YEAR

VRS 1~

MATHS B

FOR QUEENSLAND

ot &
Py ‘
¢ - g
- AWy
L e f'v b5/
sy gy
iy
e
) 4 4
Yo%
g
’ Y
! o “ Y
= - i~
> D s - ~ \
» 3 { ; A RS )
A o> s Wiwivw.javpiuos.uvulili.au ’r'
S e - P
.‘\:‘;\ \'~‘-\‘A - ! Z
hPaNaR . - e .

e Nick Simpson » Robert Rowland

s






YEAR

et [ =

MATHS B

FOR QUEENSLAND







et [=

MATHS B

FOR QUEENSLAND

Nick Simpson
Robert Rowland

jacarandaplus



Second edition published 2010 by

John Wiley & Sons Australia, Ltd

42 McDougall Street, Milton, Qld 4064
First edition published 2003

Typeset in 10.5/12.5 pt Times

© John Wiley & Sons Australia, Ltd 2003, 2010
The moral rights of the authors have been asserted.

National Library of Australia
Cataloguing-in-Publication data

Author: Simpson, N. P. (Nicholas Patrick), 1957—
Title: Maths quest year 12 maths B for
Queensland / Nick Simpson and
Robert Rowland.

Edition: 2nd ed.

ISBN: 978 1 7421 6037 5 (pbk.)
978 1 7421 6174 7 (web.)

Series: Maths Quest series

Notes: Includes index.

Target audience: For secondary school age.

Subjects: Mathematics — Textbooks.

Mathematics — Problems, exercises, etc.
Other authors/
contributors: Rowland, Robert, 1963—

Dewey Number: 510

Reproduction and communication for educational purposes
The Australian Copyright Act 1968 (the Act) allows a
maximum of one chapter or 10% of the pages of this work,
whichever is the greater, to be reproduced and/or
communicated by any educational institution for its
educational purposes provided that the educational institution
(or the body that administers it) has given a remuneration
notice to Copyright Agency Limited (CAL).

Reproduction and communication for other purposes
Except as permitted under the Act (for example, a fair dealing
for the purposes of study, research, criticism or review), no part
of this book may be reproduced, stored in a retrieval system,
communicated or transmitted in any form or by any means
without prior written permission. All inquiries should be made
to the publisher.

Cover photograph and internal design images: © Digital Vision
Typeset in India by Aptara

Printed in Singapore by
C.O.S. Printers Pte Ltd

10 9 8



Contents

Introduction viii
About eBookPLUS x
Acknowledgements xi

CHAPTER 1

» Modelling change and rates of

change 1

Introduction 2

Using functions to model change 2
Exercise 1A 9

Graphing polynomial functions 10
Exercise 1B 18

Investigation — Quartics and beyond 21

Review of differentiation 22
Exercise 1C 28

Rules for differentiation 30
Exercise 1D 36

Summary 39

Chapter review 40

eBookPLUS activities 44

CHAPTER 2

» Applications of
differentiation 45
Introduction 46
Sketching curves 46
Exercise 2A 53
Equations of tangents and normals 55
Exercise 2B 57
Maximum and minimum problems when the
function is known 58
Exercise 2C 62
Maximum and minimum problems when the
function is unknown 63
Exercise 2D 68
Investigation — Cross-country run 70
Rates of change 71
Exercise 2E 73
Summary 75
Chapter review 76
eBookPLUS activities 80

CHAPTER 3

» Exponential and logarithmic
functions 81
Introduction 82
The index laws 83
Exercise 3A 88

Logarithms and laws of logarithms 90
Exercise 3B 95

Indicial equations 98
Exercise 3C 104

Logarithmic equations using any base 107
Exercise 3D 112

Exponential equations (base ¢) 114
Exercise 3E 116

Investigation — The graph of y = Ne** 117

Equations with natural (base ¢)

logarithms 118

Exercise 3F 120

Investigation — Graphing inverse

functions 121

Exponential and logarithmic modelling 121

Investigation — An earthquake formula 123
Exercise 3G 124

Career profile: Tony Intihar 125

Investigation — St Louis’ Gateway Arch 126

Summary 127

Chapter review 128

eBookPLUS activities 132

CHAPTER 4

> Derivatives of exponential and
logarithmic functions 133
Introduction 134
Inverses 135
Exercise 4A 136
The derivative of ¢ 137
Investigation — The derivative of a* 140
Exercise 4B 141
The derivative of log, x 142
Exercise 4C 144
Derivatives of exponential and logarithmic
functions 146
Exercise 4D 148
Applications of derivatives of exponential
functions 149
Exercise 4E 153
Summary 155
Chapter review 156
eBookPLUS activities 160

CHAPTER 5

» Periodic functions 161
Introduction 162

Revision of radians and the unit circle 163
Exercise 5A 167



Vi

Symmetry and exact values 168
Exercise 5B 175

Further trigonometric equations 177
Exercise 5SC 180

Further trigonometric graphs 181

Investigation — Complementary functions 182

Investigation — Dilation 183

Investigation — Reflection 184
Exercise SD 188

Investigation — Graphs of the form

y=tan Bx 192

Finding equations of trigonometric graphs 193
Exercise SE 194

Trigonometric modelling and problem

solving 196

Investigation — Varying amplitude 198
Exercise SF 198

Investigation — Beats 200

Summary 202

Chapter review 204

eBookPLUS activities 206

CHAPTER 6

» The calculus of periodic
functions 207
Introduction 208
The derivatives of sin x and cos x 208
Exercise 6A 213
Further differentiation of trigonometric
functions 215
Exercise 6B 216
Applications of differentiation 218
Exercise 6C 220
Investigation — Halley’s comet 221
Kinematics 221
Exercise 6D 227
Investigation — Period and amplitude 229
Investigation — Warehouse security 229
Summary 230
Chapter review 231
eBookPLUS activities 234

CHAPTER 7

» Introduction to integration 235
Introduction 236
Approximating areas enclosed by

functions 236

Exercise 7A 242

Investigation — The Monte Carlo method 247
Investigation — Area enclosed by a function

and the Monte Carlo method 248

Antidifferentiation (integration) 249
Exercise 7B 256

Integration of ¢, sin x and cos x 259
Exercise 7C 261

Integration by recognition 263
Exercise 7D 267

Summary 269

Chapter review 270

eBookPLUS activities 274

CHAPTER 8

» Techniques of integration 275
Introduction 276
The fundamental theorem of integral
calculus 276
Investigation — Definite integrals 277
Exercise 8A 281
Signed areas 283
Exercise 8B 287
Further areas 290
Exercise 8C 296
Areas between two curves 299
Exercise 8D 304
Further applications of integration 307
Exercise 8E 307
Investigation — Concrete chute 309
Summary 310
Chapter review 311
eBookPLUS activities 314

CHAPTER 9

> Probability distributions 315
Introduction 316
Discrete random variables 316
Exercise 9A 323
Expected value of discrete random
distributions 327
Exercise 9B 334
The binomial distribution 337
Investigation — Binomial distribution
graphs 345
Exercise 9C 347
Problems involving the binomial distribution
for multiple probabilities 351
Exercise 9D 355
Expected value, variance and standard
deviation of the binomial distribution 358
Exercise 9E 362
Investigation — Gary’s test — some answers 365
Investigation — The binomial theorem 365
Summary 366
Chapter review 368
eBookPLUS activities 372



CHAPTER 10

» The normal distribution 373
Introduction 374
The normal distribution 374
The standard normal distribution 376
Exercise 10A 389
The inverse cumulative normal
distribution 393
Exercise 10B 398
Investigation — Assessment methods 401
Investigation — Sunflower stems 401
The normal approximation to the binomial
distribution 402
Exercise 10C 405

vii

Investigation — Supporting the proposal 406
Hypothesis testing 407

Exercise 10D 409
Investigation — The Randhill vaccine 412
Summary 413
Chapter review 415
Binomial probability tables (selected) 417
eBookPLUS activities 422

Appendix 423
Answers 465

Index 495



Introduction

Maths Quest Maths B Year 12 for Queensland 2nd edition is one of the
exciting Maths Quest resources specifically designed for the Queensland
senior mathematics syllabuses beginning in 2009. It has been written and
compiled by practising Queensland Maths B teachers. It breaks new ground
in mathematics textbook publishing.

This resource contains:

* a student textbook with accompanying student website (eBookPLUS)

* ateacher edition with accompanying teacher website (eGuidePLUS)

* a solutions manual containing fully worked solutions to all questions
contained in the student textbook.

Student textbook

Full colour is used throughout to produce clearer graphs and headings, to
provide bright, stimulating photos and to make navigation through the text
easier.

Clear, concise theory sections contain worked examples, graphics calculator
tips and highlighted important text and remember boxes.

Worked examples in a Think/Write format provide clear explanation of key
steps and suggest how solutions can be presented.

Exercises contain many carefully graded skills and application problems,
including multiple-choice questions. Cross-references to relevant worked
examples appear beside the first ‘matching’ question throughout the
exercises.

Investigations, often suggesting the use of technology, provide further dis-
covery learning opportunities.

Each chapter concludes with a summary and chapter review exercise contain-
ing questions that help consolidate students’ learning of new concepts.

As part of the chapter review, there is also a Modelling and problem solving
section. This provides students with further opportunities to practise their
skills.

Technology is fully integrated within the resource. To support the use of
graphics calculators, instructions for two models of calculator are presented
in worked examples and graphics calculator tips throughout the text. The
two models of graphics calculator featured are the Casio fx-9860G AU and
the TI-Nspire CAS. (Note that the screen shots shown in this text for the
TI-Nspire CAS calculator were produced using OS 1.7. Screen displays may
vary depending on the operating system in use.)

For those students using the TI-89 Titanium model of graphics calculator, an
appendix containing matching instructions has been included at the back of
the book.



Student website — eBookPLUS

The accompanying student website contains an electronic version of the
entire student textbook plus the additional learning resources listed below.

WorkSHEETs — editable Word 97 documents that may be completed on
screen, or printed and completed later.

SkillSHEETs — printable pages that contain additional examples and prob-
lems designed to help students revise required concepts.

Test Yourself activities — multiple-choice quizzes for students to test their
skills after completing each chapter.

Teacher edition

The teacher edition textbook contains everything in the student textbook and
more. To support teachers assisting students in the class, answers appear in
red next to most questions in the exercises and investigations. Each chapter is
annotated with relevant syllabus information.

Teacher website — eGuidePLUS

The accompanying teacher website contains everything in the student web-
site plus the following resources:

* two tests per chapter (with fully worked solutions)

* fully worked solutions to WorkSHEETSs

* asyllabus planning document

 assessment tasks (and answers)

« fully worked solutions to all questions in the student textbook.

Solutions manual

Maths Quest Maths B Year 12 for Queensland Solutions Manual contains the
fully worked solutions to every question and investigation in the Maths Quest
Maths B Year 12 for Queensland 2nd edition student textbook.

Fully worked solutions are available for all titles in the Maths Quest for
Queensland senior series.

Maths Quest is a rich collection of teaching and learning resources within
one package.
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Next generatibn teaching and learning .

This book features eBookPLUS:
an electronic version of the
entire textbook and supporting
multimedia resources. It is
available for you online at the
JacarandaPLUS website
(www.jacplus.com.au).

n discove

Using the

JacarandaPLUS website

To access your eBookPLUS

resources, simply log on to

www.jacplus.com.au using your existing
JacarandaPLUS login and enter the registration code.
If you are new to JacarandaPLUS, follow the three
easy steps below.

Step 1. Create a user account

The first time you use the JacarandaPLUS system,
you will need to create a user account. Go to the
JacarandaPLUS home page (www.jacplus.com.au),
click on the button to create a new account and
follow the instructions on screen. You can then use
your nominated email address and password

to log in to the JacarandaPLUS system.

Step 2. Enter your registration code

Once you have logged in, enter your unique
registration code for this book, which is printed
on the inside front cover of your textbook. The title
of your textbook will appear in your bookshelf.
Click on the link to open your eBookPLUS.

Step 3. View or download eBookPLUS resources
Your eBookPLUS and supporting resources are provided
in a chapter-by-chapter format. Simply select the desired
chapter from the drop-down list. Your eBookPLUS
contains the entire textbook’s content in easy-to-use
HTML. The student resources panel contains supporting
multimedia resources for each chapter.

Once you have created your account, you can use
the same email address and password in the future
to register any JacarandaPLUS titles you own.

1bin thousands of

1 Ihe next generation |1

- > . .
teaching and leaming solutions

ther sludents &féachers

Using eBookPLUS references
eBookPLUS logos are used

throughout the printed books

to inform you that a multimedia

resource is available for the

content you are studying.

Searchlight IDs (e.g. INT-0001)

give you instant access to

multimedia resources. Once

you are logged in, simply enter

the searchlight ID for that resource and it will
open immediately.

Minimum requirements
JacarandaPLUS requires you to use a supported
internet browser and version, otherwise you

will not be able to access your resources or
view all features and upgrades. Please view
the complete list of JacPLUS minimum system
requirements at http://jacplus.desk.com/
customer/portal/articles/463717.

Troubleshooting

¢ Go to the JacarandaPLUS help page at
www.jacplus.com.au/jsp/help.jsp.

¢ Contact John Wiley & Sons Australia, Ltd.
Email: support@jacplus.com.au
Phone: 1800 JAC PLUS (1800 522 7587)
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2 Maths Quest Maths B Year 12 for Queensland

Introduction

Aaron’s box

Aaron was seated at his desk about to begin ' C

an essay that was due to be handed in on the s B | i
following day. He had writer’s block. He stared

at the A4 paper in front of him and waited for inspiration. Aaron took the A4 paper and
began to cut squares from each corner. He folded the paper and made an open box.

He began to wonder — as any good math-
ematician would — if the size of the squares
cut from the original piece of A4 paper were
changed, would the volume change as well?
How does the volume relate to the size of
the square removed?

This situation can be modelled by letting
the square removed from each corner have
side length x. As A4 paper measures 21 cm
by 30 cm, the box has the following dimen-

sions.
X ’21 —2x

30 -2x

The volume of the box, V] is given by
V' = Area of base - height
= (30 — 2x)(21 — 2x)x

This relationship between volume and x
can be thoroughly investigated using this
equation.

Before continuing, however, we shall
review and in some cases extend some of the
techniques for dealing with equations such
as this.

Using functions to model change

In this section we shall look at functions and function notation, and examine how func-
tions can be used to model change.

Recall that a function is a relation that links a number, x, with another number, y. We
write y = f(x) and say that y is a function of x.

In the example of Aaron’s box given above, the volume, V; of the box is a function of
the side length, x, of the square. This is written:

V(x) = (30 — 2x)(21 — 2x)x.

The function V(x) is called a polynomial function because it involves only positive

powers of x.

The functions G(f) = sin(¢) or f(d) = —1—2 are not polynomial functions.
d
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Functions can be combined. Consider the following worked example.

— Example ’

If f(x) = % and g(x) = (1 + )%

a calculate f[g(2)] b write an expression for f[g(x)]
¢ calculate g[ £ (2)] d write an expression for g[ f(x)].
THINK WRITE
a (7 Begin by evaluating g(2). a g =1+27*=9

2 Then calculate £(9). f(9) =2

9
Therefore f[g(2)] = é.

b Repeat the process used in a with x b g(x) = (1 +x)
instead of 2. 2
ST+ %] = 5
(1+x)
Therefore flg(x)] = -
(1+x)
¢ (1 Begin by evaluating f(2). C f2)= % =1
5 Then calculate g(1). ghy=(1+1)7=4

d Repeat the process used in € with x d fx) =

2
instead of 2. * 5
o2)=(1+3)
X X
( 2
X

Therefore g[ f(x)] =

Another concept associated with a function, f(x), is the inverse, which is written f~!(x).

If y = f(x) then x = ().

It should be noted that to be precise in the use of functions and their inverses we
must be careful in the use of the domain and range of the function. For example, if
f(x) = x%, then clearly £(3) =9 and f(-3) = 9.

What is the value of £~!(9)? Should /~(9) = 3 or —3?

In this chapter, we consider only general questions involving the inverse function and
not the intricacies of restricted range and domain.
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— WORKED Example 2
If f(x) =3x -2,
a calculate £7!(4) b give an expression for f7!(y).
THINK WRITE
a What value of x will give f(x) = 4? a fx)=4
3x-2=4
x=2
Therefore f “14) =2.
b 4 What value of x will give f(x) = »? b fx)=y
3x-2=y
2 Make x the subject of the equation, Ix=y+2
_ o1
then x = £ ~'(y). cort2
3
Therefore f'(y) = )%2 .

The graph of a function y = f(x) provides a powerful representation for understanding
the relationship between x and y. The ideal tool for drawing graphs is the graphics
calculator.

Again consider the function V(x) = (30 — 2x)(21 — 2x)x. We can sketch the graph of
the polynomial ¥(x) and use this to understand the relationship between J and x.
There are numerous questions we may choose to ask:  y

What is the volume, ¥, when x = 4 cm?

What is the value of x when ¥ = 100 cm??

What is the maximum value of the volume, V?

A graphics calculator provides the easiest means of
answering these questions.

— Example 3

If V(x) = (30 — 2x)(21 — 2x)x, calculate the value of }V when x =
aScm b 6 cm ¢ 6.5 cm.

THINK WRITE/DISPLAY

For the Casio fx-9860G AU

1> To calculate the given values of V], press:

» 7 (TABLE).

Complete the entry line as:
Y1 =(30—-2x)(21 — 2x)x
then press @

2 To set the table range, press:

- (F5) (SET).

Enter the values as shown,

then press @
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THINK
3 To display the table, press:

. (TABLE).

4 Write the answers.

For the TI-Nspire CAS

To calculate the given values of V, open a
Calculator page.
Press:

« MENU

* 1: Actions (1)

* 1: Define (1),

Complete the entry line as:

Define V(x) = (30 — 2x) - (21 —2x) - x
then press ENTER Giw.

Complete the entry lines as:

7(5)

7(6)

17(6.5)

pressing ENTER after each line.

3 Write the answers.

WRITE/DISPLAY

a 7(5) = 1100 cm?
b 1(6)=972 cm®
¢ 1(6.5) =884 cm’.

AL *Unzaved w gﬂ
Define Wx)={30-2x) (21-2x) x Done [
|
=

1759
A )» *Unsaved w ﬁﬂ
Define Wx)-{30-2.%) (21-2:x) % Done &
) 1100
we) 972
s 5) 334

a 7(5)=1100 cm?
b 1(6)=972 cm®
¢ 7(6.5) =884 cm’.

— Example 4

If V(x) = (30 — 2x)(21 — 2x)x, calculate the value(s) of x when ¥ = 900 cm?® for x lying
between 0 and 15.

THINK
For the Casio fx-9860G AU

To solve V(x) =900 for 0 < x < 15, press:
* 5 (GRAPH).

Complete the entry line as:

Y1 =30 -2x)(21 — 2x)x

then press

WRITE/DISPLAY

Continued over page@
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THINK WRITE/DISPLAY

2 To set the V-Window for an appropriate domain
and range, press:
 (SHIFT
+ (F3) (V-Window).
Enter the values as shown and then press @
3 To sketch the graph and find the values for x, press:
. (DRAW)
.
- (F5) (G-Solv)
.
« (F2) (X-CAL).
Enter the Y Value as 900 and then press @
Use the right arrow to find the other value of x.
4 Write the answer. Solving V(x) =900, for 0 <x < 15
x =2.06031 or x = 6.4144

For the TI-Nspire CAS

1 To solve V(x) =900 for 0 <x < 15, on a Calculator I Unsaved &a
page, complete the entry line as: "’*"““")'(3‘"2 e B L
Define V(x) = (30 —2x) - (21 —2x) - x
then press ENTER Gaw.

i

2 Complete the entry line as: T “Unsaved v pel]
solve (V(x) =900, x)[0 < x < 15. ikl Bidd Ay

solve{ix)=000.x)j0 <215
x=2.06031 or x=6.4144
I
2,;
3 Write the answer. Solving V(x) =900, for 0 <x <15

x=2.06031 or x = 6.4144

— Example 5

If V(x) = (30 — 2x)(21 — 2x)x, calculate the value of x between 0 and 10.5 which maximises
the value of the volume.

THINK WRITE/DISPLAY

For the Casio fx-9860G AU
1 To find the value of x for which V(x) is a
maximum, where 0 < x < 10.5, sketch the graph
with an appropriate window and then press:
G-Solv)

(F5) (
(F2) (MAX).
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THINK WRITE/DISPLAY
2 Write the answer. The maximum value of V(x) for

0<x<105is 1144.17 cm’
when x = 4.0559 cm.

For the TI-Nspire CAS
1 To find the value of x for which V(x) is a

Aur» *Unzaved w §
maximum, where 0 < x < 10.5, on a Calculator Defme d-(3022) (21-22)x  Done 7
page, complete the entry line as: Ml oscs10.5 Fi@d
Define V(X) = (30 B 2)(7) ’ (21 - 2x) C X Max{ufx)Joses10.5 ¥=4 0559
then press ENTER Giw. ]
Complete the entry line as:
fMax(v(x), x)|0 < x < 10.5 =
then press ENTER Gao.
To obtain an approximate value for the exact value
given, press:
* Ctrl ()
* ENTER G,
2 To find the maximum value of V(x) B Unsaved = &n
— : . Define Wx)={30-2x) (21-22) x Done [
VVV(I;eI(; 5x59)4.05 59, complete the entry line as: s | dme
: 2
then press ENTER . Max{vix)joses1o s x=4 0559
14.0559) 114417
|
3 Write the answer. The maximum value of V(x) for

0<x<1051s 1144.17 cm’
when x = 4.0559 cm.

— Example 6

Find the intersection of the curves y =x* —3x* + 8 and y = 2x + 7.
THINK WRITE/DISPLAY

For the Casio fx-9860G AU
1 To find the intersection of the curves, press:

* 5 (GRAPH).
Complete the entry line as:
Y1=x-3x"+38
Y2=2x+7
pressing (EXE) after each entry.
Adjust the V-Window if necessary and press:

. (DRAW).

Continued over page @
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THINK

To identify the points of intersection, press:
 (SHIFT
.
« (F5) (ISCT).
To find further points of intersection, press the
right arrow.

3@ Write the answer.

For the TI-Nspire CAS
To sketch the curves, on a Graphs page, complete
the entry lines as:
flx)=x>-3x*+8
2x)=2x+7
pressing ENTER after each line.

To find the intersection of the curves, press:

« MENU

« 7: Points and Lines (7)

* 3: Intersection Point(s) (3).

Use the NavPad to move the pointer and press
Click (%) once on each graph.

Write the answer.

Note: The TI-Nspire CAS calculator can find these
points of intersection algebraically. On a
Calculator page, complete the entry line as:
solve(x® — 3x> + 8 =2x + 7, x)

then press ENTER G,

WRITE/DISPLAY

The intersections of the curves
y=x=3x*+8and y = 2x + 7 occur
at (—0.83, 5.33), (0.34, 7.69)

and (3.49, 13.98).

T *nsaved w Jook =1 > |
5%y
J=2x47
A 3
o fid=®-3uRas
= 7 w
» -4
o SUnsaved w Pk =1 |
5%y
3 49086, 13 94
=2x+7
.34338,7.68676 )
-1133.4443,5 33151)
x o Ald=P-3atas
= T ]
» -4

The intersections of the curves
y=x-3x"+8andy=2x+7
occur at (—0.83, 5.33), (0.34, 7.69)
and (3.49, 13.98).




EXERCISE

1

2

—

0

9 The height, H(¢), of a ball thrown vertically upwards is given by: _
H(f) = 40t — 57, where ¢ is the time in seconds.
4
5
6
7

9
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Using functions to model
change

If f(x) = x> + 1 and g(x) = 3x — 5:
a calculate fTg(2)] b write an expression for fg(x)]
¢ calculate g[ f(2)] d write an expression for g[ f(x)].

If () = (1 + £)* and s(f) = £ + 1:

a calculate r[s(2)] b calculate s[r(2)]
¢ find s[r(?)] d find rs(9)].
If f(x) =4 - 2x,
a calculate 1(-6) b give an expression for f'(y).
Ifg =2,
X
a calculate g(3) b calculate g (3)

¢ find an expression for g '(»).

For the polynomial P(x) = x*> — 3x> + 8, calculate the values of:

P(4) b P4.5) ¢ P5).
For the polynomial P(x) = x*> — 3x* + 8, calculate the values of x for which:
a Px)=15 b P(x)=-4.

For the polynomial P(x) = x*> — 3x? + 8, calculate the values of x for which:
a P(x) is a maximum between x = —1 and x = 1
b P(x) is a minimum between x = 0 and x = 4.

Find the coordinates of the intersection of y = x> — 3x and y = —x* + x + 4.

a Complete the table at right, which gives the height of the ball
for various times.
b At what times is the ball 10 m above the ground?

As it leaves a bus stop, a bus accelerates so that its distance from
the stop is:

d(f) = 0.22¢ for t < 10 seconds.

Larry is trying to catch the bus, but is 40 m from the bus stop as the bus leaves. He
chases the bus, running at 7.5 m/s.

a Write an expression for Larry’s distance from the bus stop at time .

b Graph both distances using the graphics calculator.

¢ Does Larry ever catch the bus?

The depth of water over a rock shoal in a river is given by the formula:
d(t) = 2 sin (£t+ 1) 131
12

where 7 is in radians and gives time after midnight.

A boat will hit the rocks if the depth of water over the shoal is less than 2.5 m.

a Draw the graph of d for a period of 24 hours.

b For what times, in this 24 hours, is the water over the shoal too shallow for the
boat to travel over it safely?
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Graphing polynomial functions

A graphics calculator is certainly useful when it comes to drawing a graph and getting
information from the graph. However, as anyone who has tried to graph a function
using a graphics calculator will tell you, it is not always easy to have the view window

Simultaneous set appropriately and have the relevant features of the graph on screen.
quadratic :::::I:::sr It is useful to have a general idea of what the graph ought to look like. This will help
int-0261 you to find a suitable view window to look at the graph, and you will be able to identify

and correct any errors that you make during the process. Further, a number of
modelling contexts require you to have an understanding of the features and trends in a
graph — not simply the specific information given by one particular graph. For these
reasons we shall now examine in some detail the graphs of polynomial functions.

Quadratic graphs

Revision of quadratic functions

1. The general form of the quadratic function is y = ax> + bx + ¢, x € R.
2. The graph of a quadratic function is called a parabola and:

(a) for a > 0, the graph has a minimum value

(b) for a < 0, the graph has a maximum value

(c) the y-intercept is ¢

(d) the turning point has an x-coordinate of x = %é
a

(e) the x-intercepts are found by solving the equation ax® + bx + ¢ = 0.

3. The equation ax* + bx + ¢ = 0 can be solved by either:

SKIllSHEET 1.1 (a) factorising and using the Null Factor Law
Solving quadratic

equations using the or
: . . —b+ \Jb*—4ac
quadratic formula (b) using the quadratic formula, x = —
a

— WORKEDExample /

Sketch the graph of y = 3 + 8x — 2x?, showing the turning point and all intercepts.

THINK WRITE
1 To find the y-intercept, find y whenx=0. Whenx =0,y =3
2 State the y-intercept. The y-intercept is 3.
3 To find the x-intercepts, let the When y =0,
quadratic equal zero. 348 —2x2=0
. . 8+ ./82_4(_
4 Solve for x using the quadratic formula. x = s 82( 24)( 2)3)
_ —8+./88
—4
_—8+2.22
—4
_—4+./22
-2

22

or 2+ ~—
2

, I
2

5 Give approximate answers for the surds. x = —0.345 or 4.345
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THINK

State the x-intercepts.

7 Write the original rule using decreasing
powers of x.

g Find the x-coordinate of the turning
point.

¢ Find the y-coordinate of the turning
point.

i0 State the turning point.

11 Draw a set of axes and mark the
coordinates of the turning point and the
points where the graph crosses the axes.

12 Sketch a parabola through these points.

WRITE

The x-intercepts are —0.345 and 4.345.
y=-2x>+8x+3

_—b
x = —
2a
=8
—4
=2
y=3+8.-2-2.2°
=11
The turning point is (2, 11).
Y
12+
fo)=3+8x-2 (|
6
3
(=0.345, 0)]
I_I [

— WORKED Example 8

If a graph has an equation of the form y = x? + bx + ¢ with a turning point at (-2, —1), give

the rule.

THINK

1 (a) The general equation is
y=ax’+bx +c.
(b) The turning point is (-2, —1).

(c) The x-coordinate of the turning

point is b
2a’

2 Find ¢ by substituting (-2, —1) into the
equation.

3 Write the answer in a sentence.

WRITE

The coefficient of x* is 1, so a = 1.

x-coordinate of turning point = -2

Therefore, 2 _ -2
2a
b,
2
—-b=-4
b=4

y=x>+4x+c
“1=(2%+4- 2+¢

-1=4-8+c¢
-1=—4+c¢
c=3

Therefore the equation is
y=x*+4x + 3.
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b

1

0 0 N o

— WORKED Example 9

The weight (W) of a person # months after a gymnasium program
is started is given by the function:

Maths Quest Maths B Year 12 for Queensland

2
W) = % — 3¢ + 80, where 7 € [0, 8] and W is in kilograms.
Find:

the minimum weight of the person
the maximum weight of the person.

THINK

Find the turning point.

State the coordinates of the turning point.

Find the end point value for W when = 0.

State its coordinates.

Find the end point value of W when ¢ = 8.

State its coordinates.
Draw a set of axes and mark the points on it.
Sketch a parabola between the end points.

Locate the maximum and minimum values of
W on the graph.

a State the minimum weight from the graph.

b State the maximum weight from the
graph.

WRITE
-b
x = —
2a
=3
1
=3
2
3
== -3-3+80
)
=755
The turning point is (3, 75.5).
When =0
02
W= 5 3(0)+80
=80
One end point is (0, 80).
When 7=8
]2

W= 5 3(8) + 80
=88
The other end point is (8, 88).

W (kg)
90 Maximum (8, 88)

704 Minimum (3, 75.5)

3 é t (months)

a The minimum weight is 75.5 kg.
b The maximum weight is 88 kg.
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Cubic graphs

Cubic functions are polynomials of degree 3. In this section, we will look at how
graphs of cubic functions may be sketched by finding intercepts and recognising basic
shapes.

Forms of cubic functions

Cubic functions may take several forms. The three main forms are described below.

General form

The general form of a cubic function is

y=axr’ +bx* +ex+d
If a is positive (that is, a > 0), the function is called a positive cubic. Several positive
cubics appear below.

Y Y V)

e
X ] X
If a is negative (that is, a < 0), the function is called a negative cubic. Several negative
cubics appear below.

Y, ( Y,

You may wish to investigate in more detail the type of equation
required to produce each of the above graphs.

Basic form
Some (but certainly not all) cubic functions are transformations of the basic function
y =x°, and may be expressed in the form

y=a(x-by +c
For example, y = 2(x — 3)> + 5 is the graph of y = x> translated +3 in the x direction, +5
in the y direction, and dilated by a factor of 2 in the y direction.

Y y=x Y y=a(x-bY>+c

* (b, )

The point (b, c) is called a point of inflection.
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Factor form
Cubic functions of the type

y=ax - b)x—c)x—d)

are said to be in factor form, where b, ¢ and d are the x-intercepts. Often a cubic func-
tion in general form may be factorised to express it in factor form.

y=alx—b)x—c)x—d)
where a > 0

c Jd
N X

—_

Repeated factors

A twice-only repeated factor in a factorised cubic
function indicates a turning point that just touches
the x-axis.

Verify this for several cases using a graphics
calculator.

b/ y=—(r+2)(x- 1)(Xy— 3)

-2

y=(-a?x-b)

— Example ’0

form. Assume that a = £1.

3 X

Y

For each of the following graphs, find the rule and express it in factorised

°' N / A
/—4 O[\//

THINK WRITE

positive or negative cubic.

factors.

3V X

a 1 Find a by deciding whether the graph is a a Positive cubic, so a = 1.

2 Use the x-intercepts —4, 0 and 3 to find the The factors are (x +4), x and (x — 3).
factors.
3 Express f(x) as a product of @ and its f(x)=1(x+4)x(x - 3)

4 Simplify. fx)=x(x+4)(x-3)

Worked example 10
int-0519
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THINK WRITE

b 4 Find a by deciding whether the graphisa b Negative cubic, so a = —1.
positive or negative cubic.

2 Use the x-intercept, —2, which is also a (x + 2)? is a factor.
turning point, to find the repeated factor.

3 Use the other x-intercept, 3, to find the (x — 3) is also a factor.
other factor.

4 Express f(x) as a product of a and its F(x) ==1(x + 2)*(x = 3)
factors.

5 Simplify. f(x) = (3 = x)(x +2)?

Quartic graphs
To draw the graph of a quartic function such as
y=x'-3+x* - 4x +3
is very difficult and involves algebra beyond the scope of the syllabus. To understand
the behaviour of a quartic function we will consider it in the form
y=a(x = b)(x - o)(x — d)(x —e).

The following graphs are cases where a is positive.

»

B\/c 0 Ve x

A factor may occur twice, for example y,
y=alx - b)(x — ¢)(x — d)*.

A factor may occur three times, for example

y
y=a(x - b)(x — c)’. \ /
b \/0‘/6

A factor may occur four times, for example y

y = a(x - b)*.
If a is negative, each of these graphs is reflected
in the x-axis.

b\//c d X
X
X
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— WORKED Exampie ] ]

Sketch the graph of y = (x + 1)3(x — 2).

THINK WRITE
(1 State the function. y=(x+1>*x-2)
2 Find the y-intercept. When x =0,
y=(1)2)
=-2
3@ State the y-intercept. The y-intercept is —2.
@ Find the x-intercept. When y =0,
(x+1)Px-2)=0
(5 Solve for x. x=-lor2
State the x-intercepts. The x-intercepts are —1 and 2.
(7 Sketch the graph. (The cubed factor There is a point of inflection at (-1, 0).
indicates a point of inflection.) y
8_
(-1,0)
2,0
2-1 01 p 3*
0,-2)

— 8
y=(x+ 1P x-2)
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EXERCISE

WORKED 1 Sketch the graphs of each of the following functions, showing all intercepts.
ﬂ a f(x)=x>—6x+8 b f(x)=x+6x+8

¢ fx)=x*-5x+4 d f(x)=6-x-x*

e f(x)=10+3x—x’ ffx)=2x*+5x-3

g f(=6*-x—12 h f(x)=15+x-6x°

Graphing polynomial functions

2 Find the turning point for each of the functions in question 1.

WORKED 3 Each of the functions graphed below is of the form y = x* + bx + ¢. For each function,

% give the rule.
a b ¢

[\

X
0 0 >
SkillSHEET 1.2 0 t 3
Identifying domain and (1 _2)
range for quadratic graphs ’
Spreadsheet d y e v
050 Quadratic graphs 6 (-1.6)
0

VA

(2,-3)

[T

4 multiple choice

Consider the function with the rule y = x> — 2x — 3.

a It has x-intercepts:
A (1,0)and (3, 0) B (-1,0)and (3, 0) C (1,0)and (-3, 0)
D (2,0)and (-1, 0) E (0,-1) and (0, 3)

b It has a turning point with coordinates:
A (-1,0) B (2,-3) c (1,-4 D (-1,-4) E (1,0

g((;anpEg 5 The volume of water in a tank, ¥ m>, over
d a 10-month period is given by the function
V(t) = 2t* — 16t + 40, where ¢ is in months ~— Maximum height
and 7 € [0, 10]. Find:

a the minimum volume of water in the tank
b the maximum volume of water in the tank.

6 A ball thrown upwards from a tower attains 0000000
a height above the ground given by the
function /(r) = 12¢ — 3¢% + 36, where ¢ is
the time in seconds and / is in metres.
Find:

a the maximum height above the ground
that the ball reaches
b the time taken for the ball to reach the

h(t) =12t — 32 + 36

Ground

ground.
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woRrkep /7 For each of the following graphs, find the rule and express it in factorised form.

mxample Assume that g = 1.
a y b y[ / e '
— / =2 0 1 X
/ 6 0’\/5 x /\\/ Spreadsheet
007 Cubic graphs
—4 — factor form

8 Match each of the following graphs to the most appropriate rule below.
TN T

Chapter | Modelling change and rates of change

d y € y' / f y
a\ AN [
/ 7 =2\ O /1 = \
0 /3 X
o A
4\ 2/ o \1 x
0 3\ X \/ \
iy=(x-3) i y=(x+3)(1 —x)(x—4)
i y=(+4)(x+2)(1-x) iv y=(x+2)%5-x)
vy=x+3)x-1)(x-4) viy=(x+dHx+2)(x-1)
vii y=(3 - x)* viii y=(x +2)2(x - 5)
9 multiple choice
The function graphed in the figure could have the y

following rule:
Ay=(x=-2P+2 B y=(x+2>+2

10
Cy=Q-x*+2 D y=x+2>-2
E y=(x-2) 2.2)
o\ X
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Spreadsheets

009 Cubic graphs —
y=a(x— b)* + cform
073 Quartic graphs

— factor form

WorkSHEET 1.1

Maths Quest Maths B Year 12 for Queensland

10 multiple choice

The graph of f(x) = 5(x + 1) — 3 is best represented by:

A

y C

L
/‘<

0 X \\0 X 0 X
.= 1,-3
-1,-3) Cr3) \\< )

NG

-1.3) (1.3)

[ o

11 The function f(x) = x> + ax® + bx — 64 has x-intercepts (2, 0) and (4, 0). Find the
values of a and b.

12

WORKED 13

14

15

The distance, d km, of a group of hikers from their starting point ¢ hours after setting
off on a hike can be modelled by the function with the rule:

d(t) = at*(b — 1)

The hikers are 3 km from the start after 2 hours and return to the starting point after

5 hours.

a Find the values of @ and b.

b Hence, give the rule for d(). ¢ Sketch the graph of d(¢).

d Find to the nearest 100 metres the maximum distance of the hikers from their

starting point and the time, to the nearest minute, that it occurs.

Sketch the graph of each of the following functions.
a y=x(x-1)> b y=Q-0)*-4(x+3) ¢ y=x*-x
d y=—(x-2(x+1> e y=(x+2y(x-3)

_ choice

A

Consider the function f(x) = (x — 2)*(x + 2)%. The graph of f(x) is best represented by:
C

y B . y
57\ 0 > % \i 16
_ 0 X
-16 5 0 2 53 2/ \2
y E .
16
v
| |
=2 0 2 ¥ 20 2 7

The function f(x) = x* + ax® — 4x* + bx + 6 has x-intercepts (2, 0) and (=3, 0). Find the
values of a and b.
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Quartics and beyond

Using your graphics calculator or other suitable technology, investigate the

following.

1 Investigate graphs of functions of the form f(x) = x" for values of n from 4 to 9.

2 What do graphs of functions for which 7 is even have in common?

3 What does an odd value of 7 do to the graph?

4 TInvestigate graphs of functions of the form y = (x — a)"(x — b)"(x — ¢)’ for
various values of the pronumerals in the equation, for m, n and p < 4. Write a
report on your findings.
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Review of differentiation

Aaron’s box revisited

Let us return to our consideration of the volume of the
open box created from a sheet of A4 paper with four
corners removed. The side length of the square removed

is x cm.
X ’21 —2x

30 -2x

The volume of the box, V; is given by
V' = area of base - height
=30 —-2x)(21 — 2x)x

The graph of V versus x we have seen earlier. y
One question of interest is to find a legitimate
value of x that maximises the volume, V. We solved
this earlier, in worked example 5, using a graphics
/| D x

calculator. We found that the maximum value of
Vis 1144.2 cm® when x = 4.1 cm’.

To solve this problem without using the power of a graphics calculator, we need to
use a mathematical concept called differentiation. Differentiation, which you met in
year 11, is part of a larger subject called calculus. Although the graphics calculator can
provide a solution to a specific problem such as this, differentiation provides a more
powerful way of investigating a wide range of problems in such diverse areas as
population biology and space travel.

We begin with a review of differentiation from year 11.

The gradient function or derivative of f(x)
To find the gradient of the graph of y = f(x) at y y=f(x)
the point P, we begin by considering the gradient
of the straight line joining P to Q, called the secant. ~ fex+h) 1-------=

Gradient of secant = 22 : Tangent at P
run Sx) 1 !
[t - f() N
h 0 % x+n ¥

If the point Q moves closer and closer to P, we find the gradient of the tangent to the
curve y = f(x) at P is:

Gradient at P = lim St h) - [f(x)
h—0 h

The gradient of y = f(x) at the point x is given by a function called the derived

Sfunction or the derivative, and is written as f’(x) or gx .
X
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— Example ’2

23

. rise
Gradient = — .
run

Sketch the gradient function of the following y
function and state its domain. ! fx) Tutorial:
: Worked example 12
! int-0552
l _é ON: X
THINK WRITE 1
1 Find when f”(x) = 0. f(x)=0ifx=-3andx=1.
2 Find when f”(x) > 0. f'(x)>0ifx <=3 and x> 1.
3 Find when f”(x) < 0. f'(x)<0if-3<x< 1.
4 Sketch the graph of the gradient y )
function. \ /
G
5 Find the domain by determining Domain is R.
where f(x) is smooth and
continuous.
— WORKEDExample |3
y Q1 +h, f(1+h)]
Find the gradient of the chord PQ drawn to the curve
f(x) =x* + 2 in the diagram:
a by hand b using the TI-Nspire CAS calculator.
P[L, (D]
THINK WRITE/DISPLAY
a Find the gradient and simplify. a 0 x

Gradient = jw, h#0

_fa+m-rad
h

_(+n’+2-(17+2)
h
_3+2h+h -3
h

_2h+h

ok

_h(2+h)

ok

=2+h

The gradient is 2 + A.

Continued over page @
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THINK WRITE/DISPLAY
b Using the TI-Nspire CAS calculator b
1> On a Calculator page, press: Pt “Unsaved v .88
« MENU Deflne fix)ox?+2 Done
* 1: Actions (1) :
* 1: Define (7).

Complete the entry line as:
Define f(x) = x> + 2

then press ENTER (. s
2 To find the gradient of the chord PQ, Nt nared - &0
complete the entry line as: T Dore 71

_ A1) v

L - ) e =z

then press ENTER Gas.

=
Dorriain of the result might be targer than the do..,

3 Write the answer. The gradient of the chord PQ is 2 + A.

The definition of the derivative of y = f(x) is given by:
If y = f(x) then
D or ) = 1im LEEA) ()
dx h=0 h

Using this definition to find the derivative of a function is called differentiation from
first principles and, as the following example shows, it can be an involved process.

— Example ’4

Use first principles to differentiate g(x) = x* — x.

THINK WRITE
1 Find g(x + &) and simplify. gx+h) =x+h>—(x+h)
=xX>+2h+h —x—h
2 Find g’(x) using first principles. g’(x)= lim gi{j_h_z_—_g_(_x_)’ h#0
h—0
_ limx2+2xhJrhzfxfhf(xzfx)
h—0 h
_ lim)cz-l-2)ch-1—hzfxfhfx2+x
h—0 h
_ i 2Xh R —h
h=0 h
= L P2xt+h-1)
h=0 h

lim 2x+h—1)
h—0

=2x—-1
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There is an easier method of calculating the derivatives of polynomial functions. It is
called differentiation by the rule.
If y = ax" then

dy _ nax" 1.
X
— WORKED Example ]5
Differentiate y = x* — %xz +17.
THINK WRITE
1 Write the equation. y = x*- %xz +7
2 Differentiate each of the three terms dy _ g4xa-1_ %(2)x2*1 +0
separately. dx
= 4x3-3x
— WORKED Example ] 6
Find the derivative of:
AVORS TR FORE S
x [x X
a by hand b using the TI-Nspire CAS calculator.
THINK WRITE/DISPLAY
. . . . 1 1
a i (3 Write the equation. a i fo=-+—
x o Jx
-1 1 . . g, -t
2 Rewrite = and — using negative fx)=x"+x2
indices. X
1y
3 Differentiate each term. flx)y=—x"71 % x 2
3
= —x72 — x_2
2
4 Write the function in the form = __15 _ 1
originally given. X ) J;
ii 3 Write the equation. i f(x) = x_+7«/_§
X
1
X+ x?

2 Rewrite ./x using indices. =

Continued over page @
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THINK WRITE/DISPLAY
1
2
3 Separate the function into two = % + x_2
terms expressed in index form. X
3
4 Simplify each term. =x1l+x2?
5 Differentiate each term. fi(x) =—-1x1-1- %x
2
& Simplify //(x). - 1.3
2
2x?
-1 3
x* /X8
b For the TI-Nspire CAS b
1> On a Calculator page, press: ) R &a
- MENU F’i?l : —=a
* 4: Calculus {4) axtx e
* 1: Derivative (1). 5 (i {a+3)
Complete the entry lines as: G z
2x
dry 1 J
d X\ X /\/;_ Dorrain of the result might be farger than the do.. B
(=)
dx\ 2
pressing ENTER G after each line.
2 To separate the answer to part ii into s R p—
two separate fractions, press: T T
« MENU I(T) B
2x
. 2: Numl?er 2 T o
* 7: Fraction Tools (7) - o
1 2x 2%
« 1: Proper Fraction (1). : i
Complete the entry Hne as: Dorrain of the result might be targer than the do.. I

3 Write the answer.

propfrac _(2“/_—)6:3)

2x2

then press ENTER .

Ele
—
= 1=

|
Ve
=

11
22

2x2

1 3
2 5

x 2
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— WORKED Example |/

If f(x) = x3—2x2+§ , find:

a f(x)
b 7).
THINK WRITE
a (3 Write the equation. a f(x)=x>-2*+ 8
x
@@ Express f(x) so each term is in index =x> =227 + 8x7!
form.
3 Differentiate f(x) to obtain the £(x) =3x* — 4x — 8x72
gradient function f”(x).
T 8
@ Simplify f7(x). =3x% — 4x — =
b Evaluate /(2). b £(2) =3(2)* - 4(2) - %
=12-8-2
=2

Therefore the gradient of f(x) is 2 when
x=2.
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EXERCISE

If possible, use the TI-Nspire CAS calculator to complete questions 2 and 9 and to check
your answers to question 10.

WORKED 1 For each cubic function f(x) graphed below, sketch the gradient function.
Example a y y c y

Jx) !
N\ i AN / \ |
-3 0 \‘ 9 1 éll o 0 5= X
| | \/ \
' ! )

Review of differentiation

N

d y e y f y
Gradien<i f(x) S ’Gr}ﬁent =0 / \
0 X 0 X \W 5 \ -
: fx)
g y fx)
Gradien@* /
/T
o

Questions 2 and 3 refer to the following diagram. Consider the chord PQ drawn to the

curve f(x) as shown. y
. . fo=x2+1
\évoRKEID 2 Find the gradient of the chord PQ
T drawn to the curve f(x) =x? + 1 in the QQ+hf2+h)

diagram at right.

3 multiple choice 1| _/P@f2)
The grad.ient of the tangent at P in the o >
diagram is: 2
A h B 4+h C 4h

D 4+ #n E 4

4 a Find the gradient of the chord PQ to the function f(x) = x(x+2) if the
x-coordinates of P and Q are —1 and —1 + /4 respectively.
b Hence, find the gradient of the function at P.

S multiple choice
The gradient of a function f(x) at the point where x = 3 is:

A liml(x"’hZ*f(x) B limf(3+h}272(x) C limf(3+h}2*l(3)

h—0 h—0 h—0

5 LG+ - f(3) e fGHh) - f(x)
h h
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Use first principles to differentiate f(x) if:

a f(x)=3x+5 b f(x)=x*-3 ¢ f(x)=x>+6x
d f)=(x-4)x+2) e f(x)=8-3x" fof)=x+2.
7 Use first principles to find %Z if:
X
a y=9—-4x b y=x>+3x c y=x*-2x+7
d y=32+8x-5 e y=x>—4x foy=s5x-24
2
g y:% h y=--2x
8 Find the derivative of each of the following.
a y=x° b y=3x c y=5x* d y=x%
4
e y=-4x fy=-5x g y=%x3 h yz%

i y=10 i y=8"

WORKED 9 Differentiate each of the following.

% a f(x) =47 + 5x b g(x)=-5¢+6x+ 1

c h(x)=9+x§3 d h(x)=4-3x+6x*+x°
e g(x)="7x""+6x° -8 f f(x)=%§f+x?3+10
g flx) =—6x + 3x% — 4> h gx)=7x" —4x+2

i h(x)=@x+4)x-1) i f(x) =@+ 2x)(3x - 6)

WORKED 10 Find the derivative of each of the following.

Example |
j a 2 b 3«/)_c c x3

X3
5 1 5
d 4x% e Jx—2x? f ;"’x
SKillSHEET 1.3 -1 2 h x+3 X243
Index laws g x 24 x3 1
X X
2 k = | Z43x2
4x 5x x
1
4
m %x3—4x+x_3 n 1EX

WORKED 11 If f(x) = 2x° — 10x + 5 find:

-@"‘"“"e a f(» b Q).

12 multiple choice
If f(x) = x> — 6x then f”(4) is equal to:
A8 B -12 C 12 D 2 E -16
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14

15

16
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multiple choice

3
The value of £7(9) if f(x) = x* + x2 — 10x is:
: 18 12 8 0

Find g'(-2) if g(x) = & +3x - 8.
X

Find the gradient of the curve y = 24 at the point where a x=2and b x=0.
X

Find the gradient of f(x) = 2x> — x> + L at the point where x equals:
X

al b 4 c 9.

17 If g(x) = 3/x+4x,find:  ag'(x) bg' (1) cg'@® dg-98).

18
19

Show that the derivative of y = k, where & is a constant, is zero.

For each of the following:
i expand the brackets
ii differentiate the expanded expression
iii factorise.
a x+17° b x+1® ¢ @x+1)* d@x+1° e GBx+17? f @Bx+1)°

20 Using the results of question 12 give the derivative of (ax + b)" in factorised form.

(a, b, n are constants.)

Rules for differentiation

Clearly, it is much easier to differentiate a function f(x) = 3x> by the rule as
opposed to using first principles; but what happens when we try to differentiate a
more complex expression such as g(x) = (x> + 2)*? In situations such as this we
can use one of three rules for differentiating functions: the chain rule, the product
rule or the quotient rule.

The chain rule is used when the expression to be differentiated is a function of a
function. For example f(x) = (x* + 2)*, with one function, x> + 2, being acted on by a
second function: ‘raise to the fourth power’.

The product rule is used when the expression to be differentiated is a product of two
functions. For example, f(x) = x*(x + 2)? is the product of x* and (x + 2)>.

The quotient rule is used when the expression to be differentiated is a quotient of two
functions. For example,

3

S = ——
(x+2)

is the quotient of x* and (x + 2).
We now look at these rules in more detail.

Chain rule

A function which can be expressed as a composition of two simpler functions is called
a composite function. For example, y = (x + 3) can be expressed as y = u* where u = x + 3.

That is, to obtain y from x, the first function to be performed is to add 3 to
x(u=x +3), then this function has to be ‘squared’ (y = u/?).
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Or if x = 1, to obtain y first calculate 1 + 3 (= 4), then secondly ‘square’ the result,
42, giving y = 16.

Composite functions can be differentiated using the chain rule. For example, using
the previous function, y = (x + 3)*:

Chapter | Modelling change and rates of change

Letu=x+3,s0y=u’

du dy
Then — =1 and == = 2u.
en o an i u

But we require dy and dy _ dy, du . This is known as the chain rule. It is known
dx dx du dx

as the chain rule because u provides the ‘link’ between y and x.

Now dy _ 2u- 1
dx
=2(x+3)- 1 (replacing u with x + 3)
=2(x+3)
The chain rule is used when it is necessary to differentiate a ‘function of a function’
as above.
dy _dy  du
d du dx
— WORKED Example |8

If y = (3x — 2) is expressed as y = «", find:
a dy du and hence ¢ dy . Worked example 18

du dx dx int-0554
THINK WRITE
a (7 Write the equation. ay=03x-2)

2 Express y as a function of u. Let y = u® where u = 3x — 2.

3 Differentiate y with respect to u. gz = 3u?

u

b 4 Express u as a function of x. b u=3x-2

9 Differentiate u with respect to x. % =3

X

Find %Z using the chain rule.
X

2 Replace u« as a function of x.

¢ & _dy du

dx du dx
=3’ 3

= 9?
=9(3x—-2)2




32
— Example ’9

Maths Quest Maths B Year 12 for Queensland

If f(x) = ———— find f'(x).
N2x2-3x
THINK WRITE
1. Write the equation. f(x) = _
N2x%2—3x
_L
2 Express f(x) in index form, that is, as y = (2x2-3x) 2
y=[gI".
_1

3 Express y as a function of u. Let y = u 2 where u = 2x* — 3x.

3
4 Differentiate y with respect to u. % = —%u 2
5 Express u as a function of x. u=2x*—3x
¢ Differentiate u with respect to x. j—u =4x-3

X
3
7 Find f”(x) using the chain rule. %)-} = fi(x)= —%u_i - (4x-3)
X
3
g Replace u as a function of x and = —%(sz —3x) 2(4x-3)
implify.
simplify.  (4x-3)
3
2(2x2-3x)?
3—4x

2.J(2x2 - 3x)’

A quicker way to apply the chain rule when a function can be expressed in index form
is as follows.

If £(x) = [g(x)]" then f(x) = n[g(x)]" "' - g'(x). That is, differentiate the bracket and
then what is inside the bracket; ‘outside then inside’.

— Example 20

Find the derivative of f(x) = (x* — 2x)°.

THINK WRITE

1. Write the equation. f(x) = (x*=2x)

2 Let g(x) equal what is inside the bracket.  g(x) = x? — 2x

3 Find g'(x). gx)=2x-2

4 Use the rule f'(x) = n[g(0)]" ™"+ g'(x) F)=303 2% (2x-2)

to differentiate f(x). =302 - 2x7 - [2(x - D)]
=6(x — D(x* - 2x)°
5 Simplify f”(x) as far as possible. =6(x — D[x(x — 2)x(x — 2)]

= 6x%(x — 1)(x — 2)°




— Example 2’

If y = (3x — 1)(x* + 4x + 3) is expressed as y = uv, find:
auandv b 3 ang & cd—yusingd—y=u-y+v~%.
dx dx dx dx dx dx
THINK WRITE
a  Write the equation. ay=0Cx-1)*+4x+3)
2 Identify u and v, two functions of x Letu=3x—1 and v=x>+4x+3.
which are multiplied together.
b 4 Differentiate u with respect to x. b % =3
X
2 Differentiate v with respect to x. ;L} =2x+4
X
cq Applytheproductruletoﬁnddl. C QZ:u. Ql/+v- du
dx dx dx dx
=0Bx—DQ2x+4)+ (> +4x+3)- 3
2 Expand and simplify where possible. =6x?+10x —4 +3x% + 12x + 9
=0x* +22x+5

33
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Product rule
Any function that is a product of two simpler functions, for example,
J(x) =@ +2)(x =3)
can be differentiated using the product rule of differentiation.
The product rule is stated as follows.

Ify=uvthengx =u- ﬂ+v~ ﬂ
dx dx dx

Orif f(x) = u(x) - v(x) then f'(x) = u(x) - V'(x) + v(x) - v/(x).

Quotient rule
The quotient rule is used to differentiate functions which are rational expressions (that
is, one function divided by another). For example,

_x2—6x+3
A Sx+2
The quotient rule is stated as follows.
du dv
— u —

_ku glzv'dx dx
Ify ” then dx

y2

: - ux) 1y = YU (x) —u(x)v'(x)
Orif f(x) = ") then f"(x) [v(x)]2 .
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— Example 22

3—x u
Ify= is expressed as y = —, find:
Ve irax o P Y=y

du dv dy
a uandv b p and p € i

a (7 Write the equation.
2 Identify u and v.

b 4 Differentiate u with respect to x.

2 Differentiate v with respect to x.
¢ 1 Apply the quotient rule to obtain g)—/
X
. o dy .
2 Simplify i where possible,
X

factorising the final answer where
appropriate.

WRITE
3—x
(o] =
Y e ax
Letu=3—xandv=x?+4x.
b 44 _
dx
L
dx
cdu o dy
dy dx
C — =
dx
_ (P H4x) - —1-(B-x)(2x+4)
2
(x2+4x)
_ —x2—4x—(12+2x-2x?)
(x2 +4x)?
_ —x2—4x—-12-2x+2x2
(x2 +4x)2
_ x2—6x—12
(x2 +4x)?
_x2—6x—12
x2(x +4)2

The TI-Nspire CAS can be used to do almost all the calculations in this section on cal-
culus. This does not necessarily mean the by-hand skills associated with derivatives are
redundant. Rather, your understanding can be reinforced with appropriate calculator use.

The following examples showcase some of the calculus that can be done with the

TI-Nspire CAS calculator.

1. To calculate the derivative of y(x) =

on a Calculator page, complete
the entry line as:

Define y(x) =
then press:  ~3x¥—4
« ENTER

« MENU

1

J3x—4

ﬂl_1] > *Unsaved w &E08
Deﬁney(x)= JS £ 7 Hidbe
o
d =B
2 344) Z
2:{3-x-4) %
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* 4: Calculus {4)
* 1: Derivative (1).
Complete the entry line as:

d
a(y(x))

then press ENTER Gawp.

2. To calculate the derivative of y = 3x? — 7x + 4 at the i “Unssved w
point x = 3, on a Calculator page, complete the entry Deflne =377 x+4 Done
line as: Lyl 1
Define y(x) = 3x* — 7x + 4
then press:

« ENTER

« MENU 5
* 4: Calculus (4

* 1: Derivative (1).

Complete the entry line as:

d _
d—x(y(X))lx =3

then press ENTER G,
3. To find the point where the derivative of

y= 3 = Tx+ 4 s equal to 0, on a ‘D;l::o;bt)ss-xz-7::j“' Done
Calculator page, complete the entry line as: 0 ,( 73 ux”‘o#) — ’
Define y(x) = 3x* — 7x + 4. = :

Complete the entry line as:

solve(i(y(x)) -0, x)
dx
then press ENTER Gaw.
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Rules for differentiation

In this exercise, your teacher will indicate the level of use of your calculator.

1

3

If each of the following functions is expressed in the form y = u”, state

i u and i n.
1

= (5x —4)° b y=.3x+1 ¢ y=—

@ y=0Gx=9 Y=o YT 2xra)
4
d = 1 = —6 = _ 5
Y= e y=(5x+3) f y=(4-3x

multiple choice
If y = (x + 3)° is expressed as y = u° then:
A u=(x+3) B u=x+3 C u=x
D u=3 E u=x
If each of the following composite functions is expressed as y = ", find:

i dy ii du and hence 1ii QZ
du X dx
1
_ 2 — (7 _ )3 =
a y=3x+2) b y=@7-x cy %5
1 £ __3
y e y=.5x+2 Yy =

T 422
g y=302x*+5x)° h y=(4x-3x»)7?

i y=45-6x)"

For questions 4, 5 and 6, y = /x> —3x +2 is expressed as y = u".

multiple choice

gie

>
=
o)
=
]

| —
[\
=

multiple choice

du _
dx
A 2x-3

D 1x¥®-3x+1
2x 2x

B x*-3x+2 C x*-3x

E x-3



WORKED
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6 multiple choice
Using the chain rule, fl_y is equal to:
X
A 2x-3 B 2x -3 C x2—-3x+2

u 2.x2-3x+2 2.Ju
1 1
D 3(2x-3) E l2x-3)(x2-3x+2)

7 Use the chain rule to find the derivative of the following.

a y=(8x+3)* b y=@x-5)
¢ f(x)=(4-3x) d y=43x"-4
e f(x)=(x2- 4x)% fogx)=@F° +x72
g g = (v-1) hoy=(2 -3
8 If f(x) = —
f(x) =

, find //(x).
7

4x +

index notation and the laws of indices.)
J6x—5 b f(x) = (x2+2)2
x5 [
Find the derivative of:

— (2 8 — (3 2
a f(x)=(x*+5x) 1 b y=u"-2) .
¢ f(x) = (B3+2x2-7)5 d y=@x 37+ 1),

a y=

11 If f(x) = 2x = 1)®, find /(3).

12 If g(x) = (x* = 3x)72, find g'(-2).

13 If f(x) = J/x2-2x+1, find:
a 103 b 7(x) c 1'(3) d 7(x) when x = 2.

14 Find the gradient of the function A(x) = A/3x2 + 2x at the point where x = 2.

15 Find the value of f7(-1) if f(x) =

3

A/5—4x.

WORKED 16 Ify = (x + 3)(2x* — 5x) is expressed as y = u - v, find:

a wuandv

b ‘L’ d‘L’
dxan dx

i v _ . dv,, du
C o using the product rule, i u dx+v o

37

Use the chain rule to find the derivative of the following. (Hint: Simplify first using
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17 Find the derivative of:
a X’x+1)>°

¢ Jx@x+1y

e x(x—1)72

WORKED 18 Ify = x+3 is expressed as y = £, find:
v

Example' x+7
a uandv

b d—uandd—v

dx dx

dy

¢ — using the quotient rule, dy _
dx dx

19 1f f(x) = ’%“

a u(x) and v(x)
b u'(x) and v'(x)

¢ f’(x) using the quotient rule.

Maths Quest Maths B Year 12 for Queensland

is expressed as f(x) =

b X(x+ 1)

d ¥ (x —2)}

foxJ/x+1.

v . @ — u . d;‘)
dx dx
y2 ’
u(x) find:
v(x)’

20 Find the derivative of each of the following.

2x

a ———
x2—4x

21 multiple choice

12,2
Ifh(x)=§__3_x_
2
A 9x-—8
2
32—
D 3x—8
32

a x(x*+1)>

WorkSHEET 1.2

d 1
(*-3)

then /’(x) equals:

22 Find the derivative of each of the following.

4x -7 d 5—x2
10 —x 3
x2
—-3x2+8
Cc 22X t¢o
2
X

Sr+ 1)’

23 Use the TI-Nspire CAS calculator to check your answers to question 22.



Chapter | Modelling change and rates of change

BYmmary

Modellmg change
If y = f(x) then the inverse of f(x) is written as /~(y) and x = f~'(y).
¢ In analysing functions the graphics calculator can:

1. graph a function

2. generate a table of values

3. find values of x, given y

4. find the maximum value on an interval

5. find the intersection between curves.
Graphing polynomials

* Quadratic graphs
1. General equation is y = ax’ + bx + c.

—b =+ .Jb%2—4ac

2. The quadratic formula is given by the equation x = >
a

3. The x-coordinate of the turning point is x = ;—b .
a

» Cubic graphs
The general equation is y = ax® + bx? + cx + d.

* Quartic graphs
1. Positive quartics in factor form are y = a(x — b)(x — ¢)(x — d)(x — e).
2. A factor may occur twice, for example y = a(x — b)(x — ¢)(x — d)*.
3. A factor may occur three times, for example y = a(x — b)(x — ¢)°.
4. A factor may occur four times, for example y = a(x — b)*.
If a is negative, each of these graphs is reflected in the x-axis.

Review of differentiation

» The gradient of y = f(x) at the point x is given by a function called the derived
function or the derivative and is written as f”(x) or & .
X

* Differentiation from first principles:

Ify =f(x) then Y or f/(x) = lim fxth) - f(x) :
dx h—0 h
+ Differentiation by the rule: If y = ax" then g_y = nax"~
X

The rules for differentiation

. dy dy du
* Ch 1 A A
e dx du dx
e Productrule  If y = uv then
dy dv du
= =y —= 4y —=
dx . dx ’ dx
* Quotient rule  If y= ¥ then 67 M
v dx 2
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1 Iff(x) =x> — 4 and g(x) = 4x + 2:
calculate fTg(2)]

write an expression for fTg(x)]
calculate g[ f(2)]
write an expression for g f(x)].

.06 g Q

7 multiple choice
If p(f) = (1 — £)* and ¢(f) = t*> — 1, then an expression for g[p(7)] is:
A Q-0 #-1 B (2-1)- (1-1? C (1-p-1
D (1-£2P2-1 E 1-(1-¢?

3 Iff(x)=4x-2:
a calculate £71(6)
b give an expression for f'(y).

‘' multiple choice
For the polynomial P(x) = x> — 5x? + 6, use your graphics calculator to find the positive
value of x for which P(x) is a minimum. The value of x is:
A 333 B 125 Cc 05 D 6.5 E 245

5 Sketch the graph of y = 8 — 2x — x%, by labelling the turning point and all intercepts.

6 Sketch the graph of y = 3x* + 8x — 3, x € [-3, 0).

/" multiple choice
The rule for the graph shown at right could be: Y fx)
A f(x)=(x—1*(x+3) B f(x)=(x+1)(x—3)
C f(x)=(x+1)7?*3-x D f(x)=(x*=1)(x+3)
E f(x)=(x=3)x+1) A\ 3
-3
¢ multiple choice
The rule for the graph shown at right could be: y, )
A f(x)=x(x+2)° B f(x)=—x(x—2)?
C f(x) =x(x-2) D f(x)=x(x-2)
E f(x)=x(2-x)

=)
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7 Imultiple choice
The graph of y = (x + 3)*(x — 1)(x — 3) is best represented by:
A Y B Y c Y

|
o8]
(=)
i
N
=

D Y E Y
/—3 0™ 3\ * —'3\/0/i 3 *
10 a Find the derivative of f(x) = x> + 2x using first principles.
b Hence find the gradient at the point where x = 1.

3
11 a Find the gradient function if g(x) = )-%— —4x.

b Find the gradient of g(x) when x = 3.

4 3
12 1f h(x) = 3%+x——3x,ﬁnd:

4

a K(x)

b i K1) ii KQ).
13 multiple choice

The derivative of f(x) = 4x> — x> + 3x is:

A 12x*-2x+3 B 4x’-2x+3 C 12¢* —2x

D 12" -x+3 E 4x?—2x
1/ ‘multiple choice

The derivative of g(x) = -1—2— 2./x is:

X

A-12 pg_2.2 .21 p 2.2 g_ 21
15 The graph of a cubic function is shown at right. YA

Sketch the graph of its gradient function.
16 Calculate the derivative of: \

3 BNELVEE
a (“G-x b X2x+3)* ¢ 2x . / \
x +1 19
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'I D multiple choice
The derivative of (2x + 5)° is:
6(2x + 5)° 12x(2x + 5)° 6x(2x + 5)°
12(2x + 5)° 12(2x + 5)*
'I D multiple choice

The derivative of is:

J4x -9

SRR @9y (4x—9)}
4./4% =9 yr—r

'I D multiple choice
The derivative of 2t is
4x -5 -3 4x-3
(x—2)2 (x-2)? (x-2)?
-5
4x -5
' -2y
'I D multiple choice
If g(x) = (x* + 3x — 7)° then g’(x) is equal to:
52+ 3x = 7)* 2x +3)(x* +3x = 7)* 502x + 3)*
52x +3)(x* + 3x = 7)* (?+3x-7)*

Modelling & problem solving

A ‘rogue satellite’ has its distance from Earth, d thousand kilometres, modelled by a cubic
function of time, ¢ days after launch. After 1 day it reaches a maximum distance from
Earth of 4000 kilometres, then after 2 days it is 2000 kilometres away. It effectively returns to
Earth after 3 days, then moves further and further away.

What is the satellite’s initial distance

from Earth?

Sketch the graph of d versus ¢ for the

first 6 days of travel.

Express d as a function of . The moon is

approximately 240 000 kilometres from Earth.

Which is closer to Earth after 8 days,

the satellite or the moon? By how far?

The satellite is programmed to

self-destruct. This happens when it is

490 000 kilometres from Earth.

What is the ‘life span’ of the satellite?

State the domain and range of d(¢).
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2 The diagram shows a main road passing through O, A, C and E. N _
The road crosses a river at point O and 3 kilometres further W+E River
along the road at point C. Between O and C, the furthest s
the river is from the road is 8.54 kilometres, at a point D, O A C/ Main road
2.25 kilometres east of a north—south line through O. Point A is 1 E
1 km east of point O. If point O is taken as the origin and the B:

road as the x-axis, then the path of the river can be modelled by
a quartic function, as shown in blue.

Give the coordinates of C and D.

Find the rule for the quartic function, f(x).

How far is the river from the main road along the track AB?
A canoeing race, of at least 17 kilometres in length, along the river is being organised.
It is suggested that the race could start at O and finish at C. Is this course satisfactory?
Why?

.0 T Q

3 A section of a roller-coaster ride follows part of the curve with
the equation y = % (x*> + 30x%) as shown on the right.
a  For what values of x (domain) is the gradient:
i zero?
il positive?
il negative? ;
Sketch the gradient function. —28 20 o 12
¢ Use the graph of the gradient function to find the value of x
where the gradient is steepest over the domain [-25, 10].
d Find &
dx
e Find the gradient where x equals:
i =25
i =10
iii 10. Digital doc:
f Does this verify your answer to part c? Briefly explain.
What is the highest point reached by the roller-coaster? (Give your answer in metres.)

'\
plus
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D Graphing polynomial functions ST TSR [ |
Digital docs v Bike: n(x)=-0.06x2+0.72x Build a ramp,
* SKIlISHEET 1.1: Practise solving quadratic 4 — Ramp: 12(x) = -0.33x +4.29 but do not
. . h dratic f 1 i 0) waste the wood.
equations using the quadratic formula (pagf; 3 Yonwill need
e SkillSHEET 1.2: Practise identifying domain and | \\\ more wood for
~— the next jump.

range for quadratic graphs (page 18) | S

e Spreadsheet 050: Investigate quadratic graphs
(page 18)

e Spreadsheet 007: Investigate cubic graphs — factor
form (page 19)

* Spreadsheet 009: Investigate cubic graphs of the
form y = a(x — b)> + ¢ (page 20)

» Spreadsheet 073: Investigate quartic graphs —
factor form (page 20)

m Rules for differentiation

* WorkSHEET 1.1: Determine equations for Digital doc
quadratic graphs, use the discriminant, substitute + WorkSHEET 1.2: Sketch gradient functions given
values into quadratic expressions and use quadratic graphs, identify when gradients are less than,
graphs to model paths of objects (page 20) greater than or equal to zero, calculate gradients at

Tutorial any given point and use first principles and

. Int-0519: Watch a tutorial on using the differentiation rules to determine the derivative
discriminant (page 14) (page 38)

Interactivity Tutorial

* Simultaneous quadratic and linear equations int-0261: ~ ° Int-0554: Watch a tutorial on using the chain
Consolidate your understanding of simultaneous rule (page 31)
quadratic and linear graphs (page 10) Chapter review

Review of differentiation Digital doc

Digital doc * Test Yourself: Take the end-of-chapter test to test

* SKIllSHEET 1.3: Practise index laws (page 29) your progress (page 43).

Tutorial To access eBookPLUS activities, log on to

. Int-0552: Watch a tutorial on sketching the

gradient function (page 23)
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Introduction

In the previous chapter, the concept of a function was used to model relationships
between variables. Whether the relationship was between volume and side length,
weight loss and time, or height and time, the function and its graph proved to be a
powerful tool for analysis.

In that chapter, the concept of the derivative, the rate of change of one variable with
another, was revisited. Now we shall use the derivative to further analyse functions and
show how such analysis can be applied to solving practical problems. In particular the
derivative is used to assist in sketching curves, find equations of tangents and normals,
optimise functions and analyse rates of change.

Sketching curves

When the graphs of polynomial functions are being sketched, four main characteristics
should be featured:

1. the basic shape (whenever possible)

2. the y-intercept

3. the x-intercept

4. the stationary points.

Stationary points
A stationary point is a point on a graph where the function momentarily stops rising or
falling; that is, it is a point where the gradient is zero.

Y Y
or ?
0 [ X
T Gradient = 0 where function
I stops rising momentarily,
0 Function stops falling X then continues to rise again
and rises after this point after this point

The stationary point (or turning point) of a quadratic function can be found by com-
pleting a perfect square in the form y = (x + 4)* + k to obtain (7, k), but for cubics,
quartics or higher-degree polynomials there is no similar procedure. Differentiation
enables stationary points to be found for any polynomial function where the rule is
known.

The gradient of a function f(x) is /”(x).

Stationary points occur wherever the gradient is zero.

f(x) has stationary points when f’(x) = 0

or

y has stationary points when gl =0.
x

The solution of /’(x) = 0 gives the x-value or values where stationary points occur.
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If f’(a) = 0, a stationary point occurs when x = @ and y = f(a). So the coordinate

of the stationary point is (a, f(a)).

Types of stationary points

There are four types of stationary point.

1. A local minimum turning point at x = a.

If x < a, then f"(x) < 0 (immediately to the left of x = q,
the gradient is negative).

If x = a, then /”(x) = 0 (at x = a the gradient is zero).

If x > a, then f’(x) > 0 (immediately to the right of
x = a, the gradient is positive).

2. A local maximum turning point at x = a.
If x < a, then f'(x) > 0.
If x = a, then f(x) = 0.
If x > a, then f”(x) < 0.

The two cases (1 and 2) can be called ‘turning points’
because the gradients each side of the stationary point are
opposite in sign (that is, the graph turns).

The term ‘local turning point at x = a’ implies ‘in the
vicinity of x = @’, as polynomials can have more than one
stationary point.

3. A positive stationary point of horizontal inflection
atx =a.
If x < a, then f”(x) > 0.
If x = a, then f'(x) = 0.
If x > a, then f”(x) > 0.
That is, the gradient is positive either side of the
stationary point.

4. A negative stationary point of horizontal inflection
atx = a.

If x < a, then f"(x) < 0.

If x = a, then f"(x) = 0.

If x > a, then f(x) < 0.

In cases 3 and 4 above the word ‘stationary’ implies that

the gradient is zero.
Not all points of inflection are stationary points.

M \y
or

Y S&)
fx)>0
f0<0
E f0)=0
0 al X
Y
a
0 i X
Six)
Y
Gradient|= 0
V&
o] 4 X
S'(x)
S Y
/ Gradient =0
A —

Gradient # 0
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When determining the nature of stationary points it is helpful to complete a ‘gradient
table’, which shows the sign of the gradient either side of any stationary points. This is
known as the first derivative test.

Gradient tables are demonstrated in the examples that follow.

— Example ’

a Find the stationary points for y = x> + 6x? — 15x + 2.
b Determine the nature (or type) of each stationary point.
¢ Sketch the graph.

THINK WRITE
a (7 Write the equation. ay=x>+6x*-15x+2
8 Find & Y 32 1215
dx dx
Sol dy : .
3 Solve for x if i 0 to For stationary points,
d
locate stationary points. (Ti—c/ =0

32+ 12x—15=0
32 +4x—-5)=0
3x+5)x-1)=0
x+35)x-1)=0
x==-5 or x=1

4 Substitute the x solutions When x = =5, y = (-5)> + 6(=5)* — 15(=5) + 2
into the equation and =102
evaluate to ﬁnd the When x = 1’ y= (1)3 + 6(1)2 _ 15(1) +2
corresponding -6
y-values.
5 State the stationary points. The stationary points are (=5, 102) and (1, —6)
b 4 For each stationary point b Nature: if x=-6, %Z =3(-6)* + 12(=6) — 15
X
find g—y immediately to the =21 (that is, positive).
X
left and right to determine Ifx=0, % =3(0)> + 12(0) - 15

the nature of the stationary

points. We will use x = —6, = -15 (that is, negative).

x=0andx=2. Ifx=2, g_y =32+ 12(2) - 15
X
=21 (that is, positive).
2. Complete a gradient table Gradient table:

and state the type of each

stationary point from the d -6 | 510 1 2
definitions on the previous dy N 0 - 0 .
page. dx

Slope / - \ B /

Therefore (5, 102) is a local maximum turning
point and (1, —6) is a local minimum turning point.
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THINK

¢ Sketch the graph using the
stationary points.

WRITE

(=5, 102)

— Example 2

Sketch the graph of g(x) = x}(4 — x?), clearly indicating all stationary points and axis
intercepts:
a by hand

THINK

Write the rule for
g(x).

Expand g(x) to make it
easier to differentiate.
Differentiate g(x).
Solve g’(x) = 0.

Find g(x) for each
value of x where g’(x)
=0.

Complete a gradient
table to determine the
types of stationary
points.

State the stationary
points and their types.

b using a graphics calculator.

WRITE/DISPLAY
a gx)=x*4-x%

g(x) = 45> — x*

g'(x) = 8x — 4x°
For stationary points,

g'(x)=0
8x —4x*=0
4x2-xH=0

x=0 or x*=2

x=00rx=n/§ or ﬁ
When x =0, g(0)=0
When x = —/2, g(~+/2) = 4(-2) = (-42)*

=4
Whenx= 42, g(J/2)=4(J2) - (J2)*
=4

Therefore the stationary points are (—/2 , 4), (0, 0) and

(42, 4).

Gradient table:
x 2 | -2 4 0 1 | J2 | 2
2’(x) + 0 - 0 + 0 -
Slope / - \ _ / - \

Therefore (—/2, 4) is a local maximum stationary point.

(0, 0) is a local minimum stationary point.

(42, 4) is a local maximum stationary point.

Continued over page @
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THINK

g Solve g(x) = 0 to determine the
x-intercepts.

¢ Find g(0) to determine the
y-intercept.

j0 Sketch the graph of g(x).

For the Casio fx-9860G AU

b 4 To sketch the graph of
g(x) = x*(4 — x?), press:
* 5 (Graph).
Complete the entry line as:
Y1 = x%(4 — x%)
then press @

Choose a suitable V-Window and

press (DRAW).

intercepts, press:

 (SHIFT
« (F5) (G-Solv)
+ (F) (MAX).
3 Repeat the above steps to find
approximate values for maximum

intercepts.

4 Sketch the graph, showing all
important features.

approximate values for the turning
points.

2 To identify stationary points and axis

and minimum stationary points and

Note: This calculator will give only

WRITE/DISPLAY

x-intercepts: When g(x) = 0,
X(4-x)=0
¥=0orx’*=4
x=0orx=-2or2
The x-intercepts are (-2, 0), (0, 0) and
(2, 0).
y-intercept: When x = 0,
g2(0) = 0%(4 - 0%)
=0
The y-intercept is (0, 0).

2.4 w24
(-2, 0) 2,0)

0,00 \
8(x)

| -
(-1.41, 4)y (1.41,4)

(=2,0)
[ 000

(2,0)
\ X

8(x)
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THINK

For the TI-Nspire CAS

b 4 To sketch the graph of
2(x) = x*(4 — x?), open a Graphs
page.
Complete the entry line as:
S1(x) = (4 = x%)
then press ENTER Gaw.

2 To identify important features,
press:

« MENU

* 5: Trace {(5)

* 1: Graph Trace (3).

Use the arrow keys to trace along
the graph; the maximum, minimum
and zeros (x-intercepts) will be
displayed as the cursor moves along
the curve.

3 To find the turning points in exact
form, on a Calculator page,
press:

+ MENU

* 3: Algebra (3)

* 1: Solve (1)

« MENU

* 4: Calculus {4)

* 1: Derivative (1).
Complete the entry line as:

solve(aci—c(fl(x)) -0, x)

then press ENTER Gip.
The y-coordinates of the turning
points can be found as shown.

4 Sketch the graph, showing all
important features.

WRITE/DISPLAY

iy *Unsaved w JOoE = x

56748y

)

= I | ‘lﬂx)-xz (47"2) 10
& |

» o7t

i *Unzaved w Lol x]
E__]{ 6451y

{-1a1908 4} fl141401 4)

5
Fio o002, 0] 0
i) (2]
» 192 (-1.71421,3.11916 )
duip *Unsaved w urlg
567 %y
i
Al
= Nz 10
L T f1(7()-xz—4x
[ \As.-3)
» 5671 x

2.4} w24

(-2, 0) (2,0)

[ o 0>‘0 \ x
g(x)




52

Maths Quest Maths B Year |12 for Queensland

— WORKED Exampie 3

Iff(x)=x>+4x* -3x -7
a sketch the graph of f'(x)

THINK

a (q Write the rule for f(x).
2 Differentiate f(x) to find f(x).
@ Solve f'(x) = 0 to find the
x-intercepts of f7(x).

@ Evaluate f7(0) to find the y-intercept
of f7(x).

5 Sketch the graph of f”(x) (an upright
parabola).

b i By inspecting the graph of f”(x)
deduce where f”(x) is positive (that
is, above the x-axis).

ii By inspecting the graph of f”(x),
deduce where f”(x) is negative (that
is, below the x-axis).

b state the values of x where f(x) is i increasing and ii decreasing.

WRITE

afx)=x"+4>-3x-7
f(x)=3x*+8x -3
x-intercepts: When f”(x) = 0,

3 +8x—3=0
Bx-1Hx+3)=0
x=§or—3

The x-intercepts of /”(x) are (%, 0) and
(-3, 0).
y-intercept: When x = 0,

7(0)=-3
so the y-intercept of /*(x) is (0, =3).

\ Y /f'(x)
B — /; g
-3

b i f(x)>0 wherex<-3andx> %
so f(x) is increasing where x < —3 and

x> L
ii f(x) <0 where -3 <x< %
so f(x) is decreasing where

1
3<x< -
3<x 3
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EXERCISE

Sketching curves

In this exercise, your teacher will indicate the level of use of your calculator.

WORKED 1

WORKED 2

- 3

WORKED 8

10

Find the stationary points and their nature for each of the following functions.

a y=8-x* b f(x)=x*-3x ¢ g(x)=2x"—8

d f(x)=4x-2x> - x° e g(x)=4x> -3 foy=x*(x+3)

g y=5-6x+x° h f(x)=x>+38 i y==x*-x+6

i y=3ax*-8’+6x’+5 k g(x)=x(x*-27) I y=x*+4-3x-2
m h(x)=12 - x° n gx)=x(x-4)

Sketch the graph of each function in question 1, clearly indicating all stationary points.

Find the stationary points of the function f(x) =x* — 2x* — 7x — 4 and state their nature.
Sketch the graph of f(x).

o Q

a Find the stationary points, and their nature, for the curve y = x> — x* — 16x + 16.
b Sketch the graph.

a Find the stationary points of the function g(x) = x* — 4x? and state their nature.
b Sketch the graph of g(x).

a Ify=x*—-6x*>+ 8 — 3 then find each stationary point and its nature.

b Show that the point (1, 0) lies on the curve.

¢ Sketch the graph.

a Ify=x*+x* - 5x — 6 then find each stationary point and its nature.
b Find the y-intercept.
¢ Sketch the graph.

Sketch the graph of each of the following functions, clearly indicating all stationary
points and y-intercepts.

a fx)=x*-x* b f(x)=x>-3x?

¢ gx)=x+3x* d g(x)=x*—4x> + 4x
e h(x)=x"—4x*—11x+30 foh(x)=x(x+3)(x-95)
g f(x)=x*-2x"+1 h f(x)=x(*+1)

i g(x)=x>+9x* +24x + 20 i h(x)=(@x*-1)°

multiple choice

If f”(x) < 0 where x > 2 and f”(x) > 0 where x < 2, then at x = 2, f(x) has a:
A local minimum B local maximum C point of inflection
D discontinuous point E gradient of 2

multiple choice

The function f(x) = x> + x* — 8x — 3 has stationary points when x is equal to:
A -2 and;.‘ B 3only C -2 only D 3 and;.* E Oand2
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11

12

13

14

WORKED 15

16

17

18
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multiple choice
The graph of y = x* + x° has:
A alocal maximum where x = 0 B alocal minimum where x =0

C alocal minimum where x = —% D a local maximum where x = —%

E alocal maximum where x = —‘3—‘

multiple choice

A quadratic function has a turning point (2, 1) and a y-intercept of (0, 9).
The equation must be:

Ay=x-27+9 B y=@x-17%+8 Cy=(x-272+1
D y=2x-2>+9 E y=2(x-27+1

The graphs of /”(x) are shown below. Find all values of x for which f(x) has stationary
points and state their nature.

a b C
Y Fo 7 Y £
\ /
/N T O X
F W
Ji8)

d e f

Y f "(x) Y ) ()

I\
D
(=}
o —
=
|
8%}
(=
=

\ \/5 '
F'®)

Show that f(x) = x> — 4x + 3 is decreasing for x < 2 and increasing for x > 2.

For each of the following functions i sketch f”(x) and, hence, state the values of x
where f(x) is i increasing and iii decreasing.
a f(x)= %x3+2x2+2 b gx)=x"+22-7x-5 ¢ h(x)=x*+4 + 4x?

If y = f(x) has the following properties then sketch its graph.
ff(x)=0ifx=—2andx=3  f(x)<0if-2<x<3  f/(x)> 0 for all other x

If £(x) = x> + ax® + bx has stationary points at x = 2 and x = —% , find:
a the value of a and b
b the nature of the stationary points.

If f(x) = x* + ax® + b has a stationary point (1, 4), find:
a agandb

b the other stationary points

¢ the nature of each stationary point.
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Equations of tangents and normals

As we have seen, a tangent to a curve is a y )

straight line which touches the curve at a given Tangent
point and represents the gradient of the curve at /- Point of tangency
that point. A normal to a curve is a straight line \ Normal

passing through the point where the tangent 0
touches the curve and is perpendicular (at right /
angles) to the tangent at that point.

X

If the gradient of the tangent to a curve is m, then the gradient of the normal is

_1 (as the product of the gradients of 2 perpendicular lines equals —1).
m

The equation of a straight line passing through the point (x;, y;) and with a
gradient of m is:

Y=y =m(x—x)

The gradient of the tangent at x = a is f"(a).
—1
f(a)

Therefore the gradient of the normal is

SKillSHEET 2.1
Finding equations of
normals

The equation of the tangent at x = a is
v —f(a) =f"(a) (x — a) and the equation of the

1 SkillSHEET 2.2
1 _ — _ Finding the equation of
normal is y — f(a) (f’(a))(x a). a straight line

— Example 4

Find the equation of the tangent to y = x* — 2x + 3 at the point (1, 2).

THINK WRITE
1 Write the equation. y=x"—2x+3
ind W dy _,.2
Find ==. —= =3x"-2
& dx dx *
3 Evaluate g—y where x = 1 to find the At x=1,
x
d
gradient of the tangent where x = 1. d_i =3-2
=1
So gradient of tangent is 1.
4 Substitute (1, 2) for (x;, y;) and m =1 Equation of tangent at the point (1, 2) is
into the rule for the equation of a Y=y =mXx-—x))
straight line. y=2=1x-1)
y=2=x-1

5 Rearrange the rule to a simple form. y=x+1
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— Example 5

THINK

1. Write the equation.
2 Evaluate y when x = 1.
. dy
Find ==.
3 dx
4 Find the gradient at x = 1.

5 Evaluate the gradient of the normal which

6 Determine the equation of the normal at

(1,2).

Find the equation of the normal to the curve with the equation y =3x”> — 1 atx = 1.

WRITE

y=3x2—1
Atx=1,y=3-1=2
dy

Y_s

dx *

When x =1, dy =6.
dx

So the gradient is 6.

Gradient of normal is —é .

Equation of normal is
Y=y =mx—x)
y=2=-t@-1

—6y+12=x-1
x+6y—-13=0
or x+6y=13

- Example 6

Find the tangent to the curve y = x? — 4x at the points x =0, x =3 and x = 5.

THINK

1 To find the tangent to the curve y = x> — 4x
at the points x =0, x =3 and x = 5, on
a Graphs page, complete the entry line

as:
f1(x) =x* — 4x
then press ENTER Gaw.

To place a point on the curve, press:

« MENU

« 7: Points and Lines (7)

* 1: Point (3.

