A below middle C, is 220 Hz. Another note has a frequency of 1760 Hz.
(@) How many octaves higher than A3 is this note?  (b) What is this note?

8 Why can you not use the decibel scale to measure a sound of zero intensity, i.e. no sound at all?

CHAPTER REVIEW 8

1 Find the values of x for which the following are true.

(@) 7"*=343 (b) 47%<128 (© 3212

2 Simplify:
(@) log,18+2log,9 —log,54 (b) log,(xy*) +log, (yz*) —log, (xz°)
(c) logi, 6+ ;1\/8 +log;, @

(d) 2log(x+1)—log(x—1)—2log(y+1)+log(y—1),givenx=5and y =2

3 Expressyintermsofx: (a)log y=x (b) logl0y=2+1logl0x—logl0 (x°)
4 Differentiate with respect to x:
@ (F+2x)e* b) 2+ 3x)e™ ) e'*

5 Simplify the following:

1
3 -2 -1 n n+1 n—1 3 3 1 3 2
(@) 1075 " x18 ;f X18 () 3 ;7?1 (€ 227 zzz d) x2xxi (o) 7\/5“/?(2
X5 a 124
6 Solve for x:

(@ (3x—1)(2x—%) (b) 23x+1:% (©) e4x+1:ei3

7 Use the change of base rule to give each expression as a single term involving natural logarithms.
(@ log,,>5 (b) 3+log,6
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Solve for x:

(@) log, (x+2)=log, (2x) (b) log, (2x+3)=log, x° (c) log x*= loge(g)
Solve for x: (@) 2¢*=¢™ (b) 2¢**! =e* (c) 2¢ =¢**
$4000 is invested at 3% p.a. compound interest. How long does it take for this money to:

(@) double in value (b) grow to $10000 (c) grow to $80000?

On the same set of axes sketch the functions f(x) =log (3x), g(x) =log (3x) + 1 and h(x) =log (3x + 1).
Describe the properties of these graphs, including asymptotes, intercepts on axes and points of intersection.

_p.H de _ _
Ife= Ooe , show that - k0.

A car is worth $10000 when new. After t years, the value of the car (in dollars) is given by the formula
V=Ae""
(a) Find the value of A. (b) Find the value of the car after 6 years.
(c) Find the rate in dollars per year at which the car’s value is depreciating, when:
Q) t=6 (i) V'=5000
(d) How much time will it take until the car is worth only $1000?

Solve:

1.005" —1

(@ 370000 x 1.005 :2998><( 0,005

), giving your answer correct to 2 decimal places.

1.006" —1

(b) 48500 % 1.006 —780( 0006

) = 0, giving your answer to the next integer.

Chapter 8 Exponential and logarithmic functions
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CHAPTER 9
Probability

9.1 INTRODUCTION TO PROBABILITY

People often make statements like the following:

o It will probably rain today.

« I'have a good chance of passing my exams.

o There is a 50-50 chance that heads will come up when I toss a coin.
o I'have a slight chance of being dux of the class.

In each case there is some doubt about the outcome, but the degree of doubt is different. Probability is about this
doubt: it is the study of events that may or may not happen, rather than of events that will happen or that have
already happened.

If you toss a coin, the result must be heads (H) or tails (T). There
are only two possible outcomes, H or T, and each outcome is
equally likely. You say that the probability of heads i is 5 L and you
can write thls as:

This probability be expressed in words in a variety of ways:
o There is a 50-50 chance that heads will turn up.
o There is a 1-in-2 chance that heads will turn up.
o The odds that heads will turn up are 1 to 1.
o Itisan even-money bet that heads will turn up.

Before beginning a game of football, cricket, basketball etc., the team captains usually toss a coin. Why?

Equally likely events are events where each outcome has the same chance of occurring.

Coin experiment

Toss a coin 10 times, 50 times, 100 times, 200 times and 500 times, counting the number of heads tossed each time.
(This can be simulated using a calculator or spreadsheet.) Complete the following table:

Number of coin tosses 10 | 50 | 100 | 200 | 500

Number of heads

Relative frequency (number of
heads / number of throws)

If you toss the coin 10 times, how many heads would you expect? If you toss the coin 50 times, how many heads
would you expect? Would you be surprised if you didn’t get exactly the number that you expected?

The relative frequency of each experiment gives you the actual probability of that outcome occurring. Is it as close
to 0.5 as you expected? Did the relative frequency get closer to 0.5 as you increased the number of throws?
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Coin experiment

Use a spreadsheet to simulate the coin experiment. Select the number of coin tosses and investigate
the results.

An American soldier, while a prisoner of war in World War II, passed the time by tossing a coin 1000 times. He
performed this experiment ten times and obtained the following numbers of heads: 502, 511, 497, 529, 504, 476,
507, 528, 504, 529. Are these numbers surprising?

\ ° ° e o ° ° e o

\ ° ° ° ° e o

\ ° ° e o ° ° e o
Die Faces

A die (plural: dice) is a cube with six faces numbered 1 to 6, as shown above. If a die is rolled on a flat surface, one of
the six numbers must appear on the top. (For example, the number 5 appears on top of the die in the picture above.)

o Each number from 1 to 6 is equally likely to turn up. Why?

o What is the probability that a 5 will appear on top?
There are six possible outcomes. Of these six outcomes, the outcome that you are interested in is a 5. This is called
the favourable outcome. The probability of a 5 appearing is %, so the probability of a favourable outcome is written
asis P(5) = %
This can be expressed in a variety of ways:

o There is a 1-in-6 chance that a 5 will turn up.

o The odds are 5 to 1 against a 5 turning up. This means that for every 1 favourable outcome there
are 5 unfavourable outcomes.

The probability of an outcome is defined as the ratio of the number of favourable outcomes to the number of possible
outcomes, assuming that the outcomes are equally likely. Thus, the probability P(A) of a particular result A is:

P(A) = number of favourable Outcomes  p  p(Eyent) = number of ways Event can occur
number of possible outcomes number of possible outcomes

Dice experiment

Roll a die 6 times, 60 times, 120 times, 300 times and 600 times, counting the number of times a 5 (or another
particular number) is rolled. (This can be simulated using a calculator or spreadsheet.) Complete the following table:

Number of rolls of the die 6 60 | 120 | 240 | 300 | 600

Number of times 5 appears

Relative frequency (number of
5s / number of rolls)

If you roll a die 6 times, how many 5s would you expect? If you roll a die 60 times, how many 5s would you expect?
Would you be surprised if you didn’t get exactly the number you expected?

The relative frequency of each experiment gives you the actual probability of that outcome occurring. Is it as close to
é as you expected? Did the relative frequency get closer to ¢ (=0.1667) as you increased the number of throws?
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Dice experiment

Use a spreadsheet to simulate the dice-roll experiment. Select the number of rolls and investigate
the results.

From the definition of probability as the number of favourable outcomes divided by the number of possible
outcomes, you can see that if the number of favourable outcomes is equal to the number of possible outcomes then
the probability is 1. If the probability is 1, then the event is certain to happen. For example:

o It is certain that the Sun will rise in the east tomorrow.

o The probability of obtaining a number less than 7 when a die is rolled = % =1 (a certainty).
List some other situations where the probability is 1.

If there are no favourable outcomes, then the probability is 0. For example, many athletes can run very fast, but
no athlete can run at the speed of light. The probability that an athlete will run faster than light is 0. Similarly, the
probability that a 7 will appear when a normal die is rolled = % =0.

Probabilities must always be from 0 to 1 inclusive:

e 0<P(Event) <1
o If P(Event) = 0, the event is impossible.
o If P(Event) = 1, the event is certain.

To win Lotto®, you must pick six winning numbers out of the numbers 1 to 45. The number of different ways that
you can choose 6 numbers from 45 numbers is 8 145 060, but only one of these ways is favourable (i.e. will win):

1 ~ . .
8145060 0.000000 1, which is rather small.

As another example, the following table shows the number of live births and the number of male and female babies
born in Australia over the three-year period 2000 to 2002.

P(6 winning numbers) =

Year | Live births Boys Girls Proportion of boys
2000 249636 128190 121446 0.514
2001 246394 126298 120096 0.513
2002 250988 128623 122365 0.512

With rare exceptions, statistics over the years indicate a slight excess of male over female births.
number of boys born
total number of births
Insurance companies prepare ‘life tables, which show the number of Australian people per 100000 who are
statistically expected to be alive at any given age. For example, a table like this could show that 92515 people out of
every 100000 people born are expected to be still alive after 60 years:

92515 _

100000

P(newborn is male) = =~0.51

P(an Australian will live until age 60) =
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The following scale shows the probabilities of the events discussed.

Certain 1 the Sun will rise in the east tomorrow
09 [<— an Australian will live until age 60
0.8
0.7
0.6
r a newborn child will be a boy
0.5 a coin toss will show heads
0.4
0.3
0.2
[<— a die roll will show a 5
0.1
you will pick 6 winning numbers in Lotto®
Impossible 0 an athlete will run faster than light
Example 1
A die is rolled on a flat surface. What is the probability that the number appearing is:
(a) odd (b) divisible by 3
() odd or divisible by 3 (d) odd and divisible by 3?
Solution

The six possible outcomes from rolling a die are equally likely.

(a) There are three odd numbers (1, 3, 5), so there are 3 favourable outcomes.

_3_1
P(odd) = c=3
(b) There are two numbers divisible by 3 (3, 6), so there are 2 favourable outcomes.
L _2_1
P(divisible by 3) = =3

(c) 1,3,5, 6 are favourable, so there are 4 favourable outcomes. Note carefully the word ‘or’ in the question.

P(0dd or divisible by 3) = % - %
(d) 3 is the only number that is odd and also divisible by 3, so there is only 1 favourable outcome.

P(0dd and divisible by 3) = %

Complementary events
The complement of event A is the event ‘A does not occur’, and can be denoted by A.

If an experiment has n possible outcomes, m of which are associated with event A, then (n — m) outcomes are
associated with event A, and so:

m 1 n—m n m m
P(A):W P(A): n :ﬁ—ﬁzl—ﬁzl—P(A)
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Thus:
P(A)+P(A)=1

In general, P(Event does not occur) = 1 — P(Event occurs), or:

P(A)=1-P(A)
Example 2
A die is rolled on a flat surface. What is the probability that the number rolled is not 4?
Solution
_1 =1
P@)= ¢ P4 =1
—1_1_5 A)=1-1_2
P(not4)=1- <=2 P(A)=1-¢=%
A standard deck (or pack) of playing cards consists of 52 cards, made up e

of 4 sets of 13 cards in groups called a suit. The suits are called hearts,
diamonds, spades and clubs and have symbols on them that represent the
name of the suit. The hearts have red hearts on them, the diamonds have
red diamonds on them, the spades have a black shape called a spade on
them and the clubs have a black shape like a clover leaf on them.

This means that two of the suits have red coloured symbols on them and
the other two of the suits have black coloured symbols on them. Hence
half the deck is red cards and half the deck is black cards.

In each suit the cards are numbered 2, 3,4, 5,6,7,8,9,10,],Q, K, A,
where ] stands for Jack, Q stands for Queen, K stands for King and A
stands for Ace.

The jacks, queens and kings are called court cards or picture cards.

Example 3
From a standard deck of 52 playing cards, one card is drawn at random. What is the probability that it is:
(a) adiamond (b) nota spade (c) anace
(d) adiamond or an ace (e) adiamond and an ace () aheart and the ace of clubs?
Solution

There are 52 possible outcomes.

(@) There are 13 diamonds: P(diamond) = % = %

(b) There are 13 spades, so there are 39 cards that are not spades: P(not spade) = g—g = %
Or, using complementary events: P(not spade) =1 — P(spade) =1 — i = %

(c) There are 4 aces: P(ace) = % = %

(d) There are 13 diamonds and 4 aces, but one ace is also a diamond, so there are 13 +3 =16
favourable outcomes: P(diamond or ace) = g = %

(e) The ace of diamonds is the only card that is a diamond and also an ace: P(diamond and ace) = -
() There is no card that is a heart and also the ace of clubs: P(heart and ace of clubs) =0
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EXERCISE 9.1 INTRODUCTION TO PROBABILITY

1 Select 20 lines of text from a page in a book. Count the number of times each letter of the alphabet appears.
Would you expect each of the 26 letters of the alphabet to appear approximately the same number of times? If
a letter in your 20 lines is selected at random, would you say that the probability that the letter is ‘¢’ is the same
as the probability that it is Z'?

2 Select a page in a telephone directory (or search at random on a telephone directory website) and count the
number of times that each digit 0, 1, 2, 3,... 9 appears as the last digit of a phone number. Prepare a table
showing your results.

(@) Did you expect results like these?
(b) Would similar results have occurred if the first digit of each number was recorded? Why?
(¢) What would have happened if the first letter of each person’s name was recorded?

3 What is wrong with the following arguments?
(@) The probability that a child born in Australia is born in New South Wales is %

(b) Because there are fewer road accidents in Hobart than in Sydney;, it is safer to drive in Hobart.

4 Which statement has a probability closest to 12

A The cost of buying a house will increase this year. B  You will win the lottery.
C A person will be born in Sydney in the next hour. D It will rain in Sydney tomorrow.

5 Perform the following experiment:
From a bag containing 7 black marbles and 3 white marbles, withdraw a marble, note its colour and then
replace it in the bag. Shake the marbles and then withdraw a marble again. Repeat this 10, 50, 100, 150 and 200
times to complete the following table.

Number of withdrawals 10 | 50 | 100 | 150 | 200

Number of black marbles withdrawn

Relative frequency (number of black /
number of withdrawals)

How many black marbles do you expect to get in each case?

Did the relative frequency get closer to 0.7 as you increased the number of withdrawals?

6 Perform the following experiment:
From a standard deck of 52 playing cards, withdraw a card and note whether it is a diamond, heart, spade or
club. Replace the card in the deck, shuffle the cards and then withdraw another card. Repeat this 20, 40, 60, 80
and 100 times to complete the following table.

Number of withdrawals 20 40 60 80 | 100

Number of hearts withdrawn

Relative frequency (number of hearts /
number of withdrawals)

How many hearts do you expect to get in each case?

Did the relative frequency get closer to 0.25 as you increased the number of withdrawals?
7 A box contains 50 matches, of which 40 are ‘live’ (ready to be struck) and the remainder ‘dead’ (used). A match

is selected at random. Indicate whether each statement below is correct or incorrect.

(@) Plive) = g (b) P(dead) = % (© P(live) = % (d) P(dead)=

Ul
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10

11

12

13

14

15

16

17

18

19

20

A carton contains a dozen eggs, of which three are brown and the rest are white. An egg is chosen at random
from the carton. What is the probability that it is:

(a) brown (b) white?

A bag contains 2 white marbles, 2 black marbles and 1 red marble. A marble is selected from the bag.
What is the probability that it is:

(@) red (b) black (c) not white

(d) red or black (e) not black, nor white (f) red or white?

A set of 20 cards is numbered 1, 2, 3, ... 20. A card is drawn at random from the set. What is the probability
that the number on the card is divisible by:

(@ 3 (b) 5 (¢) 3or5orboth (d) 3and5?

A standard six-sided die is rolled on a flat surface. What is the probability that the number appearing is:
(@) greater than 2 (b) greater than 3 but less than 5

(c) odd (d) odd and divisible by 3?

A set of 10 cards is numbered 3, 4, 5, ... 12. A card is drawn at random. What is the probability that the
number on the card is:

(a) even (b) odd (c) odd oreven (d) greater than 7 (e) divisible by 3
(f) even and divisible by 3 (9) divisible by 5 (h) odd or divisible by 5, but not both?

A letter is chosen at random from the letters of the word SUNDAY. What is the probability that it is:

(@) avowel (b) a consonant () DorA?

A card is drawn at random from a standard deck of 52 playing cards. What is the probability that it is:

(a) aheart (b) aking (c) aheart or aking

(d) aheartand a king (e) the queen of diamonds?

A number is chosen at random from the numbers 7, 8,9, ... 15. What is the probability that the number is:
(a) odd (b) odd and divisible by 5 (c) odd but not divisible by 5

(d) amultiple of 2 (e) amultiple of 3 () amultiple of both 2 and 3

(9) amultiple of 2 or 3 (h) a multiple of 2 or 3, but not both?

A bag contains 5 blue marbles, 3 red marbles and 2 green marbles. One marble is drawn at random from the
bag. What is the probability that it is:

(a) blue (b) red (c) not green (d) blue or green (e) not red, nor blue?
A box contains marbles of the same size but different colours: red, white and blue. If a marble is drawn at random,
the probability that it is red is the same as the probability that it is white and twice the probability that it is blue.

