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Maths Quest is designed to cater for students of all abilities: no student is left behind and none is held
back. Maths Quest is written with the specific purpose of helping students deeply understand mathematical
concepts. The content is organised around a number of features, in both print and online through Jacaranda’s
learnON platform, to allow for seamless sequencing through material to scaffold every student’s learning.
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NUMBER AND ALGEBRA

TOPIC 1
Indices

1.1 Overview

Numerous videos and interactivities are embedded
just where you need them, at the point of learning, in
your learnON title at www.jacplus.com.au. They will
help you to learn the content and concepts covered in
this topic.

1.1.1 Why learn this?

Don’t you wish that your money could grow as
quickly as a culture of bacteria? Perhaps it can —
both financial investments and a culture of bacteria
can grow exponentially, that is, according to the laws
of indices. Indices are useful when a number is con-
tinually multiplied by itself, becoming very large, or
perhaps very small.

1.1.2 What do you know?

assess[]])

1. THINK List what you know about indices. Use a thinking tool such as a concept map to show your list.

2. PAIR Share what you know with a partner and then with a small group.

3. SHARE As a class, create a thinking tool such as a large concept map that shows your class’s
knowledge of indices.

LEARNING SEQUENCE

1.1 Overview

1.2 Review of index laws
1.3 Negative indices

1.4 Fractional indices

1.5 Combining index laws
1.6 Review

learn RESOURGES — ONLINE ONLY

Watch this eLesson: The story of mathematics: Leibniz (eles-1840)
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1.2 Review of index laws
1.2.1 Review of index laws

* When a number or pronumeral is repeatedly multiplied by itself, it can be written in a shorter form
called index form.
* A number written in index form has two parts, the base and the index, and is written as:

y ~.
Base a* Index
SN— (power or
exponent)

* Another name for an index is an exponent or a power.
* Performing operations on numbers or pronumerals written in index form requires the application of
the index laws.
First Index Law: When terms with the same base are multiplied, the indices are added.
a'"xd =a"t"
Second Index Law: When terms with the same base are divided, the indices are subtracted.

at+ad'=d"""

WORKED EXAMPLE 1 Tl | CASIO

Simplify each of the following.

2x5 4
a m*n’p x m*n"p? b 2a%b® x 3ab* c J
10x?%3
THINK WRITE
a 1 Write the expression. a m'n’p x m*np?
2 Multiply the terms with the same base = m: +82’Z3 tptts
by adding the indices. Note: p = p'. =mnp
b 1 Write the expression. b 24*h* x 3ab*
2 Simplify by multiplying the =2x3x attxp e
coefficients, then multiply the terms = 6a’b
with the same base by adding the
indices.
5.4
¢ 1 Write the expression. 2xy
10x%y°
. . . 1x°~ 2y4 -2
2 Simplify by dividing both of the =
coefficients by the same factor, then Oy .
divide terms with the same base by =75

subtracting the indices.

Third Index Law: Any term (excluding 0) with an index of O is equal to 1.
aA=1,a#0

2 Jacaranda Maths Quest 10 + 10A



WORKED EXAMPLE 2

Simplify each of the following.
a (2b%)°
THINK

a 1 Write the expression.

b —4(a’h®)°
WRITE
a (2b%)°

2 Apply the Third Index Law, which states that any =1

term (excluding 0) with an index of 0 is equal to 1.
b 1 Write the expression. b —4(d’p)°
2 The entire term inside the brackets has an index of 0, =—-4x1
so the bracket is equal to 1.

3 Simplify. =—4

Fourth Index Law: When a power (a™) is raised to a power, the indices are multiplied.
( am)n = g™
Fifth Index Law: When the base is a product, raise every part of the product to the index outside the
brackets.
(ab)™ = a"b"™
Sixth Index Law: When the base is a fraction, multiply the indices of both the numerator and denom-
inator by the index outside the brackets.

WORKED EXAMPLE 3 Tl | CASIO

Simplify each of the following.

2x3 4
a (2n%)} b (3a’")? c <4> d (-4)°
y
THINK WRITE
a 1 Write the term. a (2n%’?
2 Apply the Fourth Index Law and simplify. = I X3 oyt x3
— 23n12
— 8}’112
b 1 Write the expression. b (3a’b’)?
2 Apply the Fifth Index Law and simplify. = 31X3 ¢ 2%X3 5 p7 %3
— 33a6b21
= 27a%h*!

¢ 1 Write the expression.

2 Apply the Sixth Index Law and simplify.

3\4
< (%)
y
_21)(4 XX3X4

4 x4
y

_16x"?

y16

TOPIC 1 Indices 3



d 1 Write the expression.

2 Write in expanded form.

3 Simplify, taking careful note of the negative

sign.

d (—-4)°

—4 X -4 x4

—64

learn

RESOURCES

Complete this digital doc: SkillSHEET: Index form (doc-5168)

Complete this digital doc: SkillSHEET: Using a calculator to evaluate numbers given in index form (doc-5169)

Exercise 1.2 Review of index laws

Individual pathways

Hl PRACTISE

Questions:

1a—f, 2a—f, 3a—f, 4a—f, 6, 7a—,
9,10

[l B B Individual pathway interactivity: int-4562

Il CONSOLIDATE
Questions:
1d-i, 2d-i, 3a—f, 4e-l, 6, 7a—f,
9-11, 15

assess[]])

B MASTER
Questions:
1d-l, 2d-l, 3, 4d-o, 5, 6, 7d-i, 8-16

learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency

1. =AM Simplify each of the following.

a.a’xat
d. ab? x a°V°

g mnp X m>n’p*

j. 3m® x 2mn® x 6m*n’
a.a* = ad’

;
d.4i

jo 7ab’c* + ab?c*

3. Il Simplify each of the following.

a.ao

d. 3x°

844" - (& ’
4

b.a’>xa’xa
e. m*n® x m’n
h. 2a X 3ab

2 x4y3

. 4x4y
20m5 3. 4

.16m3 3 2

. (2b)°
. 4p°

50— 12

k. 4x* x %xy3 X 6x°y

2. II=A Simplify each of the following.

b.d’ +d*
210°

e.——
7

c. bxb xb
f. a’bc X a’b*c?
i. 402D X 5a%b x 1195

L 2x*y? X 4x x xy
b’

48m®
12m°

f.

i. 6x7y + 8x*

14x3y*2?

28x%y%2

c. 3m?)°
f. -3 x 2n)°

i. 5x° = (5py?)°
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4. A Simplify each of the following.

2\ 4
a. (@®)? b. 24d%)* c. (”;)
2
d. (23”4> e. (a’b)’ f. 3a’b?)?
2 3 2\2
o () ()

. (5m\* 7x ) 3a \
d ( r ) 5 <2> . <5b>
y

m. (-3)° n. (=7)° 0. (-2)°
5.0 a. 2m'% is the simplified form of:
10, 4 5\2
A. m’n® x 2m*n® B. 6’”37’1 c. 2m’n*)? D. 2n(m’)? x n* E. (2’7;>
n n
b. The value of 4 — (5a)° is:
A. —1 B. 9 c.1 D.3 E. 5
6. IIA a. 4a°b x b* x 5a*b° simplifies to:
A. 9a°b° B. 20a°b’ C. 20ab® D. 9a°b’ E. 21a°b®
9 6
150 X 37 simplifies to:
ox!0 x x*
A. 5x° B. 9x c. 5x% D. 9x° E. 5x
3p” x 8¢°
s simplifies to:
12p° x 44°
4 4 4 4 4 4
A. 2g* B. 24 c.Z p. 29 E.L
2 2 24 24
513 32
d. T1a’h + Tha simplifies to:
5a°0*  5ba*
3 3 3
A Bob g, 2240 c. a’b D. ab® g. 229
25 49 49
Understanding
7. Evaluate each of the following.
a2’ x 27 x2 b. 2 x 3% x 22 ¢ (59?2
5. 46 3
q > x4 e (2° x 5)2 £ (3
3% x 4% 5
4 g6
g F X5 h. (33 x 240 i 4(52 x 3%)°
4 x5
8. Simplify each of the following.
a. (v)* b. a’ x (p?)° ¢ m® x n® x (mn)°
d 12 X e 1’131’112 £ (am + n)p
» n’md
Reasoning

9. Explain why @’ X a® = > and not a°.
10. Is 2x ever the same as x>? Explain your reasoning using examples.
11. Explain the difference between 3x" and (3x)°.

TOPIC 1 Indices 5



12. a. In the following table, enter the values of 3a* and 5a when a = 0, 1, 2 and 3.

a 0|1 (213
34>
Sa

3a®> + 5a

3a*> X 5a

b. Enter the values of 3¢ + 5a and 3a®> X 5a in the table.
¢. What do you think will happen as a becomes very large?

13. Find algebraically the exact value of x if 47 = 2%, J ustify your answer.
14. Binary numbers (base 2 numbers) are used in computer operations. As the
name implies, binary uses only two types of numbers, 0 and 1, to express
all numbers. A binary number such as 101 (read one, zero, one) means
Ax2)+O0x2)+(1x2% =440+ 1=5(in base 10, the base we
are most familiar with).
The number 1010 (read one, zero, one, zero) means
Ax2H+O0x2H+Ax2H+0x2)=84+0+2+0=10.
If we read the binary number from right to left, the index of 2
increases by one each time, beginning with a power of zero. Using this
information, write out the numbers 1 to 10 in binary (base 2) form.

Problem solving
15. Solve for x:
7* 71+2x
a. e —
(7°
16. For the following:

a. calculate the correct answer
b. identify the error in the solution.

<a2b3c)3 y <a3b2c2>2 _
a’b? a’b’

=16 807 b. 2% — 52" = -4

b\’ ab*c*\?
)" ( b

I
H’q
W
\—/
o

Il
Q
o

Reflection
Why are these laws called index laws?

CHALLENGE 1.1

It was estimated that there were 4 x 10" locusts in the largest swarm ever seen. If each
locust can consume 2 grams of grain in a day, how long would it take
the swarm to consume 1 tonne of grain?

6 Jacaranda Maths Quest 10 + 10A



1.3 Negative indices
1.3.1 Negative indices

3
* Consider the expression a—s. This expression can be simplified in two different ways.

a
3
1. Written in expanded form: 4 = axaxa
& aXaXaXaXa
1
T aXa
1
&

2. Using the Second Index Law: & = 43-3

a
= a_2
So,a”? = i
)
0
e In general, % = % 1 =a%
= g0 (using the Second Index Law)

= a_"
Seventh Index Law: a7 = 1

an

* The convention is that an expression should be written using positive indices and with pronumerals
given in alphabetical order.

WORKED EXAMPLE 4

Express each of the following with positive indices.

a x73 b 2m=*n? c 4
-3
a
THINK WRITE
a 1 Write the expression. a x>
2 Apply the Seventh Index Law. = %
X
b 1 Write the expression. b 2m™*n?
2
2 Apply the Seventh Index Law to write the _ 2
expression with positive indices. m*
¢ 1 Write the expression and rewrite the fraction, c o =4+q3
using a division sign. a
2 Apply the Seventh Index Law to write the =4 = &
expression with positive indices. a’
3
3 To divide the fraction, change fraction —4xL
division into multiplication. i 1
= 4a

* Part ¢ from Worked example 4 demonstrates the converse of the Seventh Index Law L_n =d".
a

TOPIC 1 Indices 7



WORKED EXAMPLE 5 Tl | CASIO

Simplify each of the following, expressing the answers with positive indices.

2x4 2 2 3\—2
a @ x ab b = c <mz>
3xy n-
THINK WRITE
a 1 Write the expression. a a’b> xa>b
2 Apply the First Index Law. Multiply terms with =g*Tp 3!
the same base by adding the indices. =abh?
3 Express the answer with positive indices. L
372
ab
. . 2xy*
b 1 Write the expression. b .
3xy
2 Apply the Second Index Law. Divide terms 2xt 1y 3
with the same base by subtracting the indices. - 3
_ 2x3y~3
3
3 Express the answer with positive indices. _ Lxg
3y?
3\-2
¢ 1 Write the expression. c <2’Z>
n
2 Apply the Sixth Index Law. Multiply the 27t
indices of both the numerator and denominator by I
the index outside the brackets.
3 Express all terms with positive indices. _
226
4 Simplity. _ 1
4mSn*

* Numbers in index form can be easily evaluated if they are expressed with positive indices first.
Consider the following example.

WORKED EXAMPLE 6

Evaluate 6 x 373 without using a calculator.

THINK WRITE

1 Write the multiplication. 6x373

2 Apply the Seventh Index Law to write 37> with a positive =6 X %
index. 3

3 Multiply the numerator of the fraction by the whole = %
number. -

8 Jacaranda Maths Quest 10 + 10A



4 Evaluate the denominator. =

5 Cancel by dividing both the numerator and =
denominator by the highest common factor (3).

Ieal‘n RESOURCES

Try out this interactivity: Colour code breaker (int-2777)

Exercise 1.3 Negative indices assess[J])

Individual pathways

B PRACTISE B CONSOLIDATE B MASTER
Questions: Questions: Questions:
1a-i, 2a-i, 3a—f, 4, 5a—e, 6a-b, 1a-i, 2a-i, 3c-h, 4, 5a—-g, 6, 7, 1, 2¢-0, 3c-l, 4, 5d-j, 6, 7, 8c—f, 9-18
8a-c, 9, 11a, 12 8b-¢, 9, 11a-b, 12, 13, 15, 18
B B W Individual pathway interactivity: int-4563 learn

To answer questions online and to receive immediate feedback and sample responses for every question, go
to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. IIZ Express each of the following with positive indices.
a. x”’ b. y~* ¢ 2a”°
d. ;ia'S e 3x%y~? £ 272m 3t
g 6a%b~'c™S h L P2
a=® 3a*
j 6a k. Ta™* ! 2m’n~>
3b72 2b73 3a7%b*
2. I Simplify each of the following, expressing the answers with positive indices.
a.a’b?xab! b. 2x72y x 3x74y7? ¢ 3m’n™> x m™n~3
d. 4a°p* + b’ e. 200 + 3x%° f. 5x72y% + 6xy°
6m'*n h 4x7y° ; 2mn~*
2n3m® x7y=3 " 6mn!
jo Qa*m*H™ k 4(p'gH2 L 3(a2b73)*

(o) ) )
m (— n(—; o|—
343 273 3p72
3. [EA Evaluate each of the following without using a calculator.

a.27 b. 67 ¢ 3™

d. 3% x 2’ e 473 x2? £5x67

TOPIC 1 Indices 9



3 =
i 16° x 2* X 5% x 25°
82 x 274 252 x 574

4. Write each of these numbers as a power of 2.

a. 8 b. ¢ c. 32

5. Complete each statement by writing the correct index.
a. 125=5" b. =4~ el=7-
e. 0.01 =10 f.1=8"- g 64=4-
i.é:Zw j'é:&”

6. Evaluate the following expressions.

- (2) n(3) e (31)'

7. Write the following expressions with positive indices.

a. 4 o b. a—z_l C. a’
b b3 b—3

8. Evaluate each of the following, using a calculator.
a.37° b. 1274

e ()’ e (3)

9. I a. x° is the same as:

A —x° B. —5x C. 5x
b. . is the same as:

a

A. 4a B. —4a c.a*

1.
C g ls the same as:

A. 23 B. 23 c. 3?

4
10. K a. Which of the following, when simplified, gives 3%?
4n

-4 2
A. 3m4" B. 3x 22 x m* x n?
2 -2
. 21n Z E. 3m* x 2202
37'm~

b. When simplified, 3a72b~" + 2a*b® is equal to:

2
A 2 B. 22 c. 2@
a®p’? 445 4b
¢. When (2x%y~%)73 is simplified, it is equal to:
18 18 12
A 2 B. = c. 2
y12 8y12 8X18

d. 216 =6

-3
L 3* x 47
123 x 15°
1
d
1 —
h =
d. (
d (
c. 77
£. (0.04)3
1
xS
1
a4
. 372
-2
C. 3n
2—2m—4
4a’
b13
8y12
N}
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2a"\?. 8b° . .
d If W is equal to 5 then x and y (in that order) are:
a

A. -3 and —6 B. —6 and -3 C. -3and?2
D. -3 and -2 E. —2 and -3

Understanding
11. Simplify, expressing your answer with positive indices.

-3 -2 3 -2\-7 31-3\2 —27\—1
m-n b.(mn) c‘S(ab);(Sa b)

m=3nb (m—5n3)4 ( ab‘4)‘1 ’ ( a‘4b)3
12. Simplify, expanding any expressions in brackets.

a (P + 0 =5 b. (m® + n)*

a.

x—1

+1\b +b N .
R (Y
2" x 8"
27 % 16
14. Write 27" x 37" x 6% x 32" x 2> as a power of 6.
15. Solve for x if 4" — 47! = 48.

Reasoning

16. Explain why each of these statements is false. Illustrate each answer by substituting a value for the
pronumeral.

a. 5’ =1 b. 9x° + 3x° = 3x cd+d =d d. 2c_4=i4
2c

13. Write < > in the form 24+%,

Problem solving

17. Solve for x and y if 57 = 625 and 3% x 3 = 243.
35*

TV X 57

18. Solve for n. Verify your answers.
a (20" x (2 x4=1

Hence, evaluate

b (3n)n % (311)—3 _
81

1

Reflection
Are there any index laws from Section 1.2 that do not apply to negative indices?

1.4 Fractional indices
1.4.1 Fractional indices

» Terms with fractional indices can be written as surds, using the following laws:
1

1. d"=Va
2. a" = Va"
= Vay"

* To understand how these laws are formed, consider the following numerical examples.
1 1

We know 42 x 42 = 4!

V4 x Va=+16

and that —4

TOPIC 1 Indices 11



1
It follows, then, that 42 = v/4.

1 1 1
Similarly, we know that 83 x 83 x 83 = 8!

and that V8 x V8 x V8 = V512
=3

1
It follows, then, that 83 = V8.

This observation can be generalised to d" = Va.

m mx L % %Xm
Now consider: ¢" =a " or a" =a
1 1
= (@ = (d")"
_ nam — (%)m

Eighth Index Law: a" = Va" = (Va)"

WORKED EXAMPLE 7

Evaluate each of the following without using a calculator.

i 3
a 92 b 16?
THINK WRITE
1
a 1 Rewrite the number using the Eighth Index Law. a 92=1/9
2 Evaluate. =0
m 3
b 1 Rewrite the number using a” = (%)’”. b 16 = (\@)3
=43
2 Simplify and evaluate the result. =64

WORKED EXAMPLE 8 Tl | CASIO

Simplify each of the following.

12 1 i\’
a m’ x m® b (%% c ,%
yZ
THINK WRITE
12
a 1 Write the expression. a m X m
2 Apply the First Index Law to multiply terms with %
the same base by adding the indices. =m
1
b 1 Write the expression. b (a’h)°
2 Use the Fourth Index Law to multiply each index % %
inside the brackets by the index outside the brackets. =a’b
11
3 Simplify. —
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¢ 1 Write the expression. c

2\ 1

/\j :
3
a
2 Use the Sixth Index Law to multiply the index in both %
the numerator and denominator by the index outside the = )%
brackets. y®

learn RESOURCES
Complete this digital doc: SkillSHEET: Addition of fractions (doc-5176)
Complete this digital doc: SkillSHEET: Subtraction of fractions (doc-5177)
Complete this digital doc: SkillSHEET: Multiplication of fractions (doc-5178)
Complete this digital doc: SkillSHEET: Writing roots as fractional indices (doc-5179)

Complete this digital doc: WorkSHEET: Index laws (doc-5180)

Exercise 1.4 Fractional indices assess[]])

Individual pathways

B PRACTISE H CONSOLIDATE B MASTER
Questions: Questions: Questions:
1-5, 63, d, g, 7a, d, 8a, d, g, 93, 1-5,6a, b, e, h,i, 7a, b, c, f, 8a, b, 1-5, 6¢, f, i, 7c, f, 8¢, f, i, 9b, c, e, f,
d, 10a,d, g, 11a,d, g, 12, 13, d,e,g,h,9,b,d, e 10b,e h,11b, 10c,f,i, 11c, f, i, 12-19
14a,d, g, 15, 16 e, h, 12,13, 14b, e, h, 15, 16, 17
[l B B Individual pathway interactivity: int-4564 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1 Evaluate each of the following without using a calculator.
1 1 1 1

1 1 1 1 1 1
a. 167 b. 252 c. 812 d. 8’ e. 643 f. 814

2. Write the following in surd form.
1 1 2 5
a. 152 b. m* c 7 d. 72
3 1
e wd £ wl?® g 5% h. %3
3. Write the following in index form.
a. Vi b. V57 ¢ V6! d. Vx®
e. V¥’ £ Vw0 g Y’ h. V11"
4. Without using a calculator, find the exact value of each of the following.
2 4 3 4
a. 8 b. 83 ¢ 32° d. 32°
3 2 -2 3
e. 257 f. 273 g 273 h. 814
6 1 1 1
i. 102 j. 362 k. 72 1 123

TOPIC 1 Indices 13



5. Using a calculator, evaluate each of the following. Give the answer correct to 2 decimal places.

1
a. 33

1
d. 8

()

6. IEA Simplify each of the following.
3001

ad x4
302
d x* xx°
2
g —4y’ x»°
7. Simplify each of the following.
23 13
a. a’b* x a*b*
3 1
d. 6m’ x %m“n
8. Simplify each of the following.
11

N

a. 32+33
6 3
d.a +d

9. Simplify each of the following.
43
a. X’y? = x3y3
4 2

4 1
d. 10Xy + 5x3y*

10. Simplify each of the following.
3

1

b. 52
3
e 128

3
h. ; 4
4
1 3
b. 28 x 28
1 1
e S5m3 x 2md
3 3
h. §a8 x 0.05a%

I8}
Rell S}

1

Y X X%y
11 11

e X’y270 X x0y%z

W
W=

b. x

NeJB
[eJ[N)

3
SIE

h (")

11. D=4 Simplify each of the following.
i

112
a. (a’bd)

1
13 3

133
d. Ba’bct)

2

IS

m-
&l
n®

3
b. (a*b)*

1
e. 5(x%y

[0S

1
22
5

2’)

{55

S
O\A‘ |

1
2

1
c. 7

4
f. (0.6)°

cda:xa
| 3 2
f. 5197 X 4b7
1

i 5 x x2

134

c. 2ab® x 3a°b°
231 33

f. 2a5b8¢c* x 4b*c*

3
c 122+ 122

00|

S
SRS

™
=
[JRN]
=
=
|
w
)
[o]195)

~
A
W[
)
O\ —
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2
12. [ a. y’ is equal to:

1 1 1
A (?)° B. y x% c. ()2 D. 2vy E. (°)?
2
b. k* is not equal to:
1 1 1
A. (k)2 B. Vi2 C. (k2> D. (Vk)? E. (K3
c 1 is equal to:
2
8 2 -2 5 _3 1
A g B.g 5 c. g? D. g 2 E. 2g°
3m 1
13. & a. If (a*)" is equal to a*, then m and n could not be:
A. 1and 3 B. 2 and 6 C.3and 8
D. 4and 9 ) E. both C and D

b. When simplified, <an> is equal to:

bf’
m P mp m
P n n D np
AL B. & c. L D. % E. 2
b" b" b" e
14. Simplify each of the following.
a. Vd® b. VB° . VnTo
d. Viex* e. V8y £, V165572
g V27m°n" h. V32p°¢™ i. V21645

Understanding

15. The relationship between the length of a pendulum (L) in a grandfather clock and the time it takes to
complete one swing (7) in seconds is given by the following rule. Note that g is the acceleration due
to gravity and will be taken as 9.8. .
T= 27‘[<L> 2
8

a. Calculate the time it takes a 1 m long pendulum to complete one swing.
b. Calculate the time it takes the pendulum to complete 10 swings.
¢. How many swings will be completed after 10 seconds?

Reasoning

16. Using the index laws, show that V324°b™ = 2ab?.
17. To rationalise a fraction means to remove all non-rational numbers from the

denominator of the fraction. Rationalise —%—— by multiplying the numerator and
_ 3+ Vb
denominator by 3 — /b3, and then evaluate if b = a* and a = 2. Show all of your

working.
Problem solving

2

11 2 2
5 2mdn

5+n§—p5
1 1 )
ms —n’ — pd

18. Simplify

|-
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19. A scientist has discovered a piece of paper with a complex formula written on it. She thinks that
someone has tried to disguise a simpler formula. The formula is:

aPaVp? 3 <\/c7b>2 < b? )3
————Xb' X 5] %
a'b ab Vb
a. Simplify the formula using index laws so that it can be worked with.
b. From your simplified formula, can a take a negative value? Explain.
c. What is the smallest value for a for which the expression will give a rational answer? Consider only
integers.

Reflection
Why is it easier to perform operations with fractional indices than with expressions using surds?

1.5 Combining index laws
1.5.1 Combining index laws

* When several steps are needed to simplify an expression, expand brackets first.

* When fractions are involved, it is usually easier to carry out all multiplications first, leaving one
division as the final process.

* Final answers are conventionally written using positive indices.

WORKED EXAMPLE 9

Simplify each of the following.

434 n-2 ., gn+l
a 2a)"b b 3% 9
6a3b2 81n—l
THINK WRITE
. . (2a)*p*
a 1 Write the expression. "
6a’b
2 Apply the Fourth Index Law to remove the _ 16a*p*
bracket. 6
3 Apply the Second Index Law for each number and _ 84t
pronumeral to simplify. N 3
4 Write the answer. _ 8ab?
3
3}1—2 X 9n+1
b 1 Write the expression. b T
n—2 2\n+1
2 Rewrite each term in the expression so that it has a — %
base of 3. 3H !
n—2 2n+2
3 Apply the Fourth Index Law to expand the brackets. = %
3 n—
3n
4 Apply the First and Second Index Laws to simplify = f ;
and write your answer. 3 ln
- 3)1—4
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WORKED EXAMPLE 10

Simplify each of the following.

7 3
a (2a°h)* x 4a’h? o
(3x3y2)2
THINK
a 1 Write the expression.

2 Apply the Fourth Index Law. Multiply each index inside
the brackets by the index outside the brackets.

3 Evaluate the number.

4 Multiply coefficients and multiply pronumerals.
Apply the First Index Law to multiply terms with
the same base by adding the indices.

Write the expression.

2 Apply the Fourth Index Law in the denominator.
Multiply each index inside the brackets by the index
outside the brackets.

3 Apply the Second Index Law. Divide terms with the
same base by subtracting the indices.

4 Usea™ = Lm to express the answer with positive
a
indices.
¢ 1 Write the expression.

2 Simplify each numerator and denominator by multiply-
ing coefficients and then terms with the same base.

3 Apply the Second Index Law. Divide terms with the
same base by subtracting the indices.

4 Simplify the numerator using a° = 1.

2m°n x 3m’n*
Tm*n® x mn?
WRITE

a (2a°b)* x 4a°b?

=2%a"b* x 4a’D’

= 16a"*b* x 4a*b>

=16 x4 X% a12+2b4+3
= 64a'*p’

Txy?
(Bxy?)?

B 7)cy3
9 )C6y4

7)6_5)1_1
9
17
9x%y

2m’n x 3m’n’*
Tm’n® x mn?

6m12n3

- 5

Tm*n
0

_ 6mn
7
_em®x 1

WORKED EXAMPLE 11 Tl | CASIO

Simplify each of the following.

a (54°b%)? % a’b’ b 8m’n—* . 4m=n~*
a' @p)’ (6mn?)? 6m>n
THINK WRITE

a 1 Write the expression.

(5a°b)? " a*b’

alO (a3b)7

TOPIC 1 Indices 17



2 Remove the brackets in the numerator of the first _25a*p° _ @b’

fraction and in the denominator of the second fraction. q!0 27
3 Multiply the numerators and then multiply the _ 2545

denominators of the fractions. (Simplify across.) A
4 Divide terms with the same base by subtracting the = 254 >p*

indices. (Simplify down.)

: L 25b*
5 Express the answer with positive indices. ==
@

b 8m’n*  dAm™n*

(6mn*)? " 6m™n

b 1 Write the expression.

2 Remove the brackets. _ 8min™*  dAm’n~*
- 216m’*n® i 6m=>n
3 Change the division to multiplication. _ 8mPn* 6m=>n
- 216m*n®  4m=>n~*
4 Multiply the numerators and then multiply the _ 48m™ 3
denominators. (Simplify across.) T R64mn?
5 Cancel common factors and divide pronumerals with om0
the same base. (Simplify down.) 18

6 Simplify and express the answer with positive indices.

18m°n’

Note that the whole numbers in part b of Worked example 11 could be cancelled in step 3.

learn RESOURCES

Complete this digital doc: WorkSHEET: Combining index laws (doc-5181)

Exercise 1.5 Combining index laws assess[J])

Individual pathways

Hl PRACTISE Il CONSOLIDATE Hl MASTER
Questions: Questions: Questions:
1a-d, 2a-d, 3a—-d, 4a-d, 5a—d, 6, 7, 1c-h, 2¢c—f, 3c—g, 4b—f, 5¢-f, 6-10, 1f—j, 2e-i, 3f-i, 4d-f, 5e-h, 6-10,
9,10, 11a,d, 12 11b-e, 12 11c—f, 12-15
[ M W Individual pathway interactivity: int-4565 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
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Fluency
1. IIErA Simplify each of the following.

a. 3a°h*)? x 2a*b’ b. (4ab’)? x 3a’b° ¢ 2m’n=> x (m*n)~°

d. 2pg*)?* x (5p%¢h* e. 2a'bH?* x (3a’b*)? £ 5% x 3(bc>)™*
11 341 3 11 213 1 .31

g. 6x2y% X (4xtyd)? h. (16m*n*)* x (m*n*)* L2047 *x30pqH 3
121 132

J- 8p3¢?) 3 x (64p°q*)°

2. IIZMA Simplify each of the following.

5a2b3 b 4.X5y6 . (3m2n3)3

(2a’b)? QxyH)* Qm’nd)’
4x3y10 6 3a3b_5 3g2h5 3

d'<274 * 2drh L 26
x'y (2a’'b™) g

1 23\ -4 111
(5p°4>)? h. < 3]:6_4) L ()
&1 12 5b~%c T2 113
25(p2q4)3 (x3y 4Z3) 2

3. [IEA Simplify each of the following.

a 2a%b x 3a’b* b, 4mbn® x 12mn’ c 10m®n> x 2m*n®
4a°p’ 6m’n® 12m*n x Sm*n’
d 6x°y? x 4x5y o (6x°y?)* £ 5x%y x 2xy°
9xy’ x 2x°y° Ox’y? X dxy’ 10x°y* x x*y?
31 43
a’b® x 2(ab’)? b P%¢») > % 3pq i 6x%y% X x3y?
6(a2b3)3 X a4b ZP_4q_2 % (Spq4)—2 1 1 11

2(x§y)§ X 3x§yg
4. I3IA Simplify each of the following.

a3b2 2a6b (2@6)2 4ab6 (m4n3)2 (m3n3)3
54¢p"  a°b’ 10a’0®  64° mn)*  (2mn)?
d <2m3n2>3 % 6m*n* e <2xy2>4 v <x3y9>2 £ 4x_5y_3 % 3x5y6
3mn5 4m3n10 3X3y5 2y10 (x2y2)—2 2—2x—7y
6 -5 6 4 i3 12 21 :
5r°q” 5p°¢*\? 2a°h° _ (4a'b)? S
g 3q_4 X < 3p5 h. 11 X 1 1. ﬁ X T
6a’b? b*a 9x3y*  xty
5. IEEA Simplify each of the following.
o Sa0 . &b p, 1@t . < 3ab )3 . <4a9>3 . <3a7>4
6a’b>  3ab® 3a%7  \24%* b® 20
5x2y6 . (4x6y)3 . <x5y_3>'4 . 4X6y_10 ¢ 3m3n4 . <2m4n6>—2
2x%)?2  10xy? 2xy° Bx 3?3 2m=on=> m™'n
11 1
13 3,4 33\1 13
g dmnt = O h. <4b < )2 £ (2b% 9) 2
8m*n? 6¢5b

TOPIC 1 Indices 19



Understanding
6. Evaluate each of the following.
a (57 x 2)"x (577 x 2%+ (5°x27H)7?
(26 x 3%)°
2% (377
7. Evaluate the following for x = 8. (Hint: Simplify first.)

_ X 2, 2x
(2X) 3 X <2> - (23)4

a® X 9b¥ X (5ab)’
(@) x 5(3b")?
b. Find the value of y if the fraction is equal to 125.

b. (2° x 3)7?2 =+

8. a. Simplify the following fraction.

3
9. [l Which of the following is not the same as (4xy)2?
33

A. 8x§yE B. (V4xy)? C. V64x'y?
1
2:3v3)2 1 1
D. E );;)31 E. 4xy* X (2xy%)2

2
LY is equal to:
Q2o??  16x°

10. I The expression

2
A 2 B. 2 C. 2x%4° p. ~ E. 1
X2y6 b6 xy6 128.Xy5
11. Simplify the following. |
1 3
a Vm’n - Vmnd b. (g_zh)3 X (1_3>2 C %
3 1 3 3,2 2n N 9% x 135E
2o 4 s 3 2\~ —3a- 1
A2 x4 %16 ¢ e <“_3”_3> +<3 4“_2”) £ V2 x (Vd)s
37D a’b
Reasoning

12. In a controlled breeding program at the Melbourne Zoo, the population
(P) of koalas at ¢ years is modelled by P = P X 10, Given P, =20 and
k=0.3:

a. calculate the number of koalas after 2 years
b. determine when the population will be equal to 1000.