Use the arrow keys to move the pointer to
any point on the graph. When the
coordinates appear, press ENTER .

Edit the x-coordinate of this point to
display (3, 73).

WRITE/DISPLAY

M RA l) *Unzaved w Pk 1 x|

6674y

i \/’1(7()-){2—4;0
{3.-3)

L3
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THINK WRITE/DISPLAY

2 To draw a tangent at a point, press: g”m» L &8
+ MENU :
+ 7: Points and Lines (7
« 7: Tangent (7). - . =
Use the arrow keys to move the pointer to the il e
point on the curve (3, “3). Press ENTER { fBemi
and the tangent will appear. =z e
Then press:
« MENU

* 1: Actions (1)
« 7: Coordinates & Equations (7).
Use the arrow keys to move the pointer to the
tangent and the equation will appear.
3 Repeat the steps above for x = 0 and x = 5. Je “Unsaved w fel]

s.s7hy

5.5)
L3 y=6x—25
y=—dx

rio d,0) 10
il e
(3.-3)

» -6.67

@ Write the answer. For the curve y = x* — 4x
the equation of the tangent at the point
(0, 0) is y = —4x,
the equation of the tangent at the point
(73,3)isy=2x—-9 and
the equation of the tangent at the point
(5,5)is y = 6x —25.

Equations of tangents and
normals

1 Find the equation of the tangent to the curve y = x> + x at the point (2, 6).

2 Find the equations of the tangent to the curve y = x* + 5x — 6 at the points where it
crosses the x-axis.
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WORKED 3 Find the equation of the normal to the curve y = 3x? — 5x + 4 at the point where x = 1.

Example
d4 Find the equation of the normal to the curve y = %xz + 3x — 7 at the point where it
crosses the y-axis.

Maths Quest Maths B Year 12 for Queensland

For each of the following functions, find the equation of:
i the tangent
ii the normal at the given value of x.

Spreadsheet a y=x*+1,x=1 b y=x-6x,x=-2
023 Tangent & normal 1
WorkSHEET 2.1 C y=—,x=2 d y=(x—1)(x2+2),x=—l
X
e y=ﬁ,x=4 fy=J2x+3,x=3
g y=x(x+2)x-1),x=-1 h y=x-3x"+4x,x=0

i y=2+x-6x+2,x=1

6 multiple choice

If y = (2x + 3)* then at the point (-1, 1)
a the equation of the normal is:

A y+4x-3=0 B 8y+x-7=0 Cy—4x+5=0
D y+2x+8=0 E 2y—-x=0
b the value of x where the gradient of the tangent is parallel to the x-axis is:
A =2 B 1 c -3
3 3 2
D -! E 2
3 3
7 Find the equation of the tangent to f(x) = x> + 4x + 1 which is parallel to the line
y=2x+3.
. . x2+1
8 Find the equation of the tangent to y = 5 atx=0.
x —_—

WORKED 9 Using appropriate technology, find the equation of the tangent to the curve

Example
d y=3x2+x—2whenx=—%.

Maximum and minimum problems
when the function is known

In many practical situations we need to find the maximum or minimum value of a
function. For example, it is important for manufacturers to minimise the cost of running
their business; it is also important that they maximise profits.

Suppose that the graph shown below gives the profit, P, for manufacturing x com-
ponents in a week. The number of components that can be manufactured in a week

varies from 0 to 1000.
The point B is called a local maximum and clearly ((ii_P =0atB.
X

The point C is called a local minimum and clearly (é—P =0atC.
X
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Looking at the graph we can see that the greatest value P
of P occurs at B. The least value occurs, not at C, but at
A when x = 0. Note that the point C is a local minimum B
but it is not the least value of f(x).

In general, to find the greatest or least value of a
function, f(x), on an interval a < x < b:
1. Find f”(x). A
2. Find the values of x for which /’(x) = 0.
3. Compute the values of f(x) using x-values obtained in

step 2. Compute f(a) and f(b).

4. The greatest (least) value of f(x) is the largest (smallest) of the values obtained in step 3.

— Example 7

The population of a colony of birds
at time 7 months, where 0 <7< 3,
after observation began can be
modelled by the function:

P(f) = 2019 — £) + 300,

where P is the number of birds.

Find:

i the initial population
ii the greatest number of birds

1000 ¥

a by hand
b using the TI-Nspire CAS
calculator.
THINK WRITE/DISPLAY
a i ¢ Write the rule for P(¢). a i P()=2049 - £) +300
2 The initial value occurs when P(0) =0+ 300
t =0 and is P(0). =300

So the initial population of birds is 300.
P’(t) = (206)(=21) + (9 — £)(20) + 0

Find P’(¢) using the product

rule. =—407 + 180 — 207
= 180 — 607
2 Solve P’(t) =0. For maximum and/or minimum, P’(¢) =0
—60£ + 180 =0
£=3
t=+./3
Reject t = —ﬁ
sot=1.73
3 Compute P(f) for points where P(1.73) =507.8
dP P(0) =300
T = 0 and for the end points. P(3) =300
4 Write the answer in a sentence. The greatest number of birds is 507.

Continued over page @
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THINK WRITE/DISPLAY

b § To find the initial population when b {7 “unsaved ¥ « 88
P(f) = 20409 — £) + 300, Detne pl)=20+¢{9-2)s300 sl
on a Calculator page, press: Tto] 3|
« MENU
* 1: Actions (1)
* 1: Define (3). .-

Complete the entry lines as:

Define p(f) = 20t - (9 — £) + 300

p(0)

pressing ENTER after each line.
2 To find the time when the number of

i *Unzaved w ﬂ
birds is a maximum, complete the Dutis pelez0:9-2 300 Sone 1
entry line as: 2l0) 300 |
uaxlplt) do=rs3 =
fMaX(P(t)’t) | 0<7<3 axlple) osss =1.73205
then press ENTER . plL73205) 507846 |
To find the maximum number of : L
birds, complete the entry line as: 2
p(0)
then press ENTER Gaw.
3 Write the answer. . i For P(f) = 2049 — ) + 300, the
(Remember the number of birds initial population of birds is
must be an integer.) P(0) = 300.

Solve P’(f) = 0 for 0 < ¢ < 3.
The maximum number of birds
is 507 after 1.73 months.

— W/
WORKED Example & —

The displacement of a particle moving in a straight line from the origin A
at any time, ¢, is x(¢) = §t3 — 4P+ 12¢+1,0<¢<7. Worked example 8
Find the maximum and minimum displacement. int-0560
THINK WRITE
1 Write the rule. x()=1F -4 + 121+ 1
3
2 Find x'(1). x'(t)=1>—8t+ 12
3 Solve x'(¢) = 0. For maximum and/or minimum,
t*—8t+12=0
t-2)(t-6)=0

t=2o0rt=6

plu's' >
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THINK

@ Test for maximum and minimum using
the first derivative test.

(5 Evaluate x(2) to find the local maximum.

(7 Evaluate x(0) and x(7) to see if the end
points give a smaller or larger value.

& Evaluate x(6) to find the local minimum.

WRITE

Gradient table:

t 0 2 4 6 8
x'(t) + 0 - 0 +
Slope / - \ _ /

When ¢ = 2 a local maximum occurs and when
t = 6 a local minimum occurs.

x(2) = %(2)3 -4 +12(2) + 1
—16+24+1

so a local maximum occurs at (2, 11%).

x(6) = %(6)3 —4(6)* + 12(6) + 1

=72-144+72+1
=1
so0 a local minimum occurs at (6, 1).

x(0) = 1 which is equal to the local minimum
above
x(7) =17 =4 +12(7) + 1
= 1141 — 196 + 84 + 1

=3 % which is between the local maximum

and minimum above.
Therefore the maximum displacement is

11% units from the origin and the minimum

displacement is 1 unit from the origin.
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Maximum and minimum
problems when the function is
known

1 For each of the following, write the expression for the derivative indicated.

EXERCISE

a C=s5x-22+10,9€ b P=r’+202—5.Jn, €
dx dn
_14_2,3 4V
C V_Zh 3h’dh
For questions 2 and 3, the function Q = n* — 30 + 5, 0

0 <n <5, is graphed at right.

2 _ choice

The minimum value occurs where n equals:

A 2 B 0 Cc 1 0 ; —
D 2 E 5 2 5
3 multiple choice
The maximum value occurs where 7 is equal to:
A0 B 2 c s D1 E -1

WORKED 4 The profit, $P per week, of a small manufacturing company is related to the number of

% workers, n, by:

P=—%n3+96n+600

Find:

a the number of workers needed
for maximum profit per week

b the maximum profit per week.

5 The cost, $C, of producing x-metre
lengths of a certain tow rope is:

C= %xz — 8x + 100 per rope, x > 0
What is the length of the cheapest tow
rope that can be produced?

WORKED 6 The number of people, P, visiting a
Example . . .
d certain beach on a particular day in
January depends on the number of

hours, x, that the temperature is below
30°C according
to the rule P =x* — 12x* + 21x + 105
where x 2> 0.

Find the wvalue of x for the
maximum and minimum number of
people who visit the beach.
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7 The number of rabbits, N, which feed on a particular farmland on any night can be
modelled as N = —%x3 + 5x% + 75x + 500 where x is the average overnight temperature
in °C and x > 5.
Find:
a the temperature for the minimum and maximum number of rabbits
b the minimum and maximum number of rabbits that will be found on the farmland.

Chapter 2 Applications of differentiation

8 The length of a snake, L cm, at time 7 weeks after it is born is modelled as:

L=12+6t+0.0120—-1%0<1<20
Find:
a the length at i birth and ii 20 weeks
b R, the rate of growth, at any time, ¢ ¢ the maximum and minimum growth rate.

9 The profit, $P, per item that a store makes by selling n items of a certain type each day
is P =40./n+25-200-2n.
a Find the number of items that need to be sold to maximise the profit on each item.
b What is the maximum profit per item?
¢ Hence, find the total profit per day by selling this number of items.

Maximum and minimum problems
when the function is unknown

When solving maximum and/or minimum problems when the function is not given directly,
a rule for the function must be obtained from the given information. This rule should have
the quantity being maximised or minimised in terms of one variable only. Sometimes a
diagram will assist in establishing the rule. Then solve the problem using differentiation.
These steps should be followed.

Draw a diagram if appropriate.

Identify the quantity to be maximised or minimised.

Express this quantity in terms of one variable only.

Solve f'(x) = 0.

Verify it is a maximum or minimum using the first derivative test.

Answer the question which has been asked.

— WORKED Exampie @

The sum of two positive numbers is 10. Find the numbers if the sum of their squares is a
minimum.

SNk v =

THINK WRITE
1 Let x = one number and y = the other Let x = Ist number and y = 2nd number.
number and form an equation. x+y=10
2 Express y in terms of x. Soy=10-x
3 Write an expression for S(x), the sum of S(x)=x+)?
the squares of x and y, in terms of x only. =2+ (10 — x)?

Continued over page @
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THINK WRITE
4 Simplify the equation. =x2 + 100 — 20x + x*
= 2x* — 20x + 100

5 Find S”(x). S’(x) =4x-20
6 Find x for minimum S by solving Function has a stationary point when S’(x) = 0

S’(x)=0. 4x-20=0

4x =20
x=5

7 Verify that it is a minimum by the first Gradient table:
derivative test.

X 4 5 6
S’(x) - 0 +
Slope \ _ /

So x =5 gives a minimum for S.

g Find y. Whenx=35, y=10-5
=5
9 State the two numbers. Therefore, the two numbers which give a

minimum of their squares are both 5.

Note: The actual sum was not asked for in this example.

— Example ’0

A cuboid container with a base length twice its width is to be made with
48 m* of metal.

Tutorial:

8 2 Worked example 10
a Show that the height 7 = = — ?x , where x is the width of the base. int-0561
X

b Express the volume, ¥ in terms of x.
¢ Find the maximum volume.

THINK WRITE
a (1 Draw a diagram of a cuboid. a ,
h /,/'/ 2x
X
2 Let x = width of base and hence Let x = width and 4 = height

express length in terms of x. so length = 2x




65

Chapter 2 Applications of differentiation

THINK

3 Calculate the total surface
area (T.S.A) of the cuboid in
terms of x and /4 only.

4 Express 4 in terms of x.

b 4 Find the volume, ¥, in terms
of x and /.

2 Express the volume in terms
of x by substituting for 4.

¢ 1 Solve V'(x)=0.

9 Verify that x =2 gives a
maximum.

3 Substitute x = 2 into the rule
for V(x) to obtain the
maximum volume.

¢ V’'(x) =16 — 4x* = 0 for maximum or minimum

WRITE

T.S.A. = 2[2x(x) + 2x(h) + x(h)]
= 2(2x* + 3xh)

= 4x% + 6xh
AsT.S.A. =48 m?
4x% + 6xh = 48
6xh = 48 — 4x°
o 2
p= A8 —4x
6x
_ 48 4x?
6x 6x
_8 2x
x 3
b V= x(2x)h

4x* = 16
=4
x =2 or -2 (reject —2 as width cannot be negative)

Gradient table:
x 1 2 3
V'(x) + 0 -
Slope / - \

The maximum volume is achieved when x =2 m.

3
V(2)=16Q2) - 4—(?
— _ 32
=32-2
=32-102
=211
3

Therefore the maximum volume is 21% m3.
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— Example ”

equation y = x — 4 to the point (1, 1):
a by hand
b using the TI-Nspire CAS calculator.

THINK

a (7 The minimum distance between a
straight line and a point is a
perpendicular line from a point on
the straight line, Q (x, ), to the point
P(1,1).

2 From the given rule for the straight
line, find y in terms of x.

3 Find the distance d(x) between P and
Q in terms of x only using the
formula for the distance between
2 points.

4 Differentiate d(x) using the chain
rule (or differentiate the expression
inside the square root only, as the
smallest value of this expression will
give the minimum distance when the
square root is taken).

5 Solve for x where the derivative
equals zero.

¢ Verify that x = 3 gives a minimum.

Find the minimum distance from the straight line with y=x—4

P(1,1)
1 \ /

o 4 x
Q)

g

WRITE/DISPLAY

a Let Q be the point (x, y).

As Qisontheliney=x-4
then Q is (x, x — 4).

d(x)= JOr, = x>+ (v, = 1)
=J(x—1)2+(x-4-1)2
= J(x—1)2+(x-5)?
= Jx2—2x+1+x2—10x+25

= A2x2—-12x+26

1
4 2x2 - 12x+26)
dx

_1 1
=1 (- 12)- 1
(2x2 - 12x +26)?
L 4x-D2
2.2x2-12x+26

OR

d » 2

L (252 12x +26)
dx

=4x—12
For maximum or minimum,
4x—12 —0
242x2—12x +26
4x—-12=0
4x =12
x=3
Gradient table:
x 2 3 4
Derivative (4x — 12) - 0 +
Slope \ _ /

So x = 3 gives the minimum distance.
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THINK

7 Evaluate d(3) to obtain the minimum

distance. The exact answer is /8
and 2.828 is an approximate answer.

For the TI-Nspire CAS

b g

The minimum distance between a
straight line and a point is a
perpendicular line from a point on
the straight line, Q (x, ), to the point
P (1, 1).

The y-coordinate of Q can be
expressed in terms of x, as Q is on
the line y =x — 4.

The distance between P and Q can
be found using the formula for
distance between two points.

On a Calculator page, complete the
entry line as:

Define
d(x)=J(x—1)2+(x—4—-1)2
then press ENTER Gaw.

To find the value of x for which d(x)
is a minimum, complete the entry
lines as:

fMin(d(x), x)
d(3)

pressing ENTER G after each line.

Write the answer.

WRITE/DISPLAY

d(3) = J2(3)2-12(3) +26
= ./18-36+26
-8

or =2.828

Therefore the minimum distance is A/g units
or approximately 2.828 units.

b Let Q be the point (x, y).

Pis (1, 1).
Qis (x,x —4).

d(x)= (=22 + (1= 71)?
dx) = J(x—1)2+(x—4-1)

uip» *Unzaved w ﬂn

Define ae)=le-12+be-1-1)2 fine
|

1759
i) *Unsaved w =8
Define &)_J(x_l)2+(x_*_1)2 Done |
Min{alx).x) =3
4f3) 2
a(3) 2382843

499

Using a CAS calculator, d(x) is a minimum
when x = 3.

Therefore the minimum distance is approxi-
mately 2.83 units.
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— 3
2

3

Maximum and minimum
problems when the function is
unknown

In this exercise, your teacher will indicate the level of use of your calculator.
The sum of two positive numbers is 10. Find the numbers if their product is a
maximum.
The sum of two positive numbers is 8. Find the numbers if the sum of the cube of one
and the square of the other is a minimum.
A rectangular frame is to be made from a piece of wire 120 cm long.
a If the width is x cm, show that the length is 60 — x.
b Find an expression for the area of the rectangle in terms of x.
¢ Hence, find the dimensions for maximum area.
d Find the maximum area.

Find the area of the largest rectangular paddock that can be achieved with 400 metres

of fencing.
Length

Cylindrical, cardboard postal tubes are made with the §
restriction that the sum of the length and the circular
circumference are 120 cm. What should the dimensions ™ :
be for maximum volume?

Circumference

The frame of a container in the shape of a cuboid is L
shown at right.

If it is to be made with a total length of 18 metres of steel
edging, find: 2%
a the value of L in terms of x -
b the expression for the volume in terms of x only =
¢ the length of each edge for maximum volume

d the maximum volume.

A cuboid with a square base is to be made with 200 cm? of material.
a Show that the height, & = 57? — %, where x is the side length of the base.

b Express the volume, V in terms of x.
¢ Find the maximum volume (to the nearest unit).

A window frame is in the shape of a semicircle joined to a rectangle.
Find the maximum area of a window using 300 cm of framework.
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A rectangular sheet of cardboard, 50 cm by 40 cm, is to 50 cm
have square corners cut out so it can be folded into a o H
rectangular tray.

Find the maximum volume possible for such a tray. 40.cm
[t 1

A bushwalker can walk at 5 km/h through clear B
land and 3 km/h through bushland. If she has to H * 1
get from point 4 to point B following a route
indicated at right, find the value of x so that the Bush* Clear
route is covered in a minimum time. 3km *
(Note: time = d___istance) * * &

speed *
The cost of running a train at a constant speed * .

A 2 km

2
of v km/h is C = 50 + —— dollars/hour.
1000

a Find the time taken for an 800-km journey in terms of v.
b Hence, find an expression for the cost of an 800-km journey.
¢ Find the most economical speed for this journey.

Find the side length of the largest cube which can fit inside

a sphere of diameter 24 cm. ; /
|
|
| +

A cylinder of cheese is to be removed from a spherical
piece of cheese of radius 8 cm. What is the maximum
volume of the cylinder of cheese? (Express the answer to
the nearest unit.)

Find the minimum distance from the line y = 2x + 3 to y
the point (1, 0). y=2x+3
3
Minimum distance
)
T T T
-2 / 0 1 *
Find the minimum distance from the parabola y = x* YA y=x2
to the point (5, 0). (Express the answer to the nearest
hundredth.)
L (5.0)
of ¥ 5 0*
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16 A comet is following a path in the same plane as Mars according to the rule
y= %xz — 4 where Mars is the origin and x and y are in millions of kilometres.

\_/I

eBook o/

What is the closest distance the comet gets to Mars?

WorkSHEET 2.2

Cross-country run

Joanne is training for a cross-country run.
Part of her course requires Joanne to run
along a muddy track and then through dense
bush. Joanne needs to work out how far along

the muddy track she should run before she A 3.8 km———> 5
should go through the bush. She knows that BZ P ]
she can average 5 m/s along the muddy track Muddy T
and 2 m/s in the bush. The muddy track is 0k 27 km
3.8 km long and the bush is 2.7 km deep. LS

ind: (l:

F
1 The distance from P to C.

2 Write an expression for the time taken to travel from P to C.

3 Write an expression for the total distance from A to C via P.

4 Write an expression for the total time taken for Joanne to travel from A to C.
5 Find the value of x, which will give Joanne the minimum time to run the
course.

Find the time it takes Joanne to run the course.

Joanne’s friend Peter, who is helping Joanne train, does not believe that her
value for x is correct. He believes that Joanne should run 1.5 km along the
muddy track before heading through the bush. What is the time difference for
Joanne to run the course following Peter’s advice?

N O
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Rates of change

The derivative of a function is used to find the gradient of a function or the rate of
change of a function.

The derivative of y with respect to x is ;ﬂ) , which gives the instantaneous rate of
x

Rates of change X
int-0253 change of y with respect to x.

If gz > 0 then y is increasing as x increases (gradient is positive) and if gl <0
X X

then y is decreasing as x increases (gradient is negative).

The average rate of change of a function is like the ) Jix)
gradient of a straight line between two points. Qx, v2)
The average rate of change from x = x; to x = x; is: \ P

Y2—= M I()Cl, y1) |
Xy — X 0= n *

Note: Rates of change are often calculated with respect to time, but not always. If you
are required to find the rate of change with respect to some quantity other than time
then the quantity must be stated. If this quantity is not stated then the rate of change is
taken as being with respect to time.

— Example ’2

a Find the rate of change of the surface area of a melting ice cube with respect to its side
length.

b What is the rate of change when x = 2 cm? (Assume that the ice cube remains in the
shape of a cube.)

THINK WRITE
a 1 Express the surface area, S, of the a S = 6x? (total surface area of a cube)
cube in terms of its side length, x.
. .dS dsS
Find =—. — =12
o tin dx dx *
3 Place a negative sign in front of the ds .
f . . But — = —12x because the surface area is
rate as the ice cube is melting (that dx
is, the rate is decreasing). decreasing.
b 4 Substitute x = 2 into ds b When x=2
dx ds
— =-12(2
i (2)
=-24
2 State the solution. Therefore, the rate of change of the surface

area when x = 2 cm is =24 cm*/cm (it is
decreasing at a rate of 24 cm’/cm).
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— Example ’3

The number of mosquitoes, N, around a dam on a
certain night can be modelled by the equation

~N=39 1 100+ 1000
2t+1
where ¢ equals hours after sunset. Find:
a the initial number of mosquitoes
b the average rate of change in the first 4 hours
¢ the rate of change at any time, 7
d

the rate of change when 7 = 4 hours.

THINK WRITE
. _ 400
a (1 Write the rule. a N= + 100z + 1000
2t+1
2 Find N when = 0. When =0,
N= 4% +0+ 1000
= 1400
The initial number of mosquitoes is 1400.
b 4 Find N when ¢ = 4. b When =4,
N==290 1100 4+ 1000
2 4+1
=44.4 + 400 + 1000
= 14444

that is, 1444 mosquitoes (as the number has
not reached 1445).

2 Calculate the average rate between The average rate of change in the first
t=0andr=4. 4 hours
_ 1444 - 1400
4
_u
4
= 11 mosquitoes per hour.
¢ Differentiate N with respect to ¢, to find dN = ioz + 100
dN e @r+1)
dr’
. dN
d Find ' when 7= 4. d When ¢ = 4 the rate of change is:
dv-_ 800 4 4qq
dt 92

= 90.1 mosquitoes per hour.
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Rates of change

In the following exercise, use a graphics calculator to assist with any graphing.

1 Express the following in simplest mathematical notation.

Q ™0 oo g Q

b
a

b

The rate of change of volume, ¥, with respect to radius, 7.

The rate of change of surface area, S, with respect to height, 4.
The rate of change of area, 4, with respect to time, 7.

The rate of change of cost, C, with respect to distance, x.

The rate of change of intensity, /, with respect to pressure p.
The rate of change of velocity.

Find the rate of change of the area, 4 = 7172, of an increasing circular oil spill with
respect to the radius, .
What is the rate of change when » = 10 metres?

Find the rate of change of the volume, V' = ‘3‘ m 73, of a deflating spherical balloon
with respect to the radius, 7.
Hence, find the rate when » = 5 cm.

A sugar cube dissolves in a cup of tea. Find the rate of decrease of its surface area, S,

when the side length, x, is 0.5 cm.

o0 g Q

The height of a projectile # seconds after being fired is 4 = 10 + 20¢ — 5£ metres. Find:

the initial height of the projectile

the average rate of change in the first 3 seconds

the rate of change at any time, ¢

the rate of change of height after i 1 second and ii 3 seconds. Explain the
difference between these two answers.

The volume of water (in litres) which has flowed through a swimming pool filter

100

4
¢ minutes after starting it is V' = L (30t3 - %) where 0 < ¢ <90.

b

C

At what rate is water flowing through the filter at any time, #?

Sketch a graph of ((li_lt/ over the domain [0, 90].

When is the rate of flow greatest?
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7 A particle moves in a straight line so that its displacement from a point, O, at any
time, ¢, is x = +/3t2 + 4. Find:
a the velocity as a function of time
b the acceleration as a function of time
¢ the velocity and acceleration when ¢ = 2.

8 If a particle is moving in a straight line so that its displacement from the origin at any
time, 7, is x = £ — 12¢% + 36¢, find:
a the velocity
b the time and displacement when the velocity is zero
¢ the acceleration when the velocity is zero.

9 multiple choice

IfV=F-27°7+ Sﬁ, where ¥ is in m® and ¢ is in hours
a the rate of change of J with respect to # when ¢ =4 is:

48 m’/h 32 m’/h 28 m’/h 34 m’/h 20 m*h
b the average rate of change from ¢ =1to ¢ =4 is:
132 m’h 102 m*h 3 mh -10: m’h E 0mh
10 The amount of chlorine in a jug of water ¢ hours after it was filled from a tap is
C = t—-————iol , where C is in millilitres. Find the rate of decrease of chlorine 9 hours

after being poured.
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BYmmary

Stationary points
* A function f(x) has stationary points wherever its derivative 7”(x) = 0.
 If f(a) = 0, then f(x) has a stationary point (a, f(a)) which is:
1. A local minimum turning point if:
forx<a, f(x)<0
and x > a, f'(x) > 0.
2. A local maximum turning point if:
forx <a, f(x)>0
and x > a, f'(x) < 0.
3. A positive stationary point of inflection if:
forx<a, f(x)>0
and x > a, f'(x) > 0.
4. A negative stationary point of inflection if:
forx<a, f(x)<0
and x > a, '(x) < 0.

Equations of tangents and normals
 The gradient of the tangent at x = a to the curve y = f(x) is /"(«).

* The gradient of the normal at x = a to the curve y = f(x) is ——

1
fla)

* The equation of a straight line with gradient m and passing through the point

(x, yy) 18
Y=y =mx—x))

Maximum and minimum problems

* When solving maximum or minimum problems follow these steps:
draw a diagram if appropriate

identify the quantity to be maximised or minimised (say, f(x))
express the quantity in terms of one variable only (say x)

solve f"(x) =0

verify it is a maximum or minimum using the first derivative test
sketch a graph to confirm the maximum or minimum found
answer the question.

S ey P> I =

Rates of change
* The instantaneous rate of change of y = f(x) at x = x, is given by f”(x)).

» The average rate of change of y = f(x) between x = x; and x = x, is:

Cs )= ies)

Xy =X
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The graph of y = (x + 2)° has:
A 1 turning point B 2 turning points C 1 point of inflection
D 2 points of inflection E 0 stationary points

The graph of x* + 2x* + x — 2 has:
A 2 points of inflection B 1 point of inflection C 1 turning point and 1 point
D 3 turning points E 2 turning points of inflection

The graph of %x3 — 4x> — 9x + 5 has a local maximum turning point at:

A (—1,9%) B (9,20) Cc (9, 18) D (1,—10%) E (—1,7%)

If the graph of g(x) has the following properties:
i g'(x)=0ifx=-3,1and 4
il g’'(x)<0ifx<-3and 1 <x<4
ili g’(x) > 0 for all other x
then the graph of g(x) could be:

y
M /\ -
T

o 4 0} 4\ %3
g(x)

8(x) /
: o1 \ g(x)
X

Determine the stationary points and their nature for the function f(x) = 2x> + 3x? — 36x + 5.

O
-

m
=

6 Sketch the graph of y = x*(16 — x?), clearly indicating all stationary points and intercepts.

The equation of a line with a gradient of 2 and passing through the point (1, =3) is:
A y=2x+5 B y=2 Cy=2x-1 D y=2x-5 E y=x+1
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9 imultiple choice
The equation of the tangent to the curve y = x(x + 2)(x — 1) at the point where x = —1 is:
Ay-x+1=0 B y-x+3=0 C y+x+3=0
Dy+x-1=0 E y-x-1=0

9 Find the equation of the tangent to the curve y = 6 — 3x + 2x* — x> at the point where x = 1.
2
10 Find the equation of the tangent to the curve y = xz — 5 which is parallel to the line

y—=3x—-7=0.

11 Find the equation of the normals to the curve y = x + l at the point where the normals are
parallel to the line 3y +4x — 10 = 0.

12 multiple choice

The graph of f”(x) shown at right indicates that the graph of

f (x) has: f@
a turning point at x =2 and x = —4
-4

B a turning point at x = 2 and point of inflection at x =

C a turning point at x = —4 and point of inflection at x =2 —4 o /2\ *
D 3 stationary points

E 2 points of inflection at x = -4 and x =2

Questions 13 to 17 follow from the isosceles triangle below which has a perimeter of 40 cm.

15 muléiple choice
The value of y in terms of x is:
A 40 - 2x B 20-x C 40-x D 20 -2x E X

14 FRGiIE choice
The height of the triangle in terms of x is:

A /400 —40x B 20-./40x C 400 —40x + 2x2
D 400 —40x + x2 E .J40x

15 multiple choice
The area in terms of x is:

A (20 —x)4/400 —40x B x./400 —40x + x? C 2x4/400 —40x + x2
D x./400—40x E 2x./400—-40x

16 Hltiple choice

The maximum area of the triangle is obtained if x equals:
A 62 cm B 10 cm C 20cm D 5cm E 102 cm
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17 multiple choice

Therefore, the maximum area possible is:
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A 502 cm®> B 64 cm? c 32/5em* D ‘%ﬁ E ‘%ﬁ

18 _ choice

The average rate of change of the function f(x) = x* — 3x> + 5x between x = 1 and
x=31is:
A 15 B 6 Cc 12 D 4% E 16

19 An iceberg in the shape of a cube is slowly melting. The rate of change of the surface area
of the iceberg in m*/m when the side length is 40 metres is:

A 480 B 240 Cc 720 D -480 E 240

Modelling & problem solving

1 The number of bees, N, in a hive can be modelled by the
function N = 2450 — ) + 180 where ¢ is the number of days
the hive has existed. What is the maximum number of bees in
the hive?

2 The area of a certain triangular shape is:

2
= 2x ,x>6
3(x—6)
where x is the length of the base of the triangle.
a Find the value of x for minimum area.

b Hence, find the minimum area.
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3 Consider the cone with a slant side of 10 cm shown at right.
a Show that the height, 4, is /100 —72.

b Show that the volume of the cone is V = % 2100 — 2,

¢ Hence, find the maximum volume.

10 cm

4 A manufacturing company is required to produce cylindrical cans (for tuna) of volume
50 cm®. Tin used to produce the cans costs 40 cents per 100 cm?.
a Find the area of tin required, 4, in terms of the radius, .
b Find the radius of the can (to the nearest tenth) for minimum area.
¢ Hence, find the minimum area (to the nearest tenth).
d How much is the cost of tin to produce 10000 such cans?

5 The cross-section of a pencil head when it is first placed in a sharpening device is shown
below.

Pencil —-
head

The gradient of the tangent at point A is 4.

The equation of the pencil head is y = 4x°.

If the x- and y-axes are as indicated and all distances are in centimetres, find:

a the coordinates of points A and B

b the equation of the tangent to the curve y = 4x” at point A

¢ the coordinate of point C

d the minimum distance from the pencil head to point C

e the length of the pencil head if it starts at the point where the normal at point A meets
the y-axis.

Digital doc:
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[ELD Equations of tangents and normals

Digital docs

e SkillSHEET 2.1: Practise finding equations of
normals (page 55)

e SKIlISHEET 2.2: Practise finding the equation of a
straight line (page 55)

* Spreadsheet 023: Investigate tangents and normals
(page 58)

e WorkSHEET 2.1: Find stationary points of
functions and sketch their graphs, find when the
rate of change is increasing or decreasing and find
equations of tangents and normals at given points
on a curve (page 58)

Maximum and minimum problems when
the function is known

Tutorial

o (07D int-0560: Watch a tutorial on applications of
maximum and minimum problems (page 60)

m Maximum and minimum problems when
the function is unknown

Digital doc

e WorkSHEET 2.2: Apply differentiation skills to
real-life problems (page 70)

Tutorial

o (WTZ1) nt-0561: Watch a worked example on
maximising volume (page 64)

Maths Quest Maths B Year |12 for Queensland

ACTIVITIES

y X 2x'-105x ' +1960x - 15160 x°+40320x + 11080
Y (%) 1500

X
304 5 6 7 R 9 1011 1203 1316 17 18 19 20
Distance (km)  Energy: GEE—@ s

B Rates of change

Digital doc

e SKIlISHEET 2.3: Practise subtracting function
values (page 73)

Interactivity
* Rates of change int-0253: Consolidate your
understanding of rates of change (page 71)

Chapter review

Digital doc

* Test Yourself: Take the end-of-chapter test to test
your progress (page 79).

To access eBookPLUS activities, log on to
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Introduction

Cell growth — seeking a model
A researcher is observing the growth of a particular type of cell in a laboratory
experiment. He obtains the following data.

1 2

3

4

1500 3446

5606

7917

Using a graphics calculator, we can try to find the model — that is, a formula
relating the number of cells (N) to the number of days (D) — that most closely fits
these data.

For the Casio fx-9860G AU
1. Press:

- (MEND)
* 2 (STAT).
Enter the data in the two lists.

. To graph this data on a scatterplot, press:

- (FD (GRPH)
. (SET).

Set the fields as shown.

. Press:

.
« (FD) (GRHI1).

. This scatterplot could fit an exponential curve. A

number of different models can be tested. The model
that best fits this data is the power model: y = a - x".

To find the values of a and b, press:

- (FD (CALC)
.
. (Pwr).
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For the TI-Nspire CAS

1. Open a Lists & Spreadsheet page.

Label Column A ‘Day’ and Column B
‘Number’, then enter the data in the appro-
priate columns.

. To graph this data on a scatterplot, open a
Data & Statistics page.
Tab to the horizontal axis and select Day and
then tab to the vertical axis and select Number.

. This scatterplot could fit an exponential curve.
A number of different models can be tested.
The model that best fits this data is the power
model: y=a - x”. To find the values of a and b,
press:

« MENU

* 4: Analyze {2)

« 6: Regression (6)

* 7: Show Power (7).

These procedures yield the relationship:

N =1500(D)'?

83

*Unsaved w an ﬁﬂ
number . . j
1500, I
3426
5606,
7917,
I
<[>
Em » *Unsaved w ﬁﬂ
8000 o
. 8000
z (6]
£
3 4000
@
2000
©
R 081216202428323640
day

i [ @a
8000
. 8000
QL
gl
£
3 4000
¥ = 1499 99.x ! 20001
2000
R 081216202428323640
day

Is there a method of producing this relationship whereby one can see what is hap-

pening rather than relying on the calculator? In the section that follows we shall see

that in data sets such as this, logarithms can be used for detecting power relationships.

The index laws

A number in index form has two parts, the base and the index, logarithm or exponent
and is written in the form:

ax

Base

/ Index, logarithm or exponent
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The index laws are:

1. When numbers with the same
base are multiplied, the indices
are added.

a - a=at

2. When numbers with the same
base are divided, the indices
are subtracted.

3. When numbers with an index or exponent are raised to another index or exponent,
the indices are multiplied.

(@) =a”

4. When numbers have an index of zero the answer is one.
a’=1
5. When a number has a negative index, it becomes a fraction with a positive index.
1 1

a¥=— and — = aF
a* a*

6. When a number has a fractional index, the denominator of the fraction becomes the
root.

1 x x
ayzK/Zz and ayzK/;Corayz(&/Zz)x

— Example ’

Simplify: (2x2%)7 - 3(xp*)?

6x4. 2xp4
THINK WRITE
21,3)3 . 4y2 3,619, 34218
1. Remove the brackets by multiplying the 2x7y 2 3(?} )y o 22Xy z 34x Y
indices. 6x% - 2xy 12xy
8,17
2 Add the indices of x and add the indices of = Mx%
y. Simplify 23 to 8 and multiply the whole 12x°y
numbers.
3 Subtract the indices of x and y. Divide 24 =23t
by 12.

For negative indices and fractional or decimal indices, the same rules apply.
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- Example 2

Write in simplest form:

2
a 64} b 32794,
THINK

a 4 Rewrite using the index law a> = ¥/a*.

2 Rewrite using X/a* = (K/Zz)x.
3 Simplify by taking the cube root of 64.
4 Square 4.

2. Change 0.4 to %.
3 Simplify the fractional index.
4 Rewrite using the index law a> = 2ax

5 Simplify by taking the 5th root of 32.

6 Square 2.

Write as a fraction with a positive index.

WRITE

2
a 645 = /642
= (3/64)*

— Example 3

Simplify, leaving your answer with positive indices.

positive index.

1o EEAY
24— 2
a a2t (@b41 b (”_f 2] || 3L
3 b i
THINK WRITE
a (1 Remove the brackets by multiplying the a a?b* (aPb ) =a2b* a3b*
indices.
2 Add the indices of a and of b. =a’b®
8
3 Place ¢’ in the denominator with a = b—s
a

Continued over page @
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THINK WRITE
L -l 2V
2hHh— 2
b 4 Remove the brackets by multiplying the b (a? 2} |(3a3 117 )
indices. 37b a*h?
_L
_a? |32a’3b4
IV
a*b
1 3
2 2
2 When dividing by a fraction, invert and _ab _ab
multiply. 3b2 9abt
ab?

3 Add the indices of a and of b in the =
numerator and add the indices of b in 27a3b?
the denominator. Multiply the numbers.

4 Subtract the indices of a and b. ==

If the expression contains different numbers which do not have the same base, write
each number as a product of prime factors.

- Example 4

3n. 6n+1 . 1201

Simplify:

32n . 8”
THINK WRITE
1 -1
1> Write each number as the product of 3" 6}1; - 127
prime factors. 3. 8n
_3n- (3. 2)ntl. (22 3yl
- 32n . 23n
3n. 3n+tl. gn+l . 22”’2, 3n-1
2 Remove the brackets. =
32n, 23n
o . . 33n. p3n-1
3 Add the indices of numbers with base 3 in = EVRCEE
the numerator and add indices of numbers '
with base 2 in the numerator.
4 Subtract the indices. =3". !
1
5 Write the term with a negative index in the =3"- 5
denominator with a positive index.
& Simplify. - 33

When numbers with the same base are added or subtracted, the normal rules for addi-
tion and subtraction apply. If the indices are negative, the terms are rewritten as frac-
tions with positive indices.
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— Example 5

An antique chair worth $15 000 is increasing in value by 10%

each year.

a Write an equation for the value of the chair, $v, in terms
of the time, 7, in years.

b Hence, find the value of the chair after 10 years. Give
your answer correct to the nearest hundred dollars.

THINK WRITE
a 1 Find by what percentage the a Appreciates by
chair appreciates each year. (100 + 10)% or 110%.
2 Write this as a decimal. 110% = %8—
=1.1
3 Find the value after 1 year. After 1 year it is worth $(15000 - 1.1)
=$16500
4 Find the value after 2 years. After 2 years it is worth $(15000 - 1.1) - (1.1)
=$(15000 - 1.1%
=$18 150
5 Find the value after 3 years. After 3 years it is worth
$(15000 - 1.1°) = $19 965
& Hence find the formula. Note: A v=15000- 1.1
formula does not include the dollar
sign.
b 4 Substitute £ = 10 in the equation. b v=15000- 1.1
2 Evaluate 1.1'°. =15000 - 2.5937425
3 Calculate v and express your answer =38906.138
correct to the nearest hundred = 38900 (to nearest 100)
dollars.
4 Write your answer in a sentence. The value of the chair after 10 years is about $38 900.

\ N Graphics Calculator tip! Isr:xlf‘l'lfz’;”llﬁ :i)égzeSSIons

n n+1 n—1

The TI-Nspire CAS can be used to simplify expressions of the form 3 -6 > ' 12 .
On a Calculator page, complete the entry line as: 378

" w1 no1 ;[l_llv *Unsaved w Q@
376 - 12 37 gmtl g an e

32n 8n g2 Tign 2
’ I

then press ENTER Giw.
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The index laws

1 Simplify:
a x3. x4 b x7 |2 ¢ (x%)°
4 5 2)3 5
0 e X x f (x9)° - x
d (x ) X3 (x5)2
5x2y* . 4xdy po3x%yS - 10xy* (2xp?)? - 5(xty)?
22532 5x2y0 4x5y3 . 3x2y3
(32x3y)2 - 2(xp3)°
4x4y? - 3x3y

2 Simplify without using a calculator.

2 3
a 273 b 16
e 81025 f 3615
243 -2 256 3
. : . (2563
: (5) J (81)

a 3x3yr- (xZy)*
3

2

12 3 o\1
¢ 2x%y3. (9x2y )i
173 LN
e (x‘zyz) . (9x 5y 2
3 2 N3
a’b2c a’h3

, (2
3a 2bc?

)—2
4 Simplify:
a 2n. 4ntl. gn-1 b 3n. gn-1

32. 23
3

92

e

d 2. 3nt1. gn

C 25_% d 100 000_2
1 2
9 (3 h (&)

3 Simplify, leaving your answer with positive indices.

b x4y—1, (x—2y3)—1

13 12 1N2
d s5x 3y4. (83x3y 2)
1 1
1y 2 IN2 N
f 162(x5y 4) : (4x5y)
3 3\72 ,
hola 2p4 |(9a‘3b)5
ab? 4a2p3
. 27n+1 C 2n—1, 3n. 6n+1
- 16 523127
125- 92 5
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5 Simplify, writing your answer as a single fraction with positive indices.
_ 1
a XI+)—c: b (x1+x2)?
=t d 2x( )1 (xy)
xt+1 xT1-1
6 Ifa=2%b=273,c=6and d =37, find:

1
2 31
a a_lb b a’b=1d

CE 6’2

7 multiple choice

37 + 3% is equal to:
1+32
3x 3%

Al B

\évxgl'!nK:Il: 8 A population of organisms

d is growing so that the
number of organisms, N,
after ¢ days is given by the
formula N =500 - 2%

a Find the number of
organisms after 10 days.

b Find the size of the pop-
ulation after 15 days.
Give your answer to the
nearest whole number.

(i sl
LR = VG NS

9 multiple choice

A car worth $10000 is depreciating at 20% per
annum, so that each year the car is worth 80% of its
value the previous year. A model for the value of the
car, $V; in terms of the time, ¢, in years is:

V'=10000 - 20

V'=10000 - (0.2)

V=0.8- 10000

V' =10000(80)

V' =10000(0.8)

10 A ball is dropped from a window /# m above the ground. When it lands on the ground
it rebounds to 80% of its height. The equation showing the height of the ball,
h metres, after » rebounds is: 2 =10 - (0.8)".
a From how far above the ground was the ball dropped?
b How far above the ground does the ball reach on the fourth rebound? Give your
answer to the nearest centimetre.
¢ How far has the ball travelled when it hits the ground for the fourth time?

mooOwp)»
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Logarithms and laws of logarithms

Evaluate:
a log,1

THINK

- Example 6

a Log of 1 to any base is equal to zero: log,1=0. a log,1=0
b If the number and base are equal the answeris 1: b logs5=1
log,a=1.

The number 81 can be written as:
81 =3"%

That is, given the base 3 and the exponent 4 we can find the number 81 by
calculating3 - 3- 3- 3.

Note, however, that we need a calculator to compute 343.

3 M 4.5 gives 140.296
140.296 = 3*°.
What do we do if we are given the number and the base, but need to find the power?
100 = 10*
In this case, an easy calculation shows that 100 = 107,
However, how do we find x in an equation such as the following?
200 = 10"

This is where logarithms are useful.

If 200 = 10*
then x=log,, 200

= 2.301 (from calculator)
In general, if N=a"
then x = log, V.

Notes
l.a>0
2. log, N is defined only if N > 0

These statements can be used to form three simple and useful laws of logarithms.
1. It is known that ® = 1. Therefore, log, 1 = 0.
2. It is known that a' = a. Therefore, log, a = 1.

3. It is known that there are no values of x for which 10* = 0 and a* = 0. Therefore,
log,, 0 is undefined and log, 0 is undefined.

b logs5.
WRITE

— Example 7

Write in index form:

alog,8=3 b log,81=4.
THINK WRITE
a Usea"=y=log,y=x alog,8=3=2°=8

b Use a*=y = log,y=x b log 81 =4 < x*=81
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When written in index form an expression can be rewritten in logarithmic form.

37 =1 o log; (%) =-1

Chapter 3 Exponential and logarithmic functions

This is using the equivalent statements a* =y = log,y = x.
Other laws can be derived from the index laws.

4. Letm=da" Therefore, log,m = x.
Letn=d" Therefore, log,n = y.
mn=a*- @
mn=a*"*’ Therefore, log,mn =x+y
=log,m + log,n.
log,mn =log,m + log, n
5.0 = a ax—v
n a’
Therefore, log a’ﬂ =Xx-y
n
and log , ™ = log,m —log ,n.
n

6. m=a"=log,m=x known from the basic statement a* =y = log,»y = x.
m? = (a*)f =a™® Write each side of the equation with an index p and simplify.
mP = a™
Rewrite using an equivalent log equation, where a is the
base and xp is the index.
Replace x with its log equivalent, x = log, m, from step 1.

log,m? =xp

log,m?” =plog,m
7. Change-of-base rule ~ Suppose b = a”, then x = log,,b.
Consider N = 2’, then y = log, N.
But N=§" = (a*) = a”.
Therefore, log,N = xy = log,b log, N.
Thus,
log, N

log, N =
& log b

This is called the change-of-base rule.

- Example 8

Simplify without a calculator:

a log,5+log;2 b log,20 —log,5 ¢ log,16  d logs¥/x.
THINK WRITE
a (1 Rewrite using log,mn =log,m + log,n. @ log,,5 +log,,2 =log, (5 2)
2 Simplify. = log,, 10
Simplify using log, a = 1. =1
b @ Rewrite using log,Z = log,m—log,n. b log,20 —log,5 = log, (%Q)
n
2 Simplify. = ]0g4 4
3 Simplify using log,a = 1. =1

Continued over page @
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THINK WRITE
¢ (1 Rewrite 16 as a number with base 2. ¢ log, 16 = log,2*
2 Rewrite using log, m” = plog,m. =4log,2
3 Simplify using log, a = 1. =41
=4
1 1
d 4 Rewrite using X/a = a’. d 10g5§/;c = logsx°
2 Rewrite using log,m” = plog, m. = 1logsx

— WORKED Example @
Simplify: log; 27 + log; 9 — log; 81.
THINK WRITE

1> Write 27, 9 and 81 as numbers to base 3. log;27 + log; 9 — log; 81
= log; 3° + log; 3% — log; 3*

2 Simplify using log,m” = plog,,m. =3log;3 +2log;3 —4log;3
3 Rewrite using log;3 = 1. =3+2-4
4 Simplify. =1

— Example ’0

=3

IR\
{ plus
R log;9
Simplify: @ 2 +log,3 b 3log;6 —3log;18 ¢ fog. 27" Tutorial:
3 Worked example 10
THINK WRITE o
a (1 Write 2 as 2log,, 10 because log,,10=1. @ 2 +log,,3 =2log;,10 + log,3
2 Rewrite using log,m” = plog, m. =log,,10% + log 3
3 Rewrite using log,mn = log,m + log , n. =log,,(10% - 3)
4 Write 10% as 100. =1log (100 - 3)
5 Multiply the numbers in the brackets. =log,,300
b 4 Rewrite using log, m” = plog,m. b 3log;6 - 3log; 18= log;6° — log; 18°
3
2 Rewrite using loga’—n = log,m—log n. = 10g36—
n 183
3 Write 6>as6- 6 - 6and 18° as = log, (%)
18- 18- 18.
4 Simplify. = log; (%)
5 Write the number with base 3. =log, 37
6 Rewrite using log,m” = plog, m. =—-3log,;3
7 Simplify using log,a = 1. =-3-1
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THINK WRITE
log;9  log,32
¢ (1 Write the numbers with the same 1 o2 32 - 283 3
base. It is not possible to cancel the 08327 log;3
9 and the 27 because they cannot be
separgted f.rom the log. 2 log,3
2 Rewrite using log, m” = plog ,m. =
3 log,3
3 Cancel the logs because they are the =3
same.
— WORKED Exampie ] |
Find the value of log,18.
THINK WRITE
. . log N
1 The number 18 is not a simple power of log, N = Tou b
2. However, a calculator cannot 08,
compute logs to base 2 directly;
therefore use the change-of-base rule.
1 18
2 Choose a value of 10 for a. log,18 = %&2—
Use a calculator to compute the logs to 0810
base 10. _ 1.255
0.301
=4.17

The Casio fx-9860G AU can be used to evaluate logarithms to base 10.
To find the approximate value of log;,6, press: 7

* 1 (RUN).

Complete the entry line as:
log 6

then press @

The TI-Nspire CAS can be used to evaluate

logarithms to any base. R “Unsaved v E=lx]

1. To find the approximate value of log;,6, on a
Calculator page, press:
¢ Ctrl Cen) & /e ]
Use the NavPad to highlight the logarithm
template and then press ENTER Gawp. | =]

[EEEEE
Ex ol g2 80
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2. Complete the fields as shown. i woneaved - &0
This template can be used for any base. log_(6) tos_(6) 73

0.778151

— WORKED Example ’2

The apparent brightness of a star can be found using the formula B = 6 — 2.51log,, 4,
where A is the actual brightness of that star. Find the apparent brightness of a star with
actual brightness of 3.16.

THINK WRITE

1 Write the formula. B =6-25log,,4

2 Substitute 3.16 for 4. When 4 = 3.16,

B=6-25log,,(3.16)
3 Evaluate log,,(3.16) using a graphics =6-25-05
calculator.
4 Simplify. =4.75
5 Write your answer in a sentence. The apparent brightness of the star is 4.75.
remembeér

1. log,1=0
2. log,a=1 6. log, % =log,m — log, n
3. log,0is undeﬁneq. 7. log,m” = plog,m
4. log,x does not exist when x < 0. log N
5. log,mn =log,m + log,n 8. log, N = £q

log, b

a
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Logarithms and laws of
logarithms

EXERCISE

WORKED 1 Evaluate the following.

% a log;1 b logs1 ¢ log,2 d logs6 e log,0 f log,0

\évxgl'!nK:Il: 2 Write the following in index form.

d a log,16=4 b logy27=3 ¢ log,25=2
d log, 64=6 e logs125=x f log,,10000 = x
g logsx=5 h log,x=7 i logs G) =-1

ey (3) =2

3 Write the following in logarithmic form.

a 2°=8 b 2°=32 c 3*=38l1 d 3%=9
e #=x f#=x g =125 h 57=25
i2t=1 i 37=4 k x*=27 I p*=16
4 Evaluate using your calculator. Give your answer correct to 3 decimal places.
a log;y3 b log, 4 ¢ log;,0.5 d log,,0.8
e log,20 f log,,60 g log,,300 h log,,500
WORKED 5 Simplify without using a calculator.
m a logg3 +logy2 b log,,5 +log;,2 ¢ log;6 —log,2
d log,10 —log,5 e log,32 f log,81
1 1
g logs (3) h logs(5;)
6 Simplify:
a log, J/x b log, ¥/x ¢ 3log, ¥x

-

o

log x log; s x°
2 |5 33175
32 10

WORKED 7 Simplify without using a calculator.

d 410g4‘i/3_c

% a log,10 +log,2 —log,5 b logs10 +logs2 —logs4
¢ logs25 +logs 125 — log 625 d logs4 +logs (})
e ; log,, 16 + log,, 5* f1log 25 +logyy2
g log;2 —log;10 +logs 15 h logs4 —logs8 + logs 10
1
i log,16 +1log,8 + log,4 j log;6+log;x2 =1
WORKED 8 Simplify without using a calculator.
ﬁ a 4log, 12 — 4log, 6 b 3log,3 - 3log,6
¢ 2+logs10 —logs2 d 2+logs2 —logs 10
e 1+log,5 f 3 +1logy2
g log, 64 h log5125
log, 8 log 525
]oga,\/)_c . IOga)C2

log , x log , x3
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9

WORKED 10

11

12

13
14

WORKED 15
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Simplify without using a calculator.

a Slog;x + log;x* — logyx’ b 3log,x +log,x* —log,x°
¢ 3logyx—S5logyx+2log,x d 4loggx — 5logsx + loggx
e log,ox* +3log,yx —2log,ox f 4log,ox —log,ox + log o x*
g logs(x + 1)+ logs (x + 1)? h log,(x-2)*-2log,(x - 2)

Calculate, to 3 decimal places, the value of:
a log,40 b logs100 ¢ log;y,50

multiple choice

2log,y5 —log (20 + log, 8 is equal to:
A log 2 B —log,2 c1 D -1 E log, 4

multiple choice

If log, b = 2, then b is equal to:
A0 B 1 c2 D a E &

Ify=alog,, x, find x when @ = 2 and y = 3. Give your answer correct to 3 decimal places.
Find the logarithm of 5 to base 10. Give your answer correct to 3 decimal places.
Earthquake intensity is often reported on the Richter scale. The magnitude of R is

given by: R = log,, (%) + B where a is the amplitude of the ground motion in

microns at the receiving station, 7 is the period of the seismic wave in seconds, and B
is an empirical factor that allows for the weakening of the seismic wave with the
increasing distance from the epicentre of the earthquake.

Find the magnitude of the earthquake if the amplitude of the ground motion is
10 microns, the period is 1 second and the empirical factor is 6.8.
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Graphs of exponential and logarithmic functions
Consider the graph of y = 10* as shown at right.

Three features of this graph are worthy of note:

* The y-intercept is (0, 1).

* Asx — —oo the graph has an asymptote, y = 0.

* Asx —> oo,y —> oo,

p/
6
54
4
3
24

y=10%

— Example ’3

Using previous knowledge of the transformation of the graphs of functions, match each

equation (a—d) with a suitable graph (P-S).
ay=-2-10* b y=10*

1.5%

J

THINK
a i Compare y =—2- 10 to the graph
of y =10
The graph of y =—10" is obtained by
reflecting y = 10 through the x-axis.
9 The graph of y =2 - 10" is obtained
by dilating the graph of y = 10" by a
factor of 2 in the y direction.
3 The graph of y = 10" is obtained by
dilating the graph of y = 10" by a factor

of % in the x direction.

4 Write the answer.

cy=2- 10%
Q

dy=107%

15 -1 -05_J0)
_2.

WRITE

a A reflection in the x-axis

A dilation of factor 2 in the y direction

A dilation of % in the x direction

The graph R represents the graph of y =—2 - 10%.

Continued over page @

1.5%
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THINK WRITE

b Compare y = 10 to the graph of y = 10*, b A dilation of % in the x direction

Th h of y = 107 is obtained by dilating th
© Eraph oLy 15 obtained by criating te The graph S represents the graph of
graph of y = 10" by a factor of % in the x direction. y=10%,

¢ Compare the graph of y =2 - 10" to the graph ¢ A dilation of factor 2 in the y direction
of y=10" The graph P represents the graph of
The graph of y=2 - 10" is obtained by dilating the y=2- 10"
graph of y = 10" by a factor of 2 in the y direction.

d Compare the graph of y = 107" to the graph of d A reflection in the x axis followed by a

y=10" . ) ) dilation of factor of ! in the x direction.
The graph of y = 107" is obtained by reflecting the 2
graph of y = 10" in the x axis and dilating it by a The graph Q represents the graph

_ —2x
factor of 1 in the x direction. of y=10"".
2

The graphs of y = 10* and y = log,ox

From the equation y = log;,x we can deduce

that x =10". You will recall the relationship 3y- V= 10¢
between the graphs of inverse functions: the

graph of y = f~!(x) is obtained from the graph 2

of y = f(x) by a reflection in the line y = x. !

From the graphs of these functions it is clear J y=logjpx
that they are inverses.

Indicial equations

The equation a” = y is an example of a general
indicial equation and 2* = 32 is an example of =31
a more specific indicial equation.

To solve one of these equations it is necessary to write both sides of the equation
with the same base if the unknown is an index or with the same index if the unknown
is the base.

— Example ’4

Solve for x in each of the following.

1

a 2¥=32 b 5%=125 c3x=E d2. 3*=162 e 2 1=16
THINK WRITE
a (1 Write 32 with base 2, the same as the left-hand a2'=32
side. =27
2 The indices are equal because the base is 2 on x=5

each side of the equation.
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THINK

b g

Write 125 with base 5.

Equate the indices.
Multiply both sides by —1.

Write 27 with base 3.

Write 3% as a number with base 3.

Equate the indices.

Divide both sides by 2 to leave 3* on
the left-hand side.

Write 81 as a number with base 3.
Equate the indices.

Write 16 with base 2.

Equate the indices.
Solve for x.

WRITE
b 57=125
=53
—x=3
x=-3
c 3" - L
27
-1
_33
3x:3—3
x=-3
d 2 3=162
3* =381
=34
x=4
e 2 !'=16
=04
x—1=4
x=5

— WORKED Example ’ 5

In more complex equations it is necessary to write more than two terms with the same
base. The bases 2, 3 and 5 are the most commonly employed in order to simplify problems.

Solve for xin 5°- 25*~3=625:  a by hand
THINK
a (1 Write all numbers with the same base.
2 Simplify.
3> Remove the brackets in the index.
4 Add the indices on the left-hand side.
5 Equate the indices.
6 Solve the equation.
b 4 Tosolve 5. 25%~3 =625 forx,ona

Calculator page, complete the entry line
as:

solve(5* - 25% 73 =625, x)

then press ENTER Giw.

Write the answer.

b using the TI-Nspire CAS calculator.
WRITE/DISPLAY
a 5% 25%77=625

5. (52)2x—3 — 54
5. 52(2)(—3) — 54

§v. g6 _ g4
55x=6 _ g4
5x—-6=4
5x=10
x=2
b e o]
solve(s-252*3=625.x) X2 f

1789

Solve 5% - 25% 3 =625 for x.
x=2.
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Sometimes it is possible to use the methods for solving quadratic equations to help
solve indicial equations. Remember that 2% = (2).

— WORKED Example ’6

Solve for x in the following.
a2*-16)2*+4)=0 b3*-12.-3+27=0 ¢4 -2"31+16=0

Worked example 16
THINK WRITE 0530
a (1 Use the Null Factor Law to solve by a'-16)2*+4)=0
making each bracket equal to zero. (2*-16)=00r (2*+4)=0
Solve each equation. 2*=16o0r2"*=—-4
3> Write 16 as a number with base 2 but 2% = 2% or no real solution
—4 can not be written with base 2.
4 Solve by equating the indices. x=4
b 4 Write 3% as (3% b 3> -12- 3 +27=0
3 -12- 3+27=0
2 Let 3" = a to make a simpler quadratic a® — 12a + 27 = 0 where a = 3"
equation to solve.
3 Factorise. (a-3)a—-9)=0
4 Use the Null Factor Law by making a-3=0,a-9=0
each bracket equal to zero.
5 Solve for a. a=3,a=9
6 Substitute back a = 3". 3¥=3,3"=9
7. Write numbers with base 3. 3¥=313"=32
g Equate the indices. x=1,x=2
¢ 4 Rewrite 4% as (2%)? and 2°*3 as 2* - 23 c 4 —2*"34+16=0
(29 =2 2°+16=0
2 Rewrite 2° as 8. (29 -2 8+16=0
3 Let 2% = g to make a simpler quadratic @ —a- 8+ 16=0 where a = 2"
equation to solve.
4 Replace a - 8 with 8a because the a*—8a+16=0
coefficient precedes the pronumeral.
5 Factorise. (a—4)(a—4)=0
6 Use the Null Factor Law. a—4=0,a-4=0
7 Solve for a. a=4anda=4
g The two factors are equal because
a* — 8x + 16 = 0 is a perfect square.
9 Substitute back a = 2". 2'=4
j0 Write 4 as a number with base 2. 2% =22
11 Solve by equating the indices. x=2

Remember to always make the right-hand side equal to zero when solving quadratic
equations.

It is a good idea to substitute your answer back into the original equation to check
the accuracy of your work.
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— Example ' 7

Solve for x in the following.
1
ax*=8 bx2=3 c (x-2)*=625

THINK WRITE
a § Write 8 as a number cubed so that both sides of @ x* =38
the equation have the same index. ¥ =23
2. Equate the bases. x=2
1 1
b § Square both sides because x? is the inverse of x2 b x2 =3
and this will give x a power of 1. N2
([ -
2 Simplify. x=9
¢ (1 Write 625 as a number with an index of 4. ¢ (x—2)*=625
=54
2 Equate the bases because the indices are the same. x—-2=5
3 Solve for x. x=17

If the base is not the same and the numbers cannot be written with the same base then
logarithms can be used. It is possible to take the logarithm of both sides of an equation
provided the same base is used.

— Example ’8

Solve for x in the following. Give your answers correct to 3 decimal places.
as=1 b2¢"V=12

THINK WRITE
a (1 Take the logarithm of both sides to base 10 @ 5°=10
so that a calculator can be used. log,, 5" =log,, 10
2 Use log,m” =plog,m and log,a = 1. xlog,,5=1
. . 1
3 Divide both sides by log, 5. X = fog05
4 Use a calculator to simplify. x = 1.431 (3 decimal places)
b 4 Take the logarithm of both sides to base 10. b 26+ D =12
log,o2** D =1log,, 12
2 Use log,m” = plog,m to simplify. (x+ 1)log;(2 =log,, 12
Divide both sides by log, 2 (4 1) = 8ul2
. X = —
3 Divide both sides by log, Tog,,2
4 Use a calculator to simplify the right-hand x+1=3.585

side. Keep all digits in the calculator until
the final answer, then round off as required.
5 Solve for x. x=3.585-1
x = 2.585 (3 decimal places)
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Inequalities are worked in exactly the same way except that there is a change of sign
when dividing or multiplying both sides of the inequality by a negative number.

— Example ’9

Solve for x, giving answers to 3 decimal places:

i 2°>5
ii 0.5°<14
a by hand
b using the TI-Nspire CAS calculator.

THINK

a i 3 Take the logarithm of both sides to

base 10.

2 Use log,m? = plog,m to simplify.

3 Divide both sides by log,,2 which is
positive because 2 is a number greater
than 1.

4 Use a calculator to simplify.

Take the logarithm of both sides to
base 10.

2 Use log,m? = plog,m to simplify.

3 Divide both sides by log,,(0.5).
log,,(0.5) < 0 because 0 < 0.5 <1,
so change the sign.

4 Use your calculator to simplify.

On a Calculator page, complete the
entry lines as:

solve(2* > 5, x)

solve((0.5)* < 1.4, x)

pressing ENTER after each line.

2 Write the answer.

WRITE/DISPLAY

al 2'>5
log,(2* > log,(5
xlogy2 >log;y5
1
. 0g 93
log 2

x > 2.322 (3 decimal places)

0.5)"<14
log((0.5)" <log,,1.4

xlog,,(0.5) <log,,1.4

. log,,1.4
log,, 0.5

x 2—0.485 (3 decimal places)

b LR I) *Unzaved w =8
m‘ie(z",\sx) x>l’_’@ =
W) |
solve(z">s ,() X>2 32193
mlve(io.s}"n,h) XZ-0.485427
|
%]

i Solve 2*> 5 forx
x> 2.322 (3 decimal places).

Solve 0.5 < 1.4 for x
x = 70.485 (3 decimal places).
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A tennis ball is dropped from a height of 100 cm, bounces
and rebounds to 80% of its previous height. The height,
h cm, of the ball after n bounces is given by the

formula h=A4 -

3

a" where A cm is the height from
which the ball is dropped and a
is the percentage of the height
reached by the ball on the
previous bounce.

Find the values of 4 and a and hence write the formula for /4 in terms of n.
What height will the ball reach after 5 bounces? Give the answer to 1 decimal place.
How many bounces will it take before the ball reaches less than 1 cm?

THINK

a (1 The ball is dropped from a height of

A cm.

9 a is the percentage of the height reached
by the ball on the previous bounce.

3 Substitute the values for 4 and «a into

the formulah=4 - a".

Substitute 5 for 7.
2 Evaluate using a calculator.
Write your answer in a sentence.

w

Substitute 1 for 4.

Divide both sides by 100.

Take log of both sides to base 10.
Use log,m? = plog,m to simplify.

BWN -

5 Divide both sides by log,,(0.8).

6 Evaluate.

Bounces must be in whole numbers.

g After 20 bounces the ball reaches more
than 1 cm but after 21 bounces the ball
reaches less than 1 cm because it
bounces to a smaller and smaller height.
Write the answer in a sentence.

N

WRITE
a A=100
a=80%=30 =08
100
h=4-4d"
h=100- (0.8)"

b 7=100- (0.8)°
=32.768
The ball bounces to 32.8 cm after 5 bounces.

¢ 1=100- (0.8)
(0.8)"=0.01
log,(0.8)" =log((0.01)
nlog((0.8) =1log,,(0.01)
log,,0.01
log ;0.8
=20.64
=21
The ball reaches less than one centimetre
after 21 bounces.
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Indicial equations

1 Using previous knowledge of the transformation of the graphs of functions, match
each equation (a—d) with a suitable graph (P-S).

a y=2" b y=-2¢ c y=2% d y=2. 2
P Y,
Q J
3_
2
1_
-3 3 2 -1 0 1 2 3*
_1_
D 2
R YA S )
44 2
34 14
2- . . . . —>
3 o= 0 1 2 3
4/1 I
T T T T T | e —2'
3 2 -1 0 1 2 3%
—1- -3+
24 —4
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2 Using previous knowledge of the transformation of the graphs of functions, match
each equation (a—d) with a suitable graph (P-S).

a y=-log,x b y=21log,x ¢ y=log 2x d y=log;(x -1)
P y Q Y
3- 31
21 2
1 1 //-
-1 0 1,2 3 a1 5% -1 0/ 1 2 3 a4 5%
14 —14
-2 —24
-3 -3
R Y Y
3- 5 3
24 2
14 ///////””””—— 14
= I 7 S T T S T R D S Y T
—14 —1A
2 2
_3_ _3_
\Elvxgl'lnl(sllz 3 Solve for x in each of the following.
j’ a 3¥=81 b 2°=64 ¢ 5%=25 d 10~ = 1000
1 _ 1 _ _ 1 o
e =32 f ik g 7= h sv=—
i 243*=3 j 10000° =10
4 Solve for x in each of the following. s”"s,::e?f;}:,
a 3. 2"=48 b 2.5=250 ¢ 3*"1=27 d 6¢72=216 SKINISHEET 3.2
o 1 o 1 L B Solving equations
e 52l = s fro33x-2= wm g #7%=1 h 2%-6=1 SKllSHEET 3.3
Solving indicial

WORKED equations by equating

5 Solve for x in each of the following.

% a 33712243 b 5. 52t —@5¢ 2. 4 '=16 d 4 162 =64
3 1

33x+1 52x-1 l. -3 . 0i. g1
o3 = 8] f 2= = 625 g 125,C:52 625 * K 128x = = °

4x-3 1
25 25 168

the bases

‘z”x‘i'.‘n".fn'l 6 Solve for x in the following.
ﬂ a 3*-9)3 = 1)=0
d 6-7-6"+6=0
g 4% -20- 4 =-64
i 9°=2.3"+3

b (5"-125)(5-5)=0 ¢ 2%-6-2+8=0
e 25+4.5-5=0 f 4-6-2"-16=0
h 3%-36- 3"=-243 i 4°=33.2°-32



106

Maths Quest Maths B Year 12 for Queensland

WORKED 7 Solve for x in the following. . .
% a x°=243 b x=125 c x2=4 d x=3

e (x—1P°=8 fo@x+1)*=81 g 5x+27%=80 h 7(x-3) =224
WORKED 8 Solve for x in the following. Give your answer correct to 3 decimal places.

% a 2=5 b 3*=12 ¢ (03¢ =10 d (12%=7
e (1472 =6 f 06!"*=8 g 3.-5=27 h 2. 4=22

i 5 7=1 i 4-6°=1 k 293t l=10 | 5. 2°°1=100
WORKED 9 Solve for x in the following. Give your answer correct to 3 decimal places.
ﬂ a ¥>5 b 5<2 ¢ 22<7 d 4726

e (02y*>3 f 03y<4 g 77205 h 6°<06

i 04y >02 i (0.57<09

multiple choice

The value of x for which 5 - 2% = 1255, correct to 3 decimal places is:
A 7971 B 897.750 C 897.749 D 7.972 E 2.059

SKillSHEET 3.4

Solving linear equations
WorkSHEET 3.1 11 multiple choice
The solution to the equation 10% =3 - 10° + 4 is:
A logyo(-1), log o4 B -1,4 C 10°+1,10°—1
D 0,0.602 E log, 4

ggll!“Kﬁlg 12 If $10000 is invested at 6% p.a. compound interest, the amount after n years is given
ﬂ by the formula 4 = 10 000(1.06)". Find:

a the amount after 5 years, giving your answer to the nearest dollar

b the number of years it takes for the investment to be worth $16 000, giving your

answer to the nearest year
¢ how long it would take for the investment to double in value.

13 A new car costing $25 000 is depreciating at 15% per year.
a What is the value of the car after one year?
b What percentage is that of the original cost?
The value of the car at the end of any year can be found by using the formula

V= C(l - T%(—)) , where $7 is the value of the car, C is the original cost of the car,

r is the rate of depreciation, and # is the number of years after purchase.

¢ Write the formula for V in terms of n, substituting values for C and r.

d What will the car be worth after 6 years?

e How long will it take before the car is worth $500?

f  Will the car ever be worth $0? Give reasons for
your answer.

14 The diameter of a tree trunk increases according to the
formula: D = 410%%¥ where D cm is the diameter of
the trunk ¢ years after it is first measured and 4 cm is
the diameter of the trunk when it is first measured.

a Write an equation for D in terms of ¢ if the trunk
had a diameter of 20 cm when it was first meas-
ured.

b When will the diameter be 25 cm?

¢ After how many years will the diameter be
greater than 30 cm?
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Logarithmic equations using any base

The equation log,y = x is an example of a general logarithmic equation. Laws of loga-
rithms and indices are used to solve these equations.

— Example 2'

Solve for x in the following equations.
a log,x=3 b log3x4=—16 c logs(x—1)=2
THINK WRITE
a (1 Rewrite using a* =y < log,y =x. a log,x=3
B =x
2 Rearrange and simplify. x=38
b 4 Rewrite using log, m” = plog,,m. b log;x*=-16
4logyx =-16
2 Divide both sides by 4. log;x=—-4
3 Rewrite using a* =y & log,y = x. 3% =x
4 Rearrange and simplify. X = i4
3
=1
81
¢ (1 Rewrite using a* =y < log,y =" ¢ logs(x—1)=2
2=x-1
2 Solve for x. x—1=25
x =26

The base of a logarithmic function and the base of an exponential function must be a
positive real number other than 1.

— Example 22

Solve for x in each of the following.

alog,4=2 b log 81= ‘3—' c log, (L) =-3

125
THINK WRITE
a (1 Rewrite using ¢* =y & log,y =x. a log, 4=2
2
x=4
2 Solve the quadratic equation. x> —4=0

x=2)x+2)=0
x—=2=0o0rx+2=0
x==x2
3 Check to see if solutions are valid. x =2 is the only solution.
This is the only solution. The solution x = -2 is not valid because the base of a
logarithmic function must be a positive real number other than 1.

Continued over page @
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THINK WRITE
b 4 Rewrite using a* =y < log,y = x. b log 81 =12
1 g y gaV gx 3
4
x3 = 81
2 Cube both sides. x* =813
3 Take the 4th root of both sides. 4/v4 = 4/813
4 Rewrite. = (481)°
5 Take the 4th root of x* and of 81. x=33
6 Simplify. =27
¢ (1 Rewrite using ¢* =y < log,y =x. ¢ log, (% =-3
3 _ 1
SR TT:
2 Write 125 as a number with a similar = %
index. °
3 Rewrite with the same indices. =53
4 Equate the bases. x=35
— WORKED Example 23
Solve for x in the following.
alog,16=x b log3; =x ¢ logy3=x
THINK WRITE
a (3 Rewrite using ¢* =y < log,y =x. a log,16 =x
2'=16
2 Write 16 with base 2. =24
3 Equate the indices. x=4
b 4 Rewrite using a* =y < log,y = x. b log, % =x
=1
3
-1
= N
2 Write % with base 3. 3 =371
3 Equate the indices. x=-1
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C

e B w N

THINK

Rewrite using a* =y < log,y = x.

Write 9 with base 3.
Remove the brackets.
Equate the indices.

Solve.

WRITE
¢ logy3=x
9°=3
(3%)'=3
32‘( — 31
2x=1
x=1

— Example 24

Solve for x in the following.
a log,4 +log,x—log,8 =3 b log,,x +log,(x - 3)=log,,4

THINK

1

Simplify the left-hand side.
Use log,mn = log,m + log,n and

log, 2 =1log, m — log,n.
n
Simplify LHS.
Rewrite using a* =y < log,y = x.

Solve.

Simplify the left-hand side by using
log,,mn =log,m + log ,n.

2 Equate the logs.

3 Expand.

Solve the quadratic equation.

x>0, x — 3 > 0 because it is not
possible to take the logarithm of a
negative number, x > 3.

WRITE
a log,4 +log,x—1log,8 =3

e (7] =3

X
10g22 3
3=
2
x=2- 23
=2-8
=16

b loglox + loglo(x - 3) = 10g104
logox(x —3) =log,,4

x(x—=3)=4
X —3x=4
¥ -3x-4=0

x-4Hx+1)=0
x=4orx=-1
x =4 is the only solution.

Cell growth — a model revealed
At the beginning of this chapter we looked at a researcher who was growing cells in a
laboratory, and the problem he faced in finding a model, or mathematical formula,
relating cell number and days of growth. In other words, given a set of data, how could

he determine a power relationship (y = ax") between the variables x and y?
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— Example 25

A researcher is observing the growth of a particular type of cell in a laboratory
experiment. The following data are obtained.

If a relationship of the form NV = AD? is suspected, use a graphical method to calculate
values of 4 and p, and hence state the relationship.

THINK WRITE
1 State the form of the relationship. N=AD"
2 Take the log of both sides to base 10. log N = log AD?

Note: by convention we often write log
a instead of log,, a.

3 Rewrite using log N=1log 4 + log D¥
log, mn =log, m + log, n.

4 Rewrite using log, m” = p log, m. log N=1log A+ plog D
Change order of terms. log N=plog D + log 4
6 Relate to the equation of a straight line. ~ This is of the form of a straight line y = mx + ¢

7. Complete a table of values to obtain

points to plot. We want to graph log N D ! 2 3 4
against log D. log D 0 | 0.301 | 0.477 | 0.602
N 1500 | 3446 | 5606 | 7917

Maths Quest Maths B Year 12 for Queensland

If a power relationship, y = ax”, is suspected, begin by taking the logarithms of both
sides of the equation.
y=ax"
log,y y = logq ax"
=log;o a *+ log;o x"
=log,ya + nlog, x
That is, log,qy = log;y a + n log, x.

If we graph log,, v (Y) against log,,x (X) a straight line will result. The equation of
the straight line is:

Y=log,ga+nX
The gradient of the straight line is #, and the Y-intercept is log;,a.

Before graphics calculators and computers became easily accessible, people used
log-log graph paper to investigate relationships suspected to be of the form y = ax”.

1 2 3 4

1500 3446 5606 7917

where y = log N and x = log D.

log N | 3.176 | 3.537 | 3.749 | 3.899
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THINK WRITE
Use the coordinate points to draw a
graph of log N against log D. 4'2:
> 35 /__/
g 3]
2.5
2 -
1.5
1 -
0.5 1
O T T T T T T T T T T T T T 1
0 01 02 03 04 05 06 0.7
log D
Read the value of the vertical intercept log A =3.176
from the graph. This gives us the value
of log 4.
q0 State the value of 4. (Use the table to A =1500
obtain this.)
. . . . 3.899 —3.176
Calculate th dient of the line. Th Gradient = —————
11 Calculate the gradient of the line. This radien 0 c03 -0

gives us the value of p.

=1.20
S0 p=12
12 Substitute the values of 4 and p to state the N=AD"?

relationship. N = 1500 D'
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Logarithmic equations using
any base

EXERCISE

ggl'!“KEII: 1 Solve for x in the following.
- a logsx=2 b log;x=4
¢ log,x=-3 d log,x=-2
e log,,x*=4 folog,x*=12
g log;(x+1)=3 h logs(x—2)=3
i log,(2x-3)=0 j log,y2x+1)=0
k log,(-x)=-5 I logy(—x)=-2
m logs(l —x)=4 n log;,(5-2x)=1
WORKED 2 Solve for x in the following.
ﬁ a log,9=2 b log, 16=4
¢ log,25=1 d log,125=2
1 _ 1) =
e log, (g) =-3 f log, (6—4) =-2
g log,6*=2 h log 4°=3
WORKED 3 Solve for x in the following.
% log,8=x b log;9=x
¢ logs (é) =x d log, (11—6) =X
e log,2=x f logg2=x
loggl=x h loggl=x
i log, 2=x j log, 9=x
2 3
WORKED 4 Solve for x in the following.
Example
ﬂ a log,x +log,4 =log,20 b logs3 +logsx =1logs 18
¢ log;x —log;2 =1log;5 d logox —log,o4 =log,,2
e log,8 —log,x=1log,2 f logy10 —logyx =1log;5
g loge4 +loggx =2 h log,x+1log,5=1
i 3-log,yx=1log,2 j 5-—log,8=log,x

WORKED 5 Solve for x in the following.
Example
ﬁ a log,x + log,6 —log,3 =1log, 10 b log,x +1log,5 —log, 10 =log,3
¢ log;5—logyx +log;2 =log,10 d logs4 —logsx +logs3 =logs6
e logsx +logs(x —2)=1logs3 f logyx +log;(x +2)=1log;8
g logyx+log,(x—6)=2 h logsx +logs(x +20)=3
i logs(x+1)+logs(x—3)=1 j logg(x—2)+logs(x+3)=1
6 multiple choice
If log,x = 0.7, then log,,x* is equal to:
A 0.49 B 14 C 035 D 0.837 E 0
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7 multiple choice

If log o x = a, then (log,x)* + log,yx — 6 becomes:
A (log,ga)’ +log,ga—6 B a+a+6 C log;yx’ -6
D (a-2)a+3) E log,,10%°

8 Solve for x in the following.

a (log,yx)* +log,gx —2 =0 (Hint: Leta =log,yx) b (log,yx)*—2log,ox—3=0
¢ (log,x)*> —2log,x=8 d (log,x)* +3log,x =4
e (log;x)* —logsx*+3=0 f (logsx)* —logsx* +2=0
g log,x* = (log,x)’ h log;x’ = (log;x)*
i log,,(¥*+2x-5=1 j log;(x*-3x-7)=1
9 1f 0810% _ 4 gy,
log,2

Use graphical methods to determine a relationship of the form N = A¢" in the fol-
lowing set of data:

a 1 2 3 4

200 566 | 1039 | 1600

840 | 1188 | 1454 | 1680

1 2 3 4

283 655 | 1044 | 1470

11 An object falls from a high tower. The distance it falls in a certain time is recorded in
the table below.

1 2 3 4 5

4.7 18.8 | 423 | 752 | 1175

a If a relationship of the form d = At" exists, find values for 4 and n.
b Use this relationship to predict the value of d after 7 seconds.

12 A sidewalk restaurant has installed a heater to warm diners on cool winter evenings.
The amount of heat, H W/m?, reaching a particular point decreases as the distance,
d m, from the heater increases. Measurements were taken of the relationship between
H and d and are recorded in the table below.

1.8 2.2 2.9 3.3

1242 | 919 607 500

a It is suspected that the relationship between H and d is of the form H = Ad".
Calculate the values of 4 and n.

b Use this model to predict the value of d for which the heat, H, reaching diners falls
below 300.
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13 The decibel (dB) scale for measuring loudness, d, is given
by the formula d = 101log,, (7 - 10'%), where I is the inten-
sity of sound in watts per square metre.

a Find the number of decibels of sound if the intensity is 1.

b Find the number of decibels of sound produced by a jet
engine at a distance of 50 metres if the intensity is
10 watts per square metre.

¢ Find the intensity of sound if the sound level of a pneu-
matic drill 10 metres away is 90 decibels.

d Find how the value of d changes if the intensity is dou-
bled. Give your answer to the nearest decibel.

e Find how the value of d changes if the intensity is
10 times as great.

f By what factor does the intensity of sound have to be
multiplied in order to add 20 decibels to the sound level?

Exponential equations (base ¢)

Euler’s number, e, named after an 18th century Swiss mathematician, is a very impor-
tant number used in problems involving natural growth and natural decay. Like 7, it is
irrational and has to be approximated: e = 2.718 281 828 459 ... The number e can be
used to find the value of an investment after a period of time, or the temperature of a
liquid after it has been cooling.

n
To find the value of e, take the expression ( 1+ l) and evaluate it for increasing

n
values of n. e = lim (1+l)
n— oo n

n 1 1
n=1 1+ = 1+I) =2

n 1 2
n=2 1+ = 1+§) = 2.25

n 1 3
n=3 1+ = 1+§) = 2.37037

= 2.48832

[
+

10
1+ ——-) = 2.59374

[
+

100
n =100 1+ —-—) = 2.70481

1 1000

n 1 10 000
= (1 + 10000) = 2.71815

n = 1000

—
+
SI—SI—SI—SI— 3= 3SI=3SI= 3|

S~~~
Il I
N NN/ N NN N
P L
+
=
N————
W
I

n=10000 1+

N
I
i
N T N NN NN NN
—
+

n
) becomes closer and closer to 2.718 281 or e, or

e = lim (1 +l)
n— oo n

As n increases, (1 +
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Scientific calculators and graphics calculators have an e* function which is treated in
the same way as any other number.
An answer given in terms of e is an exact answer whereas the calculator gives an

approximation.

The laws of indices apply in the same way if e is the base.
l.e*' e=e""Y 1
2. exley:ex—y 5. €7x=;c
3. (e =eY x
4. %=1 6. e = Yex

— Example 26

Solve for x in &* = e.

THINK WRITE

1 Write the equation. eF=e

2 Write e with a power of 1. e =e!

3 Equate the indices. 3x=1

4 Solve for x. X = %

— WORKED Exampie 27

Solve for x to 3 decimal places: i =3 i e*—3¢* =2

a by hand b using the TI-Nspire CAS calculator.

THINK WRITE

a i ¢ Write the equation. ai =3
2 Using the definition of a logarithm, if e* = 3 x=log,3

then x = log, 3.
3 Solve for x, using LN on your calculator. x = 1.099
il 4 Write the equation. i e"-3e"=2
2 Write e as l ex—i =2
ex ex

3 Multiply every term by e”. (%)’ =3 =2¢"
4 Make the right-hand side equal to zero. (€)Y —2e"-3=0
5 Lete*=a. a* —2a — 3 =0 where a = e*
6 Factorise and solve for a. (a-3)a+1)=0

a—3=0o0ra+1=0
a=3o0ra=-1

7 Substitute e” for a. e*=3ore"=-1

g Solve for x by taking the log of both sides to base e. log, e*=log,3

9 ¢e* =3 is the only solution because e* = —1 has no x = 1.099 (3 decimal places)

real solution. .
Continued over page @
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THINK WRITE/DISPLAY

For the TI-Nspire CAS

b 1 On a Calculator page, complete the entry lines as: b *Unsaved felx]
solve(e' =3, x) soveler=3x) -in3)
solve(e' -3¢ =2, x) solvele*=3) x-1.09861
pressing ENTER G after each line. soivele™-3 ¢ %2 2

o | x-1 09861
|

2 Write the answer. i Solve ¢' = 3 for x
x=1.099 (3 decimal places).
ii Solve &' —3e™= 2 forx
x = 1.099 (3 decimal places).

Exponential equations (base ¢)

1 Evaluate the following, giving your answer correct to 3 decimal places.

1 1
ae2 b ¢ c e d ¢ e 4le

sle g In4 h In5 i log,1.5 j log,3.6

2 Solve for x in each of the following.
a e'=e b e"=¢? c ei=¢ d &=¢"!

D e 1 i ex—2=l 6= o h &= ./

Q
Q
N

3 Solve for x in each of the following, giving your answer correct to 3 decimal places.
a e'=2 b e'=5 Ce=% de=i
e e'=13 f er=26 g 2°=6 h 3¢ =12
Se* =12 j 4e"=10
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Solve for x in each of the following, giving your answer correct to 3 decimal places.
a (e"=1)e"+2)=0 b (e*+3)e*-1)=0 c (eF=2)e*-3)=0
d Be™=2)2e"-1)=0 e QRe"+1)e*=4)=0 f Be"=2)e"+4)=0

g (e)’-e"=0 h (e)Y?-e- e"=0 i (e)?=7e"+10=0
i 2e¥)P+e —15=0 k 6-11e*+3e*=0 I 18 -23¢*+7¢*=0
5 Solve for x in each of the following, giving your answer correct to 3 decimal places.
a e"—4e7=0 b e"-25¢>=0 c e"=15%"-2=0
d Se"—127-11=0 e 3e"+6e™-11=0 f 4e"+6e™-11=0
g e +27=3 h 2e"-5e7%=9
6 Solve for x in each of the following, giving your answer correct to 3 decimal places.
a e*>1 b e'<e c e'<2
d e >5 e e¥>4 foetl<e
g e'7*<10 h el=*>15 i e™>0.75
j e*<0.26 k e®+06<1 | e*1-72>23

7 If y = Ae™™ and y = 19.6 when ¢ = 2, and
y=19.02 when ¢ = 5, find the value of the con-
stants 4 and k. Give your answers correct to
2 decimal places.

8 For a body which has a higher temperature than
its surroundings, Newton’s Law of Cooling is
given by the formula 6 = 6™, where 8 is the
difference between the temperature of the body
and its surroundings after ¢+ minutes and 6, is
the difference between the original temperature
of the body and its surroundings. If the temper-
ature of a freshly poured bowl of soup is 90°C
in a room with a constant temperature of 18°C,
and it cools to 65°C after 10 minutes, find the
value of k. Give your answer correct to 2 dec-
imal places.

The graph of y = Ne™

The diagram at right shows the graph of y = e¢* and uses the y
letters A, B and C to indicate key parts of the graph. C
In this investigation you will use your graphics / y=e"

calculator to observe and report on the effect of changing N
and k in the equation y = Ne®. A B
1 N =2. On the same axes, graph the equations y = 2¢* X

and y = e”.

In your book, sketch the view window.

Write a sentence summarising the effect of changing N from 1 to 2.

2 N=-1. On the same axes, graph the equations y =—1 - e*and y = .
In your book, sketch the view window.
Write a sentence summarising the effect of changing N from 1 to —1.
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3 k<0. On the same axes, graph the equations y = e* and y = ™.
In your book, sketch the view window.
Write a sentence summarising the effect of changing £ from 1 to —1.

4 0 < k< 1.On the same axes, graph the equations y = e* and y = ",

In your book, sketch the view window.
Write a sentence summarising the effect of changing k from 1 to 0.5.

