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INTRODUCTION AND DEDICATION

It is interesting to wonder whether J. B. Fitzpatrick (‘Bernie’) realised in 1983 just how popular
his book New Senior Mathematics would be. That first edition of New Senior Mathematics was
to remain in print for almost 30 years. It has stood the test of time thanks to the quality, rigour
and variety of its questions, its accuracy and its high mathematical standards.

As Fitzpatrick wrote in 1983: ‘Mathematics, like many other things, is best learnt by doing. A
student begins to appreciate the power of mathematics when he or she has achieved a mastery
of basic techniques, not after reading lengthy explanations ... The emphasis throughout

the book is on the understanding of mathematical concepts’ (Introduction, New Senior
Mathematics 1984).

Fitzpatrick was only willing to entrust the writing of a second edition to someone who would
understand what makes this series so important. Throughout the initial revision process for
this book, Fitzpatrick collaborated with respected mathematics author and teacher Bob Aus.

In his revision, Bob Aus has updated and improved aspects of New Senior Mathematics to
make it better suited to the modern-day classroom. While maintaining the challenging and
demanding questions, he has improved the question grading to better scaffold students’ skill
development. New revision sections at the end of each chapter and five sample exams also
provide more opportunities for students to consolidate skills.

We hope all loyal users of New Senior Mathematics, or ‘Fitzy’s book, as it is fondly known,
enjoy all the new improvements.

Vebica Evans

Pearson

J. B. Fitzpatrick passed away in 2008 after handing in his final review. Fitzpatrick was a respected
author, teacher and figurehead of mathematics education.

Introduction and dedication
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Student Book
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CHAPTER 1
ARITHMETIC AND SURDS

Outcomes covered:

P1 demonstrates confidence in using mathematics to obtain realistic solutions to problems

P3 performs routine arithmetic and algebraic manipulation involving surds, simple rational expressions and
trigonometric identities

P4 chooses and applies appropriate arithmetic, algebraic, graphical, trigonometric and geometric techniques

1.1 REVIEW OF BASICS

Converting between fractions, decimals and percentages without using a calculator is an important skill.
A calculator cannot always simplify algebraic fractions, so you are expected to be proficient at this skill.

EXERCISE 1.1 REVIEW OF BASICS

1 Express each fraction as (i) a decimal and (ji) a percentage.

@ 3 (b) © 52 @ 45
© = 0 5 @ 2 ) 7
2 Express each decimal as (i) a common fraction in simplest form and (i) a percentage.
(@ 0.25 (b) 1.85 (c) 0.375 (d) 0.23
(e) 1.75 (f) 0.025 (9) 0.6125 (h) 1.82
3 Express each percentage as (i) a decimal, (ii) a common fraction in simplest form.
@ 40% b) 1% © 10% (d) 32.5%
(e) 65% M 75% () 116% (h) 1121%
4 Select the incorrect statement:
A =015=15% B ==003=3%
C 12-09375=9375% D 2-075=75%

1.2 REPEATING DECIMALS

Rational numbers
All common fractions %, where a and b are integers and b # 0, are called rational numbers. They can be

expressed as decimals by dividing the numerator by the denominator. For example:

3_ 1_ 3 1_ 1_ 5 _
T 0.75 3= 0.125 50" 0.06 3= 0.3333... 6= 0.1666... 1 0.4545...

The first three decimals terminate. The last three decimals have an infinite number of digits to the right of the
decimal point and one or more of the digits repeat according to a pattern.

0.3333... (3 is repeated) 0.1666... (6 is repeated) 0.4545... (45 is repeated)

These decimals are called repeating (or ‘recurring’) decimals and can be represented by placing dots over the
repeated digits. For example:

0.3333...=0.3 0.1666...=0.16 0.4545...=0.45

Chapter 1 Arithmetic and surds



Where more than two digits are repeated, the dot is placed over only the first and last repeating digits:

% =0.142857142857...=0.142857

All decimals that either terminate or repeat are rational numbers.

For common fractions that become terminating decimals, the only factors of the denominator will be 2 and 5.
Common fractions with any other factors in the denominator will repeat.

Irrational numbers

Some decimals neither terminate nor repeat. For example:

V2=1414213562...  7=3.141592653...
These numbers are not rational as they cannot be written in the form %

b

They are called irrational numbers. Their decimal expressions do not terminate or have a pattern that repeats.

, where a and b are integers, b # 0.

Example 1
Express each decimal as a common fraction.
(@ 02 (b) 0.46 (c) 253 (d) 4253
Solution
(@) Multiply both sides by 10. 02=0.2222... (1)
Subtract (1) from (2) to eliminate 10%05 =2.2222. @)
the repeating decimals. ]
9%x0.2=2.2222...—0.2222... (2)-(1)
9x02=2
5= 2
02= 9
(b) Multiply both sides by 10. 0.46 = 0.46666. .. (1)
Subtract (1) from (2) to eliminate 10 % 0.46 = 4.6666. .. )

the repeating decimals. .
9% 0.46 = 4.6666...—0.46666... (2)—(1)

9x0.46=4.2
. _42_42_7
046="9"=90=15
(c) Multiply both sides by 100. 2.53=2.535353... (1)
Subtract (.1) from'(2) to eliminate 100 % 2.53 = 2535353, __ @)
the repeating decimals. - - .
99 %X 2.53=253.53...—2.53... 2)-(1)
99 % 2.53 =251
.5 _ 251
2.53= 99
(d) Multiply both sides by 100. 4.253 =4.253535... (1)
Subtract (.1) from'(2) to eliminate 100 % 4283 = 425353 @)
the repeating decimals. . . .
99X 4.253 =425.353 -4.253 2)-(1)

99X 4.253=4253—42
99x 4.253 =421.1

- _ 4211 _ 251 _ 251
4253 =20 =4 = Ao

New Senior Mathematics for Years 11 & 12



OR consider the decimal part alone. 0.253=10.253535... (1)
Add 4 again at the end: 100 % 0253 = 25353 )

99 % 0.253 = 25.353 —(0.253 (2)-(@)
99 0.253 =25.1

25.1 _ 251
99 " 990
251

4253 =422 990
In each of the above examples, we multiplied by the power of ten corresponding to the number of repeated
digits. In (a) and (b) only 1 digit was repeated, so we multiplied by 10" (i.e. by 10). In (c) and (d) 2 digits were
repeated, so we multiplied by 10” (i.e. by 100). If there had been 3 digits in the repeating set, we would have
multiplied by 1000.

EXERCISE 1.2 REPEATING DECIMALS

1 Which of the following fractions can be expressed as repeating decimals?
157 27 4 3 2 9 4

2’916’ 3712’11’10 13’ 25’ 15

0.253=

2 Express each fraction as a repeating decimal.

2 7 4 2
@ 2 ®) 7 © + @ 2
5 9 5 11
© > 0 > © > () 11
3 Express each repeating decimal as a common fraction.
(@ 05 (b) 0.17 (c) 0.68 (d) 0.21
(e) 051 (f) 0.583 (g) 1.37 (h) 3.58

4 You have seen that -= =0.142857142857...=0.142857. Find % and ; as recurring decimals by dividing

the numerator by the denominator By observing the pattern obtained for these three fractions, write

the repeating decimals for & - 7 and 6,

5 Show by division that % =0.076 923 and write the repeating decimals for % % % Q . Comment

on the pattern in the repeating digits.

12316

6 Express 72, 12> 75> -+ 17

as repeating decimals. What do you observe?

7 The repeating decimal for % is:

A 036 B 0.027 C 027 D 0207
1.3 SCIENTIFIC NOTATION (STANDARD FORM)

Scientific notation, also known as ‘standard form), is a neat way to write large and small numbers.

A number in scientific notation is expressed as a product of:
« anumber between 1 and 10, and
« a power of 10.

The power of ten is determined by the change in the place value of the digits. This is the number of digits that
must be moved across the decimal point to obtain the new number (between 1 and 10) from the original number.

Chapter 1 Arithmetic and surds
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Example 2

Write each number in scientific notation.

(@ 540000 (b) 4267.32 (c) 0.0000068 (d) 0.007562

Solution
(@) Write the number with a decimal point after the first non-zero digit.

Count the number of places from the original position of the decimal point.

Because the original position of the decimal point is 5 places to the right,
multiply by 10°.

(b) Write the number with a decimal point after the first non-zero digit.

Count the number of places from the original position of the decimal point.

Because the original position of the decimal point is 3 places to the right,
multiply by 10°.

(c) Write the number with a decimal point after the first non-zero digit.

Count the number of places from the original position of the decimal point.

Because the original position of the decimal point is 6 places to the left,
multiply by 10°.

(d) Write the number with a decimal point after the first non-zero digit.

Count the number of places from the original position of the decimal point.

Because the original position of the decimal point is 3 places to the left,

5.40000

540000
T T

5
places

540000 = 5.4 x 10°

4.26732

426732
T3 17

places

4267.32 =4.26732 % 10°

6.8

0.0000068
T T

6
places

0.0000068 =6.8 x 10°°

7.562

0.007562
T4 7

3
places

multiply by 10°. 0.007562 =7.562 x 10°
Example 3
Perform each calculation, giving your answer in scientific notation.
6
a) 8x10°x3x107 p) L2x10
& &) 5x107

Solution

(@) Multiply the numbers and add the indices. 8 x10°x 3 x 107

Write using scientific notation. =24%10°
=2.4x10*
(b) Divide the numbers and subtract the indices. 1.5x10°
Write using scientific notation. 5x10™
=0.3x10"
=3.0x 10’

EXERCISE 1.3 SCIENTIFIC NOTATION (STANDARD FORM)

1 Write each number in scientific notation.

(a) 3000 (b) 468.2 (c) 12 million (d) 42x10°
(e) 0.0001 () 0.0041 (9) 0.00000022 (h) 865x107
) . ) 1.44 %108 7.5%x107°
i) 862 x10*x250 0.62x10%x 15 (k) —2—- ) 22
) 0 (k) 6.4%10 0 1.5x10°

New Senior Mathematics for Years 11 & 12



2 The product of 3.2 x 10° and 4 x 10 expressed in standard form is:

A 12.8x10* B 1.28x10° C 08x10° D 8x10’

3 Simplify:
(a) 4.82x10°x5x10° (b) 1.26 x 10®+ (7 x 10%) () 7.5%x10°+1500
(d) 55x10°x(4.0x10°)°  (e) 7217 -+700000 () 1.4x10°x8x10”

4 Express in standard form:

(a) the number of cm in 40km

(b) the number of grams in 3 tonnes

(c) the distance from the Sun to Earth, if light from the Sun travelling at 300 000 km/s takes
8 minutes to reach Earth

(d) the number of cm? in 5 hectares, given that 1 hectare = 10* m?.

5 The mass of a molecule of hydrogen gas is about 3.34 x 10"** grams. The mass of an oxygen molecule,
which is 16 times that of a hydrogen molecule, is about:

A 5344x10* B 5.344x107% C 5344x10%* D 5.344x10%

6 A light-year is the distance light travels in a year (where 1 year = 365.25 days). The speed of light is
3 x 10°km/s. Find the distance from the Earth to the star Proxima Centauri, 4.25 light-years away, in
kilometres.

7 The Earth is 9.3 x 10" miles from the Sun. Express this distance in metres, given that
1 mile = 1.6 X 10’ metres.

8 How much time will it take for a rocket travelling at a constant speed of 1.5 x 10*km/h to reach the Moon,
if the distance to the Moon is 3.84 X 10°km?

1.4 SIGNIFICANT FIGURES AND DECIMAL PLACES

When writing answers, the precision required will not always involve all the digits shown on your calculator.
The precision of the information can be defined by the number of significant figures or decimal places used
in the answer.

Significant figures

Significant figures are the non-zero digits used in a number. Zeros are only considered significant if they occur
between non-zero digits. For example, the number 2874 is correct to four significant figures. The number 301 has
three significant figures, because the zero is between the 3 and the 1. The number 30100 also has three significant
figures, because the final zeros are not between non-zero digits.

However, zeros after a decimal point are significant when they represent greater precision in an answer.

For example, the number 28 has two significant figures but the number 28.00 has four significant figures.

This makes more sense if we consider the numbers as measurements. If 28 m is a measurement rounded to the
nearest metre, then the answer has two significant figures. If 28.00 m is a measurement rounded to the nearest
centimetre, then the zeros after the decimal point are significant digits of the measurement, so we say it has four
significant figures.

To write an answer correct to three significant figures, look at the fourth digit and round it off: if is less than 5,
replace it and all following digits with zeros; if it is 5 or more, increase the third digit by one and replace all the
following digits with zeros. For example, 2874 correct to three significant figures becomes 2870. 28.00 correct to
three significant figures becomes 28.0.

Similarly, to write 2874 correct to two significant figures, round off the third digit. Because the third digit is 7,
which is more than five, it rounds up to make 2900.
Decimal places

The  key on your calculator might give the value of 7 as 3.141 592 654, which is more digits than you really need.
Writing 7 as 3.14 is correct to two decimal places, because there are two non-zero digits after the decimal point.

Chapter 1 Arithmetic and surds
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6

(3.14 is also correct to three significant figures.) Writing 7 as 3.142 is correct to three decimal places. In these
cases, all digits after the required number of decimal places are rounded off. 7 correct to four decimal places
would be 3.1416, because the fifth digit is 9 and so the fourth digit must be rounded up.

Example 4
(@) Write 58.377 correct to:
(b) Write 4.061 correct to:
(c) Write 3.1499 correct to:

(i) two significant figures (2 s.f.)
(i) two significant figures (2 s.f.)
(i) three significant figures (3 s.f.)

Solution
(@ 58.377
() The third digit, 3, is less than 5, so remove all digits after
the first two digits.
(ii) The digit in the third decimal place, 7, is more than 5,
so remove it and round up the digit in the second
decimal place.

(b) 4.061
() The third digit, 6, is more than 5, so remove it and
round up the second digit.
(ii) The digit in the third decimal place, 1, is less than 5,
so remove it.

(c) 3.1499

() The fourth digit, 9, is more than 5, so remove it and
round up the third digit.

(ii) The digit in the fourth decimal place, 9, is more than 5,
so remove it and round up the digit in the third decimal
place. This also rounds up the digit in the second decimal
place, as 49 becomes 50.

(i) two decimal places (2 d.p.)
(i) two decimal places (2 d.p.)
(i) three decimal places (3 d.p.)

58

58.38

4.1

4.06

3.15

3.150

Note that the final zero must be
written to show the precision: 3.15
would be correct to only 2 d.p.

EXERCISE 1.4 SIGNIFICANT FIGURES AND DECIMAL PLACES

1 Write each number correct to three significant figures.

@ 9726 (b) 86.433 (€) 18.077 (d) 0.37256
2 Write each number correct to three decimal places.

(@ 0.9726 (b) 0.86433 (c) 18.0707 (d) 0.37025
3 Which answer is not written correct to two significant figures?

A 2300 B 173 C 0054 D 21x10

4 How many significant figures are used in each of the following statements?

(@) The distance from Melbourne to Sydney is 900 km.
(b) The time to run a 100 m race was 10.4s.

(c) The length of the line was measured to be 15.00 cm.
(d) 1 hectare = 2.47 acres.

5 Evaluate each expression, writing your answer correct to two significant figures.

(b) 21.4X%0.397

(@) 7.89x0.496 x 15.7 c 85

(©) (2.73 +35.2) x 0.762

6 Evaluate each expression, writing your answer correct to two decimal places.

(b) 5x10"x17x10"

f 37.185
a —
(@ 6.1x3.87
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7 The distance from the Sun to the planet Mars is about 2.28 x 10°km and the distance from the Sun
to the planet Saturn is about 1.427 x 10’ km.

(@) Calculate the closest possible distance between Saturn and Mars, giving your answer correct to
3 significant figures.

(b) What is the greatest possible distance between Saturn and Mars? How many significant figures
would you give in your answer? Why?

8 Find the exact value of each expression.

@ 121 (b) /3025 () 21 (d) ~0.04 © (3) M (23)

(@ (3.1 h) (007 @) LI M (31) (k) 125 0 3153
9 Evaluate, giving your answer correct to two decimal places where necessary:

@ v5>+6° b) v1.2%+2.1° € 52° (d) (21)

(&) %9 M /0526 (@ 100 (h) o.r

1.5 APPROXIMATIONS

When using a calculator, it is useful to be able to do a rough calculation to see if an answer is approximately
correct. You can use this technique to check the size of an answer and the position of the decimal point.

Example 5

By writing each number correct to one significant figure, find the approximate value of each expression.
4327 716X 18

Solution

(@ 28.2%0.61=30%0.6~18

4327 4000 _ .
(b) 220 © 200 (calculator gives 204.10377...)

(calculator gives 17.202)

71618 700X 20 _ 700x20x100 _ .
(c) 002 = o004 = 1 = 350000 (calculator gives 306 857.1429...)

EXERCISE 1.5 APPROXIMATIONS

1 Express each of the following correct to one significant figure.

@@ 417.2 (b) 0.685 () 2748 (d) $.888
(e) 50010 ) 0.0056 (@ 0.0203 (h) 0.155
2 Which answer is written correct to one significant figure?
A 2001 B 1.703 C 0.05 D 21x10*
3 By writing each number correct to one significant figure, find the approximate value of each expression.
(@) 78x6 (b) 66 x31 () 196x0.42 (d) 48.2x13.9
73.6 18.23 56.2 17 x61
© 78 T @ 5006 M) =33
Q) 117.6 X 0.002 () 88.9x316 ) 39.02x5.9 0] 69.7 X 0.09
0.048 5.76 4.02x55.1 0.85x7.001

Chapter 1 Arithmetic and surds
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1.6 REAL NUMBERS AND SURDS

Rational numbers may be expressed in the form % where a and b are integers and b # 0. Rational numbers
include fractions, terminating decimals and recurring decimals. Integers are rational numbers with a

denominator of one, for example 5 = ?

Irrational numbers are numbers that cannot be represented as a fraction, such as v/2, J/15, 24/7 or 7. They are
not rational. Irrational numbers that are roots, such as v/2, J/15 and 2+/7, are called surds. Some other irrational
numbers, such as 7, are called transcendental numbers.

The following diagram shows how to construct exact lengths for V2,43,4, 5 and /6, starting with a right-
angled triangle with side lengths of one unit. Each triangle’s hypotenuse is an exact value, written as a surd.

The diagram shows that Ja = 2, which
is a rational number. The square root

of a perfect square is always a rational
number. Similarly, 38 = 2 is rational.
Surds that simplify to a rational number
do not represent irrational numbers.

' Number line

0 1 2 3 24546 3 4

The sets of all rational and irrational numbers together form a
Real numbers

larger set called the set of real numbers.
Rational Irrational
The real numbers can be represented by all the points on the real numbers numbers
number line.
Integers
- J

Operations with surds—basic rules

Surds have their own set of simplifying rules for the four operations of arithmetic.

If a and b are positive numbers, then:

(@) Vab =+ax+b (b)\]%=% () Va? =a

() vaxb=ab (e)%= - 0 axda=c

(@) Va+ b= Y2 - Yaxsb _Jab

e e to write the expression with a rational denominator.

The rules above are used to simplify expressions involving surds. Surds can also sometimes be simplified by
identifying a factor in the surd that is a perfect square and taking that factor’s square root. (For example, see part (a)
in Example 6.) You might also multiply two surds and find that the answer has a perfect square factor.

You should know the perfect squares so that you can look for them as factors in surds. When a surd contains a
perfect square factor, you can use rules (a), (c) and (g) above to simplify the expression.
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Example 6
Simplify each expression.

@ Vi2 (b) V80 (c) 3V28 @ Y2
) V6x+10 (f) % (@ V3x+12 (h) 4v2x~24
Solution
(@) Look for a factor of 12 that is a perfect square. (b) Look for a factor of 80 that is a perfect square.
12=4X3 80=16X%5
w12 =ax3 =4 x3=243 ~ 80 =v16x5 =445
(©) 3v28 =3V x7 =67 (d) *"575=V255><7=5f=ﬁ
(©) & x /10 = &0 = AXT5 = 2415 0 L0 B 5=
@ BxV12=+3x23=2x3=6 (h) 442 x~24 = 42 x 26 =812 =163
Example 7
Simplify each expression, writing your answer with a rational denominator (or no denominator).
6 /60 35
=L b SN
@ B 1o e =
Solution
@ & -6xL3 b) Y60 _ ¥6x 10 @ 2o 35
NERERNERANE 36 36 15~ Bx+5
_6\f3 _J10 =
e "3 Ng
=243 _3x43
NE)
=43

EXERCISE 1.6 REAL NUMBERS AND SURDS

Simplify all the expressions in this exercise, writing each answer with a rational denominator (or no denominator).

18 2 V20 3 V27 4 32
5 When simplified, J40 equals:
A 445 B 10 c 2410 D 20
6 V45 7 V72 8 /84 9 98 10 108 11 125

12 162 13 200 14 5128 15 44/800 16 24150 17 3452

18 When simplified, 7+/245 equals:
A 745 B 35V7 C 35/5 D 4945

19 V320 00 Y175 01 44243 0o 90
2 5 9

3

Chapter 1 Arithmetic and surds
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23 When simplified, % equals:

A 2 B 10 C 52 D 10
J7

24 Simplify ZE Indicate whether each answer below is correct or incorrect.

@ 7= ® 7 @ 25 @ 10

25 J3x5 26 /8x+2 27 J6x2 28 /6 x+/10 29 23 x442
30 J8x242 31 25x52 32 46 %23 33 2537 34 43x4/18

35 248 x+/12 36 445 x+/20 37 % 38 % 39 %
7 V80 32 72 2418
40 77 41 f 42 7.6.— 43 —\/5? 44 _\/_8—

1.7 ADDING AND SUBTRACTING SURDS

Surds of the same kind can be added and subtracted just like pronumerals, using the distributive law to collect
like terms: ab + ac=a(b + ¢)

You can only add and subtract like algebraic terms, such as 2a + 3a — a = 4a. Similarly, you can only add and
subtract like surds, such as 24/2 + 3v/2 = 5v/2. It may be necessary to first simplify the surd terms by removing
perfect square factors.

Example 8

Simplify each expression by collecting like terms.

@ 243+543 (b) 4410 -+/10 ©) 3V6+4J6-+5 (d) 3v5+4V7 +25-647

Solution
@ 2V3+53=02+5W3=73 (b) 410 -+/10 = (4—-1)v10 =310
© 3V6+4v6-\5=7J6-5 (d) 3v5+447 +25-647 =545 - 247

In parts (c) and (d) the different surds cannot be combined into a single term.

Example 9
Simplify:
(@ V8-i8+450  (b) 5v3+20-2V12+4/45
Solution
Where possible, simplify each term before attempting to add or subtract the surds.
(@) +/8-+18++/50 (b) 5v3++420-2V12++/45
=V4x2-V9%2 +25%2 =5V3+25-43+345
=22-3V2+5\2 =3+5V5
=42
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EXERCISE 1.7 ADDING AND SUBTRACTING SURDS

Simplify the expressions in this exercise.

1 V3+23+443 2 57 - 27 +47 3 3J5+5V5-245
4 42-+a3 -2 5 5+2+3V5-62 6 V8-2
7 When 27 =18 +4/3 is simplified, the answer is:

A 43-32 B 3 C 3+\3 D 23
8 20 ++/5 9 J18+32-2 10 V27 + 248 - 443
11 J12+/3+/48 12 250 - 3418 13 J7 +428 -/63

14 Simplify V5 +/2 = /45 + /8. Some steps in this simplification are given below. Indicate whether each
statement is a correct or incorrect step.

(@) 10 -+/45 (b) -V35 © V5+v2-3V5+242  (d) 3v2-245

15 645 +447 - 245 16 543 +~27 —J45 17 V20 ++/5+4/18
18 315 ++/60 — /40 19 447 -V28 +63 20 2450 —3/18 +4/3
21 3+375-/48 22 /150 - 200 23 /6 ++/24 ++/54
24 57 +35-228 25 5445 —24/32 26 /98 — 2420 /12
27 125 -52 ++/50 28 7322 +/12+/8 29 150 — /96 — /24

30 642 +412-24/3-38

1.8 THE DISTRIBUTIVE LAW

The distributive law can be used with surds to expand expressions with a binomial factor: a(b + ¢) = ab+ ac

Example 10
Expand and simplify:

(@ V6(v2+2v3) (b) (V3+2)(¥5+6) (0) (V5-+3)(v5+3) (d) (V5+3)(V5++3)

Solution

(@) V6(v2+243) (b) (V3++2)(v5+6)
= J6xV2 +/6 x243 =\3(v/5+6)+2(V5 ++6)
=12+2418 =15 +3v2 +/10 + 243
=2J3+6v2

(© (V5-+3)(v5+3) (@) (V5+43)(v5+3)
=(J§)2_(J§)2 =5(5+3)+3(V5+43)
—5-3 =5+2415+3
=2 =8+2415

This is similar to (a — b)(a + b) =a’ — b’. This is similar to (@ + b) = @ + 2ab + b2,

Chapter 1 Arithmetic and surds 11



EXERCISE 1.8 THE DISTRIBUTIVE LAW

Expand and simplify the expressions in this exercise.

1 V5(v2+43)

2 V5(+5 +42)

3 V2(V2+48)

4 \3(v2-+6) 5 J6(3-2) 6 7(2v5-1)
7 When simplified, v2 (/32 — 8 ) equals:

A 83 B 4 c 22 D 8-2V2
8 3v2(2V6-+5) 9 Va(Va+b) 10 Vx(Vx —y)

11 (V5+43)(v7 -2) 12 (V2+47)(¥3+242) 13 (V3-1)(v2+3)
14 (V5+2)(245+3) 15 (23 -5)(24/3+3) 16 (V5+3)(V6 +1)
17 (V7 +1)(247 -5) 18 (V3-+2(2/3-2)) 19 (245 -v2)(245+3)
20 (2v2-6)(243-1) 21 (V3+1) 22 (V5-+2)

23 (2J€+J—) 24 («/§+6)2 25 (2+4/3)(2-43)
26 (V3-2)(V3+42) 27 (V7 -5)(V7 ++5) 28 (2v2-1)(2v2+1)
29 (246 —3)(2v6 ++3) 30 (VI1-v7)(Vi1++7) 31 (V7-2)(V7+2)

32 When simplified, (3«/7 -
A 59 B 67+1247 C 23-1247

33 (V5-+3) 34 (VIT++7)
36 (VII-10)(VII++10) 37 (V6—+5)(v6+5)
39 (3v5-242)(3v5+242) 40 (V5+242)(V6-1)

42 Expand and simplify (4\/5 + 1)(2\/_3_ -

whether each statement is a correct or incorrect step.

2) equals:
D 67-1247

35 (243-1)(V3+2)
38 (22 +3)
41 (26 -3)(V6 +343)

3). Some steps in this simplification are given below. Indicate

@ 72-123+2/3-3 (b) 24—12/3+2J3-3 (c) 21-103 (d) 27-103
43 (5\/5—4)(5\/5+4) 44 (2J7+3J€)2 45 (2JE+J§)(JE—3J§)

46 (2J5+3~/§)2

1.9 RATIONALISING DENOMINATORS

The expressions \/E X \/E and («/Z - \/l; )(\/Z + \/E ) both have rational answers (that is, answers that do not
involve surds): v/a xv/a = a and (\/E—\/E)(\/Z + JE) = (\/5)2 - (\/E)z =a—b. For example:

e Bx3=3

o (V7 -V2)(N7+42)=7-2=5

a7 (23-1)(243 +1) 48 (23-1)
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The expansion (\/5 b )(JE +/b ) =a—b is known as the difference of two squares. You have seen this in
previous years as (x — y)(x + y) = X — y”. By letting x = v/a and y =+/b, we have obtained a process to convert
any binomial surd into a rational number.

When you have a surd expression in the denominator of a fraction, it is normal to make the denominator
into a rational number. This process is called rationalising the denominator.

Remember: to change a fraction without changing its value, multiply the numerator and the denominator
by the same amount.

The expressions va —+/b and Va ++/b are called conjugate surds, with each expression being the conjugate
of the other. To convert any surd into a rational number, multiply the surd by its conjugate.

Example 11

Express with a rational denominator:

7 N

s . N
@ % &) ©OmE  9ign
Solution

s

1 V2
(@) \/_ : Multiply by G (b)
e 7,

SeN-S LA
2

Multlply by = Vel

Vg

PN

NS
&%

1

In parts (¢) and (d) the denominator is a binomial surd, so you have to multiply both numerator and
denominator by the conjugate of the denominator.

() S ><‘/§_‘/E (d) N ) x2xﬁ+~/§
NN R e A N N R B A

_3-2 _221+3
3-2

T 4x7-3

=3-2 _2321+3
25

Example 12
V2 2
Express 2‘/5+_1+\/§+l

Solution

You can add the two fractions by finding a common denominator and then rationalising the result, or by
first rationalising each denominator and then adding the resulting fractions. The latter is usually the easier
method, unless the denominators happen to be conjugates.

as a single fraction with a rational denominator.

Chapter 1 Arithmetic and surds



V2 . 2 _ 2 22-1,. 2  3-1
W2+l B+l 2N2+1 2f—1 T B Bl

_4-\2 2(v3-1)

4><2—1 ]

=4—~/§+2(‘/§‘1)

7 2

_4-V2 _3-1
7 1
_4-2+7(V3-1)

7
_73-2-3
7

EXERCISE 1.9 RATIONALISING DENOMINATORS

For questions 1 to 27, express each fraction with a rational denominator.

2 5 35
1= 22 3 2
1 1 1
W w3 ® 52 e e 1
9 Y6 _ _ 25 19 P+2
2J5-3V2 3~/_—2J— J3-2
43 M7-25 qq 32+243 5 5Y3+3J5
35242 3W2-243 5~f 33
2f+f 3«/7—2 W2 -2{3
V3 V2-1 25-2
21 a-im 2 SN W}
o5 27 =32 J5+43 2 24253
207 -2 ® io-v% 3J6 —/15

28 Ifx= 3— ZJ_ then the value of x + Li is:
\/_ X

A 34 B 242 C 34-2442
29 Ifxzs/§+1,ﬁndthevalueofx2—%.
x

2
30 Ifx=3V2+ 1, find the value ofu

2
31 If x =+/5 — 2, find the value of X_+2x
x+3

32 Show that x = 2+/2 — 3 is one solution of the equation x* + 6x+ 1 =0.

1
M I
g 32
NGENE
10 42435
2J5 -2
23
16 332
343
N o

J6+243
24 72«/5—«/5

2

33 Which values of x satisfy x° + 4x + 2 = 0? Indicate whether each answer is correct or incorrect.

@ x=2-+2 b) x=2-2 (© x=+2+2

14 New Senior Mathematics for Years 11 & 12

d) x=—2-+2



34 Show that x = +/5 — 1 is one solution of the equation x* + 3x* — 2x — 4 =0.

35 Show that x =

1 . . . 5
is one solution of the equation 2x" —2x—1=0.
\/5 -1 d

For questions 36 to 44, express as a single fraction with a rational denominator:

3 L, 3 g7 N3+42 _5-42 gg Y3=V2 223
23-1 B+1 52 52 B2 22+43
39 Y542 2V5-3V2 40 2541 5-1 4 2B B3
NN AN TN ) 25-1 25-3 J6-3 2J6+33
4o PB=1_ 53 43 25 3J7

B+2 25+43 JI0-V15 35-414

1 1 2
- - _ ‘
x—1 " x+1 xz_l,wherex 23 +1

CHAPTER REVIEW 1

1 Simplify 0.2 X 0.01 x 0.0003, writing your answer in standard form.

44

2 Write each expression as a single fraction.

1,1
+
2 3 4.5,1.4 1_3).,5
@ 1 b} 5x5+5%5 (©) (22 4)'28
_,_X_
2 3
3 Express as a common fraction:
(@ 0.6 (b) 1.203 (c) 0.07156

4 Evaluate, giving your answer correct to two decimal places:

21.62 % 4.87 4 5 7’
_— 3x10°+(8x10 Lo
(@) ,f 1706 (b) 3x (8x10°) () T+4

5 Simplify:
2 8
12 +4+/3 ++/27 —34/54 b) =+v20+—
@) 123 27 ®) 5V g
V5 -2 3 x15°
c d) = - A challenge!
(c) Jg ‘/5 (d) = ( ge!)

6 Expand and simplify (3\/5 — 2\/5 )2.

7 The correct expansion of(\/g +2~/§)(\/E —\/5) is:
A J30+2y2-5 B J6+2V12-2410 C 4V3-410-5 D 30+4v3-2J10-5

2-1
8 Express 2{/_5 1 with a rational denominator.

9 Find the exact value of x* — 2x* + 1 when x = 3v/2.

10 Show by substitution that x = ng_ L is a root of the equation x” + 3x” + x — 2 =0.
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CHAPTER 2
ALGEBRA

Outcomes covered:

P1 demonstrates confidence in using mathematics to obtain realistic solutions to problems

P3 performs routine arithmetic and algebraic manipulation involving surds, simple rational expressions and
trigonometric identities

P4 chooses and applies appropriate arithmetic, algebraic, graphical, trigonometric and geometric techniques

2.1 SIMPLIFYING ALGEBRAIC EXPRESSIONS

When adding and subtracting algebraic expressions, you can only combine like terms (that is, algebraic parts
that have the same pronumerals).

Example 1
Simplify each expression by collecting the like terms.
(@) 3x+2y+5x—6y (b) x*+2x—x+3x (c) 2(3a—4b)—3(a—>5b)
Solution
(@ 3x+2y+5x—6y (b) x*+2x—x+3x (c) 2(3a—4b)—3(a—5b)
=3x+5x+2y—6y = +3°+2x—x =6a—8b—3a+15b
=8x—4y =4x" +x =6a—3a—8b+15b

=3a+7b

EXERCISE 2.1 SIMPLIFYING ALGEBRAIC EXPRESSIONS

Simplify each expression by collecting the like terms.

1 3x+5+7x+10 2 7x—3+3x-2 3 4a+b—a—4b

4 6ab+3ab+5a+4a 5 3xy+2xy—yx 6 mn+8mn—3nm

7 3a’b—3ab’ +2a’b 8 5xy” +3xy° — 2xy 9 2x%y+3x"y’ — X'y +3x°y
10 3abc + 5bca — 2cba 11 3p’q—5pg—2p°q 12 12mn+3m—6mn—m
13 x> —3x +2x+4x° 14 o’ +5a° - 3a—5a 15 2% + 5y — 4o’

16 9x° — 3xy + 5yx — 6x°

Simplify each expression by expanding the brackets and then collecting the like terms.

17 5a-3(a+D) 18 4(2x—y) —6x 19 8m —5(2m —3n)

20 3(2x+5y) +4(x—y) 21 52x+3)=5(x+7) 22 6(2a+3b)+3(a—b)
23 72k+1)—-3(k+2) 24 5a(a+2)—3a(a+1) 25 5x(x—2y) +3x(2x—y)
26 4a(2a+b)—a(a+2b) 27 2a+3b—(a-b) 28 x+5y—(3x+2y)
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29 3x(x—y)+2x(x—y) 30 5x(2x+ 1) — (x* +x) 31 m(3m —5n) +3m(2m —n)
32 15(x—2)+4(3x—3) 33 2(x* —x—6) — 3(x" + 2%) 34 3x(x—2)—4(x—1)
35 3(x*+5x—1)— (2’ +x-2) 36 5x+2y—3—(x—7y+9)

37 The expression a(a + 1) — 3(2a + 1) simplifies to:

A a—7a-3 B a’'—5a+3 C a*-5a-3 D a°—7a+3
38 The expression 3(m* —m) = 2(m* + 2m + 5) simplifies to:
A 5m'—7m-10 B m’ —7m-10 C m+m-10 D m —7m+10
2.2 SUBSTITUTION IN FORMULAE
Example 2
If V= nr’h, find:
(@) Vwhenr=35h=5 (o) rwhen V=275h=14
Solution
(@) V=mx35x5 (b) rzz%
=61.257 (exact value) 2 275
=192.4 correct to one decimal place 14X r

_ 1275
= ,’——1 o (exact value)

r=2.5 correct to one decimal place

EXERCISE 2.2 SUBSTITUTION IN FORMULAE

Use the value of 7 on your calculator. Give your answer correct to one decimal place when needed.

1 If P=2(l+ b), find the value of P when [ =20, b =12.
2 IfE=1IR, find E when I =2.4, R =40.

3 If F=ma, find F when m=50,a=0.2.

9C

4 IfF=?+32,ﬁnd: (@) FwhenC=60 (b) Cwhen F=41.

5 If A=7nr’, find A when r=3.5.

6 If V=7r’h, find V when r=4.2, h = 10.

7 IfE=mc’, find: (@) Ewhenm=10,c=1.6 (b) cwhenE=13.5 m=1.5.

8 If v=u+at, find vwhen u=20,a=1.8, t=10.

9 If s=ut+1at’,find: (a) swhenu=5a=6,t=24 (b) awhens=50,t=2.5 u=10.
10 If v’ =’ + 2as, find v when u =12, a =2, s = 20.25.

11 Ifs=3(u+v)t, find swhen u=2.6,v=3.2,t=2.5.

12 If S=2nrh, find S when r=2.5, h = 3.5.
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13 Ifr= %,ﬁnd: (@) rwhenA=154 (b) A whenr=1.75.

14 IfE=%(vz—uz),ﬁndEwhenm=4,v=4,u=2.

15 Ift=a+ (n—1)d, find: (@) twhena=3.8,n=20,d=0.2 (b) nwhena=5.6,d=5,t=25.6.

16 IfF:M,ﬁndehenmﬂo,v:zL,u=2,t=6.

17 Ift=ar’, find t when a = 64, r=0.5.

a(r3—1)
18 If8=ﬁ,ﬁnd8whena:5,r=3.

19 IfA= 7r(R2 - rz), find A when R=5.6, r=1.4.
20 If V=n(R*-1")h, find Vwhen R=0.9, r=0.2, h=1.5.
21 IfV=1%xr’h, find Vwhenr=3,h=3.5.

2R-V

22 IfP= 5

,find: (@) PwhenR=50,V=20 (b) VwhenP=0.2, R=20.

23 If W=1dnr’h,find Wwhend=3, r=7,, h=11.

24 If f = 2% find: (@ fwhenv=20,u=25  (b) vwhen f=20, u=25.

25 IfA:P(Hﬁ) ,find A when P=1000, r =10, n = 2.

2.3 BASIC POLYNOMIALS

Common terms

A monomial is an expression that contains only one term, e.g. 5x, x°, 2ab, 5a°b’.

A binomial is an expression that contains two terms added or subtracted, e.g. x + y, 3a — 20, X +1, 3y—4.

A trinomial is an expression that contains three terms added or subtracted, e.g. X —5x+6,x+ y—4,

4x2—2xy+y2,m+n—p.

A quadratic trinomial is a trinomial of the form ax’ + bx+c (where a#0,b#0, c#0); ais the coefficient
2 . . .

of x°, b is the coefficient of x, and c is the constant term.

Standard results

(x+m)(x+n)=x"+ (m+n)x+mn In each of these results, the expression on the left-hand side has been

(a+b)Y?=a*+2ab+ b expanded to obtain the expression on the right.
(a—b)’=a>—2ab+ b If we start with the expression on the right-hand side, then we can
(a—b)a+b)=d — b factorise it to obtain the (usually) shorter form on the left.
Example 3
Expand and simplify each expression.

(@ (x+2)(x+3) (b) (3x—2)(2x+3) (€) (y+5)

Y
(d) (3x—4)(3x+4) () (x+2)(x*—5x+6) M (x—1x+2)(x+3)
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Solution
(@ (x+2)(x+3)

=x"+3x+2x+6
=x*+5x+6

(d) Bx—4)3x+4)
=9x*— 16

(b) Bx—2)(2x+3)
=6x"+9x—4x—6
=6x"+5x—6

(e) (x+2)(x*—5x+6)
= x(x* = 5x+6) + 2(x* — 5x + 6)
=x" —5x" +6x+2x"— 10x + 12
=x —3x"—4x+12

(© (2y+5)°
=4y” + 20y + 25

H c=Dx+2)(x+3)
= (x—1)(x" + 5x +6)
=% +55 +6x—x —5x—6
=X +4x’+x—6

EXERCISE 2.3 BASIC POLYNOMIALS

Write the expansion of the following.

1 (x+5)(x+1)
4 (a+5)(a—-4)
7 2x+3)(x+5)
10 (5x—-3)(7x+2)
13 (3x+2)(2x+3)
16 (3x+4)’

19 x(x—-2)(x+2)

22 (x*+5)(x* —2x—3)

2 (x—2)(x—3)

5 (x—2)

8 (Bx—4)(x—2)

11 (3x+2)(3x+2)
14 (x+1)2x—1)

17 (x—3)2x" +3x+1)
20 (x—1)(x—1)(x—2)

23 (x—2)(x+2)(x+2)

25 The correct expansion of (\/; + \/; )2 is:
A X +2xy+y B x+y+2xy C x+y+2\/g

3 (a-3)(a+4)

6 (y+7)°

9 Bm+7)2m—1)
12 2p-9)(2p+9)

15 (4p—5)°

18 (3x*—5x+2)(2x—4)
21 2(x—1)(x—2)(x-3)
24 (-’

D x2+y2+2\/g

26 Indicate whether each answer is a correct or incorrect factorisation of x* — 4xy + 4",
(@ (x+2y) (b) (2y-x’ (©) (2x-y)

2.4 FACTORISING BY GROUPING IN PAIRS

This method is used when there are four terms in the expression.

(d) (x—2y)

Example 4

Factorise:

(@ bx+by+cx+cy

Solution

Group in pairs:

Take out common factor:

Take out common factor:

(b) m*—mn—2m+2n

(@ bx+by+cx+cy
%’_/ %,—/
=b(x+y)+c(x+y)
=(x+y)(b+c)

(b) m* —mn—2m+2n
H—/ %f_/

=m(m—n) —2(m—n)

=(m—2)(m—n)
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EXERCISE 2.4 FACTORISING BY GROUPING IN PAIRS

Factorise:
1 alx+2)+b(x+2) 2 3a(2b—3c) —m(2b—3c¢) 3 pla+b)+qla+b)—r(a+b)
4 X*2x-1)+402x-1) 5 ax+4a+bx+4b 6 xz—xy+xz—yz
7 2xy+2xz+y+z 8 a’—ab—ac+bc 9 10y — 25" + 4x — 10xy
10 @’ +3a’b+ab” + 30’ 11 ac—2bc - 2ad + 4bd 12 3xy—6y+7x— 14
13 x* - 2xy —xz+2yz 14 @’ - a’b-ab+ ¥’ 15 2mn+2mp + pn’ + p'n
16 x°+3x" +4x + 12 17 p’q—pq’ +5p—5q 18 m’p+m’ +np+n
19 Xy+x°+y+1 20 ab—-3a—-4b+12 21 2x—6y—xy+3y’

22 When 3m” — 3mn — m + n is factorised, the answer is:
A GBm-1)(m—n) B Gm-n)(m-1) C (Bm-1)(m+n) D @Gm+1)(m—n)

23 Indicate whether each answer is a correct or incorrect factorisation of 2x° — 2x* — 2x + 2.
(@ 2(x+Dx+1D(x-1) (b) 2(x+1)(x— 1)? () 2(x+1)(x—1)(x—1) (d) 2(x—1)(x+ 1)?

2.5 FACTORISING USING THE DIFFERENCE OF TWO SQUARES

Remember the difference of two squares: a*—b*=(a—-b)(a+Db)

Example 5
Factorise:
(@ a*-25 (b) 9°-49 () (x+1)’—(-17° (d) @—ab-ab’+b’
Solution
(@ a*-25=a>-5 (b) 9x*—49=(3x)*—7*
=(a-5)(a+5) =Bx-7)(Bx+7)
© (x+17°-(-1) d) a’—a’b—ab>+ b’
=[(x+1)— (- DIx+1+(y-1)] =a’(a—b)—b*(a—-b)
=(x—y+2)(x+y) =@ -b)(a-")

=(a—b)(a+b)(a—Db)
=(a-b)’(a+D)

EXERCISE 2.5 FACTORISING USING THE DIFFERENCE OF TWO SQUARES

Factorise:
1 m* -1 2 ¥*-16 3 64— m’ 4 94°-25
5 x*-0.36 6 b’ - 7 9% — 4y’ 8 (x+1)°-9
2 2
2 22 a 2 1 x* 1
9 x" —y7z 102—51 11PZ 1249
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13 (a+2)" -4 14 x* - (y+2)° 15 99°—1 16 523> —477°
17 a’b—ab’ 18 124’ - 3ab’ 19 3x°y—27y 20 (x+y)’—4
21 a*—(a-b) 22 X’ —x’y—9x+9y 23 x’+3x" —4x—12 24 p’q—p*—16q+16
2
25 a’x—x 26 484> - 750 27 (1+h)}’-1 28 ;‘—S—yz
29 When (p+ 2)° - (p— 2)* is factorised, the answer is:
A 2p°+8 B -8 C 2p°-38 D 8
2 2
30 Indicate whether each answer is a correct or incorrect factorisation of a_2 - b—z
a
—b)(a+b)a’+ b’
@ (2-5)(a+8) o (8-8)(5+4) @ (4-4)(2-5) @ l=tlathiast)

2.6 SUM AND DIFFERENCE OF TWO CUBES

Two important identities are: a+b=(a+b)a*—ab+b)
a—-b=(a-b)a’+ab+b)
The identities can be verified by expanding the right-hand side.

Example 6
Factorise:

(@ x-8 (b) 27y3 + 64x° () (x+2)° +y3 (d) x2y3 - zzy3 —xXW + 27w
Solution

@@ x-8=x"-2° (b) 27y’ +64x’ = (3y)’ + (4x)’

=(x—2)(x*+2x+4) = (3y +4x)(9y" — 12xy + 16x°)

(© (x+2)°+y’ d) &y’ -2y W'+ 2w
=(x+2 +y)[(x+2)2 —(x+ 2)y+y2]
= (x+2+y)(x2+4x+4—xy—2y+y2)

=y3(x2 _A) - w(E-D
= (¢ Zz)(ys —w)

=(x—2)(x+2)(y- w)(y2 +yw + wz)

EXERCISE 2.6 SUM AND DIFFERENCE OF TWO CUBES

Factorise:
1y —125 2 7+1 3 8p’+27 4 216—a’
5 (x+5)°+ (x—2)° 6 (2x+3)°’—(x—4) 7 °-4° 8 64a’ +8b°
9 47R —4rr 10 p'x'—p'x’ 11 2% +)° 12 %—%

13 dm’ +a’n’ = b’n’ = b’m’ 14 4x° —9x’ —4x* +9 15 (x+h)’ -«

16 a’+ (a—b)’ 17 (a+b)’—(a—-0b)’ 18 2x+1)°—(2x-1)

19 8- (2-x)° 20 a’b*-a’b 21 2(x—y)’ +54
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22 When 1000p’ — ¢° is factorised, the answer is:
A (10p—q)(100p” + 10pq + q°) B (10p—q¢’)(100p° + 10pq” +q")

C  (10p+¢)(100p> — 10pq + g°) D (10p+¢°)(100p° — 10pq” +q")

23 When (2x + 1)’ + (2x — 1)’ is factorised, the answer is:
A 2(12x°+1) B 4x(12x°+1) C 2(4x*+3) D 4x(4x+3)

2.7 FACTORISING QUADRATIC TRINOMIALS

To factorise quadratic trinomials, you must remember how to expand binomial products and then work
backwards. We know the following:

o (x+m)(x+n)=x"+(m+n)x+mn=x"+ (sum of m and n)x + (the product of m and n)
o (x—m)x—n)=x"—(m+n)x+mn=x"+ (sum of -m and -n)x + (the product of -m and -n)
o (x+m)(x—n)=x"+(m—n)x—mn=x"+ (sum of m and -n)x + (the product of m and -n)

To factorise x* + 5x + 6 you must write it in the form (x + m)(x + n), where m + n =5 and mn = 6. This means
you must find two numbers whose sum is 5 and whose product is 6.

Example 7
Factorise:
(@ x*+5x+6 () x¥*—7x+10 (c) ¥’+x—-12 (d) x¥*—6x+9 (6) x*—5x—24
Solution
(@ x*+5x+6
Write: x>+ 5x+ 6 = (x + m)(x + n)
Look for numbers m and n whose sum is 5 and whose product is 6.
List possible factors of 6 and check the sum: 6x1=6 6+1=7
3X2=6 3+2=5
Hence: x°+5x+6=(x+3)(x+2)
The information could also be set out using the cross method: x >< 6 3
1 2

x
The correct pair will give 5x when multiplied across.

(b) x*—7x+10
Write:  x°— 7x+ 10 = (x + m)(x + n)
Look for numbers m and n whose sum is -7 and whose product is 10.
Since the sum is negative and the product is positive, both the numbers are negative.
List possible factors of 10 and check the sum: -10x(-1)=10 -10+(-1)=-11
5x(2)=10 -5+(-2)=-7
Hence: x°—7x+10=(x—5)(x—2)
€ x+x-12
Write: x4+ x—12=(x+m)(x+n)
Look for numbers m and n whose sum is 1 and whose product is -12.

Since the sum is positive and the product is negative, the numbers have different signs and the larger
number is positive.
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List possible factors of -12 and check the sum: 12 x (-1) =-12 12+ (-1)=11
6% (-2)=-12 6+(-2)=4
4% (-3)=-12 4+(-3)=1
Hence: x°+x—12=(x+4)(x—3)

Using the cross method: x Y p 4
X >< /f 2 -3

The correct pair will give x when multiplied across.
(d) x¥*—6x+9
Write:  x° — 6x+ 9= (x+ m)(x+n)
Look for numbers m and n whose sum is -6 and whose product is 9.
Since the sum is negative and the product is positive, both the numbers are negative.
List possible factors of 9 and check the sum: -9x (-1)=9 -9+ (-1)=-10
-3%x(-3)=9 3+(-3)=-6
Hence: x*—6x+9=(x—3)(x—3)=(x-3)’
(e) x¥*—5x—24
Write: x°—5x—24= (x+m)(x+n)
Look for numbers m and n whose sum is -5 and whose product is -24.

Since the sum is negative and the product is negative, the numbers have different signs and the
smaller number is positive.

List possible factors of -24 and check the sum: -24x1=-24 -24+1=-23
-12x2=-24 -12+2=-10
-6 X4=-24 -6+4=-2
-8Xx3=-24 -8+3=-5

Hence: x°—5x—24=(x—8)(x+3)
x >< 24 A2 6 -8
x X Z A 3
The correct pair will give -5x when multiplied across.

With practice, you will be able to write the factors simply by looking at the sum and product.

TECHNOLOGY EXPLORATION

Factorising trinomials

In GeoGebra, enter y=<trinomial> in the input bar (where <trinomial> is the quadratic trinomial to be graphed,

for example X2+ 2x — 9). The resulting graph will show the zeros of the trinomial function and can be used to
check the factorisation.

EXERCISE 2.7 FACTORISING QUADRATIC TRINOMIALS

Factorise the following quadratic trinomials:

1 X +4x+3 2 X*+10x+21 3 X*+11x+24 4 X +6x+5

5a+7a+6 6 a’+12a+32 7 m’+9m+20 8 p’+9p+18
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9 p’+11p+18
13 X’ +8x+12
17 m* —9m +20
21 p’+2p—15
25 x*—2x-35
29 X*—7x+6

33 @’ +13a+30

10 p*+19p+18
14 X’ —7x+12
18 m’ —12m + 20
22 p*+14p—15
26 x*—3x—10
30 ¥’—x-72
34 X —x—42

11 X+ 7x+12
15 x*— 13x+ 12
19 m’>—21m+20
23 p’-2p-15
27 X +17x+72
31 X’ +6x—72
35 x°—19x—42

12 x>+ 13x+ 12
16 x*—8x+ 12
20 x°—14x+13
24 p*—14p—15
28 a*—4a—12
32 X’ —21x-72
36 x°+19x—42

37 'The factors of x> — 11x — 42 are:

A (x+14)(x-3) B (x-7)(x+6) C (x—6)(x+7) D (x—14)(x+3)

38 Indicate whether each answer is a correct or incorrect factorisation of x> — 8x + 7.
@ x+1Dx-7) () A-x)7-x) () x-Dx+7) (d) (x-1(x-7)

2.8 FACTORISING NON-MONIC TRINOMIALS

When the x* term in the quadratic has a coeflicient other than 1, finding the factors becomes more difficult
because there are more possibilities. You must find factors of the coefficient of x* as well as the factors of the
constant term and get the correct pairs together. You could use trial and error, but the cross method is easier
because it keeps the information more organised.

Example 8

Factorise 6x” + 19x + 10.

Solution

Write:  6x° + 19x + 10 = (ax + m)(bx + n) = abx® + (an + bm)x + mn
This gives: ab=6,an+bm =19, mn=10

List the factors of 6: 6,1 or 3,2

List the factors of 10: 10,1 or 5,2

List possible binomial factors:
(6x+10)(x+1) (6x+ 1)(x+ 10) (6x+5)(x+2) (6x+2)(x+5)
(Bx+10)(2x+1) (3x+ 1)(2x+ 10) (Bx+5)2x+2) (Bx+2)(2x+5)
You can expand the binomial factors to see which answer gives the original quadratic trinomial.

Before doing this, you can eliminate any possibility that has a common factor, because there is no common
factor in the original quadratic trinomial. This means you can eliminate the answers containing (6x + 10),
(6x+2), (2x + 10) and (2x + 2), because they all have a common factor of 2 (and the original quadratic

trinomial does not).
(6x+ 1)(x + 10) = 6x* + 61x + 10 Not correct
(6x+5)(x+2) =6x> + 17x + 10

(3x+10)(2x+ 1) = 6x* + 23x + 10

Expand the others:
Not correct

Not correct

(3x+2)(2x+5) =6x* + 19x + 10 Correct
Hence: 6x°+ 19x+10=(3x+2)(2x +5)
Alternatively, using the cross method: 6x >< 0 152 . 3 >< 10 1 5 2
x 1 10 2 5 2x 1 10 2 5

The correct pair will give 19x when multiplied across.

Hence: 6x°+ 19x+10=(3x+2)(2x +5)
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Example 9

Factorise 4x° — 4x — 15.

Solution

The factors of 4x” are either 4x and x, or 2x and 2x.

The factors of -15 are -15 and 1, 15 and -1, -5 and 3, or 5 and -3.

Set up the cross method: 4x >< -15 15 -5 5 or 4x >< 1 -1 3 -3
-1

X 1 -1 3 -3 X 515 -5 5

or
2x -15 15 -5 5 2x 1 -1 3 -3
2x><1-13-30r2x><-1515—55
The only combination that gives -4xis: 2x -5
2x 3

Hence: 4x*—4x—15=(2x—5)(2x+3)

Example 10

Factorise 3x” + 8x — 16.
Solution
The factors of 3x” are 3x and x.

The factors of -16 are -16 and 1; 16 and -1; -8 and 2; 8 and -2; -4 and 4; or 4 and -4.
Set up the cross method: 3x >< -6 1 16 -1 -8 2 -2 8 -4 4
X 1 -16 -1 16 2 -8 8 -2 4 -4

The only combination that gives 8xis: 3x >< -4
x 4

Hence: 3x*+8x—16=(3x—4)(x+4)

EXERCISE 2.8 FACTORISING NON-MONIC TRINOMIALS

Factorise:
1 26 +3x+1 2 35" +11x—4 3 2x°+7x+6 4 4a°+13a+3
5 4x* +5x+1 6 3a°—5a+2 7 8x*—14x+3 8 2x*—9x—5
9 136 —7c—6 10 8x°+14x+5 11 6x° +17x+ 12 12 3x°—13x+4
13 3x*—17x+ 10 14 64" —13a—63 15 3x° - 11x—4 16 10x°—11x—8
17 2x° +3x -2 18 4x°—12x+9 19 9x" —12x+4 20 2x°—9x+10
21 6x*—85x+ 14 22 15m*+17m—18 23 104’ —4la—18 24 y*—2y—3
25 12)° +14y—6 26 6x°—25x+ 14 27 6x°—29x+28 28 6x°—19x+ 14
29 6x*—20x+ 14 30 8x*+2x-3 31 6p” +25p+21 32 10a°—1la—6
33 12)° +28y—5 34 24x’ - 59x + 36 35 15x° - 19x+6 36 3x°—2x—1
37 9x*+9x—10 38 2x* - 9x+4 39 10p°+11p+3 40 5% —2x-3
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41 'The factors of 8x* — 6x — 9 are:

A (4x-3)2x+3) B (8x—-9)(x+1) C (4x+3)(2x-3) D (4x—-9)(2x+1)
42 Indicate whether each answer is a correct or incorrect factorisation of 4x° + 12x + 9.

(@ (2x+3)2x+3) (b) (3+2x)(3+2x) () (2x+3)° (d) (2x-3)°

2.9 MIXED FACTORISATIONS

To factorise the expressions in the next exercises, you will need to use one or more of the techniques
learned so far:

« remove a common factor
o group in pairs and remove common factors
« difference of two squares

o quadratic trinomials.

EXERCISE 2.9 MIXED FACTORISATIONS

Factorise completely:

1 x°—3x 2 24’ 8a 3 3x" +9x 4 x* -8«

5x -9 6 X’ —8x—9 7 3x’y—12y° 8 5x’y—20xy’

9 1-(b+o¢)’ 10 10x°+9x—1 11 (a+b)’-b° 12 6x*—24

13 o’ —a—42 14 a(m+n)—b(m+n) 15 2x° + 14x" — 16x 16 3a’+24a° +2l1a
17 (x+2y)° -4 18 x*—3x—10 19 o’ -1 20 ab’+ abc + abd

21 x2—36y2 22 X +x 23 X +x-12 24 x(y—2)+y(y—=2)
25 4x” —28x— 480 26 bx’—14bxy+49by" 27 6y’ +3y° -3y 28 6y’ +26y" + 8y

29 154> — 60 30 9mn—25m’n’ 31 5a°x— 125x 32 (x+y)2—(x—y)2
33 51’ + 5 — 360t 34 m —mn+6m—6n 35 x*(x+3)—4(x+3) 36 mxz—xy+ ly — mix

37 The factors of 4 — (x + 1)* are:
A (B-x)5+x) B 2-x)(2+x) C (1+x)(3—x) D (1-x)3+x)

For questions 38 to 45, write an algebraic expression in factorised form for the shaded area in each of the figures.

38 / r\ 39 40 41 Ir
N

42

LD (T
-

<>
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46 Indicate whether each answer is a correct or incorrect expression for the shaded area in question 45.

(@ (a+b)(a+c)—bc (b) a’+ab+ac

() (a+b)a+c)

(d) ata+b+c)

2.10 ALGEBRAIC FRACTIONS

To simplify algebraic fractions:
1 Factorise the numerator and denominator.

2 Cancel any common factors.

Example 11
Simplify:
9x+6 15a° —5ab 9x* —y*
@ 32 ®) = T0ab ey
Solution
(@) 2x+6 _ 33x+7) (b) 154> —5ab _ 5a(3a—b) ©) 9% //F(wa)
3x+2 3x¥2 10ab ~  10ab 6xy — Zy Zy/x//j
=13 ~da=b
26 2%k
2y
Example 12
implify x* =9 x=—2
Solution
x2—5x+6>< x +3x MM x (x+3)
x*=9 xt—x-2 MM (x+1)j,x//27

x+1

EXERCISE 2.10 ALGEBRAIC FRACTIONS

Simplify:
’ 8a;4b 2 15x1+510y 3 1‘;;:?
5 12ab—6b’ 8x+2 2 3a=5b_
9ab 4x+1 3a® —5ab
9 mn—n’ 10 qu_qu 14 X t%y
n pq 2x
2 2 2 2
13 X =0 14 k +k 15 X =9
(x+)/)2 k+1 x“+3x
17 4x2_4xy 18 x —7x+6 19 a2+ab
x*—y? x*—36 ab+b’

8x* —4xy

4
8xy

8 m+m’
m

12 2r5—12r
P +rs

16 154° —5c21b
3ab-b

a 2_p?
a*+ab

20
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’-1 -6x+8 243x+2 2_5x+6
21 2x 29 X2 X+ 23 X +2 X+ 24 X2 X+
x"—=5x+4 X —x-2 x" -4 x“+x—-12
2 3 2 _ 2
o5 X +4x+4 og 4x’y—16xy o7 12a+9, 5 28 X —xy XY .
x> —3x—10 2 42x—8 15 " 4a+3 xy 3xy—y
2
o9 M tm=2 simplifies to:
m-—m
(m=2)(m+1) m+2 m—2
2 2 2 _ 2 2
30 24 —3;1bx2a —2ab 31 15x Sxy+3x y 32 12x2—4x+1092€)2’
ab—b 4a—-6b 10xy 2y 3x"—=x  5x7y
33 X =2x-3 x> =25 a4 (a+2b)(a—b) a’ —3ab+2b’
x?—4x-5 (x=3)(x+5) a’ —4b’ ab-b’
2 2
35 Simplify 2m =) .. zm —3™ _ Indicate whether each answer is correct or incorrect.
m - —m-—12 m” —9m+20
m(m—3)* 3 m+5 m—>5
@ t—am-n  © © T @ Z5
Simplify:
3+ 3 2 2 2
36 xz_)/z 37 8x +34x+2 38 2936+2g/xx 22xy-;—y
x =)y 8x"—1 X =y X" =y
3.3 3 3
39 W a0 ¥ —(x=y)
x"=(x=y)

2.11 ADDING AND SUBTRACTING ALGEBRAIC FRACTIONS

When adding and subtracting fractions, first rewrite each fraction with the same (common) denominator, then
add or subtract the numerators.

28

Example 13
Express as a single fraction:
3 2 3x  2x+1 3,2 2x—y x—y
@ 5-7 ) -3 & e @ —3 6
Solution
3.2 3x  2x+1 3,2 2x—y x-—y
@ 5-7 b) -5 © 55*7x @ —3 6
_21_10 _21x_5(2x+1) _21 10 _2Q2x-y) (x-y)
35 35 35 35 35x  35x 6 6
_11 _21x—10x-5 _ 31 _Ax-2y—-x+ty
35 35 35x = 6
_llx-5 3x—y
35 ~7 56

EXERCISE 2.11 ADDING AND SUBTRACTING ALGEBRAIC FRACTIONS

Simplify:

1 2

(S0P
AR

3x

?4'

R

New Senior Mathematics for Years 11 & 12

N
ES

w(
Al

o e

[\
m\%
N



5 at2_a-l 6 2X-y_x-3y 7 3x+2_ x+1 g dm=2n_ m+n

5 3 3 6 6 4 5 10
13 %Jra—lz 14 ﬁ—% 15 2 _1 16 %+%
17 :Tb_ﬁ 18 441, 4-1 19 1.2 20 %+%-xl—2

21 Simplity L+ @ Which of the following is correct?

ab  bc )
1+a B c+a C 1+a D c+a

abc abc ab’c ab’c

2.12 HARDER ALGEBRAIC FRACTIONS

More complex algebraic fractions require you to factorise the denominator before you find the common
denominator. Write each fraction with the common denominator before you add or subtract the numerators.

Example 14
Express as a single fraction:
3 1 11 3. 2 |
@ x2—4+m ©) B=y By (©) X +2x x*-4 (@) x> —5x+6 x*+2x-8
Solution
3 1 1 1
@ 2" b) =5 -x+y
_ 3 " 1 _ xty _ xX—y
(x=2)(x+2) x-2 C(x=p)x+y) (x—y)x+y)
— 3 x+2 + _( — )
x-2)x+2)  (x=2)(x+2) =%
_ x+5 2y
G=2)+2) GG
3. 2 d 1 _ 1
(©) x2+2x x4 (@) x*=5x+6 x*+2x-8
_ 3 2 _ 1 1
x(x+2) (x=2)(x+2) T (x=2)(x=3) (x=2)(x+4)
__ 3(x=2) 2x _ x+4 _ x=3
x(x+2)(x—=2) x(x—2)(x+2) T (x=2)(x-3)(x+4) (x—-2)(x-3)(x+4)
__3x-6-2x _ x+4-(x-3)
x(x+2)(x—2) T (x=2)(x-3)(x+4)
SR __ x+4-x+3
x(x+2)(x—2) T (x=2)(x-3)(x+4)
7

T (x=2)(x=3)(x+4)

Chapter 2 Algebra
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EXERCISE 2.12 HARDER ALGEBRAIC FRACTIONS

For questions 1 to 9, write the lowest common multiple (LCM).

1 (x—3)and (x+3) 2 (x—5)and (x> —25) 3 xand (x—2)
4 (2x—4)and (3x—6) 5 (x*—4x) and (x—4) 6 (x’—4x)and (x*—16)
7 (x+2)and (x* +4x +4) 8 (x—y), (x+y),and (x* —yz) 9 (x* —yz), (* + xy), (xy —yz)

10 The lowest common multiple of x, x + 3 and X —9is:
A x(x—3)(x+3) B x(x—3)x"—9) C x(x+3)(x*-9) D x(x-3)

Express each of the following as a single fraction.

1 1 3.2 X y
"t 12 555 %%y B 3=ty
X ) 3a-b 1 1 1
+ —
14 X—y x+y 15 a2_bz+a—b 10 x*—4 x+2
17 25— 18 —3 42 19 1 1
=yt Xty (x—2)" x-2 x*—4x+3 x> -1
3 1 11 5 a
R A A w3y Tx—y 22 v 7 o
1 1 x+10 6 8 7a___5a
23 x—S_x+5+x2_25 24 3x—2 4x+1 25 3a—4 2a-3
) 1 1 X 1 1 4
2 o+ 27 2
6 xt—xy ¥ x+4+x2—16 8 x+2+x—2+x2_4
29 1 n a+4 30 3 _ 2 31 X+1_X—1
a+3 @’ +5a+6 x*—4 x*-3x+2 x=1 x+1
32 2 43 33 x___2 34 > __2
x—2 x’_4 x2—-16 Xx+4 3x  x*-5x
35 Simplify % ~3 i X Indicate whether each answer is correct or incorrect.
2x—=7 2x—13 2 2x—1
@ (x+1)(x—-2) (b) (x+1)(x—2) © (x+1)(x—-2) @ (x+1)(x—2)
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CHAPTER REVIEW 2

1 Expand and simplify:

(@ (2x-5)° (b) (x+3)(x—7) €) Qy+1)(3y+4)
(d) (5x—4)(5x+4) € x—y) (' —xy+y)
2 Factorise:
(@) 81-4d (b) 10xy—5y (c) szy - 10xy2 —5xy (d) a*—18a+56
(e) 16x*—1 f 3x*+4x-7 (9) a*—b*+2a-2b (h) 3x+7x"—6x°
(i) 8a’—27 () 8—(x+h) (k) 8y°—6y—9 0 x*-8x
3 Ifa=-3and b =4, evaluate Va* + b*.
4 Simplity:
3x> ay—a 3y-3 55 2x+3 , x 12m*> —4n _10m’n
=% + = +Z +
(a) e xyz 4ay2 (b) 3 4 6 (c) 32 —1 IR
3x+4 5 3 1 2x2—3xy 4x—6y
d —= e + +
@ x* X ©) x+1 x?+2x+1 y xy—y2 2x2—2xy
a+b’ 2 1 . 1 1
h = i +
©) at-b (M) m*—4 m’=3m+2 0 x> =9x+20 x*—11x+30
5 Expand and simplify:
1 1) 2 11 2 L kY
(@) (a3 —b3)(a3 +a’b? +b3) (b) (a2 —bz)

6 Find the exact value of if where a = (%)2, b= (%)7, c=( %)4
c

7 IfE= %(Vz —uz), find:

(@ Ewhenm=13,v=17,u=15 (b) vwhenE=98, m=4,u=24,ifv>0
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CHAPTER 3
EQUATIONS AND INEQUALITIES

Outcomes covered:

P1 demonstrates confidence in using mathematics to obtain realistic solutions to problems

P3 performs routine arithmetic and algebraic manipulation involving surds, simple rational expressions and
trigonometric identities

P4 chooses and applies appropriate arithmetic, algebraic, graphical, trigonometric and geometric techniques

3.1 LINEAR EQUATIONS IN ONE VARIABLE

To solve a linear equation in one variable is to find the value of the variable that will make the equation true.

Example 1
Solve:
(@ 5x—3=2x+9 (b) 5(x—3)—-3(x—2)=19
Solution
(@ 5x—3=2x+9 (b) 5(x—3)—3(x—2)=19
5x—3-2x=9 5 -15-3x+6=19
3x—-3=9 2x—9=19
Spe= 12 2x=28
x=4 x=14

TECHNOLOGY EXPLORATION

Solving polynomial equations

In GeoGebra, enter the equation in the input bar (replacing the equation’s variable with the letter x).
The solutions will be shown in the Algebra view as well as in the Graphics view.

EXERCISE 3.1 LINEAR EQUATIONS IN ONE VARIABLE

Solve:
1 5x=3x+9 2 42x—7)=3x-5 3 3(x+3)=3(9-3x)
4 x—7=3—-x 5 5(2a+1)=6(a—-05) 6 3(5x—1)—2(4—x)=6
7 4-3x=x+9 8 3x—-2=5x 9 52x—-1)=2(x-5)-3
10 4(3a+2)-6(3—a)=8 11 5-9y=10—11y 12 4B3m—1)=11+2m
13 2c—-(4—-¢)=5-¢ 14 m+8=5(m—1)-2m 15 4(x+5) - (x—1)=9
16 18-3(a—2)=2(a+2) 17 32x+5)=4—-(3x—-2) 18 5(c—7)=3(3c+8)

19 6(2x—3)=8-2(3x+1) 20 a+6=3-a
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3.2 LINEAR EQUATIONS INVOLVING FRACTIONS

For equations involving fractions, write the terms with a common denominator and then solve the equation
given by the numerators.

If the equation has only one term on each side of the equals sign, you can multiply each numerator by the other
term’s denominator to achieve the same result (see Example 2(d)).

Example 2
Solve:
X 4x 2x+1 2x-3 7 3 2 3a—2 _3a+1
a) =4+-— by &==—=_=<=--2  (c) — =
@ F+5-=23 by = & 5 9o @ S T=%a+3
Solution
4x 25eaell, Am=8_7
(@) §+ 3 =23 (b) 1 ¢ —3
3x  5X4x _ 3 3(2x+1) 2(2x—3) _ 28
15 15 12 2 12
23x _ 54 6x+3—4x+6=28
15 2x+9=128
23x =15%23
2x=19
=15
x=95
3 2 3a—2 _ 3a+1
C = S XEA, X#E2 = 3 .5, -1.
(c) A x> (d) =53 4%05a%-15
3(x-2) __ 2(x—4) 3a—2 _3a+1
(x—4)(x-2) (x—2)(x—4) 2a—1 2a+3
3(x—2)=2(x—4) (3a—2)(2a+3)=(Ba+1)(2a—1)
3x—-6=2x—-8 6a’*+5a—6=6a>—a—1
3x—-2x=6-8 6a=>5
x=-2 a:%

Solutions may have restrictions, which can be easy to miss. In (), x # 4 and x # 2, because these values would
make the denominators zero. In (d), a # 0.5 and a # -1.5.

EXERCISE 3.2 LINEAR EQUATIONS INVOLVING FRACTIONS

Solve:
125,35 2 3_2x_14 3= n
4 2x3+5_x47—2_|_4 5 5362—3=x+2 6 xJ3r3_2x6 1—x+1
7 2x8—1=3x4+1 8 2x3—1_5=% 9 2(20;+1):5(a2—2)
10 %:6_2% 11 33c+x4—7:xT+1 12 x42r4_3—44x:5—8x
13 02D 260 2 44 224 15 243 5
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7. ,_3 3 _ 2 3 5
16 x+2=% 17 =3 18 3 a1
5 _ y+3_y+1 x—2_x+4
19a+3_2 y+2 y+4 21x+3_x—5
22 Solve 2XF3 _ 2X=5 \which of the following is correct?
3x-1 3x+4
1 4 sl sk
A 3 B 3 C 3 D
Solve:
2m—5_ 2m 2 3 5_ 2
23 TE— 24 —x+1+x+9_0 25 y=y—7
3 2 1 4 3 1 1 1
26 - = 27 2> = 28 ——+ =0
x—2 x+2 x2_4 a a+2 a(a+2) x—1 2x-1
1 1 1 1 1 1 1 1 1
29 + = 30 = 31 =
x+2 x-3 (x+2)(x-3) X+l x+2 X2 4+3x+2 Xx—3 x+3 x2—9
32 Solve 1 + 1__ 2t Indicate whether each answer is correct or incorrect.
1—t 1+t 1—4%
@ -1 (b) 0 () 1 (d) 2

3.3 SIMPLE LINEAR INEQUALITIES

The solution to an inequality is usually a range of numbers described by another inequality, related to the
inequality in the question. The solution is also usually a range of real numbers, unless another set of numbers is
specified in the question (e.g. integers).

Rules for inequalities

If both sides of an inequality are multiplied or divided by a negative number, then the direction of the inequality
is reversed.

Ifa>b, thenta+c>b+c¢ Ifa<b, thenta+c<b+c
a—-c>b—c a—-c<b-c
ac>bc ifc>0 ac<bc ifc>0
ac<bc ifc<0 ac>bc ifc<0
a_b . a_b .
kg ifc>0 c<7¢ ifc>0
a_b . a_b .
c<e¢ ifc<0 c>c ifc<0

On number lines:
o a> b means that a is to the right of b.
e a < b means that a is to the left of b.

! | ! ?_I—t’
» x 22 is shown by a solid circle over 2 and an arrow to the right. 10 1 2 3 a4
« x> 2 is shown by an empty circle over 2 and an arrow to the right. P
10 1 2 3 4

This is demonstrated in the following examples.
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Example 3
Solve 2x + 3 2 9 and show the solution on a number line.

Solution
2x+32>9

2x2>26 10 1 2
x=3

Example 4

Solve 35 — 3x > 19 — x and show the solution on a number line, for the conditions:

(a) xisareal number (b) xisan integer

Solution
35-3x>19—x
35> 19 +2x Add 3x to both sides
16 > 2x Subtract 19 from both sides
8>x Divide both sides by 2
x<8 Rewrite starting with x

(@) For real numbers:
Solution is x < 8

e e
-1 0 1 2 3 4 5 6 7 8

(c) For non-negative numbers, x > 0:
Solutionis 0 < x < 8

(c) xis not negative

(b) For integers:
Solutionisx=7,6, 5, ...
(all integers to the left on the number line)

Example 5

X ; 1 < XTH and show the solution on a number line.

Solve

Solution
x—1<x+1
5 = 3
15 (xs—l) <15% (X;‘I) Multiply both sides by 15

3(x—1)<5(x+1)

3x—3<5x+5 Expand both sides
-3<2x+5 Subtract 3x from both sides
-8<2x Subtract 5 from both sides
-4<x Divide both sides by 2
x=-4 Rewrite starting with x

Chapter 3 Equations and inequalities
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Example 6

Solve -5 < 2x — 3 < 7 and show the solution on a number line.

Solution
This is really two separate inequalities, -5 < 2x — 3 and 2x — 3 <7, solved simultaneously.

Solve them together by applying the same steps to each part.

-5<2x-3<7 OR 2x-3>-5 2x—3<7
-5+3<2x<7+3  Add 3 toeach part 2x>-5+3 2x<7+3
-2<2x<10 Simplify 2x> -2 2x<10
-1<x<5 Divide each part by 2 x>-1 x<5

-l<x<5

The solution shows that x is greater than -1 but less than or equal to 5.

D S
-1 0 1 2 3 4 5 6

EXERCISE 3.3 SIMPLE LINEAR INEQUALITIES

In questions 1 to 15, solve each inequality and show the solution on a number line.

15x-22>213 2 2x-2<0 3 2x+5<-5 4 6x+22>-10
5 3x>2x+12 6 3(x+1)29 7 7x<3(2x+1) 8 2(x—6)=8
X X 3x x_3
& _X 2 Lo —-1>
9 3 4>1 10 > ~3<3 11 3x-12x+2 12 2x+7<3x+10
13 xT_1>-1 14 x?-i-3<7 15 x—1>5, xan integer
16 Solve 4x < x + 15 for x as a positive integer. The solution on a number line is:
A-~2e900ee. B -29eee
0 1 2 3 4 5 01 2 3 4 5
C~—t02oeee. D ~+ o 0ee .
0 1 2 3 4 5 01 2 3 4 5

In questions 17 to 23, solve each inequality and show the solution on a number line.

3x 2x 7x 4x x—5_5x-3 5x-3
17 ?—?>—2 18 ?<3+? 19 3 > 6 20 3 <x+2
21 5<x+4<1 22 22<5x—-3<32 23 -3S%<3

24 Solve simultaneously x —2 > -2 and x — 3 < 0. Indicate whether each answer is correct or incorrect.
(@ 0<x<3 (b) 0<x<3 (c) 0<x<3 (d) x>0 or x<3

25 If 5 is subtracted from a certain positive integer, the result is greater than 5 but less than 12. What values
can this integer take? (Let the positive integer be x, so that 5<x -5 < 12.)

26 Ifa certain number is divided by 2, the result is greater than 4 but less than 8. What values can this
number take?

27 The sum of two consecutive positive integers is no more than 35. What are the possible values of these
integers?
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28 A committee consists of 3 more women than men. The total number of committee members is at least 7
but not more than 15. How many women could be on the committee?

29 When a certain number is added to 5 and the sum is divided by 5, the result is not more than if this same
number is added to 13 and the sum is divided by 9. What is the largest value this number can take?

30 The base length of an isosceles triangle is an integer (in cm) and is 4 cm less than the sum of the two equal
sides. The perimeter is an integer (in cm) less than 80 cm. What are the possible base lengths?

31 The sum of three consecutive integers is greater than 7 and less than 25. Find all possible values of the
smallest of these integers.

32 The side lengths of a triangle are 8 cm, 10 cm and x cm. What are the possible values of x?

3.4 QUADRATIC EQUATIONS

An equation of the form ax” + bx + ¢ =0, a # 0 is called a quadratic equation in x. The values of x that make this
equation true are called the solutions or the roots of the equation.

A quadratic equation can be solved by factorising the quadratic expression and making the factored expression
equal to zero:

IfAB=0,thenA=00rB=00orA=B=0.

Example 7
Solve:
(@ x(x-2)=0 b) (x+1)(x—4)=0
Solution
(@ x(x—2)=0 b) (x+1)(x—4)=0
x=0 or x—2=0 x+1=0 or x—4=0
x=0 or x=2 x=-1 or x=4

EXERCISE 3.4 QUADRATIC EQUATIONS

Solve:
1 x(x-5)=0 2 x-2)(x-3)=0 3 x(2x+1)=0
4 (x—7)2x+5)=0 5 3x(2x—-9)=0 6 -5x(x+1)=0
7 (x—a)(x—-b)=0 8 (x—3a)(x+2b)=0 9 (x-2)(x+2)=0
10 2x—11)(2x+11)=0 11 (x—-1)’=0 12 (2x+3)*=0

3.5 QUADRATIC EQUATIONS WITHOUT A LINEAR TERM

To solve ax’ + ¢ = 0, ¢ < 0, remember the difference of two squares: a-b*=(a-b)a+Db)

Example 8
Solve:
(@ x*—4=0 (b) 2x*—18=0 () 9x*=25 (d (x-2)=9

Chapter 3 Equations and inequalities
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Solution

(@ x*—4=0 (b) 2x*—18=0
(x=2)(x+2)=0 2(x*-9)=0
x—2=0 or x+2=0 2(x—3)(x+3)=0
x=2 or x=-2 x=3 or x=-3
() 9x*=25 (d) (x—2)7*=9
9x*—25=0 (x—2)*-9=0
(3x=5)(3x+5)=0 (x=2-3)(x—-2+3)=0
3x—5=0 or 3x+5=0 (x=5)(x+1)=0
x=3 or x=-3 =5 @r z=-l
Example 9
Solve:
(@ x¥-6=0 (b) 3x°=15
Solution
(@ x*-6=0 OR x’'=6 (b) 3x*=15 OR x’=5
Use 6=(/6) x=+J6 3(x-5)=0 x=+5
¥ (V6] =0 e BlleiEl =
x=+5 or x=-5
(x=V6)(x+6)=0
x=~/(§ or x=-«/g

. TECHNOLOGY EXPLORATION

Solving quadratic equations

In GeoGebra, enter the equation in the input bar. The resulting vertical lines will show the solutions. Closer
approximations can be found using the Intersect Two Objects tool >@ Use this to click on the vertical
- line and then on the x-axis: the resulting point is shown in the Algebra view and the x-coordinate will be the
- solution.

EXERCISE 3.5 QUADRATIC EQUATIONS WITHOUT A LINEAR TERM

Solve:
1 x*-1=0 2 x¥*—25=0 3 xX-49=0 4 =16

5 The roots of the equation x* — 0.25 = 0 are:

A x=05 B x=-05 C x=205 D x==%4%
6 4x*=9 7 x*-65=0 8 4x*—25=0 9 x*-21=0
10 5x°—5=0 11 16X —1=0 12 16—x"=0 13 254 =49
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14 For the equation 9(x — 1)* — 36 = 0, indicate whether each statement is correct or incorrect.

(@) (x—1)2:4 (b) x:liﬁ () x=-3,1 (d x=-1,3
15 (x-2)’=16 16 5x°—245=0 17 75 =63 18 (5x—1)*=16
19 (x+3)2_4=0 20 x2_5:0 21 x2:2 29 (x+1)2:8

3.6 QUADRATIC EQUATIONS WITHOUT A CONSTANT TERM

To solve ax” + bx = 0: the equation has no constant term, so the common factor is x or a multiple of x.

Example 10
Solve:
(@ x*-3x=0 (b) 4x*=8x
Solution
(@ x*-3x=0 (b) 4x*=8x
x(x—=3)=0 4" —8x=0
x=0 or x=3 4x(x—2)=0 Divide by 4, do not divide by x

x=0 or x=2

EXERCISE 3.6 QUADRATIC EQUATIONS WITHOUT A CONSTANT TERM

Solve:

1 x*—6x=0 2 x¥*—5x=0 3 X +5x=0 4 x*+10x=0

5 The solution to x* = 4x is:

A x=0 B x=4 C x=0,2 D x=0,4
6 2x*—5x=0 7 xX=7x 8 3x*-21x=0 9 2x*+20x=0
10 6x%=24x 11 24— x=0 12 5% +x=0 13 3x*=-9x
14 12x* —5x=0 15 15x—x"=0

3.7 GENERAL QUADRATIC EQUATIONS

To solve ax® + bx + ¢ = 0, factorise the trinomial if possible.

Example 11
Solve:
(@ x*-5x+6=0 (b) 2x*=x+3 () x(x—2)=3 (d) Bx+4)(x—3)=16
Solution
(@ x*-5x+6=0 (b) 2x*=x+3
(x=2)(x=3)=0 2x*—x—-3=0
x=2 or x=3 2x=3)(x+1)=0

x=15 or x=-1

Chapter 3 Equations and inequalities 39



40

() x(x—2)=3 (d) 3x+4)(x—3)=16

xX¥=2x-3=0 3x*—5x—12=16
(x—3)(x+1)=0 3x*—5x—28=0
x=3 or x=-1 Bx+7)(x—4)=0

x=-2% or x=4

EXERCISE 3.7 GENERAL QUADRATIC EQUATIONS

Solve:
1 x¥*—3x+2=0 2 X*—6x+5=0 3 xX-2x—-8=0 4 x*—4x+3=0
5 x—6x+9=0 6 X*—5x+4=0 7 X¥*+9x+8=0 8 9x*+4x—5=0

9 The roots of the equation 5x° + 7x — 12 = 0 are:

A x=-1,24 B x=-24,1 C x=-12,1 D x=-08,3
Solve:

10 X*+4x—-12=0 11 58° - 11x+2=0 12 4x°—12x-7=0 13 2x°—x—-10=0
14 > +10x+25=0 15 x> +5x+4=0 16 4x"—8x—21=0 17 3x°—28x+25=0
18 x*—8x+16=0 19 5x° +26x+24=0 20 3x*-41x+60=0 21 30-7x—x"=0
22 5x*=8x-3 23 x(2x—-11)=6 24 x(x+5)=6 25 x(3x+19)=72
26 x*+15=28x 27 (x—2)2x+5)=2x+5 28 12—4x—x"=0 29 (2x+1)*=4

30 (x+1)°=4x 31 (x+6)=x+6 32 6x*=10-11x 33 7x*=2(17x—12)

3.8 COMPLETING THE SQUARE

In the expansion (x + 6)> = x> + 12x + 36, the constant term 36 is half the coefficient of x squared: (%)2 = 36.
In the expansion (x — 5)° = x* — 10x + 25, the constant term 25 is half the coefficient of x squared: (%)2 =25.

. . 2
This can be shown for the general expansion (x — a)* = x> — 2ax + a” as (%) =a’.

Thus, an expression like x* + 6x can be made into a perfect square by adding (%)2 =9 to obtain

X+ 6x+9=(x+3)%

Example 12
What must be added to each expression to complete the square?
(@) x*+8x (b) x*—3x
Solution
(a) x*+8x (b) x*-3x
 Halfof 8 is 4 « Halfof -3is-3
o The square of 4is 16 o The square of -3 is §
« Hence 16 must be added  Hence § must be added
L2 _ 2 2
Check: x"+8x+16=(x+4) Check: x2—3x+%:(x—%)
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EXERCISE 3.8 COMPLETING THE SQUARE

In questions 1-4 and 6-13, write the number to be added to complete the square.

1 X +4x 2 X’ —6x 3 X%+ 14x 4 x*+2x

5 The number added to x* — 12x to complete the square is:

A 36 B 144 C -36 D -144
6 xX*—x 7 x*+5x 8 x*+3x 9 x*—7x
10 X +x 11 %+ 2ax 12 x* - 2bx 13 ¥ +cx

14 The square is completed for the expression x* — ax. Indicate whether the following statements would be
correct or incorrect.

2 2 2
(@ x*-ax+2% b) x*—ax+% € (x-2 (d) x¥*—ax+ad’
4 2

2

3.9 SOLVING QUADRATIC EQUATIONS BY COMPLETING THE SQUARE

Example 13
Complete the square to solve:
(@ x*+4x-5=0 (b) x¥*-5x+6=0 (c) x*=8x
Solution
(@ x*+4x-5=0
X +4x=5 Add 5 to both sides
X +ax+4=5+4 Add 4 to both sides to complete the square
(x+2)*=9 Factorise
x+2=13 Take the square roots of each side

(b)

x+2=3 or x+2=-3

x=1 or x=-5

X —5x+6=0

X' —5x=-6 Subtract 6 from both sides

X -5x+8=-6+2 Add £ to both sides to complete the square
(x- %)2 =1 Factorise

x—3==%1% Take the square roots of each side

x=3 or x=2

Then, factorise using the difference of squares:

(x=3-1)(x-3+3)=0
(x=3)(x-2)=0
x=3 or x=2
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() x¥*=8x

X —8x=0 Subtract 8x from both sides

X —8x+16=16 Add 16 to both sides to complete the square
(x—4)*=16 Factorise

x—4=14 Take the square roots of each side

x—4=4 or x—-4=-4

x=8 or x=0

EXERCISE 3.9 SOLVING QUADRATIC EQUATIONS BY COMPLETING THE SQUARE

Complete the square to solve the following quadratic equations.

1 ¥ —6x+5=0 2 X*—2x—-8=0 3 xX*+4x-5=0 4 X*+4x=12

5 When solving x* — 10x + 24 = 0 by completing the square, the line of working after completing the square
could be:
A x¥-10x+16=-8 B x*—10x+25=0 C x—10x+100=76 D x*—10x+25=1

6 x*—4x=21 7 x*—26x+25=0 8 x¥*—3x+2=0 9 X*+x-12=0

10 X*—5x+4=0 11 ¥ +7x=30 12 ¥ —11x=12 13 ¥ —-3x-10=0

14 x*=7x-10 15 ¥ +x=72 16 x*—10x—11=0 17 x> —10x=0

18 x*=3x is solved by completing the square. Indicate whether the following steps in the working are correct
or incorrect.