(a) What is the smallest number of marbles that the box could have?
(b) If a marble is chosen at random, what is the probability that it is:

(i) red (i) white (iii) red or white (iv) not blue?
A bag contains 10 balls, of which 6 are red, 3 are yellow and 1 is white. A ball is drawn at random. What is the
probability that it is:
(@) red (b) not yellow (c) white or yellow (d) neither red nor white (e) notred?
A bag contains 12 discs, of which 7 are black, 3 are white and 2 are red. A black disc is withdrawn. What is the
probability that the next disc withdrawn is:
(a) black (b) not white (c) neither black nor white?
A survey of a certain district showed that 6% of families there have 1 child, 38% have 2 children, 42% have 3

children, and 10% have more than 3 children. A family from the district is selected at random. What is the
probability that the family will have:

(@) some children (b) no children
(c) atleast 2 children (d) not more than 2 children?
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21 The diagram shows a circular disc divided into four sections A, B, C and D.
A pointer is free to spin, pivoted at the centre O. If the pointer is spun, find
the probability that the end of the pointer stops inside:

(@ A (b) B () AorB
(d) notC () B,CorD

22 A horse is grazing inside an enclosed rectangular paddock 50 m by 20 m and is free to move anywhere inside
the paddock. Assuming that the horse’s position is random, what is the probability that at any given time the
horse is: D 50m c

(@) more than 5m from the fence
(b) less than 5m from the fence
(c) not more than 5m from a corner? A B

23 A French roulette wheel has 37 compartments around its rim. One of
these is numbered 0 and is coloured green (shown as grey at right).
The others are numbered 1 to 36, with half of these 36 compartments
coloured red (shown as white at right) and the other half coloured
black. The wheel is spun in one direction and a small ball is rolled in
the opposite direction. The chances of the ball falling into any of the
37 compartments are equally likely. Find the probability that the ball
will land on:

(@) black (b) an odd number
(c) amultiple of 3 (d) any number from 1 to 12
(e) 15

9.2 VENN DIAGRAMS

Venn diagrams are a visual way to represent sets of data. You can name the sets with letters and talk about various
properties of the sets. Venn diagrams are an efficient tool to be used when analysing data to find the probability

of events.

IfS=1{1, 2,3, 4,...25} (i.e. whole numbers from 1 to 25), D={1, 3, 5, ... 25} (i.e. odd numbers from 1 to 25), F = {3,
6,9,...24} (i.e. multiples of 3 between 1 and 25), then n(S) = 25, n(D) = 13 and n(F) = 8, where the notation 7(S)
means the number of members of set S. This information can be shown on a Venn diagram as follows:

e N
S D F

f 812 The outer group contains all the members of set S; the inner group on the left contains

24 all the members of set D; the inner group on the right contains all the members of

set F. The area where the inner groups overlap contains the members that are in both
B 162092 sets D and F. The region outside the groups of D and F contain all the members of set

\ _  that are in neither set D nor set F.

To enter information onto a Venn diagram like this it is best to first find the members common to both sets D and F,
then put the rest of the data into D and F. The remaining members of S that were in neither D nor F can then be put
into the region outside D and F.

The set made by combining sets D and F is called the union of the two sets, written D U F. It consists of all the
elements that are in D or in F or in both D and F:

DUF={1,3,5,6,7,9,11,12,13,15,17, 18, 19, 21, 23, 24, 25}
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The set made up of the elements common to sets D and F is called the intersection of the two sets, written D N F:
DN F={3,9,15,21}

The intersection contains numbers that belong to both sets, i.e. the odd multiples of 3 between 1 and 25.

Now n(D) =13, n(F) =8, n(D U F) =17, n(D N F) = 4. Hence:

n(D U F) =n(D) + n(F) —n(D N F)

Because sets D and F contain some common elements, the two sets are not mutually exclusive. Also, sets D and F are
each subsets of set S, because all their elements are in set S.

Note that sets do not always overlap. If A = {letters of the alphabet}, V' = {vowels} and C = {consonants}, this
information can be shown on a Venn diagram:

A Sets V and C have no members in common, so they do not overlap.

v Hence VN C = {}, where {} is called the empty set.

All members of set A are in either set V or set C. Because of this, sets V and C are
called mutually exclusive or disjoint.

Now n(V)=5,n(C)=21,n(Vu C)=26,n(Vn C)=0.

Hence, for disjoint or mutually exclusive sets:

n(Vu C)=n(V)+n(C)

Sets V and C are each subsets of set A, because all their elements are in set A. They are also called complementary
sets, because together they make up set A with no overlapping.

Example 4
A is the set of possible sums from the numbers showing when two dice are rolled. B is the set of odd sums and C
is the set of sums that are more than 7. Show this information on a Venn diagram and find:

(@ BucC (b) BNnC

Solution

List the elements in each set: Venn diagram:
A=1{2,3,4,56,7,8,9,10, 11, 12}, A( .
B={3,5,7,9,11}, C=18,9, 10, 11, 12}

Elements common to B and C: {9, 11}
(@ BuC={3,578,9,10, 11,12} —

(b) BAC=1{9,11}

Example 5

A die is rolled on a flat surface. A is the set of even results, B is the set of odd results and C is the set of results less
than 4. Show this information on a Venn diagram and find:

@ AucC (o) CUB (c) AuUBUC (d AnB (e) Which two sets are mutually exclusive?
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Solution
List the sets: A =1{2,4, 6}, B={1, 3,5}, C={1, 2, 3}

C

There are 3 intersecting sets, so 3 groups needed. ’ \

Common elements between sets: 2 is common to A and C 0 o
1, 3 are common to Band C

(@ AuC=1{1,2,3,4,6} (b) CuB={1,2,3,5} () AuBUC={1,2,3,4,5,6}

(d) AN B={} This set is called the empty set as it does not contain any elements.

(e) Since the intersection of sets A and B is the empty set then these two sets are mutually exclusive.

EXERCISE 9.2 VENN DIAGRAMS

1 For the Venn diagram shown, the set S is given by: s x Y
A S$={1,3,5,7,9,10, 11} B $={1,2,3,4,5,6,7,8,9,10, 11} b
C $=1{2,4,6,8,9,10, 11} D S$={9,10,11} 68

To show the information given in questions 2 to 5, draw a Venn diagram for each.

2 Sis the set of possible sums from the numbers showing when two dice are rolled, D is the set of even sums, F
is the set of sums less than 6. Find: (@) DUF (o) DNF

3 A coin is tossed and a die is rolled. S is the set of all possible results obtained, H is the set of all results
containing heads, G is the set of all results containing an odd number. Find:

(@ HuUG (b) n(HNG)

4 S is the set of all possible outcomes on a French roulette wheel, B is the set of black numbers, R is the set of red
numbers. (For a description of a French roulette wheel, see Exercise 9.1 question 23.) Find:

(@ BUR (b) BNR () n(BUR) (d) n(BNR) (e) n(S)
5 §=1{1,2,3,...25}, E={even numbers in set S}, P = {perfect squares in set S}. Find:
@ n(S) (b) n(E)  (c) n(P) (d n(EnP) (e) n(ELP)

6 In a group of 25 students, 18 study French, 12 study German and 5 study neither French nor German. Find
how many students:

(@) study only French (b) study only German (c) study only one language.
7 §$=1{1,2,3,...20}, K= {multiples of 3 in set S}, L = {multiples of 6 in set S}. Find:
(@) KulL (b) KnL (c) n(KNL)

8 A dieisrolled on a flat surface. A is the set of even results, B is the set of odd results, C is the set of results
more than 4. Find: (@) ANB (b) AUB (c) BnC (d) n(AnC)

9 Two dice are rolled. Of the results, E = {even sums}, F = {odd sums}, G = {sums where one die shows a 6}.
Find: (@) n(ENF) (b) n(FNG) () n(EUF) (d) n(EuG)

10 For the Venn diagram shown, indicate whether each statement is correct or s x Y
incorrect. 45
(@ S$={1,2,3,...12} (b) XUY={1,2,3,4,56,7,8,9,11, 12} 89
(©) XNnY={1,11,12} d) S={1,2,3,...14}
1013 14
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9.3 FINITE SAMPLE SPACES

A set of favourable outcomes can be considered an event. The rolling of even numbers with a die (3 favourable
outcomes), the drawing of a heart from a standard deck of cards (13 favourable outcomes) or the tossing of heads
with a coin (1 favourable outcome) are all examples of an event.

The rolling of a die, the drawing of cards from a deck, the tossing of a coin—that is, activities that will produce
various events—are called experiments or trials.

In modern probability theory, all possible outcomes of an experiment are considered as points in a space, called a
sample space S. If S contains a finite number of points # and if the outcomes of an experiment are equally likely,
then you can assign each point (called a sample point) a probability of =. The sum of the probabilities of all the
sample points is therefore 1.

If S is the sample space and A is a set of points drawn from the sample space (i.e. A is an event), then:

P(A)= number of sample pointsin A _ n(A)
~ number of sample pointsin S~ n(S)

_ number of outcomes corresponding to A
total number of possible outcomes

IfS={a, b,c,...x, y, z} then n(S) = 26.

e _spayMA) 5
Let A={a, e, i,0,u} son(A)=5:P(A)= n(S) = 26
Thus the probability of selecting a vowel from § is %

Mutually exclusive events

If two or more events cannot occur simultaneously then the events are said to be mutually exclusive or disjoint. In
the language of the sample space, the events have no points in common.

If a coin is tossed, either heads or tails may turn up, but both events cannot occur at the same time. If a card is drawn
at random from a deck, it may be a heart or the ace of spades or some other card, but if the card is a heart then this
excludes the possibility of it being the ace of spades. The two events ‘heart’ and ‘ace of spades’ are mutually exclusive.
However, the events ‘heart’ and ‘ace’ are not mutually exclusive. Why?

Example 6
If one card is drawn at random from a standard deck of 52 playing cards, what is the probability that it is a heart
or the ace of spades?

Solution
These two events are mutually exclusive, because they can’t happen together. §

S = {playing cards} n(S) =52 @

A = {heart} n(A)=13
B = {ace of spades} n(B)=1

A U B=A or B= {heart or ace of spades}
n(Aor B)=14

_n(AorB)_14 _ 7
PAorB) == 6" =5, =26
A and B are disj oint sets, sO they don’t intersect.

Now P(A) = 13 P(B) and 50 P(A) + P(B) = 5—2 + siz % 276

Because the sets A and B have no points in common and thus are mutually exclusive, then:
P(A or B) = P(A) + P(B)
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Example 7
From a set of 15 cards numbered 1 to 15, one card is drawn at random. What is the probability that it is a
multiple of 3 or 5 or both?

Solution
S={1,2,3,...15} n(S) =15 s( 4
A=1{3,6,9,12,15}  n(A)=5
B=1{5, 10, 15} n(B) =3 e
One card, 15, is common to both sets A and B:
AN B=A and B= {15} n(Aand B) =1
AUB=AorB=1{3,5,6,9, 10, 12, 15} n(AorB)=7

n(AorB) 7
n(S) 15

12478111314

.. P(AorB)=

The notation ‘A and B’ means the elements common to both sets (in Example 7 above, the multiples of 3 and 5).
This is also known as the intersection of the two sets.

The notation ‘A or B’ means the elements in either set (in the example above, the multiples of 3 or 5 or both). This is

also known as the union of the two sets.
You have n(A or B) = n(A) + n(B) — n(A and B), because the sets are not mutually exclusive. Thus:

P(A or B)=P(A) + P(B) — P(A and B)

This formula also works for mutually exclusive sets, where P(A and B) = 0 and so the result becomes:
P(A or B) = P(A) + P(B)

Example 8
A card is drawn at random from a standard deck of 52 playing cards. R is the event ‘drawing a red card, H is
the event ‘drawing the ace of hearts, A is the event ‘drawing an ace. Find:

@ R (b) A (c) P(R) (d) P(R)
(€) P(RorA) (/ P(Ror H) (@) P(Rand A) (h) P(RorH)
Solution
(@ R ={notred}={black} (b) A ={not an ace} () n(R)=26, P(R)= % = %

(@ n(R)=26, P(R)=22=1 OR P(R)=1-P(R)=1-1=

52 2
_ P _n(RUA)_28_7
() n(RUA)=26+4-2=28, P(RorA)—i52 ===
() n(RuU H) =n(R) =26 because the ace of hearts is a red card.
P(RorH)="RYH) _26_1

52 52 2
(g9 n(RN A)=2because there are 2 red aces.
P(Rand4)="ROA) _ 2 _ 1

52 52 26
_ _ RUH
(h) RuU H = {black or ace of hearts}, P(R orH):n(Sz)zgz

1
2
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EXERCISE 9.3 FINITE SAMPLE SPACES

242

1

10
11

12

A card is drawn at random from a standard deck of 52 playing cards. A is the event ‘drawing a heart, B the
event ‘drawing the ace of clubs, C is the event ‘drawing an ace’ Find the following:

(@ P(A) (b) P(B) () P(C) (d) P(A or B) (e) P(AorC)

(f) P(BorC) (@) Which pairs of events A and B, A and C, or B and C are mutually exclusive?

From a set of 17 cards numbered 1, 2, 3,... 17, one card is selected at random. A is the event ‘a multiple of 3’ B
is the event ‘a multiple of 8, C is the event ‘a multiple of 5’ Find the following:

(@ P(A) (b) P(B) (c) PO (d) P(A) (€) P(B)

(f) P(A or B) (9) P(AorC) (h) P(A orB) () P(AorC) @ P(BorC)
(k) Which pairs of the events A, B and C are mutually exclusive?

A standard die is rolled on a flat surface. A is the event ‘an even number), B is the event ‘an odd number, C is
the event ‘a multiple of 5. Which of the following statements is true?

A P(AorB)=05 B P(AorB)=1 C P(AorC)=05 D P(Eor(_?):%

A container holds 8 red marbles, 7 white marbles and 5 black marbles. One marble is drawn at random from
the container. Indicate whether each statement below is correct or incorrect.

(@ Plred or black) = 3 (b) P(not white) =

(c) P(neither black nor white) = % (d) P(notred)= %

A coin is tossed three times. A is the event ‘at least two heads), B is the event ‘head, tail, head, C is the event ‘not
more than one head’. Find:

(a) P(A) (o) P(B) (c) P(C) (d) P(A or B) (e) P(AorC) (f) P(BorC)

(g9) P(AorBorC) (h) Which pairs of the events A, B and C are mutually exclusive?

An integer is chosen at random from the first 50 positive integers. A is the event ‘divisible by 2 B is the event
‘divisible by 3’, Cis the event divisible by 5’ Find:

(a) P(A and B) (b) P(A and C) () P(Band Q) (d) P(A and Band C)

() P(A orB) (f) P(Aor(C) (g) P(Bor(C) (h) P(AorBorC)

A die is rolled twice and the numbers rolled are added together. A is the event ‘the sum is 4 or more, B is the
event ‘the sum is less than 6, C is the event ‘the two numbers rolled are the same’. Find:

(a) P(A and B) (b) P(A and C) (¢) P(Band Q) (d) P(A and Band C)

(e) P(A or B) (f) P(AorQC) (9) P(BorC) (h) P(AorBorQC)

A die is rolled twice and the numbers rolled are added together. A is the event ‘the sum is greater than 5; B is
the event ‘the sum is less than 8’ Find:

(@) P(A) (b) P(B) () P(AandB) (d) P(A or B).

(e) Hence show that P(A or B) = P(A) + P(B) — P(A and B). Are A and B mutually exclusive?

If P(A) + P(B) = 1, does it follow that one of these events must occur?
P(A or B) = % P(A and B) = % P(A) = % Find P(B).

In a group of 50 students, 30 study Mathematics, 25 study Physics and 20 study both Mathematics and Physics.
One student is selected at random from the group. What is the probability that this student studies:

(@) Mathematics but not Physics (b) Physics but not Mathematics

(c) neither Physics nor Mathematics?

From a group of 100 students, 50 study History, 30 study English and 20 study both. If a student is selected at
random from the group, what is the probability that the student studies:

(@) atleast one of these subjects (b) History but not English
(c) History, given that the student also studies English?
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9.4 SUCCESSIVE OUTCOMES

It is important to be able to organise information so that probabilities can be calculated easily, especially when there
are multiple events occurring successively. A tree diagram is one of the most common ways to do this.

A coin is tossed three times. Use a tree diagram to show the possible outcomes.

Example 9
Solution
First Second Third Outcomes
toss toss toss
H HHH
H <
T  HHT
H <
- < H  HTH
T  HIT
H THH
H <
< T  THT
T
T < H TTH
T TTT

Each time a coin is tossed, it can land as either a head (H) or a
tail (T).
There are 8 possible outcomes (2 X 2 x 2 = 2°) for this experiment.

How you describe the outcomes depends on whether or not the order
of the events is important.

If the order is important, then the outcomes HHT, HTH and THH are
three different outcomes. If order is not important, then these three
results represent the same single outcome: 2 heads and 1 tail.

When order is not important, there are only 4 possible outcomes for
this experiment: 3 heads, 2 heads and 1 tail, 1 head and 2 tails, or 3 tails.