5 k> 1. On the same axes, graph the equations y = e* and y = >,
In your book, sketch the view window.
Write a sentence summarising the effect of changing k from 1 to 2.

Challenge y

Use your calculator to obtain a guess-and-check solution to the 2 2) 44

following problem. Find the values of k£ and /N such that the graph ’

of y = Ne¥* passes through (-2, 4) and (0, 2), the points shown. 2490,2)
ENE

Equations with natural (base ¢)
logarithms

-Y Graphics Calculator tip! Evaluating natural logarithms

(base ¢)

The Casio fx-9860G AU can be used to evaluate logarithms to base e.

To find the approximate value of log, 6, e
press: T

- (MENU)

¢ 1 (RUN). :
Complete the entry line as: |17 Tl
In6

then press @

The TI-Nspire CAS can be used to evaluate logarithms to any base.

1. To find the approximate value of log, 6, on a T Unsaved w E=lx]
Calculator page, press: 2

e Ctr] (o)

& dlfl%h &
< & o ' o S B
Use the NavPad to highlight the logarithm e/ Bt o B2
template and then press ENTER Gawp. E
=

Alternatively the In button on the keypad may be L
used.
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2. Complete the fields as shown. (i *Unsaved fel]
This template can be used for any base. tog (6] nfs)
log (6) 179176
|
2199

The laws of logarithms apply in the same way for base e as they do for base 10.
e*=y o log,y=nx

— WORKED Exampie 28

Solve for x giving your answer correct to 3 decimal places, given log ,x = 3.

THINK WRITE
1 Rewrite using e* =y < log,y = x. log,x=3
3
e =x
2 Evaluate using e* on your calculator. x = 20.086

— WORKED Exampie 29

Solve for x giving your answer correct to 3 decimal places where appropriate.
a log,3=log,x b log,x+1log,3=1og,6

THINK WRITE
a Since the base is the same, equate the a log,3=1log,x
numbers. x=3
b @ Rewrite using log, mn = log,m + log,n. b log,x +1log,3 =log,6
log, 3x =log,6
2 Equate the number parts. 3x=6

<)) Solve for x. x=2
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1

3

Equations with natural
(base ¢) logarithms

Solve for x in each of the following giving exact answers when appropriate, other-
wise, correct to 3 decimal places.

a log,x=1 b log,x=2 ¢ log,x=-2

d log,x=-1 e log,x=03 f log,x=05

g log,x=-0.15 h log,x=-0.69

Solve for x giving exact answers when appropriate, otherwise, correct to 3 decimal

places.

a log,2x=2 b log,3x=1 ¢ log,x*=3

d log,x*=2 e log,x*=04 f log,x*=09

g log,(x—1)=-1 h log,2x+1)=-2 i log,(—x)=0.36

j log,(—x)=0.72 k log,(1-x)=-0.54 I log,(2 +x)=-0.83

Solve for x giving exact answers when appropriate, otherwise, correct to 3 decimal
places.

a log,x=log,2 b log,x=1log,5 ¢ log,x+log, 3 =1log,9
d log,x+log,2=1log,8 e log,x—log,5=1log,2 f log,x—log,4=1og,3

g 1+log,x=1log,6 h 1-log,x=1log,7 i log,4-log,x=1log,2

j log,5—log,x=1log,25

Solve for x giving exact answers.

a log,x+log,5—1log,10=1og,3 b log,x+log,3 —1log,9 =log, 4
¢ 2log,3 +log,x —log,2=1og,3 d 3log,2 +log,x —log,4 =1log,5
e log,6+1log,2—log,x=1log,4 f log,4+1log,3 - log,x =1log,2
g log,x+log,(x+1)=1log,2 h

! )

log,(x = 1) +log,(x + 2) = log, 4

log,x +log,(2x — 1) =log,3
log,(x+1)+log,(2x — 1) =log,5

multiple choice

If Iny = Inx + Ina, then an equation relating x and y which does not involve
logarithms is:

A y=x+a B y=ax C y=x-a D y=)—C E y=‘—Z
a X

multiple choice

In the equation 2 log,x —log, 3x=a, x =
A 3ef B —a C 3a D log,6a E no solution

Write the following equation without logarithms and with y as the subject.
2log,x+1=log,y

If log,x = a and y = €“, express y in terms of x.

Solve for x the equation €™ = 2.
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10 Five grams of a radioactive substance is decaying so that the amount, 4 grams, that is

left after ¢ days, is given by the formula 4 = 5¢7*.

a Find the value of 4 when the number of grams of the radioactive substance has
been halved.

b Rewrite the equation with the new value of 4.
¢ Rearrange the equation so that ¢ is the subject of the equation.

d If k= 0.005, find how long it will take for the number of grams of the radioactive
substance to be halved. Give your answer correct to the nearest day.

Graphing inverse functions

Recall that if y = f(x), the inverse of f(x) y
is such that x = £~'(y).

We can use this relationship to sketch B
the graph of /~!(x) if we know the graph y=L
of f(x).

Consider for example f(x) = x* for x > 0.

e
The graph of the inverse function is IS
obtained by reflecting each point on the A
curve y = f(x) in the line y = x. The graph A
of y = f~(x) shown is the graph of | ! ! ' x
y= Ax.
1 Check, by using algebra, that y = ./x is
the inverse of y = x.

An inverse relationship exists between the exponential function, ¢, and the
logarithmic function, log, x.

2 On your graphics calculator sketch the graph of y = €*. Copy this graph into
your book.

3 On this copy add the line y = x.

4 By reflecting the graph of y = €" in the line y = x, obtain a sketch of the curve
y =log, x.
5 Show that % “ = log, e".

Exponential and logarithmic modelling

Exponential
modelling
eles-0091

Exponential and logarithmic functions can be used to model many real situations
involving natural growth and decay.
Continuous growth and decay can be modelled by the equation 4 = 4", where 4,
represents the initial value, 7 represents the time taken and k represents the rate constant.
For continuous growth, & is positive, but for continuous decay, k& is negative. Loga-
rithms to base 10, often called common logarithms, are used in scientific formulas for
measuring the intensity of earthquakes, the acidity of solutions and the intensity of sound.
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— WORKED Example 30

In the town of Ill Ness, the number of cases of a particular disease, D,

can be modelled by the equation D = Doe"’, where ¢ is the time in years.

Using available medication the number of cases is being reduced by 20%  Worked example 30

each year. There are 10 000 people with the disease today. 038

How many people will have the disease after one year?

Find the value of k correct to 3 decimal places.

Write the equation substituting values for k and D,

Find how long it would take for the number of people with the disease to be halved.

Give your answer correct to the nearest year.

e How long would it take for the number of people with the disease to be reduced to 100?
Give your answer correct to the nearest year.

QN gQ

THINK WRITE
a (1 Find the percentage of people with a (100 —20)% = 80%
the disease after one year.
2 Find 80% of the original number. 80% of 10000 = 8000
3 Write a sentence. Therefore, 8000 people will have the disease
after one year.

b ¢ Substitute =0 and D = 10000 into b D = Dye"
the given equation. When ¢ =0 and D = 10000,
10000 = Dyet* ©
10000 =D, - 1
10000 = D,
So D =10000e" [1]
2 Substitute = 1 and D = 8000 into When =1 and D = 8000,
[1], and solve for k. 8000 = 10 000" !
8000 _
10000
0.8 =¢f

log, 0.8 = log, €*
—0.223 =k log, e

-0223=k- 1
k=-0.223
¢ Use the given equation D = Dye"’. ¢ D =10000e0223
d 4 Substitute 5000 for D. d D = 10 000e™0-223
When D = 5000,

5000 = 10 000e 022
2 Simplify by dividing both sides by

10 000. 0.5 =2
3 Take log, of both sides. log,0.5 =-0.223¢
_ log,0.5

4 Solve for ¢.

-~ -0.223
= 3.108 (3 decimal places)
5 Write a sentence. It would take about 3 years.
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THINK WRITE
e (3 Write the equation. e D =10000e 0223
. When D = 100.
2 Substitute 100 for D. 100 = 10 000-0-223
@ Simplify by dividing by 10 000. 0.01 = ¢ 0223
@ Take log, of both sides. log,0.01 = -0.223¢
5 Solve for 7. t = 20.651 (3 decimal places)
& Write the answer in a sentence. It would take about 21 years.

An earthquake formula

A number of earthquakes have been recorded in the Calamari Desert. The
earthquakes’ Richter magnitude, M, can be modelled by the equation
M =Alog,,E + B where E is the energy in joules.

1 If the Richter magnitude of an earthquake is 8.5 with an energy of
10'7 joules, substitute the values into the equation M = 4 log , E + B.

2 If the Richter magnitude of an earthquake is 3.8 with an energy of
10'° joules, substitute the values into the equation M = 4 log , E + B.

3 Using the two equations, find the values of 4 and B. Give answers to
2 decimal places.

4 Substitute the values of 4 and B into the equation for finding the Richter
magnitude of an earthquake.

5 TIf the magnitude of an earthquake is 7.8, find the energy, rounding the
index to the nearest whole number.

6 If the energy of an earthquake is 10'? joules, find the magnitude of the
earthquake. Give your answer correct to 2 decimal places.
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1 Changing &-gluconolactone into gluconic acid can be modelled by the equation

'WORKED
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Exponential and logarithmic
modelling

v =y, "% where y is the number of grams of &-gluconolactone present ¢ hours after

the process has begun. Suppose 200 grams of o-gluconolactone is to be changed into

gluconic acid.

a Find the value of y,,.

b Write the equation replacing y, with your answer.

¢ How many grams of d-gluconolactone will be present after 1 hour? Give your
answer correct to the nearest gram.

d How long will it take to reduce the amount of 5-gluconolactone to 50 grams? Give
your answer correct to the nearest quarter of an hour.

The decay of radon-222 gas is given by the equation y=y,e *'® where y is the

amount of radon remaining after ¢ days. When ¢ =0, y = 10 g. Give all answers to the
nearest whole number.

a Find the value of y;,.

b Write the equation substituting your value of y,.

¢ What will be the mass after 1 day?

d How many days will it take for the mass to reach 1 g?

The equation y = 4 + Blog,x relates

two variables, x and y. The table at right

shows values of x and y.

a Find the value of 4 and B correct to
the nearest whole number.

b Write the equation relating x and y substituting values for 4 and B.

¢ Using your new equation, find the value of m correct to 3 decimal places.

d Ify=7.6, find x correct to the nearest whole number.

1 2 3

3 4.386 m

An amount of $1000 is invested in a building society where the 5% p.a. interest paid

is compounded continuously. The amount in the account after ¢ years can be modelled

by the equation 4 = 4,¢”, where r is the continuous interest rate.

a Find the value of 4, and r.

b Write the equation substituting values of 4, and r.

¢ Find the amount in the bank after i 1 year ii 10 years. Give your answer
correct to the nearest dollar.

d How long will it take for the investment to double in value? Give your answer to
the nearest year.

The number of people living in Boomerville at any time, ¢ years, after the first settlers
arrived can be modelled by the equation P = Poek’. Suppose 500 people arrived on
1 January 1850, and by 1 January 1860 there were 675 people.

What is the value of P,?

Find the value of k& correct to 2 decimal places.

Write the equation substituting values for P, and k.

What will be the population on 1 January 1900? Give your answer to the nearest
10 people.

e When will the population be 2000?

.0 U Q
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Career profile

Qualifications:
Aviation — Electrical/Instrument/Radio
Employer: Pel-Air Aviation

I entered this field because of an interest in
aviation technology after spending many
years in the Navy. Whilst in the Navy [
undertook additional study and gained further
technical qualifications.

A typical day at work includes preparing
aircraft for flying, and repairing and servicing
aircraft. When aircraft return at the end of a
day, I fix any reported faults and ensure they
are prepared for the next day.

I find Mathematics a most valuable and
essential tool in understanding the electronics
theory associated with avionic systems. It
helps to remove the guesswork when
diagnosing system faults.

One example of a formula I use (which

requires an understanding of logarithms) is:

P
Power change = 10 log,, I—’l decibels
2

to determine the power gain in aircraft audio
system amplifiers.

Questions

Suggest why Tony’s job carries a great
deal of responsibility.

. Use the formula Tony quoted to

calculate the power gain for an amplifier
when P, = 10000 and P, = 1000.

. Investigate Mathematics prerequisites for

courses in aviation technology.
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St Louis’ Gateway Arch

Historically, St Louis, Missouri, was an important starting point for pioneers on
their way west. To commemorate its role as the gateway to the West, the city of St
Louis built a 630-foot stainless steel structure called the Gateway Arch.
The design and construction of this imposing
arch was an amazing feat of engineering.

The Gateway Arch, designed by Finnish
architect Eero Saarinen, takes the shape of a
catenary curve.

A catenary curve can be described by
the following function:

630 feet

X —X
af a a g
y= E(e“ +e “) where a is a non-zero constant.

By selecting suitable axes, devise an equation
that will produce the Gateway Arch.

630 feet ———>
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BYmmary

Index laws
o g . ay — ax+y

) ax |ay:ax_y
o (@) =a¥
e d’=1
1 1
*a*=— and — = a*
a* a”

1 2
-a;zK/ZzandaizyA/;f

cad'=yolog,y=x

Logarithms and laws of logarithms
* log,1=0

* log,a=1

* log, 0 is undefined

* log,mn =log,m + log,n

* log, 2= log,m —log,n
n

* log,m* =plog,m

log, N

L] 1 N =
b log, b

(change-of-base rule)

Indicial equations
* To solve indicial equations:
1. write all terms with the same base, write terms with the smallest possible base or
take the logarithm of both sides of the equation
2. then solve the equation.
* A negative number cannot be expressed in index form.
e If0 <x <1, then log,x < 0 and if x > 1 then log,x > 0.
¢ It is not possible to take the logarithm of a negative number.

Exponential equations (base e)

e Euler’s number e = lim (l + l)n =2.718281828459...
h— o n

* The laws of indices and logarithms apply in the same way when using e.

Equations with natural logarithms (base ¢)
* To solve logarithmic equations use the laws of logarithms and indices.
* To investigate a power relationship between y and x, y = Ax"
1. Graph log;, v against log;, x.
2. If the graph is a straight line, then
(a) y-intercept gives log;, 4
(b) gradient gives n.
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If a > 1, the solution of x for the equation x = a*

is:
Al B a negative number less than 1

C a positive number less than 1 D a negative number greater than 1
E a positive number greater than 1

-2
32 4
2 Simplify 4x5y3 - (2x*3y5) , leaving your answers with positive indices.

2log;x + 4logsx — log;x° is equal to:

A0 B log3(6—)6€) C log;(6x —x%) D log3(8—)6€) E 6logs(x —x%)
X X
‘" imultiple choice
3log, 6 + log, 3% — log, 108 is equal to:
A 3log, 117 B 3log,(0.5) C log,18 D 3log,2 E 1

5 Iflog,5 =2.321 and log, 9 = 3.17, find log, g .

log,32
6 Evaluate 9% .

0g,8

/' imultiple choice
The solution(s) to the equation (2* — 1)(2% — 4) = 0 is/are:
A 0,1 B 0,2 Cc 1,2 D 1,4 E 2,4

8 Find {x: 0.3* > 4.6}.

7 Imultiple choice

If log,2x = a, then x is equal to:

a e
A 2e° B 24° c £ D £ E X

10 Solve for x in logs4 + logsx = logs 24.
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The solution(s) of the equation e* — 12¢™ = —4 is/are:
A log,2,log,6 B e"=2,¢"+6 C 2,-6 D log,2 E log,6

If log,x = a, then € + 3¢* — 2¢™* is equal to:

A a?+3a-2 B x2+3x—2 C 2log,a+3log,a—

a X log,a

D logex2+3logex—1 2
0

g X

E (e"+2)(e"+ 1)

If 7¢™ = 1234, find x, giving your answer correct to 2 decimal places.

If e*** = e* ! then x is equal to:

A—% B 5 c & D -5 E e3

A =A™ 1f A =50 when x = 0 and 4 = 20 when x = 5, find the values of 4, and k. Give
your answer correct to 2 decimal places.

2 43
ev=1+X+ 24X
o2t 3
a  Write the next 3 terms.
b Substitute x = 1 in the equation using the first 7 terms.

¢ Show that e = 2.7182.

If log,a = 0.6932 and log, (g) = x, find the value of x, giving your answer correct to

2 decimal places.

The solution(s) to the equation 2Inx = In(x + 4) + In2 is/are:
A 2.4 B 2,4 c 1 D 2 E 4

Solve for x in
log,5 +log,x — log,2 =log, 10.

The air pressure P cm of mercury at 2 km above sea level can be modelled by the equation
P =50e""%" One kilometre above sea level the pressure has:

A increased by approximately 9 cm B decreased by approximately 9 cm
C increased by approximately 41 cm D decreased by approximately 41 cm
E neither increased nor decreased significantly.
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Modelling and problem solving
A cup of soup cools to the temperature of the surrounding air. Newton’s Law of Cooling can
be written as T — Ty = (T, — T)e ™ where T is the temperature of the object after # minutes,
and T is the temperature of the surrounding air. The soup cooled from 90°C to 70°C after
6 minutes in a room with an air temperature of 15°C.
Find the values of T, T}, and k correct to 2 decimal places.
Write the equation substituting the values for T, 7, and k.
Find the temperature of the soup after 10 minutes. Give your answer to the nearest degree.
How long would it take for the soup to be 40°C? Give your answer to the nearest minute.
If the soup is placed in a refrigerator in which the temperature is 2°C, how long will it
take for the soup to reach 40°C? Use the same value of k£ and give your answer to the
nearest minute.

The diameter of a tree for a period of its growth
can be modelled by the equation D = Doek’ where
t is the number of years after the beginning of the
period. The diameter of the tree grew from 50 cm
to 60 cm in the first 2 years that measurements
were taken.

Find the values of D, and £.

Write the equation using these values.

How much will it have grown in the first

5 years? Round to the nearest centimetre.

How long will it take for the tree’s diameter to

double? Round to the nearest year.

The decay of a radioactive substance can be
modelled by the equation M = Moe*k’, where
M grams is the mass of the substance after
t years. After 10 years the mass of the substance
is 98 grams and after 20 years the mass is
96 grams.
What was the mass of the substance initially?
Give your answer to the nearest gram.
Find the value of £. Give your answer to
3 decimal places.
Write the equation using these values.
Find the mass of the substance after 50 years.
How long would it take for the mass to be
halved?

The number of bacteria present in a culture at any time, ¢ hours, can be modelled by the
equation N = N,el.
If the original number is doubled in 3 hours, find & correct to 2 decimal places.
Write the equation substituting the value of £.
Find the original number of bacteria if there were 2500 bacteria after 4 hours. Give the
answer correct to the nearest thousand.
Write the equation substituting your value for the original population.
Find the number of bacteria present after 8 hours. Give your answer correct to the nearest
thousand.
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5 The intensity of light d metres below
the surface of the sea can be
modelled by the equation 7 = I,e™*.
Divers in the Sea of Loga have found
that the intensity of light is halved
when a diver is 5 metres below the
surface of the water.

a Find the value of & correct to
4 decimal places.

b Write the equation substituting
the value of £.

¢ Find the percentage of light "
available at a depth of 10 metres. i

d If artificial light is necessary ‘
when the intensity of light is less than 0.1 of the intensity at the surface (/ < 0.1/), find
how deep a diver can go before artificial light is necessary.

6 A school in the suburb of Bienvenue opened with 30 students in February 2008. It has been
found for the first years after opening that the number of students enrolled in the school
t years after opening can be modelled by the equation N = N,e’. There were 45 students
enrolled in February 2009.
a Find the values of &, and £.
b Write the equation substituting the values for N, and &.
¢ How many students will there be 5 years after the opening?
d How many years will it take for the school to have 1000 pupils?
Another school in the suburb of Enbaisse has a declining student population. The number of
students enrolled at any one time can be modelled by the equation E = Eje”"". There are
1000 students enrolled in February 2008 and 900 in February 2009.
e Find the values of £, and r.
f Write the equation substituting the values for £, and 7.
g How many students will be enrolled after 5 years?
h How many years will it take for the two schools to have approximately the same number
of pupils?

What will the population be then? Use the calculator value in the working and do not Tes';:’a';:f';

round off until the final answer.




132

Maths Quest Maths B Year 12 for Queensland

B Logarithms and laws of logarithms
Tutorial

. Int-0529: Watch a tutorial on simplifying
logarithmic expressions (page 92)

Indicial equations

Digital docs

e SKillSHEET 3.1: Practise index form (page 105)

e SKillSHEET 3.2: Practise solving equations
(page 105)

e SKilISHEET 3.3: Practise solving indicial equations
by equating the bases (page 105)

e SKillSHEET 3.4: Practise solving linear equations
(page 106)

e WorkSHEET 3.1: Simplify expressions involving
indices and logarithms and solve indicial equations
(page 106)

Tutorial

. Int-0530: Watch a tutorial on solving
exponential equations (page 100)

m Equations with natural (base e) logarithms

Digital doc

* WorkSHEET 3.2: Solve logarithmic and indicial
equations with and without a calculator (page 121)

Interactivity

e Inverses int-0248: Consolidate your understanding of
inverses (page 121)

&
Sx)=Ab 4
2
o O e
%2
Syl 1

P Snow awmetots vl

™ Showys=x

[E2) Exponential and logarithmic modelling

eLesson

* Exponential modelling eles-0091: Watch an eLesson
on exponential modelling (page 121)

Tutorial

. Int-0533: Watch a tutorial on how to apply

exponential modelling techniques (page 122)
Chapter review

Digital doc

* Test Yourself: Take the end-of-chapter test to test
your progress (page 131).

To access eBookPLUS activities, log on to
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Introduction
A problem in the post

Maths Quest Maths B Year 12 for Queensland

A parcel is attracting nervous attention at .
Australia Post. The parcel is radio- - TN ég‘&“- T

active and inspectors are
trying to identify the mat-
erial. Suppose they make the
following measurements.
There are 50 grams of the
material and it is decaying at a
rate of 0.25 grams per day.
One of the characteristics of
radioactive material is its half-
life. That is the time it takes for
half the material to decay.
Below is a table giving the half-
lives of common radioactive elements.

Carbon-14 5730 years
Phosphorus-32 14.2 days
Chlorine-36 301 000 years
lodine-131 8 days
Polonium-210 138 days
Uranium-238 4.5 . 10° years

Can we identify the element from this
information?

From the ideas developed in the pre-
vious chapter it should be clear that an
exponential equation would provide a
good model for radioactive decay; that
is, the amount of radioactive material,
N, could be related to time, ¢, by the
equation

N=N,e™"
However, to find the value of the decay
constant, k, in this particular problem,
the derivative of N needs to be con-
sidered because the information relates
to the rate of change in M.
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Inverses

Inverse operations are opposite operations. Addition and subtraction are inverse oper-
ations and multiplication and division are inverse operations.

Squaring and taking the square root are also inverse operations. The equation of the
inverse of the function y = ¢* can be found by interchanging the x and y so that y =¢*

Relations and

their inverses becomes x=¢". Using a'=y < log,y=x, x=¢" becomes logx=y or y=logyx.
int-0250 Therefore y = ¢* and y = log,x are the equations of inverse functions.
— WORKED Exampie ]
Find the inverse of y = 3¢* "1,
THINK WRITE
1 Interchange x and y to write the inverse y=23e""!
equation. Inverse is x = 3¢’ *!
2 Divide both sides by 3. et = ’32
3 Rewrite using a* =y < log,y = x. log, (%C) =y+1
4 Make y the subject. y=log, ()3—6) -1
— WORKED Example 2
Find the inverse of y = 2log,(x — 1) + 1:
a by hand b using the TI-Nspire CAS calculator.
THINK WRITE/DISPLAY
a (1 Interchange x and y to write the inverse a y=2log,(x—1)+1
equation. Inverseis x=2log,(y—1)+1
2 Subtract 1 from both sides. 2log,(y - 1) =x-1
3 Divide both sides by 2. log, (v — 1) = ’ﬁ-;-l
x—1
4 Rewrite using a* =y < log,y =x. e? =y-1
x—1
5 Add 1 to both sides. y=e? +1
For the TI-Nspire CAS
b g Interghange x and y to write the inverse b y=2log,(x—1)+1
equation. Inverse is x = 2 log,(y — 1) + 1
9 To rearrange the equation of the inverse Nt “Unsaved v &n
to make y the subject, on a Calculator solvalx=2 Infy-11+15) =
page, complete the entry line as: e
solve(x=2In(y — 1)+ 1, y)
then press ENTER G,
75|
x—1
3 Write the answer. y=e?2 +1
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Inverses
1 Find the equation of the inverse of the following.
a y=2e b y=3e" ¢ y=et!
d y=e! e y=e¥-! foy=e¥r!
g y:el—x h y=62—x i y=62—3x
: _ -2
Digital doc: ) y=e
 SKlSHEET 4.1 2 Find the equation of the inverse of the following.
Findng the ?ﬁ:?rt,?:r:; a y=1+e* b y=2+e¢" c y=2-¢"
d y=1-¢" e y=1-2¢" foy=2-3e
g y=2+e"! h y=1+¢"?2 i y=3-2e""2
j y= 2 _ 3ex+ 1
3 Find the equation of the inverse of the following.
a y=2log,x b y=3log,x ¢ y=log,(x+1)
d y=log,(x-1) e y=log,2x-1) f y=log,3x+1)
g yzloge(l_x) h y=10g6(2—x) i y=10g€(2_3x)
i y=log,(1-2x)
4 Find the equation of the inverse of the following.
a y=1+log,x b y=2+log,x ¢ y=2-log,x
d y=1-log,x e y=2+3log,x f y=3+5log,x
g y=1-log,(x+2) h y=2-log,(x-1) i y=3+2log,(x—1)
j y=1-3log,(x+2)
5 multiple choice
If y=5log,(3x — 2) + 1, the equation of the inverse is:
i1 i1 i1
A S 42 B &2 c ¢ *2
3 3 3
a1 142
p £ =2 E &1
3 5
6 multiple choice
Ify = 5e**1 — 1, the equation of the inverse is:
A lln(x+1)+1 B lln(x+1)_1 c Shn(x—1)+1
2 5 2 5 2

D lln("-——+1)+l E lln(x——i-l)fl
25 )72 275 )72
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The derivative of ¢*

If f(x)=¢€" then using first principles
(= fim LG~ f(0)
S hlino h
x+h x
= lim &——¢
h—0 h
X h X
= lim &£ £
h—0 h
— lim €' = 1)
h—0 h

h

.e"—1

= eXlim
h—s0 h

. el —1
Note that lim
h—0

can be deduced by using a calculator and substituting values of 4

close to zero.

h_
Thatis, lim&—1 = 1.
h—0

0.01 1.0050 Therefore, ff(x)=e" 1

=ex

0.0001 1.000 05

If £(x) = ¢ then f/(x) = ",
0.000001 | 1.000 000 f(x) = ¢ then f'(x) = ¢’

Example 3

Differentiate y = ¢~

THINK WRITE

1 Write the equation. y=e>*

2 Express u as a function of x and find Let u =—-5x
du . So du _ -5
dx dx

3 Express y as a function of # and find y=e"
dy dy
— S = pl
du © du ¢

dy , dy _ <.,
4 Find using the chain rule. = —Se
dx dx
5 Replace u as a function of x. = _5¢5x

This example shows that if /(x) = e then f(x) = ke
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— Example 4

Find the derivative of y = ¢> " !,
THINK WRITE
1. Write the equation. y=e*t!
2 Express u as a function of x and find gﬂ . Letu=2x+1
X
du
So — =2
q dx
3 Express y as a function of v and find d_y . y=é"
u
dy
So —= = e*
du ¢
4 Find dy using the chain rule. dy _ e’ 2
dx dx
= 2¢"
5 Replace u as a function of x. = 27!

— Example 5

i i H X[, X - e 2x _ 2e
Differentiate: 1 f(x)=e'(e*-2) n f(x) = —
e
a by hand b using the TI-Nspire CAS calculator.
THINK WRITE/DISPLAY
a i (1 Write the equation. aifx) =e(e-2)
2 Expand. XD
3 Differentiate. f(x) =2” —2¢*
4 Factorise in order to leave the answer in o x
. . =2e'(e’ = 1)
the form it was given. 2% g
ii (11 Write the equation. i f(x) = e%
e
2 Write each term in the numerator over _e2x Qe
each term in the denominator. e ex
3 Divide the numerator of each term by its = @2X-X_Dpx-—x
denominator using the laws of indices. . _2
=e"—2e
Differentiate each term. f(x)=e+4e™>
5 Write your answer in the form it was _ .. 4
given. = e+ oo
For the TI-Nspire CAS
b 1 To calculate the derivatives, on a Calculator b (b “Unsaved &0
page, complete the entry lines as: 2exfex-) 2er{er-1) [
d X, X 2%y —21(3-,:4)
—(e (e -2 dfe*ze™ e72x (e,
(e'(e"~2)) gem=e)
|
i er _ 2efx |
dx & o

then press ENTER Gaw.
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THINK

2 Write the answer.

WRITE/DISPLAY

i Lef e -2)) = 265 - 1)
dx

2x —X
ii i(é —2e ) _ e*Zx(e3x+4)
e

X

dx

— WORKED Example 6

Find the derivative of y = ex’ ¥,

THINK

1 Write the equation.

2 Express u as a function of x and find
du
dx’

3 Express y as a function of u and find

dy
du’

4 Find g—y using the chain rule.
X

5 Replace u as a function of x.

WRITE

Letu=x"—x

So == =3x>-1
de X
yzell

dy
So =L =¢
Odu e

dy _ e’ (3x271)

3x>—1)e"

3
= (3 —1)e" "

This example shows that if /(x) = e2™ then f’(x) = g’(x)es™.

— WORKED Exampie /
If y = 3%, find the derivative, gz .
x

THINK

1 We can only differentiate exponential
functions of the form €. So express 3*
in this form.

d
Ify = & then & = ket
2 y=e¢e endx e

WRITE
If 3=¢
then t=1log,3
Therefore 3 = ¢'°%3
and y=3"
— (elogg S)x
= eloge 3-x
% - 10g63 :

=log,3 - 3*

elogc3 - X
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The derivative of a*

Use the following spreadsheet to investigate the derivative of a*. You will note that

the spreadsheet shows the graph of y = ¢* and y = dix (a*) for values of a that can

be varied.

B Microsoft Excel - Derivative of a”x .xls

Spreadsheet Jﬁaﬁt Vew Insert Fome Todls Date Window Help 7 -
220 Derivative of &* !D ﬁn[ & BQ’] $ By ﬂ,v@' -l @ E fu 8L EL | & 100 ~ @‘I
0

n =
7~ S [ [ = [ N [
1 x a*  didx(@") a=
(2| 20 0250 0.174 2 fs’é' f,j i
(3| 15 0354 0246
4| 10 0500 0348
15| 05 0707 0492 Cell C2
6| 00 1000 0696 =($E$27(A2+0.01)-B2)/0.01
(7 05 1414 0984
(8| 10 2000 1.391
9| 15 2828 1967 35,000
10| 20 4000 2782 26600 L
11| 25 5657 3935 : /
(12 30 8000 5564 s 7
13| 35 11314 7869 20:000 7] ——atx
14| 40 16.000 11.129 45098 —— didx(arx)
15| 45 22627 15739 O L/
16| 50 32000 22258 'eea A
17 = '
119 | -40 20 0.0 20 40 6.0
|20,
21 i
22 i g
A ! -
(441> [pi)\Sheet1 (Shestz [ Sheetd / 1 : | url
Set a = 2. How does the graph of y = 2* compare with the graph of the derivative of
y=2"
Set a = 3. How does the graph of y = 3* compare with the graph of the derivative of
y=37

Adjust the value of a until the graphs overlap. That is g—y =y. What value of a
X

achieves this?

Y Graphics Calculator tip! Finding the derivative of y = a*

For the TI-Nspire CAS

To find the derivative of y = ¢*, on a Calculator i
page, complete the entry line as: (o

d, =x
a(a)

— I~

& L

*Unsaved w &8
inta)-a 1

Dortain of e feGult fight be varger than he 0.,
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a y= '™ b y = e

d y=¢~ e y=2e"

g y=-6e% h y=35e"%

Find the derivative of each of the following.

a y=e6x—2 b y=e8—6x

d y=4e7—2x e y=_3eSx+1

g y=10€6_9x h y:_5e3x+4

i y=2ei+1 k y=3e27§
3 multiple choice

The derivative of y = ¢¥** 2 is equal to:

A 32 B (3x+2)e™*?

D 3xe™*? E 3xe™

4 Differentiate each of the following.
a f(x) =2(e"+1)

d f(x) = (e5+2)(e*+3) e f(x)=

g f(x) = er+e?
5 Find the derivative of each of the following.

a y= et b y = e¥-3x+1

d f(x) =e2 5 e f(x) = eb3x+x
g h(x) = 3 edx?—Tx h y = _5el—2x-3x2
i) = et k g(x) = e+

=

m f(x) = etr+ h(x) = el +307

6 multiple choice

The derivative of 6e*’~5¥ is equal to:
A 3x2-5 B 6(3x2—5)e¥’ —5x
D 6(x3—5x)er ~5x E 6(3x2-5)e3¥ -5

'7 Find the derivative, gl , of each of the following.
X
a y=4 b y=10"

8 If f(x) = 5¢°~*, find the exact value of //(2).

Differentiate each of the following usirllg the chain rule.

141

The derivative of ¢*

c y=¢ét
foy=de™
i y=-2ell

C y=265x+3
foy=-2e0"%
i y=6e""

Iy = 46t

C 3e*

b f(x) =3e2(ex+1) ¢ f(x) = 5(e* +2x)
3e3¥ 4 g 0x

4eTx e

=

h f(x) = 4e5%+2x2—¢33

c y= ex272x
f g(x) = e +3x-2
i y = e2x+1)3

| y = e3x+4

C (3x2-5)ex’ 5

le’_‘
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9 If g(x) = 2e*~3%+2 give the exact value of g’(0).
10 Find the exact value of #'(—1) if h(x) = —5e*’+2x,

The derivative of log, x

The inverse of the function f(x) = e*is /~'(x) = log o X
If y = log,x then e” = x as shown earlier.

Let x=e
dx _ »
dy ¢
But g—ﬁzéandey—x
dy
Therefore, dy _ 1
dx
1

That is, if f(x) = log,x then f'(x) = )lc

— Example 8

Differentiate y = log,, 7x.
THINK

1. Write the equation.

..d
Find &
4 dx

2 Express u as a function of x and find o

3 Express y as a function of « and find gz .

If f(x) = log, kx, where k is a constant, then f'(x) =

— WORKED Exampie @
Find the derivative of y = 2log, (3x — 4).
THINK

1. Write the equation.
2 Express u as a function of x.

3 Differentiate u with respect to x.

4 Express y as a function of u.

y=2log,u

WRITE
y=log,7x
du u="7x, so gl—l =7
X dx
y=log,u, so dy _1
u du u
dy _ 1
- .7
dx 7x
_1
X
1
T
WRITE
y=2log,(3x - 4)
Let u =3x —4.
du _
dx
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1 Write the equation.
2 Let u equal the section in brackets.

3 Differentiate u with respect to x.
4 Express y as a function of u.

5 Differentiate y with respect to u.

6 Find g—y using the chain rule.
x

7 Replace u with what is in the brackets.

THINK WRITE
5 Differentiate y with respect to u. dy 5. 1
du u
=2
u
6 Find dy using the chain rule. dy_2. 3
dx dx u
=0
u
7 Replace u with 3x — 4. 6
C 3x-4
— WORKED Exampie ] ()
Differentiate y = log, o+ 4x - 1).
THINK WRITE

y =log, (x> + 4x — 1)
Letu=x>+4x—1

du
— = 2x+4
dx *
y=log,u
dyp _ 1
du u
b 1 0x1a
dx u
- _2x+4
x2+4x—1

This example shows that if f(x) = log, [g(x)] then f"(x) = gx) .

g(x)

— Example ’ ’

If y =log,, x, find the derivative, gx .
x

THINK

We can only differentiate logs to base e.
Use the change of base rule.

Note that is a constant.

log, 10

WRITE

y =log;px
_ log,x
~ log, 10
_ 1
log, 10

p__1 .

dx log,10

- log, x

I—
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The derivative of log,x

1 If y =log, 4x is expressed as y = log, u, then find:

a u b 44 c v d & using the chain rule.
dx du dx

2 Differentiate each of the following.

‘ a y=log,10x y=log,5x
c y= loge (—X) y= loge (_6x)
e y=3log, 4x y=-6log,9%

g y=log, (g) y =log, (g)
y=4log (E) j y=-5log (_Z_x)
“\5 ‘L3

3 multiple choice

The derivative of log, 8x is:

o = o U

A 8 B lx C E log,8

8
4 multiple choice
To differentiate y = log, (3x + 7) using the chain rule:
a ‘u’ would be used to represent
A 3x+7 B 3x C log,x D log,3x E x
dy

b o and g—z are respectively

= 100
O
= =

A land3x+7 B land3x C 3and3L
X

u u

D land3' E land3

u
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¢ Hence dy is equal to
dx
A3 B
! E
3x+7

S LSS T P

5 Find the derivative of each of the following.

a y=log,(2x+5)

¢ y=log,3x—-4)

e y=log,(3 - 5x)

g y=log, (4-"Tx)

i y=8log,(4x-2)
k y=-7log,(8 —9x)

6 Differentiate the following.

a y=log,3x*

¢ y=log,(x*+4x)

e y=log,(x+2x* - 7x)
g y=log, 2x+1

i y=log, Jx*+2
1
k y=1log, (5x+2)3

m /()= log, ()

x+3

o f(x)=log,(5x + 8)7

7 _ choice

- =g o

> ™ o U

-
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C
3x+7

y=log,(6x+1)
y=log,(8x— 1)
y=1log, (2 -x)
y==06log,(5x +2)
y=-4log,(12x + 5)

y=log,(x*+3)
y=log,(x*— 3x +2)
y=log,(x*— 2x° + x%)
y=log, /3 —-4x

y=log, (x+ 3)‘1‘
f(x)=log, (2 - 3)c)é

f(x) =log,(3x - 2)°

o=t (125)

Using the chain rule the derivative of f(x) = loge(x2 — 5x + 2) would be:

1

x2—-5x+2 x2—5x+2
1 2x—5
x(2x—5) x2—5x+2
8 Find the derivative, i)_/’ of:
a y=log,x b y=1log,x

C 2x-5

¢ y=log (xz)

9 Find the gradient of the function f(x) = 6 log, (4 — 3x) when x = —1.
10 If g(x) = 3 log,(3x + 5) find the value of g’(0).
11 Find the exact value of /7(2) if f(x) = 3x* + 4 log, (x* + x).

12 If y = €"°%*, find:

dy
C|dx

b the exact gradient when i x=1

Can you explain this result?

ihx=2

il x=4 ivx=10.
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/_ﬂ—§> 13 If f(x) = % find:

plus

' . a f(x)
Digital doc:l b the exact value of i /(1) ii £/(5) iii f/(-2).
WorkSHEET 4.1

Derivatives of exponential and
logarithmic functions

Recall the rules for differentiation:

. d d du
The ch le: _v . d
e chain rule o dn &
The product rule: Ify=u(x)- vx)
d dv du
then & =S¥ 4 &4
T T
The quotient rule: Ify= u(x)
v(x)
Ju v
then dy dx 5 dx
dx v
— WORKED Example ]2
Find the derivative of: a y=1log,(e* +1) by= 3
e +1
THINK WRITE
a log, (¢ + 1) is a function of a function. a u=c¢+1
Use the chain rule. y=log, u
dy _dy  du
dx du dx
B
u
= ex
e +1
b is a function of a function. b u=é¢+1
e +1 3
Use the chain rule. V= u
=3u!
dy _dy  du
dx du dx
=-3u?. &
_ —3¢"
(e"+1)




Chapter 4 Derivatives of

— Example ’3

exponential and logarithmic functions

147

Find the derivative of:
i xlog,x

il x%e™
a by hand
b using the TI-Nspire CAS calculator.

THINK

a i xlog, x is a product. Use the product
rule.

il x?¢™ is a product. Use the product
rule.

For the TI-Nspire CAS

b 4 To calculate the derivatives, on a

Calculator page, complete the entry
lines as:

d
L& ()

%(xz ) er)

pressing ENTER G after each
line.

2 Write the answer.

WRITE/DISPLAY

a i Lety=xlog,x

u=x
v =log, x
dy _ du dv
dx dx rr dx
1
=1- log,.x+x- -
X
=log, x +1

il Lety=x%*

dy
dx

=u- vwhereu=x>v=e

:ud_v +vd_u

dx dx

C 2P 4+ ¥ 2x

= 2x%e™ + 2xe™

AEEE *Unsaved w §
2 e1ale) ad
i(xz e2"‘) {52i0s) 22 |

g—(x' log,(x)) = log,x+1
dx

d

Z(x

dx

2

2x
- e

) = ™" (2x" +2x)

2x
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lo
Find the derivative of —2¢> |
x
THINK WRITE
lo lo
28X is a quotient. Use the quotient rule. Lety= g2

u
= - where u = log, x, v=2x
N

Jdu v
dy _ dx dx
dx 2
1
x- -—log,x- 1
_ X
B 2
x
_l-log,x
B 2
x

Derivatives of exponential
and logarithmic functions

1 Use the chain rule to find the derivatives of the following.
a y=¢ b y=log, ®+1) c y=Al+e
d y=log, (e + 1) e y=elogrtl

2 Use the product rule to find the derivatives of the following functions.
a x% b xlog, x ¢ e'log,x d xe™

‘3 Use the quotient rule to find the derivatives of the following functions.
X X

1 b X c e d

x

a
e+ 1 log, x I
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4 multiple choice

Which of the following has the property that g-}—) =xy?
X

Ay:x2 By=l C y:exz
le X
D y=eé E y=log, ()
5 Calculate the derivatives of the following expressions.
1
a log, (e +x) b loge(A/)c2 +1) ¢ xe’
d e?loer e log, [log, ( + 1)]

Applications of derivatives of
exponential functions

We have seen in chapter 3 how functions involving e* can be used to model population
growth, radioactive decay, the growth of investments and the cooling of heated objects.
However, in these earlier situations you were presented with a model and asked to
interpret it. For example, the equation y = y,e *'¥ is used to describe the decay of
radon-222 gas, where y is the amount of gas remaining after ¢ days. In this section we
shall use our knowledge of ¢* and its derivative to develop equations like y = y,e 1%,
In modelling that involves exponential growth and decay, two key phrases appear
regularly, and one needs to understand how they are to be interpreted using mathemat-

ical symbols. These phrases are rate of change of and is proportional to.
Rate of change of — ((11—3; (Usually, rate implies change with respect to time, although

there are some settings where a different variable is specified.)
N is proportional to P — N = kP where k is called the constant of proportionality.
Consider some possible settings where these phrases may be used.

The rate of growth of the number, N, | L/ %
of bacteria is proportional to the " Q o =" <
number of bacteria already present. = i 7 Qy
— =kN =
dr %.. ‘ @
: o iy‘ \5 ’ . =
o o) (
AU -~
/ T oy D
%20
| o659 £ QO a 3

The temperature, 7, of a body cools at a rate proportional to

the current temperature.
dT dT

— =kT (or — =—k

ds (or ds D

An equation of the form %Z = ky is called a differential equation and its solution is not
X

immediately obvious. Do not confuse an equation of this form with one that looks
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similar: dy _ kx. The latter equation has a solution that can be obtained easily by
b

inspection, namely y = %kxz +c.
The equation 3—;} = ky describes exponential growth and is so widely applicable that

its solution is well known:

If g—y = ky then y = 4e® where 4 is the value of y when x is 0 — the initial value of y.
X

Proof
Assume dx = 1
Y (®
dx
dr _ 1
dy  ky
X= % log,y+c¢

y exk+ c
_ ekx_ ec”
So y =Ae” where 4 = ¢°

— WORKED Example ’5

Find an expression for y in terms of x if dgx = ky under the following conditions:
y =20 when x =0 and X
y =50 when x = 15.

THINK WRITE
on Y = i dy _
1 The equation —= = ky is a standard - =Ly
dx dx
form whose solution is memorised. —y=d4e
2 Use the information given to find 4. When x =0, y =20
20 = 4é"
(Remember, ¢’ = 1.) A=20
3. Use the second piece of information to When x =15, y = 50.
find . 50 = 20"
50 _ ISk
20
2.5=¢b*
4 Take logs of both sides. log, 2.5 =15k
log, 2.5
f= —2e
15
=0.06

5 Write the answer. y = 2006
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— Example '6

The rate of change in the number of bacteria, /V, in a culture is proportional to the
number present. Initially there were 500 present and after 3 hours this had grown to 2000.

a Develop a model or equation for finding the number of bacteria at time ¢
b After how long had the bacteria doubled?
¢ How many bacteria were present when 7 =5 hours?

THINK WRITE

a (1 Rate of change of N is proportional

to N. AN _ i
d N dt
2 IfE)ZC:kytheny:Ae . N At
3 The word ‘initially’ means ‘when When =0, N=500
=0, 500 = Aée°
A =500
Thus N = 500"
4 Use other information to find k. When ¢ =3, N=2000
2000 = 500
4= €3k
3k =log,4
log 4
= 22
3
=0.46
Thus N = 50046
b @ Find # when N = 1000. b 1000 = 500"
2 = 46t
log,2 = 0.46¢
. log,2
046
=1.5
2 Answer the question. The bacteria take 1.5 hours to double in
number.
¢ Find N when ¢ = 5. ¢ The number of bacteria when ¢ = 5 is
N = 500e%46 " 3
= 4987

| A problem in the post — what’s the substance?

The problem that began our consideration of the derivative of ¢* was related to the
radioactive decay of a material. In the following worked example we will find the
half-life of the element and hence attempt to identify it from the table of known
isotopes.




152

Maths Quest Maths B Year 12 for Queensland

— Example ’7

is the half-life of the isotope?
THINK

a (1 The quantities that are related are the
number of grams of the radioactive
isotope, N, and time, ¢, in minutes.
The rate of change is exponential.
Initially, there is 50 grams of
material. Use this information to find
the value of 4.

4 Initially, the rate of change is
—0.25 g/d. The change is negative
because it is decreasing. Use this
information to find the value of £.

5 Write the answer.

b 1 Use the result from a and substitute
N =25.

2 Answer the question.

The rate of decay of a radioactive element is known to be exponential. Initially, when there
is 50 grams of the substance, the rate of decay is 0.25 grams per day.

a Find an expression for the number of grams, V, of the isotope.

b How long does it take for the amount of isotope to decrease to 25 grams? That is, what

WRITE

a Let N =number of grams remaining, and

¢t = time elapsed in days.

N = Ae"
Att=0,N=10
50 = A4¢°
A=50
So N = 506k
and dv _ 50ke"
dt
Atr=0, % — 925
dr
—0.25 = 50ke°
k=-0.005
Therefore N = 50¢ %005
N = 50¢0-0051
25 — 50 0-005¢
0.5 = o000
log, 0.5 =—0.005¢
t=138.6

The half-life of the isotope is 138.6 days.

In worked example 17, we calculated the half-life of the
isotope. By referring to a table of known half-lives we
now may be able to identify the mysterious element.

Carbon-14 5730 years
Phosphorus-32 14.2 days
Chlorine-36 301 000 years
Iodine-131 8 days
Polonium-210 138 days
Uranium-238 4.5 . 10° years

The substance is probably polonium-210, a material

commonly used in film processing.
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Applications of derivatives of
exponential functions

‘1 Find an expression for y in terms of x if g—y = ky under the following conditions.
x
y =30 when x = 0, and

y =80 when x = 5.

2 Find an expression for y in terms of x if %X = ky under the following conditions.
X

y =20 when x =0, and
y =7 when x = 12.
(Note that k£ will be a negative number because y is decreasing.)

3 Find an expression for N in terms of # if:
the rate of change of NV is proportional to N,
the initial value of N is 100, and
when ¢ =15, N = 320.

4 multiple choice
A quantity G increases with S at a rate proportional to G. When S =0, G = R. Which
of the following formulas best describes the relationship between G and S?

dG dG ds dG dG _

A—= B—= —_— = D—: E =
ds RS dR RS C dG kS ds kS ds

BS Over a number of years the value of an investment, ¥, increases at a rate proportional

kG

to V. Initially the investment is worth $10 000, and after 4 years this has increased to
$18000.

a Find an expression for / in terms of the number of years, ¢.

b What is the value of the investment after 10 years?

¢ When will the value of the investment reach $50 000?

6 1In its early stages, the spread of a rumour can be modelled using an exponential
function; that is, the number of people, N, who hear a rumour grows in pro-
portion to the number of people who have heard the rumour. This model is
valid only in the early stages, as the number of ‘new’ people who may hear
the rumour over time becomes small. Suppose that initially, only 5 peoplzé /

o

,.
e
I

have heard the rumour, and 4 days later 150 people have heard it. _

a Find an equation relating the number of people, N, who have heard B ""
the rumour, to the number of days, 7.

b Predict the number of people who have heard the rumour 7 days after it started.

¢ How long would you predict it would take before 10000 people have heard the
rumour?
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10

11

The half-life of radon-222 is 4 days; that is, in a sample of the substance half of the

remaining material decays every 4 days. There was originally 50 g of radon-222.

a Develop an equation relating the amount of material remaining, N, in terms of the
number of days, 7.

b How much of the material is left after 12 days?

¢ When is there only 10 g of material remaining?

multiple choice

The half-life of carbon-14, an isotope of carbon, is 5700 years. In a fossil, a sample of
carbon-14 revealed 3 grams of material that was undecayed carbon-14 and 9 grams of mat-
erial that was decayed carbon-14. The best estimate of the age of the carbon-14 sample is:
3800 years 5700 years 8300 years
11400 years 17 100 years

The rate of decay of a radioactive element is known to be exponential. Initially, when
there is 30 grams of the substance, the rate of decay is 12 milligrams per minute.

a Find an expression for the number of grams, N, of the element.

b How long does it take for the amount of the element to decrease to 5 grams?

The rate of increase in the population, P, of a country per year is 2% of the popu-
lation. In 2002 the population was 6 million.

a Write a formula for ((11—1: where 7 is the time in years.

b Write an equation for P in terms of .

¢ Predict the number of years it will take the population to reach 7 million.

The rate of decay of a radioactive source falls from 3000 counts per minute to 2000 counts
per minute 5 minutes later. From this information determine the half-life of the substance.
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mary

 The equation y = log, x is an inverse function of y = ¢".
 To find the inverse of a function, interchange x and y and then make y the subject of
the equation.

dy
v dx
e e
& ke
&5 g’(x)eg(x)
1
1 -
0g, X :
1
1 -
og, kx x
log, [g(x g
£.[2(0)] e
1 ! L
08aX log,a x
 The chain rule for differentiation: dy _dv . d—”
dx du dx
. e _ dy _ dv du
» The product rule for differentiation: If y=u - vthen — =u— +v—.
d dx dx
du dv
dy _ dx “dx
» The quotient rule for differentiation: If y = 4 then & = —_—F
v X
v

* In word problems, rate of change of — % .

N is proportional to P — N = kP where k is called the constant of proportionality.
o If g—y = ky then y = Ae’™ where 4 is the value of y when x is 0.
X



156

Maths Quest Maths B Year 12 for Queensland

multiple choice
2

If 2¢ = JZ , then y is equal to:
y

2 2 2
A X B(x) c X D X E X

2a 20 220 4q

2(1
7 imultiple choice
The equation which is the inverse of y = e* — 1 is:
A y=log,x—-1 B y=log,(x-1) C y=log,x+1
D y=log,(x+1) E y=e"-1
3 Find the inverse of y = 2>~ L.
4 Find the inverse of y = log, (2x + 4).
° multiple choice
— §5,0x Q)_’ : .
If y = 5¢7™ then i is equal to:
A =307 B —6e% C 5! D -30e®™"!" E S

4 multiple choice
Ify=e**7 then ¥ is:
y=¢e en == i

A 4e4x+6 B e4x+6 C e4x+7 D 4e4x+7 E 4e3x+7

7 Calculate % ify=

a ! b 3% C L
2x
e

8 If g(x) = 100€> ~ %, calculate the value of g(3).
? imultiple choice

The derivative of log,(3x — 2) is:

1 B 1 c 1 1 E 3
3x-2 3x X 3(3x-2) 3x-2




|57

Chapter 4 Derivatives of exponential and logarithmic functions

10 ltiple choice

The derivative of 2 log, (x* + x) is:

A 2Qxt]) B 2Q2x+1) c 2x+l
X2+ x X x2+x
2x E 4x

x2+x x2+x

11 Differentiate the following expressions.
a log,2x b log,(3 - 4x) ¢ log;o(2x)

12 The derivative of log, x is exactly equal to the derivative of log, 100x. Explain why different
functions have the same derivative.

1% multiple choice
If f(x) = x?¢* then f’(x) is equal to:
A 2xe™ + 2™ B 2xe* C 4xe™
D 2xe™ — 2x%e* E 2xe™ + x2e™

14 imultiple choice
If g(x) = 2xlog, 3x then g’(x) must be:
A 2log,3x+ 2 B 2log,3x+2 C 2log,3x + 6x

D 210ge3x—§ E 2log,3x + 6xlog,3x

15 multiplé choice

The derivative of e is:
X2
A (x—2)e* g 2(1-2x) c 2Qx- 1)e*x
x3 x3 x3
x264x _ 2e4x 2e4x
x4 = 3

16 multiple choice

If ((11—15 = kR then which of the following is not possible?

A R=10" B R=20" C R=-20e"
D R=ke'™ E R=10ke

17 If(ab—} =3y and y =20 when x = 0:
X

a Find an equation for y in terms of x.
b Find the value of y when x = 5.
¢ Find the value of x when y = 400.
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Modelling and problem solving

1 The value of an investment, ¥, increases at a rate proportional to V. Initially, the value of the
investment is $4500 and then 3 years later /" has doubled.
a Find an equation for V in terms of ¢, the time in years.
b When is the value of the investment $15000?

2 The rate at which a liquid cools is proportional to the difference in temperature between the
liquid and the temperature of the surrounding medium. This is known as Newton’s Law of
Cooling.

A liquid originally at 180 °C is allowed to cool in a room where the temperature is 25 °C. It
is noted that after 10 minutes have elapsed, the temperature of the liquid has fallen to 100 °C.

Use the variable 6 to represent the difference between the temperature and the surrounding
medium.

a  Write an equation for %—?

b From the equation for gdi? write an equation for 0 in terms of .

¢ When will the liquid cool to 40 °C?
d  What will the temperature of the liquid be after 35 minutes?
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3 The population of cheetahs, P, in a national park in Africa since 1 January 2010 can be

t

modelled as N = 100fe '~ + 500 where ¢ is the number of years.

a  When does this model predict that the maximum population will be reached?
b What is the maximum population of cheetahs that will be reached?
¢ How many cheetahs will there be on 1 January in: i 2034 and ii 2094?

' /(‘ilu Tht

4 The weight (in kg) of a bodybuilder s months after starting a training program is
W=>5t-20log,(t+1)+90,0<r<15

a Find the weight of the bodybuilder at the start of the program.
b Find the minimum weight obtained and how many months it takes to reach it.

5 The number of people with the flu virus, &, in a particular town ¢ days after a vaccine is
introduced is N = 3000 — 500 log, (8¢ + 1).
a How many people are infected in the town before the vaccine is introduced?
b Find the average rate of change over the first 5 days.
¢ Find the rate of change of the number of people in the town infected with flu.
d Find the rate of change after 5 days.

6 The population of rabbits on a particular island 7 weeks after a virus is introduced is modelled
by P = 1200¢™"", where P is the number of rabbits.
Find:
a the time taken for the population to halve (to the nearest week)
b the rate of decrease of the population after: i 2 weeks and ii 10 weeks.
After 15 weeks the virus has become ineffective and the population of rabbits starts to
increase again according to the model
P=P,+10(t - 15) log, (21 — 29)
where ¢ is the number of weeks since the virus was first introduced.
Find:
¢ the value of P,
d the population after 30 weeks
e the rate of change of the population after i 20 weeks and ii 30 weeks
f how many weeks the population takes to get back to its original number.

Test Yourself
Chapter 4
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m Inverses

Digital doc

e SKIlISHEET 4.1: Practise finding the equation of
the inverse (page 136)
Interactivity

» Relations and their inverses int-0250: Consolidate
your understanding of relations and their inverses
(page 135)

m The derivative of e*

Digital doc
e Spreadsheet 220: Investigate the derivative of a*
(page 140)

The derivative of log.x

Digital doc
* WorkSHEET 4.1: Find derivatives of exponential
and logarithmic functions (page 146)

B Applications of derivatives of exponential
functions
Digital doc
e WorkSHEET 4.2: Find derivatives of exponential
and logarithmic functions using the chain, product
and quotient rules where appropriate (page 154)

Chapter review

Digital doc

* Test Yourself: Take the end-of-chapter test to test
your progress (page 159).

To access eBookPLUS activities, log on to
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Introduction
Midnight on Marus

At the South Pole in midsummer on the planet Marus, the red sun of its solar system
does not set. It dips towards the horizon until, at ‘midnight’, its lower rim just touches
it. The sun then rises again until at ‘midday’ its lower rim is at an angle of D(#)° to the
horizontal. The sun then sinks again, continuing in this pattern. The angle above the
horizontal can be modelled by the relation:
D(t)=a — b sin (nt + c)
where ¢ is the time in hours after midnight and a, b, ¢ and » are positive constants.
The graph of D(¢) for 24 hours is shown on the axes in the figure below.

Maths Quest Maths B Year 12 for Queensland

D(1)
10-

0 246 81012141618202224°

Can you find the values of a, b, ¢ and n and hence write the rule for D(¢)?
In this chapter, we shall revise the work covered in Year 11 on periodic functions,
and extend the work previously covered on graphing this type of function.
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[ L] . P
unit circle I\
(e
Revision of basic concepts o S %
Angles are measured in degrees or radians.
To define a radian we can use a circle which has a radius
of one unit. This circle is called the unit circle. If we take a
piece of string that is the same length as the radius and A unit circle

place it along the circumference of the circle from S to P to
form an arc, then the angle formed by joining S and P to O,
the centre of the circle, measures one radian.

the same length as the radius of the circle. Note the fol-
lowing.
L.

The radius of the circle can be any length and can still
be regarded as a unit. As long as the arc is the same length

Y
A
as the radius, the angle will always measure one radian. p
In general, therefore, a radian is the angle formed at r \,
the centre of any circle by radii meeting an arc which is e x
Bk

One radian is written as 1¢ (or 1 radian can be written
as 1).

. The circumference of a circle is 277 units in length. A radian
. If the radius is one unit, as in the case of the unit circle,

then the circumference is 27 units, and the angle at the centre of the circle is
27 radians.

. 2m radians = 360°
. The length of the semicircle from S through A to B is half the circumference and is

T units.

. wradians = 180°
. An arc length of 7 units subtends an angle of 1 radian.
. An arc length of 277 units subtends an angle of 27 radians.

. An arc length of a quarter of a circle is %ﬁ units (that is, %/) and subtends an

angle of Z radians.

Finding the number of degrees in one radian
Since ¢ =180°

we have 1¢

_ 180° _ 57.296° (correct to 3 decimal places)

Changing radians to degrees
Radians are converted to degrees using the following equation.

_ 180°
T

lc
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— Example ’

Change the following to degrees, giving the answer correct to 2 decimal places.

a2 b 6.3 c z—g
THINK WRITE
a (1 Multiply the number of radians by l%g . a 2°=2- 1807
T
2 Simplify where possible. = 3673
3 Write the answer correct to 2 decimal places. =~ 114.59°
b @ Multiply the number of radians by &n() . b 63=63. 80
2 Simplify.
3 Write to 2 decimal places. = 360.96°
¢ (1 Multiply the number of radians by @ C ort_dr 1807
T 10 10 V3
2 Simplify by cancelling 7. =162°
Changing degrees to radians
Degrees are converted to radians using the following equation.
180° = ¢
o= L
180
— WORKED Example 2
Change the following to radians.
a 2° b 36.35° c 150°
THINK WRITE
. T ° T
- a 20=2. —
a 1 Multiply the number of degrees by 730" 130
2 Simplify, leaving your answer as an exact = %
number of radians or round off to an appropriate .
number of decimal places. = 0.035
o n
b @ Multiply the number of degrees by % . b 3635°=3635" 130
2 Simplify. = (.634¢
Note: In this example it is not appropriate to leave your
answer in exact form.
i T ¢ 150°=150 X
¢ (1 Multiply the number of degrees by 730" 180
2 Simplify, leaving your answer in exact form. = %t
_sx

6
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Note the following special cases with which you need to be familiar.

180° =7
90° = ’5” Divide both sides by 2.
60° = 7§t Divide both sides by 3.
45° = Z—f Divide both sides by 4.
30° = ’g’ Divide both sides by 6.

Basic definitions of sine, cosine and

tangent

Sine and cosine

In the unit circle the vertical distance PR is defined as
sine @ (or sin ) and the horizontal distance OR is
defined as cosine 0 (or cos 6).

The coordinates of the point P are (cos 6, sin 6)
where 0 can be in radians or degrees.
The x-coordinate of P is cos 6 and the y-coordinate

of P is sin 6.

Boundary angles

P (cos 6, sin 0)
sip 6
0

N,

sin 6 and cos 0

In Year 11 we noted the value of the trigonometric ratios for the boundary angles.

sin0=0 sin 0°=0 YA, cos0=1 cos 0°=1
©0,1) |2
singzl sin 90° = 1 cosgzo 0s 90° =0
sint=0 sin 180°=0 T 0 cos t=—1 cos 180° =-1
. X
sin 37” =-1 sin270°=-1 -1, (1,0) cos 37” =0 co0s270°=0
sin2z=0 sin 360°=0 ©.°D 37” cos2r=1 cos360°=1
Special cases
Tangent

Using the unit circle, the vertical distance TS is defined as

tan 6.

TS is the tangent to the circle which intersects with the

x-axis and ZTOS = 6.

1t
N,

tan 6
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Using Pythagoras’ theorem in triangle OPR (figure below),
PR* + OR* = OP?.
So, sin? 6 + cos®> =1
This is called the Pythagorean identity and is used in many trigonometric equations.
From the diagram below, AOPR is similar to AOTS (equiangular).

Y,
o T
-\/P
%
S . tan @
sin
B _cos O R
O=<——1unit——S X
Identities
Therefore: TS = PR
OS OR
tan® _ sin6
1 cos @
tan 6 = sin6
cos @
Boundary angle

Note the boundary angles for the tangent ratio.

tan0=0 tan g is undefined tanmw=0 tan 37” is undefined tan 2w =0

tan 0° =0 tan 90° is undefined tan 180° =0 tan 270° is undefined tan 360° =0

It can be seen that tan 90° is undefined because tan 90° = 31 3((); = é which is
cos

undefined.
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Revision of radians and the
unit circle

EXERCISE

WORKED 1 Change the following to degrees, giving answers correct to 2 decimal places.

Example c . . .
d a3 b5 c48 d25¢ e F  fIE gE 37

20 10 6 4

WORKED 2 Change the following to radians. Give exact answers for a, b, ¢ and d. Write other

% answers correct to 2 decimal places.
a 5° b 15° c 120° d 130° e 63.9°
f 78.82° g 235° h 260° i 310° j 350°
3 Evaluate using a calculator. Give answers correct to 3 decimal places.
a sin04 b sin 0.8 ¢ cos 1.4
d cos 1.7 e tan2.9 f tan2.4
4 . . . SKllSHEET 5.1
Evaluate using a calculator, giving your answers to 3 decimal places. Changing degrees to
a sin 75° b sin 68° ¢ cos 160° radians
d cos 185° e tan 265° f tan 240° Caotitin o
5 Evaluate the following. spmdsr:i(:
a sin0 b sinzx ¢ cos2m 077 The unit circle
d cosm e tan 3F f tanZ
2 2

6 Evaluate the following.

a sin 90° b sin 360° ¢ cos 180°
d cos0° e tan270° f tan 720°

7 Evaluate without using your calculator.
a sin? 20° + cos® 20° b cos? 50° + sin? 50° ¢ sin’ 1+ cos’
d sin? 2.5+ cos?2.5 e sin’ g + cos? g f sin? g + cos? g
g 2sin* a+2 cos’ o h 5sin? B+ 5 cos’ B

8 Write the following in order from smallest to largest.
a sin 35°, sin 70°, sin 120°, sin 150°, sin 240°
b cos 0.2, cos 1.5, cos3.34, cos5.3, cos6.3

9 Ifsin 8= % and cos 0= i—g,ﬁndtan 6.

10 If sin 4 = 0.6 and cos 4 = 0.8, find tan 4. Draw a triangle marking in the position of
angle A and possible lengths of the sides.

11 multiple choice

737’- radians is equal to:
A 0° B 30° C 45° D 60° E 90°

12 multiple choice

The expression 1 — sin® ¢ is equal to:
Al B cos’ o C cosa D tan o E tan’ o
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13 The temperature 7°C inside a shop ¢ hours after 2 am is given by

T=15-3cos %z
Calculate the exact temperature after 4 hours and the temperature to the nearest tenth

of a degree at 9.00 am.

Symmetry and exact values

Exact values
Using the equilateral triangle (of side length 2 units) shown
at right, the following exact values can be found. 30°

sin 30° = sin Z sin 60° = sin g 2 V3 2
2 2 1 60°
] —>1—
cos 30° = cos = cos 60° =cos = .
6 3 Exact values of sine,
_ /\/§ 1 cosine, tangent, 30°,
=7 =3 60°

tan 60° =tan g

-5

Using the right isosceles triangle shown, the following exact
values can be found. 455

tan 45° = tan :—f V2

. . T T

sin 45° = sin = cos 45° =cos =

4 4

L - L =1

J2 N2 m 45°
1

Exact values of sin,
cos, tan 45°

The unit circle and symmetry properties

The unit circle is symmetrical so that the magnitude y

of sine, cosine and tangent at the angles shown are

the same in each quadrant but the sign varies. 2 s |a
For a positive angle, 6, we rotate in an anticlockwise

direction from the positive x-axis. 0 0

In the first quadrant sin, cos and tan are all positive.

In the second quadrant only sin is positive.

In the third quadrant only tan is positive.

In the fourth quadrant only cos is positive.

This can be remembered as all students to class.

Symmetrical properties

sin 6 sin (7 — 6) =sin 6

sin (7 + 6) = —sin 6

sin (2w — 0) = —sin 6

cos 6

cos (m— 6)=—cos 6

cos (m+ 6)=—cos 6

cos(2mw— 0) =cos 6

tan 6

tan (7 — 6) = —tan 0

tan (r+ 6) =tan 6

tan(2wr — 0) = —tan 6
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Without using a calculator, find the exact value of:

a sin 150° cos i
THINK
a (1 Find the equivalent first quadrant angle.
2 As 150° is in the 2nd quadrant, sine is positive.
3 Write the exact value.
b 1 Find the equivalent first quadrant angle using
4 4 4
2 Decide on the sign required. As it is in the 3rd
quadrant, cosine is negative.
3 Write the exact value.

Sn

Worked example 3
int-0546

WRITE
a sin 150° = sin (180 — 30)°

= sin 30°

S

b cos 2F = cos (n+ 7—t)
4 4

a 1

— Example 4

If sin x = 0.6, cos x = 0.8, and x is in the first quadrant, find:

a sin 37— x)

THINK

Angles are not restricted to values between 0 and 2r; that is, the domain is not
restricted to 0 < x < 27 If an angle is greater than 27 radians, it is necessary to subtract
multiples of 27 so that the angle is within one turn of the unit circle. Each 27z radians is

a complete turn of the circle.

Write 37 as 27 + m— that is, a sin 3r—x)=sin 2w+ 71— Xx) y,

one complete cycle and then the
angle m— x.

As it is in the 2nd quadrant,
sine is positive.
Substitute the given value.

b cos 47+ x).

WRITE/DRAW

=sin (7 —x) \
ENON
N7

=sin x

=0.6

Continued over page @
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THINK

b a4 4r=2- 2m— thatis, two

rotations plus angle x.

2 Asitis in the 1st quadrant,

WRITE/DRAW

b cos (47 +x)

(A
RS

Solution 2
1 Use the identity sin? 8 + cos> 6= 1.

2 Rearrange.
3 Substitute values.
4

Evaluate.

5 cos is negative in the 2nd quadrant.

sin 6

6 Usetan 0= .
cos 6

=cos x
cosine is positive.
3 Substitute the given value. =0.8
— WORKED Example §
If sin 6= 12 and % < 0 < 7 find cos 6 and hence find tan 6. -
13 2 Tutorial:
Worked example 5
int-0547
THINK WRITE !
Solution 1
1. Inthe given triangle we can find the length of the 132 =5%+ 122
third side by using Pythagoras’ theorem. Let 6
be the first quadrant angle corresponding to 6. 13 12
2 cos@’:il.xacLrlt cos O = 3
hypotenuse 13 3 u
3 0Ois in the second quadrant, and therefore cos 0= —%
negative.
4 tanOngRg-si[—e tan @’ = 12
adjacent 5
5 0Ois in the second quadrant. tan 6= —%

sin? 6+ cos> 6= 1
cos? @=1-sin’ 0
=1 144
169
= 25

169
cos 0=+
13

Take cos 9=—% as g <0<
12

tan 6= 13
_5
13

=_12
tan 0= :
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For negative angles, move in a clockwise direction.

In the diagram,

>/
|

EIZAN
B AN

|71

RQ=-PR, and
OR =0R so
T,S=-TS

An alternative way to find tan (—0) is:

tan (—0) =

sin(—@) _ —sin@ _

—tan 0

cos(—0) "~ cos O

sin (—0) = —sin 0

cos (—0) = cos 0

tan (—0) = —tan 0

X
% (-6)
_/Q T
1

Negative angles

The diagram shows 0 < 6 < g ; however, these relationships are true for all 6.

sin (~150°) = —sin 150°

— WORKED Example 6

Find the exact value of:

a sin (—135°)

THINK
a (1 sin (=135°) =—sin 135°

2 135°is in the 2nd
quadrant.

3 Sine is positive in the
2nd quadrant.

4 Give the exact value.

cos (—240°) = cos 240°

2 Cosine is negative in the
3rd quadrant.

3 Give the exact value.

tan (-330°) = tan 30°

2 Give the exact value.

b cos (—240°)

cos (—190°) = cos 190°

tan (-280°) = —tan 280°

¢ tan (-330°).

WRITE/DRAW
a sin (—135°) = —sin 135°
= —sin (180° — 45°)

= —sin 45°

2
2

b cos (—240°) = cos 240°

=cos (180° + 60°)
= —cos 60°

—_1

2

¢ tan (—330°) = tan 30°

Y

el N

=
s A\ s
N

ol Sl

<IN
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— Example 7

Find the exact value of the following: @ by hand b using the TI-Nspire CAS calculator.

i sin (—ﬂ[) ii tan (—if)
3 6

THINK WRITE/DISPLAY
a i @ sin(-6)=—sin 6 a i sin (_43_”) ~ sin ‘%
2 % is in the 3rd quadrant. = —sin (7 + %T )
3 Sine is negative in the 3rd quadrant. = —(—sin 7§r )
T
=sin =
3

4 Give the exact value. =

il 1 tan(-6)=—tan 0 ii tan (—5—75) — _tan 2F
6 6
2 %r is in the 2nd quadrant. = —tan (7 — g )
3 Tangent is negative in the 2nd = —(—tan g )
quadrant.
b4
=tan =
6

4 Give the exact value. =

For the TI-Nspire CAS

b @ On a Calculator page, complete the b “Unsaved = &0
1 . S Lo i~
entry lines as: “"(T ;2@ |
. (_4 77.') e 22) &
Sm T 6 3 :

Y4
t —_
an( 6 )

pressing ENTER G after each line.

% i

2 Write the exact value. i




Chapter

Complementary angles

Complementary angles add to 90° or g radians.
Therefore, 30° and 60° are complementary angles.

In other words g and %t are complementary angles

and 6 and (g - 9) are also complementary angles.

5 Periodic functions
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The sine of an angle is equal to the cosine of its complement. Therefore, sin 60° = cos 30°.
We say that sine and cosine are complementary functions.

The complement of the tangent of an angle is the cotangent (or cot) — that is,
tangent and cotangent are complementary functions (as well as reciprocal functions).

sin (E— 9) =cos 6 sin (7_7:+ 9) =cos 6 sin (3—”7 9) =—cos 6 sin (3—”+ 9) =—cos 6
2 2 2 2

cos (7—7:— 9) =sin 6 cos (E+ 9) =—sin 6 cos (E— 9) =—sin 6 cos (3—7[+ 9) =sin 6
2 2 2 2

tan (g— 6) =cot 6 tan (g+ 6) =—cot O tan (3777’-— 9) =cot 6 tan (%T+ 9) =—cot 6

— Example 8

2 Substitute the given value for sin 6.

quadrant.

2 Substitute the given value for tan o

3 Calculate.

If sin 6= 0.4, cos x = 0.5 and tan o = 0.6, find:

a cos (§+ 9) b tan(
THINK
a (1 Cosine and sine are complementary functions

and cosine is negative in the second quadrant.

Tangent and cotangent are complementary
functions and tangent is negative in the 4th

3. ).
2
WRITE

T .
a cos (5 + 6) =—sin 6

Tutorial:

Worked example 8

int-0548
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Symmetry and
exact values

EXERCISE

SKillISHEET 5.3
Rationalising the

Note: Give answers as surds with rational denominators. denominator
Spreadsheet
WORKED 1 Without using a calculator, find the exact values of the following. 077 The unit circle
— a sin 120° b cos 135° ¢ tan330° d cos 225°
e sin210° f  tan 150° g sin 315° h cos 300°
i tan 225° j cos390° k sin 405° | tan 420°
WORKED 2 Find the exact values of the following.
Example
. 3w 5w 21 4
a sin == b cos = ¢ tan == d cos =
4 6 3 3
e sin 2F ftan ZF g sin lr h cos 2F
4 6 6 3
i tan I j cos 2z k sin 2F | tan 2%
4 6 6

WORKED 3 Ifsinx=0.3,cos a=0.5tan b =2.4 and x, a and b are in the first quadrant, find the

=l value of the following.
a sin (7—x) b cos (7r-a) ¢ tan 27— b)
d cos(mr—x) e sin(7—a) f tan (m+b)
g sin (2r—x) h cos (27— a) i tan (w—b)
j cos Qm+x) k sin 27+ a) | tan 27+ b)
m sin (37— x) n cos 3w+ a) o tan 3w —b)

[\

4 Ifsin o= 215 and cos o = ;-‘5‘, find tan o and show that sin’ o + cos”> o= 1.

WORKED 5 a Ifsinx= % , and g <x < r, find cos x and hence find tan x.

b Ifcosxz—l,and T<x< :%ﬁ,ﬁnd sin x and tan x.
C Ifsinx=—§,and 3;” <x < 2m, find cos x and tan x.

d Iftanx=.3,and 7<x< ézf,ﬁnd sin x and cos x.

WORKED 6 Find the exact value of the following.

% a sin (=30°) b cos (-45°) ¢ tan (=60°)
d cos (=150°) e sin (—120°) f tan (-135°)
g sin (—225°) h cos (-210°) i tan (-240°)
j cos (=330°) k sin (-315°) | tan (-300°)
m sin (—420°) n cos (-390°) o tan (—405°)

7 Evaluate (sin o + cos 0)> + (sin o — cos @)°.

WORKED 8 Find the exact values of:

D . (5 (D) cm(f) a2
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9 Show that cos? (—g) + sin? (—Z—‘T) =1.

WORKED 10 Ifsin 6=0.3, cos x = 0.7 and tan & = 0.4, find the value of the following.
Example
a sin (E—x) b cos (MJrG) c tan (7_r_ ) d cos (7_r+9)
2 2 2 2

e sin (3—ﬂ—x) f tan(7—t+a) g sin (7—T+x) h cos (3—ﬂ—9)
2 2 2 2

i tan(:—sj—r—) j 005(3—”4'9) k Sin(y—t—x) | tan(3—n-+(x)

11 multiple choice

Ifx= %, 3 sin 2x is equal to:

A M & c 3 p 1 E Z
2 2 2 2 2
12 multiple choice
The expression 1 — sin’ (g - 9) is equal to:
A cos (’-f - 9) B sin (’-’— 9) C sin? (’I - 9)
2 2 2

D cos’ (g-@) E 0

13 A weight on a spring moves so that its speed, v cm per second, is given by the formula

v=10+2sin%t

Problei:(isl::v'i':;zs?l;; a Find the initial speed.
trigonometry b Find the speed of the weight after 5 seconds.
¢ What is the greatest speed that the weight can
reach?

14 The height, H, in metres, that sea water reaches
up a particular tree trunk near a holiday resort is

governed by the equation H = 0.4 cos 1£2t + 0.5,

where ¢ is the number of hours past midnight.

Find the height of water up the trunk at:
a midnight b 8am
¢ 8pm.
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Further trigonometric equations

From the general equation sin x = a, we can find an
infinite number of solutions. An example of this general

3

equation is: sin x = 2

One of the solutions is x = gc , because sin 7§r =

However, we also know that sin (ﬂ—
sine is positive in the second quadrant.

For this equation there are two solutions between 0 and 27. They are g and 2—”

Y

3

3

T

sin (7r/— z

sin 3

3
=
J3

because

)

3

(There are no solutions in the third and fourth quadrants because here, sine is negative.)

x =0 and x = 27 are solutions for

cos x = 1 over the domain 0 < x <27

To find a greater number of solutions we can go around the unit circle as many times

as we wish, finding new solutions

sin (27t+ E) = —“/—3 and sin (3%—7—[) =
3 2 3

in the domain 0 < x < 47 there are 4 solutions: 3

We can also go in a negative
—Sr

solutions: . and
3 3

each time. Since

3

2

T 2 Irm 8
—, — and —=.
33 3

direction. In the domain 27 < x < 0 there are 2

— Example 9

Find all solutions to the equation cos x = —

THINK

Write the question.

Find the equivalent angle in the first
quadrant, ignoring the sign.

In the 2nd and 3rd quadrants cos x is
negative.

Write the appropriate values of x in
these quadrants.

Simplify.

[&,]

2

in the domain 0 < x <2

WRITE

2

COS X = —=—
2

Basic angle is Z—:

2nd quadrant:

Y
x=n-12
4
3rd quadrant: 3
T AW
X=T+ = x
) ¢
_3x sm
4° 4
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Find all solutions to the equation sin o= 0.7 in the domain 0 < o < 47. Give your answers
correct to 4 decimal places.

Maths Quest Maths B Year 12 for Queensland

THINK WRITE

1 Find the equivalent angle in the 1st The basic angle y
quadrant, ignoring the sign. is 0.7754.

2 Find in which quadrants sin ¢ is sin ¢ is positive in

X

positive. the 1st and 2nd sin (7o m
quadrants. /

N
3 Look at angles beyond 27 because the From 0 to 27:
domain is [0, 47] by adding the period a=0.7754, m - 0.775

to values in the first cycle (that is, =0.7754, 2.3662
finding values in the 5th and 6th From O to 47
quadrants). In y = sin « the period

a=0.7754, 2.3662,

0.7754 +2m, 2.3662 + 21
4 Simplify giving answers correct to 4 a=0.7754, 2.3662, 7.0586, 8.6494
decimal places.

is 27

You will notice that the third solution can be found by adding 27 to the first solution and
the fourth solution can be found by adding 27 to the second solution. This is because we
have turned through an angle of 27 radians (1 revolution) beyond the original angle.

— Example ”

Find all solutions to the equation /2 cos x + 1 = 0 in the domain 0 < x < 27.

THINK WRITE
1. Make cos x the subject of the equation. J2 cosx+1=0
ﬁ cos x =—1
1
COS X =——
J2
2 Find the angle in the 1st quadrant. Basic angle = Z—f
3 Decide in which quadrants cos x is cos x < 0 in quadrants 2 and 3
negative. . o
X=rw—>,7w+ =
4 4
. . . _3m Srm
4 Solve using only those solutions in the x=

given domain.
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— Example ’2

THINK

1 Simplify the trigonometric equation.

2 Since 0 is multiplied by 2 in the
equation, multiply the domain by 2
also.

3 Find the ‘first quadrant (basic) angle’,
ignoring the negative sign.

4 Now find values of 26 between 0 and
720° which satisfy the equation.
Note that sin 0 is negative in the 3rd
and 4th quadrants.

Solve for 6.

6 Note that all values of 0 are between 0
and 360°.

Find all solutions to the equation 2 sin 20 = —ﬁ in the domain 0° < x < 360°.

WRITE
2sin20=-./3 0° < < 360°
sin 20 = # 0°<20<720°

Basic angle = 60°

26 =180° + 60°, 360° — 60°, 360° + 180°
+ 60°, 360° + 360° — 60°

26 =240°, 300°, 480°, 660°

0=120°, 150°, 240°, 330°

— Example ’3

Find all solutions between 0 and 27 for the equation sin 3x = cos 3x:

a by hand b using the TI-Nspire CAS calculator.
THINK WRITE/DISPLAY
a (1 Divide both sides by cos 3x. a sin 3x = cos 3x 0<x<2xm
tan 3x = 1 0<x<2m, cos3x#0
2 Adjust the domain as shown. 0<3x<o6n
3 Find the basic angle. Basic angle = Z—f
4 Solve for x between 0 and 6. 3x = Z—:, T+ Z—f 21+ Z—:, 3T+ Z—:, 41+ Z—‘T, S+ Z—f
Note that tan is positive in the
Ist and 3rd quadrants. =T 5_, 9”, 1377:, 17”, 2lr
4" 4° 4° 4 4 4

Cancel where possible.
Check that all answers are between 0

24w _ 8%

and 27r(27r 1 ) They are.

n St 9m 137 17n 21n
T12°12°127 120 120 12

_n 5z 3rn 13x 1in Tz
T12°12° 47120 127 4

Continued over page @
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THINK WRITE/DISPLAY
b @ On a Calculator page, press: b “Unsaved v @0
o velsin{3 x)=cos(3 x).x) 23
MENU Pl v e R
* 3: Algebra (3) 2 12 4w

* 1: Solve {1).
Complete the entry line as:
solve(sin(3x)=cos(3x), x)| 0 < x < 27
then press ENTER Gas. =

n St 3x 13x 17m Iz

ite the solutions. = T 2 1 4
2 Write the solutions T A 12 12 4

Further trigonometric
equations

Find all solutions to the equations below in the domain 0 < 6 < 27.

A3
2

a cos=0 b sin9=—ic cosO=l d sinf=-1 e cosO=—
2 2
Find all the values of @ between 0° and 360° for which:

a sinf=1 b cos9=% c sin6=-“§§ d cos@=-1 e sinf=-L

For each equation below, find all the values of x between 0 and 4z Give answers
correct to 4 decimal places.

a cosx=-0.6591 b sinx=09104 ¢ cosx=0.48 d sinx=-0.371
Find all the values of x between 0° and 360° for which:

a sinx=02686 b cosx=-0.7421 ¢ sinx=-0.5432 d cosx=0.1937
Give answers correct to 2 decimal places.

Digital doc:
Spreadsheet
075 Trig equations

Find all the solutions to the following equations in the domain 0 < x < 2m.
a 2sinx=1 b 3cosx=0 ¢ 2sinx=-43 d J2cosx=1
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Find all the solutions to the following equations in the domain 0° < x < 360°. Give
exact answers where possible, otherwise give answers correct to 2 decimal places.
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a cos2x=1 b 2sin2x=-1 ¢ 2cos3x=—.>2
d 2sin3x=.3 e sin3x=-0.1254 f 3 cos2x=0.5787
g 4sinlx=0913 h /2 cosx=-0.2751

7 Find all the solutions between 0 and 27 to the following equations. Give exact
answers where possible, otherwise give answers correct to 4 decimal places.

a 4sinx+2=6 b 3cosx—3=0 c cos)2£+4=4.21
d sin§+5=5.32 e 2sin3x—5=-4 f /2 cos3x+2=3
g 2cos2x+ 3 =0 h L sin lx—1=-0.8039

Find all values between 0 and 27. Give exact answers for questions a to d. Otherwise
give answers correct to 4 decimal places.

a sinx =cosx b sin 2x = cos 2x C sin2x=ﬁc052x
d A/§sin3x=cos3x e sin3x+2cos3x=0 f sinx+3cosx=0

A particle moves in a straight line so that its distance, x metres, from a point O is

given by the equation x = 3 + 4 sin 2z, where ¢ is the time in seconds after the particle

begins to move.

WorkSHEET 5.1 a Find the distance from O when the particle begins to move.

b Find the time when the particle first reaches O. Give your answer correct to
2 decimal places.

Further trigonometric graphs

Graphs of the sine and cosine functions
The graph of the function f(x) = sinx is drawn below. It is drawn over the
domain -2 < x < 27 The graph repeats itself every 27 radians. We say that it has a
period of 27. Half the distance between the maximum and minimum values is 1 so we
say that the amplitude is 1.

Y
It is possible to take any value of x for the 15
function f(x) = sin x so the domain of the whole /\ 0.5
function is R. ' ' ' '
The range is —1 <y < 1. The graph is shown —om -Ix -z 0 z I ¥
at right. 077
~ 1

fix)=sinx, 27 <x < 2w

The graph of the function f(x) = cos x is the y,
same shape but in a different position. The period 1

is also 27. The amplitude is 1, the domain is R \ (% \ /

and the range is —1 <y < 1. The graph is shown

at right. _2,'1_37 50z
0.5
1_

-
I\)‘§
o
B
=

flx)=cosx, 2r<x<2m
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Complementary functions

In the previous section we looked at complementary angles. Use your graphics
calculator to graph the following.

1 a y=sinx

b y=cos (g—x)
b y=sin (gfx)

The resulting graphs will confirm these earlier results.

2 a y=cosx

Dilation
y-dilation
If we change the amplitude, the distance between the maximum value and the min-
imum value also changes. y
The graph of f(x) = 2 sin x is shown at right. It is 2

drawn between 0 and 2. The amplitude is 2. The period
is still 27z. The domain is R and the range is -2 <y < 2.

14

This graph is a dilation of the basic graph of 0 7 A * for~
f(x) = sin x by factor 2 parallel to the y-axis. It has been -1
stretched vertically. o

fix)=2sinx,0<x<2rm

x-dilation
If we change the coefficient of x the period changes and y,
the width of the graph changes. 1+
The graph of f(x) = cos 2x is shown at right. It is also 0.5-
drawn from 0 to 27. The amplitude is 1 and the period
is 7. This can be found by dividing 27 by the coefficient On\ 7 Brgsa\ 3z fizon
—0.57
of x. In this case T _ 7. The domain is R. The range .
is—-1<y<l. fx)=cos2x,0<x <21
The x-intercepts can be found by solving the equation
cos 2x = 0.
=l 3n Sn Irn
X ==, =, =, —=—
22272
_nm 3m Szm Irw
SO X ==, —, —, —
44 4 4

This graph is a dilation of the basic graph of f(x) = cos x of factor % parallel to the
x-axis. The period has been halved or the graph has been ‘squashed up’.