@ x-3x+3=5 () (x-3) =3 (© x-3=%3 (d) x=0,3

3.10 QUADRATIC EQUATIONS WITH NON-RATIONAL SOLUTIONS

All the questions in Exercise 3.9 could have been solved by factorising. Practice in completing the square will
also enable you to solve equations that do not have rational factors:

Example 14
Complete the square to solve:
(@ x*+2x-5=0 (b) x*=4x+38 () ¥*—5x+2=0
Solution
(@ x’+2x-5=0
X +2x=5 Move constant to RHS
X +2x+1=5+1 Add 1° to complete the square
(x+1)*=6 Factorise
x+1=+/6 Take square roots of both sides
x=-14J6 or x=-1-6 Exact answers
x=1.45 or x=-3.45 Answers correct to 2 decimal places
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(b) x¥*=4x+38

X —4x=8 Rewrite with only the constant on RHS
X —4x+4=8+4 Add 2* to complete the square
(x=2)*=12 Factorise

x—2=+12 Take square roots of both sides
x=2+2J3 or x=2-23 Exact answers

x=5.46 or x=-1.46 Answers correct to 2 decimal places

() ¥*—5x+2=0

X —5x=-2 Move constant to RHS

X’ —5x+R=2+% Add (2)2 to complete the square
(x- %)2 =4 Factorise

xX—3= i@ Take square roots of both sides
x=2+ ‘/f or x=3- ‘/f Exact answers

x=4.56 or x=0.44 Answers correct to 2 decimal places

EXERCISE 3.10 QUADRATIC EQUATIONS WITH NON-RATIONAL SOLUTIONS

Complete the square to solve the following quadratic equations, giving answers to even-numbered questions in
surd form and answers to odd-numbered questions correct to two decimal places.

1 x¥*—2x—-4=0 2 X’ +4x—4=0 3 x-x-5=0 4 x*—6x+2=0
5 x*—5x+1=0 6 X*+2x—2=0 7 X*=6x—4 8 ¥+x—1=0
9 x¥*—6x—5=0 10 K’ +4x=1 11 ¥*=2x+5 12 ¥ +3x-6=0

3.11 COMPLETING THE SQUARE FOR NON-MONIC EQUATIONS

Completing the square is more difficult when the coefficient of x* is not 1. You can overcome this problem by
first dividing every term by the coefficient of x*.

Example 15
Complete the square to solve 2x” — 3x — 3 =0.
Solution
2% =3x-3=0
2x" —3x=3 Move constant to RHS
2 37)6 = % Divide by coefficient of x*
2 3%, 9 3,9 3)?
e 2 e Add ( 4) to complete the square
(x— %)2 =£ Factorise
x—3=1338 Take square roots of both sides
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x=%+@=“’lm or x=§-@=“f_3 Exact answers
x=2.19 or x=-0.69 Answers correct to two decimal places

EXERCISE 3.11 COMPLETING THE SQUARE FOR NON-MONIC EQUATIONS

Complete the square to solve the following quadratic equations, giving answers to even-numbered questions in
surd form and answers to odd-numbered questions correct to two decimal places.

12X -x-5=0 2 2 +6x-5=0 3 2 +x-2=0 4 26’ +3x—1=0
5 3x-5x—-1=0 6 3x°+4x=5 7 3x°—2x=4 8 2x*—6x+1=0
9 3x*=7x+3 10 4x*+4x—5=0 11 2x°—5x=9 12 3x°—2x-2=0
13 2 +x=4 14 3x* - 8x+3=0 15 6x*—10x+3=0

3.12 THE QUADRATIC FORMULA

The equation ax” + bx + ¢ =0, a # 0 is the general quadratic equation.

If we solve this equation by completing the square, we obtain the quadratic formula, which is a solution that
must be true for all quadratic equations. This formula enables us to solve quadratic equations even when the
factors are not obvious.

ax’*+bx+c=0

ax® +bx =-c Move constant to RHS
x*+ gx = —% Divide by coefficient of x”
2y b (L) o8« (L)
x“+gx+ ( Za) =7 a Add og) o complete the square
2 2
(x + i) _b - Azlac Factorise
2a 4a
, 2
x4+ Zb = i% Take square roots of both sides
o b + b> —4ac
2a 2a
b+ ,/ 2 —
X = % The quadratic formula
Example 16
Use the quadratic formula to solve the following quadratic equations.
(@ x*+8x+12=0 (b) ¥*—3x-2=0 () 2x*—4x+1=0 (d) 4x*+5x—2=0
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Solution
(@ x*+8x+12=0

xz_'b_i____._ M,a=l,b=8,c=12

2a

-8++/8° —4x1x12

g =

2
_-8++/64—48
2
_-8+4/16
2

=-2 or -6

It would have been faster to use factors
to solve (a): x* + 8x+ 12 = (x + 2)(x + 6)

() 2x°—4x+1=0

x:_bi— ‘bh_4ac,a=2’b:_4yczl
2a
(-4)t(-4) —4x2x1
X =
4
_4+16-8
4
_4%48
4
_4+2\2
4
= 2i2‘/5 (Exact solution)
=171 or 029 (Correctto2d.p.)

(b) ¥*-3x-2=0

(d)

Y= -b++b* —4ac

2a
GO J(3) =4 x1x(-2)

2
_3+9+8
2
3+417

2

_3+J17
2

sa=1.b=-3c=-2

(Exact solution)

317
2

=3.56 or -0.56 (Correct to 2 d.p.)

4x* +5x—2=0

_ -bxb* —4ac
X——Z—,a=4,b=5,c=-2

a
54452 —4x4x(=2)
x:
8

_-5+/25+32

8

5+4/57
8

_-5+457
8

or '5——8@ (Exact solution)

-1.57

=0.32 or (Correct to 2 d.p.)

EXERCISE 3.12 THE QUADRATIC FORMULA

Solve the following quadratic equations, giving the answers to the even-numbered questions in surd form, and to

the odd-numbered questions correct to two decimal places (if necessary).

1 X*+6x+5=0 2 X+2x—8=0
5 xX*+2x—-1=0 6 X¥*—6x+4=0
9 xX*—2x-9=0 10 X +4x+2=0
13 22 +5x+1=0 14 2x*—8x+3=0
17 3 +2x-2=0 18 2x*+3x—-5=0
21 2x*—x-3=0 22 7x*—7x—-2=0
25 23’ +x=3 26 x(x+3)=2

29 X¥*=2x+2 30 X*=6x+2

33 ¥*+17x=60 34 3x°+9x+5=0

3

7
11
15
19
23
27
31
35

X —6x—-7=0 4 X —7x+10=0
X =2x—5=0 8 xX*+5x—1=0
X —15x+56=0 12 ¥ +2x-15=0
20 +3x+1=0 16 2x*—3x=0

X +6x+1=0 20 X’ —8x+16=0
4 —9x+4=0 24 35— 11x—4=0
2X°+6x+1=0 28 2x*—6x=3
25" =3x+4 32 2x°+10x+5=0
3x* = 15=0 36 x(x+1)=1
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3.13 PROBLEMS INVOLVING QUADRATIC EQUATIONS

Example 17
One side of a rectangle is 2 cm longer than the other side. The area of the rectangle is 120 cm”. What are the
dimensions of the rectangle?

Solution
Let one side length be x cm.

The other side length is (x + 2) cm. 120 cm? x

Draw a diagram to show this information.

The area of the rectangle is 120 cm’, so: x+2
x(x+2)=120
x +2x=120
X +2x-120=0
(x+12)(x—10)=0
x+12=0 or x—-10=0

x=-12 or x=10

Because x represents the side length of a rectangle, x > 0. This means the only possible solution is x = 10.
Therefore the dimensions of the rectangle are 10 cm by 12 cm.

We should have written the original equation as x(x + 2) = 120, x > 0, to remember that x must represent a
positive length.

Also, don’t forget that when solving AB =0, either A =0 or B=0 or A = B=0, but zero is not always a valid
solution to the problem. This is one reason why we don’t always use all solutions to the quadratic equation in
practical problems.

Example 18
The height /& metres of a stone,  seconds after being thrown straight up, is given by the equation & = 30t — 5¢°.
When is the stone at a height of 40 metres?

Solution

h =30t - 5¢*

For h =40: 40 =30t —5¢
52 —30t+40=0
5(—6t+8)=0
5(t—2)(t—4)=0
t=2 or t=4

On the way up, the stone reaches a height of 40 m after 2 seconds; on the way down, it comes back to a height
of 40 m at 4 seconds. In this problem both answers make sense.
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EXERCISE 3.13 PROBLEMS INVOLVING QUADRATIC EQUATIONS

1

N OO o »

(o]

10

11

12
13

14

In each diagram, all measurements are in centimetres and the area of the shaded region is given. Find the
value of x in each case.

(a) (b) (c) Area = 33 cm?
/
40 cm? (x-1) (x+1) : /
= 20cm > s w3
(x+2) (x+4) H
(x+5)
(d) Area = 44 cm? (e) < i
Area = 22 cm?
4
5
ve
(x+3) u *

For the information given on the triangle, which statement is correct?
A x(x—1)=25 B 2x-1=5 5

C =12 D x¥*-x—-12=0

X

Use Pythagoras’ theorem to find the value of x, given that all measurements are in centimetres.
(@) (b) X3 ()

x+7 x+3

The sum of a certain positive number and the square of that number is 12. What is the number?
The product of two numbers is 88. If one of the numbers is 3 more than the other, what are the numbers?
The product of two consecutive numbers is 72. What are the numbers?

The height & metres of a stone, ¢ seconds after being thrown straight up, is given by /1 = 40t — 5£°. At what
times is the stone at a height of: (a) 60m  (b) 80m?

The sum of the square of a positive number and four times the number is 60. What is the number?

A rectangular swimming pool, 12m by 8 m, is surrounded by a concrete path of uniform width. If the
area of the path alone is 224 m?, find its width.

A carpet is placed in a room measuring 6 m by 4 m, leaving an uncarpeted border of uniform width around
it. If the area of the carpet is 8 m?, find the width of the border.

A picture on a wall measures 24 cm by 20 cm. It is surrounded by a frame of uniform width whose area, not
including the picture, is 416 cm®. What is the width of the frame?

A rectangle is 8 cm longer than its breadth. If the area of the rectangle is 48 cm’, what are its dimensions?

In a right-angled triangle, one of the sides adjacent to the right angle is 4 cm longer than the other side. If
the area of the triangle is 96 cm’, find the length of each of the three sides.

The perimeter of a rectangle is 40 cm and its area is 84 cm”.

(@) If the breadth of the rectangle is x cm, express the length in terms of x.
(b) Write the area of the rectangle in terms of x.
(c) Form a quadratic equation in x and solve it to find the length and breadth.
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3.14 SQUARE ROOTS AND ABSOLUTE VALUE

Square roots
2
If a >0, then +/a is a non-negative number such that («/E ) =a.a is called the positive square root of a.

An equation like x* = 9 always has two solutions: the positive and negative square roots of 9. In this case, they
are x =~/9 =3 and x = -v/9 = -3.

The important fact is that the value of v/a will always be either positive or zero (non-negative).
What meaning can be given to \/97 ?

Ifx=2,then\/x_2=\/W=\/Z=2.

Ifx=—2,then\/x_2:\/(—7)2=«/z=2.

Ifx:O,then\/x_Z:\/(?:\/a:O.

This means: xl=x ifx>0
——x ifx<0
=0 ifx=0

Here -x means the opposite sign of x, hence -x > 0.

Absolute value

The absolute value (also called ‘modulus’) of a real number x is written |x|. It is the non-negative number that
defines the magnitude of the given number.

Thus|3|=3,|-3| =3 and 0| = 0.

This means: x| = x if x>0
=-X ifx<0
=0 ifx=0

This is identical to \/x_z , so it leads to another definition of absolute value: | x| = \/P .
Because x is a real number, it can be represented by a point on the number line, and |x| is the distance of the
point x from the origin. Distance is always positive, so|x| > 0 for all x # 0.
The expression |x| = 2 thus describes a distance of 2 from the origin. The two points that are 2 units distant
fromO0arex=0+2=2andx=0-2=-2.
Similarly, the expression |x — a| = 4 is saying that the distance between the points x and a is 4 units. For example,
the values of x for which |x — 2| =4 are x =2+ 4 = 6 and x =2 — 4 = -2. This can be shown on a number line:

4 4

~
6

|
T
2 -1 0 1 2 3 4 5 7

In general: |x—y|:x—y ifx>y
=y—x ifx<y
=0 ifx=y

Thus|5— 3| =|3—5| = 2.
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Important results

1 [xy] =|x[x]y]
2 ‘x + )" <|x] +| y| (the ‘triangle inequality’)
and |x + y| =|x|+|y| if and only if x and y are either zero or have the same sign.

These results can be checked with specific values of x and y. Test them for x =-7 and y = 3.

. TECHNOLOGY EXPLORATION

What is meant by |a|?
1 In GeoGebra, add a slider using the Slider tool 252 Leave the name as a and the Increment as 0.1.
2 In the input bar, enter y=abs(a). This line will be called b.
3 Use the Move tool Q to move the slider.

The Algebra view on the left shows the results clearly. What do you notice about the line? What happens when
you make the value negative?
Demonstration of |axc|=|a| x|c|

4 Add a second slider. Leave the name as ¢ and the Increment as 0.1.

5 In the input bar, enter y=abs(c). This line will be called d.

6 Hide lines b and d by clicking on the circle next to each one in the Algebra view.

7

In the input bar, enter y=abs(a*c). A new horizontal line will appear. Right-click on the line and select
Object Properties to change the colour.

8 In the input bar, enter y=abs(a)*abs(c). A new horizontal line will appear. Right-click on the line and select
Object Properties to change the colour.

What do you notice about the two lines?
9 Use the Move tool [} to move the sliders for a and c.

What do you notice about the two lines now?

Demonstration of |a+c| <|a|+|c|

10 Hide the lines (by clicking on the circles in Algebra view) so that you have a clear working space. Set both
sliders to 1.

11 Inthe input bar, enter y=abs(a+c). A new horizontal line will appear. Right-click on the line and select
Object Properties to change the colour.

12 In the input bar, enter y=abs(a)+abs(c). A new horizontal line will appear. Right-click on the line and select
Object Properties to change the colour.

13 Use the Move tool EQ to move the sliders for a and c.

. What do you notice about the two lines? When does the condition become an equality?
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Example 19

On a number line, show the values of x for which:

(@ |x|>1 (b) |x|<2
Solution
@ |x|>1 (b) |x|<2
x>1 or -x>1 x<2 or -x<2
x>1 or x<-1 x<2 or x=2-2
x<-1 or x>1 -2<x<2
== — —————
4 3 2 -1 0 1 2 3 4 4 3 2 -1 0 1 2 3 4

When the circle is filled in, the point is included, as it is in part (b).

Example 20
Solve for x:
(@ |2x-1/=3 (b) 3x+2|=1 (©) |2x-1]=3 (d) Bx+2|<1
Solution
@ [2x-1]=3 (b) |3x+2|=1
2x—1=3 or -(2x—-1)=3 3x+2=1 or 3x+2=-1
2x—1=3 or 2x—1=-3 3x=-1 or 3x=-3
2x=4 or 2x=-2 x=-4 or x=-1
x=2 or x=-1
() [2x-1/=3 (d) 3x+2[<1
2x—123 or -2x—1)>3 3x+2<1 or -(3x+2)<1

Multiplying both sides of an inequality by -1 reverses the direction of the inequality, so:

2x—123 or 2x—-1<-3 3x+2<1 or 3x+2>-1

2x=>4 or 2x<-2 3x<-1 or 3x>-3

x22 or x<-1 x<-3 or x>-1
l<x<-%

In (b) above, the first line of working has been left out. When you are confident solving absolute value
equations, you can do this too. However, beware that skipping the first line of working in problems like
parts (c) and (d) could easily lead to wrong inequality signs.
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Example 21

Write expressions to give meaning to the following:

(@ [2x-3] (b) (y—2) (© y@2y-x)

Solution
(@ [2x-3|=2x-3 if2x—3>0,ie ifx>3 OR [2x-3|=2x-3 ifx>3
=3—-2x if2x—3<0,ie ifx>3 =3-2x ifx<3
=0 if2x—3=0,ie ifx=3
(b) ,/(y—22:‘y—2| (c) \[(Zy—x2:|2y—x|
=y—2 ify>2 =2y—x if y>%
=2-y if y<2 ) )
~0 ify=2 =x—2y ify<3

=0 ify=4%

Algebraic denominators

A fraction cannot have zero as a denominator. If we write a fraction with an algebraic expression as the
denominator, then that fraction is undefined when that algebraic expression is zero.

For example, % is undefined when x = 0, so we say that the expression is defined for all real x, x # 0.
-1

x(x—1) . o
When an expression is undefined for some values, you must write the restrictions in the answer.

The expression is undefined for x = 0 or 1. The expression is defined for all real x, x # 0, 1.

Example 22
Simplify these expressions:
(@) @forx:to (b) |x2—_2‘—lforx¢-2,2 (c) —,;(;c—ll)“ for x between 0 and 1
T =
Solution
(a) %forx;tO (b) |xz——24|forx¢-2,2
Xl _ x if [x—2]|
IM o — g ifx>0 X < x—2 = i P
|"| x -4 x-2)x+2) x+2 O *7
G O S if x<0
B2 _ 1 x< = A
X X k=2l (x-2) _ I ifx<2,x#-2

-4 ((x-2)(x+2) x+2
for x between 0 and 1

: (;C:ll) = '(;C__ll) =] because 0 < x < 1 means that (x— 1) <0, but the

square root of its square must be positive.
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- TECHNOLOGY EXPLORATION

Absolute value inequalities: |ax—b| < ¢ and |ax-b|>c

1 In GeoGebra, create three sliders a, b and ¢ using the Slider tool
Increment of 1.

252. Set each slider to have an

2 In the input bar, enter y=abs(a*x-b). This will be labelled f(x) in the Algebra view.

W

In the input bar, enter y=c. This will be labelled d.

4 Use the Intersect Two Objects tool >( to find the points of intersection of the horizontal line and the
absolute value graph. Because we are solving for x, the solution will be related to the x values of these two
points A and B.

Example: Solve [2x +1 < 3

This means that we want the graph of y=abs(2*x+1) to be less than (or ‘under’) the graph of y=3.
5 Move the sliders so thata = 2, b = -1 and ¢ = 3. You can check this in the Algebra view, which should
show f(x) = |2x + 1| and d: y = 3.

6 The points of intersection show x values of -2 and 1. The section of the absolute function under the line
y = 3 is between these two values: the solution is -2 < x < 1.

You can try this with other examples too. As you move the sliders, the points on the right-hand side will
sometimes shift to the left-hand side—when this happens, you can just add new points as required.

EXERCISE 3.14 SQUARE ROOTS AND ABSOLUTE VALUE

Write expressions for the following:

1 481 2 (2.5 3 |6x—4| 4 [V3-2|
5 |x+y]| 6 |x| +|y| 7% +x 8 |x—5| +|x+5|
9 V16 ++/(-4)? 10 {(2x+3) 11v9—6x+x> whenx>3
12 Solve for x:
(@ |x—2|=3 (b) |x+3]=7 (©) |[4-x|=5 (d) |x+7|=2
(e) |x—6/=0 f |x-5/=1 (@) |x+1=0 (h) [10+x|=3
(i) [2x+1=2 () [2x-5|=3 ) |5x+1|=4 ) |3x—4|=5
(m) [3x+1]=0 (n) |6x+1]=7 (0) [4x—1|=0 (P) [2x-9|=13

13 The solution to |2+ x| =5 is:

A x=-3,7 B x=-7,-3 C x=-7,3 D x=3,7

14 Solve
@ |x-1/<3 (b) |y+2| >4 (©) |t-6|<2 (d) |x+4]>2
(e) |m-5/=0 M [3—-x|<5 @ |y+1<o0 (h) |7+x|<3
(i) [2x+1]>3 () Bz-5<1 (k) |4x+3|>5 0 [3t-2|<5
(m) [3y+1]<0 () [5x+4/>9 (©) [1-2x|>0 ®) [2x-7|=11

Solve questions 15 to 32 and show your solution on a number line.
15 [x+1|>1 16 |y—4|<3 17 [x+2|<4 18 |y-2/>3
19 |t-3|<2 20 |x+2|>1 21 |3-m|<2 22 3+x|>3
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23 [3t—1|<4 24 [2x+5|<3 25 [1-2x|>3 26 [2+4x|>6
27 |x—1]<-2 28 [2x-3|<5 29 |3x+2|<2 30 |x* -1| <4
31 [x+3|>1and|2x+5|<3 32 2x+5|<3o0r|2+4x|26

33 |x2 - 1‘ <3and ‘xz + 1| >0 are solved and shown on a number line. Indicate whether each of the following is
a correct or incorrect part of the solution.
(@ -3<x’—1<3 and x*+120 (b) 0<x<2

2<x< f 1
(c) 2<x<2 (d) B )

Simplify the following expressions, stating the values of x for which your answers apply.
\/x—z \/7 (x—4) 1—x

lxl 35 —— 36 \|— = 37

38 Vx> —10x+25 39—

40 For the following values of x and y, verify that (i) |xy| =|x| x| y| and (ii) |x + y| < |x|+|y|.
(@ x=5y=2 (b) x=3,y=-2 () x=-6,y=8 (d) x=-4,y=-3

3.15 SIMULTANEOUS EQUATIONS

A linear equation in two variables x and y is an equation in which both
the pronumerals are of the first degree, e.g. x + y = 6. There are an infinite
number of values for x and y that satisfy an equation like this, e.g. (0,6),
(1,5),(2,4), (4,2), (-8,14). Graphically, the points that satisfy a linear
equation all lie on the same straight line.

34

Consider another equation x — y = 2, for which the graph is also a straight

line containing an infinite number of points, e.g. (0,-2), (1,-1), (2,0),

(4,2), (-10,-12). :
From the two lists of points, you can see that the ordered pair (4,2)
satisfies both equations. Hence x = 4, y = 2 is said to be the solution of the
simultaneous linear equations x + y = 6 and x — y = 2. Graphically, x =4,
y =2 are the coordinates of the point of intersection of the two lines.

) TECHNOLOGY EXPLORATION

Intersection points

Use GeoGebra to draw the graphs of x + y =6 and x — y = 2. Find the coordinates of their point of intersection
using the Intersect Two Objects tool Dﬂ
Use GeoGebra to check each of the worked examples that follow.

Algebraic solution of simultaneous equations

The most common algebraic methods of solving a simultaneous pair of linear equations in two variables are
(a) elimination and (b) substitution.

In the elimination method, we can eliminate one of the variables x or y by adding or subtracting the equations, as
long as the coefficients of one of the variables are equal in both equations.
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Solving simultaneous equations by elimination:
o If the coefficients have the same size but opposite sign, eliminate by addition.
o If the coefficients are equal, eliminate by subtraction.

In the substitution method, rewrite one of the equations to make it equal to one of the variables, then substitute
this into the other equation.

Example 23
Solve the simultaneous equations x + y=6 and x — y = 2.
Solution
xX+y=6 (1)
x—y=2 (2)
Elimination method Substitution method
The coeflicients of y have the same size but opposite Rewrite (1) in the form y = ... to make a new
sign, so eliminate y by adding the equations (1) and (2).  equation, then substitute into (2).
(1) + (2): 2x=38 Rewrite (1): y=6-—x (3)
x=4 Substitute (3) into (2): x—(6—x)=2
Substitute x = 4 into (1): 4+y=6 xX—6+x=2
y=2 2x=28
Check this solution by substituting it into the other x=4
equation, (2). Substitute x = 4 into (3): y=6-4=2
LHS=4-2=2=RHS .. Solution is x =4, y = 2.

.. Solution is x =4, y = 2.

Example 24
Solve the simultaneous equations 3x + 2y = 10 and 4x + 3y = 13.
Solution
3x+2y=10 (1)
4x+3y=13  (2)
Elimination method Substitution method
To use the elimination method, make the Rewrite (1): = % (3)
coefficients of y bc?th ‘Fhe same by multiplying (1) . . . 3(10— 3x)
by three and multiplying (2) by two. Substitute (3) into (2):  4x+ == 13
3x(1):  9x+6y=30 (3) 8x+30—9x=26
2x(2):  8x+6y=26 (4) x=-4
(3) - (4): x=4 x=4
Substitute x = 4 into (1): 12+2y=10 Substitute x = 4 into (3): =%= %:—1
2y=-2 . Solution is x=4, y=-1.
y=-1

.. Solution is x=4, y=-1.
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Example 25

Solve the simultaneous equations %Jr % =1 and 3x_X—)_ Z,

4 2 4

Solution

First, it is best to get rid of the fractions in each equation by multiplying each term by the LCM (lowest
common multiple) of the denominators.

£ £_1LCMof6and41s12: a+3y=12 (1)
% 2y =~ LCM of 4 and 2 is 4: 3x-2(x—y)=7
x+2y=7 (2)
2% (2): 2x+4y=14 (3)
(1) - 06) y=-
y=2
Substitute into (2): x+4=7
x=3

. Solution is x =3, y=2.

Check your solutions by substituting them back into the original equations.

’ TECHNOLOGY EXPLORATION

Simultaneous equations

In GeoGebra, enter each equation in the input bar (replacing the equation’s variables with the letters x and y).
To find points of intersection (or solutions for x and y), click on each line using the Intersect Two Objects

tool >{ Results will be displayed in the Algebra view.

EXERCISE 3.15 SIMULTANEOUS EQUATIONS

Solve the simultaneous equations in this exercise. (Try to solve some using GeoGebra.)

1 x+7y=5 2 x+5y=34 3 4x-5y=30 4 3x—y=5
x=7y=-9 x—5y=-6 4x—2y=24 5x+3y=-
5 2m+3n=-4 6 -2x+7y=4 7 x+5y=-13 8 5x+2y=9
3m+2n=-6 -3x+5y=-5 2x—y=7 Ix—=T7y=-
9 The solution to the simultaneous equations 2a — 3b =5 and 2a — 5b = -1 is:
A a=-7,b=3 B a=7,b=-3 C a=7,b=3 D a=3b=7
10 2x+5y=16 11 2x+3y=14 12 5m—-6n=12
10x—-3y=-4 4x—5y=17 2m+9n=20
13 y=4x-2 14 x—-4=4(y+2) 15 3(x—y)+8y=42
y=-3x+5 3(x—2)=2y+20 Ix—(x—2y) =
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) 3a—2b _ x—3_2y+1
16 2x 4—5 17 3 =9 18 5=
3y 6a—b _ 3x—1 2y+1
— == —=9 R S A
X+ 1 1 5 5 > 1
19 3(x—y)—8(x+y)=7 20 2(3a—-b)=3(a+b) 21 52x—y)=7x+1
20x+y) +5(x— y) = -65 3(a—4b) +46 =5a 33x+y)=5(x—y+12)

3.16 PROBLEM SOLVING WITH SIMULTANEOUS EQUATIONS

Example 26
Three books and five pens cost $5.55. A book costs 10 cents more than ten pens. Find the cost of a book and
a pen.
Solution
Let a book cost x cents and a pen cost y cents.
3 books and 5 pens cost 555 cents: 3x+5y=>555 (1)
1 book costs 10 cents more than 10 pens: x=10y+ 10 2)
Substitute (2) into (1): 3(10y + 10) + 5y =555
30y + 30 + 5y =555
35y =525
y=15
Substitute back into (2): x=150+ 10
x=160

Hence, a book costs $1.60 and a pen costs 15 cents, so a book and a pen together cost $1.75.

Example 27
y=mx+ b is the equation of a straight line that passes through the points (1,8) and (-2,-1). Form a pair of
simultaneous equations in m and b and solve them to find m and b. Find the equation of the line.

Solution

y=mx+b

At (1,8): 8=m+b (1)

At (-2,-1): -1=-2m+b (2)

(1)—=(2): 9=3m

m=3
Substitute into (1): 8=3+b

b=5

The equation of the line is y = 3x + 5.
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EXERCISE 3.16 PROBLEM SOLVING WITH SIMULTANEOUS EQUATIONS

1 There are 450 students at Newton High School. If there are 50 more boys than girls, how many boys and
girls are there at the school?

2 A contractor has 8 trucks. Some trucks carry a load of 10 tonnes and the other trucks carry a load of
5 tonnes. When all 8 trucks are filled, they contain a total load of 70 tonnes. How many of each size of
truck does the contractor own?

3 A father is 7 times as old as his daughter. In 5 years’ time he will be 4 times as old as his daughter. If he is
now x years old and his daughter is y years old, which set of equations correctly describes their ages?
A x-7y=0, x—4y+5=0 B x+7y=0, x—4y—-15=0
C x-7y=0,x—-4y—-15=0 D x+7y=0, x—4y+5=0

4 John’s mother is now 5 times as old as John. Three years ago, she was 9 times his age. What are their
ages now?

5 Tickets to a movie cost $15 for adults and $12 for children. If 1000 people paid to see a movie and the total
money paid was $13 800, how many adults and how many children were there?

6 The straight line ax + by = 12 passes through the points (2,2) and (-4,5). Form two equations in a and b,
then solve them to find the equation of the line.

7 Let x be the numerator and y be the denominator of a fraction. The denominator is 5 more than the
numerator. If 2 is subtracted from both the numerator and the denominator, the denominator is then twice
the numerator. What is the fraction?

8 Find two numbers such that if 18 is added to the first number it becomes twice the second number, and if
6 is added to the second number it becomes three times the first number.

9 The weekly wages of 5 carpenters and 3 apprentices total $5480 while the wages of 3 carpenters and
5 apprentices total $4440. Find the weekly wages of a carpenter and of an apprentice.

10 The equation of a straight line is given as y = mx + b. By forming a pair of simultaneous equations, find the
equation of the line if it passes through the points given.

(@ (41)and(-1,-9)  (b) (0,4)and (1,0) (€) (2,-1.5) and (-4,-6) (d) (2,4)and (-6,8)

3.17 SOLVING SIMULTANEOUS EQUATIONS —

LINEAR AND SECOND DEGREE

Equations like y = x* — 5x + 6 (a parabola when graphed), x* + y° = 4 (a circle when graphed) and xy = 6
(a rectangular hyperbola when graphed) may be intersected by a straight line. To find the intersection points,
we can solve the pair of simultaneous equations.

For non-linear simultaneous equations like these, the substitution method is usually the best. You might also use
GeoGebra to find the solutions graphically.
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Example 28

Solve the simultaneous equations y = x> and y = x + 2.

Solution
Graphically: Algebraically:
2 y=x (1)
y=x+2 (2)
o 2,4) Substitute (2) into (1): x+2=x"
3l ¥—x-2=0

(x=2)(x+1)=0
x=2 or -1

(L)Y 14 Substitute into (2): y=4 or 1

.. Solutions arex=2,y=4 or x=-1,y=1.

Example 29
Solve the simultaneous equations x* + y* =25 and x + y = 5.
Solution
Graphically: Algebraically:
Y X +y =25 (1)
x+y=5 (2)
Rewrite (2): y=5-x (3)
Substitute (3) into (1): 2+ (5-x)2=25
x*+25-10x+x =25
; 2x*=10x=0
6 2x(x—5)=0
x=0,x=5
Substitute into (3): y=5,y=0
... Solutions arex=0, y=5 or x=5,y=0.
el

EXERCISE 3.17 SOLVING SIMULTANEOUS EQUATIONS —LINEAR AND SECOND DEGREE

Solve the following simultaneous equations. (Try to solve some using GeoGebra.)

1 y=5x+6 2 y=3x-2 3 y=x+5 4 x+y=15
y:xz )1:_9('2 y=x2—3x y=x2—6x+1

5 y=x-3 6 y—2x=1 7 x+y=5 8 2x—y=2
xy=10 x2+y2=10 x2+y2=13 y=x2—x—2

9 x-y=1 10 y=2x-5 11 y=2x-6 12 x+y=5
xy=2 y:x2—4x+4 xz—xy+2y2:16 3x2+xy—y2:29
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18 y—2x+1=0 14 y—4x-8=0 15 x—y+3=0 16 3x+y=11

3y2_y—2x2:0 y:4_x2 xyzlo 2x2_xy_y:10
17 x+y=2 18 x=2y-1 19 x+2y=-8 20 y=x+9
Xty =2 3x° =x+2y xy=38 y=x'-x-6

3.18 SOLVING SIMULTANEOUS EQUATIONS —

LINEAR AND SECOND DEGREE IN THE GENERAL FORM

Example 30
Solve the simultaneous equations 3x +2y =4 and x* + xy — y° = 1.
Solution
3x+2y=4 (1)
L+xy—y'=1 (2)
Rewrite (1): 2y=4-3x
_4-3x
=4-3x 3
2
Substitute (3) into (2): x*+ x(4 ; 3x)_(4 —43x) =1

Multiply by 4:  4x” + 8x — 6" — (16 — 24x + 9x%) =4
8x—2x° — 16 + 24x — 9x" = 4

11x° - 32x+20=0

(11x—10)(x—2) =0

x=1% or 2
T 4-30 44-30_7 4-6
Substitute into (3): yE— =03 T o y=——= -1
4-—2
When rewriting equation (1), we could have instead written x = 3 Y and substituted for x in equation (2).

EXERCISE 3.18 SOLVING SIMULTANEOUS EQUATIONS —
LINEAR AND SECOND DEGREE IN THE GENERAL FORM

Solve the following simultaneous equations. (Try to solve some using GeoGebra.)

1 2x-5y=3 2 3y—4x=0 3 x+2y=3

X =2y —3x=2 X +y* =25 xy+2x+y=4
4 3x-2y=2 5 3x+2y=1 6 2x=3y+1

X —xy+y =21 xy+y —y=8 xy+x+y=23
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CHAPTER REVIEW 3

1

10

11

12

13

Solve:
(@) 5a—-6=4(2a+3) (b) 3(8a—2)—3(2a+4)=0 (€) 8(x+2)=3(x+5)=2(x-2)
Solve:
x_ 3 3x—1_ x x—-2_3
@ 5= 0} =5==2% © 375
Solve, showing your solution on a number line:
@) ¥>2 (b) -8<3x—2<16 © |x-1>1
Solve:
(@) x*=4 (b) x*=4x () ¥*=4x—4
(d) (*-3x)°=16 () (x*-3x—10)(x*-3x—4)=0 f 6x*+7x—3=0
The hypotenuse of a right-angled triangle is (x + 1) cm in length and the other two sides are x cm and

(x —7) cm. Form an equation and solve it to find the length of each side.

Solve these simultaneous equations:  3(x—3)=2(2y+ 1)
23x—-1)=5Q2y+1)+10

Solve the quadratic equation 2x* — x — 5 = 0, giving your solutions:

(@) in simplest surd form (b) correct to 2 decimal places.

Find the solutions of the equation —*— — 1 _3assurds.
x+1 x+2

Expand and simplify (2x — y)(x* — xy + y°).

Simplify: 2 1

m’—4 m’—3m+2
The perimeter of a rectangle is 18 cm and its area is 20 cm”.

(@) If the length is x cm, express the breadth in terms of x.
(b) Write the area in terms of x.
(c) Form a quadratic equation in x and solve it to find the length and breadth.

Solve these simultaneous equations: x+y—-9=0
y=x"+4x+3

Solve: (a) [x+7|=11 (b) [3x—4|=5
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CHAPTER 4
PLANE GEOMETRY

Outcomes covered:

P1 demonstrates confidence in using mathematics to obtain realistic solutions to problems
P2 provides reasoning to support conclusions which are appropriate to the context
P4 chooses and applies appropriate arithmetic, algebraic, graphical, trigonometric and geometric techniques

4.1 ANGLE REVIEW

o An angle is the union of two rays that have the same endpoint. The common endpoint A is called
the vertex.

o The angle can be named as angle BAC, angle CAB or angle A. This is written as ZBAC, BEC, Z/CAB,
or ZA.

« The unit of angle size is the degree ° and it represents -1 of a complete turn (or ‘revolution’). The
magnitude (size) of an angle is the amount of turning between the arms of the angle, usually measured
in degrees.

Special angles

Right angle, 90° Straight angle, 180° Angle of revolution, 360°
B 180° 360°
B A C G B
90°
A C
Acute angle Obtuse angle Reflex angle
B H
L |
A C D F I
0° < £ZBAC<90° 90° < ZEDF < 180° 180° < ZHGI < 360°
Complementary angles L
o Two angles are complementary if their sum is 90°. N

ZKLN+ ZNLM = 90°

M

Supplementary angles z

« Two angles are supplementary if their sum is 180°.

LWZX + ZZXY =180° w X Y

Adjacent angles 4

o A pair of adjacent angles have a common vertex and a common arm. ¢

o ZABCand ZCBD are a pair of adjacent angles. B is the vertex and BC is the common arm.

o If ZABD =90°, then ZABC and ZCBD are a pair of complementary adjacent angles. B D
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Vertically opposite angles

« Vertically opposite angles lie on opposite sides of a common vertex. Their H

arms form two straight lines. /
o DFand GH intersect at E. ZDEG and ZHEF are a pair of vertically D G F
opposite angles. /

o ZDEH and ZGEF are the other pair of vertically opposite angles. G

Angles at a point B

A
 The angles around a point add up to 360°.

o LAEB, ZBEC, ZCED and ZDEA are the angles at point E.
o LAEB+ ZBEC+ ZCED + £DEA =360°

Theorem
When two straight lines intersect, the vertically opposite angles are equal.
Given: DF and GH intersect at E. H
Aim:  To prove that ZDEG = ZHEF and that ZDEH = ZGEF. /
Proof: Let ZDEG=x°, ZDEH = y°, ZHEF = z°. D “/r F
x°+y°=180° (LGEH is a straight angle)
¥° 4 2z° =180° (£DEF is a straight angle) G
SxC Y=y + 20
Sox°=2z°
.. ZDEG = ZHEF
Similarly: ~ ZDEH = ZGEF

» An axiom is a statement that is accepted as true without proof.
o A theorem is a statement that is proved to be true.

EXERCISE 4.1 ANGLE REVIEW

Find the value of each pronumeral in questions 1 to 13.

1 2 3 4
255N 35°

2x°/ %7

2x°\ (x + 60)°

(2x - 30)°

(x + 50)°

2a°
po 145°

(6b —70)°/(a +28)°

(2a - 14)°/(4b - 10)°
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11 12 13
54°

14 Write the complement of each angle:

(@ 25° (b) 69° (c) 28°14 (d) 70°53
15 Write the supplement of each angle:

(@) 74° (b) 118° (c) 128°32 (d) 17°17 N

Y

16 In the diagram, PQ and XY are straight lines intersecting at R. \% v

RM bisects ZQRY and RN bisects ZPRY. The size of ZNRM is: p Q

A 45° B 90° C 135° D 180° 5

X

17 SOQis a straight line. Draw OP and OR, where P and R are on opposite sides of SOQ. If ZPOQ = ZROQ,
prove that ZPOS = ZROS.

18 How many pairs of adjacent angles are formed when three straight lines intersect at a point? How many
pairs of vertically opposite angles are formed?

4.2 PARALLEL LINES

A transversal is a straight line drawn across two or more other straight lines. When a transversal cuts two other
straight lines, it forms three types of pairs of angles.

E
Consider the transversal EF cutting the lines AB and CD at G and H respectively: \
(@) Two pairs of alternate angles are formed: ZAGH and ZGHD; ZBGH A G B
and ZGHC.
(b) Four pairs of corresponding angles are formed: ZEGA and ZGHC; ZEGB
and ZGHD; ZBGH and £ZDHF; ZAGH and ZCHF. C = b
(c) Two pairs of cointerior angles are formed: ZAGH and ZGHC; ZBGH and ZGHD. "
When a transversal cuts a pair of parallel lines, the pairs of:
(@) alternate angles are equal
(b) corresponding angles are equal
(c) cointerior angles are supplementary.
Consider AB || CD, where EF cuts AB and CD at G and H respectively: E
(@) LAGH = ZGHD, ZBGH = ZGHC (alternate angles) A \G B
(b) LEGA = ZGHC, LEGB= ZGHD, ZBGH = ZDHF, ZAGH = ZCHF
(corresponding angles)
() LAGH+ £ZGHC =180°, £ZBGH + ZGHD = 180° (supplementary angles) ¢ H\ b
F
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Example 1
Find the value of each pronumeral. Give reasons for your answer.

(@) / (b) /
70°

75° ¥

o

/ 7

Solution
(@ x=75 (alternate angles are equal, because the lines are parallel)
(b) y=70 (vertically opposite angles)
y+2z=180 (cointerior angles supplementary, because the lines are parallel)
70 +z=180
z=110

Tests for parallel lines

If a transversal cuts two other straight lines and makes:
(@) a pair of alternate angles equal,

or (b) a pair of corresponding angles equal,

or (c) apair of cointerior angles supplementary,

then the two straight lines are parallel.

Example 2
In the diagram, which pairs of lines are parallel?

Solution
1 ZLAB=/AEF=25°
These are a pair of equal corresponding angles.
. AB||EF

2 /ZLAC=65° ZAEG=60°
These corresponding angles are not equal, so AC is not parallel to EG.

3 ZDAE=180°-95° (LAE is a straight line)
ZDAE = 85°
But Z/HEK = 85°

These are a pair of equal corresponding angles.
- AD|| EH
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Transitivity of parallel lines
If AB||CD and CD || KL then AB|| KL.

Given:  AB|/CD, CD| KL 4 £/
Aim: To prove that AB|| KL. /
Construction: Draw the transversal XY cutting AB, CD and KL at E, F C =
and G respectively. /
Proof:  AEX=/CFE (corresponding angles, AB||CD) g G
ZCFE = ZKGF (corresponding angles, CD || KL) Y/
~. LAEX = ZKGF (both equal ZCFE)
- AB|| KL (pair of corresponding angles equal)
EXERCISE 4.2 PARALLEL LINES
1 From the information on the diagram, select the correct set of values. /
A x=130,y=130 B x=130,y=50 °

C x=50,y=50 D x=50,y=130

Find the value of each pronumeral in the following. Give reasons for your answers.

S
S 77
e°\

11 o 125 12 /50:

13 Which pairs of lines are parallel? Give reasons for your answers.
(@ F (b) D r

/ S E
A Y /60°

40°

o}
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4.3 ANGLE PROPERTIES OF TRIANGLES

1 The sum of the angles of a triangle is 180°.
2 If one side of a triangle is produced, the exterior angle formed is equal to the sum of the two remote
interior angles (also known as ‘interior opposite angles’).

a+b+c=180 e=a+b

Theorem
The sum of the angles of a triangle is 180°.

Given: ~ AABCis any triangle.
Aim:  To prove that a + b+ ¢ = 180.
Construction: ~ Through B, draw XY parallel to AC.

Proof: x=a (alternate angles, XY || AC)
y=c (alternate angles, XY || AC)
x+b+y=180 (£XBY is a straight angle)
soa+b+c=180
Theorem

An exterior angle of a triangle is equal to the sum of the two remote interior angles.
Given:  AABC with AC produced to D.
Aim:  To prove thate=a+b.

Proof: e+c=180 (LACD is a straight angle)
a+b+c¢c=180 (angle sum of AABC) R
se=a+b b
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Types of triangles

Equilateral triangle

An equilateral triangle has all three sides equal in length.

Each angle is 60°.
AB=BC=CA
ZABC=/ZBCA=ZCAB=60°

Isosceles triangle

An isosceles triangle has two sides equal in length.

The angles opposite the equal sides are equal.
AB=AC
ZABC=ZACB

Scalene triangle

A scalene triangle has no sides equal to each other.

In other words, a scalene triangle has three unequal sides.

None of the angles are equal. B
AB#BC#CA
ZLABC# £ZBCA # ZLCAB
Acute-angled triangle Right-angled triangle Obtuse-angled triangle
Three angles < 90° One angle =90° One angle > 90°
A A A
s c B C BQ c
Example 3
In AABC, AB= AC and ZBAC = 40°. Find the value of x. B
Solution
Because AB = AC, AABC is isosceles.
.. ZABC= ZACB A v
Let ZABC=a° ' C E
.40+ 2a=180 (angle sum of AABC)
a=70
x°=ZBAC+ ZLABC (exterior angle of triangle is sum of interior opposite angles)
x°=40°+70°
x=110
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Example 4

In AABC, D is on AC such that DA = DB = DC. Prove that ZABC = 90°. C
Solution
Aim: To prove that ZABC =90°. 2
Proof: In ADAB, ZDAB= ZDBA (ADAB is isosceles) % a
In ADCB, ZDCB = ZDBC (ADCB is isosceles) . ?
Let ZDAB = a° and ZDCB = b°
s 2a+2b=180 (angle sum of AABC)
a+b=90
. LABC=90°

EXERCISE 4.3 ANGLE PROPERTIES OF TRIANGLES

Find the value of each pronumeral in questions 1 to 8. Give reasons for your answers.

1 2 3 4
42°

72°
x° \
]
5 6 7 8
148° 290
bo
§.72° a®
ho

9 The value of x is:

A 30 B 36
C 45 D 60

Find the value of each pronumeral in questions 10 to 12.

10 I = 11 350 12

13 If BA||DE, AB=BC, CD = DE, and also B, C and
D are collinear, then prove that ZACE = 90°. E
(Collinear points lie on the same straight line.)
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14 If one angle of a triangle is equal to the sum of the other two angles, prove that the triangle is right-angled.

15 Given that AC = CB and DC = CE, prove that AB|| DE. A B

D E

16 ABC s a right-angled isosceles triangle with the right angle at C. D and E are points on AB such that
ZACD = ZBCE. Prove that ACDE is isosceles.

17 In AABC, D is a point on BC such that BD = CD = AD. Prove that ZBAC = 90°.

18 In each of the two diagrams, prove that AABX and ACDX are equiangular, i.e. the angles are equal, given

that AB||CD.
(@) D (b) D
B B
X
X i X A C
19 If AB||CD and AE = AC, prove that ZACE = ZECD. A | E B
c D

20 If AB||CD, AD = AC and AB = BC, prove that: A B

(@) LADC=ZACD=/ZCAB= ZBCA

(o) £ZDAC= ZABC. L

(c) If LZADC = 40°, find the size of ZABC.

D C

21 The three angles of a triangle are in the ratio 3:5:7. Find the magnitude of each angle.

22 ABCis a triangle in which AB= AC. AB is produced to D so that BD = BC. Prove that ZACB=2ZDCB.

4.4 QUADRILATERALS AND POLYGONS

Quadrilaterals
A quadrilateral is a plane closed figure bounded by four straight lines.

In a quadrilateral ABCD, if you join the diagonal AC you create two
triangles. The angles of any quadrilateral are therefore made up of the angles
of two triangles, so the sum of the angles of a quadrilateral is always 360°
(two times 180°).

The sum of the four angles of any quadrilateral is 360°, or four right angles.
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Polygons

A polygon is a plane figure bounded by any number of straight lines (at least three). Most polygons have names
based on the number of sides.

Triangle 3 sides Hexagon 6 sides
Quadrilateral 4 sides Octagon 8 sides
Pentagon 5 sides Decagon 10 sides

A polygon that has all sides equal and all angles equal is called a regular polygon. An equilateral triangle and a
square are both regular polygons.

A polygon in which each angle is less than 180° is called
a convex polygon.

A polygon in which at least one angle is more than 180°
is called a concave polygon.

Convex polygon Concave polygon

Theorem
The sum of the angles of a polygon with 7 sides is (2n — 4) right angles.

Construction: ~ Join the vertices of the polygon to any point O inside it.
Proof: ~ The polygon has been divided into # triangles.

The sum of the angles of each triangle is 2 right angles, so
the sum of all the angles in the polygon is 2x right angles.

However, this includes the 4 right angles at O.
Hence, by subtraction, the sum of the angles of the polygon is (21 — 4) right angles.

This can also be written as: The angle sum of any polygon is (n —2) x 180°.

2n—4 (n—2)x180°
n n :

The size of each angle in a regular polygon is right angles, or

Theorem
If the sides of a convex polygon are produced in order, the sum of the exterior angles formed is 4 right angles.

Proof: At each vertex of the polygon, the sum of the interior and
exterior angles is 2 right angles.

Because there are n vertices, the sum of all the interior and
exterior angles is 21 right angles. Therefore:

The sum of all the interior angles is (2n — 4) right angles.

Hence, the sum of the exterior angles
=2n — (2n — 4) right angles = 4 right angles

.. the sum of the exterior angles is 360°.

Equilateral Regular Regular Regular
triangle Square pentagon hexagon octagon
90° 108°
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Example 5
Find the size of the interior angle of a regular decagon.

Solution
Sum of interior angles of a polygon = (21 — 4) right angles

Decagon, n=10: angle sum=20—-4

= 16 right angles
=1440°
Regular decagon: each angle = % =144°

Alternatively:

Sum of exterior angles = 4 right angles = 360°

D — 1A : _360° o
ecagon, n=10: each exterior angle = =T 36

.. each interior angle = 180° — 36° = 144°

Special quadrilaterals

Parallelogram

A parallelogram is a quadrilateral with both pairs of opposite sides parallel. -
Properties:

(@) pairs of opposite sides equal
(b) pairs of opposite angles equal
(c) diagonals bisect each other

Rectangle

A rectangle is a parallelogram with one angle a right angle.
Properties:
(@) pairs of opposite sides equal
(b) each angle is 90° s
(c) diagonals are equal and bisect each other
Rhombus
A rhombus is a parallelogram with a pair of adjacent sides equal.

Properties:
(@) all sides equal
(b) pairs of opposite angles equal
(c) diagonals bisect each other at right angles
(d) diagonals bisect the angles of the rhombus

Square

A square is a rectangle with a pair of adjacent sides equal.
OR
A square is a rhombus with one angle that is a right angle.

Properties:

[T 1

(@) all sides equal

(b) each angle is 90°

(c) diagonals are equal and bisect each other at right angles
(d) diagonals bisect the angles of the square
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Trapezium
A trapezium is a quadrilateral with one pair of opposite sides parallel.

Kite
A kite is a quadrilateral with both pairs of adjacent sides equal.

Properties:

(@) one pair of opposite angles are equal (between the unequal sides)
(b) one axis of symmetry

Tests for parallelograms
1 If the pairs of opposite sides of a quadrilateral are equal, then the

quadrilateral is a parallelogram.
In quadrilateral ABCD, AB=DC and AD = BC.

~. ABCD is a parallelogram.

2 If the pairs of opposite angles of a quadrilateral are equal, then the
quadrilateral is a parallelogram.

In quadrilateral EFGH, ZEFG = ZGHE and ZHEF = ZFGH.
. EFGH is a parallelogram.

3 If a quadrilateral has one pair of sides that are equal and parallel, then
the quadrilateral is a parallelogram.

In quadrilateral NKLM, NK || ML and NK = ML.
. NKLM is a parallelogram.

/
./
/

4 If the diagonals of a quadrilateral bisect each other, then the quadrilateral
is a parallelogram.

In quadrilateral PQRS, PT= TR and QT = TS.
. PQRS is a parallelogram.

Tests for rhombuses

1 If the four sides of a quadrilateral are equal, then the quadrilateral is a

rhombus.
In quadrilateral ABCD, AB=BC = CD = DA.
.. ABCD is a rhombus.

2 If the diagonals of a quadrilateral bisect each other at right angles,
then the quadrilateral is a rhombus.

In quadrilateral DEFG, DH = HF, EH = HG, ZEHF = 90°.
.. DEFG is a rhombus.
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Example 6

Prove that the opposite angles of a parallelogram are equal.

Aim: To prove that Z/DAB = ZDCB.

Construction: Draw the diagonal AC.
Proof: Z/BAC=ZACD (alternate angles, AB|| DC)
ZDAC=/ZBCA (alternate angles, AD || BC)
.. ZBAC+ ZDAC= ZACD + ZBCA (adding the two previous lines)
.. LDAB=4ZDCB

Similarly, by drawing the diagonal BD we can prove that ZABC = ZADC.
With this we have proved that the opposite angles of a parallelogram are equal.

Example 7
First identify the special quadrilateral, then find the value of each pronumeral, giving reasons for your answers.
(@) i i / K (b) D E © Wit X
A L 4
yo i X° e 5
M 7 L G F 70 { 2 v
Solution
(@) KLMN is a parallelogram because NK = ML and NK || ML (a pair of opposite sides are equal
and parallel).
x=105 (opposite angles of a parallelogram are equal)
y=75 (cointerior angles, NK || ML)

(b) DEFG is a rhombus because diagonals DF and EG bisect each other at right angles.
m=65 (diagonals of a rhombus bisect its angles)
ZGDF = 65° (alternate angles are equal, DG || EF, opposite sides of a rhombus)
son=25 (angle sum of AGDH)
() WXYZis a rhombus because it is a quadrilateral with four equal sides.
. WXYZ is a square because it is a rhombus with a 90° angle.

sa=b=45 (diagonals of a square bisect its angles)

EXERCISE 4.4 QUADRILATERALS AND POLYGONS

1 Find the sum of the angles of each polygon, given the number of sides:

(@ o (b) 8 (c) 10 (d) 20
2 Calculate the number of degrees in each interior angle of a regular
(@) pentagon (b) hexagon (c) octagon (d) dodecagon (12 sides)

3 The interior angle of a regular polygon is 140°. How many sides does the polygon have?
A 8 B 9 C 10 D 12
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4 Calculate the number of degrees in each exterior angle of a regular

(@) pentagon (b) hexagon (c) octagon (d) dodecagon (12 sides)
5 How many sides has a regular polygon, each of whose interior angles is:

(@) 90° (b) 108° (c) 165° (d) 160° (e) 168° (f) 170°?
6 How many sides has a regular polygon, each of whose exterior angles is:

(@) 45° (b) 24° (€) 22.5° (d) 10°?

7 Show that it is not possible for a regular polygon to have interior angles of 152°.

8 Each interior angle of a regular polygon is eight times an exterior angle. How many sides does the
polygon have?

9 Three of the angles of a pentagon are 98°, 112° and 114°. If the other two angles are equal, their size is:

A 34° B 108° C 198° D 216°

10 Find the value of the pronumeral in each diagram.

(d) 55 559
d d N i

11 ABCD is a trapezium in which AB|| DC. The bisectors of angles A and D intersect at E. Prove that
ZLAED =90°.

12 ABCD is a rhombus in which ZBAC = 65°

) A B
65°
(@) Write three other angles whose size is 65°.
(b) Write four angles whose size is 25°. -
(c) Prove that the diagonals are at right angles.
D C

13 Write the special name for each quadrilateral, giving the test used.

(a) 6em (b)  3em ©
4cm
5cm 5cm 3cm
Gom 4cm
(@) _ sem (e) Sem U]
8cm
5cm
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14 First identify the special quadrilateral, then find the value of each pronumeral, giving reasons for
your answer.

(a) (b) D E (C) w X
7 ;
A
G F b°
z Y
@ 5 sy () B0 (0
T
4 cm X cm l
15 Based on the information shown on the diagram, the best name for SPQR is: S P
A parallelogram B rectangle
C rhombus D square

R Q

4.5 CONGRUENT TRIANGLES (PRELIMINARY)

Two plane figures are congruent if they are equal in size and shape. If one figure is placed on top of the other
with corresponding points touching, they will fit perfectly:

C

F
Ay b DAE

The triangles ABC and DEF are congruent. The three angles of one triangle are the same as the three angles of the
other, and the sides opposite these angles are equal in length:

ZBAC = ZEDF BC=EF
ZLABC= ZDEF AC=DF
£ZBCA = ZEFD AB=DE
AABC = ADEF, where the symbol = means ‘is congruent to.

Tests for congruent triangles

1 Two triangles are congruent if two £ £

sides and the included angle of one
triangle are respectively equal to two
sides and the included angle of the
AL i B D<=t i E

other triangle. (SAS)

2 Two triangles are congruent if the three

c
sides of one triangle are respectively
equal to the three sides of the other
triangle. (SSS)
A i B D
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3 Two triangles are congruent if two < F

angles and a side of one triangle are
respectively equal to two angles and
the corresponding side of the other
A< ‘ B D<=

triangle. (AAS)

4 Two triangles are congruent if the c F
hypotenuse and one side of a right-
angled triangle are equal to the
hypotenuse and the corresponding
side of the other right-angled A ff B D f 'E
triangle. (RHS)

ty

Triangle congruency tests

1 2sides, included angle SAS
2 3sides SSS

3 2 angles, corresponding side AAS
4 right angle, hypotenuse, side RHS

It is important to note situations where triangles are not congruent.

(@) Triangles with three pairs of angles equal are equiangular (or ‘similar’), but are not congruent unless the

sides are equal also.
A A\ B

(b) Triangles with two sides and an angle equal are not necessarily congruent, if the angle is opposite one of the
sides instead of included between the two sides. This is called the ambiguous case, because it is sometimes
possible to draw two different triangles with these properties.

C F F
) /\\ B D ﬁ}g ] /\\ |
(1) (2) (3)

Triangles (1) and (3) are congruent, i.e. AABC = ADEF
Triangles (1) and (2) are not congruent.
The tests for congruent triangles can be used to prove geometrical facts about different figures.

Example 8

Find the value of x. Give reasons for your answer.
Solution

First, determine if the two triangles are congruent or not.

The markings on the sides of the triangles show that for each side in the first triangle there is an equal side in
the second triangle.

o]

D<= E

.. the two triangles are congruent (SSS)

. x =25 (corresponding angles in congruent triangles) or (matching angles in congruent triangles)
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Example 9

Find the value of x. Give reasons for your answer.

Solution
In AABE and ACDE:
AE=EC (both 3cm)
ZAEB=ZCED (vertically opposite angles) xcm
BE=ED (both 5cm)
~. AAEB=ACED (SAS)
.. AB=DC (corresponding sides of congruent triangles)
Sox=7
Example 10
Prove that:

(@) the base angles of an isosceles triangle are equal

(b) the line drawn from the vertex of an isosceles triangle to the midpoint of the base is perpendicular

to the base.
Solution
Given: An isosceles triangle ABC, with A
AB=AC. P is the midpoint of BC. E
Aim: To prove that: :
(@) LABC=ZACB E
(b) ZLAPB=90°. E
Construction: Join AP. i 1 E I c
Proof: (@) In AABP and AACP, AP is a common side P
BP=CP (P is the midpoint of BC)
AB=AC (given)
. AABP=AACP (SSS)
- ZABP= ZACP (corresponding angles in congruent triangles)

(b) .. ZAPB= ZAPC
But ZAPB + ZAPC = 180°
. ZAPB= ZAPC = 90°

(corresponding angles in congruent triangles)
(BPC is a straight line)

Isosceles triangle properties

1 The angles opposite the equal sides of an isosceles triangle are equal.
(Or, the base angles of an isosceles triangle are equal.)

2 The line joining the midpoint of the base of an isosceles triangle to the opposite vertex is perpendicular

to the base.

3 The line drawn from the vertex of an isosceles triangle perpendicular to the base bisects the base.

4 'The line joining the midpoint of the base of an isosceles triangle to the opposite vertex bisects the angle

at that vertex.
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EXERCISE 4.5 CONGRUENT TRIANGLES (PRELIMINARY)

1 Name the two congruent triangles in each diagram. Give reasons for your answer.

(a) E (b) F L (c) L M
n 50°
10cm >cm 60°
e 60°
B""§m C 6cm D 50°
2 N
G H
d @ h (e) v 14 M A
g |
3cm 3cm
S
X W c
(9) (h) = M (i)

o)
»\]
T tr
oy
=
4
h
~ w]
o)
S

2 (a) Which congruence test would you use to show that AABD = AACD? B
A SSS B SAS
C AAS D RHS

(b) What can you say about BD and DC? \/\‘—l

3 Find the value of each pronumeral. Justify your answers.

@ o SR )

T S
(d) S P (e) Y A 4 g
X
F 3cm
xcm
7 D C
R Q
w
4 WZ=WXand ZY = YX. Prove that YW bisects ZZWX. w
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5 In AABC, AC=BCand LADC = ZBDC = 90°. Prove that ZACD = ZBCD. C

A i3] B
6 In ADEF, DE = EF = FD and H is the midpoint of DF. Prove that: E
(@) ZDHE= /FHE = 90°
(b) ZDEH=30°
D - F
7 In AKLM, N is the midpoint of LM and KN L LM. Prove that: K
(@ «KLN=/KMN
(b) NK bisects ZLKM
L N M
8 PQRS is a quadrilateral in which PT'= TR and QT =TS. p Q
T
R

(@) Prove that APTQ = ARTS.
(b) Explain why PQ|| SR.
(c) Prove that APTS = ARTQ.
(d) Explain why PS || QR.

S
(e) What type of quadrilateral is PQRS?

9 AB and CD are diameters of a circle centred at O. LZACO = 40°,
AO=3cm. AC and DB are chords of the circle.

(@) Prove that AOAC= AOBD.
(b) Find the value of x, giving reasons for your answer.

4.6 SIMILAR TRIANGLES (PRELIMINARY)

Similar figures have exactly the same shape but are

not the same size. Thus, similar figures are equiangular

(have the same angles) and their pairs of matching ¢
sides are in the same ratios (proportional). :

For triangles ABC and PQR:
ZABC=/PQR A ] P Ao
ZBCA = ZQRP
ZCAB=ZRPQ

Hence AABC ||| APQR. The symbol ||| means ‘is similar to.
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Tests for similar triangles

1 Two triangles are similar if the three angles of one triangle are respectively equal to the three angles of
the other triangle. (AAA)

A
In AABC and ALMN: L
/ABC = ZLMN = 55° 85°
/BCA = /MNL = 40° 5
/CAB= /NLM = 85°
55° 40° 550 40°
B C M N

~ AABC|||[ALMN  (AAA)

If two pairs of angles in a triangle are equal, then the third pair must also be equal (because the sum of
the angles in a triangle is always 180°).

Therefore, the proof above only needed to show:
ZABC = ZLMN =55°
Z4BCA = ZMNL = 40°

. AABC ||| ALMN (AAA)

2 Two triangles are similar if the three pairs of corresponding sides are proportional.

In ADEF and APQR:
DE _2x _2 o
PQ x 1 P
EF _2z_2
QR z 1 2x cm 2y cm xcm ycm
FD _2y_2
RP B y N 1 E Py F Q zZcm R

DE_EF _FD_2
“PQ QR RP 1
. ADEF ||| APQR (3 pairs of corresponding sides proportional)

3 Two triangles are similar if two pairs of corresponding sides are M
proportional and the angles included by these sides are equal.
In AGHL and AMKL: G
GL_3_1
KL 6 2
HL _2_1
ML 4 2

ZGLH=ZKLM (vertically opposite angles)
. AGHL ||| AMKL (2 pairs of sides proportional, included angles equal)

Comparison with congruent triangle tests
Similar triangles test 1 can be written as AAA as a reason in a proof. It is not like any test for congruent triangles.

Similar triangles test 2 is like the SSS test for congruent triangles, except that the sides are proportional instead of
equal. When the sides ratio is 1:1 the triangles are congruent.

Similar triangles test 3 is like the SAS test for congruent triangles, except that the sides are proportional instead
of equal, but the included angles must be equal. When the sides ratio is 1:1 the triangles are congruent.
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Example 11

If PQ|| RS, find the value of x. Give reasons for your answer.

Solution
In APQT and ASRT:
ZQPT = /RST (alternate angles, PQ || RS)
ZPTQ=ZSTR  (vertically opposite angles)
- APQT ||| ASRT (AAA)

L0 QUEETR (matching sides of similar triangles are proportional)

"SR RT TS

Example 12
If PQ || BC, prove that AAPQ ||| AABC.

Solution
In AAPQ and AABC:

ZAPQ=ZABC (corresponding angles, PQ || BC)

ZQAP=/CAB (common angle) A
. AAPQ||| AABC (AAA)

3cm P 2cm

Example 13
In the diagram, ZHGL = 40°, ZGHL = 80°, GL=3cm, HL=2cm, LK =6cm, LM = 4cm.

(@) Prove that AGLH ||| AKLM.

(b) Hence find the size of ZLKM.
(c) Prove that GH || MK.

Solution
(@) In AGHL and AMKL:

GL_3_1
KL o6 2
HL _2_1
ML 4 2
ZGLH = ZKLM (vertically opposite angles)

- AGHL ||| AMKL (2 pairs of sides proportional, included angles equal)

(b) ZLKM=/ZHGL=40° (matching angles in similar triangles)
- ZLKM = 40°

(c) ZLKM = ZHGL =40° are a pair of equal alternate angles between the lines GH and MK.
. GH || MK
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EXERCISE 4.6 SIMILAR TRIANGLES (PRELIMINARY)

1 Which pairs of triangles are similar? Why?

@ D (b) L
/\vv«r A
P
65° 40° P
E F
K N M
() d »
10cm
T
6cm
Q 4cm S 8cm R
(e) (f) B
AN
C

D

2 If the length of each side of a triangle is doubled, will the resulting triangle be similar to the original one?

3 Which triangle is similar to AXYZ? X 6cm

V4
A B C D 6cm
30° /40°
12cm 100°
12cm
100°
6cm

4 Find the value of each pronumeral in the following pairs of similar triangles. State the test used.
(b) 3, \2 ()
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5 Find the value of each pronumeral in the following pairs of similar triangles. State the test used.

(b) 3 ()

4.5

12

(d) (e)

() (h)

0

A
6 (a) If ZAPQ= ZABC, prove that AAPQ ||| AABC.
P Q
B C
A
(b) If LAXY = ZACB, prove that AAXY ||| AACB. %
y
B C
7 If Z/PST= ZRQT: P R
(@) prove that APST ||| ARQT T
(b) complete the ratios 11;8 P—?T S?T . S Q
8 If ST ||QR: p
(@) prove that APST ||| APQR
S T
(b) complete the ratios ll; (SQ Q?R P?R . . )
(¢) If QR=5cm, ST=2cm, SP=1cm, find the length of PQ.
9 If AABC and AADE are right-angled: C
E
(@) prove that AABC ||| AAED
(b) complete the ratios == AB A?C B?C .
: : A D B
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10

11

12

13

14

A line drawn parallel to the side BC of a triangle ABC cuts AB at X and AC at Y. Name the two similar triangles.
(@) fAB=10cm, BC=15cm, AX =6cm, find XY.

(b) IfAY=5cm, YC=2.5cm, XY =8cm, find BC.

(c) IfAC=8cm, YC=3cm, and BC is 5cm longer than XY, find BC.

Shivani is asked to measure the height of a
tree. To do this she measures the length of
the tree’s shadow and also the length of her
own shadow.

Shivani’s height is 1.6 m and the length
of her shadow is 2.4 m. If the tree’s
shadow is 36 m long, what is the height
of the tree?

Shadow - TV o

On an overcast day, Chris was asked to measure the height of a wall. Since T
there was no shadow, he used a mirror M placed on the ground.

The light from the top of the wall travels along TM and ME to his eye. Angles
ZTMR and ZEMEF are equal, so ATMR and AEMF are similar triangles.

|
|
|
If EF = 1.6m, FM = 0.8 m and MR = 10 m, what is the height of the wall? E |
I
|

I
I
I
I
I
I

F M R

A stick 1 m long is placed on the ground pointing straight up and casts a shadow 60 cm long. At the same
time, a building casts a shadow 3 m long. What is the height of the building?

Trinh is 1.2 m tall and casts a shadow 3.6 m long. Her friend Paul, who is standing next to her, is 1.6 m tall.
What is the length of his shadow?

4.7 INTERCEPT PROPERTIES OF PARALLEL LINES

Theorem
If three (or more) parallel lines cut off equal intercepts on a transversal, then 4/ \\D
the same parallel lines must cut off equal intercepts on any other transversal. 74 o
Given: ABC and DEF are two transversals cutting the B - E
three parallel lines AD, BE and CF. AB = BC. c% H7\I\\ F
Aim: To prove that DE = EF. \

Construction: Draw DG and EH parallel to AC.

Proof: ADGB is a parallelogram (both pairs of opposite sides are parallel)

.. DG=AB (opposite sides of a parallelogram)
BEHC is a parallelogram (both pairs of opposite sides are parallel)
.. EH=BC (opposite sides of a parallelogram)
But AB=BC (given)
.. DG=EH
Because AB|| DG, EH || BC and ABC is a straight line, then DG || EH.
In ADGE and AEHF:
DG=EH (proved above)

/DEG = ZEFH (corresponding angles, BE || CF)

/GDE = ZHEF (corresponding angles, GD || HE)
.. ADGE = AEHF (AAS)
.. DE=EF
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Useful result*
A straight line drawn through the midpoint of one side of a triangle, parallel to a second side, bisects
the third side.

*Note: this result is not an essential part of the syllabus, but it may be derived and quoted in proofs.

In AABC, D is the midpoint of AB. DE || BC, where E lies on AC. A
By drawing a line through A, parallel to BC, we can use the
previous theorem to prove that AE = EC. D &
This also gives the result that the length of AE is half the length of AC. 5 /
Theorem*
A line through a triangle, parallel to one side, divides the other two sides proportionally. A
Given: In AABC, DE || BC. AD =2xcm, DB = xcm. Ixem
. AD _ AE
Aim: To prove that = DB EC . 7 E
Proof: In AADE and AABC: B
ZDAE = /BAC (common angle)
Z/ADE = /ABC (corresponding angles, DE || BC)
. AADE ||| AABC (AAA)
. i—g = ﬁ—]é (corresponding sides of similar triangles)
AD _2x _2 .
Now DE-x -1 (given)
AndAD_ _2x _2
AB  2x+x 3
L AE_2
TAC 3
Hence AE ___AE 2y
AC  AE+EC 2y+y
. _2y_2
' EC Y1
. AD _ AE
" DB EC

*Note: this theorem is not an essential part of the syllabus, but it may be derived and quoted in proofs.

Theorem

When three (or more) parallel lines are cut by two transversals, the intercepts cut off on one transversal are
proportional to the intercepts cut off on the other transversal.

PQ _
AB||CD || EF, hence == R~ TU N p/ \s 5

Q T

U

\

This theorem may be proved as an application of the previous theorem on triangles.

F

ER
/
X V4
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Example 14
KL || MN || PQ. Find the values of x and y.

Solution

(line parallel to side of triangle divides other sides in proportion)

(intercepts on parallel lines are proportional) K

yem M 3cm P 6cm

e WO v R
Il
B e A Wl

Example 15
In AABC,GH || BC,AG=4cm, GB=10cm, AC=21cm, AH = x cm.
Find the length of AH.

Solution
AG _ AH
GH HC
.4 __x
10 21—-x
2(21 —x) =5x
42 —2x=>5x
42 ="7x
xX=6
S AH=6cm

(line parallel to side of triangle divides other sides in proportion)

EXERCISE 4.7 INTERCEPT PROPERTIES OF PARALLEL LINES

1 Find the value of each pronumeral. Give reasons for your answers.
(@) 5 () L

y 6 zZcm

6 4 R
K 10cm M 10cm P 5cm
A B

AB _ AE false?
BC ED

A A B C C A D C
D D
B E B C "
A
C D E D
E E B
B
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3 Find the value of each pronumeral. Give reasons for your answers.
(@) D (b) 4

xcmNm Nm
- H T
¢ 18cm S

16cm X cm 12cm
E F

ycm Q
DE=35cm PQ=22cm

4 AB||CD|| EF.KL=LM.

A B
(@) Explain why QP = PM. /
(b) Find the value of II%—Z Give reasons for your answer. Comlf P D

5 D is the midpoint of AB. DE || BC and AB|| EF. A

(@) Using AADE and AABC, explain why E is the midpoint of AC.
(b) What is the ratio BF: FC? Give reasons.

D E
(c) Is DF parallel to AC? Why?
B - C
4.8 PYTHAGORAS’ THEOREM
Theorem
The square of the hypotenuse of a right-angled triangle is equal to the sum of the squares of the other two sides.
Given: AABC with ZBAC =90° A

Aim: To prove that BC* = AB* + AC".
Construction: Draw AD perpendicular to BC.
Proof: In AABD and AABC:
4BDA = ZBAC (right angles)

/DBA=/ABC  (common angle) P
. AABD ||| AABC (AAA)
. AB_BD e sides of similar tri
- BC=AB (corresponding sides of similar triangles)
.. AB*=BD x BC (1)
In AACD and AABC:

ZADC=ZBAC (right angles)
ZACD=/ACB (common angle)

. AACD ||| AABC (AAA)
% = % (corresponding sides of similar triangles)
.. AC*=DCx BC (2)
Add(1)+(2):  AB*+AC*=BDxBC+DCxBC
= BC(BD + DC)
=BCxBC
. AB*+ AC*=BC’
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Interesting results

You can show that AABD ||| AADC because they are both similar to AABC.
DA _ DB
DC DA’

This means that the square of the perpendicular is equal to the product of the segments of the base.

Hence, so DA*=DBx DC.

Converse of Pythagoras’ theorem

If the square of a side of a triangle is equal to the sum of the squares of the other two sides, the angle contained by
these sides must be a right angle.

A D
i '
-t |
’,’ =
,4 1
g !
c | B Ftitmmmens Js s D

Given:  AABC for which AC’ = AB* + BC’.
Aim: To prove that ZABC =90°.
Construction: Draw ADEEF for which EF = BC, DE = AB and ZDEF = 90°.
Proof: In ADEF, FD* = DE* + EF*  (Pythagoras’ theorem)

But AC* = AB*+ BC* (given)
- FD*= AC? (AB = DE, BC=EF)
.. FD=AC
In AABC and ADEF:
AB=DE (by construction)
BC=EF (by construction)
AC=FD (proved above)
.. AABC= ADEF (SSS)
. LABC = ZDEF (matching angles in congruent triangles)
. LZABC=90° (because ZDEF =90°)
Example 16
If ZABD=90°, AB=20m, AC=25m and AD = 52m, calculate the length of DC. A
Solution
InAABC:  AC’=AB’+BC’ InAABD:  AD’*=AB’+ BD’ e 2
25> =20+ BC 52> =20+ BD’ . .
BC* =625 — 400 BD = 2704 — 400 ¢
=225 =2304
BC=15m BD =48 m
Now DC=DB - CB
=48 - 15
DC=33m
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Pythagorean triads

If you recognise that 20 = 5 X 4 and 25 = 5 X 5, then using the Pythagorean triad (3, 4, 5) you can see in

Example 16 above that BC=5 X 3. Also 52 =4 x 13 and 20 =4 X 5, so using the Pythagorean triad (5, 12, 13)
you can see that DB =4 x 12.

An interesting investigation is to consider the sets of triads formed from m? — n?, 2mn, m* + n*, where m and n
are positive integers, m > n. In triads with no common factors, consider questions such as: Why is only one term
even? Will one term always be prime? Will one term always have a factor of 5?

Example 17
In AKLM, KL =7 cm, LM =24 cm, MK= 25 cm. If the triangle is right-angled, which angle is the right angle?
Solution
Sketch the information given.

K KM is the longest side: KM’ = 25" =625
- 25¢m KL*=7"=49

LM*=24"=576
' e " KL* + LM* = 49 + 576 = 625

o KM? =KL’ + LM?
Hence the triangle is right-angled at L.

EXERCISE 4.8 PYTHAGORAS’ THEOREM

1

Calculate the length of the diagonal of a rectangle whose sides are:

(@ 5cm,12cm (b) 8m,10m () 1.5cm,3.6cm

Calculate the length of the diagonal of a square whose side is:

(@ 5m (b) 3.6cm

Given these lengths of the three sides of a triangle, which triangle is not right-angled?
A 5cm,12cm, 13cm B 13cm,84cm,8.5cm

C 8cm,l4cm,17cm D 7cm,24cm,25cm

Calculate the length of the side of a square whose diagonal is:
(@ 12cm (o) 65/2cm

Calculate the altitude of an equilateral triangle whose side is 10 cm. (The altitude is the perpendicular
distance from a vertex to a side of a triangle.)

In the right-angled triangle ABC, AB=2t, AC=1+t’, ZABC = 90°. A

Calculate the length of CB in terms of ¢.

2
1+¢ o

Calculate the length of the side of a rhombus whose diagonals are:
(@ 12cm, 16cm (b) 4cm,9.6cm

The lengths of the sides and one diagonal of a rhombus are respectively 20 cm and 24 cm. The length of the
other diagonal is:
A 12cm B 16cm C 32cm D 256cm

Chapter 4 Plane geometry
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9 A motorist starts from a point A and travels 32 km north, 24 km east, 25 km south and then back to A.
What is the total distance travelled?

10 Two roads intersect at right angles. Two cars start from the intersection at the same time. One car travels
at 60 km/h along one road and the other car travels at 80 km/h along the other road. How far apart are the
cars after:

(@) 6 min (b) 15 min (c) 30 min (d) 36 min (e) 45 min () 60min (g) thours

11 In the figure, AB=5cm, BC=6cm, DE=10cm, AD = 13 cm. Calculate the length of CD. D
A
B E
c
12 In the figure, AB =24 cm, AC= CD = 25cm. Calculate the length of: D
(@) BC
(b) AD
C
A B

13 The two equal sides of an isosceles triangle are each 13 cm long and the base length is 10 cm. Calculate the
height of the triangle.

14 Calculate the length of the altitude of an isosceles triangle whose side lengths are:

(@) 10cm, 10cm, 12cm (b) 25cm,25cm, 14cm
() 5.2cm,5.2cm,4cm (d) 3cm, 3cm, 3.6cm

15 A rectangular sheet of paper is 24 cm by 18 cm. If it is folded flat along . 24 A
the line CD, then by how many cm is B made closer to A?

c D
; d £
16 When a rectangular sheet of paper 16 cm by 9 cm is cut as shown, \_| .
the pieces can be rearranged to form a square. What is the perimeter >
. 2 9
of this square? ko
> |5

17 Two vertical poles standing on horizontal ground at points 9 m apart have lengths of 6 m and 12m. Find
the length of a straight wire joining the tops of the poles.

18 The sides of a rectangular solid are 3 cm, 4cm and 12 cm. Calculate the length of the diagonal of the
rectangular solid.

19 If ZABD =90°, AB=32m, AC=40m and AD = 68 m, calculate A

the length of DC.

68m 40m 32m
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4.9 AREA FORMULAE

Area of a rectangle = [b
= length X breadth b
The term ‘width’ is often used instead of ‘breadth’ u|

Area of parallelogram = area of rectangle shown : :
= Ih | !
= length of base x perpendicular height | :

Area of triangle = | area of rectangle shown

= 1bh

= 1 base X perpendicular height

a

Area of trapezium = area of AADC + area of AABC D a
=4ah+%bh
=4(a+b)h

=1 sum of parallel sides X perpendicular height A : B

=

Fp--

=1 sum of parallel sides X distance between them

Area of rhombus = area of AADB + area of ABCD A / B
=2DBx AO+1DBx0OC

= 1DB(AO +0C)
=1DBx AC

=1 the product of the diagonals’ lengths

Units for area

e 10000cm?=100cm X 100cm = 1 m?
¢ 10000m”=100m x 100 m = 1 ha (hectare)

A hectare is an amount of area equivalent to a square of side length 100 m.

Example 18
A rectangle whose length is twice its width has a perimeter of 36 cm. What is its area?
Solution
Let the width be x cm, so the length is 2x cm.
2% (x+2x) =36 "C‘“_l
3x=18 Zrem

xX=6
Area=12x6=72cm’
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EXERCISE 4.9 AREA FORMULAE

1 Find the area and perimeter of each rectangle with these dimensions.

(@) length 20 cm, width 8cm (b) length 12.2m, breadth 150 cm
2 Find the area of each rectangle in hectares.
(@) length 150 m, width 90m (b) length 3km, width 120m
(c) length 2km, width 0.5km (d) length 180 m, width 40 m
3 Find the perimeter of each rectangle.
(@) area 84cm’ length 14cm (b) area 14.4m? width 240 cm
(c) area 5ha, length 1km (d) area 7.2ha, length 800 m
4 Find the area of each square.
(@) length2.5cm (b) length 1.6m
() perimeter 24 cm (d) perimeter 140 m
5 Find the perimeter of each square.
(@) length3.1cm (b) area 49m’
(c) areal6ha (d) area2.25ha

6 A rectangular carpet is placed in a room 10 m by 8 m, leaving an uncarpeted border 0.5m wide around it.
The area of the carpet is:

A 80m’ B 71.25m? C 63m? D 17m’

7 A rectangular swimming pool 30 m by 20 m is surrounded by a rectangular concrete path 3 m wide. What
is the area of the path?

30m

3m 20m

11—

8 A rectangular field has dimensions 600 m by 250 m. How many tonnes of fertiliser are needed to cover the
field at a rate of 70 kg per hectare?

9 How many rectangular tiles 10 cm by 5cm are needed to cover a rectangular benchtop 3 m by 2m?

10 A square and a rectangle whose length is twice its width both have perimeters of 24 cm. Show that their
areas are in the ratio 9:8.

11 A rectangular benchtop is covered with 400 tiles, each 10 cm by 5 cm. If square tiles of length 4 cm were
used instead, how many would be needed?

12 The dimensions of a rectangle are increased by 10%. What is the percentage increase in the area?

13 The midpoints of the sides of a 2m square are joined to form a smaller square. What is the ratio of the
areas of the two squares?
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14 Calculate the area of each triangle. All measurements are in cm.

(f)

(b) (c)
) [\ 10 26
35
28 20 .
50

15 (a) Find the area of the shaded region in each diagram. Measurements are in cm.

() 3 (i %}
12

E=

I_: f—16—
8
(iii) 7 65 (iv) F——18—H
13
17
T
9
k
24
Uty (vi) @2
16
3 15
34
1
4

(b) Find the perimeter of the shaded regions in diagrams (ii) to (vi).

16 A lawnmower mows strips of lawn 40 cm wide. After mowing six times all the way around a rectangular
lawn 32 m by 26 m, starting at the outer edge and working inwards each time around, with no gaps or

overlaps, what percentage of lawn has been mowed?

17 If the length of each side of a square is increased by 50%, by what percentage is the area increased?
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CHAPTER REVIEW 4

1 Find the value of each pronumeral.

(@) (b)

135°

145°

2 Find the value of each pronumeral. Give reasons for your answer.

(b) 1309 (c)
z°

95 . 70°

130°

3 For the given diagram, write the best name for each of the following:

A , B (@) ABCD (b) BEFC
' E (c) DCF (d) AEFD
+ + (e) BEFD () ABEFD
oy ¢ (9) ABEC (h) BDC
F

4 Find the value of x in each diagram.

(@) (b) 12 (©)

650 25

x 10
5 Calculate the length of each side of a rhombus whose diagonals are 4.8 cm and 6.4 cm long. Calculate the
area of the rhombus.
6 The perimeter of a rectangle is 18 cm and its area is 20 cm”.
(@) If the length is x cm, express the width in terms of x.

(b) Write the area in terms of x.

7 (a) If DE = GF, DG = EF, prove that ZGDE = ZGFE. E F
(b) What sort of quadrilateral is DEFG?

D G
8 ABCD is a square. E is the midpoint of AB, and F is the midpoint of DC. E OB
(@) Prove that AADF = ACBE.
(b) What sort of quadrilateral is AECF?
pU c
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10

11

12

13
14

15

16

If KL = MN, ZLKP =70°, ZMNP = 55°, prove that LP = NP. K M

125°

Is APQR congruent to APSR? Give reasons for your answer. P

48°

48°

VX _ WX _ _ ano _ rro 14
In the figure 7x = Xy,LVXW—LZXY—% and LVWX =55°.

(@) Prove that AVXW ||| AZXY.

(b) What is the size of ZXZY? Z
w 455 r“\ ¥

AP1CBand BQLAC.

X
A
(@) Let LACP = x°. What is the size of ZQBC in terms of x?
AC _ AP Q
(b) Prove that CB ~ BQ"
c B
P

ABCD is a square of side length 5cm. If its diagonals intersect at E, calculate the length of AE.
Calculate the size of ZKMN. Justify your answer. N
145m
K
144m
8m
L M
15m
(@ If PQ=10cm, QR =15cm and ST = 8 cm, calculate the length of TU. w Y
(b) IfR, Cand A are collinear and RC = 9 cm, calculate the length of RA. A p \ S B
o/ b,
R YU.F
/ \
X z

A prism has a base in the shape of a parallelogram. The height of the prism is 20 cm. If the distance
between two parallel sides of the parallelogram is 9 cm and these sides each have a length of 17 cm,
calculate the volume of the prism.
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CHAPTER 5
TRIGONOMETRIC RATIOS AND APPLICATIONS

Outcomes covered:

P1 demonstrates confidence in using mathematics to obtain realistic solutions to problems

P3 performs routine arithmetic and algebraic manipulation involving surds, simple rational expressions and trigonometric
identities

P4 chooses and applies appropriate arithmetic, algebraic, graphical, trigonometric and geometric techniques

5.1 ANGLES OF ANY MAGNITUDE

Trigonometric ratio definitions

From your study of the trigonometry of a B B
right-angled triangle, you should already
know the definitions of the trigonometric Hypotenuse o c
. . . Opposite side a
ratios for sine, cosine and tangent. /
A Adjacent side ¢ A b ¢

Opposite side _ g e Adjacent side _ p S Opposite side _ g

sinA = Hypotenuse € Hypotenuse ~ € Adjacent side ~ b

To remember these ratios you can use the mnemonic SOHCAHTOA, which stands for Sin is Opposite over
Hypotenuse, Cos is Adjacent over Hypotenuse, Tan is Opposite over Adjacent.

These trigonometric ratios describe the relationship between the angles and sides of a right-angled triangle, while
Pythagoras’ theorem ¢’ =a’+ b* describes the relationship between the side lengths without reference to the angles.

The unit circle
Consider a circle of unit radius whose centre is at the origin. The equation of the circle is x* + y* = 7.
Y Y y y

(0,1) 1B
K P(x,y) P(x,y)
1 1/ 0 0
c 07| \4 PN 4 N A RV
j y

(-1,0) o * Jio xo y 0
1 1
P(x,y)

P(x,y)
©,-1) ID
Take any point P on the circumference of this unit circle whose coordinates are (x, y). Consider the point P as
starting at A and rotating in an anticlockwise direction, taking various positions around the circumference as
shown in the diagrams above. In each position ZAOP = 6.

We define cosine and sine as:

cos O = x = x-coordinate of P (the abscissa)

sin @ = y = y-coordinate of P (the ordinate)
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The definitions of sine and cosine apply to angle 6 of any magnitude. Also note:
o Because-1<x<1, cosOisbetween-1and 1.
o Because-1<y<1, sin@isbetween-1and 1.
If the point P is:
(@) at A, 8=0°, the coordinates of A are (1,0) and hence cos0°=1, sin0° =0
(b) at B, 8=90°, the coordinates of B are (0,1) and hence cos90° =0, sin90° =1
(c) at C, 6=180°, the coordinates of C are (-1,0) and hence cos 180°=-1, sin180°=0
(d) at D, 6=270°, the coordinates of D are (0,-1) and hence cos270° =0, sin270° = -1
(e) all the way around to A again, 8= 360°, the coordinates of A are (1,0) and hence cos360° =1,
sin 360° = 0.
Note that cos360° = cos0° = 1, and sin 360° = sin 0° = 0.

There are four other trigonometric ratios: tangent (tan), cotangent (cot), secant (sec) and cosecant (cosec, or
sometimes csc). These can all be defined in terms of cos and sin.

_ )Y _sinf _x_cos@_ 1 .
tan6 = 4 Cosg,coseio cotG—y—Sine—tane,stiO
_1_ 1 _1_ 1
secO = = COse,cos@;rﬁo cosecO = Y= 5ng sin0@#0

Because sin and cos appear as denominators, there are restrictions on the values of 8 in these functions. The
functions tan and sec are undefined when cos 8 = 0, which is when 8= 90°, 270°, 450°, ... (i.e. 90° + n180°,
where 7 is any integer); cot and cosec are undefined when sin 6 = 0, which is when 6= 0°. 180°, 360°, ...

(i.e. n180°, where n is any integer). The functions cot 6, sec 6 and cosec 0 are the reciprocals of tan 6, cos 6 and
sin O respectively.

The tangent ratio can also be considered as a ratio without reference to sin or cos.

At the point A(1,0) where the unit circle cuts the x-axis, draw a tangent line AT.

y y
!
B T B

£ P(x,y) \
\\ 0
0 Ya_ . C I \a )
!—/ (1,0) ! . (1,0)
1T

D

If ZAOP = 6, we define tan 0 as the y-coordinate of T. (The tan function gets its name from this tangent line.)
If Pis at B, 8=90°, OB is parallel to AT and so tan 90° is undefined.

Symmetry properties of trigonometric ratios

The coordinate axes divide the circle into four quarters, called quadrants.