As well as listing outcomes, a tree diagram can be used to show the probability of each outcome in a
repeated experiment. The fundamental counting principle (or ‘multiplication principle’—see below) means
that you can multiply the successive probabilities along the branches to obtain the probability of a final outcome.

Example 10

At a school sports day Joely runs in the 100 m, 200 m and 400 m races. In terms of win (W) and loss (L), there
are two possible outcomes for each race.

(@) How many possibilities are there for the three races?

(b) What are the probabilities of Joely winning 3, 2, 1 or no races?

Solution
(@) There are 8 possible outcomes (2 X 2 X 2). WWW represents 100m 200m  400m Possibilities
a win in each of the three races; WWL, for example,
represents a win in 100 m and 200 m and a loss in the 400 m. W < W www
(b) The question does not say that Joely has an equally likely w7 < L WWL

chance of winning each race, so the question cannot be
answered due to lack of information.

L < W WIW
IL WLL

W LWW
However, you can find the probabilities if you assume W< L owL
that she has a 50-50 chance of winning each race, in which case: L <
. 1 . 3 L < w LILW
P(wins 3 races) = 3 P(wins 2 races) = 3 L L
P(wins 1 race) = % P(wins 0 races) = %
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Multiplication principle
Tree diagrams can be used to calculate probabilities. To obtain the probability of a final outcome, you can multiply
the probabilities of the successive intermediate outcomes along the branches. For example:

Number of ways a two-part outcome can occur =m X n
(where m = number of ways the first part can occur,
n =number of ways the second part can occur)

Example 11
A coin is tossed twice. Draw a tree diagram to show the possible outcomes, marking the probability of each
outcome on each branch. Use your tree diagram to find:

(a) P(2 heads) (b) P(1 head) (c) P(0 heads)
Solution
PH)=P(T)=0.5 First Second  Possible Probability
toss toss  Outcomes of Outcomes
Find each final probability by multiplying the successive
probabilities along each branch of the tree diagram. g H o HH 025
H
() P(2 heads) =P(H) x P(H) =0.5x0.5=0.25 e DS T 025
(b) There are 2 branches that have the outcome of 1 head,
so their probabilities must be added together. 05 o5 _H TH 025
P(1 head) = P(H) x P(T) + P(T) x P(H) T <
=0.5%X0.5+0.5x0.5 05T TT 0.25
=0.5

(€) P(0 heads) = P(T) x P(T) = 0.5 X 0.5 = 0.25

Example 12

A card is drawn from a standard deck of 52 playing cards and a coin is tossed. In this example, you are only
concerned with the suit of the card (i.e. whether hearts, diamonds, clubs or spades). Draw a tree diagram to show
the possible outcomes, marking the probability of each outcome on each branch. Use your tree diagram to find:

(@) P(spade and heads) (b) P(red card and tails) (c) P(not a club and heads)
Solution Cards Coin  Possible Probability
Outcomes of Outcomes

Multiply successive probabilities along the branches.

v dxied

(@) P(spade and heads) = i X % = é
1 1 1
1. 1,1.1_1 vr X773
(b) P(red card and tails) = 1%7 + 1X577 i o
OR, using successive probabilities: iX27%
P(red card) = 3, P(tails) = 1 o Ll
P(red card and tails) = % X % = i aH Lyl_l

—3xly1_3

(c) P(not a club and heads) =3 x 1X5=% o Lyl_l
aH L 1_1
4 2 8
s bt
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EXERCISE 9.4 SUCCESSIVE OUTCOMES

1 A coin is tossed and a die is rolled. Draw a tree diagram to show the outcomes, marking the probability of the
outcome on each branch. If each outcome is equally likely, find the probability of:

(a) ahead and an even number (b) atail and a number greater than 4.

2 Two cubes each have two faces painted red, another two faces painted white and the remaining two faces
painted blue. Both cubes are rolled on a table like dice. Draw a tree diagram to show the possible outcomes of
the colours that are rolled. If each outcome is equally likely, what is the probability that:

(@) both colours rolled are the same (b) one colour rolled is red and the other is white?

3 A committee consisting of one boy and one girl is to be selected from three girls (Anna, Kate and Sue-Lin)
and four boys (Brent, Jimmy, Mustafa and Rajiv). What is the probability that the committee consists of
Kate and Rajiv?

4 A restaurant has a set menu that offers a choice of three different entrées, three different main courses
and three different desserts. The entrées are vegetable soup, spring rolls and calamari; the main
courses are roast beef, roast eggplant and spaghetti bolognese; the desserts are cheesecake, ice-cream
and fruit salad. Draw a tree diagram to show all the menu choices that include one item from
each course.

(@) If you must choose one item from each course, how many different meal choices are there?
If each choice is equally likely, find the probability of selecting:

(b) vegetable soup, roast beef, and either cheesecake or ice-cream

(c) spring rolls, not roast beef, and fruit salad.

5 A die is rolled twice and the numbers rolled are added together. Which of the following events has a
probability of %?
A both numbers rolled are the same B thesumis5 C thesumis3 D thesumis12
6 A coin is tossed three times. Illustrate on a tree diagram the eight possible outcomes. Use the tree diagram to
find the probability of tossing:
(@) 3tails (b) 1head (c) 2heads (d) 3heads
7 Three students, Kristian, Soung-ho and Amélie, work independently on a mathematics problem. Each student
has a 50-50 chance of success. Draw a tree diagram and use it to indicate whether each of the following

statements is correct or incorrect.

(@) P(all successful) = % (b) P(only Kristian and Amélie successful) = é

(c) P(none successful) = % (d) P(at least one is successful) = %

8 One cube has 4 red faces and 2 white faces, another has 3 red and 3 white faces, and a third cube has 2 red and
4 white faces. The three cubes are rolled like dice.

(@) Draw a tree diagram to show all possible outcomes and the associated probabilities.
What is the probability that:
(b) 3 red faces are rolled (c) only one cube rolls a white face
(d) more red faces than white faces are rolled?
9 A 50-cent coin, a 20-cent coin and a 10-cent coin are tossed. What is the probability of:

(@) 3 heads (b) ahead only with the 50-cent coin (c) atleast 2 tails?

10 A card is drawn at random from a standard deck of 52 playing cards. It is replaced, the deck is shuffled and a
card is drawn again. What is the probability that:

(@) both cards are spades (b) neither card is a heart (c) both cards are the same suit?
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9.5 INDEPENDENT EVENTS

Two events are independent if the outcome of each event is not affected by the outcome of the other event. This
means that the probability of both events together is the same as the probability of both events separately, and
so their probabilities can be multiplied together as if they are separate successive outcomes (as shown in the
previous section).

In other words:

If events A and B are independent, then: P(A and B) = P(A) x P(B)
Or, writing P(A and B) as the ‘product’ of A and B: P(AB) = P(A) X P(B)

Many of the questions in Exercise 9.4 involved independent events.

Example 13
If two dice are rolled, what is the probability of rolling an even number with the first dieand a3 ora 5
with the second die?

Solution
The sample space consists of 6 X 6 = 36 points, as listed below. Each sample point is represented for convenience
below as (a, b), where a is the number on the first die and b is the number on the second die:

(1,1) (2,1) 3.1 (4,1) (5,1) (6,1)
(1,2) (2,2) 3,2) (4,2) (5,2) (6,2)
(1,3) (2,3) 3,3) (4,3) (5,3) (6,3)
(1, 4) (2,4) (3,4) (4, 4) (5.4) (6, 4)
(1, 5) (2,5) (3,5) (4,5) (5,5) (6,5)
(1,6) (2,6) (3,6) (4,6) (5,6) (6,6)

There are 18 points that correspond to event A, an even number with the first die and any number with the
second die. There are 12 points that correspond to event B, any number with the first die and a 3 or a 5 with
the second die.
: _18_1 -12_1
Thus.P(A)_36_ 3 and P(B)_36_3.
The intersection of A and B is the set of 6 points above that are shaded.
ANB={(2,3),(2,5), (4,3), (4, 5), (6, 3), (6, 5)}

) _6 _1
Hence: P(A and B) = 6= 6
And:  P(A)x P(B) = % X % - é — P(A and B)

This result conforms to our definition of independent events, as well as to the everyday meaning of the word
‘independent’. Clearly, whichever number the first die happens to roll will have absolutely no influence on the
second die’s roll.
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Alternatively:
This example could also be solved by a careful observation of the Istdie  2nddie  Possible  Probability
Outcomes

36 sample points. Observe that % of the outcomes contain an even 1 Ll
. . . . 3.8 ES SREEZ

number with the first die; then note that % of this % (that is, %) 2.3 6

E

contain an even number with the first die and a 3 or a 5 with the % N . 1,22

second die. 3 273 6

We can think of rolling two dice as a two-stage process, which can .

be represented by a tree diagram with two sets of branches. For 1 35S 0s %x % - é

convenience, we label an even number on the first die E, an odd 2 o <

number on the first die O, a 3 or a 5 with the second die a success S, P OF 1.2_2

and ‘not a 3 or a 5 a failure F. 3 roee

The tree diagram shows the four possible outcomes, but they are not all equally likely. An even number E with

O\ |

the first die and a 3 or a 5 with the second die is given by E S with probability % X % =

Example 14
A fair coin is tossed 3 times. What is the probability of:

(@) 2headsand 1 tail, in any order (b) atleast 1 head?
Solution

The experiment of tossing a coin 3 times can be represented by a tree diagram with 3 sets of branches.
As usual, H=head and T = tail:

First Second Third Possible Probability
toss toss toss Outcomes
NPT 1xix1_1 HenceS={(HHH), (HHT), (HTH), (HTT),
1 H< (THH), (THT), (TTH), (TTT)}
> 1,11 _1 .
s T HHT 2%2%2%%5 .. n(S) =8 and each of the 8 outcomes is equally
H likely.
4 1.1 .1 1
. 1 2 H HTH SX3X5=%
2 oy
IS1 HIT X3 X3=%
Loy THH l1,1,1_1
2 27272 8
1 . _H
2 1 1 1 1
% T THT IX7X57=%
T 1
= 1 1 1
2 H TTH SXFX5=%
T
1 1 1 1
3 ~T  TIT IX3%37%

(@) From observation of the 8 sample points, we can pick out the points corresponding to the event A,
2headsand 1 tail: A={(HHT),(HTH), (THH)}

y pH=Ll, 1, 1_3
.. P(2 heads and 1 tail) = 8+8+8 2
(b) Each of the 8 outcomes except (TTT) has at least 1 head: ... P(atleast 1 head) = 1 — P(0 heads)
—1-1_7
=1-37%
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Example 15

Two friends, Suzy and Dimitri, often play golf and tennis with each other. Overall, Suzy tends to win 3 rounds
of golf out of every 5 and 1 game of tennis out of every 4. If Suzy and Dimitri play one round of golf and one
game of tennis, find the probability that Suzy:

(a) wins both (b) loses both
(c) wins only the round of golf (d) wins either the golf or the tennis but not both.
Solution

Assume that no game ends in a draw.
Let A be the event ‘Suzy wins golf’ so A is the event ‘Suzy loses golf’ From the overall probabilities:
=3 T\ _ 2
P(A)= = and P(A)= 3
Let B be the event ‘Suzy wins tennis, so B is the event ‘Suzy loses tennis’

P(B)= i and P(E)z%

Assuming that A and B are independent events (which seems reasonable), then:

(@) P(A and B) = P(A) x P(B) (b) P(AandB)=P(A)xP(B)
=31 2.3
574 =5%%
=3 3
20 =10
(©) P(AandB)=P(A)xP(B)
_3,3
=57y
-9
20
(d) For this outcome, Suzy either (i) wins golf and loses tennis, or (ji) loses golf and wins tennis.
() P(AandB)=P(A)xP(B) (i) P(AandB)=P(A)xP(B)
3.3 2.1
~5%% =571
-9 -2
20 20
. . . = = 9 2 1
(i) and (i) are mutually exclusive, so P((A and B) or (A and B)) =20 + 20=30"
This problem can also be solved using the tree diagram method. Golf  Tennis  Possible Probability
There are four possible outcomes (not all equally likely); if we Dutiesimes
denote a win by Suzy as W and a loss as L, then the possible 1 3.1_3
. . 0T om0 4 w wWw —_X = = —
outcomes are WW, WL, LW and LL. Their respective probabilities 504 20
can be illustrated by the following tree diagram. 3 W
5 3.3_9
S % L WL g X Z = %
> iow o 211
o ‘ 51710
L <
2. 3_3
% L LL E X Z = E
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Example 16

A die is rolled, a coin is tossed and a letter is taken from the set {a, b, c}. Find the probability of each event
described below.

(a) Event A: roll 3 with the die (b) Event B: a head with the coin
(c) Event C: ‘b from the set {a, b, ¢} (d) AandBandC.
Solution

Events A, B and C are independent.
@)Mm=% m)mm=% @)HQ:% (d) P(A and Band C) = P(A) X P(B) x P(C)

1. 1.1
— 575373
_1
36

When finding the probability of an event, given that you know another event has occurred, the notation | is used to
mean ‘given’. Hence P(A|B) means ‘the probability of event A, given the situation that event B has occurred.

It is important to realise that:

If events A and B are independent, then P(A | B) = P(A) and P(B | A) = P(B).

EXERCISE 9.5 INDEPENDENT EVENTS

1 You toss a coin and roll a die. What is the probability of:

(a) ahead with the coin (b) anumber greater than 4 with the die
(c) ahead and a number greater than 4?

2 Inaclass of 25 boys and 15 girls, 8 boys and 7 girls wear glasses. One student from the class is selected.
Indicate whether each statement below is correct or incorrect.

(@ P(boy) = % (b) P(wears glasses) = %

(c) P(boy and wears glasses) = é (d) P(girl and does not wear glasses) = %

3 A coin is tossed and a die is rolled. The probability of ‘a head and a number greater than 4’ or ‘a tail and a
number not exceeding 3’ is:
1 1

1 5
A24 B6 C4 D12

4 A red die and a blue die are rolled on a table. Find the probability of each event:

(a) the same number with each die (b) the sum of the numbers exceeds 9
(c) a3 with the red die and a 4 with the blue die

(d) an odd number with the red die and an even number with the blue die

(e) the sum of the numbers is less than 2.

5 A coin is tossed three times. A is the event ‘at least two tails’; B is the event ‘three heads or three tails’; C is the
event ‘at least one tail. Which of the following are independent?
(@ AandB (b) AandC (¢) BandC

6 A dieis rolled and a number is selected at random from the set {1, 2, 3, 4, 5}. The die number and the selected
number are added together to find the score. Find the probability of each event:

(@) A:an even number is selected from the set (b) B: the die rolls an odd number
(c) C:the score exceeds 9 (d) D:thescoreis 10
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7

10

11

12

13

14

15

16

17

A die is loaded so that the probability of rolling a 6 is %, the probability of a 5 is %, and each of the other

numbers is equally likely. If the die is rolled twice, find the probability of:

(@) two 6s (b) no 6s (c) atleast one 6 (d) the sum of the two numbers being six.
In a large school, 25% of the students ride bicycles to school and 40% of the students have fair hair.

One student is selected at random. What is the probability that the student:

(@) has fair hair and rides a bicycle to school

(b) does not have fair hair and does not ride a bicycle to school
(c) has fair hair but does not ride a bicycle to school

(d) rides a bicycle to school but does not have fair hair?

For a certain species of bird, there is a chance of 4 in 5 that a fledgling will survive the first month after birth.
From a brood of 3 fledglings, what is the probability that:
(@) all will survive (b) none will survive (c) at least one will survive?

One card is drawn at random from a standard deck of 52 playing cards. The card is replaced in the deck and
the deck is shuffled. A second card is then drawn. What is the probability that:

(@) both cards are diamonds (b) neither card is a diamond
(c) only one of the cards is a diamond (d) only the first card is a diamond
(e) only the second card is a diamond (f) atleast one of the cards is a diamond?

Cube A has 4 red faces and 2 white faces; cube B has 3 red faces and 3 white faces; cube C has 2 red faces and
4 white faces. The three cubes are rolled like dice. What is the probability of rolling:

(@) 3redfaces (b) 3 white faces (c) red with A and B, white with C

(d) red with A, white with Band C (e) atleast one red face?

An athlete competes in races over 100 m, 200 m and 400 m, and she estimates her chances of winning as %, %

and i respectively. Using these probabilities, calculate the probability that:

(@) she wins all three races (b) she loses all three races
(c) she wins the 100 m race and loses the others (d) she wins the 400 m race and loses the others
(e) she wins the 100 m race and the 200 m race but loses the 400 m race.

A container holds 2 blue, 3 black and 5 white balls. A ball is withdrawn and then replaced in the container.
This is repeated three times. Find the probability of each event:

(a) 3 white balls (b) ablack ball in the first two drawings, but not in the third
(c) white, black, blue (in that order) (d) white, black, white (in that order)
(e) not more than two white balls (f) a white or a black ball each time.