The decimal approximation for these solutions can be found using a graphics calcu-
lator. The graphics calculator can also be used to check the number and approximate
value of the solutions when solving trigonometric equations.
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x- and y-dilation y
The graph of f(x) = 4 sin 3x is shown at right. ;1:
It is drawn from 0 to 27. The amplitude is 4 and 2
the period is 2% The domain is R. The range is LR o \7
3 0 \=r i 2 X

—4<y<a. —1 2 2

The x-intercepts are found by solving 4 sin 3x = 0. :g:
So sin3x=0 4

3x=0, m 2m, 3m, 4m, S, 67 f(x)=4sin3x,0<x<2x
2z 4 Sx;
:03 Ea =, =, ‘_,271-
SR R NG T

This graph has a dilation factor of 4 parallel to the y-axis, and of % parallel to the x-axis.

1 On your graphics calculator graph each of the following.
Y1 =sin x Y2=2sinx Y3=3sinx Y4="1 sinx
From this you should be able to see the effect of a y-dilation. Repeat this for the
corresponding cosine graphs.

2 On your graphics calculator graph each of the following.
Y1 =sin x Y2 = sin 2x Y3 = sin 3x Y4 =sin lx
From this you should be able to see the effect of an x-dilation. Repeat this for
the corresponding cosine graphs.

3 Sketch several graphs of the form y = 4 sin Bx and y = 4 cos Bx, adjusting the
value of 4 and B to have a look at the dilation effects.

Reflection y

If the coefficient of the function is negative, g_

the graph is turned upside down or reflected in the 2-

x-axis. This does not alter the amplitude, which is 1 z 3

always positive. 0 7 on 47 st o X
The graph of f(x) = —4 sin 3x is shown at right. —1 2 ’ ’

You will notice that it is the graph of :g:

f(x) =4 sin 3x turned upside down. (The graph of  _4-

f(x) =4 sin 3x is shown on the previous page.) f(x) =4 sin 3x, 0 <x <27

The amplitude is 4 and the period is %? The domain is R. The range is -4 <y < 4.

The x-intercepts are 0, %z , 2—”, , ﬂr, S—E, 2.

3 3°3

This graph has dilation factor of 4 parallel to the y-axis and of ! parallel to the x-axis.

If the function f(x) = 4 sin 3x is reflected in the x-axis, the result is f(x) = —4 sin 3x.
If we reflected the graph of f(x) =4 sin 3x in the y-axis the result would still be
f(x) =—4 sin 3x.

If we reflect f(x) = 2 cos 3x in the x-axis the result is f(x) = —2 cos 3x but if we reflect
it in the y-axis the graph does not change. This is because f(x) = 2 cos 3x is
symmetrical about the y-axis.
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Reflection

Check the reflections in both the x- and y-axes by graphing the following functions.
1 To confirm a reflection in the x-axis, graph the following function pairs.

a Y1=2cos3x b Y1=2sin3x
Y2=-2cos3x (orYI=-Y1) Y2=-2sin3x (or Y2=-Y1)
2 To confirm a reflection in the y-axis, graph the following function pairs.
a Y1=2cos3x b Yi=2sin3x
Y2 =2 cos (—3x) Y2 =2 sin (—3x)

3 Explore the reflective effect of graphing Y1 = 2 sin (3x) and Y2 = -2 sin (—3x).

Translation
y-translation

If we add a constant to the function, the graph is moved up or down and is said to be a
translation parallel to the y-axis.
The graph of f(x) =3 cos 2x+ lor f{(x) =1+3 cos2x
is shown at right. The amplitude is 3, the period is 7, 47
the domain is R and the range is -2 <y < 2. 34
The x-intercepts are found by solving 3 cos 2x + 1 =0. 2
So cos 2x = —% (cosine is negative in quadrants 2 and 3). 1

The basic angle is inverse cosine of 1 = 1.231°. oY E T T %l %
3 5 m \3[| 2n
14 2 2
2x=m—-1231, m+1.231, 37— 1.231, 37+ 1.231 \/ \/
2x =1.911, 4.373, 8.194, 10.656 —2
x =0.955, 2.186, 4.097, 5.328 fy=3cos2x+1,0<x<2m

x-translation

The graph of f(x) = sin (x - :—f) is the graph of f(x) = sin x translated Z—: units to the right.

The graph of f{(x) = sin (x + Z—D is the graph of Y

1-
f(x) = sin x translated Z—f units to the left. 0 7/\ /
The graph of f(x) = sin (x + Z—D is shown at right. _,'r\/ 0 %, W e
— .5-

It is drawn between [, 27].
The amplitude is 1, the period is 27, the domain is
R and the range is —1 < y < 1. The y-intercept
occurs when x = 0.

Confirm these graphs with your graphics calculator.

IN

x<2m

f(x) = sin (x + Z—D,—ﬂ

The x-intercepts occur when sin (x + :—D =0.

So x+Z%=0,12n
4
__nm 3n Irx
4’ 44

This graph is a translation of the basic graph of the function f{x) = sin x, Z—: units
parallel to the x-axis in a positive direction.
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If we take a general trigonometric function f(x) = A sin (Bx + C) + D, it has an

amplitude of 4, a period of %t, a horizontal translation of ¢ units to the left and

a vertical translation of D units up.

The graph of f(x) = 2 cos (3x — m) — 1 is shown
at right for 0 <x <2m.

The amplitude is 2, the period is -2371 the domain

is R and the range is -3 <y < 1.
This graph is a dilation of the basic graph of
f(x) = cos x of factor 2 parallel to the y-axis,

and factor % parallel to the x-axis. It is translated

Y
AN
T T T T T T
O[5\ ¥ =) % [¥|2n”
—14
-2
—3

g units to the left and 1 unit down.

— Example ’4

amplitude.

THINK
1. Write the equation.

2 Find the period.
(The coefficient of x is effectively equal
to1lasx=1x.)

3 State the amplitude.

4 Using a pencil, sketch a basic cosine
shape with the period and amplitude
above.

5 Apply the x-translation of Z—:

(the + sign means to the left). Again,
use pencil.

Sketch the graph of y =5 cos (x + g) + 5 for 0 < x < 27, and state the period and

WRITE/DRAW

y=15cos (x+i—f) +5

Period = g{_r
=2r
Amplitude = 5
Y,

y=5c0s x

A

©l
<
N‘§
|
|
=

|
(9,
1

5 y=5cos(x+%) §

Continued over page @

|
W
1
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THINK WRITE/DRAW
6 Apply the y-translation of +5 y B .
(+ means up). ) T y=5cos(x+§)+5

y=5cos (x+7%)

. ~ —
z [0\ = 3 In g X
3 b T/ FPn

7 Erase the pencilled stages. y .
104----——--oC y=5cos (x+F)+5

(]
.z>.|'~$’-

2 X

Worked example 14 can be done on a graphics calculator.

For the Casio fx-9860G AU
THINK DISPLAY

1. To sketch the graph of y = SCos(x + Z—D +5
for 0 < x < 2, press:

* 5 (GRAPH).
Complete the entry line as:
Yl=5cos(x+7 |4)+5
then press @
2. To set the domain and range, press:
.
« (F3) (V-Window).
Enter values in Viewing Window as shown,
then press

3. To obtain the graph, press:
. (DRAW).
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. To find the minimum, press:

 (SHIFT

« (F5) (G-Solv)

« (F3) (MIN).

Other significant points can be found in a
similar manner.

For the TI-Nspire CAS
THINK

1. To sketch the graph of y = SCOS()C + Z—f) +5
for 0 < x < 2, open a Graphs page.

Complete the entry line as:
1) = 5cos(x+§)+5|03xszn

then press ENTER Giw.

. To adjust the window, press:

+ MENU

* 4: Window/Zoom {a)

* 1: Window Settings (1.

Complete the fields as shown, then select OK.
Note: Press Tab to move between fields.

. The graph is displayed with the specified
domain.
To find significant points on the graph,
press:

« MENU

* 5: Trace (5)
* 1: Graph Trace (3).

Use the NavPad to move the cursor along the
curve.

. To find significant points on the graph in exact

form, open a Calculator page.
Complete the entry lines as:
fMax(f1(x), x) |0 <x <27
fMin(f1(x), x) |0 < x <27

1(0)

S1Q2m)

pressing ENTER after each entry.

DISPLAY
J!_I] > *Unsaved w §ﬂ
6.67 M\
|t 5009(,14»5}4-5.
Bl f 4
A/
Fio I 10
L)
» -5.67
LUER el x]
Kndin: [~z |
e |
£5eaies | Ao 4 :+§)+S.
M | -2 A
-ie agax. [ 12 10
VSeate | 2o -
. mEn
&8

i *Unsaved w
nty

\
\

L

/

11&]4{3 cos(x’%}*-s, 05x52 7w

B 2s

71.£5.49779.10)

10

*Unzaved w

Maxlzrix) o2 n

enin{rle) o <xso =

71{o)

rii2n)
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Further trigonometric
graphs

1 State the period and amplitude of the graphs of each of the following. ' b IuD)
a y=cosx b y=sinx \ ,
— 3 1 Digital docs:
¢ y=4sinx dy 3 COSX SKillSHEET 5.5
. Determining the period
e y= 2 cos 3x f y= 3 sin 2x and amplitude of sine and
o . cosine graphs
g y=3sin3x h y=2cos ;x Spreadsheets
059 Sine graphs
. . . 006 Cosine graphs
i y=—§ cos 2x j y=-—4sin3x

2 Sketch the graphs of each of the following for one complete cycle stating the
amplitude, the period and the range.

a y=§cos@ b y=4sin6 ¢ y=3sin26
d y=2cos 360 e y=%cos39 f y=%sin29
g y=4sin%0 h y:3cos%9
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3 Sketch the graph of the function f(6) = 4 cos 36 for 0 < 6 < 27. State the amplitude,
period and range.

Chapter 5 Periodic functions

4 Sketch the graph of the function y = 2 sin 2x for —7 < x < 7. State the amplitude,
period and range.

5 From the basic graphs of y = sin x and y = cos x, state the horizontal translation and
the vertical translation for each of the following.

a y=sin(x+7§r)+3 b y=cos(x—§)+1

c y=3008(x—f—f)—2 d y=25in(x+7§t)—1

6 Sketch the graphs of the following for one complete cycle stating the amplitude, the
period and the range.

a y=sinx+1 b y=cosx-1

¢ y=2cosx—2 d y=2sinx+3
e y=sin3x—1 f y=cos2x+1
g y=3cos3x-2 h y=%sm2x+3
i y:3sin%x+4 , y:ZCos%x_l

7 Sketch the graphs of the following for 0 < 6 < 27. State the period and amplitude.

a y=sin (G—Z—O b y=cos (9+7§r)

¢ y=3cos (9—%) d y=2sin (G—i—f)

e y=2sin(20+ n) f y=3cos(30+n

g y=cos(3977§t)+l h y=2sin(260-m) -2
i y=2sin(9—j—3—1 j y=cos%(9—7r)+l

8 Write down the amplitude, period and range of the following graphs.
a b
Y Y
4 4-
X545 0A 1 frg X 0 7 om\ 3z Jfar*
-2+ 24

—4-

(SIS}
L)
1y -
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=
S
N|§
)
N|‘:/.‘
(98]
]
=

: OiltzlitS 4In:5l7r 7r7l7ré7t9l7rx
-1 —0.51
-2 —1-

€ Y oy
3_
N\
AVAY)
s 0\z/ 5 \d&z'x
r \2/7r\2 N
9 Y h Y

1.5 14
. 0.5
0.5+
X 0 é’ 7|r 3 2 sz 3|7rx
_05_/ \7‘5 —0.54 2 2
—14

—1.51

9 State the maximum and minimum values for each of the following.

a y=cosx b y=sinx

¢ y=3sinx d y=2cosx

e y=2cos3x f y=3sin2x

g y=4sin2x+1 h y=cos4x-2

i y=2cos(x—m) -3 j y=4sin(3x+3m)+1
k y=%sin(3x+67r)+2 | y=%cos(2x—47r)—4

10 Sketch the graphs of the following over the domain 0 < x < 27 and state the period,
amplitude and range.
a y=-—CoSXx y=-sinx
¢ y=-2sinx y=-3cosx

e y=-3cos2x y =—sin 3x

> =~ o o

g y=1-4sinx y=-2cos2x—2

i y=-1cos3+m+1 y=2—sin(x - 2m)

-

11 If the graph of y = sin x + 1 is translated g to the left, what is the new equation?
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If the graph of y =2 cos 3x — 2 is translated f to the right and 3 units up, what is the
new equation?

Chapter 5 Periodic functions

If the graph of y = 3 sin (x — @) + 1 is translated 7§r to the left and 3 units down, what
is the new equation?

The level of the water in the Banksia River was measured at hourly intervals from
midnight and the results recorded. The graph below shows the results.

Y
3]

[N}
L

—_
1

Water level

O T T T T T T T T T T T T X
24 6 8101214 16 18 202224
Hours

Find:

the amplitude

the period

the maximum height of the river

the minimum height of the river

at what times the river has maximum height

at what times the river has a minimum height

the equation of the curve which is of the form y = 4 sin B(x) + D.

Q@ 0 Q06 g Q

AR

i
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15 Using addition of ordinates, sketch the following graphs for the domain 0 < x < 27.

a y=sinx + cos 2x b y=cosx+sin2x
¢ y=2sinx+cosx d y=2cosx+sinx
SKIllSHEET 5.6 . ,
Using addition of e y=2sinx+cos 2x f y=2cosx+sin2x
dinat . .
oreinates g y=2sin2x+cosx h y=2cos 2x +sin x

Graphs of the form y = tan Bx

1 Use a graphics calculator or graphing software to produce graphs of the
following between x = —2m and x = 2.

Sketch each graph into your workbook, showing x-intercepts in terms of 7.

a y=tanx b y=tan2x
¢ y=tan 3x d y=tan 4x
x x

e y=tan = f y=tan =
y 5 y !

2 a Insert B and 7 into the following expression to make a true statement:
X

The graph of y = tan Bx has x-intercepts at x = +=——=, where n =0, 1, 2, . . .
b Copy and complete: The graph of y = tan Bx has period , and
range

3 Consider your graph from question la.
The graph approaches (but never quite

reaches) the vertical line x = g . Such a

line is called an asymptote.
Write the equations of the asymptotes -2z /T -2
on your graphs from question 1. Y

L

4 Copy and complete: The equations of
asymptotes to the right of the origin
for the graph of y = tan Bx are:

- x=3—7-t etc
2B’ 2B~ " —

X
5 What is the general equation for asymptotes to the left of the origin?

6 Sketch the following between the x-values shown without using graphing
technology. Show the position of all x-intercepts and asymptotes.

a y=tan 6x betweenx=-7and 7. b y=tan ;_—C between x = 0 and 107

¢ y=tan zx between x = 0 and 3. d y=tan g_x between x = —4 and 4.
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Finding equations of trigonometric
graphs

Sometimes it is necessary to be able to find the equation of a trigonometric
function from a graph.

e EX ampl e ' 5 Sine and ooslnei %rzgg:

Y
The graph shown is a trigonometric function of the form % /'\
y =A sin Bx + D. Find the values of A, B and D. TN T
Hence find the equation of the function. '1 4 v + \/
THINK WRITE
1 The amplitude (4) is half the distance between y = A4 sin Bx + D
the maximum and minimum values. Amplitude 4 = % 2+4

=3

2 The period is the interval from one point on the The period is ZBE =7, s0B=2.
graph to the next point where the graph begins

to repeat itself. The period is %r

3 The line through the centre of the graphisy=-1, D =-I.
so the graph has been translated down 1 unit. So the equation is y = 3 sin 2x — 1.

— WORKED Example ’6

Y
This graph is a trigonometric function of the form 3
y =A cos Bt + D. Find the equation of the function. 24

AT R

THINK WRITE
1 The amplitude (a) is half the distance y=Acos Bt+D
between the maximum and minimum values. Amplitude 4 = % (3 +1)
=2
2 The period is the amount of time taken to Period = Eﬂ:
complete the pattern once. —6
so B=1Z
3

3 The graph has been translated up one unit. D=1

4 We know that the graph is a cosine graph so A=-2
it must be inverted; that is, a is negative.

5 The equation of this trigonometric function y=-2cos L
is in the form y = 4 cos Bt + D. Replace 4, B 3
and D to obtain the equation of the function.




194

Maths Quest Maths B Year 12 for Queensland

Finding equations of
trigonometric graphs

1 The equations of the following graphs are of the form y = 4 sin Bx.
Find the values of 4 and B. Hence, find the equation of each function.

a Y, b y Digital docs:
34 2 Spreadsheets
24 059 Sine graphs
11 006 Cosine graphs
14
. 001234568910/~
0 z -1
—14 2
2
—34

2 The equations of the following graphs are of the form y = 4 cos Bx. Find the values of
A and B. Hence, find the equation of each function.

a b
2 2
1—\ / 1—\ /

10 s\f/% £ 10 051152253354455556"
- 2

3 The equations of the following graphs are of the form y = 4 sin Bx + D. Find the
values of 4, B, and D and hence write the equation of the function.

a by
1_
1.5+ /\
O T T T T T x
o _1_/1 2 3&1 567
| 2+
1
0.5 ! 3
S —4
Of 7z o ¥ o2n* -5-
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4 The equations of the following graphs are of the form y = A cos (Bx + C). Find the
values of 4, B and C. Hence, write the equation of the function.

Chapter 5 Periodic functions

a oy b,
4 5
24
0/ N i !
2
4 s

5 The equations of the following graphs are of the form y = 4 sin (Bx + C) + D. Find the
values of 4, B, C and D. Hence, write the equation of the function.

a , b

11 >

4_

0 N

=1 24

—2- 14
3 1(2 %-[\7%/% X

6 The equations of the following graphs are of the form y = D + 4 cos Bx. Find the
values of 4, B and D. Hence, write the equation of the function.

a y by
4- 4-
},////—\\\\\ N
o 2_/\_/
1- 1-
_1(’_ii3'215'é7'é61b1'11'2x _lo_ii3|4|15|é7lééll()lllll2x

7 _ choice

If the amplitude is 2, the period is 6 and there is a vertical translation of —2, then the
equation of the form y = A4 sin Bx + D is:

A y=2sin6x-2 B y=6sin2x-2 C y=2—2sin7§rx
Dy=25in7§tx—2 E y=25in§x—2

8 multiple choice

If the period is 7, the range is —2 < x < 4, and the horizontal translation is T , the equa-
tion for the trigonometric function of the form y = 4 cos (Bx + C) + D is:

WorkSHEET 5.2

Ay=3—2c0s(7z:x+:—f)+1 B y:3cos(2x+§)_1
_ 3n _ kY2
C y=2cos 3x+—4— +1 D y=2cos 3x——4— -1

E y=3cos (Zx—g) +1
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Midnight on Marus — following the sun

At the beginning of this chapter we considered the path of the red sun on the planet
Marus. The graph was of the form D(f) = a — b sin (nt + ¢) where a, b, ¢ and n were
positive constants and ¢ was the time in hours after midnight. The graph of D(¢) is
shown on the next page.

1. State the values of @, b, c and n and hence  D(y)
write the rule for D(?). 10+
2. What would be the angle above the horizon 8-
at 6.00 am and 9.00 pm? Give an exact 6-
answer where possible, otherwise give 4
your answer correct to 2 decimal places. 2
3. Use your graph to find at what times the o T T Ty
24 6 81012141618202224

angle to the horizontal is 8°. When does
the sun reach this angle again?

4. By using an appropriate equation, check your answer and account for any differ-
ence in your two solutions.

Trigonometric modelling and problem
solving

In real life there are many examples of periodic behaviour. Sine and cosine functions such as
y=Asin(Bx+C)+Dandy=A4cos (Bx+C)+ D
are often used to model this behaviour.

— Example ’7

While out in his trawler John North, a
fisherman, notes that the height of the tide in the
harbour can be found by using the equation:

h=5+2cos gt,

where /& metres is the height of the tide and 7 is

the number of hours after midnight.

a What is the height of the high tide and when
does it occur in the first 24 hours?

b What is the difference in height between
high and low tides?

¢ Sketch the graph of i for 0 <7 < 24.

d John North knows that his trawler needs a
depth of 6 metres to enter the harbour.
Between what hours is he able to bring his
boat back into the harbour?

THINK WRITE
a (1 Write the given equation. a h=5+2cos g t
2 For high tide, find the maximum For maximum #,
value of 4. cos Zr=1

So h=5+2-1
=7
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THINK WRITE
()] Find when high tide occurs. gt =0,2m 4w, . ..
t=0,12,24, ...

A high tide of height 7 m occurs at midnight,
noon the next day, and midnight the next night.

b 4 Find the minimum value of A. b For minimum 4,
cos Zr=-1
6
So h=5+2- -1
=3
(2 Find the difference between high and ~ The difference between high and low tides is
low tides. 7 — 3 = 4 metres.

¢ Use the information from the c

previous page to sketch the graph.
6_
4_\/\/

0 246 81012141618202224 !

d 4 Find ¢ using the equation d When / = 6,
when £ = 6. 5+200sgt=6
2cos Zr=1
6
T, _1
cos Et_ 5
T, St In 1z
6 373737 377
t=2,10,14,22, ...
2 Write the answer in words. From the graph we can see that John North can

bring his boat back into harbour before 2 am,
between 10 am and 2 pm and between 10 pm
and 2 am the next morning.
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Varying amplitude

Consider a trigonometric function where the amplitude itself is a function,

for example, f(x) = x sin x or g(x) = ¢’ sin x.

1 Use a graphics calculator or graphing software to produce a graph of each of
these functions over the domain 0 < x < 10.

2 Investigate the effect of changing & on the graph of functions of the type
f(x) = € sin x.

3 Suggest a format for an equation used to describe the diminishing level of a drug
in the body after x hours. Sketch several examples of the graph of such a model.

4 Give another example of a situation that may be modelled by a graph with
decreasing amplitude.

5 Investigate functions of the type f(x) = a™ sin x.

Trigonometric modelling and
problem solving

EXERCISE

WORKED 1 Competition is severe, so Fred Greenseas decides that he will catch more fish in an
ﬂ inlet several kilometres east of the place where John North fishes. There is a sandbar
at the entrance to the inlet and the depth of water in metres on the sandbar is modelled

by the function d(f) = 6 + 2.5 sin ZL’G_Z where ¢ is the number of hours after 12 noon.

a What is the greatest depth of the water on the sandbar and when does it first occur?
Spreadsheet b How many hours pass before there is once again the maximum depth of water on
024 Function grapher
the sandbar?
What is the least amount of water on the sandbar?
Sketch the graph of d for 0 < ¢ < 24.
e Fred Greenseas needs a depth of 7.25 metres to cross the sandbar. Between what
hours is he able to enter and leave the inlet?

o.n

2 A student wanting to catch fish to sell at a local market on Sunday has discovered that
more fish are in the water at the end of the pier when the depth of water is greater than

8.5 metres. The depth of the water (in metres) is given by d = 7 + 3 sin g t, where

t hours is the number of hours after midnight on Friday.

What is the maximum and minimum depth of the water at the end of the pier?

Sketch a graph of d against ¢ from midnight on Friday until midday on Sunday.

When does the water first reach maximum depth?

Between what hours should the student be on the pier in order to catch the most

fish?

e If the student can fish for only two hours at a time, when should she fish in order
to sell the freshest fish at the market from 10.00 am on Sunday morning?

.06 U Q
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3 The mean daily maximum temperature in Tarabon, an experimental town in a glass

Chapter 5 Periodic functions

dome, is modelled by the function 7(m) = 18 + 7 cos g m, where T is in degrees

Celsius and m is the number of months after 1 January 1997.

a What was the mean daily maximum temperature in March 1997, and in August 1997?

b What is the highest mean daily maximum temperature in Tarabon? In which
months does it occur?

¢ What would the mean daily maximum temperature be in February 1998?

d If the pattern continued, how many months would pass before the mean daily
maximum temperature would be the same again as it was in February 1998?

4 The height above the ground of the middle of a skipping rope as it is being turned in
a child’s game is found by using the equation . = a sin nt + ¢, where ¢ is the number
of seconds after the rope has begun to turn. During the game, the maximum height the
rope reaches is 1.8 metres and it takes 2 seconds for the rope to complete a full turn.
a Find the values of a, n and ¢ and hence write the equation of / in terms of «.

b Sketch the graph of 4 against ¢ for 0 <7< 5.
¢ After how much time will the rope be 25 cm above the ground? Give your answer
correct to the nearest tenth of a second.

5 The graph at right shows the path of a small lizard as it runs over a hill.
a Calculate the height of the hill, in metres, and hence
find the amplitude of the trigonometric function.
b If the ground was flat, how far would the lizard run to
reach the same spot on the other side of the hill?
Hence, find the period of the function.

Y

6 When Sloane and Michael were 0]
riding on a Ferris wheel, they realised
that as the wheel turned clockwise,
the height of their seat in metres after
¢t minutes could be modelled by the
function A(f) = a — b cos nt.

The graph of 4 against ¢ is shown

for the whole ride.

a State the values of @, b and n.

b Write down the rule for A(%).

¢ How many times do Sloane and - H-t--h=2
Michael reach the highest point |3 6 9 ll 15! ‘
during their ride and how far '
above the ground is it?

d How high are they when the ride
begins to move?

e How many minutes pass before
they are at this point again?

f How far above the ground are
they after 1 minute?

g If the ride began when the boys were at the height found in part f, what would the
function become?

h Draw a graph of the new function for the first 6 minutes of the ride.
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7 On a summer’s day, the hourly temperature,
which can be approximated to a cosine
curve, was recorded. The maximum
temperature was 30°C and occurred at ; ‘
3.00 pm. The minimum temperature was Wi T
10 °C and occurred at 3.00 am. The temper- 5% IR
ature was first recorded at 12 midnight,
then every hour for 24 hours.

What is the amplitude of the function?

What is the period of the function?

What is the middle value of the function? =88

How far has this middle value been R

translated upwards from the x-axis?

e When do the maximum and minimum
temperatures occur?

f  Using the above, write an equation that
will model this function.

g Check the accuracy of your work by using your equation to find the temperature
after 3, 9, 15 and 21 hours.

h What is the temperature at midnight? Give your answer correct to the nearest
degree. Check that your answer makes sense.

Beats

When a guitar string is struck it vibrates. These vibrations send out waves (sound
waves) through the air. The pitch of a note produced by plucking a guitar string
depends on the frequency of the vibrations of the string.

At times, when a guitar is being tuned, the note produced by plucking one string
has almost, but not exactly, the same frequency as the neighbouring string and then
an interesting phenomenon occurs. A slow throbbing sound is produced. The origin
of this can be understood by looking at the result of adding two waves of almost
the same frequency.

The graph at right represents the sound (i Snsaved &a
made by the first string:

.0 o Q

'1(1)-5:’:1(2 7440 x)

The graph of the sound made by the
second string is: Jp Wiwedix: &8

1(x)-sin(2 7 439 x)
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The combined sound is represented by
a graph that is the sum of the two individual
graphs. The graph depicted at right has the
equation
y=sin(2r - 440x) + sin 27 - 439x).

*Unsaved w

You can see that although the underlying
oscillations are still rapid, there is an
enveloping wave of much slower frequency.
In this case the enveloping curve is
y =2 cos (7x).

*Unzaved w

The slow, throbbing sound that is heard when these two notes, with almost
identical frequency, are played is described by this enveloping curve. In this case
the frequency of the throbbing sound is 1 cycle per second.

The mathematical description of this phenomenon relies on the following
trigonometric identities.

sin (A + B) = sin 4 cos B + sin B cos 4

sin (A — B) =sin 4 cos B — sin B cos 4
In our case:
sin (27 - 440x) + sin (27 - 439x)
= sin (8807x) + sin (8787x)
= sin (8797x + 7x) + sin (8797mx — 7x)
= sin (8797x) cos (7x) + sin (7x) cos (879mx) +

sin (8797x) cos (7x) — sin (7x) cos (8797x)

= 2 sin (8797x) cos (7rx)

The underlying
vibration.

The throbbing,
or beats effect.

For you to try:

Recreate these graphs on
your calculator. (You may
need to experiment with the
Xmax value in your window
settings to find a suitable
visual display.)

Recreate this phenomenon |
on a guitar or sound generator. |
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Revision of radians and the unit circle

* 1° = the size of the angle formed where the length of an arc is equal to the radius of
the circle.

o 1°=180°

* Angles are in radians unless a degree symbol is shown.

» To change radians to degrees, multiply by %

» To change degrees to radians, multiply by % .

e Identities

1. sin? @+ cos? =1 2. tan 0= g
cos 0
Symmetry and exact values \
» Exact values can be determined by N\
using the equilateral triangle and the
right isosceles triangle. [ 160"
o o o o o o o (3 o
0°(0) | 30°(Z) | 45°(Z) | 60° (%) | 90° (Z) | 180° (m) 270° (2£)|360° (2m)
: 1 2 3 _
sin 0 0 5 > > 1 0 1 0
3 A2 1 _
cos 6 1 = = B 0 1 0 1
tan 0 0 ? 1 NG Undef. 0 Undef. 0

* The unit circle is symmetrical so that the magnitude of sine, cosine and tangent are
the same in each quadrant but the sign varies. All values of sine, cosine and tangent
are positive in the 1st quadrant, sine is positive in the 2nd quadrant, tangent is
positive in the 3rd quadrant and cosine is positive in the 4th quadrant.

sin (7w — 0) = sin 6

sin (r+ 0) =—sin 0

sin (2w — 0) = —sin 6

cos (r— 6) =—cos 6

cos (w+ 6) =—cos 6

cos (2wr— 6)=cos 6

tan (r— 0) = —tan 6

tan (r+ 6) =tan 6

tan (27— 0) =—tan 0

» Negative angles
sin (—0) = —sin 6, cos (—0) = cos 6, tan (—0) = —tan 6

» Complementary angles add to 90° or g radians.

* The sine of an angle is equal to the cosine of its complement.

sin (g— 9) =cos 0 sin(§+ 9) =cos 6 | sin (37”— 9)=—cos 0

w

cos(gfe)=sinecos(§+9)=—sin9 cos(—zf—e)=—sin0 cos 3—2E+9)=sin0

tan (’5’79) =cot 0 tan(§+ 9) =—cot 0| tan (325—9) =cot 0
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Trigonometric equations

+ Given a general equation such as sin x = a, there can be an infinite number of
solutions. The domain is usually restricted and it is important to find all values for
x within this domain.

* If the domain is given in radians, then the solution(s) to x should be in radians. If
the domain is given in degrees, then the solution(s) to x should be in degrees.

* Adjust the domain to match what has been done to the angle in the question.

* Sine is positive in the 1st and 2nd quadrants, cosine is positive in the 1st and 4th
quadrants and tangent is positive in the 1st and 3rd quadrants.

* Find all the solutions within the specified domain.

* [f the equation is of the form sin ax = k cos ax, divide both sides by cos ax to
change the equation to tan ax.

Trigonometric graphs

Sine and cosine graphs

 Graphs of the form y =4 sin (Bx + C) + D and y = A4 cos (Bx + C) + D are
transformations of y = sin x and y = cos x.

* The amplitude 4 is a dilation parallel to the y-axis. If 4 is negative, the amplitude is
still positive but the graph is a reflection in the x-axis.

* The vertical translation D is a translation parallel to the y-axis.

e Therangeis—-A+D<y<A+D.

* The period is 2—”
B
* The factor B is the horizontal dilation where the graph has been dilated by a factor of i
parallel to the x-axis. =

* The value of % is the horizontal translation or a translation parallel to the x-axis.

Tangent graphs

The graph of y = tan x has the following properties.
e It has no amplitude.

* The period is 7.

* There are x-intercepts atx = . . ., 2@, -7, 0, 7, 27, . . .
» There are vertical asymptotes at x = . . ., —3—27—1’-, —g, g, 3—27—1’-,

* The range is R.
The graph of y = tan Bx has the following properties.
* It has no amplitude.

» The period is x
B

» There are x-intercepts at x = i’%r wheren=0,1, 2, ...

» There are vertical asymptotes at x = i% wheren=0,1,2, ...

* The range is R.

Trigonometric modelling and problem solving

* Read the question carefully to find out what is being asked.
» Answer the questions in words where appropriate.

» Ensure that graphs are sketched over the given domain.
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1 What is 320° expressed in radians?

. 137°¢ .
2 What is v expressed in degrees?

3 Ifsin 9:—%,and7r<x< 3771’-,ﬁnd: a cos 6 b tan 6.

4 What is the value of the expression sin STE ? Give your answer as a fraction.
5 Ifx= i,ﬁndS cos 3x.
12
. . . . 3n
6 Find the solution of the equation 4 sin x = —Zﬁ between 7w and 5

7 Find all solutions to the equation 3 sin 26 = 1.56 over the domain 0 < x < g Give your

answers correct to 3 decimal places.

8 A trigonometric function is given by f(x) = 3 cos (2x + 1) — 1. Find:
a the amplitude b the period ¢ the range.

9 Using addition of ordinates for the graph y = 2 cos x — 3 sin x, find the value of y at x = 7§r .

10 What is the period of the graph of y = tan %C?
11 Sketch on the same set of axes:
(a) y=2sin )z—cxfromx=0t0x=6
(b) y=2cos gx fromx =0tox=6.
12 a State the transformations which are required to change the graph of f(x) = cos x to the

graph of f(x) = 2 cos (3x + g) -1

b If the graph of f(x) = 2 cos (3x + g) — 1 was reflected in the x-axis, what would be the

equation of the resulting graph?
13 From the figure, find f/(x) + g(x).
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For the graph shown at right, state the YA 5E

max = 3.5

amplitude, period and range.

If the graph of y = cos x is translated 7§r units to the right and reflected in the x-axis, what is 5E
the new equation?

Modelling and problem solving

The level of sound in a recording studio is being monitored,  y, 5F
and is known to model a function of the form 120+
y=a+ b sin nx. If in 60 seconds (period) of a recording 1001
session the range of sound intensity is 60 to 120 decibels, 807
find the values of @, b and n. Zg:
204
0] 510152025303540455055 *

ant , where
13

The depth of water at an inlet can be modelled using the equation D = 14 + 5 sin
t is the hours since high tide at midnight on January 1.
What is the maximum depth of water in the inlet?
What is the minimum depth of water in the inlet? .
What is the period of the function? Tost Yourself

What is the amplitude of the function? Chapter 5
Sketch a graph of D against ¢ for two cycles.
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m Revision of radians and the unit circle

Digital docs

e SKillSHEET 5.1: Practise changing degrees to
radians (page 167)

e SKillISHEET 5.2: Practise calculating tangent ratios
(page 167)

* Spreadsheet 077: Investigate properties of the unit
circle (page 167)

[EED) symmetry and exact values

Digital docs

e SKillSHEET 5.3: Practise rationalising the
denominator (page 175)

e Spreadsheet 077: Investigate properties of the unit
circle (page 175)

e SKilISHEET 5.4: Practise problem solving using
trigonometry (page 176)

Tutorials

. Int-0546: Watch a tutorial on exact values in
degrees and radians (page 169)

. Int-0547: Watch a tutorial on determining
trigonometric ratios (page 170)

. Int-0548: Watch a tutorial on complementary
angle formulae (page 173)

Further trigonometric equations

Digital docs

» Spreadsheet 075: Investigate trigonometric
equations (page 180)

e WorkSHEET 5.1: Evaluate tangent ratios in exact
values, solve trigonometric equations and answer
application questions (page 181)

m Further trigonometric graphs

Digital docs
e SKillSHEET 5.5: Practise determining the period
and amplitude of sine and cosine graphs (page 188)
e Spreadsheet 059: Investigate sine graphs
(page 188)
e Spreadsheet 006: Investigate cosine graphs
(page 188)
e SkillSHEET 5.6: Practise using addition of
ordinates (page 192)

[ ) o [ i)

= AlBIC D

— 232 Well done!

You matched the trig functions.
Record your values to the right.
Move onto the next problem.

f(x)=Asin{ n(x-b))
fx)=2sin(2(x-45))

n=2
- —

b=45
——

protdem = 4

/-\ /\ : '

015 3385 00 75 00 105130 1350 165 180105 21005 240 255 770 285 300 ITNGI0 345 360 |

1 1
- sy

S
.

“Hm.““,_
[

At e b
@823

¢ 3

B Finding equations of trigonometric graphs

Digital docs

» Spreadsheet 059: Investigate sine graphs
(page 194)

» Spreadsheet 006: Investigate cosine graphs
(page 194)

* WorkSHEET 5.2: Sketch graphs of periodic
functions, apply transformations and use addition
of ordinates (page 195)

Interactivity

* Sine and cosine graphs int-0251: Consolidate your
understanding of graphs of periodic functions
(page 193)

Trigonometric modelling and problem
solving
Digital doc

» Spreadsheet 024: Investigate graphs of functions
(page 198)

Chapter review

Digital doc

* Test Yourself: Take the end-of-chapter test to test
your progress (page 205).

To access eBookPLUS activities, log on to
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Introduction

The REAC warehouse — is it secure?
The Rastenburg Electrical Appliances Company installs a searchlight to assist the
night guard to protect the front of its warehouse. The searchlight oscillates across the
front of the warehouse, a distance of 100 metres. The searchlight completes one full
oscillation every 2 minutes. To break into the warehouse, an intruder would need to
scale a fence and run 50 metres to a window or door without being spotted by the
night guard. Is the warehouse secure?

In this chapter we shall examine the mathematics of oscillations such as those
made by the warehouse searchlight.

Maths Quest Maths B Year 12 for Queensland

The derivatives of sin x and cos x
We shall now examine the derivatives of sin x and cos x using a graphics calculator.

Examples are given for the Casio fx-9860G AU and the TI-Nspire CAS.

For the Casio fx-9860G AU
1. To draw the graph of sin x, press:

- (MENU)
- 5 (GRAPH).
Complete the entry line as:

Y1l =sinx

then press @

To set the Viewing Window, press:
 (SHIFT

« (F3) (V-Window)

and enter the settings as shown.

2. To draw the function press:

. (DRAW).

3. To evaluate the gradient of the tangent at any
point, press:

 (SHIFT

- (MENU) (SET UP).

Scroll down to Derivative and press:
« (FD (On)

- (EXE)

. (DRAW)

o (SHIFT

. @ (Trace).
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4. Using the left and right arrow keys to display _

the derivative at any point, complete the table

at right. 0
T
4
T
2
3n
4
b4
St
4
3n
2
n
4

5. To graph the derivative of sin x, press:

o (EXIT

« (OPTN

« () (CALO)

« (FD (d/dx).

Complete the entry line as:
Y2 = d/dx(sin x)

then press:

- (EXB)

. (DRAW).

For the TI-Nspire CAS
1. To draw the graph of sin x, open a T it = &0
Graphs page. Gerh

Complete the entry line as:

f1(x) = sin(x). :

1lx)=sinlx)

2. To adjust the window settings, press:
« MENU
* 4: Window/Zoom {a)
* 1: Window settings (1.
Enter the values in the fields as shown, and then
select OK.

Press Tab to move between fields.
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. To draw a tangent to the curve at x = 0, press:

- MENU
* 7: Points & Lines {7

« 7: Tangent (7).
Move the pointer until it hovers over the point (0, 0)
and a tangent line appears; then press ENTER Gaw.

Repeat this step to draw tangents at x = rand x = %E

. To find the gradient of these tangents, press:

« MENU

+ 8: Measurement

* 3: Slope (3).

Move the pointer over the tangent; the tangent line
will flash and the value of the gradient for that tangent
will appear. Press ENTER and then Esc (esc).
Repeat this for the other tangents.

. Repeat steps 3 and 4 for differing values of x to
complete the table at right.

Note: To find the values of gz algebraically,
open a Calculator page. *

Press:

* Menu

* 4: Calculus {4)

* 1: Derivative {1).

Complete the entry line as:

%(sin(x)) |x=0

then press ENTER . Repeat for all values of x.

. To draw a scatterplot of this data, open a

Lists & Spreadsheet page.

Label Column A as xval and Column B as dydx and
enter the values from the table.

Open a Data & Statistics page.

*Unzaved w

!1(x)-sin(x)

<

*Unzaved w

Adurp

5
=2

/__ﬁ () =sin(x)

>

0.009554

(=]

-I>|‘§ oIy | AN

PO =1~

4 iz2]13]14]r *Unsaved w
i
06l | ©

004 |

dylx

o

-0.6

X oo 15 30

wval

T
45
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Tab to the x-axis and click to place xval as the independent variable. Tab to the
y-axis to place dydx as the dependent variable.
7. To create an x—y line, press:

+ MENU °
« 1: Plot Type (1 *%] K
* 6: XY Line Plot {6). o \

\

LN

N T T T T T
00 15 30 45 60
xval

€12]13]14|» *Unsaved w s =1 |

dydx

8. To obtain an equation for this curve, return to the
Lists & Spreadsheets page (1.2), then press:

* MENU

* 4: Statistics (4

« 1: Stat Calculations (1)

+ C: Sinusoidal Regression (C).

Cateaory List.

Enter the values in the fields as shown and then
select OK.
This will paste the equation into f2(x).

9. Press: T az]aE]r vssved v &8
NSy

° Ctrl @ L r_ﬁ(x)-sin(x)
* Back Arrow ¢ A Z

/ﬂ(x)-x <in(1 "%+ 1 5708)42. 5640661
* ENTER . AN\
P 079 -

The graph of the gradient function will appear. \<‘4 /x
S

—

/ — %N

o L7

>
{

0.009554

Identifying the graph

By comparing the graphics calculator displays and the screen dumps above, you should
recognise the graph of y = di (sin x) as being the same as y = cos x.
X
a(-i— (sin x) = cos x, when x is in radians.
x

Repeat the previous graphics calculator exercise to draw the graph of y = cos x and its
derivative.

For the graphs of y = cos x and its derivative, you should it nared - @0
have obtained the screen display at right. 2.5y
The derivative of y = cos x is a reflection of y =sinx in ™ TN
the x-axis. We can therefore conclude that the derivative : vl //\\
of y = cos x is —sin x. ? e
g A \)( /
d \\h/ \_///
o (cos x) = —sin x, when x is in radians. a5 x
x

Any function that involves a sin or a cos function can be differentiated using the
above two rules together with the chain rule.
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— Example ’

Find the derivative of y = sin Sx.
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THINK WRITE

1. Write the equation. y =sin5x

2 Express u as a function of x and find du . Let u = 5x, so du _ 5

dx dx

3 Express y as a function of # and find gl . y =sinu, so g_y = cos u

u u
oody . dy _
4 Find == using the chain rule. —— = 5cos u
dx dx
5 Replace u with Sx. = 5cos Sx

This example shows that if /(x) = sin ax, then /"(x) = a cos ax.
Similarly if f(x) = cos ax, then f’(x) = —a sin ax.

— Example 2

Differentiate y = cos (x* + 2x — 3):

a by hand b using the TI-Nspire CAS calculator.
Worked example 2
THINK WRITE/DISPLAY int-0555
a (1 Write the equation. a y=cos (x> +2x —3)
2 Express u as a function of x and find g_u . Let u = x> + 2x — 3, s0 gﬂ =2x+2
X X
3 Express y as a function of # and find gl . y =cosu, SO g_y = —sinu
u u
4 Find %Z using the chain rule. ?TX =-sinu- (2x+2)
X X
5 Replace u with the part in brackets in the =2(x+ 1) sin (x* + 2x = 3)
rule and simplify.
For the TI-Nspire CAS
b @ On a Calculator page, press: b s v 400
e Menu ;—x(cos(x2+2x-3)) i
* 4: Calculus (&) —2dert}sinde 23
« 1: Derivative (1), |
Complete the entry line as:
9 (cos(x? +2x-3)) -
dx
then press ENTER Giwp. )
2 Write the solution. EZ = 2(x+ l)sin(x2 +2x-3)
X

This example shows that the chain rule can be applied as follows.
If f(x) = sin [g(x)] then f"(x) = g’(x) cos [g(X)].
If /() = cos [g(x)] then f*(x) = —g’(x) sin [g(x)].
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The derivatives of sin x
and cos x

1 Find the derivative of each of the following:
a y=sin 8x b y=sin (-6x) ¢ y=sinx

d y=sin;—c e y=sin(—§) f y=sing—3)—c

2 Differentiate each of the following:

a y=cos 3x b y=cos (-2x) C y=cos§
d y=cos2lx e y=cos (-7x) f y=cos %C
X 2x
=cos | —= h y=cos ==
gy ( 8) y=cos

3 multiple choice
a The derivative of sin 6x is:
A 6 cos bx B 6cosx C 6sinx D —6cos6x E écos6x

b The derivative of cos 4x is:
A 4 sin 4x B 4sinx C —4sinx D 4 cos 4x E —4 sin 4x

¢ The derivative of sin (—4x) is:
A 4cos(—4x) B 4cos(—x) € —4cosdx D —4cos(—4x) E —4sindx

d The derivative of cos (—8x) is:
A 8cos(—8x) B 8sin(-8x) C —8sin(—8x) D —8sin(—x) E 8sin (—x)

e The derivative of sing is:

X X X .
A 5cos = B -1 cosz C Lcos2 D ! sin E L cosx
5 5 5 5 3 5 5

D=

4 1f y = sin (4x + 3) is expressed as y = sin u, find:

a dy b du c dy using the chain rule.
du dx dx
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WORKED
Example
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5 Ify=cos (3x + 1) is expressed as y = cos u, find:

dy using the chain rule.
dx

(4x —
5

)

a ¥ b du c
du dx
6 Differentiate each of the following:
a y=sin (2x+3) b y=sin(6-7x) ¢ y=sin(5x—4)
d y=sin (3x: 2) e y=sin (8 —37x) f y=5nsin2mx
g y=-4sin 3x
8
7 Differentiate each of the following:
a y=cos(3x—-2) b y=cos@x+7) ¢ y=cos(8—x)
d y=cos (6-5x) e y=cos (2x3+ 3) f y=cos
g y=4mcos 107 x h y=-6cos (-2x)
8 Find the derivative of each of the following.
a cos (x* —4x +3) b sin (10 — 5x + x?)
¢ sin (¢ d cos (x* + 7x)
e cos (4x — x%) f sin (2% + 3x)
g cos (log,x) h sin (e*)
i sin (log,3x) j cos Gc)
k sin [log, (2x = 1)] | sin (3¢¥)
m cos (2¢*) n 3 cos (log, 10x)
. 3
o 4sin (> +2:2) p-%sm(~§)

-

X
q —2cos (Z)

s sin (2 —4) 3 cos (8 — 3) t 4m{

3x+7
1

) +6 sin(
0

cos (x* + 2x) + sin (3x — 9)

5—-4x

9 If f(x) = 3 sin (x* + x) find /(1) (answer correct to 3 decimal places).

) +4x°

10 Find the gradient of the curve g(x) = 2 cos (x* — 3x) at the point where x = 0.

11 For each of the following functions find:
i f’(x) and

ii the exact value of /° '(g)

a flx)y=e"" b flx)=e" ¢ f(x)=log,(sinx)

d f(x)=1log,(cos x)
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Further differentiation of
trigonometric functions

We need to be able to use the product rule as applied to functions that have

— Example 3

Find L (x sin x).
dx

a periodic factor or factors.
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Interactivity:
Mixed problems
on differentiation
int-0252

THINK

Write the equation.

Identify u and v, two functions of x that
are multiplied together.

Find %’ using the product rule.
X

Simplify where possible.

WRITE
Lety=xsinx
=u-v

where u = x and v = sin x.

% =1and%—; =Cos X
d_y =xcosx+sinx- 1
dx

=X COS X + Sin x

— Example 4

Find i( X ): a by hand
dx\cos x

THINK

a (1 Rewrite the equation using a

negative index.
2 Identify u and v, two functions of x
that are multiplied together.

. o du dv
Find =— and —.
9 tm dx an dx

4 Find %X using the product rule.
X

5 Simplify where possible.

b using the TI-Nspire CAS calculator.

WRITE/DISPLAY
a Let y=x (cos x)!
=u- v

where u = x and v = (cos x).

du dv _: .
=2 =1 and == =—1(cos x)2.(-sin x)
dx dx
_ sinx
T2
cos x
d sin x -
&y AE 4 (cosx)!
dx cos x
X sin x 1
== t
cos’y  €OS X
_xsinx+cosx
2
cos x
o d( X ) _ xsinx+cos x
dx\cos x 2

COS X

Continued over page @
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THINK

For the TI-Nspire CAS
b @ On a Calculator page, press:

« MENU

* 4: Calculus {4)

* 1: Derivative {(1).
Complete the entry line as:

i=m)
dx\cos(x)

then press ENTER Giw.
2 Write the solution.

WRITE/DISPLAY

b *Unsaved v &8
1(;] cosl e sinfe)
dx) coslx) (cosbel}?

dy _ cosx+xsinx

2
dx cos x

'1 Find & (x cos x).
dx

Further differentiation of
trigonometric functions

2 Use the product rule to differentiate each of the following.

a y=x’sinx

d y=sinxcosx
g y=sin4%C coS x

i y:-l-cos6x
X

b y=3xsinx ¢ y=x’cos (3x+1)
e y=28sin 5x log, 5x f y=5cos2xsinx
h y=2x2sin(2x+3) i y=4¢>sin(2-x)
k y=sinxlog,x | y=7xcos 27mx
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3 multiple choice

The derivative of f(x) = x* sin 2x is:

A f’(x) =2x cos 2x B f’(x) =4x cos 2x

C f’(x) = 2x sin 2x + x* cos 2x D f’(x) = 2x sin 2x + 2x? cos 2x
E f’(x)=2x sin x + 2x? cos x

4 Find g'(0) if g(x) = 5¢** cos 4x.

5 Find the value of f”(=2) if f(x) = (x> + 2) sin (4 — 3x) (answer correct to 3 decimal
places).

WORKED. 6 Find & (L)

Example' dx \sin x

7 Find the derivative of each of the following.

a yzsmx b yzsm4x c yzcosx
X cos 2x X
coS X sin A/x 2 cos (3 —-2x
d y=22 e yz____«[_ f yz_______(_z______)
e x X

8 multiple choice

The derivative of f(x) = S4X g
4x+1

A fix)= 4(4x+1) cos x—24 sin 4x B f/(x)= (4x—1) cos 4x—24 sin 4x
(4x+1) (4x+1)
C f)= 4(4x—1) cos 4x —4 sin 4x D f/(x) = 4(4x—1) cos 4x2—4 sin 4x
4x + 1 (dx D)
E f/(x) — 4 Sin 4)(,'74(4)(,' +21) cOS 4x
(4x+1)

sin x
coS X

9 By writing tan x as find di (tan x).
x

10 Evaluate f"(-7), 17(0), f’(7) for each of the following and explain the values of x for
which the function exists.
a f(x)=In (sin x) b f(x)=sin (In x)
¢ f(x)=¢€sinx d f(x)=Inx. sinx
(Remember that In x = log, x)

11 Consider y = x sin x cos x in the domain 27 < x < 27,

a Evaluate dy .
dx

WorkSHEET 6.1

b Showthatatler,@:l.
4 dx 2

¢ Investigate a and b using a graphing program or graphics calculator.
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Applications of differentiation

In previous work we have learned to use differentiation to find the equation of the
tangent and normal to a curve, as well as to solve problems involving maximums and
minimums. These skills can be applied to functions that involve the use of the periodic

functions.

— Example 5

a by hand
THINK

a (1 Write the equation.
2 Differentiate the function.

3 Substitute x = 7 to find the gradient
of the tangent.

4 Substitute (7, 0) for (x;, y;) and
m = —1 into the rule for the equation
of a straight line, y — y, = m(x — x,).
5 Rearrange the rule to a simple form.

For the TI-Nspire CAS
b 1 On a Calculator page, press:

* MENU

* 4: Calculus {4)

* 9: Tangent Line {9).
Complete the entry line as:
tangentLine(sin(x), x, 7)

then press ENTER Gaw.

2. Write the solution.

Find the equation of the tangent to the curve y = sin x at the point (7, 0):
b using the TI-Nspire CAS calculator.

WRITE/DISPLAY
a y=sinx
dy

—= =COSX
X

Atx=rm

The gradient of the tangent is —1.
The equation of the tangent at (7, 0) is
y—0=-1(x — m).

y=—xX+T
x+y-m=0
b :I;_yl; *Unsaved w =8
tangentLinelsin{x) x.x) g A
s
y=n—-X

Periodic motions can be modelled by a trigonometric equation. By differentiating these
functions we are then able to solve problems relating to maximums and minimums.
Remember that the following steps are used when solving a maximum/minimum

problem.

1. Find f”(x) to obtain the gradient function.

2. Solve for x where f’(x) = 0 (to find the values of x where the maximums or mini-

mums occur).

3. Apply the first derivative test to see if the point is a maximum or minimum.

4. Substitute the appropriate value of x into f(x) to obtain the maximum or minimum.




— Example 6

The population of a colony of frogs rises and falls according to
the breeding season. The population can be modelled by the
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equation P(¢) = 100 sin %t + 500, where ¢ is the number of

months since the beginning of the year.
Find:

a the population at the beginning of the year

b the first time at which the population is greatest.

THINK

1. Write the equation.
2 Substitute £ = 0.

3 Give a written answer.

1 Write the function.

2 Differentiate the function.

3 Solve P'()=0.

4 Take the first two values to see
which is the maximum and which is
the minimum.

5 Use the first derivative test to check
for a maximum.

6 Answer the question.

WRITE

a P(f) =100 sin %l +500
- 0

P(0) = 100 sin +500

=500
At the beginning of the year there are
500 frogs.

b P(f) =100 sin %t +500

P(t) = 1007 cos i
2 2

= 507 cos 2
2
For maximum or minimum P’(¢) = 0.

P’(t) =507 cos %t = 0 when cos %t =0.

m 7 3x
2 272

t=1,3
t 0 1 2
P(1) 50m 0 -50m
Slope / - \

Maximum at £ = 1

t 2 3 4
P(r =507 0 50
Slope \ - /

Minimum at /=3
The maximum population first occurs after
1 month.
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Applications of
differentiation

Find the equation of the tangent to the curve y = cos x at the point (g, 0) .

Find the equation of the tangent and the normal to the curve y = 2 sin x at the point
(7, 0).

For each of the following functions, find the equation of:
i the tangent
ii the normal at the given value of x.

a y=sin2x,x=7—t b y=3cos()—c),x=7t
3 2
c y=sin(2x+:-:),x=0 d y=2cos(x—7t)atx=34—”

Find the equation of the tangent to the curve y = 3 cos 2x at the point where x = :—f
Find the points A and B where the tangent cuts the x- and y-axis respectively.

Find the equation of the tangent and normal to the curve y = x sinx at x = g

Find the points on the curve y = sin G) where the tangent is parallel to the line y = x.
The number of visitors to a holiday resort in each month can be found using the equa-

tion V' = 500 + 200 cos % , where ¢ is the number of months since the beginning of

the year.
a Find the initial number of visitors.
b Find when the minimum number of visitors will occur.

The depth of water in an inlet can be given by the formula D =2.5 + 0.5 sin T where
t is the number of hours since midnight. 3

a Find the depth of water in the inlet at midnight.

b Find the time at which the depth of water is greatest.

¢ Find the minimum depth of water in the inlet.
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9 The velocity, v cm/s, of an engine’s piston ¢ seconds after the engine is started is
approximated by v = 0.8 sin 2.
a Find the maximum velocity and the time at which it first occurs.
b Find the minimum velocity and the time at which it first occurs.

10 The length of a snake, L cm, at any time ¢ weeks after it is born is modelled as:
L:12+6t+23in%t, 0<7<20.

Find:

a the length at i birth i 20 weeks
b R, the rate of growth, at any time, ¢

¢ the maximum and minimum growth rate.

Halley’s comet

Halley’s comet is a comet that revolves around the sun in an elliptical path.

1 Use an encyclopedia or the internet to find when Halley’s comet was last visible
and when it will next be visible from Earth. This becomes the period of the
function.

2 Find the distance of the comet from the sun when it is at the closest point of its
orbit, and the comet’s distance from the sun when it is at the furthest point of its
orbit. Use these to find the amplitude and the equilibrium position of the
function.

3 Model the distance function of Halley’s comet from the sun using the form
y=Asin (Bx+ C) + D.

4 Use your graphics calculator to graph the function.

Kinematics

lus > Consider the case of a body that is moving in a straight line. The displacement, x, is the

distance that the body is at any time, ¢, from its starting point. The velocity, v, is the rate
at which the displacement is changing. For example a velocity of 2 m/s means that
there is a change of 2 m in the displacement for every second of time that has elapsed.

Motion graphs
(kinematics)

int-0267 o ) ) dx
Now because velocity is the change in x per unit of ¢, we can say that v = 4

Similarly, the acceleration, a, of the body is the rate of change in the velocity with

respect to £. We can therefore say that a = %

Many objects move in such a way that they can be described as periodic in nature, so
the results just described allow us to solve problems that relate to them. Examples of
this type of motion are tides, the swing of a pendulum and the way an object will bob
up and down when attached to a spring.

This type of motion is called simple harmonic motion (SHM). Under SHM the dis-
placement, x, of a body from its equilibrium (or central) position is given by:

x =A sin Bt or x=A cos Bt
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Three preliminary characteristics can be used to describe the motion. They are:

1. The period: The time interval, 7, required for the motion to repeat itself is called the
period and is generally measured in seconds.

2. The frequency: The number of complete oscillations per unit of time is called the
frequency, f. The unit for frequency is ‘per second’ or hertz (Hz). The frequency is
related to the period in a simple way since if it takes Tl‘ of a second for a motion to
repeat itself then the motion will occur 10 times per second; that is, the frequency is
the reciprocal of the period. Thus:

3. The amplitude: The magnitude of the maximum displacement from the fixed or
mean position, 4, is called the amplitude of the motion. The size of the vibration is
described by this quantity.

For example, a mass on the end of a vertically mounted spring may execute

42 vibrations in 60 seconds with the highest point 80 cm above the lowest point. In this

case the frequency would be 42 oscillations in 60 seconds: f= 0.7 Hz, which is a period

of % = 1.43 seconds. The amplitude of the motion would be 40 cm or half the range

of the motion.

— WORKED Exampie /

A body is executing simple harmonic motion with a position x(7) given by the equation:

x(f) = 4 cos (4m + %’) +2.

a What is the x-value for the mean or centre of motion?

b What are the amplitude and range of the motion?

¢ What are the period and frequency of the motion?

d What is the initial position of the body (that is, at ¢ = 0)?
e Using a graphics calculator, draw x(7?) for one cycle.

THINK WRITE/DISPLAY

a A trigonometric function has an a The centre of the motion is at x = 2.
equilibrium position of 0. However, this
function is translated vertically 2 units.

b @ The amplitude is the coefficient b The amplitude is 4 units.
of the trigonometric function.

2 The range of the motion is found Lower limit =2 — 4
by adding and subtracting the =-2
amplitude to the centre of the Upper limit=2 +4
motion. =6
Range=-2<x<6
¢ (1 Write the formula for the period. ¢ 7= 2§7r
_2n

2 Substitute B = 4. T=
4
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THINK
3 Calculate.

5 Substitute 7 = %

6 Calculate.
7 Write the answer.

d (1 Write the equation.

2 Substitute r = 0.

Calculate.
4 Give a written answer.

function.

4 Write the formula for frequency.

e Use a graphics calculator to draw the

WRITE
_1
2
_1
f_T
1
f==
3
f=2

Period is % and frequency is 2.

d x(1) = 4 cos (4m+§) 12

x(0) =4 cos C—f) +2

=202 +2

The initial position of the particle is at

x=242 +2.
e m) *Unsaved w ﬂu

5 Y

.5
r02 0.5]
o~ L]

To find the answer in the previous worked example we had only to use our knowledge
of periodic functions. In many other cases we will need to apply calculus as well.

— Example 8

THINK

a | (1 Write the function.

the displacement function.

2 To find the velocity, differentiate

The displacement (in metres) of a particle after 7 seconds is given by the equation
x = 4 sin 2¢. Complete the following: a by hand b using the TI-Nspire CAS calculator.
i Find an expression for the velocity of the particle v.
ii Find the time at which the particle is first at rest (that is, v = 0).
iii Find an expression for the acceleration of the particle.
iv Find the first two occasions when the acceleration is equal to 0.

WRITE/DISPLAY
i x=4sin2¢
y =8 cos 2t

Continued over page @
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THINK

i a

Set the velocity equation equal
to 0 and find the smallest
positive solution.

2 Give a written answer.

Write the velocity equation.

2 To find the acceleration,
differentiate the velocity
equation.

Set the acceleration equation
equal to 0 and solve finding the
first two solutions.

2 Give a written answer.

For the TI-Nspire CAS
b i @ On a Calculator page, press:
+ MENU

* 1: Actions (1)

s 1: Define (1),

Complete the entry line as:
Define x(#) = 4 sin(2¢).
Press:

« ENTER

+ MENU

* 4: Calculus {4)

* 1: Derivative (1).
Complete the entry line as:

d
— t
dx(x (1))
then press ENTER Gao.

2 Write the solution.

WRITE/DISPLAY
y=8cos2t=0
cos2t=0
="
2
==
4

bi

v(?)

The particle first comes to rest after j{ seconds.

v =8 cos 2t
a=-16sin 2¢

a=-16sin2t=0
sin 2t =0
2t=0,
t=0,%
2
The acceleration is 0 initially and again after
T seconds.
Jl_!] » *Unsaved w an QB
Define xff)-4 sin(2 1) Done f
d Gcos(24) |
) \
|

= 8 cos(2¢)
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THINK

il 1 To solve v(f) = 0, press:

« MENU
* 3: Algebra (3)

* 1: Solve {1).

Complete the entry line as:
solve(8 cos(2f) =0, ¢)
then press ENTER Gaw.

The calculator has given the
general solution to this equation.
2 Write the solution.

To find the acceleration, press:

« MENU

* 4: Calculus {4)

« 1: Derivative {1).
Complete the entry line as:

d
d_t(SCOS(zt))

then press ENTER .
2 Write the solution.

To solve a(f) = 0 for ¢, press:

« MENU
* 3: Algebra (3)

* 1: Solve {1).

Complete the entry line as:
solve("16 sin(2f) = 0, )
then press ENTER Gas.
The calculator has given the

general solution to this equation.

2. Write the solution.

WRITE/DISPLAY
i *Unsaved w an §ﬂ
Define x{f)-4 sin(2 ) Done ||
4 Beosl2d] |
2id) \
sotve(g-cos(2 1)-0,) 3 {2n1-1)n
4
|
3'9:

Solve 8 cos(2t) = 0 for t.
_ Qk-Dr

t
4

Whenk=1,7= X,
4

Therefore the particle first comes to rest

after j_;t seconds.

& Bcos{24)
‘(;‘(X(l))
solve(S cos(? t]-o,[) 5 (2 "'-lJ'Jx
4
5—1(8 cos(24)) ~16-sin{2)
4/-99»]

Solve ~16 sin(2¢) = 0 for ¢.

t:]it

2
When k=0, t=0.
When k=1, ¢t = g

The acceleration is 0 when 7 = 0 and again
T
after ¢ = 7 seconds.
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Because acceleration is the derivative of velocity we can say that the maximum and
minimum velocities will occur when the acceleration is equal to 0. Generally, the
minimum velocity occurs when the particle is moving fastest in a negative direction. In
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such cases you may be asked for the maximum speed.

Note that velocity has direction as well as magnitude. For example, a velocity of
—4 m/s means that the particle is travelling at 4 m/s in the negative direction. Speed

has no direction and so this particle has a speed of 4 m/s.

— WORKED Exampie §

A body moves such that at time 7 seconds its position in metres is given by x(¢) = 5 sin 4¢.

a Find the maximum speed of the body.

b Determine the first four times at which the body is moving with a speed of 10 m/s.

THINK

a (1 Write the equation.

(2 Find the velocity equation by
differentiating the displacement
equation.

3 Find the acceleration equation by
differentiating the velocity equation.

@4 The maximum speed occurs when
acceleration equals 0. (We need the
first solution only.)

(5 Substitute # = 0 into the velocity
equation to find this maximum
speed. (If v is negative, speed is
positive.)

6 Give a written answer.

b Set the velocity equation equal to +10
and solve, finding the first four
solutions.

WRITE

a x(f) =5 sin 4¢
v(f) = 20 cos 4t

a(t) = —80 sin 4t

For maximum speed, a(f) = 0

—-80sin4r=0
sin4t=0
4t=0

t=0

v(t) = 20 cos 4¢
v(0) = 20 cos 4(0)
=20

The maximum speed is 20 m/s.

b v(t) = 20 cos 4¢
==*10
cos 4t = i%
4= T 4n Sm
3

oy @l
w]

o
S

-~

Il
Sla
wiy
_
=y
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WORKED

WORKED

EXERCISE

1

4

Kinematics

A body is executing simple harmonic motion with a position x(¢) given by the equation:
x(t) = 4 sin (47rt + Z—f) + 2.

What is the x-value for the mean or centre of motion?

What are the amplitude and range of the motion?

What are the period and frequency of the motion?

What is the initial position of the body (that is, at # = 0)?

Using a graphics calculator or suitable graphing software, draw x(z) for one cycle.

® Q6 g Qa

A body is executing simple harmonic motion with the following displacement equations:
i x(f)=4sin3t+1 il x(f)=5 cos G + n) iii x(f)=3cos 2t+3)—6

In each case:

a Sketch each of the three functions using a suitable graphing application or a
graphics calculator.

Calculate the period.

Calculate the frequency.

Determine the centre of motion.

Find the amplitude of the motion.

Determine the initial position of the body.

=0 Q0 U

A body is executing simple harmonic motion with the following displacement equations:
i x(f)=4sin (1.5 + 1 il x(f)=5 cos (é + 77:) il x(7) =3 sin (27 + 3).

In each case find expressions for the velocity and acceleration of the body as func-
tions of time and sketch on the same axis x(¢), v(f) and a(f) using a graphing applica-
tion or a graphics calculator.

The displacement (in metres) of a particle after ¢ seconds is given by the equation
x =2 cos 4t.

a Find an expression for the velocity, v, of the particle.

b Find the time at which the particle is first at rest (that is, v = 0).

¢ Find an expression for the acceleration of the particle.

d Find the first two occasions when the acceleration is equal to 0.

The position of a particle x(7) cm from the origin, O, moving in a straight line at any
time, ¢ seconds, is given by x(¢) = sin 4¢. Find:

the initial position

the position after 3 seconds

the position after 4 seconds

the average velocity during the fourth second

the velocity at any time, ¢

the initial velocity

the velocity after 3 seconds

when and where the particle is stationary.

>Q ™0 o0 U Qo
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WORKED 9

10

11

12
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A mass is attached to the end of a spring. The spring is extended and the mass on the
end of the spring begins to bob up and down in simple harmonic motion where its
displacement at any time, #, from O, the equilibrium position, is given by the equation
x(t) = —10 cos .
Find the initial position of the mass.
Find equations for the velocity and acceleration of the mass.
Find the times at which the particle is stationary.
Find when the velocity is:

i a maximum il a minimum.
e Find the points where the acceleration is 0. What do you notice about the velocity

at these points?

.0 o Q

An object travelling in a straight line has its displacement (in metres) after # seconds
given by:
x(t)=2cos (3t— 1)+ 3.
a Find the maximum and minimum displacement.
b Find when the velocity is first equal to 0.
¢ How long after it is first at rest is it next at rest?
d Find an expression for the acceleration.

Find the velocity and acceleration at any time, ¢, for each of the following.

a x=8sin%t b x=2¢tcos 2¢

A body moves such that at time, ¢ seconds, its position in metres is given by
x(f) =5 cos 4t.

a Find the maximum speed of the body.

b Determine the first four times the body is moving with a speed of 10 m/s.

A small buoy bobbing in the water moves in such a way that SMH is a good approx-

imation to its vertical motion. The height of the buoy above the seabed varies from 1.4

to 1.8 m and the period of the motion is 3.5 s. Take the buoy to be at its mean position

atr=0.

a What is the maximum acceleration of the buoy?

b What is the maximum speed of the buoy and what is the height of the buoy above
the seabed at this time?

¢ At what time is the speed of the buoy first equal to half its maximum speed?

A body is executing SHM about the origin of the x-axis. The equation for its motion
is given by:
x(t) = 2.5 sin (3.6¢)
State the amplitude and the period of the motion.
What is the velocity when ¢ = 2.4 s?
What is the acceleration when ¢ = 4.7 s?
What is the acceleration when x = 1.25 m?
What is the velocity when x = 1.25 m?
What is/are the position/s of the body when it is travelling at a velocity of 1.0 m/s?
When the acceleration of a body is —5.5 m/s?, what is its speed?
Sketch, using either a graphics calculator or a graphing program for a computer,
v(x) and a(x) on the one axis. State the domain and range for both functions.

>oQ ™m0 o0 o

The height of water (in metres) at the entrance to a bay ¢ hours after high tide is:

H=10+2coslt
12
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Find:
a the rate of change of H at any time, ¢
b the rate of change of H:
i 6 hours after high tide ii 15 hours after high tide iii 20 hours after high tide
¢ the minimum and maximum values of /H and the times when they first occur after
the initial high tide.

Period and amplitude

1 Use your graphics calculator to graph the following functions.
Y1 =sin x Y2=% sin 2x Y3 = % sin 3x
2 By looking at the addition of ordinates, try to sketch the graph of
y=sinx+ % sin 2x + % sin 3x.
Check your result on your graphics calculator.
3 What are the period and amplitude of the resulting function?

4 If this series were to be continued, what would the resulting function look like?
What would be the period and amplitude of this function?

Warehouse security

The REAC warehouse — checking its security

At the beginning of this chapter we looked at the Rastenburg Electrical Appliances
Company, whose owners installed a searchlight to assist the night guard in
protecting the warehouse. The front of the warehouse is 100 metres long and the
searchlight takes 2 minutes to complete one full oscillation.

We are now going to examine the function that represents the movement of the
searchlight across the front of the warehouse.

Take 0 to be the centre of oscillation, which will be the centre of the warehouse
front; take x to be the displacement in metres from 0; and take 7 to be the time in
minutes from when the searchlight is first switched on each night.

1 Find the amplitude of the function.

2 Remembering that the searchlight takes 2 minutes to complete one full
oscillation, find the period of the oscillation.

3 Write a function in the form x = 4 sin Bt to describe the displacement of the
light at any time, 7.

4 Find functions for the velocity and the acceleration of the searchlight at any
time, f.

5 For a potential intruder, the shortest path from the fence to the door of the
warehouse is at the point where x = 50 metres. Find the times at which the
searchlight is at this point and hence the maximum amount of time that an
intruder would have to enter the building.

6 An intruder decides to try to cross into the warehouse at the point where the
speed of the searchlight is greatest as this gives him the greatest chance of not
being seen by the night guard. At what time does he attempt the crossing?

7 In your opinion, is the warehouse secure? When and where would you consider
the warehouse to be most vulnerable to a break-in?
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BYrmmary

The derivatives of sin x and cos x

. (%C (sin x) = cos x

o (%C (cos x) = —sin x

. 4 (sin ax) = acos ax

dx

a d_(i_c (cos ax) = —asin ax

+ L fsin /()] = /() cos f)
x

+ L feos f(0] = =) sin f )
x

Applications of the derivative of trigonometric functions

* The derivative of a function can be used to find the gradient of the tangent to the
curve at any point.

At the point (x;, y,) the gradient of the tangent m = f’(x,) and the gradient of the
normal is =L .

m

* The equation of the tangent to the curve is found using y — y; = m(x — x,).

* Problems involving maximums and minimums are solved by differentiating the
function and solving the derivative equal to zero.

Kinematics

» A particle that moves in an oscillating fashion is said to move in simple harmonic
motion (SHM).

* The displacement of a particle from its equilibrium position, x, can be expressed in
terms of z.

» The velocity of the particle at any time, 7, is equal to ((—1;—; and the acceleration of the

.oo.ody
rticl —.
particle is &
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1 If y = cos 8x then find %}Xc

2 Ify =2 sin (2x + 3) then find gl.
X

3 Find )’ given that:

a y=sinx b y=4cosx ¢ y=3sindx
d y=4cos3 e y=sin 2% R R
y cos 3x y=sin 3 y=3cos3

4 Find f’(x) if f(x) = 3 sin 2x and hence find /’(27).

5 Differentiate 8™ >,

6 Find d% (3x sin 3x).

7 Find f7(x) if f(x) = 32

X

8 Find the derivative of:

X .
ERAR b 3xcos2x ¢ log, x sin x
sin x
e cos x
d e cosx e — f =2
sin x log, x

9 Find the derivative of sin x cos x.
10 Find the equation of the tangent to the curve y = sin x at the point (0, 0).

11 Find the equation of the tangent and the normal to the curve y = 3 cos x at the point (7, —3).

12 Find the equation of the tangent to the curve y = 4 cos 2x at the point where x = Z—f Find the

coordinates of the points A and B where the tangent cuts the x- and y-axis respectively.

Modelling and problem solving
1 The number of fish in an inlet is estimated using the equation N = 500 — 250 cos T where
t is the number of hours since low tide. 6
a Find the number of fish in the inlet at low tide.
b Find the maximum number of fish in the inlet and the time at which this maximum will occur.
¢ Find the time at which there are approximately 500 fish in the inlet.
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2 A body is executing simple harmonic motion with a position x(¢) given by the equation:
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x(t) = 2 sin (2711 + g) + 2.

What is the x-value for the mean or centre of motion?

What are the amplitude and range of the motion?

What are the period and frequency of the motion?

What is the initial position of the body (that is, at # = 0)?

Using a graphics calculator or suitable graphing software, draw x(z).

® Q.0 U-Q

3 A body executing simple harmonic motion has the displacement equation
x(t) = 5 sin (2t — 1) + 6. Find the equations for the velocity and acceleration as a function of
time.

4 The displacement of a particle is given by the equation x = 2 sin %t .

a Find an expression for the velocity of the particle, v.

b Find the times at which the particle is at rest (that is, v = 0).
¢ Find an expression for the acceleration of the particle.

d  Find the maximum speed of the particle.

5 A mass is attached to the end of a spring. The spring is extended and the mass on the end of
the spring begins to bob up and down in simple harmonic motion where its displacement at
any time, ¢, from O, the equilibrium position, is given by the equation x(7) = 10 — 10 cos 7.

Find the initial position of the mass.

b Find equations for the velocity and acceleration of the mass.

¢ Find the times at which the particle is stationary.

d  Find when the velocity is:

i a maximum il a minimum.

Q

(1]

Find the points where the acceleration is 0. What do you notice about the velocity at these
points?
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At the South Pole in midsummer on the planet Marus, the red sun of its solar system does not
set. It dips towards the horizon until its lower rim just touches it, then rises until its lowest
point is at an angle of D(#)° to the horizontal before sinking again. It continues in this pattern.
The angle above the horizontal can be modelled by the following relation:
D(7) = a — b sin n(t + c¢) where t is the time in hours after midnight and «, b, ¢ and n are
positive constants.
The graph of D(#) for 24 hours is shown on the axes in the figure below right.
State the values of a, b, ¢ and n and hence write the D)
rule for D(¢). 104
What would be the angle above the horizon at 6.00 am
and at 9.00 pm? Give an exact answer where possible,
otherwise give your answer correct to 2 decimal places.

. 4
Use your graph to find at what times the angle to the 2]
horizontal is 8°. When does the rim of the sun reach . N
this angle again? 0] 24 6 81012141618202224"

By using an appropriate equation, check your answer

and account for any difference in your two solutions.

If a spot on the surface of the sun is 5° above the horizon at midnight, what would be the
relation G(¢) which models its path?

Nathan and Rachel are competing in the National Ballroom Dancing Championships. The
judges are evenly spaced around the circular dance floor, standing just outside the edge. As
Nathan and Rachel waltz around the circular floor, their distance (in metres) from judge Maya
can be described by the function d = 10.5 — 9 cos T t, where ¢ is time (in seconds) from the
beginning of the dance. 30

How far is the couple from judge Maya

when they start dancing?

What is the couple’s maximum distance

from the judge?

Assuming that, while dancing, Rachel and

Nathan trace a perfect circle, what is its

diameter?

How long does it take for the couple to

complete one full circle around the dance

floor?

What is the couple’s average speed (in m/s)?

Give your answer I in exact form and
correct to 2 decimal places.

If the duration of the waltz is 2.5 minutes, draw

the graph of d =10.5 -9 cos é% t over the

domain, showing the full length of this dance.
Judge Joseph is positioned further down
the dance floor, so that Nathan and Rachel
are closest to him 6 seconds after the waltz
begins. Write the equation describing the
couple’s distance from judge Joseph at any
time, ¢, from the beginning of the dance.
How far is the couple from judge Joseph
when they finish the waltz?

Test Yourself
Chapter 6
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ACTIVITIES

m The derivatives of sin x and cos x
Tutorial

o (D int-0555: Watch a tutorial on using the chain
rule (page 212)

Further differentiation of trigonometric
functions

Digital doc

* WorkSHEET 6.1: Differentiate trigonometric
expressions using the chain, product and quotient
rules (page 217)

Interactivity

* Mixed problems on differentiation int-0252:
Consolidate your understanding of differentiation
(page 215)

D Kinematics

Digital doc

e WorkSHEET 6.2: Determine equations of tangents
and normals to sinusoidal curves and apply the
calculus of periodic functions to application
questions (page 229)

Interactivity

» Kinematics int-0267: Consolidate your understanding
of kinematics (page 221)

Chapter review

Digital doc

* Test Yourself: Take the end-of-chapter test to test
your progress (page 233).

To access eBookPLUS activities, log on to



Introduction to
ration

Antidifferentiation
(integration)
~ 7C Integration of ¢, sin x and
; cos x
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Introduction

The Werisie River problem
A farmer living along the Werisie River wants to draw water from it to irrigate his
crops, and he applies to the local council for permission. The council sends a technical
officer to measure the flow of water in the river so that an informed decision can be
made about the farmer’s application for a water allocation.

The technical officer begins by measuring the speed of the water and forming a pro-
file of the cross-section of the river.
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The speed of the river is 2.5 m/s and it is 4 metres wide.
It is found that the cross-section of the river can be modelled by the equation

y=Late-4)

If the technical officer can find the area of the cross-section, then he can find the
volume of water carried by the river each second because the volume would be given
by:

Volume per second = area of cross-section - speed of flow.

In this section we shall consider this problem and examine different methods for
finding the area of shapes bounded by curves. The problem of calculating an area
bounded by a curve is difficult (except in the case of the circle) and is usually solved by
SKIlISHEET 7.1 approximating the curved shape by constructing a number of smaller figures made from

Area and perimetgr of strai ght lin: es.
composite functions

Approximating areas enclosed by
quCtions Approximating areas

There are several ways of finding an approximation to the area between enclosed by functions
a graph and the x-axis. We shall look at three methods: int-0254
1. the lower rectangle method

2. the upper rectangle method

3. the trapezoidal method.

y X)
The lower rectangle method "
Consider the area between the curve f{x) shown at right,
the x-axis and the lines x = 1 and x = 5.

If the area is approximated by ‘lower’ rectangles whose
width is 1 unit, then the top of each rectangle lies below
the graph but touches the curve at one point. (In this case
the left-hand corner of the rectangle touches the graph.)
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So, the height of rectangle R, is f(1) units
and the area of R; =1 - f{1) square units (area of a rectangle = height - width).
Similarly, the area of R, =1 - f(2) square units,

the area of Ry =1 - f(3) square units,

the area of R, =1 - f(4) square units.

Therefore, the approximate area under the graph between the curve f(x), the x-axis
and the lines x = 1 to x = 5 is 1[f(1) + f(2) + f(3) + f(4)] square units, (the sum of the
area of the four rectangles).

If the same area was approximated using rectangle widths of 0.5 there would be
8 rectangles and the sum of their areas would be:

0.5[/(1) +f(1.5) + f(2) + f(2.5) + f(3) + f(3.5) + f(4) + f(4.5)] square units.

From the diagram it can be seen that the lower rectangle approximation is less than
the actual area. :

Worked example 1
— _Example ’ int0565
y Jx)

Find an approximation for the area between the curve f{x)
shown and the x-axis from x =1 to x = 3 using lower rectangles

of width 0.5 units. f{x) = 0.2x> + 3

3
THINK WRITE ]
1 Write the number of There are 4 rectangles of T
rectangles and their width. width 0.5 units. 051152253~
2 Find the height of each hy=f(1) =02(1*+3 =32

rectangle (left) by substituting hy = f(1.5) = 0.2(1.57 + 3 = 3.45
the appropriate x-value into ' 5
hy=f2) =02(12)"+3 =38

the f{x) equation.
hy=f(2.5)=0.2(2.5)° + 3 =4.25

3 Area equals the width Area = width - (sum of heights of 4 rectangles)
multiplied by the sum of the =0.5(3.2+345+3.8+4.25)
heights. =0.5(14.7)

4 Calculate this area. =735

5 State the solution. The approximate area is 7.35 square units.

The upper rectangle method
Consider the area between the curve f(x) shown at right, y fx)
the x-axis and the lines x = 1 and x = 5. 7

If the area is approximated by “upper rectangles’ that are
1 unit wide, then the top of each rectangle is above the

graph and touches the curve at one point. (In this case the ~

top right-hand corner of the rectangle touches the graph.) R |R,|R,R,
So, the height of R, is f(2) units

and the area of R, is 1 - f{(2) square units. o 123457

Similarly, the area of R, =1 - f{(3) square units,
the area of Ry =1 - f(4) square units
the area of R, =1 - f(5) square units.
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— Example 2

Find an approximation for the area in the diagram in worked example 1 using upper
rectangles that are 0.5 units wide. f(x) = 0.2x? + 3

THINK WRITE
1> Find the number of rectangles and the There are 4 rectangles:
height of each one (from left to right). hy = f(1.5) = 0.2(1.57 + 3 = 3.45
hy=f(2) =0202)*+3 =338
hy =f(2.5) = 0.2(2.5)* + 3 =4.25
h,=f(3) =023)P+3 =48
2 The area is the width of the interval Area =0.5(3.45 + 3.8 +4.25 +4.8)

multiplied by the sum of the heights.

3 Calculate the area. =0.5(16.3)
=8.15
4 State the solution. The approximate area is 8.15 square units.
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Therefore, the approximate area between the curve f(x), the x-axis and the lines x = 1
tox=51s (R; + R, + Ry + Ry) = 1[f(2) + f(3) + f(4) + f(5)] square units.

If the same area was approximated with upper rectangle widths of 0.5 units, the sum
of their areas would equal:
0.5[A(1.5) + f(2) + f(2.5) + f(3) + f(3.5) + f(4) + f(4.5) + f(5)] square units.

From the diagram it can be seen that the upper rectangle approximation is greater
than the actual area.

Lower rectangle approximation < actual area < upper rectangle approximation

It can be seen that the lower rectangle approximation (7.35 units) is less than the upper
rectangle approximation (8.15 units).

If the area is divided into narrower strips, the estimate of the area would be closer to
the true value. Use one of the Mathcad files to investigate the effect of a greater number

of strips in a given interval.

The trapezoidal method
Recall that the area of a trapezium = ﬁ(a + b). a
2 <~— h —>

The trapezoidal method involves a series of straight line
approximations to the curve which generates strips in n ]
the shape of trapeziums.
Consider the area under the graph of f{x) between the x-axis and the lines x = 1 to x = 5.
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For each trapezium the width, or height, # = 1 unit.

y
ForT,, a if(l) and b if(Z) fx) )
ForT,, a=f(2) and b=f(3)
ForT;, a=f(3) and b=f(4) S
ForT,, a=f(4) and b=f(5) T,|T,|T5| T,
| | 1 1
The area of T, = L[£(1) +/(2)] 01253 45%

The area of T, = % [f(2) + f(3)] and so on.

The total area of the trapeziums is:
L) +£(2) +£(2) + £3) + £3) + f(4) + f(4) + f(5)]
= % (1) + 2f(2) + 2f(3) + 2f(4) + f(5)] square units.

The first and last terms are counted only once but all others are counted twice.

— Example 3

Find an approximation for the area enclosed by the graph of f{x) = 0.2x? + 3, the x-axis
and the lines x = 1 to x = 3 using interval widths of 0.5 units and using the trapezoidal
method:

a by hand

b using the TI-Nspire CAS calculator.

THINK WRITE/DISPLAY
a 1 Sketch the graph of f(x). a y
2 Draw trapeziums of width
0.5 unit from x =1 to x = 3. 3

3 Evaluate the height of each f(H)=02(1%+3 =32
vertical side of the £(1.5)=0.2(1.5)> +3 =3.45
trapeziums by substituting 2)=0202)2+3 =38
the appropriate x-value into ;

f(2.5)=02(2.57 +3 =425

X).
7 fi3)=023)*+3 =438
4 Calculate the area by using Total area of trapeziums
the formula for the area of'a =05(32+42- 345+2- 3.8+2- 425+48)
trapezium where /£ is the 2
width of the interval. =0.25- 31

=7.75
Therefore, the area under the curve is
approximately 7.75 units.

Continued over page @
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THINK
For the TI-Nspire CAS

bg

4

To find the sum of the areas
between the lines x =1,

x = 3, the x-axis and under
the curve f{x) = 0.2x> + 3, on
a Calculator page, complete
the entry line as:

Define f{x) = 0.2x* + 3

then press ENTER .

To use sigma notation to
calculate the sum of the
areas, on a Calculator page,
press:

* Ctrl ()

This will open the maths
expression template. Use the
NavPad to move to the
symbol sigma, X, then press

ENTER .

Complete the entry line as:

4
2(%(f(1+(r71)- 0.5)

r=1

+ (1 +r 0.5)))

then press ENTER G-

Write the answer.

WRITE/DISPLAY

b T 0

Deflne fx}=0.2x%+3 Pone: 1
;i':

9

uip *Unsaved w ﬁﬂ

Define Ax)=0.2x%+3 Seneil

&l 0)val v O G 6 6
EIESEEIERNENET - Rl

iy *Unsaved w =8

Deflne fx)=0.2x%+3 ae]
4
Z{o—;’--[;(u(r-])-c shid1470.5))
r=i

7.75

4

2(02;5(]'(1 +(r=1)- 05)+ f(1+r- 0-5)))

Note that the lower rectangle approximation found in Worked example 1 was 7.35 units
and the upper rectangle approximation found in Worked example 2 was 8.15 units. The

average of these two approximations is

735+8.15 or 7.75 units which is the same as

the trapezoidal approximation for the area.



Chapter 7 Introduction to integration 24'

— Example 4

Employ width intervals of 1 unit to calculate an approximation for the area between the

graph of f{x) = x* + 2 and the x-axis from x = -2 to x = 3. Use:
a lower rectangles b upper rectangles ¢ averaging of the lower and upper rectangle areas.

THINK WRITE/DRAW
1 Sketch the graph of f{x) over a
domain that exceeds the width
of the required area.
2 Draw the lower and upper
rectangles.

Y y=x*+2

X

2-1 01 2 3
[ ]= Upper rectangles
[] = Lower rectangles
a (1 Calculate the height of the lower @ Lower rectangle heights:

rectangles by substituting the f(=1)=(=1)*+2
appropriate values of x into the =3
equation for f{x). Note that the two £(0)=02+2
rectangles to the right and left of =2
the origin have the same height f0)=2
and are equal in area. f(h=12+2
=3
f(2)=22+2
=6
2 Find the area by multiplying Area=13+2+2+3+6)
the width by the sum of the =16
heights. Using lower rectangles, the approximate area is
16 square units.
b 4 Calculate the height of the b Upper rectangle heights:
upper rectangles by f(=2)=(-2)*+2
substituting the appropriate =6
values of x into the equation f(~=1) = 3 (from above)
for f(x). f(H)=3
f2)=6
f3)=32+2
=11
2 Find the area by multiplying Area=1(6+3+3+6+11)
the width by the sum of the =29
heights. Using upper rectangles, the approximate area is
29 square units.
. . _16+29
¢ Find the average by adding the ¢ Average of the areas =
areas of the upper rectangles and _ 22'52
the lower rectangles, and then

The approximate area is 22.5 square units when
averaging the upper and lower rectangle areas and
using widths of 1 unit.

dividing by 2.