First quadrant 0° < 6 < 90°
Ist quadrant

B
Consider the point P(a, b), where P lies between A and B. P(a,b)
Both the x- and y-coordinates of P are positive numbers, so all the

ratios are positive. ! y *

Chapter 5 Trigonometric ratios and applications
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Second quadrant 90° < 6 < 180° y

Consider the point P(a, b) in the first quadrant such that ZAOP = 6, 2nd quadrant

_ o _ P(a,b
and a point Q in the second quadrant such that ZAOQ =180° — 6. QCab) > (180, - 6) 5 (@0
(] A

By symmetry, the coordinates of Q are (-a, b). Hence: o a =
cos(180°— 0) =-a=-cos O \‘/
sin (180°— 6) =b=sin0O

tan (180° — 6) :% =-tan 0

Because the triangles are congruent, we can see that for every angle in the second quadrant there is a
corresponding angle in the first quadrant whose sine, cosine and tangent ratios are numerically the same.
You can find this angle by subtracting the second quadrant angle from 180°. (For example, 180° — 40° = 140°,
so the angle in the first quadrant corresponding to 140° is 40°.) Because the x-coordinate is negative in the
second quadrant, the values of cos and tan are now negative; sin remains positive. For example:

€08 140° = cos (180° — 40°) = -cos 40° = -0.7660
sin 140° = sin (180° — 40°) = sin40° = 0.6428
tan 140° = tan (180° — 40°) = -tan40° = -0.8391

Third quadrant 180° < 6 < 270° y
Consider the point P(a, b) in the first quadrant such that ZAOP = 6, P(a,b)
and a point Q in the third quadrant such that ZAOQ = 180° + 6. /“SOU " “2 B\ ,
By symmetry, the coordinates of Q are (-a,-b). Hence: o a o

cos(180°+ 0) =-a=-cos 6

; o . Q(-a,-b)
sin (180° + 6) =-b=-sin 6 3rd quadrant
tan (180° + 6) =2 = tan 0

For every angle in the third quadrant there is a corresponding angle in the first quadrant whose sine, cosine and
tangent ratios are numerically the same. You can find this angle by subtracting 180° from the third quadrant angle.
(For example, 220° — 180° = 40° and 220° = 180° + 40°, so the angle in the first quadrant corresponding to 220°
is 40°.) Because in the third quadrant x < 0 and y < 0, only tan is positive, while sin and cos are both negative.
For example:

€08220° = cos (180° + 40°) = -cos40° = -0.7660

sin 220° = sin (180° + 40°) = -sin40° = -0.6428

tan 220° = tan (180° + 40°) = tan 40° = 0.8391

Fourth quadrant 270° < 6 < 360° y
Consider the point P(a, b) in the first quadrant such that ZAOP = 6, P(a,b)
and a point Q in the fourth quadrant such that ZAOQ = 360° - 6. g9 )

&S o\|”\a

By symmetry, the coordinates of Q are (a,-b). Hence: ok a3
- X
cos(360°— 0) =a=cos @ &
sin (360° — ) = -b = -sin Qe -b)

4th quadrant
tan (360° — 6) = % =-tan 0

For every angle in the fourth quadrant there is a corresponding angle in the first quadrant whose sine, cosine and
tangent ratios are numerically the same. You can find this angle by subtracting the fourth quadrant angle from
360°. (For example, 320° = 360° — 40°, so the angle in the first quadrant corresponding to 320° is 40°.) In the
fourth quadrant only cos is positive. For example:

€08320° = cos (360° — 40°) = cos40° = 0.7660

sin 320° = sin (360° — 40°) = -sin40° = -0.6428

tan 320° = tan (360° — 40°) = -tan40° = -0.8391
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Sign of the trigonometric ratios
The sign of cos 6, sin 6 and tan 0 for the first four quadrants can be summarised as follows:

First quadrant:

Second quadrant:
o Third quadrant:

o Fourth quadrant:

All are positive
sin O only is positive
tan 6 only is positive

cos 0 only is positive

(©)

(A)

(S)

0 ‘,

The trigonometric ratio positive signs in the different quadrants can be remembered with the mnemonic ASTC:

All Stations To Central.

Complementary angles: 6 and (90° — 0)
Consider the point P(a, b) on the unit circle such that ZAOP = 6, and a point Q such that ZAOQ = (90° — 6).

y
Q(b,a) p
1 a '\ P(a,b)
5 b 1 (90° - 0) b
e} N MJA
0
O M

From congruent triangles, the coordinates of Q are (b, a) because ON = PM = b and QN = OM = a. Hence:

sin (90° — 0) = a = cos O cos(90°—0) =b=sin0O

tan (90° ~ 6) = = cot 8 cot(90°— 6) =2 =tan 6

sec(90° — 0) = L cosec 6 cosec(90° —0) = % =secH

<

These relationships are said to be complementary. This is why the prefix ‘co-’ is in the words cosine,
cosecant and cotangent.

The ratios sine and cosine, tangent and cotangent, secant and cosecant are complementary pairs. For example:
sin 50° = cos (90° — 50°) = cos40° tan 75° = cot (90° — 75°) = cot 15°
sec80° = cosec (90° — 10°) = cosec 10° €08 60° = sin (90° — 60°) = sin 30°

Use your calculator to verify these results.

Negative angles: 6 < 0°

So far we have only considered 6> 0°. If we start from the point A and rotate
anticlockwise to P, then 6> 0°. However, if we rotate clockwise to Q so that
ZAOQ= ZAOP, then < 0°.

Hence, by symmetry:

D

cos(-0) =a=cos0 sin(-0) =-b=-sin 6 tan (-0) :%: -tan 6
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For example: y

cos (-40°) = cos40° = 0.7660
tan (-25°) = -tan 25° = -0.4663 0
sin (-70°) = -sin70° = -0.9397 y x

cos (-160°) = cos 160° = -cos 20° = -0.9397 o
tan (-245°) = -tan 245° = -tan 65° = -2.1445

sin (-210°) = -sin210° = -(-sin 30°) = sin 30° = 0.5

cot (-135°) = -cot 135° = cot45° = tan45° = 715 =~ 0.7071

EXERCISE 5.1 ANGLES OF ANY MAGNITUDE

1 In which of the four quadrants is the following true?

(@ sin6>0 (b) tanB<0 (€) cosB<0 (d) sinf@<0andtan6<0
(e) sin@>0andcosf<0 (f) cosO<O0andtan6>0 (g) cosO>0andtan6>0

2 State the quadrant of each angle.

(@) 72° (b) 114° (c) 95° (d) 200° (e) 321°

(f 183° () 83° (h) 216° (i) 300° () 155°
3 Express each of the following as a trigonometric ratio of angle A.

(@) sin(180°—A) (b) cos(90°—A) (c) tan(360°—A)

(d) cos(180°+A) (e) sin(360°—A) (f) cot(90°—A)

4 Use a calculator to evaluate sin 6, cos 6, tan 6, cosec 6, sec 6, and cot 6 for each of the following values of 6,
writing each answer correct to 4 decimal places:

@ () 125° (i) 152° (i) 117° (b) (i) 205° (i) 217°  (iii) 251°
(©) (i) 282° (i) 301° (iii) 342° d) () -25° (i) -122°  (ji) -215°

5 If sin = 0.2, write the value of:
(@) sin(180°— ) (b) sin(360° — ) (c) sin(-o)
(d) cos(90° - ) (e) sin(180° + ) (f) coseca

6 Iftan O =1, express in terms of t:
(@ cotb (b) cot(90°—6) (c) tan(180°—6)
(d) tan(360°—6) (e) cot(180°— 0) () tan(180°+ 6)

7 If cos A =, express in terms of c:
(@) secA (b) cos(-A) (c) cos(180°—A)
(d) cos(360°—A) (e) sec(-A) (f) cos(180°+A)

8 Use a calculator to evaluate, correct to 4 decimal places:
(@) tan305° (b) sin212° (c) cos(-140°)
(d) sin(-160°) (e) cot42° (f) cos260°

9 If Ois an angle in the second quadrant, state whether the following are positive or negative:
(@) cos(180°—6) (b) tan(180°— 6) (c) sin(90° - 6)
(d) sin(360° —6) (€) cos(180°+ 6) (f) tan(90°—06)

10 If90° < 8< 180°, use a unit circle diagram to show that:
(@) cos(180°+ 6) =-cos6 (b) sin(360°— 60) =-sin O
11 Which expression is equal to sin (360° + 0)?

A cos6 B -sin@ C -cosf D sinf

12 Write ‘correct’ or ‘incorrect’ for each answer: cos 6= ...
(@ cos(360°—6) (b) sin(180°— 6) (c) -cos(180°+6) (d) sin(90°—6)
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5.2 TRIGONOMETRIC GRAPHS AND EQUATIONS

Graphs of trigonometric functions
Sine (sin) and cosine (cos):

In the figure below, the graph of y = sin 0 is represented by the continuous curve, and the graph of y = cos @ is
represented by the broken curve. The graphs are drawn in the domain -360° < 6 < 360°. For a domain of real
numbers, the graphs continue similarly in both directions: for example, the graph for the domain 360° < 6 < 720°
is the same as the graph for the domain 0° < 6 < 360°, as 720° = 360° + 360°.

As Oincreases, the values of sin @ and cos 6 y

repeat after each interval or period of 360°. I y =sinf
S At~ .~ y=cost

The functions sine and cosine are therefore 4 / : /
\ /
’ \

called periodic functions, with the period % ; \ v
being 360°. We saw earlier that the point P(x, y) -360° -270% -180°N\  790° /1O 90°\, 180°w36009

corresponds to angles 6, 360° + 6, 720° + 6 and X . "

so on, and hence sin (360° + 6 ) = sin 6 and
c0s (360°+ 6) = cos 6.

The maximum and minimum values of sin 8 and cos @ are 1 and -1 respectively.
In other words their amplitude is 1.

If the graph of y = cos O is translated 90° to the right, parallel with the 6-axis, it coincides with the graph
of y =sin 6. This can be seen to follow from the fact that cos 6= sin (90° + 6).

Tangent (tan):

The graph of y = tan 6 can be drawn by plotting points from a table of values or by using graphing software.
But we can determine features of the graph simply from the definition of tan:

sin@
cos@’
domain 0° < 0< 360°, tan @ will be undefined when 6= 90°, 270°.

o Ifsin @=0 then tan 8= 0, so in the domain 0° < 6 < 360° we know that tan 6= 0 when 6= 0°, 180°, 360°.
o Ifsin @=cos O then tan 6= 1. In the domain 0° < 0< 360°, tan 6= 1 when 6= 45°, 225°; tan 6= -1 when

o Because tanf = the graph of y = tan O will not exist for values of 0 that make cos 8= 0. In the

0=135° 315°.
For 0° < 8< 360°, the graph of y =tan Ois:

y . . As O increases, the values of tan 8 repeat after each interval or period
! : of 180°. The curve has no greatest or least value, so it does not have an
\ y=tanf | | amplitude: y = tan O is discontinuous at 6= 90°, 270°. The dotted vertical
E E lines drawn at these values are called asymptotes.
: . |

Y %°  /isoc  270° /A60° O

Cotangent (cot):

The graph of y = cot 6 can be drawn by plotting points from a table of values or by using graphing software, but

we can determine some features from its definition:
1 __ cos

tan@ sin@’
sin 6= 0. In the domain 0° < 6 < 360°, cot O will be undefined when 6= 0°, 180°, 360°.

o Ifcos =0 then cot @=0. In the domain 0° < 8< 360°, cot 0= 0 when 6=90°, 270°.

o Ifsin @=cos@then cot 0= 1. In the domain 0° < 8< 360°, cot =1 when O=45°, 225°% cotO=-1
when 6=135°, 315°.

o Because cotf = the graph of y = cot 8 will not exist for values of 6 that make tan =0 or
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For 0° < 8< 360°, the graph of y = cot O is:

Y As B increases, the values of cot 6 repeat after an interval or period of 180°.
The curve has no greatest or least value, so it does not have an amplitude:

y=cot
y = cot @ 1is discontinuous at 8=0°, 180°, 360°. The dotted vertical lines
drawn at these values are asymptotes.
Because cot 6= tan (90° — 0) and cot 0 = L, these two ratios are both
o 90°\ 1 tan @

1
1
1
1
1
1
1
:
0° 270%  360° 6 , ] ,
' complementary ratios and reciprocal ratios.
1
1
1
1
1

R -V g S i

Cosecant (cosec):
The graph of y = cosec 6 can be drawn by plotting points from a table of values or by using graphing software, but
we can determine some features from its definition:

o Because cosec = 0, the graph of y = cosec 8 will not exist for values of 6 that make sin 6= 0. In the
domain 0° <0< 360° cosec O will be undefined when 6= 0°, 180°, 360°.

o Ifsin@=1 then cosec 8= 1. In the domain 0° < 8<360°, cosec =1 when 6= 90°; cosec 0= -1

when 6= 270°.
For 0° < 8< 360°, the graph of y = cosec O is:

y . : As O increases, the values of cosec O repeat after an interval or period
: ] ! of 360°. The curve has no greatest or least value, so it does not have an
Py oot | amplitude, but the range is cosec < -1 or cosec 02 1. Also, y = cosec 0 is

14 ! : discontinuous at 8= 0°, 180°, 360°. The dotted vertical lines drawn at these

: : : : values are asymptotes.
0 90°  180°  270°  360°0
_1 - I 1

Secant (sec):
The graph of y = sec 6 can be drawn by plotting points from a table of values or by using graphing software, but
we can determine some features from its definition:

+ Because secd = 9 , the graph of y = sec O will not exist for values of 0 that make cos 8= 0. In the
domain 0° <6< 360°, sec O will be undefined when 6=90°, 270°.

o Ifcos@=1then secO@=1.In the domain 0° < < 360°, sec =1 when 0=0°, 360°; sec 0= -1 when

0=180°.
For 0° < 6< 360°, the graph of y = sec O is:
y | ' As Oincreases, the values of sec 0 repeat after an interval or period of 360°.
' y=sechd | The curve has no greatest or least value, so it does not have an amplitude,
: ; but the range is sec < -1 or sec 0= 1. Also, y = sec 0 is discontinuous
| ! at 8=90°, 270°. The dotted vertical lines drawn at these values are
' | : I asymptotes.
1 T
0 doo 180°  270°  360° 0

GeoGebra is an ideal way to investigate these trigonometric curves.
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Trigonometric equations

We will solve some simple trigonometric equations where the values are given in degrees. Later in this course you
will learn how to give answers in radians, a dimensionless unit, instead of degrees.

To solve trigonometric equations you can use the same techniques that you have used for algebraic equations.

Example 1
Solve each equation for 0° < x < 180°.

(@) 3+2sinx=5sinx (b) sinx=2cosx (c) 6cos2x=3sin30°
Solution
(@ 3+2sinx=5sinx (b) sinx=2cosx (c) 6cos2x=3sin30°
3 =3sinx sinx _ _ 3sin30°
. 1 SO =2 cost—76
SIx= tanx =2 cos2x=0.25
X= 900 o ’ o o [e]
X =63°26 2x=75.52°,360° —75.52

2x=75.52°,284.48°
x=37.76°,142.24°
x=37°46', 142°14

Looking at the solution to (c) above, you might ask, ‘Why two answers?’ Consider that the value of x is given
as between 0° and 180°, so the value of 2x is between 0° and 2 x 180° = 360°. There are thus four quadrants

in which the cosine function might have solutions, but

we also know that the solutions must be positive.

This means that the answers can be in the first and the fourth quadrants.

Example 2
Solve each equation for 0° < x < 360°.

(@) sec’x=2 (b) 2sinx—tanx=0 (c) sinx—cosx=0
Solution

(@) sec’x=2 (b) 2sinx—tanx=0

secx =2

This gives values of x in all 4 quadrants.

In the first quadrant, secx =~/2 gives x = 45°.

s x=45°,180° —45°, 180° +45°, 360 © — 45°
x=45°135°,225°, 315°

(c) sinx—cosx=0
sinx = cosx
tanx=1
x=45°180° + 45°
x=45°,225°

. sinx _
231nx—cosx =0
sin x 2cosx —1 ~0

COSX -

sinx(2cosx—1)=0, cosx#0
sinx=0, cosx=0.5
x=0°180° 360° or x=60° 300°
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EXERCISE 5.2 TRIGONOMETRIC GRAPHS AND EQUATIONS

If you do not have GeoGebra, you can draw graphs using other software.

1 (@) Complete the following table and use it to draw the graph of y = sin 0 for values of 6 from 0° to 360°.

0 0° 30° 90° 150° | 180° | 210° | 270° | 330° | 360°

sin O

(b) Draw the graph of y =sin 6 for values of 8 from 0° to 360° using GeoGebra.
2 (a) Complete the following table and use it to draw the graph of y = cos 8 for values of 6 from 0° to 360°.

0 0° 60° 90° 120° | 180° | 240° | 270° | 300° | 360°

cos 6

(b) Draw the graph of y = cos 6 for values of 8 from 0° to 360° using GeoGebra.

3 (a) Use your graph in question 1 to draw the graph of y = cosec 6 for 0° < 8< 360°.
(b) Draw the graph of y = cosec 6 for values of 6 from 0° to 360° using GeoGebra.

4 (a) Use your graph in question 2 to draw the graph of y = sec 6 for 0° < 6< 360°.
(b) Draw the graph of y = sec 0 for values of 8 from 0° to 360° using GeoGebra.

5 (a) Complete the following table and use it to draw the graph of y = tan 6 for values of 6 from 0° to 360°.

0 0° 30° 90° 150° | 180° | 210° | 270° | 330° | 360°

tan 6

(b) Draw the graph of y = tan 6 for values of 6 from 0° to 360° using GeoGebra.

6 (a) Use your graph in question 5 to draw the graph of y = cot 6 for 0° < 6< 360°.
(b) Draw the graph of y = cot 6 for values of 8 from 0° to 360° using GeoGebra.

7 Repeat questions 1 to 6 using a domain of -180° < 6< 180°.

8 Solve each equation for 0° < x < 180°.

(@ 3+2cosx=5cosx (b) sinx=3cosx (c) 6sin2x=3cos30°
(d) 4—-3tanx=tanx (e) 3sinx=cosx (f) sin2x=sin30°

9 Repeat question 8 with 0° < x < 360°.

10 The solution to sinx + cosx =0 for 0° < x < 180° is:

A -45° B 45° C 90° D 135°
11 Solve each equation for 0° < x < 360°.

(@) cosec’x=2 (b) sin’x=1 (c) tan’x=3

(d) 3+4sinx=9sinx (e) tan’x—tanx=0 (f) sin2x=cos2x

12 (a) On the same diagram draw y =sinx and y = 4 for 0° < x < 360°. Use your diagram to solve
the equation sinx = 4 for 0° < x < 360°.
(b) What line would you need to draw to solve the equation sinx = -3? What are the solutions to this
equation for 0° < x < 360°?
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5.3 EXACT VALUES OF TRIGONOMETRIC RATIOS

The exact values of sin, cos and tan for 30°, 60°, and 45° can be found from the following diagrams.

We can use Pythagoras’ theorem to calculate the side lengths of the right-angled triangles and relate the lengths
to the trigonometric values, as summarised in the following table.

0 30° 45° 60°

. 1 1 NE)

sin 6 > NG 5
J3 1 1
cos @ =5 NG 5
tan 6 % 1 «/5

You can either remember how to calculate these values from the triangles or remember the table of the values.

It is also easy to obtain the exact values for the reciprocal functions cosec, sec and cot by taking the reciprocal of
each value above. These are given in the following table.

0 30° 45° 60°
2
cosec 6 2 V2 NE)
0 = 2 2
sec N}
1
cot 0 V3 1 NE
Example 3
Calculate the exact length of the sides in each triangle.
Solution - ih
C : o_ DL o_ AD
(@) sin 30 B cos 30 1
5 BC=125in30° AB=12co0s30°
| )
= =12X 5 =12X 5
A B
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(b) 2 tan60° = % PR*=QR’ + PQ’
: QR = 8tan 60° =(8v3) +8

60° =83 =192 + 64 =256
’ ’ PR =+/256 =16

EXERCISE 5.3 EXACT VALUES OF TRIGONOMETRIC RATIOS

Give the exact answer to each of the following, expressing lengths in simplest surd form where necessary.
(Do not use a calculator.)

1 In AABC, B=90° A =30°, AC =20 cm. Calculate the lengths of:
(@ BC (b) AB
2 In AABC, C=90° A =45° BC=10cm. The lengths of AC and AB are:
A AC=10v2cm, AB=10cm B AC=10cm, AB=10v2cm
C AC=10cm, AB=5J2 cm D AC=10cm, AB=10cm
3 A vertical pole of height 15m stands on level ground and a straight wire 30 m long joins the top of the pole
to a point on the ground. Find:
(@) the distance of this point from the foot of the pole
(b) the angle the wire makes with the ground.
4 A ladder 10 m long, standing on level ground, leans against a vertical wall and makes an angle of 60° with
the ground. Calculate:
(@ how high up the wall the ladder reaches
(b) the distance of the foot of the ladder from the wall.
5 In AABC,AB=12cm, AC=8cm, A =60°. CF is drawn perpendicular C
to AB to meet AB at F. Calculate the length of:
(a) AF 8
(b) FC
() BC A B

6 For the given diagram, calculate the length of: C

(a) AC O 7B
(b) DC
(c) AB 30

(d) BC

7 In the diagram, AC =12 cm. Calculate the length of: A
(@ AB
(b) BC
(c) DC
(d) AD

8 Calculate the perimeter of the trapezium ABCD given that D 8cm C
AD=16cm, DC=8cm, A =30° B=45°. 16cm

30° 45°
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9 A stepladder stands on horizontal ground with its feet 2m apart. If the angle formed by the legs is
60°, how high above the ground is the top of the ladder?

10 The magnitude of the angle formed by the diagonal of a rectangle and one of its longer sides is 30°.
Find the dimensions of the rectangle if the length of the diagonal is 60 cm.

11 In the diagram, AC=16cm, ZABD =90°, ZACB = 60° and A
ZADB = 30°. Indicate whether each answer is correct or incorrect.
(@) £DAC=30° (o) DC=16cm
(c) AB=8cm (d) CB=8cm L6em
30° 60°
D C B

5.4 MORE TRIGONOMETRIC EXACT VALUES

We have already calculated exact values of trigonometric ratios for the first quadrant angles of 30°, 45° and 60°.
We can also find exact values for 0° and 90°.

Using the unit circle: y
« 0=0° when Pisat A ©unls
P(x,y)
¢ 0=90° when Pis at B
AT\,
!y(l’O)
Our table of exact values now becomes:
0 0° 30° 45° 60° 90°
. 1 L 3
sin O 0 5 NG 5 1
V3 1 1
1 Y= — 1
cos 0 > \/5 3 0
tan O 0 % 1 V3 undefined

You should learn these results for sin, cos and tan. Once learnt, they can easily be used to find exact values for the
reciprocal functions cosec, sec and cot.

Example 4
Find the exact value of each expression.

(@) sin150° (b) cos225° (c) tan240° (d) sin270° (e) cos(-300°) (f) cos405°

Solution
(@) sin150° =sin (180° — 30°) =sin30° =1 (b) c0s225°=cos(180° + 45°) = -cos45° = 7‘,-
(€) tan240° = tan (180° + 60°) = tan 60° =+/3 (d) sin270°=sin (180° +90°) = -sin90° = -1
(e) cos(-300°) = cos300° = cos60° = 4 (f) cos405°=cos(360° +45°) = cos45° = 7‘2-
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Example 5
Find all values of 6, for 0° < 08 < 360°, for which:

(@ cosO=3% (b) sin9:-% (c) tanB=1 (d) 60529=-—‘/§_3— (e) sinf=-1

Solution
(@) cosB8>0,so Ois in the 1st and 4th quadrants.
cos 6= 4: 6= 60°, 360° — 60°

6=60° 300°
(b) sinO<0, so Ois in the 3rd and 4th quadrants.
sin @= -715: 6= 180° +45°, 360° — 45°
0=225% 315>
(¢) tan 6> 0, so Bis in the 1st and 3rd quadrants.
tan 6= 1: 6=45°, 180° + 45°
0=45%, 225°
(d) 0°<0<360° s00°<26<720°. Because cos260< 0, 20is in the 2nd and 3rd quadrants.
cos260= -%: 260=180°—30°, 180° + 30°, 540° — 30°, 540° + 30°
20="150%:210% 510%,.570%
0=752:105%,255%:285%
(e) sin0<0,so Ois in the 3rd and 4th quadrants.
sin@=-1: 6=180° +90°, 360° — 90°
0=270°

EXERCISE 5.4 MORE TRIGONOMETRIC EXACT VALUES

For questions 1 to 4, write the exact value without using a calculator.

1 (@) sin90° (b) cos120° (c) tan150° (d) cos180° (e) sin120°
2 (a) sin180° (b) cos210° (c) tan225° (d) cos240° (e) tan180°
3 (a) sin270° (b) tan300° (c) tan315° (d) cos330° (e) sin300°
4 (a) sin360° (b) cos390° (c) tan405° (d) cos450° (e) sin420°
5 The exact value of sin210° is:
A % B @ c % D 0
6 Write ‘correct’ or ‘incorrect’ for each answer: -1 =...
(@ cos180° (b) sin45° (c) sin270° (d) tan495°
For questions 7 to 18, find all the correct values of 6 for 0° < 8 < 360°.
7 sinez—é 8 tanf=-1 9 cosf=-1 10 sinO=cos O
11 sin6=0 12 2cos6+1=0 13 2sin0=4/3 14 sinO++/3 cos =0
15 sin20=0.5 16 cosf =1 17 tan20=1 18 sin§=-4
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5.5 TRIGONOMETRIC IDENTITIES

Because the equation of the unit circle is: +y=1 y
and, by definition: x=cos6,y=sin0O
P(x,y)
it follows that: cos’@+sin*0=1 (1) é\ y
cos’0=1-sin’0 Q) x

sin?6=1—cos’6

Dividing (1) by cos’ 6: 1 +tan’O=sec’ @ (2)

Dividing (1) by sin” 0: cot’ 0+ 1 =cosec’ 0 (3)

Statements (1), (2) and (3) are called identities as they are true for all values of 6.

Example 6
If sin =2 and 90° < 6< 180°, find the exact values of cos 6 and tan 6.
Solution
Using: cos’ @+ sin’ H=1
sinf = 2 c0529+%=1
cos’§=1¢
So: cos@ = +2; because it is given that 90° < 6 < 180°, we have cos = - £
. )
tan@ = sing _ 5
cosf -1
tan@=- £
Alternatively: in a right-angled triangle with a side length of 3 and a 5 N
hypotenuse length of 5, we can calculate that the third side length is 4. We 2 A

also know from 90° < 6 < 180° that the angle is in the second quadrant, so the Y x
x value will be negative.

Hence from sin® = 2 we can obtain cos@ =-% and tanf =-3.

Example 7
Simplify:
2
(@) % (b) 1+ tan’(90°— 6) () va’+x*,forx=atanBand 0° < 6< 90°
—sin
Solution
2
(@) % (b) 1+ tan(90° — 6) © va*+x
—sin B 5
_ sin’0 =1+cot’0 =+a’+a’tan’ 0
" cos’ O = cosec’ 6 -
_ tan6 = az(l+tan“9)
=+Ja’sec’ 0
=asecl
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Example 8

Prove the following identities.

1-sin’0  _ cos@ _ . _
(@) T cos” 0 (b) —sind tan@ = sec () tanA sinA + cosA =secA
Solution

_ 1-sin’0 2 /A .2 .2 24

(@) LHS_W Usecos 0=1-sin"0 and sin 0+ cos =1
sin cos

_ cos’ 6

|

=cos’ 0

= RHS

_ _cosf .1 sinf
(b) LHS = T—sin® tan@ Replace tan 6 with wos0

cos@  sinf
1—sin6® cos6
_ cos’ 0 —sinO(1—sin0)

B (1—sin@)cos@ £ pant

_ cos*0—sinO+sin’ 0
(I1—sin@)cosO
1—sin@

~ (1—sinB)cosO Cancel common factor

_ 1
cos0

=secO
= RHS

Find common denominator

Use sin” 0+ cos’0=1

for sin9#1

() LHS=tanA sinA + cosA

__sinA
"~ cosA
_ sin’ A 4 CosA
cos A 1
_ sin’A + cos’A
B cos A
1

= Use sin’ 0+ cos’ 0= 1
Cos A

X sin A + cos A Replace tan 6 with wos0

Find common denominator

sin @
co

=secA
=RHS

EXERCISE 5.5 TRIGONOMETRIC IDENTITIES

1 Iftan 6=-% and 180° < 6< 270°, find the exact value of:

(@) sin@ (b) cos6
2 Ifsin 6= 5 and Ois acute, indicate whether each statement is correct or incorrect.
_12 _3 _ 3 _13
(@) cos@—13 (b) secO= 5 (c) tan9—12 (d) c0t9—12
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3 Iftan 0=-%and 90° < 0< 180°, find the exact value of:
(@ cotb (b) sin@ (c) cosb
4 If cosu =% and u is not in the first quadrant, then cosu— 2oty simplifies to:
tanu —3sinu
4{5+6) g 5-25 2(5-+5) b 14
15 9 21 3(44/5-5)
5 Simplify:
sin” @+ cos” @ sin” 6 2cotox 2
a) —————— (b)) ———— c) ——— d 60— 1)tan(90° -6
(@ tan’ 6 (b) 1—sin’ @ () 1+ cot’a (d) (sec )tan )
sinA | cosA . 3 . 2 20 i 2 2 o
(e) o5 A + sin A () sin”@+sinBcos"O (g) cosec’Osin"@ (h) 1—sin”(180° + 6)
6 Simplify:
2
(@) —=— for x=asecH (b) Va*—x* for x=acos 6
Vx?:—a®
7 If seca =- and 90° < or < 180°, find the exact value of:
(@ cosa (b) sina (c) tano
8 If180° < 0<270° and sin 6= p, express cos 0 in terms of p.
9 Find the exact value of sec @if tan 8= 0.6 and 6 is not in the first quadrant.
2
10 If sin 0= x, express % in terms of x.
11 Ifasin’6+bcos’O=c, express sin O and cos 6 in terms of g, b and c.
12 If x=asinOand y = bcos 6, find an expression from the two equations that does not involve 6.
13 If tan® 6+ 2sec’ 0= 5, find the value of sin® 6.
14 Simplify:
2 2 1 1 sin@ 14 cos@
(@) (1+tan"u)(1=sin"u) () 1-sinV  1+sinV (©) 1+ cosf sin@
1—sin@  1+sin@ . o_ . o _sinAcosA
(d) 5050 < 1—cosO (e) sin B cos(90° — 6) + cos Osin (90° — O) ® 1 tan A
(9) 2cos*30°—1 (h) 1—sin6cos(90°— 6)
Prove the following identities:
15 (1 —tanx)*+ (1 + tanx)* = 2sec’x 16 (cott+cosect)’ = %
17 sin’ orcos® B — cos® aesin® B = sin” ot — sin® B 18 secO+tanf = %
19 sin’@tan O+ cos’ O cot O+ 2sin Bcos = tan O+ cot O
. _ sin@+cos@
20 sinf(1+tan@)+cosO(1+cotf) = “nfcosd
21 tan (1 — cot*6) + cot (1 —tan’6) = 0
29 cot@cosf cosf 1+ cotf secO — cosO

cotO+cos® 1+sinf

(costcott —sint tant)sint cost
cost —sint

24 =1+sintcost
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5.6 DIRECTION AND BEARING

Navigators and surveyors measure direction by reference to the points of the compass: north, south, east and
west. Directions are indicated in terms of the number of degrees east or west of north or south, or are measured
clockwise from north and written in standard three-figure notation:

N 30°E or 030° means the direction is 30° east of north.

A bearing is a direction angle that indicates the direction of one point relative to another point. In this diagram,
the bearing of B from A is N70°E or 070°. The bearing of A from B is S70° W or 250°.

Example 9
Two yachts sail in a straight line away from a buoy B. One sails 12km in
the direction 038° and the other sails 16 km in the direction 128°.

(@) How far apart are the yachts now?

(b) What is the bearing of the first yacht, as seen from
the second yacht?

Solution
(@ ZABC=128°—38°=90°
Use Pythagoras’ theorem for AABC: AC*=12*+16°=400

AC=+/400 =20

The two yachts are 20 km apart.

(b) To find the bearing of A from C you first must calculate the size of ZACN.
In AABC:  tan(ZACB)=12=075
ZACB=36°52'
From angle sum at B: ZEBC =38°
BE || CE, alternate angles give: ZBCW = 38°
ZACN=90°— (LACB + ZBCW)
=90° — (36°52" +38°) = 15°8’
The bearing of A from Cis N 15°8" W or 344°52’.
The bearing of C from A would be S15°8"E or 164°52’".

When working with bearings, draw a diagram to show all the given information. Use the diagram to calculate
missing angles.
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EXERCISE 5.6 DIRECTION AND BEARING

1 Two towns A and B are 15km apart, with B due west of A. (For compass directions, ‘due’ means ‘exactly’)
Town C is due south of B and 12 km away. Which diagram represents this information correctly?

A B 15km 4 B N 15km  p C g 15km s D C

12km 12km 12km 12km

c c c B skm

2 The bearing of B from A is 120°, the bearing of C from A is NE and N
the bearing of C from B is N. Find the bearing of: Xe
(@ AfromC Ny NE
(b) AfromB :
(c) BfromC A: 120°
B

3 Two towns A and B are 15km apart, with B due west of A. Town C is due south of B and 12km away.
Calculate the distance and bearing of A from C.

4 Ahmed cycles 15km due north, then 12km due east and finally 20 km N
due south. What are his distance and bearing from his original position? plolzkm C_
E
15km
20km
A
'D
SV

5 On level ground, A is 50 m due east of O. The bearing of B from O is
030°and the distance of B from O is also 50 m. Find the distance and
bearing of B from A.

6 A is 5km from a lighthouse on a bearing N37°W. B is 12km from the
same lighthouse on a bearing of $53° W. Find the distance and bearing
of B from A.

7 Karen and David set out from home at the same time. Karen cycles due north at 15km/h and David cycles
due east at 20km/h. Find:

(@) how far apart they are after 1 hour
(b) after how many minutes they are 10 km apart
(c) the bearing of Karen from David at any time.
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8

10

11

A and B are two lighthouses, A being 20km due north of B. The bearing of a AN
ship is 145° from A and 055° from B. Calculate the distance of each lighthouse 145°
from the ship.

20km

c
55°
B

Two ports A and B are such that B is due west of A. A is due north of a ship C. The ship is on a course

N 32°W and reaches B after travelling for 3 hours at 25km/h. Calculate the distance between the two ports
and the time it would have taken the ship to reach A from C.

A hiker walks 15km from camp in the direction $36°52”W and then walks 7km due west. What are the
distance and bearing of his new position from the camp?

A ship sails for 20km on a course $20° W and then 25km on a course $25°W.
Calculate:

(@) how far south the ship now is from its original position
(b) how far west the ship now is from its original position
(c) the bearing of the ship now from its original position.

5.7 ANGLES OF ELEVATION AND DEPRESSION

(a) (b)
A
. : I P Horizontal line
7
g |
7
e
N | Wall

7 ’\e ote I

SBO% |
pEmkmnmmmne e
Horizontal line | |

In (a) above, if we look up at A from the point P then the angle of elevation of A from P is the angle between the
horizontal line PX and the line of sight PA. ZAPX is an angle of elevation.

The point P is the eye of the observer. A could be, for example, a point on top of a wall.

In (b) above, if we look down at A from the point P then the angle of depression of A from P is the angle

between the horizontal line PX and the line of sight PA. ZAPX is an angle of depression.

The point P is the eye of the observer. The observer could be, for example, at the top of a cliff looking down on a
boat at A in the water below.

If we look up from A to P, then ZPAB is an angle of elevation. ZAPX = ZBAP because alternate angles between
parallel lines are equal, so the angle of depression from P is the same as the angle of elevation from A.

Angles of elevation and depression are in the same vertical plane.
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Example 10

A point A is level with the foot of a vertical pole and 25 m away from it. The angle of elevation from point A
to the top of the pole P is 40°. Calculate:

(@) the height of the pole, to the nearest centimetre

(b) the angle of elevation from A of a point R, half-way up the pole, to the nearest minute.

Solution
In the diagram, PQ is the vertical pole and ZPAQ is the angle of elevation of P from A.
@ mAPAQ  tando°=LY (b) PQ=2RQ:  RQ=10.49
PQ =25 x tan 40° = 20.98 InARAQ:  tan(ZRAQ) =222 =0.4196
The height of the pole is 20.98 m. ZRAQ =22°46'

The angle of elevation of R from A is 22°46'.

Example 11
An observer in a lighthouse, 100 m above sea level, is watching a ship sailing towards the lighthouse.
The angle of depression of the ship from the observer is 15°.

(@) How far is the ship from the lighthouse?

(b) Sometime later, the angle of depression
is measured to be 25°. How far has the
ship travelled in this time?

Solution .
(@ InAPAQ: tan15°= % OR tan75°=4d
AQ= _talno105° AQ=100 X tan75°
AQ=3732 AQ=13732

The ship is 273.2 m from the lighthouse.

(b) In the diagram, the ship has moved from A to B.
ZBPX is the angle of depression when the ship

is at B.
o _ 100 o_ BQ
In ABPQ: tan25°= BQ OR tan 65° = 100
_ 100 _ ®
BQ_—tanZSO BQ =100 X tan 65
BQ=2145 BQ=2145
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AB=AQ-BQ
=373.2-214.5
=158.7

The ship has travelled 158.7 m.

EXERCISE 5.7 ANGLES OF ELEVATION AND DEPRESSION

1 From the top of a cliff, T, a walker sees two (@)
ships P and Q at horizontal distances of 50 m
and 70 m in a straight line. The angle of
depression of P from T is 25°. Indicate whether
each of the given diagrams is correct or
incorrect. (c)

2 A person 2m tall is standing on the ground and looking up at the top of a
building. If the person is 18 m from the building and the angle of elevation
of the top of the building is 30°, calculate the height of the building.

2m [] [ ]
18m

3 An aircraft flying in a horizontal straight line at an altitude of 2000 m
passes directly over an observer on the ground. One minute later, the 2000m 7
observer finds that the angle of elevation of the plane is 13°24’. Calculate: ~  — 7777777~

(@) the distance flown by the aircraft in that time
(b) the speed of the aircraft in km/h.

4 The diagram represents a vertical flagpole AB on top of a building. A
From a point P on the ground, the angle of elevation of A is
36°52’. PD=55m, CB=5m, AB=12m. Calculate: C

(@) the height of A above the ground I
(b) the distance from A to P I
(c) the angle of elevation of A from C. T

5 From an aircraft 1000 m above the ground, the angles of depression of the tops of two houses
(the same height) in line with the aircraft are 40° and 60° respectively. How far apart are
the two houses? (Ignore the height of the houses.)

6 AB and CD are two vertical buildings with their bases A and C on level P
ground. The height of AB is 50 m. The angle of elevation of B as seen
from Cis 20° and that of D as seen from A is 35°. Calculate: B
(@) the horizontal distance between the buildings 50m =,
(b) the height of CD 4 A c

(c) the angle of elevation of D as seen from B.

7 From the top of a cliff, T, an observer sees two ships P and Q in line with the observer and at horizontal
distances of 50 m and 70 m. The angle of depression of P from T is 25°. Calculate:

(@) the vertical height of the cliff
(b) the angle of elevation of T from Q.
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8 From a point 5m above the ground, the angle of elevation of the top of a
wall is 32° and the angle of depression of the bottom of the wall is 21°. Find:

(@) the horizontal distance from the point of observation to the wall

(b) the height of the wall, correct to the nearest metre. 5m ;

9 From a point A on the ground, the angle of elevation of the top of a tower is 38° and the angle of elevation
of the top of a vertical flagpole on top of the tower is 41°. A is 80 m from the foot of the tower. The ground
between A and the tower is horizontal. Calculate the length of the flagpole.

10 A city building is 45 m high. From the top of this building, the angleof
depression of an object O on the wall of a building opposite is 50°. The width of 50°
the street is 20 m. Find:

(@) the height of O above street level

(b) the angle of elevation of O from the foot of the first building. e ©

11 Two buildings of unequal height stand at a distance apart on horizontal
ground. The taller building is 60 m high and from its top an
observer finds that lines of sight to the bottom and the top of the
shorter building are at angles of depression of 25° and 10°
respectively. Calculate:

(@) the horizontal distance apart of the buildings (b) the height of the shorter building.

12 From the top of a lighthouse 75 m above sea level, the angles of depression of two buoys due north of the
lighthouse are 60° and 30° respectively. Find, in simplest surd form:

(@) the distance of each buoy from the lighthouse (b) the distance between the two buoys.

13 From a point P on horizontal ground, the angle of elevation of the top of a building 40 m high is 30°. From

a point Q on the same horizontal level as P and in line with the foot of the building, the angle of elevation
is 60°. Calculate the distance PQ in simplest surd form.

5.8 THE SINE RULE

Not all triangles are right-angled. We now consider triangles that have either three acute angles or one obtuse
angle and two acute angles. To do this we must establish two rules: the sine rule and the cosine rule.

. a b c
The sine rule: — S——==
sinA sinB sinC

In triangle ABC, a, b and c are the lengths of the
sides opposite the angles of magnitudes A, B

and C respectively. A, Band C are also used to Acute-angled triangle Obtuse-angled triangle
label the vertices of the triangle.

Proof
Let & be the length of the perpendicular from C to AB. The foot of this perpendicular lies on AB if AABC is
acute-angled (diagram above left), or on BA produced if AABC is obtuse-angled (diagram above right).

In the right-angled triangles AACD and ABCD:
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Acute-angled triangle: Obtuse-angled triangle:

h=bsinA =asinB h=bsin(180°—A) =asinB
But: sin(180°—A) =sinA
So: bsinA=asinB So: bsinA=asinB
H : a_ - b
ence sinA sinB

b c

sinB~ sinC’

Similarly, by drawing a perpendicular from A to BC it can be seen that

a __b _ _c
sinA sinB sinC’

Hence

The sine rule may also be written as % = %: the ratio of the sines = the ratio of the corresponding sides.
The sine rule can be used with a triangle when you are given:
(@) the size of two angles and the length of one side, OR
(b) the lengths of two sides and the size of an angle opposite one of these sides.

Important result
sin (180° — 6) =sin 6
Hence: sin150° =sin (180° — 30°) =sin30° = 0.5

Solving an equation like sin 8= 0.5 gives two possible answers: 0=30° or (180-30)°=150°

Example 12

In AABC, given A = 45°, B=30° and BC = 5cm, calculate the size of

C, bandc.

Solution

Because A + B+ C = 180°, it follows that C = 180° — (45° + 30°) = 105°.

. . ) a _ b c __a
Sl LRI e snC ~ sinA
5 __b e ._ 5
sin45°  sin30° sin105°  sin45°
p = 3sin30° ¢ = 28in105°
sin45° sin45°
b=5xlx£ c=6.8cm
2
52 . ) .
The exact value is b = =~ cm, which is 3.5cm correct to one decimal place.

2

The ambiguous case

From two sides of a triangle and an angle opposite one of these sides, it is sometimes possible to construct two
different solutions. This situation is investigated in the examples below.

Example 13
Solve the triangle ABC given A =52°, BC=12cm and AC=8cm. :
(In this context, to ‘solve the triangle’ is to find the sizes of all unknown 8 12
angles and sides.) .
F B
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Solution
Find B by writing the sine rule in the form with sin A in the numerator.
sinA _ sinB

Sine rule: a =
sin52° _sinB
12 8
. 8sin52°
sinB = 10

If needed, write as a decimal: sin B=0.5253

Because sin B > 0, B is in the first or second quadrant:
B=31°41" or 180°-31°41’
B=31°41" or 148°19’

Check whether B =148°19’ is a possible answer. The angle sum of a triangle is 180°:
A+ B=52°+148°19"=200°19" > 180°

Thus the only value of B is 31°41".

Find C using A and B:
C=180°— (52° + 31°41")
C=96°19
Find c using the sine rule: o s
sinC sinA
c __12
sin96°19”  sin52°
_ 125in96°19
sin52°
c=15.14 (correct to 2 decimal places)

. B=31°41",C=96°19", c=15.14cm

Example 14
In AABC, given A =40°, BC=20cm and AC = 30 cm, find the sizes of the other angles.
Solution s
Draw a diagram: C By the sine rule: % — .SH;_

%0 sin 40° _sinB

. 20 20 30

sinB = 30sin40°
A B 20

B=74°37" or 105°23
Test to see whether these values for B give a valid value for C:
When B =74°37" C=180° — (40° + 74°37’) = 65°23’
When B =105°23": C=180°— (40° + 105°23") = 34°37’

Both these values for C are valid, so there are two possible triangles for the given information. This is an
example of the ambiguous case: there is not enough information for you to find a unique solution.
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TECHNOLOGY EXPLORATION

Demonstration of the sine rule

1 In GeoGebra, create a triangle using the Polygon tool : ol

2 In Algebra view, you should notice that the sides are labelled a, b and ¢, and the lengths of the sides are
listed next to them.

3 Use the Angle tool &5 to select angle A by selecting sides b and c. The angle will be labelled ¢. If the
angle is a reflex angle, you can force it to take on the acute angle instead by right-clicking inside the shaded
part of the angle, selecting Object Properties > Basic and then unselecting ‘Allow Reflex Angle’. The angle
and its size will also appear in Algebra view.

4 Repeat step 3 for angle B (which will be labelled ) and for angle C (which will be ).
To check the sine rule for the side lengths:
5 Inthe input bar, enter a_1=(b*sin(c)/sin(B)) to calculate the length of side a using the sine rule. This will be

labelled in the Algebra view as a,. (Note that you can enter Greek letters using the o symbol at the end of
the input bar.)

6 Compare the values of a and a,.

- You can use a similar method to confirm the sine rule for the other sides.

EXERCISE 5.8 THE SINE RULE

1 In the triangle ABC, a =8, A = 30° and B = 75°. The correct diagram is:

A B

2 In AABC, b=10, B=45° and C = 120°. Calculate the size of A, a and c.

3 In APQR, P=65° Q="70°and PR = 25 cm. Calculate the length of PQ. Q

70°

65°

In AABC, a =5, A =60° and B = 45°. Find the exact value of b.

4
5 In AABC,sinB=+%,a=6and b=9. Find sin A.

6 In AABC, B=2A, b=5and a = 3. Show that 5sin A = 3sin2A.
7

Find the length of the longest side of a triangle ABC in which c
A=36°52",B=30°and AC=8cm.

36°52’ 30°

B

8 In atriangle ABC, LA =42°, ZB=28° and BC = 6 cm. Indicate whether each statement is correct
or incorrect.

AB 6 AB 6 AB 6 AB 6
@ Snitee ~smaee ®© = () = (d)

sin110°  sin42° sin100°  sin42° sin70° ~ sin42°
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9 Ina triangle ABC, a =16, b= 12 and sin A = 0.4. Calculate:
(@) sinB (b) the length of the perpendicular from C to AB (the altitude).
10 A wooden stake S is 13 m from a point A on a straight fence. SA makes

an angle of 20° with the fence. If a goat is tethered to S by a 10 m rope,
where on the fence is the closest point to A that the goat can reach?

13m
10m

20°
B

A
11 In atriangle ABC, AC=30cm, AB=44cm and B=37°. Find two possible

values of angles A and C.

12 In the triangle PQR, PQ =20cm, QR =22 cm and R = 15°. Find two possible values for ZRPQ and PR.

13 In the triangle ABC, A =36°52’, B=30° and the perpendicular distance
from C to AB is 3 cm. Calculate the perimeter of AABC.

14 In AABC, the lengths of BC and AC are in the ratio 2:1 and sin (ZABC) = . Calculate:
(@) sin(ZLBAC) (b) two possible sizes for ZBAC.

15 In AABC, £B=25°, ZC=55° BC=5m. Calculate:
(@) thelength of AC
(b) the length of AX, where X is the foot of the perpendicular line from A to BC.
16 In APQR, PR =3cm, ZRPQ =40° ZPQR = 60°. Calculate:
(@) the perimeter of APQR
(b) the length of the perpendicular line from R to PQ.
17 In AKLM, ZKLM = 55°, ZKML = 35°, KL =10 cm.
(@) Use the sine rule to calculate the length of KM correct to 1 decimal place.
(b) What is the size of ZLKM? Comment on the significance of this result.

18 In AXYZ, XY =5m, LZXY = 68°, ZXYZ = 82°. Calculate the length of XZ.

19 An aircraft flies 400 km from point A to point B on a course 040°. It then flies on a course 160° from B to C,
500km from A. Calculate:

(@) the distance BC (b) the bearing of C from A.

20 The bearing of a ship from a lighthouse A is N 75° E. The ship’s bearing from a second lighthouse B, 44 km
south of A, is N40° E. Find the distance of the ship from B.

21 Three points A, B and C lie on a horizontal plane. B is 2000 m due south of A. C is on a bearing 145° from
A and 052° from B. Calculate the distance of C from both A and B.

22 Two points A and B on the same bank of a river are 50 m apart. C is a point on the other bank. ZBAC = 80°,
ZABC =70°. Calculate the width of the river, assuming the river is straight and its width is constant.

23 O, A and B are three points in a straight line (in that order). The bearings of
A and B from O are 020°. From a point P, 4km from O in a direction
NW, the bearings of A and B are 112° and 064° respectively. Calculate
the distance from A to B.
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24 In AABC, AD bisects ZBAC. Use the sine rule to prove that

AB _ BD A
AC DC’

5.9 THE COSINE RULE

For AABC, the cosine rule states a® = b* + ¢ — 2bccos A. In words:

« The square of one side of a triangle is equal to the sum of the squares of the other two sides minus twice
the product of those two sides and the cosine of the included angle.

To find a side, use: To find an angle, use:
a*=b*+ & — 2bccos A — ¥ +c’—d
2bc
b*=a*+ ¢ — 2accos B COSB:CIZ‘i'CZ—b2
2ac
F=a*+b*—2abcosC COSC=a2+b2—c2
2ab

Proof

From C, draw the perpendicular to meet AB at D (for
acute-angled triangles) or to meet BA produced at D
(for obtuse-angled triangles).

Let CD = h units and AD = x units.
Apply Pythagoras’ theorem to ABCD:

Acute-angled triangle: Obtuse-angled triangle:
a=h+(c—-x)* a=h+(c+x)?
ad=h+c = 2ex+ 5 A=+ +2ex+ 5
But: W +x'=0b But: W +x*=0b
And: x=bcosA And: x=bcos(180°—A)
soab=b*+c*—2bccos A x=-bcosA

sat=b*+c—2bccosA

h

D A ¢

Acute-angled triangle Obtuse-angled triangle

The cosine rule can be used with a triangle when you are given:

(a) the lengths of three sides, OR

(b) the lengths of two sides and the size of the included angle.

If A =90° then cos A = cos90° = 0. The size of A determines the proportions of the sides:

o« IfA<90° then da’<b*+¢

o IfA=90° then da*=b*+¢ (Pythagoras’ theorem)

e IfA>90° then a*>b+¢

Important result
cos (180° — 0) = -cos O
Hence: c0s120° = cos(180° — 60°) = -cos60° =-0.5

Solving an equation like cos 6= -0.5 gives 6= (180 — 60)° = 120°.
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Example 15
In triangle XYZ, XY =7cm, YZ = 6cm and ZXYZ = 60°. Calculate the exact length of XZ.

Solution
Show the information on a diagram. Z

Two sides and the included angle are given.

Use cosine rule:  y*=x"+2"—2xzcos Y o
y'=6"+7"=2X6X7Xcos60° -
y*=36+49—84x0.5 & Zem ;i
y'=43
y=J43
X7 = \/E cm
Example 16
Find the size of the largest angle of a triangle with side lengths 3 cm, 5c¢cm and 7 cm.
Solution
Show the information on a diagram. A
The largest angle is opposite the longest side. Find the size of ZBAC. ge’ o
Use cosine rule: COSA = biie i B 7 ©
' 2bc a=
2 62 A2
COsA = %txs_’;—xsz_
= 9p25-48
30
= 1_1
30 2

Because cos A <0, A is obtuse: A =180° —60° =120°
The largest angle in the triangle is 120°.

Example 17
In AABC,a=10,c=5 and ZB = 36°52". Calculate:
(@ b (b) «C
Solution
Show the information on a diagram.
A
5
<
36°52'
a=10 ¢
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(@ Two sides and included angle given.

Use cosine rule: b*=a’*+ ¢* — 2accos B
b>=10"+5"— 2% 10 X 5 X cos 36°52
b*=125-100cos36°52’

b* = 44.9966
b=6.71

(b) Because we now know the length of the three sides and the size of one angle, we can use either
the sine rule or the cosine rule to find the required angle. The sine rule is usually quicker and

easier to use.

sinC _ sinB

¢ b
sinC _ sin36° 52
5 6.71
.~ _5sin36°52" _
sinC = 1 - 0.4471
Z£C=26°33
Example 18

Two people set out from point P at the same time. One travels at 20kmh™ along a straight road in the
direction 032°. The other travels at 25kmh™ along another straight road in the direction 132°. Find their

distance apart after 3 hours.

Solution
After 3 hours, one person is at A, 60 km from P, and the other is at B, 75km from P,
as shown above.

ZAPB=132°—-32°=100°
Two sides and the included angle are known. Use cosine rule:
AB’ =60+ 75> — 2 X 60 X 75 X cos 100°
AB’=10787.8
AB=103.9
The two people are 103.9 km apart.
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- TECHNOLOGY EXPLORATION

Demonstration of the cosine rule

1 In GeoGebra, create a triangle using the Polygon tool : o.

2 In Algebra view, you should notice that the sides are labelled a, b and ¢, and the lengths of the sides are
listed next to them.

3 Use the Angle tool « to select angle A by selecting sides b and c. The angle will be labelled ¢. If the
angle is a reflex angle, you can force it to take on the acute angle instead by right-clicking inside the shaded
part of the angle, selecting Object Properties > Basic and then unselecting ‘Allow Reflex Angle’. The angle
and its size will also appear in Algebra view.

4 Repeat step 3 for angle B (which will be labelled ) and for angle C (which will be 7).

To check the cosine rule for the side lengths:

5 In the input bar, enter c_1=sqrt(a’2+b"2-2*a*b*cos(c)) to calculate the length of side c using the cosine rule.
This will be labelled in the Algebra view as c..

6 Compare the values of ¢ and c;. Use the Move tool Q to select and drag a vertex. Notice how the values
of ¢ and ¢, change.

Do you think this result would be true for the other sides and angles, too? You can adapt the method above to
test the cosine rule for the other side lengths.

To check the cosine rule for the angle:

7 In the input bar, enter o._1=acos(b2+c"2-aN2)/(2*b*c) to calculate the value of angle o using the
cosine rule. (The text acos represents the inverse function of cos, or cos"1.) Unfortunately, this
returns a value for o not in degrees but in radians, which is an angle measure you may not be familiar
with: 180° = wradians. To convert the angle value to degrees, adjust the input bar formula to read
o_T=acos(b’2+cN2-a"2)/(2*b*c)/pi*180.

EXERCISE 5.9 THE COSINE RULE

1 In AABC, b=4cm, c=5cm, ZBAC =53°8". The correct diagram for this information is:

A A B A C A D A
5cm 4cm 4cm 5cm 5cm 4cm
4cm
C
B 5cm N B ¢ B C B
2 Calculate the cosine of the smallest angle of a triangle with 11

side lengths 9cm, 11cm and 13 cm.

=}

13
3 In AABC, A=36°52, b=7 and c = 10. Calculate: (@ a (b) B
4 Two adjacent sides of a parallelogram have lengths of 12cm and 15cm and
the included angle is 50°. Calculate the lengths of the diagonals. 12

15cm

5 In AABC, b=4cm, c=5cm, ZBAC =53°8". Calculate the perimeter of the triangle, correct to the
nearest centimetre.
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6 Two sides of a triangle have lengths 3.2 cm and 4.8 cm and the included angle is 65°. Calculate the length of
the third side, correct to one decimal place. Indicate whether each statement is a correct or incorrect step
in the working.

3.25in65°
4.8

_ 48sin 65°

s (c) x*=3.2%+4.8—30.72c0s65° (d) x=45cm

(b) «x

(@ x=

7 In AABC,B=126°52",a=12and c = 15. Find: (@ b (b) A
8 The lengths of the sides of a triangle are in the ratio 5:6:9. Find the size of the largest angle.

9 In AABC,BC=8cm, AC=9cmand AB=7cm. If D is the A
midpoint of BC, calculate:

(@) the size of ZABC
(b) the length of AD
(c) the size of ZDAC.

10 The two adjacent sides of a parallelogram have lengths of 8 cm and 10 cm. If the length of the longer
diagonal is 14 cm, calculate:

(@) the size of the angles of the parallelogram (b) the length of the other diagonal.
11 In APQR, g=12,r=5 and ZQPR =108°. Calculate: (@ p (b) ZPQR

12 In AABC,BC=11cm, AC=5cm and AB=8cm. Pis a point on BC such that BP = 4 cm. Indicate whether
each statement is correct or incorrect.

(@) AP=5cm (b) cos(£ABC)=10 () AP*=2%

11

(d) cos(ZACB)= 21
55

13 Two cars A and B depart from the same position. A travels along a straight road due east at 30kmh™.
B departs 15 min after A and travels along another straight road in a north-east direction at 40kmh™.

How far apart are they 15 min after B departs?

14 A, B and C are three towns such that B is 20km from A in a direction 330° and C is 30km from A in a
direction 203°8’. Find the distance from B to C.

15 Pand Q are two towns 50km apart with Q due east of P. A third town R, to the north of the line joining P
and Q, is 70km from P and 30km from Q. Find the bearing of R from: @ Q (b) P

16 A lighthouse is 10km north-west of a ship travelling due west at 16kmh™.

(@) How far is the ship from the lighthouse, 45 minutes later?
(b) What is the bearing of the lighthouse from the ship then?

17 P, A, B and C are four points (in that order) on a straight road D
that runs up a hill and makes a constant angle of 10° with the
horizontal. A flagpole of height 4 m stands at P. From A and B, the

top of the flagpole has elevations of 30° and 5° respectively above hm

the horizontal.

(@) If ABis 100 m, what is the height of the flagpole? p -

(b) If BCis also 100 m long, what is the elevation of the top of the —_— 1

flagpole from C?

18 From a point P, a person observes that the angle of elevation of the top of a cliff A is 40°. After walking
100 m towards A along a straight road inclined upwards at an angle of 15° to the horizontal, the angle of
elevation of A is observed to be 50°. Find the vertical height of A above P.
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19 The captain of a ship at D sailing on a bearing of 065° observes two
lighthouses, A and B, in a line due north. After travelling 4km to C,
she notes that one lighthouse is on a bearing of 285° and the other
315°. Calculate the distance between the lighthouses.

D

20 Two cars leave a point A at the same time. One car averages 80kmh™" along a straight road in the
direction 025°. The other car averages 90kmh™ along a straight road in the direction 135°. How far

apart are they after 3 hours?

5.10 AREA OF A TRIANGLE

The formula for the area of a triangle is the same for both acute-angled and obtuse-angled triangles.

Area of AABC = w = ; x base X perpendicular height
In each triangle the altitude is of length h.
. Area of AABC = %
AI N B
Acute-angled triangle Obtuse-angled triangle
Acute-angled triangle: Obtuse-angled triangle:
h=bsinA h="bsin(180°— A)=bsinA

Hence: Area of AABC =21bcsinA=1absinC=1acsinB

= half the product of two sides with the sine of the angle between them.

Example 19
The adjacent sides of a parallelogram are 12 cm and 15cm and the angle between them is 50°. Calculate the
area of the parallelogram correct to the nearest square centimetre.

Solution

Show the information on a diagram. :
Draw the shorter diagonal. A

The area of the parallelogram is twice the area of the triangle. 15em

12 X15sin50°
2

=180sin50° = 138 cm”

Area of parallelogram = 2 x
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TECHNOLOGY EXPLORATION

Demonstration of the area of a triangle formula

1 In GeoGebra, create a triangle using the Polygon tool : ol

2 In Algebra view, you should notice that the sides are labelled a, b and ¢, and the lengths of the sides are
listed next to them.

3 Use the Angle tool |5 | to select angle A by selecting sides b and c. The angle will be labelled ¢. If the
angle is a reflex angle, you can force it to take on the acute angle instead by right-clicking inside the shaded
part of the angle, selecting Object Properties > Basic and then unselecting ‘Allow Reflex Angle’. The angle
and its size will also appear in Algebra view.

4 Repeat step 3 for angle B (which will be labelled ) and for angle C (which will be 7).
To check the rule for the area of a triangle:

5 Inthe input bar, enter Area=0.5*b*c*sin(«) to calculate the area using the rule.

6 In the Algebra view, compare the values for Area and for poly1 (the triangle).

7 Try this for all the possible combinations of sides and angles.

EXERCISE 5.10 AREA OF A TRIANGLE

1 In AABC, A=36°52’, b=7cm and ¢ = 10 cm. Calculate:
(@ a (b) B (c) the area of AABC.

2 InAABC, b=4cm, c=5cm, ZBAC =53°8’. Calculate the area of the triangle, correct to the nearest
square centimetre.

3 In AABC,BC=11cm, AC=5cm and AB = 8 cm. Calculate:

(@) the magnitude of ZABC (b) the length of the perpendicular from A to BC
(c) the area of AABC.

4 The area of AABCifa=6cm, b=7cm and c = 11 cm is nearest to:
A 6cm’ B 19cm? C 20cm’ D 22cm?

5 ABCis a triangle in which AC=7cm. A circle, centre B and radius BC, cuts

AB internally at D. AD = 5cm, DC =4 cm. Calculate: e g
(@) thelength of BC el
(b) the area of AABC. v
6 P, A, Band C are four points in a plane such that angles BPA and CPA ¢
are obtuse and on opposite sides of PA. PA =8cm, BP=10cm, 18
PC=12cm, AB=14cm and AC = 18 cm. Calculate: B
(@) thelength of BC
(b) the area of AABC.
14
B

7 The equal sides AB and AC of an isosceles triangle ABC are each 5cm and BC=4cm. D is a point on
AC such that DC = 1 cm. Calculate:

(@) the size of angle A (b) the length of BD (c) the area of AABC.
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8

9

10

ABCD is a parallelogram in which AB=8cm, BC =5cm and ZDAB = 60°. Calculate:
(@) the length of the diagonals AC and BD (b) the area of ABCD.

Two sides of a triangular field are 60 m and 50 m and the included angle is 140°. Indicate whether each
statement is correct or incorrect.

(@) Thirdside=103.4m (b) Area=9642m" (c) Thirdside=38.8m (d) Area=1149m’
The sides of a triangular field have lengths 80 m, 90 m and 100 m. Calculate the area of the field.

CHAPTER REVIEW 5

1

10

11

12

Simplify:
(@ cos(90°—06) (b) sin(270°— 6) (c) cos(90°+ 6)
(d) tan(6—180°) (e) tan(180°—6) (f) sin(6+ 180°)
Write the exact value.
(@) tan315° (b) sin225° (c) cos180°
(d) tan360° (e) sin60° (f) cos210°
Simplify:
cos@ o .
(@ §in(90°— 6) (b) cos(90° + 6) +sin O
If tan 0= 2 and 180° < 6< 270°, write the exact value of: (@) sin6 (b) cosO

If sin = 0.6 and 0° < o < 90°, write the exact value of:

(@) sin(180° - o) (b) cos(90°— ) (c) cos(180° + o)

(d) tana (e) tan(180° - o) (f) sin(360°— )

If tan O=t, express in terms of t:

(@) tan(90° — 6) (b) tan(180°+ 6) (c) cot(180°—6)

(d) tan(360° - 0) (e) tan(-0) (f) tan(90° + 6)

Calculate the cosine of the smallest angle of the triangle with side lengths 5cm, 6 cm and 7 cm.

Find the size of the largest angle of the triangle with side lengths 5cm, 6 cm and 8 cm. Hence, show that the
triangle is obtuse-angled.

In AABC, ZB=53° /C=48° AC = 8 cm. Calculate:
(@) thelength of BC (b) the area of AABC.
A ladder 8 m long rests against a wall and its foot makes an angle of 60° with the horizontal ground. The

top of the ladder then slips down the wall until its foot makes an angle of 45° with the ground. Find, in
simplest surd form, how far down the wall the ladder slips.

From a point A, level with the foot of a vertical pole and 30 m from it, the angle of elevation of the top of
the pole is 40°. Calculate:

(@) the height of the pole (b) the direct distance from A to the top of the pole

(c) the angle of elevation from A of a point half-way up the pole.

AB and CD are two vertical buildings with their bases at A and at C on horizontal ground. The height of
AB is 30 m. The angle of elevation of B as seen from C is 25° and the angle of elevation of D as seen from A
is 40°. Calculate: (@) the horizontal distance between the buildings (b) the height of CD

(c) the angle of depression of B as seen from D.
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13 Two yachts sail in a straight line from a buoy B. One sails 10km in the direction 040° and the other sails
20km in the direction 160°.
(@) How far apart are the yachts?
(b) What is the bearing of the first yacht as seen from the second yacht?

14 Prove that:
sin® @

(@) A=sin0)(1+sin0) =tan’ 0 (b) (sinx + cosx)*+ (sinx — cosx)* =2

15 The expression 1 — cos’ (180° — 6) simplifies to:
A cos’6 B sin’6 C 1+cos’6 D sec’f

16 Find the exact value of sec’45° + cosec*45°.

17 Find all values of 6 between 0° and 360° for which:

(@ sin6=-0.5 (b) cosO=0 (c) tanO=-1
(d) secH= % (e) cotO=4/3 () cosecO=+2
18 Simplify:
1 1 1-sin’ @
(@ o0 cosec’O (b) ﬁ (c) sec*@—sec’Otan’ O
tan & secO secl tanf 1 _ 1
(d) 1+tan’ 6 () cos@ cotl (0 cosecO—1 cosecO+1
19 Simplify % Indicate whether each answer is correct or incorrect.
2 2 1+ 2sin x + sin’ 2 2
(@) % (b) (secx+tanx)” (c) Sin x2 Sn_x (d) tan"x+ 2tanxsecx+ sec”x
1+sin” x cos” x
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CHAPTER 6
COORDINATE GEOMETRY—GSTRAIGHT LINES

Outcomes covered:

P1 demonstrates confidence in using mathematics to obtain realistic solutions to problems
P4 chooses and applies appropriate arithmetic, algebraic, graphical, trigonometric and geometric techniques

In the seventeenth century, mathematics leapt forward with two great advances: analytical geometry and the
calculus. René Descartes (1596-1650) was one of the mathematicians most responsible for the creation of
analytical geometry. He did this by setting up a coordinate system and applying algebra to geometry. The name
of Descartes is still used today as an adjective in terms such as Cartesian plane, Cartesian coordinates and
Cartesian axes.

6.1 GRADIENT OF A STRAIGHT LINE

A(x,y,) and B(x,,y,) are two points on the number plane, with B to the right of A.

y y
X=X
Alxpy) ]~ """ 7"77° '
Alx,y)
9
(@] X (0] X
The gradient (or slope) m of AB is defined as: m = % ifx, #x,

If x, = x,, the gradient is undefined and the line is vertical (that is, parallel to the y-axis).

If y, = y,, the gradient is zero and the line is horizontal (that is, parallel to the x-axis).

Angle of inclination, 6

The angle that a line makes with the positive direction of the x-axis is called the angle of inclination. It is usually
denoted by the symbol 8 where 0° < 6 < 180°. The gradient m is also equal to tan 6, hence:

9=)’2—)’1

tan X, = X,

if x, #x,

In the figure on the left above, the line rises from left to right and makes an acute angle 6 with the x-axis. The
values (x, — x,) and (y, — y,) are both positive numbers, so the gradient is positive.

In the figure on the right above, the line falls from left to right and makes an obtuse angle 6 with the x-axis. The
value (x, — x,) is a positive number, but (y, — y,) is negative, so the gradient is negative.
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Example 1

Find the gradient of the line joining the given points and calculate the size of the angle of inclination.

(@ (2,3)and (4,7) (b) (-3,5)and (2,-1)
Solution
(@) (2,3)and (4,7) (b) (-3,5)and (2,-1)
_7-3 _-1-5
M=% m=553
=2 =-12
tan9=2 tanf=-1.2
0=63°26" 0=180°—50°12" =129°48’

Parallel lines
Parallel lines make angles of equal magnitude with the positive direction of the
x-axis, i.e. their angle of inclination is the same.

Two lines are parallel if their gradients are equal, or m =m.,.

Perpendicular lines

In the diagram, OP and OQ are perpendicular to each other, with Q(-b,a)
gradients m and m, respectively. AORP = AQSO (SSS).

By definition: ~ tan(ZPOR)= g =m 3
tan( ZROQ) = ib =m, S
b
mm, = o X b =-1

ie.m, = ,;1—11, provided that m,, m, # 0.

Two lines are perpendicular if the product of their gradients is -1, or m m, = -1.

This can also be written as m, = ';:n_ll Each gradient is the negative reciprocal of the other.

Example 2
The coordinates of the vertices of a triangle ABC are (-2, 1), (3,2) and (4, -3) respectively. Show that AB is
perpendicular to BC.
Solution
2-1_1 —2
Gradient of AB= 3 =5 Gradient of BC = 4 3 =-5
Because é X -5=-1, AB is perpendicular to BC. (AB_LBC)
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Example 3
Given the points P(1,3), Q(5,2), R(6,6), S(2,7), show that PQRS is a rectangle.

Solution

. _3-2_-1 . _2-6_
Gradient of PQ = 5= Gradient of QR = ¢ 4
Gradient of RS = =21 Gradient of SP 71 4

Gradient of PQ = Gradient of RS, so PQ || RS
Gradient of QR = Gradient of SP, so QR || SP
. PQRS is a parallelogram.

But: Gradient of PQ X Gradient of QR = -741 X4=-1

. PQLQR and PQRS is a rectangle (parallelogram with one angle 90°).

| TECHNOLOGY EXPLORATION

The slope of a line (between two points)

In GeoGebra’s input bar, enter the coordinates of the points, e.g. (4, -5). Use the Line through Two Points
tool / to create a line through the points.

Measure the gradient using the Slope tool / The value of the gradient will be displayed in the Algebra view.

EXERCISE 6.1 GRADIENT OF A STRAIGHT LINE

1 Find the gradient of the line containing the given points.

(a) (2)4)) (0)6) (b) ('3)’1): (’53 6) (C) ('2a2)’ ('6’2) (d) (2)’3): (’3:2)

(e) (a> b)) (b)a) (f) (3b,26), (2b,-3C) (g) ('1"5)) ('4)'3) (h) (0)5)) ('8)’7)
2 Calculate the angle of inclination of the line joining the given points.

(a) ('4’ '2)) (4>6) (b) (0) 5)) ('2)4) (C) ('5’6)) (3a3)

(d) (4a 5)! ('2’ '4) (e) (zaa b)’ (Zb’ a) (f) (b’ C)’ (Ca b)

3 Calculate the gradients of the lines joining the points (-2, 3) and (4, -2) and the points (-1,7) and (-7,12).
These two lines are:

A parallel B perpendicular C intersecting D coincident

4 For each of the following, show that ABCD is a parallelogram.

(@) A(0,0), B(3,0), C(5,5), D(2,5) (b) A(-3,-1), B(4,1), C(8,5), D(1,3)

(c) A(-1,4), B(4,6), C(2,7), D(-3,5) (d) A(-2,-3), B(6,2), C(8,7), D(0,2)
5 For each of the following, show that PQRS is a trapezium.

(@ P(-1,2), Q(3,4), R(8,-1), S(-4,-7) (b) P(-2,3), Q(3,7), R(9,-5), S(2,-5)

6 Show that the points (-2,0), (2,12) and (-5,-9) are collinear.

7 For the points A(2a,b), B(a,2b) and C(-a,4b), indicate whether each statement is correct or incorrect.
(@ AB=BC (b) AB+BC=AC (c) ABLBC (d) A, Band C are collinear

8 For each of the following, show that ABC is a right-angled triangle.
(a) A(2> _3)) B(S) 2)) C(_3: 0) (b) A(_lx 2)) B(3>4)) C(7: _4)
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9 For each of the following, show that PQRS is a rectangle.
(@ P(1,4), Q(5,2), R(2,-4), S(-2,-2) (b) P(4,-7), Q(8,-4), R(2,4), S(-2,1)

10 A(-8,6), B(2,4), C(5,-7) and D(-5, -3) are the vertices of a quadrilateral. Prove that the diagonals of the
quadrilateral are perpendicular.

6.2 EQUATION OF A STRAIGHT LINE

Point-gradient form

Given the gradient of a straight line and a point on the line, you can find the
equation of the line.

Let A(x,y,) be a given point and P(x, y) be any point on a line with gradient m.

Thus: YN

X—x1

Sy=y, =mx—x)

The equation of the line AP must be: y -y, =m(x—x))

This is known as the point-gradient form, because it is obtained using a point on the line and its gradient.

Example 4
Find the equation of the straight line through the point (2, 3) with a gradient of %
Solution
Use the point-gradient form: y—y, =m(x—x)
Substitute information: y=3= %(x -2)

Multiply through by 4: 4(y—-3)=3(x-2)
4y—-12=3x-6
3x — 4y + 6 =0 is the equation of the line.

Two-point form

Given the coordinates of two points, you can find the equation of the line that
passes through those points.

Let A(x,,y,) and B(x,, y,) be the given points and P(x, y) be any point on the line.

Gradient of AB = % Gradient of AP = % — zi

Because these gradients are the same, we have:
Y= V2= N

X=X X;—X;

This must be the equation of the line AB. This equation can also be written as:

Y= _ X=X _ V=)
)’2_)’1_352_9511 o y_yl_xz—_xi—(x_xl)

You can use the form that you find the easiest to remember. This is known as the two-point form, because it is
obtained using two points on the line.

134 New Senior Mathematics for Years 11 & 12



Example 5
Find the equation of the straight line through the points (-3,4) and (2, -6).

Solution
i . Y= _X—X
Use the two-point form: i
i : y-4_x=(3)
Points are (-3,4), (2,-6): 6 1=2-(3)
y—4_x+3
-10 5
y—4=-2(x+3)
y—4=-2x—6

2x+ y +2 =0 is the equation of the line.

Gradient-intercept form of the straight line

Let the fixed point A(0, b) be the point where the line AP cuts the y-axis.
Let P(x, y) be any other point on the line.
Thus: m=2" b
x—=0
y=mx+b
0 X
Here b is called the y-intercept.
Example 6
For the line of the equation 3x + 2y — 5 =0, find:
(@) the gradient (b) the angle at which the line crosses the x-axis (c) the y-intercept.
Solution
(@ 3x+2y-5=0 (b) tanO=-1.5 (c) Using the form y=mx+b
2y=-3x+5 0=180° —56°19’ gives the y-intercept as:
5
D 0=123°41" b=>=25
y=-5% ity > 2
- 3_
m=-3= 1.5
Line parallel to x-axis
Any line parallel to the x-axis has zero gradient, or m = 0. y
The gradient-intercept form of the straight line gives: —bL
y=0x+b or y=b -
0

Thus y=0b is the equation of the straight line parallel to the x-axis passing through
the point (0, b).
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Line parallel to y-axis

Any line parallel to the y-axis has a gradient that is undefined.

Any line parallel to the y-axis is a vertical line, so its equation must be of the form x = c.
Another way of looking at this situation is to recall that any fraction with a zero

Y= N
.x_.xl

denominator is undefined. If the denominator in m = is zero, so that

x—x,=0, then the gradient is undefined.
This gives x = x| as the equation of the line through the point (x,, y,), which means that x is a constant. This can

be writtenas x=c.

General form of the straight line equation

The equation of a straight line is a ‘first degree’ or linear equation. It can be written in many forms, but it is called
the general form when written as ax + by + ¢ = 0, where a, b and c are integers:

ax+by+c=0
a is the coeflicient of x, b is the coeflicient of y and ¢ is the constant term.

Rewriting the general form in the gradient-intercept form:
y= % X — %, b#0
a

b

C

Hence the gradient = - - and the y-intercept = - T

Useful results:
1 If a=0, the line is parallel to the x-axis.
2 It b=0, the line is parallel to the y-axis.
3 If c=0, the line passes through the origin.

Parallel and perpendicular lines

Consider the lines with equations: ax+by+c=0 (1)
ax+by+c =0 (2)
Writing these in gradient-intercept form: y= %x - % (1)
— %, _ 5.

Y= T @)
These lines have the same gradient when % = Z—l, so the lines are parallel when % = %. The product of the

1 1
gradients is -1 when Z X Z—i =-loraa, =-bb,, so the lines are perpendicular when aa = -bb,.

Useful results:
The equation of a line parallel to ax + by + c¢=01s ax+ by + d =0, where c # d.
The equation of a line perpendicular to ax + by +c=01is bx —ay +d =0.

Example 7
Find the equation of the line through the point (2, -3) that is:

(@) parallel to the line with equation 3x+4y —-5=0
(b) perpendicular to the line with equation 3x +4y —5=0.

Solution
For the line equation 3x +4y—5=0,a=3and b=4.
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(a) Method 1: Method 2:

Parallel lines, so m = - 3; point is (2, -3). The equation of the line parallel to 3x + 4y —5=0
- equationis: y+3=-3(x—-2) is of the form 3x + 4y +c=0.
4y+12=-3x+6 Substitute the values of the point (2,-3) to find c:
3x+4y+6=0 6-12+c¢=0
c=6

.. equationis 3x+4y+6=0

(b) Method 1: Method 2:
Perpendicular lines, som =-1+-2 = %; The equation of the line perpendicular to
point is (2,-3). 3x+4y —5=01is of the form 4x + 3y + c=0.
. equationis:  y+3=%(x—2) Substitute the values of the point (2,-3) to find c:
3y+9=4x-38 8+9+c¢=0
4x—-3y—17=0 c=-17

<. equationis4x+3y—17=0

EXERCISE 6.2 EQUATION OF A STRAIGHT LINE

1 Find the equation of the straight line with:

(a) gradient 2, passing through (-6, 5) (b) gradient -}, passing through (4,-3)
2 Find the equation of the straight line passing through:

(@ (3,3)and (-4,-5) (b) (2,-8)and (7,2)
3 Find the equation of the straight line passing through:

(@) (6,6) with an angle of inclination of 45°

(b) (-2,3) with an angle of inclination of 53° 8’ (tan 53°8" = ‘3‘)
(c) (-5,-2) with an angle of inclination of 135°

(d) (-7,4) with an angle of inclination of 143°8’ (tan143°8' =~ - %)

4 Find the equation of the straight line parallel to the x-axis and passing through the point (5, 2).
5 Find the equation of the straight line parallel to the y-axis and passing through the point (-2,-4).
6 The equation of the straight line with x-intercept 2 and y-intercept -5 is:
A 2x-5y—-10=0 B 5x-2y—-10=0 C 2x-5y+10=0 D 5x-2y+10=0
7 Find the equation of the straight line with x-intercept -3 and y-intercept -2.
8 Write each equation in the form y = mx + b and find the gradient of each line.
(@ 2x+3y=4 (b) 3x—2y=7 () 2y=6-3x (d) 5y—2x=38
9 Indicate whether each statement is correct or incorrect for the line 2x + 3y — 12 =0.
@ m=-% (b) x-intercept=6 (c) y-intercept=-4 (d) passes through (3,2)

10 (@) Show that (2,3) is on the line 2x+ 3y — 13 =0.
(b) If(-1,2) is on the line ax —4y + 11 =0, find a.

11 Find the equation of the line containing the point (2,-3) that is:
(@) parallel to theline 3x+2y—6=0 (b) perpendicular to the line 3x+2y—-6=0
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12 Find the equation of the line passing through the origin that is:
(@) parallel to the line 4x -5y +3=0 (b) perpendicular to the line 4x — 5y +3=0
13 The coordinates of two points A and B are (0,-2) and (3, 0) respectively. The x-coordinate of a point C on
the line AB is 6. Find:
(@) the equation of AB (b) the angle of inclination of AB
(c) the y-coordinate of C (d) the equation of the line through C that is perpendicular to AB.

14 Show that the line with equation 2x — y =5 is parallel to the line joining the points (-1,5) and (1,9).

15 ABCD is a parallelogram. The coordinates of A, B and C are (-1,4), (4,6) and (2,7) respectively. Find:
(@) the equation of CD (b) the equation of AD (c) the coordinates of D.
16 ABCD is a rectangle. The coordinates of A and B are (1,4) and (5,2) respectively. The x-coordinate
of D is -2. Find:
(@) the equation of AB (b) the equation of AD (c) the y-coordinate of D
(d) the equation of BC (e) the equation DC (f) the coordinates of C.
17 A(0,0), B(2,1) and C(1,5) are the vertices of a triangle ABC. The triangle is rotated anticlockwise about the
point A, through a right angle in the x-y plane. Find the equation of the image lines of:
(@) theline AC (b) theline AB (c) theline BC.

6.3 INTERSECTION OF TWO LINES

The point of intersection of two lines is found by solving the equations of the lines simultaneously.

We will look at finding the equation of a line that passes through the intersection point of two other lines and
also satisfies one other condition. We will consider two different methods of doing this.

Example 8
Find the equation of the line through the point A(4,-2) that also passes through the intersection point B
of the lines with equations 4x + 2y + 2 =0 and 3x+ 5y — 9=0.

Solution
Method 1:
To find B, solve simultaneously: 4x+2y+2=0 (1)
3x+5y-9=0 )
3% (1): 12x+6y+6=0 3)
4%(2):  12x+20y—36=0 (4)
(3) — (4): -14y+42=0
y=3
Substitute into (1): 4x+6+2=0
x=-2
.. intersection point solution: B(-2,3)
Gradient of AB: m= _?’ZJ:24 = -%
Equation of AB: y—(-2)= -%(x—él)

6(y+2)=-5(x—4)
6y +12=-5x+20
The equation of ABis 5x + 6y —8=0.
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Method 2:
Any line passing through the intersection point of 4x + 2y + 2 =0 and 3x + 5y — 9 = 0 has the equation:
4x+2y+2+k(Bx+5y-9)=0

(You can check this statement by substituting some values for k and then seeing if the point B, found
above, satisfies the new equation.)

The line 4x + 2y + 2 + k(3x + 5y — 9) = 0 is to pass through the point A(4,-2), so substitute the coordinate
values to find k: A(4,-2): 16—-4+2+k(12-10-9)=0

14—-7k=0
k=2
Substitute k = 2 into the line equation: 4x+2y+2+23x+5y-9)=0
10x+12y—-16=0
The equation of AB is 5x + 6y — 8 =0.

Two straight lines—only three possibilities

Two straight lines on the number plane must either:
(@) intersectata point or (b) be parallel or (c) coincide.

This means that when we solve a pair of simultaneous linear equations, we will always get either:
(@) aunique solution (as the lines intersect)

or (b) no solution (as the lines are parallel)

or (c) an infinite number of solutions (as the lines coincide).

We can determine which of these three situations is the case without actually solving the equations.

For the pair of equations a x + b,y + ¢, =0 and a,x + b,y + ¢, = 0, we have:

(@) intersecting lines if Z—l * Z—l (the gradients are not equal)
2 )

(b) parallel lines if % = llj_l # % (the gradients are equal, but the lines are different)
2
() coincident lines if % = Z—l = % (the equations are equivalent).
2

Example 9
Consider the simultaneous equations. Discuss their solution.
(@ 3x+2y-5=0 (b) 3x+2y—-5=0
6x+4y—16=0 6x+4y—10=0
Solution

(@) The two lines have the same gradient, -§ = -3, but 2 = 2 % 2, so the lines are parallel
(not coincident) and do not intersect. Therefore there is no solution to the pair of equations.

Algebraically: 3x+2y-5=0 (1)
6x+4y—-16=0 (2)
2% (1): 6x+4y—10=0 (3)

(2) - (3): -6=0

This is obviously false, so there is no solution to the pair of simultaneous equations.
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(b) The two lines have the same gradient, -§ = -3, and = 2 = 33, so the lines are coincident. Therefore

the lines intersect at all points on the line 3x + 2y — 5= 0. Some of the points of intersection include
(la 1)’ (O) 2-5)> ('1>4)

EXERCISE 6.3 INTERSECTION OF TWO LINES

1 The coordinates of the intersection point of the lines x + 2y — 3 =0and 2x — 2y — 6 = 0 are:
A (0,3) B (0,-3) c (3,0 D (-3,0)

2 Find the equation of the line that contains the intersection point of the lines 2x + 5y — 19 =0 and
3x — 4y + 6 =0 and is parallel to the line with equation 4x —y — 8 =0.

3 The coordinates of the vertices A, B and C of a triangle are (-1, 3), (2,5) and (1,-1) respectively. Find:

(@) the equation of the perpendicular line from A to BC
(b) the equation of the line through B, parallel to this perpendicular line.

4 Consider the equationsx+y+1=0,y=2—-x,3y=2x+1and 2x—3y+6=0.

(@) Show that these equations represent the sides of a parallelogram.
(b) Find the coordinates of the vertices of the parallelogram.
(c) Find the equations of the diagonals of the parallelogram.

5 Find the equation of the straight line that contains the intersection point of the lines 3x + 2y — 12=0 and
5x —y—7=0and that:

(@) passes through the point (-4,-5) (b) is parallel to the line 2x—y+4=0
(c) is perpendicular to the line y = 5.

6 ABCD is a parallelogram. The coordinates of A, B and C are (-1,4), (4,6) and (2,7) respectively. Indicate
whether each statement is correct or incorrect.
(@ ADisx+2y—-7=0 (b) CDis2x—5y+31=0
(c) gradient of AB=0.5 (d) Dis(-3,5)

7 ABCD is a quadrilateral. The coordinates of A, B and C are (-8,6), (2,4) and (5,-7) respectively. If the
diagonals are perpendicular and DC is parallel to the x-axis, find:

(@) the coordinates of D (b) the coordinates of the intersection point of the diagonals.

8 The equations of the sides of a triangle ABC are as follows:
AB: 5x+y—10=0; BC: 3x-2y—-6=0; CA: x-5y+24=0
(@) Show that angle BAC is a right angle.
(b) Find the coordinates of the foot of the perpendicular from A to BC.

9 Without actually solving the simultaneous equations, state whether the following pairs of lines intersect,
are parallel or coincide.
(@ 2x-3y-8=0 (b) x+3y+7=0 () 6x—5y—-24=0 (d) x+y-7=0
4x—-6y—16=0 2x+7y+16=0 9x—4y—22=0 x+y—-8=0

6.4 REGIONS AND INEQUALITIES

A straight line represents a function. If the equation of a straight line is changed to an inequality, then the
function becomes a relation. It is no longer a straight line, but instead it can be represented graphically by a
region in the number plane.
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Regions can be graphed on the number plane by first graphing the equation of the region’s boundary. Then, select
a point not on the boundary. Substitute the coordinates of this point into the equation of the boundary: if the
point makes the inequality true, then all points on that side of the inequality will also make it true. Shade that
side of the boundary to indicate the region. (If the point does not make the inequality true, then the points on
the other side of the inequality must, so shade that side instead.)

If the inequality includes ... or equal to, then the boundary is part of the region. If the inequality does not
include °... or equal to; then the boundary is not part of the region, so it should be dashed to show this.

Example 10
Graph the region in the number plane represented by each inequality.

@ x+y=1 (b) x+y<1 () x+y<1 (d) x+y>1
Solution

In each case, first draw the line x + y = 1. In parts (b) and (d), dash the line to show that the boundary is not
part of the region. Substitute the non-boundary point (1, 1) into each inequality to find the region side.

@ xt+ty=1 y (b) x+y<l1 &y
y \ Y .
Solid line 1 Dashed line 1 3
LHS=1+1=2>1 | \ LHS=1+1=2>1 1 \‘«n
1 O x e B
Result true: : bl i\ Result not true: . . ! f
shade above the line shade below the line
() x+y<1 \ (d) x+y>1 Y
Solid line 1 Dashed line l\‘—\-\
LHS=1+1=2>1 \ \ LHS=1+1=2>1 ;
—05 = e O
Result not true: - i i\ Result true: : il : b
shade below the line shade above the line

The regions in (a) and (b) together make the whole number plane, as do the regions in (c) and (d)
together.

The boundary line divides the number plane into three sets of points: the points on the line, the
points above the line and the points below the line. (If the inequality includes °... or equal to,

then the boundary is part of the region; if the inequality does not include °... or equal to; then the
boundary is not part of the region, so it is dashed.)

Thus the region in part (a) could be described as ‘the set of points on or above the line with equation
x + y=1" The region in part (b) could be described as ‘the set of points below the line with equation

x+y=1I.
Example 11
Graph the region in the number plane represented by each inequality.
(@ y<2 (b) -1<y<2 () x>1 (d) x>1 or x<-1
Solution

These inequalities have only one variable, so their boundaries are either horizontal lines (as in (a) and (b)) or
vertical lines (as in (c) and (d)).
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(@ y<2 y (b) -1<y<2 Y

I
e ¢
Region is below the line Region is between the lines
() x>1 y : (d) x>1 or y :
2+ x<-1 24
1 I
1+ E Ul
l l | | | : |
T 1 1
2 1 9 e o
1+ 1 -1 4 :
| i
Region is to the right of the line Region is outside the lines

EXERCISE 6.4 REGIONS AND INEQUALITIES

Shade the region represented by each inequality.