13. The decay of uranium is modelled by D = D, X 274 If it takes 6 years
for the mass of uranium to halve, find the percentage remaining after:
a. 2 years
b. 5 years
¢. 10 years.

Give your answers to the nearest whole number.

Problem solving

2+l 21
14. Simplify / ! 48

36 x 7% — 252
4 -4 _
15. Simplify Lﬁ
2+z72-52

Reflection
Do index laws need to be performed in a certain order?
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CHALLENGE 1.2

Find an expression for x in terms of y, given that (Va)*=a" x &'.

1.0 Review

1.6.1 Review questions
Fluency

1. 3d"%" is the simplified form of:

6d10€5 dS 2
a. d%* x 3d'e’ b. . (3d%e?)? d. 3e(d)? x € e 3 ()
2¢6? &2
2. 8m’n x n* x 2m*n® simplifies to:
a. 10m°n® b. 16m°n’ c. 16m’n® d. 10m°n’ e. 17mn®
3. 8x% = 4x73 is equal to: 5
a.2 b. 2+ ¢ 2 d 2x7! e =
K
8 7
4. 12 X 207 simplifies to:
6x° X x°
a. 4x° b. 8x c. 4x d. 8x° e 4%
a2b3 5
5. The expression is equal to:
67,13 24Dy’ 3.6 67,13 3.6
a’b b. 245" ¢ 40 d. 9% e 40
4 2 2 4
2 \4 5 272
6. ®°9) + w'q) can be simplified to:
Crey  2pq
2
a. 116 b. ?—6 C Lg d. 116 e. 2%p'%
4pq pPq 4p 2p7q
3 3
7. 16 # = 92 can be simplified to:
1 8 3 1
a.?2 b. — c — d 3= e —
2 ; 216 27 8 2
(219m_1>
8. —————can be simplified to:
1y -2
8(5m™2)
7 7 7 7 7
8m_ b, 2m’ ¢, dm q, 1om e M
11 7 8 5 7
3 P P B 2P
05
9. 132i7j1k? can be simplified to:
212 C m;kz 50 25 212
2'7'11k5 21 2 2 7511 U 25 2711k5
a 2T K S b. 207145 ¢. 22 : d. 2071110 e =
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10. Simplify each of the following.

356 26a*b0c?

a. 5x° X 3x0y* x 2x%y

5 124333

11. Evaluate each of the following.
0 2a 0
a. Sa’ — 3 + 12

(20m5n2
C.

6
b. —(3b)° —

) 3
(4b)°
2

12. Simplify each of the following and express your answer with positive indices.

C. (2m_3n2) -4

a. 2ab> x 4a~ b

b. 4x_5y_3 + 20)c12y_5

13. Evaluate each of the following without using a calculator.

1 —3
a. (2) b.2x (3)73 x (

14. Simplify each of the following.

IS8}

b. (1253 — 273)2

92
)

7
d (141’
214°

5

c43x—=—-5

“(

1

4>
b3

41 13 32 3.4.9
%5 5 2 2 £ 4
a. 2a5b% X 3a’b* X 5a*b3 b -2
16xy
15. Evaluate each of the following without using a calculator. Show all working.
3 1
16* x 81 2
a 1
6x 162

16. Simplify:
a. Va’ + V16a°0* - 3(Va)"®
17. Simplify each of the following.
o (5a7%b) 7 x 4a%b™2
2a%b* x 57%a b0

18. Simplify each of the following and then evaluate.

3 1

b. V3220 + V6427

b 2x4y—5

' 3y5x72

1 3 1
a 3x52x32x 52+ (35 x 52)°

Problem solving

19. If m = 2, determine the value of:
6a™" X 2b°" X (3ab)™"

1
(4b)m X (9a4m)2

20. Answer the following and explain your reasoning.

a. What is the tens digit of 3%

b. What is the ones digit of 63*°?

¢. What is the ones digit of 8'%72
21. For the work shown below:

a. calculate the correct answer

b. identify where the student has made mistakes.

<3a3b5c3>2 N <2ab> 3105
s ) "\ ¢ 10a*p?
3a6b10C6
10a*p?
3a6b10c7
20a°b°
_ 3ab’c’
20

. 2ab

C

x
2ab

4xy~2 > -3
3.X_6y3

b. (6 x 372)

-1 .

o

1
32x6
_62 X (3—3)0

2m’n*

Sm?n

8—2

)é

1
3)6

y
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22. A friend is trying to calculate the volume of water in a reservoir amid fears there may be a severe
water shortage. She comes up with the following expression:

4.2 2

Wwe_"u ru X d
r% 2V driv*

the townsfolk, and W is the volume of water in kL.

, where r is the amount of rain, d is how dry the area is, u is the usage of water by

a. Help her simplify the expression by simplifying each pronumeral one at a time.

b. Does the final expression contain any potential surds?

c. Express the fraction with a rational denominator.

d. List the requirements for the possible values of r, # and d to give a rational answer.

e. Calculate the volume of water in the reservoir when r = 4, d = 60 and u = 9. Write your answer in:
i. kL ii. L iii. mL.

f. Does a high value for d mean the area is dry? Explain using working.

2

_r
2+ VWS

23. The speed of a toy plane can be modelled by the equation § = where

w = wind resistance and

p = battery power (from O (empty) to 10 (full)).

a. Rationalise the denominator of the expression.

b. Using your knowledge of perfect squares, estimate the speed of a toy plane with its battery half full
and a wind resistance of 2. Check your answer with a calculator.

c. How does the speed of the toy plane change with increasing wind resistance? Explain providing
supportive calculations.

learn RESOURCES

Try out this interactivity: Word search: Topic 1 (int-2826)

Try out this interactivity: Crossword: Topic 1 (int-2827)

Try out this interactivity: Sudoku: Topic 1 (int-3588)
Complete this digital doc: Concept map: Topic 1 (doc-13802)

Language

It is important to learn and be able to use correct mathematical language in order to communicate
effectively. Create a summary of the topic using the key terms below. You can present your summary
in writing or using a concept map, a poster or technology.

base index pronumeral
constant index law simplify
denominator negative substitute
evaluate numerator surd
exponent positive

expression power indices
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' Link {
assess in .to assessON f0|f questions to test your
. readiness FOR learning, your progress AS you

learn and your levels OF achievement.

assessON provides sets of questions for every
topic in your course, as well as giving instant
feedback and worked solutions to help improve
your mathematical skills.

www.assesson.com.au

Investigation | Rich Task
Digital world: ‘A bit of this and a byte of that’

“The digital world of today is run by ones and zeros.” What does this mean?

Data is represented on a modern digital computer using a base two (binary) system, that is, using the
two digits 1 and 0, thought of as ‘on’ and ‘off’. The smallest unit of data that is transferred on a com-
puter is a bit (an abbreviation of binary digit). Computer and storage mechanisms need to hold much
larger values than a bit. Units such as bytes, kilobytes (KB), megabytes (MB), gigabytes (GB), and
terabytes (TB) are based on the conversion of 8 bits to 1 byte. Your text messages, graphics, music and
photos are files stored in sequences of bytes, each byte being 8 bits (8b = 1B).

You may have heard the terms ‘meg’ and ‘gig’. In computer terminology, these refer to gigabytes
and megabytes. In the digital world, the prefixes kilo-, mega- and giga- express powers of two, where
kilo- means 2'°, mega- means (2'°)? and so on. Thus the number of bytes in a computer’s memory
builds in powers of 2, for example 1 kilobyte = 1024 bytes (2'° bytes). (This differs from the decimal
system, in which the prefixes kilo-, mega- and giga- express powers of ten, with kilo- meaning 10,
mega- meaning (10%)? and so on.)

A byte (8 bits) is used to represent a single character. For example the letter ‘A’ is represented in
binary as 01000001. A book of a thousand pages in print can be stored in millions of bits, but more
commonly it would be described as being stored in megabytes with one byte per character.

1. Complete the table below to show the difference in value between the binary and decimal systems.

Unit Symbol | Power of 2 and value in bytes | Power of 10 and value in bytes
Byte B 20=1 10°=1

Kilobyte KB 210 = 1024 10° = 1000
Megabyte 220 =

Gigabyte

Terabyte

2. The two numbering systems have led to some confusion, with some manufacturers of digital
products thinking of a kilobyte as 1000 bytes rather than 1024 bytes. Similar confusion arises
with megabytes, gigabytes, terabytes and so on. This means you might not be getting exactly the
amount of storage that you think.

If you bought a device quoted as having 16 GB memory, what would be the difference in
memory storage if the device had been manufactured using the decimal value of GB as opposed to
the binary system?

Many devices allow you to check the availability of storage. On one such device, the iPhone,
available storage is found by going to ‘General’ under the heading ‘Settings’.
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3. How much storage is left in MB on the following iPhone?
4. If each photo uses 3.2 MB of memory, how many photos can be added?

Storage
3.9 GB Available 9.5 GB Used

@ Photos & Camera 1.6 GB

@ Radio 1.6 GB
@ Maps 1.2 GB
)| My Movie 461 MB

Have you ever wondered about the capacity of our brain to store information and the speed at
which information is transmitted inside it?

5. Discuss how the storage and speed of our brains compares to our current ability to send and
store information in the digital world. The capacity of the human brain is 10—100 terabytes. On
average 20 million billion bits of information are transmitted within the brain per second.

6. Investigate which country has the fastest internet speed and compare this to Australia.

learn RESOURCES

Complete this digital doc: Code puzzle: What historical event took place in France in 1783?
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Answers
TOPIC 1 Indices

Exercise 1.2 Review of index laws

l.a.d b. a® c. b® d. a*p’ e. non'? f. b3
g. m®n*p’ h. 6a%b i. 10a*° j. Z6m8n7 k. 12x5° 1. 4x%5
2.a.a b. & c. b d. ?14 3b* f. 4m’
1 3 5
3 2 . 3 0 3 2.2
: h. — i = .Tb k. > L =
g.mn 2y 4x y J 4-m 14 Xy
3.a. 1 b. 1 c. 1 d. 3 e. 4 f. -3
g3 h. -7 i 4
4. a. d° b. 164%° c. gl—lm8 d. %nS e. a°b’ f. 94"
4 12 3 4
g. 16m'2n® L L PRl k. 343 1 Bla
04 e n® gyl 625b"2
m. —243 n. 49 0. =32
S5.a.D b. D
6. a. C b. E c. B d.D
7. a. 64 b. 72 c. 625 d. 48 e. 1600 f. 12775
g. 20 h. 1 i 4 ,
X
8. a. X% b. a® c. mn? d. % e. > Pm? e f. g+
IX
9, F=axaxXa b
az =aXa
@ xdd=axaxaxaxXa
= a5, not a®

Explanations will vary.
10. They are equal when x = 2. Explanations will vary.
11.3x° = 3 and (3x)° = 1. Explanations will vary.

12.a,b
a 0 1 2 3
3a? 0 3 12 27
5a 0 5 10 15
3a® + 5a 0 8 22 )
3a® x 5a 0 15 120 405

¢ 3a® X 5a will become much larger than 34> + Sa.

13.x= 2or4
14.1=1 2=10 3=11 4 =100 5=101 6=110
7=111 8 = 1000 9 = 1001 10 = 1010
15.a. x =4 b. x=0,2
16.a. a’hc’
b. The student made a mistake when multiplying the two brackets in line 3. Individual brackets should be expanded first.
Challenge 1.1

1.08 seconds

Exercise 1.3 Negative indices

2
La L b L . 2 a2 e. 3% £,
x y* a 54 y 4m3n*
3 4 3 32
g % h. a° i 22 j. 2ab? L . 2ma
be? 3 24* 3b*n’
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2.a. —— b. — c. — d e. — f.—
a’b’ xBy n® a’b’ 3x 6x°
4 12 4, 8
g. 3 h. o i. ! j- _ k. i . 3
i » 3min’ 32a"5m2° P o&p2
27¢° bo 1
m. —— n.— .
8p° 448 8a%°
1 1 1 8 1 5
3.a 3 b.?z C 31 d.§ e.ﬁ f.%
27 2 . 3
2. 48 h. E E 1 E J. 4 k. 125 1. 1
4.a 2} b. 273 c. 2 d.2°°
5.a.3 b. -2 c. —1 d. 3 e. —2 £.0
g3 h. -3 i. —6 jo 2
3 4 2
6. a. 3 b. 5 C. 7 d. 5
3 2
7.a.2 b2 oL d
a o> b P )
1 1 1
8. a. ﬁ b. m c. 0.000 059499 or m
16384
d. 256 e i f. 9765625
9.a.D b. C c. B
10.a. B b. D c. C d. E
2 2
1a ™ b E L2
n® m X
12.a. /° — 5 b. m'® + 2mn® + n'° c 1 d. p?
13.2% 4
14.6°"
15.x=3

16. Answers will vary; check with your teacher.
17.x=3,y=-1;7
18.a. n=-1, -2 b.n=-1,4

Exercise 1.4 Fractional indices

1.a. 4 b. 5 ¢.9 d.2 e 4 £.3
2.a. V15 b. Vm e V72 d. v7® e. Vw? W
g. V510 h. V@
1 7 1 6 7
3.a. 22 b. 54 c. 66 d. x7 e. x0 f. w?
1 n
g w? h. 11°
4.a. 4 b. 16 .8 d. 16 e 125 £.9
g.é h. 27 i. 1000 j. 216 k. V7 L. V12
5.a. 1.44 b. 2.24 c. 148 d. 1.26 e. 2.54 f. 0.66
g. 0.54 h. 0.81 i. 0.86
4 1 5 23 3 3
6. a. 4 b. 2 c. af d. X2 e. 10m" f. 207
20 9 7
g —4y° h. 0.02a8 i. 5x2
3 45 8 17 19 2 1955 29
7. a. ab? b. x%y° c. 6a°b13 d. 2m*$n° e. x0y070 f. 8a°h3c
1 5 1 3 5 11
8. a. 30 b. 512 e 122 d.d e t. m®
3 2 7
g. Lo h. 1n3 i, 220
2 3 4
51 7 4 1 31 23 1 1 7 1 S5 1
9. a. x3y5 b a45b15 C. gmSnS6 d 2x15y4 e ﬂZObZO £, 3p24q12
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10.a. 220 b. 5¢
2 m
g. 4p° h. x”
11 3
11.a. a*b® b. a’b?
8 2
m5 bS
2. 71 h. z
n4 C27
12.a. E b. C
13.a. E b. B
14.a. a* b. b
g 3m’n’ h. 2pg*
15.a. 2.007 s b. 20.07 s
1
16. (2°a’b'%)5 = 2ab?
207 _ A/13
17,46 N ); 4
9-p 11
1

1 1 1
18.m> —n’ + p°
I3

19.a. ¥ x b2

~

(O8]
[[= Sf‘.\'&‘ “wi
o1

n
B

=
<

ws] [\
\<oo\u.> ‘ RN‘_
ST

4

. m
. 6a%b°
. 4.98 swings

&

&

d.

b. No, because you can’t take the fourth root of a negative number.

ca=1

Exercise 1.5 Combining index laws

1. a. 54a'%° b. 484°b'°
711 15 15
g. 12x8y15 h. 8m*n*
5 X
2. a. 77 b. 76
8a 4y
351
g p’q h, 0%
X 81°°c*
3. a 3% b. 8n?
b’ b 75¢°
& 34 : 2pl!
2 4a°p°
4. a b.
5a*p’ 15
1
4 12
g 3" h 2~
9 17
5q 32
5 56a'1p°
5. a — b. —/——
11 11
16m'%n 4p?
g h.
3 17
32C30
6. a % b. 1
7.1
8.a. 5! b.y=4
9. E
10. A

C.

. 8p

Slw

w
Col—
N
o —
S
|—
o
2=

4x>

. 500p%4'3

|<
|

4P

9n15

25
128x3y*

N —

=
L=
=

e 2y

e. 36a%°%"°

e. 24a%*p’

81x%y'

4y36
27x'6

11
f. 23p6

Sy ‘Q
W | o=

1567
26

27h'?
8g

<

=

f. 48x'Yy°

f. 6m'°n"®
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_1 m
6 or
.

1
11.a. mbn © o
3 Van
2

b. g~ %mn
14
£. d'5 or Vd"
12. a. 80 koalas
13.a. 79%

14. 4
21

15.2+ 27245

Challenge 1.2

1.6 Review

PN R WD
waw>»» 00a0g

10,10
y

p—
<
&
Nel
=

11.a. 16
8
allp?

13.a. 8

12.a.

4 33
14. a. 30a29p0

15.a. 1

16.a. —24° + 24°h*

18.a. 46
1
19. %
20.a. 8 b. 6
9ab’c’
50

21.a.

b. The student has made two mistakes when squaring the left-hand bracket in line 1: 3> =9, 52 = 25.

21 1
c.33x5°¢ d.2%or= e. a®dor =
b. During the 6th year
b. 56% c. 31%
b, 13ab°¢ o, 1000m"*n® 16p*
6 ’ 27 ) 814"
b, -2
2
2 12
b. o e M
5x7 16n8
b. 3 c. 0
2 1
6
b. 4 c. 2@
12 3
x20)9 »2
b. 4
b. 6xy*
9y* 4
b 2 c. 2%m
321615
b. —
18
c. 2
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\/;
avid

22. a.

b. Yes, W, Vi

|

ru

) i’

d. r should be a perfect square, u should be a perfect cube and d should be a rational number.

i. 0.0012346 kL

ii. 1.2346 L

iii. 1234.6 mL

e. A high value for d causes the expression to be smaller, as d only appears on the denominator of the fraction. This means
that when d is high there is less water in the reservoir and the area is dry.

22_ 3
23,0 P2 VW)
4—w

b. Answers will vary; approximately 5.

c. speed decreases as wind resistance increases.

Investigation — Rich task

L. Unit Symbol Power of 2 and value in bytes Power of 10 and value in bytes
Byte B 20=1 10°=1
Kilobyte KB 210 = 1024 10* = 1000
Megabyte MB 220 = 1048 576 10 = 1000 000
Gigabyte GB 230 =1073741 824 10° = 1000000000
Terabyte TB 240 =1099 511627776 10'2 = 1 000000000000

2. Approximately 1.1 GB
3. 3993.6 MB
4. 1248 photos

5. Discuss with your teacher.

6. Discuss with your teacher. The discussion will depend on the latest information from the internet.
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NUMBER AND ALGEBRA

TOPIC 2
Algebra and equations

2.1 Overview

Numerous videos and interactivities are embedded just where you need them, at the point of learning, in
your learnON title at www.jacplus.com.au. They will help you to learn the content and concepts covered in
this topic.

2.1.1 Why learn this?

Do you speak mathematics? Algebra is the
language of mathematics; it holds the key
to understanding the rules, formulas and
relationships that summarise much of our
understanding of the universe. Every stu-
dent of mathematics needs a mathemati-
cal tool chest, a set of algebraic skills to
manipulate and process mathematical
information.

2.1.2 What do you know? assess(]])
1. THINK List what you know about linear equations. Use a thinking tool such as a concept map to show
your list.

2. PAIR Share what you know with a partner and then with a small group.
3. SHARE As a class, create a thinking tool such as a large concept map that shows your class’s
knowledge of linear equations.

LEARNING SEQUENCE

2.1 Overview

2.2 Substitution

2.3 Adding and subtracting algebraic fractions
2.4 Multiplying and dividing algebraic fractions
2.5 Solving simple equations

2.6 Solving multi-step equations

2.7 Literal equations

2.8 Review

Iearn RESOURCES — ONLINE ONLY

Watch this eLesson: The story of mathematics: Al-Khwarizmi (eles-1841)
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2.2 Substitution
2.2.1 Substitution

When the numerical values of pronumerals are known, they can be substituted into an algebraic expression
and the expression can then be evaluated. It can be useful to place any substituted values in brackets when
evaluating an expression.

WORKED EXAMPLE 1

If a =4, b = 2 and ¢ = —7, evaluate the following expressions.
aa-b b a+9 —c
THINK WRITE
a 1 Write the expression. aa—-»>b
2 Substitute a = 4 and b = 2 into the expression. =4-2
3 Simplify. =2
b 1 Write the expression. ba’+9b—c
2 Substitute a = 4, b = 2 and ¢ = —7 into the expression. =43 +92) - (-7)
3 Simplify. =64+ 18+ 7

=89

WORKED EXAMPLE 2 Tl | CASIO

If c = Va® + b?, calculate ¢ if a = 12 and b = —5.

THINK WRITE
1 Write the expression. c=Va® + b?
2 Substitute a = 12 and b = —5 into the expression. =V (12)* + (-5)?

3 Simplify. _ V144 + 25
V169
13

2.2.2 Number laws
» Recall from previous studies that when dealing with numbers and pronumerals, particular rules must
be obeyed. Before progressing further, let us briefly review the Commutative, Associative, Identity and
Inverse Laws.
* Consider any three pronumerals x, y and z, where x, y and z are elements of the set of Real numbers.

2.2.3 Commutative Law

Lx+y=y+x (example:3 +2=5and2 + 3 =5)
2.Xx—y#Fy—x (example:3 —2=1but2 — 3 =-1)
3.xXy=yXx (example: 3 X2 =6and2 X 3 = 6)
4. x+y#y+x (example:3+2=%,but2+3=§)

Therefore, the Commutative Law holds true for addition and multiplication, since the order in which two
numbers or pronumerals are added or multiplied does not affect the result. However, the Commutative Law
does not hold true for subtraction or division.
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2.2.4 Associative Law

Lx+@+2=x+y) +z [example:2 + 3+ 4) =2+ 7 =9and
2+3)+4=5+4=09]
2.x—(—20FMx—-y)—2z [example:2 — (3 —4) =2 — —1 =3 and
2-3)-4=-1-4=-5]
3.xX (X7 =Xy Xz [example: 2 X (3 X 4) =2 X 12 =24 and
2%x3)x4=6x4=24]
dxr@r)FETY) T2 [example: 2+ (3+4) =2+2=2x7="but
) a2 42,1 _2 1
2+3)+d4=5+4=X;=5={

The Associative LLaw holds true for addition and multiplication since grouping two or more numbers or
pronumerals and calculating them in a different order does not affect the result. However, the Associative
Law does not hold true for subtraction or division.

2.2.5 Identity Law

The Identity Law states that in general: x+0=0+x=x
xX1l=1xx=x

In both of the examples above, x has not been changed (that is, it has kept its identity) when zero is added
to it or it is multiplied by 1.

2.2.6 Inverse Law

The Inverse Law states that in general: x+—=x=—x+x=0

That is, when the additive inverse of a number or pronumeral is added to itself, it equals 0. When the mul-
tiplicative inverse of a number or pronumeral is multiplied by itself, it equals 1.

2.2.7 Closure Law

A law that you may not yet have encountered is the Closure Law. The Closure Law states that, when an
operation is performed on an element (or elements) of a set, the result produced must also be an element
of that set. For example, addition is closed on natural numbers (that is, positive integers: 1,2, 3, ...) since
adding a pair of natural numbers produces a natural number. Subtraction is not closed on natural numbers.
For example, 5 and 7 are natural numbers and the result of adding them is 12, a natural number. However,
the result of subtracting 7 from 5 is —2, which is not a natural number.

WORKED EXAMPLE 3

Find the value of the following expressions, given the integer values x = 4 and y = —12.
Comment on whether the Closure Law for integers holds for each of the expressions when these
values are substituted.

ax+y bx-—y c xXy dx=+y
THINK WRITE
a 1 Substitute each pronumeral into the expression. ax+y=4+-12
2 Evaluate and write the answer. = -8
3 Determine whether the Closure Law holds; that is, The Closure Law holds for these
is the result an integer? substituted values.
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b Repeat steps 1-3 of part a. b x—y=4--12
=16
The Closure Law holds for these
substituted values.

¢ Repeat steps 1-3 of part a. c xXy=4x-12
= —48
The Closure Law holds for these
substituted values.
d Repeat steps 1-3 of part a. d x+y =4+-12

The Closure Law does not hold for
these substituted values since the
answer obtained is a fraction, not an
integer.

It is important to note that, although a particular set of numbers may be closed under a given opera-
tion, for example multiplication, another set of numbers may not be closed under that same operation.
For example, in part ¢ of Worked example 3, integers were closed under multiplication. However, in

some cases, the set of irrational numbers is not closed under multiplication, since V3 x V3 =+9=3.

In this example, two irrational numbers produced a rational number under multiplication.

learn RESOURCES — ONLINE ONLY

Complete this digital doc: SkillSHEET: Like terms (doc-5183)

Complete this digital doc: SkillSHEET: Collecting like terms (doc-5184)

Complete this digital doc: Skill[SHEET: Finding the highest common factor (doc-5185)
Complete this digital doc: SkillSHEET: Order of operations (doc-5189)

Exercise 2.2 Substitution assess(])

Individual pathways

B PRACTISE Il CONSOLIDATE I MASTER
Questions: Questions: Questions:
1a-f, 2a—f, 3c—d, 4a—c, 5a-c, 6a—e, 1c—i, 2a—f, 3c—d, 4, 5a—c, 6d-j, 1e-l, 2c+i, 3, 4, 5, 6d-j, 9-15
7,8,10, 14 9,10, 14
[l B W Individual pathway interactivity: int-4566 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
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Fluency
1.IE If a =2, b =3 and ¢ = 5, evaluate the following expressions.

aa+b b.c-b cc—a-—»>b
d.c - (a—b) e.7a +8b — 1lc £4404¢
’ 235
g abc h. ab(c — b) a4+ b —c?
j+a k. —axbx—c L 2.3a — 3.2b
2. If d = —6 and k = -5, evaluate the following.
ad+k b.d -k ck—d
d. kd e.—dk+1) f. &’
g I h. % i 3k — 5d
3. Ifx= % and y = i, evaluate the following.
ax+y b.y—x C. Xy
d e. x2y3 £
y y2
4. If x = 3, find the value of the following.
a. x2 b. —x2 c. (—x)?
d. 2x? e. —2x° f. (—2x)?
5. If x = -3, find the value of the following.
a. x° b. —x* c. (—x)?
d. 2x° e. —2x2 f. (—2x)2

6. [l Calculate the unknown variable in the following real-life mathematical formulas.

a. If c = Va? + b3, calculate cifa = 8 and b = 15.
b.If A = %bh, determine the value of Aif b=12and h = 5.

¢. The perimeter, P, of a rectangle is given by P = 2L + 2W. Calculate the perimeter, P, of a rectangle,
given L = 1.6 and W = 2.4.

dIfT= %, determine the value of T if C = 20.4 and L = 5.1.

n+t i, determine the value of K if n = 5.

e.If K=
n_

f. Given F = 9?6' + 32, calculate F if C = 20.

g Ifv=u+ at,evaluate vifu = 16,a =5,1r = 6.

h. The area, A, of a circle is given by the formula A = zr2. Calculate the area of a circle, correct to
1 decimal place, if r = 6.

LIfE = %mvz, calculate m if E = 40, v = 4.

j- Given r = \/g, evaluate A to 1 decimal place if r = 14.1.

7.3 a. If p = —5 and g = 4, then pq is equal to:

A. 20 B. 1 c. -1 D. =20 E. —%
b. If ¢2 = a* + b and a = 6 and b = 8, then c is equal to:

A. 28 B. 100 c. 10 D. 14 E. 44
¢. Given h = 6 and k = 7, then kh? is equal to:

A. 294 B. 252 C. 1764 D. 5776 E. 85

TOPIC 2 Algebra and equations 35



Understanding
8. Knowing the length of two sides of a right-angled triangle, the third side can be calculated using
Pythagoras’ theorem. If the two shorter sides have lengths of 1.5 cm and 3.6 cm, calculate the length
of the hypotenuse.
9. The volume of a sphere can be calculated using the formula ;177:13. What is
the volume of a sphere with a radius of 2.5 cm? Give your answer correct to
2 decimal places.
10. A rectangular park is 200 m by 300 m. If Blake runs along the diagonal of the
park, how far will he run? Give your answer to the nearest metre.

Reasoning
11. EE Determine the value of the following expressions, given the integer
values x = 1, y = —2 and z = —1. Comment on whether the Closure Law for integers holds true for
each of the expressions when these values are substituted.
ax+y b.y—-z2 CyXz
dx+z €.z—X fx=+y

12. Find the value of the following expressions, given the natural number values x = 8, y = 2 and z = 6.
Comment on whether the Closure Law for natural numbers holds true for each of the expressions.

ax+y b.y—-z CyXz

dx+z €.z —X fx+y
13. For each of the following, complete the relationship to illustrate the stated law. Justify your reasoning.

a. (a + 2b) + 4c = Associative Law

b. (x X 3y) X 5¢ = Associative Law

¢C2p+-q# Commutative Law

d.5d+q= Commutative Law

e3z4+0= Identity Law

f. 2x x = Inverse Law

g (4x +3y) + 5z # Associative Law

h. 3d — 4y # Commutative Law

Problem solving
14. s = ut + %at2
where ¢ is the time in seconds, s is the displacement in metres, u is
the initial velocity and a is the acceleration due to gravity.
a. Calculate s when u = 16.5 m/s, t = 2.5 seconds and a = 9.8 m/s2.
b. A body has an initial velocity of 14.7 m/s and after ¢ seconds has a
displacement of 137.2 metres. Find the value of ¢ if a = 9.8 m/s.

15. Find the value of m if n = p\/ 1 + % when 7 = 6 and p = 4.

Reflection
Why is understanding of the Commutative Law useful?
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CHALLENGE 2.1

The lowest common multiple of four terms is 24a%bc?d. Three of the terms are 12a°bc, 8ab and 4a’cd. The
fourth term contains only two pronumerals, and its coefficient is an odd prime number. What is the fourth term?

2.3 Adding and subtracting algebraic fractions
2.3.1 Algebraic fractions

* In an algebraic fraction, the denominator, the numerator or both are algebraic expressions. For example,

i and ! are all algebraic fractions.

2 2% -5 x> +5

* As with all fractions, algebraic fractions must have a common denominator if they are to be added or
subtracted, so an important step is to find the lowest common denominator (LCD).

WORKED EXAMPLE 4 Tl | CASIO

Simplify the following expressions.

2x x x+1 x+4
a — —= b
372 6 4
THINK WRITE
a 1 Write the expression. a 2X_ X
3 2
2 Rewrite each fraction as an _2x 2 _x % 3
equivalent fraction using the LCD of 3 2 2 3
3 and 2, which is 6. _ A 3x
6 6
3 Express as a single fraction. _4x—3x
6
4 Simplify the numerator. =%
6
b 1 Write the expression. p *+1 s 4
6 4
2 Rewrite each fraction as an _x+1 2 L Xt 4 % 3
equivalent fraction using the LCD 6 2 4 3
of 6 and 4, which is 12. _26+D  3x+4)
12 12
3 Express as a single fraction. 2+ 1) +3(x+4)
; 12
4 Simplify the numerator by _ 2x+24+3x+12
expanding brackets and collecting 12
like terms. _x+ 14
12
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2.3.2 Pronumerals in the denominator

* If pronumerals appear in the denominator, the process involved in adding and subtracting the fractions

is to find a lowest common denominator as usual.

* When there is an algebraic expression in the denominator of each fraction, we can obtain a common
denominator by writing the product of the denominators. For example, if x + 3 and 2x — 5 are in the
denominator of each fraction, then a common denominator of the two fractions will be (x + 3)(2x — 5).

WORKED EXAMPLE 5

N 1
Simplify ¥ i
THINK WRITE
1 Write the expression. 2 1
3x 4«
2 Rewrite each fraction as an equivalent 2 .4 1 _3
fraction using the LCD of 3x and 4x, which x4 4x 3
is 12x. 8 _ 3
Note: 12x° is not the lowest LCD. 12x  12x
3 Express as a single fraction. _8-3
12
4 Simplify the numerator. 5

12x
WORKED EXAMPLE 6

Simplify wer + il by writing it first as a single fraction.
x+3 x+2
THINK WRITE
1 Write the expression. x+1 2x-1
x+3 x+2
2 Rewrite each fraction as an equivalent G+ x+2) 2x=1)  (x+3)
fraction using the LCD of x + 3 T x+3) T x+2) x+2) C (x+3)

and x + 2, which is the product
x+3)x+2).

Express as a single fraction.

Simplify the numerator by expanding
brackets and collecting like terms.
Note: The denominator is generally
kept in factorised form. That is, it is
not expanded.