Note that this average is between the area of the upper rectangles and the area of the
lower rectangles and is closer to the actual area.
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Approximating areas enclosed
by functions

1 Find an approximation for the area between the curve f{(x) y y
atright and the x-axis from x = 1 to x = 5. Use a lower o

rectangle with a width of 2 units.
& (3.3
N, 2)

2
2 Find an approximation for the area between the curves below
and the x-axis, from x = 1 to x = 5, by calculating the area of
the shaded rectangles. 0 3 s*
a Y fy b
4 (5,4
112
0 1 5 X
3
Consider the graph of y = x* from x = 0 to x = 4 (at right). y
a The width of each rectangle is:
A 1 unit B 2 units C 3 units
D 4 units E varying
b The height of the right-hand rectangle is: >
A 9 units B 4 units C 16 units 0 1234 *
D 12 units E 1 unit

¢ The area between the curve y = x*> and the x-axis from x = 0 to x = 4 can be
approximated, by the area of the lower rectangles, as:

A 20 sqg.units B 14 sq. units € 18 sq. units D 15 sq. units E 30 sq. units
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workep 4 a Find an approximation for the area in the dia- -2
Example . : : Y Y
d gram at right using upper rectangles 1 unit
wide.
b A better approximation for the area under this
curve can be found by averaging the upper and
lower rectangle areas. State this approximate
value. — 1
1234 7
WORKED i imati
B 5 Find an approxmzlatlon for 'the area er'lclosed by the y y=x
d graph of f(x) = x°, the x-axis and the lines x = 1 and
x =3 with interval widths of 1 unit. Use the trapezoidal
method.
T T T
o 1 2 3 7

6 Find the approximate area between the curves below and the x-axis, over the interval
indicated, by calculating the areas of the shaded trapeziums.

a y f00 b
5 4,5)
N
0 2 4

7 Find an approximation for the area between the curves below and the x-axis, from
x=1to x =35, by calculating the area of the shaded rectangles.

ayls s cny- 210) 4> 5
%u ) |08 G.® 1 (3.10) 5 6.3
_ 7
/ 7 1 any ey | w
0 1 SI0T 03 1 X o %1 o3 s f
O 12345 7
e y f y g Yy
4,10 1.4 1 @D @7
Y ™~ SO R ’
\ fix) / a2 5. 2.5
o\ @6 2- S 4
R
5 - fx)
1
o 1 2345~ >0 o0 12345 *
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'WORKED

8 With width intervals of 1 unit, calculate an approximation

x=-3tox=-1
x=1tox=5

Y
% for the area between the graph of f(x) = x> + 4 and the V=x2+ 4
x-axis from x = 1 to x = 4 using:
a lower rectangles
b upper rectangles |
¢ averaging of the lower and upper rectangle areas.
9 In the figures below, find the approximate area between
the curves and the x-axis, over the interval indicated, by o -
calculating the area of the shaded rectangles. Give exact 123 4
answers.
ay b _ Cy d y
Y =e* =1
y=—x+3x+8 Y g oix/ y=(x—4)
A
10 2 a
=-ltox=2 0 X
% x 1 123456
0 1234 0’123 45 x=2tox=6
x=1ltox=4 x=1ltox=5
€ vy _ 2 y 9 x=2tox=6
fx) = 1x3 =327+ 8x fo)=—x— dx 345 6
[ —
/6 X
| I L =x3— 6x°
1 . 3-25-2-15-1 O\ * !
1 2 3 45

10 In the figures below, find an approximation for the area between the curve, the x-axis,
and the lines x = 1 and x = 5. Use interval widths as shown. Give exact answers.

a b
31 9 N\
]_
7 10
T ] ] ]
0 B I
T
N 1234 * y y=et
d YA y=10-22 e
ECL ] > : :
AR A 0 N

Y

_ 1
y=5x
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13

14

15

16
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Calculate approximations for the area between the graph of y = x(4 — x), the x-axis
and the lines x = 1 and x = 4, using interval widths of 1 unit and:

a lower rectangles

b upper rectangles

¢ averaging the lower and upper rectangle areas.

Chapter 7 Introduction to integration

Calculate approximations for the area under the graph of y = x? — 4x + 5 to the x-axis
between x = 0 and x = 3, using interval widths of 0.5 units and:

a lower rectangles

b upper rectangles

¢ averaging the lower and upper rectangle areas.

Find an approximation for the area under the graph of y = 2* between x = 0 and x = 3,
using interval widths of 1 unit, by averaging the lower and upper rectangle areas.

Find approximations for the area between the graph of f(x) = (x — 1)’ and the x-axis,
between x = 1 and x = 4, using the trapezoidal rule and:

a interval widths of 1 unit

b interval widths of 0.5 units.

Give answers correct to 1 decimal place.

Calculate approximations for the area under the graph of y = - between x=0.5and
x = 2.5, using the trapezoidal rule and:

a interval widths of 1 unit

b interval widths of 0.5 units

¢ interval widths of 0.25 units.

Give answers correct to 2 decimal places.

Calculate an approximation for the area under the graph of y = 2log, (x — 1) between
x =2 and x = 6 using the trapezoidal rule and interval widths of 1 unit.

gt Al 22 T il S St 177 's;_;.r,g\; AW TR L T TR T R TR

Rivel Park
2|0 4|O 6p 8|0

- 17 At the back of a rectangular block of land, 100 metres
long, is a park and a river. The distance to the river
from the top of the rectangular block is shown in the

metres

Block of land

table below.

Distance across 20 | 40 [ 60 | 80 | 100

rectangular block
in metres

Distance of river
from the block in
metres

Calculate approximations for the area of parkland

between the rectangular block and the river by:

a using the area of the ‘upper’ rectangles.

b using the trapezoidal rule (use intervals of width
20 metres).

¥ );", d-T‘Q,‘:
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18 Calculate an approximate area under the graph of f(x) = sin x, between x = 0 and

x =&, using the trapezoidal rule and interval widths of g units. Give your answer

correct to 2 decimal places.

19 The graph below shows the velocity of
a cyclist (in metres per second) at time
t seconds after commencing a race.

v
30,15
@5.14) GO

(15,12),,7(20,13
10, 1

Velocity (m/s)

G5

10 2IO 30 40
Time (s)

a What does the shaded area rep-
resent?

b Find the approximate distance
travelled by the cyclist in the first
30 seconds using the trapezoidal rule
and interval widths of 5 seconds.

=]

t

20 Answer the following statements concerning approximate areas under graphs as True
or False.

a

b

An approximation for the area can be found quickly if very small interval widths
are used.

The smaller the interval width used, the more accurate the approximation for the
area.

The upper rectangle method is always more accurate than the lower rectangle
method.

Averaging the upper rectangle area and the lower rectangle area is more accurate
than using the ‘upper’ or ‘lower’ approximations on their own.
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The Monte Carlo method

Monte Carlo is a small principality in Europe and its name has become
synonymous with casinos and gambling. It is not surprising that the mathematical
technique for approximating area that relies on the random generation of test points
is called the Monte Carlo method.

Suppose we want to find the area of the figure

shown at right.

Step 1 Surround the figure by a
rectangle of known dimensions.

2 units

< 3 units

Step 2 Randomly generate a number
of points, say 500, lying within the
rectangle.

| 2 units

3 units

Step 3 Count the number of points that lie within the curved figure. Suppose 150
lie within the figure.

Area of curved figure _ Number of points inside curved figure

Area of rectangle Total number of points
Area of curved figure _ 150
6 square units 500
150

Area of curved figure = 6 -
500

= 1.8 square units.
Now you try

Trace the shape at right on your paper and use
the Monte Carlo method to approximate its area.
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Area enclosed by a function and

the Monte Carlo method

We can use a spreadsheet to apply the Monte Carlo method to an area bounded by
a function. For example, approximate the area shown below left.

Step 1 Surround the area with a rectangle of known dimensions (below right).

Y Y
10

y=x+1

X
3 X

I
I
I
I
I
I
I
I
I
I
I
I
3

Step 2 Generate points at random within the rectangle. This is done using
a spreadsheet, generating an x-coordinate between 0 and 3 and a
y-coordinate between 0 and 10.

=lsix
|E) e Edt Yew Insert Fgmat Tods Daks Yindow Help =lsix]
DR SRY |4t BBI [o-~- &= £ 2 0H 1w -
| =|

A e T e | D R =] R 73 [T [ =
| 1 PointNo. x y Is the point within the region? il
| 2 | 1 0.14 962 NO
(3 2 207°% © =IF(C2< +1),"YES" "
B 2 [ 137 @>
5] 4 0.78
il 5 202
7 6 160 =rand()"10
| 7 227
g s 156
0] 9 253
1] 10 025
e 1 178
48] 12 227 803 NO
14| 13 108 681 NO
[15] 14 23 086 YES
116 15 241 493 YES No of points within region
17| 16 225 637 NO "
18] 17 125 601 NO
(18] 18 067 | 803 NO =COUNTIF(02:0302,"YES")
201 19 1.98 636 NO
21| 20 0.02 894 NO T -
€T aTn TmNsheets (otoatz fesd 7 141 : -

Note that a point with coordinates (s, #), say, will lie within the curved
region if ¢ < f(s) where y = f(x) is the equation of the curved boundary.
Step 3 Area of enclosed figure _ Number of points in enclosed region
Area of rectangle Total number of points

Area of enclosed figure _ 114

Area of rectangle 300

Area of enclosed figure = L& 30
300
= 11.4 square units
Use the Monte Carlo method and a spreadsheet similar to the one above to

calculate the area enclosed by y = 4 — x* and the x-axis between x = -2 and x = 2.
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The Werisie River problem — a model

Let us return to the problem posed at the beginning of this chapter: finding an approxi-
mation to the area of a cross-section of the Werisie River; that is, finding the area
enclosed by a curve.

The technical officer was able to develop a model for the curve of the river bed. He
found that the equation y = %x(x — 4) fitted the curve closely. The river is 4 metres
wide.

Using the trapezoidal rule, we can find a close y
approximation to the area of the cross-section.

Using trapeziums that are 1 unit wide, we calculate:

Areaof T;=1 - 1- (0+3)=23 T[71,]T, [T,/ *
AreaofT2=%~ l- (%+2)=%
AreaofT3=%- l- (2+%)=;‘
AreaofT4=%~ l- (%+O)=%

Total area = %49 = 5 square units (or in this case, 5 m?).

Thus the rate of flow water in the river is 5 - (speed of flow) m?/s
=5.25m’s
= 12.5 m%s.

The local council is now in a position to decide whether, given this flow of water in
the river, the farmer’s application for a water allocation is reasonable.

Antidifferentiation (integration)

The problem of calculating the area bounded by a curve has now been solved success-
fully  or has it? The methods that we have employed so far are time consuming and
tedious, and have produced only an approximate result. A more complete solution to
the question of finding the area bounded by a curve lies in the domain of calculus. You
are already familiar with differential calculus, or finding the rate of change of a func-
tion. Another branch of calculus, integral calculus, is concerned with finding the area
bounded by a curve. In the section that follows, an exact method of calculating the area
of curved figures will be developed.
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As we have seen, the process of differentiation enables us to find the gradient of a
function. The reverse process, antidifferentiation (or integration), will find the function
for a particular gradient.

Integration has wider applications including calculation of areas, volumes, energy,
probability and many more quantities in science and business.

Note that di f(x) means differentiate f(x) with respect to x; that is, di f(x) =1 (x).
X X
So f(x) is the antiderivative of /”(x), denoted as f(x) = Jf "(x) dx

where J. means antidifferentiate, or integrate, or find an indefinite integral and dx indi-

cates that the integration of the function is with respect to x.

Since di(ax +c¢) = a, where a and c are constants
X
then Ia dx = ax+c.
n+1
Since i(ax ) = ax”"
dx\ n+1
n+1
then jax" dy = X +c,n#-1.
n+1

Note: We must add a constant, ¢, when we are finding general antiderivatives.

However, if we have to find an antiderivative, the ¢ is to be allocated an actual
number and for convenience the number chosen is zero. That is, an antiderivative
means ‘let ¢ =0’, or ‘do not add on the ¢’.

For example, the antiderivative of 3x’+4x+5 is x° +2x+5x +c. An antideriv-

ative of 3x2+4x+5 is x3+2x2+5x.

Properties of integrals

. d . . ..
Since o is a linear operator, so too is its inverse, j Therefore,
x

j [f(x)£g(x)] dx = jf(x) dxt j g(x) dx

That is, each term can be integrated separately, and

J’k fx)dx = k J f(x) dx

That is, a ‘constant’ factor of the function can be taken to the front of the integral.
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— Example 5

Antidifferentiate each of the following, giving answers with positive indices.

a 2x’

Chapter 7 Introduction to integration

b 43 ¢ —

3
Jx

THINK

Integrate by rule; that is, add 1 to the
index and divide by the new index.

Simplify.

Integrate by rule.

Simplify.

Express the answer with a positive index.

When a square root is involved, replace
it with a fractional index.

Bring the x to the numerator and
change the sign of the index.

Integrate by rule.

Simplify.

Write the answer in the form in which it has

been given.

WRITE

8
a I2x7dx = zi+c
8

8
=%+c
4x2
bJ'4x*3dx=—+c
=-27+c
2
=——2 +c
X
¢ [Zdr=[34
N
1
=3jx2dx
1
2
=3
2
1
=6x2+c

— Example 6

Find the following indefinite integral.

-
THINK

1 Expand the expression.

1)(3x+5) dx

2 Collect like terms.

3 Integrate each term separately.

4 Simplify each term.

WRITE
j(x— D(3x+5) dx

= J(3x2—3x+5x—5)dx
= J.(3x2+2x75) dx

3 2
= ?i+2i75x+c
3 2

=x3+x2-5x+c

251
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Integration of (ax + b)"
By applying the chain rule for differentiation:

d—d—(ax+b)"+1 = a(n+1)(ax+b)"
X

SO ja(n+1)(ax+b)” dx = (ax+b)"*1+c

or a(n+1)'[(ax+b)” dx = (ax+b)"*+1 +¢

or [(ax+ by dx = (ax+b)yr"1 .
a(n+1)

- Example 7

Antidifferentiate 4(5x — 2)* by rule.

THINK WRITE
1 Express as an integral and take 4 out as a J4(5x -2)3dx = 4J(5x —2)3 dx
factor.
2. Apply the rule where @ =5 and n = 3. = 4(55)6(—4)2)4 +c
3 Simplify the antiderivative by cancelling the = % (5x =2 +c

fraction.

Integration of )lc

Since di log,x = )l—c
x
then J.l dx = log,x + ¢, where x >0
x
or Jx*l dx = log,x+c.
— WORKED Example 8
g . 4
Antidifferentiate —.
7x
THINK WRITE
1 Take 2 out as a factor. ji dx = j(ﬂ : l) dx
7 7x 7 x
=4l
- 7Jx d

2 Integrate by rule. = ‘7—‘10ge x+c
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Integration of (ax + b)™!
By applying the chain rule for differentiation:

d a
—1 +b) = s
dx 0g, (ax+b) ax+b
where a and b are constants
1 d a 1
d - =1 +h) = .2
an a dx 0g(ax+b) ax+b a
_ 1
ax+b
1 1
So Iax+ bdx = log, (ax+b)+c
or J‘(ax+ by ldx = 1loge(ax+ b)+c
a

Note that the a in the fraction 1 is the derivative of the linear function ax + b.
a

1 1
—_— 1 Z+bx+c)+
J.ax2+bx+c * 2ax+b og (ax xrete

- Example 9

Antidifferentiate 3 5+ 3 :
a by hand *
b using the TI-Nspire CAS calculator.

THINK WRITE/DISPLAY

a (1 Express as an integral and take 5 out as a a J‘ > dx = SJ. ! dx
factor. 2x+3 2x+3

2 Integrate by rule where a = 2. = % log,(2x+3)+¢

For the TI-Nspire CAS

b 4 To antidifferentiate L, on a Calculator b (), “Unsaved v Eelx]
page, press: 2x+3 J( s de Sunllzx3l) 7
« MENU 2x+3 2

* 4: Calculus {4)

* 3: Integral (3).
Complete the entry line as:

J S dx )
2x+3
then press ENTER .
2. Write the answer. j S dx = S log, 2x+3) +¢
2x+3 2

Note: The TI-Nspire CAS calculator does
not include the constant of integration in
the integral.
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— WORKED Example ’0

6x+5
2

Find j dx.

X
THINK

1. Express as separate fractions.

2 Simplify each fraction.

3 Integrate each term separately by rule.

4 Simplify, leaving the answer with
positive indices.

WRITE

6x+5

_f(6x, 5
= [ S)e
= I(6x‘1 +5x2)dx

-1
= 610g3x+5L1+c

=6log,x—5x'+c

= 610g€x—§+c
x

— Example ’ ’

Find the equation of the curve g(x) given that g’(x) =3 Jx + 2 and the curve passes through (1, 2).

THINK
1 Write the rule for g’(x).

2 Rewrite g’(x) in index form.

3 Express g(x) in integral notation.

4 Aantidifferentiate to obtain a general rule for g(x).

5 Simplify.

6 Substitute coordinates of the given point into g(x).

7 Find the constant of antidifferentiation, c.

g State the rule for g(x) in the form in which it has

been given.

WRITE
g'(x)=3/x+2

g'x)= 3x% +2
g(x)= J(3x% + 2) dx

3
= 3x? |%+2x+c
3

_ 3

T §+2x+c

3
g(x)=2x24+2x+c
3
Asg(l)=2, 2(1)1+2(1)+c=2

242+c=2
soc =-2

3
g(x)=2x2+2x-2
=23 +2x-2




-
=4
—

big

3

— Example ’ 2

If a curve has a stationary point (2, 3), and a gradient of 2x — k, where k is a constant, find:

i the value of k

Chapter 7 Introduction to integration
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ii y whenx=1: a by hand

THINK

The gradient is g_y so write the rule for the
X

gradient.
Let gl = 0 (as stationary points occur
X
when the derivative is zero) and substitute
the value of x into this equation.
Solve for £.

Rewrite the rule for the gradient function,
using the value of £ found in a above.

Integrate to obtain the general rule for y.

Substitute the coordinates of the given point
on the curve to find the value of c.

State the rule for y.

Substitute the given value of x and
calculate y.

For the TI-Nspire CAS

To define the gradient function, on a Calculator
page, press:

« MENU

e 1: Actions (1)

* 1: Define {1).

Complete the entry line as:

Define f(x) =2x — k

then press ENTER Giw.

To find the value of %, on a Calculator page,
complete the entry line as:

solve (f(2) =0, k)

then press ENTER Gaw.

Write the answer.

b using the TI-Nspire CAS calculator.

WRITE/DISPLAY
a i dy _ 2x —k

b

dx

For stationary points,
' _ 0, 5020 k=0
2()5)—k=0 asx =2
4-k=0s0k=4
dy

=2x-4

dx

y = J(Zx—4)dx

=x2-4x+c

Since curve passes through (2, 3),
3=22-4Q2)+c¢
3=4-8+c
c=17

So y=x*—4x+7

When x =1,

y=(1yY-4(1)+7
=4

.
J‘_'l » *Unsaved w Lol x]
Define )(x)-z x-k Done ‘2
=

1799
L[l_‘] » *Unzaved w pelx]
Define 7{1)-2 x-k Done =

solval2)=0.4) ot |

|

=

2/99

solve(f(2) =0, k)
=4

Continued over page @
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THINK WRITE/DISPLAY
ii 4 To find y when x = 1, on a Calculator page, il ool el
complete the entry lines as shown. Define fix)-2x-+ Hdne
solve{A2}=0.4) et
[EEEERE Florar 7
solve (> —4x+c=3,¢)lx=2 stvele?-gxrc=3 choez i
C—dx+7l x=1 G :
pressing ENTER G after each line. =
2 Write the solution. J2x —4dx=x"—-dx+c
Solving x* — 4x + ¢ = 3 for ¢ when
x=2,givesc=17
y=x*—dx+7
wl)=4

Antidifferentiation
(integration)

1 Antidifferentiate each of the following, giving answers with positive indices.
a x b x* c x d 3x° e 5x7?

4 3
fo—ox g —6x* h 2./x i "? j x?




WORKED

WORKED

2

3

4

5

6

4

kx—;- I Jx
9
P 5 19 2
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Find the following indefinite integrals.

a J.(2x+5)dx

c J(10x4+6x3+2)dx
e j(x3+12—x2)dx
g JS(x2+2x—l)dx

i J.x(xfl)(x+4)dx

_ choice

J.(xz + x+2)dx is equal to:

A szdx+x+2

C J.(x2+x)dx+2

E x2+x+-[2dx
multiple choice

Ix(x +3) dx is equal to:
A J.xde.(x+3)dx
C (x+l)dex

E J(xz +3x) dx

n 4yl o ,7
s 2 t =5
x (x/x)

j(3x2+4x— 10) dx
J(—4x5 +x3 - 6x2+2x)dx
J.(x+ 3)(x—7)dx

J(xz +4)(x—7)dx

sz dx + Jx dx+J2 dx

x2 +J(x+2) dx

xj(x+3) dx

Jx dx+J(x+3) dx

Antidifferentiate each of the following by rule.

a (x+3) b (x-5)°
e (6x+5)?* f 3(4x—1)>
i 48 -3y i -36-9:)"°

m 6(4x —7)* n (3x-8)°

multiple choice

I3(x +2)* dx is equal to:
A 3+J(x+2)4 dx
C 3j(x+2)4 dx

E (x+2)4j3dx

C

g
k

o

2(2x + 1) d —23x-4)
4 -x)° h (7-x*
(2x+3)72 I (6x+5)7°

(6 — 5x)7° p —10(7 - 5x)™*

J.3 dx + J(x +2)4 dx

3J dox - J(x+ 2)* dx
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WORKED 7/ Antidifferentiate the following.

WORKED

WORKED 11

SKIllSHEET 7.2
Substitution and
evaluation

WorkSHEET 7.1

J‘édx b J§dx C J‘idx
by X 5x
7 4 f[—d
. I3xdx € J.7xdx x+3 o
. )
d h ——-———d d
9 J.x+3 o x+4 x : jx+5 o
3
d k d I
xr2 5x+6 * x5
— 1
n d -
T 6+7x ° s
P J 3 dx q —Z_4x r 8 dx
6—-11x 4-3x 5-2x
multiple choice
I 6 dx is equal to:
x+5
1 1
L B |6dx|——=d C |6d d
A6 x+5 dx J. x.[x+5 * J- x+jx+5 *
6dx
D E

Fi

J(x+5)dx J(x+5)dx

nd Jm—+7) dx.
X

For the following mixed sets, find:

a

d
g
i

m

4 1 3x242x—1
j(x+zx+;) b [Gx+ 1) dx ¢ [Eriiolg,
3 -5 f [42x-5)5d
J2x+1dx S P J.(x )

. _5 3
j3(4x+l)‘3dx h J%dx i j(i—i—?‘i—’dx

JresR)as e f(se-aren)ar | [Sa

'[x2+2x—1 jm—i;zx‘*dx

n

Find the equation of the curve f(x) given that:

.06 o Q

o

f’(x) =4x + 1 and the curve passes through (0, 2)
f’(x) =5 — 2x and the curve passes through (1, —1)
f’(x) = x72 + 3 and the curve passes through (1, 4)
f(x)=x+ Jx and f(4) =

f(x) = x% —3x%2+ 50 and £(8) = -100
, 1
f(x)=—-2x and f(1) =5
,\/_

X
f’(x) = (x + 4)> and the curve passes through (-2, 5)

f/(x)=8(1 —2x)” and (1) = 3
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i f(x)=(x+5)" and the curve passes through (-4, 2)

s 8
i f(0)= == and /(3) =7
WORKED 12 Ifa curve has a stationary point (1, 5) and a gradient of 8x + k, where k is a constant, find:

% a the value of £ by whenx=-2.
kx + J;c
2

13 A curve g(x) has g’'(x) = , where k is a constant, and a stationary point
(1, 2). Find:
a the value of k b g(x) c g(4).

Integration of ¢', sin x and cos x

There are several important functions whose integration provides special cases. We
shall now examine three of these functions: ¢, sin x and cos x.

Integration of the exponential function ¢*

Since (%C(ex) = e
then Iexdx =e +c¢
and di (eF*) = ke**, where k is a constant
x
da(l kx)zl.kkx
o dx(k )R
= ekx

Therefore, Jekx dx = %ek" +c.

— Example ’ 3

—S5x
Antidifferentiate each of the following. a 3¢* "T c (e5-1)°
THINK WRITE
4x
a (1 Integrate by rule where & = 4. a J3e4x dx = 32 +c
2 Simplify. = %e“x +c

b 4 Rewrite the function to be integrated so b j—dx = Jle*SX dx
that the coefficient of the e term is clear.

1,-5x
-€
2 Integrate by rule where k£ = —5. =1 3 +c
3 Simplify the antiderivative. = %6*5" : :13 +c
__ 1,5
=-—x¢ Tt te
¢ 1 Expand the function to be integrated. C f(ex —1)2dx = J.(ezx —2e*+ 1) dx

2 Integrate each term by the rule. 262)‘ 2e*+x+c
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Integration of trigonometric functions
Since Y (sin ax) = a cos ax and 3 (cos ax) = —a sin ax
dx dx

it follows that 1
Isinaxdx=—— cos ax + ¢
a

1 .
Jcosaxdx=— sin ax + ¢
a

— Example ’4

Antidifferentiate the following.
a sin 6x b 8 cos 4x ¢ 3sin (—’g)

THINK WRITE
a Integrate by rule. a J sin 6x dx = f% cos 6x+ ¢
b 4 Integrate by rule. b J.8 cos 4x dx = g sin 4x + ¢
2 Simplify the result. =2sindx+c
¢ 1 Integrate by rule. C .[3 sin (—g) dx = :—i cos (—%) +c
2
2 Simplify the result. = 6 cos (fg) +c

— Example ’5

Find j (2e4* — 5 sin 2x + 4x) dx:

a by hand

b using the TI-Nspire CAS calculator.

THINK WRITE/DISPLAY

a (1 Integrate each term separately. a J.(2e4x —5sin 2x +4x) dx

= Z 4x_j ‘.‘ 2
e 5 cost+2x +c

2 Simplify each term where appropriate. = %e“x + % cos 2x +2x2 +c¢
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THINK WRITE/DISPLAY

b @ To find J.(2e4x—5 sin 2x+4x)dx, on a b *Unsaved w &8
Calculator page, press: Sz et g snf2)randax
+ MENU € seeslan) , 2
* 4: Calculus (& 22

* 3: Integral (3).
Complete the entry line as:

j(2e4x—5 sin 2x +4x) dx 4|
then press ENTER Gao.
2 Write the answer, including the J.(2e4" — 5sin 2x + 4x) dx
constant of integration. 1 5
=3 ¥+ 5 cos 2x + 2x* + ¢

Integration of ¢', sin x and cos x

1 Antidifferentiate each of the following.

a & b ¥ c e~
d &> e 5¢* fo7e™
6x 2 3x )
g % h e3 i 3™
j 8™ k o5 I 0160
m ; e% n 3 e_?x o e +e”
ex _ e—x
P 3

2 Find an antiderivative of (1 + e*)%.
3 Find an antiderivative of (e* — 1)°.

4 Find an antiderivative of x> — 3x% + 6¢°*.
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5 multiple choice

If /’(x) = €** + k and f(x) has a stationary point (0, 2), where & is a constant, then:
a kis equal to:

A e B ¢ c1 D -1 E —e
b £(1) is equal to:

2 241 1241 4 1

| Be+2 C2e+2 D e El2

WORKED 6 Antidifferentiate the following.

Example
d a sin 3x b sin 4x ¢ cos 7x

d cos32x e sin (—2x) f cos (-3x)
g 4 sin 6x h 8 cos 4x i —6sin3x
3
T - k sin 2 I X
j cos (—x) sin 3 cos 3
m 3 sin (—)—C) n —2sin 2 o 4cosZ
4 5 4
p -6 cos (fg) q 4sin 235 r 6cos %—:—C
. 5x 7x .
s 2 — P -3 —
sin 5 cos ) u 5sin 7mx
v 3cos & w -2 cos & X —sin _4x
2 3 Py

WORKED 7 Find:

Example
ﬂ a J(sinx+cos x) dx b J(sin 2x—cos x) dx

c J(cos 4x + sin 2x) dx d J(sin)—c—cos 2x) dx
2
e J(4cos4x—§sin2x)dx f J(5x+2sinx)dx
in & X h 3e6*—4sin 8x+7) d
g J.(351n2+2cos3)dx J.(e sin 8x +7) dx

8 Find the antiderivative of ¢** + sin 2x + x°.
9 Find an antiderivative of 3x> — 2 cos 2x + 6~

10 Antidifferentiate each of the following.

1
a 3 _ + 2x 2 X
X 7x 13 e b x*+4cos2x—e
c sin§+e§—(3x—l)4 d 3)C_2+e4’“+cos)5—c

—X

e 3sinx-2cosx—¢5 f A/3_c+2x—25in7§—x+5
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11 1In each of the following find f{x) if:
a f'(x)=cosx andf(g) =5
b f(x) =4 sin 2x and £(0) = -1
¢ f(x)=3 cos j-: and f(7) = 9./2

d f'(x)=cos ﬁ — sin g and f(2m) = -2.

12 1f g—y = sin %x + k, where k is a constant, and y has a stationary point (3, 4), find:
X

a the value of £
b the equation of the curve
¢ ywhenx=6.

13 A curve has a gradient function f"(x) = 4 cos 2x + ke*, where k is a constant, and a
stationary point (0, —1). Find:

a the value of &

b the equation of the curve f(x)

C [(g) correct to 2 decimal places.

Integration by recognition

As we have seen, if di [f(x)] = g(x)
X

then j 2(x) dx = f(x) + ¢, where g(x) = f'(x).

This result can be used to determine integrals of functions that are too difficult to anti-
differentiate, by differentiating a related function instead.

— Example ’6

a Find the derivative of the function y = (5x + 1)°.
b Use this result to deduce the antiderivative of 3(5x + 1)

Worked example 16

THINK WRITE int-0564

a (1 Write the function and recognise that the @ y = (5x + 1)
chain rule can be used.
2 Let u equal the function inside the brackets. Letu =5x+ 1

. du du
Find —. — =5
9 Hin dx dx
4 Express y in terms of u. y=u
5 Find dy dy = 3,2
du du

Continued over page @
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THINK

6 Write the chain rule.

Find %} using the chain rule.
X

Replace u with the expression inside the
brackets and simplify where applicable.

Since J.%) dx = y+c,, express the
x

relationship in integral notation.

dy

Remove a factor from
dx

resembles the integral required.

so that it

Divide both sides by the factor in order
to obtain the integral required.

WRITE
dy _dy du
dx  du dx
dy _ 3u2- 5
dx
=15(5x + 1)°

b J15(5x+ 1)2dx = (5x+1)3+¢,
5J3(5x+1)2 dx = (5x+1)3+¢,

J3(5x+ 1)2dx = L(5x+1)3+c, where

Cy

Therefore, the antiderivative of
3(5x+1)2 is §(5x+ 1)3+ec.

Note that the shorter form of the chain rule below can be used to differentiate.

If flx) = [g(x)]"

then f'(x) = ng’(x)[g(x)]""!

— Example ’7

a Differentiate e’

and replace u.
Express %Z in integral notation. b
X

Multiply both sides by a constant
to obtain the integral required.

Therefore, the antiderivative of 6x2e*’

b Hence, antidifferentiate 6x*e*’.

THINK WRITE
a (1 Write the equation and apply the a  y= "’
chain rule to differentiate y.
2 Let u equal the index of e. Let u = x°
.o du du
Find —. au _ 3,2
ST -
4 Express y in terms of u. y=e"
.o dy dy
Find ==. - = et
&t du du ¢
6 Find o using the chain rule I 3x“e¥, applying the chain rule
X X

= 3x2e¥

‘].3)62@"3 dx = e¥ +¢,
2 ".33626"3 dx = 2¢* +2¢,

‘].6)62@"3 dx = 2e* + ¢, where ¢ = 2¢,.

. 3
is 2e¥ +c.
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Note that the shorter form of the chain rule below can be used to differentiate.
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If y = o) then L = f/(x)ef
X

— Example ’8

a Find the derivative of sin (2x + 1) and use this result to deduce the antiderivative of

8cos 2x+1).

b Differentiate log, (5x* — 2) and hence antidifferentiate

THINK

a i Let f(x) equal the rule.
2 Differentiate using f”(x) = g’(x) cos [g(x)]
where f(x) = sin [g(x)].

3 Express f(x) using integral notation.

4 Multiply both sides by whatever is necessary 4|2 cos (2x+ 1) dx =

for it to resemble the integral required.
5 Write the integral in the form in which
the question has been asked.
Let f(x) equal the rule.
2 Differentiate using /’(x) = %
g(x
where f(x) = log, [g(x)].

3 Express f(x) using integral notation.

4 Take out a factor so that /"(x)
resembles the integral required.

5 Divide both sides by the factor to
obtain the required integral.

5x2-2°

WRITE

a f(x)=sin(2x+1)
f'(x)=2cos 2x+ 1)

jz cos (2x+ 1) dx = sin (2x+ 1) +¢,

4sin 2x+1)+c

JS cos (2x+ 1) dx = 4sin 2x+ 1) +c

b f(x)=log, (5x* - 2)

fx) = sxlzofz
S;szdx = log,(5x*=2)+ ¢,
10J5x2x_2dx = log,(5x2=2) +¢,
Jsxzx_2dx = Llog,(5x2-2) +c
The antiderivative of
5x2x,2 is %loge(5x2—2)+c

— Example ’9

Differentiate x cos x and hence find an antiderivative of x sin x.

THINK
1 Write the rule.

2 Apply the product rule to differentiate
X COS X.

WRITE
Lety=xcos x

dy _ » (sin x) + (cos x)(1)
dx
=—x sin x + cos x
=COSX —Xx Sinx

Continued over page @
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THINK WRITE

3 Express the result in integral notation. J(cos x—x sin x)dx = x cos x
(Do not add ¢, as an antiderivative is
required.)

@ Express the integral as two separate jcos x dx - j xsin x dx = x cos x
integrals.

(5 Simplify by integrating. (Do not add c.) sin x — jx sin x dx = x cos x

6 Make the expression to be integrated —J.x sin x dx = x cos x —sin x

the subject of the equation.
7 Simplify. J.x sin x dx = sin x —x cos x
Therefore, an antiderivative of x sin x is

sin x — x Cos X.

— WORKED Example 2(0)

a Show that X1 — 5 _4 b Hence, find J‘Sx 1
x+1 x+1 x+1
THINK WRITE
5
a Use algebraic long division to divide the @ x+1)5x+1 So 5x_+11 =5- il
denominator into the numerator. Sx+5 e r
4
b (4 Write the expression using integral b J.S x+1 dx = J(S — i)
notation. x+1 x+1
(2 Express as two separate integrals. = JS dx —j j'_ 7 dx
X

3 Antidifferentiate each part. =5x—-4log, (x+1)+c
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EXERCISE

WORKED | For each of the following, find the derivative of the function in i and use this result to

Integration by recognition

™ deduce the antiderivative of the function in ii.
a i (Gx-2) i 1237 - 2)f
b i@2+1) i Sx(x? + 1)*
. 1
C 1 42x-5 "
2x -5

d i J4x+3 i 2

i (2 +3x-7)* il 2x+3)0? +3x-7)°
1 i 2%

x2—1 (x2—1)2

2 multiple choice

The derivative of (x + 7)* is 4(x + 7)°.
a Therefore, the antiderivative of 4(x + 7)° is:

o

A x+D+c¢ B i(x+7)4+c C 4x+DN*+c
D 3(x+7*+c E 12(x+7)+c

b The antiderivative of (x + 7)° is:
A x+D+c B i(x+7)4+c C 4x+D+c
D 3x+7*+c E 12(x+ 7 +c

3 multiple choice

If the derivative of (2x — 3)® is 12(2x — 3)°, then [6(2x —3)5 dx is:

A 2Q2x-3)Y+c B 42x-3)°+c¢ C 2x-3)°+c
D 62x-3)°+c¢ E l@ex-3) +c
WORKED 4 For each of the following, differentiate i and hence antidifferentiate ii.
Example v 4 -5 o 4x — 5
ale n 2e
b ief~™ i 100>
¢ ie” i x e
d ie¥ i (1-2x)ex¥

WORKED 5 For each of the following, find the derivative of the function in i and use this result to

Example . . . . . e
ﬁ deduce the antiderivative of the function in .

a i sin(x—25) il cos (x—95)
b i sin (3x+2) il 6cos (3x +2)
c icos(4x—17) il sin (4x —7)
d i cos (6x-3) il 3 sin (6x — 3)
e i sin (2 - 5x) il 10 cos (2 — 5x)
f i cos(3-4x) il =2 sin (3 — 4x)

. .20
g 1 log,(5x +2) I 5210
h i log,(x*+3) i 42X

x2+3

i i log, (X — 4%) i X=2

x2—4x
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'WORKED 6

WORKED 8

9
10

11

12

13

14

15

16

17

WorkSHEET 7.2
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Differentiate i and hence find an antiderivative of ii.

a i xcosx+2sinx il xsinx

b i sin x i 2(x cos x —sin x)
X x2

c ie'sinx il 3e* (sin x + cos x)

d ixsinx il x cosx

e ixe" il xe

For each of the following, differentiate i and use this result to antidifferentiate ii.
a i (2x—3x%° il 6x°(1 = 3x)(2 - 3x)°

.o 2
b i Jx3+2x i 2
Jx3+2x

a Show that =2 =34 _L_ b Hence, find J3x 3x-2 gy
x—1 x—1

a Show that Sx+8 =5——2—. b Hence, find Jw dx.
x+2 x+2 x+2

a Show that 8x—7=4+ > b Hence, find J'&C:_Z dx.
2x-3 2x-3 2x-3

a Show that 822 — 34+ 4 b Hence, find J‘6x Ox -3 gy,
3-2x 3-2x

If y = log, (cos x):

a find Y

™ b  hence find Jtan x dx.

Differentiate <23* and hence find an antiderivative of

S x

sin2x

Differentiate log, (3x* — 4) and hence find an antiderivative of e
x J—

Differentiate sin (ax + b) and hence find an antiderivative of cos (ax + b). (Here, a and

b are constants.)

Differentiate cos (ax + b) and hence find an antiderivative of sin (ax + b). (Here, a and
b are constants.)

ax + b

Differentiate e and hence find an antiderivative of ¢® *°. (Here, a and b are

constants.)

Antidifferentiate each of the following.
a sin Brx+1) b cos (1 -4nx) c e™t3
d sin (2 + 7;—)6) e 3cos (%C + 5)

f cosxem”
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BYmmary

Approximating areas under curves

An approximation to the area between a curve and the x-axis can be found by
dividing the area into a series of rectangles or trapeziums which are all the same
width. The approximation is found by finding the sum of all the areas of the
rectangles or trapeziums.

Lower rectangle approximation < actual area < upper rectangle approximation
Trapezoidal approximation =

lower rectangle approximation + upper rectangle approximation
2

Trapezoidal rule is:
The area between a curve, y = f(x), and the x-axis from

x=atox=b= g [f(a) +2f(a+h) +2f(a+2h)+ +2f(b—h)+f(b)]

where 4 is the interval width.

Monte Carlo method

» The Monte Carlo method is used to approximate area by randomly generating a
number of points. The following procedure is used.
Step 1  Surround the curved region by a rectangle of known dimensions.
Step 2 Randomly generate a number of points within the rectangle.
S Area of curved region _ Number of points within curved region
Area of rectangle Total number of points

Antidifferentiation rules

The relationships between f{x) and Jf(x) dx are:

fx) [f) dx fx) [fe) dx
a ax +c e’ e“+c
1
ax” ax:+1 +c e le"x +c
n
+1
(ax + b)" (azz o +c sin ax . cos ax + ¢
a(n+1) a
1 log,x+c coS ax 1 sin ax + ¢
X a
1

1
~7 alog(ax+b)+c

. J[f(x) tg(x)] dx = jf(x) dxijg(x) dx . ka(x) dx = kjf(x) dx

. J.g(x)dx = f(x)+c, where g(x) =f"(x) dx J.f(x) dx is the indefinite integral



270

Maths Quest Maths B Year 12 for Queensland

! multiple choice

In the figure at right, the approximation for the area under the curve vy
from x =2 to x =4, using the ‘lower rectangles’ is:

A 22 sq. units B 14 sq. units C 11 sq. units

D 10 sq. units E 20 sq. units

7 multiple choice

In the figure at right, the area under the curve from

x =—=5to x =—1 can be approximated by the area of the ‘upper ¥,
rectangles’ and is equal to: (-5,8)
A 20 sq. units B 21 sq. units C 23 sq. units (-4,
1 : : -
D 115 $q. units E 10 sq. units ( -
5 a0 F

7 ‘multiple choice
A student is using the trapezoidal rule to find the area under
the curve at right from x =1 to x = 4. His answer should be
approximately equal to:
A 26 sq. units B 16 sq. units C 22 sq. units
D 17 sq. units E 19 sq. units

4 Apply the trapezoidal method to find the area between y = ¢** ~ ! and the x-axis, from x = 0
to x = 4, using intervals that are 1 unit wide. (Give an exact answer.)

5 Calculate an approximation for the area under the curve y = log,x from x = 2 to x = 4, using
interval widths of 0.5 units.

 multiple choice
The antiderivative of 4x3 — IL is:
—X
A x*—log,(1-x)+c B x*+log, (1 -x)+c C 16x* —log,(1 —x) +c

D 16x*+log,(1-x)+c E x*- +e

(1-x)?
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The indefinite integral J(Sx —4)%dx is equal to:
A 255x—4)Y +c B 5(5x—-4)°+c
D 1(5x-4y+c E (x-4+c

An antiderivative of 2(3x + 4)™ is:
A —2(Gx+4)7 B —2Gx+47+5

D —g Bx+4)7° E —83x+4)73

Find the equation of the curve f{x) if it passes through (1, —=3) and f’(x) =

The antiderivative of 67" is:
A 23 +¢ B -3¢ +¢

D 23+ 4 E —le¥+c

The indefinite integral J(cos %C— 3 sin 3x) dx is equal to:

A sin§+cos3x+c B %sin§+3cos3x+c

D3sin)3—c+cos3x+c E 3sin§—cos3x+c

An antiderivative of x> + sin 4x + ¢* is:
A 4(x* - cos dx + e*) B Ixt+cosdr+ et

D }-‘(x4—cosx+e4x) E }‘(x“—cos 4x + &%)

If f(x) has a stationary point at (0, 3) and f”(x) = e* + k, where k is a constant, then f(x) is:
C er—x+2

A e¥-2x+2 B —e"—x+2
D e*+x+2 E er+2x+1

A particular curve has %Z = cosﬁ—x + k, where k is a constant. It also has a stationary point

X
(2, 1). Find:

a the value of &

b the equation of the curve
¢ the value of y when x = 6.

C 5x—4)Y+c¢

C -

C

C —3sin§ +cos3x+c

c 1
4

—18¢ ¥ + ¢

g (Bx +4)73

3x3—2x2

x4—4cos4x+‘1‘e4x
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If the derivative of (x — x%)% is 8(1 — 2x)(x — x?)’ then an antiderivative of 24(1 — 2x)(x — x?)’
is:
A 2(x —x%)8 B 3(x—-x»)} C Lix=—x»?
1 218 238 2
D g(x—x) E 8(x—x%)

If the derivative of e* * ¥ is 3(x? + 1)e* * 3, then the antiderivative of (x2 + 1)e* *3 is:

A 35t R 4 B ———1———+c C S&*34c
3 32+ 1)
D levt3gic E undefined

3

If the derivative of log, (5 ~ ) is — —2%

then the antiderivative of 5 is:
— X
A - log,(5-x)+c B —210ge(5—x)+c C Eloge(S—x2)+c

D 2log,(5-x)+c E undefined

- 18 If y = sin (x* + 2x), find j—y and hence antidifferentiate (x + 1) cos (x> + 2x).
X

Modelling and problem solving
1 From past records it has been found that the cost rate of maintaining a certain car is

(il_f =75 + 50t + 800, where C is the accumulated cost in dollars and ¢ is the time in years
since the car was first used. Find:

the initial maintenance cost

C as a function of ¢

the total maintenance cost during the first 5 years of use of the car

the total maintenance cost from 3 to 5 years

the maintenance cost for the second year.

® o6 T-Q

2 Over a 24-hour period on a particular March day,
starting at 12 am, the rate of change of the
temperature for Brisbane was approximately

AT _ O s 2 , where T is the temperature

dt 12 12

in °C and ¢ is the number of hours since midnight

(when the temperature was 20 °C). Find:

a the temperature at any time, ¢

b whether the temperature reaches 13 °C at any
time during the day

¢ the maximum temperature and the time at
which it occurs

d  the minimum temperature and the time at
which it occurs
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e the temperature at
i 2am
il 3pm
f  the time when the temperature first reaches 22.3 °C.
3 An infection is transferred such that the rate of the number of people infected, N, can be
modelled by 4
ds
In a school of 800 students, how many students will not be infected after 20 days?

= 0.16¢ where 7 is the number of days after exposure to the infection.

4 A mothball, assumed to be a sphere with diameter 20 mm, evaporates at such a rate that the
radius decreases by 0.2 mm per day.
a Find an expression for the radius of the mothball ¢ days after manufacture.
b Hence find an expression for the volume of the mothball ¢ days after manufacture.
¢ Find the rate at which the volume decreases 30 days after it was manufactured.

5 Determine an approximation for the area between the curve

y
and the x-axis over the interval indicated in the diagram at right (1, 4)
using the average of the upper and lower rectangles. 4 ~ (3,3.5)
6 An oil slick is found to radiate outwards at a rate modelled by
0 X
dr _ 5 , t > 1, where t is the time measured in hours and 7 is -2 bz 4
dat /s
—4
the radius of the slick in metres. If the slick is 16 metres wide

Test Yourself

after one hour, how long, to the nearest hour, will it take to be Chapter 7

100 metres wide?




274

Maths Quest Maths B Year 12 for Queensland

Approximating areas enclosed by functions

Digital doc

e SKIlISHEET 7.1: Practise calculations of area and
perimeter of composite functions (page 236)

Interactivity

e Approximating areas enclosed by functions int-0254:
Consolidate your understanding of approximating
areas enclosed by functions (page 236)

Tutorial

. Int-0565: Watch a tutorial on the
approximation of area under a curve (page 237)

Antidifferentiation (integration)

Digital docs

e SKIlISHEET 7.2: Practise substitution and
evaluation (page 258)

e WorkSHEET 7.1: Approximate areas under curves
using various techniques, antidifferentiate
expressions and calculate definite integrals
(page 258)

Integration by recognition

Digital doc

* WorkSHEET 7.2: Antidifferentiate exponential,
logarithmic and trigonometric expressions and use
integration by recognition (page 268)

Tutorial

. Int-0564: Watch a tutorial on using integration

by recognition (page 263)

[ [ o[ ) "
" Ji L - =
. dl(x)dx Z‘Aau-w]w w=-"—
< 4 18.1
" 16 3
: w81
: =J:I(x)dx an.o.s)-os w_o?:
=%'| =47.6¢ =46.88
;

Chapter review

Digital doc

 Test Yourself: Take the end-of-chapter test to test
your progress (page 273).

To access eBookPLUS activities, log on to



reference

n to integration

chapter

ndamental theorem
tegral calculus

Signed areas
8C Further areas
8D Areas between two curves

8E Further applications of
integration
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Introduction

The graphics calculator — a discrepancy?
The graphics calculator can be used to calculate the area bounded by a curve. The exact
details of how the calculator can be used will be discussed later.

If we use the calculator to calculate the area bounded
by the curve y = sin (x) and the x-axis between x = 0 and
x = 1 (see shaded area), the calculator returns the value 2.

If we use the calculator to find the area bounded by
the curve y = sin (x) and the x-axis between x = 0 and

x = 37”, the calculator returns the value 1 (or very

close to this). Common sense would tell us that the
second area should be greater. How can this be?
In the following sections we shall see the reason for this apparent discrepancy.

The fundamental theorem of integral
calculus

Consider the region under the curve f{x) between x = a
and x = b, where f(x) = 0 and is continuous for a < x < b.

Let F(x) be the function that is the measure of the area
under the curve between a and x.

F(x + h) is the area under the curve between a and x + /
and F(x + h) — F(x) is the area of the strip indicated on
the graph at right. o ! !

.. a x x+h b

The area of the strip is between the areas of the upper and Fo

lower rectangles; that is, f(x)h <F(x+h) - F(x) <fix+Mh [ Fic+h) - Fx)
or flx) < w <f(x + h), h %0 (dividing by /)
Ash— 0, f(x+h) - f(x)

Y y=fx)

X

or lim

= f(x)
h—0
that is, F’(x) = f{x) (differentiation from first principles).
Therefore, F(x)= Jf(x) dx

F(x+h) — F(x)
h

that is, F(x) is an antiderivative of f(x)
or Jf(x) dx =F(x)+c¢
but when x = a,

Jf(x) dx =F(a)+c

= 0 (as the area defined is zero at x = a)
or c=-F(a).
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Therefore, J-f(x) dx = F(x) — F(a)

and when x = b, J f(x) dx = F(b) - F(a).

That is, the area under the graph of f(x) between x = a and x = b is F(b) — F(a).
This is the fundamental theorem of integral calculus and it enables areas under
graphs to be calculated exactly. It can be stated as:

Area = be(x) dx

= [F(x)]5 [do not add ¢ as F(x) is an antiderivative of f{x)]
= F(b) — F(a)
a and b are called the ferminals of this definite integral.

Ib f(x) dx is called the definite integral because it can be expressed in terms of its
a

terminals ¢ and b, which are usually real numbers. In this case the definite integral
evaluates as a real number and not a function.
The function being integrated, f(x), is called the integrand.

Definite integrals

1 Evaluate J‘i 2x dx.

2 Evaluate a J42x dx b J22x dx + j42x dx.
1 1 2

¢ Compare answers a and b.

4
3 a Evaluate 2'[ x dx. b Compare the answer to the answer to 2a.
1

3 3 3
4 Evaluate a J. [2x + x2] dx b J 2x dx+J. x2 dx .
0 0 0

¢ Compare answers a and b.

3 1
5 Evaluate a J.2x dx b JZx dx.
1 3

¢ Compare answers a and b.

Properties of definite integrals
Definite integrals have the following five properties.

1. _[”f(x) dx = 0

2. be(x) dx ch(x) dx+J.bf(x) dx,a<c<b

Investigation
Definite integrals
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4 JbD’(x)+g(x)] dx = J:f(x) dx+_[jg(x) dx

5. ij(x) dx = —JZf(x) dx

— Example ’

3
a j (3x+4x—1) dx
0

: 4

b |
.[,1(2x+1)3 o

THINK

Antidifferentiate each term of the
integrand and write in the form
[F(x)]5.

2 Substitute values of a and b into
F(b) — F(a).
3 Evaluate the integral.

Express the integrand in simplest
index form.

2 Aantidifferentiate by rule.

3 Express the integral with a
positive index number.

4 Substitute values of a and b into
F(b) — F(a).

5 Evaluate the integral.

Evaluate the following definite integrals.

Tutorial:

Worked example 1

WRITE

o J-3(3x2+4x71)dx
0

3
0

=[334+2(3)>-3]1-[03+2(0)2-0]

= [x3+2x2—x]

=42-0
=42

2 4 2
% dx=[ 4@x+1)3d
-|l1(2x+1)3 * -[—1 (2x+1)= dx

_ [4(2x+ 1)2]2
2- -2 14
=[x+ )2

- [(2x+1 1)2}21

- [_é] - [(—_11)2}
- fzis +1
_ 24

25

int-0566
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— Example 2

Find the exact value of each of the following definite integrals.

Vi
ur sinXdx b f (€3% — 3% dx
.6 .

THINK WRITE
a 1 Antidifferentiate the integrand, a J s1n Ldx = [ 6 cos ]
writing it in the form [F(x)]2.
2 Substitute values of @ and b into ( 6c ) (—6 cos g)
F(b) — F(a).
( 6cos—) ( 6cos7—r)
6
3 Evaluate the integral. = (—6 . %) - (—6 . é)
=(3)-(33)
=-3+3.3
b 1 Antidifferentiate the integrand, b .[11 (e3* —e3¥) dx

using [F(x)]%. 1

-1

1,3, 1,3y 1,3, 1.3
(ge +§e) (Se +3e)

= [%e3x + %673)(]

2 Substitute values of a and b into
F(a) — F(b).

3 Evaluate.

It is possible to find the numerical value for the definite integral using the graphics

calculator. Use the following steps to evaluate J *"sin (g) dx.
T

For the Casio fx-9860G AU
1. Ensure that the calculator is in radian mode, then press: [T
- (MENU) |
.
.
. (CALC)

Complete the entry line as:

J’(sm( ) T, 27)

then press @
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2. Write the answer. J' 2Tin ()é)dx = 2.196

4

For the TI-Nspire CAS
1. On a Calculator page, press: Nt

*Unsaved w

« MENU
* 4: Calculus {4) J (m(i))dx

3330

* 3: Integral (3).
Complete the entry line as:

JTon(@))er

Note: To move between fields, press Tab (tb).
Then press ENTER Gasp.
To obtain an approximate value for the integral, press:

o Ctrl ()
- ENTER @&.

2. Write the answer. Izﬂsin (g)dx = 2.196

3

— Example 3

If Jk 8x dx = 36, find &2 abyhand b using the TI-Nspire CAS calculator.
0

THINK WRITE/DISPLAY

k k

a (1 Antidifferentiate the integrand, a Jo 8x dx = [4x?];
using [F(x)]2. .

So [4)62]0 =36

2 Substitute the values of @ and b into 41* — 4(0)? = 36
F(a) — F(b).
3 Simplify the integral. 412 — 0 =36
4k = 36
F=9
k=% /9
4 Solve the equation. k=3or-3
b 1 On a Calculator page, press: b e “Unsaved w @a
° MENU solve(Jk(S'dey-%,k) e
* 3: Algebra (3D o
* 1: Solve {1). '
Complete the entry line as:
solve(ﬁ; (8x)dx = 36, k)
1789
then press ENTER Gaw.
2 Write the answer. Solving J‘](; (8x)dx = 36 for k gives

k= =£3.
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The fundamental theorem of
integral calculus

1 Evaluate the following definite integrals.

1 3 4
2 3 2 _
a Jox dx b Jox dx (4 L(x 2x) dx S
5 4 . SkiI!SHEE'I'a_J
d Iﬁlz dx e I (x3+3x2-2x)dx f I (3x2+2x2) dx g N ee
2X 0 1
1 -2 R
g I (6 —2x +x2) dx h [ (3 +x-4)dx i I3J3cdx
-1 -4 4
2 3 2
j j(4x—2+2x_6) dr  k jz(x+4)4 dx I j 3(5x—2)* dx
1 0 -1
0 3 47 3
m j 42— 3x)% dx n I 2 dx o _[ (2x2—3x*1) dx
) 0(2x=7)3 1
3 3 2 5 2 _
J' 2x7+5x7 40 q 3 dx r J' s S
1 X 15x 0(3x—4)>

7] 0 6
S J' dx t J dx
3.2x=5 —2./8—=3x

‘ 2 Find the exact value of each of the following definite integrals.
2 0 x 1

a | e*dx b e’ dx c —4e 2% dx
j I -2 j -1

0

d J'j(3eﬁx +5x) dx e J":(é + eg) dx f J_:(ezx —e2%) dx

X
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’f . r_ . . T . X
d h 3 4x d [ 5 =d
g JOSIHX x J"f sin 4x dx Jo sin 7 dx
.o L x 0 3
j I —2 sin = dx k I cos 2x dx I I 8 cos 4x dx
r 3 ,,, o

21 0
m J. 3 cos = dx n J. ~7 cos = dx o J.2—4 cos 3x dx
T 6 -2 2

-

3
p Jzn(2+sin ﬁ) dx q J.l(x2+376 sin 3x) dx r JTGH cos ;f) dx
5 5
3 IfJ.f(x) dx = 6, find the value ofj 3f(x) dx.
1 1

4 _ choice

5
Given that J flx)dx = 6,
1

a J:[f(x)+1]dx is equal to:

A 16 B 10 C 11 D 19 E 22
b .[:f(x) dx is equal to:

A -6 B 5 C -5 D6 E 0

5 Evaluate the following.

3 2 7

a J' (12— 41) dt b J'22 cos 3¢ dt c J' 3 _dp
’ ’ Hp-3)
0z, nox 28

d J (—sm —) dx e J (e4 —cos 2x) dx f J dm
S 5 0 147)’1—3
4 -3 1 .

g J = dr h J (3 sin 2x — e 3%) dx
124t _

k
WORKED 6 IfJ (2x+3) dx = 4, find k.
Example' 0
k
7 IfJ 3x2dx = 8, find k.
0
k
8 1f | 2 d4x = log, 9, find k.
11X

9 If J”ei dx = 4, find the value of a.
0

10 1If Jﬂcos 2x dx = ——“{1—3 , find the value of & given that 0 < & < g
k
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Sighed areas

When we are calculating areas between the graph of a function f{x) and the x-axis using

o b L L .. .
the definite integral J f(x) dx, the area is signed; that is, it is positive or negative. If
a

f(x) > 0, the region is above the x-axis; if f(x) < 0 it is below the axis. We shall now examine
these two situations and look at how we calculate the area of regions that include both.

Region above axis y y=1x)
If f(x) > 0, that is, the region is above the x-axis, then
b
J. f(x) dx > 0, so the value of the definite integral is positive.
For example, if f(x) > 0, then the area = r’f(x) dx. o —

a a b
Region below axis
If f(x) < 0, that is, the region is below the x-axis, then

y
y=fx)

Ib f(x) dx <0, so the value of the definite integral is negative.

0 X
For example, if f(x) < 0, then the area = _J‘bf(x) dx, as the J/

a
region is below the x-axis or area = J f(x) dx (reversing the |
b

terminals changes the sign).
Therefore, for areas below the x-axis, the sign of the definite integral must be made
negative, or the terminals reversed, to ensure that the area has a positive value. (Areas
cannot be negative.)

Comblplng regions o y y=1x)

For regions which are combinations of areas above and

below the x-axis, each area has to be calculated by separate

integrals — one for each area above and one for each area \ A,

below the x-axis. !
PN

. 0
For example, from the diagram, a\
Area=4,+ 4,

However, J-b f(x) dx = 4, —4,, because the areas are signed.
a

To overcome this difficulty we find the correct area as:

Area = jbf(x) dxfj.cf(x) dx (=4, ——-A,=A, +4,)

or = jbf(x) dx +

J.Cf(x) dx

Note: When we are calculating the area between a curve and the x-axis it is essential
that the x-intercepts are determined and a graph of the curve is sketched over the
interval required. The term |[x| means make the value of x positive even if it is negative.
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— Example 4

a Express the shaded area as a definite integral. y

b Evaluate the definite integral to find the shaded area, giving y=x
your answer as an exact value.
e
THINK WRITE
4
a Express the area in definite integral a Area= J ! dx
notation where a = 1 and b = 4. 1x
b 1 Antidifferentiate the integrand. b Arca= [logex]f
2 Evaluate. =log,4 —log,1
=log,4-0
=log, 4
3 State the solution as an exact answer. The area is log, 4.
— WORKED Example §
Calculate the shaded area. y
THINK WRITE
3
1. Express the area in definite integral notation,  Area = —J (x2 —4x) dx
with a negative sign in front of the integral 1
as the region is below the x-axis.
2 Antidifferentiate the integrand. = —[%x3 — 2x2]f
3 Evaluate. = {[33)*-2(3)2 - [A(1)* - 2(1)213
=—{[9-18]-[1-2]}
= —[-9-(-13)]
— 2
=—-[-9+ 15]
_ 1
= (-7}
_Al
= 7§

4 State the solution. The area is 7% square units.
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— WORKED Example 6
a Express the shaded area as a definite integral. y
b Calculate the area. /\I y=x3— 47

THINK WRITE

a Express the area above the x-axis as an a Area= J.O (x3—4x) dx - J.z(x3 —4x) dx
integral and the area below the x-axis as an -2 0
integral. For the area below the x-axis, take
the negative of the integral from 0 to 2.

b 1 Antidifferentiate the integrands. b= ix“ — 2)c2]i)2 - %x“ - 2x2]§
2 Evaluate. = {[3 (0 = 2(0y"] - [} (-2)* = 2(-2)]}
-{[3 )" =22 - [i (0)* = 2(0)]}
3 Simplify. =[0-@4-8)]-[(4-38-0]
=4-(-4)
=8
4 State the solution. The area is 8 square units.

To evaluate J.?z (x3 —4x)dx - ﬁ(xs —4x)dx using a graphics calculator, proceed as
follows.

For the Casio fx-9860G AU
1. Press:

.

i
o
—
=

=9
£
\®

Complete the entry line as:
J'(xA3 —4x,-2,0) - J(xA3 —4x,-0,2)

then press @

2. Write the answer. J‘fz (x3 —4x)dx - J:z)(x3 —4x)dx =38
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For the TI-Nspire CAS
1. On a Calculator page, press:

« MENU
* 4: Calculus {a)

* 3: Integral (3).
Complete the entry line as:

jfz abs(x3 —4x) dx

then press ENTER Giw.
2. Write the answer.

Maths Quest Maths B Year 12 for Queensland

*Unsaved w

:J'y_1] >
ot

J?z(x3—4x)dx— J‘z(x3—4x)dx=8

— Example 7

values for all key features.

THINK

a (1 Find the x-intercept by letting y =0
and solving for x.

Take log, of both sides.

2 Find the y-intercept by letting x = 0.

3 Note the vertical translation and
hence sketch the graph showing the
appropriate horizontal asymptote
and intercept.

4 Shade the region required.

Express the area above the x-axis as

an integral and the area below the x-
axis as an integral. Subtract the area

below the x-axis from the area above
the x-axis.

2 Aantidifferentiate the integrands.

3 Evaluate.
(Remember: ¢'°%? = g)

4 Simplify.

5 State the solution.

a Sketch the graph of y = ¢* — 2 showing all intercepts and using exact

b Find the area between the curve and the x-axis from x = 0 to x = 2.

Worked example 7
int-0567

WRITE
a Wheny=0,¢"-2=0
=2
log,e® =log,2
x =log,2 (or approximately 0.69)
so the x-intercept is log, 2.
Whenx=0, y=¢e"-2
=1-2
=-1
so the y-intercept is —1.

_ 2 p log,2
=[eX— 2)c]loge2 —[e*— 2)c]0 €

= [¢* = 2(2)] - [¢%* - 21og, 2]
— {["%? = 2(log, 2)] - [ - 2(0)]}
=[e*—4]-[2-2log,2] - {[2—-2log,2]
—[1-0]}
=e’—4-2+2log,2-2+2 log,2+1
=er—7 +4log,2
The area is (e* — 7 + 4 log, 2) or approximately
3.162 square units.
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Signed areas

1 Find the area of the triangle at right:
a geometrically
b using integration.

2 Find the area of the triangle at right:
a geometrically
b using integration.

y=3-x

D 3 Express the following shaded areas as definite integrals.
a
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g y h iy L
y=e 5 y=2sin2x
1 /
1 T
-1 |0 | X ix
|
y=cosj

WORKED 4 Evaluate each of the definite integrals in question 3 to find the shaded area. Give your

Example
answer as an exact value.

5 For each of the following, sketch a graph to illustrate the region for which the definite
integral gives the area.

a J;4x dx b J‘?(6 —x) dx C J‘?xZ dx
d J: (4 -x2%) dx e J?ﬁ dx f J‘f)32ex dx
g j iloge S d h j 53 sin 2x dx

WORKED 6 Calculate each of the shaded areas below.

E i
xample a b c
Y SR Nt M y=a-4
y=x-2 N *
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7 multiple choice

a The area between the graph, the x-axis and the lines
x =-2and x = —1 is equal to:

A ij(x) dr B lef(x) dx € Jolf(x) dx \

B 0 é\ X
D Ilf(x) dc B —[ fx) dx \/‘ y=fx)
2 -2

b The area between the graph, the x-axis and the lines x = —2 and x = 3 is equal to:

A I:f(x) dx+J02f(x) dx B fzf(x) dx C fzf(x) dx + ff(x) dx

D J':f(x) dx E J.:f(x) dx IZf(x) dx

WORKED 8 Express the following shaded areas as definite integrals which give the correct area.

Example
a b C
o g ) - y

P4 U
ST St ey

9 multiple choice

Examine the graph.

| |
/—2 ‘0\/3 !
y=x-2x>-5x+6

a The area between the curve and the x-axis from x = -2 and x = 1 is equal to:

A 17% $q. units B 15‘3-1 sq. units C —17% sq. units
D —15% sqg. units E 10 sq. units

b The area between the curve and the x-axis from x = 1 and x = 3 is equal to:

A _6§ Sq. units B 2 sq. units C —5% $q. units

D 5% sq. units E 6% sq. units
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¢ The area between the curve and the x-axis from x = -2 and x = 3 is equal to:

5 1 3 : 5 .
10E Sq. units HZ sq. units 22E $q. units
. 1 .
12 sq. units 21 5 89. units

gglltnkgllg 10 Sketch the graph of the curve y = x> — 4, showing all intercepts and using exact values
d for all key features. Find the area between the curve and the x-axis:
a fromx=0tox=2
b fromx=2tox=4
¢ fromx=0tox=4.
11 Sketch the graph of the curve y = x*> + x> — 2x, showing all intercepts. Find the area
between the curve and the x-axis between the lines:
a x=—2andx=0
b x=0andx=1
¢ x=—2andx=1.
12 Sketch the graph of the curve y = 1 + 3 cos 2x for 0 < x < 7. Find the exact area
between the curve and the x-axis from:

a x=0tox=7—r
4

b xz%ﬂtox:fr.

13 Sketch the graph of f(x) = ~/x— 1 and find the area between the curve and the x-axis
and the lines x = 2 and x = 3. Give both an exact answer and an approximation to
3 decimal places.

eBook_g.ws

WorkSHEET 3.1 14 Find the exact area between the curve y = )lc , the x-axis and the lines x = % and x = 2.

15 Find the exact area bounded by the curve g(x) = e* + 2, the x-axis and the lines
x=-1and x = 3.

Further areas

We shall now examine further situations in which areas are to be determined. These are
when the area is enclosed between the curve and the x-axis, and where graphs are not

easily sketched. y

Areas bounded by a curve and the x-axis =)

For graphs with two or more x-intercepts, there is an /

enclosed region (or regions) between the graph and the x-axis. 5 ~
The area bounded by the graph of f{x) and the x-axis is: U

fJ‘b f(x) dx (negative because the area is below the x-axis).
a
The area bounded by the graph of g(x) and the x-axis is:
h C
[[eo) dx— [ g(x) dx /\

0 X
. . . a (¢ b
That is, if the graph has two x-intercepts then one integrand N \
is required. y=8)

If the graph has three x-intercepts then two integrands are required, and so on.
Note: Wherever possible it is good practice to use sketch graphs to assist in any
problems involving the calculation of areas under curves.
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— WORKED Example 8

a Sketch the graph of the function g(x) = (3 — x)(2 + x).
b Find the area bounded by the x-axis and the graph of the function.

THINK WRITE

a (1 Determine the type of graph by a g(x) =3 —x)(2 +x) is an inverted parabola.
looking at the number of brackets
and the sign of the x-terms.

2 Solve g(x) =0 to find the For x-intercepts, g(x) =0
x-intercepts. B-02+x)=0
x=3andx =-2.

The x-intercepts are —2 and 3.
3 Sketch the graph.

b @ Shade the region bounded by g(x) b
and the x-axis.

/2 ‘0 N

y=8x)
3
2 Express the area as an integral. Area = J. (6 +x—x2) dx
)
_ 1.2 13793
3 Evaluate. = [6x+ FX7 = 3% ] )

=[63) + 1 (37 - 1(3)]
~[6(-2)+ 1 (-2) - L (-2
=(18+g —9)—(—12+2+§)
— 121 _ (71
= 132 ( 7§)
=131 +7!1
2 3
= 20%
4 State the solution. The area bounded by g(x) and the x-axis is
20% square units.

| -Y Graphics Calculator tip! E:Ldmi ;P_\:x?: ea bounded by a graph

The area bounded by the graph and the x-axis can be drawn and evaluated using the
graphics calculator.
For the Casio fx-9860G AU
1. Press:
- MEND)
* 5 (GRAPH).
Complete the entry line as:
Y1=3-x)- (x+2).
Adjust the V-Window and then press:
. (DRAW).
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2. Press:

.
« (F5) (G-Solv)
.

+ (F®) (Jax).

Use the arrow to move the cursor to the lower boundary (x = —2), then press (EXE).
Use the right arrow to move the cursor to the upper boundary (x = 3), then press

The required area will be shaded and the numeric value of the area will be displayed.

For the TI-Nspire CAS Nt el .. 808

1. On a Graphs page, complete the entry line as:
AX)=C-x) - (x+2) Hil)-(3+) (ev2)
then press ENTER Giw.
e 10
> X
2. Press: R &8
@‘, R
¢ MENU 5 3: Graph Type i
1% 4 Window / Zoom \
* 6: Analyze Graph (6) AL 2 e )
. - 7: Points & Lines 2 ";"“‘:‘
7: Integral (7). e :§‘ii Iessecton |3
A:Constructions e 2 Inflection
.- B: Transformations » ' dyldx
@ C.Hints .
» J{ -s.67] \
3. Move the cursor until it hovers over the curve and the [ S @8
lower boundary (x = —2). Press the Click button O
twice. Use the NavPad to move the dotted line to the '\M&]-(Z-x) fee2)
upper boundary (x = 3), then press Click (%). The ;
required area will be shaded and the numeric value of % [ 2 10
the area will be displayed. ' :
» K-ﬁ 67

Finding areas without sketching graphs

When we are finding areas under curves that have functions whose graphs are not
easily sketched, the area can be calculated providing the x-intercepts can be deter-
mined.

Note: The symbol |f(x)| is known as the absolute value of f(x) which means that we
must make the f{(x) function or value positive whenever it is negative. For example,

=51=35

3]=3
212
=51=5

As areas cannot be negative, taking the absolute value of the integrands involved in a
problem will ensure that all areas are made positive. For example,
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The shaded area at right = +

J bf(x) dx

j:f(x) dx

\

or = j bf(x) dx +

ch(x) dx

N%

— Example 9

Complete the following: a by hand b using the TI-Nspire CAS calculator.
Find the x-intercepts of y = sin 2x over the domain 0 < x < 2.

i
i Calculate the area between the curve, the x-axis and x = 0 and x = 7.

i
THINK WRITE/DISPLAY
a i 1 To find the x-intercepts, let y = 0. a i For x-intercepts, y =0

2 Solve for x over the given sin 2x =0
domain. 2x =0, m, 2m, 31, 4, etc.
3
= 07 7_.[5 ﬂ) ) 27[
TR

-
-

—
-
-

Pick the x-intercepts that are
between the given end points of the
area.

X= g is the only x-intercept between 0

and .

2 State the regions for which it is Area= +

z
jzsin 2x dx
necessary to calculate the area.

0

ﬂ .
J sin 2x dx
T

3 Evaluate the absolute value of =
the integral for each region.

T
1 2 1 7
[ 5 €08 2x]0 +‘[ 5 cos 2x]g

= ‘[f% cos T— (f% cos 0)]‘
+ ‘[f% cos 2mw— (f% cos n)]‘

= - D+ [-5- D)

= 1]+ |-1]
4 Add the result to give the total =1+1
area. =2
5 State the solution. The area is 2 square units.
b i A To find the x-intercepts of y = sin 2x bi Nt nsaved v felx]
over the domain 0 < x <2x, on a solvelsin(2:x)=0 02022 =
Calculator page, complete the entry r0orxZ orrmorx2 orx-zn

line as:

solve(sin(2x) = 0, x)| 0 < x < 27
then press ENTER Gaw. I
Note: Calculator is in Radian Mode. 7%

Continued over page @
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THINK

2 Write the solution.

1 To calculate the area between the curve, the

WRITE/DISPLAY

Solving sin 2x = 0 for x over the
domain 0 £ x < 27 gives

37[2

V3
x=0, =, «, T.

2’7

x-axis, x = 0 and x = 7, on a Calculator page, wvorre® crxenorseiZ orred x

complete the entry line as:

abs( ﬁ (sin(2x))dx) + abs( j; (sin(2x))dx).
3

2 Write the answer.

2

4

{ ; (sin{2.2))dx J! (sin{2 x)Jax
0

F(sin(zx))dx
0

0|

50|

+

JZ(sin(Zx))dx‘
2

=2 square units.

— Example ’0

a Differentiate log, (x* — 1).
b Hence, find an antiderivative of

x2

¢ Find the area between the graph of

answer correct to 2 decimal places.

THINK

Let y equal the expression to be
differentiated.

Express u as a function of x in order to
apply the chain rule for differentiation.

(Let u equal the function inside the

brackets.)
. du
Find —.
dx
Write y in terms of u.

. .d
Find & .
1n du

Find gz using the chain rule.
x

x
x2-1

, the x-axis, x = 2 and x = 3, giving your

WRITE

a Lety=log,(x*-1).

Letu=x>—1.

du

— = 2x

dx

y=log,u

dy _ 1

du u

dy _ 1
So—= =--2
de u *

2x




295

Chapter 8 Techniques of integration

THINK

b @ Since J.% dx = y+c, express the
relationship in integral notation.

2 Remove a factor from % so that it
resembles the integral required.

3 Divide both sides by the factor in
order to obtain the required integral.

¢ 1 Find the x-intercepts.

For —X
( x2-1

= 0, the numerator = 0.)

2 If the x-intercepts are not between
the terminals of the area, find the
area by evaluating the integrand.

3 State the solution.

WRITE
2
b I =

xc—1

dx = log,(x>—1)+c¢

X
2J‘x271dx: log, (x2— 1) +c

J.xzx—l dx = %log(xz— 1)+c

X

2
X —

An antiderivative of

is 1 log 2 -1).

=0

¢ For x-intercepts, &
x2-1

x=0

J.szx— 1 d

= |1 tog, (22~ 1)1}

Area=

= |4 log, (32 - D1~ [} log, (22~ 1)]

= ‘% log, 8 féloge3

The area is % loge§ or approximately

0.49 square units.
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WORKED
Example

EXERCISE

1

Further areas

In the following exercise give all answers correct to 2 decimal places where appro-
priate, unless otherwise stated.

i Sketch the graph of each of the following functions.

il Find the area bounded by the x-axis and the graph of each function.
Use a graphics calculator to assist.

a flx)=x*-3x b gx)=Q2-x)4+x)
Find the area bounded by the x-axis and the graph of each of the following functions.
a h(x)=(x+3)5-x) b h(x)=x>+5x-6
¢ g(x)=8—-x? d gx)=x"—4x°
e f(x)=x(x—-2)(x-3) fofx)=x—4x*—4x+ 16
g gx)=x*+3*-x-3 h h(x)=(x - D(x+2)(x+5)
multiple choice
The area bounded by the curve with equation y = x*> — 6x + 8 and the x-axis is equal to:
A 1% sq. units B 6% $q. units C 12 sq. units
D 3 sq. units E —1% $q. units
multiple choice
The area between the curve at right, the x-axis and the lines y
x =-3 and x = 4 is equal to: \
. /\

4 2 4 -3 2 4 *

A j_3 flx) dx B J_3 f(x) dx + L flx) dx
, .y 5 y=fx)

C L f(x) dx D L f(x) dx — L f(x) dx

E J.if(x) dx—jj f(x) dx

_ choice

The area between the curve y = x*> — x — 6, the x-axis and the lines x = 2 and x = 4 is
equal to:

A 22 sq. units B 2 sq. units C 5 sq. units

D 23 sq. units E 4% sq. units

Sl
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6 For each of the following (a to j):

i sketch the graph of the curve over an appropriate domain, clearly labelling any
x-intercepts in the interval required (use a graphics calculator to assist).

il find the area between the curve, the x-axis and the lines indicated below.

2
a y=3—3x2,x=Oandx=2 b y=)—c,x=1andx=3
1
c y=—-—2,x=1andx=2 d y=x*-4x,x=-2andx=1
X
e y=e¥,x=-2andx=0 f y=e*,x=0andx=2
g y=2sinx,x=7gandx=7§r h y=cos)2—c,x=§andx=27r
. . T T
! y=sm3x,x=—§ andxz—g i y=xJx,x20,x=0and x =4

WORKED 7 For each of the following functions (a to g):

Example
d i find the x-intercepts over the given domain

ii calculate the area between the curve, the x-axis and the given lines.
Use sketch graphs to assist your workings.

a y=x—4x_1,x¢0,leandx:3
b y=sinx—cosxfor0<x<mx=0andx=nx

¢ y=e*—e,x=0andx=3

d yzx—-l—,)c;r&O,x:l and x =2
32 2

e yzez,x=—2andx=2
f oy=x*-32-4,x=1andx=4
g y=(x-2*x=1landx=3

8 Find the exact area of the region enclosed by the x-axis, y = ¢* and the lines x = 1 and
x=2.

9 Find the exact area of the region enclosed by the x-axis, y = —cos x and the lines x = z
and x ‘- (Use a sketch graph to assist your calculation.)

10 Find the area bounded by y = (x — 1)*, the x-axis and the y-axis.

11 a Sketch the graph of y = showing all asymptotes and intercepts.

3)?

b Find the area under the curve between x = —1 and x = 1.

12 a Give the equation of the asymptotes for the function f{x) = (x + 2)=.

b Find the area between the curve, the x-axis, x = —1 and x = 1.
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13 Find the area bounded by the curve y = 3 — ¢, the x-axis, x = —2 and x = 0.
(Find the x-intercepts first.)

14 Find the area bounded by the curve y = 4 — sin 2x, the x-axis, x = —g and x = 7.
(Check the x-intercepts first.)

WORKED 15 a Differentiate xlog,x. (x > 0)

Example
d b Hence, find an antiderivative of log, x.

¢ Find the area bounded by the graph of log,x, the x-axis, x = 1 and x = 4 giving
exact answers.

16 a Differentiate log, (x* + 2).

X
X242

b Hence, find an antiderivative of

¢ Find the area between

, the x-axis, x=—1 and x = 1.
X<+
17 a Find the area between the graph of y = x%, the x-axis, x = 0 and x = 2.

b Use this result to calculate the area between the graph, the y-axis and the line
y=4.

18 Find the exact area of the shaded region on the graph y = ¢ below.

Y

_

0

T
[\)_.____&\
<
Il
o
R

=

19 Find the shaded area below.

\

[STEY

y=2sinx
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Areas between two

299

curves

We shall now consider the area between two functions, f{x) and g(x), over an interval

a < x < b. Our approach depends o
over this interval.

n whether the curves intersect or do not intersect

If the two curves f{(x) and g(x) do not intersect over the

interval a <x<bh

Here, we may look at three circumstances: when the region is above the x-axis, when it
is below the x-axis, and when it crosses the x-axis.

Region above x-axis

b b
The red shaded area= I f(x) dx —J. g(x) dx
a a

= [ 1) g1 dx.

Yy J(x)
~ | 8(x)
04 b X

Note: The lower function is subtracted from the higher function to ensure a positive answer.

Region below x-axis

Again, the lower function is subtracted from the higher

function to ensure a positive answer.

a 0 |p X

N\

Red shaded area = J-:[f(x) —g(x)] dx, as f(x) is above g(x) T/ g(x)

over the interval a < x < b.

Region crosses x-axis

L~

y fix)
’ M “
Shaded area = J.a [f(x)—g(x)] dx '

— Example ’ ’

graph at right.
b Find the area.

THINK

a 7 State the two functions f(x) and g(x).
2 Subtract the equation of the lower
function from the equation of the upper
function and simplify.

3 Write as a definite integral between
the given values of x.

a State the definite integral which describes the shaded area on the

a) 0O b X
y y=2x+1
y=x
/, 0 é X

WRITE
a f(x)=2x+1and g(x)=x

fix)—g(x)=2x+1-x
=x+1

Area = [*[/(x) - g(x)]

:Jg(xﬂ)dx

Continued over page @
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THINK

b 1 Antidifferentiate.

2 Evaluate the integral.

3 State the area.

WRITE

b Area= [%x2 +x]§
= [3(2)2+2]1-[5(0)2+0]
=2+2)-(0)

=4
The area is 4 square units.

— Example ’2

Complete the following: a by hand

THINK

a 1 (1 State the two functions. @

2 Find where the curves
intersect.

3 Solve for x.

ii Find the key points of each
function and sketch.

iii (1 Define f(x) and g(x).

2 Write the area as a
definite integral
between the values of x
at the points of

intersection.

b using the TI-Nspire graphics calculator.

i Find the values of x where the functions y = x and y = x* — 2 intersect.
Sketch the graphs on the same axes. (Check using a graphics calculator.)
Hence, find the area bounded by the curves.

WRITE/DISPLAY

i y=xandy=x*-2

For points of intersection:

x=x>-2

X—-x-2=0
(x=2)(x+1)=0
x=2orx=-1

Fory=ux,
whenx=0,y=0
whenx=2,y=2
when x =-1, y =-1
Line passes through

\

y=x*-2
2,2) S =x

(0, 0), (2,2) and (-1, -1) LD

Fory =x* -2,
whenx=0,y=-2

Hence y-intercept is —2.
Parabola also passes through
(2, 2) and (-1, —-1).

Let f(x) = x and g(x) =x* — 2

Area

= [ A0 - )] d

fl [x—(x>=2)] dx

=J.21(x7x2+2)dx
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THINK

3 Antidifferentiate.

4 Evaluate the integral.

5 State the area.

b i @ To find where the two
curves intersect, on a
Calculator page, press:
« MENU
* 3: Algebra (3)

* 1: Solve {1).
Complete the entry line
as:

solve(x = x> — 2, x)
then press ENTER Gi.

2 Write the answer.

ii To sketch the graphs of y = x
and y = x> — 2, on a Graphs
page, complete the entry lines

as:

S1x) =x

2(x)=x*-2

pressing ENTER G after
each line.

iii 1 To find the area bounded
by the curves, on a
Calculator page, complete
the entry line as:

ﬁl (x—(x" =2))dx
then press ENTER Gaw.

2 Write the answer.

WRITE/DISPLAY

=r2_1,3 2
[zx X +2x]7l

= 322522 +2()1 - [3(-1)? = 5(-1)* + 2(-1)]
=2-¥+4H-G+1-2
=(p - 1Y)

3 6

=4

N f—

3

The area is 4% square units.

ﬂ!_ll » *Unsaved w &0

solve(x—xz-—z X) x=-1orx=2 r
|

=

1799

Solving x = x> — 2 for x gives
x=-lorx=2.

< 12 |»

*Unsaved w

6.67 %Y

« v ez

*Unsaved w

&8

mve(x—'xz —ZX)

x=-lorx=2 al

[Pt

2

&

2169

ﬁl (x— (x> —2))dx =

N I\O

square units.
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If the two curves intersect over the interval a <x<b
Where ¢, and c, are the values of x where f{x) and g(x) inter-

sect over the interval a < x < b, the area is found by consid-

ering the intervals a < x <

separately. For each interval care must be taken to make
sure the integrand is the higher function. Subtract the lower

function.

c,cSx<candc, <x<bh

y

8(x)

So the shaded area equals:

/aC1

¢ ) b
[igCo —feon dx + [ 10 - g(0)] dx + [ [g(x) ~f(x)] dx

Therefore, when finding areas between two curves over an interval, it must be deter-
mined whether the curves intersect within that interval. If they do, the area is broken
into sub-intervals as shown above.

As with areas under curves, sketch graphs should be used to assist in finding areas

between curves.

If sketch graphs are not used, the absolute value of each integral, for each sub-
interval, should be taken to ensure the correct value is obtained.

— Example ’3

a Find the values of x where the graph of the functions f{x) = 4 and
X

g(x) = x intersect.

b Sketch the graphs on the same axes (check using a graphics calculator)
and shade the region between the two curves and x =1 and x = 3.
¢ Find the area between f{x) and g(x) from x =1 to x = 3.

THINK

a (1 State the two functions.

2 Let f(x) = g(x) to find the values
of x where the graphs intersect.
3 Solve for x.

b Sketch f(x) and g(x) on the same
axes and shade the region
between the two curves from
x=1tox=3.

¢ (1 State the area as the sum of
two integrals for the two sub-
intervals.

WRITE

a /=2 g0 =x

For points of intersection, x = 4 .
X

¥ =4
*-4=0
(x+2)(x=2)=0
x=—2andx=2

2 3
C AreazJ (‘_‘_x)dx+-[ (x—é—‘)dx
1\x 2 X

eBook -/

Worked example 13
int-0568
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THINK

2 Antidifferentiate.

3 Evaluate the two integrals.

@ Simplify.

(5 State the area.

WRITE

— 1.272 1.2 3

=4 logex—ix ]1 + [Ex -4 logex]2

= [4 log,2-3(2)*] - [4 log,1-1(1)?]
+ {[5(3)2 -4 log,3] - [5(2)? - 4 log,2]}

= [4log,2-2]—[4 log,1 - 1]
+{[3-4log,3]1-[2—4log,2]}

= 4log,2—-2—-0+1+2—4log,3 -2 +4log,2

=4log, g +1

The area is 4 log, ‘3-‘ + 1 or approximately 2.151

square units.

Note: 1f Worked example 13 was calculated without a graph, the area would be found

by evaluating:

J(E)as

X

or +

ol o [ ol o[ fe- o

as without a graph it would not be known which function was above the other for either
interval.
To find the area between two curves using a graphics calculator:
1. Find the area between the upper curve and the x-axis, and record or store the answer.
2. Find the area between the lower curve and the x-axis, and record or store the answer.
3. Subtract the two answers, giving a positive value for the area.
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Areas between two curves

EXERCISE

wonx;llz 1 State the definite integral which will find the shaded areas on each graph below.

b y c

y=x*-5

\ /
N A
\\\_//y=_4

y=-¢
‘&%ﬂ‘.ﬁ'ﬁ' 2 Find each of the areas in question 1.
3 multiple choice
Which one of the following does not equal the shaded area? y )
A ’ d ’ d B ’ d 1 d
- +
Jgrdr-[fde B ] g0 dr+ [ fi0) de 0

(9}

5 5 5
c jlf(x) dx—jlgm dr D jl[g(x)—f(X)] dx /)’ﬁ’

1
£ ) —g(0] dx
5

4 multiple choice

The area bounded by the curves f(x), g(x) and the lines y
x =-3 and x =1 at right is equal to:

g(x)
-3 -1
A j U -golde B[ [fx) +g()] dv \ﬂ 5

-1 -1
€ [ lew-frde D] 10 g0 ds [P

-3
E j [f(x) + g(x)] dx
-1
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5 multiple choice y

()
The shaded area at right is equal to: ¢ o

4 X
[ 0 —g(0)1 dx N

' i %
3 4
| e —ft)] dr+ | ) — )] dx

4

[e - [ 1700 - g0 dx

0 0

3 4
j [f(x) - g(x)] dx + j [g(x) —f(x)]
0 3

WORKED 6 1In each of the following:
ﬂ i find the values of x where the functions intersect
ii sketch the graphs on the same axes (check using a graphics calculator)

ili hence, find the area bounded by the curves.

a y=4xandy=x’ b y=2rxandy=3-»°
¢ y=x*-landy=1-x’ d y=x)-4andy=4-»’
e y=(x+1)Y2andy=1-x’ f y=A/)_candy=x2
\Elvxgl:nkil’illg 7 | Find the values of x where the functions intersect.
ﬂ i Sketch the graphs on the same axes. (Check using a graphics calculator.)
iii Find the area between f{(x) and g(x) giving an exact answer.
a y=x’andy=x b y=3xandy=x"+2x

8 Find the area between the pairs of curves below, over the given interval. (Use a graph

and graphics calculator to assist if necessary.)
a y=x,y=x*,-1<x<1 b y=sinx,y=cosx,0<x<7m
¢ y=(x=-12y=(x+1%-1<x<1 d y=x-5x,y=6-2x%0<x<3

e y=l,y=4x,inSl foy=eLy=e"0<x<1
X
g y=2cosx,y=x—§,0£x£%r h y=e,y=-e"-2<x<1

Use sketch graphs and a graphics calculator to assist in solving the following problems.