1 y>2x 2 y<x+1 3 x<3 4 y2>1
5 y<x+2 6 2x+3y=6 7 2x+y<1 8 0<x<2
9 -2<y<3 10 3x—-4y<6 11 x—y<-2 12 2y-5x<10
13 x<15 14 926+§<1 15 3<x+y<2 16 0<x—y<3
17 Which inequality defines the shaded region? Y/
3
A 3x-2y+620 |
B 3x-2y+6<0 1

C 3x+2y-620

| L
1 1 1
D 3x+2y—-6<0 /z 12l 1
sl 7 B

18 Shade the region in the number plane that:

(O
o

(@) isabove theline y=3x+2 (b) is on or below the linex—2y+4=0
(c) isabove theline y=-1 (d) is on or to the left of the line x =3
(e) isbetween the lines 2x+3y+6=0and2x+3y—6=0 (f) ison or above the x-axis.

19 Describe in words the regions defined by the following inequalities:
(@ y<x+2 b) y2x (¢) x>3 (d) y<4 (e) x+3y<9 () -2<x<3

20 For this graph, indicate whether each statement is correct or incorrect. !
(@) The equation of the boundary is x +2y—2=0. .
(b) The gradient of the boundary line is . b
(c) The inequality for the region is x + 2y —2 > 0. e Py
2 -2 1 2 3%

(d) The inequality for the region is x + 2y —2 <0.
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6.5 SIMULTANEOUS LINEAR INEQUALITIES

Two linear equations may intersect at a point. The intersection of two linear inequalities is the region common to

the two inequalities. This is the region where the inequalities hold simultaneously.

Example 12

(@) Sketch the region givenby y>x.  (b) Sketch the region given by x + y < 2.
(c) Sketch the region common to y > xand x+y < 2.

Solution
(@ y=x (b) x+y<2 () y2x and x+y<2
Test the point (0,1) Test the point (0,0) Identify common region
LHS=1>0>RHS LHS=0+0=0<2<RHS Shade clearly, using a
Shade region above line Shade region below dashed line darker shading for the
common region
Y S\ Ay
PRigs 2 ok
ek e \\\
1 1l l 1 ! ! \\‘l 4
2 101 27 ST N
14 1+
Example 13
Sketch the region defined by each pair of inequalities. Describe the region in words.
(@ x<2,y>-1 (b) y<x+1,x<1
Solution
Draw each boundary and shade the two regions, then shade the common region differently.
(@ x<2,y>-1 (b) y<x+1,x<1

2
The region on and to the left of the line x =2 The region on and below the line y = x + 1
that is also above the line y =-1. that is also on and to the left of the line x=1.

If the shading of different regions becomes difficult to show, you should just lightly shade the original
regions before darkening the final answer, as in part (b).
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Example 14
Sketch the region defined by the three inequalities x — y > -1, x + 3y = -1, 5x + 3y < 19. Show the points of
intersection of the lines. Describe the region in words.

Solution
To find the points of intersection of the lines, solve pairs of equations
simultaneously:

o Thelines x — y=-1 and 5x + 3y = 19 intersect at A(2,3)

o Thelines x—y=-1and x+ 3y = -1 intersect at B(-1,0)

o Thelines 5x + 3y =19 and x + 3y = -1 intersect at C(5,-2)

The shaded region is the interior of the triangle bounded by the lines
x—y=-1,x+3y=-1and 5x + 3y = 19. The vertices of the region are
the intersection points A, B and C.

TECHNOLOGY EXPLORATION

Regions in the plane

To display regions in a plane, be sure to use the latest version of GeoGebra.
1 In GeoGebra, display an inequality such as (x — 3)2 + y2 > 1 by entering (x-3)"2+y”2<1 in the input bar.
(Note that you can enter = and < symbols using the o symbol at the end of the input bar.)

2 To sketch a region from overlapping inequalities, enter both functions into the input bar and see where the
regions overlap.

EXERCISE 6.5 SIMULTANEOUS LINEAR INEQUALITIES

1 Describe the shaded region in each diagram using both words and inequalities.

a y _ b (& 2 5
@ A (b) (c) i
x=-1 L I B 1.\.\._ _________
y=1 .
: +—t : — ~h—|
2 4 © 1 2 2 /4 3 2 a1 0 1N 2 *
1= 1 xty=1 SE P \\\\
24 24 24
(d) y ! (e) Y (] ) y=2x
2+ : 2 N 2 -
e : AL \\\x+y:2
x=-1 :X=2 y=2x+2 Y 14 y=x
| Y
| Il ) Il &1
T T T T T vy 1 1 ] |
(@) X 0 X T T T T
2 12 2 A 1T . 0 | 4
L=t ! o 1
'
1
' il
i : -
!
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2 Which of the following points is in the shaded region? \{ y=x+1

A (L,3) B (1,1)
CcC 31 D (-1,3)

3
2 -
1
! / —t
O
14

s

3 What are the inequalities that define the region graphed in question 2?

4 Graph the regions defined by each set of inequalities. State whether each of the given points is in the region.

(@ x+y<3,y<x (b) 2y>x+2,x+y>-1 () x+2y=8,y<7
(0,0), (2,3), (-1,-2) (0,0), (0,1), (2,5) (0,4), (-1,1), (9,2)

(d) 3y<2x+6,x+y>2 () 4x+y<4,x=-2 (f) y>3x+3,x+y<3
(2,0), (3,3), (4,-1) (0,0), (-3,1), (1,0) (0,3), (2,7), (-1,4)

5 The two lines divide the number plane into four regions labelled on the
diagram A, B, C and D. Indicate whether the inequalities given for each
region are correct or incorrect.

(@ A:x+y>2,x—y<-1 (b) B:x+y>2,x—y<-1 ;/i Ol‘ i \;«\
-1

() Cx+y<2,x—y=-1 (d) D:x+y<2,x—y<-1

6 Shade the region defined by the inequalities. By solving the inequalities simultaneously in pairs, find the
coordinates of the vertices of the figure.
(@ y<x+2,2x+y<4,x+y=2 (b) 2y—x<4,y>3x-6,3x+y>-6
(€) y—2x<4,y+2x<6,y2x+2 (d) y—3x<3,3x+4y<12,x—-2y<4
(€ y2x—-1,x+y<2,x20,y=0 () x+y<2,x+y=2-2,x—y<2,x—y=-2

7 Describe (in words and using inequalities) the regions that are shaded in each part. Find the coordinates of
the points A, B and C in each case by solving simultaneously.

(@) y (b) y=2x y=x (c) N
2+ A N
+ / B2
C B £ XC Al
t A " x+y=3 7
o x
x 0]

6.6 MIDPOINT OF AN INTERVAL AND DISTANCE
BETWEEN TWO POINTS

Midpoint of an interval
Let P(a, b) be the midpoint of the interval joining A(x,y,) and B(x,, y,).

AAPC=APBD
.. AC=PD and PC=BD
La—-x =x,—a wb—y =y,—b
2a=x+x, 2b=y +y,
_mtx _ntn :
a== b= > x
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+ +
The coordinates of the midpoint of the interval joining (x,y,) and (x,,y,): (xl—zxz ,¥)

Example 15
Find the coordinates of the midpoint of the interval joining the points (-4,2) and (5,-7).
Solution

. (-4+5 2-7) .
Coordinates are: ( 3 ,T),l.e. (%,-2%)

Distance between two points

Given the points A(x,, y,) and B(x,, y,), construct AABC as shown
in the diagram with AC parallel to the x-axis and BC parallel to the

y-axis. The coordinates of C are (x,,y,).
AC= |x2 — x|, BC= | > — )1|, where the absolute value notation is used
to make sure that the lengths are positive.
Using Pythagoras’ theorem for AABC:
AB*=AC+BC’ = (x,—x)" + (y,—y,)°

AB:\/(xz_xl)2+()’2_)’1)2

2

The distance d between two points (x,,y,) and (x,,y,) is d = \/( X =% )2 +(n—-n).

Example 16
Calculate the length of AB given A(-2,3) and B(6,-1).

Solution
A(-2,3), B(6,-1):  AB= \/(xz ~x ) +( -5 )z

AB=(6—-2) +(-1-3)
=Jea+16
=/80 =45

EXERCISE 6.6 MIDPOINT OF AN INTERVAL AND DISTANCE BETWEEN TWO POINTS

1 Find the coordinates of the midpoint of the interval joining the points:

(@ (5,1)and (-2,-3) (b) (8,8)and (-4,6) (¢) (-2,-7) and (-6,-9)
(d) (-3,5)and (5,-3) (e) (a,b)and (c,d) () (a+b,a)and (a—b,b)

2 The coordinates of the midpoint of the line joining A(3,-2) and B are (-4, 6). Find the coordinates of B.
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3 Pis the midpoint of the interval AB. Find the value of the unknown coordinates in each case.

(@) A(3,6), B(a,b), P(9,2) (b) A(c,d), B(6,3), P(1,1.5)
(c) A(e,-3), B(-6,f), P(0,3.5) (d) A(2g h), B(4g,2h), P(6,3)

4 Find the distance between each pair of points.

(@) (4,6) and (-5,6) (b) (5,1) and (5,-4) (¢) (-5,-3)and (3,-1)

(d) (7) '2)’ ('6) 5) (e) (ayza)) ('za) 661) (f) (61, b): (b’ Dl)

5 The perimeter of the triangle whose vertices are the points (5,1), (8,5) and (-3,7) is:
A 20+/5 units B 5410 units C (15 + 2\/5) units D (15 + 5«/5) units

6 Given the points D(-3,4), E(0,2) and F(-2,-1):

(@) use the distance formula to show that ADEF is right-angled
(b) use gradients to show that ADEF is right-angled.

7 'The vertices of a triangle are A(2,5), B(7,-3) and C(-2,1). Find the coordinates of the midpoints of AC and

AB, labelled D and E respectively. Show that DE is parallel to CB.

6.7 PERPENDICULAR DISTANCE OF A POINT FROM A LINE

The perpendicular distance of a fixed point P(x ,y,) from a line
with equation ax + by + ¢ = 0 is given by the formula:
dz‘ax1+by1+c| or ax, +by, +c¢

Va* +b° Va’ +b°
There are a number of ways to prove this formula. One method is
as follows:

d=

y

ax+by+c=0

1 Write the equation of PM.
2 Solve the simultaneous equations to find the coordinates of M.
3 Use the distance formula to find the length of PM.

Proof
The equation of the line through P and perpendicular to ax + by + c=0is:
bx—ay=bx —ay, (1)
Given the line: ax+by=-c (2)
bx(1): bix — aby = ble —aby, (3)
ax(2): a’x + aby = -ac (4)

(3) + (4): (a*+b)x= ble —aby, —ac

2
If M(x,,y,) is the point of intersection: _ Y% —aby, —ac

a*+b’
a(b2x1 —aby, —ac)
Substitute x,, y, into (2): o +by, =-c
a +b
-c(a2 +b° ) - a(b2x1 —aby, — ac)
by, = Z1b
-ca’ —cb® —ab’x, +a’by, +a’c
by, = 2,12
a +b
-abx, +a’y, —bc
Yo = 2, 12
a +b
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For the distance formula we need:

2
b“x, —aby, —ac
X=Xy =X — —

a’ + b
= a’x, +aby, +ac _ a(ax1 +by, +c)
' 0 a2+b2 a2 +b2
-abx, +a*y, —bc
and: )’1 — yO — yl _ la2 " 13121
. abx, + by, +bc _ b(ax1 + by, +c)
1= Yo 21 b T
Hence: (X —x )2+(y —y )2 _ az(ax1+byl+c)2 bz(ax1+by1+c)2
: 1 0 1 ) =
(“2+b2)2 (2 +bz)2
ax, +by, +c)
(xl_x0)2+(}"1—)’0)2 :%

So the perpendicular distance is:

. ‘ax1 +by, +c’

Ja* +b?

The sign of this distance (before the absolute value is taken) indicates which side of the line the point is on.
Points with a positive distance are on one side of the line, while points with a negative distance are on the

other side of the line.

Example 17
Find the distance from the point (4,5) to the line with equation x + 2y —4 =0. y P(4,5)
Solution

ax, +by, +c¢
Use the formula: di= w \ A

a +b :
PM:|1X4+72X‘?_4| =
e ciayanh
_ 0]

5
=25

The exact distance is 2+4/5 units.

Alternative method:

1 Because PM is perpendicular to the given line, its equation is of the form 2x — y + k= 0.

Substitute M(4,5) into this equation: 8-5+k=0, .. k=-3
The equation of PM is 2x —y -3 =0.
2  Solve simultaneously the equations 2x —y—3=0and x + 2y —4=0.

This gives x =2, y = 1, so the coordinates of M are (2,1).
3  Use the distance formula: PM = \/(2— 4 +(1-5)2=420=25
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Example 18

Find the (perpendicular) distance between the parallel lines
2x—y+2=0and 2x—y—-5=0.

Solution

Take any point on either line, e.g. (0,2) on 2x — y+ 2 =0.
Find the distance PM from this point (0, 2) to the other line
2x—y—=5=0:

_[2x0+(-1)x2-5|

PM 5 2 2
V2 +1?
el sl
NG
i , . . 75 .
e perpendicular distance between the lines is = units.

(0,2)P

2x-y+2=0

2x-y-5=0

e

EXERCISE 6.7 PERPENDICULAR DISTANCE OF A POINT FROM A LINE

1 What is the perpendicular distance from the point (2,1) to the line 3x + 4y + 5= 0?

15 .
A == units
J5

2 Find the distance between the point and the given line:
(@ (1,4),3x—4y—-12=0
©) (5,6),y+2=0
(e) (1,-12),5x—12y+20=0 ®
(@ (-2,-3),2y—x-6=0

B 3.6 units C 3 units

(b) (2,3),7x—24y+8=0
(d) (-5,-2),x-3y—6=0
(0,0),x+y—4=0
(h) (-2,-2),4x-3y=0

—= units
J5

Find the (perpendicular) distance between each pair of parallel lines.
(@ 3x—4y-4=0 (b) 7x—-24y+8=0
3x—4y+16=0 7x—24y+58=0

A(-2,-3), B(0,3) and C(2,4) are the vertices of AABC. Calculate the perpendicular distance from the vertex
A to the side BC. (This is known as the altitude from A.)

() x+y+1=0
x+y—-5=0

P(4,2), Q(-8,-7) and R(0,4) are the vertices of APQR. Calculate the perpendicular distance from the point
R to the side PQ.

A(1,2) is a vertex of AABC. The equation of BC is 5x — 12y — 7 = 0. If M is the foot of the perpendicular
from A to BC, and BC =9 units, indicate whether each of the following statements is correct or incorrect.

_|5-24-7| (b) AM:]5—24—7|

(@) AM = 3 3 (c) AM =2 units

(d) Area AABC =9 units’

Calculate the area of the triangle whose vertices are (-1,-1), (1,2) and (2,1).
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CHAPTER REVIEW 6

1 Given A(1,5), B(2,4), C(-2,3) and D(3,-2), find:
(@) the gradients of AB, AC, AD, BC, BD, CD  (b) which lines are parallel

(c) thelengths of AB, CD, AD (d) the midpoints of AD, BC, BD.

2 P(2,3), Q(6,-1), R(-4,-5) are the vertices of APQR. M is the midpoint of PQ and N is the midpoint of PR.
(@) Find the coordinates of M and N. (b) Show that MN || QR.
(c) Calculate the length of QR. (d) Show that the length of MN is half the length of QR.

3 Find the perpendicular distance from the point (2,3) to the line 6x+ 8y —5=0.

4 Find the equation of the line that is perpendicular to the line 3x + 4y = 5 and also passes through the
midpoint of the line segment joining the points (3,-2) and (5, 8).

5 Find the coordinates of the intersection points of the lines 5x —3y —19=0, 3x+ 5y + 9=0 and
x — 4y + 3 =0. Show that these intersection points are the vertices of a right-angled triangle.

6 Calculate the perpendicular distance of the point (3,4) from the line x + y — 6 =0.

7 Find the coordinates of the point A on the line x = -3 such that the line joining A to B(3,5) is perpendicular
to the line 2x + 5y — 12 =0.

8 A(1,4), B(0,3), C(-4,6) are the vertices of AABC. Calculate the distance of A from the side BC and hence
find the area of AABC.
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CHAPTER 7
FUNCTIONS AND RELATIONS

Outcomes covered:

P1 demonstrates confidence in using mathematics to obtain realistic solutions to problems
P4 chooses and applies appropriate arithmetic, algebraic, graphical, trigonometric and geometric techniques
P5 understands the concept of a function and the relationship between a function and its graph

7.1 FUNCTIONS AND RELATIONS

A function is a type of mathematical object that precisely describes a relationship between variables.

Definitions

o A real function f of a real variable x assigns to each element x of a given set of real numbers exactly one
real number y, which is called the value of the function fat x. The dependence of y on fand x is made
explicit by the notation f(x), which means the value of fat x.

o The set of real numbers x on which fis defined is called the domain of f, while the set of values f(x)
obtained as x varies over the domain of fis called the range or image of f.

o The variable x is called the independent variable, as it may be chosen freely from the domain of f, while
y is called the dependent variable, as its value depends on the particular value chosen for x.

o A function may also be defined as a set of ordered pairs with the special property that no two pairs have
the same first element (x value).

Finding the value of a function

Consider a function defined by the rule f(x) = 2x — 7. What is the value of the function when x =4, x =0 and

x =-12 In the past we would have written x = 4, y = 8 — 7 = 1. With function notation, we can simply write
f(4)=8-7=1.Thus: f(4)=1f(0)=0-7=-7,f(-1)=-2—-7="-9.

The function notation f(x) allows us to write, in a single statement, the value of the independent variable as well
as the corresponding dependent variable.

Example 1
Plot the following points on a number plane: (-1,2), (0, 1), (1,0), (2,3), (3,-2), (4,0).

Does this set of points represent a function? Write its domain and range.

Solution
The graph shows that for each first value, x, there is only one second y
value, y. R <
This means the set of points is a function: o 2o

Domain={-1,0, 1, 2, 3, 4} 0

Range =1{-2,0, 1, 2, 3} | —1 .
Note that 0 is the y value for two points, but it only needs to be listed 10 12 3 4f
once in the range. Leg

24 .
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Example 2

Determine whether each graph represents a function. Write the domain and range for each.

(@) y

3—-—

y=x+1
Solution
(@) Function
Domain: real numbers
Range: real numbers

Hence we can write

f(x)=x+1

(b)

(b) Function

Domain: real numbers
Range: real numbers, y >0

. 2
Hence we can write g(x) = x

()

(c)

2Hyr=4

Not a function

Domain: real numbers,
2<x<L2

Range: real numbers,
2<x<2

In parts (a) and (b) the functions are different, so they have been given different labels, fand g.

Vertical line test

A simple way to determine whether a graph represents a function is to draw vertical lines. If each vertical line
cuts the graph only once, then the graph represents a function. If any of the vertical lines cut the graph more than
once, then the graph does not represent a function. The x values for which vertical lines do not cut the graph are

not in the domain.

Example 3

Use the vertical line test to show that each graph represents a function. Write the domain and range for each.

(€©) h(x)=v4-x*
y

AN

(@ fx)=2-2x

1

(b) glx)=x"

9 -
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Solution

Draw several vertical lines on each graph.

(@ \

1 L
2 19

G g =
'

o ==
w

'
' '
L [
' 1
' 1

Vertical line can only
cut once.

Domain: real values of x

Range: real values of x

(b)

D
|
1

Vertical line can only
cut once.

Domain: real values of x

Range: real values of x

(c)

\ \
|

N -
-
N —

Vertical line can only cut once,

between x=-2 and x = 2.
Domain: -2 <x <2
Range: 0<y<2

Relations

The simplest definition of a relation is that it is a multi-valued function: it is a set of ordered pairs, usually defined by

some rule, but each first member of the ordered pairs can have more than one second member. If the semicircle

in Example 2(c) were a complete circle instead, then it would not be a function, but it would be a relation.

The language of functions also applies to relations, so the terms independent variable, dependent variable,
domain and range have the same meaning.

Example 4

Determine whether each graph represents a function or relation. Write the domain and range for each.

@ v

Solution
(@) Relation

Independent variable is ¢
Domain: real t, t > 0

Range: real numbers

(b) m

o —

(b) Function
Independent variable is n
Domain: real numbers

Range: real m, m =0

(c) y

(c) Function
Independent variable is x
Domain: real numbers

Range: real numbers

Function rules

When a function rule fis given and a domain is not specified, it is assumed that the domain of the function
is the set of real numbers for which f(x) defines a real number range. To find the domain, the solution of an

inequality may be needed.

When the domain of fis all values of x over an interval, the graph of y = f(x) is called the curve y = f(x) and a
part of the curve between two points is called an arc.
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Example 5
State the largest possible domain for the function defined by the given rule. What is the range of each

function?
@ f@=x O fW=x © f@=V% @ [O=Ai-2 (@ f)=7"~
Solution

(@) Any real number squared is also a real number, so the domain of f(x) = x° is all real numbers.

Any real number squared is never negative, so the range of the function is all positive real numbers
and zero.

(b) Fractions are not defined for a denominator of zero, so L is defined for all values of x except x =0.
Thus the domain of f(x) =+ is all real numbers except x = 0. We can write f(x) =4+ x#0.

Because the numerator of f(x) is never zero, we have f(x) # 0. The reciprocal of every non-zero real
number is another non-zero real number, so the range of the function is all real numbers except zero.

(c) Only the square roots of non-negative numbers are real, so the domain of f(x)=/x is real x, x > 0.
The square root of zero is zero and the square root of a positive real number is another positive real
number, so the range of the function is all positive real numbers and zero: f(x) = 0.

(d) For the value of f(x)=+4- x? tobe real, 4 — x* >0, s0 -2 < x < 2. Therefore the domain of
flx)= V4—x* isreal x,-2<x<2 (or |x| £2).

When x = 0, the value of the function is f(0) = 2; also, f(2) = 0 and f(-2) = 0. For all other values of x
in the domain, 0 < f(x) < 2, so the range of the function is the real numbers 0 < f(x) < 2.

(e) The function is not defined when the denominator is zero, i.e. when x* — 1 = 0. This is true for x = 1,

so the domain of f(x)= 2x . is real x, x # 1.
X

£(0) =0, and for all values of x in the domain the function exists. The range of the function is the set
of real numbers.

TECHNOLOGY EXPLORATION
Investigation of domain and range

The domain of f(x) is the set of real numbers for which the expression f(x) defines a real number. You can
visualise domains from your understanding that:
(a) The square root of any negative number is undefined for real numbers.
(b) 3 is undefined.
For example:
(@) f(x)=v1-x2
This means that 1 — x° > 0, thus -1 <x < 1.
By entering y=sqrt(1-x"2) into GeoGebra’s input bar, you can clearly see the domain (and also the range).

(b) (x)=

This means that 1 — x° = 0, thus x # £1.

By entering y=x/(1-x"2) into GeoGebra’s input bar, you can clearly see the domain (and also the range).
This can be highlighted further by entering asymptote [x/(1-x"2)] into the input bar.
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A function may be defined over its domain by several different rules.

Example 6
xz, x<1
A function is defined as f(x) = 5 X Find the domain and range of this function.
-x, x>
Solution
When x<1, f(x) = x° exists for all real values of x. y

When x > 1, f(x) = 2 — x exists for all real values of x.
Thus the domain of the function is all real x. \ /\
When x <1, f(1) = 1, f(0) = 0, f(-1) = 1 and f(x) > 0 when x # 0. el
When x> 1, f(1.01) = 0.99. f(2) =0, f(3) = -1 and for x > 2, f(x) < 0.

Thus the range of the function is all real numbers.

_-
b
=

A sketch of the function shows this information more clearly.

EXERCISE 7.1 FUNCTIONS AND RELATIONS

1 Indicate whether each set of points is a function or relation. In each case write the largest possible domain

and range.
(a) {(L l)a (2>2)> (3> 5)) (3a7)} (b) {('3a 1)’ (3a l)a (8’7)’ (9> '2)’ (11)6)}
(c) (x,5) for all real x (d) (2,y) for all real y (e) X+ y2 =9
M y=+ie-x (@ y=x+2 h) y=2-x
2 Which statement is correct about the function f(t) = =92
A Domainist=9 B Rangeis f(f) <-9 C Rangeisf(t)=-9 D Domainist>0

3 For each of the following functions, sketch the graph and state the largest possible domain and range.
@ f)=9-x (b) gx)=9-x"  (¢) h(x)=-V4-x" (d) f(6)=+t
4 Consider the function defined by f(x) = 3x — 6 for all x.

(@) Find the value of f(1), f(-2), f(a). (b) For what values of a is f(a) = a?
(c) For what values of x is f(x) > x? (d) Sketch the graph of f.

5 Consider the function f(x) = x* — 1, where x is any real number.

(@) Find f(3), f(-3). (b) Find f(a), f(b), f(a+D).
(¢) Isf(a)+f(b) =f(a+b)true for all a and b? (d) State the range of f.

6 For the function g(x) = \/; , x = 0, state whether each statement is correct or incorrect.
@ g)=1  (b) g(9)=-3 © gd)=x (d) gx+2)=vx+2

7 Sketch each function and write the domain and range.

x+1 for x>1 1 for x -2
@ flx)= b) f(x)=4x+2
2 for x <1 4 for x =-2
X for x >1
2 for x >0 q _; orlex<l
(© flx)= ox for x<0 d) f(x)= or-1<x<
-X for x <-1
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8 State the largest possible domain and range for:

@ f(x)=+x-2 (b) f(x)=+3-x (c) f(x):\lxz—9

@ gx)=1+ (e h(t)="r M gk)=5-K
1—x, x<-2
9 A function is defined by the rule f(x)=1-1, -l<x <1
x+1, x 21
Find the values (if they exist) for:
@ f(1) (b) f(-1) (c) f(0) (d) f(2)+f(-2)
s x<0
10 A function is defined by the rule f(x)=1{*"
X, x=0
Find:
(@ f(0) (b) f(2) (€ f(-2) (d) f(a)
Ix -1, x<1
11 A function is defined by the rule f(x)=
1 x—1, x=>1
Find:
@ f() (b) f(-1) (c) f(10)+f(-10) @ f(5)

7.2 SKETCHING BASIC FUNCTIONS

You should be able to sketch simple linear functions from either the gradient-intercept form or the general
form of the equation. You also need to be able to quickly and neatly sketch the power functions, such as
flx)= xz,f(x) = -xz,f(x) = x3,f(x) = -x3,f(x) = x4,f(x) =-x* f(x)=+and f(x)=-. You should already

be familiar with many of these. i

The following examples should also be graphed using GeoGebra or other graphing software. You may need to
rewrite each equation in the form y = f(x).

Example 7
Sketch each straight line. State the gradient and both axis intercepts of each.
@ y=2x+1 (b) 2x+3y-6=0 (€) y=4-x
Solution
(@ y=2x+1

Find the value of y for three different values of x: (0,1), (2,5), (-1,-1)

Plot these points on the number plane. Join them to obtain the line.

OR

From the form of the equation, recognise that the y-intercept is 1

1 and the gradient is 2. — / —
Because the line passes through (0, 1) it also passes through 2 Pl 2 st
(1,14+2=3)and (2, 3+ 2 =5). This is because the gradient is 2, 2l

which means that as x increases by 1, y increases by 2. Plot and
join the points.

Gradient = 2, x-intercept = -0.5, y-intercept = 1.
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(b) 2x+3y—-6=0
Find the value of y for three different values of x: (0,2), (3,0), (-3,4)

Plot these points on the number plane. Join them to obtain the line.

OR

Rewrite the equation in the gradient-intercept form: y = _sz +2
The gradient is a fraction, so this is not so convenient.

OR

Rewrite the equation by putting the constant term on the RHS of the
equation and dividing by 6: the equation becomes % 4 % =1

This shows that the x-intercept is 3 and the y-intercept is 2. Draw a
line through these intercept points to obtain the graph.

Because the line falls as x increases, the gradient is negative.

-intercept
2 u =- g, x-intercept = 2, y-intercept = 3.
x-intercept 3

() y=4—-x y

Gradient =

From the equation:
gradient = -1, x-intercept = 4, y-intercept = 4.
Use this information to sketch the graph.

If you use this method, you should also find the coordinates of a third
point to check that you haven't made a mistake, e.g. (2,2).

Example 8

Sketch each function, showing any intercepts on the coordinate axes.
@ fl)=x (b) flx)=-x © f=x%

Solution

(@ f(x)=x"is a type of curve called a parabola. Create a table of
values and plot the points.

X -2 -1 0 1 2

fx) 4 1 0 1 4

Note that f(-x) = f(x). The curve is symmetrical about the
y-axis. The curve passes through the point (0,0).

When x > 0, f(x) increases as x increases, so we say that f(x) is
an increasing function for x > 0.

When x <0, f(x) decreases as x increases, so we say that f(x) is
a decreasing function for x < 0.
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(b) f(x)= xisa type of curve called a cubic. Create a table of
values and plot the points.

X -3 -2 -1 0 1 2 3

f(x) 27 8 1 0 -1 -8 27

Note that f(-x) = -f(x). The curve has rotational or point
symmetry about the origin.

The curve passes through the point (0,0).

As x increases over the domain, the value of f(x) decreases, so f(x)
is a decreasing function over its domain.

() f(x)= % is a type of curve called a hyperbola. Create a table of

values and plot the points.

X -2 -1 -0.5 0 0.5 1 2

flx) | -0.5 -1 -2 | undefined | 2 1 0.5 A%)

Note that f(-x) = -f(x). The curve has rotational or point
symmetry about the origin. Also note that f(0) is undefined
because { does not exist.

The curve does not cut either axis.

As x — too, f(x)—>0andas f(x)— oo, x > 0.
The line f(x) = 0 is called a horizontal asymptote. % 4 O
The line x = 0 is called a vertical asymptote.

When x <0, f(x) decreases as x increases, so we say that f(x) is a
decreasing function for x < 0.

When x > 0, f(x) decreases as x increases, so we say that f(x) is
a decreasing function for x > 0.

Thus f(x) is a decreasing function over each part of its domain.

Odd and even functions

An odd function has the property that f(-x) = -f(x). For example: y
If flx)= x
then  f(-x) = (-x)’ ;
3 -a |
=-X T
| O a x
=-f(x) : )=
Hence f(x) = x° is an odd function.

Because f(x) and f(-x) are opposite in sign, the graph of ffor x < 0 can be obtained by rotating the graph for x>0
through an angle of 180° about the origin.

An even function has the property that f(-x) = f(x). For example: y
If f(x) = x2 ' |
then  f(-x) = (-x)’ : :
= x2 : :
-a 0 a x
=f(x)
Hence f(x) = x” is an even function. fx)=x
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The graph of an even function is symmetrical about the y-axis. The graph for x < 0 can be obtained by reflecting
the graph for x = 0 in the y-axis.

Note that the statement f(-a) = f(a) implies that the function is defined at both x = a and x = -a. The function
flx)= %%, x> 0 is not an even function, because f(-a) is not defined.

The properties of odd and even functions are useful when sketching the curves for these functions. After drawing
a curve for x > 0, the other half of the curve can be drawn immediately from the odd or even symmetrical
properties. Disappointingly, however, most functions are neither even nor odd.

. TECHNOLOGY EXPLORATION

Odd and even functions

You can use GeoGebra to demonstrate odd and even functions. To test if a function is even, reflect it in the
y-axis. For example:

1 In the input bar, enter y=(x+2)(x-2).

2 Using the Reflect Object about Line tool x, click on the curve and then on the y-axis. The curve will be
reflected.

3 If the reflected image is exactly over the original graph, then it is even.
You can use this procedure with any function.
To test if a function is odd, rotate it by 180°. For example:
1 Inthe input bar, enter y=1/x.
2 Select the Intersect Two Objects tool >( and click on the origin to create a point at (0, 0).

3 Select the Rotate Object about Point by Angle tool .3. o. Click on the curve and then on the origin point
to rotate the curve by 180°.

4 If the rotated image is exactly over the original graph, then it is odd.

You can use this procedure with any function.

EXERCISE 7.2 SKETCHING BASIC FUNCTIONS

1 Sketch each function. State the gradient and the x- and y-intercepts for each.

(@ y=3x+1 (b) 3x+2y—-6=0 () y=4-2x
(@ y=x-1 ) 4x—y-8=0 M y=-x
(9 y=3 (h) x=4 (i) x+2y+5=0

2 For each part of question 1, determine whether the function is increasing, decreasing or neither.
What do you notice about the gradient in each case?

3 Sketch each function, showing any intercepts on the coordinate axes. State the domain for which
each function is increasing.

@ f()=x (6) f)=- © f=+
@ =% @ fe=x 0 f(x)==

4 For each part of question 3, determine whether the function is odd, even or neither.

5 Iff(x)= 2x* and g(x)= i’ which of the following statements is correct?

A fand gare both odd functions B fisan even function and g is an odd function
C fand gare both even functions D fand gare neither even nor odd functions

6 For y=2x-3, indicate whether each statement is correct or incorrect.

(@) gradient=2 (b) x-intercept=3 (c) yisan increasing function (d) y-intercept=3

Chapter 7 Functions and relations 159



7.3 ABSOLUTE VALUE FUNCTIONS

In Chapter 3 we looked at|x|. We can now consider f(x) =|x|, which is called the absolute value function
(or the numerical value function).

x forx=0
From our earlier definition of absolute value, we have: f(x)=|x|=

-x  forx<0
Or, the alternative definition: ~ f(x)=|x|= Jx? for all real x

The domain of f(x) =|x| is all real x. The range of f(x) =|x| is non-negative real numbers (i.e. f(x) is zero or a
positive real number).

Example 9
Find the domain and range for each function. Sketch each function.
@ fl)=Vx () f(x)=[2x-1 (© f()=x+] (@ fe)=|x* -4
Solution
= X forx =0 4

@ fx)=vx=lx|= {_x i
Domain: real x. y=-x y=x
Range: f(x) is zero or a positive real number. 0 s

(b) f(x)=[2x-1]
fx)=2x-1 for2x—120 y
ie forx>1

- y=1-2x y=2x-1
fx)=-(2x-1) for2x—1<0
flx)=1-2x for x < 3 o1 x
Domain: real x. -
Range: f(x) is zero or a positive real number.

(©) f(x)=x+|x]| y
fx)=x+x forx=0 y=2x
flx)=2x forx=>0
fxX)=x—x forx<0
f(x)=0 forx<0 20
Domain: real x. © )
Range: f(x) is zero or a positive real number.

(d) fx)=|x*~4| y
fx)=x"-4 forx’—420
ie. for|x| =2 A
flx)=-(x"-4) forx’—4<0
flx)=4—-x for |x| <2 = v
Domain: real x.

Range: f(x) is zero or a positive real number.

This sketch can be obtained by first sketching the graph of f(x) = x* — 4. Take the part of that curve
that is below the x-axis and reflect it above the x-axis.
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EXERCISE 7.3 ABSOLUTE VALUE FUNCTIONS

1 Sketch the graphs of the following absolute value functions defined for all x and state the range in
each case.

@ flx)=|x—4| (b) g(x)=|x|-2 (©) h(x)=|x+1] d) f(x)=+(x+2)
(€) h(x)=[3x-6| () flx)=|4-2x] (@ g)=4-2x (h) f(x)=2x+]x|
2 Which diagram is the correct sketch of y =|3x —2|?
A y B y C Xy D y
24 26 2 2
+ 1+ 14 1+
2o 1 o fix N R o] i+
3 3 3 3
1+ 1+ -1+ 1

3 State the largest possible domain for:

@ flx)=vx—2+3-x (b) f(x)=|i|

X

4 State whether the following functions are odd, even or neither, defined on their largest possible domain.
(@ flx)=x (b) fx)=x+1 (©) fx)=|x|
(d) fO)=x"+x (@) f(x)=4-x M f)=(x-2)
(@ flx)=v4-x* (h) f(x)= i) f)=x"+x

x* -1
5 Find the largest possible range for the following functions:

@ f(x)=(x-3) (b) f(x)=x+]|x| © f(x)=v16—x> d) fx)=16-x"
6 Sketch the graph of f(x) =|2x — 5. On the graph, indicate the values of x for which f(x) = 3.

7 Sketch the relation |x| + | | = 1. 1Is this relation a function? State the greatest possible domain and the range.

8 The relation |x| + | y| =2 is sketched and the equations of the four boundary lines are written. State whether
each of the following statements is a correct or incorrect equation of a boundary.

@ x+y-2=0 (b) x+y+2=0 () x—y—-2=0 (d) x—y+2=0
9 For the given graph, state whether each statement is correct or incorrect. y
(@) The domain is real x, x # 0.
(b) Therangeisreal y,-1<y<]1.

c) The gradient of the function is zero. f
(c) Theg x| 2 a0 1 2 *

(d) The equation of the function could be y ==~ —_—
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CHAPTER REVIEW 7

1 State the largest possible domain for the following functions:

(@ fe)=vx-1 (b) f(x)= © f)=v25-x  (d) f)=|x|

x’—4

Sketch the graph of each function given in question 1.
If g(x) = x* = x> + 1, show that g(x) is an even function.
Draw the graph of y =1 —|x|.

Draw the graph of y = x —|x| and state the domain of the function.

o a ~ 0O DN

State the largest possible domain for each function:

@ fx)=vx+3+y2-x b) g(x)=—2—

1]

N

Is the function y = x° — 1 even, odd or neither?

8 Draw the graph of y =|x| + 1.
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CHAPTER 8
LOCUS AND REGIONS

Outcomes covered:

P1 demonstrates confidence in using mathematics to obtain realistic solutions to problems
P4 chooses and applies appropriate arithmetic, algebraic, graphical, trigonometric and geometric techniques
P5 understands the concept of a function and the relationship between a function and its graph

You have already plotted sets of points on a Cartesian number plane. Sometimes an algebraic rule has described
these sets of points. The rule may have been an equation of a straight line such as 2x + 3y + 4 =0, a parabola such
as y=x’ or a circle such as x* + y* = 9.

In this chapter we are going to explore function notation, functions and relations. You will graph these
expressions, identify regions defined by inequalities and solve real-world problems. You should use appropriate
technology to construct the graphs: this might include a ruler and pencils, a pair of compasses, a plastic template,
a graphing calculator or computer graphing software such as GeoGebra.

8.1 LOCUS

Alocus is a set of points in a plane that satisfies some geometric condition or some algebraic equation. It can be
defined as the path traced out by a point moving in a plane. The Cartesian equation used to define a locus gives
us the curve along which the point travels. A linear equation like ax + by + ¢ = 0 means that the locus of the point
P(x,y) is a straight line.

Example 1 y
Find the locus of a point P(x, y) that moves so that
its distance from A(-1,3) is equal to its distance
from B(5,1). [T
. A(-1,3) "

Solution ke
Draw a diagram and use the distance formula.

PA=J(x+1) +(y—3)

PB=(x—5) +(y—1) o >

But: PA = PB
So: Jx+1P? +(y—3) =(x=57 +(y—1)

Square both sides: (x+ 1)+ (y— 3)’=(x=5)"+ (y— 1)?

CA2x+1+y—6y+9=x"—10x+25+y —2y+1
12x—4y—-16=0
3x—y—4=0
The locus of P is the straight line 3x — y — 4 =0.
APAB will always be an isosceles triangle because PA = PB, as defined in the question.
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Example 2
What is the locus of a point P that is always three units from the y-axis?

Solution
Draw a diagram. 4
P(x,y) is any point on the locus. Y | — Plx,y)
PM is the (perpendicular) distance of P from the y-axis.
PM=3 -3 0 3 X

~lx|=3

Thus the locus of P is a pair of lines with equations x = 3 and x = -3.

These can be written in a single statement as x = +3.

EXERCISE 8.1 LOCUS

1 Find the locus of a point P(x, y) that moves in a plane such that PA = PB, where:
In each case, show that the locus is a straight line perpendicular to AB and through the midpoint of AB.

2 The locus of a point P(x, y) that moves so that it is always three units above the x-axis is:
A x=-3 B x=3 C y=-3 D y=3
3 Find the equation of the locus of a point P(x, y) that moves according to the following conditions:

(@) Pis four units to the left of the y-axis.

(b) Pisequidistant from the line y = -5 and from the x-axis.

(c) Pis~/2 units from the line with equation y = x.

(d) The distance of P from the y-axis is three times its distance from the x-axis.

(e) The distance of P from the line x = 4 is equal to its distance from the line y = 1.

(f) Twice the distance of P from the x-axis is three times its distance from the y-axis.

(@) The distance of P from the line y = -5 is three-quarters of its distance from the line x = 2.
(h) The distance of P from the line x = -3 is two-fifths of its distance from the line y =-1.

4 The locus of a point P(x, ) that moves so that it is equidistant from (3,5) and (-1,-1) is:

A 3x+2y—-8=0 B 2x+3y+8=0 C 2x+3y—-8=0 D 3x+2y+8=0
5 Find the locus of a point P that moves so that:

(@) PA*—PB*=5 (b) PA=PB for P(x,y), A(2,3), B(-2,-1)
6 Given A(2,4), B(7,-5), find the equation of the locus of P(x, y) if PA = 2PB.

7 A and B are the fixed points (a,0) and (-a,0). Find the locus of P(x, y) such that the gradient of AP is twice

the gradient of BP.
8.2 CIRCLES
A circle can be defined as the set of all points P in a plane at a given distance y

from a fixed point in the plane. The fixed point is the centre of the circle and
the given distance is the radius.

Consider the circle of radius r units with its centre at C(h, k). If P is a point with
coordinates (x, y) on the circumference of this circle, then the distance of P
from C is r units. AN
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Applying Pythagoras’ theorem to triangle CBP in the diagram gives:
BC’+BP*=CP?
(x—h)2+(y—k)2=r2
Thus the equation of the circle is given by (x — h)* + (y — k)* = #*, with the values for x and y restricted:
o The set of values for xis givenby h —r<x<h+r.
o The set of values for yis given by k —r< y <k +r.

If the centre of the circle is at the origin, then h =0, k = 0 and the equation of the circle is X+ yz =r.

Example 3

Find the equation of the circle with centre (-3,4) and radius 6 units.

Solution
Use the result: (x—h)*+ (y— k) =+
Substitute (-3,4), r = 6: (x+3)*+ (y— 4)* =36 is the equation of the circle.

Example 4
Find the coordinates of the centre and the length of the radius for the circle whose equation is
X +y —4x+10y+14=0.

Solution
Rewrite equation: X —4x+y +10y=-14
Complete the square for x and y: X —4x+4+y +10y+25=-14+4+25
Factorise: (x-2)"+ (y+ 57 =15

The circle has its centre at (2,-5) and has a radius of J15 units.

Example 5
Find the equation of the circle with centre (3,4) that passes through the point (-1, 1).
Solution
Use the result: (x—h)’+(@y-ki=r
Centre is (3,4): (x=3)V+(y—-4)’=r
(-1,1) satisfies equation: (—4)2 + (—3)2 =7

r=25
Equation of circle is (x — 3)* + (y — 4)> = 25.
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TECHNOLOGY EXPLORATION

Locus of a set of points that are equidistant from a point

1 In GeoGebra, create an interval using the Interval between Two Points tool . Let B be the point that will
stay equidistant from A.

2 Add a slider using the Slider tool 252. Select the type as ‘Angle’ and make sure that the ‘Interval Max:’ is
set to 360°. This variable will be labelled c.

3 Select the Rotate Object around Point by Angle tool .1 s. Click on point B and then point A. When it asks
for the angle, delete the angle given and instead type o (see the drop-down menu labelled o in the text
box).

4 Repeat the previous step, but this time click on point A and then point B.

5 Use the Move tool l} to move the slider and see the motion of the points.

6 To see the locus of the moving point B', enter locus(B',¢] into the input bar.

EXERCISE 8.2 CIRCLES

1 Find the equation of each of the following circles.

(@) centre (3,2), radius 4 units (b) centre (-1,-4), radius 3 units
(c) centre (3,-3), radius 5 units (d) centre (-2,%), radius 7 units
(e) centre (0,— ;), radius 4 units (f) centre (4,0), radius 3 units

2 The equation of the circle with centre (-4,4) and radius 6 units is:
A (x—4)+(y—4)"=36 B (x+4) +(y—4)=36
C (x—4)2+(y+4)2=36 D x2+y2=36

3 Find the equation for each of the following circles.

(@) centre (3,2) and passing through the point (5, -5)
(b) centre (-1,4) and passing through the origin
(c) centre (0,0) and passing through the point (-3, 4)

4 Find the coordinates of the centre and the length of the radius for the following circles.

@ x*+y —6x+4y—3=0 (b) x*+y* +4x+2y—4=0
(c) (x—3)2+y2=3 (d) (x+a)2+(y—b)2=8

€ X’ +y —5x+3y—1=0 M x*+y’ +4x+2y—-5=0
(@ 2x°+2y°—8x+5y+3=0 (h) 3x°+3y"+9x—4y—24=0

5 Using the fact that the centre of a circle is the midpoint of a diameter, find the equation of the circle with
the diameter endpoints given.

(a) (3)4) and (9> '6) (b) (0) 0) and (5) '3) (C) (5> 8) and (_2) 3)

6 For the equation x° + y° — 6x + 2y + 10 = 0, indicate whether each statement is correct or incorrect.
(@) centre (3,-1), radius=1 (b) centre (-3,1), radius =0
(c) centre (3,-1), radius = 245 (d) centre (3,-1), radius =0

7 For the circle with equation x* + y* + 6x — 8y = 0:

(@) find the coordinates of the centre and the length of the radius
(b) show that the origin is on the circle
(c) find the equation of the diameter that passes through the origin.

8 Find the equation of the circle that touches the x-axis at (4,0) and the y-axis at (0,4).
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9 Show that the point (4, -3) is not on the circle x* + y* — 5x + 3y + 2 = 0. Determine whether the point is
inside or outside the circle.

10 Determine whether the origin is inside or outside the circle x* + y* — 4x — y + 1 =0.

11 (a) Find the equation of a circle with a radius of 5 units and its centre at the point (-1,2).
(b) What is the length of the intercept cut off by this circle on the x-axis?
(c) Find the length of the tangent to this circle through the point (4, 6).

(Note: a tangent line to a circle is perpendicular to a radius that is drawn to the point of contact.)

12 The equation of a circle is x* + y* + 4x — 2y — 20 = 0. Find:
(@) the length of the tangent to this circle through the point (5,2)
(b) the length of the intercept on the y-axis.
13 A diameter intersects a circle at the points (6,-4) and (-2,6).
(@) Find the centre and radius of the circle.
(b) What is the length of the circle’s tangent from the point (-5,5)?
14 The coordinates of two points A and B are (-1,3) and (5,7). Find:

(@) the coordinates of the midpoint of AB
(b) the equation of the circle of which AB is a diameter
(c) the coordinates of the intersection points of the circle with the y-axis.

15 (a) Find the coordinates of the centre and the length of the radius for the circle x* + y* — 4x — 8y — 5 =0.
(b) The point (3,2) is the midpoint of a chord of this circle. Find the distance of the chord from the centre
and the length of the chord.

8.3 FURTHER LOCUS

Example 6
Find the locus of a point P that moves so that PA = 2PB, given P(x, y), A(-2,4), B(4,1). Show that the locus
is a circle and give the radius and the coordinates of its centre.

Solution
PA =2PB y
A(-2,4)
Nx+2) +(y—4) = 24/(x— 47 +(y-1)? .-
Square both sides of the equation:
(x+2’+ (-4 =4[(x-4)"+(-1)]
C+ax+4+y -8y +16=4(x—8x+16+y' -2y +1) =5 T =
C+ax+4+y —8y+16=4x"—32x+64+4y -8y +4 \
3x* —36x+3y° +48=0
Z=12x+y*+16=0
(x—6)+y +16=36
(x—6)*+y*=20

Hence the locus is a circle, centre (6,0), radius 2J§ units.
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Example 7
A(-1,3) and B(3, 1) are two points on the plane. Find the locus of P(x, y) such that PA L PB.

Solution
Because PA L PB, mp, X mpy = -1. y

Yy
Mpy = ——
PAT x+1°

(=-3)y—-1=-(x+1)(x-3) E:
y2—4y+3=—x2+2x+3

x2—2x+y2—4y=0
(x—1’+(y-2)°=5
The locus of P is a circle, centre (1,2), radius «/-5; units.

This result is known as ‘the angle in the semicircle’ in the Extension 1 course.

Example 8
The equation of a locus is given as x* — y* = 0. Show that this equation represents a pair of straight lines and
state their special property.

Solution y
x2—y2=0
(x=y)(x+y)=0

x—y=0 or x+y=0

ie. y=x or y=-X

The locus is a pair of intersecting straight lines that are
perpendicular to each other.

EXERCISE 8.3 FURTHER LOCUS

1 Find the equation of the locus of a point P(x, y) that is 4 units from the point (2,-1).

2 What can be said about the centres of all circles that pass through the points (2,0) and (6,4)? What is the
locus of the centres?

3 Find the locus of a point P(x, y) that moves in a plane so that its distance from A(3,-1) is twice its distance
from B(-1,-1).

4 The locus of a point P(x, y) that moves in a plane so that its distance from Q(5,-2) is twice its distance from
R(-2,3) is a circle with centre and radius:
A (RE)LEE B () C (B D (1.5) 2%

5 Find the locus of a point P(x, y) that moves in a plane such that PA® + PB* = 44, given A(-3,2) and B(3,-2).
Show that the locus is a circle and find its centre and radius.
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6

10

11
12

13

14

A ladder that is 6 m long rests with one end on the horizontal ground and its other end against a vertical
wall. Considering the ground and the wall as the x- and y-axes respectively, find the locus of the possible
midpoints of the ladder.

A point moves in a plane so that the sum of the squares of its distances from the points (1,2) and (5,-3)
is 45. Find the equation of the point’s locus.

A point P(x, y) moves in a plane so that the sum of the squares of its distances from the points A(4,0)
and B(-4,0) is 82 units.

(@) Find the equation of the locus of P. (b) At what points does the locus cut the coordinate axes?

Find the equation of the locus of a point that moves so that its distance from the point (-4,2) is always
twice its distance from the point (5,-1). What point on the straight line joining the points (-4,2) and
(5,-1) is on the locus?

Given A(4,2) and B(-2,-8), find the locus of a point P(x, y) that moves so that the angle APB is a
right angle.

Given A(2,1) and B(-2, 1), find the equation of the locus of P(x, y) if angle APB is a right angle.

A point P(x, y) moves so that its distance from (3,4) is proportional to its distance from (-1, 2). Find the
equation of the locus of P if the origin is a point on the locus.

A is a point where the circle with equation x* + y* = 16 cuts the x-axis. Find the locus of the midpoints of all

chords of this circle that contain A.

Find the equation of the locus of the midpoints of all chords of length 4 units of the circle with equation
x2+y2—4x+2y=4.

8.4 NON-LINEAR INEQUALITIES

A circle divides the number plane into two regions, a finite region called its interior and an infinite region called
its exterior, as well as the set of points that make up the circle.

A parabola, cubic, quartic or hyperbola curve divides the number plane into two infinite regions, as well as the
set of points that make up the curve.

Points inside and outside a circle

A circle divides the number plane into three sets of points: the sets of points on the circle, inside the circle and
outside the circle. The set of points on a circle of centre C(h, k) and radius r is given by the equation (x—h)*+

(y— k=7
A point P(x, y) lies on this circle if CP=r.
If CP < r, the point P is inside the circle.

y
R 50
Al
4 \
{ C B )
ok
O \~____¢ X

The graph of (x — h)? + (y— k)< gives the

interior of the circle.

If CP > r, the point P is outside the circle.
y

o (1))
o \
’

! C B
N (k) 4

O Bea o X

The graph of (x — h)* + (y — k)* > 1 gives the

exterior of the circle.
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Regions involving non-linear inequalities

Example 9
For the circle with centre (0,0) and radius 3 units, sketch the region of the Cartesian plane that includes all
points on or inside the circle that are also:

(a) to the left of the line x =2 (b) on or above the line x + y = 3.

In each case give the inequalities that define the region.

Solution
(a

X+’ <9,x<2 (b) X+ <9, x+y>3

Yy Y
3 3
I
/‘ : /
-3 0 12 x 3 0
K : \
1
3 ; 3

Example 10
Sketch the region defined by y > x” and y < 2x + 3. Describe this region in words.

Solution
To find the points of intersection, solve simultaneously y ¥
the equations y = x* and y = 2x + 3.
. . 2
This gives: x =2x+3 y<2x+3
X -2x-3=0
Factorise: (x+1)(x-3)=0

J

Solve: x=-1,3

Substitute into y=2x+3: x=-1,y=1; x=3,y=9
Hence the points of intersection are (-1,1) and (3,9).

The shaded region is the points on and above the parabola
y = that are also on or below the line y = 2x + 3.

Example 11
Describe the region of the x—y plane whose points satisfy the inequalities y <2 +x — x” and y + 2x < 2.

Solution

The graph of y = 2 + x — x” can be obtained by completing a table of values and then plotting points.
It can also be obtained by completing the square for x and then graphing according the shape and
properties ofy=x2: 2+x—x2=2—(x2—x)

=2+i—(x2—x+i)
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Hence we can graph y =24 — (x = %)2, which is the graph of y = x” turned
upside down, moved 0.5 units to the right and moved 2.25 units up:

y<2+x—x"is the region below this curve.
¥+ 2x <2 is the region on or below the line y + 2x=2.

As shown in the diagram, the required region is the region on or below
the line y + 2x = 2 that is contained between the ‘arms’ of y =2 + x — x°.

EXERCISE 8.4 NON-LINEAR INEQUALITIES

1 Sketch the region defined by each inequality.
@@ x’+y'>16 (b) X +y' <4 © (x—1’+y*>9
2 Which diagram shows the region satisfying y < 1 —x”and y > |x|— 12

3 Sketch the region defined by each inequality.

@ (x+3)+y’<1 (b) y<x'+1 € y=9-x
(d) y=|x] (€) y<2x+4 () y<[2x+4|
4 Sketch the region defined by the given inequalities.
(a) x2+y2S1,x20,y20 (b) (x—1)2+(y—1)2<1,x>0,y>0
(€ y<4—-x,y=0 d) y<l|x|,y>0,1<x<2
() X¥+y’ <4, y>x+2 M y>2x'—4,x+y<2
@ y>lx-2,y>3 (h) y<1-x%y20
(i) x2+y2S1,yS2x,x20 )] (x—1)2+y221,x20,yS1
5 Which graph represents the region defined by (x — 3)” + (y + 4)> < 257
A y B y C y D y
0 0 8 8

6 Sketch the region of the Cartesian plane whose boundary consists of:

(@) thecurvey= x°, the ordinates at x = 1 and x = 2 and the x-axis

(b) thelines y =1 and y = 3 and the circle with centre (0,2) and radius 2 units
(c) the circle (x —3)* + (y— 4)* =25 and the y-axis

(d) the arc of the parabola y = 4 — x* between x = 2 and x = -2 and the x-axis
(e) the graph of y =|x — 1|, the x-axis and the y-axis

() the circle x° + y° = 36 and the lines y=6 and x =6
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(9) the circle centred at (-2,0), radius 2 units, and the circle centred at (-2,0), radius 1 unit
(h) the parabola y = x* — 2 and the line y = x
(i) the curve y =+/x, the y-axis and the line y = 2
() the semicircle y =v1—x” and the x-axis.

7 For the shaded region in the diagram, state whether each statement is correct or incorrect.
(@) The shaded region is defined by y <|x|and x* + y* < 4.
(b) The shaded region is the part of the interior of the circle of centre (0,0) (-2,2) 2.2)

and radius 2 that is below the lines given by y =|x|.
() The shaded region is defined by y >|x|and x* + y* < 4.

(d) The shaded region is the part of the circle with centre (0,0) and radius 2, 'ZQJZ *

and its interior, that is on or below the lines given by y =|x|.

SIS

-2

CHAPTER REVIEW 8

1 Find the equation of the locus of a point P(x, y) that moves so that:

(@) its distance from (0, 0) is always 5

(b) its distance from (2, 1) is always 4

(c) itis equidistant from the points A(3,2) and B(9,5)

(d) its distance from (0, 3) is the same as its distance from y = -3.

2 Describe in words each locus from question 1.

3 The equation of a circle is x* + y* — 2x — 2y — 23 = 0.
(@) Find the circle’s centre and radius.
(b) Calculate the distance from the point (7,-2) to the centre of the circle.
(c) Explain why the point (7,-2) is outside the circle.

(d) Use Pythagoras’ theorem to find the length of the tangent to the circle from the point (7,-2).
(Note: tangent L radius drawn to point of contact.)

4 Sketch the region of the Cartesian plane that satisfies y>x*—1and y <1 —|x|.
5 Sketch the region of the Cartesian plane bounded by curves y = 1+, x =1, x = 3 and the x-axis.

6 Show that the straight lines 2x + y = 20 and x + y = 14 intersect at (6, 8). Hence sketch the region of the
Cartesian plane for which y >20 —2x, y <14 — x and y > 0 are all true.

7 Sketch the region of the Cartesian plane bounded by the curves y>x*— 4 and y <4 — x".
8 Sketch the region of the Cartesian plane bounded by the curves y = x*— 4 and y =|x| + 1.
9 Sketch the region in the number plane defined by (x — 1)*+ (y— 1)’<landx>1.

10 Find the equation of the locus of a point P(x, y) that moves so that its distance from the point (-2, 1) is
equal to its distance from the line y = -1. Express the locus in the form (x — k)’ = 4a(y — k).

11 Show algebraically that the line y = x — 4 is a tangent to the circle x* + y° = 8 and find the coordinates of the
point of contact.
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CHAPTER 9
QUADRATIC FUNCTIONS AND THE PARABOLA

Outcomes covered:

P1 demonstrates confidence in using mathematics to obtain realistic solutions to problems

P4 chooses and applies appropriate arithmetic, algebraic, graphical, trigonometric and geometric techniques
P5 understands the concept of a function and the relationship between a function and its graph

9.1 QUADRATIC FUNCTIONS

Definitions

ax” + bx + ¢, a polynomial of the second degree, is called a quadratic polynomial or a quadratic expression.
A function defined by the rule y= ax’ + bx + ¢ , where a, b and c are constants, a # 0, is called a quadratic
function. The domain of this function is the set of real numbers (unless otherwise stated or implied).

When y = 0 the quadratic function becomes the quadratic equation ax” + bx + ¢ = 0. The values of x that satisfy
this equation are called the roots of the equation. They are also called the zeros of the quadratic polynomial, as
they are the values that make the polynomial zero.

Example 1
Give the domain of each function.
(@ y=2x"-3x-5 (b) y=£'+2t € y=4p"-8
(d) A =5, where s is the side length of a square.
Solution
(@) Real numbers for x (b) Real numbers for ¢ (c) Real numbers for p

(d) Positive real numbers for s (because side length cannot be negative or zero)

Graph of a quadratic function %

The graph of a quadratic function has the characteristic

shape of a parabola. The parabola has a turning point at
its vertex, where the function has a minimum value if \
a> 0 or a maximum value if a < 0.

@)
T
<
=
—_—
@)

=

a>0 a<0

Maximum or minimum value of a quadratic function
All quadratic polynomials can be expressed in the form a(x + B)2 + C, where a, B and C are constants, a # 0.

In this form, we are effectively completing the square on x. Because (x + B)” is a perfect square, it is non-negative
for all real values of x, i.e. (x + B)* > 0. Thus the smallest possible value of (x + B)? is zero, when x = -B.

(i) Ifa> o0, then the minimum value of a(x + B)* + Cis C.
(i) If a <0, then the maximum value of a(x + B)* + Cis C.
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Example 2
Express 2x* — 4x — 5 in the form a(x + B)> + C and hence state its minimum value.

Solution
Expression = 2% —4x-5
Take out the factor of 2 from terms in x: =2(x*=2x) =5
Complete the square on x: =2(x*—2x+1)-5-2x1
=2(x—1)>-7

Hence the minimum value of 2x* — 4x — 5 is -7, when x = 1.
The graph of the function y = 2x” — 4x — 5 is shown in the diagram.
The range of the function is y > -7.

The graph is symmetrical about the line x = 1, which is the axis of symmetry
of a parabola that has its vertex at (1,-7).

Example 3
Find the maximum value of -3x* — 12x — 7 by the method of completing the square.
Solution
Expression = 350 —12x—7
Take out the factor of 3 from terms in x: =3(x*+4x) =7
Complete the square on x: =-3(x+4x+4)—7+3x4 ,
= 3(x+2)*+5 29 "t

Hence the maximum value of -3x” — 12x — 7 is 5 when x = -2. m

The graph of the function y = -3x” — 12x — 7 is shown in the diagram.
The range of the function is y < -5.

The graph is symmetrical about the line x = -2, which is the axis of symmetry of a
parabola that has its vertex at (-2, 5).

Turning point of a parabola

From the examples above, it can be seen that the turning point (minimum or maximum value) of the quadratic
function y = ax” + bx + ¢ will occur at x = eyt

Thus the turning point of f(x) = ax” + bx + ¢ has the coordinates ( L, f(-2 ))

24> 24
« Ifa <0 this will be a maximum turning point, so the maximum value of the function is f(-Z).
« If a> 0 this will be a minimum turning point, so the minimum value of the function is f (- %)

Later in the course, you will be able to find the turning point using calculus and the fact that & _ 0.

dx
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Example 4
A piece of wire of length 12 cm is bent in the shape of a rectangle. Find the maximum area of the rectangle.

Solution

Let one dimension of the rectangle be x cm.

Hence the other dimension will be (12 +2 — x) = (6 — x) cm. (6-x)

For any given x in the domain 0 < x < 6, the area function is given by: [

. . 2 .
Hence the maximum area is 9cm”, when x = 3 and the rectangle is a square.

The graph of the area function is shown in the diagram.

y=x(6—-x) for0<x<6

=6x—x
=-(x—6x+9)+9
=-(x—3)+9

Domain: 0<x<6

Range: 0<y<9

© TECHNOLOGY EXPLORATION

Axis of symmetry of the parabola

This procedure can be used to find the maximum or minimum value of a parabola.

1

2

In GeoGebra, use the Slider tool °5% to add three sliders a, b and c. Set each slider to have

Min =-10, Max = 10 and Increment = 1.

In the input bar, enter f(x)=a*(x"2)+b*(x)+c. A parabola will appear. Look to see what happens to the
parabola as you move each of the sliders (using the Move tool l} ). You may like to summarise the effect
that each of the values has on the overall shape and position of the curve. What happens when a = 0?

Using the Intersect Two Objects tool >{ find the points of intersection of the curve with the x-axis by
clicking on the parabola and the x-axis. The x-intercepts will appear.

Using the Perpendicular Bisector tool >< , create the perpendicular bisector of the two intersection
points that you created in step 3. This line will be the axis of symmetry. The equation of the axis of
symmetry will appear in the Algebra view.

Now, create the axis of symmetry from the formula x = -% by entering x=(-b)/(2*a) into the input bar.
What do you notice? Hopefully nothing, because the line should map perfectly onto the axis of symmetry
already created in step 4. However, the Algebra view should show that a second equation of x = ... now
exists and is the same as the perpendicular bisector equation.

Using the Intersect Two Objects tool >T(, click on the axis of symmetry and then the parabola. The
resulting intersection point will be shown in the Algebra view and its y-coordinate will be the parabola’s
maximum or minimum value.
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EXERCISE 9.1 QUADRATIC FUNCTIONS

1 The minimum value of x* — 2x + 6 is:
A -1 B 1 C 5 D o6

2 Express each of the following functions in the form y = a(x + B)* + C and hence find the maximum or
minimum value and the range.
(a) y:2x2—4x (b) y=—2x2+8x—3 (c) y:7+16x—4x2 (d) y=4x2+8x—7
(e) }/:8—2362 (f) y=7—2x—x2 (9) y:2x2—6x (h) y=6—10x—5x2

3 The maximum value of -x* + x + 11 is:
A -05 B 05 C 10.75 D 11.25

4 A stone is thrown straight up from the ground. The height above the ground, h(#) metres, is a function of
time, t seconds (¢ > 0), according to the rule h(t) =20t — 5¢%. Find:

(@) the domain of (b) the greatest height reached.

2
5 The equation of the path of a cricket ball thrown at an angle of 45° to the horizontal is y = x — %,
where x m and y m are the horizontal distance travelled and the vertical height respectively.
Calculate the greatest vertical height reached and the horizontal distance travelled.

6 The sum of two numbers is 20. Find the numbers and their product if their product is a maximum.
7 A piece of wire 60 cm long is bent in the shape of a rectangle. Find the maximum area of the rectangle.

8 A farmer wants to make a rectangular enclosure using her existing fence as one side. If she has 20 metres
of fencing material available to make the other three sides, find the area and the dimensions of the largest
enclosure that can be formed.

9 A piece of wire 6 metres long is cut into two parts. One part is used to form a square and the other part
is used to form a rectangle whose length is three times its breadth. Find the lengths of the two parts if the
sum of the two areas is a minimum.

10 A large open area is to have a section surrounded by a rectangular fence. This rectangle is then divided into
six smaller rectangles, using one dividing fence parallel to its length and two fences parallel to its breadth.
If the total length of fencing available is 1200 m, find the maximum possible area.

11 A machine comes in two parts, which weigh x kg and b kg respectively. The cost ¢ of the machine (in
dollars) is given by ¢ = 2x + b. The earning capacity y of the machine is given by y = x(x + b). If ¢ has the
fixed value 10, express y as a function of x and hence find the value of x for which y is a maximum. Find the
maximum value of y.

12 ABCD is a square of unit length. Points E and F are on the sides AB and AD respectively such that
AE = AF = x. Show that the area y of the quadrilateral CDFE is given by y = } (1 +x—x ) What is this
quadrilateral’s greatest possible area?

9.2 PARABOLAS AND DISCRIMINANTS

Discriminants
In Chapter 3 we solved the general quadratic equation ax” + bx + ¢ = 0, a # 0, by ‘completing the square’ to obtain
the quadratic formula:

ax* +bx+c=0

Move constant to RHS: ax? +bx =-c
Divide by coefficient of x™: x* + g xX=- 2
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2 2
ey : 2, b (DY _b ¢
Add(z—a) to complete the square: Xt gx+ ( 2 =%
2 2
Factorise: (x + ﬁ) _b"—4dac
2a 4a>
+/b? —
Take square roots of both sides: X+ b - b —4ac
2a 2a
_ -b+b* —4ac
<5 2a

We now introduce the symbol A (delta) for the expression b* — 4ac.

This is called the discriminant: A =b”— 4ac .
b++JA -b—+/A

The roots of the quadratic equation can be written as x = _T or x=——

Casel IfA>0, JA is a real number and so the roots are two real numbers.
We say that the equation has two unequal roots or two different roots.

Case2 IfA=0,+/A =0and so the roots consist of one real number: - .

We say that the equation has only one root or two equal roots.

Case3 If Aisa perfect square, JA is a rational number and so the roots are two rational numbers.
We say that the equation has two unequal, rational roots.

Case4 IfA<O, JA does not exist in the field of real numbers and so there are no real roots.
We say that the equation has no real roots.

TECHNOLOGY EXPLORATION

Investigating the discriminant

1 In GeoGebra, use the Slider tool 1252 to add three sliders a, b and c. Set each slider to have Min =-10,
Max = 10 and Increment = 1.

2 In the input bar, enter f(x)=a(x"2)+b(x)+c. A parabola will appear.

3 In the input bar, enter d=b”2-4*a*c. This is the discriminant and will be shown as the value d in the
Algebra view.

4 Use the Move tool Q‘ to move the sliders. Notice what happens to the graph when d < 0. Make sure that
you also consider values where a < 0.

.....................................................................................

Intersection of the parabola with the x-axis

The roots of the equation ax” + bx + ¢ = 0 are the x values of the points of intersection of the graph of the parabola
y=ax’ + bx + ¢ = 0 with the x-axis. In other words, at the points where the parabola cuts the x-axis, y = 0.

Thus, the parabola y = ax” + bx + ¢ = 0:

(i) cuts the x-axis at two distinct points if A> 0 y 4 Y
(i) touches the x-axis at one point only (or two
coincident points) if A= 0
0 X Ol x Ol
0
0

(iii) does not touch the x-axis if A < 0.

For the parabolas shown, the coefficient of x is positive, so
the vertex is at the bottom and the curve opens upwards.
When a >0 and A <0, as in the third diagram shown, the
graph of f(x) = ax” + bx + ¢ = 0 is always above the x-axis, i.e. f(x) > 0 for all values of x. We say that fis a positive
definite function because it is always positive.

A<O
a>0

A>0 A=
a>0
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For these parabolas the coefficient of x” is negative, so the 4 T 4 %
vertex is at the top and the curve opens downwards. /\

When a <0 and A <0, as in the third diagram at right, % * B / * ©
the graph of f(x) = ax” + bx + ¢ = 0 is always below the
x-axis, i.e. f(x) <0 for all values of x. We say that fis a
negative definite function because it is always negative.

A<O

A>0 A=
a a<0

If a quadratic function is neither positive definite nor a<o
negative definite, it is said to be indefinite.

Example 5

Write the discriminant of each of the following quadratic equations and hence state whether the parabola
cuts the x-axis at two, one or no points.

(@ x¥*—5x+6=0 (b) ¥ —4x+4=0 (c) 2x*-3x+3=0
Solution

(@ x¥*-5x+6=0 (b) x¥*—4x+4=0 () 2xX*-3x+3=0
A=b"—4ac A=b’" - 4ac A=b"—4ac
A=25-24=1 A=16-16=0 A=9-24=-15
A>0 A=0 A<0
Two real roots, cuts x-axis One real root, touches x-axis No real roots, does not cut
at two distinct points at one point X-axis

y y y

o] 23 ° o 2 % 0 X
y=x"—5x+6 y=x"—4x+4 y=2x"-3x+3
y=(x—2)(x-3) y=(x-2) Cannot factorise with real
Cuts at (2,0), (3,0) Touches at (2,0) mlote s, doss el aul e

touch x-axis.
Positive definite function,
a=2

The discriminant tells you whether the parabola cuts, touches, or does not cut the x-axis. To find the point at
which this occurs, you need to solve the quadratic equation. Thus the discriminant tells you whether you can
factorise the quadratic expression.

Example 6

Solve the following equations after first finding the discriminant.
(@) 3x*—11x—4=0 (b) 4x*—20x+25=0 () ¥*=2x+5 (d) 2x°+x+3=0
Solution
(@ 3x*—11x—4=0: A=121+48=169
Because the discriminant is a perfect square, 3x” — 11x — 4 has rational factors.
3x° —1lx—4=0
Bx+1)(x—4)=0

x=-3 or 4
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(b) 4x*—20x+25=0: A=400—400=0
Because the discriminant is zero, 4x* — 20x + 25 has equal rational factors.
4x° —20x+25=0
(2x—5)*=0
x=25
() ¥*—2x—5=0. A=4+20=24

Because A > 0 but it is not a perfect square, the equation has two unequal, irrational roots,
so it is best solved using the quadratic formula.

X —2x—5=0

szi‘;/ﬁ:zigx/g:li\/g

(d) 2% +x+3=0. A=1-24=-23

Because A < 0, there are no real roots.

EXERCISE 9.2 PARABOLAS AND DISCRIMINANTS

1 Select the equation for which A > 0.
A X+2x+3=0 B x’+6x+9=0 C 2xX’-4x+5=0 D x—4x-5=0
2 Calculate the discriminant for each of the following equations and hence state whether the equations have
two, one or no real roots.
(@ x¥*+6x+2=0 (b) 2x*+3x+4=0 (c) 4x*—12x+9=0
(d) -3x*+2x-1=0 (€) 2x*=3x+7 () 4x’-12x+9=0

3 For which curve can you say that a >0 and A < 0?

A y B y C y D Y
(0] X O X
(0] X (0] X

4 Without sketching the graphs of each function, determine whether or not they cross the x-axis.
(@) y=x2—5x+2 (b) y=-4x2+2x—1 (c) y=x2—6x+9
(d) y=8-3x-2x (e) y=3x"+2x+5 M y=-=x-x-1

5 Calculate the discriminant for each of the following equations. Use this information to decide on the best
solution method, then solve each equation.

(@ x*+2x-15=0 (b) ¥*—9x-5=0 () 12x*=25x—12

(d) 4’ —12x+9=0 (e) 7x*=63 f x*—6x=0

(@ (x+1)=4x (h) x*=4(x—24) (i) 2x*—x=25

() 3x’=2x+2 (k) 3x*—7x-3=0 () (x+6)°=x+6

(M) 4x*=9x—4 (n) 9x*+24x+16=0 (0) 3x*+4x=5

(P) 2x°+x—4=0 (@) x*=15x-56 N x(2x-3)=0

(s) 2x°+5x+1=0 (t) 5x—7x+2=0 W x=Dx=2)++1D(x+3)=0
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9.3 EQUATIONS REDUCIBLE TO QUADRATICS

Some non-quadratic equations with higher, even powers can be reduced to quadratic equations by making an
appropriate substitution for the variable. The resulting quadratic equation can then be solved.

Example 7
Solve the equations.

(@) (x*—5x)*—2(x*=5x)—24=0
(c) 4" =12(2"-32

Solution
(@) (*=5x)2—-2(x*—5x)—24=0
Lety= (x* — 5x)

(b) x*-3x*—10=0

(d) (x+%)2—7(x+%)+10:0

(b) x*-3x"—10=0
Letyzx2

Ly =2y-24=0
(y—6)y+4)=0
y=6 or y=-4
. (x*=5x)=6 or

X =5x—6=0 or

Ly =3y—-10=0
(y-5)y+2)=0
y=5 or y=-2
(x* — 5x) = -4 x=5 or xX’=-2

X —5x+4=0 b= i\/g or no real roots

(x—6)(x+1)=0 or (x—4)(x—1)=0 . x=*+5
Sox=6,-1,4,1
2 L2 :

(C) (2X) _12(2x)+32:0 (d) (x+f) —7(X+Y)+10:0
Let)’:zx Lety:x.*_'l?
.-_y2_12y+32:() ...y2_7y+10=0

R y-2)(y-5=0
y:8 or )’:4 )/:2 or y:S

s 2'=8 or 2'=4
2¥=2> or 2°=2°
x=3 or x=2

Sox=2,3

Lx+i=2  or x+1=5 (forx#0)

X+1=2x or X +1=5x

X=2x+1=0 or xX—5x+1=0

(x—1*=0 or x=5i‘2f2_l

sox=1, 58020

2

EXERCISE 9.3 EQUATIONS REDUCIBLE TO QUADRATICS

1 Solve:
(@ (x—2)Y-2(x—2)-15=0
(€) (*+2x)°=14("+2x)+ 15

(b) (x*—2x)*—11(x*—2x)+24=0
(d) (x-3)°=16
2 The roots of (x* + 5x)* = 6(x” + 5x) are:
A 0,6 B 0,-5 C 1,-6
3 Solve:
@ (x+2) =16
(d) 42*) -5029+1=0
(@ 2(2%)=9(2") -4

D -6,-5,0,1

(b) 3*—28(3")+27=0
(e) 4"—12(29)+32=0
(h) 3(3*)—-28(3+9=0

() 2*-6(29+8=0
(M 5()=26(5)+5=0
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4 The roots of 16(2*) — 33(2") + 2 =0 are:

A 1,4 B -4,1 C -1,4 D -4,-1
5 Solve:
(@) x'-2x"-8=0 (b) 2x—57=2x-5 (o) (x—%) +4(x-%)=0
d) x*+5x°—6=0 (e) 2%=4(2"+32 M *—x’-8x*—x)+12=0

(@ x°-28+27=0 (h) x'—13x°+36=0 () x'—5x"+6=0
() x*-2x"-15=0

6 Solve:
(@ 9°-439+3=0 (b) (x+1)*=4x () 77" =87 +1=0
(d) (x+1)=5(x+1)+6=0 () 4°=829+15=0 () x*-9x’+8=0
(@ 9" —43"+27=0 (h) 25" —28(5")+75=0

9.4 RELATIONSHIP BETWEEN ROOTS AND COEFFICIENTS

The general quadratic equation is ax’ + bx +c=0, a #0.

Divide by a: x2+gx+%zo (1)

Now let the roots of the equation be zand f3, so:

(x—a)(x-p)=0
or: x —(a+ B)x+of=0 (2)
ie. x> — (sum of roots)x + product of roots =0

Equating the coeflicients of like powers in (1) and (2) gives:

sum ofroots=(x+ﬁ:-—g 3)
product of roots = off = % (4)

Equations (3) and (4) give us the relationships between the roots ¢, f and the coefficients a, b, ¢ of a quadratic
equation.

Example 8
Write the quadratic equation whose roots are:
(@) 3and-2 (b) 3++5and3-5
Solution
(@ Sum of roots =1 (b) Sum of roots =6
Product of roots = -6 Product of roots = 4
a=1,b=-1,c=-6 a=1,b=-6,c=4
.. equation is X —x-6=0 .. equation is X —6x+4=0
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Example 9
The quadratic equation 2x” — (# + 2)x + m = 0 has a root that is twice the other root. Find the values of .

Solution
Let the roots be ¢ and 2.
Sum of roots = 3¢ = m; 2 Product of roots = 2¢t* = %
. _m+2. 2_m, m+22_m
Substitute o = % into " = g ( < ) =
m’+4m+4 _m
36 4

m’ +4m+4=9m
m’—5m+4=0
(m—-1)(m—4)=0
m=1,4
You can check your answer by substituting the values of m into the given equation and solving it to see
that one root is twice the other.

Example 10
The parabola y = ax” + bx + ¢ has vertex (3, 18) and passes through the origin. Find the values of a, b and c.
Solution
By symmetry, the parabola cuts the x-axis again at x = 6. y (3,18)
So, ax® + bx + ¢ = 0 has roots 0 and 6: L
Sum of roots: —g =6, “b=-6a E
Product of roots: % =0, =0 = 6\ *

At vertex, x=3, y=18: 18=9a+3b
b=-6a: 18=9a—18a
sa=-2, b=12
The equation of the parabola is y = -2x” + 12x.

Alternative method:

Substitute known coordinates into the equation. y=ax’+bx+c

When x=0, y=0: c=0
Whenx=6, y=0: 36a+6b=0

b=-6a

When x=3, y=18: 9a+3b=18
3a+b=6
Substitute b = -6a: 3a—6a=6

a=-2

b=12
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EXERCISE 9.4 RELATIONSHIP BETWEEN ROOTS AND COEFFICIENTS

1 Write the quadratic equation whose roots are:

(@ 5.2 (0) 1.1 © 2%+3 @ p.2p
2 The roots of the quadratic equation ax” — bx — 10 = 0 are -1 and 5. The values of a and b are:
A a=-2,b=-8 B a=2,b=38 C a=2,b=6 D a=-2,b=6
3 oand Bare the roots of the equation x° + 4x + 1 = 0. Find the value of:
1.1 . 1 1_oa+p
(@ a+p (b) op © 5+ B after showing that 2 + B~ op

4 The quadratic equation whose roots are p and - is:

A p—px+p’+1=0 B px'—-x+p’'+1=0 C pxX’—(p’+1)x+p=0 D px’—px+1=0
One root of the equation x” + gx + r = 0 is three times the other root. Prove that 3¢° = 16r.

The roots of the equation x* — px + g = 0 are 2 and -3. Find the value of p and g.

The quadratic equation ax” + bx + 1 = 0 has a root that is twice the other root. Prove that 2b” = 9a.

Given that x =2 is a root of the equation x* + x + m = 0, find the other root and the value of .

1
B

© 00 N O O

If oz and B are the roots of the equation x” + 8x — 5 = 0, find the value of +5

10 Find the value of k for the equation x* — (k + 2)x + 4k = 0, if:

(@) the sum of the roots is 5 (b) the product of the roots is 12
(c) oneroot is 2 more than the other root.

11 (a) Show that (ax+ B)* -20f8=a’+ B’
(b) If xand Bare the roots of the equation px’ +qx+r=0, find (in terms of p, g and r):
1

. 1 2 2
(i) a+ﬁ (ii) _+F (i) o B+ o
12 The roots of the equation 2x’+ bx + ¢ = 0 are -0.5 and -4. Find the values of b and c.
13 If one root of the equation x* + px + g = 0 is -2, show that g = 2p — 4.

14 Find the equation of the parabola that passes through the points (-1,0) and (0,-1) and is symmetrical about
the y-axis.

15 Find the equation of the parabola through the points (2,0), (4,0) and (0, 8).

16 If one root of the equation x* — mx + 2 = 0 is double the other root, find the values of .
17 Find p if the roots of the equation 3x” + px — 12 = 0 differ by 4.

18 If orand f are the roots of the equation x>+ 5x — 8 = 0, find the value of:

(@) a+p (b) o (c) $+% (A o’B+af’ (o) (a+2)(B+2)

19 For what values of k will the equation x* — (k—2)x — 12 =0 have:
(@) the sum of the roots equal to 5 (b) roots that are equal but opposite in sign?
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9.5 SIGN OF A QUADRATIC FUNCTION

Example 11
For the graph of y = 2x* — 3x — 5, find the values of x for which:
@ y=0 (b) y>0 () y<o
Solution )

(@ 2xX’-3x-5=0
2x=5)(x+1)=0
x=-1 or 2.5

Hence the graph of y = 2x” — 3x — 5 crosses the x-axis at x = -1 and x = 2.5. 1\ © 2 *
(b) From the graph it can be seen that y > 0 when x < -1 or x > 2.5.

(c) From the graph it can be seen that y <0 when x> -1 or x < 2.5, i.e.
when -1 < x<2.5. y=2x"-3x-5

Example 12

Prove that 2x” — 4x + 5 > 0 for all values of x.
Solution
This is the same as proving that the graph of y = 2x* — 4x + 5 does not cut the x-axis. y
Consider 2x” — 4x+ 5= 0: A=b*—4ac
=16-40
<0
Because A < 0, 2x” — 4x + 5 = 0 has no real roots. .
As a >0, thus 2x” — 4x + 5 > 0 for all x. The function is positive definite. O] 1 *

Alternatively: y=2x"—4x+5
Expression = 2(x" — 2x) + 5
=2(x*—2x+1)+5-2
=2(x—1)*+3

2(x —1)* + 3 has a minimum value of 3 when x = 1, so 2x* — 4x + 5 > 3 for all x.

EXERCISE 9.5 SIGN OF A QUADRATIC FUNCTION

1 For what values of x are the following true?
(@ x¥*-3x-10>0 (b) 4—x"20 () 6+11x—2x"<0 (d) 3x*+14x<5

2 4x°—12x+9> 0 for:
A allx B x<15 C x>15 D allx,x#1.5

3 For the parabola y = x* — (p + g)x + pq (where p > g), find the values of x for which y > 0.
4 For the parabola y = x° + 4x, find the values of x for which y > 5.

5 Prove that x* + 2x + 7 > 0 for all real values of x.
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6 What is the relation between a and b if the graph of y = x* + ax + b:
(@) touches the x-axis (b) cuts the x-axis at two points?

7 For each of the following functions, find the values of x for which y > 0.
(@) y:x2+4x—5 (b) y:4x2—3x—7 (c) y=x2—2x—1
(d) y:—3x2+2x+1 (e) y:l+x—x2 U] y=9—x2

8 For each of the following functions, find the values of x for which y <0.
(@) y=x2—4 (b) y=x2+8x—20 (c) y=2x2+4x+1

9 Given thaty = -2x* 4+ 5x + 3 and -0.5 < x < 3, which of the following is true?
A y=20 B y>0 C y<o0 D y<o0

10 For each of the following functions, show that y > 0 for all x.

(@) y=x2+2x+4 (b) y:x2+4 (c) y=3x2+2x+1
(d) y=x"+x+6 € y=2x"-3x+4 H y=2x"+7

9.6 FURTHER EXAMPLES INVOLVING DISCRIMINANTS

Example 13

Find the values of m for which the equation x4 (m—2)x+4=0 has:

(a) oneroot (b) two roots (c) no roots.

Solution
(@) For one root only, A=0: A=(m-2)>-16
=m’—4m—12
=(m—6)(m+2)
A=0whenm=6 or -2 A
(b) For two roots, A > 0: \
ie.(m—6)(m+2)>0 A |0 k™
The graph of A = m’ — 4m — 12 cuts the m-axis at m = 6 and m = -2. \
Thus A > 0 when m < -2 or m > 6, as shown by the graph.
(c) For no roots, A <0:

From the graph, A< 0 for -2<m<6. A=m’—4m—12
Example 14
Prove that the equation x>+ (k — 3)x — k= 0 has real roots for all values of k.
Solution R
For real roots, A > 0: A=(k-3)+4k
=k —2k+9

The graph of A = k> — 2k + 9 does not cross the k-axis and the coefficient
of k% is positive, so A > 0 for all values of k.

ol &

Hence the equation x” + (k — 3)x — k = 0 has real roots for all values of k. 0

A=k*—2k+9
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Alternatively:

A=k =2k+9
=kK-2k+1+8
:(k—1)2+8

= a perfect square + a positive number

Hence A 2 8 for all k, so the given equation has real roots for all k.

Example 15

Show that the roots of the equation x° + 2x — (m* = 1) = 0 are rational for all rational values of m.
Solution

For rational roots, A is a perfect square: A =4+ 4(m" —1)

2
=4m
Hence A is a perfect square if m is a rational number.

.. the equation x° 4 2x — (m* — 1) = 0 has rational roots for all rational values of m.

EXERCISE 9.6 FURTHER EXAMPLES INVOLVING DISCRIMINANTS

1 Find the values of k for which the following quadratic equations have: (i) one root (i) two roots.
@@ x*—-3x+k=0 (b) X +kx+3=0
(€ X+ (k-1x—(2k+1)=0 d) (k—1D)x*+(k+1)x=1-k

2 The quadratic equation (2k — 3)x* + (k+ 1)x — 1 = 0 has two roots when:
A k>lork<-11 B -l1<k<1 C -11<5k<1 D k>lork<-11

3 For what values of m does the quadratic equation (5m — 3)x° — 4mx + m + 1 = 0 have only one root?

4 For what values of m are the roots of the following equations real?
@ X*+2x+m’—1=0 (b) (m—1)x*+(m+1)x+m—1=0 (€) ¥ +2mx+2(m+12)=0

5 If the real roots of the equation x> — 2mx + 3 =0 are a and b, find the values of m for which:
@ a=b (b) azb

6 Show that the roots of the equation 4(m + Dx* — 4(m—1)x— 3 =0, for m # -1, are real for all real m.

7 Show that the roots of the equation (3m — S)x2 —3m’x+5m* =0, for m # 3, are rational if m is rational.
8 Show that the equation x* — (2a + b)x + ab = 0 has real roots for all values of a and b.
9

Find the values of p for which the equation 2x” — 4x + p = 0 has:

(@) one root (i.e. two equal roots) (b) two distinct roots.

10 For what values of m does the equation x*—2mx+8m—15=0have: (@) one root (b) two roots?

11 Show that the roots of the equation ax’ — (a+b)x+ b=0, for a #0, are rational for all rational values
of a and b.

12 For what values of m does the quadratic equation x° + mx + (m + 1)* = 0 have two roots?
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9.7 IDENTITY OF TWO QUADRATIC EXPRESSIONS

An equation of the nth degree has # roots and no more. A quadratic equation (second degree) has two roots: for
example, the roots of x* — 5x + 6 = 0 are x = 2 and x = 3. A cubic equation (third degree) has three roots, a quartic
equation (fourth degree) has four roots, and so on. The roots may be real numbers or unreal (‘complex’) numbers
and some of them may be equal to one another.

If two polynomials of the nth degree are equal for more than # values of the variable, then they are identically
equal, i.e. equal for all values of the variable. The sign = is used to indicate that the two expressions are identically
equal. This also means that the coeflicients of like powers of the variable in the two expressions are equal.

Theorem
If alx2 +bx+c = a2x2 + b,x + ¢, for more than two values of x, then a, =a,, b, =b,, ¢, =c,.
(We will not prove this theorem here.)
This result has been used before when completing the square for a quadratic expression. For example:
2% —dx—5=2(x—1)"=7
Thesg two forms of the quadratic expression are equal for all values of x. We have merely changed the appearance
of 2x" — 4x — 5.