_x+ Hx+2)
T+ 3 +2)

2x - 1)(x+ 3)
x+3)x+2)

G+ D +2)+ 2x - 1D(x +3)
- x+3)(x+2)

_(x2+2x+x+2)+(2x2+6x—x—3)

(x+3)(x +2)
_(x2+3x+2+2x2+5x—3)
- (x+ 3)(x + 2)

3 +8x -1
T+ 3 +2)
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WORKED EXAMPLE 7 Tl | CASIO

X+ 2 x—-1

Simplify + by writing it first as a single fraction.
x—=3 (x-3)72
THINK WRITE
x+2 x—1

1 Write the expression.
x—=3 (x-23)2

=x+2xx—3+ x—1
x=3 x-3 (x-3)
_G4DE=3)  x-1
(x=3)° (x=3)°
_xXX—x-6 x—1
(x—=37 (-3

2 Rewrite each fraction as an equivalent
fraction using the LCD of x — 3 and
(x — 3)2, which is (x — 3)%.

XX —x—6+x—1

3 Express as a single fraction.

(x = 3)?
. x? -7
4 Simplify the numerator. =
(x = 3)

Ieal‘n RESOURCES — ONLINE ONLY
Complete this digital doc: SkillSHEET: Addition and subtraction of fractions (doc-5186)

Complete this digital doc: SkillSHEET: Writing equivalent algebraic fractions with the lowest common
denominator (doc-5190)

Exercise 2.3 Adding and subtracting
algebraic fractions assess[])

Individual pathways

Hl PRACTISE Il CONSOLIDATE B MASTER
Questions: Questions: Questions:
1a-f, 2a—f, 3a-f, 4-6 1d-i, 2a—f, 3a-i, 4-7, 9 1g-i, 2e—j, 3d-i, 4-10
[l B W Individual pathway interactivity: int-4567 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question, go
to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency

1. Simplify each of the following.
4 2 1 5 3.6
T4z b -+ 2 242
+773 g9 “57 15
W43 W32 fl_x
9 11 7 5 5 6
5x 4 3 2x .5 2
g ——-— h = - = iP=-=
9 27 8 5 x 3
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2. IIZ3 Simplify the following expressions.

2
%y p )Y A x
3 4 8 5 3 4
8x 2 2wow y oy
d —+ = e f —-—=
9 "3 “ 14 7 28 20 4
12
7y+X h-&'i‘% l'x+1+x+3
5 7 5 15 5 2
x+2+x+6 k'216—1_2x+1 l.3x+1_i_5x+2
4 3 5 6 2 3
3. IIE Simplify the following.
2 1 3 1 5
< 1 b = — - T
4x+8x 4x  3x c'3x+ X
12 4 1 9 9
d = +— e —+— f.——-—
5x  15x 6x X dx  5Sx
2 7 1 5 . 4 3
+ — h —+= ,— =
& T00x T 20x 10x * x VI
4. IZM Simplify the following by writing as single fractions.
2 3x 2x 5 5 X
+ b. + +
x+4 x-2 x+5 x-1 c'2x+1 x—2
d 2x 3 . 4x + 3x £x+2+x—1
x+1 2x-7 x+7 x-=5 x+1 x+4
x+8 2x+1 hx+5_x—1 lx+1_2x—5
&t x+2 Y43 x-2 X421
Jj 2 _ 3 k. 4 + 3 L 3 _ 1
x—1 1-x x+1? x+1 x=1 (x-1?
Understanding
5. A classmate attempted to complete an algebraic fraction subtraction problem.
x 3 x x—-1) 3 (x=1
x—1 x—=1 x=1 (x—=1) x—=1 (x—1)
_x(x=1) =3(x—1)
x=DVKx+1)
CxE— 1 —3x =1
x=1Dkx+1)
_oxE=5x—1
x=VKx+1)
a. What mistake did she make? b. What is the correct answer?

Reasoning
Adding and subtracting algebraic fractions can become more
complicated if you add a third fraction into the expression.

6. Simplify the following.

1 2 1 1 4 2
. b.
a x+2+x+1+x+3 x—1+x+2+x—4
. 3 + 2 1 d 2 3 + 5
x+1 x+3 x+2 x—4 x-1 x+3

7. Why is the process that involves finding the lowest common denominator important in question 6?
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8. The reverse process of adding or subtracting algebraic fractions is quite complex. Use trial and error,
Ix — 4 __a 3
x—-8)(x+5 x—-8 x+5

or technology, to determine the value of a if

Problem solving

1 + 2

9. Simplify - .
C+Tx+12 ¥*4+x-6 x2+2x-38

x2+3x—18_x2—3x+2
—x—42 X-5x+4

10. Simplify

Reflection
Why can’t we just add the numerators and the denominators of fractions; for example,
_a+tc,

a C
b d " b+d

2.4 Multiplying and dividing algebraic fractions
2.4.1 Simplifying algebraic fractions

* Algebraic fractions can be simplified using the index laws and by cancelling factors common to the
numerator and denominator.
* A fraction can only be simplified if:
— there is a common factor in the numerator and the denominator
— the numerator and denominator are both written in factorised form, that is, as the product of two or
more factors.

3ab '3 x 'd x b <« product of factors 3a + b _ 3 X a + b <= not a product of factors

12a 417 x 14 < product of factors 12a 12 x a < product of factors

= % Cannot be simplified

2.4.2 Multiplying algebraic fractions

e Multiplication of algebraic fractions follows the same rules as multiplication of numerical fractions:
multiply the numerators, then multiply the denominators.

WORKED EXAMPLE 8

Simplify each of the following.

5
a l X g b 2x x x + 1
3x 7y x+ DH(2x-3) X
THINK WRITE
a 1 Write the expression. a Sl X 6z
3x Ty
2 Cancel common factors in the numerator 59" @
and denominator. The y can be cancelled - 13x 7751
in the denominator and the numerator. _5_ 2
Also, the 3 in the denominator can divide x 7
into the 6 in the numerator. N
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3 Multiply the numerators, then multiply _ 10z

the denominators. C Ix
b 1 Write the expression. b 2x x+ 1
x+1)2x = 3) X

2 Cancel common factors in the numerator 251 x 1!
and the denominator. (x + 1) and the x - lx4+T)(2x — 3) x P
are both common in the numerator and ) 1
the denominator and can therefore be T3 X 1
cancelled.

3 Multiply the numerators, then multiply 2
the denominators. T 2x -3

2.4.3 Dividing algebraic fractions

* When dividing algebraic fractions, follow the same rules as for division of numerical fractions: write
the division as a multiplication and invert the second fraction. This process is sometimes known as
multiplying by the reciprocal.

WORKED EXAMPLE 9 Tl | CASIO

Simplify the following expressions.
3xy | 4x 4 . x=17

< v b ~
2 9y x+1)Bx —5) x+1
THINK WRITE
a 1 Write the expression. 3xy - 4x
2 9y
2 Change the division sign to a multiplication sign _3xy %
and write the second fraction as its reciprocal. T2 T4x
3 Cancel common factors in the numerator and 3y oY
denominator and cancel. The pronumeral x is 274

common to both the numerator and denominator
and can therefore be cancelled.

4 Multiply the numerators, then multiply the 27y?
denominators. -8
b 1 Write the expression. b 4 Lx=7
x+1DBx—-5 x+1
2 Change the division sign to a multiplication sign _ 4 Xt 1
and write the second fraction as its reciprocal. x+1)Bx-5 x-7
3 Cancel common factors in the numerator and 4 1
denominator and cancel. (x + 1) is common to both T 3x-5 " x-7

the numerator and denominator and can therefore
be cancelled.

4 Multiply the numerators, then multiply the _ 4
denominators. - Bx=5x-=17)
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learn RESOURCES — ONLINE ONLY
Complete this digital doc: SkillSHEET: Multiplication of fractions (doc-5187)
Complete this digital doc: SkillSHEET: Division of fractions (doc-5188)
Complete this digital doc: Skill[SHEET: Simplification of algebraic fractions (doc-5191)
Complete this digital doc: WorkSHEET: Algebraic fractions (doc-13847)

Exercise 2.4 Multiplying and dividing
algebraic fractions assess[]])

Individual pathways

Hl PRACTISE Il CONSOLIDATE B MASTER
Questions: Questions: Questions:
1a-f, 2a—f, 3a—i, 4a—b 1d-i, 2a—f, 3a—i, 4,5, 7 1g-1, 2e—j, 3d-1, 4-8
I W W Individual pathway interactivity: int-4568 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. E=2 Simplify each of the following.
a. { X @ b. { X 2 C. X X E
5 4 "y 4" x
d { X 2 e. i X ;25 f 3w X ;7
272y 107 2y 147 x
3 - -
g x5 h 22 x 92 R
4x Ty 3x =Ty 3z 2y
5 =20 —
Jj > X k. Y X 21z L2 X
3x 8y x Sy 3w 2y
2. IEA Simplify the following expressions.
2x x—1 S5x 4x + 7
a. X b.
x-=10Bx—-2) X x=3)4x+17) X
. Ox ><5x+l d x+4) ><x+1
Gx+ 1D(x—-16) 2x x+Dx+3) x+4
2x x—1 2 x(x+1)
e X f X
x+1 x+Dx-1) x(2x = 3) 4
g 2x % 3a h 15¢ % 21d
"4(a+3) " 15x "12(d-3) " 6¢
; 6x° y 15(x — 2) i 7x2(x — 3) y 3x—=3)(x+ 1)
20(x-2)2  l6x* TS+ 1) T 14 — 3)2(x — 1)
3. EZA Simplify the following expressions.
3.3 2.9 4.12
x x Tx X xox
20 .20 1.3 7.3
y 3y Sw W 2x  5x
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3xy  3x h2xy;§ i6y‘3x

87 Ty "5 Ty "9 T dxy
5 "4y 5 5 7 14y
4. = Simplify the following expressions.
a 9 . Xx+3 b. 1 x-=9
Tx=-DBx-7) x-1 x+2)2x—5) 2x-5
c 12(x — 3)? L4 =3) d 13 L 3G+
G+ 5HE-9  Tx-9) T6(x—42x—1) 20x—Hx-1)
Reasoning
5.1s P the same as ; _'1_ > + P j_ 2 + P j_ 2‘7 Explain your reasoning.
- 2 _
6. a. Simplify X = PEFD . c-x
4x — x* x+3)Hx -1
b. Find and describe the error in the following reasoning.
(x—4(x+3) X —x
dx — x? (x+3)(x—-1)

_(x—4)(x+3)>< x(x —1)
T x4 =X x+3)Hx-1)

=1

Problem solving
—2x—3xx +4x-5 . x>+ 7x+ 10

2
7. Simplify *

=1 P =5x+6 x-32-4
8. Simplify FHL Gherea=*—1
X x+1

X - —

Q=

Reflection
How are multiplying and dividing algebraic fractions different to adding and subtracting them?

8901234,
CHALLENGE 2.2 AT
23 96976 ’Olléb,s,

1 1
Simplify the expression: | 1 + X x| 1+-X 7 ?Cé?{é‘g;ngQ‘\?sJ‘\)}
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2.5 Solving simple equations
2.5.1 Equations

* Equations show the equivalence of two expressions.

* Equations can be solved using inverse operations.

* When solving equations, the last operation performed on
the pronumeral when building the equation is the first oper-
ation undone by applying inverse operations to both sides of
the equation. For example, the equation 2x + 3 = 5 is built
from x by multiplying x by 2 and then adding 3 to give the
result of 5. To solve the equation, undo the adding 3 by sub-
tracting 3, then undo the multiplying by 2 by dividing by 2.

+ and — are inverse operations
X and + are inverse operations
2 and V are inverse operations

2.5.2 One-step equations

» Equations that require one step to solve are called one-step equations.

WORKED EXAMPLE 10

Solve the following equations.

d 1 4
aa+27="T1 b = =3, c Ve =087 d fi=__
‘ 16 "4 ¢ 7=
THINK WRITE
a 1 Write the equation. a a+27=71
2 27 has been added to a resulting in 71. The addition of 27 a+27-27=71-27
has to be reversed by subtracting 27 from both sides of the a=44
equation to obtain the solution.
b 1 Write the equation. b % = 34‘1
2 Express 3i as an improper fraction. da_13
16 4
3 The pronumeral d has been divided by 16 resulting d % 16 = 13 % 16
in 14—3. Therefore the division has to be reversed by 16 g 542
multiplying both sides of the equation by 16 to obtain d.
¢ 1 Write the equation. c Ve =087
2 The square root of e has been taken to result in 0.87. ( Je)? = 0.872
Therefore, the square root has to be reversed by squaring e = 0.7569
both sides of the equation to obtain e.
d 1 Write the equation. d /2= %
2 The pronumeral f has been squared, resulting in %. f==+ %
Therefore the squaring has to be reversed by taking the f=+ 2
-5

square root of both sides of the equation to obtain f.
Note that there are two possible solutions, one positive
and one negative, since two negative numbers can also
be multiplied together to produce a positive result.
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2.5.3 Two-step equations

* Two-step equations involve the inverse of two operations in their solutions.

WORKED EXAMPLE 11 Tl | CASIO

Solve the following equations.
asSy—-6=7

THINK
a 1 Write the equation.
2 Step 1: Add 6 to both sides of the

9
WRITE

b¥_s

a Sy—6=179
Sy—-6+6=79+6

equation. Sy =85
3 Step 2: Divide both sides of the equation 5y _ 85
by 5 to obtain y. 5 5
y =17
b 1 Write the equation. b %C =5
2 Step 1: Multiply both sides of the A% 9= 5x%9
equation by 9. 2 Ax = 45
3 Step 2: Divide both sides of the equation 4x _ 45
by 4 to obtain x. 4 4
45
o Y
4

4 Express the improper fraction as a mixed
number.

2.5.4 Equations where the pronumeral appears on both sides

* In solving equations where the pronumeral appears on both sides, subtract the smaller pronumeral
term so that it is eliminated from both sides of the equation.

WORKED EXAMPLE 12

Solve the following equations.

aSh+13=2h-2 b 14—-4d=27—-d c2x—-=3)=52x+4)

THINK WRITE
a 1 Write the equation. aSh+13=2h-2
2 Eliminate the pronumeral from the right-hand side 3h+13=-2
by subtracting 24 from both sides of the equation.
3 Subtract 13 from both sides of the equation. 3h=-15
4 Divide both sides of the equation by 3 and write h=-5
your answer.
b 1 Write the equation. b 14-4d=27-4d
2 Add 4d to both sides of the equation. 14 =27 4+ 3d
3 Subtract 27 from both sides of the equation. —13 =3d
4 Divide both sides of the equation by 3. —g =d
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: : : 1
5 Express the improper fraction as a mixed number. —4=d

6 Write your answer so that d is on the left-hand side. d= —4%

¢ 1 Write the equation. c 2x—3) =52x + 4)
2 Expand the brackets on both sides of the equation. 2x — 6 =10x + 20
3 Subtract 2x from both sides of the equation. 2x — 2x — 6 = 10x — 2x + 20
4 Subtract 20 from both sides of the equation. —6—20 =8x+20-20

—26 = 8x
5 Divide both sides of the equation by 8. _26 _ .
8
6 Simplify and write your answer with the pronumeral w= —14—3
on the left-hand side.
Exercise 2.5 Solving simple equations assess(])

Individual pathways

Il PRACTISE Il CONSOLIDATE H MASTER
Questions: Questions: Questions:
1a-f, 2a—e, 3a-f, 4a-b, 5a-b, 6a-b, 1d-i, 2d-i, 3a-f, 4, 5a-b, 6a-b, 3-6, 7d-i, 8c—f, 9e—i, 10d-f, 11d-f,
7a-f, 8a-d, 9a-b, 10a-b, 11a-c, 7d-i, 8¢c—f, 9c-g, 10a-d, 11c-f, 12, 12, 14, 15g-i, 16g-i, 17g-i, 18-26
12a-b, 13a-c, 15a-d, 16a-d, 13d-i, 15¢c—f, 16¢—f, 17c—f, 19-21,
17a-d, 19-21, 25 23, 25, 26

[l B B Individual pathway interactivity: int-4569 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. IIZrA Solve the following equations.
a.a+ 61 =285 b. k — 75 =46 c.g+93=122
dr-23=07 e.h+0.84=1.1 f.i+5=3
g t—12=—-7 hog+;=) ix—2=-2
2. [IE0A Solve the following equations.
ad=3 b. - = -6 c. 67 =—42
4 10 k
d. 9v = 63 e. 6w = —32 £ =
12 6
_ m 7 .Y _ <3
g.4(1—1.7 h.ﬁ—g I.Z—Sg
3. [IEI Solve the following equations.
a. Vi =10 b. y? = 289 e Vg=25
4 9
2 _ i 27
d f?=144 e.xf_7 f.p?=2
_1s 2 _ 196 . 2 AT
g.\/g_i h.j _9671 l.a—2§
4. Solve the following equations.
aVi—3=2 b. 5x2 = 180 e 3Vm=12
d. -2 =-18 e.?+11=111 £ Vm+5=0
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5. Solve the following equations.

a V=2

1
C. Vm = 5
d =2 e Vim =02 £wd =153
64
6. Solve the following equations.
axr+1=0 b. 3x3 = —24 e Vm+5=6
d -2xVw=16 e Vi—13=-8 £.203 —14=2
7. [IZEA Solve the following.
aS5a+6=26 b. 6b + 8 = 44 8 —-9=15
d 7f— 18 =45 e. 8¢+ 17 =26 f. 10r — 21 =33
g 6s+46=75 h. 5t — 28 =21 i 8a + 88 =28
8. Solve the following.
f ¢ )
.=+ 6=16 b.=+4=9 —+6=5
>4 6 “10
- 12=-10 el +5=85 £ 2 _18=34
9 8 12
9. Solve the following.
a. 6(x + 8) =56 b.7(y —4) =35
e.5m—3) =7 d. 32k + 5) = 24
e.53n—-1)=80 f.6(2c +7) =58
g2x—-5+3x—-7) =19 hh3(x+5 -5x-1)=12
L32x—7) — (x+3) =-60
10. EIZI3 Solve the following.
a K- 15 b2 = 18 e P g
5 8 10
a8 3 e UX_» £ =08
11 ! 15
11. Solve the following.
a.x—5:7 b'2m+1:_3 c.3w_1=6
3 3 4
t— 6 —x 3n—-5
d. =0 . =-1 f =—6
2 &3 4
12. [l a. The solution to the equation %) +2=7is:
A.p=5 B. p=25 C. p=45 D. p=10
b. If 5h + 8 = 53, then £ is equal to:
A ; B. 122 c. 225 D. 10 E.

¢. The exact solution to the equation 14x = 75 is:

A. x =5.357 142 857 B. x = 5.357 (to 3 decimal places)

c.x=52 D. x=54
E.x=5.5
13. Solve the following equations.
a-—x=5 b.2-d=3 ¢5-p=-2
d-7-x=4 e. —5h =10 f. —61 = =30
% ro_1 .
L —— =4 hh —=- . —4g =32
&7 124 LT
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14. Solve the following equations.

a6-—-2x=28 b. 10 - 3v =7 c.93—6l=—3

d -3-2¢=1 e —5—4r=-17 1—’.—?:14

8j k .4

— = hh —=-3=6 -+ 1=

g 3 1 i 7+
15. IIEEA Solve the following equations.

abx+5=5%+7 b.7b +9 =6b + 14 c llw+ 17 = 6w + 27

d8—-2=7+5 e 10r—11=5t+4 f.12r—-16=3r+5

g 12¢g — 19 =3g — 31 h7h+5=2h-6 iL5% —-2=3a-2
16. EIIZE3 Solve the following equations.

asS—-2x=6-—-x b. 10 - 3c=8 - 2c c¢3r+13=9r-3

dk-5=2k-6 e S5y +8=13y+17 £17-3g=3—-g¢

g 14—5w=w+8 hodm+7=8—m L14-5p=9-2p
17. KIIZE3 Solve the following equations.

a3(x+5) =2 b. 8(y + 3) = 3y c.6(t—5) =4+ 3)

d. 10w + 1) = 3(u — 3) e. 12(f— 10) = 4(f—- 5) £2(4r+3)=32r+7)

g 5(2d +9) = 3(3d + 13) h.5(h —3) =3Q2h - 1) L20@x+1)=53-x)
18. [[Id a. The solution to 8 — 4k = =2 is:

1 1 1 1 2
b. The solution to —65—”+3=—7 is:
1 1 1 1 1
A.I’l=3§ B.n=—3§ C.n=§ D.n=8§ E.n=—8§

¢. The solutionto p — 6 = 8 — 4p is:

2 4 2 2 4

Understanding
19. If the side length of a cube is x cm, then its volume V is given by V = x>. What is
the side length (correct to the nearest cm) of a cube that has a volume of:
a. 216 cm? b. 2 m3?
20. The surface area of a cube with side length x cm is given by A = 6x%. Find the
side length (correct to the nearest cm) of a cube that has a surface area of:
a. 37.5cm? b. 1 m?.
21. A pebble is dropped down a well. In time ¢ seconds it falls a distance of
d metres, given by d = 5¢%.
a. How far does the pebble fall in 1 s?
b. How many seconds will it take the pebble to fall 40 m?
(Answer correct to 1 decimal place.)
22. The surface area of a sphere is given by the formula A = 4712, where r is
the radius of the sphere.
a. Find the surface area of a sphere that has a radius of 5 cm.
b. What is the radius of a sphere that has a surface area equal to 500 cm??
(Answer correct to the nearest mm.)

Reasoning

23. Find the radius of a circle of area 10 cm>.

24. The volume of a sphere is given by the formula V = gnr3, where r is the radius of the sphere. If the
sphere can hold 1 litre of water, what is its radius correct to the nearest mm?

-~ =
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Problem solving

25. The width of a room is three-fifths of its length. When the width is
increased by 2 metres and the length is decreased by 2 metres, the resultant
shape is a square. Find the dimensions of the room.

26. A target board for a dart game has been designed as three concentric circles
where each coloured region is the same area. If the radius of the purple
circle is r cm and the radius of the outer circle is 10 cm, find the value of r.

Reflection
Describe in one sentence what it means to solve linear equations.

2.0 Solving multi-step equations

2.6.1 Equations with multiple brackets

Many equations need to be simplified by expanding brackets and collecting like terms before they are
solved. Doing this reduces the equation to one of the basic types covered in the previous exercise.

WORKED EXAMPLE 13 Tl | CASIO
Solve each of the following linear equations.
ab6x+1)—-4x—-2)=0 b78-x)=3x+1)—-10
THINK WRITE
a 1 Write the equation. a 6(x+1)-4x-2)=0
2 Expand all the brackets. (Be careful with the —4.) 6x+6—-—4x+8=0
3 Collect like terms. 2x+14=0
4 Subtract 14 from both sides of the equation. 2x=-14
5 Divide both sides of the equation by 2 to find the x=-7
value of x.
b 1 Write the equation. b 76—-x)=3x+1)-10
2 Expand all the brackets. 35 -7x=3x+3-10
3 Collect like terms. 35 -TIx=3x—-17
4 Create a single pronumeral term by adding 7x to 35=10x -7
both sides of the equation.
S Add 7 to both sides of the equation. 42 = 10x
6 Divide both sides of the equation by 10 to solve 42 _ .
for x and simplify. 10
21
? =X
7 Express the improper fraction as a mixed number I
fraction. :
8 Rewrite the equation so that x is on the left-hand o 4%
side. )

2.6.2 Equations involving algebraic fractions

* To solve an equation containing algebraic fractions, multiply both sides of the equation by the lowest
common multiple (LCM) of the denominators. This gives an equivalent form of the equation without
fractions.
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WORKED EXAMPLE 14

Solve the equation ¥ — 5 _x+7

and verify the solution.

3 4
THINK WRITE
1 Write the equation. x=5_x+7
3 4
2 The LCM is 3 X 4 = 12. Multiply both sides of the WYx -5 1Zx+7)
equation by 12. iz B 1y
3 Simplify the fractions. 4x -5 =3x+17)
4 Expand the brackets. 4x — 20 = 3x + 21
5 Subtract 3x from both sides of the equation. x—20=21
6 Add 20 to both sides of the equation and write the answer. x =41
7 To verify, check that the answer x = 41 is true for both the
left-hand side (LHS) and the right-hand side (RHS) of the
equation by substitution.
Substitute x = 41 into the LHS. LHS = =9
_ 36
3
=12
Substitute x = 41 into the RHS. RHS = 4! : !
_ 48
4
=12
8 Write your answer. Because the LHS = RHS, the solution

x = 41 is correct.

WORKED EXAMPLE 15 Tl | CASIO

Solve each of the following equations.

a5(x+3)=4_|_3(x—1) b 4 _ 1
6 5 3x—-1 x+1
THINK WRITE
a 1 Write the equation. a w =4+ =1
5
2 The lowest common denominator of 5 and 6 is 30. 25(x+3) _ 120 N 18(x — 1)
Write each term as an equivalent fraction with a 30 ~ 30 30
denominator of 30.
3 Multiply each term by 30. This effectively removes 25(x +3) =120 + 18(x — 1)
the denominator.
4 Expand the brackets and collect like terms. 25x + 75 = 120 + 18x — 18
25x + 75 = 102 + 18x
5 Subtract 18x from both sides of the equation. Ix + 75 =102 4
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6 Subtract 75 from both sides of the equation.

7 Divide both sides of the equation by 7 to solve for x.

8 Express the improper fraction as a mixed number.

b 1 Write the equation.

2 The lowest common denominator of 3, x + 1 and x — 1
is 3(x — 1)(x + 1). Write each term as an equivalent
fraction with a common denominator of 3(x — 1)(x + 1).

Tx =27
27
X ==
7
16
)&—3;
4 _ 1
3c—1) x+1
4G+ 1) 3(x— 1)

3x—Dx+1) 3= D+ 1)

3 Multiply each term by the common denominator. 4x+1)=3(x—-1)
4 Expand the brackets. 4x+4=3x-3
5 Subtract 3x from both sides of the equation. x+4=-3
6 Subtract 4 from both sides of the equation to solve for x. x+4—-4=-3-4
= -7
learn RESOURCES
Try out this interactivity: Solving equations (int-2778)
Complete this digital doc: WorkSHEET: Solving equations with fractions (doc-13848)
Exercise 2.6 Solving multi-step equations assess[])

Individual pathways

B PRACTISE
Questions:
1, 2a—c, 3a-e, 4a-d, 5, 6, 9

Il CONSOLIDATE

Questions:

1, 2a—f, 3b-i, 4c-g, 6, 7, 9, 11, 12

M B W Individual pathway interactivity: int-4570

B MASTER

Questions:

1, 2c-h, 3g-, 4g-1, 7-13

learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency

1. lIIZE Solve each of the following linear equations.

a6@x-3)+7x+1)=9
c.85-3x)—4Q2+3x) =3
e6(d+3x)=7x-1)+1

b.93 -2x) +2(5x+1)=0

d.9(1+x) —8(x+2) =2x

x+1 x+3 x—7 x—-8
a. = b. =
2 3 5 4
d.8x+3=2x e-2x—1:x—3
5 5 4
6—x_ 2x-—1 8—x 2x+1
g. = h, =
3 5 9 3
3. Solve each of the following linear equations.
g Xy _1 pX_Xx_3
3 5 3 4 5 4

f.10(4x+2) =38 —-x)+6
2. =4 Solve each of the following equations and verify the solutions.
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4.

d._—3x+£:l e 2X_x__3 g% _g_2x

5 8 4 3 6 4 8 3
g.g_ﬁz?’l ni_1_2 15,2

7 8 8 X 6 X X
.1 .4 5 2x — 4 X 4x—1 2x+5
. — —_ = — k. 6=* l- - =0
J3+x X 5 * 2 2 3

IIZHE Solve each of the following linear equations.

3+ 1) S+ 1) 26+ 1) 3(x—5) 24x+3) 6(x-2) 1
o =4 = — - —
R T R T 0 e 2 2
8(+3) _30r+2) LST- _206-1) (260 _9x+5) 1

5 4 2 7 3 6 3

-5 —-2) 62x-1 1 h9(2x—1)_4(x—5) 1 3 8
&3 5 3 71 T3 x—1 x+1 x+1
3,5 _5 W13 -1 L4 5_-1

d

I T T x4 x+1 x—1 x x-—1 2x—1 x  x

Understanding

S.

. At work Keith spends one-fifth of his time in planning and

Last week Maya broke into her money box. She spent one- o
quarter of the money on a birthday present for her brother and s
one-third of the money on an evening out with her friends, -
leaving her with $75. How much money was in her money box? /

buying merchandise. He spends seven-twelfths of his time in /
customer service and one-twentieth of his time training the

staff. This leaves him ten hours to deal with the accounts. How L0
many hours does he work each week?

. Last week’s school fete was a great success, raising a good deal of money. Three-eighths of the profit

came from sales of food and drink, and the market stalls recorded one-fifth of the total. A third of the
profit came from the major raffle, and the jumping castle raised $1100. How much money was raised
at the fete?

. Lucy had half as much money as Mel, but since Grandma gave them each $20 she now has three-fifths

as much. How much money does Lucy have?

Reasoning

9.

10.

11.

a. Which numbers smaller than 100 have exactly 3 factors (including 1 and the number itself)?

b. Which two numbers smaller than 100 have exactly 5 factors?

¢. Which number smaller than 100 has exactly 7 factors?

To raise money for a charity, a Year 10 class has decided to

organise a school lunch. Tickets will cost $6 each. The students

have negotiated a special deal for delivery of drinks and pizzas,

and they have budgeted $200 for drinks and $250 for pizzas. If

they raise $1000 or more, they qualify for a special award.

a. Write an equation to represent the minimum number of
tickets required to be sold to qualify for the award.

b. Solve the equation to find the number of tickets they must sell

to qualify for the award. Explain your answer.
x+7 _a

x+2)(x+3) x+2 x+3

If , explain why a must be equal to 5.

(Note: ‘=" means identically equal to.)
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Problem solving

12. Solve for x:

2 5 ) 7
24x+3) _ a b

+ , find the values of a and b.

13. If =
x=-3)y&x+7 x-3 x+7

Reflection
Do the rules for the order of operations apply to algebraic fractions? Explain.

2.( Literal equations

2.7.1 Literal equations

* Literal equations are equations that include several pronumerals or variables. Solving literal equa-
tions involves changing the subject of the equation to a particular pronumeral.
* A formula is a literal equation that records an interesting or important real-life relationship.

WORKED EXAMPLE 16

Solve the following literal equations for x.

a ax’?+bd=c bax=cx+b
THINK WRITE
a 1 Write the equation. a ax’+ bd = c
2 Subtract bd from both sides of the equation. ax’> = c — bd
3 Divide both sides by a. 2=C= bd
a
4 To solve for x, take the square root of both sides. This gives c — bd
both a positive and negative result for x. x== p
b 1 Write the equation. b ax=cx+b
2 Subtract cx from both sides. ax —cx=b
3 Factorise by taking x as a common factor. x(a—c)=b
4 To solve for x, divide both sides by a — c. = b
a—cC

WORKED EXAMPLE 17

Make b the subject of the formula D = Vb*> — 4ac.

THINK WRITE

1 Write the formula. D = Vb? — dac

2 Square both sides. D? = b? — 4ac

3 Add 4ac to both sides of the equation. D? + 4ac = b?

4 Take the square root of both sides. +VD? +4dac=b

5 Make b the subject of the formula by solving for b. b = +VD? + 4ac
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2.7.2 Restrictions on variables

* Some variables may have implicit restrictions on the values that they may be assigned in an equation
or formula. For example:

- ifV= g, then ¢ cannot equal zero, otherwise the value of V would be undefined.

— ifd = vVx — 9, then:
* the value of d will be restricted to positive values or 0
* the value of x — 9 must be greater than or equal to zero because the square root of a negative
number cannot be found.
x=92>0
x > 9 (Hence x must be greater than or equal to 9.)

* Other restrictions may arise once a formula is rearranged. For example, if we look at the formula
V = Is2, there are no restrictions on the values that the variables / and s can be assigned. (However,
the sign of V must always be the same as the sign of / because s” is always positive.) If the formula is
transposed to make s the subject, then:

V = Is?

This shows the restrictions that / # 0 and % > 0.

If the formula V = [s? represents the volume of the rectangular prism shown, additional restrictions
become evident: the variables / and s represent a length and must be positive numbers. Hence, when

we make s the subject we get s = \/Tl/

Exercise 2.7 Literal equations assess(])

Individual pathways

l PRACTISE Il CONSOLIDATE B MASTER

Questions: Questions: Questions:

1a-f, 2a-d, 3a-d, 4a—-d, 5, 7 1a-g, 2a—f, 3a-f, 4a—f, 5,7, 8 1d-i, 2c—j, 3c-h, 4-8
[l W B Individual pathway interactivity: int-4571 learn

To answer questions online and to receive immediate feedback and sample responses for every question, go
to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. lIIZ3 Solve the following literal equations for x.
a =y b —be=d cVx+n=m dacx’=w
bc a
e.2=0 gxtm_, g ab(x + b) = c he=lip,
Xy n x c
imx=ay— bx j.%+a=£
2. III3H Rearrange each of the following literal equations to make the variable in brackets the subject.
a.V=Ibh [1] b.P =20+ 2b [b] cCA= %bh (]
dc=Va+b* |al e.F=9?C+32 [C] f.A=nr [r]
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_ _ PRN A
gVv=u+at [a] h./ = 100 [N] iL E= Smv [m]
jE= %mv2 [v] k. Vv? = u? + 2as [a] L v2 =u? + 2as [u]

1_1,1 _nxy + mx,
'x_a+b [a] n'x_7m+n [x]

3. Complete the following.
a. If c = Va? + b?, calculate a if c = 13 and b = 5.
b. IfA = %bh, find the value of hif A = 56 and b = 16.

cIfF= % + 32, find the value of C if F = 86.

d. If v=u + at, find the value of a if v = 83.6,u = 15and t = 7.
e. If V = Is2, find the value of s if V = 2028 and / = 12.
f. If v2 = u? + 2as, find the value of u if v = 16, @ = 10 and s = 6.75.

g IfA= %h(a + b), find the value of a if A = 360, b = 15 and h = 18.

nxi

h Ifx = # find the value of x,if x = 10, m = 2, n = 1 and x, = 4.