9 Find the area between the curve y = ¢* and the lines y =x, x =1 and x = 3.
10 Find the area between the curve y = x> and the lines y = )2_6 +3,x=1andx=3.

11 Calculate the area between the curves y = sin 2x and y = cos x from x =0 to x =

oy

12 Calculate the area between the curves y = /3 — sin 2x and y = sin 2x from x =0 to x Z—f .
13 Find the exact area bounded by the curves y = e and y =3 — 2¢™.

14 The graph at right shows the cross-section of a bricked

archway. (All measurements are in metres.) flx) =4 - 12
a Find the x-intercepts of f{x). &
b Find the x-intercepts of g(x).
¢ Find the cross-sectional area of the brickwork. / \
' ' 0 T "X
g =332
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15 The diagram at right shows the outline of a window frame.
If all measurements are in metres, what is the area of glass
which fits into the frame?

16 The diagram at right shows the side view of a concrete

bridge. (All measurements are in metres.) Find: g

a the x-intercepts of the curve S

b the length of the bridge ,
¢ the area of the side of the bridge < V=41
d the volume of concrete used to build the bridge 0 x

if the bridge is 9 metres wide.

17 The cross-section of a road tunnel entrance is shown at
right. (All measurements are in metres.) The shaded area is
to be concreted. Find:

a the exact area, above the entrance, which is to be concreted
b the exact volume of concrete required to build this 0 fx)=5sin &
tunnel if it is 200 metres long.

18 A section of a river can be modelled by the equation y = 40 sin 17;—% , where 0 <x <120

and x is in metres. On the same model a proposed section of road obeys the rule y = JS_C .

The area bounded by the road and the river is to have one tree planted per 12 square
metres. How many trees will be planted?

s lEm Tl
i, AL .m‘
- e |

LU "%"'“w.':'ﬂﬂ',ﬁ'l! !
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Further applications of integration

Further applications of
integration — modelling and
problem solving

1 If f’(x) = (2 — x)* and the y-intercept of f{(x) is ;—‘, find the rule for f(x).

EXERCISE

2 1If g—)-; = 1-4 cos 2x and the y-intercept is 2, find the exact value of y when x = % .
X
antplications of 3 The rate of deflection from a hori- VA (Metres)
int-0269 zontal position of a 3-metre diving
(Metres)

board when an 80 kg person is g
x metres from its fixed end is given by

gz = —0.03(x+ 1)2+0.03, where
X
v is the deflection in metres.

X
W Deflection
a What is the deflection when x = 0?

b Determine the equation which measures the deflection.
¢ Hence, find the maximum deflection.

4 On any day the cost per item for a machine producing »n items is given by

%% = 40 — 29017 where n € [0, 200] and C is the cost in dollars.

a Use the rate to find the cost of producing the 100th item.

b Express C as a function of 7.

¢ What is the total cost of producing the first 100 items?

d  Find the average cost of production for: i the first 100 items ii the second 100 items.
5 The rate of change of position (velocity) of a racing car travelling down a straight stretch

of road is given by dx _ t(16 —t), where x is measured in metres and # in seconds.

a Find the velocity when: it=0 i 1=4.

b Determine: i when the maximum velocity occurs ii the maximum velocity.

¢ Sketch the graph of %i; against ¢ for 0 <7< 16.

d Find the area under the graph between ¢ = 0 and ¢ = 10.
e What does this area represent?




308

Maths Quest Maths B Year 12 for Queensland

6 The rate at which water is pumped out of a dam, in L/min, 7 minutes after the pump is
started is d—It/ = 5+ cos :f—é
a How much water is pumped out in the 40th minute?
b Find the volume of water pumped out at any time, ¢, after the pump is started.
¢ How much water is pumped out after 40 minutes?
d Find the average rate at which water is pumped in the first hour.

e How long would it take to fill a tank holding 1600 litres?
7 The rate of flow of water into a hot water system during a 12-hour period on a certain

day is thought to be (31—;/ =10+ cos%t , where Vis in litres and ¢ is the number of hours

after 8 am.
a Sketch the graph of %Itf against f.

b Find the length of time for which the rate is above 10.5 L/h.
¢ Find the volume of water that has flowed into the system between:

i 8 am and 2 pm ii 3 pm and 8 pm. YA (metres)
8 The roof of a stadium has the shape given by the function 20
f(x) =20 — 0.024x* for 25 < x < 25.
The stadium is 75 metres long and its cross-sectionis / 5] (metres)
shown at right. i .
. . -25 0 25 X
a Find the volume of the stadium.

b The stadium is to have several airconditioners strategically placed around it. Each
airconditioner can service a volume of 11250 m®. How many airconditioners are
required?

9 The cross-section of a channel is parabolic. It is 3 metres wide at the top and 2 metres
deep. Find the depth of water, to the nearest cm, when the channel is half full.

10 For any point P on the curve y = x>, prove that the area under the curve is one quarter
of the area of the rectangle.

y yox

P

0 X

11 The arch of a concrete bridge has the shape of
a parabola. It is 6 metres high and 8 metres long.

YA (metres)
i

(metres)
X

4 0 45

a Find the rule for the function corre-
sponding to the arch of the bridge.
Find the area of the shaded region.

¢ If the bridge is 10 metres wide, find
the volume of concrete in the bridge.
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12 In the figure at right f{x) and g(x) intersect at O and B. W fy=e—1
a Show that the coordinate of B is (log,2, 1). B
b Find the exact area of the region bounded by £{x) Cr- fg(x)=—2e"+2
and g(x).
¢ Show that the sum of the areas under f{x) and g(x), !
from x = 0 to x = log, 2, is equal to the area of the 0 A X
rectangle OABC.

P i 13 The population of kangaroos on an island is increasing at a rate given by

plus P(f)=12log, (¢t + 1), where ¢ is the number of years since 1 January 1955.
Diat Find the rate of growth when 7 =0, =5 and ¢ = 40.
igital doc:
WorkSHEET 8.2

A\

Sketch the graph of P(¢).

Determine the inverse function P~!().

Use the inverse function to assist in finding the area under the graph of P(f)
between ¢ = 0 and ¢ = 40.

e What does this area represent?

Concrete chute

.6 g Q

Concrete is poured from a mixer down a chute which

has a cross-sectional shape as shown. 5

The curved bottom has the shape given by the function

f(x)=0.12x* — 12 for =10 < x < 10.

a Find the area of the cross-section.

Concrete can flow down the chute at 1.6 m/s.

b What volume of concrete can be poured in one
minute? —-12

¢ How long does it take to empty a mixer holding 12 m* of concrete?

<
°
g
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Definite integrals
* The fundamental theorem of integral calculus:
b
J f(x)dx = [F(x)]z = F(b) — F(a) where F(x) is an antiderivative of f{(x).
. be(x) dx is the definite integral. ¢ Ibf(x) dx = rf(x) dx + be(x) dx,a<c<b

. J:kf(x) dx = kﬁf(x) dx . Ij[f(x) tg(x)] dx = ﬁf(x) dxijjg(x) dx

. ij(x) dx = —IZf(x) dx

Y y=£x)
Area under curves
e Area= J.bf(x) dx,iff(x)>0fora<x<bh 1
o 4 b ¥
y
y=f)
a b
| |
7 0 X
. Areaz—J.f(x) dx,if f(x)<Ofora<x<h
Y =
. Area = jbf(x) dx—ff(x) dx V)
b G . /A
=_[f(x)dx+jf(x)dx,lff(x)>0forcsxsb \ 1
c a 0 J X
and f(x) <0 fora <x <c KM b
Area betvzfeen curves y )
* Area= I [f(x)—g(x)] dx, if f(x) > g(x) fora<x < b
¢ ~| 8(x)
0 4 » 2
J 8(x)
f(x)

+ Area = [*[g(x) /()] dx+ [ [f(x) - g(x)] dx,

if g(x) > f(x) fora<x<c ; : !
and f(x) > g(x) forc <x<bh /a0 ¢ b x
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e

The expression J‘z(&/;c —x) dx is equal to:
A 2 B 8 C —2% D 20
” 'multiple choice
The exact value of the definite integral fz (4e?x —2e72¥) dx is:
A 3t —e B 2e*—¢ C &t —2e* D ¢ +e
7 'multiple choice

The exact value of I:(—2 cos g) dx is:

A -3 B 3 c 3.3 D 3.3
4 Evaluate each of the following definite integrals.
0 27
J. 2 dx b F cos 2x dx
1 (2x+3)* z

k
5 Given that J (4x—5) dx = -2, find two possible values for £.
0

o

The shaded area on the graph at right is equal to:
A 12 sq. units B 16 sq. units C 10 sq. units
D 4 sq. units E 8 sq. units

N

~.l

E 16

E e —¢

E 3.2

311

4 4

The shaded area on the graph at right is: g R
A 20 sq. units B —20 sq. units C -16sq.units 2 0 2 X
D 16 sq. units E —18 sq. units

8 a Sketch the graph of the function f(x) = L
X

2

b Find the exact area between the graph of f(x), the x-axis and the lines x = 3 and x = 6.

0

The area bounded by the curve on the graph at right and
the x-axis is equal to:

A 20% Sg. units B 2111—2 $q. units C 1015—2 $q. units

y=-1-3x

A
y=x(x+2)(x-3)

0
D -102 sq.units E 20-L sq. units /
2 2

=Y
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Questions 10 to 12 apply to the curve with equation f{x) = ¢* — 1.

10

12

13

14

15

16

17

18
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The graph of f(x) is best represented by:
A T B ] ) C
2
0 X 0 g
multiple choice

The area bounded by the graph of f(x), the x-axis and the line x = 2 is equal to:
A d-1 B -2 C el+1 D e +2 E -3

The area bounded by the graph of f(x), the y-axis and the line
y=e¢*—1is equal to:
A -5 B e&-3 Cé&+2 DE+1 E 5-¢€

Find the area bounded by the curve g(x) = (4 — x)(6 + x) and the x-axis.

Use the graph at right to answer questions 14 and 15.

The two graphs intersect where x is equal to:
A land-3 B -land3 € land2 D —-land-2 E 1and3

multiple choice s

The area bounded by the two graphs is equal to:

=Y

0

A 10% $q. units B 7% $g. units C —7% sq. units

D 11% $q. units E 6% $q. units
Calculate the area between the curve y = 2 cos x and the lines y = —x, x =0 and x = g

The diagram at right shows part of the curve with equation y = e2. Y
Find: normal\ y=e
the coordinate of point A

the equation of the normal to the curve at point A

the coordinate of point B

the coordinate of point C

the area bounded by the curve and the lines AB and BC.

® o6 g Q

Find the derivative of xlog, x.

Hence, find an antiderivative of log,, x.

The cross-section of a platform is shown at right.
(All measurements are in metres.)

¢ Find the height of the platform.

d Find the cross-sectional area of the platform.
e Find the volume of concrete required to build this platform if it is 20 metres long.

o Q
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Modelling and problem solving

The diagram at right shows an arched window with width 6 metres y

and height 3 metres. The arch can be approximated to a parabola.
Find the equation of the parabola.
Calculate the area of the window. 3m
Show that the area of the window is = the base of the arch
times the height. 3 e T
Hence find the area of a similar arched window with width
8 metres and height 4.5 metres.
A ground-cover plant can cover the ground at a rate modelled by dd | 2+ 61 — lt3 ,
where A is the area in square centimetres and 7 is time in weeks. 4

If the plant initially covers 10 cm?, how long, to the nearest week, will it take to cover

0.6 m*?
What is the maximum area covered?

The value $7 of an antique table is increasing at a rate modelled by % = 300e0'3t, where ¢

is the number of years after the table was first valued. If the table was first valued at $1000,
how much would it be worth after 6 years? Round your answer to the nearest dollar.

A disease spreads through a community until a cure is found. Then the rate by which the

number of cases of the disease is reduced is modelled by %]%/ = Aeio'zr, where ¢ is the time

in years.
Find an equation for N in terms of 4 that can be used to model the number of people with
the disease at any time 7 years after the drug is first administered.
If 4 is —2000, find the number of people with the disease when the drug is first used.
Find the number of people with the disease after 2 years.
Find the number of people with the disease after 10 years.
According to this model, will the disease ever be eradicated? Give reasons.
When will there be as few as 100 cases?

Test Yourself
Chapter 8
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The fundamental theorem of integral
calculus

Digital docs

* Investigation: Definite integrals (page 277)

e SKillSHEET 8.1: Practise subtracting function
values (page 281)

Tutorial

Int-0566: Watch a tutorial on evaluating definite
integrals (page 278)

Signed areas

Digital doc

* WorkSHEET 8.1: Evaluate definite integrals and
unknown terminals and calculate areas between
curves and linear graphs (page 290)

Tutorial

. Int-0567: Watch a tutorial on finding the area
bound by an exponential curve above and below the
x-axis (page 286)

m Areas between two curves

Tutorial

Int-0568: Watch a tutorial on calculating the
area between two curves using a CAS calculator
(page 302)

B Further applications of integration

Digital doc

* WorkSHEET 8.2: Calculate areas enclosed by
curves (page 309)

Interactivity

* Applications of antidifferentiation int-0269:
Consolidate your understanding of applications of
integration (page 307)

Height (m)

) T
65 7 15 8§

(U

6 m?2

10 m2

Chapter review

Digital doc

* Test Yourself: Take the end-of-chapter test to test
your progress (page 313).

To access eBookPLUS activities, log on to



Probability
distributions

reference

atistical analysis

chapter

te random variables

pected value of discrete

random distributions

9C The binomial distribution

9D Problems involving the
binomial distribution for
multiple probabilities

9E Expected value, variance
and standard deviation of
the binomial distribution
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Introduction
Gary’s test — did he pass?

Gary is sitting an aptitude test for a career in the armed forces. The
test consists of 20 multiple-choice questions, each question with
4 alternative answers. To be accepted, Gary must answer at least
16 questions correctly. Gary is confident that he has answered
13 questions correctly but is unsure of the other 7, so he has a
guess at each of these answers. What is the probability that Gary is
accepted into the armed forces? This situation, and others like it,
will be examined further in this chapter

Discrete random variables

— Example ’

Which of the following represent discrete random variables?
a The number of goals scored at a football match

b The height of students in a Maths B class

¢ Shoe sizes

d The number of girls in a five-child family

e The time taken to run a distance of 10 kilometres in minutes

THINK WRITE
Determine whether the variable can be counted or needs to be measured.
a Goals can be counted. a Discrete.

b Height must be measured. b Continuous.

¢ The number of shoe sizes can be counted. ¢ Discrete.

d The number of girls can be counted. d Discrete.

e Time must be measured. e Continuous.

A random variable is one whose value cannot be predicted but is determined by the outcome
of an experiment. For example, two dice are rolled simultaneously a number of times. The
sum of the numbers appearing uppermost is recorded. The possible outcomes we could
expect are {2, 3,4, 5,6,7,8,9, 10, 11, 12}. Since the possible outcomes may vary each
time the dice are rolled, the sum of the numbers appearing uppermost is a random variable.

Random variables are expressed as capital letters, usually from the end of the
alphabet (for example, X, Y, Z) and the value they can take on is represented by lower-
case letters (for example, x, y, z respectively).

The above situation with dice illustrates an example of a discrete random variable
since the possible outcomes were able to be counted. Discrete random variables
generally deal with number or size.

A random variable which can take on any value is defined as a continuous random
variable. Continuous random variables generally deal with quantities which can be
measured, such as mass, height or time.
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Discrete probability distributions
When we are dealing with random variables, we often need to know the probabilities
associated with them.

— Example 2

Let X represent the variable ‘number of Tails’ obtained in three tosses. Draw up a table
which displays the values the discrete random variable can assume (x) and the
corresponding probabilities.

THINK WRITE
1 List all of the possible outcomes. HHH, HHT, HTH, HTT, THH, THT, TTH, TTT
2 Draw up a table with two columns:
one labelled ‘Number of Tails’, the
other ‘Probability’.
3 Enter the information into the table. 0 é
1 3
8
2 3
8
3 1

The table above displays the probability distribution of the total number of Tails
obtained in three tosses of a fair coin. Since the variable in this case is discrete, the
table displays a discrete probability distribution.

In Worked example 2, we used X to denote the random variable and x the value
which the random variable could take. Thus the probability can be denoted by p(x) or
P(X = x). Hence the above table could be presented as shown below.

|-
[e=R V5]

01w
1=

Close inspection of this table shows important characteristics which satisfy all discrete
probability distributions.

1. Each probability lies in a restricted interval 0 < P(X =x) < 1.
2. The probabilities of a particular experiment sum to 1, that is,
ZPX=x)=1

If these two characteristics are not satisfied, then there is no discrete probability
distribution.



318

Maths Quest Maths B Year 12 for Queensland

— Example 3

Draw a probability distribution graph of the outcomes in Worked example 2.

THINK WRITE/DRAW

1. Draw a set of axes in the first quadrant P(X=x)
only. Label the horizontal axis x and the
vertical axis P(X = x).

2 Mark graduations evenly along the
horizontal and vertical axes, and label
them with appropriate values.

o0 |— oo 00w
N f !

3 Draw a straight line from each x-value 0 1 2 3 X
to its corresponding probability.

Note: The probability distribution graph may also be drawn as follows.

P(X =x) P(X=1x)
3] 3
8 8
2] 2
8 8
1] 1
8 8
0 1 2 3 X 0 1 2 3 X
A column graph A dot graph
— WORKED Exampie 4
Which of the following tables represent a discrete probability distribution?
a 1 2 3 b 0 2 4 6
0.5 | 02 | 0.1 05 1] 03| 011 0.1
c 0 1 2 0 5 7
0.1 ] 03] 03 03] 05| 04
THINK WRITE
a (1 Check whether each of the probabilities lies @ All probabilities lie between
within the restricted interval 0 < P(X'=x) < 1. 0and 1.
2 Do the probabilities sum to 1? 02+05+02+0.1=1
3 Answer the question. Yes, this is a discrete probability
distribution since both requirements
have been met.
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THINK

b g

Check whether each of the probabilities lies

within the restricted interval 0 < P(X'=x) < 1.

Do the probabilities sum to 1?
Answer the question.

Check whether each of the probabilities lies

within the restricted interval 0 < P(X=x) < 1.

Do the probabilities sum to 1?
Answer the question.

Check whether each of the probabilities lies

within the restricted interval 0 < P(X'=x) < 1.

Answer the question.

WRITE
b All probabilities lie between 0 and 1.

054+03+01+0.1=1

Yes, this is a discrete probability
distribution since both requirements
have been met.

¢ All probabilities lie between 0 and 1.

02+0.1+03+0.3=#1 (total is 0.9)
No, this is not a discrete probability
distribution since both requirements
have not been met.

The first probability is a negative value, so
not all probabilities lie between 0 and 1.
No, this is not a discrete probability
distribution since both requirements
have not been met.

— Example 5

Find the value of & for each of the following discrete probability distributions.

a 1 3 5 7 9
0.2 k 0.2 0.3 0.1
b 0 1 2 3 4
Sk 6k 4k 3k 2k
THINK WRITE
a (1 Add up each of the given probabilities. a YP(X=x)=1
2 Simplify. 0.8+k=1
3 Solve to find £. k=1-0.8
=02
b 4 Add up each of the given probabilities. b 5k+ 6k +4k+3k+2k=1
This should sum to 1.
2 Simplify. 20k=1
3 Solve to find k. k=L

20
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— Example 6

a Show that the function p(x) =

Maths Quest Maths B Year 12 for Queensland

function.

b Show that the function p(x) = m
function.

THINK

a (1 Substitute each of the x-values into the

equation and obtain the corresponding
probability.

2 Simplify where possible.

Check whether each of the probabilities lies

within the restricted interval 0 < P(X=x) < 1.

Check whether the probabilities sum to 1.

Answer the question.

Substitute each of the x-values into the
equation and obtain the corresponding
probability.

Simplify where possible.

Check whether each of the probabilities lies

within the restricted interval 0 < P(X=x) < 1.

Check whether the probabilities sum to 1.

Answer the question.

L (5x + 3), where x = 0, 1, 2, 3 is a probabilit
42 P y

L x2(6 — x), where x = 2, 3, 4, 5 is a probability

WRITE
a Whenx =0, p(x)= %
=1
14
When x =1, p(x)= %
=4
21
When x =2, p(x) = g
When x =3, p(x) = jg
=3
7

All probabilities lie between 0 and 1.
1 + 4 + B + 3= 1
14 21 42 7

Yes, this is a probability function since
both requirements have been met.

b Whenx=2, p(x)= %
=4
25
— _ 27
When x =3, p(x) = ST
When x =4, p(x) = %
=38
25
_ _ 25
When x =35, p(x)= ST
=1
4

All probabilities lie between 0 and 1.

4 27 3 4

4 1 -1
25 100 25 4

Yes, this is a probability function since
both requirements have been met.
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Consider the case of a probability experiment where we know part of the outcome.
Suppose your friend Brett comes from a family of four children. What is the probability
that there are three boys in Brett’s family? Because you know Brett, you know that at
least one of the four children is male.

Normally, the probability distribution of four children can be represented by the table
shown below.

0 1 2 3 4

0.0625 0.25 0.375 0.25 0.0625

Therefore, P(X = 3) = 0.25 but we know that the number of males in the family is
greater than 0. From the table, P(X > 0) = 0.9375. We can say that the probability that
there are three males in the family, given that at least one is male is % , 15 0.266.

This is known as conditional probability. The rule for conditional probability is
written:

P X=xnX>n)

PX=x|X>n)= ETn

— Example 7

Three balls are selected from a box containing 6 blue balls and 4 yellow balls. If the ball
chosen after each selection is replaced before the next selection, find:
a the probability distribution for the number of blue balls drawn:
i 0blueballs i 1blueball iii 2blueballs iv 3 blue balls
b the probability that 2 blue balls are chosen, given that at least one ball was blue.

THINK WRITE
a i 7 Define the random a i Let.X = the number of blue balls.
variable.
2 Assign values which x can x=0,1,2,3
take on.
3 Determine the probability P(blue) = % P(yellow) =

of each outcome.
4 Simplify where possible.

LW
|
DI —
S

P(X = 0) = no blue, three yellow

= P(YYY)
—h=2.2.2
PA=0=5-5"3
=0.064
ii Simplify where possible. ii P(X=1) = one blue, two yellow
- P(BYY) + P(YBY) + P(YYB)
—1y=13.3.2. 2
PX=1)=3- 222
=0.288

Continued over page @
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THINK WRITE
iii Simplify where possible. iii P(X=2) = two blue, one yellow
- P(BBY) + P(BYB) + P(YBB)
=72)=3. 3. 3.2
PX=2)=3- 2.1 2
=0.432
iv Simplify where possible. iv P(X = 3) = three blue, no yellow
- P(BBB)
_ay_3.3 .3
PA=3)=5"5"3
=0.216

5 Place all of the information in a table.
0 1 2 3

0.06410.288/0.43210.216

6 Check that the probabilities ZP(X=x)=0.064 +0.288 + 0.432 + 0.216
sum to 1. =1

b  Define the rule for conditional b P(X=3Xx>1) = PX=3nXx>1)

probability. P(x>1)
@ Determine each of the PX=3nX>1)=PX=3)
probabilities. =0.216
P(Y>1)=0.432 +0.216
=0.648
(3 Substitute values into the rule. PX=3|X>1) = %

@ Evaluate and simplify. =0.3333 (or %)




EXERCISE

'WORKED

Spreadsheet
048 Probability distribution

WORKED

1 Which of the following represent
discrete random variables?

2

a

b

b
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Discrete random variables

The number of people at a tennis
match

The time taken to read this ques-
tion

The length of the left arms of stu-
dents in your class

The shoe sizes of twenty people
The weights of babies at a mat-
ernity ward

The number of grains in ten
250-gram packets of rice

The height of jockeys competing
in a certain race

The number of books in Brisbane
libraries

If X represents the number of Heads obtained in two tosses of a coin, draw up a
table which displays the values that the discrete random variable can assume and
the corresponding probabilities.

Draw a probability distribution graph of the outcomes in part a.

A fair coin is tossed three times and a note is taken of the number of Tails.

a

b

C

d

List the possible outcomes.

List the possible values of the random variable X, representing the number of Tails
obtained in the three tosses.

Find the probability distribution of X.

Find P(X £ 2).

4 Draw graphs for each of the following probability distributions.

1 2 3 4 5
0.05 0.2 0.5 0.2 0.05
5 10 15 20
0.5 0.3 0.15 0.05
2 4 6 8 10
0.1 0.2 0.4 0.2 0.1
1 2 3 4
0.1 0.2 0.3 0.4
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'5 Which of the following tables represent a discrete probability distribution?

a 1 3 5 7 9
0.2 0.3 0.2 0.2 0.1
b 1 2 3 4 5
0.1 0.1 0.1 0.1 0.1
¢ 3 6 9 12 15
0.3 0.2 0.4 0.2 -0.1
d —4 -3 -1 1 2
0.1 0.1 0.4 0.2 0.2
6 Find the value of k for each of the following discrete probability distributions.
a 1 2 3 4 5
0.3 0.2 0.2 k 0.1
b 2 4 6 8 10
0.1 0.1 0.1 0.1 k
C 0 1 2 3
k 2k 3k 4k k
d -2 -1 0 1 2
k 0.2 3k 0.3 0.1

7 Two fair dice are rolled simultaneously, and X, the sum of the two numbers appearing
uppermost, is recorded.
Draw up a table which displays the probability distribution of X, and find:

-0 00 o Q
=]
=~
o~
IN
D
AN
=
N

g P(6<X< 10).

8 A spinner is numbered from 1 to 5, with each number being equally likely to come
up. If X is the random variable representing the number showing on the spinner, find:
a the probability distribution of X
b the probability of getting an even number
¢ P(X>2).

9 A fair die is rolled and X is the square of the number appearing uppermost.
a Draw up a table which displays the probability distribution of )X, and find:
b P(X<30)
¢ P(X>10).
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A fair die is altered so that the 1 is changed to a 5. If X is the random variable repre-
senting the number uppermost on the die, find:

a the probability distribution of X

b the probability of a number bigger than 2 appearing uppermost

¢ PX=5]|X>2).

Chapter 9 Probability distributions

Show that the function p(x) = % (8x + 2), where x = 0, 1, 2, 3, 4 is a probability
function.

Show that the function p(x) = 1—6—0x 2(x + 2), where x = 1, 2, 3, 4 is a probability
function.

Three balls are selected from a box containing 4 red balls and 5 blue balls. If the ball
chosen after each selection is replaced before the next selection, find:
a the probability distribution for the following number of red balls drawn:

i 0red balls i 1 red ball iii 2 red balls iv 3 red balls

b the probability that three reds are chosen, given that at least one ball is red.

A carton contains 12 light bulbs of which 3
are defective. If a random sample of 4 light
bulbs is chosen without replacement, what
is the probability distribution of defective

light bulbs?
A biased coin is tossed twice. If the prob- ;ff/
ability of obtaining a Head is %: l

a find the probability distribution of the
number of Heads in 2 tosses
b show that the sum of the probabilities is 1.

/
/”'?&
‘Z//l

. /

A discrete random variable has the following probability
distribution:

0.2 0.11 0.15 0.09 0.17 0.13 0.15

Find:

P(X>3)

P(X<4)
P3<X<6)
P2<X<)5)
P(X<3|X<5)

{x: P(X <x)=0.46}
{x: P(X=x)=0.54}.

Q@ ™ 0o o 0o T Q

4
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17 multiple choice

Which one of the following random variables is not discrete?

A The price, in cents, of a loaf of bread at the local supermarket

B The number of runs scored by a batsman in each innings over a season
C The weight of a baby as he grows over a one-year period

D The number of houses sold by a real estate agent each month for a year
E  The number of newspapers recycled by a family each month.

18

multiple choice

What is the value of k£ which will make this table a probability distribution table?

1 2 3 4

2k 3k 4k k
A0 B 1 c ol D ; E -0.1

19 multiple choice

Examine the following probability distribution table.

4 9 16 25 36

0.16 0.21 0.35 0.08 0.2
P(X = 10) is equal to:
A 0.38 B 084 C 035 D 028 E 0.63

20 multiple choice

The following table represents a discrete probability distribution for a random variable, Y.

4 7 10 13
d 4d 5d 2d
The value of d is:
Al B L c L D L E L
9 10 11 12 13

21 _ choice

A coin is biased so that the probability of obtaining a Head is % . If the coin is tossed
3 times, the probability of obtaining exactly 2 Heads is:

27 p 108 c D 15 E &
343 343 343 343 343
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22 multiple choice

Which of the following is a probability function?
A p(x)=0.1,03,04,02,0.1,x=0,1,2,3,4

B p(x):61—6(3x+7),x=0, 1,2,3,4
C p(x)=$(5x—1),x= 1,2,3,4

D p)=3x*(4-x),x=1,2,3
%2
E px) = %(3x— 1), x=1,2,3

23 If the random variable X represents the number of boys in a four-child family:
a write down the values which X may take

Digital doc: l b assuming that the P(boy) = % , find the probability distribution of X.

WorkSHEET 9.1

Expected value of discrete random
distributions

In past studies of statistics, the mean (X) was defined as the average of a set of data or

X

values. It was determined by the rule ¥ = Zf , where x represented the value a vari-
able could assume and f the frequency (that is, the number of times the variable
occurred).

When dealing with discrete random variables, the mean is called the expected value
or expectation. Since the expected value signifies the average outcome of an experi-
ment, it could be used to determine the feasibility of a situation.

Consider the following example. John tosses two coins. If two Heads are obtained,
he wins $20. If one Head is obtained, he wins $10. If no Heads are obtained, he loses
$25. John must consider his options and decide whether it is in his best interest to play.
Determining the expected value (that is, the average outcome) may help John in his
decision making process.

Allowing X to represent the number of Heads obtained, the above information is
summarised in the table below.

TT TH or HT HH
0 1 2

1 1 1

4 2 4
=25 10 20
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Lo 2541
4 2

—-625+5+5
=$3.75

The expectation or expected gain

S 10+ 1. 20
4

The average outcome or expected gain is $3.75 per toss. This might seem appealing;
however, if there is a charge of $5 per game played, it would not be in John’s best
interest to participate because he would lose $1.25 per game on average. The above
game would not be considered fair since the cost to play does not equal the expected
gain.

The expected value of a discrete random variable, X, is denoted by E(X) or the
symbol g (mu). It is defined as the sum of each value of X multiplied by its
respective probability; that is,

EX) =x,P(X=x)) + x,P(X=x,) + x;P(X=x3) +... T x,P(X=x,)
= ZxP(X= X)

Note: The expected value will not always assume a discrete value.

— WORKED Example 8

Find the expected value of a random variable which has the following probability
distribution.

1 2 3 4 5
2 L 3 L L1
5 10 10 10 10
THINK WRITE
1. Write the rule for the expected E(Y)= ZXP (X = x)
value.
2 Substitute the values into the EX)=1- 2+2 % +3 13—0 +4 % +5- 110
rule.
- 2 .9 .4 45
3 Evaluate. = +E+E+E+E

Il
[\ RVATNY
(ST




Example 9

Find the unknown probability, a, and hence determine the expected value of a random
variable which has the following probability distribution.
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value.

4 Evaluate.

2 Write the rule for the expected

3 Substitute the values into the rule.

E(X)= sz(X =Xx)

E(X)=2- 02+4- 04+6- 02+8- 0.1+10- 0.1

2 4 6 8 10
0.2 0.4 a 0.1 0.1
THINK WRITE
1 Determine the unknown value of a 02+04+a+0.1+0.1=1
using the knowledge that the sum 08 +a=1
of the probabilities must total 1.
a=1-0.38
=0.2

=04+16+12+08+1

=5

— Example '0

Find the values of a and b of the following probability distribution if E(X) = 4.29.

1 2 3 4 5 6 7
0.1 0.1 a 0.3 0.2 b 0.2
THINK WRITE
1. Write an equation for the unknown 01+01+a+03+02+bh+02=1
values of @ and b using the 09+a+b=1
knowledge that the sum of the a+b=1-09
probabilities must total 1. Call this a+b=0.1 [1]

equation [1].
2 Write the rule for the expected
value.

E(X)= ZxP(X = x)

Continued over page@
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THINK WRITE
3 Substitute the values into the rule. 429=1-01+2-01+3-a+4- 03+5-02
+6- b+7- 02
4 Evaluate and call this equation [2]. =0.14+024+3a+12+1+6b+1.4
429-39=3a+6b
3a+6b =039 2]
5 Solve equations simultaneously. a+b=0.1 [1]
3a+6b =039 2]
Multiply equation [1] by 3 and call 3: (a+b=0.1)
it equation [3]. 3a+3b=0.3 [3]
Subtract equation [3] from [2] - [3]:
equation [2]. Solve for b. 36=10.09
b=0.03
Substitute b = 0.03 into equation a+0.03=0.1
[1]. Solve for a. a=0.1-0.03
=0.07
6 Answer the question. a=0.07 and
b=0.03

— WORKED Example ’ ’

a What is the expected gain to the player?
¢ Is this a fair game?

THINK

Define the random variable. Place a

all of the information in a table.

2 Write the rule for the expected
value.

3 Substitute the values into the rule.

4 Evaluate.

5 Answer the question.

Niki and Melanie devise a gambling game based on tossing three coins simultaneously. If
three Heads or three Tails are obtained, the player wins $20. Otherwise the player loses $5.
In order to make a profit they charge each person two dollars to play.

b Do Niki and Melanie make a profit?

WRITE

Let X = the number of Heads obtained.

0 1 2 3

1 3 3 1

8 8 8 8
20 | =5 | =5 | 20

E(X) = ZxP(X = x)

5.3 4+_5.3 1
8+5 8+5 8+20 g

The player’s expected gain per game is $1.25;
however, as each game incurs a cost of $2, the
player in fact loses 75¢ per game.
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THINK WRITE

b Answer question using results froma. b The girls make a profit of 75¢ per game.

¢ Answer question using results froma. ¢ No, this is not a fair game, since the cost to play
each game does not equal the expected gain of
each game.

— WORKED Example |2
A random variable has the following probability distribution.

1 2 3 4
0.25 0.26 0.14 0.35

Find: a EX) bE3X) c¢E2x-4 dEX.

THINK WRITE
a 1 Write the rule for the expected value. a EX)= Zx P(X = x)
2 Substitute the values into the rule. EX)=1- 025+2- 026+3- 0.14
+4- 035
3 Evaluate. =0254+052+042+14
=2.59
b 4 Write the rule for the expected value. b EGX)= ZSx P(X = x)
2 Substitute the values into the rule. EX)=@3-1)- 025+3- 2)- 0.26+
(3-3)-014+@3- 4)- 035
3 Evaluate. =3-025+6- 026+
9-0.14+12- 035
Notes: 1. The probability remains the same. =0.75+1.56+1.26+4.2
2. Each x-value is multiplied by 3 =7.77
because of the new function, which
is 3x.
¢ (1 Write the rule for the expected value. ¢ ERX-4)= Z(Zx —4)P(X = x)
2 Substitute the values into the rule. =2-1-4)- 025+
2-2-4)- 026+
2-3-4)- 014+
2-4-4)- 035
3 Evaluate. =-2-025+0- 0.26 +
Notes: 1. The probability remains the 2. 0.14+4- 035
same. =—05+0+028+14
2. Each x-value is multiplied by 2 =1.18

and then 4 is subtracted from
the result, because of the new
function, which is 2x — 4.

Continued over page @
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THINK WRITE
d 4 Write the rule for the expected value. d Ex?) = sz P(X = x)
2 Substitute the values into the rule. =(1%)- 025+(2%) 026 +
(3%) - 0.14+ (4% - 0.35
3 Evaluate. =1-025+4- 026+
9-0.14+16- 0.35
Notes: 1. The probability remains the same. =025+1.04+126+5.6
2. Each x-value is squared because of =8.15

the new function, which is x°.

The above worked example displays some important points that will now be investigated.

For this example, E(X) =2.59

from b E(3X)=7.77

note that 3E(X)=3- 2.59
=17.77

from ¢ EQX-4)=1.18

note that 2E(X)—-4=2- 259-4
=1.18

Hence if X is a random variable and «a is a constant, its expected value is defined by

E(aX) = aE(X). Furthermore, if X is a random variable where a and b are constants,

then the expected value of a linear function in the form f(X) = aX + b is defined by
E(aX + b) =aEX) + b

If a = 0 then E(aX+ b)=aEX) + b
becomes E(0X + b) =0E(X) + b
=b

These rules are called expectation theorems and are summarised below.

E(aX) = aE(X) where X is a random variable and « is a constant.
E(aX + b)=aE(X) + b where X is a random variable a and b are constants.
Eb) =5 where b is a constant.

E(X+Y)=E(X)+ E(Y) where X and Y are both random variables.

These theorems make it easier to calculate the expected values.

— WORKED Example ’3

Casey decides to apply for a job selling mobile phones. She receives a base salary of $200
per month and $15 for every mobile phone sold. The following table shows the probability
of a particular number of mobile phones, x, being sold per month. What would be the
expected salary Casey would receive each month?

50 100 150 200 250

0.48 0.32 0.1 0.06 0.04
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THINK WRITE
Method 1
1 Define a random variable. Let X = the number of mobile phones sold by Casey
in a month.
2 Write the rule for the expected E(15X + 200) = Z( 15x+200)P(X = x)
salary.
@ Substitute the values into the rule. =(15- 50 +200) - 0.48 +
(15- 100 +200) - 0.32 +
(15 - 150 +200) - 0.1 +
(15 - 200 +200) - 0.06 +
(15 - 250 +200) - 0.04
@ Evaluate. =950 - 0.48+ 1700 - 0.32 +
2450 - 0.1 + 3200 - 0.06 +
3950 - 0.04
=456 + 544 + 245+ 192 + 158
= 1595
(5 Answer the question. The expected salary Casey would receive each
month would be $1595.
Method 2
Using the expectation theorem:
1 Write the rule for the expected EX) = ZxP(X =X)
salary.
2 Substitute the values into the rule. =50- 048+ 100- 032+ 150 0.1 +
200 - 0.06 + 250 - 0.04
3 Evaluate. =24+32+15+12+10
=93
@ Using the fact that E(aX + b) = E(15X +200) = 15E(X) + 200
aE(X) + b find E(15X + 200). =15- 93 +200
= 1595

Note: Using the expectation theorem is quicker because it is easier to evaluate
aE(X) + b than E(aX + b).




334

Maths Quest Maths B Year

Find the expected value
distribution.

—

12 for Queensland

Expected value of discrete
random distributions

of a random variable which has the following probability

2

0| — —

1
2

3
16

3
16

Find the expected value
distribution.

of a random variable which has the following probability

-1

1

2

18

-1
)

1

18

2
9

1
6

18

O |—

Find the expected value
distribution.

of a random variable which has the following probability

-4

-2

0

2

4

6

0.15

0.18

0.06

0.23

0.31

0.07

Find the expected value
distribution.

of a random variable which has the following probability

0

3

6

9

12

0.21

0.08

0.19

0.17

0.35

Find the expected value
distribution.

of a random variable which has the following probability

-3

0

2

7

11

13

0.2

0.05

0.26

0.3

0.01

0.18

Find the unknown probability, a, and hence determine the expected value of a random
variable which has the following probability distribution.

1

3

5

7

9

11

0.11

0.3

0.15

0.25

a

0.1

Find the unknown probability, a, and hence determine the expected value of a random
variable which has the following probability distribution.

-2

1 4 7 10 13

5

18

1 2 1 2
9

a
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8 Find the unknown probability, b, and hence determine the expected value of a random
variable which has the following probability distribution.

0 1 2 3 4 5
b 0.2 0.02 3b 0.1 0.08

Chapter 9 Probability distributions

9 Find the value of &, and hence determine the expected value of a random variable
which has the following probability distribution.

2 4 6 8
k 2k 3k 4k

10 Find the value of k, and hence determine the expected value of a random variable
which has the following probability distribution.

4 8 12 16 20
6k 2k k 3k 8k

11 If X represents the outcome of a fair die being rolled, find:
a the probability distribution of each outcome b EW).

12 Two fair dice are rolled simultaneously. If X represents the sum of the two numbers
appearing uppermost, find:

a the probability distribution of each outcome b EW).
13 If X represents the number of Heads obtained when a fair coin is tossed twice, find:
a the probability distribution of each outcome b EW).
14 A fair coin is tossed 4 times. If X represents the number of Tails obtained, find:
a the probability distribution of each outcome b EW).
Find the values of a and b of the following distribution if E(X) = 1.91.
0 1 2 3 4 5 6
0.2 0.32 a 0.18 b 0.05 0.05

16 Find the values of a and b of the following distribution if E(X) = 2.41.
0 1 2 3 4 5
0.2 a 0.23 0.15 b 0.12

&wﬂ 17 Lucas contemplates playing a new game which involves tossing three coins simul-

d taneously. He will receive $15 if he obtains 3 heads, $10 if he obtains 2 heads and $5
if he obtains 1 head. However, if he obtains no heads he must pay $30. He must also

pay $5 for each game he plays.

a What is Lucas’ expected gain? b Should he play the game? Why?

¢ Is this a fair game? Why?

18 X s a discrete random variable with the following probability distribution.
2 4 7 k
0.3 0.2 0.4 0.1

Find the value of %k if the mean is 5.3.



336

Maths Quest Maths B Year 12 for Queensland

19 Xis a discrete random variable with the following probability distribution.
X -2 3 8 10 14 k
P(X=x) 0.1 0.08 0.07 0.27 0.16 0.32

Find the value of % if the mean is 10.98.

20 A coin is biased such that the probability of obtaining a Tail is 0.6. If X represents the
number of Tails in three tosses of the coin, find:

a the probability distribution of X b EWX).
A random variable has the following probability distribution.
X 1 2 3 4
eBook .| - P(X=x) = L : =
Find:
SKINISHEET 9.1 a EW) b E(4X) ¢ EQx+1) d EWX).
Expected value of a
function of a ran_dgrln 22 A random variable has the following probability distribution.
variable
X 1 2 3 4
P(X=x) 0.33 0.25 0.27 0.15
Find:
a EWX) b E@4X-6)
¢ EX?+1) d EGX?).

\EI;(;:‘K'I,EII; 23 Christian decides to apply for a job selling mobile phones. He receives a base salary

ﬂ of $180 per month and $12 for every mobile phone sold. The following table shows
the probability of a particular number of mobile phones, x, being sold per month.
What would be the expected salary Christian would receive each month?

X 50 100 150 200 250

P(X=x) 0.32 0.38 0.2 0.06 0.04
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The binomial distribution

The binomial distribution is an example of a particular type of discrete probability dis-
tribution. It has relevance in many real life applications. This particular branch of math-
ematics moves away from the textbook and the classroom and into the areas of medical
research, simulation activities and business applications such as quality control.

For a distribution to be defined as a binomial distribution, each of the following char-
acteristics must be satisfied by the trials.
1. n independent trials must be conducted.
2. Only two possible outcomes must exist for each trial — success and failure.
3. The probability for success, p, is fixed for each trial; the probability of failure, g, is

given by (g =1 - p).

Consider the case of a family that has four Boy < BoY

: oy Girl
children. Now suppose that we have been Boy < » Boy
asked to find the probability that exactly two < Girl <(§irl
of the children are girls. This can be calculated Boy Girl <Boy <G
by using the tree diagram drawn at right. Girl <— g'(?
As can be seen, there are 16 ways in which Bzy
the children can be born; six of these Boy <B°y < Gin
combinations consist of exactly two girls. Girl < Girl < GBIOX
The prpbablllty of this occurring can be foupd Girl Boy <(1§"<g
by letting X be the number of girls in a family < , Bo
. Girl = 5%

of four children. Girl

P(X=2)=6- P(Girl, Girl, Boy, Boy)
=6 - 11 1.1

2 2 2 2
_ 6

16

We do not need to draw a tree diagram for each example, however, if we can work
out the number of ways the desired outcome can occur. We are able to do this using
Pascal’s triangle.

Pascal’s triangle is shown below. The triangle begins with a single 1 and two 1’s in
the next row. After that, each row begins and ends with a 1 and all other numbers are
the sum of the two numbers above it.

Each row is numbered beginning with row 0. Each row then indicates the number of
trials, and then the position in the row corresponds to the number of successes, begin-
ning again with 0.

Row 0 1

Row 1 1 1

Row 2 1 2 1

Row 3 1 3 3 1

Row 4 1 4 6 4 1

Row 5 1 5 10 10 5 1

Row 6 1 6 15 20 15 6 1

Row 7 1 7 21 35 35 21 7 1

Row 8 1 8 28 56 70 56 28 8 1
Row 9 1 9 36 84 126 126 &4 36 9 1

Row 10 1 10 45 120 210 252 210 120 45 10 1
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Consider the previous example. Four children are born, so we consider row 4 of the
triangle.
1 4 6 4 1

Ll

Number of successes 0 1 2 3 4

It can be seen here that exactly two girls (2 successes) from 4 children (4 trials) can
occur in six ways.

On the calculator, this value can be found using the "C, function. In the example, we
would look to evaluate *C,.

In the above example, if we consider the birth of a girl a success and the birth of a
boy a failure, the probability of success and failure are equal. Now we will consider an
example where the probability of success and failure are not equal.

Consider the experiment where a fair die is rolled four times. If X represents the
number of times a 3 appears uppermost, then X is a binomial variable. Obtaining a 3
will represent a success and all other values will represent a failure. The die is rolled
four times so the number of trials, 7, equals 4 and the probability, p, of obtaining a 3 is

equal to é .

We shall now determine the probability of a 3 appearing uppermost 0, 1, 2, 3 and
4 times. Obtaining 3 is defined as a success and is denoted by S. All other numbers are
defined as a failure and are denoted by F. The possible outcomes are listed in the table
below.

0 FFFF L 3)=2 q'
SFFF g];g FFSF | . (0 (1) = 4
rssersrsrrss | O (PR = By | o

SSSF SSFS SFSSFSSS | 4 - (3) ()= 2% 4qp°
SSSS (= Pt

This procedure for determining the individual probabilities can become tedious, par-
ticularly once the number of trials increases. Hence if X is a binomial random variable,
its probability is defined as follows.

PX=x)="C.p*q" " *wherex=0,1,2,...n.
x = the occurrence of the successful outcome
p = the probability of success
q = the probability of failure
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probabilities is 1. Therefore, for the above example:

P(X=x) =P(X=0)+P(X=1) + P(X=2) + P(X = 3) + P(X = 4)

_ 625 L 500
1296 ' 129
=1

+ 20 + 1
1296 1296

— Example ’ 4

A binomial variable, X, has the probability function P(X = x) = °C (0.4y*(0.6)° *

where x=0, 1, ... 6. Find:
a n, the number of trials
b p, the probability of success

¢ the probability distribution for x as a table.

THINK

a Obtain the relevant information from the
given functions. The number of trials, n, is
the value of the number located at the top
left-hand corner of C.

b Obtain the relevant information from the
given function. The probability of success,
p, 1s the value in the first bracket.

¢ (1 Write down the rule of the given
probability function.
2 Substitute x = 0 into the rule.

3 Evaluate.
4 Substitute x = 1 into the rule.

5 Evaluate.

Substitute x = 2 into the rule.
7 Evaluate.

Substitute x = 3 into the rule.
¢ Evaluate.

10 Substitute x = 4 into the rule.
11 Evaluate.

Worked example 14
int-0576

WRITE
an=6
bp=04

¢ P(X=x) =5C(0.4)(0.6)°*

P(X = 0) =°C,(0.4)°(0.6)°
=1-1- 0.046656
=0.046 656

P(X=1) =°C,(0.4)(0.6)°
=6- 04- 007776
=0.186624

P(X =2) =°C,0.4)%0.6)*
=15- 0.16 - 0.1296
=0.31104

P(X =3) =°C;(0.4)%(0.6)°
=20- 0.064 - 0.216
=0.27648

P(X = 4) =°C,(0.4)%0.6)>
=15- 0.0256 - 0.36
=0.13824

Continued over page @
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THINK WRITE
2 Substitute x = 5 into the rule. P(X =5) =°C4(0.4)°(0.6)
13 Evaluate. =6- 0.01024 - 0.6
=0.036 864
i4 Substitute x = 6 into the rule. P(X = 6) =°C,0.4)%0.6)°
i5 Evaluate. =1- 0.004096 - 1
=0.004 096
P(X=0) 0.046 656
P(X=1) 0.186 624
P(X=2) 0.31104
P(X=3) 0.276 48
P(X =4) 0.13824
P(X=5) 0.036 864
P(X = 6) 0.004 096

'. -‘L Graphics Calculator tip! Binomial probabilities

To calculate the probabilities of a binomial distribution X, where the number of trials
(n) is 4 and the probability of a ‘success’ in each trial (p) is 0.5, use the following
steps.
For the Casio fx-9860G AU
1. To enter the possible values of x, press:
- (MEND)
« 2 (STAT).
Enter the possible values for x: 0, 1, 2, 3
and 4 in List 1.

2. To calculate the P(X = x), press:
« (F5) (DIST)
- (F5 (BINM)
« (FD (Bpd).

Enter the fields as shown.

Ensure the cursor is on Execute and then
press @ (CALC).
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3. The table shows the probabilities of each
outcome starting with x = 0.

For the TI-Nspire CAS

1. To enter the possible values of x, open a Lists
& Spreadsheet page.
Label Column A ‘xval’ and enter the possible
values for x: 0, 1, 2, 3 and 4 in this column.

*Unsaved w pooe = < |
1 B

2. To calculate the P(X = x), label Column B “Unsaved v o =l ]
‘prob’ and press ENTER . prob "
The grey header cell below B is now o.oé‘;s
highlighted. =
Complete the entry line as: 0375
prob: = binompdf(4, 0.5, xval) 0;’6-22

then press ENTER Gaw. 5 [prob-—binompdr[5,0 5 val)

- Example ’ 5

A fair die is rolled five times. Find the probability of obtaining:
a exactly four Ss b exactly two even numbers
¢ all results greater than 3 d a 5 on the first roll only.
Check parts a to ¢ with a graphics calcuator.

THINK WRITE
a (7 Check that all the characteristics have a Binomial distribution — » independent
been satisfied for a binomial distribution. trials and two outcomes, fixed p and g.
2 Write down the rule for the binomial PX=x)="C.,p*q"™*
probability distribution.
3 Define and assign values to variables. n=35
The number of 5s obtained is exactly Let X = the number of 5s obtained.
four. That is, x = 4.
p = probability of a 5
_ 1
T %
_5
1= 5%
4 Substitute the values into the rule. PX=4) = 5C4(é)4 (%)
_z. 1 s
5 Evaluate. =5 T
= 25
7776

6 Check your answer with a graphics
calculator.

Continued over page @
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THINK
b g

Define and assign values to variables.
Two even numbers means we have
x=2.

2 Substitute the values into the rule.

3 Evaluate.

4 Simplify.

5 Check your answer with a graphics
calculator.

Define and assign values to variables.
We require five occasions when results
are greater than 3.

2 Substitute the values into the rule.

3 Evaluate.

4 Check your answer with a graphics
calculator.

d Since a specific order is required here, the
binomial rule is not required.

WRITE
bn=5
Let X = the number of even numbers.
That is, x = 2.
p = probability of an even number
_1
T2
q=3
— _ 50 (12 (1)3
PA=2) =°Cy3)’ (3)
=10- 1.1
=10 13
=10
32
T 16
c n=>5
Let X = values greater than 3.
That is, x = 5.

Three outcomes — 4, 5, 6 out of six
are greater than 3.
p = probability of number greater
than 3 = 1

o2
q=;

_ 5~ (15 (1)0

Per>3) =°Gs(3)° (3)

=1- 1.1

d P(5 on the first toss only)

= P(SFFFF)
—1.5.5.5.5
6 6 6 6 6
= 625

7776

Note: If the rule for the binomial probability distribution were to be used in part d, it

would provide an answer of 5 -

625
7776,

— 3125

o This answer gives the probability of

obtaining a 5 once on any of the five trials, not necessarily on the first roll only. Hence,
if a specific order is required the rule for the binomial probability distribution should
not be used.
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A new drug for hay fever is known to be successful in 40% of cases. Ten hay fever
sufferers take part in the testing of the drug. Find the probability that:

a four people are cured b no people are
THINK
a (1 Check that all the characteristics have

been satisfied for a binomial
distribution.

Write down the rule for the binomial
probability distribution.

Define and assign values to variables.

Substitute the values into the rule.

5 Evaluate.

Round off the answer to 4 decimal
places.
Answer the question.

Define and assign values to variables.

Substitute the values into the rule.
Evaluate.

Round off the answer to 4 decimal places.

Answer the question.

Define and assign values to variables.

Substitute the values into the rule.
Evaluate.

Round off the answer to 4 decimal places.

Answer the question.

cured ¢ all ten are cured.

WRITE

a This is a binomial distribution with n
independent trials and two outcomes,
p and g.
P(X=x)="Cp'q" ™"

n=10
Let X = the number of people cured,
therefore x = 4.
p=04
q=0.6
P(X=4) ='°C,(0.4)* (0.6)°
=210 - 0.0256 - 0.046 656
=0.250822 656
= (0.2508

The probability that 4 people are cured is

0.2508.
bn=10
Let X = the number of people cured,
therefore x = 0.
p=04
q=20.6
P(X=0) ='°Cy(0.4)° (0.6)"°
=1-1-0.0060466176
=0.0060466176
= 0.0060
The probability that no people are cured is
0.0060.
c n=10

Let X = the number of people cured,

therefore x = 10.

p=04

q=0.6

P(X=10) ='°C,,(0.4)'° (0.6)°
=1-0.0001048576 - 1
=0.000104 8576
= 0.0001

The probability that all 10 people are

cured is 0.0001.

343
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) Graphics Calculator tip! S-I‘:l:llrln;sal probability for a range of

The following steps show how to calculate the P(X < x) for all x-values in a binomial
distribution involving 3 trials, with the probability of ‘success’ in each trial of 0.75.

For the Casio fx-9860G AU
1. To enter the possible values of x, press:
- (MEND)
» 2 (STAT).
Enter the possible values for x: 0, 1, 2 and 3
in List 1.

2. To calculate the P(X = x), press:

- (F5) (DIST)
- (F5) (BINM)
+ (F2) (Bcd).

Enter the ficlds as shown.
Ensure the cursor is on Execute and
then press @ (CALCQ).

3. The table shows:
P(X<0)=0.015625
P(X<1)=0.15625
P(X<2)=0.578125
P(X<3)=1.

For the TI-Nspire CAS
1. To enter the possible values of x, open a Lists

*Unsaved w an ﬁ
& Spreadsheet page. 1

Label Column A ‘xval’ and enter the possible
values for x: 0, 1, 2 and 3 in this column.

2. To calculate the P(X < x), call Column B

‘prob’ and press ENTER Gaw. ‘Unied —

The grey header cell below B is now high- ikt

lighted. e

Complete the entry line as: G

prob: = binomedf(3, 0.75, xval) I

then press ENTER Gas. 51 [=0.015625 <[>

The table shows:

P(X < 0) = 0.015625
P(X < 1) = 0.15625
P(X <2)=0.578125
P(X<3)=1.
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Graphs of the binomial distribution

We shall now consider the graph of a binomial distribution. If we refer to the example
of obtaining a 3 when rolling a die four times (see table on page 338) we note that
X~ Bi(4, é). The probability distribution of the random variable, X, is given in the
table and graph below.

P(X =X)
0 0.4823 o4
] 0.3858 0.31
2 0.1157 021
0.1
3 0.0154
0.0 e
4 0.0008 01234 %

e Graphics Calculator tiP! Using the TI-Nspire CAS to graeh
\ p the binomial distribution X ~ Bi(4, Z)

1. To create a spreadsheet of values, open a Lists & “Unssved w fl]
Spreadsheet page. prob d j
Label Column A ‘xval’ and enter the possible values T l
for x: 0, 1, 2, 3 and 4 in this column. Ao
Label Column B ‘prob’ and in the grey header cell 2| 0.115741
below, complete the entry line as: At -

. 1 ofprbivmafalomn]
prob: = binompdf(4, a xval)
then press ENTER Gaw.

2. To graph these probabilities, open a Data & Y &0
Statistics page. ous] ©
Tab to the horizontal axis and label the horizontal o
axis with the independent variable ‘xval’; then tabto |2 o
the vertical axis and label the vertical axis with the gl o
dependent variable ‘prob’. 0.00 o o
This gives a graph of the probability distribution. A 00 To 20 30 40

Binomial distribution graphs

Use a graphics calculator or other technology to study graphs of the following:

1 P(X=x) versus x for X ~ Bi(10, 0.3); that is, binomial distribution with n = 10,
p=03

S| .
221 Binomiall:):z::;:tei:: 2 P(X= x) versus x for X ~ Bl(lo, 05)

3 P(X =x) versus x for X ~ Bi(10, 0.7)
4 What effect does p have on the graph?
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Now study graphs of the following:

5 P(X =x) versus x for X ~ Bi(10, 0.7)
6 P(X=x) versus x for X ~ Bi(20, 0.7)
7 P(X =x) versus x for X ~ Bi(100, 0.7)
8 What effect does n have on the graph?

The effect of changing n and p on binomial distribution graphs

The effect of increasing p can be seen in the series of graphs below.

P(X=x) P(X=x) P(X=x)
0.4+ 0.4+ 0.4+
0.3- X ~Bi(8,0.2) 031 X ~Bi(8, 0.5) 031 X ~Bi(8, 0.8)
0.2 0.2 0.2+
0.1 | | 0.1 | | 0.11 |
i Y PETIT R O SEEP TR R i TP TR

The graph is positively skewed The graph is symmetrical. It is The graph is negatively skewed

or skewed to the right. also called a normal distribution  or skewed to the left.
curve.
We will now keep p fixed and vary n.
P(X =x)A PX=1x)
0.34 4 ; 0.34 .
0.324 X~ BI(S, 05) 0.32 X ~ B1(15, 05)
0.30+ 0.30+
0.28 0.28
0.26+ 0.26
0.24 0.24
0.22 0.22 1
0.20+ 0.20
0.18+ 0.18
0.16 0.16
0.14+ 0.14+
0.12+ 0.12
0.10 0.10+
0.08 0.08 +
0.06 0.06
0.04 0.04
0.02+ | | 0.02 ~
0.00 —— ";)C 0.00|||!||| |||!|||x
012345 0123456789101112131415
P(X =x)A
0.34+
030-
028 1 X ~Bi(25, 0.5)
0.26
0.24
0.22+
0.20+
0.18+
0.16+
0.14+
0.12+
0.10+
0.08 1
0.06
0.04+
0.02+
0.00

012345678910111213141516171819202122232425
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From the preceding graphs it can be seen that:

1. when p = 0.5, the graph is symmetrical.

2. as n increases, and the interval between the vertical columns decreases, the graph
approximates a smooth hump or bell shape.

The effects that the parameters n and p have on the binomial probability distribution
curve can be summarised in the following way.

If p < 0.5, the graph is If p = 0.5, the graph is If p > 0.5, the graph is

positively skewed, or symmetrical. negatively skewed, or
skewed to the right. skewed to the left.
PX=x) PX=x) PX=x)

X X X

When 7 is large and p = 0.5, the vertical columns are closer together and the line
graph becomes a bell shaped curve or a normal distribution curve.

The binomial distribution

1

Which of the following constitutes a binomial probability distribution?

a Rolling a die 10 times and recording the number that comes up

b Rolling a die 10 times and recording the number of 3s that come up

¢ Spinning a spinner numbered 1 to 10 and recording the number that is obtained

d Tossing a coin 15 times and recording the number of Tails obtained

e Drawing a card from a fair deck, without replacement, and recording the number
of picture cards

f  Drawing a card from a fair deck, with replacement, and recording the number of
black cards

g Selecting 3 marbles from a jar containing 3 yellow marbles and 2 black marbles,
without replacement

2 Evalute the following:
a G, (0.4)% (0.6)° b °C, (0.1)° (0.9)° ¢ °C(0.5)° (0.5)°

d 8¢, (0.2)° (0.8)° e G (H7(3)? f19C, (0.15)° (0.85)'°.
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A binomial variable, X, has the probability function P(X = x) = °C,(0.3)*(0.7)> ~*
where x =0, 1, ..., 5. Find:

a n, the number of trials b p, the probability of success

¢ the probability distribution for x as a table.

Seven per cent of items made by a certain machine are defective. The items are packed
and sold in boxes of 50. What is the probability of 5 items being defective in a box?

Nadia has a 40% chance of getting a red light on the way to work. What is the prob-
ability of Nadia getting a red light on 4 out of 5 days?

Peter has four chances to knock an empty can off a stand by throwing a ball. On each
throw, the probability of success is % Find the probability that he will knock the
empty can off the stand:

a once b twice c at least once.

A fair coin is tossed four times. Find the probability of obtaining:
a Heads on the first two tosses and Tails on the second two
b Heads on every roll ¢ two Heads and two Tails.

A weighted coin is biased such that a Tail comes up 60% of the time. The coin is
tossed five times. Find the probability of obtaining:
a Tails on the first four tosses only b four Tails.

Fifty-five per cent of the local municipality support the local council. If eight people
are selected at random, find the probability that:

a half support the council b all eight support the council

¢ five support the council d three oppose the council.

The probability of Colin beating Maria at golf is 0.4. If they
play once a week throughout the entire year and the outcome
of each game is independent of any other, find the probability
that they will have won the same number of matches.

It is known that 5 out of every 8 people eat Superflakes for
breakfast. Find the probability that half of a random sample
of 20 people surveyed eat Superflakes.

On a certain evening, during a ratings period, two television
stations put their best shows on against each other. The rat-
ings showed that 39% of people watched Channel 6, while
only 30% of people watched Channel 8. The rest watched
other channels. A random sample of 10 people were sur-
veyed the next day. Find the probability that exactly:

a six watched Channel 6

b four watched Channel 8.

Three per cent of items produced by a certain machine are
defective. A random sample of 10 items is taken. Find the
probability that exactly 10% are defective.

A new drug being trialled gives 8% of the patients a violent
reaction. If 200 patients trial the drug, find the probability
that 12 patients have a violent reaction to the drug.

A pen company produces 30000 pens per week. However, of these 30000 pens,
600 are defective. Pens are sold in boxes of 20. Find the probability that:

a two defective pens are found in one box

b abox is free from defective pens.
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16 A box contains 5 red marbles, 3 blue marbles and 2 yellow marbles. A marble is

chosen at random and replaced. This selection process is completed eight times. Find
the probability that:

a exactly 4 red marbles are selected b exactly 2 blue marbles are selected

¢ no yellow marbles are selected.

17 multiple choice

18

19

20

21

Which of the following does not represent a binomial distribution?

Rolling a die four times and recording the number of 2s

Tossing a coin 10 times and recording the number of Heads

Rolling two dice simultaneously 20 times and recording the outcomes

Drawing a card with replacement and recording the number of aces obtained
Rolling two dice 6 times and recording the number of times a sum of 7 is obtained

_ choice

The probability that the temperature in Brisbane will rise above 30°C on any given
summer day, independent of any other summer day, is 0.6. The probability that four
days in a week reach in excess of 30°C is:

A 0.6 04° B 706 04 C 21.04 D068 E 3506 04

_ choice

Rachel sits a multiple-choice test containing 20 questions, each with four possible
answers. If she guesses every answer, the probability of Rachel getting 11 questions
correct is:

mogowp)»

A e @) B Cu(z)" (3 € Cu(m)" ()
o) (T E )"
multiple choice

A fair die is rolled 10 times. The probability of obtaining exactly two 6s is:
A 0.00002 B 0.00007 C 0.04395
D 0.29071 E 0.30199

multiple choice

It is found that 3 out of every
10 cars are unroadworthy. Ten cars
are selected at random. The proba-
bility that 3 are unroadworthy is:

A 0.009 B 0.2601
C 0.2668 D 05
E 1

A darts player knows that her
chance of scoring a bullseye on any
one throw is 0.1. Find the number of
turns she would need to ensure a
probability of 0.9 of scoring at least
one bullseye.
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23 From the following binomial distribution tables:
i draw a graph of the probability distribution
il describe the skewness of each graph.

a X~ Bi(10,0.3) b X~ Bi(10, 0.5) ¢ X~ Bi(10, 0.8)
| x [ra=o | [ 5 [Pa=n| [ x [Pa-» ]

0 | 0.02825 0 | 0.00098 0 1- 107
1 0.121 06 1 0.009 77 1 |41 10°
2 | 023347 2 | 0.04395 2 | 0.00007
3| 026683 3 0.11719 3 | 0.00079
4 | 020012 4 | 020508 4 | 0.00551
5 | 010292 5 | 024609 5 | 0.02642
6 | 0.03676 6 | 020508 6 | 0.08808
7 | 0.00900 7 | 011719 7 | 020133
8 | 0.00145 8 | 0.04395 8 | 030199
9 | 0.00001 9 | 0.00977 9 | 026844

10 |59-10° 10 | 0.00098 10 | 0.10737

24 The following probability distribution is for p = 0.2 and »n = 10.

P(X=x)
0.3

0.2+
0.1+

0.0 l
0

B
12345678910 "
a Find the most likely outcome for x.

b Describe the plot.

25 a Describe the plots of the following binomial probability distributions, without
drawing the graphs.
in=25p=0.1 iin=50,p=05 iii n=30,p=0.9
b What effect does p have on the graph of a binomial probability distribution?

26 a Describe the plot of the binomial probability distribution, X ~ Bi(60, 0.5), without
drawing the graph.
b Suggest how the graph might look for a binomial probability distribution with the
same p, but double the value of n.

27 a Describe the plot of the binomial probability distribution, X ~ Bi(100, 0.4),
without drawing the graph.
b Suggest how the graph might look for a binomial probability distribution with the
same 7, but double the value of p.
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28 Describe the skewness of the graphs of the following binomial probability distributions.

a P(X=x)

0.4+

0.2+

0.0

¢ Ppx=y

0.4+

0.2+

0.0

29 In Gold Lotto, your chance of winning first division is —L—

a

00 -

0 *

P(X=1x)

0.4+

0.2+

0.0

P(X =x)

0.4

0.2+

0.0

=Y

5 10 15 20

chance of winning first division at least once

b

each ticket
¢ the cost of buying these tickets, if they cost $4.10 each.

<Y

. Find:

the number of games you would need to play if you wanted to ensure a 50%

the number of tickets you would need to buy for part a if there are 16 games on

Problems involving the binomial
distribution for multiple probabilities

We shall now work with problems involving the binomial distribution for multiple

probabilities.

— Example ’ 7

The binomial variable, X, has the following probability table.

0 1 2 3 4 5
0.2311 0.3147 0.3321 0.1061 0.0112 0.0048
Find aP(X>3) b P(X<4).
THINK WRITE
a 4 P(X>3) means P(X=4) or a P(X>3) =P(X=4) + P(X = 5)
P(X = 5). Add these probabilities. =0.0112 + 0.0048
2 Evaluate. =0.0160

Continued over page @
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THINK

b 4 P(X<4) would involve adding the
probabilities from P(X = 0) to
P(X'=4). Using the fact that
P(X<4)=1-P(X>4) allows us to

2 Substitute the value into the rule.
3 Evaluate.

solve the problem using fewer terms.

WRITE

b P(X<4) =P(X=0)+...+P(X=4)
=1-P(X=5)
=1-0.0048
=0.9952

— Example ’8

THINK

1 Write down the rule for the binomial
probability distribution.

2. Write down what is required.
Substitute the values for n, p and ¢
into the rule.

4 Evaluate.

Find P(X = 3) if X has a binomial distribution with the probability of success, p, and the
number of trials, n, given by p =0.3, n =5.

WRITE
PX=x)="C.pq" ™"

P(X>3)=P(X=3)+P(X=4)+ P(X = 5)
=3C5(0.3)°(0.7)* +3C,(0.3)*0.7) +
3C4(0.3)(0.7)°
=10- 0.027- 0.49+5- 0.0081 - 0.7
+1-0.00243 - 1

=0.1323 + 0.028 35 + 0.002 43
=0.16308

— Example ’9

a 1 Write down what is required.

2 Substitute the values for n, p and ¢
into the rule.
3 Evaluate.

A bag contains 4 red and 3 blue marbles. A marble is selected at random and replaced.
The experiment is repeated 7 times. Find the probability that:

a all 7 selections are red b at least 5 are red € no more than 2 are red.
THINK WRITE
1. Write down the rule for the binomial PX=x)="C,p*¢"*
probability distribution. n=717
2 Define and assign values to variables. Let X = number of red marbles selected
4 3
—_ - . q —_ -
7 7

a P(all 7 selections are red)
=PX=7)

-Te )
=1-0.0199- 1
=0.0199
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THINK

b 4 Write down what is required.

Substitute the values for n, p and ¢
into the rule.

Evaluate.

Write down what is required.

Substitute the values for 7, p and ¢
into the rule.
Evaluate.

WRITE

b P(at least 5 are red)
—P(X>5)
—P(X=5)+P(X=6)+PX=7)

TCE G ) )

=21- 0.06093 - 0.18367 +
7- 0.03482 - 0.42857 +
1-0.0199- 1

=0.2350 + 0.1044 + 0.0199

=0.3593

¢ P(no more than 2 are red)
=P(X<2)
=PX=0)+PX=1)+P(X=2)

TGl ) )

=1-1-0.0027+7- 0.5714 -

0.0062 + 21 - 0.3265 - 0.0145
=0.0027 + 0.0248 + 0.0991
=0.1266

— Example 20

X follows a binomial distribution with » =9, p = 0.4. Find:
i P(X>7)
ii the probability that X is greater than 7 given it is greater than 5; that is, P(X>7 | X > 5)

a by hand b using the TI-Nspire CAS calculator.

THINK

1. Write down what is required.

2 Write down the rule for the
binomial probability distribution.

3 Substitute the values for 7, p and ¢

into the rule.

4 Evaluate.

5 Round off the answer to 4 decimal

places.

WRITE

ai P(X>=7)=P(X=7)+PX=8)+PX=9)
PX=x) ="Cp'¢"™"

P(X > 7) =°C,(0.4)'(0.6)* +
C4(0.4)%(0.6) +
9C5(0.4)°(0.6)°

=36- 1.6384- 107°- 0.36
+9. 6.5536- 107 0.6
+1- 262144 107%- 1

=0.02123 + 0.003 54 +
2.62144 - 1074

=0.025034752

=0.0250

Continued over page @
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THINK WRITE
. PX>TNnX>5
il (1 Write down what is required. nPAX>7[X>5)= ( P(X>5) )
_P(X>7)
P(X>5)
2 Evaluate each probability P(X>7)=P(X=8)+PX=9)
individually. =3.801088 - 107
P(X > 7) can be obtained from P(X>5)=PX=6)+P(X=7)+
results in i. P(X=8)+P(X=9)
=2C4(0.4)°(0.6)> + 0.025 034 752
=84 4.096- 107 0.216 +
0.025034 752
=0.99352576
@ Evaluate P(X > 7). P(X>7)_3.801088- 1073
P(X>5) P(X>5) 0.993 52576
=0.03825875
@ Round off the answer to 4 decimal ~0.0383
places.
For the TI-Nspire CAS
b i a4 To calculate P(X > 7), complete b e F]
the entry line as: binemCdf(9,0.47,9) 0.025035
binomCd(9,0.48,9) 0.038259
binomCdf(9,0.4,7,9) binomear(9,0 46,9)
|
then press ENTER Gaw.
ii @ To calculate P(Y > 7) | (X > 5), |
complete the entry line as: 259
binomCdf(9,0.4,8,9)/
binomCdf(9,0.4,6,9)
then press ENTER Giw.
@ Write the solutions. i P(X>7)=0.0250

it PX>7)|(X>5)=0.0383

Note: Individual probabilities may be obtained using the graphics calculator and then
added to arrive at the final answer.
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Problems involving the
binomial distribution for
multiple probabilities
Find:

a *C;(0.4)° (0.6) + *C,(0.4)* (0.6)°
b 5C5(0.6)° (0.4)* +°C4(0.6)* (0.4) +°C5(0.6)° (0.4)°.

The binomial variable, X, has the following probability table.
0 1 2 3 4 5
0.11603 | 0.31239 | 0.33642 | 0.18115 | 0.04877 | 0.005 25

Find:
a PX=>4) b PX>0) ¢ PX<4) d PX<2).

A binomial variable, X, has the probability function:
P(X =x)=°C(0.3)* (0.7)° ~~

where x is the probability of success andx =0, 1, ..., 5.
Find:
a P(X=2) b PX<4).

Find P(X = 4) if X has a binomial distribution with the probability of success, p, and
the number of trials, n, given by:

a p=06,n=5 b p=05n=6 ¢ p=02,n=7.
A fair die is rolled six times. Find the probability of obtaining:

a at least three 6s b at least four even numbers.
A fair coin is tossed eight times. Find the probability of obtaining:

a three Heads b at least seven Heads

¢ six or more Tails d no more than two Tails.

A bag contains 4 red and 2 blue marbles. A marble is selected at random and replaced.
The experiment is repeated 6 times. Find the probability that:

a all 6 selections are red b at least 2 are red

¢ not more than 1 is red.

It is known that 40% of Queenslanders play sport regularly. Ten people are selected at
random. Find the probability that:
a at least half play sport regularly b at least nine don’t play sport regularly.

Surveys have shown that 8 out of 10 Year-12 students study every night. Six Year-12
students are selected at random. Find the probability that, on any one day:

a at least 50% of these students study every night

b fewer than 3 students study every night.

A die is weighted such that

P(X=6)= %, P(X=2)=P(X=4)= é and PX=1)=P(X=3)=P(X=5) = é
The die is rolled five times. Find the probability of obtaining:
a at least three 6s b at least two even numbers

¢ a maximum of two odd numbers.

If X is binomially distributed with n = 8 and p = 0.7, find:
a PxX=17) b P(X>7|X>)5).
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12 A survey shows that 49% of the public support the current government. Twelve
people are selected at random. Find:
a the probability that at least 8 support the government
b the probability that at least 10 support the government, given that at least 8 do.

13 multiple choice

When Graeme kicks for goal, the probability of his kicking a goal is 0.7. If he has five
kicks at goal, the probability that he will score fewer than two goals is:

3C,(0.7)! (0.3)* + (0.3)°

3C,(0.7)% (0.3)°

3C,(0.7)% (0.3)* + °C,(0.7)! (0.3)*

3C(0.7)% (0.3)* + °C,(0.7)" (0.3)* + (0.3)°

1 —=3C,(0.7)% (0.3)°

14 multiple choice

If X is a random variable, binomially distributed with » = 10 and p = 3—1, P(X>1)is:
O BT cRE b E -

15 multiple choice

A fair die is rolled six times. The probability of obtaining more than four even num-
bers is:

0.1094 0.2344 0.3438 0.6563 0.8906

16 multiple choice

Three per cent of items made by a certain machine are defective. The items are
packed and sold in boxes of 10. If 3 or more are defective, the box can be returned
and money refunded. The chance of being eligible for a refund is:

0 0.0002 0.0036 0.0028 0.9972

17 multiple choice

Long-term statistics show that Silvana wins 60% of
her tennis matches. The probability that she will
win at least 80% of her next 10 matches is:

0.0061 0.0464 0.1673
0.8327 0.9536

18 multiple choice

Nineteen out of every 20 cricketers prefer . ——
‘Boundary’ cricket gear. A squad of 12 cricketers
train together. The probability that at least 11 use
Boundary gear, given that at least 10 use it, is:

r 3

0.5404 0.6129 0.8816 0.8992 0.9804

19 A school council, comprising 15 members of the school community, requires a min-
imum two-thirds majority to pass a motion. It is known that 50% of the school com-
munity favour a new uniform. Find the probability that the school council will pass a
motion in favour of a new uniform.
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A car insurance salesman knows that he has a good chance of finding customers in the
age group from 18 to 20, as people often buy their first car at this age. Five per cent
of all people in this age group are looking to purchase a car. The salesman questions
30 people in this age group. Find the probability that he will get:

a no more than 3 sales b aleast 3 sales.

Police radar camera tests have shown that 1% of all cars drive at over 30 km/h above
the speed limit, 2% between 10 km/h and 30 km/h above the limit and 4% below
10 km/h over the limit. In one particular hour, a radar camera tests 50 cars. Find the
probability that:

a at most, one car is over 30 km/h above the limit

b at most, two cars are between 10 km/h and 30 km/h above the limit
¢ at most, two cars are below 10 km/h above the limit

d at most, three cars are above the limit.

An Australian cricketer scores 50 or more in one-third of all
his test match innings. The Australian selectors are aiming to
predict his next 10 innings. Find the probability that he will
score 50 or more on:

a no occasions

b exactly four occasions
¢ at least two occasions.

Two dice are rolled simultaneously and their difference ‘\ ! \ 2 :
is recorded. Find the probability that in 5 rolls: :

a a difference of zero occurs at least once
b a difference of 1 occurs at least twice
¢ a difference of 5 occurs at least once.

Eighty per cent of all scheduled trains through Roma

Street station arrive on time. If 10 trains go through

the station every day, find:

a the probability that at least 8 trains are on time

b the probability that at least 8 trains are on / :
time for 9 out of the next 10 days. B

An experiment involves rolling a die 6 times. / ' /

Find: / |

a the probability of obtaining at least four //'/ QH') I
prime numbers Ea 7

b the probability of obtaining at least four L/ = o =

prime numbers on 5 occasions if the experiment is

repeated 8 times.

Tennis balls are packed in cans of 6. Five per cent of all balls are made too flat (that
is, they don’t bounce high enough). The cans are then packed in boxes of two dozen.
Find the probability that:

a a can contains, at most, one flat ball
b abox contains at least 22 cans with a maximum of one flat ball.
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Binomial probability table

A binomial probability can be calculated using a table. In such a table the number of
trials (n) is given and we can then look up the probability of the number of successes.
The table of binomial probabilities below shows the probabilities for 10 trials.

p

0.01

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

0.9044

0.5987 | 0.3487 | 0.1969 | 0.1074 | 0.0563 | 0.0282 | 0.0135 | 0.0060 | 0.0025 | 0.0010

—_
[w)

0.0914

0.3151 | 0.3874 | 0.3474 | 0.2684 | 0.1877 | 0.1211 | 0.0725 | 0.0403 | 0.0207 | 0.0098

0.0042

0.0746 | 0.1937 | 0.2759 | 0.3020 | 0.2816 | 0.2335 | 0.1757 | 0.1209 | 0.0763 | 0.0439

0.0001

0.0105 | 0.0574 | 0.1298 | 0.2013 | 0.2503 | 0.2668 | 0.2522 | 0.2150 | 0.1665 | 0.1172

0.0000

0.0010 | 0.0112 | 0.0401 | 0.0881 | 0.1460 | 0.2001 | 0.2377 | 0.2508 | 0.2384 | 0.2051

0.0000

0.0001 | 0.0015 | 0.0085 | 0.0264 | 0.0584 | 0.1029 | 0.1536 | 0.2007 | 0.2340 | 0.2461

0.0000

0.0000 | 0.0001 | 0.0012 | 0.0055 | 0.0162 | 0.0368 | 0.0689 | 0.1115 | 0.1596 | 0.2051

0.0000

0.0000 | 0.0000 | 0.0001 | 0.0008 | 0.0031 | 0.0090 | 0.0212 | 0.0425 | 0.0746 | 0.1172

0.0000

0.0000 | 0.0000 | 0.0000 | 0.0001 | 0.0004 | 0.0014 | 0.0043 | 0.0106 | 0.0229 | 0.0439

Ol Q||| bh|[WwW| | —~|O|x

0.0000

0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0001 | 0.0005 | 0.0016 | 0.0042 | 0.0098

—_
(=]

0.0000

0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0001 | 0.0003 | 0.0010

“lo|l=lN|lw|lhlu|laa| 9| w©

0.99

0.95 0.9 0.85 0.8 0.75 0.7 0.65 0.6 0.55 0.5

14

Spreadsheet
221 Binomial probabilities

Suppose an event has a probability (p) of 0.25 of occurring in a single trial. What is
the probability of getting four successes (x) in 10 trials? From the table (here, we must
select the table for 10 trials), P(X = 4) = 0.1460 (see yellow screen).

For events with probabilities greater than 0.5, the value of x is read from the right-
hand column. Suppose an event has a probability of 0.8 of occurring in a single trial.
The probability of getting four successes in 10 trials is now P(X = 4) = 0.0055 (see blue
screen).

Go to www.jacplus.com.au and navigate to the spreadsheet icon Binomial prob-
abilities to see a spreadsheet that details all the binomial probabilities for up to
20 trials.

Use the spreadsheet to check your answers to exercise 9D.

Expected value, variance and standard
deviation of the binomial distribution

When we are working with the binomial probability distribution (like other distri-
butions), it is very useful to know the expected value (mean), variance and the standard
deviation.

The random variable, X, is such that X ~ Bi(8, 0.3) and has the following probability
distribution.

0 1 2 3 4 5 6 7 8

0.05765(0.197 65|0.296 48 0.254 12|0.136 14{0.046 68 0.010 00{0.001 22|0.000 07
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We saw earlier that the expected value, E(X) was defined as
E(X) = Zx P(X = x). Hence, the expected value from this table is:

E(X) = Zx P(X=x)
=0- 0.05765+1- 0.19765+2- 029648 +3 - 0.25412+4 - 0.13614 +
5. 0.04668 +6- 0.01000+7- 0.00122+ 8- 0.00007
=0+ 0.19765 4 0.59296 + 0.762 36 + 0.544 56 + 0.233 400 + 0.060 00 +
0.008 54 + 0.000 56
=24
This means that in eight trials the average number of successes will be 2.4. If this is
repeated many times we will sometimes have more than 2.4 successes, sometimes less.
The variance and standard deviation measure the range within which we can reasonably
expect the outcome to lie.
The variance is defined by the rule Var(X) = E(X?) — [E(X)]>. Hence, the variance for
the table is:

Var(X) = E(X°) - [EX))*
=0%- 0.05765+12- 0.19765+2%- 0.29648 + 3% 025412 +4%- 0.13614 +
52.0.04668 + 6> - 0.01000 + 72 - 0.00122 + 8% - 0.00007 — (2.4)
=0+0.19765+ 1.18592 + 2.28708 + 2.178 24 + 1.167 00 + 0.360 00 +
0.05978 + 0.004 48 — (2.4)
=7.44015 — (2.4)
=1.68

The standard deviation is defined by the rule SD(X) = ./Var(X) . Hence the standard
deviation for the table is:

SD(X) = J/Var(X) = J/1.68 =1.30
Since the above method for obtaining the expected value, the variance and the stan-

dard deviation is tedious and time consuming, a quicker method has been developed to
calculate these terms. It can be shown that

if X ~ Bi(n, p) then: E(X)=np
Var(X) = npgq
SD(X) = npg

To check that these agree with the previous example, we can substitute the values
into the given rules. When X ~ Bi(8, 0.3), we obtain the following.
The expected value: EX)=mnp
=8- 03
=24
The variance: Var(X) = npq
=8-03- 0.7
=1.68

The standard deviation: SD(X) = Jnpq

= ./1.68
=1.30
As can be seen, these values correspond to those obtained earlier. A great deal of
time is saved using these rules and the margin for making mistakes is greatly reduced.
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Hence, if X is a random variable and X ~ Bi(n, p) then:

E(X) =np

Var(X) = npq

SD(X) = /npq

Note: The distribution must be binomial for these rules to apply.

— Example 2'

Determine the:
a expected value

THINK

a
List the values for n and p.
Substitute the values into the rule.
Evaluate.

AW N =

Werite the rule for the variance.

Substitute the values into the rule.
Evaluate.

o g DdWN -

Substitute the value obtained for the
variance and take the square root.
7 Evaluate.

Write the rule for the expected value.

Write down the values for #, p and q.

Write the rule for the standard deviation.

The random variable X follows a binomial distribution such that X ~ Bi(40, 0.25).

b variance and standard deviation.

WRITE
a E(X)=np
n=40,p=0.25
E(X)=40- 0.25
=10

b Var(X) = npq
n=10,p=0254=075
Var(X) =40 - 0.25- 0.75

=75
SD(X) = /npq
=75

=274

— Example 22

A fair die is rolled 90 times. Find:

THINK

a (1 Write the rule for the expected value.

2 Write down the values for » and p.

3 Substitute the values into the rule.

4 Evaluate.

b 4 Write the rule for the variance.

2. Write down the values for n, p and g.

3 Substitute the values into the rule.

4 Evaluate.

a the expected number of even numbers
¢ the standard deviation of even numbers.

b the variance of even numbers

WRITE
a E(X)=np
n=90,p=

E(X)=90 -
=45

b Var(X) = npq
n=90,p=3.,q=

1
2

N I—

Nf— NI

Var(X) =90 - % :
=225




Chapter 9 Probability distributions

THINK

) Write the rule for the standard deviation.

()] Substitute the value obtained for the
variance.

3 Evaluate and round off the answer to two
decimal places.

WRITE

¢ SDX) = Jnpq
=225
=4.74

— WORKED Exampie 23

A binomial random variable has an expected value of 14.4 and a variance of 8.64. Find:

a the probability of success, p
THINK

aq Write down what is known and what is
required.

2 Substitute the value of np into the variance
equation.

3 Transpose the equation to make g the subject.

@ Evaluate.
5 Solve for p using the relationship g =1 — p.

b § Write down what is known and what is
required.
2 Substitute the values into the equation.
3 Transpose the equation to make » the subject.

b the number of trials, .

WRITE

a EX)=144
Var(X) = 8.64
p="?
npq = 8.64
14.4g = 8.64
_8.64
1= 1434
qg=0.6
g=1-p
06=1-p
p=04

so np=144
so npg = 8.64

b np=144 wherep=0.4
n="7

n- 04=144

14.4
n = ——

04
=36

361
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e Expected value, variance and

EXERCISE ] OFN standard deviation of the
- binomial distribution

In questions 1, 2 and 3, assume we have a binomial distribution with
number of trials, #» and probability of success, p, as given.
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WORKED 1 Determine the mean if:

¢ n=100and p=0.5 d nzsoandpzi

\EA)I(C;I'!nKll’EII; 2 Determine the variance if: 291 Bmomij';[ﬁ;;’;‘.};:;
m’ a n=20andp =06 b n=15andp=09
¢ n=25andp=04 d n=20andp=%
3 Determine the standard deviation if:
a n=10and p=0.2 b n=30andp=0.5
¢ n=50and p=0.7 d n=72andp=%

\é\)l(%xlﬁlg 4 A fair coin is tossed 10 times. Find:
ﬂ a the expected number of Heads
b the variance for the number of Heads
¢ the standard deviation for the number of Heads.