A coin is tossed four times. What is the probability of:

(a) 4 heads (b) 4 tails (c) head, tail, head, tail (in that order)
(d) heads in the first 3 tosses but not in the fourth ~ (e) heads in any one of the 4 tosses?

A student estimates that the chances of passing English, Mathematics and Physics are respectively %, % and %
Estimate the probability of the events:

(@) passes English only (b) passes English and Mathematics only
(c) passes all three subjects (d) fails every subject.

A survey finds that, on average, 2 out of every 3 people interviewed are in favour of a certain proposal. If a
random group of 3 people are interviewed, what is the probability that:

(@) all will be in favour of the proposal (b) none will be in favour
(c) the first and third people interviewed will be in favour, but not the second?

One container holds 2 red cubes and 4 blue cubes and a second container holds 4 red cubes and 3 blue cubes.
One cube is selected at random from each of the two containers. What is the probability that one of the cubes
is red?
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18 The probability that a certain woman will be alive in 20 years is % and the probability that a certain man will

be alive is % What is the probability that in 20 years’ time:

(@) both will be alive (b) only one will be alive (c) atleast one will be alive?

19 There are three containers A, B and C. A contains 3 black and 2 white cubes; B contains 3 black and 1 white

cube; C contains 3 black and 3 white cubes.

(@) A container is chosen at random and from it a cube is chosen at random. Illustrate this two-stage process

with a probability tree diagram.
(b) What is the probability that the cube is black?

20 On average, a student misses her bus to school once every eight weeks (where there are five days per school

week). Find the probability that she:

(@) does not miss the bus on any one morning (b) catches the bus on two successive mornings

(c) catches the bus each morning for a week (5 days) (d) misses the bus on at least one morning in a week.

21 To open a locked safe requires a correct 3-digit combination. If a combination is chosen at random, calculate

the probability of:
(@) succeeding at the first attempt (b) failing at the first attempt.

22 The first race at Randwick has 13 horses running and the second race has 16 horses. Assuming that all horses

have an equal chance of winning, calculate the probability of predicting:

(a) a double (i.e. a winner in each race)
(b) a quinella (i.e. the two horses that come first and second, in either order) in the first race
(c) aquinella in the second race (d) a quinella in both races.

23 To gain a driver licence in NSW, you must pass both a touch-screen computer-based test and a practical

driving test. Statistics show that 70% of learners pass the computer-based test on the first attempt; of those who

fail, 90% pass on the second attempt. Also, 60% of learners pass their first practical test and 80% pass their
second practical test. The computer-based and practical tests are independent. Calculate the probability of:

(@) passing the computer-based test on the second attempt

(b) passing the computer-based test after no more than two attempts

(c) needing to take a third computer-based test

(d) passing the practical test on the second attempt

(e) receiving a licence after taking one practical test and two computer-based tests.

9.6 DEPENDENT EVENTS

Two events are dependent if the outcome of one event is affected by the outcome of the other event. This means that
the probability of both events together is not the same as the probability of both events separately. Their probabilities

cannot be simply multiplied together as if they are separate successive outcomes (as for independent events).

In other words:

If events A and B are dependent, then: P(A and B) # P(A) X P(B)

Example 17

Two dice are rolled. A is the event ‘5 with the first die’ and B is the event ‘sum of the numbers on the two dice
exceeds 10’.

(a) Find P(A and B) (also written P(A N B)).
(b) Are A and B independent?
(c) Find the probability that the sum of the numbers exceeds 10, given that the first die rolls a 5.

Chapter 9 Probability

251



YEAR 11

252

Solution
(@) Rolling two dice has 36 possible outcomes.
A={(51),(52),(53),(54),(55),(56), so PA)=

= =3_1
B=1(56), (6,5, (6,6} so P(B)=2-==
AandB=ANB=1{5,6)}, so P(AandB) =%
Note that in this case P(A and B) # P(A) X P(B).

(b) Because P(A and B) # P(A) x P(B), events A and B are not independent. You say they are dependent.

&lo
O\ |—

(c) You are asked to find the probability of event B given that event A has happened. This can be
written as P(B | A).

Because A has occurred, the only possible events in this case are (5, 1), (5, 2), (5, 3), (5, 4), (5, 5),
(5, 6). Of these 6 outcomes, only one is favourable: (5, 6).

Hence P(B| A) = %

For dependent events:
P(ANB)=P(A)x P(B| A)
where P(B| A) is the probability of B occurring given that A has already occurred.

This statement can also be written as: P( B| A) = %, P(A) %0

Sampling without replacement from a small population

Example 18
From a set of 5 cards numbered 1, 2, 3, 4, 5, two cards are selected at random without replacement (i.e. without
putting the first card back before taking the second). What is the probability that both cards are odd-numbered cards?

Solution
Let A be the event ‘odd number first card’ and B the event ‘odd number second card’. You must find

P(A and B). First: P(A) =3

If the first card is odd, then this leaves 2 odd cards in the remaining 4 cards, hence: P(B | A) = %
3.2_3

Thus: P(A and B) :P(A)XP(B | A)=§><Z= 0

It may have been easier to say P(odd, odd) = % X % = %

Example 19
A carton contains 10 batteries, 2 of which are defective. A sample of 3 batteries is drawn at random from the
carton. Find the probability that not more than one battery is defective, if the sampling is done:

(@) without replacement (b) with replacement.
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Solution
(@) Let D denote ‘defective’ and N ‘non-defective. You can represent the outcomes using a tree diagram:
First Second Third Possible Probability
draw draw draw Outcomes

O | —

There is no branch for DDD because
there are only 2 defective batteries in
the carton.

DDN Zxlxg-

© |oo
X

0 =
I

1
5 The statement ‘not more than

D
iy
+ D DND L
y B < 1 defective’ is the same as ‘0 defective

SN DNN X5 %
35 _D

»<_
Z SN
8

N
o | e

o |

7 7 .
$=1  or 1 defective.

8 .2 1 1
— X = X== =
NDD 107978 45
8
e 2
10 2z
8 2.7 _ 7
9 8 w2l L
NDN 107978 45
N
2 D NND 8 12 _17
7 8 107978 45
° NN
6 8 7 ,86_21
3 N NNN 107978 45

.. Required probability = P(DNN) + P(NDN) + P(NND) + P(NNN)
7.7 .7 ,21_4_14
T4 45 4545 T4 15
(b) Because each battery is replaced in the carton before the next withdrawal is made, the probability of a

2

defective battery being withdrawn remains the same each time: - for each withdrawal. You can again

10
represent the outcomes using a tree diagram (note the difference compared to part (a)):
First Second Third Possible Probability
draw draw draw Outcomes
2 2wl nld o
w0~ D DDD 010 X T0 T Too0

N 2 2 8 32

3 22232
10 N DDN 1010 10 1000
Z b DND Lo o 2 -2
10 10710 © 10 1000
3 2 8 8 128
1ol = X—= X — = ——
10 N DNN 10 10 10 1000
% D NDD Sxixlo 2
10 1010 © 10 1000
3 8 2 8 128
3 R g . v
10 N NDN 10710 © 10 1000
= _D NND Ixlxz 18
10 10710 © 10 1000
3 8 3 8 _ 512
38 — X = X — ==
10 N NNN 10710 10 1000

". Required probability = P(DNN) + P(NDN) + P(NND) + P(NNN)

128 128 . 128 | 512 _
= 1000 1000 * 1000 * 1000 ~ 0-8%¢
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Alternatively:
Required probability = 1 — P(2 defectives + 3 defectives)
=1-[P(DDN) + P(DND) + P(NDD) + P(DDD)]
) |: 32 32 32 8 }

1000 T 1000 T 1000 T 1000

=0.896

Sampling without replacement from a large population

Example 20
A shoe manufacturer makes two types of shoes: sneakers and boots. Of the shoes at the factory, 60% are sneakers.
If a random sample of 3 pairs of shoes is taken from the factory, find the probability that the sample is such that:
(@) there are exactly 2 pairs of sneakers
(b) there is at least 1 pair of boots

(c) the first two pairs chosen are sneakers and the third pair are boots.

Solution
Let p=0.6 and g = 0.4 be the respective probabilities (@) Required probability = P(SSB) + P(SBS) + P(BSS)
of choosing a pair of sneakers and a pair of boots. =3p’g
First Second Third Possible Probability =3X 0.62 X 0.4
choice choice  choice Outcomes
=0.432
p_S SSS P
. < (b) Required probability = 1 — P(0 boots)
Z OB  SSB ra =1 - P(SSS)
S
> p_S  SBS g =1-p’
p B < —1-06
g~B  SBB P
I e =0.784
q , S < (c) Required probability = P(SSB)
¢~B  BSB 2
B b =p’q
S BBS e

=0.6"x%0.4

P
q B<
9~B  BBB 7 =0.144

EXPLORE FURTHER o

Sampling without replacement
Use a spreadsheet to explore sampling without replacement from both small and large populations.

EXERCISE 9.6 DEPENDENT EVENTS

1 A box contains 5 black cubes and 3 red cubes. Two cubes are drawn at random from the box. Find the
probability that:

(a) both cubes are black (b) both cubes are the same colour
(c) both cubes are different colours.
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A box contains 6 green balls and 4 white balls. A batch of two balls is drawn at random from the box. The

probability that the two balls are the same colour is:
1 7 2

A3 ® 1 © i

2
® s
An angler has caught 15 fish, of which 3 are undersized. A random sample of 3 fish is taken without

replacement by an inspector. The angler is fined if one or more of the fish in the sample is undersized. What is

the probability that the angler is fined?

A carton contains a dozen eggs, 3 of which have a double yolk. If 3 eggs are taken to make a cake, find the
probability that all 3 eggs will have double yolks.

In a group of 9 people, 3 have brown hair and 6 have black hair. A random sample of 2 people is selected from
the group. What is the probability that:

(@) the first person selected has black hair (b) both people selected have black hair
(c) one person has brown hair and the other has black hair?

From a standard deck of 52 playing cards, two cards are selected at random without replacement. Indicate
whether each statement below is correct or incorrect.

(@) P(both cards are diamonds) = % (b) P(both cards are the same suit) = %
(c) P(one card is a spade and the other is a club) = % (d) P(both cards are different suits) = %

A container holds 3 white balls, 4 red balls and 5 black balls. Two balls are drawn at random without
replacement. What is the probability that the balls are:

(@) both white (b) both red (c) both black?

From 7 teachers and 5 pupils, a random selection of 2 people is made. What is the probability that:

(@) they are both teachers (b) they are both pupils (c) one is a teacher and the other is a pupil?
(d) How can the answer to (c) be deduced from the answers to (a) and (b)?

From the letters of the word ‘PROMISE,, three letters are chosen at random, one at a time. What is the
probability that the three letters are:

(@) vowels (b) consonants (c) vowel, consonant, vowel (in that order)?

A punter correctly picked first and second in a race of 10 horses. What is the probability of this, if all the
horses were equally likely to win?

In a raffle, 20 tickets are sold and there are 2 prizes. If you buy 5 tickets, what is the probability that you win at
least one of the prizes?

Group A contains 10 gorillas and 5 chimpanzees. Group B contains 4 gorillas and 6 chimpanzees. Two apes are
selected at random from the groups. What is the probability that:

(@) they are both gorillas, if they are selected from Group A

(b) they are both chimpanzees, if they are selected from Group B

(c) one is a gorilla, the other is a chimpanzee, if one is selected from each group?

A box of 10 chocolates contains 4 hard-centred and 6 soft-centred chocolates. If two chocolates are selected at
random, what is the probability that:

(@) they both have hard centres (b) they both have soft centres

(c) one has a soft centre and the other has a hard centre?

In a lottery game, three numbers are selected at random from 1, 2, 3, 4, ... 40. Find the probability that the
three selected numbers are all even.

A sample of three items is selected at random without replacement from a batch of ten items, four of which are
defective. Find the probability that there is at most one defective item in the sample.
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In a race with nine runners, if every possible order of finishing is equally likely, find the probability of picking
the runners who come first, second and third in the correct order.

Three cards are drawn at random from a standard deck of 52 playing cards. What is the probability that 3 aces
are drawn, if the drawing is done:

(@) without replacement (b) with replacement?

A bag contains a large number of five-cent coins and ten-cent coins in a ratio of 2 to 3. If three coins are
randomly selected from the bag, find the probability that:

(a) two of them are five-cent coins (b) at least two of them are five-cent coins

(c) not more than two of them are five-cent coins.

A manufacturer finds that 10% of the products made in a factory are defective. If three products are taken at
random, what is the probability that:

(a) all are defective (b) none are defective (c) more are defective than are non-defective?

A hand of three cards dealt from a standard deck of 52 playing cards contains the ace of clubs. What is the
probability of this happening?

In a raffle, 30 tickets are sold and there are two prizes. What is the probability that a person who buys

five tickets wins:

(@) neither prize (b) both prizes (c) atleast one prize?

From a set of 10 cards numbered 1 to 10, two cards are drawn at random without replacement. What is the
probability that:

(@) both numbers are even (b) one is even and the other is odd

(c) the sum of the two numbers is 12?

It is known that 7 out of 10 students from a certain school will go on to university. If a group of 3 students is
chosen at random from this school, find the probability that:

(@) all will go on to university (b) some will go on to university.

An archer finds that her ratio of success to failure in hitting a bullseye is 9 to 1. If 3 arrows are shot, what is the
probability of:

(a) 3 successes (b) atleast 2 successes (c) not more than 1 success?

On average, at a particular beach it rains on 2 days out of every 7. Find the probability that on a given weekend
it will rain:

(@) on both days (b) on at least one day.

A container holds a number of cubes: 60% are white and the remainder are black. Two cubes are randomly
selected without replacement. What is the probability that:

(@) they are the same colour (b) they are different colours?

In a large flock of birds, 50% are red and 50% are green. If two birds are selected at random, what is the
probability that:

(@) they are both red (b) atleast one is green?

Container X holds 1 white cube and 2 black cubes. Container Y holds 2 white cubes and 1 black cube. A

container is selected at random and from it two cubes are selected without replacement. Draw a tree diagram
to represent this three-stage process and find the probability that both cubes drawn are:

(a) the same colour (b) different colours.

A and B play a ‘set’ of tennis: when a player wins two games, the set is won. If A has probability 0.6 of winning
any one game, what is the probability that A wins the set? Construct a tree diagram.

Of two coins A and B, A is a fair coin while B is loaded with a probability of 0.6 for heads. A coin is chosen at
random and tossed twice. What is the probability of tossing two heads?
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CHAPTER REVIEW 9

1 The combination lock on a safe has three concentric circular discs, each showing the digits 0 to 9. Only one
combination of digits will open the safe. What is the probability of opening the safe at your first attempt if you
do not know the combination?

2 One student has a pencil whose cross-section is square and whose faces are coloured black, white, green and
red. Another student has a pencil whose cross-section is hexagonal (six-sided) and whose faces are coloured
black, white, green, red, yellow and orange. Both pencils are rolled on a flat surface and the colours appearing
uppermost are noted. Find the probability of each event:

(@) both colours uppermost are the same

(b) both colours uppermost are different

(c) black is uppermost on at least one of the pencils
(d) neither black nor white appears uppermost.

3 Four names beginning with B and five names beginning with G are in a hat. If two names are randomly drawn
without replacement, find the probability that:
(@ two G names are drawn out (b) atleast one B name is drawn out.

4 A jar contains red buttons and white buttons in a ratio of 3:2. If three buttons are chosen at random from the
jar, find the probability that:
(@) exactly two are red (b) not more than one is white.

5 A box contains four balls marked 1, 2, 3, 4. A spinner has an equal chance of
spinning R, G or W. A ball is selected at random from the box and the spinner is

spun. Illustrate on a tree diagram the 12 possible outcomes.
Find the probability of each outcome:

(@) Rand an odd number
(b) W and a number greater than 2, or R and an even number.

6 Ina group of 25 students, 18 study Biology, 12 study Chemistry and 5 study neither Biology nor Chemistry. If
a student is chosen at random, what is the probability that the student studies:
(@) Biology only (b) Chemistry only
(c) Biology or Chemistry or both (d) both Biology and Chemistry?

7 A coin is tossed and a die is rolled. What is the probability of ‘a head and a number greater than 3’ or ‘a tail and
a number not exceeding 4’?

8 Consider two spinners. One spinner shows the letters A, B, C, D and E, and the other spinner shows the digits
1, 2, 3, 4 and 5. When the spinners are spun, it is equally likely that they will stop on any letter or number. Find
the probability of each event:

(@) Band an even number (b) CorD,and an odd number

(c) E and an even number, or C and a number greater than 3

(d) aconsonant and an odd number, or a consonant and a number greater than 2.
9 A die is rolled three times. What is the probability of:

(@) 3 sixes (b) 0 sixes (¢) 3 odd numbers (d) 3 even numbers
(e) asixin the first two tosses only (f) asix, not a six, a six (in that order)?