Understanding
4. For the following equations:
i. list any restrictions on the variables in the equation.
ii. rearrange the equation to make the variable in brackets the subject.
iii. list any new restrictions on the variables in the equation formed in part ii.

ay=x>+4 [x] b.y=i [x]
x—3
cv=u-+at [7] d.c=Va* + b? [b]
b
es=—"2 [r] £m=P2t3 [b]
1—-r p+gq

gx_—bivb2—4ac [c] hm:pb+qa (]
' 2a ) p+q

Reasoning

5. The volume of a cylinder is given by V = zr°h, where r is the radius and £ is the height of the
cylinder.

a. State any restrictions on the values of the variables in this formula.
b. Make r the subject of the formula.
c. List any new restrictions on the variables in the formula.

6. T is the period of a pendulum whose length is / and g is the acceleration due to gravity. The formula

relating these variables is 7' = Zn\/g

a. What restrictions are applied to the variables T and [?
b. Make [ the subject of the equation.
¢. Do the restrictions stated in part a still apply?
d. Find the length of a pendulum that has a period of 3 seconds,
given that g = 9.8 m/s?. Give your answer correct to 1 decimal place.
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Problem solving

7.F =32+ %C is the formula relating degrees Celsius (C) to degrees Fahrenheit (F).

8

a. Transform the equation to make C the subject.
b. Find the temperature when degrees Celsius is equal to degrees Fahrenheit.

. Jing Jing and Pieter live on the same main road but Jing Jing lives a kilometres to the east of Pieter.
Both Jing Jing and Pieter set off on their bicycles at exactly the same time and both ride in a westerly
direction. Jing Jing rides at j kilometres per hour and Pieter rides at p kilometres per hour. It is known
that j > p. Find an equation in terms of a, j and p for the distance Jing Jing has ridden in order to
catch up with Pieter.

Reflection

Why is it important to consider restrictions on variables when solving literal equations?

2.8 Review

2.8.1 Review questions

Fluency

1. Given E = %mv2 where m = (0.2 and v = 0.5, the value of E is:
a. 0.000 625 b. 0.1 c. 0.005 d. 0.025 e. 0.0025

2. The expression —6d + 3r — 4d — r simplifies to:
a. 2d + 2r b. —10d + 2r c. —10d — 4r d. 2d + 4r e. —8dr

3. The expression S(2f + 3) + 6(4f — 7) simplifies to:
a. 34f +2 b. 34f — 4 c. 34f — 27 d. 341+ 14 e 116f— 14

4. The expression 7(b — 1) — (8 — b) simplifies to:
a.8 -9 b. 86 — 15 c.6b-9 d. 6b — 15 e 8+ 1

5. If 14p — 23 = 6p — 7 then p equals:
a. -3 b. —1 cl d 2 e 4

6. Simplify the following by collecting like terms.
a.3c—5+4c -8 b. =3k + 12m — 4k — 9m
c. —d+3c —8c —4d d. 6y’ +2y +y* - Ty

T.If A = %bh, determine the value of Aif b=10and h =7

8. For each of the following, complete the relationship to illustrate the stated law.
a. (a + 3b) + 6¢c = Associative Law
b. 12a — 3b # Commutative Law
c. 7p X = Inverse Law
d (x X 5y) x7z= Associative Law
e 12p+0= Identity Law
f. Bp+59)+7Tr= Associative Law
g 9d + lle = Commutative Law
h.4a + b # Commutative Law

9. Find the value of the following expressions given the natural number values x = 12, y = 8 and
z = 4. Comment on whether the Closure Law holds for each of the expressions when the values are
substituted.
axxy b.z+x c.y—x

10. Simplify the following.
a'57y_X b.x+4_i_x+2 c.i_i d.x—1+2x—5
3 2 5 2 3x  5x x+3 x+2
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11. Simplify the following.

4 X
d.§+@
X X

12. Solve the following equations.

a. p—20 =68
d.;=—5

y

L - —3 =12
&4

13. Solve the following.

a.42-T7b=14

14.
asSx—-2)+3x+2)=0
¢S5x+1)—-62x—1)=7x+2)
e72x -5 —-4x+200=x-5

20y 35z N x+6 Sx+ 1)
Tx 16y x+Dx+3) x+6
eﬂ;& £ 2x L9+l

5Ty Tx+8)x—-1 " x+38

b. s — 0.56 = 2.45 ¢ 3b =48
e Vx=12 £2(x+5) =-3
h. a2 = 36 LS5—k=-7

b 12t — 11 =4t +5 ¢.2(4p —3) =2(3p - 5)

Solve each of the following linear equations.

b. 75 -2x) —3(1 - 3x) =1
d.8Bx—2)+ 4x—5) ="Tx
£3x+1)+6(x+5)=3x+40

15. Solve each of the following equations.
a X4 r=3 brX_*—13
2 5 5 35
_Ll_x_x 24222
2177 6 e
e.Zx—3_§:x+3 £2(x+2):§+5(x+1)
2 5 5 3 7 3

16. a. Make x the subject of bx + cx = g b. Make r the subject of V = gﬂﬁ

Problem solving

17. A production is in town and many parents are taking their children. An adult ticket costs $15 and a

child’s ticket costs $8. Every child must be accompanied by an adult and each adult can have no more

than 4 children with them. It costs the company $12 per adult and $3 per child to run the production.

There is a seating limit of 300 people and all tickets are sold.

a. Determine how much profit the company makes on each adult ticket and on each child’s ticket.

b. To maximise profit, the company should sell as many children’s tickets as possible. Of the 300
available seats, determine how many should be allocated to children if there is a maximum of
4 children per adult.

c¢. Using your answer to part b, determine how many adults would make up the remaining seats.

d. Construct an equation to represent the profit that the company can make depending on the number of
children and adults attending the production.

e. Substitute your values to calculate the maximum profit the company can make.

You are investigating prices for having business cards printed for your new games store. A local

printing company charges a flat rate of $250 for the materials used and $40 per hour for labour.

a. If 4 is the number of hours of labour required to print the cards, construct an equation for the cost of
the cards, C.

b. You have budgeted $1000 for the printing job. How many hours of labour can you afford? Give your
answer to the nearest minute.

¢. The printer estimates that it can print 1000 cards per hour of labour. How many cards will be printed
with your current budget?

18.
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19.

d. An alternative to printing is photocopying. The company charges 15 cents per side for the first

10 000 cards and then 10 cents per side for the remaining cards. Which is the cheaper option for

18 750 single-sided cards and by how much?
A scientist tried to use a mathematical formula to predict people’s moods based on the number of hours
of sleep they had the previous night. One formula that he used was what he called the ‘grumpy formula’,
g = 0.16(h — 8)2, which was valid on a ‘grumpy scale’ from 0 to 10 (Ieast grumpy to most grumpy).
a. Calculate the number of hours needed to not be grumpy.
b. Evaluate the grumpy factor for somebody who has had:

i. 4 hours of sleep ii. 6 hours of sleep iii. 10 hours of sleep.

¢. Calculate the number of hours of sleep required to be most grumpy.

. Another scientist already had his own grumpy formula and claims that the scientist from question 19

stole his idea and has just simplified it. The second scientist’s grumpy formula was

_016(:~8) 28-h) . 2
8—h 3(h—8)  3(h—8)*

a. Write the second scientist’s formula in simplified form.
b. Are the second scientist’s claims justified? Explain.

learn RESOURGES — ONLINE ONLY
Try out this interactivity: Word search: Topic 2 (int-2829)
Try out this interactivity: Crossword: Topic 2 (int-2830)
Try out this interactivity: Sudoku: Topic 2 (int-3589)
Complete this digital doc: Concept map: Topic 2 (doc-13706)

Language

It is important to learn and be able to use correct mathematical language in order to communicate
effectively. Create a summary of the topic using the key terms below. You can present your summary
in writing or using a concept map, a poster or technology.

algebra formula simplify
denominator literal substitution
equation multiple undefined
evaluate numerator variable
expression pronumeral

factor restriction

Link to assessON for questions to test your
aASSessS readiness FOR learning, your progress AS
you learn and your levels OF achievement.

assessON provides sets of questions for

every topic in your course, as well as giving
instant feedback and worked solutions to
help improve your mathematical skills.

www.assesson.com.au
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Investigation | Rich Task
Checking for data entry errors

When entering numbers into an electronic device, or even writing numbers
down, errors frequently occur. A common type of error is a transposition error,
which occurs when two digits are written in the reverse order. Take the number
2869, for example. With this type of error, it could be written as 8269, 2689 or
2896. A common rule for checking these errors is as follows.
If the difference between the correct number and the recorded
number is a multiple of 9, a transposition error has occurred.
We can use algebraic expressions to check this rule. Let
the digit in the thousands position be represented by a, the digit
in the hundreds position by b, the digit in the tens position by ¢
and the digit in the ones position by d. So the real number can
be represented as 1000a + 1006 + 10c + d.
1. If the digits in the ones position and the tens position
were written in the reverse order, the number would be
1000a + 100b + 10d + c. The difference between the
correct number and the incorrect one would then be:
1000a + 1006 + 10c + d — (1000a + 100b + 10d + c).
a. Simplify this expression.
b. Is the expression a multiple of 9? Explain.
2. If a transposition error had occurred in the tens and
hundreds position, the incorrect number would be
1000a + 100c + 10b + d. Perform the procedure shown in
question 1 to determine whether the difference between the
correct number and the incorrect one is a multiple of 9.
3. Consider, lastly, a transposition error in the thousands and
hundreds positions. Is the difference between the two numbers
a multiple of 9?7
4. Comment on the checking rule for transposition errors.

Iearn RESOURCES — ONLINE ONLY

Complete this digital doc: Code puzzle: In which country was the first practical ice-making machine and
refrigerator produced in 18567 (doc-15919)
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Answers

Topic 2 Algebra and equations
Exercise 2.2 Substitution

1.a.5 b. 2 c. 0 d. 6 e. —17 f.3
g. 30 h. 12 i. —12 j- 27 k. 30 I -5
2.a. —11 b. -1 c 1 d. 30 e. —24
f. 36 g —125 h. 1 i. 15
3.a.0 b, - e d. 1} e o f. 48
4.a b. -9 c.9 d. 18 e. —18 f. 36
5.a b. -9 c.9 d. 18 e. —18 f. 36
6. a. 17 b. 30 c 8 d. 4 e. 1.5 f. 68
g. 46 h. 113.1 i.5 j- 624.6
7.a.D b. C c. B
8.39cm
9. 65.45 cm?
10.361 m
11.a. —1 — in this case, addition is closed on integers.
b. —1 — in this case, subtraction is closed on integers.
c. 2 — in this case, multiplication is closed on integers.
d. —1 — in this case, division is closed on integers.
e. —2 — in this case, subtraction is closed on integers.
f. —% — in this case, division is not closed on integers.
12. a. 10 — in this case, addition is closed on natural numbers.
b. —4 — in this case, subtraction is not closed on natural numbers.
c. 12 — in this case, multiplication is closed on natural numbers.
d. g — in this case, division is not closed on natural numbers.
e. —2 — in this case, subtraction is not closed on natural numbers.
f. 4 — in this case, division is closed on natural numbers.
13.a. (a+2b) +4c=a+ (2b + 4¢) b. (x X 3y) X 5¢ = x X (3y X 5¢)
C.2p+q#q+2p d.5d+qg=q+5d
e.3z+0=0+3z=3z f.2x><L=i><2x=1
2x X
g (4x +3y) +5z#4x+ By +52) h.3d -4y # 4y - 3d
14.a. s = 71.875 metres b. t = 4 seconds
15.m=1
Challenge 2.1
3a3c?
Exercise 2.3 Adding and subtracting algebraic fractions
l.a.i—?orlzs—] b.% c 1
17 1 6 — 5x
d. % e f. 0
£ 15x — 4 g 15 — 16x h. 15 — 2x
27 40 3x
2.0 b. 2 o 13 a, & eV £
12 40 12 9 28 5
g.@ h.& i-7)c+17 j-7x+30 l('2x—11 L 19x + 7
35 15 10 12 30 6
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.a.i b.i c.ﬁ d.i e.i f.i
8x 12x 21x 3x 24x 20x
N 3 -
100x 10x 6x
324 14x — 4 b.2x2+3x+25 .2x2+6x—10 .4x2—17x—3
x+dHx-2) x+5x-=-1 2x+ 1H(x-2) x+DH2x-17)
e 7x% + x ) 2+ 6x+7 g.—x2+7x+15 h. x=7
x+7x=15) x+Dx+4) x+Dx+2) (x+3)(x-2)
i P2 +3x+9 1 5 —5x _ 5 '3x+7 '3x—4
x+2)Bx—1) G-Dd-x x-1 x+ 12 x—1?

. The student transcribed the denominator incorrectly and wrote (x + 2) instead of (x — 2) in line 2.

Also, the student forgot that multiplying a negative number by a negative number gives a positive number.

Line 3 should have +3 in the numerator, not —1. They didn’t multiply.

b. X —5x+3
x=—1Dx=-2)
6. a. 4 + 17x + 17 ) 7x* —20x + 4
x+2)x+Dx+3) x-—Dx+2)(x—-4)
c 42 4+ 17x + 19 2(2x* — 9x + 25)

TG+ DE+3)E+2)

"= -DE+3)

7. The lowest common denominator may not always be the product of the denominators. Each fraction must be multiplied by the
correct multiple.

g A 4x - 1) 20— 1)
4= T+ +HE-2) =T —4)
Exercise 2.4 Multiplying and dividing algebraic fractions
La® b, ¥ b a2 e. =% £
y y X 4y 4y 2x
— « 5 —
g & h. 22 i i K 1% =
Tx Tx 2y X 6w
2. a. 2 b. > c. 9 d. ! e. 2 f. x4l
3x -2 x—3 2(x — 6) x+3 (x+ 1)2 202x - 3)
g — 9 B 35d ; 9 i 3x
10(a + 3) " 8(d - 3) " 3020 — 2) T10(x - 1)
2 1 1
3.a: b.} . d. 3 e f.2ors5>
4y2 2y2 8y2 32xy 2
L h. == i — jo —= k. 2 L y?
&5 25 9 s 3 Y
21(x —
4 2 9 1 20 -3) 13

" Bx=7(x+3)

b. ———
x+2)x=9)

x+5

d ——F
Ix—4Hx+1)

5. Yes, because all of the fractions have the same denominator and therefore can be added together.

6. a. —1
b. 4 — x considered to be the same as x — 4
7.1
(x+ 1)?
) 2+1
Challenge 2.2
x(x + 2) x(x +2)
=D+ 1D =1
Exercise 2.5 Solving simple equations
l.a.a=24 b. k=121 c.g=29
g.1=5 hog= ix=0

e. h=0.26

f.i=-2
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2.a. f=12 b. i = —60 c.z=-7 d.v=7 ew=—55 f. k=10
g a=0425 h.m=163 iy=21;
3.a.1=100 b.y=+17 c.qg=625 d. f=+12 e.h="19 f.p=x+
g =% h.]:ig 1a=+1§
4.a.1=25 b. x = +6 c.m=16 d. 1= +3 e.r==+10 f.m =25
5.a.x=38 b.x=-3 cm= dx=: e. m = 0.008 fw=2]
6.a. x = —1 b. x=-2 c.m=1 d.w=-512 e.t=125 f.x=2
7.a.a=4 b.b=6 c.i=3 d. f=9 e.qg=1; f.r=52
5 1
=4g h.r= 5 la=—75
8. a. f=40 b. g =30 c.r=-10 d.m=18 e.n=28 f.p=624
9.a.x=1; b.y=9 cm=42 dk=1; en=52 fe=1;
g x=10 h.x=4 ix=-71
10.a. k = 25 b.m =16 cp=-I12 dou=-4; ex=" f.v=3
11.a. x = 26 b.m=-5 cw=>2 d.1=5 e.x=9 f.on=-"
12.a. B b. E c
13.a. x= -5 b.d=—1 c.p=7 d. x=-11 e.h=-2 f.r=5
g v=-20 h. r=-3 i.g=-08
14.a. x = -1 b.v=1 c.l=2 dg=-2 e.r=3 fe=—23%
gj=-32 h. k= -36 if=-12]
15.a. x =2 b.b=5 cw=2 d f=7 e.r=3 f.r=2;
1 1 —
g.g——lg hh=—2g La=
16.a. x = —1 b.c=2 cr=22 d. k=1 ey=-1, f.g=7
g w=1 hom = ip=13
17.a. x = -15 b.y=—-4% c.r=21 dou=-22 e f=122 fr=73
g.d=-6 h.h=-12 ix=1
18.a. A b. D [
19.a. 6¢cm b. 1.26 m
20.a. 2.5cm b. 41 cm
2l.a. 5m b. 2.8s
22.a. 314 cm? b. 6.3 cm
23.1.8cm
24.6.2 cm
25. Dimensions are 10 m by 6 m.
26.103—\6cm
Exercise 2.6 Solving multi-step equations
1.a.x=£ b.x=3§ c.x=% d.x=-7 e.x=—2% f.x=£
2.a.x=3 b x =12 c.x=-2 dx=: e.x=—4 or x=-33
f_x:i L x=3 h_)(j:é
13 7
_ 5 _ _ 2 10 _ 1 _
3.a.x—ﬁ b. x =15 cx——6§ dx——l—9 ex——li f.x=-192
_4 h.x=12 ix=31 =3 k. x=52 Lx=12
g.x—7 X = x=3; Jox= X = x=1¢
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doax=> box=1%
g x= 627| h.x=-4 2%

5. $180

6. 60 hours

7. $12 000

8. $60

9.a.4,9,25,49 b. 16, 81

10. a. 6x — 450 = 1000

11 15
cx=4, d.x=—3ﬁ
ix=15 jox=-41
b. 64

€.

x=52 _ 10
T4 : 13

b. 241 % tickets. This means they need to sell 242 tickets to qualify, as the number of tickets must be a whole number.

11. Teacher to check
12.4
13.a=3,b=5

Exercise 2.7 Literal equations
b. x = a(d + bc) c.

l.a.xzy
a

ac

g.x—i—b h. x =

ab
=— b. b

bh 2
_v—u _ 1001

a= h. N =
ga=" PR

xb

Lu=+VV—-2as m.a=

" b+ me
14 _P-2l

b—x

b.h=17
h.X2=13

No restrictions on x

a==+12
g a=25
4. a. i.

i x #3

i. No restrictions
i.c>0

i r#£ 1

i p#—q

i. a #0,b*>4ac
h.i. p# —q

b.rzvl
7h

c. h # 0, no new restrictions

ii.
ii.
ii.
ii.

ii.

ii.

i

. T and / must be greater than zero.

. b

_ 2 — v
x=(m—n) dx—iac
ay . mc — amd
1 = J- =
m+ b d
c.h=% d.a=+Ve?r-p?
b
2F . 2F
im==— jov=x\/—
2 m
x(m + n)—mx,
nxy=———
n
c. C=30 d.a=98
x=+Vy—4
x=g+3
y
V—u
=
a
b=+Vc? - a?
s—a
r:
K
_mp+q) - qa
P
b* — (Qax + b)? )
c=—————2orc=—ax"— bx
4a
pzqm—m)
) m-—>b

. No restrictions, all values must be positive for a cylinder to exist.

T’g .. .
b.l=— c. The restrictions still hold.
472
7.a.C= g(F -32) b. —40°
8. Distance Jing Jing has ridden is - kilometres.
J—D

iii.

iii.

iii.

iii.

fii.

iii.

iii.

iii.

f.x=nw-m

5 A
.C=§(F—32) f.r=i\/;

y#0
a#0
lcl > lal

s#0

p#0

No new restrictions

m#b

.22m
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2.8 Review

1.D
2.B
3.C
4. B
5.D
6.a.7c— 13 b. =7k + 3m ¢c. —5¢ —5d d. 7y* - 5y
7.35
8.a. (a+3b) + 6¢c=a+ (3b + 60) b. 12a — 3b # 3b — 12a e pxt=Lya=i
p Ip
d. (x X 5y) X 7z=x X (5y X T2) e.12p+0=0+12p=12p f.Bp+59) +Tr#3p =+ (5qg+17r)
g.9d+ 1le = 1le + 9d h.da+b#b+4da
9. a. 96 — in this case, multiplication is closed on natural numbers.
b. % — in this case, division is not closed on natural numbers.
¢. —4 — in this case, subtraction is not closed on natural numbers.
2
10. a. Ty b. Tx+ 18 c. 2 d. 3+ 217
6 10 15x x+3)(x+2)
2
a2 b, 232 e 2 a.’ eV [ S
X 4x x+3 6 50 x-0DOx+1
12.a. p =88 s =3.01 c.b=16 d.r=-35 e.x =144 f.)c=—1—23
g. y=060 h.a=+6 i. k=12
13.a. b =4 b.t=2 c.p=-2
14.21.x=1 b)c=6l cx——i d x=1 e.x=12= fx:ll
2 5 14 6
15.a.x=§ b.x=221 c.x=2 dx=5 e.x=3§ f.x=—1—6
7 2 8 21
16.a.x=L b.r= [3V
2(b + ¢) in
17. a. $3 per adult ticket; $5 per child’s ticket
b. 240
c. 60
d. P = 3a + 5c, where a = number of adults and ¢ = number of children
e. $1380
18.a. C =250 + 40h
b. 18 hours 45 minutes
c. 18750
d. Printing is the cheaper option by $1375.
19. a. 8 hours
b.i. 2.56 ii. 0.64 iii. 0.64
c. 0.094 hours or 15.9 hours
2
20.a. g = 0.16(~ — 8) b. No, the formula is not the same.
h
Investigation — Rich task
1. a. 9(c — d)

b. Yes, this is a multiple of 9 as the number that multiples the brackets is 9.
2. 90(b — ¢); 90 is a multiple of 9 so the difference between the correct and incorrect one is a multiple of 9.
3. 900(a — b); again 900 is a multiple of 9.
4. If two adjacent digits are transposed, the difference between the correct number and the transposed number is a multiple of 9.
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NUMBER AND ALGEBRA

TOPIC 3
Coordinate geometry

3.1 Overview

Numerous videos and interactivities are embedded just where you need them, at the point of learning, in
your learn ON title at www.jacplus.com.au. They will help you to learn the content and concepts covered
in this topic.

¢

% .\ 1

A (Q - B "
3.1.1 Why learn this?

What did you weigh as a baby, and how tall were you? Did you grow at a steady (linear) rate, or were there
periods in your life when you grew rapidly? What is the relationship between your height and your weight?
We constantly seek to find relationships between variables, and coordinate geometry provides a picture, a
visual clue as to what the relationships may be.

3.1.2 What do you know? assess(J]

1. THINK List what you know about linear graphs and their equations. Use a thinking tool such as a
concept map to show your list.

2. PAIR Share what you know with a partner and then with a small group.

3. SHARE As a class, create a large concept map that shows your class’s knowledge of linear graphs and
their equations.

LEARNING SEQUENCE

3.1 Overview

3.2 Sketching linear graphs

3.3 Determining linear equations

3.4 The distance between two points
3.5 The midpoint of a line segment
3.6 Parallel and perpendicular lines
3.7 Review
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learn RESOURCES — ONLINE ONLY

Watch this eLesson: The story of mathematics: Descartes (eles-1842)

3.2 Sketching linear graphs
3.2.1 Linear graphs

» If a series of points (x, y) is plotted using the rule y = mx + ¢, then the

Y
. o . . . 1 /y=2x+5
points always lie in a straight line whose gradient equals m and whose fo

y-intercept equa]s C. Quagdrant 2 5 Quadrant 1
e The rule y = mx + ¢ is called the equation of a straight line written in /
‘gradient—intercept’ form. 10 5/ 0 0
Quadrant 3. 5
3.2.2 Plotting linear graphs Quidrant 4

* To plot a linear graph, complete a table of values to determine the points.

WORKED EXAMPLE 1 Tl | CASIO

Plot the linear graph defined by the rule y = 2x — 5 for the x-values —3, —2,—1, 0, 1, 2 and 3.

THINK WRITE/DRAW
1 Qreate a table of values using the . 3] o | —q 0 | > 3
given x-values.
y
2 Find the‘cm"responding y-val}les x| -3 5 | 0 ] 2 3
by substituting each x-value into
the rule. e 11| -9 | -7 | 5| -3 | -1 1

3 Plot the points on a Cartesian
plane and rule a straight line
through them. Since the x-values
have been specified, the line
should only be drawn between the
x-values of -3 and 3.

4 Label the graph.

3.2.3 Sketching straight lines

* A minimum of two points are necessary to plot a straight line.
* Two methods can be used to plot a straight line:

— Method 1: The x- and y-intercept method.

— Method 2: The gradient—intercept method.
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3.2.4 Method 1: Sketching a straight line using the x- and y-intercepts

* As the name implies, this method involves plotting the x- and y-intercepts, then joining them to sketch

the straight line.

* The line cuts the y-axis where x = 0 and the x-axis where y = 0.

WORKED EXAMPLE 2

Sketch graphs of the following linear equations by finding the x- and y-intercepts.

a2x+y=6

THINK
a 1 Write the equation.

2 Find the x-intercept by substituting y = 0.

3 Find the y-intercept by substituting x = 0.

4 Plot both points and rule the line.

5 Label the graph.
b 1 Write the equation.

2 Find the x-intercept by substituting y = 0
i. Add 12 to both sides of the equation.
ii. Divide both sides of the equation by —3.

3 Find the y-intercept. The equation is in the form
y = mx + ¢, so compare this with our equation to

find the y-intercept, c.
4 Plot both points and rule the line.

5 Label the graph.

by=-3x—-12

WRITE/DRAW

a2x+y=6
x-intercept: when y = 0,

2x+0=6

2x = 6

x=3

x-intercept is (3, 0).
y-intercept: when x = 0,

20) +y=6
y==6

y-intercept is (0, 6).

YA
\ 2x+y=6
¢

a, 0\

>
>

(=]

by=-3x-12

x-intercept: when y = 0,
—3x—-12=0
—3x =12
x= -4
x-intercept is (—4, 0).
c=-12
y-intercept is (0, —12).

4.0

Y
0,-12) y=-3x-12

<Y
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3.2.5 Method 2: Sketching a straight line using the gradient-intercept
method

* This method is often used if the equation is in the form y = mx + ¢, where m represents the gradient
(slope) of the straight line, and c¢ represents the y-intercept.
* The steps below outline how to use the gradient—intercept method to sketch a linear graph.

Step 1: Plot a point at the y-intercept.

Step 2: Write the gradient in the form m = %. (To write a whole number as a fraction, place it
over a denominator of 1.)

Step 3: Starting from the y-intercept, move up the number of units suggested by the rise (move
down if the gradient is negative).

Step 4: Move to the right the number of units suggested by the run and plot the second point.

Step 5: Rule a straight line through the two points.

WORKED EXAMPLE 3 Tl | CASIO

Sketch the graph of y = gx—S using the gradient—intercept method.
THINK WRITE/DRAW
1 Write the equation of the line. y= %x -3

2 Identify the value of c (that is, the y-intercept) ¢ = =3, so y-intercept: (0, —3).
and plot this point.

3 Write the gradient, m, as a fraction. m==

rise .
4 m= un’ note the rise and run.

5 Starting from the y-intercept at (0, —3), move
2 units up and 5 units to the right to find the
second point (5, —1). We have still not found the
x-intercept.

3.2.6 Sketching linear graphs of the form y = mx

* Graphs given by y = mx pass through the origin (0, 0), since ¢ = 0.
* A second point may be determined using the rule y = mx by substituting a value for x to find y.

WORKED EXAMPLE 4

Sketch the graph of y = 3x.

THINK WRITE/DRAW
1 Write the equation. y=3x
2 Find the x- and y-intercepts. x-intercept: when y = 0,

Note: By recognising the form of 0= 3x

this linear equation, y = mx youcan x =0

simply state that the graph passes y-intercept: (0, 0)

through the origin, (0, 0). Both the x- and y-intercepts are at (0, 0).
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3 Find another point to plot by finding When x =1, y=3Xx1
the y-value when x = 1. =3

Another point on the line is (1, 3).

4 Plot the two points (0, 0) and (1, 3) i
and rule a straight line through them.

(O8]
~
—
]
~

=Y

©.0/ ]

5 Label the graph.

3.2.7 Sketching linear graphs of the form y = c and x = a

* The line y = c is parallel to the x-axis, having a gradient of zero and a y-intercept of c.
* The line x = a is parallel to the y-axis and has an undefined (infinite) gradient.

WORKED EXAMPLE 5

Sketch graphs of the following linear equations.

ay=-3 bx=4
THINK WRITE/DRAW
a 1 Write the equation. ay=-3

2 The y-intercept is —3. As x does not appear in y-intercept = —3, (0, —3)
the equation, the line is parallel to the
x-axis, such that all points on the line have a
y-coordinate equal to —3. That is, this line is
the set of points (x, —3) where x is an element
of the set of real numbers.

3 Sketch a horizontal line through YA
0, =3).
0 63
(0, -3) y=-3

4 Label the graph.
b 1 Write the equation. b x=4

2 The x-intercept is 4. As y does not appear in x-intercept = 4, (4, 0)
the equation, the line is parallel to the
y-axis, such that all points on the line have an
x-coordinate equal to 4. That is, this line is the
set of points (4, y) where y is an element of
the set of real numbers.
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3 Sketch a vertical line through (4, 0). M x=4

0| (4,0) X

4 Label the graph.

3.2.8 Using linear graphs to model real-life contexts

If a real-life situation involves a constant increase or decrease at regular intervals, then it can be
modelled by a linear equation. Examples include water being poured from a tap into a container at a
constant rate, or money being deposited into a savings account at regular intervals.

To model a linear situation, we first need to determine which of the two given variables is the inde-
pendent variable and which is the dependent variable.

The independent variable does not depend on the value of the other variable, whereas the dependent
variable takes its value depending on the value of the other variable. When plotting a graph of a linear
model, the independent variable will be on the x-axis (horizontal) and the dependent variable will be
on the y-axis (vertical).

The following table contains a list of situations, with the independent and dependent variable being
identified in each instance.

Situation

Independent variable

Dependent variable

Money being deposited into a savings
account at regular intervals

Time

Money in account

The age of a person in years and their
height in cm

Age in years

Height in cm

The temperature at a snow resort and the
depth of the snow

Temperature

Depth of snow

The length of Pinocchio’s nose and the
amount of lies he told

Amount of lies
Pinocchio told

Length of
Pinocchio’s nose

The number of workers building a house

Number of workers

Time

and the time taken to complete the project

* Note that if time is one of the variables, it will usually be the independent variable. The final exam-

ple above is a rare case of time being the dependent variable. Also, some of the above cases can’t be
modelled by linear graphs, as the increases or decreases aren’t necessarily happening at constant rates.

WORKED EXAMPLE 6

Water is leaking from a bucket at a constant rate. After 1 minute there is 45litres in the bucket;
after 3minutes there is 35litres in the bucket; after Sminutes there is 25litres in the bucket; and
after 7minutes there is 15litres in the bucket.

a Define two variables to represent the given information.

b Determine which variable is the independent variable and which is the dependent variable.

C

Represent the given information in a table of values.

d Plot a graph to represent how the amount of water in the bucket is changing.

(3

Use your graph to determine how much water was in the bucket at the start and how long it
will take for the bucket to be empty. >
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THINK WRITE/DRAW
a Determine which two values change a The two variables are ‘time” and ‘amount of water in

in the relationship given. bucket’.
b The dependent variable takes its b Independent variable = time
value depending on the value of the Dependent variable = amount of water in bucket

independent variable.

In this situation the amount of
water depends on the amount of time
elapsed, not the other way round.

¢ The independent variable should ¢ [ Time (minutes) 1 3 5 7
appear in the top row of the table of ; :
values, with the dependent variable Amount _Of szater i 45 35 25 15
appearing in the second row. lpetast (L)
d The values in the top row of the d gsofj\
table represent the values on the S 45
horizontal axis, and the values in the %; ‘3“5):
bottom row of the table represent e
the values on the vertical axis. As 825+
the value for time can’t be negative % ?g:
and there can’t be a negative % 104
amount of water in the bucket, only g >

0 T T T T T T T T T ™
1 2 3 4 5 6 7 8 9 10
Time (minutes)

the first quadrant needs to be drawn
for the graph. Plot the 4 points

and rule a straight line through
them. Extend the graph to meet the
vertical and horizontal axes.

e The amount of water in the bucket e There was 50litres of water in the bucket at the start, and it
at the start is the value at which will take 10minutes for the bucket to be empty.
the line meets the vertical axis, and
the time taken for the bucket to be
empty is the value at which the line
meets the horizontal axis.

learn RESOURCES

Complete this digital doc: SkillSHEET: Describing the gradient of a line (doc-5197)
Complete this digital doc: SkillSHEET: Plotting a line using a table of values (doc-5198)
Complete this digital doc: SkillSHEET: Stating the y-intercept from a graph (doc-5199)

Complete this digital doc: SkillSHEET: Solving linear equations that arise when finding x- and y-intercepts
(doc-5200)

Complete this digital doc: SkillSHEET: Using Pythagoras’ theorem (doc-5201)
Complete this digital doc: SkillSHEET: Substitution into a linear rule (doc-5202)

Complete this digital doc: SkillSHEET: Transposing linear equations to standard form (doc-5203)
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Exercise 3.2 Sketching linear graphs assess[])

Individual pathways

B PRACTISE Il CONSOLIDATE B MASTER
Questions: Questions: Questions:
1, 2, 3a—h, 4a—e, 5a—d, 6a—f, 1, 2, 3f-m, 4a—e, 5a-d, 6a—f, 1, 2, 3h-0, 4d-i, 5¢—f, 6e—i, 7d-h,
7a—-d, 8a—d, 9, 10, 12 7c—f, 8a—f, 9-12 8c-h, 9-13
[l B W Individual pathway interactivity: int-4572 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
Fluency

1. IIE0 Generate a table of values and then plot the linear graphs defined by the following rules for the
given range of x-values.