Example 16

Express x* + 2x — 2 in the form ax(x + 1) + bx* + c(x + 1).
Solution
Method 1:
F42x—2=ax(x+ 1)+ b’ + c(x+ 1)
=ax’+ax+ b’ +cx+c
=(a+b)xX’+(@+o)x+c

Equating coeficients of like powers of x: a+b=1

a+c=2
c=-2
Substitute for ¢ in second coefficient equation: a=4
Substitute for a in first coefficient equation: b=-3

Thus: CH2x—2=4x(x+1)=3x*=2(x+1)
Method 2:

The identity is true for all values of x, so select three convenient values of x to substitute into the identity
to form three equations in a, b and c: KH2x=2=(@+b)x*+(a+c)x+c

x=0: -2=c¢

x=-1: -3=b

x=1: 1=2a+b+2c
1=2a+(-3) +2x(-2)
a=4
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Example 17
Express x*+ 2x — 2 in the form (x + a)* + b.

Solution
X4+2x—2=(x+a)+b
=x"+2ax+a’+b
Equating coefficients of like powers of x:  2=2a so a=1
2=a’+b so b=-3
X H2x=2=(x+1)*-3

EXERCISE 9.7 IDENTITY OF TWO QUADRATIC EXPRESSIONS

1 Find the constants a, b and ¢ such that n”” = an(n+ 1) + b(n + 1) + c.

2 Ifx* +5x=a(2x* + x) + b(3x* + x), then:
A a=14,b=9 B a=-14,b=-9 C a=14,b=-9 D a=-14,b=9

3 Express x(x — 1) in the form p + q(x — 1) + r(x — 1)2.
4 Find the constants a and b such that x* + 10x + 10 = a(x + 2)* + b(x + 1).

5 Express x* = 6x° + 7x* + 6x — 8 in the form (x* + ax)® + b(x* + ax) + ¢ and hence solve the equation
4 3 2
X —6x +7x"+6x—8=0.

6 Solve the equation x* + 4x’ — x* — 10x + 6 = 0 by expressing it in the form (x” + 2x)* + b(x* + 2x) + ¢ = 0.
7 Express each quadratic polynomial in the form a(x + b)* +c.

(@) ¥—4x+6 (b) 2x*—4x—5 (€) ¥ +x+1 (d) 2x*+5x+7
8 Find the constants a and b such that x* = ax(x + 1) + bx for all values of x.

9 Express x°+ 2x — 2 in the form ax(x + 1) + bx* +c(x + 1).

10 Express x> + 2x in the form a(x—1)(x+2)+ b(x+2).

9.8 SOLUTION SET OF SIMULTANEOUS EQUATIONS

To find the points of intersection of a straight line and a parabola, you can algebraically calculate the solution set
of a system consisting of the equation of the line and the equation of the parabola.

A straight line may cut a parabola at two distinct points, touch it at one point or not intersect it at all. If the line is
a tangent to the parabola then the solution set has only one ordered pair (a ‘double root’).

Example 18

Find the points of intersection of the line y = x + 6 and the parabola y = x* — x — 2.
Solution

For the points of intersection: L—x-2=x+6 (4,10)

¥ —2x—8=0
(x—4)(x+2)=0

x=4 or -2

y=10 or 4
They intersect at the points (4,10) and (-2,4).
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Example 19
Prove that the line x — y + 1 = 0 is a tangent to the parabola y = x* — 3x + 5.

Solution
For the points of intersection: x* —3x+5=x+ 1
X —4x+4=0 2.3)
(x=2)*=0
x=2,y=3 /
e} X

This is a double root, so the straight line is a tangent to the parabola at the point (2,3)

Example 20

For what values of m does the line y=mx—6 (a) touch (b) intersect (c) not intersect
the parabola y = x* — 2x + 3?

Solution

For the points of intersection: x* —2x+3=mx—6
L=(m+2)x+9=0
(@) TouchwhenA=0: A=b"—4ac

=(m+2)"-36 A+ ] 1

2 _ ! m
=m" +4m— 32 -8 0 4
=(m+8)(m—4)

Will touch when m=-8 or 4 /) m=4
m<4

(b) Intersects when A>0: (m+8)(m—4)>0

Intersects when m < -8 or m > 4

(c) Does not intersect when A<0: (m+8)(m—4)<0

0, v 2
Does not intersect for -8 < m < 4. \/

Note: the principles involved in Examples 18, 19 and 20 apply to the intersection of a straight line and any curve
whose defining equation is of the second degree (e.g. a circle, or a rational function y = . a),

+b

EXERCISE 9.8 SOLUTION SET OF SIMULTANEOUS EQUATIONS

1 Find algebraically the solution set of each system of equations.
(@ y=2x2—3x+4andy= 12 -3x (b) y=2—x—3x2andy=2—7x
€) y=x"+3x—2andx+y=3 (d) x—y=landx’+xy=6

2 Find algebraically the coordinates of the intersection points of:

(a) the straight line y = x — 3 and the circle x* +y* =9
(b) the straight line y = 2x — 1 and the parabola y = x* — 3x + 5
(c) the straight line y =3 — 2x and the parabola y = (x — 2)*

3 For what value of ¢ is the line y = 2x + ¢ a tangent to the parabola y = x* — x — 2?
A ¢=-425 B ¢=0.25 C ¢=-225 D c¢=425

4 For what value of ¢ is the line y = x + ¢ a tangent to the circle x* + y* = 42
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5 For what value of a is the line y = ax a tangent to the circle x* + y* + 20x — 10y + 100 = 0?
For what value of m is the line y = mx a tangent to the parabola y = x* — 8x + 257

7 For what value of m does the line y=mx—-6 (a) touch (b) intersect (c) not intersect
the parabola y = x* — 2x + 3?

8 For what value of m does the line y=mx+5 (a) touch (b) intersect (c) not intersect
the parabola y = 3 + 5x — 2x?

9 For what value of m does the line y=mx—12 (a) touch (b) intersect (c) not intersect
the parabola y = 2x* — x — 10?

2 ,

x-3"

11 For what value of a does the line y = ax not meet the rectangular hyperbola y =

10 For what value of a does the line y = ax intersect the curve with equation y =
?
x=2
12 Find the equations of the two lines that contain the point (1,3) and are tangent to the parabola
2
y=x —2x+5.

13 Prove that the parabolas y = 2x* — 6x + 7 and y = x° — 2x + 3 touch each other and find the coordinates
of the point of contact.

9.9 THE PARABOLA AS A LOCUS

A parabola is the locus of a point P(x, y) that moves in a plane so that its distance from a fixed point S is equal to
its distance from a fixed straight line. We will consider only simple cases where the fixed straight line is parallel to
the x-axis or the y-axis.

Example 21
Find the locus of a point P(x, y) that moves in a plane so that its distance
from the point S(0,a) is equal to its distance from the line y = -a.
Solution
Use the distance formula: PS = \/(x = 0P+ (y— a)y = \/xl +(y- a)’
PM = y L (0,-a) M(x,-a) y=-a
By definition: PS=PM
,/xz +(y—a)l =y+a
Square both sides: X+ (y— a)’ = (y+ a)’

x2+y2—Za)/+112:y2+2a)/+a2

2
x2=4ay or y=Z—a

The equation of the locus is x° = 4ay . This equation defines a parabola with its vertex at (0,0) and an
axis of symmetry that is the y-axis.

The fixed point S is called the focus and the fixed straight line is called the directrix.
The focal length is a, which is the distance of the focus from the vertex.

Equation: X = 4ay

Vertex: (0,0) Focus: (0,a) Focal length=a Directrix: y = -a

For example, the equation X = 8y defines a parabola with focal length a = 2, vertex (0,0), focus (0,2),
directrix y = -2 and axis of symmetry that is the y-axis.
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Example 22
Find the locus of a point P(x, y) that moves in a plane so that its distance from the point S(a, 0) is equal to its
distance from the line x = -a.

Solution
Compared to Example 21, the point S is now on the x-axis and the line that was y = -a is now parallel to

the y-axis instead.

Use the distance formula: PS = \/(x —a)+ yz

PM=x+a M(-a,y)
By definition: PS=PM
\j(x_a)z+y2=x+a -al0\ S(a,0) X
Square both sides: (x—a)* +),'2 =(x+a)

2 R AA 2
X =2ax+a +y =x"+2ax+a

yz =4dax

The equation of the locus is y* = 4ax.

The equation y* = 4ax in Example 22 does not represent a function: it is a relation. It can be considered as the
equation x” = 4ay with the variables interchanged. This also represents the reflection of the parabola x* = 4ay in
the line y = x.

For example, the equation y2 = 12x defines a parabola with focal length a = 3, vertex (0,0), focus (3,0),

directrix x = -3 and axis of symmetry that is the x-axis.

Note that in general the fixed point does not need to be on the x-axis or y-axis and the vertex does not need to be
at the origin. The next example looks at this case.

Example 23
Find the locus of a point P(x, y) that moves in a plane so that its distance from the point §(2,1) is equal to
its distance from the line y = -3.

Solution
S(2,1), y=-3, P(x,y)
Use the distance formula: PS = \/(x -2y +(y-1) i :
PM=y+3 E
By definition: PS = PM \ S(2,1) ;0 E
\/(x~2)2+(}’-1)2=y+3 o %
Square both sides: (x— 2)2 +(y— l)2 =(y+ 3)* E (2,-1) !
(x=20+y -2p+1=y"+6y+9 ) y=-3 [—E
= : M(x,-3)

(x—2)"=8y+8
(x—2)’=8(y+1)
This equation is of the form X* = 4aY, where X=x—2, Y=y+1and a=2.
Thus the vertex of the parabola is (2,-1).

Hence (x — 2)2 = 8(y + 1) is the equation of a parabola with vertex (2,-1), focus (2,1), directrix y = -3,
focal length = 2 and axis of symmetry x = 2.
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In general, if the parabola x” = 4ay undergoes a translation so that its vertex is at the point (h, k), then its
equation becomes: (x — h)* = 4a(y — k)

This equation represents a parabola with vertex V(h, k), focus S(h, k + a), directrix y = k — a, focal length = g and
axis of symmetry x = h.

Example 24
Find the equation of the parabola with focus (4,1) and directrix the line x = 2.

Solution
S(4,1), x=2, P(x,y)

Use the distance formula: PS = \/(x —4) +( y— 1)
PM=x-2
By definition: PS=PM
\/(x—4)2+(y—1)2=x—2 z
Square both sides: (x— 4)2 +(y— 1)2 =(x- 2)2
X —8x+ 16+ (y— 1) =x"—4x+4
(y-1Y=4x-12 e

(y—17=4(x-3)
The locus is (y — 1) = 4(x — 3). This is in the form Y* = 4aX, where Y=y—-1,X=x-3anda=1.

Thus the vertex is (3, 1), the axis of symmetry is the line y = 1, and S is 1 unit to the right of the vertex.

In general, the parabola with equation y* = 4ax has its vertex at (0,0), S is a units to the right of the vertex, and
the x-axis is the axis of symmetry.

If this parabola undergoes a translation so that its vertex is at the point (h, k), then its equation becomes:
(y — k)’ = 4a(x — h)

This means that S is a units to the right of the vertex, and the axis of symmetry is the line y = k.

Example 25
Show that the following equations represent parabolas and find the vertex, focus and the equation of the
directrix for each.

(a) y2—2y—2x—4:0 (b) x2—6x+4y+15:0
Solution
@ y"—2y-2x—4=0 y

¥ —2p+1=2x+5 Lo —=

(y— 1)*=2(x+2.5)
This equation is of the form (y — k)* = 4a(x — h) W Il IR S

The vertex is the point (-2.5,1) 3 0 x
4a =2 so a=0.5, hence the focus is the point (-2.5+ 0.5, 1) = (-2, 1) =
The equation of the directrix is y =-2.5-10.5,i.e. y=-3

The axis of symmetry is the line y = 1
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(b) x2—6x+4y+15:0 Y x=3
x2—6x+9=-4y—6

(x—3)*=-4(y + 1.5)

,
"
b3 |-

This equation is of the form (x — h)* = -4a(y — k)

The negative sign means that the parabola opens downwards,
so the focus is below the vertex. /

The vertex is the point (3,-1.5)
4a =40 a =1, hence the focus is the point (3,-1.5 - 1) = (3,-2.5)
The equation of the directrixis y=-1.5+1,ie. y=-0.5

—————= -

The axis of symmetry is the line x =3

When dealing with the quadratic function we use the general form y = ax” + bx + c. When looking for the
properties of a parabola, you need to ‘complete the square’ to change the equation into the locus form:
(x—h)* = 4a(y — k).

Example 26

Express each of the following in the form (x — h)* = 4a(y — k) and hence state the vertex, focus and directrix.
(@) y=x2—2x+5 (b) y=-2x2—8x+1

Solution

(@) y=x2—2x+5
=x'—2x+1+4
=(x—1)+4
s (x=1)F=1(p—-4)
The vertex is (1,4). The focal length is a = 0.25, so the focus is (1,4.25).
The directrix is y = 3.75 and the axis of symmetry is the line x = 1.
(b) y= 2% —8x+1
=2(x" + 4x) + 1
=20 +4x+4)+1+8
=-2(x+2)*+9
2(x+2)=9—y
(x+2)*=-0.5(y - 9)
The vertex is (-2,9). 4a = 0.5 so a = § and the focus is below the vertex (due to the -0.5).
The focus is (-2,87 ), the directrix is y = 94 and the axis of symmetry is the line x = -2.

When solving problems like this, it may help to draw a quick sketch to show the relative positions
of the focus and the directrix.
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TECHNOLOGY EXPLORATION

Creating a parabola from the definition

1 In GeoGebra, use the Line through Two Points tool ,./ to create a line called a including points A and B.
This line will represent the directrix.

2 Hide the two points A and B by clicking on the circle next to each name in the Algebra view or by right-
clicking on each, selecting Object Properties and then deselecting ‘Show Object’.

3 Use the New Point tool ¢” | to create a new point C. This will be the focus.

4 We want the locus of the point that is equidistant from the line a and the point C. Because the distance
from a line is always a perpendicular distance, we need a perpendicular line through a. To make this, use

the New Point tool ¢ |to create a point on the line a, then use the Perpendicular Line tool /’/ to click

on this point and then on the line a.

5 We now need to create a point on this perpendicular line that is g /
E

equidistant from both C and D. This point would form the apex
of an isosceles triangle, as shown at right.

As you can see: if we create a perpendicular bisector of C and D, <
then the point where this hits the perpendicular line through D will

be equidistant from the point C and the line a. To create this new

point E, first create the perpendicular bisector of CD using the

Perpendicular Bisector tool | |.
‘ D

6 Use the Intersect Two Objects tool >( to create the new point E / X
from the intersection of the perpendicular line through D and the
perpendicular bisector of CD.

7 Use the Move tool Q to drag the point D along the line. What shape does the point E trace out?
8 To see the locus of E as D varies, enter locus(E,D] into the input bar.

EXERCISE 9.9 THE PARABOLA AS A LOCUS

1 Sketch each parabola. Write the coordinates of the vertex and focus and the equations of the directrix and
axis of symmetry.

(@) x*=8y b) y=13 © =4y d) =8
() x*=-2y M) «=-6y @ y=x (h) y=-2x

) -D'=4(+2) () +3°=-2y (K (-27=4x+1) () (+4’=-3x+1)

2 For the parabola (x — 2)% = 5(y + 1), which of the following statements is not true?
A vertex: (2,-1) B focus:(2,0.25) C focallength: a=1.25 D directrix: y=-0.25

3 Find the locus of a point P(x, y) that moves so that:

(@) distance from the point (0,2) is equal to distance from the line y = -2
(b) distance from the point (0,-4) is equal to distance from the line y = 4
(c) distance from the point (0,1) is equal to distance from the line y = -1
(d) distance from the point (0,-2) is equal to distance from the line y =2
(e) distance from the point (-2,-4) is equal to distance from the line y=6
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4 The equation of the parabola shown in the diagram is: y
(x+ 1)2 =-8(y—3) 2 Directrix:y =1
(x—3)=-8(y+1)
(x+1)°=-8(y—3)
(x—3)°= 8(y+1)

oow>

5 Show that the following equations represent parabolas and find the vertex, focus and equation of the
directrix for each.
@ y' —4x+2y-3=0 (b) ¥ +8x—4y—8=0
(€) X’ —2x+4y+15=0 (d) x*+6x—5y—16=0
6 Find the equation and sketch each of the following parabolas.
(@) vertex at (0,0), focal length 2 units, axis of symmetry that is the y-axis
(b) vertex (0,0), focus (0,-1)
(c) focusat (0,7), directrix the line y =-7
(d) vertex (2,-1), focus (2,3)
(e) the line x =2 as axis, vertex (2, 5), cuts y-axis at y=9
(f) theline x = -1 as axis, focal length 2 units, cuts y-axis at y = 2
(g) vertex (2,-1), axis the line x = 2, focus (2,0)
(h) the line x = 0 as axis, vertex (0, 0), passes through the point (-4,2)
7 Find the equation for the family of parabolas that have:

(@) theline x =2 as axis, vertex (2,1) (b) the line x = -2 as axis, focal length 0.5 units.

8 Rewrite each of the following equations in the form (x — h)* = 4a(y — k) and hence state the vertex, focus,
directrix and axis of the parabola.

(a) y:x2—4x+4 (b) y=x2+6x+6 (c) y:4—x2 (d) 4y=x2+2x—3
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CHAPTER REVIEW 9

1 By the method of ‘completing the square, find:

(@) the maximum value of 5 + 4x — x° (b) the minimum value of 2x* + 6x — 9.

2 Without actually solving the following quadratic equations, determine whether each equation has two, one
or no roots.

(@ x*—6x+5=0 (b) 2x*=3x-7=0 () x*—20x+100=0 (d) 3x*+4x—-1=0
3 Solve the following equations.

(@ -x)°’-5"-x)+6=0 (b) x'—4x"—45=0 (c) 3*-12(3")+27=0
4 For what values of k does the quadratic equation x* — 5x + (k — 1) = 0 have:

(@) two roots (b) one root (c) no roots?

Show that the roots of the equation mx> — (m + n)x + n = 0 are rational for all rational values of m and .

5
6 Find the coordinates of the points of intersection of the line y = 2x — 3 and the parabola y = x* — 4x + 5.
7 1f2x° — 9x+ 9 = (ax — b)(x — b) for all values of x, find the values of a and b.

8

For what values of m does the line y=mx—5 (a) touch (b) intersect (c) not intersect
the parabola y = x* — 5x + 4?

9 Find the equation of the locus of the point P(x, y) that moves so that its distance from the point (-2, 1) is
equal to its distance from the line y = -1. Express the locus in the form (x — h)* = 4a(y — k) and hence show
that it is a parabola. Find the vertex, focus, directrix, axis and focal length.

10 Express 4y = x* — 6x + 5 in the form (x — h)* = 4a(y — k) and hence find the vertex, focus, directrix, axis and
focal length of the parabola.

11 The parabola y = ax” + bx + 4 passes through the points (-2,18) and (1, 3). Find the values of a and b.

12 Show algebraically that the line y = x — 4 is a tangent to the circle x° + y* = 8 and find the coordinates of the
point of contact.
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CHAPTER 10
DIFFERENTIAL CALCULUS

Outcomes covered:

P1 demonstrates confidence in using mathematics to obtain realistic solutions to problems

P6 relates the derivative of a function to the slope of its graph

P7 determines the derivative of a function through routine application of the rules of differentiation
P8 understands and uses the language and notation of calculus

The study of calculus is rich in history and controversy. Isaac Newton (1642-1727) and Gottfried Wilhelm
Leibniz (1646-1716) are both credited with the original development of calculus, but there was much argument
at the time over who was first. Their approaches were quite different, although ultimately equivalent, and today
the notation that we use comes from both sources. Important contributions to calculus were also made by
mathematicians such as John Wallis, Isaac Barrow, Guillaume de 'Hopital and later Augustin-Louis Cauchy.
The work of mathematicians on differential calculus and integral calculus is the basis of much mathematics still
used in a huge number of applications today.

The history of mathematics is a topic that lends itself best to individual reading and research. There are many
books on the subject, as well as excellent online resources such as the History of Mathematics archive at the
University of St Andrews.

10.1 CONTINUITY AND GRADIENTS OF TANGENTS

Continuity
We have drawn many different graphs in this course so far, but all of them can be divided into two special types:

o Graphs such as f(x) =x, f(x) = X, f(x) =sinx and f(x) = |x| are continuous curves: they do not have any
gaps or jumps in them.
x
o Graphssuchas f(x)= %, f(x)=tanx, f(x)= lx—| and f(x)= Lz are not continuous (‘discontinuous’)
functions, because they all have gaps or jumps. *
A simple way to describe a continuous function is that it can be drawn smoothly without lifting your pencil
from the paper. Continuous functions like f(x) = x, f(x) = X, f(x) = sinx are smooth graphs, but f(x) =|x| is not
a smooth graph because the slope of its curve changes suddenly at x = 0 to create a sharp corner.

You should use appropriate software to graph all of these functions so that you can remember what they look like.

Example 1
For each graph, decide whether it is (i) continuous or discontinuous, and if continuous whether it is
(i) smooth or not smooth.

Ol x ; Ol ;X ol x ol n
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Solution
(@ (i) Continuous (b) (i) Continuous for|x|<3 (c) () Discontinuous (d) () Continuous
(i) Smooth (i) Smooth (ii) Not smooth

Each branch of (c), if considered on its own, is a smooth continuous curve.

Rates of change and gradient

Smooth curves change gradually as x (the independent variable) increases. The rate of this change between two
points on the curve can be calculated as the average rate of change over that interval. If the function increases as
x increases, then the rate of change is positive. If the function decreases as x increases, then the rate of change is
negative.

If we think back to the gradient of a line, a positive gradient was when y increased as x increased (moved from
left to right). A negative gradient was when y decreased as x increased. Thus we can see that in general the
gradient is the rate of change.

Example 2 d

The graph shows the distance d in kilometres that a car travels in 124+
2

t minutes. The function is given by the equation d = % ol

The average speed of the car is the rate of change of the distance

travelled over a time interval. Find the average speed over the:
(a) first minute 6+
(b) second minute
(c) third minute
(d) first three minutes 2T

(e) first five minutes. q

Solution
(@) From the graph, find the value of d when t=0,t=1: t=0,d=0;¢t=1,d=0.5
distance covered _ 0.5—0 _ 0.5 km/min

Average speed = timetaken ~ 1-0
(b) From the graph, find the value of d when t=2: t=2,d=2
t=1,d=0.5t=2,d=2: Average speed = 22__0i5 =1.5km/min
(c) From the graph, find the value of d when t=3: t=3,d=4.5
t=2,d=2;t=3,d=4.5: Average speed = 43')5__22 =2.5km/min
(d) Fort=0,d=0;t=3,d=4.5: Average speed= % = 1.5km/min
(e) From the graph, find the value of d when t=5: t=5,d=12.5
t=0,d=0;t=5,d=12.5: Average speed = 125‘5_:)0 =2.5km/min

The speedometer on the car would not show these speeds, because it shows the instantaneous speed.
This is quite different to the average speed.

A secant is a line joining two points on a curve. A tangent to a curve is a line that just touches the curve. The tangent
can be considered to be the limiting position of the secant. This means that if you fix one end of the secant and
move the other end towards it, the secant becomes more and more like the tangent to the curve at the fixed end.
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In Example 2 we were actually finding the gradient of each secant, as shown on the following graph:

d
12 +

10 +

(d)
(©)

(®)

Average speed over the:

(a) first minute

(b) second minute

(c) third minute

(d) first three minutes

(e) first five minutes.

1 ]
of@i 5 3

In general, this can be described as follows:

Let A(x,,y,) be a fixed point on a curve. Take any other point B(x, y) on the curve and join the points to obtain

the secant AB. Let the point B get closer to the point A. This means that |x — x,| is getting smaller as the two

points get closer together.

Consider the following graphs in which A(1,0.5) is a fixed point and B moves from the point B(3, 4.5) to B (2,2)

and then to B,(1.5,1.125). By the third graph, it is hard to distinguish the secant AB from the curve.

y B(3,4.5) 5
4 4
Gradient of AB= 2270 _»
Ll 3-1
The equation of ABis y=2x—1.5
A
—] %
N 1 2 3
4 B,(2,2)
4 4+
. 2-05
B Gradient of AB, = 5o LS
2
The equation of AB is y=1.5x—1
A
0 1 2 3
y B,(1.5,1.125)
4 —4-
Gradient of AB, = 1122=0-> _ 1 55
24 5 2 15-1
= ; The equation of AB, is y = 1.25x — 0.75
B il 1 I
/O"/ 1 > 3
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Let B move to B,(1.1,0.605), as shown in the next graph. Here the secant and the curve appear to be the same
curve. We can say that the curve here is ‘locally straight.

B,(1.1,0.605)

Gradient of AB, = W =1.05

The equation of AB, is y =1.05x — 0.55

| |
T T T

_O 1 2 3 *

The gradient of the secant AB has changed from 2 to 1.05 as B has moved closer to A. This suggests that as B gets
closer to A, the gradient of the secant is getting closer to 1.

Let the point B move so that it coincides with the point A: the secant has now become the tangent at A. Importantly,
the gradient of this tangent at A represents the instantaneous rate of change of the curve at the point A.

C(2,1.5)

y

44 The tangent at A appears to pass through
the point C(2, 1.5).

24 Gradient of AC=1

/ ¢ The equation of ACis y=x—0.5
| %
es 1 2 3 °

Given that the equation of the above curve is y = 1 x°, use graphing software to reproduce each of the above
diagrams. Investigate the point B,(1.05,0.55125).

Repeat this investigation process for the point A approaching the point B. Does the gradient of the tangent at B
appear to be 4.5?

Example 3
The graph of y = 1 x? is drawn for -3 < x < 3. Tangent lines are
drawn at the points where x = -2, -1, 0, 1, 2, 3, as shown on the graph.

From the graph, find the slope of each of these tangents and use
it to complete the following table:

X 2 -1 0 1 2 3

m

Plot these points on a separate number plane and write the equation of the curve that passes through them.

Solution i
X 9 | 0 1 2 3 ol
m 2 -1 0 1 2 3 1 L
Ll T T T T
2 1 /19 1 2 3*
The equation of the line through these points is y = x. a4
This equation represents the gradient function for the curve, because ol
it gives the gradient of the tangent to the curve at each point on the curve.
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EXERCISE 10.1 CONTINUITY AND GRADIENTS OF TANGENTS

1 Indicate whether each graph is continuous or discontinuous.
y

~

/ 0

(a) V (b) y% (c)
O[\t —O$

N
1

Y
O
Y

—

(e) /y (f) % j )

(d)
(hy 7

O X O —]
/ |

2 In question 1, which curves could be called smooth?

3 Which graph represents a smooth continuous curve?
A y B y C 74 x D y /
ﬁ\/ O /
0
X 0 l x \ ()

The following questions must be completed using GeoGebra or other graphing software.

4 Draw the graph of y = x* + 1. On it mark the point A(1,2). Consider the points B(2.5,7.25), B,(2,5),
B,(1.5,3.25) and B,(1.1,2.21).
(@) Find the gradient and equation of each of the secants AB, AB,, AB, and AB,.
(b) Draw a separate graph of each secant on the curve.
(c) What value does the gradient of the secant appear to approach as B gets closer to A?
(d) Check your answer to (c) by considering the secant AB,, given B,(0.9,1.81).

5 Draw the graph of y=4— x%. On it mark the point A(2,0). Consider the points B(0.5,3.75), B (1, 3),
B,(1.5,1.75) and B,(1.9,0.39).
(@) Find the gradient and equation of each of the secants AB, AB, AB, and AB,.
(b) Draw a separate graph of each secant on the curve.
(c) What value does the gradient of the secant appear to approach as B gets closer to A?
(d) Check your answer to (c) by considering the secant AB,, given B,(2.1,-0.41).

6 Draw the graph of y = x* for -3 < x < 3. Draw tangent lines at the points where x=-2,-1,0, 1, 2, 3.
(@) Complete the following table, where m is the gradient of the tangent at each point x.

2 -2 -1 0 1 2 3 (b) Plot these points on a number plane.
m (c) Write the equation of the curve in (b).

7 Draw the graph of y = x’ for -2.5 < x < 2.5. Draw tangent lines at the points where x=-2, -1, 0, 1, 2.
(@) Complete the following table, where m is the gradient of the tangent at each point x.

X 2 -1 0 1 2 (b) Plot these points on a number plane.
m (c) Write the equation of the curve in (b).
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8 Draw the graph of y = % for x> 0. On it mark the point A(1,1). Consider the points B(3,%), BI(Z,%),
B (2,3) and B (}(1), %)
(@) Find the gradient and equation of each of the secants AB, AB,, AB, and AB,.
(b) Draw a separate graph of each secant on the curve.
(c) What value does the gradient of the secant appear to approach as B gets closer to A?
(d) Check your answer by considering the secant AB,, given B, ({3, ).

10.2 LIMIT AND CONTINUITY

Example 4
For the function f, where f(x) = x + 2, find lim(x + 2) (that is, the limit of the function as x approaches 2).
x—2

Solution
The domain of this function is the set of real numbers. The table shows f(x) for values of x near (or ‘in the
neighbourhood of’) 2.

This table shows that as x approaches 2 from
either below or above 2, f(x) approaches 4.

f(x) | 3.95 | 3.99 |3.995|— 4 «[4.005| 4.01 | 405 | We can make f(x) as close to 4 as we like by
making x sufficiently close to 2.

x 1.95 | 1.99 [1.995|— 2«|2.005| 2.01 | 2.05

Hence: lim(x+2)=4
x—2
Notice that in this example, f(2) = 4. Thus lirr%(x +2)= f(2).

In this case we say that the function is continuous at x = 2.

Example 5
For the function fwhere f(x)= E S
x—2 X — 2

Solution
If x = 2, this function is not defined (as the denominator is zero).

2

x—2 x—2
o lim* =2 — lim(x +2) =4

x—2 X—2 x—2

2
If x # 2 then f(x)= 3;__24 is equivalent to f(x) = x + 2, so its graph is a
straight line with a missing point at x = 2.

In this case we say that the function is discontinuous at x = 2:

¢f(2)

11m
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Example 6

Investigate the following functions:

(@ f(x)Z{

Solution
(@) Draw the graph of this of the function.
x>1: fx)=x+1
lim(x+1)=2

x—1

x+1  whenx2>1 |x|

3  whenx<1 (b) f(x)=",x#0

Thus as x — 1 from above, f(x)— 2 from above.

We can write this as lim f(x)=2

x—1
This can be confirmed by evaluating
f(1.01), f(1.001) etc.

x<1: flx)=3
This means that the value of f(x) is always 3, for all x < 1.
Hence lim f(x)=3

x—1"

Because lim+ f(x)# lim f(x) the function is discontinuous at x = 1.

<ol 2ol
(b) % =1 when x >0
flx)= g (which is undefined) if x = 0
- § =-1 when x <0

Draw the graph of the function.

The function is defined for all values of x except x = 0. y
As x — 0 from above, f(x)—1 1
As x — 0 from below, f(x)— -1
But lim f(x) does not exist, because it approaches different © TX|
x—0 -1 f(x) S
values when approached from above or from below.

The function is discontinuous at x = 0.

Example 7
Find %iiré—f(x—kh}z_f(x)where: @ fl)=x (b) f(x)=6+5x—2x
Solution
(@) flx)=x
flx+h) = (x+h)
=x*+2xh+h
f(x+h) —f(x)=x2+2xh+hz—x2
=2xh+h

Chapter 10 Differential calculus
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fx+h)—-f(x) _2xh+h’
h h

— 2
oSG = f() | 2xh+h
h—0 h h—0 h

~lim h(2x+h)
h—0 h

:}1in3(2x+h) for h#0
=2x

(b) f(x) =6+ 5x—2x°
flx+h)=6+5(x+h) —2(x+h)’
=6+ 5x + 5h — 2x* — 4xh — 2K
f(x+h) —f(x)=6+5x+5h—2x2—4xh—2h2—(6+5x—2x2)
=5h — 4xh — 2k’
fx+h)— f(x) _5h—4xh—2h’
h h
g 5h—4xh—2h*
= l1mm
h—0 h
:%lirré(5—4x—2h) forh#0

lim f

h—0

(x+h)- f(x)
h

=5-4x

Limit theorems
These theorems on limits of functions will be stated without their proofs.

Theorem 1
For the constant function f, where f(x) =¢:  lim f(x)=c¢
X—a
Theorem 2
If lim f(x)= L and lim g(x) = M, then: lim(f(x) + g(x)) =lim f(x)*lim g(x)

=L+M
The limit of a sum = the sum of the limits.

The limit of a difference = the difference of the limits.

e.g. lim(x2 —3x+5) = irr;(xz)—lim(3x)+lirr;5

x—2 x—2

=4-6+5=3

Theorem 3
If lim f(x)=L and lim g(x) = M, then: lim(f(x) X g(x)) =lim f(x) X lim g(x)

=LxM
The limit of a product = the product of the limits.

e.g. ILrEZx(xz —4) = ii_}n_ll(Zx)X iirg(xz —4)

X

=(-2)x(-3)=6
Theorem 4
. . o fa)) lim f(x)
If}gr;f(x)z L and }Clilzg(x): M, then: }clig(g(x)j: }Cig;g(x)
_ L
= for M #0
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The limit of a quotient = the quotient of the limits.

42 }Ciir;(x2+2)

e lm 7= fim(x+1)
x—
1
4

Continuity

If f(x) and g(x) are both continuous at x = a, then the new functions f(x) £ g(x), f(x) X g(x) and % are also
continuous at x = a. This is a direct consequence of the limit theorems. gix

Continuity at a point—formal definition

A function fthat is defined in some neighbourhood of x = c is said to be continuous at c if:

(@) the function has a definite value f(c) at c, AND
(b) asx —c, f(x)— f(c)asalimit, ie lim f(x)= f(c).

y

fley|-=-=-=-=-====-=----
20 S

1
1

1

|

! |

! %

o a X c

T e

A function fis said to be continuous in an (open or closed) interval if it is continuous at all points of that interval.
For a closed interval [a, b], continuity at a and b implies that lim f(x)= f(a)and lim f(x)= f(b).
x—b~

x+a+

In simple language, a function is continuous in the interval [a, b] if its graph can be drawn fromx=atox=">b
without lifting your pencil off the paper. (See the diagram above.) Thus all polynomial functions are continuous.

EXERCISE 10.2 LIMIT AND CONTINUITY

1 Evaluate each limit.

(@) lim(3x) (b) lin_ll(x2+4x) (©) lirr§<9—x2) (d) 1in_12(x2—2x+1)
(&) limx*(x+2) ( }}n;(hz—4h+4) (@) lim(a+3)(a=4)  (h) ling’;z;f

2 The value oflimw=
x—-3 x+3

A -2 B 0 C 2 D indeterminate
3 Evaluate the following limits.

. . x* +5x . X +8

@ i © I @ m[ 55
. x’—5x+6 . 3x . x—5

@ }clfg x-3 () £1£>r§x+3 U £1£>r§2x2—9x—5
. x—1 . x—1 . . x =1

@ £12}x2+x—2 ) }clg}ix2+x—2 ) Eclg}(X—l)

4 Evaluate each limit.

(@) linéf(x) where f(x) :{

2x for x 21

2x+4  for x<1

x*+1 for x>0

1 for x<0

(b) lin}f(x) where f(x) :{
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5 Evaluate lim where:

h—0
@ fx)=x"-1
6 Show that the following limits do not exist:

flx+h)— f(x)
h

(b) f(x)= 2x*-3x+2 (0 flx)= X (d) f(x)=x(6—-x)

@ lim? 0 lim f(x) where fG)=] < <°
a = =
xlgéx xli%fx where f (x 1 for x>0
X for x>0 x*+1 for x>0

c) li h = d) lim f(x) where f(x)=

(c) xlgéf(x) where f(x) {x+1 for x <0 (d) x_)()f() f(x) { 5 for x<0
7 The function whose graph is shown is: y

A discontinuous at x=0

B continuous for all x

C discontinuous at x =2

D continuous for all x > 0 but discontinuous at x =1

L l
/-1 0 1 2 3 *

10.3 GRADIENT OF A CURVE AT A POINT—FORMAL DEFINITION

The work in the previous section provides a link between the gradient of a secant at a point on a curve and
the gradient of the tangent to the curve at one endpoint of the secant. As the endpoints of the secant get closer
together, the gradient of the secant becomes closer to the gradient of the tangent at one endpoint.

Consider the point P(2,4) on the curve f(x) = x°. Let Q be a point near P on the same curve. Consider the
gradient of the secant PQ for different positions of Q near P, as shown in the following tables:

It appears from the tables that as Q gets closer to P (that is, as x gets closer to 2), the gradient of the secant gets

closer to 4. In general:

Let Q be the point (x, f(x)) and P be the fixed point (2,4) on f(x) = x*. The gradient of PQ = fi%

x-coordinate of Q | Gradient of secant PQ x-coordinate of Q | Gradient of secant PQ
2.1 22"112—_‘24=4.1 1.9 li?;—:;zs.9
2.01 %2__24 =4.01 1.99 119999;__24 =399
2.001 22'?0001% = 4,001 1.999 % =3.999
2.0001 %ﬁ_‘; = 4.0001 1.9999 % =3.9999

-4
7

The information from our table for the function f(x) = x* indicates that as x approaches 2, the value of the

f(x)

gradient

-4
=7 approaches 4.

This sentence can be written in a new notation as lim

x—2

flx)-4

xX—2

function x minus 4 divided by x minus 2 is equal to 4.
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The gradient of a curve
Following the example above: if we let our points be P(c, f(c)) and Q (x, f(x)), then the gradient of the secant

PQ is given by the general expression M This expression does not exist when x = ¢ because the

—c
denominator becomes zero.

From our calculations above we have seen that the limiting value of the gradient of the secant is defined to be the
gradient of the tangent at P, and is simply called the gradient of the curve at P.

The gradient of the curve y = f(x) at the point P(c, f(c)) is defined as the limiting value
i L= @) _

= f’(c), provided that this limit exists.

Thus f’(c) is the slope of the tangent to the curve y = f(x) at the point x = c.
This is also called the derivative of f(x) at x = c.

Gradient and derivative notation

For the function f(x), the gradient function or the derived function is given by the notation f’(x). However, there
are also other common notations used for this derivative function.

Let x = c + h, where h may be positive or negative. Thus x — c=h, so as x = ¢ then h — 0.
This gives f (c)= M

1) d
Also,if Sx=h and 5)/ =f(c+ h) — f(c) when y = f(x), then we can write f'(c) = hm 4

S00x  dx”
f(6+h) f(c) f(x+h) f(x)

Ifin f'(c)=

This now glves usa deﬁnltlon of the derivative at any point (x, y) on the curve y =f (x).

we replace ¢ by x, then we obtain f’(x) = l

The gradient at any point (x, y) on the curve y = f(x) can be represented by any of the following notations:

£, 2, A (f(0).

EXERCISE 10.3 GRADIENT OF A CURVE AT A POINT—FORMAL DEFINITION

1 P(1,1) is a point on the curve f(x) = x°. Complete the following table of values.

x-coordinate of Q 0.9 | 0.99 |10.999|1.001| 1.01 | 1.1 f(x)- fQ)
Use the table to find lim
Gradient of secant PQ x>l

2 P(1,5) is a point on the curve f(x) = 2x + 3. Complete the following table of values.

x-coordinate of Q 0.9 | 099 [0.999|1.001| 1.01 | 1.1 —f1
Use the table to find lim fx) { (1)
Gradient of secant PQ ol X—

Could you have predicted this answer from the function? Why?

3 P(3,9) is a point on the curve f(x) = x°. Complete the following table of values.

x-coordinate of Q 2.9 | 299 [2.999|3.001| 3.01 | 3.1 _
Use the table to find limM.

Gradient of secant PQ >3 x—3
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4 Ifg(x)= x°, then 83.999)-g(4) is closest to:

3.999-4
A -8 B 0.008 C 0.001 D 8
5 P(1,1)is a point on the curve f(x) = x°. Complete the following table of values.
x-coordinate of Q 0.9 | 099 [0.999)1.001| 1.01 | 1.1 _
Use the table to find lim M)—
Gradient of secant PQ Xl

6 P(2, 5) is a point on the curve f(x)= % Complete the following table of values.

x-coordinate of Q 1.9 | 1.99 |1.999|2.001 | 2.01 | 2.1 —f(2
Use the table to find lim Lg()
Gradient of secant PQ =2 X

7 P(-2,4) is a point on the curve f(x) = x°. Complete the following table of values.

x-coordinate of Q -2.1(-2.01]-2.001/-1.999|-1.99|-1.9 _ (22
Use the table to find lim M
Gradient of secant PQ x—2

10.4 FINDING THE DERIVATIVE FROM FIRST PRINCIPLES

This process is also called ‘differentiation from first principles. We will use this to show how the general result for
the derivative of x" (powers of x) is obtained.

Example 8
Findf'(c)if: (@) f(x)=x (b) f(x)=x
Solution

(@ f(x)=x: f'(c)= hm f(szch(C)

=1

fle)=
This is a constant. It is the gradient of the straight line y = x.

(b) flx)=x" fe)= hmf(x f(c

f’(C)=£igg —

=8

=lim(x +¢)

X—C
=2c
Because this limit exists for all values of ¢ in the domain of the function, we can write f’(x) = 2x.

Example 9
Find the gradient of the tangent at the point (4, 16) on the curve y = x” using the result

i (c)—hmf(x) f(‘).
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Solution

At (4,16),x=4:  f'(4)= f(x) f(4)

2OAN 1 ’_16

o)

i K= +4)
x—4 x—4

= lin}l(x +4)

=8

Example 10
Use the result f'(x)= }lmg
@ fx)=x b) f)=x" (6 flx)=x
Solution
@ fx)=x f'(x)=

f(x+h)— f(x)
h

f(x+h) f(x)

_ x+h 5

o mp e
=lim1l
h—0

=1

b) f=x:  flx)= M
:Em((ﬁh)_X)h((Hth)
=}1E%h(23;l+h)
=}lirré(2x+h)

Ash—0,2x+h— 2x,s0: f'(x) =2x
f(x+h) f(x)

(x+h)
h

© flx)=x" f'(x)=
o=t
Now (x+ h)’ = (x + h)(x + h)* = x> + 3x*h + 3xh* + K’
b e X 43x2h+ 3k + R — %
= ey
h(3x” +3xh+ 1)
=lim

h—0 h

= lim(Sx2 +3xh+h* )
h—0

=3x’

Chapter 10 Differential calculus
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OR
((x+h)—x)((x+h)2 +x(x+h)+x2)
h

_ h((x+h) +x(x+h)+x)
= 1m
h—0 h
=1lim((x +h)* + x(x + h)+x* )
h—0

Use a’ — b’ = (a—b)(a* + ab+ b?): f(x)= %im
—0

Ash—>0,x+h—>x,so:f’(x):x2+x2+xz:3x2

These examples seem to suggest that there might be a rule for finding derivatives without resorting to first
principles every time.

Important result

d"=b"=(@-b) @ +d"b+a" 0+ .. +ab"+ b

This factorisation can be shown to be true by expanding the right-hand side and collecting like terms.
If f(x) = x", then the above factorisation can be used to find the derivative as follows:

f=et =l =)

(x+h—x)((x+h)"—1+(x+h)”—2x+(x+h)”3 24+ (x+h)x? x”_l)

= lim h
h((x+h)”’1+(x+h)”’2x+(x+h)”3 24+ (x+h)x"? x"*)
= lim h
—

=lhin(1)((x+h)”_1+(x+h)”_2x+(x+h)”3 X4+ (x+h)x"? x”_l)

=x" x4+

n factors

n-1
=nx
This process can be described in words: “To differentiate a power of x, multiply the power by x to the power
reduced by one’

EXERCISE 10.4 FINDING THE DERIVATIVE FROM FIRST PRINCIPLES

1 Use the result f'(c)= limM

(@ f’(5) when f(x) = x* (b) f’(-1) when f(x) = x*
(€) f'(3) when f(x)=x (d) f7(0) when f(x)=x"+2x+1

to find the value of:

2 Use the result f'(x)= }limw to find:
—0

(@) f'(-2) when f(x) =« (b) f'(-1) when f(x) = x’
3 For the graph of f(x) =6x — 2x™

(@) find the gradient of the chord joining the points whose x-coordinates are 1 and 1 + h respectively

(b) deduce the gradient of the curve at x = 1.
4 Tf f(x) =3 — 2x + 4x°, then 1 M

A -10 B 0 CS D 6
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5 For the function f(x) = 2x” — 4x, find the following:
(@) limf(3+l2—f(3>) (b) }lir%f(x+h12—f(x)

h—0
Interpret your results geometrically.

6 Find }llr%w for the following:
(@) f(x)=4x2—1 (b) f(x)z%z—Zx—3 (c) f(x)=x3—2x2

7 P(1,1) and Q(2,8) are points on the curve f(x) = x°. Indicate whether each statement is correct
or incorrect.

(@) Gradientof PQ=7 (b) f'(2)= lin} 9;3__28 () f'(1)= lin} 3;3__11 d) f(x)=3x

10.5 CONDITIONS FOR DIFFERENTIABILITY

If f(x) possesses a derivative f(x) for each x belonging to the domain of f, then f(x) is called a differentiable
function.

The statement ‘f(x) is differentiable’ means ‘f(x) has a derivative at each point of its domain.

Example 11
Investigate the continuity and differentiability of the given graphs.
(@) y (b) Y
4 - 7 flx) = %
0 X / 0 ; x
(©) y (d) &
%: x+1 fix) = |x|
o) i x lo) %%
o
fl)=-1
Solution
(@ f(x)= Lz, x#0 f7(0) cannot be found because f(0) is undefined.
5%

Not differentiable at x = 0. The function is discontinuous at x = 0.

2
(b) f(x)= ’; __24 ,XE2 f’(2) cannot be found because f(2) is undefined.

Not differentiable at x = 2. The function is discontinuous at x = 2.

x+1 for x=>1 ,
f’(1) cannot be found because the left-hand derivative does not exist

at x=1, even though f(1) is defined.

Not differentiable at x = 1. The function is discontinuous at x = 1.

(©) f(X)={

-1 for x<1
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(d) f(x)=|x| f7(0) cannot be found because the left-hand derivative is -1 and the
right-hand derivative is 1.

Not differentiable at x = 0. The function is continuous at x = 0.

EXERCISE 10.5 CONDITIONS FOR DIFFERENTIABILITY

In each case write the value of f"(a), if it exists, and sketch the graph of f.

1 (@) f()=x-2,a=2 (b) f)=x*—4,a=2 (c) f(x):xz_;,azz @) fo)=%=2% 4_)

X+ x—2
X, x<1
2 f(x)= ) fora=1,a=3 3 f(x) =[x -2 fora=2,a=4
(x=2)", x>1
4 f() xz, x<0 P 0 ] 5 f() x2—2x, x<2 P 5 3
x)= ora=0,a=- x)= ora=2,a=
x+1, x>0 x—2, x>2
X, x>3
6 f(x)=13, -3<x<3 fora=3,a=-3
x+1, x<-3 Y

7 For the points at x = a, b and ¢, comment on the continuity
and differentiability of the function given in the diagram:

é

o — ; g
10.6 MORE DERIVATIVES FROM FIRST PRINCIPLES
We have shown that if y = x", where # is a positive integer, then % =nx""". In fact this result is true for all
values of n.
Example 12
If f(x)= Jx, find f’(x) from first principles.
Solution
P T HY= lx)
i
=V f=lm¥rthodx
1—0
Rationalise the numerator: fiix)= lim( fx+h—x e L h+ \/I)
h—0 h Jx+h+x
i (x+h)—x
— e e
h—0 h(Jx+h +\/;)
i h
=lim————

#=0 h(x+h +x)

; 1
S

lrl—‘}gx/x+h+~/;
Lo
Cx o 2dx
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Now v/x = x?, s0 ify= x* then we have shown that %v_ = = %x'%
1

Hence the rule for the derivative of x" works for n=1.

Example 13
If f(x)= %, find f”(x) from first principles.
Solution

f(x):i; f(x) =lim ==
Simplify the fraction: f(x)= 1 ( % x(x S_ xh+) ;,)
- et
h (x + h)x
- }zl—>0( (x+ h)x )

xxx X2

d
Now 1 = x so ify= x"' then we have shown that Y _ = -1x7A
X dx X

Hence the rule for the derivative of x”" works for n =-1.

Example 14
If f(x) = ¢, a constant, find f’(x) from first principles.

Solution
Filx) = f(x+h) f(x)

f)=c  fl(x)= mcz—c =0

d
Now ¢ = ¢x’, so if y= cx’ then we have shown that oA 0xt=0.

dx

Hence the rule for the derivative of x”" works for n = 0.

Derivative of x”
If f(x) = ¥, then f”(x) = nx""", where n is any real number.

_ d _
This can also be written as i(x” ) =nx"" or L a—— !
dx dx
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Example 15

Consider f(x) = cx”, where c is a constant. Find f(x).

Solution
f(x+h)— f(x)
h

f'(x)=lim
fay=cds  fix)= EHSW

= clip&E+h =%
h—0 h

=cxnx"!

Derivative of cg(x)

If y = cu, where c is a constant and u = g(x), then d_y = c% .

dx
Proof
_ o du_p gxth)—g(x)
If u = g(x), then: e lim 7

h—0
dy . cg(x+h)—cg(x)
i h

(g(x+h)—g(x))
h

Then:

=limc
h—0

= clim(—g(x £h)= g(x))

h—0 h

:cg'(x)=c%

Example 16
If f(x) = x* + x, find f'(x).
Solution
f'(x)z%fi%f(ﬁh}z_f(x)
+h)— (x> +x)

h
i X +2hx+h +x+h—x*—x
=lim

f(X)=x2+x: f,(x):}liné(x+h)2 +(x

h—0 h
i 2hx+h* +h
=lim————

h—0 ]’l
=limh(2x+1+h)

h—0 h
=lim(2x+1+h)

h—0

=2x+1
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Derivative of f(x) £ g(x)

If y=u+ v where u=f(x) and v=g(x), then % - Z_” le;:
Proof
If u = f(x), then: dx I OM and Z_;:

m glx+h)—g(x)
h—0 ”l

dy _lim(f(x+h)+g(x+h))—(f(x)+g(x))

Then fory=u+v: = lim 7

iy SO+ — £00) + (gl + 1)~ g(x))

h—0 h

h

h—0

[(f(x+h) f(x))j m{(

du dv
" dx dx

The result follows similarly for y =u —v.

Summary of important results so far

1 If y=x", then % =nx""', where n is any real number.
_ : _ & _ du
2 If y = cu, where c is a constant and u = g(x), then I e
3 If y=u=x v where u=f(x) and v=g(x), then Zy Zu Zz .
e ay’ . ac
4 Ify JZthendx e
5 Ify:lthend_yz-L.
X dx x>
6 From results 1 and 3, it follows that if y = x" + T4

1) ="'+ (n-Dx"F+(n=-2)x" +...+1

_ hm[(f(x +h)-f(x) | (g(x+h)—g(x))J

g(x+h)— g(x))
h

+ x, then

dx
Example 17
Find % for each function.

() y:x4+x2+x (b) y:5x3—4x+3 (c) y:x5+6x4—7x
Solution

@ y=x'+x"+x b) y=5x"—4x+3 © y=x"+6x'—7x

%=4x3+2x+1 %=5x3x2—4 %:5x4+6><4x3—7
=15x>—4 =5x*+24x> -7
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Example 18

Find Z—y for each function.

X
(a) y:% (b) y=3x"+x (© y=4-1+iix
Solution
@ y=x" (b) y=3x3+x% (€ y=4-x'+x°
Z—z:-Zx'3 Z—i=3x2x+%x% Zx—y=0— -1x2)+§x§
2 1 1 1
== =6x+—m— =
% % 2Jx x* 33y
Example 19
If y=x’ — 6x, find: (a) % (b) the gradient when x =-1
(c) the coordinates of the points at which the gradient is 6.
Solution
_ . dy _,,2 — s dy _ 5
(@ y=x —6x: E—?:x -6 (b) x=-1: 5—3—6—-3
(© %zéz 3x’-6=6
3x =12
=
x==F2

x=2,y=-4;x=-2, y=4. Points are (2,-4) and (-2,4).

Example 20
If f(x) = x* = 3x° + 2x, find: (@ f'(x) (b) f'(a) () f'(2) (d) f'(-2)
Solution

(@ flx)= xt=3x +2x: fix)= 45— 9x* +2 (b) f'(a)= 4a’ - 92> +2

(©) f(2)=4x8-9%x4+2=32-36+2=-2
(d) f'(-2)=4x(-8)—9x4+2=-32-36+2=-66

EXERCISE 10.6 MORE DERIVATIVES FROM FIRST PRINCIPLES

1 Find the derivative of:

(@) y=3x2+2x—1 (b) y=4x—3x2 (c) y=7x—4x2

(d) y=x'+x"+1 ) y=x-x"+x (H v=FL+42-2t+5
2 Find the derivative of:

(8 y=x (b) yZﬁ (€ y=2Vx

d) v=R+ him) = L o

@ v=3¢ (@ him)=—; 0 f0=-
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3 Ifg(x)= x? ,then g’(x) =...

A ¢g(x)= 4x° B g¢'(x)= 3;; C ¢x)= X D g¢'(x)= %xé
4 Expand each expression and find %

(@ y=x-1)(x+2) (b) y=3x(x*-2) (€) y=(2x-3)°

(d) y=(x—4)(x+4) (e) y=(2x-3)° ) y=x-2)(x+1)3x+1)
5 Write the derivative of each function.

(@) f(x)=3x2—2x3 (b) g(x)=4x(1—x3) () v()=3F -2 +5t+4

d) y=ax’ +bx’+cx+d () y=3x+4 ) y:%,xio
6 Find f’(x).

@ f(x)=x+x (b) flx)=x>++ ©) f(x):x2+x+l+%+%

@ fe)=x +x @ feo=(x-1] O f(o=xvx
7 For f(x) = 3x* — 2x + 7, indicate whether each statement is correct or incorrect.

@ f'(x)=6x-2 (b) f(0)=7 () f(1)=8 d f(2)=10
8 For each of the following functions, find the value of x for which f’(x) = 0.

@ fx)=x"—4 (b) f(x)=2x"—6x € fx)=x—4x

9 Find the gradient of the curve y = x* — x — 6 at the points where y = 0.
10 Iff(x) = x° —x* — 6x + 1, find the values of x for which f’(x) = -5.

11 Show that the graph of y = x* + 4x — 12 crosses the x-axis at two points. Find the gradient of the curve at
these points.

12 For the graph of f(x) = (x — 1)% find the values of x for which:
@ flx)=0 (b) f'(x)=0 © fx)=-1
13 Find the coordinates of the points on the curve y = x* — 5x + 6 at which the tangent:

(@) makes an angle of 45° with the x-axis
(b) is parallel to the line with equation 3x+y—-4=0
(c) is perpendicular to the line with equation 2y —x+3=0

14 Find the x values of the points on the curve y = 1x’ — 2 x* + 2x +1 at which the tangent:

(@) is parallel to the x-axis
(b) makes an angle 6 with the x-axis such that tan =2
(c) is parallel to theliney—6x—1=0
15 Find the coordinates of the points on the parabola y = x* — 2x — 8 at which:
(@) the gradient is zero (b) the tangent is parallel to the line 2x +y =7

10.7 THE PRODUCT RULE

In previous exercises we have differentiated the product of two functions by first expanding the product, then
differentiating term by term. Luckily there is a rule, known as the product rule, that allows us to differentiate
products without expanding first.

The product rule: ; ; ;
i - LE = oGl U
o If uand v are functions of x, and y = uv, then T (uv)=v g
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The product rule can also be written as i(uv) uﬂ + v@ You may find it easier to remember this in the

dx dx  dx
form %(uv) =v % + u% because this is consistent with the form of the quotient rule to come later.
Example 21
If y = x*(3x + 4), find %: (@) by expanding the expression and differentiating term by term

(b) by using the product rule.

Solution
a4 Y g2
(@ y=3x+4x" dx—9x +8x
(b) y=x"(3x+4): u=x, v=3x+4
du _ dv _
%—Zx, dx_3

R du , v
Product rule: dx(u v)=v I T

c%c(uv):(3x+4)><2x+x2><3

=6x> +8x +3x”

=9x> +8x
The answers are the same. This example verifies the product rule.

Proof of the product rule
If f(x) = uv, u = g(x) and v = k (x) are functions of x, then:

f(x+h) f(X) g(x+h) g(x) k’(x):limk(x+h)_k(x)
h—0 h

[ = g'(x)=

Now f(x) :g(x)k(x) andf(x +h)=g(x+ h)k(x + h), so:

Fix)= g(x +h)k(x +hh) g(x)k(x)

{g(x +h)k(x+h)— g(x)k(x+h)+ g(x)k(x +h)—g(x)k(x)}
h

{g(x+h)k(x+h) g(x)k(x+h) g(xX)k(x+h)— g(x)k(x)}

h h

_ hm{k(x+h)(g(9;l+ h)—g(x))}Jr}g%{g(x)(k(x-;h)—g(x))}

h—0

= k(x)lhig}{w}+g(x)}1%{w}
=k(x)g’(x)+ g(x)k'(x)

d du , dv
Hence %(w) v TH g

Example 22
Use the product rule to differentiate y = (3x + 2)(2x* = 3x +4).
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Solution

y=(3x+2)(2x* - 3x + 4): u=3x+2 v=2x"-3x+4
du _ v _
= 2, =4x—3
.4 _,du  dv
Product rule: dx(uv)—v I e
d
d—iz(sz—3x+4)><3+(3x+2)><(4x—3)
=6x>—9x+12+12x*—9x+8x—6
=18x*—-10x+6

You can check this answer by expanding the function in the question and then differentiating term by term.

EXERCISE 10.7 THE PRODUCT RULE

1 Use the product rule to find the derivative of each function.

(@ y=(kx-2)(6x+7) (b) f(x)=02x+1)(x+3) (c) y:(3x+4)(x2—2x)
(d) g(x)=(x—1)(x*-3x) (€) y=(2x"—5x)(x—2) M flx)=(—4x)(x* +3)
(@ y=(x-1)(GBx+5) (h) f(x)=(x"-5x)(2x +3) ) gx)=x-1)(5x-7)
2 Ifg(x)=(3x—1)(3x° + 1) then g’(x) =...
A g(x)=27x—-6x+3 B g¢'(x)=18x
C g(x)=3+6x—9x D g'(x)=9x-3x"+3x—1
3 For f(x) = (x* = 1)(2x + 3), indicate whether each statement is correct or incorrect.
@ f'(x)=6x (b) f'(x)=8x"+9x—2 (€ f(0)=-2 d) f(0)=-3
4 For g(x) = (x"+5x)(x’ + x° + 1), find: (@ ¢g'(x) (b) ¢’(1) (c) g'(-2)
5 Find%for: (@ y=x(x—1) () y=x(vx-1) ©) y=x(%+1)

@ y=(Vx+1)*+4) (o) yz(x+}c)(x—}c) ® yz(x2+§)(1+&)

10.8 THE CHAIN RULE

The chain rule is also known as the ‘composite function rule’ or the ‘function-of-a-function rule. This rule allows
us to differentiate functions such as f(x) = (x* — 5)” without having to expand.

Example 23
Differentiate each function after expanding the parentheses. Factorise your answer.
@ flx)=@x*-5)° (b) gx)=("-5)°
Solution
(@ fx)= (x*—5)*=x*—10x*+ 25 (b) gx)= (x* = 10x* + 25)(x* — 5)
f/(x) = 4%’ — 20x =x%—15x* + 75x* — 125
= 4x(x* — 5) g’ (x) = 6x° — 60x” + 150x
=2xXx2(x* - 5) = 6x(x* — 10x* + 25)

=2x X 3(x* = 5)°
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There is a pattern in the answers to Example 23. In each case, 2 is the derivative of x* and the second part looks
a bit like i(u” ) =nu"" where u = h(x).

dx
Let u = (x* — 5) so that Zu = 2x. This allows us to write:
flx) =1’ g =1u
f/(x)=2xx2u (%) =2x % 3u°
’ _ @ du
f(x)—Zude g (x)=3u> X

Ify=f(x)= [h(x)]* = k(u), where u = h(x), then we have y = u

. dy dy du
Hence, the chain rule: =i du -
OR d%c F(u)=F'(u)x % for any differentiable function F.

We can check this rule using Example 23(b):

y=("-5)" y=u" whereu=x"-5
Z); =3y’ and % 2x
Chain rule: Zﬁ ;l); X Zz
% =3u’ X 2x

=3(x° 5} x2x=6x(x* =5

This is the same as the derivative obtained by expanding the function and differentiating term by term.

Proof of the chain rule

The chain rule: if y = f(u) and u = g(x) then Y. Z—y X

dx
glx+ h) g(x))

du

Using first principles, we can write:

an
k—0

h—)O(
(f(u+k) 1)y K801~ 50

k—>0 k )

Ifk=g(x+h)—g(x)theng(x+h)= g(x) +k.

If h — 0 then g(x +h) — g(x) and thus k — 0.

Using first principles, we can write:

f(g(x+h))— f(g(x))]

dx h—>0

glx+h)—g(x) h

f(g(x+h))- f(g(x))) lim (g(x+h) g(x)j
glx+h)—g(x)

f(g(x)+k) f(g(x)))

h—0

(f (glx+m) - f(g(x) g<x+h)—g<x>j

( g(x+h)— g(x))

k—>0 heO
dy du
du S dx
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Example 24

Use the chain rule to find the derivative of each function.

(a) f(x)=(2x+l)2 (b) g(x)=(2xl—3x+l)4 (c) y=~/4—x2

Solution
(@ Letu=2x+1 so Z—;‘:Z (b) Letu=2x"-3x+1 so %:4x—3
f)=v’ so f'(u)=2u gw=u" so )=’
. ’ — 7 _d_u_
Hence: f’(x)=f’(u)><% Hence: gx)=g (u)xdx
=202 =41’ X (4x —3)
=4(2x+1) = 4(4x—3)(24% —3x +1)’
(c) Letu=4—x" so d—“=-2x
dx

_ =l
gw)=u so g(u)—m

Hence: g'x)= g'(u)x%
1

= X (-2
2\/; (-2x)
oy
4-—x?
Example 25
Find f7(8) if f(t)=tt* - 9.
Solution
This example requires both the product rule and the chain rule.
= du _
u=t FTaa 1
g . _ 2 dv _1(,2 4
Chain rule: v=ot"-9 E_—Z—(t —9) X 2t

t
-9

. d e ‘() =t? =9 x1+tX L
Product rule: dt(uv)_vdt+udt' 3 oy
2 t2
=Vt* -9+

=0

_t2-9+¢
2

$i—g
2t -9

2 -9

Write with common denominator:
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EXERCISE 10.8 THE CHAIN RULE

1 Use the chain rule to differentiate:

@ y=(@"-4) (b) f(x)=~/5x-1 © y=("-3x"
(d) y=(2x+5)" () f(B)=R+3t M gx) =% +50—4)*

@ foo=x'-2x () ()= (£ +4)? W) y=v25-
2 Iff(x) = (x’— 1) then f’(x) =

A 3 -1)* B 15x%(x’—1)* C s5x(x’-1)* D 15x°
3 Find the derivative of each function.
(@) y=vx'—4 () fx)=(x>+1) (© y=(1+2x)"
(d) v=(m’+25) € y=(@2x-1) H gt)=Yt+1
@ f0)=(x—2x-1)" () ()= (£ +4) 0 y=(x- }C)
4 For g(x)= x? +5x +3/ x> — 4, indicate whether each statement is correct or incorrect.
@ g'(0=2(x —4)’ (b) (x)=4x
() ¢g'(x)= 2x+5+23x(x2—4)_% (d) g'(x)=2x+5+%
3(x* -4)
5 Find the derivative of each function.
@ y=(x—3)(3x+4)° b) f(x)=x"V1-x’ () h()=FL+@-1)?*
d) y=v1l-x++1+x € y=£'-1+1+1" () g(x)=x(1+}c)2

10.9 THE QUOTIENT RULE

This rule is a special application of the product rule.

1

Consider: If u and v are functions of x, and y = u X 5 V#0, then by the product rule

4 {uxd)=1de, (1)

dx vl vd dx\V
. d(u\_1du d( 1
Hence: E(V)_vd_ﬂld_(v )
_ldu -l dv
_Vd +uUX-— 2 de
_ 1d__id1’
C Vdx  yrdx
du dv
Viax Ydx
V2
Hence, the quotient rule: du dv

o If uand v are functions of x, and y = v’ v#0, then Zx M.
v
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Example 26

Use the quotient rule to differentiate each function: (@) y= —i;c i_é (b)
Solution
(a) y=2x+1: u=2x+1 v=4x-3
4x-3
dx dx
Ldu_ dv
Quotient rule: dy _Tdx “dx
dx VZ
dy _(4x—=3)x2—-(2x+1)x4
dx (4x -3
_8x-6-8x—-4
(4x —3)°
__-10
(4x —3)?

f)=

t
T

Because the function is only defined for x # 2, the same restriction applies for the derivative.

(m,ﬂo=1fﬁ: u=t y=1+7F
du_y ot
dt dt
Quotient rule: ft)= %
- (146 )x1—tx2t
t)=
(1+£2)
_1+£2-2¢
(1+£2)
_1-f
(1+ t* )2
Example 27
Find the gradient of the tangent to the curve y = = 4=X" .t the point where x =0.
x+1
Solution
To find % you have to use both the chain rule and the quotient rule.
y= i:—f u=+4-x v=x+1
> dv _
%.—_%(4—x')2x(-2x) dx_l
==X
4-x*
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: ) a4y _ _dx dx
Quotient rule: I 2
(x+1)x 2 ’—\/4—x2x1
ay _ 4—x"
dx (x+1)°

- -1 ‘(+1) A2
(x+l)2[\/4 X2 . }

] X +x+4-x°
(x+1)° Ja-x

_ -(x+4)
(x+1)* 4 -x2
—0. Y_ 4 _
Where x = 0: E_m_'z

EXERCISE 10.9 THE QUOTIENT RULE

1 Use the quotient rule to differentiate each function.

_x—1 3x-7 2t+5
@ y=<1 (b) f(x)=32=7 © ¢ (t)-—t+2
—7 w
@ fC=m——r (@) k=" 0 y=155
_ 4x2 _ 4x? —2 . _ x+1
@ y=75"73 ) y="5—~ M) vi)=75—
_ A+l dy _
2 Ify= T thena—...
1-2x—x’ B 3x +2x41 c l=2x-x’ p 3x’+2x+1
(xz+1)2 x'+1 xt+1 (xz+l)2
3 Differentiate each function with respect to x.
_Ax+1 (x+1)
@ y=""F%— (b) f(x)="—F" () Y= +1)
_(@x+1) X _(x+1
Dy © f0=F 0 ==
4 f(x)— ‘/—
correct or 1ncorrect
(x2+1)XL— x X2x
A fx)= 245 B flx)="2—— 2f :
(x2+1) (x2+1)
2
C (x)= x> +1-4x" D "(x) = S5x°+1
I 24 (x> +1) / 2Jx (x* +1)
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5 Find the derivative of each function.
@ y=("-4)(x+2) b) f(x)=4x' —2x> +6x°

_ .2 1) _x+2
d) g()=t +@2t-1) € y=2t2
@ y=x'-5x+Jx—2  (h) fuyziiﬁ

() fO=C-70)x+1) (K y="+Jx

6 Show that the gradient of the tangent to the curve y = —

x“+1

() y=+5x-1
(f) f(x)=\/x2+2

. 1
i =—
) J x> —=2x+2

) glx)=Y2tl

x*+1

is zero twice, at x=-1 and x = 1.

CHAPTER REVIEW 10

: o - 1-4x° L x1-27
1 Find the following limits. (a) )lcl_rg =2 (b) }Cll_g ~_3
2 Evaluate: (@) hmw (b) lim—(2 +h) —4 (€) lim (1+h)y -1
h—0 h h—0 h h—0 h

3 Find %)—f(x)’ h#0, for f(x) = 2x* — 3x.

4 For f(x) = x*+ 6x + 8, find:
@ f(2) (b) £'(2)

5 Find f’(x) for f(x)= J2x—1.

© f(o

6 Giveny= (x* —4)(3x* — 2x+ 1)°, find %

7 Find the derivative of each function.
@ y=(x-2) (b) f(x)=("+x")°
d) y= (x+x1)? (e) glx)=

@ f(x)=(x-1)(x+2)

(x +4)
(h) y=x"+3x+x-2
3

(d) the value of ¢ for which f’(c) =-2

() v=+25-1°

M y=232

M) flx)=—>

x*=2

. _2m-7 _1+x — (=3 —
8 Differentiate with respect to x: (@) «* (b) x(x—1) () x—2x
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CHAPTER 11
PLANE AND COORDINATE GEOMETRY

Outcomes covered:

H1 seeks to apply mathematical techniques to problems in a wide range of practical contexts

H2 constructs arguments to prove and justify results

H5 applies appropriate techniques from the study of calculus, geometry, probability, trigonometry and series to solve problems
H9 communicates using mathematical language, notation, diagrams and graphs

SUMMARY OF PRELIMINARY PLANE GEOMETRY

Parallel lines

When a transversal cuts a pair of parallel lines, the pairs of:
(@) alternate angles are equal
(b) corresponding angles are equal

(c) cointerior angles are supplementary.

Tests for parallel lines

If a transversal cuts two other straight lines and makes:
(@) a pair of alternate angles equal

or (b) a pair of corresponding angles equal

or (c) a pair of cointerior angles supplementary

then the two straight lines are parallel.

Transitivity of parallel lines
If AB||CD and CD || KL then AB|| KL.

Angle properties of triangles
1 The sum of the angles of a triangle is 180°.

2 If one side of a triangle is produced, the exterior angle formed is equal to the sum of the two interior
opposite angles.

Isosceles triangle properties
1 Two sides equal
2 Angles opposite the equal sides (also known as ‘base angles’) are equal
3 Line joining the midpoint of the base to the opposite vertex is perpendicular to the base
4 Line drawn from the vertex perpendicular to the base will bisect the base
5 Line joining the midpoint of the base to the opposite vertex bisects the angle at that vertex

6 Perpendicular bisector of the base passes through the opposite vertex

Equilateral triangle properties
1 All the properties of an isosceles triangle
2 Three sides are equal
3 Each angle is 60°

226 New Senior Mathematics for Years 11 & 12



Polygons

1 A polygon in which all sides are equal and all angles are equal is a regular polygon. An equilateral
triangle and a square are both regular polygons.

2 A polygon in which each angle is less than 180° is a convex polygon. A polygon in which at least one
angle is more than 180° is a concave polygon.

3 The sum of the angles of a polygon with # sides is (2n — 4) right angles, or (n —2) x 180°.

2n—4 n—2

n o
- £ % 180°.

4 The size of each angle in a regular polygon is right angles, or

5 If the sides of a convex polygon are produced in order, the sum of the exterior angles formed is
4 right angles.

Quadrilaterals
1 The sum of the four angles of any quadrilateral is 360°.

2 The sum of the exterior angles of a quadrilateral is 360°.

Special quadrilaterals and their properties

Parallelogram: a quadrilateral with both pairs of opposite sides parallel.
(@) pairs of opposite sides equal
(b) pairs of opposite angles equal
(c) diagonals bisect each other

Rectangle: a parallelogram for which one angle is a right angle.

(@) pairs of opposite sides equal

(b) each angle is 90°
(c) diagonals are equal and bisect each other

-
Rhombus: a parallelogram with a pair of adjacent sides equal.
(@) all sides equal
(b) pairs of opposite angles equal
(c) diagonals bisect each other at right angles

(d) diagonals bisect the angles of the rhombus

Square: a rectangle with a pair of adjacent sides equal
OR

a rhombus with one angle that is a right angle.

|
1

(@) all sides equal
(b) each angle is 90° -

(c) diagonals are equal and bisect each other at right angles

(d) diagonals bisect the angles of the square

Trapezium: a quadrilateral with one pair of opposite sides parallel.

A trapezium with its non-parallel sides equal is called an
isosceles trapezium.

(@) one pair of opposite angles are equal (between the unequal sides)

(b) one axis of symmetry

Kite: a quadrilateral with both pairs of adjacent sides equal. ::
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Tests for a parallelogram
1 If the pairs of opposite sides of a quadrilateral are equal, then the quadrilateral is a parallelogram.
2 If the pairs of opposite angles of a quadrilateral are equal, then the quadrilateral is a parallelogram.

3 If a quadrilateral has one pair of sides that are both equal and parallel, then the quadrilateral is a
parallelogram.

4 If the diagonals of a quadrilateral bisect each other, then the quadrilateral is a parallelogram.

Tests for a rhombus
1 If the four sides of a quadrilateral are equal, then the quadrilateral is a rhombus.

2 If the diagonals of a quadrilateral bisect each other at right angles, then the quadrilateral is a rhombus.

Pythagoras’ theorem

The square of the hypotenuse of a right-angled triangle is equal to the sum of the squares of the other two sides.

Converse of Pythagoras’ theorem

If the square of a side of a triangle is equal to the sum of the squares of the other two sides, then the angle
contained by these two sides is a right angle.

11.1 CONGRUENT TRIANGLES (HSC)

Tests for congruent triangles

1 Two triangles are congruent if two sides and the included angle of one triangle are respectively equal to
two sides and the included angle of the other triangle. (SAS)

2 Two triangles are congruent if the three sides of one triangle are respectively equal to the three sides of
the other triangle. (SSS)

3 Two triangles are congruent if two angles and a side of one triangle are respectively equal to two angles
and the corresponding side of the other triangle. (AAS)

4 Two triangles are congruent if the hypotenuse and one side of a right-angled triangle are equal to the
hypotenuse and corresponding side of the other right-angled triangle. (RHS)

Example 1
Prove that the opposite sides and angles of a parallelogram are equal. D ¢

Solution
Given: ABCD is a parallelogram

Aim: To prove that:
(@) AB=DC, BC=AD
(b) LABC=ZADC, ZDCB= ZDAB

Construction: Join AC.

Proof: (@) In AABC and AADC:
AC is a common side
Z/BAC=ZDCA (alternate angles, AB|| DC)
Z/BCA = ZDAC (alternate angles, BC || AD)
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~. AABC=AADC (AAS)
.. AB=DC (matching sides in congruent triangles)

Similarly BC=AD

(b) LABC=ZADC (matching angles in congruent triangles)
Similarly ZDCB = ZDAB

Example 2
ABCD is a square. P, Q and R are points of AB, BC and CD respectively such A i L o5
that AP = BQ = CR. Prove that:
@ PQ=QR (b) ZPQR=90° =+
Solution .
(a) Because AB=BC=CD and AP =BQ = CR, then:
PB=AB—- AP oo
QC=BC-BQ
PB=QC
In APBQ and AQCR:
PB=QC (from above)
BQ=CR (given)
/PBQ=/QCR=90° (given)
. APBQ=AQCR (SAS)
. PQ=QR (corresponding sides in congruent triangles)
(b) £ZBPQ=ZRQC (corresponding angles in congruent triangles)
But ZBQP =90° — ZBPQ (angle sum of APBQ)
= ZBQP =90° — ZRQC
And ZPQR + ZBQP + ZRQC = 180° (straight angle)
-~ ZPQR +90° — ZRQC + ZRQC = 180°
ZPQR =90°

EXERCISE 11.1 CONGRUENT TRIANGLES (HSC)

1 AB||DCand AO = OC. Prove that BO = OD by proving 4 B
that AAOB and ACOD are congruent.

D c
2 ABCD is a square and CX = CY. Prove: A B
(@ AX=AY (b) ZAXB=/AYD
X
1l T
D y T C

Chapter 11 Plane and coordinate geometry 229



3 Pand Q are points on the circumference of a circle with

Q
centre O, radius 5 cm. The lines drawn perpendicular to O
OP and OQ meet at T. ZPOQ = 100°.
(@) Prove that AOPT = AOQT. (b) Calculate the length of PT. T
O
P
4 Two line segments AD and BC bisect each other at O. 4 G
Prove that AB= CD and AB|| CD.
©
B D
5 Prove that if the straight line drawn from the vertex A
of a triangle to the midpoint of the base is perpendicular
to the base, then the triangle is isosceles.
[T I I T
B L. C
6 PQRS is a quadrilateral in which PQ = SR and SP = RQ. Prove: P Q
(@) APQS=ARSQ
(b) £PQS=ZQSR
(©) PQIISR
(d) PQRSis a parallelogram. S A
7 Given that AB= AC and DB = DC, show that ZABD = ZACD. A
8 If AC=AD and AB bisects ZCAD, prove: A
(@) AABC=AABD (b) BC=BD s
c D
B

9 ABCis a triangle in which ZB = ZC. The bisector of angle A meets BC at D. Prove that AABD and AACD
are congruent. Hence prove that AD is perpendicular to BC.
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10 AABC and AADE are isosceles. Show that Z/BAD = ZEAC.

>>

B D O E C

11 AABC and ABCD are isosceles. Prove:
(@) £ZABD=/ACD (b) £BAD=ZCAD

12 ABCD is a square. X and Y are points on BC and CD respectively such that BX = CY. Prove:
(@) AX=BY (o) AXL1BY

13 ABCD is a parallelogram and BE = DF. Show that A E
AE = FC and that AE || FC.

§

F
14 Pisa point inside a square ABCD such that APDC is equilateral. Prove: A 5 B
(@) AAPD=ABPC (b) AAPB is isosceles.

D l c
15 Pand Q are the midpoints of the equal sides AB and AC of A
the isosceles triangle ABC. Prove that PC = QB by first proving
that APBC = AQBC.
p Q
B c
16 ABCis an isosceles triangle with AB = AC. O is the A
midpoint of BC. OP and OQ are drawn perpendicular to
AB and AC respectively. Show that OP = OQ.
PLY AR
f S N
B ) c
17 Prove that the diagonals of a parallelogram bisect each other. P Q
(That is, prove that in parallelogram PQRS, PO = OR and SO = 0Q.)
0
S R
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18 Prove that the diagonals of a rectangle are equal. P Q
(Hint: prove that APQR = APQS.)

N R

19 Prove that the diagonals of a rhombus bisect each other at A B
right angles. That is, prove: '
(@) AO=0Cand DO= OB

(b) £ZAOB=90°.
(c) Also, prove that the diagonals of a rhombus bisect the angles of the
D C

rhombus, i.e. that ZDAO = ZBAO, ZADO = ZCDO and so on.

20 E, F, G and H are the midpoints of the sides AB, BC, CD and DA A £ B
respectively of the parallelogram ABCD. Assuming that the
opposite sides and angles of a parallelogram are equal, prove: H o
(@) AAEH=ACFG
(b) AEBF=AGHD
(c) EFGH is a parallelogram.

21 ABCD is a quadrilateral whose diagonals AC and BD bisect each

A B
other at right angles. Prove that ABCD is a rhombus. v
o

D c
22 Pand Q are two points inside a parallelogram ABCD such that

A B
AP=QC and AP || QC. Prove:
(@) AAPC=AAQC

D C

(b) PC|AQ
(c) PC=AQ
(d) AQCP is a parallelogram.

23 ABCD is a parallelogram and AP = QC. Prove:

A P B
(@ AAPD=ACQB
(b) PD=QB
(c) PDIIBQ /
Q

D

24 PQR is an isosceles triangle with PQ = PR. ASQR is also isosceles, with SQ = SR, and S is on the side of QR
opposite to P. Prove:

(@) APQS=APRS
(b) P, X and S are collinear, where X is the midpoint of QR.

25 ABCD is a quadrilateral with AB= DC and ZBAC = ZBDC. Prove: A
(@) PB=PC \V B
(b) AABC=ADBC <
(c) AC=BD , -
(d) PA=PD

26 ABCD is a parallelogram whose diagonals intersect at O. A X B
A straight line XY is drawn through O. Prove that OX = OY.
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27 ABCD is a parallelogram. P and Q are points on AB and CD respectively such that AP = CQ. Prove that the
perpendicular distances of P and Q from the diagonal BD are equal.

28 Prove that if one pair of opposite sides of a quadrilateral are equal and parallel, then the other pair of
opposite sides are also equal and parallel.

29 From the midpoint O of AB, the line CD is drawn at right angles. Prove: c
(@ AAOC=ABOC ﬁ #
(b) AAOD=ABOD 4 ot /8
(c) ACAD=ACBD
This quadrilateral ABCD is called a kite.

D

30 From the set ‘parallelogram, rectangle, rhombus, square; list all the shapes that have the given property:

(@) opposite sides equal (b) opposite angles equal
(c) diagonals bisect each other (d) diagonals are equal
(e) diagonals bisect the angles of the shape () diagonals are at right angles

(9) diagonals bisect each other at right angles  (h) all angles are right angles.

31 ABCis an acute-angled triangle. The bisector of angle A meets the A
perpendicular bisector of BC at P.

(@) Prove that APBM = APCM and hence that PB = PC.
(b) Draw lines PX and PY perpendicular to AB and AC respectively. Prove
that AAPX = AAPY and hence that AX = AY and PX = PY.
(c) Prove that APXB = APYC and hence that XB= YC. B
(d) Hence show that AB=AC.

L %1
M } C

You have now proved that any triangle ABC is isosceles. This is clearly a false statement, so there must be a
problem with the diagram. Use geometry drawing tools in GeoGebra or other software to find the error.

11.2 SIMILAR TRIANGLES (HSC)

Tests for similar triangles

1 Two triangles are similar if the three angles of one triangle are respectively equal to the three angles of
the other triangle.

2 Two triangles are similar if the three pairs of corresponding sides are respectively proportional.

3 Two triangles are similar if two pairs of corresponding sides are proportional and the angles included by
these sides are equal.

Example 3
(@ £PAB=ZCQB, AB=4.2cm, BQ=2.8cm. Prove that AAPB|||AQCB. A 0
(b) For PB=3cm and CQ =2.4cm, find the lengths of BC and AP.
Solution
(@) Given: ZPAB=./CQB 5
Aim: To prove that AAPB||| AQCB p
Proof: Z/PAB=/CQB (given) 4

ZABP=ZQBC (vertically opposite angles)
. AAPB|||AQCB  (AAA)
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b) £A_AB_ BP
CQ QB BC
PA 42 BP r PA _BP 3

(matching sides of similar triangles are proportional)

CQ~ 28 BC * CQ~BC ™2

- 233 . _
PB=3cm: BC =2 .. BC=2cm

_ .PA_3 . _ _
CQ=24cm: 24> S PA=3X%x12=3.6cm

EXERCISE 11.2 SIMILAR TRIANGLES (HSC)

1 A boy who is 1.6 m tall stands 3 m from a street light and casts a
shadow 2 m long. The height of the light above the ground is:

A 24m B 27m
C 4m D 48m

|— 2m | 3m 1
Shadow
2 A girl who is 1.2m tall stands 4.5 m from a street light and casts a shadow 1.5m long. How high is the

light above the ground?
A

3 To find the width of a creek, Vinh walked from Bto Cto D to a
point E such that ECA was a straight line. If BC=20m, CD =10m,
DE = 5m, what is the width AB of the creek?

Creek

[ov]
@)
L[
= o

4 A ladder 5m long leans against a wall, with the top of the ladder reaching
4m up the wall and its foot 3 m from the wall. A person is at the point D,
2m up the ladder.

(@) Prove that AADE ||| ADBF.

(b) Find the person’s height DE above the ground.
(c) Find the person’s distance DF from the wall.

5 AKLM is right-angled at L. P is the midpoint of KM and PQ_LKL. K
(@) Prove that AKQP ||| AKLM.
(b) Explain why KQ = QL.
(c) Prove that AKPL is isosceles.
(d) Which other triangle in the figure is isosceles?

6 A road up a hillside has a constant slope of 1 in 10, i.e. for 10 rl A
every 10 units up the hill there is a vertical rise of 1 unit. If
the distance up the hillside is 80 m, what is the vertical rise?
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7 The diagram (not to scale) shows how GH measures the height T
of a tree TR, with the aid of a small mirror M placed in the ground.
Gareth, whose eye level is 1.8 m above the ground, places the mirror
5m from the tree and 30 cm from himself to see the top of the tree.

(@) Prove that ATRM ||| AGHM.

(b) Calculate the height of the tree. G
R = H
8 From the vertex A of a right-angled triangle ABC, AD is A
drawn perpendicular to BC.
(@) Prove that the three triangles AABD, AADC and AABC are
similar to each another.
(b) For AB=15cm and AD =12 cm, find the lengths of BD, 5 o
DCand AC. P
9 Aladder AB, 10m long, rests against a wall. Point B is 6 m from the wall.
(@) How far up the wall does the ladder reach?
(b) Ruby stands on the ladder at point D, 4 m up the ladder.
Prove that AADF ||| ADBE.
(c) Calculate the distances DE and DF.
B
10 The diagram (not to scale) illustrates the principle of a pinhole camera. A
Light from the object AB passes through a small hole P to form an inverted
image, DC. b
(@) Prove that AAPB||| ADPC. P
(b) How far in front of P must an object 2.7 m high be placed so that an
image 2.5 cm high is formed 3 cm behind P? ¢
B
11 ABCD is a billiard table whose dimensions are 12 units by 6 units. B 8 E 4 4
A player strikes a ball at E so that the ball hits another ball at F. a4
(@) Name two similar triangles in the diagram. T .
(b) If AE =4 units and CF = 4 units, what is the distance BX? Xl
c 1t 8 D
12 In the diagram, AABC is isosceles with side lengths 13cm, 13 ¢cm, 10cm. A
DEFG is a rectangle with EF =9 cm. ]
(@) Calculate the length of AX. D\ E
(b) Prove that AAXC||| AEFC. :
(c) Calculate: E
(i) thelength of FC (i) the breadth of the rectangle. !
5
B G X F ¢
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13 A person 2m tall casts a shadow 3 m long from a light 10m above L
the ground.

(@ What is the horizontal distance from the person to the light?

(b) What would be the length of the shadow of a person 1.5m tall 10 m
standing in the same position?

(c) How far horizontally from the light would a person 1.6 m tall have
to stand to cast a shadow 3.2 m long?

14 A straight line through the vertex A of a parallelogram ABCD meets BC at E and at DC produced at F.
Prove:

(@) AABE ||| ACEF

(b) AABE||| AADF

AB _ BE
c) C lete £2 = 2=
(c) Complete =7

15 PQRis a triangle. A line drawn parallel to PQ meets QR at X and meets PR at Y. Through P a line is drawn
parallel to QR, meeting XY produced at Z. Name three similar triangles in this description.

16 ABCis a triangle. BE and CF are drawn perpendicular to AC and AB respectively. Prove that
triangles AFC and AEB are similar.

17 The sides AB and DC of a quadrilateral are produced to meet at E. If ZEBC = ZADE, prove that
AEBC ||| AEDA. State two ratios that are each equal to %ﬁ—

18 D, E and F are the midpoints of BC, CA and AB respectively of AABC. Prove that AABC ||| ADEF. What is
the ratio of their corresponding sides?

19 AABC s isosceles with AC = BC = x. The point D on the side AB c
is chosen so that AD = CD. Let AD =a, DB=y and ZADC = 6.
(@) Show that AABC is similar to AACD. x a "

(b) Show that x° = a” + ay.
(c) Use the cosine rule to find an expression for y in terms of a N i 5
and 6. ‘a D y

11.3 HARDER INTERCEPT PROPERTIES OF PARALLEL LINES

If three (or more) parallel lines cut off equal intercepts on a transversal, then the parallel lines will cut off

equal intercepts on any other transversal.

Useful results from the intercept property*

1 The straight line drawn through the midpoint of one side of a triangle, parallel to a second side, bisects
the third side.

2 The straight line joining the midpoints of two sides of a triangle is parallel to the third side and half
its length.

3 A line drawn parallel to one side of a triangle divides the other two sides in proportion.

*Note: these results are not an essential part of the syllabus, but they may be derived and quoted in proofs.

Theorem
When two transversals cut three (or more) parallel lines, the intercepts cut off on one transversal are
proportional to the intercepts cut off on the other transversal.

(This theorem will not be proved here.)
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Example 4
ABCD is a parallelogram in which AC is produced to Y and CA is produced
to X such that AX = CY. Prove that XBYD is a parallelogram.

Solution
Join the diagonal BD and let it intersect AC at P.

AP=PC (diagonals of parallelogram ABCD bisect each other)
Similarly BP = PD.
Because AX = CY, then:
AX+AP=CY+CP
.. XP=PY
In the quadrilateral XBYD, XP = PY and BP = PD.
. XBYD is a parallelogram (diagonals bisect each other).

This material covers section 2.6 of the Mathematics Extension 1 course.