10 Trinh and Oscar play three tennis matches. Trinh’s chance of winning any one match is % What is the
probability that Trinh:

(a) wins all three matches (b) loses all three matches
(c) wins the first and third but loses the second (d) loses the first and wins the other two?
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A man finds that he is late for work on 10% of occasions if he was on time the previous day, but late on 20% of
occasions if he was late the previous day. Given that he was on time on Monday and worked on Tuesday, what
is the probability that he is on time on Wednesday? Illustrate using a tree diagram.

A certain factory has three machines A, B and C, which manufacture 25%, 35% and 40% respectively of the
factory’s products. Of the machines” products, 5%, 4% and 2% respectively are defective. A product from the
machines is selected at random. What is the probability that:

(@) it was manufactured by A and is defective (b) it was manufactured by B and is not defective?

From a group of 5 boys and 6 girls, two are selected at random for a class committee. What is the probability
that a boy and a girl are selected?

A carton contains 10 electric lights, 3 of which are defective. Two are drawn at random. What is the probability
that:

(a) the first drawn is defective (b) both are defective
(c) neither is defective (d) exactly one is defective?

Three cards are drawn at random from a standard deck of 52 playing cards. What is the probability that they
are all from the same suit?

A bag contains 6 red balls and 4 white balls. A random sample of 3 is withdrawn. What is the probability that
the balls are the same colour, if the sampling is done:

(@) without replacement (b) with replacement?

Three cards are taken without replacement from a standard deck of 52 playing cards. What is the
probability of taking:

(@) exactly 3 hearts (b) exactly 3 aces (c) atleast 1 heart?

A manufacturer of metal pistons finds that on average 20% of pistons are rejected because they are either
oversize or undersize. What is the probability that a batch of three pistons will contain:

(@) no more than two rejects (b) at least two rejects?

In an assortment of bananas, the ratio of ripe bananas to unripe bananas is 3 to 5. If 3 bananas are chosen at
random, find the probability that:

(@) exactly 2 will be ripe (b) atleast 1 will be unripe.

In an opinion poll, the ratio of those in favour to those against a particular proposal was 7 to 3. If three
randomly chosen people are interviewed about the proposal, what is the probability that:

(a) all will be in favour (b) the majority will be in favour

(c) not more than two will be against the proposal?

A container holds 10 cubes: 6 are white and the remainder are black. Two cubes are randomly selected without
replacement. What is the probability that:

(@) they are the same colour (b) they are different colours?

In a group of 10 birds, 5 are red and 5 are green. If two birds are selected at random, what is the

probability that:

(@) they are both red (b) atleast one is green?
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Discrete probability distributions

10.1 DISCRETE RANDOM VARIABLES

When performing a sampling procedure, a number of different outcomes are expected. For example, when rolling
a normal die a large number of times, you can expect to observe some of each of the values from {1, 2, 3, 4, 5, 6}.
The outcome can vary between rolls. X, the observed outcome, is a random variable. In particular, X is a discrete
random variable because the list of possible outcomes is countable. Discrete random variables are often associated
with number or size.

On the other hand, if the list of possible outcomes is not countable, the variable is a continuous random variable.
For example, when measuring the heights of a sample of people, although you might expect the measurements to
fall within a range (say, 140 cm to 190 cm), each individual value is dependent only on the degree of accuracy of the
measuring instrument.

Continuous random variables are often associated with height, mass and time. Further work will be done with
continuous random variables in a later chapter.

Discrete variables and whole nhumbers

A discrete random variable is not restricted to taking on whole number values; the

important criterion is that the number of outcomes must be countable. For example,

L
8
but since the total number of different sizes can be counted, the variable is discrete.

shoe sizes using the British measuring system increase in half sizes such as 7, 7

Statistical models

Statistical modelling is a process used to predict real-world events. A statistical model consists of equations that are
based on assumptions and simplifications that produce a mathematical result. The predictions of the model can then
be tested against some real-world data. Since it is unlikely that a model will be completely accurate, it is often modified
to make it better fit the data. As an example, one might suggest that adults have the same arm span as their height.
However, after collecting a large quantity of data, arm span might be found to be closer to 97% of a person’s height.

Notation

Capital letters (e.g. X and Y) are used for random variables, and their corresponding lower-case letters (e.g. x and y)
are used for the values that the random variable takes. Subscripts distinguish the various possible values of X. For
example, we denote P (X = x,) as the probability that the variable X takes the value x,.

By varying the number of times a coin is tossed in the activity below, you will see how the probability of obtaining a
fixed number of heads changes.

MAKING CONNECTIONS O

Tossing three coins
Use a spreadsheet to simulate the results of tossing three coins n times.
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In some cases, the variable is not the actual outcome but rather a value assigned to an outcome. Consider an experiment
where three coins are tossed. Let X stand for the number of heads obtained. There are 8 possible outcomes.

Outcome observed | HHH | HHT | HTH | THH | HTT | THT | TTH | TTT
Value of X 3 2 2 2 1 1 1 0

So, X can be any of the values from {0, 1, 2, 3}. Assuming that each of the 8 observed outcomes are equally likely,
which is a reasonable assumption using fair coins, a probability table can be created for the variable X.

x o123
1131311

Px=xo| Ll 3|31
=255 ]% 3%

Example 1
Four coins are tossed. What is the probability of obtaining exactly two heads?
Solution
Write out the sample space for the experiment. HHHH, HHHT, HHTH, HHTT
(There are two options for each coin, so the sample HTHH, HTHT, HTTH, HTTT
space will consist of 2 X 2 X 2 X 2 =16 options.) THHH, THHT, THTH, THTIT

TTHH, TTHT, TTTH, TTTT

Define the variable to be used: Let X = the number of
heads obtained, so X = 2.

From the sample space write out the events which { HHTT, HTHT, HITH }

correspond to the situation. THHT, THTH, TTHH

(Here there are six events.)

State the probability for each successful event:

1.1.1_1_1 _5_6
P(HHTT)=5 X5 X5 X5 =1¢ P(X=2) I
and: _3

8

P(HHTT) = (HTHT) = (HTTH) =P(THHT) . ° o
= P(THTH) — P(TTHH) e€n the outcomes are equally likely you can use

" P(Event):
- 16 P(Event) = number of successful outcomes
total number of outcomes

Calculate the required probability by adding together
the individual probabilities for each outcome.

Finding sample size
A more interesting question would be to find the sample size necessary to meet a particular condition. In many of
these questions it is useful to use the complementary event. Recall that P(A) =1 — P(A).

Example 2
A netball player scores a goal from 75% of her shots. How many shots at goal would she need to have at least a
95% chance of scoring at least one goal?

260 New Senior Mathematics Advanced for Years 11 & 12



YEAR 11

Solution
Use complementary events: P(scoring at least one goal) = 1 — P(scoring no goals)

You require: P(scoring no goals) < 0.05
Systematically vary the number of misses to find the required value: let M be the event that she misses the goal.

P(M) =0.25
P(MM) =0.25 X 0.25
=0.0625
P(MMM) = 0.25 X 0.25 X 0.25
=0.015625
<0.05

The netball player would need to take at least three shots at goal to be at least 95% certain of scoring at least
one goal.

Discrete probability distributions
Consider an experiment where three coins are tossed. The table of probabilities for each outcome forms what is
known as a discrete probability distribution.

3

[u—

X 0

oo | W [\

1
8

oo W

P(X=x)

1
8

It lists each of the x values possible and the associated probabilities. Strictly speaking you should indicate that
the probability for any other value of x is zero, but in cases such as this it is obvious so you do not need to state it

explicitly.
Some conditions need to be met before you can say you are dealing with a discrete probability distribution.

For a discrete probability distribution, then: 0 < P(X) <1 for all values of x,
and Y, P(X = x) = 1 (where Y, stands for ‘the sum of’).

If either of these conditions is not met, then you do not have a discrete probability distribution.

Example 3
Does the following table represent a discrete probability distribution?
X 1 {3 |57
111132
PX=x) |5 |10|10] 5

Solution
Are all the probabilities between 0 and 1, inclusive; i.e. is 0 < P(X) < 17 Yes.
Do the probabilities add up to 1?
1,1 3 ,2_2 1 3 . 4

2P(X=X)=§+E+E+§=E+E+m+ﬁ

10

~ 10

=1
Both conditions have been met, so the table of data represents a discrete probability distribution.
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The probabilities can be represented as fractions, decimals, or percentages.

Example 4
The table of data below represents a discrete probability distribution.

x 3 4 5 6 7
P(X=x) [ 014 | k |0.36|0.21|0.13

Find the value of k.

Solution
Add up the given probabilities: 0.14 + k+ 0.36 + 0.21 + 0.13=0.84 + k
As the sum of probabilities = 1, then: 0.84 + k=1
Solve for k: k=1-0.84
k=0.16

Example 5

The following discrete probability distribution represents a five-sector spinner where the areas of the sectors are
not equal.

X 1

PX=x) | k 0.25

ST )
wx | W
NS TN

Which of the values for k makes this a discrete probability distribution?
A 048 B 0.1875 C 025 D 0.36

Solution
Add up the terms involving the unknown: k + % + % + % = zlizk
As the sum of probabilities = 1, then: %k +025=1
25k _3
12 4
-9 _
k= 25 = 0.36

The answer is D.

Note that the other options came from common mistakes that students make.

A ignores the probability of 0.25 and just solves 21i2k =1.

B assumes that there were no fractions and the equation to be solved is 4k = 0.75
C assumes that there were no fractions and the equation to be solved is 4k =1

As with many areas of mathematics, you may find it useful to draw a graph as a pictorial representation of the
distribution.

Consider the following table of values:

x 0 1 2 3 4
P(X=x) | 025| 0.1 | 0.3 | 0.15| 0.2
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The graph of the distribution is shown in two different ways: a bar graph on the left and a dot graph on the right.

P(X=x) P(X=x)
0.35 + 0.35 +
0.30 + 0.30 + .
0.25 + 025 + e
0.20 + 0.20 + .
0.15 + 0.15 + L]
0.10 + 0.10 + .
0.05 + 0.05 +
oF &1 3 5 i1 . 31 ST S S A

There is another notation that can be used for describing a discrete probability distribution that is particularly useful
if the possible values all have the same probability. To describe the distribution for rolling a normal six-sided die,

you can write: P (X=x) =43 6

ifx €{1,2,3,4,5,6}

0 for all other values of x

Here the probability attached to every value is explicitly stated, not just values with non-zero probability.

EXERCISE 10.1 DISCRETE RANDOM VARIABLES

1

Find the probability of each of the following events. Express your answers as fractions in simplest form.

(@) The probability of obtaining exactly one head if three coins are tossed.

(b) The probability of obtaining at least one head if three coins are tossed.

(c) The probability of obtaining exactly two even numbers if two dice are rolled.

(d) The probability of obtaining exactly one odd number if two dice are rolled.

(e) The probability of obtaining a pair of numbers that are the same if two dice are rolled.

Wayne is a soccer player who takes the penalty kicks awarded to his team. He has a 60% chance of scoring
from the penalty spot. For Wayne to be 95% certain of scoring at least one goal, how many penalty kicks
would he need to take?

Do the following tables represent discrete probability distributions? Give a reason for your answer.
(@) x o | 1| 2 3| 4 (b) x 2 3 4]5]|6
B 1 1 1 1 1 _ 11010101
@~ Talo] @ 12345
_ 21171 _ 2, 102111
PE=x 13155 PX=x15]5]|5 |5 |75
(e) () 1 3 1 3
x 1 1.5 2 2.5 3 S 2 1 2
X 1 > 1 1 2] 2 1 2 1
P(X=x) | 20% | 15% | 30% | 18% | 17%
P(X=x) | 0.24 | 0.16 | 0 | 0.38 | 0.22

For each of the following examples find the value of k that makes each table represent a discrete probability
distribution.
@ 0| 1| 2|3 |4]|5
11 175 3
PX=¥ 18| 6 |9 18 k|1s
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(b) X o 1| 2|3 |4]s:s
S RARRRE

() x 51678 09 () x 8 |9 101112
Px=v | 5 | k| 2|21 PX=x) | ¢ |3k |3 | k|3

5 Are the following random variables discrete or continuous data?

(@) The number of students in each of your classes at school.

(b) The height of teachers at your school.

(c) The sizes of the shirts worn by each of the students in your mathematics class.

(d) The neck circumference of each of the members of the Australian netball team.

(e) The number of tosses of a coin before a head is observed.

(f) The time it takes for a process worker to complete 50 items.

(9) The distance jumped in the long jump by the competitors at the sports carnival.

(h) The number of red lights you stop at, per day, on the way to school over the course of a month.
() The number of whole lessons missed, per student, this year by members of your English class.
() The retail price in cents per litre charged for petrol over the course of a year.

(k) The number of people in the queue when you enter the bank each Friday for a year.

() The number of passionfruit collected from each vine in your orchard this season.

6 You have 10 cards. Five of the cards are hearts, three are diamonds and two are spades. You draw two cards,
with replacement, from the pack. Let X be the number of diamonds drawn.

(@) What are the only values that X can take?
A Oonly B 0Oand]1only C 0,1,and 2 only D 1land2only

(b) Complete the table to show the probability distribution of X.
Express the probabilities in decimal form.

(c) What is the probability of drawing exactly one red card from the pack? P(X=x)

(d) What is the probability of drawing at least one red card from the pack?

X 0 1 2

7 The following table represents a discrete probability distribution. X 35| 79
The value of k is: BERE
A2 Bo c¢c1 b1 PX=x 135 15| 3 |*k

3 3
8 Which value of k makes the following table
. deod o X 1 2 3 4
a discrete probability distribution?

9 A board game uses a spinner divided equally into eight sections, each of which has a different number from

1 to 8 written on it. Before a player can put a piece on the board they must spina 6, 7 or 8.

(@) What is the probability of spinning a 6, 7 or 8?

(b) What is the probability of not rolling a 6, 7 or 8 on the first 3 attempts? Give your answer in decimal form,
correct to 2 decimal places.

(c) What is the probability that a player has not been able to start after the sixth attempt? Give your answer in
decimal form, correct to 2 decimal places.

(d) Part of the game design process is to ensure it is not too difficult for a player to start. How many attempts
does a player need to be at least 97% certain that they can start to play the game?
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An apartment complex is built with the units having two, three or four bedrooms in the ratio 3: 6: 1.
One of the units is chosen at random.

(@) Complete the table to show the probability distribution of the number
. . . ees . x 2 3| 4
of bedrooms the unit contains. Write the probabilities in decimal form.
(b) What type of graph would best represent the data? P(X=x)

Two six-sided dice are rolled. Let X be the total of the two dice.

(@) What are the lowest and highest totals possible?
(b) Complete the table to show
the probability distribution
of X. Express the probabilities P(X=x)
as fractions in simplest form.
(c) Find P(X > 6). (d) Find P(X < 10). (e) Find P(4 < X<10).

X 2 3 4 5 6 7 8 9 |10 | 11 | 12

Two coins are tossed. T stands for the number of tails obtained.

(@) Complete the table to show the probability distribution of T.
Express the probabilities in decimal form.

(b) What type of graph would best represent this distribution? P(T=t)
Draw the graph.

A six-sided die is rolled, and X is the cube of the number showing.

(@) Complete the table to show the probability
distribution of X. Express the probabilities
as fractions in simplest form. P(X=x)

(b) Find P(X < 100).

x 1 8 27 | 64 | 125 | 216

In a game a coin is tossed and a six-sided die is rolled. If the coin shows tails then X is the score on the die. If
the coin shows heads then X is the square of the score on the die.

(@) Draw a table to show the probability distribution of X. Express the probabilities as fractions in simplest form.
(b) Find P(X<12). (c) Find P(X > 16). (d) Find P(X <9 | coin showed heads).

On the way to work Enzo must pass through three sets of traffic lights. The probability that he will stop at any

particular set of lights is %

(@) Assuming the traffic lights are independent of each other, construct a table to show the probability
distribution of X, the number of traffic lights at which Enzo stops.
(b) What is the probability that, on a particular day, Enzo stops at:
(i) exactly two sets of traffic lights
(i) no more than two sets of traffic lights
(iii) at least two sets of traffic lights
(iv) fewer than two sets of traffic lights?
(c) What do you notice about the answers to (b)(iii) and (iv)? Why does this occur?

A die is loaded so that the probability of obtaining
each number is as shown in the table.

The die is rolled twice and Y is the sum of the two results. P(X =x)

(@) Draw a table to show the probability distribution of Y.
Express the probabilities as fractions in simplest form.
(b) Find P(Y>4). (c) FindP(Y<7). (d) FindP(3<Y<9). (e) Find P(Y>6]|Y<10).

X

O~ | =
O | N
O|— | W
O |
O~ | »
oI | O

Sharmela is an interior designer who uses up to six colours in her designs. She sometimes chooses colours
randomly for a unique effect. The number of colours Sharmela uses in her designs is a discrete random

variable X with a probability distribution formula P(X = x) = %

(@) Calculate the value of k.
(b) Draw a table to show the probability distribution of X. Express the probabilities as fractions in simplest form.
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(c) Add a third column to the table to display the probabilities in decimal form, correct to 2 decimal places,
and then draw a dot plot of the distribution.