Rule x-values
a.y=10x + 25 -5,-4,-3,-2,-1,0,1
b.y=5x-12 -1,0,1,2,3,4
C. y = _0.5x + 10 _6’ _4’ _2’ O’ 2’ 4
d. y = 100x — 240 0,1,2,3,4,5
e.y=-5x+3 -3,-2,-1,0,1,2
f.y=7-4x -3,-2,-1,0,1,2
2. Plot the linear graphs defined by the following rules for the given range of x-values.
Rule x-values
a.y=-3x+2 X —6 —4 -2 0 2 4 6
b.y=—-x+3 X -3 =2 —1 0 1 2 3
c.y=-2x+3 x -6 -4 -2 0 2 4 6
y
3. A Sketch graphs of the following linear equations by finding the x- and y-intercepts.
a.5x—-3y=10 b. 5x + 3y =10 c. -5x+3y=10
d -5x-3y=10 e 2x — 8y =20 f. 4x + 4y =40
g —x + 6y =120 h. —2x + 8y = -20 i 10x + 30y = —150
J- 5x + 30y = —150 k. —9x + 4y =36 L6x—4y=-24
m. y = 2x — 10 ny=—5x+ 20 0.y=—x—4
4. II= Sketch graphs of the following linear equations using the gradient—intercept method.
ay=4x+1 b.y=3x-7 cy=-2x+3
dy=-5x-4 e.y=%x—2 f.y=—%x+3
g yv=0.6x+05 h. y = 8x Ly=x-7
5. K23 Sketch the graphs of the following linear equations.
ay=2x b. y = 5x cy=-3x
d.y=%x e.y=§x f,y:—%x
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6. IIEA Sketch the graphs of the following linear equations.

a.y=10 b.y=-10 c.x=10
d x=-10 e.y=100 f.y=0
gx=0 h. x =-100 Ly=-12
7. Transpose each of the equations to standard form (that is, y = mx + c¢). State the x- and y-intercept for
each.
asSy+2)=4x+3) b. 5y —2) =4(x - 3) ¢20+3)=3(x+2)
d. 10(y — 20) =40(x — 2) ed4(y+2)=—-4(x+2) f20-2)=-(x+95)
g -S50+1)=4x—-4) h. 5y +2.5) =2(x - 3.5) L2500 -2)=-65(x—-1)

Understanding
8. Find the x- and y-intercepts of the following lines.

a —y=28—4x b.6x—y+3=0 ¢ 2y — 10x =50
9. Explain why the gradient of a horizontal line is equal to zero and the gradient of a vertical line is
undefined.
Reasoning
10. Determine whether g - % = % is the equation of a straight line by rearranging into an appropriate

form and hence sketch the graph, showing all relevant features.

11. EIZ3 Your friend loves to download music. She earns $50 and spends some of it buying music online
at $1.75 per song. She saves the remainder. Her saving is given by the function f(x) = 50 — 1.75x.
a. Determine which variable is the independent variable and which is the dependent variable.
b. Sketch the function.
¢. How many songs can she buy and still save $25?

Problem solving

12. A straight line has a general equation defined by y = mx + c. This line intersects the lines defined

by the rules y = 7 and x = 3. The lines y = mx + ¢ and y = 7 have the same y-intercept while

y = mx + c and x = 3 have the same x-intercept.

a. On the one set of axes, sketch all three graphs.

b. Determine the y-axis intercept for y = mx + c.

¢. Determine the gradient for y = mx + c.

d. T The equation of the line defined by y = mx + c is:
A.x+y=3 B. 7x + 3y =21 C.3x+7y=21
D.x+y=7 E.7Tx+3y=7

13. Water is flowing from a tank at a constant rate. The equation relating the volume of water in the tank,

V litres, to the time the water has been flowing from the tank, # minutes, is given by V = 80 — 4¢, ¢ > 0.

a. Determine which variable is the independent variable and which is the dependent variable.

b. How much water is in the tank initially?

¢. Why is it important that # > 0?

d. At what rate is the water flowing from the tank?

e. How long does it take for the tank to empty?

f. Sketch the graph of V versus ¢.

Reflection
What types of straight lines have an x-and y-intercept of the same value?
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3.3 Determining linear equations
3.3.1 Finding a linear equation given two points

* The gradient of a straight line can be calculated from the

coordinates of two points (x;, y;) and (x,, y,) that lie on the line. |

. rise
Gradient =m = —
run
Y2 =) Yy
Xy — X

* The equation of the straight line can then be found in the form

y = mx + ¢, where c is the y-intercept. /

(%2, ¥2)

|
|
i Rise =y, —y;
|
|

WORKED EXAMPLE 7

Find the equation of the straight line shown in the graph.

YA

THINK WRITE
1 There are two points given on the straight line: (3, 0), (0,6)
the x-intercept (3, 0) and the y-intercept (0, 6).

rise

2 Find the gradient of the line by applying m =
rise Y2 — Vi fun
the formula m = — = —=———, where V., =
run Xy — Xj — 2 1
(x1,y1) = (3,0) and (x, y2) = (0, 6). Xy — Xy
_ 6-—-0
0-3
_ 6
-3
= -2

The gradient m = —2.

3 The graph has a y-intercept of 6, so ¢ = 6. y=mx+c
Substitute m = —2, and ¢ = 6 into y = mx + ¢ y=-2x+6
to find the equation.
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WORKED EXAMPLE 8

Find the equation of the straight line shown in the graph.

)/
1 2. 1)
o >
0 2 X

THINK WRITE

1 There are two points given on the straight 0,0), (2, 1)
line: the x- and y-intercept (0, 0) and another
point (2, 1).

2 Find the gradient of the line by applying m= rrlu—ss
the formula m = >0 — u, where Y2 — ¥

run Xy — X ===__=-
(x1, y1) = (0,0) and (xp, yo) = (2, 1). )152 _6‘1
T2-0
_1
2
The gradient m = %

3 The y-intercept is 0, so ¢ = (. Substitute y=mx+c
m=%andc=0intoy=mx+ctodetermine y:1x+0
the equation. f

y =%

2

WORKED EXAMPLE 9 Tl | CASIO

Find the equation of the straight line passing through (-2, 5) and (1, —1).

THINK WRITE
1 Write the general equation of a straight line. y=mx+c
2 Write the formula for calculating the gradient m= iz%)ycl
of a line between two points. ’ ]
3 Let (x;, y;) and (x,, y,) be the two points (-2, 5) m= 1_1 - ;
and (1, —1) respectively. Substitute the values of the -
pronumerals into the formula to calculate the gradient. = _?6
=-2
4 Substitute the value of the gradient into the general rule. y=-2x+c
5 Select either of the two points, say (1, —1), and Point (1, —1):
substitute its coordinates into y = —2x + c. —1=-2X1+c¢
6 Solve for c; that is, add 2 to both sides of the equation. -1=-2+c
l=c

7 State the equation by substituting the value of c into y = —2x + ¢. The equation of the line is
y=-2x+ 1.
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3.3.2 Finding the equation of a straight line using the
gradient and one point

* If the gradient of a line is known, only one point is needed to determine the equation of the line.

WORKED EXAMPLE 10

Find the equation of the straight line with gradient of 2 and y-intercept of —5.

THINK WRITE

1 Write the known information. The other point is Gradient = 2,
the y-intercept, which makes the calculation of ¢ y-intercept = —5
straightforward.

2 State the values of m and c. m=2,¢c=-5

3 Substitute these values into y = mx + c to find the y=mx+c
equation. y=2x-5

WORKED EXAMPLE 11 Tl | CASIO

Find the equation of the straight line passing through the point (5, —1) with a gradient of 3.

THINK WRITE
1 Write the known information. Gradient = 3,
point (5, —1).
2 State the values of m, x and y. m=3,(xy =(OS,-1)
3 Substitute the values m = 3, x = 5 and y = —1 y=mx+c
into y = mx + ¢ and solve to find c. -1=305) +c
—-1=15+c¢
—16 =c¢
4 Substitute m = 3 and ¢ = —16 into The equation of the line is y = 3x — 16.

y = mx + c to determine the equation.

3.3.3 A simple formula

* The diagram shows a line of gradient m passing through
the point (xq, y;).
* If (x, y) is any other point on the line, then:

__rise
~ run
m=)")’1
X — X
m(x —x)) =y —y
y=yi=mx —xy)

* The formula y — y; = m(x — x;) can be used to write 0 X1 X o
down the equation of a line, given the gradient and the
coordinates of one point.
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WORKED EXAMPLE 12

Find the equation of the line with a gradient of —2 which passes through the point (3, —4).
Write the equation in general form, that is in the form ax + by + ¢ = 0.

THINK WRITE
1 Use the formulay — y; = m(x — x;). Write the values of m=-2,x, =3,y =4
X1, Y1, and m. y—y = mx- x)
2 Substitute for x,, y,, and m into the equation. y— (=4) = =2(x - 3)
y+4=-2x+6
3 Transpose the equation into the form y+4+2x-6=0
ax+ by +c=0. 2x+y—-2=0

WORKED EXAMPLE 13

A printer prints pages at a constant rate. It can print 165

pages in 3 minutes and 275 pages in 5 minutes.

a Determine which variable is the independent variable
(x) and which is the dependent variable (y).

b Determine the gradient of the equation and explain
what this means in the context of the question.

¢ Write an equation, in algebraic form, linking the
independent and dependent variables.

d Rewrite your equation in words.

e Using the equation, determine how many pages can be
printed in 11 minutes.

THINK WRITE/DRAW
a The dependent variable takes its value depending a Independent variable = time
on the value of the independent variable. In this Dependent variable = number of pages

situation the number of pages depends on the time
elapsed, not the other way round.

b 1 Determine the two points given by the information b (x;, y;) = (3, 165)

in the question. (x5, ¥5) = (5,275)
2 Substitute the values of these two points into the m=22" N
formula to calculate the gradient. X2 — X
_ 275 - 165
- 5-3
_ 110
T2
=55
3 The gradient states how much the dependent In the context of the question, this
variable increases for each increase of 1 unit in the means that each minute 55 pages are
independent variable. printed.
¢ The graph travels through the origin, as the time C y=mx
elapsed for the printer to print 0 pages is 0 seconds. y = 55x

Therefore, the equation will be in the form y = mx.
Substitute in the value of m.
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d Replace x and y in the equation with the independent ~ d Number of pages = 55 x time
and dependent variables.

e 1 Substitute x = 11 into the equation. e y=55x
=55x11
= 605
2 Write the answer in words. The printer can print 605 pages in
11 minutes.
learn RESOURCES — ONLINE ONLY

Complete this digital doc: Skill[SHEET: Measuring the rise and the run (doc-5196)
Complete this digital doc: Skill[SHEET: Finding the gradient given two points (doc-5204)
Complete this digital doc: WorkSHEET: Gradient (doc-13849)

Exercise 3.3 Determining linear equations assess(J]]

Individual pathways

Hl PRACTISE Il CONSOLIDATE l MASTER
Questions: Questions: Questions:
1a—d, 2, 3, 4, 5a—d, 7 1a-f, 2,3,4,5¢c—9,7,9 1d-h, 2, 3, 4, 5e—j, 6-10
B M W Individual pathway interactivity: int-4573 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. Determine the equation for each of the straight lines shown.
a YA b. YA ¢ Y
N
/4 12 5
20 % 0 AN
0 4\ %
d YA €. ¥y f. YA

(==}
\
<Y
|
(@)}
(==}
=Y
|
—
7
o
=
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|
(9]
(=]
<Y

=5 —-15

2. I Determine the equation of each of the straight lines shown.

a. YA b. YA
6 (-4, 12\ 121
1 /3.6
0 3 x
4 0 x
C y d. A
8. 6N O]

—4
(—4, =2) . ,

3. IIZ1 Find the equation of the straight line that passes through each pair of points.

a. (1,4) and (3, 6) b. (0, —1) and (3, 5) c (—1,4)and (3,2)

d. (3,2) and (-1, 0) e. (—4,6) and (2, —6) f. (-3,-5) and (-1, -7)
4. ITZM Find the linear equation given the information in each case below.

a. Gradient = 3, y-intercept = 3 b. Gradient = —3, y-intercept = 4

c¢. Gradient = —4, y-intercept = 2 d. Gradient = 4, y-intercept = 2

e. Gradient = —1, y-intercept = —4 f. Gradient = 0.5, y-intercept = —4

g. Gradient = 5, y-intercept = 2.5 h. Gradient = —6, y-intercept = 3

i. Gradient = —2.5, y-intercept = 1.5 j- Gradient = 3.5, y-intercept = 6.5

5. KTIZEMA For each of the following, find the equation of the straight line with the given gradient and
passing through the given point.

a. Gradient = 5, point = (5, 6) b. Gradient = —5, point = (5, 6)
¢. Gradient = —4, point = (-2, 7) d. Gradient = 4, point = (8, —2)
e. Gradient = 3, point = (10, —5) f. Gradient = -3, point = (3, —3)
g. Gradient = -2, point = (20, —10) h. Gradient = 2, point = (2, —0.5)
i. Gradient = 0.5, point = (6, —16) j- Gradient = —0.5, point = (5, 3)

Understanding

6. II3H a. Determine which variable (time or cost) is
the independent variable and which is the dependent variable. Save $$$ with Supa-Bowl!!!
b. If ¢ represents the time in hours and C represents cost ($), NEW Ten-Pin Bowling Alley
construct a table of values for 0-3 hours for the cost of Shoe rental just $2 (fixed fee)
playing ten-pin bowling at the new alley. Rent a lane for ONLY $6/hour!
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¢. Use your table of values to plot a graph of time versus cost. (Hint: Ensure your
time axis (horizontal axis) extends to 6 hours and your cost axis (vertical axis)
extends to $40.)

d. i. What is the y-intercept?
ii. What does the y-intercept represent in terms of the cost?

e. Calculate the gradient and explain what this means in the context of the
question.

f. Write a linear equation to describe the relationship between cost and time.

g. Use your linear equation from part f to calculate the cost of a 5-hour
tournament.

h. Use your graph to check your answer to part g.

Reasoning
7. When using the gradient to draw a line, does it matter if you rise before you run or run before you
rise? Explain your answer.
8. a. Using the graph at right, write a general formula for the gradient m in
terms of x, y and c. (0, ¢) 7{\
b. Transpose your formula to make y the subject. What do you notice? E )
X X

\

N\

Problem solving
9. The points A (x, y1), B (x5, ¥,) and P (x, y) are co-linear. P is a general y

point that lies anywhere on the line.
Show that an equation relating these three points is given by

B (x2, y2)

P (x,y)

_ =}’2—)’1(x_x)
Yy =N X, — X 1)
A (x5 y1)

10. Show that the quadrilateral ABCD is a parallelogram. X

Yy

B

C(71,8)
B (3,6)

5:4

1A (1,2

— N W ke NN
L T S S

X
1 23456 78

=)

Reflection
What problems might you encounter when calculating the equation of a line whose graph is actually
parallel to one of the axes?

CHALLENGE 3.1 y
The graph of the straight line crosses the y-axis at (0, 2). The shaded section Area = 17.5 units®
represents an area of 17.5 square units. Use this information to determine the 2 /‘,:/
equation of the line. — :

0 5
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3.4 The distance between two points
3.4.1 The distance between two points

* The distance between two points can be calculated using Pythagoras’ theorem.
* Consider two points A (x,, y,) and B (x,, y,) on the Cartesian plane as shown below.

Y4
S B(x,.y)
1
1
w8/ e
ERIY E
1
0 X, X, X

 If point C is placed as shown, ABC is a right-angled triangle and AB is the hypotenuse.
AC = Xy — X
BC=y, -y
By Pythagoras’ theorem:
AB? = AC? + BC?
= (= x)* + (2 = y1)?
Hence AB = V(x, — x))2 + (y, — )2
The distance between two points A (x,, y,) and B (x,, y,) is:
AB = V(x, = x)> + (0 = 1)

* This distance formula can be used to calculate the distance between any two points on the Cartesian plane.
* The distance formula has many geometric applications.

WORKED EXAMPLE 14

Find the distance between the points A and B in the figure below.
Answer correct to two decimal places.

2] B
3_/
ERSURESPE
THINK WRITE
1 From the graph, locate points A and B. A (=3,1) and B (3,4)

Let A have coordinates (x,,y,).
Let B have coordinates (x,, y,).

Find the length AB by applying the
formula for calculating the distance
between two points.

2
3
4

Let (x;,y,) = (=3,1)

Let (x,,y,) = (3,4)

AB = V(x, — x)2 + (v, — y)°
=V[3 - (=317 + @4 -1)?
= V(6)> + (3)°
= V36 +9
= V45
=3V5

= 6.71 (correct to 2 decimal places)

Note: If the coordinates were named in the reverse order, the formula would still give the
same answer. Check this for yourself using (x,,y,) = (3,4) and (x,,y,) = (=3, 1).
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WORKED EXAMPLE 15 Tl | CASIO

Find the distance between the points P (—1, 5) and Q (3, —2).

THINK
1 Let P have coordinates (x,,y,)-

WRITE
Let (xl,)’l) = (_1’5)
Let (x27 )’2) = (3’ _2)

PQ = V(x; — x)2 + (2 — y1)?
=V[3 = (=D]> + (-2 = 5)2
= V(4)? + (-7)?
= V16 + 49
= V65

= 8.06 (correct to 2 decimal places)

2 Let Q have coordinates (x,,y,).

3 Find the length PQ by applying
the formula for the distance
between two points.

WORKED EXAMPLE 16

Prove that the points A (1, 1), B (3, —1) and (—1, —3) are the vertices of an isosceles triangle.

THINK WRITE/DRAW
1 Plot the points and draw the triangle. | ‘Ty A
Note: For triangle ABC to be isosceles, two sides = /N , >

must have the same magnitude.

2 AC and BC seem to be equal. Find the length AC.

Al 1) = (xy y,)
C(L-=3) =y

3 Find the length BC.
B @3, -1) = (x, y»)
C (_1’ _3) = ('xlv yl)

4 Find the length AB.
A (1’ 1) = (-x17y1)
B (3’ _1) = (xg,yz)

5 State your proof.

_11

feeliY

)

AC = V[l = (=D]> + [1 = (=3)]?

= V(2)? + (4)
=20
=25
BC = V[3 — (=D]* + [-1 = (=3)]?
= V(4 + (2)?
=20
=25

AB=V[3- P+ [-1- D]
=V(2)? + (-2)°
=Va+4
=2V2
Since AC = BC # AB, triangle ABC is an
isosceles triangle.

learn

RESOURCES — ONLINE ONLY

Complete this digital doc: Spreadsheet: Distance between two points (doc-5206)

TOPIC 3 Coordinate geometry 83



Exercise 3.4 The distance between two points assess(]]]

Individual pathways

B PRACTISE Il CONSOLIDATE B MASTER
Questions: Questions: Questions:
1,2a-d, 5, 8,9 1,2c-,5,7,9, 11 1, 2e-h, 3-7, 9-12
[ B B Individual pathway interactivity: int-4574 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
Fluency

1. IIE4 Find the distance between each pair of points shown at right. YA
2. IIIZH Find the distance between the following pairs of points. G Z: 0
a (2,5), (6,8) b (-1,2), (4, 14) 8 s-\ B
4_
c. (—1,3),(=7,-5) d. (5,-1), (10, 4) MERY f
e. (4,-5), (1, 1) f. (-3, 1), (5,13) E 1 ?'A N\
.
g (5,0), (-8,0) h. (1,7). (1, =6) TN T )-/3 pwm:
i. (a, b), 2a, —b) j- (—a, 2b), 2a, —b) \&; \
Understanding . Mo, R
3. I3 If the distance between the points (3, ) and (-5, 2) is -5+
. . ~6
10 units, then the value of b is: 7]
A. -8 B. —4 c. 4 81
D. 0 E.2
4. [ A rhombus has vertices A (1, 6), B (6, 6), C (=2, 2) and D (x, y). The coordinates of D are:
A. (2,-3) B. (2,3) c. (-2,3) D. (3,2) E. (3,-2)

5. The vertices of a quadrilateral are A (1,4), B (-1,8),C (1,9) and D (3, 5).
a. Find the lengths of the sides.
b. Find the lengths of the diagonals.
¢. What type of quadrilateral is it?
Reasoning

6. I3 Prove that the points A (0, —3), B (=2, —1) and C (4, 3) are the vertices of an isosceles triangle.
7. The points P (2, —1), Q (-4, —1) and R (-1, 3V3 - 1) are joined to form a triangle. Prove that
triangle PQR is equilateral.
8. Prove that the triangle with vertices D (5, 6), E (9, 3) and F (5, 3) is a right-angled triangle.
9. A rectangle has vertices A (1, 5), B (10.6, z), C (7.6, —6.2) and D (-2, 1). Find:
a. the length of CD b. the length of AD
c. the length of the diagonal AC d. the value of z.
10. Show that the triangle ABC with coordinates A (a, a), B (m, —a)
and C (—a, m) is isosceles.
Problem solving
11. Triangle ABC is an isosceles triangle where AB = AC, B is the
point (-1, 2), C is the point (6, 3) and A is the point (a, 3a) Find
the value of the integer constant a.

A (a, 3a)

Z C(6,3)

B(-1,2)
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12. ABCD is a parallelogram. y
a. Find the gradients of AB and BC. B (3.8)
b. Find the coordinates of the point D (x, y). ’
c¢. Show that the diagonals AC and BD bisect each other.
A (1, 6)
C(6,1)
0 \/ X
D (x, y)

Reflection

How could you use the distance formula to show that a series of points lay on the circumference of a
circle with centre C?

3.9 The midpoint of a line segment

3.5.1 Midpoint of a line segment

* The midpoint of a line segment is the halfway point.
* The x- and y-coordinates of the midpoint are halfway between those of the coordinates of the end
points.

* The following diagram shows the line interval AB joining points A (x;,y,) and B (x,, y,).
The midpoint of AB is P, so AP = PB.

Points C (x,y,) and D (x,,y) are added to the diagram and are used to make the two right-angled
triangles AABC and APBD.

The two triangles are congruent:

y
y2 N B (‘x2’ y2)
P
)/
(x,y)
A '
Videroin b !
(1 Y1) :C ;
0 Xq X X X

AP = PB (given)
2APC = «PBD (corresponding angles)
2CAP = «DPB (corresponding angles)
So AAPC = APBD (ASA)
This means that AC = PD;
ie.x —x, =x,—x (solve for x)
ie. 2x =x +x,

X, +x
P B
2
In other words x is simply the average x, and x,.
+
Similarly, y = Lzyz
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In general, the coordinates of the midpoint of a line segment joining the points  y)
(x;,y,) and (x,, y,) can be found by averaging the x- and y-coordinates of the (X5, )
end points, respectively. M

The coordinates of the midpoint of the line segment joining (x;,y,) and (’L;‘z #)

(x,,y,) are: <Xl T nt yz). G )

2 2 0 X

WORKED EXAMPLE 17 Tl | CASIO

Find the coordinates of the midpoint of the line segment joining (—2, 5) and (7, 1).

THINK WRITE
1 Label the given points (x,, y,) and (x,, y,). Let (x1,¥) = (=2,5) and (x,,y,) = (7, 1)
X+ X
2 Find the x-coordinate of the midpoint. = %
. —2+7
- 2
_2
2
1
=22
3 Find the y-coordinate of the midpoint. y = Nty
2
_5+1
6 2
=2
=3
4 Give the coordinates of the midpoint. The midpoint is (2'5, 3).

WORKED EXAMPLE 18

The coordinates of the midpoint, M, of the line segment AB are (7, 2). If the coordinates of A are
(1, —4), find the coordinates of B.

THINK WRITE/DRAW
1 Let the start of the line segment be (x,,y,) and the Let (x,,y,) = (1, —4) and
midpoint be (x, y). (x,y) =(7,2)
X +x
2 The average of the x-coordinates is 7. Find the x-coordinate x =" > 2
of the end point. : 1+ x,
2
14=1+x,
x, =13
3 The average of the y-coordinates is 2. Find the y-coordinate y = it Y
of the end point. 2
2=—-—
2
4 =-4+y,
y,=8
4 Give the coordinates of the end point. The coordinates of the point B are
(13, 8).
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5 Check that the coordinates are feasible by drawing a Y} B (13, 8)
diagram. 6-
N M
& 7.2)
0| 2 46 8101214%
IO
learn RESOURCES — ONLINE ONLY
Complete this digital doc: Spreadsheet: Midpoint of a segment (doc-5207)
Complete this digital doc: WorkSHEET: Midpoint of a line segment (doc-13850)
Exercise 3.5 The midpoint of a line segment assess(J]]
Individual pathways
l PRACTISE Il CONSOLIDATE B MASTER
Questions: Questions: Questions:
1a-d, 2, 3a, 4, 9, 11 1a-d, 2-6, 9, 11 1a-f, 2-12
[l B W Individual pathway interactivity: int-4575 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. IIIZ8 Use the formula method to find the coordinates of the midpoint of the line segment joining the
following pairs of points.
a. (=5,1),(-1,-8) b. (4,2),(11,-2) c. (0,4),(-2,-2)
d. 3,4),(-3,-1) e. (a,2b), (3a,—b) f. (a+3b,b),(a—b,a—-b)
2. IZA The coordinates of the midpoint, M, of the line segment AB are (2, —3). If the coordinates of
A are (7,4), find the coordinates of B.
Understanding
3. A square has vertices A (0,0),B (2,4),C (6,2) and D (4, —2). Find:
a. the coordinates of the centre b. the length of a side
c. the length of a diagonal.
4. I3 The midpoint of the line segment joining the points (=2, 1) and (8, —3) is:

A. (6,-2) B. (5,2) C. (6,2) D. (3,-1) E. (5,-2)
5. 14 If the midpoint of AB is (-1, 5) and the coordinates of B are (3, 8), then A has coordinates:
A. (1,6.5) B. (2,13) C. (-5,2) D. (4,3) E. (7,11)

6. a. The vertices of a triangle are A (2,5),B (1, -3) and C (-4, 3). Find:
i. the coordinates of P, the midpoint of AC
ii. the coordinates of Q, the midpoint of AB
iii. the length of PQ.
b. Show that BC = 2 PQ.
7. a. A quadrilateral has vertices A (6, 2),B (4, -3),C (-4, -3) and D (-2, 2). Find:
i. the midpoint of the diagonal AC
ii. the midpoint of the diagonal BD.
b. What can you infer about the quadrilateral?
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8. a. The points A (-5,3.5),B (1,0.5) and C (-6, —6) are the vertices of a triangle. Find:
i. the midpoint, P, of AB
ii. the length of PC
iii. the length of AC
iv. the length of BC.
b. Describe the triangle. What does PC represent?

Reasoning
9. Find the equation of the straight line that passes through the midpoint of A (-2,5) and B (-2, 3), and
has a gradient of —3.
10. Find the equation of the straight line that passes through the midpoint of A (-1, —3) and B (3, -5),

and has a gradient of %

Problem solving

11. The points A (2m, 3m), B (5m, —2m) and C (—3m, 0) are the vertices of a triangle. Show that this is a
right-angled triangle.

y

A (2m, 3m)

cE3mor—_" x

B (5m, -2m)

12. Write down the coordinates of the midpoint of the line joining the points (3k — 1,4 — 5k) and
(8k — 1,3 — 5k). Show that this point lies on the line with equation 5x + 4y = 9.

Reflection

If the midpoint of a line segment is the origin, what are the possible values of the x- and
y-coordinates of the end points?

3.0 Parallel and perpendicular lines
3.6.1 Parallel lines

* Lines that have the same gradient are parallel
lines. The three lines on the graph at right all
have a gradient of 1 and are parallel to each
other.
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WORKED EXAMPLE 19

Show that AB is parallel to CD given that A has coordinates (—1, —5), B has coordinates
(5,7), C has coordinates (=3, 1) and D has coordinates (4, 15).

THINK

1 Find the gradient of AB by applying the formula
27N
IECRE

2 Find the gradient of CD.

3 Draw a conclusion. (Note: |l means ‘is parallel to’.)

WRITE
Let A (—1,=5) = (x,,y,) and
B (5,7) = (x5, 5,)

Sincem:u
X =X
" _7-(=5)
_I2
6
=2

Let C (=3,1) = (x;,y,) and
D (4’ 15) = (x27y2)

o 15-1
R ).
14
7
=2

Since m,z = m, = 2, then AB Il CD.

3.6.2 Collinear points y
* Collinear points are points that all lie on the same straight line. c
e If A, B and C are collinear, then m g = my..
B
A
0 X
WORKED EXAMPLE 20
Show that the points A (2,0), B (4,1) and C (10, 4) are collinear.
THINK WRITE
1 Find the gradient of AB. Let A (2,0) = (x;,y,)
and B (4,1) = (x,, y,)
Since m Y27
&= 4
P 1-0
2 >
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2 Find the gradient of BC. LetB 4,1) = (x;,y))
and C (10,4) = (x,,y,)

= 4=1
B¢ 10-4
— 3
6
—1
2
3 Show that A, B and C are collinear. Since m,p = mpe = % and B is common to both line

segments, A, B and C are collinear.

3.6.3 Perpendicular lines

* There is a special relationship between the gradients of two
perpendicular lines.
The graph at right shows two perpendicular lines. What do you
notice about their gradients?

 Consider the diagram shown below, in which the line segment 6 4 2 |o 2 4\6\
AB is perpendicular to the line segment BC, AC is parallel to -2
the x-axis, and BD is the perpendicular height of the resulting 4]
triangle ABC.
In AABD, letm,, = m, _6/
-4
b
=tan () YA
In ABCD, letmy = m, B
__4a 0
T c
= —tan (a)
In AABC, tan (a) = g a
So m, = b
a ALO 0 a\C
-1 < P
= — < b > c —>
i 0 >
Hence m, = -1
m;
or mm, = —1

* Hence, if two lines are perpendicular to each other, then the product of their gradients is —1. Two lines

are perpendicular if and only if:
mm, = —1

 If two lines are perpendicular, then their gradients are % and —g respectively.

WORKED EXAMPLE 21

Show that the lines y = —5x + 2 and Sy — x + 15 = 0 are perpendicular to one another.

THINK WRITE
1 Find the gradient of the first line. y=—5x+2

Hence m, = =5
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2 Find the gradient of the second line.

3 Test for perpendicularity. (The two lines are

perpendicular if the product of their gradients is —1.)

Sy—x+15=0
Rewrite in the form y = mx + c:
Sy=x—-15
X
==-3
Y75
=1
Hencemz—5 1
m1m2=—5><§
= -1

Hence, the two lines are perpendicular.

3.6.4 Determining the equation of a line parallel or perpendicular to

another line

» The gradient properties of parallel and perpendicular lines can be used to solve many problems.

WORKED EXAMPLE 22

Find the equation of the line that passes through the point (3, —1) and is parallel to the straight

line with equation y = 2x + 1.

THINK
1 Write the general equation.

2 Find the gradient of the given line. The two lines

are parallel, so they have the same gradient.
3 Substitute for m in the general equation.
4 Substitute the given point to find c.

5 Substitute for ¢ in the general equation.

WRITE

y=mx+c

y = 2x + 1 has a gradient of 2
Hence m=2

SO y=2x+c
(x,y) =G, -1
*—1=2@3) +c
-1=6+c
© = 7
y = 2x-7
y=2x—17
or
2x—y—-T7=0

WORKED EXAMPLE 23

Find the equation of the line that passes through the point (0, 3) and is perpendicular to a

straight line with a gradient of 5.

THINK

1 For perpendicular lines, m, X m, = —1. Find the

gradient of the perpendicular line.

WRITE
Given m; =5
my, = —
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2 Use the equation y — y, = m(x — x,) where Sincey — y, = m(x — x,)

m= —é and (x,, y,) = (0, 3). and (x,y;) = (0,3)
theny — 3 = —%(x—O)
3 =2
Y 5
S(r—3) = —x
Sy—15 = —x

x+ 5y — 15 =0

3.6.5 Horizontal and vertical lines

* Horizontal lines are parallel to the x-axis, have a gradient of zero, are
expressed in the form y = ¢ and have no x-intercept.

* Vertical lines are parallel to the y-axis, have an undefined (infinite) 2
gradient, are expressed in the form x = a and have no y-intercept.

2 O 2 6 X

-2
-4
WORKED EXAMPLE 24

Find the equation of:

a the vertical line that passes through the point (2, —3)

b the horizontal line that passes through the point (-2, 6).

THINK WRITE

a The equation of a vertical line is x = a. The x-coordinate of the a x =2
given point is 2.

b The equation of a horizontal line is y = ¢. The y-coordinate of b y=6
the given point is 6.

WORKED EXAMPLE 25

Find the equation of the perpendicular bisector of the line joining the points (0, —4) and (6, 5).
(A bisector is a line that crosses another line at right angles and cuts it into two equal lengths.)