EXERCISE 11.3 HARDER INTERCEPT PROPERTIES OF PARALLEL LINES

1 D, E and F are the midpoints of the sides AB, BC and CA respectively. A
(@ Name three parallelograms in the diagram.
(b) Name four congruent triangles in the diagram. v D
c ——r— B
2 E, F, G and H are the midpoints of the sides AB, BC, CD and DA A ‘
respectively of the quadrilateral ABCD. Prove:
B
(a) HE| DB V
(b) GF|| DB H F
(c) GF| HE ‘
(d) EFGH is a parallelogram. D > N
3 D, E and F are the midpoints of AB, BC and CA respectively. Prove: 4
(@ FG=GD (b) AG=GE
E D
G
C t——— B
4 PQRS is a trapezium with PQ|| SR. If A, B and C are the midpoints of 2 Q
SP, PR and QR respectively, prove that: / : B \
A c
(@ ABJ SR (b) BC|| PQ (c) the points A, Band C are collinear. N
S R
5 PQRSis a trapezium with PQ || SR. If A and B are the midpoints of p Q
SP and RQ respectively, prove that: / \
(@) ABis parallel to PQ and SR (b) AB= %(PQ +SR) 7 \B
S R
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6 Prove that the three straight lines joining the midpoints of the three sides of an equilateral triangle must
divide the triangle into four equilateral triangles.

7 D is the midpoint of the side BC of AABC. Lines BX, DY and CZ are drawn from B, D and C respectively,
perpendicular to any straight line through A. Prove that XY = YZ.

8 P, Q, Rand S are the midpoints of the sides of a rectangle ABCD. 4
By joining the diagonals AC and BD, prove that PQRS is a rhombus.

D

11.4 COORDINATE METHODS IN GEOMETRY

This section uses skills developed in the Preliminary course in Chapter 6, as summarised below, to prove facts
about geometrical figures using coordinate geometry.

Gradient of a straight line, m

+ The gradient (or slope) m of a straight line joining the points (x,,y,) and (x,,y,) is given by

_ Yo h .
m= xz_x1,1fxl¢x2.

o Ifx, =x,, the gradient is undefined and the line is vertical (that is, parallel to the y-axis).

+ Ify =y,, the gradient is zero and the line is horizontal (that is, parallel to the x-axis).

Straight lines

o y=mx+ bis the equation of a straight line with gradient m and y-intercept =b. This is the
gradient-intercept form of the equation of a straight line.

e y—y,=m(x—x,) is the equation of a line with gradient m that passes through the point (x,y,). This is
the point-gradient form of the equation of a straight line.

)%/2 __);11 = ;Cz__);ll or y—y, = gg; — ggi (x — x, ) is the equation of a line that passes through the points

(x,,y,) and (x,,,). This is the two-point form of the equation of a straight line.

o ax+ by+ c=0is the general form of the equation of a straight line. Here a is the coefficient of x, b is the
coefficient of y and ¢ is the constant term.

« From the general form: gradient = - Z and y-intercept = -% .

If a = 0, the line is parallel to the x-axis. If b = 0, the line is parallel to the y-axis. If ¢ = 0, the line passes
through the origin.

Parallel lines
« Two lines are parallel if their gradients are equal, so m =m,.
o The equation of a line parallel to ax + by + c=01is ax+ by + d =0, where c # d.

Perpendicular lines
« Two lines are perpendicular if the product of their gradients is -1, so m m, = -1.
This can also be written as m, = r_n_ll Each gradient is the negative reciprocal of the other.

 The equation of a line perpendicular to ax + by + c=01is bx—ay +d =0.

Midpoint of an interval

+ The coordinates of the midpoint of the interval joining (x,,y,) and (x,, y,) are (% ,%)

Distance between two points
+ The distance d between two points (x,, y,) and (x,,y,) is d= \/( X, — X, )2 + (yl -, )2 .
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Perpendicular distance of a point from a line
+ 'The perpendicular distance of a fixed point P(x, y,) from a line with equation ax + by + ¢ = 0 is given by
+by, +
the formula d = M or g by te .
Va’ +b’ Va’ +b°

o The sign of this distance (before the absolute value is taken) indicates which side of the line the point is
on. Points with a positive distance are on one side of the line, while points with a negative distance are

on the other side of the line.

d=

Example 5
Find the equation of the perpendicular bisector of the line joining the points A(6,4) and B(-2,-2).
Solution
Draw a diagram. y
Midpoint of AB is 6+2(-2)’4+T(-2) y 1en(2,1)
Gradient of ABis =(:2) _6 _3
G2 B 4

[SVRN

Gradient of perpendicular to AB = -

Equation of perpendicular bisector:  y—y =m(x—x))

y—1=-3(x-2)
3y—3=-4x+8
4x+3y—11=0

Example 6

Show that the four points (0,0), (3,1), (4,-2) and (1,-3) are the vertices of a square.

Solution

Draw a diagram and name the vertices O, A, B and C as shown. y AGD)

OA=+3*+12 =10

AB=+f(4-3) +(-2—1)* =+[1+9 =410
BC=+/(4-17 +(-2=(-3))* =3 +1*> =410 B(4,-2)
CO = 1> +(-3)* =410 o.-3)

.. OA=AB=BC=CO0O, so OABC is a rhombus.

Gradient of OA =3

Gradient of OC =3 =-3
Ix(-3)=-1, so OALOC

(0] X

. OABC is a rhombus with one angle a right angle, hence OABC is a square.

.. The four given points are the vertices of a square.
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EXERCISE 11.4 COORDINATE METHODS IN GEOMETRY

1 Calculate the area of the triangle whose vertices are (1, 3), (3,4) and (0,2).

2 Prove that the linesx —2y +5=0, x+ 2y —5=0and 2x + y — 5 = 0 are equidistant from the origin.
3 Prove that the points (0,-2), (6,6) and (8,4) are the vertices of an isosceles triangle.

4 Show that the points (2,-3), (5,2) and (-3, 0) are the vertices of a right-angled triangle.

5 Show that the points A(-1,4), B(4,6), C(2,7) and D(-3,5) are the vertices of a parallelogram ABCD by
finding the lengths of the sides. Find the length of each diagonal.

6 Show that the points P(-2,4), Q(5,5) and R(-2,-2) are equidistant from the point (2, 1).

7 Find the length of each side of a triangle whose vertices have coordinates (-2,-3), (-5,1) and (6, 3). Hence
show that the triangle is right-angled.

8 The vertices of a quadrilateral are the points A(2,-3), B(5,1), C(1,4) and D(-2,0). Show that the
quadrilateral is a square.

9 Show that the points (-4,-1), (2,3) and (6, -3) are the vertices of a right-angled isosceles triangle.
10 Using only gradients, show that the points (1,1), (4,5), (0,8) and (-3,4) are the vertices of a square.

11 The coordinates of A, B and C are (2,19), (-3,7) and (10, 7) respectively.
(a) Show that AABC is isosceles.
(b) Find the length of the perpendicular from B to AC.

12 Show that the points (2,-1), (4,3) and (5,2) are equidistant from the point (3, 1).
13 Show that the points (-2,-2), (4,6) and (-4,2) are equidistant from the point (1,2).

14 The coordinates of A, B and C are (0,4), (5,1) and (1, -3) respectively. Find:
(@) thelength of AB (b) the perimeter of AABC.
15 A(4,3), B(6,-2), C(1,-5) and D(-3,-2) are the vertices of a quadrilateral. Find the coordinates of E, F, G

and H, the midpoints of AB, BC, CD and DA respectively, and prove that these points are the vertices of a
parallelogram.

16 Find the equation of the perpendicular bisector of the interval joining the points (-5,-6) and (3,-2).

17 Find the equation of the line parallel to the line 3x + 4y — 6 = 0 and passing through the midpoint of the
interval joining the points (-5,-6) and (2, 8).

18 The points A(5,3), B(3,-6), C(-3,-2) and D(-1,7) are the vertices of a parallelogram. Find the coordinates of
the midpoint of each of its diagonals. What do you conclude?

19 Find the equation of the line perpendicular to the line 2x — 5y + 3 = 0 and passing through the midpoint of
the interval joining the points (-8, 6) and (4,-2).

20 (a) Show that the triangle whose vertices are A(3,5), B(1,1) and C(-1, 3) is isosceles.
(b) Find the coordinates of the midpoint D of BC.
() Write the gradients of AD and BC.
(d) What property of isosceles triangles is illustrated in (c)?

21 A(-3,-1), B(4,1), C(8,5) and D(1, 3) are the vertices of a parallelogram.

(@) Find the coordinates of the midpoints of the diagonals AC and BD.
(b) What property of parallelograms is illustrated in (a)?
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22 (a) Show that the four points (0,0), (2,1), (3,-1), (1,-2) are the vertices of a square.
(b) Find the coordinates of the midpoint of each diagonal. What can you conclude?
(c) Write the gradient of each diagonal. What can you conclude?

23 A(2,1), B(1,4), C(-4,-1) are three points.
(@) Show that ZBAC is a right angle.
(b) Find the coordinates of the midpoint D of BC.
(c) Find the distance from D to each vertex of the triangle.

24 A(-1,4), B(4,6), C(2,7) and D(-3,5) are the vertices of a parallelogram.
(@) Find the coordinates of the midpoints P, Q, R and S of AB, BC, CD and DA respectively.
(b) Prove that PQRS is also a parallelogram.

25 A(-4,0), B(4,0) and C(2,4) are the vertices of a triangle.

(@) Find the equation of the perpendicular bisector of AB.

(b) Find the equation of the perpendicular bisector of BC.

(c) Find the coordinates of the point S where the perpendicular bisectors meet.
(d) Prove that S is equidistant from each of the vertices.

CHAPTER REVIEW 11

1 Find the value of each pronumeral. Give reasons for your answers.

(@) L (b) 4 yem ()
M B
> 4
K T 32 M . 3cm
x5 D 3cm  E 4cm C
N
2 ABCD is a parallelogram in which ZBCD =120°. E lies on 4 B
DC so AD = AE. Prove that AADE is equilateral. What special
property does the figure ABCE have?
120°
D E C
3 HKLMN is a regular pentagon in which the sides NM and KL K
have been produced to meet at A.
(@) Calculate the size of ZLMN. H L
(b) Hence show that ALNA is isosceles.
N M A
4 In AABC, PQ||CB.
P

A
(@) Prove that AAPQ ||| AACB.
(b) If PB bisects ZABC, prove that APQB is an isosceles triangle. o
c B
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5 HKLMN is a regular pentagon. The diagonals HM and KN intersect at A. K
(@) Show that the size of HNM is 108°.
(b) Find the size of ZNMH, giving reasons for your answer. & L
(c) By considering the sizes of angles, show that ANMA is isosceles.
(d) Hence calculate the size of ZKAM. A

(e) The remaining diagonals HL, KM and LN K N M
are drawn as shown. Explain why ABCDE ‘
L

is a regular pentagon. H,
By

6 In AADE, B is the midpoint of AD and C is the midpoint of AE. A
The intervals BE and CD meet at F.

(@) Explain why AABC is similar to AADE.
(b) What can you say about BC and DE?
(c) Hence, or otherwise, prove that the ratio CF: FD=1:2.

7 AE||BD. ZADE = ZABD = /BCD. A

(@) Prove that AADE ||| ABCD.
(b) Prove that ADBA ||| ABCD. B

(c) Hence write two ratios equal to BD"

E D

8 ABCD and GFEB are both squares. HGBA is a parallelogram. F

(@) Prove that FG= HA. H @
(b) Prove that HF = DH.

t

[N
o

9 AB||CD. BCbisects ZACD. AD and BC intersect at Q. AD 1. BC. A B
(@) Prove that ZACB= ZABC.
(b) Prove that AAQC = AAQB.
(c) Prove that ABDC is a rhombus. 2

(¢} D

10 The hypotenuse of a right-angled triangle is (x + 1) cm in length and the other two sides are x cm
and (x — 7) cm. Form an equation in x and solve it to find the length of each side.

242 New Senior Mathematics for Years 11 & 12



11 ABCD is a rectangular block 10 cm by 6 cm leaning against a vertical wall. S
Point D is 5cm above the horizontal ground.

(@)

Prove that AEAD and AFAB are similar.

B

(b) Find, in simplest surd form, the vertical height of B and C above the ground. D

0 0

E A F

12 ABCD is a parallelogram. AE and CF are drawn perpendicular to the A B
diagonal DB. Prove: E
(@) AAEB and ADFC are congruent (b) AE=FC
E
D c

13 A(0,0), B(6,0), C(8,2) and D are the vertices of a parallelogram ABCD. Find the coordinates of D.

14 Find the coordinates of the point A on the line x = -3 such that the line joining A to B(3,5) is perpendicular
to the line 2x+ 5y — 12 =0.

15 (a)
(b)

16 (a)
(b)
()
17 (a)
(b)
()

Calculate the distance of the point (3,4) from the line x+ y — 6 =0.
A(1,4), B(0,3), C(-4,6) are the vertices of a triangle ABC. Calculate the distance of A from side BC
and hence find the area of AABC.

Find the equation of the perpendicular bisector of the line joining the points A(4,2) and B(-6,4).
Prove that the point P(-1,3) is on this perpendicular bisector.
Find the distance of P from A and B. What do you conclude?

Prove that the points A(-2,-3), B(6,2), C(8,7) and D(0,2) are the vertices of a parallelogram.
Find the coordinates of the midpoints of the diagonals AC and BD.
What property of parallelograms is illustrated in (b)?

Chapter 11 Plane and coordinate geometry 243



CHAPTER 12

GEOMETRICAL APPLICATIONS
OF DIFFERENTIATION

Outcomes covered:

H1 seeks to apply mathematical techniques to problems in a wide range of practical contexts

H5 applies appropriate techniques from the study of calculus, geometry, probability, trigonometry and series to solve problems
H6 uses the derivative to determine the features of the graph of a function

H7 uses the features of a graph to deduce information about the derivative

H9 communicates using mathematical language, notation, diagrams and graphs

12.1 THE SIGN OF THE DERIVATIVE

Remember that the first derivative of a function (as studied earlier, see Chapter 10) is also known as the
gradient function, because it allows us to calculate the gradient at any point on the curve. You have used the
process of differentiation to find this gradient function or derivative of a function. This can be positive, negative,
zero or undefined. Each possible value has a geometrical application.

Example 1
The sketch of the function y = 4x — x” is given in the diagram. y

(a) Find % as a function of x.

(b) Complete the following table of values for %; 0 3 x

=

x 0 1 2 3 4 5

dy
dx

(c) Draw the graph of % on the same diagram as a graph of y.

(d) For what values of x is (|) & e 0 (i) d_y =0 (iii) d
4
dx

(e) Describe the function y = 4x — x° where Z > 0.

() Describe the function y = 4x — x° where % <0.

(9) Describe the function y = 4x — x° where % =0.
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Solution
dy _
(a) % =4-2x

(b)
X 0 1 2 3 4 5
dy
= 4 2 0 -2 -4 -6
(c) y (d) (i) x<2 (i) x=2 (iii) x>2
X X X X

d . .
() Where % >0, y increases as x increases. The curve slopes up.

(g9) Where % =0, y neither increases nor decreases. It is at its

highest point and the tangent at this point is horizontal.

d
(f) Where d_fc <0, y decreases as x increases. The curve slopes down.

The sign of the first derivative

d . C . .
o If % >0 as x increases, the function is an increasing function.

dy

o If = < 0as x increases, the function is a decreasing function.
dx
d
o If % = 0 at a given value of x, the function is stationary at that point; the point is called

a stationary point. At this point, the tangent to the curve is parallel to the x-axis.

Each definition and its converse can be used to determine a function’s characteristics:

o If % > 0, then the function is increasing; if the function is increasing, then % > 0.
dy .. _ . . dy
o If T <0, then the function is decreasing; if the function is decreasing, then I <0.
dy . . . . . . dy
o If I 0 at a point, then it is a stationary point; at a stationary point, dx 0.
Example 2
For what values of x is the function f(x) = 2x° —9x* — 24x + 1
(@) stationary (b) increasing (c) decreasing?
Solution

Find f'(x):  f’(x)=6x"—18x—24
Remove common factor: f(x)= 6(x* — 3x —4)
Factorise: f(x)=6(x+1)(x—4)
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(@) For stationary points, f’(x)=0: 6(x+1)(x—4)=0
x=-1,4
Stationary points occur at x=-1 or x =4.
(b) Increasing where f’(x) > 0: (x+1)(x—4)>0 OR Graphically: A@L
Testx=0:  LHS=1x(-4) ! !
=4 Graph is above axis for x < -1 or x > 4
<0 Function is increasing for x < -1 or x> 4
Function is not increasing for -1 <x < 4

Hence function is increasing for x < -1 or x > 4.

(c) Decreasing where f’(x) <0, so function is decreasing for -1 <x < 4.

Example 3
Sketch a graph of f such that f(4) =2, f'(4)=0,f(1)=5, f'(1) =0, f'(x)>0 for all x < 1 and for all x > 4;
also f'(x)<0for1<x<4.

Solution
Mark this information on a number plane: g £ =0
Use straight lines to indicate gradients. =1
flx) > y— Flx) <0
o /’(x) >0
2+ ——
1 flx)=0
—t—t—11
0 1 4 x

Draw a curve using this information:
The only points that we know for sure on y = f(x) are (1,5)
and (4,2).

From the gradients we know that the curve changes from
increasing to decreasing at (1,5) and from decreasing to
increasing at (4,2). Fit the curve to this information.

EXERCISE 12.1 THE SIGN OF THE DERIVATIVE

1 A function f(x) has the following properties: f(3) =4, f’(3) = 1. Which sketches fit the graph of y = f(x)

near x = 3¢
A y B Y C y D y
4 4 4+ 4 4 4 4
2 == 2-= 2 4 2 4
1 l 1 l 1 1 | 1 1 1 1 l | 1 1
T T T 1 1 I 1 1 1 1 T 1 I 1 I 1
o T R % 1 3 F ol 1 "3 " x ol R
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2 Sketch the graph of y =f(x) with the following properties: f(1) =0, f’(x) =2 for all x. State the rule that
defines the function.

3 Sketch the graph of a function given that f(2) =0, f’(2)=0, f'(x)<0forallx<2,and f'(x)>0
for all x> 2.

4 Sketch the graph of y = f(x), such that f(3) =3, f’(3) =0, f(1)=5, f'(1)=0, f’(x)>0forall x<1and
for all x> 3;also f'(x)<0for1<x<3.

5 For the function f(x) = x* — 5x + 6, sketch the graph of f’(x) and hence find the values of x for which:
(@ f(x)<0 (b) f(x)=0 © f(x)>0

6 Sketch the curve y = 4x — x°. For what values of x is % = 0? What is the sign of the gradient to the left and
right of this point?

7 For the graph of f(x) = 6 — 3x — x°, find the values of x for which the function:
(@) increases when x increases (b) decreases when x increases
(c) changes from increasing to decreasing.

8 For the graph of f(x) = x* — 6x° + 9x + 2, find:
(@ f'(x)

(b) the values of x for which the function increases when x increases
(c) the values of x for which the function decreases when x increases
(d) the values of x for which the function changes from increasing to decreasing.

9 For the graph of f(x) = x’ — 1, find the values of x for which the function:
(@) increases when x increases (b) decreases when x increases
(c) changes from increasing to decreasing.
10 For the graph of f(x) = (x — 1)*(x + 1), find the values of x for which the function is:
(@) stationary (b) increasing (c) decreasing.

12.2 THE FIRST DERIVATIVE AND TURNING POINTS

In functions we have seen so far, a stationary point is usually the point where the function changes from
increasing to decreasing (or from decreasing to increasing), so that the stationary point is the highest (or lowest)
point in the neighbourhood. (Here ‘neighbourhood’ means ‘near the point on the graph’) However, sometimes
the function does not change the sign of its gradient at the stationary point. This situation will be considered later.

¥ flx)=0
When a function changes from increasing to decreasing at a stationary point, the sign
) > (/ \f’(x) <0

of f’(x) changes from positive to negative.

When a function changes from decreasing to increasing at a stationary point, the sign

y
of f’(x) changes from negative to positive. £ o /f’(x) »
These points are called turning points. If the turning point is higher than the other

points in its neighbourhood, it is called a local maximum turning point. If the point
is lower than the other points in its neighbourhood, it is called a local minimum
turning point.

A turning point of f(x) is a point where the curve y = f(x) is locally a maximum or a minimum.

For a differentiable function f(x), all turning points are stationary points.
(However, note that not all stationary points are turning points.)
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First derivative test for local maxima and minima
A turning point of the differentiable function f(x) may occur when f’(x) = 0. The type of turning point will
depend on the change in sign of f’(x) as x passes through the abscissa (x-coordinate) of the stationary point,
so we need to find the sign of f’(x) on either side of the stationary point.
7Y flx) =0
If f/(x)=0whenx=x, f’(x) >0 when x<x,and f’(x) <0 when x> x,, then fiy) + 1
the sign of f’(x) changes from positive to negative as x passes through x,. The point fx) >(/ \f <0
(x5 f(x,)) must be a local maximum turning point.

<——{——>

x
O X

If f/(x)=0when x=x,, f’(x) <0 when x<x,and f’(x) >0 when x> x,, then

the sign of f’(x) changes from negative to positive as x passes through x,. The point
(x,, f(x,)) is a local minimum turning point. flo< 0\ /f x)>0

Thus there are two conditions required to find turning points of the function y = f(x): /T ==
Pl B (xz)l—o
1 f'(x)=0atx=x,and 0 % x

2 f’(x) changes sign as x passes through x .

Example 4
The diagrams show the graphs of f(x) = x> —6x+8and f'(x)=2x-6 4
drawn with a common x scale.

The way that f’(x) changes will tell you whether the turning point is a maximum or minimum turning point.
(@) Find the coordinates of any stationary points on f(x).
(b) Use the graph of f’(x) to determine the nature of the turning

flx)=x>-6x+8
points (i.e. maximum or minimum). .
s X

(c) What is the least value of f(x)? 0 5\‘/

>

[P Uy ey e Coyepy S SR IR

Solution f
(@ The graph of f’(x) gives that f’(x) =0 when x = 3.
f(3)=9-18+8=-1
The coordinates of the stationary point are (3,-1) %
(b) When x<3, f'(x) <0; whenx>3, f’(x)>0.

f’(x) changes from negative to positive as x passes through 3.

flx)=2x-6

)

.. The stationary point is a relative minimum turning point (local minimum).
(c) The least value of f(x) is -1.

Example 5
A function is given by f(x) = x’ — 12x + 16.
(@ Find f"(x).
(b) Find the coordinates of any stationary points.

(c) Determine the nature of the stationary points.
(d) Sketch y = f(x).
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Solution
@ f'(x)=3x"-12

(b) For stationary points, f’(x) =0, so:

3(x*—4)=0
(x+2)(x—2)=0
x=-2,2

f(-2)=-8+24+16=32 f(2)=8-24+16=0
Stationary points are (-2,32) and (2,0).
(c) Consider the stationary point (-2,32).
Atx=-3, f/(-3)=27-12=15>0
Atx=-1, f'(-1)=3-12=-9<0
f’(x) changes from +ve to —ve, so f(x) has a maximum turning point at (-2,32).
Consider the stationary point (2,0).
Atx=1, f/(1)=3-12=-9<0
Atx=3, f'(3)=27-12=15>0
f’(x) changes from —ve to +ve, so f(x) has a minimum turning point at (2,0).
. (-2,32) is a maximum turning point and (2,0) is a minimum turning point.

(d) !

(-2,32)

'
o

(0} (2,0) x y

f
In calculating the change in gradient, a sketch of f’(x)=3x"—12
could have been used to investigate the change in sign of f’(x):

x<-2, f'(x)>0
x> -2, f’(x) < 0: maximum turning point at (-2,32)

Y2 fix)e0
x>2, f’(x)>0: minimum turning point at (2,0)

)

@]
)

=

When selecting values of x to substitute into f’(x), you need to pick values near the abscissa (x-coordinate)

of the stationary point. But how near is ‘near’? In Example 5 we used values that were 1 unit either side of the
stationary point, and in this example that was close enough. We could have used -2.1 and -1.9 and reached the
same answer, but the calculations would have been more time-consuming.

Calculations for the stationary point at (-2,32) could have been summarised in tables as follows:

x-value -3 -2 -1 x-value 2.1 -2 -1.9
f(x) 15 0 -9 f(x) 1.2 o | -12
Sign of f’(x) + 0 - Sign of f"(x) + 0 -
Direction of curve ya N Ny Direction of curve Va - Ny
Shape of curve /\ Shape of curve /—\

This would then allow us to say that the point (-2,32) is a local maximum.
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Turning points —theoretical method

Another method to investigate turning points is to use the vanishingly small positive number € (the Greek letter
epsilon), defined so that € is infinitesimally small but £> 0.

To apply the € method to Example 5, at the stationary point (-2,32) consider x =-2 — €and x =-2 + € as the
values of x either side of x = -2. Factorise the expression f’(x)= 3x* — 12 into f(x)=3(x+2)(x—2)and
examine the values of f”:

f(-2—e)=3(-2—€+2)(-2—e-2)=3(-¢)(-4 — &) > 0, because (—) X (—) = (+)
f(-2+€)=3(-2+e+2)(-2+e-2)=3(e)(-4 + &) <0, because (+) X () = (-)

f’(x) changes from +ve to —ve, so f(x) has a maximum turning point at (-2, 32).

Example 6

The function y = 3x” — x° is defined on the domain -2 < x < 4. Find:
(@) the stationary points and determine their nature
(b) the greatest and least values of y in the domain.

(c) Sketch the function for the given domain.

Solution p
@ y=3x-x For stationary points, % =0
dy _ 2 -
%—6x 3x 3x(2-x)=0
=3x(2—x) Sox=0 or x=2
Stationary points are (0,0) and (2,4).
For €> 0:
x=0-¢ d—y=3(-e)(2—(-£)) x=0+¢ d—y=3£(2—e)
’ dx ’ dx
=-3e(2+¢) >0
<0
% changes from —ve to +ve, so (0,0) is a minimum turning point.
_ dy _ _ dy _
x=2-—¢, 5—3(2—8)(2—(2—8)) x=2+E€, E—3(2+8)(2—(2+8))
=3(2-¢)(e) =32+ ¢)(-¢)
>0 <0
% changes from +ve to —ve, so (2,4) is a maximum turning point.
(b) The turning points give the local maximum and minimum (c) y
values. The values at the endpoints of a given domain may (-2,20) -+

be greater than or less than these local values. In this 2 5
example we need to find the value of y at x =-2 and x = 4.

x=-2 y=12+8=20 Ak
x=4: y=48—-64=-16 R

Hence the greatest value of the function in the domain is 20
and the least value is -16. These occur at the endpoints of
the domain. T

Syt

-+ (4,-16)
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EXERCISE 12.2 THE FIRST DERIVATIVE AND TURNING POINTS

1 A function is given by f(x) = x° — 6x + 8.
(@ Find f'(x). (b) Find the coordinates of any stationary points and determine their nature.
(c) Sketch y=f(x).

2 If f’(x) = x" — 5x — 6 then stationary points may occur when:
A x=1,-6 B x=-2,-3 C x=-1,6 D x=-32

3 A function is given by f(x) = x’ — 6x” + 16.
(@ Find f'(x). (b) Find the coordinates of any stationary points and determine their nature.
(c) Sketch y=f(x).

4 A function is given by f(x) = x” — 9x” + 15x + 16. You are asked to find the stationary points and determine
their nature. Four steps in answering this question are shown below. Indicate whether each step is correct
or incorrect.

@ f(x)=3x"—18x+15 (b) Stationary points occur when x = -1, 5.
(c) (1,23) is a maximum turning point. (d) (5,-9) is a minimum turning point.

5 A function is given by f(x) = 2x’ — 15x” + 36x.
(@ Find f'(x). (b) Find the coordinates of any stationary points and determine their nature.
(c) Sketch y=f(x).

6 A function is given by f(x) =x" — x* — x + 1.
(@ Find f’(x). (b) Find the coordinates of any stationary points and determine their nature.
(c) Sketch y = f(x) over the domain -2 < x < 2, showing the turning points.

7 Find the maximum value of 5x — 2x°.

8 Find the minimum value of x(x — 2) + 3.

9 Sketch the curve y = x’ — 6x” over the domain -1 < x < 6, showing the maximum and minimum turning points.

10 Find the turning points of y = 2x° + 3x” — 12x + 7. Hence sketch the curve, showing the turning points
and the y-intercept.

11 Sketch the curve y = (2 — x)(1 + %), locating the turning points and the points where it crosses the
coordinate axes over the domain -1 <x <3.

12 Consider the function f(x) = 9x(x — 2)*, -1 < x < 3. Find the values of x for which:
(@ f(x)=0 (b) f(x)>0 © f(x)<0
(d) Sketch the graph of f(x) and state its range and greatest and least values.

13 Prove that the parabola y = ax” + bx + ¢ has a turning point at x = é—l;.
14 Show that the hyperbola y = % has no turning points. Also show that its gradient is always negative
throughout its domain.

12.3 THE SECOND DERIVATIVE AND CONCAVITY

d
Differentiating a function once to obtain f’(x) or % gives you the first derivative of the original function.

2
Differentiating the first derivative gives you f”(x) or Z—)z/’ which is called the second derivative of the original
X

function. The second derivative is the rate of change of the first derivative: dix( f/(x))-

Differentiating again will give the third derivative, and so on. The differentiation process may be continued for as
long as a derivative exists.
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Notation

Several different notations can be used for derivatives. If y = f(x), then:

.. . d)/ ’ d ’
« the first derivative can be written TP f(x), E( f (x)) ory

2
« the second derivative can be written i(d_y)’ £ f7(x), %(f’(x)) or y”.

dx\ dx ) dx*’
Example 7
Find the second derivative of each function.
2
(@) y=4x-2x+3x+7 (b) f(x)=(x+1)° © y= xx+ :
Solution
(@) y=4x - 2x"+3x+7: (b) f(x)=Cx+1)
Z_y=12x2_4x+3 F(x)=5Qx+1)*x2
2" =10(2x +1)*
%:2@—4 F7(x)=10x4(2x+1)*x 2
~ =80(2x+ 1)’
- = ,_2x(xt1])—x’x1 y”z(2x+2)(x+1)2—(x2+2x)><2(x+1)
x+1° (x+1)° (x+1)*
_2x*+2x—x° 2(x +1)° = 2(x +1)(x” +2x)
(x + ].)2 = (x + 1)4
_ X2 +2x 2 2
= (x+1) _ 2(x+1)((x+1) —(x +2x))
(x+1)*
Z(x2 +2x+1—x2—2x)
(x+1)°
__ 2
(x+1)°
Concavity

The concavity of a function describes how the shape of the function’s graph ‘opens’ Graphs can be ‘concave
upwards’ and ‘concave downwards’:

y Y
y=x-3x
y y=2- x
1
y=x 1 x
0 X
0 X
The function is concave up. The function is concave down. The left-hand part is concave down.
Note: has a minimum Note: has a maximum The right-hand part is concave down.
turning point. turning point.

Concavity changes at x = 1.
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The second derivative is the rate at which the first derivative is changing.

This gives us information about the concavity of a function.

In each diagram below, a series of tangents have been drawn.

1

The tangents have a positive gradient and the gradient is increasing.

- Y then Y
If the gradient of the tangent = Ix’ then e 0. 2
The rate at which the gradient is increasing = %(%) = 27)2/

o o .
Because the gradient is increasing, d—); > 0: the curve is concave up.
x

The tangents have a negative gradient and the gradient is increasing
(becoming less negative).

) _dy dy
If the gradient of the tangent = Ix’ then Ix <0.
d2
Because the gradient is increasing, d—); > 0: the curve is concave up.
X

(becoming more negative).

- _Y dy
If the gradient of the tangent = Ix’ then Ix <0.
d? y

Because the gradient is decreasing, ) < 0: the curve is concave down.
x

The tangents have a positive gradient and the gradient is decreasing.

} _dy dy
If the gradient of the tangent = Ix’ then A > 0.

N _d .
Because the gradient is decreasing, d—)zl < 0: the curve is concave down.
x

The gradient is positive.
2

d d
Initially the gradient is decreasing, d—); <0, but then it starts increasing, d_g >0.
X x

dzy

This means that at some point = 0. This is also where the concavity changes
x

from concave down to concave up, so this point is called a point of inflexion.

The gradient is negative.
2 2

d d
Initially the gradient is increasing, d_); > 0, but then it starts decreasing, d—)z/ <0.
x x
2

d
This means that at some point d—)zl = 0. This is also where the concavity changes
x

from concave down to concave up, so this is a point of inflexion.
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The sign of the second derivative

2
o If d_}; > 0 on an interval then the curve is concave upwards on that interval.
X

2

d . . .
o If _d Z < 0 on an interval then the curve is concave downwards on that interval.
be
2

o If d—}; = 0 at a point on the curve and the concavity changes at this point, then the point is called a
X

point of inflexion.

Example 8

For what values of x is the curve given by y = x* — 3x” + 6x + 3:

(@) concave up (b) concave down?
(c) Find the coordinates of the point of inflexion. ~ (d) Sketch the curve.

Solution .
. dy dy _ . dy d’ dy _
Find I o 3x° —6x+6 Find e 7 =6x—6
d’ d’y
(@) Concave up, —)2/ >0: 6x—6>0 (b) Concave down, —5 < 0: x<1
dx dx
x>1
The curve is concave up for x > 1.
2
(c) Inflexion point, Z—); =0: x=1 (d) Y
x

x < 1, curve is concave down
x> 1, curve is concave up

. concavity changes at x =1
x=1y=1-3+6+3=7 0 x
.. point of inflexion is (1,7)

EXERCISE 12.3 THE SECOND DERIVATIVE AND CONCAVITY

1 Find f”(x) for each function.

@ f(x)=3x"+5x+6 (b) f(x)=x"+2x"+4x+2 € flx)=24-x
(d) f(x)=x"+2x —4x € flx)=12—x"+2x () f(x)=5x—4
2 Given f(x) =x°+ 3x3 —4x+2, f7(x)=...
A 6x+ 3x2 - B 6x°+9x"—4 C 30x"'+6x D 30x'+18x
3 Given y = 1 , find Z ) Indicate whether each statement below is a correct or incorrect step in
2
finding Z—)Z/
_ l dy _x*-1 dy .1 d2 i
@ y=x B Z=*5t @ Pk @ =3

4 Find Zz}; given: (a) yZ\/BC_ (b) y=+x-2 (c) yzx\/x2+1 d) y=
©r=rh  Oy=7s @A mos(E-E 0 y-

K|
I
—

x+1
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5 For what values of x is y = 5% — 1 concave up?
6 For what values of x is y = 6 — 3x° concave down?

7 For what values of x is the curve y = x* + 6x* — x + 4:

(@) concave up (b) concave down?

(c) Find the coordinates of the point of inflexion.

8 For what values of x is the graph of y =+/x +1 concave down? Explain why there is no point of inflexion.

9 For what values of x is the curve y = %:

(@) concave up (b) concave down?

10 Explain why the graph of y = iz is concave up over its domain.
X

(c) Explain why there is no point of inflexion.

12.4 THE SECOND DERIVATIVE AND TURNING POINTS

Just as we compared the graphs of f(x) and f’(x) drawn together on the same horizontal scale, we now need to

consider the graphs of f(x), f’(x) and f”(x) together.

Consider: y=fx)=x-x"—-x+1
Differentiate: Z—i =y’ = f(x)=3x"-2x—1
. . P i d_}’ _ dz_)’ o _ _
Differentiate again: dx( dx)_ =)= f7(x)=6x-2
For stationary points, f’(x)=0: 35 —2x—1=0
Factorise: Bx+1)(x—1)=0
Solve: x=-11

On the graph, the vertical lines ADG and BEK correspond to the
lines x = -4 and x = 1 respectively.

Using the first derivative test (or the graph of f’(x)), we can say
that A is a maximum turning point and that B is a minimum
turning point.

o Consider where the line ADG cuts the three curves. The
point A on f(x) is a maximum turning point. The point D
on f’(x)is where f’(x) cuts the x-axis, that is, f’(x)=0.
At the point G on f”(x), f”(x) < 0. Hence the curve
y=f(x) is concave down at a maximum turning point.

o Consider where the line BEK cuts the three curves: at
point B, f(x) is a minimum turning point; at point E,
f’(x) cuts the x-axis, i.e. f’(x)=0;atpoint K, f”(x)>0.
Hence the curve y = f(x) is concave up at a minimum
turning point.

» Consider where the line CFH cuts the three curves: at
point C, f(x) seems to have its steepest tangent; at
point F, f’(x) has its least value, i.e. the gradient of f(x)
is at its most negative (steepest); at point H, f”(x)=0.
The concavity changes either side of C, so C is a point of
inflexion on y = f(x).
For y = f(x) = x’ — x’ — x + 1, we can say that the function has a
maximum turning point at (-4,15>), a minimum turning point
at (1,0), is concave down for x < 1, is concave up for x > 4 and
has a point of inflexion at (;, 5—2)

J)

A
3

flx) =322 -2x -1

1
1
I
|
I
1
|
!
1
T
U
|
|
!
1
I
1
1
U
1

Chapter 12 Geometrical applications of differentiation =255



Second derivative test for turning points

2
o If (% =0at (x,y,) and % < 0 then the point (x,y,) is a maximum turning point.
2
o If % =0at (x,,,) and % > 0 then the point (x,,y,) is a minimum turning point.
2

o If (% =0and j—); =0 at (x,,y,) then the point may be a turning point OR it may be a horizontal point
X
of inflexion. Further investigation is needed.

Point of inflexion test

2
o If dx—)zl =0at (x,,y,) and the concavity changes either side of this point, then (x,,y,) is a point of inflexion.

o If % = 0 at a point of inflexion then it is called a horizontal point of inflexion.

Example 9
Investigate the stationary points of:
@@ y=x«" (b) y=3x"-3x—x
Solution
dy d’y
_A Y s G 19,2
(@ y=x= o 4x7; T 12x

b
For stationary points, Do x=0
5 dx

Atx=0, d—)z/ =0, so we can't identify the nature of this stationary point.
x

Check the sign of the first derivative: Forx<0,e.g x=-1: % =-4<0

d
Forx>0,eg x=1: %=4>0

The gradient changes from negative to positive through x =0, so (0,0) is a minimum turning point.

Alternative method:
dZ
Check the sign of the second derivative: =~ Forx<0, e.g. x=-1: —)2} =12>0

X
dZ

Forx>0,eg x=1: —)2}:12>0
dx

The curve is concave up on both sides of the stationary point, so (0,0) is a minimum turning point.

(b) y=3x"-3x—x" %sz—3—3x2 =-3(x2 —2x+1)=-3(x—1)2 %:6—6x
For stationary points, % =0: (x— 1)2 =0, hencex=1
Atx=1, ZZT)Z/ =0, so we can't identify the nature of this stationary pointc.l2
Check the sign of the second derivative: Forx<1,eg x=0.1: dx_); =6-06=54>0
d’y

T

Forx>1,eg x=1.1: —5=6-66=-06<0
dx

The concavity changes either side of x=1, so (1,-1) is a horizontal point of inflexion.
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Example 10
Consider the graph of y = 2x* — x + 1.

(@) Find any turning points and points of inﬂexion (b) For what values of x is the curve concave up?

(c) On the same set of axes sketch y, Z—y and T )2/ .
Solution
dy
— 9,4 _ ; a3
(@ y=2x"—-x+1: Ix 8x” —1
F DG = e = Lmiln |
or stationary points, =~ oF 3 X =0, hence x =g and so x = 5.
Atx=3, y=2X5;—3+1=13 .. stationary point is at (3.13).
d’y d’y 2
Find —5-: =24
dx’ dx’
d’y
Atx =7, e 6>0 .. (4,13)isa minimum turning point.
d’y

el =0at x =0, so check concavity to see if there is an inflexion point at (0, 1):
x

d2y d2y
x<0:—5>0 x>0:—5>0

dx? dx?

The concavity does not change either side of x = 0, so the curve does not have a point of inflexion at (0, 1).

2
(b) Concave up when Z—)Z/ > 0, hence concave up for all real x.
x
2
(c) dy " This example shows that d_y =0 is not enough to confirm
dx? |

x
a point of inflexion. You must also check that the concavity
changes at the point.

y=2x*—x+1

(0]

\._\
=

dy .3
a—&x -1

Example 11
Sketch the graph of y = x’(4 — x), showing any turning points and points of inflexion. For what values of x is
the curve concave down?

Solution
d d?
y=4x —x* d—i=12xz—4x3 I )2/ 24x —12x°
=4x*(3—x) =12x(2—x)
d

For stationary points, dy 0: 4x*(3-x)=0

x=0 or 3

y=0 or 27 .. stationary points at (0,0) and (3,27)
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2 2
Atx=0, LB = 0. Investigate further: x=-1: d—)z/ =-12(2+1)<0
dx? dx

2
w=1:  _1eo1>0
P dx
The sign of —5 I J 5- changes, so the concavity changes. Hence (0, 0) is a horizontal point of inflexion.

2
Atx=3: d—)z/ =36(2—-3)<0 Hence (3,27) is a relative maximum turning point.
X
dZ
For points of inflexion, T y =0: 12x(2—x) =0
x

x=0 or 2
(0,0) has already been identified as a horizontal point of inflexion. For (2,16):

2 2
x=1: d—f=12(2—1)>o x=3 T 360-3)<0
dx dx?

dzy

The sign of el changes, so the concavity changes. Hence (2, 16) is a point of inflexion.
b

Curve is concave downwards for x < 0 and x > 2. y

(3,27)

7

Summary of tests for turning points and points of inflexion

Stationary point: % =0

Using the first derivative only:

Turning point: Zy 0, j}’ changes sign on passing through the stationary point
Maximum turning point: % =0, Z—y changes sign from positive to negative on passing through the stationary point
Minimum turning point: % =0, j—y changes sign from negative to positive on passing through the stationary point

Using the first and second derivatives:

d2
Turning point: % T does not change sign on passing through the stationary point
X
. . . dy d’y
Maximum turning point: e =0, > el < 0 at the stationary point
y o 4
Minimum turning point: I =0, el >0 at the stationary point
x
. . . d’? y d d’y
Point of inflexion: 1 =0, 1 changes sign on passing through the stationary point (i.e. concavity changes)
X

Special situation:

d 2
2 _y, )/ =0 at a point: may be a turning point or a horizontal point of inflexion. You must check to see if

dx

either the gradlent or the concavity changes.
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EXERCISE 12.4 THE SECOND DERIVATIVE AND TURNING POINTS

1 For y=2x"+ 3x" — 12x + 2, find any stationary points and determine their nature. Sketch the curve,
showing the turning points and any points of inflexion.

2 For what values of x is the graph of the function f(x) = x’ — 3x* + 1 concave up?
A x>1 B x>-2 C x<1 D x<-2

3 Find the local maxima, minima and points of inflexion of f(x) = x°(3 — x). Sketch the graph of f.
4 Sketch the graph of 8y = 8 + 8x” — x*, showing any turning points.

5 A function f(x) is defined by y = (x—2).
(@) Find the coordinates of the turning points of y = f(x).
(b) Find the coordinates of the points of inflexion.
(c) Hence sketch the graph of y = f(x), showing the turning point, the points of inflexion and the points
where the curve meets the x-axis.
(d) What is the minimum value of f(x) for -1 < x < 3?

6 Iff(x)= x° — 6x* + 2, find the values of x for which:
@ f"(x)=0 (b) f7(x)>0 (€ f"(x)<0

7 Find the coordinates of the points of inflexion of y = x* — 2x’ — 12x”. For what values of x is the curve
concave up?

8 Letf(x)= =
(@) Find the coordinates of the points where the curve crosses the axes.
(b) Find the coordinates of the stationary points and determine their nature.
(c) Find the coordinates of the points of inflexion.
(d) Sketch the graph of y = f(x) for -1.5 < x < 1.5, indicating clearly the intercepts, stationary points and
points of inflexion.
(e) For what values of x is the curve concave down?

9 The graph represents a function of the form y = ax’ + bx’ + cx + d, where Y
a, b, c and d are real numbers, a # 0. (1,2) is a point of inflexion on the curve.
Indicate whether each statement below is correct or incorrect for this graph.

(@) "lc'lhe curve is concave up for x> 1. 2+ «(L2)
(b) % = mx(x —2) where m is a positive constant.
1
T 1
(c) The least value of y is zero. [l ol 1 2 x

(d) The coordinates of the point of inflexion can be found by taking the average
of the coordinates of the maximum and minimum turning points.

10 Find the turning points and points of inflexion of y = -x’ + 3x” — 3x and sketch its graph. Show that it

d
crosses the x-axis at one point only. Show that 2 <0 forall x except x = 1.

dx
11 (a) Find the stationary points of y = x* — 4x + 3 and determine their nature.
(b) Show that y = x* — 4x + 3 has no points of inflexion. Comment on the concavity of the curve.

80x — x*

T where x is the number of units sold. How many

12 The revenue equation for a manufacturer is R =

units must be sold to achieve maximum revenue?

13 The revenue function for a magazine is given by R = 4500x — 500x°, where x is the cost per issue of the
magazine. What will be the cost per issue of the magazine to achieve maximum revenue?
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14 G =£(1) is the Gross Domestic Product (GDP) for Australia,
where ¢ is the number of years after 2012. The GDP growth
rate f'(t) for three years is given in the table. f(t) 3.9 3.2 3.1

(@) Is f’(t)a decreasing or increasing function?

(b) What can you say about change in f(#)?

(c) Isf(t) concave up or concave down?

(d) There are two different predictions for the rate of growth in 2015: that the growth rate will be 3.0,
or that the growth rate will be 3.2. Sketch G = f(t) for each growth rate.

(e) For which growth rate does the concavity of f(t) change? What is the name of the kind of point at
which this change occurs?

(f) If the growth rate for 2015 is actually 2.9, what can you say about the Gross Domestic Product
for Australia?

Year 2012 2013 2014

15 A supplier has a monopoly on sales of books. The supplier’s profit function is given by P = 396x — 2.2x° — 400,
where x is the number of books sold.

(@) How many books must the supplier sell to maximise the profit?

(b) What is the maximum profit?

(c) If the government imposes a new ‘monopoly tax’ of $22 per book on the supplier, what is the new
profit equation?

(d) Under the monopoly tax, how many books must the supplier now sell to maximise the profit? What is
the new maximum profit?

12.5 SKETCHING RATIONAL ALGEBRAIC FUNCTIONS

Functions with the independent variable in the denominator generate curves that are not continuous and may
have asymptotes. They may not have any turning points. You need to consider what happens to the function for
very large positive and negative values of the variable.

Example 12

Sketch the graph of y = i

Solution

Because x — 2 # 0, the function is not defined for x = 2, so at x = 2 there is a vertical asymptote.

Forx>2,x—2>0,s0y>0.As x — 2 from above, x — 2 is a very small positive number and so y — co.
This can be written as: x — 27, y — oo,

Forx<2,x—2<0,s0y<0.As x — 2 from below, x — 2 is a very small negative number and so y — -co.
This can be written as: x — 27, y — -oo,

The numerator of y = is never zero, so the curve does not cut the x-axis.

8=2

Forx=0, y=-0.5, so the y-intercept is -0.5.
As x — oo, y — 0 from above; as x — -eo, y — 0 from below. Thus y = 0 is a horizontal asymptote.
o7, 92 xX#2 g

For stationary points, find dx dx — m

Hence Z—y < 0 for all x in the domain, because (x — 2)*> 0 in the domain.
x

Thus y = is a decreasing function in each part of its domain.

x—2 —l0

~
=

d . . . .
Also 22 0 in the domain, so there are no turning points.

dx
Forx>2,y>0;forx<2,y<0.

The curve is concave down for x < 2 and concave up for x > 2.
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Example 13
Sketch the graph of y = x + % For what values of x is the curve concave up? What is the range of
the function?

Solution
x#0: does not cut y-axis and x = 0 is a vertical asymptote
2
y=0: x+%=0 or xx+1=0

Because x* + 1 # 0 for real x: does not cut x-axis

As x — oo, y = x +[very small amount] — x +0, so y — x from above.
Asx — -o0, y = x —[very small amount] = x — 0, so y — x from below.
.. y=xis a sloping asymptote.

d d

—y: 4y _ 1 1 #0

For stationary points, find Ir ol x—z, 5%
d 2 _
Hence for%:O: X - 1=0, sox=-1,1 (for which y=-2,2)
x
... stationary points at (-1,-2) and (1,2).
a? -
Second derivative: —)2/ =0- —23 = %
x x°  x
'y
At (-1,-2): —==-2<0
( ) dx?
. (-1,-2) is a local maximum turning point
dzy

At(1,2): F:2>O
X

. (1,2) is a local minimum turning point
2
Because —)2/ = % and x # 0, there are no points of inflexion.
X

The curve is concave up for x > 0.

The range of the function is real y, [y] > 2.
Consider: why is the curve between the lines x =0 and y = x?

Remember that the shape of your graph sketches can be verified using GeoGebra or other graphing software.

EXERCISE 12.5 SKETCHING RATIONAL ALGEBRAIC FUNCTIONS

1 The asymptotes of y = are:

1
x+2
A y=0andx=-2 B y=0andx=2 C x=0andy=-2 D x=0andy=2
2 Sketch the graph of each function. For what values of x is the curve concave down? State the range of
each function.

_ 1 _ 1 _ 1
(a) }’—x+2 (b) y_x_l (C) y_z_x
3 (a) Show that the function y = ;C: 5 can be written as y = l+ﬁ.

x—1
x—2

(b) Hence sketch the graph of y = , showing all the asymptotes.
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4 Sketch the graph of each function, showing all turning points and points of inflexion. For what values of
x is the curve concave up? State the range of each function.

4 1 8
@ y=x+5 (b) y=x-+ € y=2x+5
5 For the function given in the sketch, state whether each statement below is y
correct or incorrect.
(@ The horizontal asymptote is y = 2.

(b) The curve is continuous. (13)
(c) The curveis concave up forx>0.  __________ 2| T

(d) The equation of the function is y =2+ }C ; m\

6 Sketch the graph of each function. For what values of x is the curve concave down? State the range
of each function.
1

_ _x—1+1_ 1 _

x—2
x—3

7 Sketch the graph of each function, showing all turning points and points of inflexion. State the range of
each function.

(a) y:x+% (b) y:x+2+ﬁ (c) y=x+3+ﬁ
1 1 1
@ y=5-— (e) y:%+7 ) y=lx[+%

12.6 PROBLEM SOLVING WITH DERIVATIVES

A function may not always be given algebraically. Sometimes you must interpret the information given to
construct the function. Remember to show clearly what each variable represents. It often helps to draw a
diagram of the situation being considered.

Example 14

A piece of wire 12 cm long is bent in the shape of a rectangle. Find the maximum area of the rectangle.
Solution

Let A(x) cm” be the area of the rectangle. Let the side lengths be x cm and y cm.

Because the wire is 12cm long: 2x+2y=12 .. y=(6—x)

Because the wire is 12 cm, the longest side of the rectangle cannot be longer than 6 cm.

Area of rectangle: Alx)=x(6—x) for0<x<6
A(x)=6x—x" =l
Differentiate: A(x)=6—-2x

For stationary points, A’(x) = 0: 6—-2x=0
x=3

6-x

Differentiate again: A”(x)=-2<0forall x

Hence A(x) is concave down for all values of x in the domain. It has a maximum value when x = 3.
A(3)=3%x3=9cm’

. . 2
The maximum area of the rectangle is 9cm”.
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Example 15

A sheet of cardboard measures 15cm by 7 cm. Four equal squares are cut out of the corners and the sides are
turned up to form an open rectangular box. Find the edge length of the squares that were cut out to give the
box a maximum volume.

Solution

Let the edge length of the squares that were cut out be x cm. e— (15 - 2x) —»|
The dimensions of the base of the box will be (15 — 2x) cm and (7 — 2x) cm. .

The height will be x cm. G

Let the volume of the box be V(x) cm®. .. V(x) = x(15 — 2x)(7 — 2x)
=4x° — 44x" + 105x
Differentiate: V’(x)=12x*— 88x + 105

For stationary points, V’(x) = 0: 12x”* — 88x + 105 =0
(2x—3)(6x—35)=0
sx=1% or 52
But x must be less than half the shortest side, i.e. x < 3.5, so we can disregard x =5%. The only possible
value for x is x = 1.5.
Use the first derivative test:
For x < 1.5, test x = 1.4: V’'(1.4)=12x1.4"—88x1.4+105=532>0
For x > 1.5, test x = 1.6: V/(1.6)=12x1.6°—88% 1.6 + 105=-5.08 <0 V(%) /\

V’(x) changes from positive to negative on passing through x = 1.5, so a
maximum volume occurs when x = 1.5.

V(1.5) = 1.5(15-3)(7 - 3) =72 cm’
A graph of V(x) for 0 < x <7 helps to see what is happening.

Because V(x) > 0, the domain of the function is 0 < x < 3.5.

The part of the graph below the x-axis is not relevant to the problem.

EXERCISE 12.6 PROBLEM SOLVING WITH DERIVATIVES

1 A rectangular block of land is enclosed by 160 m of fencing. If the breadth of the block is x m:

(@) express the length of the block in terms of x
(b) find the function A(x) for the area of the block
(c) find the maximum area of the block that can be fenced using this fencing.

X m

2 The sum of two numbers is 12. If one number is x, the value of x for which the product of the two numbers
is a maximum is:

A 3 B 6 C 12 D 36
3 A rectangular block of land has one side along a river. The other three sides are to be fenced using 160 m of
fencing. If the breadth of the block is x m:

(@) express the length of the block in terms of x xm
(b) find the function A(x) for the area of the block ]
(c) find the maximum area of the block that can be fenced using this fencing.

River
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4 A rectangular paddock is to be fenced and also divided into six smaller rectangular

10

11

12

13

14

paddocks, with one dividing fence parallel to the length and two dividing fences ™
parallel to the breadth (as shown in the diagram by dashed lines). The total length of
fencing to be used is 120 m. If the width of the paddock is x m and the breadth is y m, find:

(@) an expression giving y as a function of x

(b) the function A(x) for the area of the original paddock

(c) the maximum possible area of the paddock.

(d) To allow access to the paddocks, six gates are to be placed in the fences. Each gate is 3m wide. What is
the new maximum area of the large paddock?

ABCD is a square of unit length. Points E and F are on the sides AB and AD D c
respectively so that AE = AF = x.

(@) Express the area of the quadrilateral CDFE as a function of x. gl

(b) Find the greatest area that the quadrilateral can have. Ay B

A rectangular sheet of cardboard measures 16 cm by 6 cm. Equal squares are cut out of each corner and the
sides are turned up to form an open rectangular box. What is the maximum volume of the box?

A block of wood in the shape of a cuboid has square ends of edge length x cm. The length x
of the block is y cm. The sum of length of the block and the perimeter of one end is 12 cm. x

(@) Express y in terms of x. x
(b) Find the volume V as a function of x.
(c) What is the largest possible volume of the block?

y

A box in the shape of a cuboid with a square base is to be made so that the sum of its dimensions ([ + b + h)
is 20 cm. Find its maximum volume.

A rectangular box has a square base of edge length x cm. Its framework of 12 edges is constructed from
wire of total length 36 cm. Find:

(@) the height of the box in terms of x (b) the volume of the box in terms of x
(c) the value of x for which the volume is a maximum.

A closed box in the shape of a cuboid has a total surface area of 216 cm” and a base length that is twice the
width. If the width of the base is x cm, find:

(@) the length of the base and the height in terms of x ~ (b) the volume of the box in terms of x
(c) the maximum volume of the box.

A rectangular field is to be fenced along three sides using 300 m of fencing. The length of each equal end
is x m and the length of the other side is y m. To find the dimensions of the field if its area is as large as
possible, the following statements are made. Indicate whether each statement is correct or incorrect.

(@ y=300-2x (b) A=300x—2x" () x=75 (d) Maximum area=11250m’

The diagonal of the base of a box in the shape of a cuboid has a length of 10 cm.
One edge of the base has a length of x cm.

(@) Express, in terms of x, the length of the other edge of the base. ;
(b) The height of the box is equal to the length of this other edge. Find the volume of the

A
box in terms of x. 10
(c) Calculate the maximum volume of the box. x
The slant edge AB of a right circular cone is 6 cm. The vertical height of the cone is x cm. A
(@) Express the radius of the base in terms of x. 6cm
(b) Express the volume of the cone in terms of x. *
(c) Find the vertical height of the cone when the volume is a maximum. B

A piece of wire of length 30 cm is cut into two sections. Each section is then bent into the shape of a square.
Find the smallest possible value of the sum of the areas of the two squares.
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15 A block of metal is cast into the shape of a right cylinder with a total surface area of 207z cm”. The radius of
the base is r cm and the height is & cm. The total surface area of a cylinder is given by A = 277> + 27rh.

(@) Express h in terms of 7. (b) Express the volume V in terms of r.
(c) Find the value of r for which the volume is greatest.

16 A piece of wire of length 50 cm is cut into two sections. One section is used to construct a rectangle whose
dimensions are in the ratio 3: 1; the other section is used to construct a square. Find the dimensions of the
rectangle and the square so that the total enclosed area is a minimum.

17 Whale-watching boat trips go to sea with 20 or more passengers. For 20 passengers the charge is $380 per
person. For groups of more than 20, the price per person is reduced by $12 for each additional person over
20 passengers.

(@) Show that the revenue function for the boat trip is given by R = 6201 — 12n°, where R is the revenue in
dollars and 7 is the number of people in the group, n > 20.
(b) What number of passengers will produce the greatest revenue for the company?

18 Wobbly Skateboards looked at their sales in relation to their advertising budget. They found that
the relationship between sales, f(xx), and thousands of dollars spent on advertising, x, was given by

3 2
flor=%- 452" +450x, 10 < x < 40.

(@) What number of advertising dollars can be expected to produce a maximum number of sales?
(b) What sales can be expected for that amount of advertising?

19 A company finds that the function f{x) = x’ — 96x° + 2880x provides a good approximation for their profit
f(x) in dollars, where x is the advertising expenditure in thousands of dollars.

(@) What expenditure on advertising would produce the maximum profit?
(b) What is this maximum profit?

20 A cylinder is inscribed in a sphere of radius a, centred at O. The height of the cylinder

Y
is 2h and the radius of the base is r, as shown in the diagram. T
(@) Show that the volume V of the cylinder is given by V = 27r*/a” — 1. 0 2h
(b) Find the value of r for which the volume of the cylinder is a maximum. a
You must give reasons why your value of r gives the maximum volume. -

12.7 TANGENTS AND NORMALS TO A CURVE

Differentiation gives the gradient function of a curve. This function can be evaluated at a point on the curve to
obtain the gradient of the curve’s tangent at that point. The point-gradient form of the straight line can then be
used to find the equation of that tangent.

A normal at a point on a curve is the line that is perpendicular to the tangent at that point. Because the lines are
perpendicular, the gradient of the normal can be obtained from the gradient of the tangent at that point.

Example 16

Find the equation of the tangent and the normal to the curve y = x* — 4x + 4 at the point on the curve where x = 3.

Solution »
x=3,y=9—-12+4=1so the point is (3,1)
y= - Ax+4: d_y =2x—4 b normal ks
’ dx
d
x=3 L=6-4=2 1 x
0 2‘/
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Equation of the tangent (from point-gradient form): y—1=2(x-3)

y=2x—-5
. _ -1 _ 1 _ : :
Gradient of normal = IR (Remember m, x m, = -1 for perpendicular lines)
Equation of the normal (from point-gradient form): y—1=-1(x-3)
2y—2=-x+3
x+2y—5=0
Example 17
Find the equation of the tangent and normal to the curve y = Jx at the point on the curve where x = 4.
Solution By |
Draw a sketch. Pointisat x=4, y=2: =x*; el 1x U T
B RN
dy 1 1

x=4: E = 2\/2 = 4
For (4,2), m = ], tangent is: y=2=%(x—14)
4y—-8=x—4
The equation of the tangent is x — 4y + 4 =0.

[

Il
®

For (4,2), m=-4,normalis: y—2=-4(x—4)
The equation of the normal is 4x + y — 18 = 0.

Example 18
3
Find the equation of the tangent to the curve y = %~ — x> — x +1 at the points on the curve where the

tangent is parallel to the line 7x — y + 5=0. 3

Solution
x 2 dy 2
y=5-x —x+1: ax = * =25 =1l
Gradient of 7x — y + 5 =0: m=7
Solve: ¥-2x—-1=7
X —-2x—-8=0
(x—4)(x+2)=0
x=-2,4
Atx=2,y=-atx=4,y=13.
At (-2,-11), tangent is: y+4=7(x+2) At (4,%), tangent is: y—45=7(x—4)
3y+11=21x+42 3y—7=21x—84
21x—-3y+31=0 21x—-3y—-77=0
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Example 19
Find the points of intersection of the parabolas y = x* — 2x and y = 4x — x”. Sketch the parabolas and find the
angle between the parabolas at their point of intersection in the first quadrant.

Solution
y= x* - 2x, y=4x— %, intersection at:  x* —2x=4x —x*
2x° —6x=0
2x(x—=3)=0
x=0,3 y=0,3 Y
Curves intersect at (0,0) and (3, 3). Intersection point in the first quadrant (3.3)

is (3,3). The angle between the curves at this point is the angle between their
tangents at this point.

d
For y=x" — 2x: %:Zx—z f b

At (3,3): 526—224 Hence tan 6 =4, so 6=75°58’
For y = 4x — x*: Z—iz4—2x
d
At (3,3): % =4-6=-2 Hence tan f=-2, so f=180°— 63°26" = 116°34’

Now = o+ 0 (exterior angle of a triangle), so @ = 116°34" — 75°58" = 40° 36’

EXERCISE 12.7 TANGENTS AND NORMALS TO A CURVE

1 Find the equations of the tangent and normal to the curve y = x” at (2,4).
2 Find the equations of the tangent and normal to the curve y = 3x — x” at (0,0).
3 The equation of the tangent to the curve y =x* — 5x + 6 at (3,0) is:
A y=x-3 B y=x+3 C y=-=x-3 D y=-x+3
4 Find the equations of the tangent and normal to the curve y = 2x° + 3x — 4 where x = 0.
5 Find the equations of the tangent and normal to the curve y = 2x* — 4x + 1 where the gradient is 4.

6 Find the equations of the tangent and normal to the curve y = % at the point where x = -2. Indicate

whether each statement below is a correct or incorrect step in answering this question.

dy 1 d
(@) o (b) At(-2,-%),%=—%
(c) Equation of tangentisx+4y+4=0 (d) Equation of normal is 8x—2y+15=0

7 Find the equations of the tangent and normal to the curve y = 3 — x — x” at the point where the curve
crosses the y-axis.

8 Find the equations of the tangent and normal to the curve y = 3x’ — 7x” + 2x at the point where x = 2.
2
9 The straight line y = x + 2 cuts the parabola y = % — 2 at two points P and Q. Find the coordinates of

P and Q. Also find the equations of the tangents to the parabola at P and Q and the coordinates of the point

of intersection of these tangents.

10 Find the equations of the tangents to the parabola y = 4x — 3x” at the points where the parabola cuts the
x-axis.
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11 Find the equations of the tangent and normal to the parabola y = 2x* — 4x + 1 at the point of zero gradient.

12 Prove that the parabolas y = 2x* — 6x + 5 and y = x> — 2x + 1 touch at a point and find the equation of their
common tangent.

18 The line y = x + 4 cuts the parabola y = x* — 2x at two points A and B. Find the size of the angles that the
tangents to the curve at A and B make with the x-axis.

14 Theline y=x + 1 cuts the parabola y = x* — x — 2 at two points P and Q. Find:
(@) the coordinates of P and Q (b) the equations of the tangents at P and Q
(c) the coordinates of the intersection point of these two tangents.

15 Find the equations of the tangents to the parabola y = x* — 2x + 4 at the points where:
(@) the gradient is zero (b) the tangent is parallel to the line y = 2x + 1.

16 Find the equations of the tangent and normal to the parabola y = 2x* — 5x + 1 at the point on the parabola
where the gradient is 3.

17 The normal to the curve y = (x + 2)* at the point A(-3,1) meets the curve again at B. Find
(@) the equation of the normal (b) the coordinates of B
(c) the angle at B between the curve and the chord AB.

18 The line y = x — 2 cuts the curve y = x’(x — 2) at two points A and B. Calculate the angles that the tangents
to the curve at A and B make with the x-axis and hence find the angle between the tangents.

19 Find the equations of the tangents to the curve y = (x* = 1)(x — 2) at the points where the curve crosses
the x-axis.

20 Find the coordinates of the points on the curve y = x*(2x — 3) at which the tangent is parallel to:
(@) theliney=12x-1 (b) the x-axis.

12.8 PRIMITIVE FUNCTIONS

We have been finding the derivative of a function. But can we reverse the process? Given a derivative, can we find
the original function that was differentiated? The short answer is: sometimes!

The process of finding the function from the derivative is called antidifferentiation or finding the primitive of
the function. (In the next chapter we will also introduce the term ‘indefinite integral for this process.)

If F(x) is a function such that F’(x) = f(x), then F(x) is called the antiderivative or primitive of f(x). Similarly,
f(x) is the primitive of f’(x). For example:

« The derivative of x” is 2x, so x* is a primitive of 2x.

« The derivative of x* + 3 is 2x, so X’ + 3 is a primitive of 2x.

« For any real number C, the derivative of x* + C is 2x, so x* + C is a primitive of 2x.

These primitives all vary only by a constant. Graphically, they are the same curve translated vertically by a
constant value:

y
y:x2+2
b y:x2+1
1 y=x
—,2
y=x"-1
Nl A
1& !
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If the tangent at x = 1 is drawn for these curves then the tangents form a system of parallel lines, because each

y //
L/
7

_{ﬁ/‘j X

curve has the same gradient function.

Example 20
Find the equation of the curve defined by f’(x) = 2x that passes through the point (2, 8).
Solution
f’(x)=2x, find the primitive: ~ f(x)=x"+C
Passes through (2,8): 8=2"+C

C=4

Hence f(x) = x* +4 is the equation of the curve.

From our experience differentiating powers of x, we can say:

« the primitive of x* is % +C

« the primitive of x” is x? +C

3
- LLox? 3
« the primitive of x* is X~ + C or 2x*+C
2

o the primitive of x" is L miie
n+l

This result is easily verified by differentiating ﬁ %"+ C to obtain x".

In words: ‘to find the primitive of a power of x, increase the power of x by one and divide the expression by the

new power.

Example 21
Find the primitive of each expression.

(@) 5x*+3x*+4 (b) 16 —8x+x’ (c) x°+4
Solution

(@) f’(x)=5x4+3x2+4: b) f'(x)= 16 — 8x + x°: (c) f’(x)=x10+4:

_ D 3 2 4 11
f(x)—x +x +4x+C f(X):16X—8%+xT+C f(x)=);—1+4x+C

4
f(x)=16x—4x2+xT+C
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Example 22
The gradient function of a curve is 3x* — 2x and the curve passes through the point (2,1). Find the equation
of the curve.

Solution
dy 52 NP _3x’2x?
dx_3x — 2x, find the primitive: y= 3 > +C

Simplify: y=x—-x+C
Atpointx=2,y=1: 1=8-4+C
C=-3

The equation of the curve is y = x* — x* — 3.

Example 23
Find f(x) given f’(x).
@ f=x+L 0) f/(x)=xx+1 © flx)=Xt2rl
X x
Solution
(@ f'(x)=x+ Lz, rewrite using an index: f(x)=x+x"
¥ 2 -1
Find primitive: f(x) :%+%+C
x* 1

f(X):'?—')—C"FC

(b) f'(x)= x+/x +1, rewrite using an index: f(x)= x? +1

NI

Find primitive: fx)=%+x+C
2

flx)=2x+x+C

(c) If there is a single term in the denominator, divide the numerator by the denominator before

finding the primitive.
3 2
() o 2 3.2 VO /P WY S
x X
Rewrite using indices: flx)=x+2+x"
x2 x-l
Find primitive: flx)= S22t C
2
1
f(x):x?+2x—7+c
Example 24
A colony of bats has a growth rate A 80t, where t is the number of years since 2012 and N(t) is the

dt
population. If there were 3000 bats in the year 2012, how many bats are in the colony in 20422
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Solution
dN

=0,N= £ = 8ot
t=0, N =3000, <

Find the primitive: N(t) =40 + C
But N(0) = 3000: 3000=C
N(#) = 40¢* + 3000
In 2042, t=30:  N(30) =40 x 900 + 3000 = 39000
There would be 39000 bats in the colony in 2042.

EXERCISE 12.8 PRIMITIVE FUNCTIONS

1 Find the primitive of:

(@) 6x*—4x+5 (b) 3+5x+x"—3x () x¥*—1
d) ¥ —4x’—2x*+1 (e) 3x—5 f 2x*—7x+5
2 If f’(x)=(x—1)(x—2), indicate whether each statement below is correct or incorrect.
@ f(x)=x"-3x+2 (b) f(x):x;—%+2x+c
(© f(x)=(x—12(x—27+C d) f(x)= w +C
3 Find an expression for f(x) given:
(@) f’(x)=(2x+1)2 (b) f'(x)=5 (c) f’(x)=x2+3x
d) f'(x)=Qx—1)(x+2) (e) f’(x)=4x3—6x2+x M fx)=(x+ 3)?

3 3
4 Show that % = 4% +2x° + x + C where C is an arbitrary constant.

5 Express y in terms of x, given that:

(a) Z—iz3+2x—3x2 (b) %=x3+2x2 (©) %=x4—x3
@ L= -3+ @ Loxlrily n L=V

6 For each of the following find F(x), given that F’(x) = f(x).

@ f()=x -3¢ B fn=5-% © f0)=(1-39
(d) f)=(" -1 +1) (&) flx)=x*+x° M fo)=vx+Ix

7 Find f(x) given f’(x)=2x—2and f(1) =4.
8 If f’(x)=4x"—3xand f(-1) = 3 then f(x) =...

3 2
A fo=-Ec B f(x)=8x—3
_4x® 3x% 35 _x _x* 13
C f="F3-F+% D f)=13""6"%

d
9 Atall points on a certain curve, ji— = 4x — 6. The point (2,4) is on the curve. Find the equation of
the curve.

10 Find the equation of a curve that passes through the point (3,3) and for which the gradient function at any
point P(x, y) is 3x* — 2x + 3.

11 For the function f(x) = (x +2) find the rule that defines the function F where F’(x) = f(x) and F(1) = 4.
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12 Find the equation of a curve given that % = 2x +b at any point P and that when x =3, % =2and y=-3.

13 Find the rule that defines a function f for which f’(x) = x> —2x+ b for all x, f’(0)=1and f(0) = 2.

14 A curve contains the point (0,4) and its gradient is (x — 1)(x + 2) at any point on the curve. Find the
equation of the curve.

15 Find the primitives of:

1 2 ) 3 _2x? 4+ x7!
@ 3+—5-=5 b) 232 (c) X =2x+x
X X
1 5 5 1 1
d) — 6) = +2x +3 = P -
(d) (€ (f) el

d
16 For d—; =12t* — 6t +1, find s in terms of t given that s=4 when = 1.

17 A new school started in 2006 with 50 students and grew at 60 students per year for the next six years.
If N(t) is the number of students in the school and ¢ is the number of years after 2006, then the growth

rate is given by ccli—zj = 60. Use calculus to find the population of the school in 2012.

18 If velocity v is the rate of change of distance d as a function of time ¢, find the distance function if
v=3f+4and d=0when t=0.

CHAPTER REVIEW 12

1 For the graph of y = 15x + 12x” — 4x for -1 < x < 3, find the values of x for which:

(@) yincreases as x increases (b) y decreases as x increases
(c) yisamaximum (d) yisaminimum.

2 Iff(x)= 2x” + 3x* — 12x, find the values of x for which:
@ f'(x)=0 (b) f(x)>0 (€ f'(x)<o0

3 Sketch the graph of y = f(x) given:
(@ f(3)=5,f(3)=0, f(x)>0forx<3and f'(x)<0forx>3
(b) f(-1)=8, f'(-1)=0,f(2)=3, f’(2)=0, f'(x)<0for-1 <x<2,and f’(x)>0 for x< -1 and for x > 2

4 Find the coordinates of the points on the following curves where the gradient is zero. Determine whether
these points are local maximum or minimum points.

@ y=3x-2x (b) y=x"-3x"-9x
5 A figure ABCED consists of a rectangle ABCD topped by an equilateral triangle CED as E
shown in the diagram. If the perimeter of the figure is 45 cm, find the dimensions of the

rectangle when the total area is a maximum.
D c

A B

6 A piece of wire 8 m long is cut into two parts. One part is bent into the shape of a square and the other part
is bent into a rectangle whose length is twice its breadth. Calculate the length of each part if the sum of the
areas of the square and the rectangle is to be a minimum.

7 A figure consists of a semicircle with a rectangle constructed on its diameter. If the perimeter
of the figure is 50 cm, find the dimensions of the rectangle such that the area of the figure is 2x

as large as possible. What is this largest area? v
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8

9
10

11
12

13

14

15

16

17

18

19

20

3
For the graph of y = f(x) where f(x)= x? —4x + 3, find the following:
(@) the values of x for which f’(x)=0 (b) the values of x for which f"(x) <0
(c) anylocal maximum and minimum values of f(x). ~ (d) Sketch the curve.
Find the equation of the tangent to the parabola y = 4x — x” at the point where the gradient is -2.

Find the equation of the tangents to the curve y = 2x°(4 — x) at the point where the curve intersects
the x-axis.

Sketch the graph of y = 3x” — 5x for values of x in the domain -0.5 < x < 1.5, locating the turning points.

A rectangular sheet of metal measures 6 cm by 4 cm. Four equal squares are cut out of the corners and the
sides are turned up to form an open rectangular box. Find the edge length of the squares cut so that the box
has a maximum volume.

Prove that the curve y = x*(3 — x) has a horizontal tangent where x = 2 and crosses the y-axis at right angles
at the origin.

Sketch the graph of y = x’(3 — x) in the domain -1 < x < 3, giving the coordinates of the turning points and
points of inflexion.

Jack is in the bush at point A, 3km from the nearest point C, which is at one 4
end of a straight 4km path CB. Jack wants to get to point B, the other end
of the path, as quickly as possible. He can run at a speed of 20 km/h along

the path CB but only at 10+/2 km/h in the bush off the path. He runs in a i
straight line through the bush from A to a point X on the path CB, then
along the path from X to B. : x B

<

(@) Find, in terms of x, the time taken for Jack to go from: .
() AtoX (ii) X to B.

(b) Find, in terms of x, the total time ¢ hours to get from A to B.

(c) Find the position of the point X for which ¢ is a minimum. Find this minimum time.

A haulage company makes frequent deliveries from Sydney to Cairns and calculates that the overhead cost

3600
v

$C depends on the average delivery speed v km/h according to the rule C=v + . Find the average

delivery speed to minimise the overhead cost.

Find the primitive of:

(@ x+9 (b) 3x*—2x+4 () x*+x -2

(d) (x—2)(x+3) () (x+2)* 0 7

Express y in terms of x given:

@ Y —sxsa ) Y =5 ax43x+x° © Y oaxidx+s
dx dx dx

Find f(x) in terms of x given:

@ f(x)=x"+x"+1,f0)=2 (b) f(x)=3-x+6x,f(1)=3 (c) f’(x)zl—%, f2)=14

During a storm, water flows into a 5000-litre tank at the rate of ii—‘t/ litres per minute, where
651—‘: =140+13¢ —t* and ¢ is the time in minutes since the storm began.

(@) Find the volume of water that has flowed into the tank since the start of the storm as a function of ¢.
(b) How much water has flowed into the tank after 12 minutes?
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CHAPTER 13
INTEGRAL CALCULUS

Outcomes covered:

H1
H5

H8
H9

seeks to apply mathematical techniques to problems in a wide range of practical contexts

applies appropriate techniques from the study of calculus, geometry, probability, trigonometry and series to solve
problems

uses techniques of integration to calculate areas and volumes
communicates using mathematical language, notation, diagrams and graphs

You should already be familiar with the formulae used to calculate the areas of plane figures such as squares,
rectangles, trapezia, triangles and circles. In this chapter we will develop a way to calculate areas bounded by
curves and straight lines, using calculus.

13.1 AREA UNDER A CURVE

In the diagram below, the shaded area ABCD is bounded by the continuous increasing function y = f(x), the

x-axis and the lines x = a and x = b. We will call this the area ‘under the curve’ between y
x=aand x = b, and by convention know that this means that the other boundary is the ¢
x-axis. The lines x = a and x = b represent the ordinates at a and b respectively.
D
A B
ol 4 b
There are several ways to find an approximation to this area ABCD. For example:
Draw the rectangles ABED and ABCF. y
By comparing areas: Area ABED < Area ABCD < Area ABCF k ¢
Or: (b—a) f(a) < Area ABCD < (b—a) f(b) D -
A B
0 a b ¥
Now divide the interval AB into 4 equal portions of length h, where h = —  asshown 7
in the diagram. Draw each of the interior and exterior rectangles. ¢
Total area of inside rectangles < Area ABCD < Total area of outside rectangles .
The sides of the rectangles are at x=a,x=a+h,x=a+2h,x=a+3h,x=b.
A B
0 a b ¥

So:

hf(a)+hf(a+h)+hf(a+2h)+hf(a+3h)<Area ABCD<hf(a+h)+hf(a+2h)+hf(a+3h)+hf(b)
h(f(a)+f(a+h) +f(a+2h) + f(a+3h)) < Area ABCD < h(f(a + h) + f(a+ 2h) + f(a + 3h) + f(b))

This is a better estimate of the area than we obtained from the first diagram. The more parts that we divide AB
into, the smaller the rectangles, and the better the approximation obtained for the area under the curve.
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Now consider the continuous function y = f(x), where f(x) > 0 for values of x

in a < x < b. Over this domain, f(x) will have a greatest value and a least value.

There is an area enclosed by the curve y = f(x), x = a, x = b and the x-axis.
Let A be the size of this area and let & and H be the minimum and maximum
values respectively of f(x) in a < x < b. We then have h(b —a) < A < H(b - a).

a+b

2
Take minimum and maximum values &, H, in the first subinterval and
h,, H, in the second subinterval as shown in the diagram.

Hence: h(b—a) < (h +h2)><b_Ta£A <(H, +H2)><b;2“ <H(b-a)
The more equal subintervals we make, the closer the corresponding area

sums will approach the value for A.

a+b

Now split a < x < b into two subintervals, a < x < and <x<b.

Example 1

Find an approximation of the area of the region bounded by the curve y = x*, the x-axis and the ordinates at

x=0and x=1, using:

(a) one subinterval (b) two subintervals (c) four subintervals.
Solution
(@) Draw a diagram showing the region: 2

For 0 < x £ 1 and one subinterval,
x=0, y=0, is the smallest value;
x=1, y=1, is the largest value.
Hence0<A<1

0.75

0.5

0.25 +

(b) For 0 <x<1 and two subintervals:
0<x<0.5:
x=0, y=0is smallest value; x=0.5, y=0.25 is largest value
05<x<1:
x=0.5, y=0.25 is smallest value; x=1, y =1 is largest value
Hence: (0+0.25)x0.5<A<(0.25+1)x0.5
0.125< A £0.625

0.75

0.5

0.25
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(c) For 0 <x<1 and four subintervals: y
0<x<0.25: x=0,y=0is smallest value
x=0.25, y =0.0625 is largest value 0.75
0.25<x<0.5: x=0.25, y=0.0625 is smallest value

x=0.5, y=0.25 is largest value 057
0.5<x<0.75: x=0.5, y=0.25 is smallest value
x=0.75, y=0.5625 is largest value =
0.75<x<1: x=0.75, y=0.5625 is smallest value . |
O x

x=1, y=11islargest value R L

Hence: (04 0.0625+ 0.25 + 0.5625) X 0.25 < A <(0.0625 + 0.25 + 0.5625 + 1) X 0.25
0.21875< A <£0.46875

The area is between 0.21875 and 0.46875. Taking the average of these two values gives an
approximate area of 0.34375.

EXERCISE 13.1 AREA UNDER A CURVE

1 Find an approximation for the area of the region bounded by the curve y = x*, the x-axis and the ordinates
at x =0 and x = 1 using eight subintervals. Compare your answer to the answers obtained in Example 1.

2 Find an approximation for the area of the region bounded by the curve y = x°, the x-axis and the ordinates
at x =1 and x = 3 using:

(@) one subinterval (b) two subintervals (c) four subintervals.

3 Find an approximation for the area of the region bounded by the curve y = x* + 1, the x-axis and the
ordinates at x =0 and x = 1 using:
(@) one subinterval (b) two subintervals (c) four subintervals.

4 Find an approximation for the area of the region bounded by the curve y = x + 1, the x-axis and the
ordinates at x =1 and x = 3 using:

(@) one subinterval (b) two subintervals (c) four subintervals.

Compare your answers to the exact area of the region.

5 Find an approximation for the area of the region bounded by the curve y = x’, the x-axis and the ordinates
at x =0 and x = 2 using:

(a) one subinterval (b) two subintervals (c) four subintervals.

13.2 THE DEFINITE INTEGRAL AND THE AREA UNDER A CURVE

It can be seen that as the number of subdivisions increases, the sums of the areas of rectangles become closer

to the area under the curve bounded by the two ordinates. Integral calculus is based on the infinitesimal limit

of these rectangular subdivisions. The process that we are about to develop was discovered independently by
Leibniz and Newton in the seventeenth century, when they were the first to make the link between the area under
a curve and calculus by way of the primitive function.

Let f be a continuous and increasing function in the interval a < x < b. Divide this interval into n subintervals,
where 7 is large. Each rectangle will have a small base of length dx (where dx is a single symbol—dx is not
‘d multiplied by x’) and a height that is close to f(x) for any value of x in the base. Because fis continuous, all
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values of f(x) are close together if the values of x are close together. Thus the area of a typical rectangle is f(x) dx

and the sum of these areas can be written as Z f(x)dx. The large Greek letter X (capital sigma) denotes

‘the sum of’.

b
As n increases (and hence dx decreases), the limiting value of this sum is denoted by J. f(x)dx. The integral

symbol | represents a large elongated S, which stands for ‘sum’, while the bounds a and b at either end of the

b
| indicate the interval from x = a to x = b over which the sum is taken. This I f(x)dx is called the definite

integral of the function f(x) between x = a and x = b. The value A of this definite integral is the size of the area

under the curve y = f(x) between x=a and x = b.

b b
For a definite integral, we write: A= J f(x)dx OR A= '[ ydx

Example 2

Write the definite integral for the area of the region under the line y = x + 1 between the ordinates x=1 and

x = 3. By using appropriate area formulae, find the value of this area.

Solution
Sketch the region: bounds are f(x) =x+ 1, x = 1, x = 3, x-axis

A= J.:f(x)dx

3
= I (x+1)dx
1
The required area is a trapezium. A = (%4) X (3—1) = 6 units
X
Example 3

Write the definite integral for the area of the region bounded by the lines y = 2x, x = t and the x-axis.

By using appropriate area formulae, find the value of this area as a function of t.

Solution
Sketch the region: bounds are f(x) = 2x, x =0, x = t, x-axis

A= J.:f(x)dx

= J.Ot 2xdx

Area of triangle = § X t x 2t = t*

It is worth noting here that x” is a primitive of 2x.
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Definite integral—formal development

Let f be a continuous and increasing function in the interval a < x < b. y
Divide this interval into n parts, not necessarily equal, using the points B
X X, X5 ... %, such thata = x < x, <x,<x,...<x, =b.

Using the subintervals (x, — xy)> (x, = x,), ... (x, —x,_|) as bases, P

construct upper and lower rectangles as shown in the diagram. ftx)
If we denote the sum of the areas of the lower rectangles by S, then: A fx)

S, =flx)(x, —x) +flx)(x,—x) +... +flx_)x, —x | f("o)lﬂi":)
If we denote the sum of the areas of the upper rectangles by S , then: Ola=x, x x, x x,=b
Sy=fx)(x; —x) + flx,)(x, —x) + ... +fx )(x, —x, ).
It is clear from the diagram that S ;> S, and that S, — S, equals the sum of the areas of the shaded rectangles.
If we denote the area bounded by the curve, the x-axis and the ordinates x =a and x=b by A, then §, <A < ,.

If we divide the interval a < x < b into a very large number of parts, i.e. # — oo, then the sum of the areas of the
shaded rectangles becomes very small: S, —S; — 0 and S, and S, approach the same limit A.

Consider now a typical rectangle of width dx at any point x in the Y
interval a < x < b. The area of a typical lower rectangle is f(x) dx
and the area of a typical upper rectangle is f(x + dx) Ox.

b b
Hence: S, = Zf(x)&c and Sy = 2f(x+5x)5x

The X notation here denotes ‘the sum of” the areas of the n lower
rectangles (S, ) or upper rectangles (S;) in the interval a < x <b.

Thus: zb:f(x)5x <A< zb:f(x+5x)5x

Asn— o0, 6x > 0and Sy — S, so: A:(slim f(x)ox
x—0

b
This limit is written as A = I f(x)dx, and is read as the integral of f from a to b. This is known as the
definite integral. ¢

TECHNOLOGY EXPLORATION

Area under a curve passing through the x-axis
1 In GeoGebra, create the function f(x) = (x — 2)(x — 4) by entering f(x)=(x-2)(x-4) into the input bar.

2 In the input bar, enter integral[f(x),1,2]. An area between the curve and the x-axis will be shaded between
x =1and x = 2. An integral value a will be shown in the Algebra view.

3 In the input bar, enter integrall[f (x),2,4]. The area under the curve between the two x-intercepts will be
shaded. What do you notice about the integral value b in the Algebra view?

4 In the input bar, enter integralff(x),4,5]. An area between the curve and the x-axis will be shaded between
x=4and x=5.

5 What is the total area shaded?

6 In the input bar, enter integral[f(x),1,5]. This will reshade all of the above areas. Note the integral value in
the Algebra view. Make a statement about integral values and the area between the curve and the x-axis.
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EXERCISE 13.2 THE DEFINITE INTEGRAL AND THE AREA UNDER THE CURVE

1 Write the definite integral that you would use to find the area of the region under the line y = x + 2 between

the ordinates x = 0 and x = 3. By using appropriate area formulae, find the value of this area.

2 Write the definite integral for the area of the region under the line y =2x + 1 between x =1 and x =4.
By using appropriate area formulae, find the value of this area.

3 Which definite integral represents the area bounded by the curve y = 4 — x* and the x-axis?
2 2 0 2 2 2 \/5 2
A J.O (4—x )dx B J_2<4—x )dx C _,._2(4—x )dx D J‘_ﬁ(4—x )dx
4 Write the definite integral for the area of the region bounded by the lines y = 3x, x = t and the x-axis.
By using appropriate area formulae, find the value of this area.

5 Write the definite integral for the area of the region under the curve y = x* between x =0 and x = 2.
By drawing this graph on a 5mm grid, count squares to find an approximation for this area.

6 Write the definite integral for the area of the region under the line y = 2 — x between x = 0 and where it cuts

the x-axis. By using appropriate area formulae, find the value of this area.

7 Write the definite integral for the area of the region under the curve y =+/9— x”. By using appropriate area

formulae, find the value of this area.

8 Write the definite integral for the area of the region under the curve y =+/9— (x —2)*. By using appropriate

area formulae, find the value of this area.

13.3 THE DEFINITE INTEGRAL AND THE PRIMITIVE FUNCTION

b t
In Example 3, we found that A = j f(x)dx = J. 2xdx = t*. This means that the primitive of 2x is x* + C.
a 0

If F'(x)= f(x), then F(x) is a primitive of f(x).

Here f(x) =2xs0 F(x) = x* and F(t) = £, F(0) = 0; we can see that F(t) — F(0) = #* — 0 = £*. This leads us to a
possible way to evaluate the definite integral:

A= Lbf(x)dx =F(b)— F(a) where F(x) is a primitive of f(x)

b 3
In Example 2 we had A = j f(x)dx = J- (x +1)dx. By finding the area of the triangle, we found that
a 1

A = 6 units®.

2
Following the definitions above, for f(x) = x4+ 1 we have F(x) = X4 x. Hence F(3)=3+3=75
1 2
and F(1)=3+1=1.5:

F(3)-F(1)=75-15=6

3
This verifies that j (x+1)dx = F(3)— F(1) = 6 where F(x) is a primitive of x + 1. We now need to derive this
1

result to be sure that it holds true for all primitives.
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Fundamental theorem of calculus

Let y = f(x) be a continuous positive curve defined for values of x X B
including x > a. =1
For ¢ > a, let A(c) denote the area under the curve between a and c,
and A(x) denote the area under the curve between a and x. The shaded A(0)
area of the diagram is A(x) — A(c). It can be approximated by a rectangle

of height f(x) and base (x — ¢):
A(x) = A(c) = (x—¢) f(x) or f(x)z% a ¢ x

If the maximum and minimum values of f(t) for ¢ <t < x are M and m respectively, then:

m< % <M These inequalities also hold when x < c.
As x approaches ¢, both m and M approach f(c).
A(x)—A(e) _

Hence: }32}?_1((6)

But this is the same as our earlier definition of the derivative of a function A(x).
Alx)— A ,
%. Hence A’(c) = f(c), c¢>a.