18 Analyse each of the following goal-scoring situations.

(@) Lou has a 71% chance of scoring a goal when she kicks a penalty kick for her football team. How many
penalty kicks would she need to take to have a 95% chance of scoring at least one goal?

(b) Buddy plays full-forward in an AFL team. He has a 68% chance of scoring a goal when taking a kick
from 45 m out from goal. How many shots at goal would he need to have so that he has a 95% chance of
scoring at least one goal?

(c) What is the largest whole number percentage that your chance of scoring needs to be so that you would
need more than three shots to have a 95% chance of scoring at least once?

19 Alexander is the manager of a shoe shop. The shop sells shoes
only in the following sizes: 7, 8, 9, 10, 11. To stock the
shop according to market demand, Alexander records the Number of pairs | 24 |a |72 | a | 8
sizes of shoes he sells in a month. The table shows his results.

Shoe size 7 181 9 |10 11

(@) If Alexander sold a total of 200 pairs of shoes and the random variable X represents the shoe size sold,
create a discrete probability distribution table for the sale of shoes given their size, by first calculating the
value of a.

(b) What is the probability that the next customer who buys a pair of shoes will buy a pair of shoes of size less
than 10 but greater than 7?

(c) Calculate the probability that the next two pairs of shoes that Alexander sells are a size 10 followed by a
size 11. Assume the events are independent.

(d) Alexander has noticed that he made a mistake when he recorded the sales over the given month. In one
sale he sold two pairs of shoes whose sizes added up to 18. Mistakenly he recorded two pairs of shoes of
size 9, but when he checked the receipt again he realised that the two pairs were of sizes 7 and 11.

(i) Explain how this mistake changes the probabilities in the probability distribution table. Write down
the revised values, correct to 3 decimal places.

(i) Calculate the probability that the next two pairs of shoes that Alexander sells are a size 10 followed by
a size 11 using the revised values. Assume the events are independent.

10.2 EXPECTED VALUE, VARIANCE AND STANDARD DEVIATION OF

DISCRETE PROBABILITY DISTRIBUTIONS

In the past, you have calculated the mean of a set of values as a measure of central tendency for that set. Another
way of describing the mean is to call it the expected value. The study of expected value was first related to gambling,
where being able to decide if a game is fair is certainly an advantage. The following example shows how this can

be done.

Consider a game in which you roll a die and receive as your
prize the number of dollars showing on the die.
The following table shows the possible outcomes.

Number showing

A\ | =

Probability
If you were running the game you would need to decide

how much to charge players for a turn. So, you need to Gain ($)
know the expected gain for a player. Since a player can

1 1
G of the rolls, $2 on G

N | NN
W | N~ W
B OV
Ul | QN[ |
A | =] O

—

expect to win $1 on of the rolls, etc., for any particular roll of the die the expected gain

would be:
1 1

1 1 1
$1><6+$2><6+$3x6+$4x6+$5><6+$6><

_¢fl, 2,3 4. 5.6
=6t 6 676

421
_$6

=$3.50

1
6
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This means you would expect the player to gain, on average, $3.50 on each roll of the die. You should note that this
average outcome could not happen itself, since there is no result which will return $3.50 to the player. As the game
operator, you could charge $3.50 to play, in which case the game would be considered fair, or you could charge more
than $3.50 if you wanted to make a profit. It is important to note that gambling games in businesses like casinos are
designed so that the casino always has a slight advantage to ensure they make a profit.

This example leads to the definition for the expected value of a discrete random variable.

Expected value

The expected value or mean, E(X) or i (mu), of a discrete random variable, X, is the sum of each possible value
multiplied by its probability.

In symbolic form:

Let X take the values Xps Xpy Xgp oe0s X,y ... X, With associated probabilities PPy Py oos Py oo Py

Then:

E(X)=X,p, +X,p, + X,p, +ocock X P+ X P = D X, ;

i=1

This sum can also be expressed as Zx P(X =x).

x=1

Remember that Y. is the Greek letter sigma and stands for ‘the sum of
This is similar to the formula used to find the mean of a data set * f i
that has been expressed in a frequency table. 1 4 4
Therefore: mean = = 2 7 14
xf
3 3 9
_105
30 4 6 24
=35
5 6 30
6 4 24
>f=30 | Xxf=105

Summation notation

There are several different notations used for summations of this type.

You can leave out the index from the summation sign when it is a sum over all possible values.

Another notation is X which means to use all possible values of x. This form is especially useful when

the values of x are not consecutive.

Example 6

Consider the following probability distribution table. X 4 8 l12] 16

Find the expected value of the probability distribution. ST 1111
PX=x) | § | 4|4 |8
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Solution
Use the rule: E(X) = X x,p,

=(34><%)+(8xi)+(12xi)+(16x%)

=2 +2+3+2

_gl
=8>

Hence 2 xp =EX)= 8%

Example 7

The following table represents a probability distribution. X 1 >l 31 4l s

The expected value E(X) = 3.4.

P(X=x) | 01| a |03]02]0.2

Find the values of g and b.

Solution
Write an equation using the fact that the probabilities mustadd to 1: 0.1 +a+ 0.3+ 0.2+ 0.2+ b=1
a+b=0.2
Write an equation using E(X): E(X) =3.4
0.14+2a4+09+08+1+6b=34
2a+6b=0.6
a+3b=0.3
Solve the equations simultaneously: a+b=0.2 [1]
a+3b=03 [2]
[2]-[1]: 2b=0.1
b=0.05
Substitute into [1]: a + 0.05 = 0.2
a=0.15
Hence a=0.15,b=0.05

Sometimes you want to know information about the random variable for which you have the probability
distribution. In these cases, apply the function rule to the values the variable can take.

Example 8

The following table represents a probability distribution. X 2 3 4 5

Find the expected value of 3X — 2.

P(X=x) | 04 [0.15|0.25| 0.2

Solution
Apply the function to each value the variable can take. (This has no effect on the probability of each
outcome): f(x) =3x—2
f2)=3(2)-2
=4
f3)=3(3)-2
=7
f4)=3(4)-2
=10
f5)=3(5)-2
=13
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Rewrite the probability distribution table replacing the
x values with the newly calculated values for f(x):
Multiply f(x)) by p, and add the products: Pf(X)=f(x)] | 04 | 0.15]| 0.25 | 0.2
(This is just a modified form of E(X) = X x,p, where f(x,)
replaces x,.)
E(3X—-2)=4%0.4+4+7x0.15+10x%0.25+ 13 x0.2
=1.6+1.05+25+2.6
=7.75
Hence E(3X —2)=7.75

x 4 7 10 13

From the previous example you can conclude E(aX + b) = aE(X) + b.

The following activity provides a verification of this result in a non-probability context. However, the ideas are the
same for the probability application.

MAKING CONNECTIONS O

Expected value E(X)
Use a spreadsheet to see how E(aX + b) = aE(X) + b.

If a probability distribution has an expected value E(X) = 2.1, then E(3X —5) = 1.3, E(5X + 1) = 11.5 and E(2X +6) = 10.2.
It is also worth noting that for two random variables, X and Y: E(X + Y) = E(X) + E(Y).

Example 9
Consider the situation where two spinners are spun.
One spinner, X, has the following probability distribution:

P(X=x) | 03 | 025/ 0.15| 03

The other, Y, has the following probability distribution: y 1 ) 3 4
Show that E(X + Y) = E(X) + E(Y).

P(Y=y) | 02 | 03 | 04 | 0.1

Solution
The first step is to find the value of E(X):
E(X)=2x03+3x025+4x%x0.15+5x%x0.3
=0.6+0.75+06+1.5
=3.45

Now find the value of E(Y):
E(Y)=1%x02+2%x03+3x04+4x0.1
=02+0.6+12+04
=24

Then add these together to find the value of E(X) + E(Y):
E(X)+E(Y)=345+24
=5.85
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Draw a table that shows the sample space, and associated probabilities, for X + Y-

Yyl | x> 2 3 4 5
1 3:0.06 4:0.05 5:0.03 6:0.06
2 4:0.09 5:0.075 6:0.045 7:0.09
3 5:0.12 6:0.1 7 :0.06 8:0.12
4 6:0.03 7 :0.025 8:0.015 9:0.03
This table can then be used to draw up the probability distribution of X + Y:
xty 3 4 5 6 7 8 9
P(X+Y) | 006 | 0.14 | 0.225 | 0.235 | 0.175 | 0.135 | 0.03

Use the values in this probability distribution table to find E(X + Y):
E(X+Y)=3x0.06+4x%x0.14+5x%x0.225+6%x0.235+7 % 0.175+ 8 X 0.135+ 9 x 0.03
=0.184+0.56 +1.125+1.41+1.225+1.08 +0.27
=5.85

The values of E(X + Y) = E(X) + E(Y) are equal, therefore: E(X + Y) = E(X) + E(Y).

You should be able to see that it is much easier to add together the two separate expected values than to work out
the distribution for the addition and then find its expected value.

Variance

The study of statistics includes measures of central tendency (mean, median, mode) and measures of spread
(range, interquartile range, variance, standard deviation). You have already seen a measure of central tendency, the
expected value or mean, E(X) or . Consider now a measure of spread, the variance.

The variance is usually denoted by o’ (‘sigma squared’) or by Var(X). In simple terms, the variance describes how far
the values of a data set are spread out. The larger the variance, the more spread out the data.

The variance is defined as the expected value of the square of the difference from the mean Var(x) = E(x — Hs
For a finite probability distribution, to find the variance first subtract the mean u from each value of x; and square
the result. Multiply that value by the corresponding probability p.. The variance is the sum of these products. The
further away from the mean the observed values, the greater the value of the variance.
Var(X) = 6*

=Y(x,— 1)’ p, where u = E(X)

As E(X) = Xx,p,, and recognising (x, — 1)* as a function of X: Var(X) = E(X — p)*
This version of the variance is not always convenient, especially if E(X) is already known.
E(X — u)* = E(X* = 2Xu + i)
= E(X°) — E(2Xu) + E(1)
= E(X*) — 2uE(X) + E(&)
=E(X*) = 21> + 1
_ E(Xz) _ #2
=E(X) - [EX))’

Expand the perfect square:

Use the property that E(X + Y) = E(X) + E(Y):
As [1is a constant:

Andas E(X) =

And again, as u = E(X):

270
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Var(X) = 0
=EX -’
=20~ W’ p,
=E(X*) - [EX))*

Use whichever format is most convenient for the situation.

Example 10
For the following probability distribution:

(@) find the expected value

P(X=x) | 02 | 0.15| 0.35 | 0.05 | 0.1 | 0.15
(b) find the variance.

Solution
(@) Use E(X) =2xp;
EX)=1x02+2x0.15+3%x0.35+4x0.05+5x0.1+6x0.15
=02+03+1.05+0.2+0.5+0.9
=3.15

(b) Rewrite the probability distribution table, replacing the x values with the f{x) = x” values.

X 1 4 9 16 | 25 | 36
P(X=x) | 0.2 |0.15]0.35]0.05| 0.1 | 0.15

Find E(X) by applying the rule E[(X)] = 2f(x)p;:
E(XZ)Z 1xX02+4%x0.15+9%0.35+16x%0.05+25%0.1+36x0.15
=02+0.6+3.15+08+2.5+54
=12.65

Calculate [E(X)]*
E(X)=3.15
[EQO) = (3.15)°
=9.9225
Calculate Var(X) = E(X?) — [E(X)]*
Var (X) =12.65 —9.9225
=2.7275

You could also use a vertical table structure to find the value of E(X?). For the probability distribution used in this
example you would have:

x| PX=x) x x*P(X = x)
1 0.2 1 0.2

2 0.15 4 0.6

3 0.35 9 3.15

4 0.05 16 0.8

5 0.1 25 2.5

6 0.15 36 5.4

Sx*P(X =x)=12.65
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Var(X) must be positive. If you obtain a negative value,
then there is an error.

Standard deviation

The measure of spread used most frequently is the standard deviation, measured in the same units as the variable
itself. Fortunately, this value is simple to calculate if you know the variance.

The standard deviation of X is written as .

Recall that Var(X) = o
Then the standard deviation of X, 6=+ o’

=/ Var(X)

Only the positive square root of the variance is useful, because o is a measure of spread, which is not dependent
on direction.

Example 11
The variable X has the following probability distribution:

Find the standard deviation correct to 2 decimal places. P(X=x) | 02 |015]|025| 03 | 01

Solution
Rewrite the table and add columns for xP(X = x), x%, x*P(X = x):
x PX=x) | xP(X=x) X x*P(X = x)
-1 0.2 —-0.2 1 0.2
0 0.15 0 0 0
1 0.25 0.25 1 0.25
2 0.3 0.6 4 1.2
3 0.1 0.3 9 0.9
Y 1 0.95 2.55
From the table: E(X)=0.95 E(X*)=2.55
Hence [E(X)]* = 0.9025
Calculate Var(X).
Var(X) = E(X*) - [E(X)]?
=2.55-0.9025
=1.6475

Calculate o using o= Var(X)
0=+/1.6475

= 1.28 (to 2 decimal places)

Just as there is a relationship between a function and the expected value based on the probability distribution, there
is a relationship between a function and the standard deviation.
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The connection that exists between the standard deviation of a discrete
probability distribution and the standard deviation of a function based
on that discrete probability distribution is summarised as:

o(aX +b) =|alo(X)

MAKING CONNECTIONS O

Standard deviation o(X)

Use a spreadsheet to see how o (aX + b) = |a|o (X).

One useful characteristic of the standard deviation is that, for many variables, about 95% of their values will lie
within two standard deviations of the mean. The following example illustrates this.

Example 12
The following table represents the probability distribution of ¥, the number of consultations per
hour by a dentist.

y 0 1 2 3 4 5 6 7

P(Y=y) | 0.015 | 0.05 | 0.255 | 0.321 | 0.179 | 0.155 | 0.016 | 0.009

For this distribution it has been calculated that E(Y) =3.173 and o= 1.283.

Find the probability of the values being within two standard deviations of the expected value, i.e.
P(u—20<Y < u+20), and comment on the result.

Solution
Calculate y—20: 4 —-20=3.173 -2 x 1.283
=0.607
Calculate 4 +20: u+26=3.173 +2x 1.283
=5.739
Rewrite the probability interval using the values just calculated: P(0.607 < Y < 5.739)
Calculate the probability from the table. (Remember, these are discrete values):
P(0.607 £ Y <£5.739)
=P(Y=1)+P(Y=2)+P(Y=3)+P(Y=4)+P(Y=5)
=0.05+0.255+0.321 +0.179 + 0.155
=0.96
About 95% (96%) of the values lie within two standard deviations of the expected value.

EXERCISE 10.2 EXPECTED VALUE, VARIANCE AND STANDARD DEVIATION OF DISCRETE
PROBABILITY DISTRIBUTIONS

1 Find E(X) for each of the following probability distributions.

(a) X 1 | 3|5 7|9 (b) X 10| 1 2|3

P(X=x) | 02 | 0.3 | 0.25|0.15| 0.1 PX=x) | 04 | 015| 02 | 0.05]| 0.2
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©@F « [ 23453 @ [ 21 ]s]s
_ 1 11|15 - L1 01101
P(X=x) 5 3 3 5 | 13 P(X=x) 4 ¢ 13 3 6
2 Use the given value of E(X) to solve for the unknowns.
(@) F%nd.the .Value.s of a and b in the following probability X ) 3 4 5
distribution, given that E(X) = 3.8.
P(X=x) | 04 | 01| a | 01| b
(b) Find the values of i and j in the following x 3 o] 4 0 ]
probability distribution, given that E(X) = 0.15.
P(X=x) | 0.05 i 0.05 j 0.55
(c) Find the values of i and j in the following probability X ) 4 6 s | 10
distribution, given that E(X) = 6%. 3 5 . 7 _
P(X=x) 20 | 20 i 20 | 7
(d) Find the values of a and b in the following probability x 5] 3 | s
distribution, given that E(X) = 1% I I "
P(X=x) a 5 | 15 b 5
3 For the following probability distribution, find:
x 0 1 2 3 4
P(X=x) | 025 | 0.3 02 | 015 | 0.1
(a) EX) (b) E(2X-3) () E(X*-5) (d) EX*+X-4)
4 For the following probability distributions find the expected value and variance.
(@) x 1| 2| 3 | 4|5 |6
P(X=x) 0.1 0.3 | 0.25 | 0.05 | 0.15 | 0.15
(b) x 5 6 7 8 9
P(X=x) | 0.15] 035 | 0.1 | 0.25 | 0.15

answer correct to 2 decimal places.