THINK WRITE
1 Find the gradient of the line joining the given points Let (0, -4) = (x;,y)).
by applying the formula. Let (6,5) = (x;, ).
7 S _nmn
== -2 | =
X, — X X, — X
2~ & S (L)
m =———>=
6-0
-2
6
_
T2
2 Find the gradient of the perpendicular line. m, = %
m; X m, =—1 2
1 2 my = —
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+ +y
3 Find the midpoint of the line joining the given points. X = )% y = %
(X5t Y, _ :O+6 :—4+5
M = ( T 5 where (x;,y,) = (0,—4) 5 | 5
and (x5, ;) = (6,5). = =2
Hence (3, %) are the coordinates of the
midpoint.
4 Find the equations of the line with gradient —% that Since y — y; = m(x — x)),
asses through (3, l). L2
p g 3 then y 5= 3(x 3)
5 Simplify by removing the fractions. 3@y — %) =—2(x—3)
Multiply both sides by 3. 3y—2=-2x+6
Multiply both sides by 2. 6y —3 = —4x+ 12

4x+ 6y —15=0

Iearn RESOURCES — ONLINE ONLY

Try out this interactivity: Parallel and perpendicular lines (int-2779)
Complete this digital doc: Spreadsheet: Perpendicular checker (doc-5209)
Complete this digital doc: Spreadsheet: Equation of a straight line (doc-5210)

Exercise 3.6 Parallel and perpendicular lines assess[]])

Individual pathways

Hl PRACTISE Il CONSOLIDATE Hl MASTER
Questions: Questions: Questions:
1a-d, 2, 5, 6a-c, 7, 8, 9a-c, 12, 13, 1a-d, 2-5, 6¢-d, 7, 8, 9a—c, 12, 13, 1c, 2, 3, 4, 5, 6e—f, 7-19, 20b, 21,
16a-b, 18, 203, 21, 23, 26a, 27 15, 16a—b, 173, 18, 20a, 21-23, 22,24-31, 33-37
26-28, 30, 32
[ B B Individual pathway interactivity: int-4576 learn ONLINE ONLY

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. IEE Find whether AB is parallel to CD given the following sets of points.

a. A (4,13),B (2,9),C (0,-10),D (15,0)

b. A (2,4),B (8,1),C (-6,-2),D (2,-06)

¢ A(-3,-10),B (1,2),C (1,10),D (8, 16)
dA{,-1),B4,11),C(2,10),D (-1,-5)

e. A(1,0),B (2,5),C (3,15),D (7,35)

f. A (1,-6),B (-5,0),C (0,0),D (5, —-4)
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2. Which pairs of the following straight lines are parallel?

a2xx+y+1=0 b.y=3x-1
c2y—x=3 dy=4+3
e.y=g—l f6x—2y=0
g3y=x+4 h2y=5-x

3. IIZ23 Show that the points A (0, —2), B (5, 1) and C (-5, —5) are collinear.
4. Show that the line that passes through the points (—4, 9) and (0, 3) also passes through the point (6, —6).
5. K230 Show that the lines y = 6x — 3 and x + 6y — 6 = 0 are perpendicular to one another.
6. Determine whether AB is perpendicular to CD, given the following sets of points.
a. A(1,6),B (3,8),C(4,-6),D (-3, 1)
b. A (2,12),B (-1,-9),C (0,2),D (7, 1)
c. A(1,3),B 4,18),C (-5,4),D (5,0)
d. A(1,-5),B (0,0),C (5,11),D (-10, 8)
e A(—4,9),B (2,-6),C (-5,8),D (10, 14)
f.A4,4),B (-8,5),C(-6,2),D (3,11)
7. IZA Find the equation of the line that passes through the point (4, —1) and is parallel to the line with
equation y = 2x — 5.
8. IIZA1 Find the equation of the line that passes through the point (—2,7) and is perpendicular to a line
with a gradient of %

9. Find the equations of the following lines.
a. Gradient 3 and passing through the point (1, 5)
b. Gradient —4 and passing through the point (2, 1)
c¢. Passing through the points (2, —1) and (4, 2)
d. Passing through the points (1, —3) and (6, —5)
e. Passing through the point (5, —2) and parallel to x + S5y + 15 =0
f. Passing through the point (1, 6) and paralleltox — 3y —2 =0
g. Passing through the point (—1, —5) and perpendicularto3x + y + 2 =0
10. Find the equation of the line that passes through the point (-2, 1) and is:
a. parallel to the line with equation2x —y — 3 =0
b. perpendicular to the line with equation 2x — y — 3 = 0.
11. Find the equation of the line that contains the point (1, 1) and is:
a. parallel to the line with equation 3x — 5y =0
b. perpendicular to the line with equation 3x — 5y = 0.
12. 221 Find the equation of:
a. the vertical line that passes through the point (1, —8)
b. the horizontal line that passes through the point (-5, —7).
13. I3 a. The vertical line passing through the point (3, —4) is given by:

A.y=-4 B.x=3 C.y=3x—-4
D.y=—-4x+3 E.x=-4

b. Which of the following points does the horizontal line given by the equation y = —5 pass through?
A. (-5,4) B. 4,5) C. (3,-5)
D. (5,-4) E. (5,5)

¢. Which of the following statements is true?

A. Vertical lines have a gradient of zero.
. The y-coordinates of all points on a vertical line are the same.
. Horizontal lines have an undefined gradient.
. The x-coordinates of all points on a vertical line are the same.
. A horizontal line has the general equation x = a.

mooOoww
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d. Which of the following statements is false?
A. Horizontal lines have a gradient of zero.
B. The line joining the points (1, —1) and (-7, —1) is vertical.
C. Vertical lines have an undefined gradient.
D. The line joining the points (1, 1) and (-7, 1) is horizontal.
E. A horizontal line has the general equation y = c.
14. The triangle ABC has vertices A (9,—-2),B (3,6), and C (1, 4).
a. Find the midpoint, M, of BC.
b. Find the gradient of BC.
¢. Show that AM is the perpendicular bisector of BC.
d. Describe triangle ABC.
15. lIZ23 Find the equation of the perpendicular bisector of the line joining the points (1,2) and (=5, —4).
16. Find the equation of the perpendicular bisector of the line joining the points (—2,9) and (4, 0).
17. ABCD is a parallelogram. The coordinates of A, B and C are (4, 1), (1, —2) and (-2, 1) respectively.
Find:
a. the equation of AD b. the equation of DC
c. the coordinates of D.

Understanding
18. In each of the following, show that ABCD is a parallelogram.
a.A20),BH4,-3,C2,-4,D(0,-1)
b. A (2,2),B (0,-2),C (-2,-3),D (0, 1)
c¢. A(25,35),B (10,-4),C (2.5,-2.5),D (-5,5)
19. In each of the following, show that ABCD is a trapezium.
a. A (0,6),B (2,2),C (0,-4),D (-5,-9)
b. A (26,32),B (18,16),C (1,—-1),D (-3, 3)
¢A2,7,B1,-1),C (-0.6,-2.6),D (-2,3)
20. [ The line that passes through the points (0, —6) and (7, 8) also passes through:
A. (4,3) B. (5,4) C. (-2,10) D. (1,-8) E. (1,4)
21. [ The point (—1,5) lies on a line parallel to 4x + y + 5 = 0. Another point on the same line as
(-1,5) is:
A. (2,9) B. (4,2) cC. 4,0) D. (-2,3) E. 3,—-11)
22. Find the equation of the straight line given the following conditions.
a. Passes through the point (-1, 3) and parallel toy = —=2x + 5
b. Passes through the point (4, —3) and parallel to 3y + 2x = -3
23. Determine which pairs of the following lines are perpendicular.

ax+3y—-5=0 b.y=4x-7 C.y=x
d2y=x+1 ey=3x+2 fx+4-9=0
g2x+y=6 hx+y=0

24. Find the equation of the straight line that cuts the x-axis at 3 and is perpendicular to the line with
equation 3y — 6x = 12.
25. Calculate the value of m for which lines with the following pairs of equations are perpendicular to

each other.

a2y—5x=T7and 4y + 12 = mx b. 5x — 6y = =27 and 15 + mx = -3y
26. [IId The gradient of the line perpendicular to the line with equation 3x — 6y = 2 is:

A.3 B. —6 c.2 D. E. —2

27. 1A Triangle ABC has a right angle at B. The vertices are A (—=2,9), B (2,8) and C (1, z). The value
of z is:

A. 8}t B. 4 c. 12 D. 7 E. —4

AW
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Reasoning

28.

29,

31.

32.

33.

The map shows the proposed course for a yacht race. Buoys have been y Scale: {unit > 1km | |
positioned at A (1,5), B (8,8), C (12,6), and D (10, w). H T
a. How far is it from the start, O, to buoy A? 1(9) b
b. The race marshall boat, M, is situated halfway between buoys A 3 <

and C. What are the coordinates of the boat’s position? 6 B‘X’y Ve BuoyC
¢. Stage 4 of the race (from C to D) is perpendicular to stage 3 (from B i

to C). What is the gradient of CD? 3 E-e
d. Find the linear equation that describes stage 4. gl . i

e. Hence determine the exact position of buoy D.

f. An emergency boat is to be placed at point E, (7, 3). How far is the
emergency boat from the hospital, located at H, 2 km north of the start?

Show that the following sets of points form the vertices of a right-angled triangle.

aA(l,-4),B2,-3),CH4,-7

b. A (3,13), B (1,3), C (-4,4)

¢ A(0,5), B9, 12), C(3,14)

Starpl 2 3 4 56 7 8 9 1011 12X

. Prove that the quadrilateral ABCD is a rectangle when A is (2,5), B (6,1), C (3,-2) and

D (-1,2).

Prove that the quadrilateral ABCD is a rhombus, given A (2,3), B (3,5), C (5,6) and D (4,4).

Hint: A rhombus is a parallelogram with diagonals that intersect at right angles.

a. A square has vertices at (0, 0) and (2, 0). Where are the other 2 vertices? (There are 3 sets of
answers.)

b. An equilateral triangle has vertices at (0, 0) and (2, 0). Where is the other vertex? (There are
2 answers.)

¢. A parallelogram has vertices at (0, 0) and (2, 0). and (1, 1). Where is the other vertex? (There are
3 sets of answers.)

A is the point (0, 0) and B is the point (0, 2).

a. Find the perpendicular bisector of AB.

b. Show that any point on this line is equidistant from A and B.

Questions 34 and 35 relate to the diagram. y

M is the midpoint of OA. A.6)

N is the midpoint of AB. 6

P is the midpoint of OB. 5

34. A simple investigation: 4
a. Show that MN is parallel to OB. 5 M N
b. Is PN parallel to OA?
¢. Is PM parallel to AB? 27

35. A difficult investigation: C P B
a. Find the perpendicular bisectors of OA and OB. o T T 1 1 1| >
b. Find the point W where the two bisectors intersect. -2 3 4 5 6
¢. Show that the perpendicular bisector of AB also passes

through W.

d. Explain why W is equidistant from O, A and B.

e. W is called the circumcentre of triangle OAB. Using W as the centre, draw a circle through O, A
and B.
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Jacaranda Maths Quest 10 + 10A



Problem solving yulh
36. The lines [, and /, are at right angles to each other. The line /, has the
equation px + py + r = 0. Show that the distance from M to the origin is

given by S —
VT
37. Line A is parallel to the line with equation 2x — y = 7 and passes
through the point (2, 3). Line B is perpendicular to the line with equation M

4x — 3y + 3 = 0 and also passes through the point (2, 3). Line C
intersects with line A where it cuts the y-axis and intersects with line B

where it cuts the x-axis. 0 §
a. Determine the equations for all three lines. Give answers in the form b
ax+ by +c=0.
b. Sketch all three lines on the one set of axes.
c. Determine whether the triangle formed by the three lines is scalene, isosceles or equilateral.
Reflection
How could you use coordinate geometry to design a logo for an organisation?

CHALLENGE 3.2

The first six numbers of a particular number pattern are 1, 2, 3, 6, 11 and 20.
Given that this pattern continues, what will be the next four numbers? Describe
the pattern.

3.7 Review

3.7.1 Review questions

Fluency
1. The equation of the following line is:
Y,
3
0 N X
ald3x+2y=6 b.3x —2y=6 ¢2x+3y=6
d2x—-3y=6 e.2x —3y=-6
2. The equation of a linear graph with gradient —3 and x-intercept of 4 is:
ay=-3x—-12 b.y=-3x+4 cy=-3x—-4
dy=-3x+12 ey=4x-3
3. The equation of a linear graph which passes through (2, —7) and (-2, —=2) is:
a.4x—-59+18=0 b.5x +4y+18=0 ¢5x+4y-18=0
d5Sx—-4y—-18=0 edx+5y+18=0
4. The distance between the points (1, 5) and (6, —7) is:
a. V53 b. V29 c. 13 d. V193 e 12
5. The midpoint of the line segment joining the points (—4, 3) and (2, 7) is:
a. (—1,5) b. (-2, 10) c (—6,4) d (-2,4) e (—1,2)
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. If the midpoint of the line segment joining the points A (3, 7) and B (x, y) has coordinates (6, 2), then

the coordinates of B are:

a. (15,3) b. (0, —6) c (9,-3) d. (4.5,4.5) e (-9,3)
7. If the points (—6, —11), (2, 1) and (x, 4) are collinear, then the value of x is:
1 5
a. 4 b. 3.2 g d. . e 3
8. The gradient of the line perpendicular to 3x — 4y + 7 = 0 is:
3 4 4
a. 2 b. 3 C. -3 d 3 e. —4
9. The equation of the line perpendicular to 2x + y — 1 = 0 and passing through the point (1, 4) is:
a2x+y—-6=0 b.2x+y-2=0 cx—2y+7=0
dx+2y+9=0 ex—2y=0
10. Produce a table of values, and sketch the graph of the equation y = —5x + 15 for values of x between
—10 and + 10.
11. Sketch the graph of the following linear equations, labelling the x- and y-intercepts.
ay=3x-2 b.y=-5x+ 15 c.y=—§x+1 d.y=gx—3
12. Find the x- and y-intercepts of the following straight lines.
ay=-7x+6 b.y=%x—5 c.y=‘7lx—% d.y=0.5x+28
13. Sketch graphs of the following linear equations by finding the x- and y-intercepts.
a2x—3y=6 b.3x+y=0 c5x+y=-3 dx+y+3=0
14. Sketch the graph of each of the following.
a.y=%x b. y = —4x cx=-2 dy=7
15. Sketch the graph of the equation 3(y — 5) = 6(x + 1).

16.

17.

18.

19.
20.

Find the equations of the straight lines in the following graphs.

a Y YA y
/ >
> 2

N

d. M o) e YA f. YA
0 >
0 X —% 0 5 X

Find the linear equation given the information in each case below.

a. gradient = 3, y-intercept = —4 b. gradient = —2, y-intercept = —5

c. gradient = %, y-intercept = 5 d. gradient = 0, y-intercept = 6

For each of the following, find the equation of the straight line with the given gradient and passing
through the given point.

a. gradient = 7, point (2, 1) b. gradient = —3, point (1, 1)

c. gradient = %, point (-2, 5) d. gradient = %, point (1, —3)

Find the distance between the points (1,3) and (7, —2) in exact form.
Prove that triangle ABC is isosceles given A (3, 1), B (—=3,7) and C (-1, 3).
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21.
22.

30.

Show that the points A (1, 1), B (2, 3) and C (8, 0) are the vertices of a right-angled triangle.
The midpoint of the line segment AB is (6, —4). If B has coordinates (12, 10), find the coordinates
of A.

. Show that the points A (3, 1), B (5,2) and C (11, 5) are collinear.
. Show that the lines y = 2x — 4 and x + 2y — 10 = 0 are perpendicular to one another.
. Find the equation of the straight line passing through the point (6, —2) and parallel to the line

x+2y—1=0.

. Find the equation of the line perpendicular to 3x — 2y + 6 = 0 and having the same y-intercept.
. Find the equation of the perpendicular bisector of the line joining the points (—2,7) and (4, 11).
. Find the equation of the straight line joining the point (=2, 5) and the point of intersection of the

straight lines with equations y = 3x — 1 and y = 2x + 5.

. Using the information given in the diagram:

a. find:
i. the gradient of AD ii. the gradient of AB
iii. the equation of BC iv. the equation of DC
v. the coordinates of C. YA B (4.9
9 u
c
4
o 5t

b. describe quadrilateral ABCD.
In triangle ABC, A is (1,5), B is (-2, —-3) and C is (8, —2).

a. Find:

i. the gradient of BC ii. the midpoint, P, of AB iii. the midpoint, Q, of AC.
b. Hence show that:

i. PQ is parallel to BC ii. PQ is half the length of BC.

Problem solving

31.

32.

John has a part-time job working as a gardener and is paid $13.50 per hour.
a. Complete the following table of values relating the amount of money received to the number of hours
worked.

Number of hours 0 2 4 6 8 10
Pay ($)

b. Find a linear equation relating the amount of money received to the number of hours worked.

¢. Sketch the linear equation on a Cartesian plane over a suitable domain.
d. Using algebra, calculate the pay that John will receive if he works for 6 % hours.

A fun park charges a $12.50 entry fee and an additional $2.50 per ride.
a. Complete the following table of values relating the total cost to the number of rides.

Number of rides 0 2 4 6 8 10
Cost ($)

b. Find a linear equation relating total cost to the number of rides.
c. Sketch the linear equation on a Cartesian plane over a suitable domain.
d. Using algebra, calculate the cost for 7 rides.
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33. The cost of hiring a boat is $160 plus $22.50 per hour.

a. Sketch a graph showing the total cost for between 0 and 12 hours.
b. State the equation relating cost to time rented.
c. Predict the cost of hiring a boat for 12 hours and 15 minutes.

34. ABCD is a quadrilateral with vertices A (4,9), B (7,4), C (1,2) and D (a, 10). Given that the
diagonals are perpendicular to each other, find:
a. the equation of the diagonal AC
b. the equation of the diagonal BD
c. the value of a.

35. An architect decides to design a building with a 14-metre-square base such that the external walls are
initially vertical to a height of 50 metres, but taper so that their separation is 8 metres at its peak height
of 90metres. A profile of the building is shown with the point (0, 0) marked as a reference at the
centre of the base.

a. Write the equation of the vertical line connecting A and B.
b. Write the coordinates of B and C.
c. Find the length of the tapered section of wall from B to C.

Y

i<8|m>i

c

T sim
e |

Aie—14m— X

36. In a game of lawn bowls, the object is to bowl a biased ball so that it gets as close as possible to a
smaller white ball called a jack. During a game, a player will sometimes bowl a ball quite quickly so
that it travels in a straight line in order to displace an opponents ‘guard balls’. In a particular game,
player X has 2 guard balls close to the jack. The coordinates of the jack are (0, 0) and the coordinates
of the guard balls are A (-1, %) and B (—]5, %). Player Y bowls a ball so that it travels in a straight line
toward the jack. The ball is bowled from the position S, with the coordinates (—30, 24).

y

*S (=30, 24) 24

B (1,3 57
»a)e 1

(Not to scale)
a. Will player Y displace one of the guard balls? If so, which one?
b. Due to bias, the displaced guard ball is knocked so that it begins to travel in a straight line (at right
angles to the path found in part a). Find the equation of the line of the guard ball.
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37.

38.

39.

¢. Show that guard ball A is initially heading directly toward guard ball B.

d. Given its initial velocity, guard ball A can travel in a straight line for 1 metre before its bias affects it
path. Calculate and explain whether guard ball A will collide with guard ball B.

The graph shows the line p passing through the points A (-1, 1) and B (5, 5). Given that C is the

point (4, 1), find:

a. the gradient of p

b. the equation of p

c. the area of AABC

d. the length BC, giving your answer correct to 2decimal places.

6y
5 B (5,5)
4_
3_
2_
A =1 DA LME D

The temperature of the air (7 °C) is related to the height above sea level (2 metres) by the formula
T = 18 — 0.005A.
a. What is the temperature at the heights of:

i. 600 m

ii. 1000 m

iii. 3000 m?
b. Draw a graph using the results from part a.
¢. Use the graph to find the temperature at 1200 m and 2500 m.
d. Predict the height at which the temperature is 9°C.

An old theory on the number of hours of sleep (%) that a child of ¢ years of age should have each

night is h = 8 + ©* <,

a. How many hours should a 10-year-old have?
b. How old is a child that requires 10 hours sleep?
c¢. For every year, how much less sleep does a child require?

learn

Try out this interactivity: Word search: Topic 3 (int-2832)

Try out this interactivity: Crossword: Topic 3 (int-2833)

Try out this interactivity: Sudoku: Topic 3 (int-3590)
Complete this digital doc: Concept map: Topic 3 (doc-13714)
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Language

It is important to learn and be able to use correct mathematical language in order to communicate
effectively. Create a summary of the topic using the key terms below. You can present your summary

in writing or using a concept map, a poster or technology.

axes horizontal

bisect independent variable
Cartesian plane linear graph
collinear midpoint
coordinates origin

dependent variable parallel

diagonal parallelogram
general form perpendicular
gradient quadrilateral
gradient—intercept form rhombus

Link to assessON for questions to test your
aSSessS readiness FOR learning, your progress AS
you learn and your levels OF achievement.

assessON provides sets of questions for
every topic in your course, as well as giving
instant feedback and worked solutions to
help improve your mathematical skills.

www.assesson.com.au

rise

run
segment
substitute
trapezium
vertical
vertices
x-intercept
y-intercept

Investigation | Rich Task
What common computer symbol is this?

On computer hardware, and on many different
software applications, a broad range of sym-
bols is used. These symbols help us to identify
where things need to be plugged into, what
buttons we need to push, or what option needs
to be selected. The main focus of this task
involves constructing a common symbol found
on the computer. The instructions are given
below. Grid lines have been provided on the
opposite page for you to construct the symbol.

The construction part of this task requires you to graph nine lines to reveal a common
computer symbol. Draw the scale of your graph to accommodate x- and y-values in the
following ranges: —10 < x < 16 and —10 < y < 16. Centre the axes on the grid lines provided.
* Line 1 has an equation y = x — 1. Graph this line in the range —7 < x < —2.
* Line 2 is perpendicular to line 1 and has a y-intercept of —5. Determine the equation of this line,

and then draw the line in the range —5 < x < —1.

* Line 3 is parallel to line 1, with a y-intercept of 3. Determine the equation of the line, and then

graph the line in the range —9 < x < —4.
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* Line 4 is parallel to line 1, with a y-intercept of —3. Determine the equation of the line, and then
graph the line in the range —1 < x < 2.

* Line 5 has the same length as line 4 and is parallel to it. The point (—2, 3) is the starting point of
the line, which decreases in both x- and y-values from there.

* Line 6 commences at the same starting point as line 5, and then runs at right angles to line 5. It
has an x-intercept of 1 and is the same length as line 2.

* Line 7 commences at the same starting point as both lines 5 and 6. Its equation is y = 6x + 15.
The point (-1, 9) lies at the midpoint.

* Line 8 has the equation y = —x + 15. Its midpoint is the point (7, 8) and its extremities are the
points where the line meets line 7 and line 9.

* Line 9 has the equation 6y — x + 8 = 0. It runs from the intersection of lines 4 and 6 until it
meets line 8.

1. What common computer symbol have you drawn?

2. The top section of your figure is a familiar geometric shape. Use the coordinates on your graph,
together with the distance formula to determine the necessary lengths to calculate the area of
this figure.

3. Using any symbol of interest to you, draw your symbol on grid lines and provide instructions

for your design. Ensure that your design involves aspects of coordinate geometry that have
been used throughout this task.

learn RESOURCES

Complete this digital doc: Code puzzle: Who won the inaugural 875 km Sydney to Melbourne marathon in 19837
(doc-15921)
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Answers
Topic 3 Coordinate geometry

Exercise 3.2 Sketching linear graphs

y Y
la. x y 357 b. x y — 512
y=10x 25 30'/ 104 Y=
-5 -25 25 -1 —17 5+
| s T ERRRYADERE
—104
-3 -5 1 7 —15 /4
T T =20
) 5 L2 X 2 -2
-1 15 3 3
0 25 4 8
1 35
c x y \\'li y=-0.5x+10 d. X y 300y- y=100x=240
127 250
-6 13 : 0 —240 200
—4 12 2\ 1 ~140 ol
-2 11 421— 2 —40 50
0 10 O 12/3 45 x
T T T 0 T T T fell 3 60 —50_
) 5 6429 246 x 1004
4 160 =150
=200
4 8 5 260 —25(7
Y
e x y 20 f. x y
154y=-5x+3
-3 18 10 -3 19
5
-2 13 N -2 15
3-2-1 0 N2
-1 8 ro- -1 11
0 3 0 7
1 -2 1 3
2 =7 2 -1
2a. x y b. x y ”
-6 20 T -3 6 7
-4 14 ) 5 ‘31-
> < 10 50N 5 10 ¥ . 4 2_\<"‘+3
~10- 1
—15- T T T T T
0 2 ~20 0 3 3-2-19 1 2 '3\x
2 —4 1 2
4 —-10 2 1
6 —-16 3 0
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c x y
-6 15

-4 11

) 7

0 3

2 -1

4 -5

6 9

Sex—dy =24

5x +30y =150
m n Y 0
204 15i 420
18]
16
14
12
10
8_
6_
4
2_
T T T T
o 2463810"
4 a b YA y=[3x-7 c Y d
0 — T 5% Y 0 123 4)(
14 1 3 4 3 ,:
24 2- [
=34 1 QS gy y=-5x-4
4 1,4 —T N —5
0 X
s 21! 1\3 4 le
L6 Lnd 74
i 2 y=-2x+3 —8+
), o1 Ya,-9
€ f g h y,
§14-(1.8)
7_
6_
5_
4-fy=28x
3_
2_
1_
Of 1 2 3~
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l y
0 X
_12|y=-12
7 a x-intercept: —0.5; y-intercept: 0.4
b x-intercept: 0.5; y-intercept: —0.4
¢ x-intercept: 0; y-intercept: O
d x-intercept: —3; y-intercept: 12
e x-intercept: —4; y-intercept: —4
f x-intercept: —1; y-intercept: —0.5
g x-intercept: 2.75; y-intercept: 2.2
h x-intercept: 9.75; y-intercept: —3.9
i x-intercept: % ~ 1.77; y-intercept: 4.6
8a (2,0),(0,-8) b (—.0).(0.3)
9 Answers will vary.
=2 _1
10 y= F3
1.2 X-intercept

(3:5,0)

0 T T

{ y-intercept

1 (0,-2.3)

C
g Y,
01x=0
5_
—T o %
_,55(2 5%
~10-

¢ (-5,0),(0,25)

y
10
5
0 Ix
-10 —_55 5
-10
x|=-10
x|=-100 ¥
10
5
-1 —s0 9 s0*
-10
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11 a Independent variable = number of songs bought, dependent variable = amount of money saved
b "y
50-4.(0,50)

40+
30 1
201
104

y=50-1.75x

(0,28.57)
o] 10 20 30 40 50 *

¢ 14 songs
12 a y

8 -
y-intercept
©,7)

4

1 x-intercept
(3,0

4 X

Independent variable = time, dependent variable = amount of water in the tank
Initially there are 80 litres of water.

Time cannot be negative.

4 litres per minute

20 minutes

804
3 60
=
(=
E 401
= 20-

0 T T T T T
0 4 8 121620

t minutes

-0 6a TV e T

Exercise 3.3 Determining linear equations

l.a.y=2x+4 b.y=-3x+12 c.y=—-x+95 dy=2x-8
e.y=%x+3 f.y=—%x—4 gy=Tx-5 h.y=-3x-15

2.a.y=2x b. y = -3x c.y=;—x d.y=—%x

Ja.y=x+3 b.y=2x-1 c.y=—%x+% d.y=%x+%
e.y=-2x-2 f.y=—-—x-8

4.a.y=3x+3 b.y=-3x+4 c.y=—-4x+2 dy=4x+2
ey=—-x—4 f.y=05x—-4 g y=5+25 h.y=—-6x+3
iy=-25x+15 joy=35x+65

5.a.y=5x—-19 b. y = =5x + 31 c.y=—-4x-1 d.y=4x-34 e.y=3x-35
f.y=-3x+6 g y=-2x+30 h.y=2x-45 i.y=05x-19 joy=-05x+55
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6. a. Independent variable = time (in hours), dependent variable = cost (in $)

b. t 0 1 2 3
C 2 8 14 20

@
40+
36
324
28+

& 24+
220+
=}
©-16+
124
8
44

(=)

Time (hours)

d.i. (0,2)
ii. The y-intercept represents the initial cost of bowling at the alley, which is the shoe rental.
e. m = 6, which represents the cost to hire a lane for an additional hour.
f.C=6+2
g $32
h. Answers will vary.

7. It does not matter if you rise before you run or run before you rise, as long as you take into account whether the rise or run is

negative.
y—c

8.a.m= b.y=mx+c

x
9. Teacher to check 1
10. myup = mep = 2 and mpe = myp = > As opposite sides have the same gradients, this quadrilateral is a parallelogram.

Challenge 3.1
y= %x +2

Exercise 3.4 The distance between two points

1. AB=5, CD =2V10 or 632, EF = 3v2 or 424, GH = 2V5 or 447, I =5, KL = V26 or 5.10, MN = 42 or 5.66,
OP = V10 or 3.16

2.a.5 b. 13 c. 10 d. 7.07 e 6.71
f. 14.42 g 13 h. 13 i. Va2 + 4p2 jo3Var + b?

3.B

4.D

5.a. AB =447, BC=2.24, CD =447, DA =224
b. AC=5 BD=5
¢. Rectangle

6, 7 and 8 Answers will vary.

9.a. 12 b. 5 c. 13 d. -2.2
10. Answers will vary.

11.a=2

12.a. myp =1 and mpc = —% b.D 4,-1) c. Teacher to check

Exercise 3.5 The midpoint of a line segment

La. (-3,-3) b. (75.0) e (=1,1) d. (0.13) e. (2a, 1b) f. (a+b, sa)
2. (=3,-10)

3.a.3,1) b. 4.47 b. 6.32

4.D

5.C
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6.a.i. (-1,4) ii. (1 l 1) iii. 3.91
b. BC=7.8=2PQ
(1,-0.5) ii. (1,-0.5)
b. The diagonals bisect each other, so it is a parallelogram.
(-2,2) ii. 8.94 iii. 9.55
a. Isosceles. PC is the perpendicular height of the triangle.
9. y=-3x-2
10.3y = 2x+ 14 =0
11. Teacher to check

12. (4k — 1,3.5 — 5k)

7. a.i.

8. a.i. iv. 9.55

Exercise 3.6 Parallel and perpendicular lines
1. a. No b. Yes c. No
2.b,f5c, e

. Answers will vary.

d. No

. Answers will vary.
. Answers will vary.
. a. Yes b. Yes c. No d. Yes
.y=2x-9

. 3x+2y—-8=0

.a.y=3x+2

o LN N AW

.y =—4x+9 c.3x—-2y—-8=0

d.5y+2x+13=0

e. Yes f. No

e. Yes f. No

ex+5+5=0

f.x-3y+17=0
10.a. 2x —y+5=0
11.a. 3x =5y +2=0
12.a. x=1
13.a. B
14.a. (2,5)
15.y=—x-3
16.4x — 6y +23 =0
17.a. y=—x+5
18. Answers will vary.
19. Answers will vary.
20.B
21.E
22.a.y=-2x+1
23.a,e; b, f;c,h;d, g

24.y = —%x -g % .

25.a.m=— b.m ==

26.E

27.B

28.a. 5.10 km b. (6.5,5.5) c 2 d.y=2x-18

. x—3y—14=0
x+2y=0

. S5x+3y—-8=0
y=-7

C

T T T T

b. 1

b.y=x+3

b.3y+2x+1=0

c.D d.B

c. Answers will vary. d. Isosceles triangle

c. (1,4)

e. (10,2) f. 7.07 km

29, 30, 31 Answers will vary.
32.a. (2,0),(2,2) or (=2,0), (=2,2) or (1, 1), (1,-1)

b. (1,V3) or (1, —V3) c. 3, 1), (=1,1) or (1,=1)
33.a.x=1 b. Answers will vary.
34.a. Answers will vary. b. Yes
35.a. OA: 2x + 3y — 13=0;0B: x =3
36. Teacher to check
37.a. Line A:2x—y—1=0,LineB:3x+4y - 18 =0,LineC: x — 6y — 6 =0

c. Yes
b. 3, -

¢, d. Answers will vary.
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31 A(2,3)

c. Scalene

Challenge 3.2
37, 68, 125, 230. To find the next number, add the three preceding numbers.

3.7 Review
1.

A AN U o
OO0 » 0Q» QWO >

10. X -10 -8 -6 -4 =2 0 2 4 6 8 10
y 65 55 45 35 25 15 5 -5 -15 -25 -35

Y

801

60-

40-

10864200 2 T8 10
=10=8 264 =35

—40-
_60.
_8().

[ d. Y

44

11. a. Y, = 3x_2 b.
(%y 0)_1 1D
0

T X
! 25.0)

-24(0,-2) 0 %
3, y=I1x-3
0,-3)

. 6 .
12. a. x-intercept = > y-intercepth = 6 b. x-intercept = %0’ (=13 %)’ y-intercepth = —5
¢. x-intercept = %, (=1 %), y-interceptb = —% d. x-intercept = —5.6, y-interceptb = 2.8
13. a. c. d. Y,

x+y+3=
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15.