5 A card is selected at random from a standard playing pack of 52 and then replaced.
This procedure is completed 20 times. Find:
a the expected number of picture cards
b the variance for the number of picture cards
¢ the standard deviation for the number of picture cards.

6 Six out of every 10 cars manufactured
are white. Twenty cars are randomly
selected. Find:

a the expected number of white cars

b the variance for the number of white
cars

¢ the standard deviation for the number
of white cars.

7 A fair die is rolled 10 times. Find:
a the expected number of 2s rolled
b the probability of obtaining more than the expected number of 2s.

8 Eighty per cent of rabbits that contract a certain disease will die. If a group of
120 rabbits contract the disease, how many would you expect to:
a die? b live?

gglltnKEllg 9 A binomial random variable has a mean of 10 and a variance of 5. Find:
ﬁ a the probability of success, p b the number of trials, n.

10 A binomial random variable has a mean of 12 and a variance of 3. Find:
a the probability of success, p b the number of trials, 7.
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11 Xis a binomial random variable with a mean of 9 and a variance of 6. Find:

a the probability of success, p b the number of trials, n
¢ P(X=10).
12 If X is a binomial random variable with E(X) = 3 and Var(X) = 2.4, find:
a the probability of success, p b the number of trials, n
¢ P(X=10) d PX<2).

13 multiple choice

The expected number of Heads in 20 tosses of a fair coin is:
A % B 5 c 10 D 15 E 20

14 multiple choice

Jenny is a snooker player who knows from experience that 7 out of every 10 shots she
plays will result in a ball being potted. If she has 40 shots, the number of balls she
expects to pot is:

A7 B 14 Cc 21 D 25 E 28

15 _ choice

The variance of the number of balls that Jenny pots from her 40 shots in question 14 is:
A 2.898 B 73 C 84 D 222 E 28

16 multiple choice

Eighty per cent of children are immunised against a certain disease. A sample of
200 children is taken. The mean and variance of the number of immunised children is:
A 80 and 5.66 respectively B 80 and 32 respectively

C 100 and 50 respectively D 160 and 5.66 respectively

E 160 and 32 respectively

17 _ choice

A binomial random variable has a mean of 10 and a variance of 6. The values of » and
p respectively are:

A5and§ BSandg C20and§ Dzsand§ E25and§

18 _ choice

A binomial random variable process has a probability of success, p. If 5 trials are con-
ducted, the probability of three successes is:
A pg B pq C 10p%¢’ D 10p°(1-py* E p’

19 A binomial experiment is completed 20 times, with the expected number of successes
being 16. Find:
a the probability of success, p
b the variance
¢ the standard deviation.
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20

21

22

23

24

25

26

27

A multiple-choice test has 20 questions with five different choices of answer for each
question. If the answers to each question are guessed, find:

a the probability of getting 50% of the questions correct
b the probability of getting at least three correct.

Four per cent of pens made at a certain factory do not work. If pens are sold in boxes
of 25, find the probability that a box contains more than the expected number of faulty
pens.

A biased coin is tossed 10 times. Let X be the random variable representing the
number of tails obtained. If X has an expectation of 3, find:

a the probability of obtaining exactly two tails
b the probability of obtaining no more than two tails.

Eighty per cent of Brisbane households have video recorders. A random sample of
500 households is taken. How many would you expect to have videos?

The executive committee of a certain company contains 15 members. Find the prob-
ability that more females than males will hold positions if:

a males and females are equally likely to fill any position
b females have a 55% chance of holding any position
¢ females have a 45% chance of holding any position.

A statistician estimates the probability that a spectator at a Brisbane Lions versus
Collingwood AFL match barracks for Brisbane is .. At an AFL grand final between
these two teams there are 100 000 spectators. Find:

a the expected number of Brisbane supporters
b the variance of the number of Brisbane supporters
¢ the standard deviation of the number of Brisbane supporters.

Thirty children are given five different yoghurts to try. The yoghurts are marked A to
E, and each child has to select his or her preferred yoghurt. Each child is equally
likely to select any brand. The company running the tests manufactures yoghurt B.

a How many children would the company expect to pick yoghurt B?

b The tests showed that half of the children selected yoghurt B as their favourite.
What does this tell the company manufacturing this product?

The proportion of defective fuses made by a certain company is 0.02. A sample of
30 fuses is taken for quality control inspection.

a Find the probability that there are no defective fuses in the sample.

b Find the probability that there is only one defective fuse in the sample.
¢ How many defective fuses would you expect in the sample?
d

The hardware chain that sells the fuses will accept the latest batch for sale only if,
upon inspection, there is at most one defective fuse in the sample of 30. What is
the probability that they accept the batch?

e Ten quality control inspections are conducted monthly for the hardware chain.
Find the probability that all of these inspections will result in acceptable batches.
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Gary’s test — some answers

At the beginning of the chapter we looked at Gary who was sitting for an aptitude
test for the armed forces. Gary had to correctly answer at least 16 out of

20 multiple-choice questions to be accepted. Gary was certain that he had
answered 13 questions correctly but was unsure of the other 7, so he had to guess
each answer.

1 Let X=number of correct answers guessed. Copy and complete the table below.

P(X = 0)
P(X=1)
P(X=2)
P(X =3)
P(X = 4)
P(X = 5)
P(X = 6)
P(X=7)

2 Find the probability that Gary is accepted into the armed forces (that is,
P(X > 4).

3 Suppose that in each case, Gary was able to eliminate one possible answer from
each question to which he did not know the answer. Find the probability that
Gary is now accepted into the armed forces.

4 Suppose that Gary had been able to eliminate two incorrect answers from each
of the questions about which he was unsure. What would his chance of being
accepted be equal to then?

The binomial theorem

Winning at racquetball!

Denis and Glenn play racquetball each week. In any one game, Denis beats Glenn
in the ratio of 5:2. The outcome of any one game between the two is independent
of the outcome of previous games played.

1 a If Denis and Glenn play 8 games, what type of distribution has been described?
b What is the probability, to 4 decimal places, that Denis wins 5 of the 8 games?
¢ What is the probability, to 4 decimal places, that Denis wins at most 6 of the

8 games?
d What is the probability, to 4 decimal places, that Glenn wins at least 6 of the
8 games?

2 a Assuming the above conditions remain the same, what is the probability, to
4 decimal places, that Denis beats Glenn in the second, fourth, fifth, seventh
and eighth games?

b Compare the value obtained in part 1b with that of 2a. Explain the result.
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BYrmmary

Discrete random variables

* A random variable is one whose value is determined by the outcome of an
experiment.

+ Discrete random variables generally deal with number or size and are able to be
counted.

» Two important characteristics satisfy all discrete probability distributions:
1. Each probability lies in a restricted interval 0 < P(X'=x) < 1.
2. The probabilities of a particular experiment sum to 1; that is,

2 PX=x)=1
If these two characteristics are not satisfied, then there is no discrete probability

distribution.

Expected value of discrete random distributions
» The expected value of a discrete random variable, X, is denoted by E(X). It is
defined by the rule:

E(X) = z x P(X =x)

» The expected value of a linear function can be calculated using the expectation

theorems:
E(aX) = aE(X)
E(aX + b) =aEWX) + b
E(b)=b

E(X+7Y) = EXX) + E(Y)

The binomial distribution

* The binomial distribution is an example of a specific type of discrete probability
distribution. It has the distinct characteristics:

1. A fixed number of » identical trials are conducted.

2. Each trial is independent.

3. There are only two possible outcomes for each trial: a success, p, and a failure,
q.

o If X represents a random variable which has a binomial distribution then it can be
expressed as X ~ Bi(n, p) or X ~ B(n, p). This means that X follows a binomial
distribution with parameters » (the number of trials) and p (the probability of
success).

e If X is a binomial random variable its probability is defined as:

PX=x)="C,p*q" *wherex=0,1,2,...,n

The effects of n and p on binomial distribution graphs
* The parameters n and p affect the binomial probability distribution curve as
follows.
1. If p <0.5, the graph is positively skewed, or skewed to the right.
2. If p=0.5, the graph is symmetrical or is a normal distribution curve.
3. If p > 0.5, the graph is negatively skewed, or skewed to the left.
4. When 7 is large and p = 0.5, the interval between the vertical columns decreases
and the graph approximates a smooth hump or bell shape.
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Problems involving the binomial distribution for multiple probabilities
* When solving problems dealing with the binomial distribution for multiple
probabilities always:
1. Write down what is required.
2. Write down the rule for the binomial probability distribution.
3. Substitute the values into the given rule and evaluate.

Expected value, variance and standard deviation of the binomial
distribution
 If X is a random variable and X ~ Bi(n, p) then:

EX) =np
Var(X) = npq
SD(X) = /npq

This applies only for a binomial distribution.
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32
1 The probability distribution of X is given by the formula, P(X = x) = 30 ,wherex=1, 2, 3, 4.
a  Write the probability distribution of X as a table.
b Find the expected value of X.

2 A player rolls a fair die. If the player gets a 1 on the first roll, she rolls again and her score
is the sum of the two results; otherwise, her score is the result of the first roll. The die
cannot be thrown more than twice. Find:

a the probability distribution
b the expected score
¢ P(X< ).

3 A game is played where two dice are rolled and the sum of the two numbers showing
uppermost is recorded. If players get a sum of 7, they win $10. If they get a sum of 2 or 12,
they win $5. For any other sum, they must pay $2.50. Is it a fair game?

4 A card game involves the selection of one card from a standard pack. If an ace is selected
the player wins $5, while a picture card results in a $2 win. In order for the game to be fair,
how much should a player pay if any other card is selected?

5 A game of ‘three-up’ is played where three coins are tossed simultaneously. A player must pay
$2 to play the game. If three Heads come up, the player collects $6. If two Heads come up, the
player collects $3. Is it a fair game?

6 A door-to-door vacuum cleaner salesman has recorded his day-by-day sales figures over a
long period of time. He knows that his probabilities of selling X vacuum cleaners on any one
day follow the probability distribution shown in the table.

0 1 2 3 4 5 >5

0.125 0.25 0.315 0.2 0.1 0.01 0

Find the probability that he sells more than three vacuum cleaners on any one day.

Find the number of vacuum cleaners he can expect to sell each day.

¢ If the salesman receives a commission of $20 per vacuum cleaner sold, and a bonus of
$100 if he sells five or more vacuum cleaners on one day, find his expected daily
earnings from commissions and bonuses.

d Given that the salesman will sell at least two vacuum cleaners tomorrow, find the

probability that he will get his $100 bonus.

7 At Fast Eddy’s Drive-In Theatre
the cost is $10 per car, plus $3 per
occupant. The variable X represents
the number of people in any car
and is known to follow the probability distribution above right.

Find:
a the expected cost per car
b Fast Eddy’s expected profit if 100 cars enter, and costs for wages, electricity, etc. are $500.

a
b

2 3 4 5
0.4 0.2 0.3 0.1
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8 P(X:x):"—(%g—l—) for0<x<n

a Find the value of .
b Write the probability distribution for X as a table.
¢ Find the expected value of X.

9 A fair coin is tossed 7 times. Find:
a the probability of obtaining 3 heads
b the probability of obtaining 7 heads.

10 A cricketer knows that for every 20 balls faced, she hits a 4. If she faces two overs
(12 balls), find the probability that she hits:
a two 4s
b half the balls for 4
¢ every ball for 4.

11 A fair die is rolled five times. Find the probability of obtaining:
a  more than two 5s
b at least two even numbers
¢ amaximum of four results greater than 3.

12 Forty per cent of all Australians have poor diets. A random survey of 20 Australians is taken.
Find the probability that:
a fewer than 5 have poor diets
b at least 15 have poor diets.

13 Superway supermarkets claim that 8 out of every 10 customers will be served within
5 minutes of lining up at the checkout. Ten random Superway customers have their serving
times recorded. Find the probability that:
a at least five are served within 5 minutes
b at least eight are served within 5 minutes.

14 Find:
i the mean

il the variance

ili the standard deviation
for the binomial random variables with » and p given by:
a n=100and p=0.5
b n=50andp=0.7
¢ n=80andp=0.2.

15 A binomial random variable has a mean of 10 and variance of 8. Find:
a the probability of success, p
b the number of trials, 7.

Modelling and problem solving

1 Maria works at a car wash from 4.00 pm to 5.00 pm each afternoon after school. For this, she
is paid $15 an hour. She knows that, on average, drivers give her a tip of 50¢ per car. The
number of cars through the car wash at this time each afternoon follows the probability
distribution below.

0 1 2 3 4 5

0.1 0.15 0.2 0.3 0.2 0.05




370

Find:
the amount of money Maria can expect to earn in tips each afternoon
the total amount of money Maria can expect to earn each afternoon
the total amount of money Maria can expect to earn each week.
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One in every 100 new cars is returned with faulty steering. A survey is taken of 300 buyers.
Find the probability that:

none have cars with faulty steering

one has a car with faulty steering.

Three out of five people read the Bugle newspaper, while one out of five reads the Headline.
Forty people are surveyed at random. Find the probability that 25% of these people read:
the Bugle
the Headline.

One-fifth of Australia’s population are of British background. Fifty Australians are randomly
selected and questioned about their ancestry. Find the probability that:

at least four come from a British background

more than 30% of those surveyed come from a British background.

A bag contains two dozen lollies of which 8 are red, 6 are green and the remainder are yellow.
A lolly is selected, has its colour recorded and is then replaced. If 10 lollies are chosen in this
manner, find:

the expected number of 1 red lollies green lollies yellow lollies

the variance of the number of red lollies

the standard deviation of the number of red lollies.

Amina plays roulette, a game where a wheel containing 37 slots numbered 0-36 is spun and
the winning number is the one in which a ball lodges when the wheel stops spinning.
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Amina plays three different games:
First she bets $20 on her favourite number
coming up at casino-nominated odds of 35 : 1
against.
How much would Amina collect if her
number came up?
Find her expected win or loss for the game.
Is this game fair?
In the second game Amina bets $20 on an
even number coming up at casino-nominated
odds of 1 : 1 (even money chance). ‘
How much would Amina collect if an even
number came up? \
Find her expected win or loss for the game. |
Is this game fair?
In game number three, Amina bets $20 on a
line of 12; that is, if numbers 1-12 come up,
she wins. The casino-nominated odds for this
game are 2 : 1 against.
How much would Amina collect if one of
her numbers came up?
Find her expected win or loss for the game. Is this game fair?
What is the house percentage for these games?

Speedy Saverio’s Pizza House claims to cook and
deliver 90% of pizzas within 15 minutes of the
order being placed. If your pizza is not delivered
within this time, it is free. On one busy Saturday
night, Saverio has to make 150 deliveries.
How many deliveries are expected to be made
within 15 minutes of placing the order?
What is the probability of receiving a free
pizza on this night?
If Saverio loses an average of $4 for every
late delivery, how much would he expect to
lose on late deliveries this night?

Ten per cent of all Olympic athletes are tested for drugs at the conclusion of their event. One
per cent of all athletes use performance-enhancing drugs. Of the 1000 Olympic wrestlers
competing from all over the world, Australia sends 10. Find:

the expected number of Australian wrestlers who are tested for drugs

the probability that half the Australian wrestlers are tested for drugs

the probability that at least two Australian wrestlers are tested for drugs

the expected number of drug users among all wrestlers.

Five per cent of watches made at a certain factory are defective. Watches are sold to retailers
in boxes of 20. Find:
the expected number of defective watches in each box
the probability that a box contains more than the expected number of defective watches
per box

eBook o5

.- . . Test Yourself
the probability of a ‘bad batch’, if a ‘bad batch’ entails more than a quarter of the box Chapter 9

being defective.
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m Discrete random variables

Digital docs

* Spreadsheet 048: Investigate probability
distributions (page 323)

e WorkSHEET 9.1: Identify discrete random
variables, show that a set of probabilities is a
probability distribution and calculate expected
values (page 327)

Expected value of discrete random
distributions

Digital doc

e SKillISHEET 9.1: Practise the expected value of a
function of a random variable (page 336)

The binomial distribution

Digital docs

e Spreadsheet 221: Investigate binomial probabilities
(page 345)

e SKIlISHEET 9.2: Practise solving indicial equations
(page 349)

Tutorial

. Int-0576: Watch a tutorial on identifying the
number of trials in a probability experiment
(page 339)

Problems involving the binomial distribution
for multiple probabilities

Digital docs

o SKillSHEET 9.3: Practise multiple probabilities
(page 355)

» Spreadsheet 221: Investigate binomial probabilities
(page 358)

Interactivity

e The binomial distribution int-0256: Consolidate your
understanding of the binomial distribution
(page 355)

Expected value, variance and standard
deviation of the binomial distribution

Digital docs

» Spreadsheet 221: Investigate binomial probabilities
(page 362)

* WorkSHEET 9.2: Calculate probabilities for
binomial distributions (page 364)

Chapter review

Digital doc

* Test Yourself: Take the end-of-chapter test to test
your progress (page 371).

To access eBookPLUS activities, log on to
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The Randhill vaccine —

does it work?
The team at Randhill Medical Research
Centre believe that they have discovered a
new vaccine against a strain of the flu
virus. It is known that the probability of
catching the flu when exposed to the virus
is 0.4. A sample of 20 patients trial the
new vaccine and it is found that when
these patients are exposed to the virus
only two of them develop flu symptoms.
Is this result significant enough to
determine whether the new flu vaccine is
effective or can this good result be written
off as being by chance? In this chapter we
shall study probability further, so that we
are able to assess whether this result is
significant or whether it is probable that
the result is obtained by chance.

The normal distribution

In the previous chapter we worked with discrete random variables and the probability
distributions associated with them. We shall now focus on continuous random variables
and the most important distribution associated with them — the normal distribution.

Continuous random variables

A discrete variable can only take certain values, usually whole numbers within a given range.
Continuous random variables represent quantities which can be measured and thus

may assume any value in a given range. They include such variables as time, height and

weight.
The weights of 50 Year-12 students are displayed in the table below, alongside a
histogram. S
204
18 ~
S 16 -
40—< 50 2 Z 144
< 121
50-<60 10 2 10
60—< 70 19 S
o
70—< 80 15 E 01
Z 44
80—<90 3 )
90-<100 1 01y
40 50 60 70 80 90 100 *
Total = 50 Weight (kg)
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The frequency of individual weights cannot be determined due to the fact that the
weights have been grouped into class intervals. This limits the information we are able
to extract from the histogram. For example, to determine the number of students
weighing less than 60 kg we simply add the frequencies of the 40—< 50 and 50—< 60
class intervals; that is, 10 + 2 = 12 students. However, we would not be able to deter-
mine the weight of students below 75 kg as this value lies within a class interval rather
than being an end point.

Since the value that a continuous random variable can assume is measured in some
way, the exact value cannot be obtained. Hence a weight of 60 kg, if we measure in
whole numbers, is actually between 59.5 and 60.5 kg. Therefore, the probability of a
continuous random variable assuming an exact value is zero. In order to determine the
probability of continuous random variables, a new method must be employed.

If we were to increase the size of the sample of students’ weights and make the class
intervals very small, then the histogram would become a smooth frequency curve as
shown at right.

A special scaled version of a smooth frequency curve is f
the probability density function or pdf. The scale is such
that the probability of the random variable lying between :
certain values is given by the area between the pdf and the :
horizontal axis. Hence, sections such as the shaded region E
between x = a and x = b, as shown on the lower graph, may 0] u x
be regarded as probabilities.

The curve is positioned above the x-axis since it )
represents a probability distribution in which individual
probabilities assume a value between 0 and 1.

Hence, the probability of X, a continuous variable,
falling between x = a and x = b is represented by the shaded
area between a probability density function y = f(x), the
x-axis and the lines x = a and x = b. The area is determined
by integrating f(x) from x=a to x = b. Using mathematical notation, this may be
summarised as

0 uab x

Pla<x<b)= J.zf(x)dx.

Properties of a probability density function
1. f(x) 20 for all x, (that is, we never have negative probabilities) and

2. J‘: f(x)dx = 1 (that is, the sum of all probabilities is equal to one).

The normal distribution
The normal distribution is an important tool for dealing with the probability distri-
bution of a continuous random variable. The frequency curve of the normal distribution
is characterised by the symmetrical bell shape called the normal distribution curve or
normal curve. The normal curve realistically models many observed frequency distri-
butions such as heights and weights of infants, examination results, the intelligence
quotient of children in a particular age group, the lengths of battery lives, the diameters
of steel cans, etc.

If X is a continuous random variable which follows a normal distribution with a
mean of e and a variance of 62, it is written as X ~ N(e, 62).
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Properties of the normal distribution

1. The normal probability distribution is characterised by a
bell-shaped curve which is symmetrical about the mean.

2. The equation of the normal curve is given by the
probability distribution function (pdf)

1 _l(’f__i‘)z 0] u X
f(x) = ——e N Mean
O'/\/ZZ' Mode
Median

where x € R.

3. From the graph, a maximum value of is obtained when x = o.

o2n
4. For a normal distribution:
(a) the mean, mode and median are the same
(b) many of the frequencies are situated near the mean
(c) the graph extends indefinitely to the right and left of the mean, but never touches
or goes below the x-axis
(d) the area between the normal curve and the x-axis is equal to 1 unit square, that is,

Joo 1 e*%(x}x)z _
oo CF,\/Z'L'
(e) Pla<x<b)= ﬁ’f(x)dx.

The standard normal distribution

As seen earlier, the position and shape of the normal curve depend on the parameters o
and o respectively. Thus, the area below the normal curve and hence the probability for
a given interval would vary for each different value of « and o. Integrating the equation
for the normal distribution each time a value is required can become tedious. This
problem can be quickly rectified by introducing a standard normal distribution where
<=0 and o= 1. The standard normal variable is denoted by the letter z in order to dis-
tinguish it from the normal variable, x.

I(x—o\?
The equation of the normal distribution curve f(x) = L e ( o ) when con-
oN2m

verted to the standard normal curve becomes

12
—=z

g(z) = —=¢

oY

where z = X=% and g(2) = 0 f(x).
o

The standard normal distribution is written as Z ~ N(0, 1?).
To convert a normal distribution into a standard normal distribution, the mean, o, is
subtracted from the observed value, x, and the result is divided by the standard devi-

ation, o ( = E) Once the z-value is obtained, the corresponding probability may
o

be found using the cumulative normal distribution (CND) table on page 392. This table
represents the probability of observing a result (or area) from —eo to a particular posi-
tive value of the variable z; that is, P(Z < z).
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Using the cumulative normal distribution (CND) table on page 392, find the value of the
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If this were to be represented graphically it would correspond to the shaded region as

illustrated below.

oF------J->
~N

Z

Note: A graphics calculator may also be used to determine these values.

following.

a P(Z<2) b P(Z<0.74)

THINK

a (1 Draw a diagram and shade the region

required.

Using the CND table, go down to the
row containing 2.0 and move across to
the column headed 0.

Write down the required value.

Draw a diagram and shade the region
required.

Using the CND table, go down to the
row containing 0.7 and move across to
the column headed 4.

Write down the required value.

Draw a diagram and shade the region
required.

Using the CND table, go down to the
row containing 1.3 and move across to
the column headed 2. Write down the
corresponding value.

Move across again to the mean
difference column headed 7. Add the
value from this final column into the
last two digits of the previous answer.
Note: The value of 11 really represents
0.0011.

Write down the required value.

¢ P(Z<1.327)

d P(Z <0.5369).
WRITE

b

P(Z < 2)=0.9772

;

0 0.74 z
P(Z < 0.74) = 0.7703

>

0 1.327 Z
P(Z < 1.327) =0.9066 + 0.0011
=0.9077

P(Z<1.327)=0.9077

Continued over page @
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THINK WRITE

d 4 Round off the z-value to 3 decimal places d P(Z<0.5369) = P(Z<0.537)
since this is the limit of the CND table.
2 Draw a diagram and shade the region
required.
3 Using the CND table, go down to the row
containing 0.5 and move across to the
column headed 3. Write down the

corresponding value. 00537 z
4 Move across again to the mean difference P(Z <0.537) =0.7019 + 0.0024
column headed 7. Add the value from this =0.7043

final column onto the last two digits of the
previous answer.
Note: The value of 24 really represents 0.0024.
5 Write down the required value. P(Z<0.537)=0.7043

~ Calculating probabilities for standard
s, Urapilics (o tip! normal distributions

Alternatively, for part d of Worked example 1, the normal cumulative distribution func-
tion of a graphics calculator may be used as follows.
For the Casio fx-9860G AU

1. To calculate P(Z < 0.5369), press:

*+ 2 (STAT)

- (F5) (DIST)
- (FD (NORM)
« (F2) (Ncd).

Enter the values in the fields as shown.

2. Ensure cursor is on Execute and then

press @ (CALC).
P(Z<0.5369) = 0.7043

For the TI-Nspire CAS

To calculate P(Z < 0.5369), on a Calculator Mgt R &0

page, complete the entry line as: normCar(-,0,5369,0,1) 0708332 1

normCdf(—e<,0.5369,0,1) '

then press ENTER Gas.

Note: o can be found in the symbol palette .

P(Z <0.5369) = 0.7043 :
179

It is important to note that P(Z < z) = P(Z < z7) since P(Z = z) = 0 for all values of z.
This is because we cannot measure, exactly, a continuous random variable.
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As mentioned previously, the CND table represents the probability of observing a
result (or area) from —eo to a particular positive value of the variable z; that is, P(Z < z).
However, it does not directly allow us to observe a result from a particular positive
value of the variable z to +eo; that is, P(Z > z). This problem can easily be solved by
drawing a diagram of the situation as shown below and using the fact that the area

between the graph and the horizontal axis is one.

0 z z

From the graph it can be seen that P(Z>7) + P(Z<z7) =1.
Transposing the equation we obtain P(Z > z) =1 - P(Z < ).

— Example 2

a (1 Draw a diagram and shade the region
required.

2. Write down the rule for obtaining P(Z > z).
Use the CND table to obtain the value required.
4 Evaluate.

w

b 4 Draw a diagram and shade the region
required.

2. Round off the z-value to 3 decimal places
since this is the limit of the CND table. Write
down the rule for obtaining P(Z > z).
3 Use the CND table to obtain the value required.
4 Evaluate.

Using the cumulative normal distribution (CND) table on page 392, find the value of the

following.
a P(Z>32) b P(Z>2.3741)
THINK WRITE

0 3.2 Z
P(Z>32) =1-P(Z<32)

=1-0.9993

=0.0007

0 2374 <

P(Z > 2.3741) = P(Z 2 2.374)
=1-P(Z<2.374)
=1-(0.9911+0.0001)
=1-10.9912
=0.0088

Again, P(Z > 7) = P(Z = 7) since P(Z = 7) = 0 for all values of z.
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Note:

-z
- Example 3

Using the cumulative normal distribution (CND) table on page 392, find the value of the
following.
a P(Z<-1.23)

So far we have observed
probabilities relating to the
positive values of z; that is,
values of z greater than the
mean. Now we will investigate

Maths Quest Maths B Year 12 for Queensland

probabilities associated with
negative values of z; that is,
values of z less than the mean.

AN\

4

From the figure above, and using the fact that the curve is symmetrical, it can be seen that:

P(Z<—2)=P(Z>z)

=1-P(Z<z) (from previous calculations)
while the figure below clearly shows that P(Z > —z) = P(Z < z).

A A

THINK

Draw a diagram and shade the region
required.

Write down the rule for obtaining
P(Z < —z).

Use the CND table to obtain the value
required.

Evaluate.

Draw a diagram and shade the region
required.

Write down the rule.

Use the CND table to obtain the value
required.

Evaluate.

The inequality signs > and > can be interchanged as they give the same probability.

b P(Z>-0.728)

WRITE
a
-1.23 0 z
P(Z<-1.23) =P(Z > 1.23)
=1-P(Z<123)
=1-0.8907
=0.1093
b
-0.728 0 Z

P(Z = -0.728) = P(Z < 0.728)
= 0.7642 + 0.0024

= 0.7666
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It is also important to be able to determine the probability of z falling between two
values, say a and b. As with all of these types of problems, a diagram is essential as it
allows us to see the situation clearly and hence solve the problem.
Consider the equation Pla<Z<b)=P(z<b)-Piz<a)

The figure below clearly demonstrates this situation.

Chapter 10 The normal distribution

Y Y, Y

a 0b X a 0 X a 0 X
),
Common region
é is cancelled out
a 0 X
),
a 00b X

— Example 4

Using the cumulative normal distribution (CND) table, find the value of the following.
a P(1.5<7Z2<232) b P(-2.02<Z7<1.59) ¢ P(-0.235 < Z < -0.108)

THINK WRITE

a (1 Draw a diagram and shade the a
region required.

015 232 <
2. Write down the rule required. P(1.5<Z7Z<232) =P(Z<232)-P(Z< 1.5)
3 Use the CND table to obtain the =0.9898 — 0.9332
value required and evaluate. =0.0566
b 4 Draw a diagram and shade the b
region required.
-2.02 0 159 z

Continued over page @
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THINK WRITE
2. Write down the rule for obtaining P(-2.02<7<1.59)
Pla<Z<b). =P(Z<1.59)-P(Z<-2.02)
3 Using the symmetry of the graph, =P(Z<1.59)-P(Z>2.02)
obtain P(z < -2.02). =P(Z<159)-[1-P(Z<2.02)]
4 Use the CND table to obtain the =0.9941 - [1 - 0.9783]
value required and evaluate. =0.9941 - 0.0217
=0.9724
¢ (1 Draw a diagram and shade the C

region required.

-0.2357 0>0.108 z

2 Write down the rule. P(—0.235 <7 <-0.108)
. =P(Z <—0.108) — P(Z < —0.235)
3 Using the symmetry of the graph, — P(Z> 0.108) — P(Z > 0.235)

obtain P(z < —~0.108) and —[1-P(Z<0.108)] - [1 - P(Z < 0.235)]

P(Z <-0.235). =[1-(0.5398 + 0.0032)] —
4 Use the CND table to obtain the [1—-(0.5910 + 0.0019)]
value required and evaluate. =[1-0.5430] — [1 — 0.5929]
=0.4570 — 0.4071
=0.0499

e \ . Calculating probabilities for standard
) el Gl s tip" normal disgtrI')ibutions

Alternatively, for part ¢ of Worked example 4, the normal cumulative distribution func-
tion of a graphics calculator may be used as follows.

For the Casio fx-9860G AU
1. To calculate P(—0.235 < Z < —-0.108), press:
- (MEND)
* 2 (STAT)
- (F5) (DIST)
» (FD (NORM)
+ (F2) (Ncd).

Enter the values in the fields as shown.
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2. Ensure cursor is on Execute and then

press @ (CALQ).
P(—0.235 < Z <-0.108) = 0.0499

For the TI-Nspire CAS

To calculate P(-0.235 <Z<-0.108), on a R SUnsaved = &a
Calculator page, complete the entry line as: ‘[‘°"“°"’('°'235"°"°E‘°"’ iy
normCdf(—0.235,-0.108,0,1)

then press ENTER Gaw.
P(—0.235 < Z<-0.108) = 0.0499

— Example 5

If X is normally distributed with =50 and o =8, find:
a P(X>55)

b P28 <X<65)

¢ P(X<40|X<70).

THINK WRITE

a (1 Draw a diagram and shade the a
region required.

2 Convert the given variable to the z=
standard normal variable using the

rule z = X=X )
o

3 Evaluate.

4 Draw a diagram and shade the
region now required.

0 0.625 <

Continued over page @
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THINK

5 Write down the rule for obtaining
P(Z > 0.625).

6 Use the CND table to obtain the
values required and evaluate.

b 4 Draw a diagram and shade the
region required.

2 Convert the given variables to the
standard normal variable using the

X — o<
rule z = ——.
o

3 Evaluate.

4 Draw a diagram and shade the
region now required.

5 Write down the rule for obtaining
P(-2.75 < Z < 1.875).

6 Using the symmetry of the graph,
obtain P(Z < -2.75).

7 Use the CND table to obtain the
values required and evaluate.

¢ (1 Convert the given variables to the
standard normal variable using the
X — o

rule z = ——.
o}

WRITE

P(X > 55) = P(Z > 0.625)

=1 - P(Z<0.625)

=1-(0.7324 + 0.0016)

=1-10.7340
=0.2660
b
28 50 65 X
z; = =2 z, =12
! o 2 o
_ 28-50 _ 6550
8 8
_ 22 -
8 8

-2.75

Il
—_
o)
2
W

—2.75 0 1.875 <
P28 £ X <65)

c z,

=P(-2.75 < Z < 1.875)

=P(Z< 1.875) - P(Z < -2.75)
=P(Z < 1.875) - P(Z > 2.75)
=P(Z< 1.875) - [1 - P(Z < 2.75)]
=10.9693 + 0.0004] — [1 — 0.9970]
=0.9797 — 0.0030

=0.9667

X — o - zx—oc
o 2 o

40 — 50 _ 70-50
8 8
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THINK WRITE
2 Evaluate. = 7%0 _ 20
=-125 =25
3. Write down the rule for conditional P(X'<40|X<70)
probability. _ P(X<40n X<70)
Note: P(X <40 N X< 70)=P(X<40). This P(X < 70)
is given by the overlapping region in the P(X < 40)
diagram below. = m
El P(x<40)
[l P(x<70) _ P(Z<-125)
[ Region required !é P(Z<2.5)
! |
405070 X
4 Using the symmetry of the graph, = %2
obtain P(Z < —1.25). (2<25)
_1-P(Z£<125)
P(Z<2)5)
5 Use the CND table to obtain the values = 1-0.8944
required. 0.9938
6 Evaluate and round off the answer to _ 0.1056
. 0.9938
4 decimal places.
=0.1063

Graphics Calculator tip.' gzltf*:jtlﬁ::gi sprobab|l|t|es for normal

Alternatively, for part b of Worked example 5, the normal cumulative distribution func-
tion of a graphics calculator may be used as follows.

For the Casio fx-9860G AU

1. To calculate P(28 < X < 65) with = 50
and ¢ = §, press:
* 2 (STAT)
- (F5) (DIST)
- (F) (NORM)
* (F2) (Ned).

Enter the values in the fields as shown.
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2. Ensure cursor is on Execute and then

press @ (CALCQ).
P28 £ X <65)=0.9667

For the TI-Nspire CAS

To calculate P(28 < X < 65) with u =50 Nt “Unsaved w felx]

and © = 8§, on a Calculator page, nommCar(28,65,50,) 0 966624

complete the entry line as:

normCdf(28,65,50,8)

then press ENTER .

P(28 £ X <65)=0.9667 |
1799

— Example 6

The lengths of matches made at a certain factory are
normally distributed with mean 4.1 cm and standard
deviation 0.05 cm. Find the probability that a randomly
selected match is:

a longer than 4.1 cm

b shorter than 4.13 cm
¢ between 4.08 cm and 4.14 cm.

THINK WRITE

a (1 Draw a diagram and shade the a
region required.

4.1 X
2 Convert the given variable to the z = x—Tx
standard normal variable using the
e _41-41
rule z = . -
p 0.05
0

3 Evaluate.
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THINK

4

Draw a diagram and shade the
region now required.

Write down the rule for obtaining
P(Z>0).

Use the CND table to obtain the
values required and evaluate.

Draw a diagram and shade the
region required.

Convert the given variable to the
standard normal variable using the
X — o<

rule z = ——.
o

Evaluate.

Draw a diagram and shade the
region now required.

Using the symmetry of the graph,
obtain P(Z < 0.6).

Use the CND table to obtain the
values required.

Draw a diagram and shade the
region required.

WRITE

P(X>4.1) =P(Z>0)

=1-P(Z<0)
=1-0.5000
=0.5000

N
Il

0 0.6 z
P(X < 4.13) = P(Z < 0.6)

P(Z < 0.6) =0.7257

4087 4.1 414 x

Continued over page @




388

Maths Quest Maths B Year 12 for Queensland

THINK WRITE
@ Convert each of the given variables zZ) = = zZ, = =
to the standard normal variable using o g
Yo o _ 4.08-4.1 _4.14-41
therule z = =——. - 7005 - 7005
0.02 0.04
3 Evaluate. = 003 = 005
=-04 =038
@ Draw a diagram and shade the
region now required.
0.4 008 Z
(5 Write down the rule for obtaining P(4.08 <X <4.14)
P(-0.4 < Z<0.8). =P(-04<Z<0.8)
=P(Z<0.8)-P(Z<-04)
& Using the symmetry of the graph, =P(Z<08)-P(Z>04)
obtain P(Z < —0.4). =P(Z<0.8)- [l -P(Z<04)]
7 Use the CND table to obtain the =0.7881 — [1 — 0.6554]
values required and evaluate. =0.7881 — 0.3446

= 0.4435
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The standard normal
distribution

EXERCISE

For this exercise, probabilities may be found by using the cumulative normal distribution
table on page 392 or a graphics calculator (see the graphics calculator tip on page 378,
following Worked example 1).

WORKED 1 Find:

a Pz<) b P(Z<23) ¢ P(Z<1.52)
d P(Z<0.74) e P(Z<1.234) f P(Z<2681)
2 Find:
a P(Z>2) b P(z>15) ¢ P(Z=1.22)
d P(Z>0.16) e P(Z>1.111) f PZz=2632)
Find: ;
a P(Z<-2) b P(Z<-13) ¢ P(Z<-1.75) s the G ot
d P(Z<-223) e P(Z<-2317) f P(Z<-0.669)
Find:
P(Z>-3) b Pz=-21) ¢ P(Z>-1.77)
d P(Z>-271) e P(Z>-1.139) f P(Z>-0.642)
Find:
a P(1<Z<?2) b P(1.6<Z<2.5) ¢ P(0.42<Z<1513)
Find:
a P(-1.6<Z<14) b P(-221<Z<034) ¢ P(-0.645< Z<0.645)

d P(-0.72<Z<-041)
7 Standardise the following X-values to Z-values:
a X=40if X ~N(25, 25) b X=12ifX~N(17,9)
¢ X=15if X~N(12, 6.25)
8 The variable X is normally distributed with mean « =9 and standard deviation o = 3.
Standardise the following X-values:

a X=10 b x=75 c X=124
workep 9 If X is normally distributed with « =40 and ¢ = 7, find:
% a P(X>42) b PX=>30) ¢ P(X<45)
d P(X<27) e P(Q25<X<45)
10 If X ~ N(20, 25), find:
a P(X>27) b P(X>18) ¢ PX<B)
d P7<Xx<12) e P(X<17|X<25) f PX<17|X<x)

workep |1 Light bulbs have a mean life of 125 hours and a standard deviation of 11 hours. Find
% the probability that a randomly selected light bulb lasts:

a longer than 140 hours b less than 100 hours ¢ between 100 and 140 hours.
1

2 The heights jumped by Year-9 high-jump contestants follow a normal distribution
with a mean jump height of 152 ¢cm and a variance of 49 cm. Find the probability that
a competitor jumps:
a atleast 159 cm b less than 150 cm ¢ between 145 cm and 159 cm
d between 140 cm and 160 cm
e Dbetween 145 cm and 150 cm, given that she jumped over 140 cm.
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14
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multiple choice

If Z has a standard normal distribution, then P(Z > 1.251) is:

A 0.1054 B 0.3945 C 0.6055 D 0.6623 E 0.8945
multiple choice

If Z ~ N(0, 1), then P(Z < —0.25) is:

A 0.0987 B 04013 C 0.5987 D 0.7124 E 0.9013
multiple choice

The variable X is normally distributed with mean o« = 20 and standard deviation o = 6.
The standardised value of Z, for X = 29 is:
A -15 B -1.15 C 0483 D 1.15 E 15

_ choice

Tennis balls are dropped from a height of 2 metres. The rebound height of the balls is
normally distributed with a mean of 1.4 metres and a standard deviation of 0.1 metres.
The probability that a ball rebounds more than 1.25 metres is:

A 0.0668 B 0.2826 C 0.4332 D 0.7174 E 0.9332

multiple choice

The variable X is normally distributed with mean 70 and variance 12. The probability
that X is greater than 77 is:
A 0.0217 B 0.0429 C 0.0909 D 0.9091 E 0.9783

_ choice

The life span of dogs is normally distributed
with a mean of 12 years and a standard 2
deviation of 2 years. The probability that |

a dog lives for less than 9 years is: {
A 0.0668 B 0.2826

C 0.2926 D 0.4332

E 0.9332

_ choice

If X ~ N(16, 4), then P(X > 11.5) equals:
A 0.0122 B 0.0836

Cc 0.7217 D 09164

E 0.9878

The volume of milk in a 1-litre carton is
normally distributed with a mean of

1.000 litres and a standard deviation of
0.006 litres. A randomly selected carton is
known to have more than 1.004 litres.
Find the probability that it has less than
1.011 litres.
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21 Eye fillet steaks are cut with a mean weight of 82 grams
and a standard deviation of 5 grams. Steaks are sold at
different prices according to their weights, as shown in
the table below.

Find the probability that a randomly selected
steak weighs between 80 grams and 90 grams.
Find the probability that a randomly selected
steak costs $2.

Copy and complete the following table.

I R

Using your answers from part ¢, find the
average price of an eye fillet steak.

22 The length of 6-cm nails is normally distributed with a mean length of 6 cm and a
standard deviation of 0.03 cm. Only nails that are between 5.93 cm and 6.07 cm are
acceptable and packaged accordingly. Find:

a the probability of a randomly selected nail being an acceptable length
b the expected number of acceptable nails in a batch of 1000.

23 The length of fish caught in a certain river follows a normal distribution, with mean
32 c¢cm and standard deviation 4 cm. Fish that are less than 27 cm are considered to be
, undersized and must be returned to the river. Find:

o
{ plus>

WorkSHEET 10.1 b the expected number of fish that a fisherman could take home if he catches 20 fish

in one afternoon and follows the rules for undersized fish.

Digital doc: l a the probability that a fish is undersized
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Cumulative normal distribution table (CND table)

0.0 .5000 | .5040| .5080| .5120| .5160 | .5199| .5239| .5279| .5319| .5359| 4| 8|12(16|20(24|28|32|36
0.1 5398 | 5438 | .5478| .5517| .5557| .5596| .5636| .5675| .5714| .5753| 4| 8|12(16|20(24|28|32|35
0.2 5793 | .5832| 5871 | .5910| .5948 | .5987| .6026| .6064| .6103| .6141| 4| 8|12(15|19(23|27|31|35
0.3 6179 | .6217 | .6255| .6293| .6331| .6368| .6406| .6443| .6480| .6517| 4| 8|11|15(19(23|26|30(34
0.4 .6554| 6591 | .6628 | .6664| .6700| .6736| .6772| .6808| .6844| .6879| 4| 7|11|14|18(22|25|29(32
0.5 6915 | 6950 | .6985| .7019| .7054| .7088| .7123| .7157| .7190| .7224| 3| 7(10|14|17|21|24|27|31
0.6 1257 | 7291|7324 | 7357 7389 | 7422 | .7454| .7486| .7517| .7549| 3| 6(10(13|16(19(23|26|29
0.7 7580 | 7611 | 7642 | 7673 | .7703 | .7734| .7764| .7793| .7823| .7852| 3| 6| 9(12|15(18|21|24|27
0.8 7881 | .7910| .7939| .7967| .7995| .8023| .8051| .8078| .8106| .8133| 3| 6| 8|11|14[17|19|22|25
0.9 8159 | 8186 | .8212| .8238| .8264| .8289| .8315| .8340| .8365| .8389| 3| 5| 8|10|13(15|18/20(23
1.0 8413 | 8438 | .8461 | .8485| .8508| .8531| .8554| .8577| .8599| .8621| 2| 5| 7| 9|12|14|16|18|21
1.1 .8643 | .8665| .8686 | .8708| .8729| .8749| 8770 | .8790| .8810| .8330| 2| 4| 6| 8|10(12|14|16(19
1.2 8849 | .8869| .8888| .8907| .8925| .8944| .8962| .8980| .8997| .9015| 2| 4| 6| 7| 9[11|13|15|16
1.3 9032 | .9049| .9066| .9082| .9099 | .9115| .9131| .9147| 9162| 9177| 2| 3| 5| 6| &[10|11|13|14
1.4 9192 9207 | .9222| .9236| .9251| .9265| .9279| .9292| .9306| .9319| 1| 3| 4| 6| 7| 8|10|11|13
1.5 9332 .9345| .9357| .9370| .9382| .9394| .9406| .9418| .9429| 9441 | 1| 2| 4| 5| 6| 7| 8|10|11
1.6 9452 | 9463 | 9474 9484 | .9495| .9505| .9515| .9525| .9535| .9545| 1| 2| 3| 4| 5| 6| 7| & 9
1.7 9554 | 9564 | 9573 | .9582| .9591| .9599| .9608 | .9616| .9625| .9633| 1| 2| 3| 3| 4| 5| 6| 7| 8
1.8 9641 | 9649 | .9656| .9664| 9671 | .9678| .9686| .9693| .9699| .9706| 1| 1| 2| 3| 4| 4| 5| 6| 6
1.9 9713 | 9719| .9726| .9732| 9738 | .9744| .9750| .9756| .9761| 9767| 1| 1| 2| 2| 3| 4| 4| 5| 5
2.0 97721 9778 | 9783 | .9788| .9793| .9798| .9803| .9808 | .9812| .9817| O 1| 1| 2| 2| 3| 3| 4| 4
2.1 9821 | .9826| .9830| .9834| .9838| .9842| .9846| .9850| .9854| .9857| Of 1| 1| 2| 2| 2| 3| 3| 4
22 9861 | 9864 | .9868 | .9871| .9875| .9878| .9881| .9884| .9887| .9890| O| 1| 1| 1| 2| 2| 2| 3| 3
2.3 9893 | 9896 | .9898 | .9901 | .9904| .9906| .9909| .9911| .9913| .9916| O| 1| 1| 1| 1| 2| 2| 2| 2
2.4 9918 | .9920| .9922| .9925| .9927| .9929| .9931| .9932| .9934| 9936| O O 1| 1| 1| 1| 1| 2| 2
25 9938 | 9940 | 9941 | .9943| .9945| .9946| .9948 | .9949| .9951| .9952| Of O O 1| 1| 1| 1| 1| 1
2.6 9953 | .9955| .9956| .9957| .9959 | .9960 | .9961| .9962| .9963| .9964| O O O| O 1| 1| 1| 1| 1
2.7 9965 | 9966 | .9967| .9968| .9969 | .9970 | .9971| .9972| .9973| .9974| 0| O O| O| O 1| 1| 1| 1
2.8 9974 | 9975 9976 .9977| .9977| .9978| 9979 | .9979| .9980| .9981| O| O O| O O O O] 1| 1
2.9 9981 | 9982 | .9982| .9983| .9984 | .9984 | .9985| .9985| .9986| .9986| 0| O O O| Of O O| O] O
3.0 9987 | 9987 | .9987| .9988| .9988 | .9989 | .9989| .9989| .9990| .9990| O Of O O] Of O O] O] O
3.1 9990 | 9991 | .9991| .9991| .9992| .9992| .9992| .9992| .9993| .9993| 0| O O O| Of O O| O] O
32 9993 | 9993 | .9994| .9994| .9994| .9994| .9994| .9995| .9995| .9995| 0| O O O| Of O O| O] O
33 9995 | 9995 9995 .9996 | .9996| .9996| .9996| .9996| .9996| .9997| 0| O 0| O O O] O| Of O
3.4 9997 | 9997 | 9997 .9997| .9997| .9997| .9997| .9997| .9997| .9998| 0| O 0| O| O O] O| Of O
3.5 9998 | 9998 | 9998 | .9998 | .9998| .9998| .9998 | .9998 | .9998| .9998| 0| O O| O O O] O| Of O
3.6 9998 | 9998 | .9999| .9999| .9999 | .9999 | .9999| .9999| .9999| .9999| 0| O O O] Of O O| O] O
3.7 9999 | 9999 | .9999| .9999| .9999 | .9999 | .9999| .9999| .9999| .9999| 0 O O O| Of O O| O] O
3.8 9999 | 9999 | .9999| .9999| .9999 | .9999 | .9999| .9999| .9999| .9999| 0 O O O| Of O O| O] O
3.9 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | O O| O 0| O O O] O] O
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The inverse cumulative normal
distribution

Up to now, we have obtained the probability of observing a result from —eo to a
particular positive value of the variable z; that is, P(Z < z). Sometimes, however, we are
given the probability and must determine the value of the variable; that is, we are
required to work in the reverse order. This can be done in a number of ways:
1. using an inverse CND table
2. using a regular CND table
3. using a graphics calculator.

The regular CND table on page 392 has been used in the following worked
examples; however, a graphics calculator can also be used throughout.

Graphics Gl tip! The inverse cumulative normal

distribution

A graphics calculator can be used to determine the value of z if the probability is known.

For the Casio fx-9860G AU
1. To find ¢ if P(Z < c¢)=0.651, press:

e 2 (STAT)

- (F1) (NORM)

« (F3) (InvN).

Enter the values in the fields as shown.
2. Ensure cursor is on Execute and then

press (F1) (CALC).
For P(Z < ¢) = 0.651, ¢ = 0.3880.

For the TI-Nspire CAS gt “Uniaved w &0
To find ¢ if P(Z < ¢) = 0.651, on a Calculator Svalnoe o) 0388022 3
page, complete the entry line as:
invNorm(0.651, 0, 1)

then press ENTER Gaw.

For P(Z < ¢) = 0.651, ¢ = 0.3880.

I~

1799
— W/
WORKED Example / e
i us
Find the value of c in the following. \ B .
a PZ<c)=057 b PZ<c)=025 c P(Z=2¢)=091 Tutorial:
THINK WRITE Worked example 7
int-0182
a (1 Draw a diagram of the situation. a P(Z<c) =057
2 Using the CND table on page 392, look (<o) o
; ) 57% ¢=0.17+0.006
up the z-value corresponding to the given —0.176
probability. '

Obtain the closest probability value to
0.57 (0.5675 when ¢ = 0.17) and then go
to the mean differences column headed 6
(gives 0.0024).

Continued over page @
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THINK

b g

Draw a diagram of the situation.

This value is not contained in the table,
so we must use the symmetry of the
standard normal distribution.

Redraw the graph displaying the value of
¢ on the opposite side of the mean. Call
this ¢, and shade the equivalent section.
Note: ¢ = —c;.

Determine the unshaded section of the
curve.

Use the CND table to determine the
z-value of this probability.

Using the symmetry of the standard
normal distribution, determine the value
of z. As the required z-value is to the
left of the mean, it will be negative.

Draw a diagram of the situation.

Redraw the graph displaying the value
of ¢ on the opposite side of the mean.
Call this ¢, and shade the equivalent
section.

Note: ¢ = —c;.

Using the CND table, it is possible to
determine the value from

—oo to the positive z-value which
corresponds to a probability of 0.91.

Using the symmetry of the standard
normal distribution, determine the value
of z. As the required z-value is to the
left of the mean, it will be negative.

WRITE

b
W

c 0 z

m

0 ¢ z

25% is shaded, therefore 75% is unshaded.

P(Z<c¢)=0.75
c; =0.67 + 0.004
c; =0.674
For P(Z<¢)=0.25
c=-0.674
C
91%
c 0 z
0 3 z
P(Z<c) =091
c; =134

For P(Z=¢) =0.91
c=-134
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— WORKED Example 8

Find the value of ¢ in P(—c < Z < ¢) = 0.9544.

THINK WRITE

395

Chapter 10 The normal distribution

Draw a diagram of the situation. Label the
unknown values as ¢, and c¢,.
Note: ¢| = —c,.

4

Determine the probability of each of the unshaded Unshaded area = l_—_(_)z9__5_4£

areas by subtracting the given probability from 1

and dividing the result by 2. _ %456
=0.0228

Using the fact that P(Z < ¢,) = 0.9772 P(Z<¢,)=0.9772

(that is, 0.9544 + 0.0228) and using the =2

CND table (page 392), determine c,.

Using the symmetry of the standard normal c=-2

distribution, determine the value

of c,.

Answer the question. P(-2<Z<2)=0.9544

— Example 9

If Z ~ N(0, 1), find:
a the 0.30 quantile b the 80th percentile.

THINK WRITE
a 1 Draw a diagram illustrating the a
information.
0.30

Percentiles and quantiles

Percentiles and quantiles are two new terms which will be used in the following prob-
lems. Percentiles and quantiles both define the value below which a given proportion of
the distribution falls. A percentile is a probability value expressed as a percentage while
a quantile is a probability value expressed as a decimal; for example, P(Z < c¢)=0.7
means that ¢ is the 70th percentile or the 0.70 quantile.

c 0 2

Continued over page @
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THINK

2 This value is not contained in the table, so
we must use the symmetry of the standard
normal distribution.

Redraw the graph displaying the value of ¢
on the opposite side of the mean. Call this
¢, and shade the equivalent section.

Note: ¢ = —c;.

Determine the unshaded section of the
curve.

Use the CND table (page 392) to
determine the z-value of this probability.
Using the symmetry of the standard
normal distribution, determine the value of
z. As the required z-value is to the left of
the mean, it will be negative.

Draw a diagram of the situation.

Using the CND table, look up the z-value
corresponding to the given probability.

WRITE

30% is shaded, therefore 70% is
unshaded.

P(Z<¢)=0.70
c; =0.524

P(Z<¢c)=03
c=-0.524

b The 80th percentile is the 0.80 quantile.

0.80

0 c
P(Z<¢)=0.80
c=0.842

— Example ’0

a P(X<x,) =0.65
THINK

a (1 Draw a diagram illustrating the information.

2 Redraw the graph as a standard normal graph.

X is normally distributed with a mean of 10 and a standard deviation of 2. Find x;, if:
b P(X>x,) =0.85.

WRITE

a
0.65

0.65

0 z;
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THINK

3 Use the CND table (page 392) to
determine z,, where P(Z < z;) = 0.65.

4 To solve for x, substitute x = x; and
z=2z,=0385into z = *—=
c

5 Transpose the equation to make x, the
subject.

1 Draw a diagram illustrating the
information.

9 This z-value corresponding to x; is not
contained in the table (as x; is to the left
of the mean), so we must use the
symmetry of the standard normal
distribution.

Redraw the graph, displaying x, on the
opposite side of the mean (such that

P(x <x,)=0.85) and shade the equivalent
section.

3 Redraw the graph as a standard normal
graph.

4 Use the CND table to determine the
z-value of this probability.

5 Using the symmetry of the standard
normal distribution, determine the value
of z,. As z, is to the left of the mean, it
will be negative.

Note: z| = —z,.

WRITE

P(Z<z) =065
z,=0.385

X — o<

o

z =

X — e
(@
x;—10
2
0385 2=x,-10
0.77 + 10 = x,
x; =10.77

le

0.385 =

X

><
0

><
X 10 X, X

0.85

7 0 2
P(Z <z,)=0.85
z, =1.036
P(Z>z)=0.85
z; =-1.036

For

Continued over page @
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THINK WRITE
% To solve for x, substitute x = x; and =22
c
z=z=-1.036 into z = *—_ X, -
(e} z, =
(o}
1036 = 11
)
(7> Transpose the equation to make x, the -1.036- 2=x,-10
subject. 2,072 +10 = x,
x,=7.928

The inverse cumulative
normal distribution

For this exercise, the CND table on page 392 or a graphics calculator may be used.

1 Find the value of ¢ in the following.

a P(Z<c)=09 b P(Z<c)=06

¢ P(Z<¢)=0.75 d P(Z<¢)=052
2 Find the value of ¢ in the following.

a P(Z<c)=03 b PZ<c)=02

¢ P(Z<¢)=0235 d P(Z<c)=042
3 Find the value of ¢ in the following.

a P(Z=2¢)=08 b P(Z>c)=0.65

¢ P(Z>c)=0.54 d P(Z>c)=0.72

4 Find the value of ¢ in the following.
a P(Z>¢)=03 b P(Z>c)=045
¢ P(Z>¢)=0.22
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Find the value of ¢ in the following.

a P(-c<Z<c)=0.6826 b P(c<Z<¢)=05

¢ P(~c<Z<c)=02 d P(-c<Z<¢)=038

If Z ~ N(0, 1), find:

a the 0.25 quantile b the 40th percentile

¢ the 0.72 quantile d the 0.995 quantile.

X is normally distributed with a mean of 10 and a standard deviation of 2. Find x, if:
a P(X<x)=0.72 b PX<x)=04

¢ P(X>x))=0.63 d P(X>x)=0.2.

X is normally distributed with a mean of 34 and a standard deviation of 16. Find c if:
a PX>c)=031 b P(X<¢)=0.75

¢ PX<ce)=021 d P(X>c)=0.55.

Let X ~ N(22, 25). Find £k if:

a PQR2-k<X<224+k)=07 b PQ2-k<X<22+k =024
¢ P(X<k|X<23)=0.32.

multiple choice

If P(Z < ¢) = 0.8, then ¢ equals:

A —0.842 B —-0.253 C 0.253 D 0.524 E 0.842
multiple choice

If P(Z > ¢) = 0.7, then ¢ equals:

A —0.524 B -0.496 C 0.496 D 0.524 E 0.553
multiple choice

If P(-1.2 < Z < k) = 0.4, then k equals:

A —0.885 B —-0.253 C 0.038 D 0.253 E 0.885
multiple choice

If Z ~ N(0, 1), then the 0.35 quantile is:

A —0.675 B -0.385 C 0.350 D 0.385 E 0.675
multiple choice

If P(Z< k| Z<0.5) = 0.6, then k equals:

A —-0.215 B —-0.253 co D 0.253 E 0215
multiple choice

If X is normally distributed with a mean of 20 and a standard deviation of 4 and
P(X < k) =0.6, then k equals:
A 1899 B 19.49 C 20.51 D 21.01 E 21.79

_ choice

If X ~ N(12, 4) and P(X > k) = 0.82, then k equals:
A 8.34 B 10.17 C 13.83 D 14.27 E 15.66
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17

18

19

20

21 X is normally distributed with a mean of 50 and a

22

23

24 X is normally distributed with a mean

25

The height of Year-9 students is known to be normally distributed with a mean of
160 cm and a standard deviation of 8 cm.

a How tall is Theo if he is taller than 95% of Year-9 students?

b How tall is Luisa if she is shorter than 80% of Year-9 students?

The length of nails manufactured as 45 mm are

actually normally distributed with a mean of

45mm and a standard deviation of 0.5 mm. The
shortest 20% and longest 20% of nails manufactured
are discarded before packaging and sold as seconds. Find:
a the minimum length of packaged nails

b the maximum length of packaged nails.

At a qualifying meeting, the time taken for runners to complete
400 metres follows a normal distribution, with a mean time of 50
seconds and a standard deviation of 2 seconds. If the fastest 25% of runners
qualify for the next meeting, how fast would you need to run to qualify?

If X ~ N(20, 06?) and P(X > 19) = 0.7, find the standard deviation, o.

standard deviation of o. Forty per cent of X-values are
less than 48. Find o©.

Weights of packaged rice are normally
distributed with a mean of 500 grams. Ten
per cent of packages are under 485 grams. Find
the standard deviation.

If X ~ N(e, 16) and P(X = 17) = 0.99, find the mean, .

of « and a standard deviation of 3. If
35% of X-values are at least 27, find
the mean.

The time taken for Grade 4 students
to complete a small jigsaw puzzle
follows a normal distribution with a
standard deviation of 30 seconds. If
70% of Grade 4 students complete
the puzzle in 4 minutes or less, find
the mean completion time for
Grade 4 students.
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Assessment methods

The results of a mathematics test taken by 120 students show a mean of 60% and a
standard deviation of 10%. Grades are to be reported as A, B, C, D and E.

Design two different criteria that could be used to decide grade cut-offs.
Use the terms “percentiles’ and ‘outcomes’ to compare the two methods.
Use both methods to report the achievement of a student scoring 75%.

Which method do you prefer? Why?

O A ODN

Do you still agree with your answer to 4 if the student’s score was 51%?

Sunflower stems

The lengths of certain sunflower stems follow a normal distribution with a mean of
75 cm and a standard deviation of 8 cm. Stems are measured and awarded grades
depending on their lengths. The top 10% receive an A grade, the next 10% a B
grade and the third 10% a C grade. Give a range of sunflower stem lengths to

2 decimal places for which:

a an A grade is awarded b a B grade is awarded ¢ a C grade is awarded.

I:‘ f’) 7 4 YV ‘
) VY R li«,)/ 4

4
"./V 4 1/ e A
e,
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The normal approximation to the
binomial distribution

— WOR

Write the binomial distribution X ~ Bi(200, 0.48) as an approximated normal distribution.

THINK WRITE
1. Write down the notation for the normal X ~ Bi(200, 0.48) = X ~ N(np, npq)
distribution.

2 Determine o« and ¢°. o< =np
=200- 0.48
=96

o’ = npq

=200- 0.48- 0.52
=49.92

3 Check that the criteria for the normal n =200 (that is, > 30), np = 96 (that is,

approximation have been satisfied. 2 10) and ng = 104 (that is, > 10). The criteria

4 Substitute the values into the notation. X ~ Bi(200, 0.48) = X ~ N(96, 49.92)

As we saw in chapter 9, the binomial distribution deals with discrete random variables.
An important observation was that as the number of trials, n, increased and the prob-
ability of a success, p, was close to 0.5, and if the interval between the vertical columns
decreased, then the vertical columns of the histogram collectively resembled or approx-
imated a normal distribution curve. In fact, when # is large, a binomial distribution can
be approximated to a normal distribution. This information is useful, particularly if we
were required to determine, say, P(X = 40) given X ~ Bi(400, 0.5), which would
become an onerous task.

Hence, if X, which follows a binomial distribution with # trials and a probability of
success, p, is approximated to a normal distribution, then the mean is defined by «=np
with variance 6> = npg and standard deviation ¢ = J/npg. A rule of thumb to use
before approximating the binomial distribution to the normal distribution is that the
following conditions should apply: n = 30, np = 10 and nq = 10. These values are to be
used as a guide only.

The above information may be summarised as follows:

If n > 30, np > 10 and nq = 10 then X ~ Bi(n, p) may be approximated by
X ~ N(np, npq).

KED Exampie [ ]

have been satisfied.

The major difference between the binomial and normal distributions is that the
binomial distribution deals with discrete random variables while the normal distribution
deals with continuous random variables.

To compensate for the differences between the binomial distribution and the normal
distribution the concept of a continuity correction can be introduced.

However, the concept of a continuity correction is not required in this course and
will not be considered in the following calculations.
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— Example ’2

a If X ~ Bi(120, 0.52), use a normal approximation to find P(X < 50).
b If X ~ Bi(30, 0.51), use a normal approximation to find P(12 < X < 18).

THINK WRITE
a (1 Write down the notation for the a X~ Bi(120, 0.52) = X ~ N(np, npq)
normal distribution.
2 Determine o« and 6. < =np o’ =npq
=120 0.52 =120- 0.52- 0.48
=624 =29.952
3 Check that the criteria for the normal n =120 (that is, > 30), np = 62.4 (that is,
approximation have been satisfied. > 10) and ng = 57.6 (that is, = 10). The
criteria have been satisfied.
4 Substitute the values into the X ~ Bi(120, 0.52) = X ~ N(62.4, 29.952)
notation.
5 Approximate the binomial variable P(X<50) = P(Z < M)
to a normal variable and convert the ~29.952
normal variable to a standard normal =P(Z < -2.267)
. . x—oc =P(Z>2267)
variable, z, using the rule z = - — 1 - P(Z <2267
=1-0.9883
=0.0117
b 4 Write down the notation for the b X~ Bi(30, 0.51) = X ~ N(np, npq)
normal distribution.
2 Determine « and 6. o< =np o’ = npq
=30- 0.51 =30- 0.51- 0.49
=153 =17.497
3 Check that the criteria for the normal n =30 (that is, > 30), np = 15.3 (that is,
approximation have been satisfied. > 10) and ng = 14.7 (that is, = 10). The
criteria have been satisfied.
4 Substitute the values into the X~ Bi(30,0.51) = X ~N(15.3, 7.497)
notation.
5 Convert each of the normal variables P(12 <X < 18)
to a standard normal variable, z, _ (12 —153 7< 18 — 15.3)
using the rule z = *==, ~1.497 NT.497
o = P(—=0.840 < Z < 0.986)

= P(Z < 0.986) — P(Z < —0.840)
= P(Z < 0.986) — P(Z > 0.840)

= P(Z<0.986) — [1 - P(Z < 0.840)]
=0.8380 — [1 — 0.7995]

= 0.8380 — 0.2005

=0.6375
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— Example ’3

David draws a card at random from a standard pack, records the result and then replaces
the card. He performs the experiment a total of 200 times. Use a normal approximation to
estimate the probability of obtaining:

Maths Quest Maths B Year 12 for Queensland

a more than 105 red cards
b fewer than 98 black cards.

THINK

Write down the notation for the
normal distribution.
Determine o and °.

Check that the criteria for the normal
approximation have been satisfied.

Substitute the values into the
notation.

Approximate the binomial variable
to a normal variable.

Convert the normal variable to a
standard normal variable, z, using

the rule z = ~—=
o

Answer the question.

Repeat steps 1 to 4 from part @ since
the probability of obtaining a black
card is equal to the probability of
obtaining a red card.

Approximate the binomial variable

to a normal variable.

Convert the normal variable to a

standard normal variable, z, using
— o<

the rule z = ~—=
o

Answer the question.

WRITE
a X ~ Bi(200, 0.50) = X ~ N(np, npq)

=200 - 0.50

=100
o’ =npq

=200- 0.50- 0.50

=50
n =200 (that is, = 30), np = 100 (that is,
> 10) and nq = 100 (that is, = 10). The
criteria have been satisfied.
X ~ Bi(200, 0.50) = X ~ N(100, 50)

P(X > 105)

_ P(Z - 105 - 100)
50
=P(Z>0.707)
=1-P(Z<0.707)
=1-0.7601
=0.2399

The probability of obtaining more than

105 red cards is 0.2399.

b X ~ Bi(200, 0.50) = X ~ N(100, 50)

P(X < 98) = P(Z <28 100)

50
=P(Z < —-0.283)
=P(Z>0.283)
=1-P(Z<0.283)
=1-0.6115
=0.3885
The probability of obtaining fewer than
98 black cards is 0.3885.
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remember

The normal approximation
to the binomial distribution

Write the following binomial distributions as approximated normal distributions. |
a X~ Bi(500, 0.52) b X~ Bi(400, 0.48)
¢ X~ Bi(300, 0.5) d X~ Bi(250, 0.55)

Digital doc:
WorkSHEET 10.2

2 If X~ Bi(15, 0.5):
a use a normal approximation to the binomial distribution, to approximate the
following probabilities:
i P(X<38)
il P(X>12)
b calculate the exact probabilities using the binomial probability function and com-
pare the approximations.

If X ~ Bi(120, 0.47), use a normal approximation to find P(X < 50).

If X ~ Bi(200, 0.52), use a normal approximation to find P(X = 110).
If X ~ Bi(30, 0.51), use a normal approximation to find P(14 < X < 16).
If X ~ Bi(350, 0.45), use a normal approximation to find P(150 < X < 170).

If X ~ Bi(400, 0.55), use a normal approximation to find P(X > 230 | X > 200).

©© N O OO0 ~ W

If X ~ Bi(650, 0.51), use a normal approximation to find P(X > 310 | X < 350).

9 multiple choice
If X ~ Bi(170, 0.48) is approximated as a normal distribution it would be:
A X ~N(9.03, 42.43) B X~N(81.6,6.51) C X ~N(81.6,42.43)
D X ~N(170, 0.48) E X~N(170, 42.43)

10 multiple choice

If X ~ Bi(200, 0.5), P(X < 90) is approximated, using normal distribution, as:
A 0.5793 B 0.0787 C 0.4207 D 0.9213 E 0.9997

11 multiple choice

A maternity hospital delivers 200 new babies over a three-month period. The chances
of having a boy or a girl are equally likely. When a normal approximation is used, the
probability of more than 105 girls being born out of the 200 is:

A 0.0807 B 0.2098 C 0.2399 D 02182 E 0.7601
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12 multiple choice

A fair die is rolled 200 times. Which of the following

probabilities would be best approximated using a normal

approximation?

A The probability of obtaining at least 50 sixes

B The probability of obtaining at least 90 prime numbers

C The probability of obtaining at least 20 square numbers

D The probability of obtaining less than 40 fives

E The probability of obtaining at least 10 numbers greater
than six

13 A fair coin is tossed one hundred times. Use a normal approximation to find the prob-

% ability that:

a more than 48 heads are obtained
b fewer than 51 heads are obtained
¢ the number of heads obtained is between 45 and 55 inclusive.

14 An archery contestant knows that she will hit the bullseye 49% of the time. If she fires
500 shots at practice, find (using a normal approximation) the probability that she will obtain:
a at least 240 bullseyes b fewer than 260 bullseyes.

15 Fifty-two per cent of batteries have a lifetime exceeding 100 hours. Julia buys a large
box of 300 such batteries. Use a normal approximation to estimate the probability that:
a at least 160 batteries last over 100 hours
b fewer than 130 batteries don ' last at least 100 hours.

16 A die is weighted such that P(X=1) =P(X =3) =P(X =5) = 0.16 and P(X = 2) =
P(X=4) = P(X = 6). If the die is rolled 200 times, use normal approximation to
estimate the probability of obtaining:

a more than 95 odd numbers b fewer than 100 even numbers.

Supporting the proposal

The Student Representative Council (SRC)
estimates that 75% of the students will
support the committee’s recommendations.
a If 20 students are interviewed, use a
normal approximation to approximate the
probability of:
i fewer than 9 students supporting the
proposal, that is, P(X < 9)
ii more than 15 students supporting the
proposal, that is, P(X > 15).
b Calculate the exact probability of part @ ii
using the binomial distribution and
compare the approximations.
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Hypothesis testing”

Consider the case of a medical research team who believe that they have found a cure for
a disease. This cure will need to be tested to see whether or not there is a greater likeli-
hood that a patient will be cured. The testing of the cure involves a binomial probability.

Hypothesis testing is an important application of the binomial probability distri-
butions looked at in the previous section.

In testing a hypothesis, we need to consider the null hypothesis (H,). The null
hypothesis states that there is no effect in what is being tested. In the above example the
null hypothesis states that the cure will have no effect on patients.

The alternative belief (that an effect exists) is called the alternative hypothesis (H,).
In the above example the alternative hypothesis states that the cure works.

The convention is that we test the null hypothesis and examine the data to determine
the truth or otherwise of the null hypothesis.

— Example ’4

Andrea begins to receive one hour of private tuition each week in mathematics. With reference
to Andrea’s marks in her next exam, state the null hypothesis and the alternative hypothesis.

THINK WRITE
1. The null hypothesis states that there H,: The tuition will have no effect on Andrea’s
will be no effect. marks in Mathematics.
2 The alternative hypothesis is that there H,: The tuition will improve Andrea’s marks in
will be an effect. Mathematics.

In other cases we may need to form a null hypothesis based on a comparison with pre-
vious results. Consider the case where a medical treatment cures 45% of patients, on
average, within a period of 1 week. When a new treatment is tested:

H: The new treatment will cure 45% of patients within 1 week.

H;: The new treatment will cure more than 45% of patients within 1 week.

Now suppose that in a trial of 20 patients the new treatment cures 12 patients; that is,
the cure rate is 60%. We need to decide if this is a significant increase on the previous
percentage or whether the increase was simply due to chance with this particular
sample.

We need to consider the probability distribution for 20 trials with p = 0.45.
Let X = number of patients that are cured.

0 1 2 3 4 5 6 7
0.0002 | 0.0020 | 0.0100 | 0.0323 | 0.0738 | 0.1272 | 0.1712 | 0.1844

8 9 10 11 12 13 14 15
0.1614 | 0.1158 | 0.0686 | 0.0336 | 0.0136 | 0.0045 | 0.0012 | 0.0003

16 17 18 19 20
0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000

* This is not a part of the Maths Quest 12 Maths B course, but may be useful as extension.
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— WORKED Example ’5

The probability that a particular student passes an exam is found to be 0.6. A sample of
20 students are put through a training program before the exam and 15 of them pass the
exam. Is this result significant at the 10% level?

THINK WRITE
1 State the null hypothesis. H,: The training program has no effect.
Let X = number of students that pass the exam.

2 Use the binomial P(X > 15)
probabilities table on page =PX=15)+PX=16)+PX=17) +P(X=18)
421 (or the Excel spreadsheet + P(X=19) + P(X=20)
on eBookPLUS), for =0.0746 + 0.0350 + 0.0123 + 0.0031 + 0.0005 + 0.0000
n =20 to find P(X 2 15). =0.1255

Note: Instructions for
reading these tables are
given on page 358.
3 If P(X > 15) is greater than As P(X' 2 15) 2 0.1 we accept H;, that the training program
0.1, accept the null has had no effect.
hypothesis; otherwise reject

Maths Quest Maths B Year 12 for Queensland

If the null hypothesis is true, the probability that this result was obtained by chance
is only 0.0136. It would therefore appear that the new treatment is significantly better
than the previous treatment and as such H,, is rejected and H; accepted.

Now consider:

P(X>12)

=0.0136 + 0.0045 + 0.0012 + 0.0003 + 0.0000 + 0.0000 + 0.0000 + 0.0000 + 0.0000

=0.0196

The probability that this result was obtained by chance is 0.0196 or 1.96%. This is
the probability that the null hypothesis is incorrectly rejected. We could say that at
X =12 the significance level is approximately 2%.

We can consider a hypothesis at different levels of significance. This is the level that
we set as the chance we are prepared to take that we will incorrectly reject a null hypoth-
esis. The table below shows the rejection level for H, at various levels of significance.

1% 2% 5% 10% 20% 25%
13 12 12 11 10 10

0.0060 | 0.0196 | 0.0196 | 0.0532 | 0.1218 | 0.2376

In each case P(X > x) is the greatest probability less than the stated degree of significance.

Digital doc:

Spreadsheet
002 Binomial probabilities

We can apply this procedure to test the accuracy of stated data.

Consider the case of a bottle of soft drink that is labelled as having contents of
1 litre. Assume that customers have complained that many bottles of the soft drink are
under volume. We would test a sample, determine the number of bottles that are under
volume and then calculate whether this is below the desired level of significance.
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A bottle of soft drink is labelled as having contents of 1 litre. The drink bottles are tested
after complaints that the bottles are under volume. A sample of 15 bottles of soft drink are
tested and the contents are listed (in millilitres):

995 998 990 1002 1005 995 997 999 992 985 990 1000 1010 995 990
Determine whether the bottles are under volume at the 10% level of significance.
THINK WRITE
 State the null hypothesis. H,: The average bottle contains at least 1 litre.

Let X = number of bottles that contain at least
1 litre.
@ As there are 4 bottles with at least 1 PX<4)

litre, use the binomial probabilities =PX=4)+PX=3)+PX=2)

table on page 419 to find P(X < 4) with +PX=1)+PX=0)

p =0.5and n = 15. Alternatively, you =0.0417 + 0.0139 + 0.0032 + 0.0005 + 0.0000

may use the Excel spreadsheet found at =0.0593

www.jacplus.com.au.

@ If P(X <4) is greater than 0.1 (10%) As P(X < 4) is less than 0.1 we reject H, and
accept the null hypothesis; otherwise agree that the contents of the soft drink bottles
reject it. are under volume.

Hypothesis testing

For questions dealing with probability, refer to the binomial probability tables on
pages 417-21.

1 Michael attempts to improve his time in the 100 metres by undertaking an extra
training session each week. In this case, state the null and alternative hypotheses.

2 1In each of the following experiments, state the null hypothesis (H,).
a Sales of a particular brand of dishwashing liquid will increase with a television
advertising campaign.
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3

4

7

b Marks in an exam will increase with more study.
¢ The shelf-life of milk in the bottle is less than 4 days.
d The average mass of a packet of chips will be at least 250 g.

For each of the experiments in question 2 state the alternative hypothesis.

The probability that a particular student passes an exam is found to be 0.5. A sample
of 10 students are put through a training program before the exam and 7 of them pass
the exam. Is this result significant at the 10% level?

The probability that a patient will recover from an illness without drugs during the
period of one week is 0.2. A sample of 15 patients trial a new drug and it is found that
8 of them recover within a week. Is this result significant at the 5% level?

-

D\ 3

e

Each year it is found that 70% of Year-12 students will pass the end-of-year examin-
ation in Maths B. A sample of 20 students who are privately tutored take the exam
and it is found that 17 pass the exam. Is this result significant at:

a the 20% level? b the 10% level? ¢ the 5% level?

Boxes of matches are labelled ‘Average contents 50 matches’. A sample of 12 boxes
are tested to see if they contain fewer than the labelled number of matches. The results
are:

48 49 52 49 49 45 52 53 44 48 49 50

Determine whether the boxes contain less than the labelled contents at the 10% level
of significance.

A group of 8 people are asked to try ‘Big Kev’s’ laundry products. Of these, 6 people
say they prefer ‘Big Kev’s’ products to the other leading brand. Is this result signifi-
cant at the 20% level of significance?

A tyre manufacturer guarantees that its brand of tyre will withstand 20 000 km of
normal motoring. The results of a sample of 16 worn tyres are shown below.

23000 21000 17000 19000 25000 30000 29000 22000

21000 22000 27000 19000 15000 32000 26000 27000
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To maintain this guarantee the manufacturer must be sure at the 5% level of signifi-
cance that the guarantee is valid. Will the guarantee be maintained?

10 Over a period of time the electricity bill in the Robinson household has averaged $200
per quarter. Mr Robinson feels that over the past two years the electricity bills have
been increasing.

a

b

State the null and alternative
hypotheses.

The electricity bills over the
past two years have been:
$239 §$187 $250 $284
§175 $190 $212 $240
Find the probability of
obtaining at least 6 results that
are greater than average.

State the level of significance
at which Mr Robinson’s
hypothesis has been estab-
lished.
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The Randhill vaccine

Consider again our problem at the start of this chapter. The team at the Randhill
Medical Research Centre believe they have found a vaccine for a strain of the flu.
The probability that a patient exposed to the flu virus develops symptoms is 0.7.
After testing the vaccine on 20 patients it is found that only 8 develop symptoms.

1 State the null and alternative hypotheses.

2 Let X = the number of patients developing symptoms. Use the table of binomial
probabilities on page 421 (or on eBookPLUS) to determine P(X < 8) where

Spreadsheet n=20 and p= 0.7.
002 Binomial probabilities

3 The research centre is applying for funding to develop this vaccine further.
They are able to receive this funding only if the result obtained is significant at
the 5% level. Will they receive funding?

4 A bonus grant will be given if the result is significant at the 2% level. If a
second batch of 15 patients are trialled, what is the maximum number of cases
of the flu that can be developed, which will allow the extra funding to be
received?
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Continuous random variables

Continuous random variables represent quantities which can be measured and thus
may assume any value in a given range.

The standard normal distribution

The standard normal distribution is written as Z ~ N(0, 1?).
To convert a given normal variable, x, to the standard normal variable, z, use the
X — o
rule z = ——.
(o}

The cumulative normal distribution (CND) table represents the probability of
observing a result from —eo to a particular positive value of the variable, z; that is,
P(Z < z).

Using the symmetrical nature of the standard normal curve, it can be seen that:

P(Z>z)=1-P(Z<z)
PZ<—2)=1-P(Z<z)
0 e 0

-z O

=% Z

P(Z>—-—2)=P(Z<2z2)

S

%

%

With all normal distribution problems, > is equivalent to > and < is equivalent to <,
since P(Z =2z) = 0.

The inverse cumulative normal distribution

To find the value of ¢ such that P(Z < ¢) = 0.96, look for the value 0.96 from within
the CND table.
Though the exact value does not appear, a value of 0.9599 is obtained which
corresponds to a ¢ value of 1.75. Go to the mean differences column headed 1
where the difference of 0.0001 can be made up. Hence,

P(Z<¢)=0.96

c=1.751

A percentile is a probability value expressed as a percentage while a quantile is a
probability value expressed as a decimal.

The normal approximation to the binomial distribution

The binomial distribution may be approximated by the normal distribution if
n 230, np 2 10 and ng > 10. X ~ Bi(n, p) may be approximated by

X ~ N(np, npq).



* The null hypothesis (H,
» The opposite of the null hypothesis 1
* The steps in testing a hypothesis are:
1. State the null hypothesis.
2. Select the desired level of significance.
3. Select a sample for the testing of the hypothesis.
4. Use the table of binomial probabilities to calculate the probability of a res
unlikely as the one obtained.
5. If the probability is greater than the level of significance, accept Hj; if it is less,
reject it.

* This is not a part of the Maths Quest 12 Maths B course, but may be useful as extension.
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For questions dealing with probability, refer to the binomial probability tables on pages 417-21.

1 Find:
a P(Z<2.6) b P(Z<1.1) ¢ P(Z<1.34) d P(Z<0.98)
e P(Z>1.5) f PZz=23) g P(Z>1.18) h P(Z>0.73)
i Pz<-1) i P(Z<-1.8) k P(Z<-2.18) I P(Z<-239)
m P(Z>-2) n P(Z>-2.5) o P(Z>-1.61) p P(Z>-2.03)
2 Find:
a P(Z<12|Z<1.5) b P(Z<-0.53|Z<0.265)
¢ P(Z2219|Z>212) d P(Z>19]|Z<2.368)

3 Standardise the following X-values to Z-values.
a X=26ifX~N(22,36) b X=18if X~N(16,16) ¢ X=56ifX~N(50.9, 100)

4 If X is normally distributed with « =22 and o = 6, find:
a P(X>23) b P(X>11) ¢ P(X<3l)
d Px<19) e P(20 <X<26).

5 A jeweller knows that the diameter of wedding rings follows a normal distribution, with a
mean of 18 mm and a standard deviation of 1 mm.
Find the probability that a customer requires a ring with
a diameter that is:
a greater than 20.5 mm
b less than 19 mm
¢ greater than 19 mm, given that it is less than 20.5 mm.

6 Find the value of ¢ in the following.

a P(Z<c)=07 b P(Z<¢)=0.95 ¢ P(Z<o)=0.1
d P(Z<c)=028 e P(Z=c)=0.71 f P(Z>¢)=0.89
g P(Z>c)=04 h P(Z>c¢)=0.27
7 X is normally distributed with a mean of 31 and a standard deviation of 9. Find & if:
a P(X<k)=03 b P(X>k =083
¢ PX=k)=0.11 d P(X<k) =0.997.

8 Lengths of fish caught in a particular river are normally distributed with a mean of 28 cm.
Ninety per cent of fish caught are more than 25 cm long. Find:
a the standard deviation for the length of fish caught in the river
b the probability of catching a fish which is greater than 30 cm from this river
¢ the maximum length of fish which must be thrown back, if the lowest 30% must be
returned to the river.

9 Write the following binomial distributions as approximated normal distributions.
a X~ Bi(220, 0.5) b X~ Bi(600, 0.49)
¢ X~ Bi(325,0.51) d X~ Bi(1000, 0.47)

10 If X ~ Bi(250, 0.52), use a normal approximation to find P(X < 120).
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'I OC If X ~ Bi(100, 0.49), use a normal approximation to find P(47 < X < 50).
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-I oc A fair die is rolled 300 times. Use a normal approximation to find the probability of
obtaining at least 160 even numbers.

'I OD For each of the following, state the null and alternative hypotheses.
Brent says that by travelling a different route to work each day he can make the
travelling time shorter.
Fiona complains that too many overweight vehicles are using the backstreets of her
neighbourhood.
A computer software company claims that students who use their software will increase
their marks in Mathematics by up to 20%.

-I OD The probability of a coin landing heads is believed to be 0.5. After 20 tosses of the coin,
there have been 16 tails. It is claimed that the coin is biased.
State the null and alternative hypotheses.
Find P(X > 16).
Based on the above result, would you say that there is any evidence to support the claim
that the coin is biased?

'I OD The average shift that a truck driver works is 9 hours. Department of Roads officials are

concerned that the average shift is becoming much longer. Sixteen drivers have their log
N books checked and their average shift length in hours is:
Test Yourself

9 11 10 11 12 9 8 6 12 10 11 14 12 8 10 11
Chapter 10

Are the concerns of the officials justified at the 10% confidence level?