(a

(@

x -2 -1 0 1 2 3
P(X=x) | 01 | 015 03 | 015| 02 | 0.1
For the following probability distribution, find:
y 3| 2| -1] 0 1 2
P(Y=y) | 0.02 | 0.03 | 0.25 | 0.35 | 0.3 | 0.05

the standard deviation of Y

5 (b)

2k

3
3k

4
12k

5
6k

X 1

P(X =x) k

New Senior Mathematics Advanced for Years 11 & 12

(b) P(u—20<Y<u+20).
In each of the following probability distributions, find the values of k and E(X).

Find the standard deviation of the variable X which has the following probability distribution. Give your

X

-3

P(X=x)

12k

2k

3k

2k




YEAR 11

8 For the following probability distribution, find:
(a) E(W) (b) EGW-4) wo|2|4]6]|8
(c) EQW+5) (d) E(W*-7) B 51|33
PW=w) | 76| 5 | 8 |16
9 Variable X has the following probability distribution: X | . 0 1
What is the value of E(X* — 4)?
A 02 B 5.4 C 22 D -22 PX=x) | 03 | 04 | 01 | 02
10 Variable Y has the following probability distribution: p ol 11213
What is the value of Var(Y)?
117 1|1
5 153 65 5 P(Y=y) |+ | L | %]+
A 19 B 1162 C 31 D 238 9 118 |3]6
11 Eric just got a new job selling cars. He is offered a choice of two salary packages. In the first package he
receives a weekly retainer of $200 and an additional $650 for every car sold. In the second package his
retainer would be $400, but he would only receive $400 for every car sold. Past sales patterns indicate that the
probability distribution for the number of cars sold per week is as follows:
Number of vehicles | 0 1 2 3 4 5
Probability 0.45 | 035 | 0.1 | 0.05 | 0.04 | 0.01
Which salary package would Eric be better off taking?
12 A biased die has the following probability distribution:
d 1 2 3 4 5 6
_ 1111 P10l
PO=d | 5516 4|4 6 |12
(@) Ifyourolled this die twenty times, what would be the expected (mean) value of the data, stated in mixed
number form?
(b) State the range of 20 correct to 2 decimal places.
(c) Does the range of 1 + 20 cover all possible results when rolling the die? Should any of the values be
considered unusual?
13 A random variable, T, has the following probability distribution:
t w=3 | w=2 | w-1 w w+1
P(T=t) | 02 0.5 01 | 005 | 0.15
(a) Given that E(T) = 8.45, find the value of w.
(b) Find Var(T). (c) Find the standard deviation of T correct to 2 decimal places.
(d) Find Var(2T — 6) correct to 2 decimal places.
(e) Find Var(5—3T) correct to 2 decimal places.
14 The probability distribution of G is given by:

k(6—g) ifgef0,1,2,3,4}

for all other values of g

(@ k (b) E(G)

P(G=g)=

Find the following values: (c) Var(G) (d) o

15 Two spinners are spun. One spinner, X, has the following probability distribution:

X

1

2

3

4

P(X=x)

0.2

0.2

0.1

0.5
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The other spinner, Y, has the following probability distribution:

y 2 | 3|45
P(Y=y) | 02|03 |04 |01

Show that E(X + Y) = E(X) + E(Y).

16 Enrico runs a game of chance at the Sydney Show. The player pays a fee to play, and draws a card at random
from a normal pack of 52 playing cards. If the card is black, the player gets $1 and their fee is refunded. If the
card is a diamond, the player gets $5 and their fee is refunded.

(@) Find Enrico’s loss for the following conditions:
(i) the card the player chooses is black
(i) the card the player chooses is a diamond.

(b) Describe the event for which Enrico keeps the game fee.

(c) Let Enricos profit for the event described in part (b) be $p, and draw up a probability distribution table
that shows the three possible outcomes from Enrico’s point of view.

(d) Find the value of p so that the expected value for the distribution is 0.

(e) If Enrico wants to make a profit, what is the minimum whole dollar amount he should charge to play
the game?

17 Dubravko and Erina often play a best-of-three-sets match of tennis. From past experience they know that the

probability that Dubravko will win a set is %

(@) Draw a tree diagram to show the possible outcomes for their three-set match.

(b) Use the results from your tree diagram to draw a probability distribution table for their matches. Let X
stand for the number of sets played.

(c) Find the expected number of sets they play in a match.

(d) Comment on your answer to part (€) in real-life terms.

18 A spinner has nine equal sections, of which five are yellow, three are blue and one is red. If the spinner lands
on yellow, you receive $1. If it lands on blue you receive $3 and if it lands on red you receive $5. Let X stand for
the amount of money you receive.

(@) Draw up a probability distribution table for this game.

(b) What is the expected value of X?

(c) If the game is to be fair, how much should you pay to play?
(d) Comment on your answer to part (C) in real-life terms.

19 The game of “Take a Chance’ requires the player to roll three dice, of which one is blue, one is red and one is
white. If a 1 shows on the blue die the player receives $1, if a 1 shows on the red die the player receives $2 and
ifa 1 shows on the white die the player receives $5. In all other circumstances the player receives nothing. A
player can receive more than one prize.
(@) Find the probability that the player receives the following amounts:

(i) s1 (ii) $2 (i) $3 (iv) $5 (v) $6 (vi) $7 (vii) $8 (viii) $0

(b) What is the expected return on this game?
(c) How much should the operator charge to play if the game is fair?

20 The number, Y, appearing on a spinner showing the numbers 1, 2, 3, 4,
has a probability distribution as follows: Y 11234
For another spinner, the number appearing, X, has a probability P(Y=y) 1 01]02]03|04
distribution as follows:
(@) Find E(Y). (b) Find E(X). I 0 11213 | 4
(c) The numbers appearing on each of the two spinners are
added together to give the variable M. PX=x) |06 01]01]01]01

() Draw a table to show the probability distribution of M.
(i) Find E(M).
(d) What connection is there between E(X), E(Y) and E(M)?
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10.3 THE UNIFORM DISTRIBUTION

There are some discrete distributions that have special properties worthy of separate investigation—uniform
distribution and binomial distribution. In this section, you will look at uniform distribution.

A discrete probability distribution is said to be uniform if
all values of the random variable are equally likely.

A common example of a uniform distribution is the random variable, X, that is the value of the face showing when a
normal, six-sided die is rolled.

1 .
= if 1,2,3,4,5,6
PX=x)=4 6 ifxef } P(X =x)
0 forall other values of x 030 4
The graph of this distribution is shown on the right: 0.25
. —1xt 1 1 1 1 1 020
The expected value is: E(X) =1 X ¢ +2X ¢ +3 X 6 +4 X ¢ +5X% ¢ +6X ¢ sttt
=21 0.10 +
6 0.05 1
= 3% —
OV 1 2 3 4 5 6 7%

This can also be determined from the symmetry of the graph of the distribution.
The variance of the distribution is given by Var(X) = E(X?) - [EX)]*
2
\hﬂXﬁ=%0+4+9+16+25+3®—(%)
_35
12

In this text a uniform distribution will be assumed to be based on the first # positive integers. This is so some general
expressions can be established. The general expression for a discrete uniform distribution with n values is:

1 .
= ifxel{l,2,..
PX=x)=4 n ifxef n}
0 forall other values of x
If you use the fact that the sum of the first n positive integers 1 +2+ ... + n= g(n + 1), then the expected value is
given by:

E(X)=1x1

Lowlyiswly 4axl
n n n n
=%u+2+3+m+n)

_1.n
—nx 2(n+1)

_n+ 1
2
2
The variance of X can be obtained by evaluating Var(X) = E(X®) - [EX)]* to get: Var(X) = nl—;l

Technology can be used to establish the expected value and variance of a discrete uniform distribution with » values.
The probability function for this distribution is P(X = x) :% for x €{1, 2, 3, ..., n} and zero otherwise.

The general form for the mean of a finite discrete distribution is: E(X) =x,p, + x,p, +... +x p, = Zx,- P
i=1

n

n no.

: T . . .1 i

For the uniform distribution with # values this becomes: zxi pi= zl Pl ZE
i=1 i=1 i=1
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EXPLORE FURTHER

Expected value and variance of a uniform distribution
Use a spreadsheet to find the expected value and variance of the first n natural numbers.

For a discrete uniform probability distribution with n values, 1 to n:

_n+l1 _(1’[+1)(7’l—1)_n2—1
EX) === Vo) = 12 12
Example 13

A roulette wheel in the United States usually has 38 equal-sized spaces showing the numbers 1 to 36 as well as
0 and 00. When the wheel is spun, a ball will land in one of the 38 spaces at random. For this question assume
that 0 and 00 represent the 37th and 38th possible outcomes.

(@) Find the mean of the number of the space the ball lands in.

(b) Find the variance of the number of the space the ball lands in.

Solution
(@) Use the rule for E(X): (b) Use the rule for Var (X):
2
n+l _n -1
E(X) = = Var(X) B
_38+1 _38°-1
) 12
) 12
Sl — 1701
= 19E = 1204

This section has focused on uniform distributions where the values of x are 1 to n. However, it is still quite easy to
find the expected value and variance for other uniform distributions where the values the distribution takes are
consecutive numbers. This is because such a distribution is a lateral shift of the uniform distribution where x takes
the values 1 to n, so the rules E(X + b) = E(X) + b and Var(X + b) = Var(X) can be applied.

EXERCISE 10.3 THE UNIFORM DISTRIBUTION

1 A number from 1 to 16 is chosen at random. The random variable, R, represents the value chosen. Find the
following values:

(@ E(R) (b) Var(R)

2 A cleaner has nine similar-looking keys on a key chain. He tries them in turn, until he finds the one that opens
the lock.
(@) What is the expected number of attempts for the cleaner to open the lock?
(b) What is the variance of the number of attempts?

3 A die in the shape of a tetrahedron (a solid with four triangular faces) is rolled. The four faces are
numbered 1 to 4. Let F be a random variable that represents the value that is face down on the table.
(@) What is the expected value, E(F)? (b) What is the variance, Var(F)?

P
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4 A spinner is equally divided into n segments and each segment contains a value from 1 to .

(@) If the expected value is 11.5, then 7 is equal to which of the following values?

A 20 B 21 C 22 D 23
(b) If the variance is 14 then # is equal to which of the following values?
A 9 B 10 C 12 D 13

5 Consider the random variable X that has the following
probability distribution:

(@) Find the following values: PX=x) | 02]02 020202

(i) EX) (ii) Var(X)

(b) Now consider the random variable Y that has the
following probability distribution:
Find, from first principles, the following values: P(Y=y) | 02]02]02|02]02
(i) E(Y) (ii) Var(Y)

(c) What can you say about the values of E(X) and E(Y)?

(d) What can you say about the values of Var(X) and Var(Y)?

(e) Now consider the random variable Z that has the following probability distribution:

Without doing any additional calculations, determine
the following values: < 6 | 78910
(i) E2) (i) Var(2) P(Z=Z7) | 02|02 ]02]02|02

6 You enter a room that contains a digital clock, such as the one shown.
Let T represent the minutes shown on the clock.

(@) Show, using symmetry, that E(T) = 29.5.

(b) Now calculate Var(T) and 6(T), correct to 3 decimal places.

(c) If the numbers shown were 1 to 60, instead of 0 to 59, how would
this effect Var(T) and o(T)?

7 A six-sided die numbered 1 to 6 is rolled twice and the values obtained are added together.

(@) Construct a probability distribution table for this event, using S to represent the variable.
(b) Draw a bar chart to illustrate the distribution.
(c) How would you describe this distribution?
(d) Calculate the following values:
(i) ES) (i) Var(S)
(e) Recall that for a single roll of such a die: E(X) = 3% and Var(X) = 2%. Comment on the relationship

between the values for E(X), Var(X), E(S) and Var(S).
(f) Consider a spinner that has four equally-sized sections labelled 1 to 4. Let V be the value the spinner
stops on. Calculate the following values:

i) E(V) (i) Var(V)
(9) The spinner is now spun twice. Let T be the sum of the two values obtained. Calculate the following values:
i) E(T) (ii) Var(T)

(h) Comment on the relationship between the values for E(V), Var(V), E(T) and Var(T).
() Canyou now make a general comment on the values obtained for the mean (expected value) and
variance when two identical uniform variables, with values between 1 and n, are added?

10.4 DISCRETE DISTRIBUTIONS IN PRACTICAL SITUATIONS

Example 14

Two standard dice are rolled and the variable X represents the number of sixes obtained.

Find the expected number of sixes obtained.
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Solution
Write the sample space:

(1,1),(1,2),(1,3),(1,4),(1,5),(1,6)
(2,1),(2,2),(2,3),(2,4),(2,5),(2,6)
(3,1),(3,2),(3,3),(3,4),(3,5),(3,6)
(4,1),(4,2),(4,3),(4,4),(4,5),(4,6)
(5,1),(5,2),(5,3),(5,4),(5,5),(5,6)
(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)

There are 36 outcomes in the sample space.
Draw a table showing the probability distribution of the random variable.
Leave the probabilities in fraction form with the same denominator to P(X=x) 25 | 10 | 1
make calculations easier: SENEE
Calculate E(X) from first principles. Express the final answer as a fraction in simplest form:
25 10 1

E(X):OX%'FlX%‘FZX%

12

T 36

1

3

The expected number (or average number) of sixes in two rolls of a standard die is %

x 0 1 2

Example 15

One of the games at the local sporting club’s “Vegas Night” involves rolling a standard six-sided die. If an even
number is shown, there is no game charge and the player wins the number of dollars shown on the face of the die.
If an odd number is shown, the cost of playing is the number of dollars shown on the face of the die. Let Z stand
for the number of dollars received by the player.

(@) Draw up a probability distribution table. (b) What type of distribution is this?
(c) Find E(2). (d) Is the game fair?
Solution

(@) A win could be represented by a positive value and a loss by a negative value.
Draw up the probability distribution table:

z 1] 2|-3|4]|-5]6
_ 1 (1171 (1]1
PZ=2) | c 165|166 |6!86

(b) The probabilities are all equal, so this is a uniform distribution.

(c) The rule for E(Z) cannot be used since the values are not (1, 2, 3, ..., n). Express the final answer as a
fraction in simplest form:
1 1 1 1 1

—_1x L 1_ 5.1 1 -1 1
E(Z) = 1><6+2><6 3><6+4><6 5><6+6><6

= O\|Ww

(d) The game is not fair. It is actually in favour of the player since the expected return is $0.50.
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Mean, variance and standard deviation of a discrete distribution
Use a spreadsheet to find the mean, variance and standard deviation for a discrete probability distribution.

EXERCISE 10.4 DISCRETE DISTRIBUTIONS IN PRACTICAL SITUATIONS

1 A die, labelled 1 to 6, is rolled until the total of the scores is 4 or greater. Answer each of the following, giving
all answers as exact values, in simplest fraction form.
(@) Find the probability distribution of the number of rolls X required to achieve this total.
(b) Find the expected number of rolls required.
(c) Find the variance for the number of rolls required.

2 One of the games at the local sporting club’s “Vegas Night’ involves rolling a standard six-sided die. If a non-
prime number is shown, there is no game charge and the player wins the number of dollars shown on the face
of the die. If a prime number is shown, the cost of playing is the number of dollars shown on the face of the
die. Let Z stand for the number of dollars received by the player.

(@) Draw a table to show the probability distribution of the variable.

(b) Is this best described as a uniform or a non-uniform distribution?

(c) Find the value of E(Z).

(d) Is this game fair? If not, is it biased in favour of the operator or the player?

3 Four cards are labelled from 1 to 4. Two cards are dealt at random, without replacement. Let X represent the
larger of the two numbers shown on the cards.

(@) How many values can X take? (b) Find P(X=2).
4 For the discrete random variable X, the probability distribution is given by:
kx, x=1,2,3,4

P(X=x)=
(X=x) k(9-x), x=5,6,7,8

(a) Find the value of k.
(b) Complete the following table to show the probability distribution of X.

X 112 (3|4 |5|6|7]|38
P(X=x)

(c) Find the value of E(X). (d) Find the value of Var(X).

5 The ratio boys : girls in a particular town was found to be 11:10, where the gender of one child in the family is
independent of the gender of any other child in the family, and all the children are either boys or girls.
(@) State all possible combinations of boys and/or girls for a family with three children.
(b) What is the probability that a family with three children will have at least one boy?
(c) What proportion of families with exactly 4 children will have at least 3 girls?
(d) What proportion of families with exactly 4 children will have 2 girls and 2 boys?

6 Tomino has written the following as his answer for the probability distribution of the random variable X:

4-—x
PX=x)= 5
0 otherwise

forx=1,2,3,4,5

Explain to Tomino why this cannot be correct.
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7 The discrete random variable X has the probability distribution
. . x 1 2 3
shown in the following table.
(@) Find E(X). P(X =x) i % i
(b) Find Var(X).

10

(c) A second random variable Y has the same distribution as X, and the two variables are independent. Draw
a table to show the probability distribution of X + Y.