17.a. y=Tx - 13 b.y=-3x+4 c.y=5x+6 dy==x-—
18. V61

19. Answers will vary.
20. Answers will vary.
21.(0,-18)

22. Answers will vary.
23. Answers will vary.
24.x+2y-2=0
25.2x+3y—-9=0
26.3x +2y—-21=0
27.3x =2y +16=0

28.a. i. —g ii. % iii. 4x + 5y — 61 =0 iv.5x -4y -25=0 v. (9,5)

b. Square

1 | 1.1

.a. i, — ii. (—, 1 ii. 4—, 1=

29.a. i 0 ( > ) ( 5 2)
b. Answers will vary.

Investigation — Rich task

-8 -6 A2 6 8 10121416~

1. The symbol is the one used to represent a speaker.

2. The shape is a trapezium.
Area = %(length line 6 + length line 8) X

perpendicular distance between these lines.

= %(4@ + 14v2) x 7V2

= 126 units?

3. Teacher to check
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NUMBER AND ALGEBRA

TOPIC 4
Simultaneous linear
equations and inequalities

4.1 Overview

Numerous videos and interactivities are embedded just where you need them, at the point of learning, in
your learnON title at www.jacplus.com.au. They will help you to learn the content and concepts covered
in this topic.

411 Why learn this?

Picture this — you own a factory that produces two
different products, and you are planning to buy some new
machines. The big machines are more expensive than the
small ones, take up more floor space and need more staff
to operate, but they can produce more. Which machines
should you buy?

Solving simultaneous equations will help you determine
feasible solutions to questions like this.

4.1.2 What do you know? assess[J])

1. THINK List what you know about linear equations and linear inequations. Use a thinking tool such as
a concept map to show your list.

2. PAIR Share what you know with a partner and then with a small group.

3. SHARE As a class, create a thinking tool such as a large concept map that shows your class’s knowledge
of linear equations and linear inequations.

LEARNING SEQUENCE

4.1 Overview
4.2 Graphical solution of simultaneous linear equations
4.3 Solving simultaneous linear equations using substitution
4.4 Solving simultaneous linear equations using elimination
4.5 Applications of simultaneous linear equations
4.6 Solving simultaneous linear and non-linear equations
4.7 Solving linear inequalities
4.8 Inequalities on the Cartesian plane
4.9 Solving simultaneous linear inequalities

4.10 Review

learn RESOURCES — ONLINE ONLY

Watch this eLesson: The story of mathematics: Khayyam (eles-1843)
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4.2 Graphical solution of simultaneous linear equations

4.2.1 Simultaneous linear equations

e Simultaneous means occurring at the same time.

* When a point belongs to more than one line, the coordinates of the point satisfy all equations. The
equations of the lines are called simultaneous equations. An example is shown below.

* A system of equations is a set of two or more equations with the same

variables.

* To solve simultaneous equations is to calculate the values of the variables

that satisfy all equations in the system.

* Any two linear graphs will meet at a point, unless they are parallel.
* At this point, the two equations simultaneously share the same x- and
y-coordinates, which are referred to as the solution.

3}’/
1/ v=x+2
2

— 5
-4-34-10)
2
3

* Simultaneous equations can be solved graphically or algebraically.

4.2.2 Graphical solution

* The solution to a pair of simultaneous equations can be found by graphing the two equations and
identifying the coordinates of the point of intersection.
* An accurate solution depends on drawing an accurate graph.

* Graph paper or graphing software can be used.

WORKED EXAMPLE 1 Tl | CASIO
Use the graphs of the given simultaneous equations to determine y
the point of intersection and, hence, the solution of the 3- =03
simultaneous equations. \,
x=2y=4 15 xX+2y=4
y = 2x - 3 T T T T T X
AN AN\
24
7
THINK WRITE/DRAW
1 Write the equations and number them. x+2y=4 [1]
y=2x-3 [2]
2 Locate the point of intersection of the two lines. Point of intersection (2, 1)
This gives the solution. Solution: x =2 andy =1
y
\3; y=2x-3
e N g+2y=4
_I O T T T T x
ENEE 4\5\
=2
7
4
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3 Check the solution by substituting x = 2 and Check equation [1]:

y = 1 into the given equations. Comment on LHS = x +2y RHS =4
the results obtained. =2+2(1)
=4
LHS = RHS
Check equation [2]:
LHS =y RHS =2x -3
— 1l =22)-3
=4-3
=1
LHS = RHS

In both cases LHS = RHS, therefore the solution
set (2, 1) is correct.

WORKED EXAMPLE 2 Tl | CASIO

Check whether the given pair of coordinates, (5, —2), is the solution to the following pair of
simultaneous equations.

3x —2y=19
49 +x =-3
THINK WRITE
1 Write the equations and number them. 3x —2y=19 [1]
4y +x = -3 [2]
2 Substitute x = 5 and y = —2 into Check equation [1]:
equation [1]. LHS = 3x — 2y RHS = 19
=3(5) — 2(=2)
=15+4
=19
LHS = RHS
3 Substitute x = 5 and y = -2 into Check equation [2]:
equation [2]. LHS =4y + x RHS = -3
=4(-2) +5
=-8+5
=-3
LHS = RHS

Therefore, the solution set (5, —2) is a solution to
both equations.

WORKED EXAMPLE 3

Solve the following pair of simultaneous equations using a graphical method.

x+y=6
2x + 4y = 20
THINK WRITE/DRAW
1 Write the equations, one under the other and xX+y=6 [1]
number them. 2x + 4y =20 [2]
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2 Calculate the x- and y-intercepts for

equation [ 1]. For the x-intercept, substitute
y = 0 into equation

For the y-intercept, substitute x = 0 into
equation [1].

Calculate the x- and y-intercepts for equation
[2].

For the x-intercept, substitute y = 0 into
equation [2].

Divide both sides by 2.

For the y-intercept, substitute x = 0 into
equation [2].

Divide both sides by 4.

Use graph paper to rule up a set of axes and
label the x-axis from O to 10 and the y-axis
from O to 6.

Plot the x- and y-intercepts for each equation.

Produce a graph of each equation by ruling a
straight line through its intercepts.

Label each graph.
Locate the point of intersection of the lines.

Check the solution by substituting x = 2 and
y = 4 into each equation.

10 State the solution.

Equation [1]
x-intercept: when y = 0,
x+0=6

x=06
The x-intercept is at (6, 0).
y-intercept: when x = 0,
0+y=6

y==6
The y-intercept is at (0, 6).

Equation [2]
x-intercept: when y = 0,

2x+0=20
2x =20
x =10

The x-intercept is at (10, 0).

y-intercept: when x = 0,

0+ 4y =20
4y =20
y=3

The y-intercept is at (0, 5).

The point of intersection is (2, 4).

Check [1: LHS =x + y RHS =6
=2+4
=6
LHS = RHS
Check [2]: LHS = 2x + 4y
=22) +44)
=44 16
=20
LHS = RHS

RHS =20

In both cases, LHS = RHS. Therefore, the solution
set (2,4) is correct.
The solution is x = 2,y = 4.
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4.2.3 Equations with multiple solutions

* Two lines are coincident if they lie one on top of the other. For exam- ¥
ple, the line in blue and line segment in red at right are coincident. 4

* There are an infinite number of solutions to coincident equations. 3
Every point where the lines coincide satisfies both equations and 21 [y=2605<x<L5
hence is a solution to the simultaneous equations. H y=2x

* Coincident equations have the same equation, although the equa- B3R 1 5 3 ax
tions may have been transposed so they look different. For example, i

y =2x + 3 and 2y — 4x = 6 are coincident equations.

4.2.4 Equations with no solutions

e If two lines do not intersect, there is no simultaneous solution to the
equations. For example, the lines at right do not intersect, so there is no
point that belongs to both lines.

» Parallel lines have the same gradient but a different y-intercept.

* For straight lines, the only situation in which the lines do not cross is if
the lines are parallel and not coincident.

* Writing both equations in the form y = mx + ¢ confirms that the lines are /70(

: : 246 810
parallel since the gradients are equal.

x—y=1 (1] dx — 2y = =2 [2]
-y =1-2x -2y = -2 — 4x
-y =-2x+1 =2y =—4x -2
y=2x-1 y=2x+1
Gradientm = 2 Gradientm = 2

4.2.5 Perpendicular lines

* Perpendicular lines meet at right angles (90°). |
* Perpendicular lines have negative reciprocal gradients: m; = ;1— or mym, = —1,
2

where m; is the gradient of the first line and m, is the gradient of the second line.

For example, for the two lines at right, m; = 2 and m, = _71

learn RESOURCES

Complete this digital doc: Skill[SHEET: Graphing linear equations using the x- and y-intercept
method (doc-5217)

Exercise 4.2 Graphical solution of simultaneous linear
equations assess[]])

Individual pathways

Il PRACTISE Il CONSOLIDATE B MASTER
Questions: Questions: Questions:
1, 2a-d, 3a-d, 4a-d, 7 1, 2¢—g, 3a-d,, 421, 5,7,9 1, 2e—j, 3-10

[l B W Individual pathway interactivity: int-4577 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
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Fluency

1. IIE1 Use the graphs to find the solution of the simultaneous equations.
b.x+y=2
Ix—y=2

ax+y=3

T 000) 2 Ne s X
727
3] x+y=3

cy—x=4
3x+2y=8
y

y=x=4
X
IIIIIZIX

N

6

¢
24\ y+2x=3
1_
X
TSN 33
1
oN
-3 2y+x=0
f.2y —4x=5
4y +2x =5
Yy
6_
4: 2y—4x =15
] 4y +2x=5
“ilolols T Tols Tilo s oo [ X
1
_4_
~64

2. A For the following simultaneous equations, use substitution to check if the given pair of

coordinates is a solution.

a. (7,5) 3x + 2y = 31
2x + 3y = 28
¢ 91 x+3y=12
Sx —2y=43
e (4,-3) y=3x—-15
4x + Ty =-5
g (4,-2) 2x+y =6
x—3y=38
i(=2,-5) 3x-2y=-4
2x =3y =11

b. 3,7) y—x=4

2y +x=17
d (2,5 x—y=7

2x + 3y =18
f. (6,-2) x—=2y =2

3x+y=16
h. (5, 1) y—5x=-24

3y + 4x =23
j=3,-1) y—x=2

2y = 3x =17
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3. I Solve each of the following pairs of simultaneous equations using a graphical method.

ax+y=>5 b.x+2y=10 c¢2x+3y=6

2x+y=28 3x+y=15 2x—y=-10
x—3y=-8 _ _
"y 4y=-2 e. 6x+5y=12 fy+2x=6

5x + 3y =10 2y+3x=9

g yv=3x+10 h.y=38 idx—2y=-5
y=2x+8 3x+y=17 x+3y=4
j3x+y=11 K. 3x + 4y =27 L3y+3x=38

4x —y=3 x+2y=11 3y+2x=6

Understanding
4. Using technology, determine which of the following pairs of simultaneous equations have no
solutions. Confirm by finding the gradient of each line.

ay=2x—4 b. 5x — 3y =13 c.x+2y=28 dy=4x+5
3y —6x=10 4x — 2y =10 5x + 10y =45 2y — 10x =8

e3y+2x=9 f.y=5-3x g4y+3x=7 h2y—-x=0
6x + 4y =22 3y =-9x+ 18 12y + 9x =22 14y —6x =2

5. Two straight lines intersect at the point (3, —4). One of the lines has a y-intercept of 8. The second
line is a mirror image of the first in the line x = 3. Determine the equation of the second line.
(Hint: Draw a graph of both lines.)

Reasoning

6. At a well-known beach resort it is possible to hire a jet-ski by the hour in two different locations. On
the northern beach the cost is $20 plus $12 per hour, while on the southern beach the cost is $8 plus
$18 per hour. The jet-skis can be rented for up to 5 hours.

a. Write the rules relating cost to the length of rental.

b. On the same set of axes sketch a graph of cost (y-axis) against
length of rental (x-axis) for 05 hours.

c¢. For what rental times, if any, is the northern beach rental cheaper than
the southern beach rental? Use your graph to justify your answer.

d. For what length of rental time are the two rental schemes identical?
Use the graph and your rules to justify your answer.

7. For each of the pairs of simultaneous equations below, determine
whether they are the same line, parallel lines, perpendicular lines or intersecting lines. Show your working.
a2x—y=-9 b.x—y=7 cx+6=y dx+y=-2

—4x — 18 = =2y x+y=7 2x+y=6 x+y=7

8. Which of the following problems has one solution, an infinite number of solutions or no solution?
Explain your answers.
ax—y=1 b.2x—y=5 cx—2y=-8

2x — 3y =2 4x — 2y = —6 4x — 8y = —16
Problem solving

9. Line A is parallel to the line with equation y — 3x — 3 = 0 and passes through the point (1,9). Line B
is perpendicular to the line with equation 2y — x + 6 = 0 and passes through the point (2, —3).

a. Find the equation of line A.
b. Find the equation of line B.
¢. Sketch both lines on the one set of axes to find where they intersect.
10. Solve the system of three simultaneous equations graphically.
3x—y=2 y+3x=4 2y —x=1

Reflection
What do you think is the major error made when solving simultaneous equations graphically?
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4.3 Solving simultaneous linear equations using

substitution

4.3.1 Solving simultaneous linear equations

* There are two algebraic methods that are commonly used to solve simultaneous equations.
* They are the substitution method and the elimination method.

4.3.2 Substitution method

* The substitution method is particularly useful when one (or both) of the equations is in a form where

one of the two variables is the subject.

* This variable is then substituted into the other equation, producing a third equation with only one variable.
* This third equation can then be used to determine the value of the variable.

WORKED EXAMPLE 4 Tl | CASIO

Solve the simultaneous equations y = 2x — 1 and 3x + 4y = 29 using the substitution method.

THINK
1 Write the equations, one under the other and number
them.
2 yand 2x — 1 are equal so substitute expression
(2x — 1) for y into equation [2].
3 Solve for x.
i Expand the brackets on the LHS of the equation.
ii Collect like terms.
ili Add 4 to both sides of the equation.
iv Divide both sides by 11.

4 Substitute x = 3 into either of the equations, say [ 11,
to find the value of y.

5 Write your answer.

6 Check the solution by substituting (3, 5) into
equation [2].

WRITE
y=2x—-1 [1]
3x +4y =29 [2]

Substituting (2x — 1) into [2]:
3x+42x—-1) =29

3x + 8x —4 =29

11x —4 =29
11x =33
x=3
Substituting x = 3 into [ 11:
y=23)-1
=6-1
=5

Solution: x =3,y =5 or (3, 5)
Check: Substitute (3, 5) into

3x + 4y = 29.

LHS = 33) + 4(5) RHS = 29
=94+ 20
= 29

As LHS = RHS, the solution is correct.

WORKED EXAMPLE 5

Solve the pair of simultaneous equations y = 5x — 8 and y = —3x + 16 using the substitution

method.

THINK WRITE

1 Write the equations, one under the other and number y = 5x — 8 [1]
them. y=-3x+ 16 [2]

2 Both equations are written with y as the subject, so
equate them.

Sx —8=-3x+ 16
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3 Solve for x.

i Add 3x to both sides of the equation. 8x — 8 =16
ii Add 8 to both sides of the equation. 8x =24
iii Divide both sides of the equation by 8. x=3
4 Substitute the value of x into either of the original Substitutingx = 3into [1]:
equations, say [ 1], and solve for y. y=53)-38
=15-8
=7
5 Write your answer. Solution: x =3,y =7 or (3,7)
6 Check the answer by substituting the point of Check: Substitute into y = —3x + 16.
intersection into equation [2]. LHS =y
=17
RHS = —3x + 16
=-33) + 16
=-94 16
=7

As LHS = RHS, the solution is correct.

Exercise 4.3 Solving simultaneous linear equations
using substitution assess[]])

Individual pathways

Il PRACTISE Il CONSOLIDATE B MASTER
Questions: Questions: Questions:
1a-d, 2a-d, 4, 6, 8 1a-d, 2c-f, 5-9 1-11

[l B E Individual pathway interactivity: int-4578 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. I3 Solve the following simultaneous equations using the substitution method. Check your solutions
using technology.

ax=-10+4y b.3x+4y=2 ¢3x+y=7 d. 3x + 2y =33
3x+5y=21 x=T7+ 5y x=-3-13y y =41 - 5x

ey=3x-3 fdx+y=9 gx=-5-2y h.x=-4 -3y
—S5x+3y=3 y=11 - 5x Sy+x=-11 —3x—-—4y=12

Lx=7+4y jox=14+ 4y k.3x+2y=12 Ly=2x+1
2x+y=-4 —2x 4+ 3y=-18 x=9-4y —-5x -4y =35

2. I Solve the following pairs of simultaneous equations using the substitution method. Check your
solutions using technology.

ay=2x—1landy=4x+1 b.y=3x+8andy="7x - 12
c.y=2x—10and y = —3x dy=x—-9andy = -5x
ey=—-4x—3andy=x-8 f.y=-2x—-5andy=10x+1
gy=—x—2andy=x+1 h.y=6x+2and y = —4x
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iLy=0.5xand y = 0.8x + 0.9 j» y=03xand y =0.2x + 0.1

k.y=—xandy=—%x+; l.y=—xandy=—%x—%

Understanding
3. A small farm has sheep and chickens. There are twice as many chicken
as sheep, and there are 104 legs between the sheep and the chickens.
How many chickens are there?
4. Use substitution to solve each of the following pairs of simultaneous

equations.
a.S5x+2y=17 b. 2x + 7y =17
_3x=7 x_1—3y
YT T4
c2x+3y=13 d —2x-3y=-14
4x — 15 2+ 5y
y= X =
5 3
e3x+2y=6 f.-3x—-2y=-12
y=3—§ y=5x—20
3 3

5. Use substitution to solve each of the following pairs of simultaneous equations for x and y in terms of
m and n.

amx+y=n b.x+ny=m cemx—y=n
y = mx y = nx y =nx

d mx—ny=n e.mx —ny=-—m fmx+y=m
y=x x=y-n Lo tm

n
6. Determine the values of a and b so that the pair of equations ax + by = 17 and 2ax — by = —11 has a
unique solution of (-2, 3).
7. The earliest record of magic squares is from China in about 2200 BC. In magic squares the sums of the
numbers of each row, column and diagonal are all equal to a magic number. Let z be the magic number.
By creating a set of equations, solve to find the magic number and the missing values in the magic square.

m 11 7
9
n 5 10
Reasoning
8. a. For the pair of simultaneous equations:
8x—-T7y=9
x+ 2y =4,

which of the equations is the logical choice to make x the subject of the equation?
b. Use the substitution method to solve the system of equations. Show all your working.
9. A particular chemistry book costs $6 less than a particular physics book, while two such chemistry
books and three such physics books cost a total of $123. Construct two simultaneous equations and
solve them using the substitution method. Show your working.

Problem solving
10. Use the substitution method to solve the following.
2x+y-9=0
4x+5y+3=0
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11. Use the substitution method to solve the following.

y—x x4y
5 =

D= =

3
+

W | =
R <

Reflection

When would you choose the substitution method in solving simultaneous equations?

4.4 Solving simultaneous linear equations using

elimination

4.41 The elimination method

e The elimination method is an algebraic method to solve simultaneous 5, +y

equations without graphing.
If two balanced equations contain the same variables, the equations can
be added or subtracted to eliminate one of the variables. For example, the
equations 2x + y = 5 and x + y = 3 are shown at right on balance scales.
If the left-hand side of the second equation is subtracted from the
left-hand side of the first equation, and the right-hand side of the second
equation is subtracted from the right-hand side of the first equation, the
variable y is eliminated, leaving x = 2.
Another way to represent this situation is:

2x+y =5
—x+y=3)
X =2

In this example, the variable is eliminated by subtraction to reveal the
value of x. The value of y can then be calculated by substituting x = 2

into either equation.
2 +y=5=>y=1

5
,
AV,
l 4
g
Subtract

x+y 3

AVP
&, i,
» .,

X 2
&9, ,
» .,

WORKED EXAMPLE 6

Solve the following pair of simultaneous equations using the elimination method.

—2x —3y=-9 2x+y=7

THINK

1 Write the equations, one under the other and number

them.

2 Look for an addition or subtraction that will eliminate

either x or y.

Note: Adding equations [1] and [2] in order will

eliminate x.

3 Solve for y by dividing both sides of the equation by —2.

4 Substitute the value of y into equation [2].
Note: y = 1 may be substituted into either equation.

5 Solve for x.

i Subtract 1 from both sides of the equation.
ii Divide both sides of the equation by 2.

WRITE
—2x — 3y=-9 [1]
2x+y=17 [2]

(11 + [2]:
2x—=3y+ 2x+y)=-9+7
—2x—3y+2x+y =-2

—2y = -2
y=1
Substituting y = 1 into [2]:
2x+1=7
2x =06
x=3

122 Jacaranda Maths Quest 10 + 10A



6 Write the solution.

Solution: x =3, y=1or (3,1)

7 Check the solution by substituting (3, 1) into equation [ 1] Check: Substitute into —2x — 3y = =9,

since equation [2] was used to find the value of x.

LHS = -2(3) — 3(1)

=—6-3
=-9

RHS = -9
LHS = RHS, so the solution is correct.

» If a variable is not eliminated when the equations are simply added or subtracted, it may be necessary
to multiply one or both equations by some number or numbers so that when the equations are added,

one of the variables is then eliminated.

* If two equal quantities are multiplied by the same number, the results remain equal.

3x+1

—

ATD,

y
»

IEEEE\S

7 Double both sides and it
’4 remains balanced.

6x+2 8
ﬁ

\.--
EEEE
E

A Y

=|=|=|—

» .’

WORKED EXAMPLE 7

Solve the following pair of simultaneous equations using the elimination method.

x — 5y =-17 2x+3y=5
THINK WRITE
1 Write the equations, one under the other and number them. x — 5y = —17 [1]
2x +3y=35 [2]

2 Look for a single multiplication that will create the same
coefficient of either x or y. Multiply equation [1] by 2 and
call the new equation [3].

3 Subtract equation [2] from [3] in order to eliminate x.

4 Solve for y by dividing both sides of the equation by —13.
S Substitute the value of y into equation [2].

6 Solve for x.
i Subtract 9 from both sides of the equation.
ii Divide both sides of the equation by 2.
7 Write the solution.
8 Check the solution by substituting into equation [ 1].

[1] X 2: 2x — 10y = =34 [3]

[3] = [2]:
2x =10y — 2x+3y) =34 -5
2x — 10y — 2x — 3y = -39

—13y = -39
U=
Substituting y = 3 into [2]:
2x+33) =5
2x+9=5
2x = —4
x=-2

Solution: x = =2, y = 3 or (-2, 3)
Check: Substitute into x — Sy = —17.

LHS = (=2) — 5(3)
=-2-15
=17

RHS = —17

LHS = RHS, so the solution is correct.
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Note: In this example, equation [ 1] could have been multiplied by —2 (instead of by 2), then the two equa-
tions added (instead of subtracted) to eliminate x.

WORKED EXAMPLE 8

Solve the following pair of simultaneous equations using the elimination method.
6x + 5y =3 Sx + 4y =2

THINK WRITE
1 Write the equations, one under the other and number 6x + 5y = 3 [1]
them. Sx+4y=2 [2]
2 Decide which variable to eliminate, say y. Eliminate y.
Multiply equation [ 1] by 4 and call the new [1] x 4: 24x + 20y = 12 [3]
equation [3].
Multiply equation [2] by 5 and call the new [2] x 5: 25x + 20y = 10 (4]

equation [4].

3 Subtract equation [3] from [4] in order to eliminate y. [4] — [3]:
25x 4+ 20y — (24x + 20y) = 10 — 12
25x + 20y — 24x — 20y = -2

x =-2
4 Substitute the value of x into equation [ 1]. Substituting x = —2 into [1]:
6(—2) + 5y =3
—12+5y=3
5 Solve for y.
i Add 12 to both sides of the equation. Sy=15
ii Divide both sides of the equation by 5. y=3
6 Write your answer. Solution x = =2, y = 3 or (-2, 3)
7 Check the answer by substituting the solution into Check: Substitute into S5x + 4y = 2.
equation [2]. LHS = 5(-2) + 4(3)
=—-10+ 12
=W)
RHS =2

LHS = RHS, so the solution is correct.

Note: Equation [1] could have been multiplied by —4 (instead of by 4), then the two equations added
(instead of subtracted) to eliminate y.

Iearn RESOURCES — ONLINE ONLY

Try out this interactivity: Simultaneous linear equations (int-2780)

Complete this digital doc: WorkSHEET: Simultaneous equations | (doc-13851)
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Exercise 4.4 Solving simultaneous linear equations
using elimination assess[]])

Individual pathways

B PRACTISE Il CONSOLIDATE B MASTER

Questions: Questions: Questions:

1, 2, 3a—c, 4a-c, 5a-c, 6, 7 1, 2, 3a—d, 4a—-e, 5a-d, 7, 8, 9 1, 2, 3d-f, 43e-i, 5¢-f, 6-10
Il B W Individual pathway interactivity: int-4579 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
Fluency

1. IIE3 Solve the following pairs of simultaneous equations by adding equations to eliminate
either x or y.

ax+2y=5 b. 5x + 4y =2 ¢ 2x+y=10
—x+4y=1 S5x — 4y =-22 2x + 3y =14
2. Solve the following pairs of equations by subtracting equations to eliminate either x or y.
a3x+2y=13 b. 2x — S5y = —-11 c. 3x—y=28
S5x +2y =23 2x+y=7 —3x+4y=13
3. Solve each of the following equations using the elimination method.
a. 6x — 5y =—-43 b. x — 4y =27 c. 4x+y=-10
6x —y=-23 3x—4y=17 4x -3y =14
d. —5x+3y=3 eS5x—5y=1 fdx-3y—-1=0
“Sx+y=-4 2x =5y =-5 4x+T7y—-11=0
4. Solve the following pairs of simultaneous equations.
abx+y=9 b.x+3y=14 ¢5x+y=27
-3x+2y=3 3x+y=10 4x + 3y =26
d. —6x+5y=-14 e2x+5y=14 f.-3x+2y=6
-2x+y=-6 3x+y=-5 x+4y=-9
g3x—-5y=7 h.2x+3y=9 —x+5y=7
x+y=-11 4x +y=-7 S5x +5y=19
5. IIE Solve the following pairs of simultaneous equations.
a. —4x + 5y =-9 b. 2x + 5y = -6 c.2x—2y=—-4
2x + 3y =21 3x+2y=2 Sx +4y=17
d2x-3y=6 e XY= £x, Y_3
4x -5y =9 2 3} 32 2
X x Yy 1
T4 = 4 il (A
473 »ts=

Understanding
6. Solve the following simultaneous equations using an appropriate method. Check your answer using

technology.

a.7x+3y=16 b.2x +y=38 ¢ -3x+2y=19
y=4x —1 4x + 3y =16 4x + 5y =13

d -3x+7y=9 e. —4x + 5y =-7 f.y=—%c X
4dx — 3y =7 x=23 -3y y=-—X—c
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Reasoning

7. Ann, Beth and Celine wanted to weigh themselves, but the scales
they had were broken and would only give readings over 100 kg.
They decided to weigh themselves in pairs and calculate their
weights from the results.
* Ann and Beth weighed 119 kg
* Beth and Celine weighed 112 kg
* Celine and Ann weighed 115 kg
How much did each of the girls weigh? Show your working.

8. a. For the general case ax+ by =-¢ [1]
cx+dy=f [2]
y can be found by eliminating x.
i. Multiply equation [ 1] by ¢ to create equation 3.
iil. Multiply equation [ 2] by a to create equation 4.
iii. Use the elimination method to find a general solution for y.
b. Use a similar process to that outlined above to find a general solution for x.
¢. Use the general solution for x and y to solve each of the following.
L2x+5y=7 iil. 3x —-5y=4
Ix+2y =24 x+3y=5
Choose another method to check that your solutions are correct in each part.
d. For y to exist, it is necessary to state that bc — ad # 0. Why?
e. Is there a necessary condition for x to exist? Explain.

Problem solving

9. Use the method of elimination to solve
x—4

+y=-2
2y — 1
7

10. Use an appropriate method to solve
2x+3y+3z=-1

+x=6.

3x-2y+2z=0
7+ 2y=0.
Reflection

How does eliminating one variable help to solve simultaneous equations?

CHALLENGE 4.1

Ifx+y=17,y + z= 15 and x + z = 14, what is the ‘;‘d
value of z? ; E
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4.5 Applications of simultaneous linear equations
4.5.1 Applications of simultaneous linear equations

* There are many practical applications of simultaneous equations, some examples of which are shown

below.

* When solving practical problems, the following steps can be useful.
— Define the unknown quantities using appropriate pronumerals.

— Use the information given in the problem to form two equations in terms of these pronumerals.
— Solve these equations using an appropriate method.

— Write the solution in words.
— Check the solution.

WORKED EXAMPLE 9

Ashley received better results for his Mathematics test than for his English test. If the
sum of the two marks is 164 and the difference is 22, calculate the mark he received for

each subject.

THINK

1 Define the two variables.

2 Formulate two equations from the information
given and number them.
The sum of the two marks is x + y.
The difference of the two marks is x — y.

3 Use the elimination method by adding equations [ 1]
and [2] to eliminate y.

4 Solve for x by dividing both sides of the equation
by 2.

5 Substitute the value of x into equation [1].

6 Solve for y by subtracting 93 from both sides
of the equation.

7 Write the solution.

8 Check the solution by substituting x = 93 and y = 71
into equation [ 1].

WRITE

Let x = the Mathematics mark.
Let y = the English mark.

x+y= 164 [1]
x—y=22 2
[1] + [2]: 2x =186

x =93

Substituting x = 93 into [1]:

x+ y= 164

93 + y= 164
y=71

Solution:

Mathematics mark (x) = 93
English mark (y) = 71

Check: Substitute into x + y = 164.

LHS = 93 + 71 RHS = 164
= 164

As LHS = RHS, the solution
18 correct.
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WORKED EXAMPLE 10

To finish a project, Genevieve buys a total of 25 nuts and bolts

from a hardware store. If each nut costs 12 cents, each bolt costs
25 cents and the total purchase price is $4.30, how many nuts

and how many bolts does Genevieve buy?

THINK
1 Define the two variables.

2 Formulate two equations from the information given
and number them.
Note: The total number of nuts and bolts is 25. Each
nut cost 12 cents, each bolt cost 25 cents and the total
cost is 430 cents ($4.30).

3 Solve simultaneously using the substitution method,
since equation [ 1] is easy to rearrange.

4 Rearrange equation [ 1] to make x the subject by
subtracting y from both sides of equation [ 1].

S Substitute the expression (25 — y) for x into
equation [2].
6 Solve for y.

7 Substitute the value of y into the rearranged equation
x =25 — y from step 4.

8 Write the solution.

9 Check the solution by substituting x = 15 and y = 10
into equation [1].

WRITE

Let x = the number of nuts.
Let y = the number of bolts.
x+y=25 [1]
12x + 25y = 430 [2]

Rearrange equation [ 1]:
x+y=25

x=25-y
Substituting (25 — y) into [2]:
12(25 — y) + 25y =430

300 — 12y + 25y = 430
300 + 13y = 430
13y + 300 = 430
13y = 130
y =10
Substituting y = 10 into x = 25 — y:
x=25-10
x =15
Solution:
The number of nuts (x) = 15.
The number of bolts (y) = 10.

Check: Substitute into x + y = 25.

LHS = 15 + 10 RHS = 25
= 25

As LHS = RHS, the solution is correct.

learn

RESOURCES — ONLINE ONLY

Complete this digital doc: WorkSHEET: Simultaneous equations Il (doc-13852)
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Exercise 4.5 Applications of simultaneous linear equations assess[]])

Individual pathways

Hl PRACTISE Il CONSOLIDATE Il MASTER

Questions: Questions: Questions:

1-3, 6, 8, 12, 14, 16, 19 1,2,4,7,9,11,14, 16,17, 19 1,2,5,7,9, 10,13, 15-20
Il B B Individual pathway interactivity: int-4580 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. I Rick received better results for his Maths test than for his English test. If the sum of his two
marks is 163 and the difference is 31, find the mark for each subject.
2. 31 Rachael buys 30 nuts and bolts to finish a project. If each nut costs 10 cents, each bolt costs
20 cents and the total purchase price is $4.20, how many nuts and how many bolts does she buy?

Understanding

3. Find two numbers whose difference is 5 and whose sum is 11.

4. The difference between two numbers is 2. If three times the larger number minus twice the smaller
number is 13, find the two numbers.

5. One number is 9 less than three times a second number. If the first number plus twice the second
number is 16, find the two numbers.

6. A rectangular house has a perimeter of 40 metres and the length is 4 metres more than the width.
What are the dimensions of the house?

7. Mike has 5 lemons and 3 oranges in his shopping basket. The cost of the fruit is $3.50. Voula, with 2
lemons and 4 oranges, pays $2.10 for her fruit. How much does each type of fruit cost?

P

(k ‘

8. A surveyor measuring the dimensions of a block of land finds that the length of the block is three
times the width. If the perimeter is 160 metres, what are the dimensions of the block?

9. Julie has $3.10 in change in her pocket. If she has only 50 cent and 20 cent pieces and the total
number of coins is 11, how many coins of each type does she have?

10. Mr Yang’s son has a total of twenty-one $1 and $2 coins in
his moneybox. When he counts his money, he finds that its total value is
$30. How many coins of each type does he have? R / 3

11. If three Magnums and two Paddlepops cost $8.70 and the difference in
price between a Magnum and a Paddlepop is 90 cents, how much does
each type of ice-cream cost?