Because this statement is true for all ¢ > a, the two functions y = f(x) and y = A’(x) are equal for all x > a.
Thus A(x) is a primitive function of f(x) for x > a.

Thus we have: A’(¢) = lim

If we already know a primitive function F(x) of f(x), then we must have A(x) = F(x) + C for some constant C.
As x > a, A(x)— 0, F(x) — F(a), so: 0=F(a)+C or C=-F(a)

Thus A(x)=F(x)—F(a) for x> a. ,
If b > a, then substituting b for x we have: A(b) = .[ f(x)dx =F(b)—F(a)

Hence the area and the definite integral can be found using the known primitive function F (x).

Fundamental theorem of calculus:

b
I f(x)dx =F(b)—F(a) where F(x) is a primitive function of f(x).

In deriving the above result we only considered f(x) as an increasing function in the interval a < x < b. However,
the theorem is still true for a decreasing function or for a function that is sometimes increasing and sometimes
decreasing in the interval, as long as the function is continuous.

b
When evaluating an integral, it is convenient to set it out as follows: .[ f(x)dx=[F (x)]Z
=F(b)— F(a)

If we can find the primitive function, we can now evaluate any definite integral. Unfortunately, not all primitive
functions are easy to find. At this stage we will be limited to polynomial functions and rational powers of the
independent variable. Other functions will be looked at later. Later we will also use the trapezoidal rule and
Simpsonss rule to find numerical approximations for definite integrals.

Example 4
Evaluate:

(a) f(xz —x)dx (b) J.j(x3 —2x* + 3x—4)dx
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Solution

o2 | X % ’ 203 2 _lxt 2x 3x7 ’
(a) (x —x)dx—[?—Tl (b) J_l(x —2x +3x—4)dx—[ ot L
=(9-%)-(3-%) =(4-%+6-8)-(4+3+3

=43 =-93

+4)

Example 5
Calculate the area of the region bounded by the graph of the straight line y = 2x + 3, the x-axis and the

ordinates x =1 and x = 5.

Solution .
Sketch the region: Area = J (2x+3)dx
1
y _ 5
y=2x+3 _ 2

= [x + 3x]1
=(25+15)—(1+3)
= 36 units’

Example 6
Use integration to find the area of the region enclosed by the parabola y = x* the x-axis and the line x = 5.
Solution .
Sketch the region: Area = j x* dx
0
7
-15]
3 1
05 0
== 0
= 412 units®
0 5 X
Example 7

Calculate the area of the region bounded by:
(@) the graph of the parabola y = 7x — x* — 10 and the x-axis
(b) the graph of the parabola y = x> — 7x + 10 and the x-axis.

(c) Compare the answers.
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Solution

(@) Sketch the region: Cuts x-axis when 7x — x* — 10 = 0:
% X —7x+10=0
(x=2)(x=5)=0
0 X
x=2,5

5

Area = J.

2

3 2 2
=[_x_+7i_10x}
2

(-x2 +7x— 10)dx

=45
(b) Sketch the region: Cuts x-axis when x* — 7x + 10 = 0:
y (x=2)(x=5)=0
x=2,5
y=x'-7x+10 5
Area= [ (x*=7x+10)dx
2
3 2 2
= [%—%+10x}
of & ~* 2

= (%2125 +50)— (§—14+20)
=-45

Negative area does not make sense, but we overcome this problem by taking the absolute value
of the answer. The working needs to be written as:
Area =

5
L (x* —7x+10)dx|=|-4.5| =45

(c) The two integrals have the same size but a different sign. The second curve and region are just the
first curve and region reflected in the x-axis, so the regions must have the same area. The negative
sign indicates that the region is below the x-axis.

Evaluating a definite integral and finding an area

The value of an integral and the area of a region can have different signs, as Example 7 shows. When a region is
entirely above the x-axis, the value of the integral is positive and is equal to the area. When the region is entirely
below the x-axis, the value of the integral is negative. To find the area, we take the absolute value:

b b
Area :U F@dx|=[[F@)]|=[Fb) - Fa)

What happens when the curve defining a region is both above and below the x-axis? In a situation like that you
must find where the curve cuts the x-axis and then consider the regions above and below the x-axis separately.
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Example 8

The curve y = x> — 6x” + 8x cuts the x-axis at 0, 2, and 4 as shown in the diagram.
y g

By first finding the areas A, and A, find the total area enclosed by the curve and 4
the x-axis. 5 W
Solution
2 3 5 4
A1=U (x —6x +8x)dx A, = j (x3—6x2+8x)dx Totalarea=A + A,
0 2
_ 02
) ) \ . = 8 units
=|| £ —2x° + 47 =|| £-—2x° + 4x?
4 0 4 2
=|(4-16+16)—(0)| =|(64—128+64)—(4—16+16)
=4 =|4

=4

Example 9 .
Find the value of the definite integral J <x3 —6x" + Sx)dx.
0

Solution

4 4 4
J (x3 —6x° +8x)dx =| £ — 24 + 447
0 4 0
=(64-128+64)—(0)
=0
If you used this integral to find the area of the region in Example 8, you would obtain an area of zero, which
is clearly wrong. You should be aware that finding the value of a definite integral is not always the same
as finding the area of a region. This is why it is important for you to sketch a region before setting up an
integral to calculate its area. You must calculate the areas above and below the x-axis separately. Areas above
and below the x-axis have opposite signs.

Important results
1 If y=f(x) is an increasing function over the interval a < x < b, then y = -f(x) is a decreasing function
over the same interval. y = -f(x) is the reflection of y = f(x) in the x-axis. Thus the area of the region
bounded by y = f(x), x = a, x = b and the x-axis is equal to the area of the region bounded by y = -f(x),
x =a, x = b and the x-axis.

% y=fx) A=

: - B=f@ﬂmmx

Kﬂ@@

A B:‘—be(x)dx

{ﬁﬂ@w

0 T y=4@)

2 If y=f(x) is a continuous function over the interval a <x < b, and a < ¢ < b, then:

Kﬂ@ﬂ:ﬁﬂmn+fﬂmw
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3 If F, G are primitives of f, g respectively, then F + G is a primitive of f+ g. Thus:
b
L (F(x)+ g(x))dx = (F(b)+ G(b)) - (F(a) + G(a))
=(F(b)- F(a))-(G(b)-G(a))

b b
- j f(x)dx+j o(x)dx
b a
4 If you reverse the limits of integration, you change the sign of the integral: J f(x)dx = -L f(x)dx
b b b
5 j F(x)dx ij g(x)dx = j (f(x) £ g(x))dx

b b
6 J. cf(x)dx:cJ’ f(x)dx  where cis a constant.

Example 10
Calculate the area between y = Jx, the x-axis and x = 4.
Solution
Sketch the region: It is clear from the diagram that the region is above the x-axis.
4
5L Hence: Area= J \/; dx
0
4
3 ;4
={x3 ] :[%3@ } =%(8-0)=5% units’
0 ' "o '
4
Example 11
Find the area of the region bounded by the curve f(x) = x(x — 2)(x + 1) and the x-axis.
Solution
Sketch the region: fx)=x(x-2)(x+1)= X=x-2x
— a2 0 . 2
) flx) =x(x-2)(x+1) Al =I (xz—x“—2x)dx A2 - (x3_x —2x)dx
-1 0
A, 4 3 0 2
X X 2 4 3
2 Al @

Total area = 3 + 2% = 3.5 units’

S

2
You can show by evaluating the integral that j (x3 -x’ - 2x)dx #3
-1
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EXERCISE 13.3 THE DEFINITE INTEGRAL AND THE PRIMITIVE FUNCTION

3 2 0 2 3 2
1 Evaluate'[ x dx,J. x“ dx and show thatJ x“dx=-
0 3 0

2

0 2
x“dx.

2 3 3 3 2 3
Evaluate I x> dx, J. x dx, J x* dx and show that J x*dx = J x> dx +J x? dx.
1 2 1 1 1

2

3 Evaluate f x* dx, J‘:Zx dx, J.j(x2 + Zx)dx and verify that f(xz + Zx)dx = J.sz dx + f 2xdx.
4 Evaluate J:(4x2 + 8x)dx , 4!03(x2 + 2x)dx and verify that J.:(lez + 8x)dx = 4J.03(x2 + Zx)dx.
5 Evaluate:

(a) I;(Zx —5)dx (b) f(axﬂ)dx

(d) J13(2t—4)dt (e) J._Z(uz—2u)du

©) Jj(xz —4)dx

) E(zxﬂ)z dx

5
6 The value ofj (6+8x—3x2)dx is:
0
A 29 B 5 C -5 D -29
7 Evaluate:

(b) Jj(z:f —8x+ S)dx

(©) j:(x— 2) dx

0 [ ()

0 ] (V%= dx

8 Find an expression for:

(@) J.: 3x% dx (b) J.Oz(axz +bx+ c)dx (c) J'O“(xz - 2x)dx

4 2
. . . . 1 . .
9 The following expressions are steps in the evaluation of J. (x + x) dx. Indicate whether each step is correct
. 2
or incorrect.

T 1
(a) L(x +2+x2)dx

10 Find the area of the region bounded by the x-axis and the graph of y =2 — x — x°.

4

x° 1 11
(c) ‘:—+2x—;} (d)y 22 P

(b) [x—3+2x— 2:| 3 2

3 x32

11 Find the area of the region bounded by the x-axis and the graph of y = x*(1 — x).

12 Find the area of the region bounded by the graph of y = 3 + 5x — 2x” and the x-axis.

13 IfJ.u(4 —2x)dx = 4, find the value of a. 14 Ifjaxdx =0, find the value of a.
0 1

2
15 If cj (x —5)dx =1, find the value of c. 16 Calculate the area bounded by the curve y = (3 - x).
2
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13.4 MORE AREAS

Example 12
Calculate the area of the region bounded by the graph of the parabola f(x) = x> — 7x + 10, the x-axis, and the

ordinates x = 3 and x = 4.

Solution \
Sketch the region: Area = (x2—7x+10)dx
3
fx)\
flx) =x* - 7x + 10 _ x_3 7—x2+10x i
3 2
3
7 =|(%-56+40)— (9% +30)|
5 I l =2%

Odd and even functions
For an even function, the area bounded by the curve y = f(x), the x-axis and the ordinates x=a and x = -a is:

f;f(x)dx =2j:f(x)dx

For an odd function, the area bounded by the curve y = f(x), the x-axis and the ordinates x =g and x = -a is:

_[_Zf(x)dx [ s =2|j:f(x)dx

Area =

Area =

Example 13
Find the area of the region bounded by the curve y = f(x), the x-axis and the ordinates x = -2 and x = 2, for:

@ flx)=x"-4 b) fx)=x

Solution
(@) Sketch the region: f(x) = x* — 4 s an even function.

¢ y=x-4 J-_Z(xz—4)dx=.[02(x2—4)dx

Area = 2""2(3c2 —4)dx

/2 x |
3 2
—oll X_ _
—2[3 4x}
0

-oft-s|-24

o
'*Av

=102 units’
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(b) Sketch the region: fx)= x° is an odd function.

y 0 2 2
J x3d,r=-J- x’dx and I Xdx=0
2 0 2
0 3 2 3 2 3
| Area=-[x'dx+jx'dx:2_’.xdx’
5 O 2 X -2 0 0
T
4 0
=2[4-0|
= 8 units’

EXERCISE 13.4 MORE AREAS

1
2
3

10

11
12
13

14

Calculate the area of the region bounded by the line y = 3x + 5, the x-axis and the lines x=3 and x = 6.
Find the area of the region bounded by the parabola y = x> + 2, the x-axis and the lines x = -1 and x = 2.

Calculate the area of the region bounded by the graph of f(x) = x* — 4x + 4, the x-axis and the lines x = 1
and x =4.

Calculate the area of the region bounded by the curve y = 4 — x* and the x-axis.

Which of these integrals will give the area of the region bounded by the curve y = 16 — x* and the x-axis?
Indicate whether each answer is correct or incorrect.
2
j (16 -x* )dx
2

2 4 2
—xt 4 o4
(@) J.72(16 x )dx (b) J._4(16 x )dx () 2'[0 (16 x )dx (d)
Calculate the area of the region bounded by the curve y = -x, the x-axis and the ordinates x = -3 and x = 3.

4
The value of the definite integral J- x dx is:
4
A -128 B 0 C o4 D 128
Calculate the area of the region bounded by the graph of f(x) = (x — 2)°, the x-axis, x =2 and x = 3.

Find a positive number k such that the area of the region bounded by the graph of f(x) = kx(2 — x)* and the
x-axis is equal to 1 unit’.
For the graph of f(x) = (x + 1)(x — 1)% calculate:

(@) the area bounded by the curve, the x-axis, x=0and x =0.5
(b) the area bounded by the curve and the x-axis
(c) the area to the right of the origin bounded by the curve and the coordinate axes.

Find the area bounded by the parabola y = 8x — x* and the x-axis.
Find the area of the region bounded by the curve y = x(x — 2)* and the x-axis.

Calculate the area of the region bounded by the curve y = (x + 1)(x — 1)(x — 3), the x-axis and the ordinates
atx=0and x=2. y
(0,1) (1,1)

Show by integration that the area of a unit square (see diagram) is:
(@) bisected by the line y =x

(b) trisected by the curves y=x"and y = Jx

(c) divided into four equal parts by the curves y=x’, y=xand y = Yx. o (1,0) x
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13.5 APPROXIMATE METHODS OF INTEGRATION—TRAPEZOIDAL RULE

For many functions we cannot easily find the primitive. In these cases, we can use numerical methods of
integration to find the approximate value of a definite integral. There are many different methods of numerical
approximation; computer software that evaluates definite integrals usually uses sophisticated numerical methods.

We will look at two approximation methods: the trapezoidal rule, where trapezia are used to approximate the
area under the curve; and Simpson’s rule, where a parabola is fitted to sections of the curve and the area under
the parabola is found.

In Example 1 we approximated the area under the curve y = x” using rectangles drawn above and below the
curve. The more rectangles we used, the better the approximation obtained for the area. In Example 14 we will
redo this problem using trapezia.

sum of lengths of parallel sides

> x distance between them

Recall the area of a trapezium: Area =

Example 14
Calculate the area of the region bounded by the curve y = 1%, the x-axis and the ordinates at x=0 and x = 1,
using trapezia with:

(a) one subinterval (b) two subintervals (c) four subintervals.
Solution
(@) Draw a diagram showing the region. (b) For 0 <x <1 and two subintervals:
Y y
Il e e oo o o (= e o d b oonooaooommmamacmomaos
0.75 + 075==
0.5 4+ Q5L
F= y=x
0.25 -+ A (D8 e e o Ve
} } } I |
. 0.25 0.5 0.75 17 & 0.25 05 075 1
For 0 £ x £ 1 and one subinterval, the flx)= xzzf(O) =0, f(0.5)=0.25,f(1) =1,
trapezium is a triangle, but for consistency base=05-0=1-0.5=0.5
we will use the trapezium area formula. Area £(0)+ £(0.5) O0ss £(0.5)+ £(1) 05
flx)=x%f(0)=0,f(1)=1,base=1-0=1 2 ' 2 '
0)+ (1 _ (0+0.25) (0.25+1)
Area = ¢ )zf()x(l—o) =X 05+ X 05
0+1 =0.0625+0.3125 = 0.375 units

= > x 1= 0.5 units®

(c) For 0 <x<1 and four subintervals:
fx)=x* f(0)=0, £(0.25) = 0.0625, £(0.5) = 0.25, £(0.75) = 0.5625, f(1) = 1, base = 0.25— 0=0.25
Area=L01J02) 0 354 JOBJO3) 5 95 4 JONH[O) 5 .25 4 LOBIL /D 5 9,25
= 0+00625 % 0.25 + 206254025 5 (.25 + 223403625 (.25 + 262541 (.25

=0.34375 units*
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1
By evaluating J. x* dx we know that the exact area
0

is L units”. We can see that increasing the number
of subintervals (and hence trapezia) gives a better
approximation to the area.

Example 15
Use trapezia to find an approximation for the area under the curve Y
y= % between x = 1 and x = 3 using four subintervals.

Solution 2+ \y=1
Sketch the region:
f(x):%:f(l)zl, f.5)=%,1(2)=0.5,f(2.5)=04, f(3)=1, K \\

base=1.5-1=0.5 \I-\I_*

0 = x

Area = LU W) 5 54 JUSWID) g 54 JAHGI) o 54 LJEITQ) 5 0 5
=((1+ D+ (33 +(F+3)+(3+4)x %

=1(1+2x3+2x4+2x2+1)

=1.116 units®

3
In this example we have found an approximation for the definite integral, I de We cannot find the
1

primitive of f(x)= 31C—yet, but we can still find an approximate value for definite integrals involving the function.

The trapezoidal rule
If f(x) is a continuous function and f(x) = 0 on the interval a < x < b, then we can find an approximation to the
b

definite integral I f(x)dx by dividing the area into a number of trapezia of equal 4
width, where the parallel sides of the trapezia are ordinates. r=12
b
o One trapezium: J. f(x)dx = (b= a)(f( )+f(b)) fib)
’ fla)
ol 4 , X
y
o Two trapezia: y=fx)
azb
J e = 2 a)[ (a)+f ] (b- a)[ )2+f(b)] P
_-a) !
a
+2 + f(b ! ' '
G2 s+ 2s(252)+ s0) s
2
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o ntrapezia: the base of each trapezium is b =h.Ifa=x,b=x, and %
the points between are x,, x,, ... x,_|, then the trapezoidal rule becomes: yoig
[ e =CoD( flay 2 f ) 4200 b4 2f )+ £B) | )
a
OR L"f(x)dx z5(f(a)+zf(xl)+zf(x2)+...+2f(xn_1)+f(b)) S
where h=2 - a
For h= b— , we have:

IS LIS Ibf () = L2 (f@)+ (b)) =2 fa)+ 1)
n=2,h="224. _[:f(x)dxzg(f(a)uf(%)ﬁ(b))

n:n,hzb_—a: be(x)dx=%(f(a)+2f(x1)+2f(x2)+...+2f(x,,_1)+f(b)) wherea=x,b=x,.

Example 16
2
Evaluate J. V4 — x? dx using the trapezoidal rule with:
0
(@) two subintervals (b) four subintervals. (c) What is the exact value of this integral?
Solution
(@ Use a table of values to sketch f(x)= V4 —x? with two subintervals: y
o
X 0 1 2
fx) 2 NE) 0
— 2 Y
p=20=1: [ Va-xax~4(f@+2f)+f(2) | I
‘ ! & 1 A
=4(2+23+0)
= 2.732
(b) Use a table of values to sketch f(x)=+v4—x* with four subintervals: zy 4
X 0 0.5 1 1.5 2
fx) 2 |35 | B | V75| 0
= ) ol 05 1 15 2
n=220- J Va—x dx = 5( £(0)+2( £(05)+ fFQ)+ F(15)) + £(2))
=1(2+2(V375 +43+175) +0)
= 2.996

2
(c) The region is a quarter of a circle of radius 2, so the exact value of J- 4-x*dxism
0
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Example 17

To measure the cross-sectional area of Distance from
. . . . 0 5 10 15 20 25
a river, a boat travels directly across the riverbank (in metres)
river and measures the river’s depth as Depth
shown in the following table. The depth (in metres) 0 |12] > |48]13] 0

of the river at the banks is zero metres.
Use the trapezoidal rule and all the values
in the table to calculate the cross-sectional area of the river.

Solution
The distance from the bank is the independent variable and the depth of the river is the dependent variable.

Area of cross-section = IOZSf(x)dx = %(f(0)+2(f(5)+f(10)+f(15)+f(20))+f(25))

=3(0+2(1.2+5.0+4.8+1.3)+0)
. ! 1 1 1 1 =5x%x12.3

W =61.5

The area of the cross-section is approximately 61.5 m”.

If an average flow rate of the river was known, then the amount of water flowing past in a given time could be
calculated.

EXERCISE 13.5 APPROXIMATE METHODS OF INTEGRATION—TRAPEZOIDAL RULE

4
1 Evaluate J- Vx* +9 dx using the trapezoidal rule and two subintervals.
0

1
2 Evaluate zdx using the trapezoidal rule with: (@)  two subintervals (b) four subintervals.
0x"+1

3 Indicate whether each expression is a correct or incorrect example of the use of the trapezoidal rule.

3-1( 1 2 1 1

o [£-55Es) 0 lEEEEs)
oy I Y P T

4 Evaluate j x’dx by: (a) direct integration (b) using the trapezoidal rule with two subintervals.
1

5 Given that f(x) = 2, complete the following table:

. 0 ) ) 3 4 Using these five function values and the

4
trapezoidal rule, estimate j 2% dx.
2* 0

1

6 Evaluate j 4" dx using the trapezoidal rule with four subintervals.
1

7 Evaluate I Jx dxby: (a) direct integration (b) using the trapezoidal rule with three subintervals.
0

S
8 Evaluate j 1+ x” dx using the trapezoidal rule with two subintervals.
0
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4
9 Evaluate I ﬁdx using the trapezoidal rule with four subintervals.
0

4
10 Evaluate J V1+ x* dx using the trapezoidal rule with four subintervals.
0

11 A mining engineer is trying to estimate the volume of earth above a coal seam prior to open-cut mining.
The area to be mined is flat and rectangular. In a straight 500-metre line across the middle of the rectangle,
the engineer drills down to record the depth from the ground surface to the coal seam at 50-metre
intervals. The information is recorded in the following table:

Distance from edge (m) 0 50 | 100 | 150 | 200 | 250 | 300 | 350 | 400 | 450 | 500

Depth (m) 200 | 150 | 100 | 150 | 100 50 50 | 100 | 150 | 200 | 250

(@) The engineer needs to calculate the vertical area beneath this line down to the coal seam. Use the
trapezoidal rule to calculate this area.

(b) The rectangular area to be mined is 2.5km long. Estimate the volume of soil to be removed (in cubic
metres) to expose the coal seam. (Assume that the cross-sectional area is the same for the whole length
of the rectangle.)

13.6 APPROXIMATE METHODS OF INTEGRATION—SIMPSON’S RULE

Simpson’s rule is based on replacing the given function by a quadratic Y
function: as shown in the diagram, we replace the graph of the given 2
function from x = a to x = b by an arc of a parabola that intersects the

given curve at x =a, x = b and the midpoint x = a—;b.

$t parabola

fla)

U
1Ll

a+b
2

It can be proved that the area under the parabola through these three points is 4 g 4 l: fla)+4f ( < er b ) +f (b)}.

Simpson’s rule then states: be(x)dx = b;a[f(a)+4f(a;b)+f(b)}

Of course, we can also break any interval into subintervals and apply Simpson’s rule to each subinterval,
depending on how many points on the graph (i.e. function values) we want to work with. The more subintervals,
the more accurate the approximation. To apply Simpson’s rule to any number of subintervals, we need an

initial function value and then two more function values for each subinterval, so that each subinterval has two
endpoints and a midpoint.

Example 18
2

Evaluate J- V4 — x* dx (as in Example 16) using Simpson’s rule, with:
0

(a) three function values (b) five function values.

Solution
Make a table of five function values for f(x)=+4- x2: X 0 0.5 1 155 2

fe) | 2 |375] 3 |V175] 0
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(@) three function values:a=0, b=2, atb_ I J:«M— x?dx = %[f(O) +4f(1)+ f(2)]

2
=§~[2+4><~/§+0]

=2.976

(b) We break the interval [0,2] into two subintervals [0, 1] and [1, 2], then apply Simpson’ rule to
each subinterval and add the two areas. Each subinterval uses three function values: (0, 0.5, 1)
and (1, 1.5, 2).

[ Va=xtae =120 s +4705)+ f0)]
t[2+4x375 +43]
1

913

f«/4—x3 dx = %[f(1)+4f(1.5)+f(2)] J':«/4—x3 dx =1913+1.171
=1[3+4xy175+0] =3.084

=1.171

The answer using Simpson’s rule differs from the exact value (which is 7) by less than 2%.

Note that Simpson’s rule will give an exact value when f(x) is a quadratic or cubic polynomial, just as the
trapezoidal rule will give an exact value when f(x) is a linear function.

Example 19
2
Evaluate I x*dx:  (a) byintegration  (b) using Simpson’s rule with three function values.
1
Solution
z 2 +b
(@) J.lxzdxz[%xﬂl:%—%:% (b) a=1,b=2,a2 =1.5:

szz froee b%ca[f(a)+4f(%b)+f(b)}
=1[1+4%x225+4]

1
6
7
3

These two answers are the same because Simpson’s rule is exact for a quadratic function.

Example 20
3
Evaluate j %dx using: (@) the trapezoidal rule with four trapezia
! (b) Simpson’s rule with five function values.
Solution
Make a table of five values for f(x)= 51?: X 1 1.5 2 2.5 3

f() 1

[SS1] 8}
N | —

[S211\8)
W | =

Chapter 13 Integral calculus 293



(@) J.:idx ~ 85 F(1) 4 2f(L5)+ 2f(2)+ 2f(25)+ f(3)] !
=1+2x2+2xi+2x2+1] S \\\
=1L ~1.1167 B
o)) ssss f%dx--26;1[f<1>+4f<1.s)+f<z)] 0 Las 2 25 3
=4{1+axi+3]=%
2<x<3: Jj%dxz%[f(2)+4f(2.5)+f(3)] J:%dxz%Jr%zu

=3[+ axi+i]=%

3
In Chapter 14 we will find that J %dx =log, 3 =1.099. This exact value differs from the answer obtained
1

using Simpson’s rule by less than 0.1%, and from the trapezoidal rule answer by less than 2%.

EXERCISE 13.6 APPROXIMATE METHODS OF INTEGRATION—SIMPSON’S RULE

4 2
1 Use Simpson’s rule with three function values to estimate J. Vx©+9dx.
0

1

2 Evaluate J. using Simpson’s rule with three function values.

2

ox"+1
1
3 Evaluate J. x’dx: (a) by integration (b) using Simpson’s rule with three function values.
0
What do you observe?

4 Which expression is a correct example of the use of Simpson’s rule?

5 Given that f(x) = 2%, complete the following table:

hese five functi 1 ith
X 0 1 2 3 1 Use these five function values wit

2X

4
Simpson’s rule to estimate J. 2% dx.
0

1
6 Evaluate J. 4" dx using Simpson’s rule with five function values.
-1
1
7 Evaluate J. Jx dxby: (a) direct integration (b) using Simpson’s rule with three function values.
0

2
8 Evaluate J. V1+x° dx using Simpson’s rule with: (a) three function values (b) five function values.
0

4
9 Use Simpson’s rule with nine function values to evaluate J %dx correct to 5 decimal places.
0

4
10 Use Simpson’s rule with five function values to evaluate '[ 1+ x* dx.
0
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11 A mining engineer is trying to estimate the volume of earth above a coal seam prior to open-cut mining.
The area to be mined is flat and rectangular. In a straight 500-metre line across the middle of the rectangle,
the engineer drills down to record the depth from the ground surface to the coal seam at 50-metre
intervals. The information is recorded in the following table:

Distance from edge (m) 0 50 | 100 | 150 | 200 | 250 | 300 | 350 | 400 | 450 | 500
Depth (m) 200 | 150 | 100 | 150 | 100 50 50 | 100 | 150 | 200 | 250

(@) The engineer needs to calculate the vertical area beneath this line down to the coal seam. Use
Simpsons rule to calculate this area.

(b) The rectangular area to be mined is 2.5km long. Estimate the volume of soil to be removed (in cubic
metres) to expose the coal seam. (Assume that the cross-sectional area is the same for the whole length
of the rectangle.)

13.7 AREA BETWEEN TWO CURVES

So far we have used integration to find areas bounded by a curve, an axis and (sometimes) ordinates. In this
section we will use integration to calculate the area between two curves.

Example 21
Sketch the region bounded by the curves y = 4 — x* and y = x* — 4. By evaluating the appropriate definite
integrals, calculate the area of this region.

Solution
Sketch the region: Both curves cut the x-axis at x = +2.
Call the area above the x-axis A and the area below the x-axis A,

y

r=x2—4
e A, is bounded by y = 4 — x* and the x-axis, hence:
2
4 =] (4-x*)d
1= ] (4=
We can see from the sketch that this area is positive, so the absolute value
o* bars can be left out.
A, is bounded by y = x*> — 4 and the x-axis, hence:
2 2
yod_z A, = Jiz(x —4)dx

We can see from the sketch that the integral for this area will be negative, so we must include absolute
value bars.

Evaluate the integrals:

: “t-1d
-3 . _% Area of shaded region=A + A,
=102
=103 =102 =10%+10% = 214 units?
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J.
e

Alternate method: A+A = J dx +

Now 7z(x2—4)dx =

The process here becomes more clear

2 2
if we write f(x) =4 — x” and g(x) = x* — 4: A+ A :J f(x)dx + J g(x)dx
2 2

= ij(x)dx - J‘;g(x)dx
= J_z(f(x)—g(x))dx

x—4dx

Area between two curves—general result

If fand g are two continuous functions whose graphs do not intersect in the

interval a < x < b, and f(x) > g(x) over this interval, then the area of the region y
bounded by the two curves and the ordinates x = a and x = b is given by:
b b
Area = J. f(x)dx —J g(x)dx
b
= J (f(x)—g(x))dx
This result also applies if the two curves intersect only at x =a and x = b. ©

Example 22
Calculate the area of the region enclosed by the graphs of f(x) = x + 1 and g(x) = x° — x — 2.
Solution
Find the x-values of the points of intersection of the
two curves by solving f(x) and g(x) simultaneously: ¥-x—2=x+1
X =2x-3=0
(x+1)(x=3)=0
x=-1,3
y=0,4
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Sketch the region: f(x) 2 g(x) for -1 <x < 3. Area of the region A is given by:
3 3

i) =g A =j f(x)dx—j g(x)dx
-1 -1

OR A=Jj(f(x)—g(x))dx

Hence: A= J.j((x+ l)—(xZ —x—2))dx

= J:(xz +2x+3)dx

3 3
:[-x—+x2 +3x]
3 -1

=(-9+9+9)—(4+1-3)
=10%

The area between the curves is 102 units’.

Example 23
Calculate the area of the region bounded by the x-axis and the curves with equations y = v/x and y =6 — x.
Solution .
Find the point of intersection: Jx=6-x \
Square both sides: x=36-12x+x y=0-%
B —
X —13x+36=0 ) yuiE
(x—4)(x-9)=0
x=4,9 | R
Only x =4 is a root of Jx =6—x. Check by substituting x = 9 into the equation. ¢ 4 N
Whenever you square both sides of an equation, the new equation may have roots
that were not roots of the original equation. Always check your answers.
Hence the point of intersection P is (4,2). , y
The region consists of two areas: the area under the curve Area = J Jxdx+ I (6—x)dx
y =[x between O and P (i.e. for 0 < x < 4) and the area ’ i ! o
under the curve y = 6 — x between P and R (i.e. for 4 <x <6). = [%xi :l i [6x _%}
0 4
=(2x8— —18—(24—
The area of the region is 71 units’. - ( S 0) +(36-18-(24-8))
=5%+2
=73
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TECHNOLOGY EXPLORATION

Area between two curves
Example: Find the area between f(x)=-0.5(x-2)(x+3) and g(x)=0.5(x+2)(x-3).
1 In GeoGebra, enter both equations into the input bar.

2 Right-click on the curve of f(x) and select Object Properties to change the colour. Do the same for g(x) to
make the colours different.

3 Using the Intersect Two Objects tool >{ find the points where the curves intersect. The two intersection
points A and B will be created. '

4 In the input bar, enter integral[f(x),x(A),x(B)]. The area between the curve and the x-axis is shaded between
the points A and B. Three distinct areas are shaded, two of which are outside the area that you want to
find (i.e. the area between the curves).

(Note: you can change the colour and opacity of the shading by right-clicking inside a shaded area and
selecting Object Properties.)
5 In the input bar, enter integral[g(x),x(A),x(B)]. Again, the area between the curve and the x-axis is shaded
between the points A and B, and three distinct areas are shaded, two of which are outside the area that
you want to find.

6 Note which shaded areas of f(x) and g(x) are positive and which are negative. Considering the signs of
these areas, what would happen if you took the areas of the upper curve f(x) and subtracted the areas of
the lower curve g(x)? Will you be left with the area that you want?

7 Using the integral values from the Algebra view, determine the area between the two curves.

8 In the input bar, now enter integralf(f(x)-g(x)),x(A),x(B)]. Is this numerical value (shown in the Algebra view)
the same as your calculated value? Does the actual area shaded look the same? Discuss.

EXERCISE 13.7 AREA BETWEEN TWO CURVES

1 Calculate the area of the region bounded by the line y = 2x and the parabola y = x°.
2
2 Calculate the area of the region bounded by the line y = x + 1 and the parabola y = XT -2.

3 The area of the region bounded by the line y = x + 2 and the parabola y = x* — 4 is given by:
A J‘Z(6+x—x2)dx B j_z(6+x—x2)dx C I_z(xz—x—6)dx D J.j(xz—x—6)dx

4 Calculate the area bounded by f(x) = P g(x)= lz, x> 0, the x-axis and 4
x

the line x = 3.

5 Calculate the area bounded by f(x) = X g(x)= %, x> 0, and the line x = 3.
x

6 Find the area enclosed by the line y = 2x + 3 and the parabola y = x*.

7 Find the area enclosed by the line y = 2x, the parabola y = -x” and the line x = 2. 0 2 ¥
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8 Calculate the area of the region enclosed by the graphs of the parabola y = x* + 4 and the line y = 5.

9 Calculate the area of the region enclosed by the graphs of the parabola y = 2x” — 5x — 3 and the line
y=3x— 3. Indicate whether each statement below is a correct or incorrect step in calculating this area.

4
(@) Intersection points: (0,-3) and (4,9) (b) Area= f <8x —2x% )dx
0
9
(c) Area= I (Sx —2x° )dx (d) Area= 21%units2
3

10 Calculate the area of the region enclosed by the graphs of the parabolas f(x) = 6x* — 5x and g(x) = 5x — 4x°.

11 Calculate the area of the region defined by the inequalities y > x and y < 3x — x°.

12 Calculate the area of the region defined by the inequalities y < 6 — x and y > x* — 5x + 6.

13 A straight line through the origin cuts the parabola y = 4x — x* at the point where x = 3.

(@) Find the equation of this line.
(b) Calculate the area of the region bounded by the parabola and the straight line.

(c) Calculate the area of the region bounded by the parabola, the straight line and the x-axis.

3
14 (a) Show that the area bounded by the curves y = /x, y= 51c and x = 3 is given by J (\/; - %)dx.
1

(b) Use the trapezoidal rule with two subintervals to find an approximation for this area correct to

2 decimal places.

4
15 (a) Show that the area between the curves y = Lz and y = % for 1 <x<4is given by J (Lz+ %)dx.
x 1\ x

(b) Use the trapezoidal rule with three subintervals to find an approximation for this area correct to

2 decimal places.

16 Part of a vertical section of an ore deposit takes the . o '
form shown in the diagram (not drawn to scale). The l 60 m R |Q Ground level
distances shown on the diagram have been indicated | ©
by vertical drilling at P and Q and by geological i Muck Bl ™
interpretation of the local rock formations. Taking La ; | | dom
the x-axis and y-axis as indicated, find: 18_ ¢ O -
m > 5
(@) the equation of the straight line AB | —
(b) the depth of muck at R 0 *

(c) the equation of the curve COD, assuming it is of the form y = ax"
(d) the total area of the section ABDC of the ore deposit.

13.8 AREA BOUNDED BY THE y-AXIS

The techniques used so far can also be used to find areas where one of the boundaries is the y-axis. We can

effectively swap the roles of the x and y variables.

The area bounded by the curve y = f(x), the x-axis and the ordinates at x=a and x=b
is given by:

b b
Area = J. f(x)dx OR Area = J ydx

Similarly, the area bounded by the curve x = g(y), the y-axis and the abscissae
(i.e. horizontal lines) at y = c and y = d is given by:

d d
Area = J.C g(y)dy OR Area = J xdy

Chapter 13
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For two curves x = f(y) and x = g(y) that intersect at y = c and y = d, where f(y) = g(y)
over the interval ¢ < y < d, the area bounded by the curves is given by:

d
area = [ (f()-g()dy

0
Example 24
Calculate the area of the region bounded by the curve y = \/; , the y-axis and the line y = 2.
Solution
Sketch the region: Write the equation as a function of y (i.e. make x the subject):

y y=Vx 5Jx=y
2 x=y"

Area = Iozxdy = Iozyz dy

32
o o
024X 3
0

-0

wioe

=2

(%1397

Area of the region is 2% units”.

Example 25
Calculate the area of the region bounded by the curve y = Jx, the line y=6—x and the y-axis.

Solution
Find the point of intersection: Jx=6-x

Square both sides: x=36-12x+x*
X —13x+36=0

(x—4)(x-9)=0
x=4,9
Only x=41is a root of /x = 6— x: intersection point is (4,2).
Sketch the region: Write the equations as functions of y:
y=+x - y’=x

y=6—x - x=6-—y
2 6
Area=J yzdy+j (6—y)dy
0 2

» 7T 71
214
0 2

=(§-0)+(36-18)-(12-2)
=103

S L Area of the region is 102 units’.

300 New Senior Mathematics for Years 11 & 12



EXERCISE 13.8 AREA BOUNDED BY THE y-AXIS

1 Calculate the area of the region bounded by the line y = x + 1, the y-axis and the line y = 4.
2 Calculate the area of the region bounded by the curve y = Jx, the y-axis and the line y = 3.
3 The area of the region bounded by the curve y = Yx, the y-axis and the line y = 2 is given by:
2 8 2 8
A d B d C *d D d
Joyy joyy on y _[Oy y

4 Calculate the area of the region bounded by the curve y = %, the y-axis and the lines y=1 and y = 9.
X

5 Calculate the area of the region bounded by the curve y = x* and the line y = 4. Y 0.9
6 (a) Show that the equation of the tangent to the parabola y = x> + 1 at the point
where x=21is y =4x— 3.
(b) Hence find the area enclosed by the parabola, the tangent and the y-axis. X
(c) Find the area enclosed by the parabola, the tangent and the coordinate axes.
0 X

7 Calculate the area of the region bounded by the curve x = L
. . . Y
the trapezoidal rule with three subintervals.

, the y-axis and the lines y = 1 and y = 4 using

8 (@) Calculate the area of the region bounded by the parabolas y = x* and y = 4 — x°. y
(b) Calculate the area of the region bounded by the x-axis and the parabolas
y=x"and y=4—x".

[V
9 The area between the curves x = \/; and y = 2x is calculated. Indicate whether each statement below is a
correct or incorrect step in the calculation.

4
(@) The curves intersect at (0,0) and (2,4) (b) Area= J. (\/; _ 22/ )dy
0

2
(c) Area= J. (2x —x? )dx (d) Area=11}units®
0

10 Calculate the area of the region bounded by the lines y = 4 — x, y = x and the y-axis.
11 Calculate the area of the region bounded by the curve x =/y + 4, the y-axis and the line y = 2.

12 (@) Sketch the region defined by y < 3x, y > x’—4 and x> 0.
(b) Calculate the area of this region.

13 (a) Sketch the region defined by y < 3x, y > x* — 4.

12 -3

(b) Show that the area of this region is given by J ( Jy+4- % )dy + 2—[ Jy+4dy.
3 -4

(c) Calculate the area of this region.

(d) What other integral could have been used to find this area? Use it to verify your answer for (c).
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14 Use the trapezoidal rule with five subintervals to find the area of the region bounded by x = /16— y*, the
y-axis and the lines y = -2 and y = 3. Give your answer correct to 2 decimal places.

15 The diagram shows a container, open at the top, whose
dimensions in cm are as indicated. The cross-section AOB
is a parabola whose vertex is at the lowest point O. ABCD
is a horizontal rectangle.

(@) Using the axes as shown, show that the equation of the
2

curve AOBis y = 100

(b) Find, by integration, the area of the end AOB and hence the volume of the container.

13.9 VOLUME OF SOLIDS OF REVOLUTION

We have seen that the area of a region bounded by a line y = r, the x-axis and the y
ordinates x = 0 and x = / can be found by adding up the areas of all the rectangles r
of width dx and height r between x = 0 and x = h, as x becomes vanishingly

h

small: A = 51)1(r_r)1()§f(x)5x.

Ox h

h h
This area is given by the definite integral A = I rdx, which is A = j rdx = [rx]g =rh.
0 0
You should recognise this as the area of a rectangle of sides r and h.

Consider what happens when the area bounded by y = r, the x-axis and the ordinates x = 0 and x = h is rotated
about the x-axis to form a solid of revolution, as shown in the following diagram. The solid of revolution formed
is a cylinder of radius r and height h.

y The rectangles of side r and width 6x have become circular disks of radius r and

\WR thickness dx. The volume of this disk is given by AV = z( f (x))2 0x. Adding all the

| disks as Ox gets smaller gives V = hm 27[ x))2 Ox, which is given by the definite

n| * integral V = n'J. r’ dx.

h h
Thus the volume is V = 7[J. r*dx = ﬂ[rzx]o = tr°h, which you should recognise as
0

the volume of a cylinder of radius r and height h.

When the arc CD of the curve y = f(x) on the intervala< x < b is ) D
rotated about the x-axis, the volume of the solid of revolution
formed is given by: c
b > b
ver[(f@)dx OR V=r[
8 4 (0] b| x

302 New Senior Mathematics for Years 11 & 12



Example 26
Calculate the volume of the solid formed when the portion of the line y = 2x between x =0 and x =3 is
rotated about the x-axis. What is the name of the kind of solid formed?

Solution ,
Draw a diagram: Volume = ﬂj y*dx
’ s
y=2x /], =n'J. (2x) dx
' 0
i 3,
i =4x| x dx
g 0
|
0 ; x 373
| =i
0
=47(9-0)
=367 units’

The solid is a right circular cone of base radius 6 and height 3.

Volume of solids of revolution—formal development

Consider a continuous function fin the interval a <x < b. If
the plane section ABDC is rotated about the x-axis then a solid
is generated with circular vertical cross-sections, as shown in
the following diagram. This solid is called a solid of revolution.
P(x, y) is a point on the curve y = f(x) and Q(x +0x,y+ 5)/)

is a point close to P. The ordinate PM describes a circle of area
T y2 and QN describes a circle of area w(y + 6 y)z.

The typical lower rectangle PRNM describes a cylinder of
volume 7y” §x and the typical upper rectangle describes a
cylinder of volume 7(y + 8y)* Sx. If a typical layer PQNM
describes a solid of volume 6V, then:

Yy’ dx< V< 77:(y+5y) Ox
Thus: Zﬂy ox <V <27t y+5y) ox

Asdx—0: V= limz:ﬂy Ox

5x—0
= L my*dx
= ﬂJ.ab y*dx

Hence, volume of a solid of revolution:

b
V= ”J.a y* dx where y = f(x)
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Example 27

Find the volume of a right circular cone of height 4 and base radius r.

Solution
The cone can be considered as a solid of revolution generated y A7)
by rotating the right-angled triangle OAB about the x-axis.

The equation of OA is y = %

V=r Iby2 dx
h r2x2 7[?’2 h =
V= njo p dx =7Ju X dx
_ ﬂ,'rz |:2Cij|h
W3
h}
h 3
=inr’h
Example 28

Find the volume of a sphere of radius r.

Solution
The volume of a sphere can be considered as the volume generated by rotating the semicircle defined by

y=~r’ —x?, -r< x <r, about the x-axis.
Hence:

Vzﬂjryzdx where y=+/r* — x

r
=,,;J ( 2 2 dx because y* = r* — x’

=’
3
You have just proved the formula for the volume of the sphere—a formula that you have used for many
years. The formula for the area of a circle A = 777 can also be proved using calculus, but for this you will need
integration techniques that are not covered until the Extension 1 course.

Example 29
The part of the parabola y = x* between x = 1 and x = 3 is rotated about the y-axis. Calculate the volume
generated.
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Solution

9
y=x" x=1,y=1x=3,y=9 V=ﬂ'f x*dy
y 1
9
<3 B ¥
1
2 9
. 5]
5}'T o P(x.y) 1
=n(4-1)
: l ! = 407 units’

L
1 T
3 1 Ol 1 30

where x> =y

Rotating about the y-axis

When the arc CD of the curve x = g(y) on the interval ¢ < y < d is rotated
about the y-axis, the volume of the solid of revolution formed is given by:

d 2
szcJ‘c (g(»)) dy OR V= n‘J- x* dy

Example 30

Find the volume of the solid formed when the area bounded by the parabola y =4 — x* and the x-axis

is rotated about: (@) the x-axis

Solution
(a) Rotate about x-axis:

2 2 )
V=ch y dx where y =4—x

—ﬂj 16 8x> +x)

—ﬂ[16x——+%}
=n((22-4+9)-(32+%-3))
=% units’

(b) the y-axis.

(b) Rotate about y-axis:

4
V=7rj x2 dx where x> =4—y
0

- nj:(4 — y)dx

7]
=T 4y——:|
%]

=r((16—-8)-0)
=8r

Chapter 13 Integral calculus

305



EXERCISE 13.9 VOLUME OF SOLIDS OF REVOLUTION

1 Find the volume of the solid of revolution formed by rotating about the x-axis the arc of the parabola
y=x"between x=0 and x = 3.

2 Find the volume of the solid of revolution formed by rotating about the x-axis the line y = 2x between
x=0and x=4.

3 A cone is formed by rotating about the x-axis a segment of the line y = 3x between x =0 and x = 4. The
definite integral used to calculate the volume of this solid is:
4 4 4 4
A J 9x° dx B ”J 3x” dx C j 3x” dx D 71"[ 9x* dx
0 0 0 0
4 (a) Find the equation of the line passing through the points (1,0) and (3, 4). y (3,4)

(b) A cone is formed by rotating about the x-axis the segment of the line joining
the points (1,0) and (3,4). Calculate the volume of the cone.

5 The semicircle y =+/9— x” is rotated about the x-axis. Calculate the volume of the sphere generated.

6 The region bounded by the parabola y = x — x* and the x-axis is rotated about y
the x-axis. Find the volume of the solid formed.

7 Find the volume of the solid formed when the region bounded by the parabola y = 1 — x* and the x-axis
is rotated about: (a) the x-axis (b) the y-axis.

8 The region bounded by the parabola y = (x — 2)* and the coordinate axes is rotated about the x-axis. Find
the volume of the solid generated.

9 Find the volume of the solid generated when the segment of the line joining the points (0,3) and (6,0) is
rotated about: (@) the x-axis (b) the y-axis.

10 A rugby ball has a volume approximately the same as the volume generated
by rotating the ellipse 9x* + 16)y” = 144 about the x-axis. Find its volume.

-4 © 4 *
3
11 Find the volume of the solid formed when the region bounded by the parabola y = 9 — x* and the
coordinate axes is rotated about: (@) the x-axis (b) the y-axis.

12 (a) Find the equation of the line through the points (3,0) and (4, 10).

(b) A drinking glass has the shape of a truncated cone. The internal radii of the base and the top are 3cm
and 4 cm respectively and its depth is 10 cm. If the base of the glass sits on the x-axis, use integration to
find its capacity.

(c) If the glass is filled with water to a depth of 5cm, find the volume of water in the glass.

13 A hemispherical bowl of radius a units is filled with water to a depth of 621 units. Use integration to find the
volume of the water.
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14 Find the volume of the solid formed when the region bounded by the parabola o
y=4—x"and the line y = 1 is rotated about the y-axis. \

[ 1
ooy A
15 A solid is formed by rotating about the y-axis the region bounded by the parabola y = x* — 2 and the x-axis.
Indicate whether each statement below is a correct or incorrect step in calculating the volume of the solid formed.

V2 0 2 0
(@) V=7rJ. (x*-2)dx (o) V:nj (y+2)dy (o) Vzn[y—+2y} d V=27
0 2 2 S
16 Use integration to find the volume of the sphere generated when the circle x* + y* = 16 is rotated about
the x-axis.

17 The area under the curve y =2x+/1—x” between x =0 and x = 1 is rotated about the x-axis. Using the
trapezoidal rule with four subintervals, find an approximation for the volume of the solid correct to

2 decimal places. y
4

18 Find the volume of the solid formed when the ellipse 4x” + y* = 16 is rotated about:
(@) the x-axis (b) the y-axis.

19 A region is bounded by the curve /x + \/; = 2 and the coordinate axes. 4

(@) Calculate the area of the region.

(b) Calculate the volume of the solid generated when the region is rotated about
the x-axis.

(c) Calculate the volume of the solid generated when the region is rotated about
the y-axis.

t
O 4 X

20 The region bounded by the curve xy = 1, the x-axis and the lines x =1 and x = a, for a > 1, is rotated about

the x-axis. Find V, the volume generated. Hence find lim V.
a—oo

21 The area bounded by the parabola y = 2x — x°, the y-axis and the line y = 1 is rotated about the x-axis. Find
the volume generated.

22 Find the volume of the solid generated by rotating the region bounded by the parabola y = 1 — x* and the
linesx=1,y=1about: (a) the x-axis (b) the y-axis.

23 Find the volume of the cone formed by rotating the segment of the line x + 2y = 4 that is cut off by the axes
about: (a) the x-axis (b) the y-axis.

24 Use Simpson’s rule with five function values to estimate the volume of the solid formed by rotating the

curve y = 1 5 about the x-axis between x =-2 and x = 2.

13.10 AVERAGE VALUE OF A FUNCTION—AN APPLICATION OF

INTEGRATION

(Note: this section is not part of the syllabus; it is given as a useful application of integration.)

We are used to finding the average of a set of numbers by adding up all the numbers and dividing by how many

+y,+...+
there are. Hence the average of the n numbers y , y,,... y _is given by y,,. = ARD m In
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Similarly, to find the average value of a function f(x) over the interval a < x < b, we can divide the interval

a < x < b into n equal subintervals of length Ax = b;_a_ Take the points x, x,, ... x_ in successive intervals and

calculate the average of the numbers f(x,), f(x,),..., f(x,): Average = f(x1)+f(x2)+...+f(xn)‘

n
b—a b—a
But Ax ==, —son= Ax,sowehave:
Averagezf(x1)+f(xz)+---+f(xn)=f(x1)+f(x2)+...+f(xn)
n b—a
Ax

_ f(xl)Ax+f(x2b)Ax+...+f(xn)Ax

iaif(x Ax

As n increases, Ax decreases and so this expression can be written as a definite integral:

lim 5~ azf leaLbf(")d"

b
Thus we define the average value of fon the intervala<x<bas f,,. = ﬁj f(x)dx.

Example 31
Find the average value of each function over the interval 1 <x < 3:
(@ f(x)=x+1 (b) g(x) =x"+1 (€ hx)=x"+1
Solution
For the integrals we will have a=1, b = 3:
(@ fx)=x+1 (b) gx)=x*+1 () hix)=x"+1
__1 N -1
fave - ﬁjll (x+1)dx Save = 3-1 I (x +1)dx have == I (x +1)dx
3 3 3
1] x? 1) x° _1) Xt
bl k| ekl
=3(3$+3-(3+1)) =3(Z+3-(3+1)) =5(%+3-(4+1))

EXERCISE 13.10 AVERAGE VALUE OF A FUNCTION—AN APPLICATION OF INTEGRATION

1 Find the average value of fon the interval 0 < x < 2 for f(x) = x* — x.

2 Find the average value of fon the interval -2 < x <2 for f(x) = x*.

3 Find the average value of fon the interval -2 < x < 0 for f(x) = x’.

4 For f(x) =x" — 2x + 1, the average value of fon the interval -1 < x <3 is:

A -1 B ! C 3 D 4

3
5 Find the average value of f on the interval 0 < x <9 for f(x)=+/x.
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6 The linear density of a rod 7m long is given by d(x) = A2 kg/m, where x is measured in metres from
Vx+2
one end of the rod. Find the average density of the rod.

7 Find the values of b for which the average value of f(x) = 1 — 6x + 3x” on the interval 1 < x < b is equal to 2.

13.11 INDEFINITE INTEGRALS

The notation of the definite integral and the process of finding a function’s primitive are combined to give
the indefinite integral, J. f(x)dx. This uses the integral sign | as a way of saying ‘find the primitive of f(x)’

(Remember that we learnt how to find primitives of a function in Chapter 12.) The indefinite integral gives a
function to represent all possible values of the primitive by adding C, the constant of integration:

If F (x) is a primitive of f(x), then j f(x)dx = F(x)+ C, where C is the constant of integration.

This is called the indefinite integral of f(x) and represents all the primitives of f(x). If further information is
given, then a value for C may be calculated.

Note that the indefinite integral is a function of x, but the definite integral has a definite numerical value.

Example 32
Find: (a) j(x3+3x2—2x+1)dx (b) j(&—z)dx
Solution

(@) I(x3+3x2—2x+1)dx=%4+x3—x2+x+c

(b) J.(J;—Z)dx=%xg—2x+c or 2—)c:)—)\/—;——2x+C

Example 33
If % =1+ x - x°, find the equation of the curve y that passes through the point (6, -40).
Solution
dy 2 _ 2
E:1+x—x: y—j(1+x—x )dx
2 3
— XX
y=x+ >3 +C
Point (6, -40) is on the curve: -40=6+18—-72+C
C=38
x2 x3
The equation of the curve is y = x + S5t 8.
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EXERCISE 13.11 INDEFINITE INTEGRALS

1 Find: (a) J.xdx (b) I(x2+x+l)dx (c) J(S—xz)dx
d) j(6x5—4x3+2x)dx © J.dx ) _[x”dx

2 Find: (a) [ (b) J-%dx © [(1++x+x)d
(d) J(x+xl—2)dx © I(H}C)de k) j(1—&)2dx

3 J-(1+2x+3x2>dxisequalt0:

A x+x2+x?3+c B x+x72+%3+c C x+xX+x+C D 2+6x+C
4 If % =1+ x + 37, find the equation of the curve that passes through the point (2,6).
5 1If % =1++/x, find the equation of the curve that passes through the point (4, 10).

CHAPTER REVIEW 13

1 Evaluate the following:
(3 a2 _ 202 2 L
@ [ (¢-3C+20-5)dr () [ (x*-2x) ax © | (5-207dx
2 Find the area of the region bounded by the parabola y = 4x — x* and the x-axis.

3 Evaluate the following:

(@) J‘jfﬁx(Z—x)dx (b) 4ij(x+1)2dx ©) J_i(x3—2)dx

4 Find the equation of the tangent to the parabola y = x° at the point where x = 2. By integration, find the area
of the region bounded by the parabola, the tangent and the x-axis.

5 Find the area of the region defined by the inequalities y > -5 and y < 4x — x*.

6 Calculate the area of the region bounded by the curve y = 2x°(4 — x) and the x-axis.

7 For the curve with equation y = x + %, find the values of x for which:
X
(@ y<o (b) the gradient is negative.

(c) Calculate the area enclosed by the curve, the x-axis, and the lines x =2 and x = 4.

2
8 Find the function f, defined for positive x only, for which f"(x) = (2—1x + x) and f(2) =6.

9 Calculate:
(@) the area between the curve y = x*(3 — x) and the x-axis
(b) the area bounded by the curve y = x*(3 — x) and the lines y =3 — x, x = 1.5 and x = 2.

10 Find the average value of the function f(x)=1+ Jx on the interval 1 < x<9.

11 By integration, find the volume of the solid of revolution formed from the region bounded by:

(@) the circle x* + y2 = 1, rotated about the x-axis
(b) theline y = x+ 3 between x = 0 and x = 2, rotated about the x-axis
() the parabola y =x” + 3 between y = 4, y = 12 and the y-axis, rotated about the y-axis.
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12 (a)
(b)
()

13 (a)
(b)

()
14 (a)

(b)

Find the values of x for which 4x — x* > 0.
Find the area under the graph of y = 4x — x> between x = 1 and x = 2.
Find the angle between the x-axis and the tangent to the curve y = 4x — x” at x = 1.

Sketch the graph of y = 3x* — x°.

The tangent to the curve y = 3x” — x’ at the point A, where x = 2, cuts the graph at another point B.
Show that the coordinates of B are (-1,4).

Calculate the area enclosed by the graph and the line AB.

Use the trapezoidal rule with four subintervals to find an approximation for 1 dx 5
21+x
2
Use Simpson’s rule with five function values to find an approximation for 1cl_x2
21+x

15 A speleologist is in a cave with a flat, circular floor. She walks across the diameter of the floor and measures
the height of the cave ceiling every four metres, as recorded in the following table:

()
(b)

Distance from edge, x m 0 4 8 12 16 20 24

Height, y m 0 1 3 5 4 2.5 0

Use the trapezoidal rule and all the values in the table to find an approximation for the area of the
cave’s vertical cross-section to the nearest m’. Repeat using Simpson’s rule.

Considering the diameter of the cave to be the x-axis (for -12 < x < 12), and considering the vertical
at 12m from the edge to be the y-axis, discuss how you might use the trapezoidal rule to estimate the
volume of the cave.
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CHAPTER 14
EXPONENTIAL AND LOGARITHMIC FUNCTIONS

Outcomes covered:

H1 seeks to apply mathematical techniques to problems in a wide range of practical contexts

H3 manipulates algebraic expressions involving logarithmic and exponential functions

H5 applies appropriate techniques from the study of calculus, geometry, probability, trigopnometry and series to solve problems
H6 uses the derivative to determine the features of the graph of a function

H7 uses the features of a graph to deduce information about the derivative

H8 uses techniques of integration to calculate areas and volumes

H9 communicates using mathematical language, notation, diagrams and graphs

14.1 INDEX LAWS WITH INTEGERS AS INDICES

You have frequently used the following index laws, where a and b are real numbers and m and » are positive
integers. These rules can now be extended to include m and » as any real numbers.

Index laws
a"xa'=a"" (ab)"=a"x b" a’ = Lﬂ and hence a™ = %
a
& —gm a'=a a'=%a
a
(a'")n =qg™ a’=1 a =(%)m =W
Example 1
Simplify, writing the answers with positive indices:
(@) 47 () (3)° (c) X6 X127
_ 97 x 2!
Solution
(@ 42 (o) ( 1 )'3 (€ 3°x6’x12”
_ 1 2 93 x 2!
4 L _3?x2°x3°x3% x4?
=1 2 36x 2"
() - _3'x2x2?
1 3°%x 2"
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Example 2

-1
Simplify X~ = writing the answer with positive indices.
X —x
Solution
First simplify the numerator and denominator:
-1 _1 _1+x
lHl=+1=T%
a1 1—x2
X —x=pox=T
I+x
x4l __* _lix _x
x—l —x 1_x2 X 1_x2
x
_ 14+ x
ST oa-x *70
=L xz-1,0
I-x

EXERCISE 14.1 INDEX LAWS WITH INTEGERS AS INDICES

1 Simplify, writing your answer with positive indices.

(a) 2°x4*x8’ (b) @’b*x (a’b?)? € m P’ x(m'n’’x(p')> (d) 2"x2*x2™
© (”)# 0 Szzm d At <3(’) ) (70 (@)
(mn ) ><(4m ) 15x 7y (azb)

(—2xy)2 X 2(x2y'1 )3

simplifies to:

8(xy)”
11,2
A Z 2)’ B x8y2 C _xuyz D xnyz
3 Simplify:
23 3 2-2><22-12
(@) mznzp-z % (mnpz)_3 (b) p 3q : ©) X yz (X y Z) (d) 2% % (2n)2 % 27
r xyz
4 Write the following as negative powers of 2.
1 1 1 1 1 5
5 Write the following as powers of 10.
1 1
@ 100 (b) 10 (o) 1 (d o1 () 001 (M 0001 (@ 1505 M To0000
6 Simplify, writing your answer with positive indices.
32n X 252n71 ) ) ) ) 2n % 4n+1 ) )
@ o B -y @ Fs @ ()
x=5+6x" x—4x’ 2 3 gho 1n2 15" x 25x 5"
@ T 0 (@ 47x6'x8"x 12 () =5
7 For n as a positive integer, decide whether each statement is correct or incorrect.
(@ (-1)"=1 when nis even (b) (-1)"=-1 when nis odd
(¢) (-1)"=-1when nis even (d) (-1)"=1 when nisodd
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8 Expand and simplify the following, expressing the results with positive indices.

@ (a'+b)a'-b) b) (x'+y)(x+y") © P+y)x?-y?)
-1 -1 —1+
(d) (a~2b")a>~0) © 0 T
14.2 INDEX LAWS WITH FRACTIONAL INDICES
Example 3
Simplify:
@ 32° (b) 1257 © xixx?
Solution
(@ 32° =(2”)§ =22=4 OR 32° =(‘32)3=22=4
3 _(53) o521 1 4 (3125 =52 = L
(b} 125%=(5*)" =5 —r OR 1257 =(125) =5 =5z
(c) i xxt =i =yl
Example 4
Simplify:
54 x 10 x 42 S I e
@ 22 P b = © (x*-x7)
Solution e
@) 57 x J10 x 42 _ 54 x(2><5)5‘ x 2% (b) 32 xort _ 3 x(3“)
20.: (21 XS)} 81;1—1 (34 n-1
_ 5" x2! x5* x 2! = 3_;4X34H
1 2:2 )(5.1 33:1+l
== 3-‘171—4
2 3" or 1
3;1—4
P gy i aY ) 1\ el 1Y
(c) (x —-X ) —(x ) —-2x°x +(x ) OR (x -X ) —(\/;—W)
=x—2+x" =(x_—1)2
25k -
=X - 5
* :(x_1)~:x—2+%

EXERCISE 14.2 INDEX LAWS WITH FRACTIONAL INDICES

1 Evaluate the following:

@ o4 (o) 49° © (9°) @ (1)
() 2' x4t M (&) (@) 27 x5 (h) 61 %38
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2 The simplest correct expression for /8 x /4 is:
A 202} B 32 C 2 D ¥32

3 Express each of the following as simply as possible using index notation.
(a) 36 (b) ¥32 () Y4x416 (d) V3x381
4 Simplify the following, writing your answer with positive indices.
2 3 1\2 1 } 1\ H\} ! 2 ) -1 3
(@ x'xx? () (a'b) x(—_) © (x ) ~(x?) (d) (x) x(x1y) xxy?

b?
n
(me) x ™

W

(e) (x% +y§ )(xi _}/%) f 6'x2y3 % X_‘l (9) _#_ (h) T
vy 6" x127 (x'") xx™"
5 Simplify (azb’l )>2 + (a’lb2 )2. Indicate whether each statement below is correct or incorrect.
- 1 27-
(@) a‘b’> x a’b* (b) a b* x pETE (€) a b (d) azlbz
14.3 SOLVING EQUATIONS WITH EXPONENTS
Example 5
Solve the equations:
@ 3°=27 (b) 5 =125' © (3"-1)(2"~4%)=0
Solution
() 3°=3° (b) 5* =125 (© (3-1)(2"-%)=0
x:3 52x:(53)2 (3x_1 (22x_24):0
5% = 53 F¥-1=0 or 2¥-2%=0
2x=3 3*=1=3" or 2% =2"
x=3 x=0 or 2x=-4
x=0 or =-2

EXERCISE 14.3 SOLVING EQUATIONS WITH EXPONENTS

1 Solve:
(@) 2*=8 (b) 3*'=27 () ¥=-125 (d) x*=81
© 2 - M) 4'=32 (@ 9"=27 (h) 3"+5x3"=>54
4—)6
0 2tz 0 =y () 27 =4 0 5=k
2 The solution to the equation 9* =1 is:
A x=1 B x=2 C x=-3 D x=-2
3 Solve:
(a) 2x=% (b) a3=1 (C) 4x:% (d) 2% 45 % 85 =123
() 37x2%=1 M 5 =45 (9) 16"=128 (h) 5* =125
(i) 8" =4 M (2°-1)(3-3)=0 W G-9G-D=0 @ =4
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14.4 LOGARITHMS

Logarithms (often called ‘logs’) were once used mainly as a way to simplify difficult calculations, but electronic
calculators and computers have made this technique obsolete. However, logarithms are still useful! You will study
logarithmic functions in detail later, but at this stage we need to learn and understand the laws of logarithms.
These laws are still needed to solve some equations where the variable is in the exponent (index).
Consider the statement 2° = 8. This is equivalent to the statement log, 8 = 3. These two statements are different
ways to write the same result. Given one statement, you can always write the other. The statement log, 8 = 3 is
read as ‘the logarithm of 8 to the base 2 is equal to 3’
The following pairs of statements are all equivalent:
2_ _ 0_ -
3"=9 & log,9=2 a=1¢log 1=0

10°=10000 < log,,10000 =4 a'=y < log y=x
In general, if a > 0 then the statements a* = y and log_y = x are equivalent. Thus we see that a logarithm is
equivalent to an index or exponent.

Example 6
Without using a calculator, find the value of:
(@) log,16 (b) log, 125
Solution
(@ Let log, 16 =x (b) Let log, 125=x
Then 16 =2" Then 125=5"
Hence 2t=2" Hence 5°=5"
So x=4 So x=3
Hence log,16=4 Hence log,125=3

We have evaluated each logarithm by converting it to the equivalent index (exponential) function.

We can obtain the laws of logarithms from the equivalent index laws.

Index laws Logarithm laws
Leta*=mand @ =n Letlog m=xandlog n=y

x+y

1 a*xa’=a""7 >mn=a"" 1 log (mn)=x+y=log m+log n

log, 15=1log 3 +log 5

2 Z—y:ax_yﬁ%:ax—y 2 loga(%)zx—y=logam—logun
loga(%)zloga17—loga5
_]'_— X l: x
3 ax—a - =a 3 10ga(%)=_x=-logam

loga (% ) = 'loga 2
4 log m’=px=plog m

5a=a log 81 =loga(34) =4log 3
5 log,a=1

6 a°=1 log ,10=1
6 log 1=0
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Note that these laws are all for a > 0, and so we also have m > 0 and n > 0.

For m > 0 we can also see that logam >0;form=1, logal =0;andforO0<m< 1, logam < 0. This means that m is
never negative (because a* > 0). Therefore you cannot find the logarithm of a negative number.

On most calculators you will notice two keys, log and In. These are both logarithm keys. The log is the logarithm
to base 10, also called the ‘common logarithm’; In is the logarithm to base e and is called the ‘natural logarithm’
(or occasionally the ‘Naperian’ or ‘Napierian’ logarithm).

Logarithms to different bases are useful in different situations, but base 10 and base e are often the most useful

because of the properties of the numbers 10 and e, as we will see. It is useful to be able to convert all logarithms
to a standard base. Luckily, this is possible by using the ‘change of base’ rule.

Change of base rule
Letlog n=y,son=a"
Take logarithms to base b of both sides: log, n=1og, @’

Using the logarithm law for exponents: log,n=ylog,a
) _log,n
So: ~Tog, a
Hence: log,n= }Zgb Z
b

This rule shows that the logarithm of a number to a given base is equal to the logarithm of the number to a new
base divided by the logarithm of the old base to the new base.

Logarithm laws

_ _ _log,n
log (mn)=log m+log n log a=1 log,n= T
log, (%) =log, m—log,n log 1=0
log m’ = plog m log, (%) =-log,m
Example 7
Simplify:
(@ log,,20+log 5 (b) log,4+log, 3+log 2 (c) log,20-log,5
Solution
(@) log,,20+log, 5 (b) log,4+log, 3+log, 2 (c) log,20—log,5
=log,,100 =log, (4x3x2) =log2(%)
=log,, 10 =log 24 =log,4
=2log,,10 =log, 2’
=2 =2
Example 8
Simplify:
(@) log,,5+log,,4—log,,2 (b) 3log,,2+log, 18 — Zlogw(g)
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Solution

(@) log,,5+log,,4—1log,,2 (b) 3log,,2+log 18— 210g10(§)
=log,,(5x4) —log, 2 =log,,8 +log 18 — loglo(%)
= log,y (%) = log;y (8 x18x %2)
=log,,10=1 =log,,100 =2
Example 9
Evaluate log, 9.
Solution
log,, 9
Use the change of base rule: log, 9= T
10

Use the log key on your calculator: log,9 = 3.1699 (correct to 4 decimal places)

EXERCISE 14.4 LOGARITHMS

1 Simplify:
(@) log,9 (b) log,3 (c) log,128 (d) log a
(e) log;=- (f) log,0.25 (@) log s 243 (h) 10g3\/§
2 log, 512 is equal to:
A 3 B 5 c 7 D 9
3 Simplify:
(@) log.625 (b) log,243 (©) log a’ (d) log,,0.0001
4 Simplity the following:
(@) log,16 +log,8 (b) log,,2+log,,5 (c) (log,16)(log,4) (d) log,54—1log,18
) }Sg ) loga5+logaé (g) log,18—2log,3  (h) log,81 xlog,125

5 Simplify log 125 + log, 32 — log, 4 and state whether each of the following statements is correct
or incorrect.

(@) log,,1000 (b) log,,16000 (c) 3log 5+ 3log 2 (d) 3

6 Simplify the following:
x log, 3 logyy 25
(@ ilog,,16+2log 5 (b) log,(2%) (c) 10 (d) Tog,05
log(") 1445 , |, 3+45 log:x

(e) log,,125+1log, 25 +log, 5 ()] logx (@) logy, 3 + log10 3 (h) logix/;
7 Ifx=log, 2 and y =log, 3, express the following in terms of x and y:

(@) log,, 3 (b) log, s (c) log,15 (d) log, 54 (e) log,,5.4 (f) log,,75

(9) log,,150 (h) log,,0.27 (i) log 4.5 () log,,0.6 (k) log,,81 () log,1.8
8 Use the change of base rule to evaluate each expression, giving your answer correct to 3 decimal places:
(@ log,5 (b) log,12 (c) log,20 (d) log,3 (e) log,16 (f) log,4 (g) log.3 (h) log,10
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14.5 SOLVING EQUATIONS WITH LOGARITHMS

In the previous section we investigated the logarithm laws and the change of base rule. We will now see how
to use these techniques in an algebraic setting to solve more difficult equations.

Note that when the notation ‘log’ is written without a base, then by convention we assume it represents log, ,
the common logarithm.

Example 10
Solve the equations.

(@) log,,x=1log, 9 +log,3 (b) 3log,,x+4="7log  x
Solution

(@ log ,x=log 9 +log 3

Use log m +1log n=1log (mn): log x=log, 27
Ifloga =logb then a=1b: x=27
(b) 3log ,x+4="7log, x

Collect like terms: 4 =4log, x
Simplify: log,,x=1
Iflog n=ythenn=a"> x=10'=10

Example 11
For what value of x is log, (x + 1) —log, (x — 1) = 3?
Solution
m x+1
Use log m —log n=1log, (W): log, (m) =3
Iflog n=ythen n=a": z—-‘__}=23
x+1=8x—-8
Solve equation: x=1%

Remember that ‘log” written without a base should be assumed to mean log, .

Example 12
Solve, giving answers correct to 3 decimal places: (a) 2*=7 (b) 3*'=12
Solution

(a) 2°=7

Take logs to base 10:  log 2" =log, 7
xlog, 2 =log 7

Divide: x = 08107
log;, 2
Evaluate: x=2.807 (3d.p.)
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(b) 3" =12

3(x+l) —

Take logs to base 10: log,, log,,12

(x+1)log 3 =log 12

Divide: x+1= 108012
log,y 3
) _log;y12 3
Rearrange: x= 710&0 3
Evaluate: x=1262 (3d.p.)
Example 13
Solve the inequalities: (@) 2*>9 (b) 0.4°<0.3
Solution
(@) 2°>9 (b) 0.4°<0.3
Take logs:  x>log,9 Take logs to base 10:  xlog0.4 <log0.3
) logy 9 o log,,0.3
Change of base rule: x> Tog,o 2 Divide: B0
x>3.17 (2d.p.) Although this step looks correct, it contains an

error. This is because log, ;0.4 <0, so we have
divided by a negative quantity without reversing
the direction of the inequality sign.

log,, 0.3
log,,0.4

x>131 (2d.p)

Correct result:

Be very careful when using logarithms with inequalities. Remember that if 0 < < 1 then log m <0,
so when you divide by that logarithm you must reverse the direction of the inequality.

Example 14

How many years does it take for $2000 to grow to $3000, at 7% p.a. compound interest?

(Note that ‘p.a’ = ‘per annum’ = per year. The compound interest formula is A = PR", where P is the initial
money invested and A is the amount that P grows to after n periods of time with interest applied at r % per
period. Compound interest is investigated further in Chapter 16.)

Solution
A =2000, 7=0.07, P=3000. Findn: 2000 x 1.07"=3000
1.07" =3
Take logs: n=log 15 OR nlog 1.07=log 1.5
1 1.5
Use change of base rule OR rearrange: n=—210-
log,,1.07

n = 5.993 years

It takes just under 6 years.
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EXERCISE 14.5 SOLVING EQUATIONS WITH LOGARITHMS

1 Solve for x:

(@ log,x=3 (b) log 81=2 (c) log,x=3 (d) log 343=3

(e) log.x=-3 (f) log,81=x (9) log,&=-3 (h) log,x=0.25

(i) log;273=x (@) log,x=2.5 (k) log,(log,x)=2 () log,x=log,8+log,8
2 Without using a calculator, solve each equation:

log,, 4

(@) log,,x=log  4+log 2 (b) log,,x=log  4—log 2 (c) logx= logﬁ

(d) log,,x=1log,(%) (€) 2log, x+3=log, (x) () log,,x =2
3 Find a relation between x and y that does not involve logarithms.

(@) logx+logy=1log(x+y) (b) 2log,,y—3log, x=2 (c) 2log,y—3log,x=2

(d) 2log ,y+3log, x=log, (2x) (e) log,y=2+log.x (f) logy=log5+3logx

(9) 2logx+3logy=0 (h) log, (1+y)—log (1-y)=x
4 Solve:

(@) log,,2+log 5+log  x—log 3=2 (b) 2log,,x+3=>5log, x

(©) log, 2+ 5log x—log, 5-1log, (x") =log, 40 (d) log,,x=4log 2 -2log  x

(e) log,x—log, (x—1)=1 (f) log,,x=2log  3+log  5-log 2-1
5 Solve 27 = 5. Indicate whether each statement below is correct or incorrect.

_log5 B | _ -log5

@ x=1. (b) x=log, (%) © x=1553 (d) -232 (2dp)
6 Solve, correct to 3 decimal places:

@ 2°=7 (b) 3°=18 (€ 5°=2 (d) 04°=2

€) 6°=21 f 3*=0.1 (@) 5°=16 (h) 4°=5
7 Find the values of x (to 2 decimal places) for which:

(@ 5°>2 (b) 1.6°>0.5 (c) 3*<0.2 (d) 37>27

(e) 2 =5 (f 0257<1.5 (9) 0.8°<3 (h) 0.77>0.3
8 If y=al0™, then:

1 1 1
A leoglo;_b B ngloglo% C y=510g10% D xzaloglo%

9 Iflog,,A =bt+log P, express A in terms of the other symbols.

10 Iflogy=1loga + nlogx, find an expression for y. 11 Ify= igg;, express x in terms of y.

12 If x = a’\b’c, express logx in terms of loga, logb and log c.

y
15 Iflog,a =p and c = a’, find the following in terms of p: (@ log,c (b) log b

2
13 Iflogx=0.6 and logy = 0.2, evaluate log( x_] 14 If y = ae", express t in terms of a and y.
16 Iflog 2 =log, 16, show that b=a".
17 $5000 is invested at 7% p.a. compound interest. How long does it take for this money to:
(@) double in value (b) grow to $20000 (c) grow to $30000?

18 $5000 is invested at 6% p.a. compound interest. If the interest is calculated monthly, how long does it take
for this money to:

(@) double in value (b) grow to $20000 (c) grow to $30000?
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19 Marika and Joe deposit $4000 in an account that pays 9% p.a. compound interest, to be withdrawn when it
has grown to $20000. If the interest is calculated monthly, for how many whole months must they leave the
money in the account?

20 A company is considering a merger. Currently the company earnings are $5 per share and these earnings
are growing by 5% p.a. It is predicted that after the merger the earnings will drop to $4 per share, but will
then grow by 7% p.a.

(@) Show that if no merger occurs, the earnings per share after # years are given by y =5 x 1.05".
(b) Show that if the merger occurs, the earnings per share after # years are given by z =4 x 1.07".
(c) If the merger goes ahead, how many years will it take for a shareholder to be better oft?

14.6 EXPONENTIAL FUNCTIONS

An exponential function is a function f(x) = a*, where the base a is a positive real number other than 1. Its
domain is the set of real numbers and its range is the set of positive real numbers.

The exponential function can be used to model many real-life situations. The compound interest formula A = PR"
is an example of this. We can also use exponential functions to model population growth and radioactive decay.
For a > 1: a” increases as x increases. y
As x — -o0, a* — 0 from above.
For all values of x, a* > 0.
For all values of x<0,0<a*< 1. o

Atx=0,a"=1. /
0

y =a" cuts the y-axis at (0, 1) for all values of a.

For all values of x >0, a* > 1.
fx)=a%a>1

For 0 < a < 1: a* decreases as x increases. y
As x = o0, a* — 0 from above.
For all values of x, a* > 0.
For all values of x < 0, a* > 1.
When x=0, a’ = 1. o
y=a" cuts the y-axis at (0, 1) for all values of a. 0 x

For all valuesof x>0,0<a*< 1.
flx)=a',0<a<1

Fora=1, f(x)=(4) = (2’1 )x =27 sof(x)=a"for0<a<1isthesameas f(x)=a™ fora> 1.
Hence the graphs now represent f(x) =a* and f(x) =a™ for a > I:

From these graphs we can see that the gradient of f(x) =a” 4 4
is always positive (i.e. f’(x) > 0) and the gradient of

f(x) =a™ is always negative (i.e. f'(x)<0). We cannot

find the gradient functions yet, but the graphs tell us

their signs. Also note that both graphs are concave 0,1)

upwards.

(0,1)

fix)=a5a>1 flx)=a*,a>1
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Gradient of exponential functions
The diagram shows the graph of y = 10"
4 To find the gradient at any point P on the curve, we need to go back to our first-principles
definition of the gradient function (see Chapter 10).
Let f(x) =10"so f(x + h) = 10°"". From the definition of the gradient function:
, _fx+h)— f(x)
f(x)= }lmé%

|

/1 =i 10x+h -1
=lm-———-
h—0 h

0 : :hmlo"(loh—1)
h—0 h

h
=10"lim 10" -1
h—0 h

We can use a spreadsheet or a calculator to . ;
10" —1 h 10" -1 h 1g%=1
f bt h—0: E h

investigate the values o

As h — 0 from either positive or negative values, 0.1 2.5893 0.1 2.0567
h
the value of 10 h_ 1 approaches a limit. The value of 0.05 2.4404 -0.05 2.1750

this limit is between 2.3029 and 2.3023, so a good 0.01 2.3293 -0.01 2.2763
approximation to 4 decimal places is 2.3026. This

limit is the gradient at the point where the graph of
y = 10" crosses the y-axis. Thus f’(x)=2.3026 x10". 0.0001 2.3029 -0.0001 2.3023

0.001 2.3052 -0.001 2.2999

h

-1 31
; and 7 ash—0

We can repeat this investigation of the derivative for f(x) = 2" and f(x) = 3%, evaluating 2
as shown in the following table and graphs.

y y flx) =10*

() £1(x)
2" 0.6931 x 2*
3" 1.0986 x 3*
10° 2.3026 X 10* (0,1)
O

In general, we have i(a" ) = ka" for some positive integer k, which is the gradient of the function a” at (0,1).

dx
If we could find a value for a that gave k = 1, then that function would be its own derivative. When a =2,
k=0.693 and when a =3, k = 1.099, so we are looking for a value of a between 2 and 3. We will denote this

special base by e, where 2 < e < 3 such that we can write i(e" ) = !

dx
Evaluation of e
_ b X _ bx . i x _i bx
Lete—lO,sthate—lO . So: dx(e )—dx(lo )
Now let y = 10" = 10", where u = bx.

We showed earlier that j (10" ) =2.3026 x 10%, so ;l

L _u(lou) =2.3026 x 10“.
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Using the chain rule d _dy S d _ = 23026 x 10" x b because % = p,

dx _du”dx’ " dx dx
Hence: d—y—2.3026bx10’”‘
d bx X
Thus: d—(lO ) 2.3026be
d( <\ .
So: E(e )_2.3026be

But we originally selected the value of e so that di(ex ) = ¢*, s0 we can now write that e = 2.3026be™.
x

. . , 1 . y
Solve this equation for b: b= 33036~ 0.4343 (4 decimal places)

Hence: e=10""*=27183 (4 decimal places)
This number e is known as Euler’s number after mathematician Leonhard Euler, who

invented its notation. After 7, e is one of the most famous transcendental numbers and
scientific constants. (For more on transcendental numbers, see section 15.5.) j

Here the graph of y = ¢* is drawn, as well as the tangent to the curve at (0, 1).

The gradient of this tangent is 1, because at (0, 1) we have Zy =e=1.

Formal derivation of e
Consider the function f(x) = e*, where e is some positive number. Differentiating from first principles, we have:

f(x+h) f(x)

fi(x)=
x+h x
=lim —€
h—0
. ex(eh - 1)
- =5
because ¢* is independent of .
h—0 h
h
’ _ e —1
Hence: f’(x)= f(x)X lhliré—h
We define the value of e such that %(ex ) =e", or f'(x)=f(x).

h_ h_
Thus we require lhlng( € 7 1) =1, which requires that £ A L 1fora very small value of .
—

Hence: €' —1=h for very small h.

Recall that if n is very large (1 — o) then the value of - L very small ( - 0)

Thus for very small A, ¢" — 1 = h can be written as e" —-1= %,
1

1
Hence: e" =4 +1

where # is very large.

Raise both sides to the power #: (eb ) = (711 + 1)

So: e:(1+»}11-) for n — oo,
Thus we have found the value of e for which the function f(x) = " has the property that %(ex ) =e".
More formally, we could write: e=lim (1 + = 1 )

324 New Senior Mathematics for Years 11 & 12



We can use this equation to calculate values of e for increasing value
Some values are given in the following table.

s of n using a calculator or a spreadsheet.

n 100 1000 10*

10° 10° 10°

e 2.704814 | 2.716923 | 2.718146 | 2.7

18268 | 2.718280 | 2.718282

Thus e =2.71828 is an approximation for e correct to 5 decimal plac
approximation for e correct to 9 decimal places.

Derivative of e**, k a constant

es. Most calculators will give you an

To find the derivative of y = ¢, we first write y = ¢ = ¢*, where u = kx.

Use the chain rule: %:% %
Z—i:e"xk=kex
cod (k) g ke
. E(e )—ke

Thus the function f(x) = ¢ is a function whose derivative is proportional to the value of the function itself.

f(x)=kf(x), %zkywherey=ekx.

Consider some values for k, for example:

That is: or

k=2: %(62" ) =2e*
bon L)z
k=1 %(6§]=%e§

ax+b

Derivative of e, a and b constants

Again, we first write y = ¢’ = ¢, where u = ax + b.
Chain rule: % = % x %
Z—z:euxazaew&b
so: Y- ay, where y = ™"
dx
. d ax+b '\ _ ax+b
: %(6 ) =ae

Derivative of e
y=e/" =¢" where u = f(x)

Chain rule: %:%X Z_Z
Y e fr(x) = fx)el™
dx € X f'(x)=f'(x)e
C Y el
So: dx_f(x)e
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Summary of derivatives involving e*

i(ex):ex i(ekx):kex i(eaxﬂf):aeaxﬂz i(ef(x)):f/(x)ef(x)

dx dx dx dx
Example 15
Differentiate: (a) y=e™™* (b) e € eV
Solution
(@) Z—y =3¢ (b) Lety= e"2 = ¢" where u = x°. (c) Lety= e = g whereu=x + Jx.
x
. dy dy du dy dy _du
Ch 1 5 — == —_ A e I N CORR
au ruie dx du x dx dx du % dx
dy d
= =" X2x L 1
dx i 2 e X [ 1+ 2\/; J
=2xe”
1 x+dx
=|1+
( 2x )e
Example 16 i
Differentiate: (a) (2x*+ 1)e™* (b) %
Solution .
(@) Lety=(2x"+1)e™=uvwhere u=2x"+1 (b) Let y= % = % where u=¢"and v = x.
and v=e¢". ; v@—uﬂ
. Ay du  dv - R (1) NS (s ]
Product rule: = " = o ME Quotient rule: T 7
d . . dy  xxe*—e"x1
%=e3x4x+(2x2+1)><363 p i R
= (6x” + 4x + 3)e™ _ef(x-1)

 TECHNOLOGY EXPLORATION

Exponential graphs
What is the effect of varying a, k and ¢ in y = ae"™ + ¢?

1 In GeoGebra, use the Slider tool 252 to create three sliders for a, k and c.

Set a and ¢ to have Min = -5, Max = 5 and Increment = 1.
Set k to have Min = -5, Max = 5 and Increment = 0.5.

2 In the input bar, enter y=a*e\(k*x)+c (this will be labelled f(x)).
3 Display the asymptote by entering asymptote[f] into the input bar.
4 Adjust the sliders to investigate how the different values of a, k and c affect the graph.

EXERCISE 14.6 EXPONENTIAL FUNCTIONS

1 Write the derivative of:
@ e~ (b) 2e: © e“—e*  (d) 2e%+e*  (e) 4 —e™
(f) e3.2x_ el.ﬁx (g) 3ex_ ze-x (h) 4@2x+ %e-Zx (l) eZX(ex _ e—X)
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2 d
2 If y=e* then Y is:
yetendxls

A xze"2 B 2xe* C x%e™ D 2xe*
3 Differentiate:
(@) x%* (b) 2x+1)e™ (©) (P +x+1)™ (d) xe*
(e) e*x’ (f x°—xe* (@) x*—x’e” (h) e_2
X

3x 3 4x X

. e . X e e

)y € X ) £_

U 0 > £ 0 £

4 Differentiate:

(a) & (b) e (© 3¢ (d) 2¢™" (6) ™!+t
() Vxe* @ 3¢ (h) 3¢ i) xe*
5 Ify=¢™ + ¢%, indicate whether each statement below is correct or incorrect.
(a) Z_)yc = 2¢% + 8™ (b) dy = 10¢* ©) d2 ” = 462 + 646" (d) ~10 ;iy +16y =0
If x = (1 + t)e”, prove that M - IOd—x +25x=0.
dar’ dt

Find the equation of the tangent to the curve y = ¢" at the point where it crosses the y-axis.

Find the equation of the tangent to the curve y = ¢™ at the point where it crosses the y-axis.

© 00 N O

Find the equation of the tangent to the curve y = ¢** at the point where x = 1. Find also the coordinates of
the points where the tangent intersects: (@) the x-axis (b) the y-axis.

10 Write the equation of the tangent and the normal to the curve y =2 + ¢™ at the point where x = 0.

11 After n years, the value V of a principal of P dollars that is invested at a rate of % per year (expressed as a

decimal) and compounded continuously is given by V = Pe™. Show that ‘;—X =Vr.

12 The expression y =500(1 — e ) represents the daily output of y units on day ¢ of a production run. Find
the instantaneous rate of change of the output y with respect to ¢.

-0.2t

13 In statistics, the normal probability density function is given by f(x) = J;— ¢ Find £7(0).
T

14.7 INTEGRATING THE EXPONENTIAL FUNCTION

Indefinite integral of &*
Because the exponential function e” is its own derivative, it is also its own integral: Jex dx=e"+C .

The integrals of related exponential functions can similarly be determined from their derivatives.

Indefinite integral of €%, k a constant

Because %( ) ke*, it follows that I M dy = > Lo )

Consider some values for k, for example: k = 2: j Mdx=1e** +C
k=% J.ezgdx se’ +C
k=-3: J.e'3xdx:—%e3x+C
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Indefinite integral of e®***, a and b constant

Because i(e“’”b) = ae™ ™, it follows that Ie“x+b dx = %e“"”’ el

dx

Indefinite integral of f/(x) e’

Because %(eﬂx) ) = f’(x)e/ ™), it follows that Jf'(x)ef(x) dx=e/Y+C .

You can only find jef(") dx when f’(x)is a constant, i.e. if f(x) =ax +b.