(d) Find E(X+Y).

(e) Find Var(X+Y).

() How is the value of E(X + Y) related to the values of E(X) and E(Y)?

(g) How is the value of Var(X + Y) related to the values of Var(X) and Var(Y)?

A standard six-sided die is rolled twice.

(@) How many ordered pairs make up the sample space?

(b) Assign Z to be the maximum number in each ordered pair. Draw a table to show the probability
distribution of Z. Write your answers in fraction form using a denominator of 36.

(c) Now assign Y to be the minimum number in each ordered pair. Draw a table to show the probability
distribution of Y. Write your answers in fraction form using a denominator of 36.

(d) How is the distribution of Z related to the distribution of Y?

(e) Find the expected value for each of the following:
i Zz (i)Y

() How far from the greatest value of Z is E(Z)?

(9) How far from the least value of Y is E(Y)?

(h) Comment on your answers to part (f) and part (g).

() Given Var(Z) = 1%, what can you say about Var(Y)?

Stephan has made a game in which the probability of randomly picking a number from 0 to 5 is given by the

probability distribution shown in the following table. Answer each of the following, giving all answers correct

to 3 decimal places.

X 0 1 2 3 4 5

P(X=x) | 0.002 | 0.076 | 0.293 | 0.268 a 0.098

(@) Calculate the expected value for this random variable.
(b) Leanne made a game similar to Stephan’s, but the probability of randomly picking a number from 0 to 5 is
given by the following probability distribution.

Y 0 1 2 3 4 5

P(Y=y) | 0.005 | 0.029 | 0.047 | 0.219 | 0.386 | 0.314

Calculate the expected value for this random variable.

(c) If one value in Stephan’s game and one value in Leanne’s game are chosen at random, calculate the
probability that:

(i) they are the same value (ii) they are different (iii) their sum is greater than 8.
The discrete random variable X has the following probability . ) 5 3 4
distribution.
(@) Find E(X). P(X=x) | 025| 0.1 | 045 | 0.2

(b) Verify that E(2X) = 2E(X).
(c) Find Var(X).
(d) Find the following values:
(i) Var(2X) (i) Var(3X)
(e) State the relationship between Var(X) and Var(kX).
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11 The probability distribution table of a random variable X is shown. Answer each of the following, giving all

answers correct to 3 decimal places where necessary.

(@
(b)

(c)
(d)

X

n

n+1

n+2

n+3

P(X=x)

0.80

0.12

0.05

0.03

Show that E(X) =n+ 0.31.

If two independent values of X are chosen at random, calculate the probability of choosing two

consecutive values.

If two independent values of X are chosen at random, calculate the probability that the sum of the two

values is even.
If four independent values of X are chosen at random, calculate the probability that they are one of

each type.

YEAR 11

CHAPTER REVIEW 10

1 In each of the following find the value of k that makes the table a discrete probability distribution. In each case

express the value in simplest fraction form.

(@

()

2 Two six-sided dice, numbered 3 to 8, are rolled. Let X be the total of the two dice.
(@) Complete the following table that shows the probability distribution of X. Express the probabilities as

x 11213456
_ 1|1 1713

PX=x | g 16| % | % 16 16
X 1lo 1] 213

P(X=x) | k | 2k | 3k | 4k | 5k

fractions in simplest form.

(b)

x 5 7 8 9 | 10
1 1 1 1
P(X=x) 12 6 3 2k 4

X 6| 7189 10/11]12/13/14]15]16
_ 1] 1 S 1 1
BRE=:0) 18 | 12 36 9 36

(b) Find P(X>11).

(c) Find P(X < 15).

(d) Find P(7<X<11).

3 A spinner showing the numbers 1, 2, 3 and 4 is spun twice. Let X be the total of the two numbers obtained.
(@) Complete the table using fractions in simplest form.

(b) Use your table to find each of the following values:

(i) EX)

4 A random variable, X, has the following probability distribution.

X 2 3 4 5 6 7 8
P(X=x)
(i) Var(X)
X -2 -1 0 1 2
P(X=x) 0.15 0.2 0.1 0.35 0.2

Find the following, rounding your answers to 4 decimal places where necessary.

(@ EX)

(b) Var(X)

(€) EGX-2)

(d) EXP-2X)

Chapter 10 Discrete probability distributions
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5

10

11

12

13

14

A game at the local festival requires a player to toss two coins. If two heads are obtained, the player receives $2.
Otherwise, the player loses the cost of the game. For the game to be fair, what should it cost in dollars?

Technology is used to select a random number from 1 to 20 inclusive. The variable, R, represents the value
chosen. Find the following values:

(@) E(R) (b) Var(R)

Each of the numbers from 1 to n appearing on an n-sided spinner has an equal chance of appearing. If the

variable S describes this situation, and Var(S) = 18%, what is the value of n?

A coin is biased in such a way that P(H) = 3 x P(T). The coin is tossed 100 times. Let X stand for the number
of tails obtained. Find the value of E(X).

When Yehudi and Carlos play racquetball, the probability that Yehudi wins a point is 0.35.

(@) How many points would you expect Yehudi to win from the first 15 points? Give your answer to the
nearest whole number of points.

(b) Choose the correct terms in the following statement.
If Yehudi won 10 out of the first 15 points I would [not be/be slightly/be very] surprised as the number is
[about the same as/just above/well above] the expected number.

A box contains 10 items, of which three are defective. A sample of three items is selected at random from the
box. Let Y represent the number of defective items selected.

(@) Complete the table to show the probability distribution of the variable.
s e . y 0123
State the probabilities in simplest fraction form.
(b) Find the expected number of defective items, E(Y). P(Y=y)

Which one of the following random variables is not associated with a discrete scale?

A The number of dim sims sold at the local fish and chip shop per day

B Your height, to the nearest centimetre, measured monthly for two years

C The time taken to fill your bath each night for one month

D The number of goals scored in each netball match by a team throughout the season

A jar contains seven white marbles, three green marbles and two blue marbles. Two marbles are drawn, with
replacement, from the jar. What is the probability of drawing exactly one white marble?

77 7 5\ (5 _7 7 5 7 5
A 13%13 B (12X11)+(12X11) C 2x35%13 D 13%13

What is the value of ¢ in the following probability distribution table?
A 10 B 0.1 C o6 D 06

x 01|23
P(X=x) | t | 2t | 3t | 4t

Two six-sided dice are rolled. Let X be the total shown on the two dice.
(@) What is P(X >10)?

11 1 1 1
A Bgs C3x% DPg
(b) Whatis P(5< X <9)?
4 1 2 5
A 9 B 3 ¢ 3 D 9
(c) What is the expected value, E(X)?
A 7 B 3 C 65 D 75
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A probability distribution table is shown.

(@) What is the expected value, E(X)?
A 02 B 134 C 18 D 3.15 P(X=x) | 02 | 01 | 035 | 0.05 | 0.3

(b) What is the expected value, E(2X — 3)?
A 3 B 33 C 35 D 37

(c) What is the variance, Var(X)?
A 213 B 1.46 C 8381 D 297

For the random variable X it is known that E(X) = 2.3. If the expected value E(X?) = 6.2, what is the standard
deviation 6?
A 0.8281 B 091 C 0.95 D 23
A variable Y has the probability distribution shown in

. y -2 |-11] 0 1
the following table.
What is the variance, Var(Y)? P(Y=y) | 0403 |02]0.1
A1 B -1 C 22 D 11
A spinner is equally divided into n segments. Each segment contains a different value from 1 to n

(@) If the expected value is 26.5, what is the value of n?
A 26 B 51 C 52 D 53

(b) If the expected value is 18, what is the value of n?
A 9 B 10 C 34 D 35

(c) If the expected value is 101, what is the value of n?
A 201 B 200 C 52 D 51

Audrey is playing a popular quest-style game on her games console. It randomly generates whole numbers in
the range 3 to 8 each time she hits the Play button. She cannot start her quest until the total of the scores is 7
or greater. Give exact answers, in simplest fraction form, for this question.

(@) Find the probability distribution of the number of times Audrey hits Play, given the variable X, required
to achieve this total.

(b) Find the expected number of hits of Play required.

(c) Find the variance for the number of hits of Play required. (If you cannot get the exact answer for this part
write the answer as a decimal correct to 3 decimal places.)

The discrete random variable X can take only the values 1, 2, 3, 4, 5 and 6. The probability distribution of X is
described by the following statements:

P(X=1)=P(X=3)=P(X=5)=a

P(X=2)=P(X=4)=P(X=6)=b

a=3b
(@) Find the values of a and b. (b) Draw up a probability distribution table for X.
(c) Show that E(X) = 3%- (d) Show that Var(X) = 2;%.

(e) Find the probability that the sum of two independent observations from this distribution is greater than 9.

Freya rolls a normal six-sided die marked 1 to 6. If she obtains a 4 she rolls the die a second time, and

in this case her score is the sum of 4 and the second number obtained. If she does not obtain a 4, her score is
the number rolled. Freya has at most two rolls of the die. Let Z be the random variable representing

Freya’s score.

(@) Draw a table showing the probability distribution of Z.
(b) What is the expected value, E(Z)?
() Whatis P(Z > 6)? (d) Whatis P(Z<7)? (e) Whatis P(Z>4| Z<8)?
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22 Use mathematical reasoning to explain why the function given by P(X = x) = 2x =3

15
distribution for x €{3, 4, 5} but it is not a probability distribution for x € {1, 2, 3, 4, 5}.

is a probability

23 Many calculators can produce random numbers as whole-number values within a specified range.

(@) If the technology produced truly random numbers, what type of distribution would you expect the results
to follow?
(b) Listed below are 96 random numbers (as displayed by a calculator) in the range 1 to 6, inclusive.

36 256 2 316 11 4
6 6 2 21151 3 2 61
6 4 2 6 52 2 6 6 1 15
6 4 21 6 2 3 1 2 6 3 4
4 1 11556 313 6 5
4 4 6 55 4 3 2 461 3
3256 33 2 44553
6 4 3 356 25 3 3 21

Create a probability distribution table based on these results. To make analysis easier, write the probabilities
with a denominator of 96 and use X as the variable.

(c) What do these results suggest about whether or not the numbers are truly random? Refer to the size of
the sample space in your answer.

(d) Calculate E(X) and Var(X) for the sample of 96 random values. Compare them to the theoretical values
for the underlying distribution.

(e) Now use technology to generate a similar set of 96 numbers in the range 1 to 6. Calculate E(X) and
Var(X) for the sample of 96 random values that you generated.

(f) Compare the three sets of statistics that you have now calculated.

(99 What do you think would happen if you generated 5000 random numbers in the range 1 to 62

24 A standard six-sided die is rolled until an even number shows or five odd numbers in a row have shown.

(@) Draw up a probability table showing the number of rolls and the associated probabilities.

(b) Find the expected number of rolls. Give your answer correct to 1 decimal place.

(c) Consider tossing a coin where you will stop as soon as the coin lands on tails or if five heads in a row
appear. Explain how you can easily state the expected number of tosses of the coin.

25 Raduhas developed a website where subscribers can pick up to six motivational videos per day to watch.
The number of each video chosen is a discrete random variable X with a probability distribution formula
P(X =x) =k(30 — (x — 1)), where x €{1, 2, 3, 4, 5}.

(a) Calculate the value of k.
(b) Display all probabilities as fractions in simplest form in a probability distribution table.
(c) Draw a scatterplot of the distribution.

26 Karina and Achim print and sell business cards in packs of 500. They sell a maximum of 4 packs per hour and
incur an average of $16 running costs per hour. The average price for a pack of 500 business cards is $20. The
probability distribution table shown represents the random variable X, the number of packs they sell in any
given hour.

X 0 1 2 3 4

P(X=x) | 0.012 | 0.097 | 0.138 | 0.325 | 0.428

(@) Calculate the number of packs of business cards they can expect to print and sell in any given hour.
(b) Determine whether Karina and Achim incur a loss or make a profit, and the amount on average, in any
given hour.
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27 Four scatterplots are shown.

P(X=x)
0.5 +
0.4 + . P(X=x)
03 4+ e 05 +
0.2 + . 0.4 +
0.1 + o o 0.3 + .
0.0 -+ . 02 + e .
-0.1 + ° 0.1 « . ° °
1 1 1 1 1 1 1 1 1 1 1 1 Y 1
O T T T T T T T O T T T T T hd T
1 2 3 4 5 6 7 X 1 2 3 4 5 6 7 %
Plot 1 Plot 2
P(X=x)
0.5 +
P(X=x) 04 +
0.5 + 0.3 -+
0.4 + . 0.2 + .
0.3 + 0.1 + o e o o o
02 + e o 0.0 +
01+ . . -0.1 +
5 —t+—t—+—+—+ —t—t—t—+—+—+
4 6 8 10 12 % OY 10 20 30 40 50 60 70 X
Plot 3 Plot 4

(@) Establish which of the four scatterplots represents a probability distribution function. Explain your
answer using mathematical reasoning.
(b) Calculate the mean and variance of the plots that represent probability distribution functions.
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CHAPTER 11

Descriptive statistics

11.1 STATISTICAL INVESTIGATIONS

Statistics reveal how life determines death

The Australian Bureau of Statistics (ABS) collects a vast amount of data (information) about Australians and their
daily lives. The largest and one of the most important ways they do this is through the Census of Population and
Housing, which is conducted every five years. It is a descriptive count of everyone who is in Australia on one
particular night, what they do, and how and where they live.

WAYS TO DIE ‘In 20 years we will be wondering why we did so little on obesity’
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Because a census includes every member of a target population, it is a huge and costly undertaking, which is why the
ABS Census is only conducted every 5 years. Surveys that involve samples of the whole population are used more
frequently to predict trends for the whole population.

Information collected by the ABS can be used to help us understand about aspects of the lives of Australians—and
their deaths. For example, the graphic on the previous page presents information about deaths in Australia in the
year 2010 and is based on ABS statistics.

In a good statistical diagram, the data should be clearly displayed. For example, if you take a closer look at the
information shown for the nervous system, you can see 761 deaths are attributed to atrophies, 76 of which are

the specific atrophy called Huntington’s disease.

Atrophies Huntington's

Nervous "7 e dsese
system

Spinal muscular

Multiple atrophy
sclerosis 666
Movement
disorders
1279
Epil Parkinson's
‘2-",”3“ disease
e 1230
Alzheimer's
disease
2706

As well as just presenting data, newspaper (and other) articles and reports could include interpretation of the data
or opinions that are based on the data, such as this quote from Mike Daube, the director of Curtin University’s
Public Health Advocacy Institute:

‘Because of their later uptake of smoking, we are only now starting to see the declines in female mortality. But in
20 years we will be wondering why we did so little on obesity. Diabetes and all these problems caused by obesity,
I think they are going to be looking catastrophic. The crisis then is not going to be in emergency departments but
in chronic conditions’

‘Statistics reveal how life determines death, by Amy Corderoy, The Age, 29 December 2014.
His opinion may be valid due to his expertise, but it is not statistical fact based on the data.

Conducting a statistical investigation

A statistical investigation should typically include four phases:
Phase 1: Identify the problem and set a statistical question
Phase 2: Collect statistical data
Phase 3: Analyse the data
Phase 4: Interpret and communicate the results.

To help understand these phases, consider how the phases apply in a simple example. Imagine that you are
conducting a small investigation into some of your classmates’ characteristics. You will be collecting
information on the following:

« gender

o left-handed or right-handed

e arm span (to nearest centimetre)

« position in family (eldest, middle or youngest child).
Phase 1: Identify the problem and set a statistical question.

The problem is to discover whether connections exist between pairs of these characteristics for the students in
your class. For example, you could compare students based on whether they are right-handed or left-handed and
their position in the family.
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Phase 2: Collect the statistical data.

As a data collection device you could use a simple card as shown.

GENDER: ARM SPAN:

FEMALE 153 cm

Stretch out your arms
and measure from
finger tip to finger tip

YOUNGEST
RIGHT-HANDED

ELDEST

Circle the correct response Circle the correct response

Phase 3: Analyse the data.

After you have collected data, to analyse it you need to display the data. This can be done in a table, a bar graph, a
dot plot, a stem-and-leaf plot or a histogram. (These display tools will be discussed in more detail later.) Two-way
tables could be used to pair up the variables as shown below. Note that e.g. 150—<160 means values including 150
but less than 160.

Arm span (cm) Male Female Place in family | Left-handed | Right-handed
150—<160 2 4 Youngest 3 8
160-<170 3 5 Middle 2 4
170—<180 3 2 Eldest 1 6
180—<190 2 1
190—<200 2 0

Phase 4: Interpret and communicate the results.

For the final part of the process you will need to write some conclusions about the data. Some examples based on the
sample data recorded above could be:

+ The median arm span for males was greater than the median arm span for females.

« A greater percentage of right-handed students were the eldest in the family compared with
left-handed students.

You could also draw some appropriate statistical graphs to help explain the connections you ha