12. If one Redskin and 4 Golden Roughs cost $1.65, whereas 2 Redskins
and 3 Golden Roughs cost $1.55, how much does each type of sweet
cost?

13. A catering firm charges a fixed cost for overheads and a price per
person. It is known that a party for 20 people costs $557, whereas a
party for 35 people costs $909.50. What is the fixed cost and the
cost per person charged by the company?

TOPIC 4 Simultaneous linear equations and inequalities 129



14. The difference between Sally’s PE mark and Science mark is 12, and the sum |
of the marks is 154. If the PE mark is the higher mark, what did Sally get for
each subject?

15. Mozza’s Cheese Supplies sells six Mozzarella cheeses and eight Swiss cheeses to
Munga’s deli for $83.60, and four Mozzarella cheeses and four Swiss cheeses to
Mina’s deli for $48. How much does each type of cheese cost?

Reasoning

16. If the perimeter of the triangle in the diagram is 12 cm and the length of the
rectangle is 1 cm more than the width, find the value of x and y. Show your
working.

"FCI]] L

ycm
wo xg

e u
(y+3)cm

17. Mr and Mrs Waugh want to use a caterer for a birthday party for their twin sons. The manager says the
cost for a family of four would be $160. However, the sons want to invite 8 friends, making 12 people in
all. The cost for this would be $360. If the total cost in each case is made up of the same cost per person
and the same fixed cost, find the cost per person and the fixed cost. Show your working.

18. Joel needs to buy some blank DVDs and zip disks to back up a large amount of data that has been
generated by an accounting firm. He buys 6 DVDs and 3 zip disks for $96. He later realises these are
not sufficient and so buys another 5 DVDs and 4 zip disks for $116. How much did each DVD and
each zip disk cost? (Assume the same rate per item was charged for each visit.) Show your working.

Problem solving

19. At the football hot chips are twice as popular as meat pies and three times as popular as hot dogs.
Over the period of half an hour during half time, a fast-food outlet serves 121 people who each bought
one item. How many serves of each of the foods were sold during this half-hour period?

20. Three jet-skis in a 300 kilometre handicap race leave at two hour intervals. Jet-ski 1 leaves first and
has an average speed of 25 kilometres per hour for the entire race. Jet-ski 2 leaves two hours later and
has an average speed of 30 kilometres per hour for the entire race. Jet-ski 3 leaves last, two hours after
jet-ski 2 and has an average speed of 40 kilometres per hour for the entire race.

a. Sketch a graph to show each jet-ski’s journey on the one set of axes.
b. Determine who wins the race.
¢. Check your findings algebraically and describe what happened to each jet-ski during the course of the race.

Reflection
How do you decide which method to use when solving problems using simultaneous linear
equations?

CHALLENGE 4.2

1 At a fun park, the cost of a rollercoaster ride and a Ferris wheel ride is ‘/. .
$10. The cost of a Gravitron ride and a Ferris wheel ride is $12. The cost éfi
by
- —

of a rollercoaster ride and a Gravitron ride is $14. What is the cost of each -

ride?

2 A number has five digits. The digit 6 is three places to the right of the digit 9. &
The digit 4 is somewhere to the left of digit 6 and to the right of digit 2.
The digit 8 is three places to the left of the digit 4. What is the number? é
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4.6 Solving sim
equations

ultaneous linear and non-linear

4.6.1 Solving simultaneous linear and quadratic equations

» The graph of a quadratic function is called a parabola.

* A parabola and a straight lin
— intersect at only one point,

Y
6
4

24

e may:
as shown in red

4 2\0
(-1, -1) N

4

— intersect at two points, as shown in blue

— not intersect at all, as shown in green.
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WORKED EXAMPLE 11

Find the points of intersection of y = x>+ x — 6and y = 2x — 4:

a algebraically b graphically.
THINK WRITE/DRAW
a 1 Number the equations. a y= L+x—-6 [1]
Equate [1] and [2]. y=2x—4 [2]
P+x—6=2—4
2 Collect all the terms on one side and X+ x—6—-2x+4=2x—4 —-2x+ 4
simplify. P+x—6-2x+4=0
¥-x-2=0
3 Factorise and solve the quadratic equation, x=2)x+1)=0
using the null factor law. x—=2=0o0orx+1=0
x =2 x = -1
4 Identify the y-coordinate for each point of When x = 2,
intersection by substituting each y=22)-4
x-value into one of the equations. =4-4
=0
Intersection point (2, 0)
Whenx = —1
y=2(-1)-4
=-2-4
= —6
5 Write the solution. Intersection point(—1, —6)
b 1 To sketch the graph of y = X+ x— 6, b x-intercepts: y = 0
find the x- and y-intercepts and the turning 0=x>+x-6
point. 0=@x+3)(x-2)
x=-3,x=2

The x-intercepts are (—3, 0) and (2, 0).
y-intercept: x = 0
y=-6
The y-intercept is (0, —6).
—3+2 —_05

y = (=0.5)%+ (-0.5) — 6
y=—-6.25
The TP is (—0.5, —6.25).

x-value of TP:

2 To sketch the graph of y = 2x — 4, find x-intercept: y = 0
the x- and y-intercepts. 0=2x—4
x=2

The x-intercept is (2, 0)
y-intercept: x = 0
y=—4

The y-intercept is (0, —4)

132 Jacaranda Maths Quest 10 + 10A



3 On the same set of axes, sketch the
graphsofy=x2+x—6andy=2x—4,
labelling both.

4 On the graph, locate the points of
intersection and write the solutions.

44 y=2x—4

2,0

10864320 p 4 6 8 10F
y=x*+x-6

The points of intersection are (2, 0) and
(—1,-6).

4.6.2 Solving simultaneous linear and hyperbolic equations

* A hyperbola and a straight line may:

— intersect at only one point, as shown in red. In the first case, the line is a tangent to the curve.

—10-8 —6—4 2
i)
4

61
8-
—101

— intersect at two points, as shown in blue

10

-8
—101
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— not intersect at all, as shown in green.

—1'0—é—64—22 > 4 6 8 10%
4

—61
—8
—10-

WORKED EXAMPLE 12 Tl | CASIO

Find the point(s) of intersection between y = x + Sand y = g:

a algebraically b graphically.
THINK WRITE/DRAW
a 1 Number the equations. a y=x+5 [1]
6
Equate [1] and [2]. y=2 2]
x+5= 0
X
x(x+5) =6
2 Collect all terms on one side, X2 +5x—-6=0
factorise and simplify. x+6)x—1)=0
x=—-06, x =
3 To find the y-coordinates of x=-6
the points of intersection, y=—-6+5
substitute the values of y=-1
x into [1].
x=1
y=1+5
y=6
4 Write the solutions. The points of intersection are (—6, —1) and (1, 6).

b 1 To sketch the graph of y = g, b T 6l -5 [ —4 [ 3] -2 —1 0 112
draw a table of values.

y| -1 _1é _]% —2| =3| —6| Undef. | 6 | 3

2 To sketch the graph of x-intercept: y = 0
y =x + 5, find the x- and 0=x+5
y-intercepts. x= =5

The x-intercept is (-5, 0).
y-intercept: x = 0

y=35
The y-intercept is (0, 5).

134 Jacaranda Maths Quest 10 + 10A



3 On the same set of axes,
sketch the graphs of y = x + 5

and y = g, labelling both.

4 On the graph, locate the points
of intersection and write the
solutions.

The points of intersection are (1, 6) and (-6, —1).

4.6.3 Solving simultaneous linear equations and circles

* A circle and a straight line may:

— intersect at only one point, as shown in red. In this case, the line is a tangent to the curve.

y
4
3

— intersect at two points, as shown in blue

y
4
3

/i

+yi=4

y=x

(2.2)

4 3-A-14
2,21
3
44

— not intersect at all, as shown in green.

123 4%

x24+y2=4
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Exercise 4.6 Solving simultaneous linear and
non-linear equations assess[]])

Individual pathways

Hl PRACTISE Il CONSOLIDATE B MASTER

Questions: Questions: Questions:

1, 2a—c, 4, 5, 7a-b, 8a-b, 9, 12 1, 2, 3c-e, 4-6, 7b—d, 8b—d, 9, 12 1, 2, 3d-f, 4-6, 7c—d, 8c—d, 9-12
[l B B Individual pathway interactivity: int-4581 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. Describe how a parabola and straight line may intersect. Use diagrams to illustrate your explanation.
2. =8 Find the points of intersection of the following:
i. using algebra
ii. algebraically using a calculator
iii. graphically using a calculator.

ay=x’+5x+4andy=—x—1 b.y=-x*+2x+3andy=-2x+7
¢y=—-x>4+2x+3andy= -6
3. Find the points of intersection of the following.

ay=—x+2x+3andy=3x-8 b.y=—-(x-12?+2andy=x-1
cy=x>+3x—7and y =4x + 2 dy=6-x*andy=4
e.y=4+x—x2andy:3;x fx=3andy=2x"+7x -2

4. [ Which of the following graphs shows the parabola y = x* 4+ 3x + 2, x € R, and the straight line
y=x+3?

A. y B. y/ C. y/
i %

AN

/A\x A
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5. I3 The diagram below could show which of the following?

Y

-y =0.5(x+ 1.5)2+4andy=_%x+1
-y=-05x+ 1-5)2 —4andy = —%x+ 1

A
B
C.y=-05x—15)7+4andy=x+ 1
D

.y=05(x—15)7+4andy=—x+1
E.y=05x—15>+4andy=—1x + 1
6. Determine whether the following graphs intersect.
ay=—-x>+3x+4andy=x—4
b.y=-x"+3x+4andy=2x+5
cy=—(x+1)>+3andy=—4x -1
dy=@x-1D*+5andy=—4x—1
7. KIIZA Find the point(s) of intersection between the following.

ay=x b.y=x-2 c.y=3x d.y:9
1 1 5 o
Y=z Y=z Y=z y= )
Understanding 2
8. Find the point(s) of intersection between the following.
a.y=3x b. x> + > =25 ¢ x> +y°=50 d x> +y'=9
X +y' =10 3x+4y=0 y=5-2x y=2-x
Reasoning
9. Show that there is at least one point of intersection between the parabola y = —2(x + 1)> — 5, where

y = f(x), and the straight line y = mx — 7, where y = f(x).
Problem solving
10. a. Find the point(s) of intersection between the circle x> + y* = 50 and the linear equation y = 2x — 5.
b. Confirm your solution to part a by plotting the equation of the circle and the linear equation on the
same graph.
11. The sum of two positive numbers is 21. Twice the square of the larger number minus three times the
square of the smaller number is 45. Find the value of the two numbers.

Reflection
WHOLE CLASS
What does it mean if a straight line touches a curve only once?
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4.7 Solving linear inequalities
4.71 Inequalities between two expressions

* An equation is a statement of equality such as x = 2; an inequation is a statement of inequality
between two expressions such as x < 2 (x is less than 2).

* The solution to a linear equation is a single point on a number line, but the solution to an inequation is
a portion of the number line. That is, there are an infinite number of solutions to an inequality.

* The following table shows examples of four types of simple inequalities and their corresponding rep-
resentation on a number line.

* Note that an open circle placed over the 2 indicates that 2 is not included; that is, 2 does not satisfy
the inequality. A closed or solid circle indicates that 2 is included; that is, it does satisfy the inequality.

Mathematical statement English statement Number line diagram

x>2 x is greater than 2 © >

-10-8-6-4-2 0 2 4 6 8 10*

x>2 X is greater than or equal to 2 >

[e]

x<?2 x 18 less than 2

x<2 x is less than or equal to 2

4.7.2 Solving inequalities

* The following things may be done to both sides of an inequality without affecting its truth.
— A number can be added or subtracted from both sides of the inequality.

Adding or subtracting a number:
eg. 6>2 Add3to +3 +3
both sides: | m m
9>5 True) o I 2 3 4 5 6 71 8% 9 10
e.g. 6 > —2 Subtract 3
from both sides: =3 t
32 -1 (True) A A4 Wrah 2 4D W
2 -l 0| 1 2 3 4 5 6 7 8
Adding or subtracting moves both numbers the same distance along the number line.

— A number can be multiplied or divided by a positive number.

Multiplying or dividing by a positive number:

eg. 6>2 Multiplylboth
sides by >

X3
3>1 (True)
N YN
T2 '

T T

X3
T . T
-1 0| 3 4 5 6 7

The distance between the numbers has changed, but their relative position has not.
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* Care must be taken when multiplying or dividing by a negative number.

Multiplying or dividing by a negative number:

eg. 6>2 Multiply both x—1
sides by —1: x-1
—6 < -2 (False)

5 6

reversed.

Multiplying or dividing by a negative number reflects numbers about x = 0. Their relative positions are

* When solving inequalities, if both sides are multiplied or divided by
inequality sign must be reversed.
For example, 6 > 2 implies that —6 < —2.

a negative number, then the

WORKED EXAMPLE 13

Solve each of the following linear inequalities and show the solution on a number line.

adx—-—1<-2 bé6x—-7>3x+S5
THINK WRITE/DRAW
a 1 Write the inequality. a 4x-1<-2
2 Add 1 to both sides of the inequality. 4x-14+1<-24+1
3 Obtain x by dividing both sides of the jfc B 11
inequality by 4. 4 E 2
x <t
4
x<—21;
T T T T T T T T T T X
-2 -1 1o 1
b 1 Write the inequality. b 6x—7>3x+5

2 Subtract 3x from both sides of the 6x —7—-3x>3x+5—3x
inequality. 3x—-72>5
3 Add 7 to both sides of the inequality. x-T74+72>25+7
3x > 12
4 Obtain x by dividing both sides of the 3i - 12
inequality by 3. 323
x>4
_ x>4
< T T T T T T > x
0 2 4 6 8 10

WORKED EXAMPLE 14 Tl | CASIO

Solve each of the following linear inequalities.

a -3m+5<-7 b5x—-2)>7x+3)

THINK WRITE

a 1 Write the inequality. a-3m+5<-7
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2 Subtract 5 from both sides of the inequality. 3m+5-5<-7-5

(No change to the inequality sign.) —3m < —12
3 Obtain m by dividing both sides of the inequation —3m - =12
by —3. Reverse the inequality sign, since you are -3 =3
dividing by a negative number. m >4
b 1 Write the inequality. b 5x—2)>7x+ 3)
2 Expand both brackets. S5x — 10 > 7x + 21
3 Subtract 7x from both sides of the inequality. Sx — 10 = 7x > Tx + 21 — Tx
—2x—10 > 21
4 Add 10 to both sides of the inequation. —2x—10+10 > 21 + 10
—2x > 31
5 Divide both sides of the inequality by —2. Since o 2x P 31
we need to divide by a negative number, reverse 20 D
the direction of the inequality sign. x < —31
x < -153

learn RESOURCES

Complete this digital doc: SkillSHEET: Checking whether a given point makes the inequation a true
statement (doc-5218)

Complete this digital doc: SkillSHEET: Writing equations from worded statements (doc-5219)

Exercise 4.7 Solving linear inequalities assess(]l]

Individual pathways

Hl PRACTISE Il CONSOLIDATE H MASTER
Questions: Questions: Questions:
1a-f, 2, 3a—f, 4a—f, 5a—c, 6a-g, 7, 1e-l, 2, 3d-i, 4d-i, 5a-c, 6a-l, 7, 1j-1, 2g-, 3g-1, 4d-I, 5d—f, 6f-o,
8a-c, 9a—f, 10, 13 8a-c, 9a-i, 10, 12, 13 8d-f, 9-14
[ W B Individual pathway interactivity: int-4582 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.
Fluency

1. IIIZEA Solve each of the following inequalities.

ax+1>3 b.a+2>1 cy—3>4 dm-12>3 ep+4<5
fx+2<9 gm—-5<4 h.a-2<5 Lx—4>-1 JS5+m=>7
k6+qg>2 L5+a>-3

2. Solve each of the following inequalities. Check your solutions by substitution.
a.3m>9 b. 5p <10 ¢ 2a<8 d. 4x > 20 e. 5p > —25
f3x <21 g 2m > —1 h. 4b> -2 i.%>6 j.%<4
k%<2 17>5

7 5
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3. [IIZEA Solve each of the following inequalities.
a2m+3<12 b.3x+42>13 c¢5p—9>11 d4n-1<7 e2b—-—6<4
f.8y—-2>14 glom+4<-6 h2a+5>-5 L3b+2<-11 jjoc+7<1
kdp—2>-10 L3a—7>-28

4. IIZEA Solve each of the following inequalities.

am+1>m+4 b.2a -3>a-1 ¢S5 —-3<a-7
d3a+4<a-2 e5x—2>40 - 2x f.7x-5<11-x
g 7b+5<2b+25 h.2(a+4) >a+ 13 L3m-1) <m+1
j5Cm-3)<3m+6 k.3(50 +2) <-10+4b L5@m+1)>2(m+9)
5. Solve each of the following inequalities.
a.x+1§4 b.x_zz—4 c.x-;7<—1
d.2x+3>6 e.3x7—122 f.5x+9<0
6. I34 Solve each of the following inequalities.
a. —2m>4 b. -5p < 15 ¢. —2a > -10 d-p-3<2
e10—-y>13 f.14-x<7 gl—-6p>1 h.2-10a <0
23 -x) <12 Jj—4@+9 >8 k.—-15<-32+ D) L2x—-3>5x+6
mk+5<2k-3 n3x—-4)<5x+5 o7a+4) >4Q2a-3)
7. I3 When solving the inequality —2x > —7 we need to:
A. change the sign to > B. change the sign to < C. change the sign to =
D. change the sign to < E. keep the sign unchanged
8. Solve each of the following inequalities.
a 2= h2=Ms0 ¢« =Xy
3 4 5
a.3=8%4 e« 2= <0 f._2'71170+6§3
9. Solve each of the following inequalities.
a.3k>6 b.—a-7<-2 ¢5-3m>0 dx+4>9
7 -
e. 10—y <3 £5+3d<—1 g-?pz—z h.13"sz
i—4—2m>0 joSa—-2<4da+7 kK6p+2<Tp—-1 L2C@x+1)>2x— 16
©s

Understanding

10. Write linear inequalities for the following statements, using x to represent the unknown. (Do not
attempt to solve the equations.)
a. The product of 5 and a certain number is greater than 10.
b. When three is subtracted from a certain number the result is less than or equal to 5.
¢. The sum of seven and three times a certain number is less than 42.

Reasoning

11. Given the positive numbers a, b, ¢ and d and the variable x, there is the following relationship:
—c<ax+ b<—d.
a. Find the possible range of values of xifa =2,b=3,c=10and d = 1.

b. Rewrite the original relationship in terms of x only (x by itself between the < signs), using
a,b,candd.

TOPIC 4 Simultaneous linear equations and inequalities 141



12. Two speed boats are racing along a section of Lake Quikalong.

The speed limit along this section of the lake is 50 km/h. Ross is

travelling 6 km/h faster than Steven and the sum of the speeds at

which they are travelling is greater than 100 km/h.

a. Write an inequation and solve it to describe all possible speeds
that Steven could be travelling at.

b. At Steven’s lowest possible speed, is he over the speed limit?

¢. The water police issue a warning to Ross for exceeding the speed
limit on the lake. Show that the police were justified in issuing a warning to Ross.

Problem solving
13. Mick the painter has fixed costs (e.g. insurance, equipment, etc) of $3400 per year. His running cost to

14.

travel to jobs is based on $0.75 per kilometre. Last year Mick had costs that were less than $16 000.

a. Write an inequality to show this information and solve it to find how many kilometres Mick travelled
for the year.

b. Explain the information you have found.

I have $40 000 to invest. Part of this I intend to invest in a stable 5% simple interest account. The
remainder will be invested in my friend’s I.T. business. She has said that she will pay me 7.5% interest
on any money I give to her. I am saving for a European trip so want the best return for my money.
What is the least amount of money I should invest with my friend so that I receive at least $2500
interest per year from my investments?

Reflection
What is similar and different when solving linear inequations to linear equations?

4.8 Inequalities on the Cartesian plane

4.

8.1 Inequalities on the Cartesian plane Inequality symbols
* A solution to a linear inequality is any ordered pair that makes the < | less than
inequality tru.e. . . . . > | greater than
* When graphing a linear inequality on a Cartesian plane, the
solution is a region on one side of the line called a half plane. < | less than or equal to
> | greater than or equal to
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* There are an infinite number of solutions to a linear inequality. For example, some of the solu-
tions to the inequality x + y < 16 are (5, 1), (8,7) and (0, —2), whereas the point (9, 10) is not a

solution.
* To indicate whether the points on a line satisfy the inequality, a specific type of boundary line is
used.
Points on the line Symbol Type of boundary line used
Do not satisfy the < or > Dashed
inequality
Satisfy the inequality < or > Solid

* The required region is the region that contains the points that satisfy the inequality.
* Shading or no shading is used to indicate which side of the line is the required region, and a key is

shown to indicate the region.

Y .
3y

2_
y>2x-—21_ A

4
—4-3-2-1011 2 3%
2

/
43
7

'

The required region is [].

LY ERE

The required region is [J.

* Consider the line x = 2. It divides the Cartesian plane into two distinct regions or half-planes.

x<2

4_

x>2

* The region on the left (shaded yellow) contains all the points whose x-coordinate is less than 2, for
example (1, 3), so this region is given the name x < 2.

* The region on the right (shaded purple) contains all the points whose x-coordinate is greater than 2,
for example (3, —2), so this region is given the name x > 2.

* There are three distinct parts to the graph:
— the boundary line, where x = 2
— the yellow region, where x < 2
— the purple region, where x > 2.
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WORKED EXAMPLE 15 Tl | CASIO

Sketch a graph of each of the following regions.

ax>-1 by<3
THINK DRAW
a 1 x > —1 includes the line x = —1 and the region a YA
x> -1 4
2 On a neat Cartesian plane sketch the line x = —1. 3

Because the line is required, it will be drawn as a
continuous (unbroken) line.

x=-1

3 Find a point where x > —1, say (2, 1).
4 Shade the region that includes this point. “4 32 -0 1 2 3 47
Label the graph x > —1.

b 1 The line y = 3 is not included. b y

2 Sketch the line y = 3. Because the line is not y=3
included, show it as a dashed (broken) line.

3 Find a point where y < 3, say (1, 2).

4 Shade the region where y < 3. — — T

5 Label the graph. =5

* Note that the boundary line is drawn as a continuous line if it is included in the inequality (e.g. x < 5)
but as a broken line if it is not included (e.g. x < 5).

* For more complex regions, first sketch the boundary line, then decide which half-plane satisfies the
inequality.

* Choose a point and decide whether it satisfies the rule or not. The origin (0, 0) is often an easy point
to use.

WORKED EXAMPLE 16

Determine whether the points (0, 0) and (3, 4) satisfy either of the following inequalities.

ax—2y<3 by>2x-3
THINK WRITE
a 1 Substitute (0, 0) for x and y. a x—2y<3
Substitute (0, 0):
2 Since the statement is true, (0, 0) satisfies the 0-0<3
inequality. 0<3 True
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3 Substitute (3,4) for x and y.

4 Since the statement is true, (3, 4) satisfies the

inequality.

b 1 Substitute (0, 0) for x and y.

2 Since the statement is true, (0, 0) satisfies the

inequality.
3 Substitute (3, 4) for x and y.

4 Since the statement is true, (3, 4) satisfies the

inequality.

x—2y<3
Substitute (3, 4):
3-24)<3
3-8<3
-5<3

True

The points (0, 0) and (3, 4)
both satisfy the inequality.

b y>2x-3
Substitute (0, 0):
0>0-3
0> -3 True
y>2x—-3
Substitute (3, 4):
4>203)-3
4>6-3
4>73 True

The points (0, 0) and (3, 4)
both satisfy the inequality.

WORKED EXAMPLE 17 Tl | CASIO

Sketch a graph of the region 2x + 3y < 6.

THINK

1 Locate the boundary line 2x + 3y = 6 by

finding the x- and y-intercepts.

2 The line is not required, so rule a broken

line.

3 Test with the point (0, 0). Does (0, 0) satisfy

2x + 3y =67
4 Shade the region that includes (0, 0).
5 Label the graph.

WRITE/DRAW

x=0: 0+3y=6
y=2

y=0: 2x+0=6
x=3

Test (0, 0): 2(0) + 3(0) = 0

As 0 < 6, (0,0) is in the required region.
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Exercise 4.8 Inequalities on the Cartesian plane

Individual pathways

Hl PRACTISE Il CONSOLIDATE H MASTER
Questions: Questions: Questions:
1-8 1-8, 10 1-11

[l B B Individual pathway interactivity: int-4583 learn

assess[J])

To answer questions online and to receive immediate feedback and sample responses for every question,

go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. IIIEH Sketch a graph of each of the following regions.
ax<l b.y>-2 x>0 dy<0
2. IIZA Determine which of the points A (0, 0), B (1, —2) and C (4, 3) satisfy each of the following
inequalities.
ax+y>6 b.x - 3y<?2 cCy>2x—5 dy<x+3
3. 31 Sketch the graphs for the regions given by each of the following inequations.
ay>x+1 b.y<x-6 cy>—-x-—2 dy<3-x
ey>x—2 f.y<4 g2x—y<6 hy<x-7
Lx—y>3 Jy<x+7 kx+2y<5 Ly<3x
4. Verity your solutions to question 3 using technology.
5.3 a. The shaded region satisfying the inequality y > 2x — 1 is:
A. y K| B. y /A C. y
G0 /4 0) 3:0)
L L
0.-1) x -y " fo.-n  *
D y E' \\ y
¢ 0) NG
o, 7/ z (0, =D, x
b. The shaded region satisfying the inequality y < x + 4 is:
A. Y B. YA C. y
b0, 4) 10,4 0.4

/4, 0) x

/—4, 0)
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D. YA E. y
10,4 o, b
4, 0)
(4,0 = Y
¢. The region satisfying the inequality y < —3x is:
A- ‘\ y B- y I. C. ‘\ y
\‘ ,I ‘\
v £(1,3) L3y
\ 1 \
\ (0, 0) . \
3 x 10, 0) x 0,0 &
v i \
¥(1,-3) i 5
1 s 5
A\ i A
D 7y E. y
(0,3)
1,00,40. D
(=1,0)/ 2 /' X
1 ’
ll ,"
1 7’
1 "
ll I,

Understanding 10y- i
6. a. Find the equation of the line / shown in the diagram at right. 9 i ,

b. Write down three inequalities that define the region R. 8 1 :

7 I

6 - R

541

4 i |

347

2 |

|

1 |
Y 123456780910"

7. Happy Yaps Dog Kennels charges $35 per day for large dogs (dogs
over 20 kg) and $20 per day for small dogs (less than 20 kg). On
any day, Happy Yaps Kennels can only accommodate a maximum
of 30 dogs.

a. If [ represents the number of large dogs and s represents the
number of small dogs, write an inequality in terms of / and s that
represents the total number of dogs at Happy Yaps.

b. Another inequality can be written as s > 12. In the context of this
problem, write down what this inequality represents.

¢. The inequality / < 15 represents the number of large dogs that Happy Yaps can accommodate on any
day. Draw a graph that represents this situation.

d. Explore the maximum number of small and large dogs Happy Yaps Kennels can accommodate to
receive the maximum amount in fees.
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Reasoning
8. a. Given the following graph, state the inequality it represents.
b. Choose a point from each half plane and show how this point confirms your
answer to part a.

9. a. Find the equation of the line, [
b. Write an inequation to represent the unshaded region.
¢. Write an inequation to represent the shaded region.
d. Rewrite the answer for part b if the line was not broken.

Y
3]
2
1A

SRSV ERE
—7

The required region is [].

™ y,
\\\4_
Ep Line /
5] \xme
IS
1' \\\

Problem solving
10. a. Sketch the graph of
x+1 x+1

2 3

b. Shade the region that represents
x+1 x+1
2 3

=2 -y <2 -y

11. Use your knowledge about linear inequations to sketch the region defined by
y > ¥+ 4x + 3.

Reflection

Think of some real-life situations where inequalities could be used to help solve a problem.

4.9 Solving simultaneous linear inequalities

4.9.1 Solving simultaneous linear inequalities

* The graph of a linear inequality represents a region of the Cartesian plane.

* Two linear inequalities drawn on the same set of axes will represent two regions on the graph.

* If these regions intersect, they have an infinite number of points in common.
* To graph simultaneous inequalities:

Step 1: Sketch each inequality on the same axes.

Step 2: Identify the required region that satisfies both inequalities.

Step 3: Select a point from the required region and check that the ordered pair satisfies all linear

inequalities.

WORKED EXAMPLE 18 Tl | CASIO

Identify the required region in the following pair of linear inequalities.
2x+3y>6,y<2x—3

THINK

1 « To sketch each inequality, the boundary line
needs to be drawn first.
» To draw each line, identify two points on

WRITE/DRAW

2x+3y>6
For the line 2x + 3y = 6,
x-intercept: lety = 0

each line. 2x+0=6
— Use the intercepts method for 2x + 3y > 6. it r= 3 Letx = 0
— Use substitution of values for y < 2x — 3. y-intercept: Letx =
. . 0+3y=6
* Write the coordinates. y=2
Note: The intercepts method could also
have been used for the second equation. (3,0, (0,2)

y<2x-3
For the line y = 2x — 3,
letx =0

y=20) -3
y=-3
Letx =2
y=22) -3
y=4-3
y=1

(Oa _3)9(271)
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2 Plot the two points for each line.
* Plot the x- and y-intercepts for 2x + 3y = 6,
as shown in blue.
* Plot the two points for y = 2x — 3, as shown
in orange.

3 Draw the boundary lines.

* For 2x + 3y > 6, the points on the line are
included. The boundary line is solid, as
shown in red.

» For y < 2x — 3, the points on the line are not
included. The boundary line is dashed, as
shown in green.

4 To determine which side of the line is the
required region, select a point on one side of
the line and check to see whether the point
satisfies the equation. Choose the point (3, 1)
to substitute into the equation.

5 e« The region not required for:
2x + 3y > 6 is shaded orange
y < 2x — 3 is shaded green.

* Since the point (3, 1) satisfies both
inequalities, it is in the required region. The
required region is the unshaded section of the
graph. Write a key.

l,',y=2x—3
’II
5-4-3-2-10 172 3N 67
-—2-/"
_3'-’
]
~5
Check the point (3, 1):
x=3,y=
2x +3y>6 y<2x-3
LHS = 2x + 3y LHS =y
=2(3) + 3(1) =1
= (@ & RHS =2(3) - 3
RHS =6 =5
LHS > RHS LHS < RHS

The point (3, 1)
satisfies the
inequality and is in
the required region
for 2x + 3y > 6.

The point (3, 1) satisfies
the inequality and is in
the required region for
y < 2x — 3.

o
S
’
214 ok -3
Lol
_3— ')
7
_4-
7
A5

The required region is [].

learn

RESOURCES

Complete this digital doc: WorkSHEET: Simultaneous equations Il (doc-13853)
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Exercise 4.9 Solving simultaneous linear inequalities assess(]))

Individual pathways

Hl PRACTISE Il CONSOLIDATE l MASTER
Questions: Questions: Questions:
1-4,5,7 1,2,4-7,9 1-10

[l B B Individual pathway interactivity: int-4584 learn

To answer questions online and to receive immediate feedback and sample responses for every question,
go to your learnON title at www.jacplus.com.au. Note: Question numbers may vary slightly.

Fluency
1. IIZH Identify the required region in the following pair of inequalities.
4x + Ty > 21
10x — 2y > 16
2. Given the graph shown, determine the inequalities that represent the shaded region.

(0,3)
(3,0
PZRRE
100, -2)
3. Solve the following pairs of inequalities.
ay<4 b.y+3x>6 c¢. 5y —3x>-10 d.§y+2x§4
y<—x y—2x<9 6y +4x > 12 y —4x > -8

Understanding

4. I3 Which system of inequalities represents y,
the required region on the graph at right? 3
A.y<x-— 2 6

y>-3x—-06 i
B.y>x—-2 31
y>-3x—-06 9
C.y<x-2 H
y<-3x-6 R NP ZEREXARE
D.y>x+3
y<-3x-6
E.y>x+2
y<-3x+6

The required region is 1.
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5. Given the diagram at right, write the inequalities that

6. a. Graph the following system of inequalities:

Reasoning
7. The sum of the lengths of any two sides of a triangle

created the shaded region.

y>-3,x+2>0,2y+5x<7
b. Calculate the coordinates of the vertices of the required
region.

2.%)

\<5 N35 4 ¥
(2,0)

must be greater than the third side.

a. Given a triangle with sides x, 9 and 4, draw diagrams A&,
to show the possible triangles, using the above statement
to establish inequalities.

b. Find the possible solutions for x and explain how you
determined this.

. Create a triangle with the points (0, 0), (0, 8) and (6, 0).

a. Calculate the equations of the lines for the three sides.

b. If you shade the interior of the triangle (including the boundary lines), what inequalities would create
the shaded region?

¢. What are the side lengths of this triangle?

Problem solving

9.

10.

a. Find the equations of the two lines in the diagram \\ Y
shown at right. S i
a. Find the coordinates of the point A. 2
b. Write a system of inequations to represent the shaded 1
region. _10_ 2 a6
The Ecofriendly company manufactures two different 9
detergents. Shine is specifically for dishwashers while =31

Motherearth is a washing machine detergent. For the first 4]
week of June, the production manager has specified that

the total amount of the two 