Summary of integrals involving &*

jexdx:ex+C Ieax+bdx:_gieax+b+c
J‘ekxdx:%ekx+C jf'(x)ef(")dx:ef(")+c
Example 17
Find: (@) J.e“_l dx (b) J. 3x2e" .
Solution

(@) %(43(—1) =4-. je4x—1 dx = ie“_l iC

b) L(x*+1)=3x"

The integral must be of the form jf’(x)ef(") dx = e/ +C where f(x) =" + 1.

3 3
j?)xze" Tdx=e""+C

Example 18
2 15
Evaluate: (@) j e dx (b) J (ex —e™* )dx
0 -0.5
Solution
2 . er 2
@) L e dv=| & }
0
174 o
-1t
-1
=£ 5 is the exact value
=26.80 using a calculator and writing the answer correct to 2 d.p.
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(b) j:(ex —e* )dx = [ex +e* ]1055
— (61.5 + e-l.S)_ (e-o.s + eo.s)
=2.4496 correct to 4 d.p.

2
It is an interesting exercise to show that the exact value of this integral is %.

Important note about definite integrals

Before now, when you have evaluated a definite integral at a limit of 0 the result has usually been zero. But do
not assume that an integral at 0 is always zero! As we have now seen, substituting a value of 0 into an exponential
integral will often produce a value of 1 or some other non-zero constant. When evaluating definite integrals you
must always take care to substitute both limit values of the integral, even when one value is zero.

EXERCISE 14.7 INTEGRATING THE EXPONENTIAL FUNCTION

1 Write a primitive function of:

(a) er (b) eSx (C) e-0.4x (d) 562‘596 (e) ex+e-3x (f) e—2x_e-x
2 Find: (a) J‘e”‘ dx (b) J‘egdx (c) J‘e’“ dx
(d) J.(e’t—l)dt © j(e2”+u2)du ) J(e'2'5x+eo'4x)dx
3 Find the value of:
(a) jlle dx (b) j;e“ dx © J?e dx
(d) '[Ole”f dt ©) ﬁie-”dt ) jje-” du
(9) J‘Ol(ezx —e*" )dx (h) J‘_z(eé —e? )dt 0] 01:(69 + e'w)de

4 Indicate whether each statement below is a correct or incorrect step in the evaluation of

I= J_ll(ex —e” )2 dx.

14.8 APPLICATIONS OF THE EXPONENTIAL FUNCTION

Example 19
For the function f(t) = 2t¢*', find the value of ¢ for which f(t) has a maximum and hence calculate the
maximum value. Sketch the graph of f(¢).
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Solution
f( =2t Letu=t,v=¢""

f(t)= 2(6"0'5t +t><(-%)e"°'5t)
=e®(2-1)
For stationary points, f'(t)=0: e*¥Q2-£=0
But ¢ > 0 for all , so t = 2 is the only solution and f(2) = %
For t < 2: f(t)>0
For t > 2: f'(t)<o0

Gradient changes from positive to negative as x increases, so (2, ‘;) is a maximum turning point.

The maximum value of the function is 4 = 1.472

b (2,4

f(t)=0att=0ase’°'5t>0f0rall t. (7 )
t<0, f(t)<0 t<2, f'(t)>0
t>0, f(£)>0 t>2, f'(t)<0

t — oo, f(t) — 0 from above

t =0 is horizontal asymptote

Example 20
Calculate: (@) the area bounded by the curve y = "™, the coordinate axes and the line x =2

(b) the volume obtained by rotating this area about the x-axis.

Solution ,
@ y=ée"y=0x=2 J= el (b) Volumezrcju y® dx where y = "™,
2 y
AreazJ‘ e dx 2 o y
0 =7rJ. e dx
2 0
=|:;el'5xj| T 3x 72
3 0 =§[e ]0
2/( 3 0
==(e’—e o ST (600 .
3( ) 0 % a 3(e ') “o{.
2(e* -1 ) 6
=uz12.72 units’ _M
3 -3
~ 421.4 units’

EXERCISE 14.8 APPLICATIONS OF THE EXPONENTIAL FUNCTION

1 Find the minimum value of (x — 2)e".

2 Find the coordinates of the turning point of the curve y = xe’>** and state whether it is a maximum or
minimum. Find also the values of x for which:

(a) y>0 (b) %>0
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3 Consider the function defined by the rule f(x) =3 —e™, x > 0.
(@) Find the value of f(0) and f7(0). (b) Show that f’(x) > 0 for all values of x in the domain.
(c) What is the value of lim f(x)? (d) Sketch the graph of f(x).

4 Consider the function defined by f(x) = e”‘2 for all values of x.
(@ Find f'(x).
(b) Find the values of x for which: (i) f’(x)=0 @ii) f'(x)>0 (i) f'(x)<o0
(c) Sketch the graph of the function.

5 The concentration of a certain drug in the blood at a time ¢ hours after taking the dose is x units, where
x=0.3te"",

(a) Determine the maximum concentration and the time at which this is reached.

(b) Plot the graph of x = 0.3te”" for =0, 0.1, 0.5, 1, 2, 3 using graph paper or GeoGebra (or other
graphing software).

(c) This drug kills germs only while its concentration is at least 0.06 units. From the graph, find the length
of time during which the drug will kill germs.

6 For y=e¢'+4e”, find the minimum value of y. Indicate whether each of the statements below is a correct or
incorrect step in solving this problem.

@ y =é—4e' (b) Stationary point when e’ =+2
(€) y'=é+4e’ (d) Minimum value is 4
5
7 Sketch th h of f(t)= ,120.
etch the graph of f(t) 2+ 3e"

(@) Show that f’(¢)> 0 for all values of ¢ in the domain. (b) Find lim f(¢).
(c) State the range of the function. e

y
8 The rectangle PQRS has two vertices on the x-axis and two on the curve y = e y=e*
Find: S P(x,e"‘z)
(@) the value of x for which the rectangle has a maximum area
(b) the maximum area of the rectangle. R O Q x

9 Calculate the area enclosed between the curve y = ¢** + ¢, the x-axis and the lines x =1 and x = -1.

10 (a) Calculate the area bounded by the curve y = €7, the coordinate axes and the line x = 2.
(b) Write the equation of the tangent to y = e" at the point where x = 2.
(c) Calculate the area bounded by y = €%, the coordinate axes and the tangent at x = 2.
(d) Calculate the area bounded by y = ¢*, the y-axis and the line y = ¢’.

11 Calculate the area bounded by the curves y = ¢, y = ¢ and the ordinate x = 2.

-0.5.
— e x

12 Calculate the area bounded by the curve y = ¢ , the x-axis and the line x = 1.

13 The area under the curve y = ™ between x =0 and x = 1 is rotated about the x-axis. Find the volume of the
solid of revolution.

14 Find the volume generated when the curve y = ¢*, 0.5 < x < 1.5, is rotated about the x-axis.
15 Find the volume generated when the curve y = >, -2 < x <2, is rotated about the x-axis.

16 Find the volume generated when the curve y =e" + ¢ between x = -1 and x = 1 is rotated about the x-axis.

1
17 Using the trapezoidal rule with two subintervals, find an approximate value for J. x’e” dx.
-1

5
18 Using the trapezoidal rule with four subintervals, find an approximate value for j xe"** dx.
1
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038
19 Use the trapezoidal rule with four subintervals to evaluate J. xe " dx.
0

2
20 Write the derivative of (x — 1)e* and use your result to evaluate J xe* dx.
-1

21 (a) Find the area of the region bounded by the curve y = e™, the coordinate axes and the line x=a, a > 0.
(b) Find the limit of this area as a — oo.
(c) Find the volume of the solid generated by rotating the region in (a) about the x-axis and find the limit
of this volume as g — oo.

1

b
22 We define the average value of fon the interval a < x < b as f,,. = mj. f(x)dx. Find the average value of

each function on the interval given.
(@ fx)=e,0<x<2 (b) f(x)=e",0<x<2
(€ glx)=e*1<x<5 d) f(x)=e"+e",-2<x<2

14.9 NATURAL LOGARITHMS

We have previously looked at the relationship between the expressions y = a* and x =log_y. We have also defined
the exponential function y = ¢* so that x =log y. This logarithm to the base e is called the natural logarithm,

or sometimes the ‘Naperian’ (or ‘Napierian’) logarithm after John Napier, the Scottish mathematician who
introduced logarithms in the 1600s. The function log,x is sometimes written as Inx, and calculators usually have
a natural logarithm key labelled In.

The diagram shows the graphs of g(x) = ¢* and f(x) = log, x.

y

o) = ¢* 3¢ These two graphs are symmetrical about the line y = x. We
can say that f(x) is the reflection of g(x) in the line y = x.
To ‘reflect’ a curve of y = €" in the line y = x means that we
interchange (swap) the x and y values, so the equation of
the reflection becomes x = e”. Because we know how the
exponential and logarithmic functions are linked, we can
rewrite x = e’ as y =log x.

Because of this property, y = ¢* and y = log x are known as
inverse functions.

On the graph of g(x) = ¢* the point (1, e) shows that e' =e.
On the graph of f(x) =log, x the point (e, 1) shows that
. log,e=1.

loge e loge x

Hence we can write that e **“ = e and in general that e =X.
You can verify this result by taking the point (2,log,2) on y = f(x) and checking whether the point (log 2,2) is on

y = g(x) using graphing software or your calculator.

Important properties of ¢ and log_x

. I |
If y = log,x then we can write: e/ =e%* or =
But ¢’ = x so: x=e%*  or x=e"*
1 |
Hence: et = x or eY=

Similarly, if y = e" then: log y=log,e® or Iny=Ine
Butlog,y = x, so: x=log e* or x=Ine

Hence: log e =x or Ine'=x
Note that the operations ‘square’ and ‘square root’ are similarly inverse operations (for positive values), because
when repeated after each other they return to the starting value: \/x—2 =x and (\/; )2 = x. This is the same as for

loge x

the exponential function and the natural logarithm function: e = x and log ¢ = x.
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Summary of important results —exponentials and logarithms

o Ify=e¢"thenlog y=xorlny=x « ¢’=1landlog 1=0
o Ify=log x or y=Inxthen e’ =x e ¢>0forall x
o oBex — yoré™=x + Domain of y =log x is x>0

s log e"=xorlne*=x

The derivative of log_x

We have seen that g(x) = ¢ and f(x) = log,x define an inverse pair of functions. The graph of one of these
functions is the reflection of the graph of the other function in the line y = x. This means that the rule for one
function is obtained by writing x in place of y in the rule for the other. (This also means that their domains and
ranges interchange.) This all leads to an important property relating to their gradients at any point:

. . ) dy dy du
Consider the chain rule: I = du ¥ dx
o ] d(x) _ dx du
Now write x in place of y: I T dn
d _ ) dx du
Hence, because TIr (x) =1, we have: 1= du Jx
du_ 1
Thus: dx - @
du
This result is most frequently used in the form Z—y = dL We can now apply this to the exponential and

logarithmic functions.

dy
Consider y =log x and rewrite it as x = e”.
Differentiating with respect to y: Z—; = =x
. Y _ 11
Hence: G dx X
dy
So we have: %(logex)z%, x>0

It follows that log, x is a primitive of 1 +> and so: J.%dx =log, x+C

n+l
This ‘fills the gap’ in our earlier result for integrating powers of x, Jx” dx = ;C_’_ 1

result for n=-1.

+C, n# -1, by providing the

Graph of f(x) =log_x, x >0

f) The slope of the curve is %, which is positive for all x in the

domain (x > 0). The graph rises steadily with a very steep slope for
small x, but this slope decreases as x increases. When x is large, the
x  slope approaches zero.

@)
g i

The curve crosses the x-axis at x=1 (because log,1 = 0), at an
angle of 45° because the gradient is 1.

Forallx>1, f(x) >0
ForO<x<1, f(x)<0
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Because log x = -log, (%), we have the interesting property that log 2 = -log_ 1, so the lengths of the ordinates

x =2 and x =} are equal. This is similarly true for any other value of x and its reciprocal.

Another definition for log_x

The natural logarithm of x (for x > 0), usually denoted by Inx or log, x, can also be defined as:

logex:j %dt, t>0
1

f)
This integral shows that the natural logarithm of x is equal the area bounded by the .
graph of the rectangular hyperbola f(t) = % (for t > 0), the t-axis and the ordinates =1
t=1andt=x.
*1 x | | I
J.l ;dt:[loget]1 =log, x —log, 1 =1log, x of b b Pa
Similarly, the number e can be defined as: o
el e
.[1?dtz[loget]lzlogee—logelzl, t>0 1
f =1
This integral shows that the number e is such that the area bounded by the graph of
f(t)= % (for t > 0), the t-axis and the ordinates t = 1 and ¢ = e is 1 square unit. ;
o) i é e T T
Derivative of log_(ax),a >0
Let y =log, (ax), so y =log (a) +log, (x). Or, let y =log, u, where u = ax.
dy _ 4.1 dy _1
Fra 0+ F R Xa
-1 =
X Tax
= %, x>0
Hence:
%(loge(ax))z%, x>0 Y

The derivatives of log, x and log,ax are both 1, so the only

difference between the graphs of the functions is a vertical

translation of a units. If a > 1 then y =log, (ax) is above

y=log, (x), butif 0 <a <1 then y =log, (ax) is below

y=log, (x).
These are ‘parallel curves, because they are a fixed distance
apart and their gradients are equal at each corresponding point.

334 New Senior Mathematics for Years 11 & 12



Example 21

Differentiate with respect to x:

(@) x* log, (2x)

Solution
(@ Lety=x"log, (2x) = uv, where u =x*

and v =log, (2x).

dy du+ dv

dx  dx  Ydx
1

=2xlog22x+xzxy, x>0

=x(2log 2x+1)

(b) log.3x
ex

(b) Lety= bg# = %, where u =log,(3x)
e

andv=¢".
i dv
dy _ “dx  dx
dx V2
dy e X % —log,3x xe”
E_ er
_e*(1-xlog,3x)
- xe2x
_ 1-xlog,3x
xe”

Derivative of log, (ax + b)
Let y =log (ax + b) =log, u, where u=ax + b.

e W _ . du
Chain rule: I = du X Ix
1
= u Xa
__a
ax+b

Hence:

%(loge(ax+b)):aa andj 1 dxzéloge(ax+b)+C

x+b ax+b

Example 22

Differentiate:
(@) log, (+1)
Solution
(@ Lety=log (x’+1)
=log,u, where u = x+1

@ _dy  du
dx du’ dx
_ 1 2
—EX3X
_ 3x°

x°+1

(b) log, (*+2x—1)

(b) Lety=log (x*+2x—1)

=log,u, where u=x"+2x -1

&y _dy du
dx du’ dx
1
=5 X (2x+2)
_ 2x+2
x*+2x—1
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In Example 22, each derivative is a quotient in which the numerator is the derivative of the denominator. It can
be seen that:

de—(loge [f(x)]) = ?((;C))

The corresponding indefinite integrals are: j} (( )) dx =log, [ f (x)] +C and a;;iﬁ) dx = alog, [ f (x)] =

Summary of logarithm derivatives

di(loge ) %,x>0 d(loge(ax+b))

+b

f (x)

dx
%(loge(ax))z%,x>0 di(loge[f(x)])

TECHNOLOGY EXPLORATION
Logarithmic graphs

You can use GeoGebra to investigate the relationship between log x and log, x using the change of base law.

1 In GeoGebra, enter f(x)=In(x) into the input bar. Right-click on the curve of f(x) and select Object
Properties to change the colour.

2 Use the Slider tool 232 to create a slider n with Min = 1, Max = 20 and Increment = 0.1.
3 In the input bar, enter g(x)=In(x)/In(n).
4 Adjust the slider to see how the two curves f and g relate to each other.

You can also use GeoGebra investigate the relationship between logax and log (x — a). (Before you start,
remember to delete all previous objects and equations so that the GeoGebra screen is empty.)

1 In GeoGebra, enter f(x)=In(x) into the input bar. Right-click on the curve of f(x) and select Object
Properties to change the colour.

2 Use the Slider tool 252! to create a slider a with Min = -20, Max = 20 and Increment = 0.1.

3 In the input bar, enter f(a*x) (this will be labelled g(x)). Adjust the slider to see how this new curve reacts to
changes in the value of a.

4 Hide the new curve g by clicking the circle next to its equation in the Algebra view.
5 In the input bar, enter f(x-a). Adjust the slider to see how this curve reacts to changes in the value of a.

EXERCISE 14.9 NATURAL LOGARITHMS

1 Differentiate:

(@) log,2x (b) 2log,x (c) logex2
(d) log,(3x—5) (e) log,x+3 M x*- log, (4x—1)
2 State the largest possible domain of each of the following functions and find their derivatives.
(@ f(x)=log,(3x+2) (b) f(x)=log, (x*+1) (¢) f(x)=log, (x* —4x + 4)
(d) f(x)=log, (4x+3) ) Inx () log, (x++x)
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3 'The derivative of log, (3x*+1) is:

6 6x 1

A 6x B x C 3x2 +1 D X3 +x
4 Differentiate:

(@ xlnx (b) X’Inx () (x+2)In(x+2) (d) (x*+1)In2x

€ (2x-5)lnx ) elnx Q) ez"lnbi (h) 1o§ex

1 1 1

() 108.x i) —Oegix (K) Le(ﬁ 1] () elog,(e"+1)
5 Differentiate:

(@) log, (x*—2x) (b) log,(e") (c) log,(x)) (d) loge(jz;g)

(e) log,(x*—1) (f log,(x" (@) elosex (h) x’log, (x")

() log,xx () log,(log,x) (k) e*oee 0 lg(%)

5 —

Find the gradient of the curve y = log, (x* + 1) at the point where x = 3.
Iff(x)=log,x, find: (@) f'(x) (b) f"(x) (c) f'(2) (d) f"(2)

Find the equation of the tangent and normal to the curve y =log_x at the point where it crosses the x-axis.

© 00 N O

(@) On the same axes, sketch the graphs of y =log x and y = log, (%) and show that their gradients are
equal for all values of x.
(b) Write the equation of the tangent to the curve y =log, (’2‘) at the point where it crosses the x-axis.

10 Show that y =log, (e") is equivalent to y = x for all values of x and hence state its gradient.

11 Sketch the graph of y =log, (x — 1), stating its largest possible domain. Find the equation of the tangent at
the point where x = 2.

12 Solve: (a) e'=2 (b) e*=5 () =7 d) =10

13 Show that y = €™ + 4¢ has a minimum value when x = IHTZ What is this minimum value?

14.10 INTEGRALS RESULTING IN LOGARITHMIC FUNCTIONS

Summary of results

1 (%)
ledx=logex+C j'ff(;) dx:loge[f(x)]+C
J. axl-i- 2 dx = %loge(ax S)EH® j aj{(i);) dx = alog, [f(x)] 10
Example 23
Find the indefinite integral of:
9 X 4x—6 e
(@) 2x—3 (b) x> +4 © x*—3x (d) 1+e”
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Solution

@ Jyty- [T, where f(2) =2~ 3 and f/(x) =2
2 _
2x_3dx =log,(2x-3)+C
1l 22x d
+4
]}((x)) where f(x) =x* + 4 and f’(x)=2x

= %loge(x +4)+C

()J‘4x 6d_2J‘2x 3d

x“—3x

f (x)

where f(x) =x*—3xand f(x)=2x-3

—210g (x -3x)+C

) J.l-le-xe" ?((x)) where f(x) =1+ ¢"and f'(x)=¢"

=log,(1+ &)+ C

Example 24
If Zy - and y = 0 when x = 0.5, express y in terms of x.
Solution
@ _1 When x=0.5,y=0,s0: 0=log,3+C
dx X
1 0=-log,2+C
= C=log 2
=log, x+C - %

s y=log x+log,2 or y=log2x

Example 25

The gradient of a curve at any point is
equation of the curve.

;Lx g and the curve passes through the point (0,0). Find the

Solution
f (x)= x* +1
oo (s = J = dx Because f(0) = 0: 0=2log,1+C
_ 2x C=0
2jx > v f(x) =2log, (* +1)

=2loge(x +1)+C
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Example 26

4 2x-1
Evaluate: (a) .[1 mdx (b) , mdx
Solution
¢ 2x 1 2 4
= — T 1 -x—-2
(a)j d 3.[ dx (b) S Per) dx = [oge(x x )]3
=3[loge(x+1)]f =log,10-log, 4
:3(loge3—log62) =log, 2.5
=3log,1.5 =UE
=1.216
x> 1 1 X’ -1 o1
= o0 L dx = J‘Z(x—y)dx

2 4
={x7—lnx}
2

=8-In4—(2-1n2)
=6—1In2
= 5.307
If question (c) had asked for an exact answer, the answer would be written as 6 —In2.

EXERCISE 14.10 INTEGRALS RESULTING IN LOGARITHMIC FUNCTIONS

1 Find the primitive of:

@ % (b) —L- © 327 4
X 3
(e) 2x_1 (f) 4iex () xf+1
2 If dy = and y =0 when x =2, then the correct expression for y in terms of x is:
A y=logx-2 B yzélogex C yzloge(§) D y=210gex
3 The gradient of a curve at any point is 2x2+ 1 and the curve passes through the point (1,log, 3). Find the

equation of the curve.

4 Find the rule that defines f(x) given that f'(x) = xzﬁ- 9

below is a correct on incorrect step in the solution of this problem.

(a) f(x)zsz’igdx (b) f(x)=1In(x’+9)+C () C=2In3 (d) f(x)=4In(x’+9)

and f(0) =log, 3. Indicate whether each statement

5 Evaluate:
(@) Jjﬁdx () Io3x-2|-3dx (©) .[25+2x (d) I—dt
() .Exzzfldx U j_dx (h) j042x6+3dx
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6 Evaluate:
(@) f(x2+%)dx (b) jz Xy ©) J:xzx_ldx (d) j:(%ﬁu%)dx

x*+1

© [ v+ g)a 0 Jllz(x—%)zdx @ J(e+t)ar o [(vr-

14.11 APPLICATIONS OF THE LOGARITHMIC FUNCTION

Example 27

Find: (a) the area bounded by the curve y =log x, the x-axis and the ordinate x =2

|

Jax

(b) the volume of the solid of revolution formed by rotating the area bounded by the curve y =log, x,
the coordinate axes and the line y = log 2 about the y-axis.

Solution
(@) Area= J‘— log, x dx
1

We don't learn how to evaluate this integral in this course. Instead, draw a diagram to see whether
there may be another way to calculate the area.

y We require the area of the shaded region BCE. It can be
obtained by finding the area of the rectangle ABCD and
subtracting the area ABED.

log,2 |- < Because y =log x, we can write x = e”.
loge2
RS ¢ Atx=2,y=log,2:  Area ABED= J e’ dy

= /: 2 - ' loge 2
_ [y
=lo
— elogeZ _ 60
=2-1
=1

Area ABCD =2log, 2
. Area BCE=2log 2 -1
~ 0.386 units’

loge 2
(b) Volume = 71:J' ) x> dy where x = e’
0

loge 2
= nj e”” dy

0

T 2y 7082
=517,

2

_71:( 2loge 2 O)
=i==le =@
2

—Z(4-1)=3% ynits’
—2(4 1) 5 units
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Example 28

2
Differentiate xlog,x. Hence find the primitive of log,x and so evaluate J log, x dx.
1

Solution
Let y = xlog,x = uv, where u = x and v = log .

dy  du dv. d _ 1
Productrule,a—va+u%. a(xlogex)—lxlogex+xxy

%(xloge x)=log, x+1

Rearrange: log, x = %(x log, x)—1

The primitive of the derivative of a function is the function itself, so:

J.%(xlogex)dx =xlog,x+C

Hence: J.loge xdx = J%(xloge x)dx — J.ldx
=xlog x—x+C
J.lzloge xdx = [xloge x—x]f
=(2log,2 —2) — (log,1-1)
=2log2-1
~(0.386

This the same answer as in Example 27(a), obtained by a different method.

Example 29

Find the volume generated by rotating about the x-axis the area beneath the curve y = % between x =4
and x=9. i

Solution
9
1
lume = g h =—= ,
Volume ”L y dx where y = )
’1 :
= ~—d ! 1
|
= ﬂ’-[logex]z (0] l ; x
=7 (log, 9-log, 4) |

=rlog,2.25
~ 2.548

EXERCISE 14.11 APPLICATIONS OF THE LOGARITHMIC FUNCTION

1 Sketch the graph of f(x)= le_ 1 and find the area enclosed by the curve, the x-axis and the lines x =1
and x = 4.

2 Find the area of the region enclosed by the curve y = 2x+ T the x-axis and the ordinates x =2 and x = 4.
x
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3 For the curve whose equation is y = x + %, find the area enclosed by the curve, the x-axis and the lines
x =0 and x = 2. Indicate whether each statement below is a correct or incorrect step in the solution of

this problem.

o 4 x_2 2 ey 2
@) Area—_[o (x+m)dx (b) [2 +4ln(x+1)}0 © [1 (x+1)2}o (d) 2+4In3

4 Sketch the curve y = x + %, x> 0, showing its asymptotes and the coordinates of the turning points. Also

find the area enclosed by the curve, the x-axis and the lines x=1 and x = 2.

3
5 The value of 2;Cdx=...
0x"+9
A 1lln2 B In2 C 2In2 D Ini8

1 x
6 J. € —dx =log, c. Find the value of c.
0l+e”

7 Find the area of the region enclosed by the curve y = 2x+ T the x-axis and the line x=1.
x

8 Find the volume of the solid generated by rotating about the x-axis the region enclosed by the curve

y2 = 2, the x-axis and the ordinates x =1 and x = 3.

9 Find the volume of the solid generated by rotating about the x-axis the area beneath the curve y =

between x=6 and x=11. x—2

10 (a) Given a > 1, sketch the curve y =log x for 1 <x < a. Find the area enclosed by the curve and the lines
y=0andx=a.
(b) The region enclosed by the curve y =log x and the lines x =0, y =log a and y = 0 is rotated about the
y-axis to form a solid of revolution. Find the volume of this solid.

11 Sketch the curve y = Lz for values of x from x = § to x = 1. This part of the curve is rotated about the y-axis
X

to form a solid of revolution. Find its volume.

1 . .
12 Sketch the curve y = from x =0 to x = 5. The region enclosed by the curve, the x-axis and the
4 Na+x & Y
ordinates x = 0 and x = 5 is rotated about the x-axis. Find the volume of the solid formed.

2
x—7
x-axis. Find the volume of the solid formed.

Jx+1

14 The region enclosed by the curve y = ~—- and the x-axis between x = 3 and x = 5 is rotated about the

x-axis. Find the volume of the solid formed.

and the x-axis between x = 8 and x = 10 is rotated about the

13 The region enclosed by the curve y =

3
15 Use the trapezoidal rule with two subintervals to find the value of J xlog, x dx correct to 3 decimal places.
1

5
16 Use Simpson’s rule with five function values to find the value of J‘ log, x dx correct to 3 decimal places.
1

b
17 We define the average value of fon the intervala<x<bas f,,. = b+.|. f(x)dx. Find the average value of
each function on the interval given. @ Ja

(8 f(x)=1,1<x<3 (b) f(x):xzzil,os;csz
©) g(x)zﬁ,OSxSZ (d) f(x):xz’izl,-zs;csz
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CHAPTER REVIEW 14

1

10

11

Find the values of x for which:

(@) 7°"*=343 (b) 4°*<128 (c) 3*>12

Simplify:

(@) log,18 +2log,9 —log, 54 (b) log, (xy*) + log, (yz") — log, (x2%)

6+4J_

+log,,

(©) logiy 26 1 1g, 2463

(d) 210g(x+ 1) —log(x—1)—2log(y+1)+log(y—1),givenx=5and y=2

Express yin terms of x: (@) log y=x (b) log,,y=2+log  x—log, (x°)

Differentiate with respect to x:

(@) (*+2x)e (b) 2e*Inx (c) log,(1+¢€")

(d) log, (¥ + 2x) @ (F+3ne™ () e +log,Vx

Evaluate: (a) J‘j(ex - )dx (b) J‘j(ex - )2 dx (c) J.:(e’C + %)dx

Sketch the graphs of y = ¢™, y = x + 1 and the line x = 2. By integration, find the area of the region bounded

by them.

(@) Find the maximum value of 2xe™'”* and the value for which this function has a maximum value.
(b) If f(x)=2xe 1% find £(0), £(0.5), f(1) and hence graph the function in the domain 0 < x < 1.

(c) Use the trapezoidal rule with two subintervals to find the value of 2_[ xe">* dx correct to 3 decimal places.

de _
dt

A car is worth $10 000 when new. After ¢ years, the value of the car (in dollars) is given by the formula
V=Ae""
(@) Find the value of A. (b) Find the value of the car after 6 years.
(c) Find the rate in dollars per year at which the car’s value is depreciating, when:
(i) t=6 (i) V=5000
(d) How much time will it take until the car is worth only $1000?

If 0= 0,¢™, show that % = -k®.

Sketch the graph of y = ¢%, x > 0, and indicate the region whose area is represented by the integral
I e * dx. Evaluate this integral by: (a) direct integration

(b) Simpson’s rule using three function values.

d x\_ x X x
(@) Show that %(xe ) =e" +xe". (b) Hence find jxe dx.

b
(c) We define the average value of fon the interval a < x < b as f,,. = ﬁj f(x)dx. If f(x) = xe”,
calculate the average value of f over the interval -1 < x < 3. ¢
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CHAPTER 15
TRIGONOMETRIC FUNCTIONS

Outcomes covered:

H1 seeks to apply mathematical techniques to problems in a wide range of practical contexts

H4 expresses practical problems in mathematical terms based on simple given models

H5 applies appropriate techniques from the study of calculus, geometry, probability, trigopnometry and series to solve problems
H6 uses the derivative to determine the features of the graph of a function

H7 uses the features of a graph to deduce information about the derivative

H8 uses techniques of integration to calculate areas and volumes

H9 communicates using mathematical language, notation, diagrams and graphs

15.1 RADIAN MEASURE OF AN ANGLE

y Later in this course, when we look at the calculus of trigonometric functions, we
will see that in many situations degrees are not a useful measure of angle size.
-1 Instead of using degrees, it is often better to use radians.

1
Consider a unit circle. Starting at point A and moving around the circle in an

o T anticlockwise direction, mark an arc of length 1 unit.
\J The angle that this arc subtends at the circle’s centre is defined to have a magnitude
of 1 radian. If we mark any arc of length 6, then the angle that this arc subtends at

the circle’s centre has a magnitude of @ radians. In this way, the length of the arc is
the same number as the size of the angle in radians.

In other words: 1 radian is the angle subtended by an arc of 1 unit in a circle of radius 1 unit.

We can write an angle of 0 radians as 6°, but the ‘¢’ is usually left off so that the angle is written simply as 6. If an
angle has no degree symbol °, you should assume that it is measured in radians.

The circumference of a circle of radius r units is given by C = 27zr. Thus the circumference of the unit circle is 27
and half the circumference is 7. An arc of length 7 therefore subtends a straight angle of size 7° at the centre of

the circle. We already know that the size of a straight angle is 180°, so 7°=180° :

[e] C
1C=(%) ~57°18’  and 1°=( 1 ) ~0.01745°

180
. ¢ — wo o_ ﬁc
So: 0 —( p= ) and 0 _(180)

(o}
The relations 7°=180° and 1° = (%) enable us to convert radians to degrees and degrees to radians.

L _gpo BT _ oo AT _4 o qqa0 IE°_7 °—210°
Thus,forexample.2 —90,3 =60°, 3 —5><180 =144°, 3 —6><180 =210°.

Note that angles in radians are not always given in terms of . It is usually necessary to use a calculator and
multiply by £ to convert radians to degrees.
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Example 1

Convert the following to degrees: (@ 24° (b) 4.6°
Solution
(@) 24=24% %00 (b) 4.6°=4.6% 15;—00
=137.5099...° =263.561...°
~137°31’ ~263°34’

You can use a calculator to find sin 2.4%, cos4.6° or any other calculation using radians without converting to
degrees. Most calculators will be set to calculate trigonometric functions using degrees, but they will also have a
key labelled as MODE, DRG or something similar that can be used to switch between the use of degrees (often
displayed as ‘DEG’), radians (‘RAD’) and sometimes also gradians (‘GRAD’, which is an obscure unit equal to
£ of a degree). If you are using calculator software on a computer, you may need to change the trigonometry
calculation mode through menu settings.

Example 2
Convert to radians: (@) 127° (b) 214°35’
Solution
o_ i 035/ — il
(8) 127°=127 x5 (b) 214°35 = 21458 1
~ 2.217 radians =~ 3.745 radians

Common conversions
It is important to be able to easily convert between angles in degrees and angles in radians for the common
angles that give exact values in trigonometric functions.

Degrees | 0° | 30° | 45° | 60° | 90° [120°[135°|150°|180°(210°(225°(240°|270°|300°|315°|330°|360°

T 2w | 3w | 57 7% | 5m | 4m | 37w | 5¢m | 7w | 11w
5———n———————2n

3 4 6

. b4 T |
Radians | 0 3 1 3

Adding 360° to an angle in degrees is the same as adding 27 to an angle in radians. Both 360° and 27 each
represent a full turn.

EXERCISE 15.1 RADIAN MEASURE OF AN ANGLE

1 Express the following angles in radians, in terms of 7.
@ 30° (b) 225° () 72°  (d) 210° () 315° () 112°30°  (g) 330° (h) 144°
2 Express, in degrees, the angles whose radian measures are:

@ZF ®©®F @ZF @F @F%F oif @ 187 () 1F

3 Use a calculator to express, in degrees and minutes, the angles whose radian measures are:
@ 0.5 (b) 1.82 (c) 3 d) 426 () 272 () 3.426 (@ 524 (h) 4782
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4 Use a calculator to find the radian equivalent of each angle, giving your answer correct to 4 decimal places.
@ 42°  (b) 74°  (c) 105° (d) 164° (e) 48°9’ () 220° (g) 138°12°  (h) 72°%
5 Indicate whether each statement is correct or is incorrect. 315° is:

@) 57” (b) 77” (C) 5.4978 (d) 3.9270

6 Convert each angle into radians, in terms of 7.

(@ 120° (b) 315° (c) 210° (d) 135° (e) 390° (f) 405° (g) 480° (h) 720°
() -30° () -135° (k) 450° () -180° (m) 15°  (n) 22.5° (o) 345° (p) -67.5°

7 Convert each angle to degrees.

@2 ®2%F ©@F @3 @F O0OF @F ®

6 4 2 3
0 -2 0 -F w022 02 mE mW3Z ©F -7

15.2 ARC LENGTH AND SECTOR AREA OF A CIRCLE

Arc length

Let the arc AB subtend an angle of 6° at the centre of a circle of radius r units. p s ()

Let the length of the arc AB= /. ”

Let ZPOQ = 15, hence the length of arc PQ =r. '
arc AB _ ZAOB

Compare arcs: arcPQ = ZPOQ

{_ 6 A o B

Arclength: /=10 ¢
Example 3
Find the length of an arc of a circle of radius 12 cm, if the arc subtends an angle at the centre of:
(a) 1.5 radians (b) 40°
Solution
(@) r=12,6=15 (b) r=12,0=40x%=2§
=10 {=r0
~18 U=l =2
Arc length is 18 cm. =8.378

Arc length is 8.4 cm (correct to 1 decimal place).

Area of a sector

Consider a unit circle with a sector AOB. 2 Q
Comparing the shaded area AOB to the area of the whole circle gives:
Area of sector AOB _ ZAOB

Area of circle 2

Area of sector AOB _ 6 A o B
nr’ 21
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Area of sector AOB = 11°6 A=1r’0

A useful variation of this formulais A=1r’0 =1 xr@xr=1/r.

Thus if you know the arc length and the radius, you can find the area of the sector without knowing the angle.

Example 4
The length of an arc AB of a circle with centre O and radius 10 cm is 8 cm. Calculate:
(@) ZAOB in degrees and minutes (b) the area of the sector AOB.
Solution
@ r=10,/=8 0 (b) r=10,¢=8,6=0.8
b=t 10 A=1r% A=Lor
8=100 A B ) |
0=0.8° =5x100%x0.8 OR =5Xx8x%10
. ] g
0=08x18 =4 =4

Area of sector is 40 cm?.
0=45°50"

Area of a segment of a circle

This is an application combining the formula for the area of a sector with the
formula for the area of a triangle.

The chord AB cuts the circle into two segments: minor segment ACB (the
shaded portion at right) and major segment ADB.

Area of segment ACB = Area of sector AOB — Area of AAOB

— 1,2 1,2 G
=3r"@—5r"sin6

Area of segment = 1 r” (6 — sin @), where 01is in radians.

Example 5

An arc AB subtends an angle of 126° 52" at the centre O of a circle with radius 6 cm. Calculate:
(@) thelength of the arc AB, correct to 1 decimal place
(b) the length of the chord AB, correct to 1 decimal place
(c) the area of the sector AOB, to the nearest cm”

(d) the area of the minor segment cut by the chord AB, to the nearest cm’.

Solution
@ 0=126°52,r=6
Use your calculator to convert 126°52” to 126.866...°, then:
0 =126.867 X = = 2.214°¢

180
/=16
/=6x2.214
=13.284

Length of arc AB=13.3cm.
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(b) AB=2AX=2Xx6sin63°26 (c) Area of sector AOB=1r%0

=10.73 = 1x36x2214
Length of chord AB=10.7cm. 3985

Area of sector AOB = 40 cm?®
(d) Area of minor segment = 17°(6 —sin®)
1x3
2

=1x%36(2.214-5sin2.214) [Remember to make sure that your calculator
is set to radians. ]
=254
Area of minor segment = 25 cm’

EXERCISE 15.2 ARC LENGTH AND SECTOR AREA OF A CIRCLE

1 Calculate, to the nearest minute of a degree, the size of the angle subtended at the centre of a circle of
radius 8 cm by an arc whose length is 15cm.

2 Find the length of an arc of a circle of radius 15 cm if the arc subtends an angle of 70° at the centre.
3 An arc of a circle subtends an angle of 100° at the centre. If the radius of the circle is 12 cm, then the length
of the arc in terms of 7 is:

A 40mrcm B @cm C 2O—n-cm D Mcm

5m 3 5

4 The area of a sector AOB of a circle with centre O, radius 20 cm is 240 cm?®. Calculate:

(@) the size of ZAOB, in radians (b) the length of the arc AB
(c) the length of the chord AB.

5 A chord PQ, 24 cm long, is 5cm from the centre of a circle. Calculate the
length of the arc PQ correct to 1 decimal place.

o=

6 A point P is 8 cm from the centre of a circle of radius 5 cm. Find the length of A
the major arc between the points where the circle touches the tangents that are &\
drawn from P to the circle. P
L
B

7 In acircle with centre O, the length of the chord AB is 16 cm. If the radius of the circle is 10 cm, calculate:
(@) the size of ZAOB (b) the length of the minor arc AB
(c) the area of the minor segment formed by the chord AB.
8 The length of the minute hand of a clock is 20 cm. Calculate:
(@) thelength of the arc that the tip of the hand travels along in 16 minutes
(b) the shortest distance between the initial and final positions of the tip of the hand.
9 An arc AB subtends an angle of 60° at the centre O of a circle of radius 15 cm. Indicate whether each
statement below is correct or incorrect.
(@ ArcAB=5mcm (b) Arc AB=15cm
75 2

() Chord AB=15cm (d) Area of sector AOB = = cm
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10 From a circular piece of metal 6 cm in diameter, a sector of angle 30° is removed. Find the area that
remains, expressing your answer in terms of 7.

11 A chord subtends an angle of 140° at the centre of a circle of radius 16 cm. Find the difference in length
between the chord and the arc.

12 For the diagram, calculate (in terms of 7):

0 ¢
(@) the area of the shaded region between the two circular arcs a 4

(b) the perimeter of the shaded region. ’N
cm

13 The minute hand of a clock is 3cm long. What area is swept out by the hand in a time interval of
40 minutes? Express your answer in terms of 7.

14 A circular metal plate is cut into two segments along a chord equal in length to the radius. What is the ratio
of the areas of the two segments?

15 A sheep, grazing in a paddock, is tethered to a stake by a rope 20 m long. If the stake is 10 m from a fence,
find the area (to the nearest m”) over which the sheep can graze.

16 A sector of angle 160° is cut out of a circular piece of thin cardboard of radius 10 cm. The cut edges of this
sector are brought together to shape the cardboard into a cone. Find the circumference of the circular base
of the cone.

17 A piece of land is in the shape of a circular sector of radius 25 metres and angle 30°. Find the piece
ofland’s: (a) perimeter (b) area.

18 A pendulum 40 cm long swings through an angle of 25°. Find:

(@) the length of the arc
(b) the shortest distance between the extreme positions of the bob (bottom of the pendulum).

19 Two circles, each of radius 10 cm, have their centres 16 cm apart.
Calculate the area common to the two circles.

20 Three circles are drawn, each with a radius of 5cm. Their centres are at
the vertices of an equilateral triangle with sides of length 10 cm.
Calculate the area that is between the circles and inside the triangle.

21 The points K, L, N and M are on the circumference of a circle with centre O
and radius r. KL = KM = r/3.

(@) Use the cosine rule, or otherwise, to find ZLKO.

(b) Calculate the area of AKLM.

(c) Write the length of LM.

(d) By finding the area of the circle, or otherwise, calculate the area of the
segment LMN.

(e) A circle with centre K is drawn through the points L and M. Calculate
the area between the arc LNM and this new arc joining L and M.

| | % 8

-
Z<
=
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15.3 ANGLES OF ANY MAGNITUDE

This topic was introduced in Chapter 5 (section 5.1) using degrees. We can now investigate the same topic
using radians.

Definitions
We can define circular or trigonometric functions as functions of real
numbers. For this purpose, we consider a circle of unit radius defined by
the equation x* + y* = 1. P(0)

. . 1 ¢“1\6
Starting from the point A, we can mark an arc of length 6 for any real ATAYE

y
B

number 6. The arc AP subtends an angle of 6° at the centre of the circle. In C C y 1.0)
D

this way, the same number 6 measures the length of the arc as well as the
number of radians in ZAOP. For 8> 0, we mark the arc in an anticlockwise
direction; for 6 < 0 we mark the arc in a clockwise direction. If P(0) is

the endpoint of this arc, with coordinates (x, y), then we can define the
functions cosine and sine as:

cosO=x sinf@=y

Both these functions have the set of real numbers as their domain. Because -1 <x <1 and -1 <y <1, the range of
each function is from -1 to 1 inclusive. Considering the unit circle diagram above and our definition of x and y:

o At A, 6=0; the coordinates of A are (1,0) and so cos0 =1 and sin0 = 0.

e AtB,0= %; the coordinates of B are (0, 1) and so cos% =0and sin% =1

o At C, 0= ; the coordinates of C are (-1,0) and so cos 7= -1 and sin 7= 0.

o AtD, 0= 37”; the coordinates of D are (0,-1) and so cos%[ =(0and sin%r =-1

o At A again, 0= 27; the coordinates of A are (1,0) and so cos2w =1 and sin27=0.

o The circumference of the unit circle is 2.
Notice that cos2w=cos0 =1 and sin27=sin0 = 0. In fact, the points P(0), P(2w+ 0), P(47+ 0) etc. all coincide.
In general, P(0) and P(2km + 0) coincide, where k is any integer. This allows us to write cos (27 + 8) = cos 8 and
sin (2 + 0) = sin 6. Functions whose values recur at regular intervals like this (in this case, with a period of 27)
are called periodic functions.
Aside from sine and cosine, there are four other trigonometric functions: tangent, cotangent, secant and cosecant
(abbreviated as tan, cot, sec and cosec, respectively) that can all be defined in terms of cos and sin:

_ )Y _sin@ _1_ 1
tanO—x— 550’ cos@#0 sec9—x——cose, cos@#0
cotezﬁch)—se, sin@ # 0 cosecG:l: .1 , sin@#0
y sinf Y sin@

Thus there are restrictions on the domains of these functions. The functions tan and sec are not defined for
cos0=0, i.e. for 6=0, %, 3771-, 577[, ...; cot and cosec are not defined for sin 0=0, i.e. for 6=0, &, 27, ...
Also note that cot, sec and cosec are the reciprocal functions of tan, cos and sin respectively.
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Symmetry properties of trigonometric functions

The results established in Chapter 5 for 90° — 6, 180° * 6, 360° + 8 and -0 are still true when we change from
degrees to radians measure.

Degrees

Radians

sin (90° — 6) = cos O

cos(90°— 6)=sin 0

tan (90° — 0) = cot O

sin(% - 6) =cosf

cos( - 0) =sinf

N NN

tan( —9) =cotf

sin (180° — 0) = sin O
cos(180° — 6) = -cos O

tan (180° — ) = -tan 6

sin(r— 6) =sin 0
cos(m—6)=-cos B

tan(mw— 6) =-tan 6

sin (180° + 0) = -sin 6
cos(180° + 6) = -cos O

tan (180° + 6) =tan 0

sin(w+ 0) =-sin 6
cos(m+ 6) =-cos O

tan(zm+ 6) =tan 6

sin (360° — 0) = -sin O
c0s (360° — 6) =cos O

tan (360° — 0) = -tan 0

sin(2mr— 6) =-sin 0
cos(2mr—6) =cos 0O

tan (2w — 0) =-tan 0

sin (360° + ) =sin 6
c0s (360° + 6) =cos O

tan (360° + 0) =tan 0

sin(2zw+ 6) =sin 0
cos(2m+ 6) =cos O

tan (2w + 6) =tan 0

Sign of the trigonometric ratios

The sign of sin, cos and tan for the first four quadrants can be summarised as follows:

First quadrant:
Second quadrant:
Third quadrant:
Fourth quadrant:

All are positive

sin only is positive
tan only is positive
cos only is positive

(A)

(S) -0 0
D 92 :
©) T+ -

You may find this easier to remember using the mnemonic ASTC: ‘All Stations To Central.
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Exact values in radians

T T T K3
E g 6 4 3 2
- 1 1 a
sm@ 0 2 ﬁ T 1
V3 1 1
cos 6 1 &5 NG > 0
1
tan 6 0 ﬁ 1 NEY undefined
0 defined 2 2 e 1
cosec undefine 2 NG
2
sec O 1 Nl 2 2 undefined
1
cot@ undefined NEY 1 J§ 0
Example 6
Find the exact values of: (a) sins?” (b) cosST” (c) tan%t (d) sin%t
51 2r 11z
(e) cos(-?) (f) sec =~ (9) cosec— =
Solution
T (T 1 ST _ L (P S
(@ sin 3 —sm(n’ 6)—sm6 > (b) cos 4 cos(n+4) cos B
ar _ T\ _ O - B an o
(c) tanT—tan(7r+3)—tan3 =3 (d) sin > —sm(n'+2)— sin>- = 1
ST = 052 — B e 27 _ e s L
(e) cos(- 3 )—cos 3 —cos(27r 3) cosz = (f) sec 3 sec(ﬂ' 3) sec3 TRE 2
117 _ _T\_ T
(9 cosecT—cosec(Zﬂ' 6)_ cosec ¢ = i 2
Example 7
Find all values of 6, 0 < 6 < 27, for which:
@) cosO:% (b) sin9=-7‘_5 (©) tanf=1 (d) sec9=-—j? (€) sinf=-1
Solution
(@ cosB8>0,so Oisin the 1st and 4th quadrants: c039=%: 9=%, 27[—%
_I 5m
o= 383
(b) sin0<0, so Ois in the 3rd and 4th quadrants: sin9=-%: 0:75+%, 27[—%
95T 11
4’ 4
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(c) tan6> 0, so Ois in the 1st and 3rd quadrants:

(d) sec0<0,so Bis in the 2nd and 3rd quadrants:

(e) sin6<0,so Bisin the 3rd and 4th quadrants:

tan0=1: 9:%,77;4-%
sec9:—% cosBz-%: 9=7r—%,7z+%
sin @ =-1: 0:7r+%,27z—%

EXERCISE 15.3 ANGLES OF ANY MAGNITUDE

1

Express each of the following as a simpler trigonometric function.

(@) sin(mr—x)
(d) cos(m+x)

For any angle 6, cos (7 — ) is:
A -cosf B cos6

(b)

C

cos(z—x
2

(e) sin(2mr—x)

sin 6

D

Indicate whether each statement is correct or incorrect.

(@) cos(ﬁ - 9) =cos@ (b) cosQr—0)=cos@ (c) sin(w+ 6) =sin6 (d) sin(2r—6)=-sinBO

2

If sin 6= 0.2, write the value of:

(@ sin(r—x) (b) sin(2r—x) (c) sin(-x) (d)

If tan 6 =t, express the following in terms of ¢:

(@) coté  (b) cot(g-e) (©) tan(z—0) (d)

If cos x = ¢, express the following in terms of ¢:

(@ secx (b) cos(-x)

Write the exact value of:
. T 27
(@) sin > (b) cos 3
3r 51
(e) sec T (f) cot %
Write the exact value of:
(@) sinrm (b) cos—76£
an 57
(e) cos 3 (f) sec 4
Write the exact value of:
. 31w 51
(@) sin =5~ (b) tan 3
77 117
(e) cotT (f) cos T

(c) cos(m—x)

(c)
(9)

(c)
(9)

(c)
(9)

51
tan 6

cosecC -

tan o

tanrm

(d)

( T
COS

() tan(2mwr—x)

(f) cot(%— x)

-sin 6

7—x) (e) sin(m+x) (f) cosecx

tan(2wr—0) (e) cot(m—06) () tan(mw+ 6)

cos(2m—x) (e) sec(-x) ) cos(m+x)

(d)
(h)

(d)
(h)

(d)
(h)

COSTT
. 21
SIN——
cot 2%
77

sin—

tan 7—”

5w
coseC ——
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10 Write the exact value of:

(@) sin2z (b) sinBTﬂ ©) tangT” (d) cot%”
137 5 . I 11z
(e) sec—¢ ( cos =~ (9) sin—3~ (h) tan—4—

11 ForZ<x<m usea diagram of a unit circle to show that:

2
(@) cos(m+x)=-cosx (b) sin(2mr—x)=-sinx
12 If Ois an angle in the 2nd quadrant, state whether the following are positive or negative:
(@) cos(m—6) (b) tan(mw+ 6) (c) sin(%—O)
(d) sin(2wr—6) (e) cos(m+6) (f) tan(% - 6)
13 Solve, for0 < x < 2m:
(a) sinx=-§ (b) tanx=-1 (c) cosecx=2 (d) cosx=-1
(e) cotx= V3 (f) secx= 2 (g) sinx=cosx (h) sinx=0
() 2cosx+1=0 M) 2sinx=+/3 (k) sinx++/3cosx=0 () cosecx=secx

14 Using a diagram, find equivalent expressions for:

(@) cos(%r+x) (b) tan(%—x) (c) sin(%—x) (d) cot(%r+x)

15.4 GRAPHS OF TRIGONOMETRIC FUNCTIONS

In the diagram below, the graph of y = sin x is the unbroken curve and the graph of y = cos x is the dashed curve.
The graphs are drawn in the domain -277 < x < 27. For a domain of real numbers, the graphs continue to repeat
in both directions, so the graphs for the domains -27<x<0,0<x<2mand 27 < < 47 are the same.

y As x increases, the values of sin x and cosx repeat
- 1 , themselves after an interval or period of 27. Sine and
{ / ] ’ cosine are therefore called periodic functions. This
/ ; 7 means that the points P(0), P2z + 0), P(47+ 6) on
27 3m - ’-’25 O & '37” 27 % the unit circle all coincide and hence sin 27+ 6) =
; | W 2 sin 0, cos (2 + 6) = cos B and so on.

The maximum and minimum values of sinx and cosx are
1 and -1 respectively, so we say that their amplitude is 1.

If the graph of y = cos x is translated % units to the right, parallel with the x-axis, it coincides with the graph of
y=sin 6. You can check that this follows from cosx = sin(% + x). You can also check by sketching graphs by

hand or by using GeoGebra or other graphing software.

y ' ' The diagram shows the graph of y = tanx for 0 < x < 27. As x increases, the
: _ : values of tan x repeat after an interval or period of 7. Because tanx = SN X ;
, y=tanx 1 CoSx
' ! the graph of y = tan x does not exist when cosx = 0, so the tan function is
: : f—~  undefined at x= %, 37”, e
°0 oz /7 S 2n-1)z
2 2 The domain of tan x is all real x except for x = *=————"=, where 7 is an integer
: : (i.e. odd multiples of %). The range of tanx is all real y.
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The diagram shows the graph of y = cotx for 0 <x < 27. As x increases, the

y=cot x values of cotx repeat after an interval or period of .

The domain of cotx is all real x except for x = n, where # is an integer
s\ 27 *  (i.e. whole multiples of 7). The range of cotx is all real y.

) The cot function is undefined at x =0, 7, 27.

YIS

The diagram shows the graph of y = cosecx for 0 < x < 27. As x increases,
the values of cosecx repeat after an interval or period of 2.

= cosecx . .
4 The cosec function is undefined at x =0, 7, 2 7.

The domain of cosecx is all real x except for x = nm, where n is an integer
(i.e. whole multiples of 7). The range of cosecx is ‘ y| >1.

Tl

@)
N[N+

e B e e

The diagram shows the graph of y = secx for 0 < x < 27. As x increases, the
values of secx repeat after an interval or period of 27.

T 3T

7 5
The domain of secx is all real x except for x =

y=secx

The sec function is undefined at x =

2en-1)rm
2

(i.e. odd multiples of %).

The range of secx is]yl > 1.

B E
N

e N|§------------
L

The graphs of the six circular functions can be drawn as pairs of complementary functions:

. . (7 . Vi3
e Sine and cosme—because COS X = SIn E — X and SIN X = COS ? —X

o tangent and cotangent—because cotx = tan(% — x) and tanx = cot(% - x)

_ V4 T
o cosecant and secant—because cosec x = sec 5T and sec x = cosec S=x)

Reciprocal functions

The trigonometric functions can also be considered as pairs of reciprocal functions: sine and cosecant, cosine

. 1
and secant, and tangent and cotangent. Because these can be defined according to cosec x = P

and cotx = ﬁ, we now have another way of sketching these trigonometric functions. For example, to draw

y = cosecx, first draw y = sinx and then take the reciprocal of each y value to obtain the graph of y = cosecx.

, where 7 is an integer

Example 8

Use the graph of y = sin x to sketch the graph of y = cosecx for 0 <x < 2. y Nt !
Solution AT :
For y=0, L is undefined. For y =1, 1. 1, so the curves intersect at 3 i
J ¥ 1+ y=sinx 3z !
this point. Fory-—--l,%z—l. " : . ;
0 r A '

1 a1 1+ 2 :

For0<y<l,y>l.Becausesm6—2,cosec6—2. N :

1 22 . :

For-1<y<0, y < -1. Because sm?— 2,cosec 6 2. !
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Example 9
Use the graph of y = cosx to sketch the graph of y =secx for 0 <x < 27.

Solution y ! :
For y=0, % is undefined. For y =1, % =1, so the curves intersect at 5 : ;
this point. Fory:-l,%:-l. 14 E 2
1 T _1 =& : ' ‘ i
For0<y<1, 5 >1. Because cos 5 = 7, sec =2. _10__ = §icosx 27 ¢
1 2r 1 2 Sl E I
For—l<y<0,7<-1.BecausecosT=-§, secT=-2. 2 | y=secx E
Example 10

Use the graph of y = tan x to sketch the graph of y = cotx for 0 < x < 2.

Solution y
For y =0, ; is undefined. For y =1, % = 1, so the curves intersect at e
this point. Foryz-l,%z-l. 1T
1 r__1 o 0
For0<y<1,y>1.Becausetan4— 2,cot4 V2. il
1 32 1 . .9m 24
For-1<y<0, ¥ < -1. Because tan i ﬁ,cot 4 \E

To investigate these graphs further, use a graphing calculator, GeoGebra or other graphing software to draw the
following pairs of graphs on the same axes:

o y=sinxand y=cosecx e y=cosxand y=secx « y=tanxand y=cotx

Select the scale for each axis carefully. Start with 0 <x <7 and -5 < y <5 and investigate what happens as you
change the dimensions of the graph window.

Remember that as y — 0,  — oo and so the function will be undefined. The only functions that have an amplitude
are sinx and cosx. Also note that the period of a reciprocal function is the same as the original function.

Graphs of y = asinx, y =acosx and y = atanx
Consider the graphs of y = sinx and y = 2sinx, drawn on the same axes for 0 < x < 2.

Y The graphs have the same shape and the same period, 27. They both cut the
T
x 2 3

14 value of 2sinx is 2, at x = =-. The least value of sinx is -1, at x = ==, while the

2 Sy 2

s . t— least value of 2sinx is -2, at x = > The amplitude of y =sinx is 1 and the
y=sinx

14 vﬁ amplitude of y = 2sinx is 2.

24

y=sin 2x x-axis at x = 0, 7, 27. The greatest value of sinx is 1, at x = =, while the greatest
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Now consider the graphs of y = cosx and y = 3 cosx, drawn on the same axes for 0 < x < 27.

y The graphs have the same shape and the same period, 27. They both cut the
3 4
x-axis at x = E, 3—”. The greatest value of cosx is 1, at x = 0, 27, while the
y=3cosx 272
» greatest value of 3cosx is 3, at x =0, 27. The least value of cosx is -1, at x =7,
| . . while the least value of 3cosx is -3, at x = 7. The amplitude of y = cosx is 1 and
0 P oz . .
a4 the amplitude of y =3 cosx is 3.
y=cosx

Finally, consider the graphs of y = tanx and y = 2tanx, drawn on the same axes for - % Sx<=-

3
2

: % [ : The graphs have the same shape and the same period, . They both
E T E / E cut the x-axis at x = 0, . The curves have no greatest or least value, so
i 2 E g they have no amplitude. The curves are undefined at x = - %, %, 37”
E y = tanx E The lines x = - %, x= %, and x = 3% are asymptotes.
% ¢ % g %r ’ The effect of the 2’ in y = 2tan x is to make the y value for a particular
! 2T E i value of x twice the corresponding y value for tan x.
i 4 E | y=2tanx é
a ! ;

In general, the effect of the a multiplier on a trigonometric function is to multiply the function’s amplitude by a.
If the function has no amplitude, as for y = atanx, then the effect is to stretch the curve vertically by a factor of a.

Graphs of y = sinbx, y = cosbx and y = tanbx

Consider the graphs of y = sinx and y = sin 2x, drawn on the same axes for 0 <x < 2.

The graphs have the same shape, but in one period of y = sinx the graph of
y = sin 2x occurs twice. This means that the period of y = sin 2 is half the
period of y = sinx. The period of y = sin2x is 7.

Both graphs cut the x-axis when x = 0, 7, 27. The greatest value of sinx is 1,

atx= %, while the greatest value of sin2x is also 1, at x = %, 5771'
The least value of sinx is -1, at x = 37”, while the least value of sin 2x is also -1,
atx= %, %T The amplitude of both functions is 1.

Consider the graphs of y = cosx and y = cos 3x, drawn on the same axes for 0 <x <27.

The graphs have the same shape, but in one period of y = cosx the graph
of y = cos 3x occurs three times. This means that the period of

y = cos 3x is one-third the period of cosx. The period of y = cos 3x is 2%,

3
Both graphs cut the x-axis at x = L 3—7[. The greatest value of cosx is 1,

27 2
at x=0, 27, while the greatest value of cos3x is also 1, at x =0, Z?E, 4?”,
The least value of cosx is -1, at x = 71, while the least value of cos 3x is
Vi3
3 b

2T

also -1, atx=* m, 5?” The amplitude of both functions is 1.

A

4
y=sinx
]
1= y=sin2x
y
y =cos 3x

NAVA\VAVE
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Consider the graphs of y = tanx and y = tan 2x, drawn on the same axes for —% <x< %

The graphs have the same shape, but in one period of y = tanx the graph of
y = tan 2x occurs twice. This means that the period of y = tan 2x is half the

period of tanx. The period of y = tan 2x is %

24 1
z y=tanx
4

2 z
2

Both graphs cut the x-axis when x = 0. The curves have no greatest or least value, :
so they have no amplitude. y = tan x is undefined at x = - & I :/ o » /:r

T T T : 4f 2
y =tan2x is undefined at x = - T The lines x = o and x = 5 are asymptotes / Y Y
to y = tanx, while the lines x = - % and x = % are asymptotes to y = tan 2x. ,/ Hoads M 2

!

In general, the effect of the b multiplier in each equation is to divide the function’s period by b. Thus the period of
2r 27

y=sinbx is D the period of y = cos bx is b and the period of y = tan bx is %
Graphs of y =sinx+c,y=cosx+candy =tanx + ¢
Consider the graphs of y = sinx and y =2 + sinx, drawn on the same axes for 0 < x < 27.

The graphs have the same shape and the same period, 27. The greatest y

value of sinxis 1, at x = %, while the greatest value of 2 + sinx is 3, at T y=2+sinx
2
x= % The least value of sinx is -1, at x = 377?, while the least value of
1 -4
2+sinxis1,atx= §2£ The amplitude of both curves is 1.

. . . . 0 JIE
The effect of adding 2 to sinx is to translate the curve vertically upwards ) ’N 2
2 units (i.e. ‘move up 2’).

Consider the graphs of y = cosx and y = 3 + cos x, drawn on the same axes for 0 < x < 27.

The graphs have the same shape and the same period, 27. The greatest y
value of cosx is 1, at x = 0, 27, while the greatest value of 3 + cosx is 4, 4]

at x =0, 27. The least value of cosx is -1, at x = 7, while the least value -W

of 3 + cosx is 2, at x = m. The amplitude of both curves is 1.
1 4
The effect of adding 3 to cosx is to translate the curve vertically >

l
upwards 3 units (move up 3). 2L .z
y=cosx

Consider the graphs of y = tanx and y = tanx — 1, drawn on the same axes for —% <x< -g—

The graphs have the same shape and the same period, 7. The
curves have no greatest or least value, so they have no amplitude.

The curves are undefined at x = —E, Z Thelinesx=-ZL andx==%

272 2 2
are asymptotes.

y [

The effect of the -1 in y = tanx — 1 is to translate the curve
vertically downwards 1 unit (move down 1).

x®

In general, the effect of the ¢ in each equation is to translate the
curve vertically by ¢ units.

csrets o [
B Y 1T

Graphs of y = asin(bx + o), y =acos(bx + o) and y = atan (bx + ¢)

These graphs combine the effects seen so far. The value a is still the amplitude of the sine and cosine functions
and affects the size of the y value in the tan function, and b still divides the period of the functions. The value &
now changes the position along the x-axis where the functions occur. It is called the phase of the function.
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Consider the graphs of y =sin2x and y = sm(2x 7]

The graphs have the same shape, amplitude 1 and period 7. The graph Y

1 -

of y = sin 2x has been translated 2

units to the right to obtain the

) drawn on the same axes for 0 < x < 27.

y =sin 2x

VANV

Z .
y = sin 2x cuts the x-axis when x =0,

graph of y = sin(2x - 0

3
R 2.

T 37r St I

a

-1 4

[\)

/\xz/\xé/

2x — E) cuts the x-axis at x = —, =~ . The greatest

V= Sin( 4 444 4
value of each function is 1 and the least value of each function is -1.

y= sm[

Consider the graphs of y=2cos3xand y=2 cos(3x + %) drawn on the same axes for 0 < x < 27.

The graphs have the same shape, amphtude 2 and perlod ==.The ¢

graph of y =2 cos 3x has been translated < units to the left to obtain

y=2cos 3x+ %

IN

y= 2cos[3x—£]

3/ |
- i _T 75T 0 z 27 YK
y=2cos3x cuts the x-axis when x = > 6 3 3
y= 2cos(3x+%) cuts the x-axis whenx:%, 71—g, % 2T y=2cos 3x
The greatest value of each function is 2 and the least value of each function is -2.
Summary of trigonometric functions
Function Period | Amplitude Domain Range Symmetry
y=asinx 2 a Real x -as<y<a Rotational
symmetry
Y =0acosx 2 a Real x a<y<a Symmetnc:al
about y-axis
Real x, x # @n—D7 o Rotational
y=atanx T none 2 Real y
integer n symmetry
y = asinbx 2771' a Real x a<y<a Rotational
symmetry
y=acosbx 22 a Real x -a<y<a Symmetnc:al
b about y-axis
T Real x, x # @n-1)z for Rotational
y=atanbx T none 2b Real y svmmetr
integer n Y Y
y=asinbx+c 277[ a Real x -atc<y<a+c
y=acosbx+c 1 a Real x -atc<y<a+c Symmetrlc:al
b about y-axis
2n-Drm
y=atanbx+c % none Real x, x 2 for Real y
integer n
. 2r
y=asin(bx+ o) 5 a Real x Real y
2
y=acos(bx+ ) 5 a Real x Real y
2n-1r -2
y=atan(bx+ o) % none Real x, x 2b Real y
for integer n
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When first sketching graphs of trigonometric functions you should draw up a table of values and plot the points,
joining the points with an appropriate curve. When you are familiar with the shapes of the standard curves, you
will be able to draw them confidently using only the properties of amplitude, period and asymptotes. You might
also use a standard template to obtain the shape of a curve and then mark the appropriate scale on the axes.

Example 11
Sketch the graph of y=3sin 2xfor 0 <x < 7.

Solution
Complete a table of values.

m |3z | 5%
31 8 | 12

<lolzlz]z
12 | 8 | 6

77 | 5% | 2 | 37w | 57 | 7w | 11w

12 8 3 2 3 8 12

SN
(I

y 0 15(2126| 3 (26|21 |15 0 |-15|-21(-26]| -3 |-26|-21]|-15| O

Plot the points and sketch the graph, marking scales on each axis. y
Make sure that your curve is smooth, not pointed or jagged.

An alternative method is to first sketch y = sinx for 0 < x < 2. y
You can then draw y = 3 sin 2x by noting that it has 3 times the Y= 35in2x
amplitude and half the period of y = sin x.

0

s
34

Example 12

Sketch the graph of (a) y=2cos3x (b) y=tanzx, showing one complete cycle.

Solution

(@) Amplitude=2 (b) No amplitude
Period = 2 Period =1 (variable is 7x)
. ~ Cycle is -0.5 <x< 0.5

The midpoint of the cycle is 3

2 1~ y=2cos 3x y=tan 7x
l |
1+ 1 f
05 -025 O o925 05 *%
l

=
|
T

a5

o Iy
|
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Example 13

(@) Sketch the graph of y = cosx for 0 <x <27 (b) On the same set of axes sketch y = cos %
(c) Hence sketch y= -cosg. (d) Use your answer to (C) to sketch y=1 — cos%
Solution
(@ y=cosxfor0<x<2m i
y=cosx
0 x 2 X
il
(b) The period of y = cos is 47, so half a cycle of the y -

curve will fit in the démain 0 < x <27 : -W‘
y=cosxand y= cc)s—)z£ both have an amplitude 0 v><” g
of 1. Al y=cosx

() y=- cos% is just y = cos% flipped over (reflected in 2 .
the x-axis). e
0 jr 2}” #
i y=cosx
(d) Obtainy=1- cos% by moving y = -cos% up 1 unit. )
y=1-cos A
5
14
1 1
0 p ar
1+ y=cosx
Example 14
Sketch graphs of the following, showing one complete cycle of each:
(a) y=3sin(2x—%) (b) y=2cos3(x+%)
Solution
() S/V__ (b) Rewrite as y =2 cos (3x + 7):
il y=3sin (Zx & %) Zy__
1+ _
l : : ‘ fpia i y—2cos3(x +§)
2L oz oz 3 oz fx* : ;
21 4 2 4 4 .é A é X
L 3 6 3
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Example 15
Using the same scale and axes, sketch the graphs of y = 3sinx and y = 2 cos 2x. Hence sketch the graph of
y=3sinx+2cos2x for 0 <x <27

Solution
vy

(0]

-5
\j

The graphs of y, = 3sinx and y, = 2 cos 2x are shown here as dashed lines. To obtain points on the graph of
y=3sinx + 2cos2x we can add the ordinates of the component curves, remembering to take the sign into account.

Lety=y +y, where y, =3sinxand y, =2cos 2x.

For example: atx=0,y=0+2=2; atx=%,y=3—2=1; atx=my=0+2=2;
atx=37n,y:-3—2=-5; atx=2my=0+2=2; and so on.

In general, at x = OA, AD=AB + AC.

EXERCISE 15.4 GRAPHS OF TRIGONOMETRIC FUNCTIONS

1 Sketch the graph of each of the following, stating the period and amplitude of the function:

(@ y=4sinx,0<x<2rm (b) y=cos2x,0<x<2rm (c) yzStanx,-%SxS%
(d) y=4sin3x,0<x<2rx (e) y=3cos2x,0<x<2m ® yz3tan2x,-%$x$%
(9) y=sin}-2€-,OSxS47£ (h) y=cos§,-27r£x$27r () y=tan§,— <x<rm

2 Which diagram shows the graph of y=3 sin% for0<x<4r?
A 4 B J

3T < 3T P o S
} , ; Ny
o T o o 27 ar
C 4 D y

3 —~
a / \\l / o N |

2 4 X z 2 *
-3 >\\/ 3 \~/

362 New Senior Mathematics for Years 11 & 12



3 Sketch the graph of each of the following, stating the period and amplitude of each function:

(@) yz3sin§,-ﬂ$x$7r (b) ychos%,OSxSZﬂf (c) yzStan%,OSxSZﬂf
4 Sketch the graph of y = cosx, 0 < x < 7. On the same axes, sketch the graph of:
(@ y=-cosx (b) y=1--cosx
5 Sketch the graph of y =sinx, -7 < x < 7. On the same axes, sketch the graph of:
(@ y=2sinx (b) y=-2sinx () y=3-2sinx
6 Sketch the graph of each of the following, stating the period and amplitude of the function:
(@ y=sinmx,-1<x<1 (b) y=cos2mx,0<x<2 (c) y=tan%,0$x£2
7 Sketch the graph of y =tanx, -7< x < 7. On the same axes, sketch the graph of:
(@ y=2tanx (b) y=-2tanx () y=2-2tanx
8 Sketch the graph of each of the following for 0 < x < 27.
(@ y=sinx—1 (b) y=1+2sinx () y=2—cosx
(d) y=2tan2x (e) y=2+sin2x (f) y=cos2x—-1
9 Sketch the graph of each of the following, showing one complete cycle.
(@) yzZsin(G—%) (b) y:3cos(9+%) () y=2sin(60—m)
(d) y=5cos3(9+%) (e) y=1tan2(0+ m) ) y:ﬁsm(ze—%)
10 Sketch the graph of each:
(@ y=sin20+1 (b) y=3cos6-2 (c) y=%sin(9—%)+3
(d) ychosZ(G—%)+l (e) y=4sin3(9—%)—2 (f) y=3—sin(9—%)
11 By adding ordinates, sketch the graphs of:
(@ y=sinO+cosO (b) y=3sin20+4sin0 () y=2cos30+3sin26
(d) y=sin26—cos6 () y=4cos260—sin6O () y=sinO+sin26

12 Ocean tides can be approximated by the equation y = asin bx + c. Find a website that records tidal data,
select a location and find the times and heights of high and low tides over a four-day period. Graph this
information to see how close the graph’s shape is to a sine curve.

15.5 SOLUTION OF TRIGONOMETRIC EQUATIONS

You have already solved some simple trigonometric equations in Exercise 5.2. In this section you will solve
more complicated equations, which may need to be simplified using the trigonometric identities before being
factorised using algebraic techniques.

You will need to remember the exact values for the common trigonometric ratios, or how to calculate them. You
also need to know the signs of the values in the four quadrants (remember ASTC’).

Example 16

Solve, for 0 < x < 27:

V3

(a) cosX == (b) sin’x+2sinx+cos’x=0 (c) secx=-2
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Solution

(@ Solve:  cosx= —23—
From the sign, angles are in 1st and 4th quadrants: xX= %, P %
_r 1lrx
=6 6
(b) Solve: sin’x + 2sinx + cos’x =0
Rearrange equation:  sin’x + cos’x + 2sinx=0
Use the identity sin’x + cos’x = 1: 1+2sinx=0
2sinx=-1
sinx=-7
From the sign, angles are in 3rd and 4th quadrants:  x= 7+ %, 2m— %
7z llzx
6’ 6
(c) Solve: secx=-2
. 1 _
Change to cos x: coRx
cosx=-1%
From the sign, angles are in 2nd and 3rd quadrants: X=n— %, T+ %
Lo 2T 4
33
Example 17
Solve, for -1< < 1T: (@) 2sin*6=1 (b) 3sin6=2cosB (c) sin®@+2sinO+1=0
Solution
(@ Solve: 2sin’0=1
Rearrange: sin® @= %
. . +1
Square root of each side: sin = —-=
! 2
From the sign, angles are in all quadrants: 0= ——34£, —%, %, %r as-m<O<m
(b) Solve: 3sin@=2cos 6O
Divide both sides by 3 cos 6: sinf _ 2
cos@ 3
Buttan@zM: tan = 2
cos@ 3
From the sign, angles are in 1st and 3rd quadrants: 0=0.5880, -7+ 0.5880 as-r<O<rx
0=-2.5536,0.5880 (to4d.p.)
(c) Solve: sin0+2sin@+1=0
Factorise: (sin@+1)*=0
Square root of each side: sinf+1=0
Rearrange: sinf=-1
From the sign, angles are in 3rd and 4th quadrants: 0= —% as-m<O<m
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Example 18 Asin®
9

Solve the equation sin 0= z if Ois an angle in a triangle. Give your answer correct to 2 decimal places.

Solution
0=0.277

0=m—-0.277=2.868

Evaluate the expression to find 6:
Because 6is an angle in a triangle, consider also:
Equation implies that % is also an angle of the triangle

(via the sine rule), so the second value is too large

(because 2.868 + % > m will not fit), hence: 0=0.28 (to2d.p.)

Example 19
Solve, for 0 < x < 7 (@) cos3=7 (b) sin2x=-1 (c) sec’2x—2tan2x=0

Solution
solve: N S |
(@) Solve: cosi=7
<x< S <X, X
0<x<m so 0_2_2. 5 =7
x=Z
2
(b) Solve: sin2x=-4
0<x<rm so 0<2x<2rm: 2x=7r+%,27r—%
oy 77 1z
6’ 6
_/r llz
=02 12
Solve: sec’2x —2tan2x=0

()

1 +tan’ 2x—2tan2x=0
tan’2x — 2tan2x+ 1 =0
(tan2x—1)*=0

Use identity sec’2x = 1 + tan® 2x:

Rearrange:

Factorise:
tan2x=1
0<x<m so 0<2x<2m: 2x=%,n+%
LT 5T
88

EXERCISE 15.5 SOLUTION OF TRIGONOMETRIC EQUATIONS

Give answers correct to 3 decimal places where necessary.

1 Solve, for0< <2

. -1 2
a) sinf=—+ b) secO=—"= c) cotf=1
(@ NG (b) 5 (c)
(d) sin’60—2cos O+ cos’0=0 (e) sin’0+cosf—1=0 (f) sec’0—2tanH=0
(9) 4sin’0=3 (h) sin@=cosf (i) cos’0—2cosO+1=0
() tan’6=3 (k) sin@+cosf=0 () 2cos’0—cosO=0
2 What is the solution to cosecx =3, for 0 < x < 27?
A x =0.340,2.802 B x =19°28,160°32’ C x=0.340 D x=19°2¢
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3 Solve, for -t< 0< 7w:

(@) 1+sinf=cos’6 (b) 2cos*O+sinf=1 (c) 4cosO=secH
(d) 2sin’60—2=3cos6 (e) 4sinO@=cosecH () 2sec@=5tan O
4 Solve, for 0 < x<27:
(a) tanx=2sinx (b) 5cos’x+2sinx—2=0 (c) 3sec’x—5tanx=5
(d) 6tanx=5cosecx (e) 7sinxcosx+ cos’x=1 () sin’x+ 2sinxcosx=3cos’x

5 Solve the equation cosec’ x + cot’x = 3, for 0 < x < 7. Indicate whether each statement below is a correct or
incorrect step of the solution.

(@) 2cot’x=2 (b) 2cot’x=4 (c) cotx=+1 (d) x:i%
6 Solve, for 0 <x<2m:

(@) sinjzc :é (b) tan%z-% (c) cos%zl
7 Solve,for0<x<

(@ cos2x=0 (b) tan3x=./3 (c) sindx= 712-
8 Solve for 0 < x < 7, giving your answer correct to 2 decimal places:

(@) sin% =04 (b) cos3x=-0.7 (c) tan% =15

15.6 GRAPHICAL SOLUTION OF EQUATIONS

There are usually standard techniques for solving equations associated with various functions, e.g. linear
equations, quadratic equations and trigonometric equations. However, there is usually no standard technique
for solving equations that combine two or more different functions, for example:

o sinx=1-2x o cosx=logx
Equations like this ‘transcend’ (go beyond) algebraic equation-solving techniques and hence are called
transcendental equations. We must instead use various non-algebraic methods to find approximate solutions.
The most accurate method is to calculate numerical solutions using graphing software such as GeoGebra.
Another method is to sketch the graphs of the two functions, use the graphs to find approximate x-values of any
intersection points, then use a calculator to refine these approximate x values as closely as possible.

Example 20
Solve sinx =1 —2x.
Solution
Sketch the functions.
Y This shows that the graphs of f(x) =sinx and g(x) =1 —2x
\ fx) = sin x intersect at only one point, approximately x = 0.3, so0 0.3 is an
1

approximate solution of sinx = 1 — 2x. Testing values of x to
refine this approximation:

5 t —t o= X 0.3 0.4 0.35 0.335
0.3\ 1 Z 2 37
2 sinx 0.2955 0.3894 0.3429 0.3288
gx)=1-2x
Il = 25¢ 0.4 0.2 0.3 0.33

This table shows the values of sinx and 1 — 2x for values of x between x = 0.3 and x = 0.4. x = 0.35 is a better
solution than x = 0.3. Further trial and error leads to a solution of x = 0.335.

A “find the intersection’ function in GeoGebra or another graphing software program would allow you to find
this solution quickly and accurately. Unfortunately, under examination conditions you will have to use the
sketching method.
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EXERCISE 15.6 GRAPHICAL SOLUTION OF EQUATIONS

1 Draw the graph of y = sinx for 0 < x < . Use this graph to find the number of solutions in 0 < x < 7 for:

(@) sinx=2%

(b) sinx=%-—

() sinx=35-x

2 Draw the graph of y = cosx for -7 < x < wand use it to solve the following equations.

(@ cosx=x

(b) cosx=7%

() cosx=1-x

3 Use a graphical method to solve each equation. Check your answer using GeoGebra or other graphing

software.
(@) sin2x=%

(b) cosx=x,x>0

(c) log,,x=2- x

4 Which graph could be used to solve the equation sinx =x—1?

A Y B Y C y D y
A X/ 1 N h
H N AP NS N AN s

(d) tanx=1-x0<x<2rm

10

By drawing appropriate graphs, determine the number of solutions to the equation sin 2x =1 — % in the
domain 0 < x <27,

A rectangular strip of metal 9 cm wide is bent to form a water channel. The section perpendicular to the
length is a circular arc whose chord is 6 cm long.

(@) Show that if the circular arc subtends an angle of 2x radians at the centre of the circle then 3 sinx = 2x.

(b) Solve the equation in part (a) graphically, giving your answer correct to 1 decimal place.

(c) Find the area of the cross-section of the channel in cm”.

A semicircle of radius r is divided into two parts of equal area by a chord parallel to the base (diameter).
(@) If the chord subtends an angle of x radians at the centre, prove that x — 5 = sin x.

(b) Solve the equation in part (a) graphically, giving your answer correct to 1 decimal place.

The chord of a segment of a circle subtends an angle of 4 + x radians at the centre. The area of the segment
is one-quarter the area of the circle.

(@) Prove that x =cosx.
(b) Solve the equation in part (a) graphically, giving your answer correct to 2 decimal places.

Show from a rough sketch that the equation 2 — § = tanx has a solution that is approximately 1. Using a
calculator, find this solution correct to 2 decimal places.

Show graphically that the equation 8log (0.1x + 0.5) =2 — x has a solution between x =2 and x = 4.
Find this solution correct to 2 decimal places.

15.7 APPROXIMATIONS WHEN x IS SMALL

It may seem strange that the expression hm— has a particular value. As you look at this fraction, which

r—0 X

appears to be approachmg =, the natural reactlon is to say that it is undefined, does not exist, or could be

anything. However, cons1der the following table of values (where x is in radians):

X 0.1 0.01 0.001 0.0001 -0.0001 -0.001 -0.01 -0.1
% 0.998334 | 0.999983 | 0.9999998 | 0.999999998 | 0.999999998 | 0.9999998 | 0.999983 | 0.998334
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sin x

O LAsx—0 from below

As x — 0 from above (through positive values) it seems safe to say that

(through negative values) it also seems safe to say that % — 1. We can use a spreadsheet to continue this
investigation with even smaller values for x, and ultimately we have the result: lim sir;x =1
x—0
Consider the following table of values for ta;”c .
x 0.1 0.01 0.001 0.0001 -0.0001 -0.001 -0.01 -0.1
ta% 1.003347 | 1.000033 | 1.0000003 | 1.000000003 | 1.000000003 | 1.0000003 | 1.000033 | 1.003347

tan x
X

— 1. Again, we can use a spreadsheet to continue

As x — 0 from above (through positive values) it seems safe to say that — 1. As x — 0 from below

(through negative values) it seems safe to say that —ta;lx
tanx _
= =

this investigation with even smaller values for x, and we have the result: lim
x—0
L ta% >SMX This leads to another

From these tables of values it would be reasonable to say that when x is smal s

useful result: when x is small, we have tanx > sinx for small x -

Consider the following table of values for I_C# i
x
X 0.1 0.01 0.001 -0.001 -0.01 -0.1
1—cosx
T 0.49958 | 0.4999958 | 0.49999999 | 0.49999999 | 0.4999958 | 0.49958
As x — 0 from above (through positive values) we have H& — 0.5. As x — 0 from below (through
x

1—cosx

negative values) we have >——— 0.5. A spreadsheet investigation can confirm this for even smaller values
x

of x, hence we have the result: liml_c# =0.5
x—0 X

Derivation of trigonometry limit results

Consider a sector OAB of a circle of unit radius.

The tangent at A meets OB produced at C. 2
Let the size of ZAOB be O radians.
.. Area AAOB < area of sector AOB < area AAOC ]
{sinf<§<itan@ (0<0<%)
Hence: sinf< < tan O f

1 1 1
sin@ > 0 > tan@

1 1 _ cos@
sin@ > 0 > sin@

Hence: 1> sinf > cosO

0
sing is between 1 and cos 6, then: lim sind _ 1
0 6—0 (7]

Another way of thinking about this limit is to see that when 6 is small, sin 0= 8 and cos 6= 1.

Take reciprocals:

As @ — 0, cosf — 1, and as
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1 1

1

Looking again at:

tan@
sin@

"9

Hence: >

cos@ 0

As 8 — 0, cos@ — 1, and because tag@

1 tan @

sin@ N ] > tan@

tan @ >1

>1

sin’ 6 _ 1—cos’ 6 _ (1—cos6)(1+cosB)

Now consider

6’ 6’

This can be written:

Hence:

Thus as x — 0:

im L=<0s 6_1
050 6> 2

(1—cos0)(1+cosB) _ sin’ O
6? -

02
02
1—cosf _ 1 (siné’)2
6> 1+cosf\ 6
1—cosf 1 21
e T =3

is between 1 and cos 6, then: lim

tan @ _

9 1

6—0

Some of these results we will use later to find the derivative of sinx, cosx and tan x from first principles.

Example 21 .
Find: (a) 1‘3},%
Solution '
@ iy
= }Clil% sige where 0=
=1

(b)

(b)

3x

(©)

()

lim

x—0

tan 3x
6x

tan3x

EXERCISE 15.7 APPROXIMATIONS WHEN x IS SMALL

1 Evaluate the following limits.

@) }}Lno sianx (b) }CIL% si3r;x ©)
. sinj . sin?
() lim™ 0 lim>2> ©)

2 Indicate whether each statement is correct or incorrect.

(@ sin(r—x)=-sinx

3 Evaluate the following limits.

(b) sin(mr—x)=sinx

(c)

. 1—cos2x . tan2h
@ e T ©
@ I g )

lim sin56
6—0 20

tan3x

lim X

x—0

lim sin(zz —x) _

1
x—0 X
T 1—cos@
m-=—-">—
-0 @
1-sin(Z—x
lim —(22 )
x—0 X
Chapter 15

tan2x
2x

3sin2x
4x

lim
x—0

(d)

(h) lim

x—0

limism(z_ X) 2

(d)

x—0

s 2
lim S X
X

(d)

x—0
n <

2sin?3
X

(h) lim

x—0

Trigonometric functions

369



15.8 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

The result in Example 22, verified and then derived below, is needed to differentiate sinx from first principles. You
do not need to memorise this result for this course, but you may be asked to use it in a question where it is given.

Example 22
Show that sin (x + y) = sinxcosy + cos xsin y, for:
== — AL _ T
Solution
(@) x=Z y:E‘ LHS: sin(£+£):sin£:1
3’ 6" ’ 3 6 2

cain oo b Ly
RHS: sm3cos6+cos3sm6

BB 1]
S5y oy
_3a 1
—4+4 1
=LHS
_z . _*x. T AN S
(b) x= V=T LHS.s1n(2+4) sin= =
S einsoadl: T T
RHS: 51n2cos4+coszsm4
= 1X e+ 0X =
V22
e
V2
=LHS
_ST ,_T. sinl PR B o I L
() x= V=3 LHS.sm(6 +3)—sm G >
. sin 2% cos T
RHS: sin 3 cos3+cos 6 Sin3
_1.1 (3], B
2x2+( 2 Jx 2
1l 5
4 4 2
=LHS

Important result
This verifies that sin(c+ ) = sin o cos B+ cos o sin 3.
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Proof of result: sin(or+ B) = sino cos B+ cosa sinf3
Consider AABC:

Area AABC =ZJabsinC
=labsin(w— (o +B))
sin (7w — 6) =sin 6: = labsin(o + fB)
But: Area AABC=1kp+3kq
Hence: jabsin(o+ B)=1kp+3kq

" sin(a+ﬂ)—k—‘z+la{—z
sin(a+ﬁ):ax%+§xg

sin(or + B) = sin Bcosa + sinox cos B

Hence we have the general result:

sin(e + ) = sin cos B+ cosasin

Note: this result is a part of the Mathematics Extension 1 course. It does not need to be memorised for this course.

Derivative of sinx
sin(x +0.001) — sin x
0.001

y _ sin(x +0.001) — sin x
1N 0.001 y+\
/\ 1 y=cosx
Il |
1

0] ' ; or X f i }
% " 37” d 0 T z 3z 2 *
-1 1 2 2

These two graphs appear the same. If you use graphing software to draw the two graphs on the same set of axes,
you will be unable to distinguish between them. It seems reasonable to assume the result:

First, draw the graphs of y = and y = cosx for 0 < x <27,

(sinx)=cosx

dx

Proof
If y = sinx, then from first principles we have % = %im sin(x + Z) —ShX,
—0

From Example 22 we have the result sin (x + h) = sinxcos h + cosxsin A, so:

d_)’ —lim sinx cosh + cosx sinh — sin x

dX h—0 h
— lim sinx(cosh—1)+cosxsinh
h—0 h
— lim sinx(cosh—1) + lim SO sinh
h—0 h—0 h
= sinxlimh(cL?_l) +cosxlim sinf
h—0 h—0 I’l
d
But lim mzx =1and limw %, SO: dy =sinxX0X-3 +cosxx1
x—0 x—0 X
d

s —=—(sinx)=cosx

%
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Derivative of cosx
cos(x +0.001) — cosx
0.001

First, draw the graphs of y = and y=-sinx for 0 < x <2m.

_ cos(x +0.001) - cos x
y 0.001 y
1 T 1 Z y=-sinx
7 /—\ 5 I/—\
| i 1 1
T

1 1
0 7 N 0 7 sz 2N
-1 2 -1 2

These two graphs appear the same. If you use graphing software to draw the two graphs on the same set of axes,
you will be unable to distinguish between them. It seems reasonable to assume the result:

i(cosx):—sinx

dx

Proof

If y = cosx, then from first principles we have % = lhm(l) cos(x+h)—cosx . But this result can be derived more

easily using the fact that cosx = sin(% - x) with the chain rule.

If y = cos x, then: yzsin(%—x)
: . . . dy .

Differentiate using chain rule: i cos(; r x)
LY
Ly = osinx

Derivative of tanx

This result can be derived from tan x = 25 using the quotient rule.

COSX
If y = tanx, then: y= Eg;fc
d o Y
Differentiate using quotient rule: ?dl = COSX X COSX glnx X (-