“This is not a part of the Maths Quest 12 Maths B course, but may be useful as extension.
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Binomial probability tables (selected)

417

These samples are provided to enable students to answer questions and complete exercises found in
the textbook. A complete set of tables (from n = 1 to n = 20) is found on eBookPLUS. (Instructions
for reading the tables may be found on page 358.)

n==6
b4
0.01 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
X
0 0.9415 0.7351  0.5314 03771  0.2621  0.1780  0.1176  0.0754  0.0467  0.0277  0.0156 6
1 | 00571 02321 03543 03993 03932 03560 03025 02437 0.1866 0.1359  0.0938 | 5
2 | 00014 0.0305 0.0984 0.1762 02458 02966 0.3241 03280 03110 02780 02344 | 4
3 ] 00000 0.0021 0.0146 0.0415 0.0819 0.1318 0.1852 02355 02765 03032 03125 | 3
4 | 0.0000 0.0001 0.0012 0.0055 0.0154 0.0330 0.0595 0.0951 0.1382 0.1861 02344 | 2
5 | 0.0000 0.0000 0.0001 0.0004 0.0015 0.0044 0.0102  0.0205 0.0369 0.0609  0.0938 | 1
6 0.0000  0.0000  0.0000  0.0000 0.0001  0.0002 0.0007 0.0018 0.0041 0.0083 0.0156 0
X
0.99 0.95 0.9 0.85 0.8 0.75 0.7 0.65 0.6 0.55 0.5
)4
n=3§8
P
0.01 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
X
0 | 09227 0.6634 04305 02725 0.1678 0.1001  0.0576  0.0319 0.0168 0.0084 0.0039 | 8
1 | 00746 02793 0.3826 03847 03355 02670 0.1977 0.1373  0.0896  0.0548  0.0313 | 7
2 | 00026 0.0515 0.1488 02376 02936 03115 02965 02587 02090 0.1569 0.1094 | 6
3 ] 00001 0.0054 0.0331 0.0839 0.1468 02076 02541 02786 02787 02568 02188 | 5
4 | 0.0000 0.0004 0.0046 0.0185 0.0459 0.0865 0.1361 0.1875 02322 02627 02734 | 4
5 | 0.0000 0.0000 0.0004 0.0026 0.0092 0.0231 0.0467 0.0808 0.1239  0.1719 02188 | 3
6 | 0.0000 0.0000 0.0000 0.0002 0.0011 0.0038 0.0100 0.0217 0.0413 0.0703 0.1094 | 2
7 | 0.0000 0.0000 0.0000 0.0000 0.0001 0.0004 0.0012 0.0033 0.0079 0.0164 0.0313 | 1
8 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0002 0.0007 0.0017 0.0039 | 0
X
0.99 0.95 0.9 0.85 0.8 0.75 0.7 0.65 0.6 0.55 0.5
P
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n=10
P
0.01 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
X
0 0.9044  0.5987 0.3487 0.1969 0.1074  0.0563  0.0282  0.0135  0.0060  0.0025  0.0010 10
1 0.0914  0.3151 0.3874  0.3474 0.2684 0.1877  0.1211 0.0725  0.0403  0.0207  0.0098 9
2 0.0042  0.0746  0.1937 0.2759 03020 0.2816  0.2335 0.1757 0.1209  0.0763  0.0439 8
3 0.0001 0.0105 0.0574 0.1298  0.2013  0.2503  0.2668  0.2522  0.2150 0.1665 0.1172 7
4 0.0000  0.0010 0.0112  0.0401 0.0881  0.1460  0.2001 0.2377  0.2508  0.2384  0.2051 6
5 0.0000  0.0001 0.0015  0.0085 0.0264 0.0584 0.1029 0.1536  0.2007  0.2340  0.2461 5
6 0.0000  0.0000  0.0001 0.0012  0.0055 0.0162  0.0368 0.0689 0.1115 0.1596  0.2051 4
7 0.0000  0.0000  0.0000  0.0001 0.0008  0.0031 0.0090  0.0212 0.0425 0.0746 0.1172 3
8 0.0000  0.0000  0.0000  0.0000  0.0001 0.0004  0.0014  0.0043  0.0106 0.0229  0.0439 2
9 0.0000  0.0000  0.0000  0.0000  0.0000 0.0000 0.0001 0.0005  0.0016  0.0042  0.0098 1
10 0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0003 0.0010 0
X
0.99 0.95 0.9 0.85 0.8 0.75 0.7 0.65 0.6 0.55 0.5
P
n=12
p
0.01 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
X
0 0.8864  0.5404 0.2824 0.1422  0.0687 0.0317 0.0138  0.0057  0.0022  0.0008  0.0002 12
1 0.1074 03413  0.3766  0.3012  0.2062  0.1267 0.0712  0.0368 0.0174  0.0075  0.0029 11
2 0.0060  0.0988  0.2301 0.2924  0.2835 0.2323  0.1678  0.1088  0.0639  0.0339 0.0161 10
3 0.0002  0.0173  0.0852  0.1720 0.2362  0.2581 0.2397  0.1954  0.1419  0.0923  0.0537 9
4 0.0000  0.0021  0.0213  0.0683 0.1329  0.1936  0.2311  0.2367 0.2128 0.1700  0.1208 8
5 0.0000  0.0002  0.0038 0.0193 0.0532 0.1032  0.1585 0.2039 0.2270  0.2225 0.1934 7
6 0.0000  0.0000  0.0005 0.0040 0.0155 0.0401 0.0792  0.1281 0.1766  0.2124  0.2256 6
7 0.0000  0.0000  0.0000 0.0006 0.0033 0.0115 0.0291  0.0591 0.1009  0.1489  0.1934 5
8 0.0000  0.0000  0.0000  0.0001 0.0005  0.0024  0.0078  0.0199 0.0420 0.0762  0.1208 4
9 0.0000  0.0000  0.0000  0.0000  0.0001 0.0004  0.0015  0.0048 0.0125  0.0277  0.0537 3
10 0.0000  0.0000  0.0000  0.0000  0.0000 0.0000 0.0002 0.0008 0.0025 0.0068 0.0161 2
11 0.0000  0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 0.0001 0.0003  0.0010  0.0029 1
12 0.0000  0.0000  0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0002 0
X
0.99 0.95 0.9 0.85 0.8 0.75 0.7 0.65 0.6 0.55 0.5
p
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n=15
p
0.01 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

X
0 0.8601  0.4633  0.2059 0.0874  0.0352  0.0134  0.0047  0.0016  0.0005  0.0001  0.0000 15
1 0.1303  0.3658  0.3432  0.2312  0.1319  0.0668 0.0305 0.0126  0.0047  0.0016  0.0005 14
2 0.0092  0.1348  0.2669 0.2856  0.2309  0.1559 0.0916  0.0476  0.0219  0.0090  0.0032 13
3 0.0004  0.0307 0.1285 0.2184  0.2501  0.2252  0.1700  0.1110  0.0634  0.0318  0.0139 12
4 0.0000  0.0049  0.0428 0.1156  0.1876 ~ 0.2252  0.2186  0.1792  0.1268  0.0780  0.0417 11
5 0.0000  0.0006  0.0105 0.0449  0.1032  0.1651  0.2061  0.2123  0.1859  0.1404  0.0916 10
6 0.0000  0.0000  0.0019 0.0132  0.0430  0.0917 0.1472  0.1906  0.2066  0.1914  0.1527 9
7 0.0000  0.0000  0.0003  0.0030 0.0138  0.0393  0.0811  0.1319  0.1771  0.2013  0.1964 8
8 0.0000  0.0000  0.0000 0.0005  0.0035 0.0131 0.0348 0.0710  0.1181  0.1647  0.1964 7
9 0.0000  0.0000  0.0000 0.0001  0.0007 0.0034 0.0116  0.0298 0.0612  0.1048  0.1527 6
10 0.0000  0.0000  0.0000 0.0000  0.0001 0.0007 0.0030 0.0096 0.0245  0.0515 0.0916 5
11 0.0000  0.0000  0.0000  0.0000  0.0000 0.0001 0.0006 0.0024 0.0074 0.0191  0.0417 4
12 0.0000  0.0000  0.0000  0.0000  0.0000 0.0000 0.0001 0.0004 0.0016 0.0052 0.0139 3
13 0.0000  0.0000  0.0000  0.0000  0.0000  0.0000 0.0000 0.0001 0.0003 0.0010 0.0032 2
14 0.0000  0.0000  0.0000  0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 0.0001 0.0005 1
15 0.0000  0.0000  0.0000  0.0000  0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0
X

0.99 0.95 0.9 0.85 0.8 0.75 0.7 0.65 0.6 0.55 0.5
p
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n=16
p
0.01 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

X
0 | 0.8515 0.4401 0.1853 0.0743 0.0281 0.0100  0.0033  0.0010  0.0003  0.0001  0.0000 | 16
1 | 01376 03706 03294 02097 0.1126 0.0535 0.0228  0.0087  0.0030  0.0009  0.0002 | 15
2 | 00104 0.1463 02745 02775 02111 0.1336  0.0732  0.0353  0.0150  0.0056 0.0018 | 14
3 | 0.0005 0.0359 0.1423  0.2285 02463 02079  0.1465  0.0888  0.0468  0.0215  0.0085 | 13
4 | 00000 0.0061 0.0514 0.1311 02001 02252 02040 0.1553 0.1014 0.0572 0.0278 | 12
5 | 0.0000 0.0008 0.0137 0.0555 0.1201  0.1802  0.2099  0.2008 0.1623 0.1123  0.0667 | 11
6 | 0.0000 0.0001 0.0028 0.0180 0.0550 0.1101  0.1649 0.1982 0.1983 0.1684 0.1222 | 10
7 | 0.0000 0.0000 0.0004 0.0045 0.0197 0.0524 0.1010  0.1524 0.1889  0.1969 0.1746 [ 9
8 | 0.0000 0.0000 0.0001 0.0009 0.0055 0.0197 0.0487  0.0923 0.1417 0.1812  0.1964 | 8
9 | 0.0000 0.0000 0.0000 0.0001 0.0012 0.0058 0.0185 0.0442 0.0840 0.1318 0.1746 | 7
10 | 0.0000 0.0000 0.0000 0.0000 0.0002 0.0014 0.0056 0.0167 0.0392 0.0755 0.1222 | 6
11 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0002 0.0013 0.0049 0.0142 0.0337 0.0667 | 5
12 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0002 0.0011 0.0040 0.0115 0.0278 | 4
13 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0002 0.0008 0.0029 0.0085 | 3
14 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0005 0.0018 | 2
15 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001  0.0002 | 1
16 | 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 | 0
X

0.99 0.95 0.9 0.85 0.8 0.75 0.7 0.65 0.6 0.55 0.5
p
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n=20
p
0.01 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
X
0 0.8179  0.3585 0.1216  0.0388  0.0115  0.0032  0.0008  0.0002  0.0000  0.0000  0.0000 | 20
1 0.1652  0.3774  0.2702  0.1368  0.0576  0.0211  0.0068  0.0020  0.0005  0.0001  0.0000 19
2 0.0159  0.1887  0.2852  0.2293  0.1369  0.0669  0.0278  0.0100  0.0031  0.0008  0.0002 18
3 0.0010  0.0596  0.1901  0.2428  0.2054  0.1339  0.0716  0.0323  0.0123  0.0040  0.0011 17
4 0.0000  0.0133  0.0898  0.1821  0.2182  0.1897  0.1304 0.0738  0.0350  0.0139  0.0046 16
5 0.0000  0.0022  0.0319 0.1028  0.1746  0.2023  0.1789  0.1272  0.0746  0.0365  0.0148 15
6 0.0000  0.0003  0.0089 0.0454 0.1091 0.1686  0.1916  0.1712  0.1244  0.0746  0.0370 14
7 0.0000  0.0000  0.0020 0.0160  0.0545 0.1124  0.1643  0.1844  0.1659  0.1221  0.0739 13
8 0.0000  0.0000  0.0004 0.0046  0.0222  0.0609 0.1144 0.1614 0.1797 0.1623  0.1201 12
9 0.0000  0.0000  0.0001 0.0011  0.0074  0.0271  0.0654  0.1158  0.1597  0.1771  0.1602 11
10 0.0000  0.0000  0.0000 0.0002  0.0020  0.0099 0.0308 0.0686 0.1171  0.1593  0.1762 10
11 0.0000  0.0000  0.0000 0.0000  0.0005 0.0030 0.0120 0.0336  0.0710  0.1185  0.1602 9
12 0.0000  0.0000  0.0000  0.0000  0.0001 0.0008 0.0039 0.0136  0.0355  0.0727  0.1201 8
13 0.0000  0.0000  0.0000  0.0000  0.0000 0.0002 0.0010 0.0045 0.0146  0.0366  0.0739 7
14 0.0000  0.0000  0.0000 0.0000  0.0000 0.0000 0.0002 0.0012 0.0049  0.0150  0.0370 6
15 0.0000  0.0000  0.0000  0.0000  0.0000 0.0000 0.0000 0.0003 0.0013 0.0049 0.0148 5
16 0.0000  0.0000  0.0000  0.0000  0.0000  0.0000 0.0000 0.0000 0.0003 0.0013 0.0046 4
17 0.0000  0.0000  0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0002 0.0011 3
18 0.0000  0.0000  0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0002 2
19 0.0000  0.0000  0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1
20 0.0000  0.0000  0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0
X
0.99 0.95 0.9 0.85 0.8 0.75 0.7 0.65 0.6 0.55 0.5
p
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m The standard normal distribution

Digital docs

e SKIlISHEET 10.1: Practise using the CND table
(page 389)

e WorkSHEET 10.1: Use the CND table to determine
probabilities for standard and non standard normal
distributions (page 391)

Interactivity

e The normal distribution int-0257: Consolidate your
understanding of the normal distribution (page 375)

m The inverse cumulative normal distribution

Digital doc

e WorkSHEET 10.2: Approximate binomial
distributions to normal distributions and calculate
probabilities (page 405)

Tutorial

o Int-0182: Watch a tutorial on inverse normal
calculations using a CAS calculator (page 393)

m Hypothesis testing

Digital doc

* Spreadsheet 002: Investigate binomial probabilities
(pages 408, 412)

[ ) o [ ) |

35 [ i o P e e T T G o S e

Chapter review

Digital doc

* Test Yourself: Take the end-of-chapter test to test
your progress (page 416).

To access eBookPLUS activities, log on fo
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Instructions for the TI-89 Titanium graphics calculator
Chapter 1 — Modelling change and rates of change

Worked eXample 3 (PAZE 4)...eevieieiieiieiiee ettt neen 425
Worked eXample 4 (PAZE 5).cuveeririeiieiieiteie ettt 426
Worked eXample 5 (PAZE 0)...oevieiiiieiieiieieeteeteee ettt enees 427
Worked eXample 6 (PAZE 7).eveevirieiieriieiteie ettt ettt ettt be e enes 428
Worked example 13D (PAZE 24).....eceirieieieieieeeeie sttt 429
Worked example 16D (PAZE 26).....ccueeriieiieiieiieeiieieeiteie ettt eeees 430
Graphics Calculator tip: Using the TI-89 Titanium calculator (page 34).....c.ccccu...... 431
Chapter 2 — Applications of differentiation

Worked example 2 (PAZE 49).....ioiiiieiieiieieeeeee ettt 432
Worked example 7 (PAZE 59)..ecuuiiiiiieieiiee et 433
Worked example 11 (PAZE 06).....ccueiieiueeiieiieieeieesieeie ettt eae e ees 434
Chapter 3 — Exponential and logarithmic functions

Cell growth — seeking a model (Page 82) ....c.ooveviieriieiiiieiieiieceeeeeeee e 435
Graphics Calculator tip: Simplifying expressions involving indices (page 87) ......... 436
Graphics Calculator tip: Evaluating logarithms to base 10 (page 93)......cccceevveeennen. 436
Worked example 15 (PAZE 99)...viimiiiiiiiieiiee e 436
Worked example 19 (DA 102).....ciiiiiieiieiieiieeiieieeieete ettt seees 437
Worked example 27 (PAZE 115). it 437
Graphics Calculator tip: Evaluating natural logarithms (base e) (page 118) ............. 438
Chapter 4 — Derivatives of exponential and logarithmic functions
Worked example 2 (PAZE 135) ittt 439
Worked example 5 (PaZE 138)...uiiiiiiiieiieiieee e e 439
Graphics Calculator tip: Finding the derivative of y = a* (page 140).......cccvevvennnnen. 440
Worked example 13 (PAZE 147)..ccuuiiiiieieeeeeeeeee e 440
Chapter 5 — Periodic functions

Worked example 7 (PAZE 172)...cciiiiiiieiieieeieeitee ettt enees 441
Worked example 13 (PAZE 179)..ccueiiieieieiieeeeeee e 441
Graphics Calculator tip: Graphing periodic functions (page 186).......cccccevveevreenennen. 442
Chapter 6 — The calculus of periodic functions

The derivatives of sin x and cos X (PAZE 208).....eerueeiieiieiiiieiieieeie e 443
Worked example 2 (PAZE 212)....ccuiiiiieeieieiieieere ettt 446
Worked example 4 (PAZE 215)...iiiiiieieiieieeeeeet et 446

Worked example 5 (PaZE 218)...uiiiiiiiiieiieieeieeeee e e 447
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Worked example 7 (PAZE 222) .ovieouieiieieeiieeie ettt ettt ees 447
Worked example 8 (PAZE 223) ..viiiieiiiieiieieeie et 448
Chapter 7 — Introduction to integration
Worked example 3 (PAZE 239) .onvieiieiieieeieieee et 450
Worked example 9 (PAZE 253) .ouviiiieiiiieiieie et 450
Worked example 12 (PAZE 255) cuveovieiieiiiieeie ettt ettt 451
Worked example 15 (PAZE 260) ...ocueeiireieiiieiieie et 452
Chapter 8 — Techniques of integration
Graphics Calculator tip: Finding definite integrals (page 279) .cccevvecveevenvenieennenne. 453
Worked example 3 (PAZE 280) ...veeuiriiiieiiieieee et 453
Graphics Calculator tip: Evaluating signed areas (page 285)......cccceevvecveeiereenreennenne 454
Graphics Calculator tip: Finding the area bounded by a graph and

the X-aX1S (PAZE 291 )..ieuiiiiieiieieeeee e 455
Worked example 9 (PAZE 293) ...vieiiiiiiieiieieee e 456
Worked example 12 (A 300) ...ccvieiiiieiieiieieeie ettt ees 457
Chapter 9 — Probability distributions
Graphics Calculator tip: Binomial probabilities (page 340).......cccceeveecireciervenneennenne. 458

Graphics Calculator tip: Binomial probability for a range of x-values (page 344).... 459
Worked example 20 (PAZE 353) .eeuieiirieiierieeee et 460

Chapter 10 — The normal distribution
Graphics Calculator tip: Calculating probabilities for standard normal distributions

(DAZE 378) oottt ettt ettt ettt ettt b ettt et e ra e ttenneennean 461
Graphics Calculator tip: Calculating probabilities for standard normal distributions

(DAZE 382) ettt ettt n et et ennean 462
Graphics Calculator tip: Calculating probabilities for normal distributions

(PAEE 385 ettt ettt e et ettt e et e e nneennnas 463

Graphics Calculator tip: The inverse cumulative normal distribution (page 393) ..... 464
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— Example 3

THINK
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Appendix

To calculate the given values of V, we
need to use the CATALOG menu,
Press:

« HOME

* CATALOG.

Define v(x) = (30 — 2x) X (21 — 2x) X x
then press .

Enter:

v(5)

v(6)

1(6.5)

pressing after each line.

3 Write the answers.

WRITE/DISPLAY

L AT N AN o |

® Define v(x)=(30 - 2-x)-(21)

Define v(x) =(30 - 2-x)-(21)|

Done
w(S) 1104
v(6) 974
884.]

(6. 5)

A0 AUTO FUNC CYETY

a 7(5)= 1100 cm’
b 1(6)=972 cm®
¢ 7(6.5) =884 cm®
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Appendix

— Example 4

THINK

1. To solve V(x) = 900, on a HOME page,
press:

» (F (Other)

¢ 1: (Define).

Complete the entry line as:

Define V(x) = (30 — 2x) X (21 —2x) X x
then press (ENTER).

2 Complete the entry line as:
solve(V(x) = 900, x).

3 There are three solutions; however, we
are concerned only with those between
0 and 15, so write only the first two.

Note: The TI-89 Titanium can solve the
equation with one part of the restricted
domain. To solve for x < 15, enter the
equation as:

solve(M(x) = 900, x) | x < 15.

WRITE/DISPLAY

L+ | F2e1F3 IFY [FSo Foe| 7
Tools|ZoomiEdit] v |AT] [Stalefvar,
PPLOTS

Wa

VY130 - 2-x) (21 - 2-x) %
35. ) ( )

FUNC

1 N N N e |

R Define v(x) =(30 - 2-x)-(21)
B solve(u(x) =900, x)

X =2.06031 or x=6.4144 )
solve(v(x)=900, x)

Solving ¥V(x) = 900, for 0 < x < 15

x =2.06031 or x = 6.4144
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1

— Example 5

THINK

Appendix

To find the value of x for which V(x)

is a maximum, where 0 <x < 10.5, on
a HOME page, complete the entry

line as:

Define V(x) = (30 —2x) X (21 = 2x) X x
then press (ENTER).

Complete the entry line as:
fMax(v(x), x) | x £ 10.5
then press (ENTER).

If your calculator gives an exact value
you will need to change the mode to
Approx.

To find the maximum value of V(x)
when x = 4.0559, complete the entry
line as:

/(4.0559)
then press (ENTER).

3 Write the answer.

WRITE/DISPLAY

TosTe|Asctr alearc|ocher|Pr sralolciacn us|

m Define v(x)=(30-2-x)-(21)
Dong

R FMax(u(x), x) [ x < 18.5
x = 4.0559

st sctr alearc|other e sealo]ciac s

B Define u(x) =(30 - 2-x)-(21)

Dong

B fMax(u(x), x) | x < 18.5
x = 4,0559
k v(4.0559) 1144. 17

The maximum value of V(x) for 0 < x < 10.5 is

1144.17 cm® when x = 4.0559 cm.
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Appendix

— Example 6

THINK WRITE/DISPLAY
1 To sketch the curve, press and select

® [y=].

Complete the entry lines as:
yl=x>-3x*+8
y2=2x+7.

Tools|2o0!
as shown. berin
XM3X=0 .
escl=1.
min=-S.
amax=15.
gscl=1.
xres=1.

2 Press @ [WINDOW] and enter the settings Tis %

3 Press @ [GRAPH] to draw the graph of the
two curves.

4 To find the intersection of the curves, press:

« (F5 (Math)

¢ 5: (Intersection).

Press (ENTER) at any point on the first curve

i i Intersection
and again at any point on the second curve. Hntersect yei7. 68676
BR0 GUT EINC

Select a point just before the point of
intersection to select the lower bound and a
point just above to select the upper bound.

The intersection will then be displayed.
5 Write the answer. The intersections of the curves
y=x"-3x*+8andy=2x+7
occur at (—0.83, 5.33), (0.34, 7.69) and
(3.49, 13.98).

Note: The TI-89 Titanium calculator can find
the x-values of these points of intersection
algebraically. On a HOME page, complete the
entry line as:

solve(x® = 3x* + 8 =2x + 7, x)

then press (ENTER).
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Chapter 1 page 24
— Example ’3’)

THINK WRITE/DISPLAY

1" On a HOME page, press CATALOG and select AE ML (4 0100 LR IO |
the Define function.
Complete the entry line as:
Define fix) = x> + 2
then press ENTER R Define f(x) =x2+2 Dong

2 To find the gradient of the chord PQ, complete the 53 ML 53 MU MU
entry line as:

fa+h-ra)

kDefine fF(x)=x2+2  Done

h L £C1+h) = (1) S i
then press (ENTER). ot —
3 Write the answer. The gradient of the chord PQ is

2+h.
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Chapter 1 page 26

1

— Example ’6’)

THINK

On a HOME page, press CATALOG and select the
d( differentiate function.
Complete the entry lines as:

1

3+ % )
d(x + J;c’ x)

2
X

pressing (ENTER) after each line.

To separate the answer to part ii into two separate
fractions, press CATALOG and select the propFrac
function.

Complete the entry line as:

propfrac 2ND ANS
then press (ENTER).

3 Write the answer.

WRITE/DISPLAY

s Te|Asctr alearc|other|Pr sealo]ciac s
afl 1 = ] 1.

.l[x-rﬁ] -([x +1.5)
x| <2 -Z3

iv] 2~ ~| Fye s -
TooTs|A13¢brajCalc|Other|PrImIDjClean U
T x= Xz

'(& +1. 5]
propFrac[-—x?/—z—
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Chapter 1 page 34

====-Y Graphics Calculator tip! Using the TI-89 Titanium calculator

The TI-89 Titanium calculator can be used to do almost all the calculations in this
section on calculus. This does not necessarily mean the by-hand skills associated
with derivatives are redundant. Rather, your understanding can be reinforced with
appropriate calculator use.

The following examples showcase some of the calculus that can be done with the TI-89
Titanium calculator.

1. To calculate the derivative of (O O 5 AT AR
YoﬂJﬁ|’tbVOI(ﬂCI!!htVI"’MIOI(‘QG!I IIDI
nx) = L onaHOME page, k Define Y(x) =
/ 3 4 3I'x—-4
X Dond
complete the entry line as: k- (00 -. 288675
@x(¥00) (x - 1.33333)°"2
Define y(x) = I

N3x—4

then from the CATALOG menu select the
d( differentiate function and complete the entry

line as:

d(¥(x),x)

then press (ENTER).

2. To calculate the derivative of y = 3x* — 7x + 4 at s ATscbr afeareloeher Pr Smiolciaan Un]

the point x = 3, on a Home page, complete the entry

line as: P Define w(x)=3-x2-7-x+4

Defi =32 Tx+ 4 oo
efine y(x) = 3x" - 7x P (u00) | x=3 1.

then from the CATALOG menu select the m

d( differentiate function and complete the entry

line as:
do),x) [ x =3
then press (ENTER).
3. To find the point where the derivative of E ML (5 A A A
b . Tools|A13¢brajCalc|Other|{PramIDjCleon Us
y=3x"—"T7x +4is equal to 0, on a Home page,
complete the entry line as: P Define u(x) =3x% - Tase
Define y(x) = 32 - Tx+4 - solve{%(u(x)) =0, x]
then from the CATALOG menu select the —  _ 16667

d( differentiate function and complete the entry
line as:

solve(d(y(x),x) =0, x
then press (ENTER).
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Appendix

— Example 2

THINK

1" To sketch the graph of g(x) = x*(4 — x?), press
and select (®) [Y=].

Complete the entry line as:

yl =x*(4 - %)
then press (ENTER).

Press @ [GRAPH].

You may need to adjust the window settings.

2 To identify important features, press:
« (F5 (Math)
¢ 2: (Maximum).
Press when the cursor is a little to the
left of the maximum value and again when the
cursor is a little to the right of the maximum
value. The maximum value will then be
displayed. Repeat these steps for the minimum
value and the x intercepts (zeros).

3 To find the turning points in exact form, check
that the calculator is in exact mode and on a
new HOME screen press:

« (F2) (Algebra)
e 1: (Solve).

Complete the entry line as:

solve (i(yl(x),x) 0, x)
dx
then press (ENTER).

The y-coordinates of the turning points can be
found by substitution.

4 Sketch the graph, showing all the important
features.

WRITE/DISPLAY

Maximum \
xci1.41421 ycid,

Fi+T T2+ JF3-TF4~] FS Fé~
ToolsjA13¢brajCalc|Other(PrImIDjClean Up)

msolue %(gl(x)) = O,x]
x=-I2 or x=0 or x={3

EROFUACT  FUNC e

2.4 @24

(-2, 0) (2,0)

[ o 0>‘0 \ >
g(x)
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Appendix

— Example 7

THINK

i To find the initial population when
P(f) = 209 — ) + 300, on a
HOME page, press CATALOG and
select Define.

Complete the entry lines as:

Define P(f) = 20t x (9 — %) + 300
p(0)
pressing (ENTER) after each line.

ii (1 To find the time when the number of
birds is a maximum, complete the
entry line as:

fMax(P(1),1)|t = 0
then press (ENTER).

To find the maximum number of
birds, complete the entry line as:

p(1.73205)
then press (ENTER).

2 Write the answer.
(Remember the number of birds
must be an integer.)

WRITE/DISPLAY

s Te|ATaabr ol ate|Oihar P miD|CIac Us]

B Define p(t)=20-t-(9-t2)
Dons
k p(0) 304

fMax(p(t), t) |t 20
t =1.73209
507. 846

i For P(f) = 2049 — £*) + 300, the initial

population of birds is P(0) = 300.
ii Solve P’(f)=0 for 0 <t < 3.

The maximum number of birds is 507 after

1.73 months.
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Chapter 2 page 66

1

— Example ' '

THINK

The minimum distance between a straight
line and a point is a perpendicular line from
a point on the straight line, Q (x, y) to the
point P (1, 1).

The y-coordinate of Q can be expressed in
terms of x, as Q is on the line y = x — 4.

The distance between P and Q can be found
using the formula for distance between
two points.

On a HOME page, complete the entry

line as:

Define d(x) = o/(x— 1)+ (x—4-1)°

then press (ENTER).

To find the value of x for which d(x) is a
minimum, complete the entry lines as:

fMin(d(x), x)
d(3)
pressing (ENTER) after each line.

If the calculator is in exact mode, an exact
answer of 2 ﬁ will be given.

Write the answer.

WRITE/DISPLAY
Let Q be the point (x, y).

Pis (1, 1).
Qis (x, x — 4).

d(x) = A/(xQ—x1)2+(y2—y1)2
d(x) = J(x—1)>+(x—4-1)

50 MR 0 A MR |

R Define d(x) =)(x - 1)2 +(x -
Done

60 MR 0 A R |

B Define d(x) =J(x - 1)2 +(x -»

Dondg
" EMinCd(x), ) x =3,
md(3) 2.82843

Using a CAS calculator, d(x) is a minimum
when x = 3.

Therefore the minimum distance is
approximately 2.83 units.
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Chapter 3 page 82

Cell growth — seeking a model

1 From the menu select Stats/List Editor, o R R R

700“ ‘0( ist (‘1‘ Disty) '(S“ |IIQS

then>press: listl [1ist2 [1ist3 |list4

* 3: (New) % :153402 ------------
’ ' o 3 5606

Put the Day data in List 1 and the Number of 4 2207

Cells data in List 2.

2 To graph this data on a scatterplot, press
(®) [Y=] and clear any existing functions.

Return to the Stats/List Editor page and press:

« (F2 (Plot)

* 1: (Plot Setup)

« (F1) (Define).
Complete the fields as shown.
3 Press @ [WINDOW] and enter the settings o siozoan

shown at right. e in=on
kscl=1.
bimin=0,
max=8000.
scl=1000.
kres=1.

4 Press () [GRAPH] to display the graph.

5 This scatterplot could fit an exponential curve. A
number of different models can be tested. The

¥ List:

model that best fits this data is the power model: Store RedEan to:
y=ax x%. To find the values of @ and b, return to ] ::::m, - )
the Stats/List Editor page and press: Include Catedories: ]
Toaa>
F4 (Calc) ‘ S

* 3: (Regressions)
* 9: (Power Reg).
Complete the fields as shown, then press (ENTER).

6 These procedures yield the relationship: (MR R AR R R
PowerRed... 4—'

N=1500 x D'2. 1]

2150034
=1.19932

1ist2(5])=
RN
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Appendix

Simplifying expressions
involving indices

‘ Graphics Calculator. tip!

The TI-89 Titanium can be used to simplify expressions of the form

n+1 n 1

3".6

32n

.8”

On a HOME page, complete the entry line as: £453 AREO ) AR MR I Eom |
n n—1
3’ x6 x12

2n n
3 X8 3n 6"+l 12'\‘1

then press (ENTER). 32 n.gn

AD*12°(n=1)) /(3 2nd*87.. |

n+1

Chapter 3 page 93

= .
===--\ Graphics Calculator tip! Evaluating logarithms to base 10

The TI-89 Titanium can be used to evaluate logarithms to base 10.

To find the approximate value of log,,6, on a AE5 AR (0 A AL T S |
HOME page, press CATALOG and select the log
function and enter the number 6. Close the brackets.
You may need to make sure that your calculator is in
Approx mode. dloalt . 778151

1og(6)
T I Y7 31 VO T T VX

Chapter 3 page 99
— Example ’ 5

THINK WRITE/DISPLAY

1" To solve 5 x 25% =3 = 625 for x, on a
HOME page, complete the entry line as:
solve(5° x 25% 3 = 625, x)

then press (ENTER). b solue(s5%-252°% = 3 = 625, x)

. x =2,

roolx[ms»rc[(ck mu[nsmo Clean u-I

2 Write the answer. Solve 5% x 25% =3 = 625 for x.
x=2.
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— Example ’ 9

THINK

1' On a HOME page, complete the entry lines as:
solve(2* = 5,x)
solve((0.5)" = 1.4,x)
pressing (ENTER) after each line.

2 The TI-89 Titanium does not allow us to solve
inequalities, so we solve the equality and re-insert
the inequality sign in the answer.

WRITE/DISPLAY

Fi-T F2+ TF3-TFy~+T FS Fé~
Tools|A13¢brajCalciOther|PrImiDjCleon U

R solve(2%=5,x)
x=2.32193

R solue((.5)%=1.4,x)
x = =, 485427

i Solve 2*> 5 for x
x > 2.322 (3 decimal places).
ii Solve 0.5°< 1.4 for x

x = —0.485(3 decimal places).

Chapter 3 page 115

— Example 27

THINK

1 On a HOME page, complete the entry lines as:
solve(e* = 3,x)
solve(e* — 3¢ =2.x)

pressing (ENTER) after each line.

2 Write the answer.

WRITE/DISPLAY

[r553cla3cbr ofcare]oiar]er aeatolcrean us]

ksolve(eX =3, %)
x=1.09861

msolveleX -3 X=2,x)
x=1,09861

i Solve ¢ =3 for x

x =1.099 (3 decimal places).
ii Solve &' —3e¢™ =2 forx

x =1.099 (3 decimal places).
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Appendix

=== ;—~ Graphcs Calculator tip! Evaluating natural logarithms (base ¢)

The TI-89 Titanium can be used to evaluate logarithms to base e.

1. To find the approximate value of log, 6, on a HOME
page, press CATALOG and select the In function.
Enter the number 6 and close the brackets.

Press (ENTER).

2. For other bases we can use the change of base law.

log,b = logh

For example, the calculation at right shows log, 6.

T sTe|ATaetraleare|ocher P smiolciaan Us|

B 1n(6) 1.7917¢

To s e|ATscbr ofcare|oeher P r SriD|Caan Us]

E1n(6) 1.79174
log(6)
o Toa(2) 2.58494
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— Example 2

THINK

1" Interchange x and y to write the inverse
equation.

2 To rearrange the equation of the inverse
to make y the subject, on a HOME page
complete the entry line as:

solve(x=2 In(y — 1) + 1,y)

WRITE/DISPLAY

y=2log,(x—-1)+1
Inverse is x = 2log, (y — 1) + 1

rﬁi‘]m;«zinmfc {;:rln’;inlnklc';‘r:llvl

Rsolve(x=2-In(y-1)+1,4)
X

then press (ENTER). e
x-1
3 Write the answer. y=e +1
Chapter 4 page 138
— WORKED Example §
THINK WRITE/DISPLAY

1 To calculate the derivatives, on a
HOME page, press (F3) (Calc) and
select the d( differentiate function.
Complete the entry lines as:

d(e'(e" = 2),x)

2x —X
d( [e___—_f_e__] ,X)
e

then press (ENTER).

2 Write the answer.

i Lt —2)) = 265 - 1)
dx

2x —X
ii i(@ —2e ] _ e—Zx(e3x+4)
dx o
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Appendix

To find the derivative of y = a*, on a HOME page,
complete the entry line as:
d(a*x).

Chapter 4 page 147

====-9 Graphics Calculator tip! Finding the derivative of y = a*

R0 R 0 A A
T sTe|ATaetvaleare|ocher P Smiolciaan Us|

l-a%z[ax] In(a)-a’

E(a"x, x)

— Example ’3

THINK WRITE/DISPLAY
1 Eﬁ) ;jlllgulate the derlivativlfs, ona SRR R R |
age, complete the ent
lines aS'p & P Y '-ad;(x-ln(x)) In(x) + 1
d(x % In(x).x) r(x2-¢2%)
d((x¥* x €™),x) (2:x2+2:x)- 62
FUNC 2230

2 Write the answer.

pressing (ENTER) after each line. S

i 4 (x x log,(x)) =log, x + 1
dx

i L2 x ™) = 22 + 20)
dx
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Chapter 5 page 172

— Example 7

THINK WRITE/DISPLAY
1" On a HOME page, complete the entry lines as: 3 R 25 R L A |
sin ( 4”)
3 o sin[ -?s'"] 5‘,—
57 b o33 5
e e —

pressing (ENTER) after each line.

Ensure your calculator is in Exact mode.

2 Write the exact value.

bl b

Chapter 5 page 179

— Example ’ 3

THINK WRITE/DISPLAY

1' On a HOME page, select the solve function and £453 ML/ 2 A2 AL IR L |
complete the entry line as:
solve(sin(3x) = cos(3x),x) | 0 < x <27

then press (ENTER).

Esolve(sin(3-x) =cos(3-x), )

2 Write the solutions. x=£’5_7r’3_7r’ Bz lix Tz
12°12° 4> 12° 12 4
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Chapter 5 page 186

-;_;-V Graphics Calculator tip! Graphing periodic functions

Worked example 14 can be done on a graphics calculator.

THINK

1. To sketch the graph of y =5 cos (x + i—f) + 5 for

0 <x <2m, press and select Y= Editor.

Complete the entry line as:
Vi1
yl =5cos(x+z) +5|0£x£27r

then press (ENTER).

2. To adjust the window, press (¢) [WINDOW].
Complete the fields as shown.

3. Press @ [GRAPH] to draw the graph of the
function.

4. To find significant points on the graph, press (F5) and
select maximum or minimum.

DISPLAY

lz:;s oonI [‘ I$ Is’ L*q I

PLOTS

Fi+] F2v
Tools|2oom)
min=-2.
max= l( .
kscl=1,

TP ERD FEACY  FINC

rz. rs- rs. F2
lools Zoom rocc tsro»h Moth ¥ au) nu

Max}k /

xc:5.49779 gc 10.
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Chapter 6 page 208

The derivatives of sin x and cos x

We shall now examine the derivatives of sin x and cos x using a graphics calculator.

1. To draw the graph of sin x, press and select

F2e|F3 IFY
loo'l: 2oomiEdit] v m Stvh ‘4«

Y= Editor.
Complete the entry line as:

yl = sin(x).

. Press @ [WINDOW] and enter the window settings
shown at right.

For xmax, enter 27.

. Press (#) [GRAPH] to draw the graph.

. To draw a tangent to the curve at x = 0, press:

« (F5 (Math)

* A: (Tangent).

Move the cursor to the point (0, 0) and then press
(ENTER); a tangent line will appear.

Repeat this step to draw tangents at x = 7 and

_3r
X = —.
2

. To find the gradient of these tangents, press:
* 6: (Derivatives).
Move the cursor to each point where a tangent has

been drawn. Press (ENTER). The value of the gradient
will be displayed.

Each tangent will need to be done separately.

roavzoam]

min=0.
kmax=6.28318530718
kscl=1.
bmin=-1.5

bmax=1.5

Mscl=

Kres:

T I T T T T —

Iools Zeomllroce n«sr»n]mm]mw n»

Ny &

BMAIN _ BADGUTO  FUNC ]

Fiv] F2e]| F3 Yy
Tools|Zoom|Trace|Redraph) Mo!h wow Nn

Ny

=-.019882x -. 906505

RAD sUTO FUNC

gc

Ioou Zeomhrocchesrch ethlbuwlnn

i

dusdx=-1.
TP
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6. Repeat steps 4 and 5 for differing values of x to

complete the table at the right.

7. To draw a scatterplot of this data, press and

select CellSheet.

Put the x values in Column A and the values of g—y in
X

Column B, then press:

« (F2 (Plot)
* 1: (Plot Setup)
* 1: (Define).

Enter the settings shown at right.

. Press (#) [GRAPH] to draw the scatterplot.

. To obtain an equation for this curve, return to the

CellSheet and press:

» D (Stat)
¢ 1: (Calculate).
Complete the fields as shown.

3 SRR

AN PR 1 |
Us¢ Freq ond Cotedories? YES S

CARRIONY eenrrnrans

Include Catedories |

Enter=SAvE

£3

E:sc:cmcn >

Fi+TF2«T F3 [ FS+ | F6+~ [F7475
Tools|2oom|Trace|RedrarhiMathiDraw|Pen::

Calculation Tyee..

Use Freq ond Coted
ires - o

- Calculate

ries? NO :

Sinked 3

wradsra K




10. The equation in the form y = a sin(bx + ¢) + d will be
shown, with the values of a, b, ¢ and d given.

11. Press (#) [GRAPH] to draw the graph.

wepenare | 445

d v=a5in(d-xec)ed
N =1,

=157079%
22486662615

Fi-TFe-] F3 [ FS+1 F6- [F2455
ToolsjZoom|Trace|hedraphiMathjDrawiPen:.

e

S

RAaIN B0 AUTO FUNC
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Chapter 6 page 212
— Example 2

THINK

Appendix

1 On a HOME page, press:

« (F3) (Calc)

* 1: (d( differentiate).
Complete the entry line as:
d(cos(x* + 2x — 3),x)

then press (ENTER).

2 Write the solution.

WRITE/DISPLAY

s TATaabr ol are|Oehar P miD|CTac Us]

¥—§;[cos(x2 +2'x- 3)]
-2-(x +1)-sin(x2 + 2-x - 3]

b~ o+ DsinG? +2x - 3)
dx

Chapter 6 page 215
— Example 4

THINK
1 On a HOME screen, press:

» 3 (Cale)
 1: (d( differentiate).
Complete the entry line as:

d(coz(x)’ x)

then press (ENTER).

2 Write the solution.

WRITE/DISPLAY

Fi-] T2+ [F3-[Fy~| FS Fé~
Tools|A13¢brojCalciOther|PrImiDjCleon Up

e _«s_[__x__]
axl cos(x)
cos(x) + X sin(x)
(cos(x))?

£60 AUTO FINE 1730]

dy _ cosx+xsinx

2
dx cos x




Chapter 6 page 218

Appendix

447

— Example 5

THINK

1" On a GRAPH page, draw the graph of
y = sin x, then press:

« (F5 (Math)
* A: (Tangent).

The equation of the tangent is displayed.

Move the cursor to the point where x = 7.

WRITE/DISPLAY

2 Write the solution. y=m—Xx
Chapter 6 page 222
— Example 7

THINK WRITE/DISPLAY

On a GRAPH page, draw the graph of
y1 =4 cos (4m+§)+2.
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Appendix

— Example 8

THINK WRITE/DISPLAY
i 1" On a HOME page, press CATALOG and i T{tiJﬁ\;f;'dI{}l; ﬂ{;:vTrv’;inlJ(k'c‘r:uJ
select define. Complete the entry line as:
Define x(¢) = 4 sin(2¢) k Define x(t) =4-sin(2-t.)o
ong
then press (ENTER). .?dt(x“)) 8-cos(2- 4]
Press:
. @ (CalC) B0 FURCY FINC FYET
* 1: d( differentiate.
Complete the entry line as:
d(x(2),0)
then press (ENTER).
2 Write the solution. v(t) = 8 cos(2f)
ii (1 To solve v(f) = 0, press: ii T sTe|ATcor aleare|oeher P Smiolciaan Us|
Dong
+ (F2 (Algebra) r -2 (xt) 8- cos(2-t)
* 1: (Solve). L ol e L
Complete the entry line as: e Cost - (2-@ni - 1)n
solve(8 cos(27) = 0,7) e -

then press (ENTER).

The calculator has given the general
solution to this equation.

2 Write the solution. Solve 8 cos(2f) = 0 for ¢.
_ Qk-Drm
4

t

When k=1, t = T
4
Therefore the particle first comes to

rest after Z—f seconds.

iii 1 To find the acceleration, press: (TR0 A0 8
. @ (Calc) 'solve(s~<;os.(2~(t,%_=e,(’5..I t)l)q(
* 1: d( differentiate. t =S
Complete the entry line as: -%(&cos(z-t))
d(8 cos(21),1) -16-5in(2-t)
then press (ENTER). e

2 Write the solution. a(f) =—-16 sin(2¢)




worenax | 449

THINK WRITE/DISPLAY
iv (1 To solve a(f) = 0 for ¢, again use the solve IV [Eiadtor o aicjomer]er smolcrean us]
function and complete the entry line as: ._;lt(e.cos(z.,_))
solve(—16 sin(2¢) = 0,f) -16-5in(2-t)
R solve(~16-sin(2-4)=0,t
then press (ENTER). e = i= eng)'x
The calculator has given the general 20, ) M-
solution to this equation.
2 Write the solution. Solve —16 sin(2¢) = 0 for 7.
(= Kz
2
When k=0, t=0.
Whenk=1, 1 = g

The acceleration is 0 when # = 0 and

again after ¢ = g seconds.
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Appendix

— Example 3

THINK

1 To find the sum of the areas between
the lines x = 1, x = 3, the x-axis and
under the curve f{x) = 0.2x> + 3, on
a HOME page, complete the entry
line as:

Define y1(x) = 0.2x*> + 3

then press (ENTER).

2 To find the value of the area, complete
the entry line as:

(% W1(1) +2 xy1(1.5) + 2 x y1(2)

+2 xy1(2.5) + ¥1(3))
then press (ENTER).

3 Write the answer.

WRITE/DISPLAY

s T AT aabr oleate|Oehar P miD|CTac Us]

B Define wl(x)=.2:x2+3
Dons

BB sepenve — enwe s

5 R 1 A AR
[r553claScbr ol areloiar er aeaiolcrean us]

R =2 (101 + 2-91(1.5) + 2-)
7.7

gl (1. 5)+2%yl1 (2)+2%yl1 (2,

Area = % @1(1) +2 x y1(1.5) + 2 X y1(2)
+2 xy1(2.5) +y1(3))

=7.75
Chapter 7 page 253
— WORKED Example §
THINK WRITE/DISPLAY
1 To antidifferentiate 5 3 on a HOME page, 1 Te|mdctralcarc|other|pr seato]crean s

press:
« (F3) (Calc)

o 2: J.(integrate.

Complete the entry line as:
J(sx =30

then press .

2 Write the answer.

5
| (2=
2.5-In(Ix - 1.5

5 5
——— dx = zlog,(2
J2x+3dx 2oge( x+3)+c

Note: The TI-89 Titanium calculator does not
include the constant of integration in the integral.
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Chapter 7 page 255

— Example ’2

THINK WRITE/DISPLAY

i (1 To define the gradient function, on a HOME page, 1 [rhsimicorolcoromerier smiolcican us|

press CATALOG and select define.
Complete the entry line as:

Define yl(x) = 2x — k k Define Yl(x)=2-x - k
then press (ENTER) Qetine uiCom | mmm—"

2 To find the value of k, on a HOME page, complete i3l arcloto o Sealcréan us]

the entry line as:
solve(y1(2) = 0,k)

mDefine yl(x)=2-x-k

then press (ENTER). S k0=°:f
3 Write the answer. Letfilx)=2x—k.
Then solve(f(2) = 0, k))
k=4
ii 1 To find y when x = 1, on a HOME page, complete i SO AL B
the entry lines as shown. 2
mf(2-x-4)dx xXc=-4, ¥
J.2X_4dx ksolve(xZ2-4-x+c=3,c)|»
=72,
solve(x* —dx +c=3,¢)|x=2 b x2-4-x+7|x=1 : -
P —dx+T|x=1
pressing (ENTER) after each line.
2 Write the solution. JZx —4dv=x"—4x+c

Solving x> — 4x + ¢ for ¢ when
x=2,givesc=17
y=x’—dx+7

y(1)=4
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Appendix

— Example ' 5

THINK

1 To find J. 2¢™ — 5 sin2x + 4x) dx, on a HOME page,
press:

« (F3) (Calc)

o 2: J(integrate.

Complete the entry line as:

J ((2¢"(4x) — 5 sin(2x) + 4x).x)
then press (ENTER).

2 Write the answer, including the constant of integration.

WRITE/DISPLAY

[r537elncbralcareloeher]pr seiolcraan us|

B [(2:e% X -5.2in(2-30 + 4->»
.5 e X+2.5.cos(2. -x) + D

J'2e4x — 5 sin2x + 4x) dx

= le““r §cost+2x2+c
2 2
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Chapter 8 page 279

-;_.—‘ Graphics Calculator tip! Finding definite integrals

It is possible to find the numerical value for the definite integral using the graphics cal-
2r

culator. Use the following steps to evaluate j sin(g) dx.

T

1. On a HOME page, press: T aA1scbrolcarc|othar P amiolciaan s
- (F3) (Calc)

2 J.(integrate.

2% _,
Complete the entry line as: 'L‘ . sm[-g-]dx 3-03-3

j (sin(x/6),x,m,21)
then press (ENTER).

To obtain an approximate value for the integral,
press;
* 2nd
» (ENTER). 2
2. Write the answer. j sin(%—c) dx =2.196

T

Chapter 8 page 280
— Example 3

THINK WRITE/DISPLAY

1" On a HOME page, press: LRMIR AN W
. @ (Algebra)
* 1: (Solve) )
- () (Calc) P solve([ 5 (8- x)ax =36, k]

k=-3 or k=3

o 2: J(integrate.

Complete the entry line as:
solve( j (8,x,0,k) = 36,k)
then press (ENTER).

k
Solving J(8x) dx = 36 for k gives

0
k=+3.

2 Write the answer.
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Chapter 8 page 285

7
A <

— Graphcs Calculator tip! Evaluating signed areas

To evaluate J.O (x3 —4x) dx 7J~2(x3 —4x) dx using a graphics calculator, proceed as
2 0

follows.

1. On a HOME page, press: o s TA1sebr ol ave|Oehar P ariO|Ciaan Us]
- (F9) (Cale)

o 2: J(integrate.

2
Complete the entry line as: 'I “pIx® -4 ax §
[(abste? ~a0,5.2.2 e
then press (ENTER).

. 0 3 2 3
2. Write the answer. J (x” —4x) dx fJ. (x"—4x)dx =8
) 0
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=2==-Y Graphics Calculator tip!

and the x-axis

wepenarc | 455

Ay Finding the area bounded by a graph

The area bounded by the graph and the x-axis can be drawn and evaluated using the

graphics calculator.

1. Press and select (#) [Y=] . Complete the
entry line as:
=GB -x)(x+2)
then press (ENTER).

Set appropriate window settings, then press
(®) [GRAPH].

2. Press:
» (F5 (Math)
.7 J.(f(x) dx.
Use the arrow keys to move to the lower limit and
then press (ENTER). Repeat for the upper limit. Note

that you may be only able to get close to the limits of
integration, as shown at right.

3. The required area will be shaded and the numeric
value of the area will be displayed.

Sf{x)dx=20,8281
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Appendix

— Example 9

THINK

i (1 To find the x-intercepts of y = sin 2x over
the domain 0 < x < 27, on a HOME page,
complete the entry line as:
solve(sin(2x) = 0,x |x >0andx <21

then press (ENTER).

Note: Calculator is in Radian Mode.

2 Write the solution.

To calculate the area between the curve,
the x-axis and x =0 and x = 7, on a
HOME page, complete the entry line as:

-
—11
—

2 Write the answer.

absf(sin(zx)) dx) + absI:(sin(Zx)) dx.
O -
2

WRITE/DISPLAY

T sTe|Ansctr alearc|ocher|Pr Sraiolciacn us|

R solve(sin(2-x)=0,x) | x =B

n
x=0 or X=7 or x=xn or M

olue(sin(2x)=0,) Ix20 an..

Solving sin 2x = 0 for x over the domain
0 <x < 2m gives

k¥
=O,7—r,7r,—,27r.
SR )

5 P 5 I AR
s Te|Tscbr alearc|oiher|Pr Smiolciac s
we T

+

RS
Iz sin(2-x)dx|

Flle

J_’;_ sinCap
2

4

+

F(sin(Zx)) dx
0

JZ(sin(Zx)) dx|
;

= 2 square units.
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457

— Example ’2

THINK
i (1 To find where the two curves intersect,
on a HOME page, press:

« (F2) (Algebra)

* 1: (Solve).

Complete the entry line as:
solve(x = x> — 2,x)

then press (ENTER).

2 Write the answer.

ii To sketch the graphs of y=xandy=x*-2
on a GRAPHS page, complete the entry

lines as:
S1x) =x
2(x)=x*-2

pressing (ENTER) after each line.

To find the area bounded by the curves,
on a HOME page, complete the entry
line as:

Joe - = 2)x-1.2)
then press (ENTER).

2 Write the answer.

WRITEIDISPLAY

!ooll]hBtbrcIcokIﬂtMvI"snlnI(kon mI

Isolve(x=x2-2,x)
x=-1 or x=1

Solving x = x> — 2 for x gives

x=—-lorx=2.

1+ F2v v | Fov [F2455
ToolsjZoom|Trace|RedrarhiMathjoraw(Pen):-

>

X FUNC

s A1scbrolcarc|oehar pr ario|ciaan Us

Isolve(x=x2-2,x]
x=-1 or x=1
rJ?, (x-

2. 2))ax 9/3

2 2 9 .
J. (x—(x"=2))dx = 3 square units.
-1
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Appendix

To calculate the probabilities of a binomial distribution X, where the number of trials
(n) is 4 and the probability of a ‘success’ in each trial (p) is 0.5, use the following
steps.

1.

To enter the possible values of x, on a Stats/List
Editor page, enter the values for x: 0, 1, 2, 3 and 4
in List 1.

. To calculate P(X = x), press:

« (F5) (Distr)
* B: (Binomial Pdf)

Complete the fields as shown and press (ENTER) and
then (ENTER).

. The probability distribution will appear in a column

labeled Pdf.

Fi-Tr2r Fuv] FS~
Tools|Flots) u.-s CalcjDisty Yuli IM

1list2 [1ist3 |listd

]

ist2(1]=

Fiz |72 |F. rn~ G A
Tools|F -s! CalcjDistr|Tests) nu

listd [1istS

Edf(ll=.062500000000004
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Ay Binomial probability for a range of

x-values

====-\ Graphics Calculator tip!

The following steps show how to calculate the P(X < x) for all x-values in a binomial
distribution involving 3 trials, with the probability of ‘success’ in each trial of 0.75.

1. To enter the possible values of x, on a Stats/List
Editor page, enter the values for x: 0, 1, 2 and 3
in List 1.

2. To calculate P(X < x), press:
« (F5) (Distr)
* C: (Binomial Cdf).
Complete the fields as shown and press and
then (ENTER).

3. The probability distribution will appear in a column
labeled Cdf.

Tz | T2 [FaqFu-] Fe~] Fe- 177
Tools|PlotsilistiCatle]Distr|Tests]ints!
listl [list2 [1ist3 |listd

Nue Trigls, n:

C—
Prob Successs »: [75 ]

Lower Yalue:
Upper Value:

CESCSCANCEL >
list2(]1)=
TN T T AT T R T —

Fiv ] F2v [F3A FYe| FSv] Fév [T
Tools|PlotsiList|Catc|Distr|Tests]ints)

listS |listé |Pdf Cdf

Cdf [1]=.01562500 03
B&iN —  sepento  puNceaty @0
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Appendix

— Example 20

THINK WRITE/DISPLAY
i (1 To calculate P(X > 7), on a Stats/List Editor page, i KX R R R AR [

}
press: T
« (F5) (Distr)

Prob Success, p: :
+ C: (Binomial Cdf). ver veme. %l
Complete the fields as shown, then press (ENTER).

Upper Yalue:

list1(1)=
TR

oA E AR GR AR
Too Binomiol Cdf...

2 The value is displayed.

3 Write the solution. P(X>7)=0.0250
ii @ To calculate P(X> 7] X > 5) = PX>T) ,0n a ([ 753 723 52 (20 (0 0133
. R . P(X > 5) °f’ Binoriol) Cdf...
Stats/List Editor page, press: 11 cor =.003804 4|
- (F5 (Distr? ~ ~.
* C: (Binomial Cdf). o oL
Complete the fields with Low Val = 8 and o t
Up Val =9, then press (ENTER). bhen b
P(X>7)=0.003801
Repeat with Low Val = 6 and Up Val = 9.
P(X>5)=0.099353
2 Write the solution. P(X>7 |X >5)= PX>T)
P(X>5)
_ 0.003801 _ 0.0383

0.099353
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Calculating probabilities for standard
normal distributions

=2==-Y Graphics Calculator tip!

Alternatively, for part d of Worked example 1, the normal cumulative distribution func-
tion of a graphics calculator may be used as follows.

1. To calculate P(Z < 0.5369), on a Stats/List Editor

pass, pree
° @ (Dlstr) Upper Value:

* 4: (Normal Cdf).

Complete the fields as shown.

2. Press (ENTER).

2204332

Low Yol =100
Up Val =.5369

3. Write the solution. P(Z <£0.5369) = 0.7043
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Chapter 10 page 382

15y

- Graphics Calculator Calculating probabilities for standard

tip" normal distributions

Alternatively, for part ¢ of Worked example 4, the normal cumulative distribution func-
tion of a graphics calculator may be used as follows.

1. To calculate P(—0.235 < Z < —-0.108),
on a Stats/List Editor page, press:

« (F5) (Distr)

* 4: (Normal Cdf).

Complete the fields as shown. Farti=

. . GO E GRLGD LD G2 R
2. Press (ENTER rg‘ AR ARG

Normal C4f...
=.049893

Lowser Value:
Ueper vowe: 108 ]

Low Va1 =235

3. Write the solution. P(—0.235 £ Z <-0.108) = 0.0499



Chapter 10 page 385

=2==-Y Graphics Calculator tip!

distributions

463

Appendix

Calculating probabilities for normal

Alternatively, for part b of Worked example 5, the normal cumulative distribution func-

tion of a graphics calculator may be used as follows.

1. To calculate P(28 < X £ 65), with u = 50 and
o= 8§, on a Stats/List Editor page, press:

« (F5 (Distr)

* 4: (Normal Cdf).
Complete the fields as shown.

2. Press (ENTER).

3. Write the solution.

Normal CéF...

Low Va1
Ur Vol

=.966624

=28
=65

P(28 <X <65) =0.9666
with 4 =50 and o= 8
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‘  —~ Graphics Calculator. tip!

distribution

A graphics calculator can be used to determine the value of z if the probability is

known.

1. To find ¢ if P(Z< ¢) = 0.651, on a Stats/List
Editor page, press:

- (F5 (Distr)
» 2: (Inverse)
* 1: (Inverse Normal).

Complete the fields as shown.

2. Press (ENTER).

3. Write the solution.

The inverse cumulative normal

1| F2v [FIA FYe| FSo] Fov [F2
Tools|PlotsiList|Calc|Distr|Tasts|ints)

Inverse =.388022
frea =654
=0

For P(Z< ¢) =0.651,
¢ =0.3880
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Answers

CHAPTER 1 Modelling change
and rates of change

Exercise 1A — Using functions to
model change

1 a2 b Bx-57+1 o\
¢ 10 d3x* -2 22 (-1 b (=3, -1)
2 a 36 b 82 o P
c (1+0*+1 d @ +2)7 ¢ (-3 (=5.61)
3a5 b42;y e (11, 121) £ (-11,-61)
1 _191 1 1
4 ag bg . g g(ﬁa 122—4) h(55152—4)
3 3 y Jay=x-2x-1 by=-x-6x-7
5 a24 b 38375 ¢ 58 ¢ y=x = 10x+25 dy=6-x
6 a 355 b -1.61 e y=xt—dx+1
7 a 0.00 b 2.00 4aB bC
8 (=0.73,2.73) (2.73, —0.73) 5a8m b 80 m
9 a 6 a 48m b 6s
4 80 7 ay=x(x+6)(x—-75) by=(x+272%x-1)
5 75 8 av b iv ¢ ii di
evi f viii g vii h iii
6 | 60 9 C 10 A
7 |35 11 a=6,b=-24
12 =1 p=
b 0.26, 7.74. aa=g,b z
10 a 7.5¢— 40 ¢ Yes, at 6.6 s b d(t) = 2C=1  domain = [0, 5]
11 a 4
¢ d(km) d(t)=t2%
5
4
31 fe3)
1
b Between 9.34 and 19.02 hours after midnight 12345 1@
etween 7.5% and 1,12 hours atter midmg d Max. d ~ 4.6 km when 7 = 3 h 20 min
Exercise 1B — Graphing polynomial 13
functions
1 a b

w\»—\ B
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Answers

Exercise 1C — Review of e L4 R
differentiation 2 2
1 a 3 1
g —-x 2+ix3 h —%
X
) 3
i 1+2x J iz
4 A
¢ 523 s
xZ
mx>—4-3x* nL—L5
2./x Ak
11 a 10x* - 10 b 150
o 12 D
13 C
1
14 31
15 a —g b Undefined
16 a 3! b 871 c 4678
g 2 16 54
17 a g(x) = +4 b 41
2 3
3x3
c 4L d 4L
12 12
19 a i X*+2x+1 i 2x+2
2 4+h iii 2(x+1)
3 E b i X*+3%+3x+1 i 3x*+6x+3
4 ah b0 iii 3¢+ 1)
5 C ¢ i 4 +4x+1 i 8x+4
6 a3 b 2x ¢ 2x+6 i 4(2x+ 1) ,
d2x=2 e —6x £ 3x2 d i 8+ 12x"+6x+1 ii 24x° +24x+6
7 a —4 b 2x+3 ¢ 2x—2 i 6(2x + 1)°
d 6x+8 e 32 —4 f5— 62 e i 9F+6x+1 i 18x+6
oy i 6(3x+ 1)
g5 h —2x-2 foi 2760 +27x% + 9x + 1ii 81x% + 54x + 9
iii 9(3x + 1)?
8 a dy _ 6x3 b dy _ 6x 20 na(ax + by !
dx dx . . ..
q d Exercise 1D — Rules for differentiation
cd—§=20x3 day=20x‘9 1 aisx—4 i 3
‘ d bi 3x+1 i 1
y _ y _
¢ -1 ra=" ci 2x+3 i -4
q q di 7-4x i —1
g L= h 2= 4 ei Sx+3 i —6
dx dx fi 4-3x i 4
. dy . dy . 2 B
o S — 40
" dx P =™ 3ai2u i3 i 6(3x +2)
9 af()=122+5 b g'(x)=-10x+6 bi 3 il i —3(7 - x)?
c h'(x)= %xz d h'(x) =3+ 12x + 3x° ci __i i 2 iii = 2 ;
e g(0)=T0+30¢ 1 f(x) =22+ 2 " (2x=3)
g f(x)==6+6x—12¢ h g'(x)=1l4x—4 di 2 i i —S
i h(x)=2x+3 i ) =9%-12 u’ (4-2x)°
102 -2 b - ei L iis i —
X 2./x 2.Ju 25x+2
1
¢ L d 5% fi 3 i3 i =9

2 3 3
2

3x7 2u? 2(3x-2)




10

11
12

13

14

15
16

17

18

g i 15u* i dx+5 i 15(4x + 5)(2%% + 5x)*
hi 20> did4-6x i —4(2 - 3x)(4x - 3x%)7
5
6(x2 - 1)(x+ 1)
e’ .ox2—1 X
11 u 1 x2 111 ————————-x2
joio—16u™ i =6 i 96(5 — 6x)7
C 5 A 6B
a 32(8x +3)° b 6(2x — 5)?
¢ —15(4 - 30" a 3
3x2-4
2
e %(x—Z)(x2—4x) S 262+ )RS a7
5
g 6(1 + lz)( - l) h —(2x = 3)(2 — 3%)2
X X
=2
Jdx+7)?
a L} b 3xax2+2
(6x—5)2
a 8x’2x +5)(x+5) b 2x(3x* - 2)(x*-2)
3x2+4x
¢ —
S5(x3+2x2-17)3
d 3x(@d® - 3)2x" — 337+ 1
37500
7
w5 OF 0.014
a2 b _x=1
Jx2=2x+1
c 1 d1
7
i
2
5
au=x+3,v=2x> -5
du dv
b =12 =45
P
e Wog2ion_1s
dx
a x(5x +2)(x + 1)?
b (x + D(5x + 3y’
1 4
c — (x+1)'(1lx+1)
2%
d gﬁ(x —2Y(3x-2)
e —(x+ DHx-17
1
f (3x+2)
2)x+1
au=x+3,v=x+7
du dv
b = = — =
dx " dx
[ dl = 4
dx  (x+7)
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Answers

19 a u(x)=x>+2x, v(x)=5—-x
b u'(x)=2x+2,v(x)=-1
, —x2+10x+ 10
c X) = —————
f(x) 52
2
20 a -2 b 3x24+4x—4
(x—4)2 (3x+2)2
2
.3 . e +515)
(10— x) .
21 D
22 a P+ )X+ 1) b ———
Jx(x=1)
2 2
c %fx-l) d ixé
x (x*=3)
. (x+ 1) (5x> = 8x—1)
2/x(x 1)
Chapter review
1 a 996 b (4x+2)y> -4
c 18 d4x’-14
2 C
2
3 a2 b y+2
N 4
4 A
5
6
7
8
9
10 b5
11 b5
12 bi -8l i 48
13
14

16

17

a —6x x (4 —x?)? b 6x(x + D)(x +3)°
x4-4-3x2
¢ X A3x
2 2
(x"+1)
D 18 B 19 E 20 D
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Modelling and problem solving 2 a y
1 aOkm (8.0)
b (1000 km)

Answers

1.4

3.0

0‘ 1 (days) c y
d=13—6t>+9t
The satellite by 40 000 km
10 days
Domain = [0, 10], range = [0, 490]
Cis (3, 0) and D is (2.25, —8.54)
y=x*-3x
2 km (4 y
Yes, because a straight route from O to D to C is
approximately 17.4 km and the river course is
longer than this. (0,0
3 a ix=-20andx=0 0 \x

ii (—28, -20)u(0, 12)
iii (=20, 0) 8

N
e T e =-moe a6

y=x2(x+3)

28
cx=10

d 3x i
d = 2X+20

ar 20020
e i 1.875

ii —1.5

iii 4.5
f Yes, the largest absolute value of the gradient is 0 x

4.5, that is, the steepest section.
¢ 30.24 m (atx = 12) K

CHAPTER 2 Applications of 3,59
differentiation

(0, 5)
Minimum|

y=-x*-x+6

g(x)

Exercise 2A — Sketching curves / ’ )

1 a (0, 8) a local max. (3.-54)
b (-1, 2) a local max., (1, —2) a local min. m
¢ (2,-8) alocal min.

d (-2, -8) a local min., (% , ll% ) a local max.

e (0, 0) a positive point of inﬁection, (1, 1) a local
max.

f (-2, 4) a local max., (0, 0) a local min.

g (3, —4) a local min.

.. . . . h(x)
h (0, 8) a positive point of inflection 3 a (<1, 0) a local max., (21, ~1814) a local min.
i (—% , 6%) a local max. 3 27
j (0,5) alocal min., (1, 6) a positive point of b yT F00)
inflection (-1,0) I

k (-3, 54) a local max., (3, —54) a local min.

I (-3, 16) a local max., (% , —21‘-7‘) a local min.

m (0, 12) a negative point of inleection

n (0, 0) a negative point of inflection, (3, —27) a
local min.

1 14
(21,-18%)
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Answers

4 a (-2, 36) alocal max. and (2§ , —14% ) a local min.

b No stationary points S
(-2,36)_ 21 11,2
B Not
y=x—x2—16x+16 gr(z)ld?eﬁm\
T 0 T X
-1 1
1,22
3149 j hx)
5 a (—ﬁ , —4) a local min., (0, 0) a local max.,
(/2 , —4) a local min.
9 B 10 A 11 C 12 E
13 a x=-3 alocal min., x = 0 a local max.
b x=-2alocal max.,x=1alocal min.,x=4a
6 a (=2,-27) alocal min., (1, 0) a positive point of local max.
inflection ¢ x =-2 anegative point of inflection, x = 3 a local
min.
d x =-5 alocal min., x =2 a positive point of
inflection
e x=-3 alocal max.,x =0 a local min.,x=2a
local max.
f x=1alocal max., x =35 a local min.
14y F)=2x—4
7 /
b oL !
¢ N y=xt+x3-52-6
4
00,-6)] * f(x)<0ifx<2andf(x)>0ifx>2
15 a i y
[ =x2+4x
(15, 919
(-2,-18)
8 a y
0 o, 0 G
0,0)
X
0 ii x<—4andx>0 i 4<x<0
b Mo =3214x-7
11 11 (x) =3x* +4x —
x| (5D 8
_2% 0 f ES
iix<—2% andx>1 iii —2% <x<1
c i YA H() =46 + 1222 + 8x

RN

ii 2<x<-landx>0iii x<—2and-1<x<0
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16 y

Answers

Sfx)

EXN
An example of
the answer.
17 a a=-1and b =-8

b Atx=—% alocal max. and at x = 2 a local min.
18 aa=-2andb=5

b (-1, 4) and (0, 5)

¢ (-1, 4) alocal min., (0, 5) a local max. and (1, 4)

a local min.

Exercise 2B — Equations of tangents
and normals

1 y=5x-4

2 At(-6,0)y+7x+42=0andat(1,0)y=7x-7

3 x+y=3

4 x+3y+21=0

5aiy=2x il x+2y=5
biy=6x+16 ii x + 6y =22
cix+4y=4 il 2y=8x-15
diy=T7x+1 il x+7y+43=0
ei dy=x+4 il dx+y=18
fil3l3y=x+6 ily+3x=12
gix+y=1 il y=x+3
hiy=4x iix+4y=0
iiy=2x-3 iix+2y+1=0

6 aB b C

7 y=2x

8§ y=-1

Exercise 2C — Maximum and minimum
problems when the function is known

dc
1a<=5-4
a i X
b 92 - 324 40—
dn 2./n
dv
— = h3-2h?
“an
2 D
3C
4 a 8 workers b $1112
5 20 metres
6 x =1 hour for max. and x = 7 hours for min.
7 a x=-5°C for min. and x = 15°C for max.

b Minimum is N = 291 rabbits (round down) and
maximum is N = 1625 rabbits.
8 ail6bcm ii 132 cm
b R=0.02t+5.6
¢ Max. =6, min. =5.6

9 a 75 b $50 ¢ $3750

Exercise 2D — Maximum and
minimum problems when the function
is unknown

1 Both numbers are 5.
2 2and 6

3 b A=060x-x*
¢ Length and width are each 30 cm.
d Max. area is 900 cm?.

4 10000 m?

5 Radius =4;O cm (or 12.73 cm), length = 40 cm,

circumference = 80 cm
6 a L=45-3x
b V=9x* - 6x*
¢ Edges are 1 m, 1.5 m and 2 m, for max.
dV=3m’

7 b VzSOx—%x3 ¢ 192 em?
8 6298.9 cm?

9 Approx. 6564 cm?

10 x=1.5km

11 a 800 hours
v

b C=40000v"'+0.8v
¢ 223.61 km/h

12 Approx. 13.86 cm

13 1239 cm?®

14 /5 units

15 4.06 units

16 /7 million km.

Investigation — Cross-country run

1 Jx?+2700°
2 2
5 alx’+2700

2

3 3800 — x + /x> +2700°

4 3800-x Jx + 27002
5 2

5 1178.38 m

6 33.29 minutes
7 76 seconds longer

Exercise 2E — Rates of change
d_V b d_S c d-‘é
dr dh dt

dC d/ dv
g e — f —
dx dp dt
d4
dr
14
dr

4 6 cm?cm
5 al0m

dh
dh _ 20— 10¢
“ @

1 a

=27r b 207 m%/m

3 a = —4mr? b —1007 cm’/cm

b 5 m/s

di 10m/s ii —10 m/s
When ¢ = 1 the projectile is rising but when ¢ = 3
it is falling.
dv _ 2_ 3
6 a I = 55 (907 = 1)



Answers 47 I

b v, 2 a9 b 8 ¢ -L d L.

125 1000
e3 f 216 g !} h 2
i 08 27
'3 I &
0 1 3 x0 5 s 20x
60 90 3 a b = € 6xips d =—
xlly2 4 Xy !
2 60 mi 243 : 3 2a°b
¢ t=60 min e = £ 8y g 5 h ==
74 p= 3¢ _ 3t Y
(3t2+4)% N3t2+4 4 a 2001 p 30n+1 ¢ 2% x 3+l
d 2"x3"th e 2 f1
bge_3 9 _ 12 o 1
B 2 243 3 1 +x2 (x+1) 2x
A3t +431 (A3t2+4) (312 +4)2 5a < b o c s d T+
cv=15a=2= 4 1
8 a v=231-24/% 36 g*}‘gi b
bt=6x=0andr=2 x=32
¢ a=12and 12 8 a 1000 b 1414
o ab b A 13E10 b 4.10 49.04
10 0.2 mL/h a 1m AUm ¢ abam
. Exercise 3B — Logarithms and laws of
Chapter review .
logarithms
1C 2 E 3A 4D
5 (-3, 86) a local max. and (2, -39) a local min bao b0 ¢l a1
6 ? ya ocal max. a ’ ' e Undefined f Undefined
(202, 64) | (22, 64) 2a 2'=16 b 33=27 ¢ x*=25
d x*=64 e 5=125 f 10°= 10000
g P =x h 27=x i 5‘1=§
i 7_2: L
—4f (0,0)|0 4°x J 49
/ ’ \ 3 a log,8=3 b log,32=5 ¢ log;81=4
y=x2 (16 - x2) d log;9=2 e log,x=3 f logyx=35
7D 8D g logsl25=x h logs25=x i 1og2(%) =-1
9 x+y=6 i logyl=-2 k log,27=3 1 log,16=4
10 y=3x-14 4a 0477 b 0602 ¢ -0301 d —0.097
11 8x+6y+31=0and 8 + 6y =31 e 1301 f 1778 g 2477  h 2.699
12 C 13 B 14 A 15 D s b1 ol g1
16 A 17 E 18 B 19 D . s ‘4 ¢ 1 b3
Modelling and problem solving 6a llog,x b §log3 x ¢ logyx
1 1430 bees 2 ,
2 a x=12 units b 16 sq. units d log,x e log, (3‘7) f log, (}%)
3¢ 2002—”3 7a1 b1 ¢l d0 e2
7 100 f1 g1 nt1 P9 !
4 aA:z”r2+7 b r=2cm 8a 4 b -3 ¢ 3 d 1 e log,10
¢ A=75.1cm? d $3004 f log;54g 2 h 3 il i
5 a Ais(0.5,1)and Bis (-0.5, 1) 9a0 b 0 c 0
by=4x-1 c (0,-1) do e 3logx f Slogyx
d 1cm e 1.125 cm g logs(x+1)%or3logs(x+1) h log,(x—2)
10 a 5322 b 2.570 ¢ 0.849
11 C
CHAPTER 3 Exponential and 12 E
logarithmic functions 13 31.623
14 0.699
Exercise 3A — The index laws 15 7.8
1 ayx b x5 ¢ x0 a L Exercise 3C — Indicial equations
x0 1aP b S ¢ R d Q
e x° f x g Sxh? h 6x%° 2a S b B c Q d P
10x42 . 27x2p4 3a 4 b 6 c -2 d -3 e =5
3 i 3 f-3 g2 h-3 il i
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10
11

12
13

14

Answers

a 4 b 3 c 2 d S e -1
f -1 g 2 h 3
a 3 b 1 c 2 d -1 e -1
3

f 1l g —-11 h !

6 2 7
a 20 b31 ¢2,1 dl1,0 e 0
f 3 g 1,2 h 2,3 i 50 j
a3 b 5 c 16 d 27 e 3
f 1,2 g2-6 hs5
a 2322 b 2262 ¢ —0912d 5336 e -3.325
f 2.535 g 1365 h 1.730 i -0.827j -0.774
k 0.672 1 2.301
a x> 1.465 b x<0.431 ¢ x<1.404
d x>0431 e x<-0.683 f x>-1.151
g x>2-0356 h x<-0285 i x<1.756
j x>0.152
D
E
a $13382 b 8 ¢ 11 years 11 months
a $21 250
b 85%
¢ V'=25000 (0.85)"
d $9428.74
e 24 years
f No. As n increases (0.85)" becomes smaller and

smaller but never reaches zero. Value is always 85%
of the value the previous year.
a D=20x 100 b 2 years and 5 months

¢ 5 years

Exercise 3D — Logarithmic equations
using any base

1

NN

11

12

13

a2 b8l ¢! d L e 100,-100
f 16 g 26 h 127 i 2 i o0

k —% 1 —é m —624 n -2.5

a 3 b 2 c 125 d 625 e 2

f 8 g 6 h 4

a3 b 2 c -1 d -2 e %
fl g 0 h 0 i-1 j =2
a5 b 6 c 10 d 8 e 4

f 2 g9 h 2 i 500 j 128
a5 b 6 c 1 d 2 e 3

f 2 g 8 h 5 i 4 i3

B

D

a 10, 5 b 1000, L ¢ 16,1 d 2, L
e 3,27 f 25,5 g 1,16 h 1,27
i -5,3  j -2,5

16 1

a N=200s" b N= 8407

¢ N=283:188

aAd=47,n=2,s0d=4.7¢

b 2303 m

a A =23000,n=-1.5, so H=3000d"">

b d=4.64m

a 120 b 130

¢ 0.001 d 3 decibels are added.

e 10 decibels are added. f 100

Exercise 3E — Exponential equations

(base e)
1 a 7.389 b 54598 ¢ 1.649 d 1.396
e 1.284 f 1.221 g 1.386 h 1.609
i 0405 j 1281
2al b 2 c 6 d —%
e 2 £ 0 g -1 hol
3 a 0.693 b 1.609 ¢ -0.693 d -1.386
e 0.262 f 0.956 g 1.099 h 1.386
i 0.875 j 0916
4a0 b 0 ¢ —0.693, 0.549
d 0.405,-0.693 ¢ 1.386 f -0.405
g 0 h 1 i 0.693, 1.609
j 00916 k —0.405,1.0991 0.251, 0.693
5 a 0.693 b 1.609 ¢ 1.609
d 1.099 e —0.405,1.099 f —0.288, 0.693
g 0,0.693 h 1.609
6a x>0 b x<l1 ¢ x<0.693
d x> 1.609 e x=>0.693 f x<£0.792
g x=2-1303 h x<-1.708 i x<0.288
j x>1.347 k x<-0458 1 x>1.251
7 20.00, 0.01 8 0.04

Exercise 3F — Equations with natural

(base e) logarithms

1ae
1

d - or=0368 e =1.350
e

g =0.861

2 a 3.695 b

e 1.221 f

i —1433

3a?2 b

e 10 f

i 2 i

4 a6 b

e 3 f

i 2 J

5B 6 A

10 a 2.5 b

Investigation
formula

1 85=174+B

3 4=0.67,B=-291

5 10" Joules

b & ¢ Loor=0135
22
f =1.649
h =0.502
0.906 c e d e
1.350 g 1.368 h -0.432
-2.054 k 0417 1 -1.564
5 c 3 d 4
12 g 2.207 h 0.388
1
5
12 c % d 25
6 g 1 h 1.5
1.5
7 ex’ 8 y=x 92
In2
—kt — 1 _In2
e ’—5 c t= . d 139 days

— An earthquake

2 38=104+B
4 M=0.67 log, E—291
6 5.14

Exercise 3G — Exponential and
logarithmic modelling

1 a 200

d 2}‘ hours
2a 10g

d 13 days
3 a 3,2

c 5.197

b y=200e"% ¢ 110¢g
b y=10e"% ¢ 8¢

b y=3+2log.x
d 10



4 a 1000,0.05 b A=1000"%¢ 1051, 1649
d 14

5 a 500 b 0.03 ¢ P =500e"%%
d 2240 e 1896

Chapter review

33

1E 2 & 3 A 4C
yE

50849 6 12 7 A

8 {x:x<-127} 9 C 10 6

11 D 12 B 13259 14 B

15 50,0.18

4151 6!
be=1+1+ 4141 4L 4 L
2 6 24 120 720
c e=271806
17 -0.41 18 E 19 4 20 B

Modelling and problem solving

1 a 15°C, 90°C, 0.05 b T'=15+ 75¢00%
¢ 60°C d 22 e 17
2 a 50,0.09 b D=50e"" ¢ 78 cm
d 8 years
3 a 100 b 0.002 ¢ M =100e7000%
d 9¢g e 347 years
4 a 023 b N=Nge"® ¢ 1000
d N=1000e"%¢ 6000
5 a 0.1386 b =113 ¢ 259
d 16.6 metres
6 a 30,0.4055 b N=230e"405 ¢ 228
d 9years e 1000,0.1054 f E = 100001054
g 590 h 7 years i 485

CHAPTER 4 Derivatives of
exponential and logarithmic

functions
Exercise 4A — Inverses

1ay=loge()2-c) by=loge(;—c) cy=log,x—1

1 -1
dy=logx+1 ey = LT108T ¢ _ 08X~ ]
2 3
gy=1-log,x hy=2-log,x iyzz_l%c
. l-log,x
1y = P

2a y=log,(x—-1)
¢ y=log,(2-x)

1-x
[ y=10ge(T)

g y=log,(x-2)-1

. 3—x . 2—x
=2+1 e =1 — -1

Ly Oge( 5 ) )y Oge( 3 )

b y=log,(r-2)
d y=log,(1-x)
2-x

f :1 D
y=log,(15%)
h y=log,(x—1)+2
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Answers

3a y=e§ b y=e c y=e'—1
eX+1 er*—1
=e" (3 = f =
d y=e"+1 y > y 3
. y = 2-e"
g y=1-e h y=2-¢" i 3
i _ 1—eX
)
4a y=¢&""! b y=¢"2 c y=é& "
dy=e1_x e y:e%2 f )/:gx?3
g y=e'""=2 h y=e""+1 i y=l+e%‘3
j y=et2
5 C 6 E
Exercise 4B — The derivative of ¢*
10x 13 13
1 a 10e b §e3 [ 184
d —e* e 6 f —20e7>
g 127 h &% i 227
2 a 6e6x—2 b —668_6x ¢ 10€5X+3
d -8 e 248! £ 10e8 =5
g —90e°~%  h 153t i —42e7
j e%(Jrl k —ez_g 1 —eiJr5
3 A
4 a 2e* b 9 + 66 ¢ 206+ 10
d 3e"—2eF e 6 —Te* f 36 —2¢F
g e h 20e% + 4x

(2x +3)ex*+3x b
¢ 2(x—1)ex’-2x d
e (2x—3)eb-3x+x f
g 3(8x—T)e**-7x h
i 6(2x+1)2e2x+1) j

(0]
1=

(2x —3)ex*—3x-1
_562—5x

3(x2+ l)ex2+3x—2
10(1 + 3x)e! ~2x -3+

—4(4-x)ded-0"

Sx+4
k _2(x+2)—3e(x+2)*2] M_
2J3x+4
(x+1)% 2 2
—g——E n 2x(2x + 3)(x + 3)e T3
3(x+1)3
6 B o
7 alndx4  blnl0x10° —;‘—
X
8 —20e 9 —6e? 10 —25¢73
Exercise 4C — The derivative of log, x
1a 4x b 4 ¢ 1 al
u X
2a 1 b 1 ¢ 1 al
X X X X
X X X X
4
X
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3D 4 D
4 a A b D ¢ C . R L
52 —2 g 3 R 21
2x+5 6x+ 1 3x—4 ey o
1
a 3 e 0 or 2 ce(2x-1) d 2x
8x—1 3-5x 5x-3 2
e X
f =L o L 2+ 1) log, (x*+ 1)
2—x x—2
o =1 o 7 h 30 Exercise 4E — Applications of
4-7x ~ Tx-4 Sx+2 derivatives of exponential functions
— 20,019
.16 .48 63 1 y=30c
T Vs oo 2 y=20e" "
* 3 N=100e"07
6 a 4 b 2x c 2x+4 4 E
x x2+3 x2+4x 5 a V'=10000""" b $43490 ¢ 10.95 years
4 _2x=3 o 3x2+dxo7 . 46242y 6@ N=5e0‘i§’173t b 1923 ¢ 8.94 days
x2-3x+2 x3+2x2-7x x4 —2x3 4+ x2 ; ia)N:SOe - b 627g ¢ 9.3 days
g 1 h —2 i X 9 a N=30e001 b 150 min
2x+1 4x-3 x2+2 dp
10 a — =0.02P b P=6e"" ¢ 7.7 years
§ 1 K 5 1 3 dr
4(x+3) 3(5x+2) 5(3x-2) 11 8.56 min
—1 12 -10
m —— n (1] .
x+3 3x-2 5x+8 Chapter review
3 1B 2D
4 +3x mE+1 .
7 E 3 y= 2 4 y= e -4
2 2
85‘112 b1014 c10210 5 A 6 D
X 10 X X
; 8 g; gel 7 a 3! b 21n3 x3* ¢ e
9 -1t 10 115! 8 -9.96
o 9 E 10 A
12 —e %% orl _
axe o llal 3‘: clllox1
bil i 1 iii 1 iv 1 * o O8e *
Gradient is always one since €% = x, 12 Because log, 100x = log, 100 + log, x and log, 100
18 constant.
13 a zelogexz or 2x 13 A 314 B 15 C 16 D
X 17 a y=20e* b 65380347 ¢ 1.00
bi ,2 i 10 . ".l - Modelling and problem solving
Exercise 4D — Derivatives gf . 1 a V=4500e"31 b 5.2 years
exponential and logarithmic functions 46
B 2 a —= =—k0 b 6= 1550072
1 a 2xe" b 2% ¢ —4£ — ds
2l ) ll K ¢ 32.2 min d 37.2°
3 a 1 January 2022 b 941 cheetahs
d e’ 1 ci 824 ii 507
e N 4 a 90kg
b Approximately 77.3 kg after 3 months
2
2aedl+2) b 1+log, x 5 a 3000 people b —371.6 people/day
e x dN _ 4000
¢ — +¢log, x d (I —x)e v - _ _
P 2e ( ) c P 511 d —97.56 people/day
e log, x—1 6 a 7 weeks
3 a - 3 b —— b i 98.25 rabbits/week i 44.15 rabbits/week
(e +1) (log, x) ¢ P, =267 (rounding down)
e et — e d 782 rabbits
¢ = > d ) e i 33 rabbits/week ii 44 rabbits/week
(e"+1) X f 39 weeks
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CHAPTER 5 Periodic functions ol 3
Exercise 5A — Revision of radians and 03 05 Sy
the unit circle o n= 0o =
1 a 171.89° b 286.48° ¢ 275.02° 4 1 (_7_)2 N (%)2 49 576 625
d 146.68° e 63° f 540 24 24 5 625 625 625
g 150° h 225°
T C T c 271_ [ 5 a _ﬁ __3 _L or—ﬁ 1
2a (X b [E ir 2 3 2
? (36) (12) ¢ (3) /2
d (13—”) e 1.12° £ 138° ¢ 1.-3 a -B
8 2 2
g 4.10° h 4.54¢ i 5.41°
i 611° 6a -1 b L2 ¢ -3
3 a 0.389 b 0.717 ¢ 0.170 2 2
d —0.129 e —0.246 f -0.916 4 B . B -
4 a 0.966 b 0.927 ¢ —0.940 5 5
d —0.996 e 11.430 f 1.732
520 b0 c 1 g % h —§ i -3
d -1 e Undefined f Undefined [ [
6 al b 0 ¢ -1 j 3 K 2 13
d1 e Undefined fo 2 2
7al b1 c1 ] I o —1
d1 el 1 2 2
g2 hs
8 a sin 240°, sin 150°, sin 35°, sin 120°, sin 70° 72
b cos 3.34, cos 1.5, cos 5.3, cos 0.2, cos 6.3 g _ﬁ . ﬁ C
8
9 % 2 2
10 3 ’ N d _,\/E e —ﬁ f é
i 2 2 3
11 D 1 J2
- h -2 -3
- 7 A g 3 > i -3
13 13.5°C, 15.8°C j % Kk _% 1.
Exercise 5B — Symmetry and exact 1\2 12 1
values 9 (—) + (__) =5*t3=1
2 2
1. B p a2 ] 10 a 07 b 03 c 25
2 3 3 d -03 e —0.7 f -25
g 07 h —03 i 25
d -g e —L f -{3 i 03 k -0.7 1 25
11 C 12 D
g _Q h 1 il 13 a 10cm/s b 11 cm/s ¢ 12 cm/s
2 2 14 a 09m b 03m ¢ 0.7m
7 k= VE Exercise 5C — Further trigonometric
tions
N ;A equa
2a %% b % ¢ 3 R T BT T R )
| A 7 2° 72 44 47
d —- e —== f = 3n 5t Ixw
2 2 3 da 22 e & T
| . 2 66
g —-= h - i -1 2 o o o o o
3 3 a 90 b 60°, 300 ¢ 60°, 120
d 180° e 45°, 135°
i % % 1 @ 3 a 22904, 3.9928, 8.5736, 10.2760
b 1.1442, 1.9973, 7.4274, 8.2805
3a03 0.3 c 24 ¢ 1.0701,5.2130, 7.3533, 11.4962
q D1 J3 f 24 d 3.5217,5.9031, 9.8049, 12.1863
10 5 : 4 a 15.58°, 164.42° b 137.91°,222.09°
g 03 h 05 i 24 ¢ 212.90°,327.10° d 78.83°,281.17°
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Answers

T Sw p T 37
6’ 6 272
4r Sm 4 n
373 4’ 4

0°, 180°, 360°

105°, 165°, 285°, 345°

45°,75°, 165°, 195°, 285°, 315°

20°, 40°, 140°, 160°, 260°, 280°

62.40°, 117.60°, 182.40°, 237.60°, 302.40°,
357.60°

39.44°, 140.56°, 219.44°, 320.56°

26.39°, 333.61°

101.22°, 258.78°

g b 0,27 ¢ 27184
0.9772
n Sz 13xm 17m 257 297

187 18”18 * 18 ° 18 * 18

n Tr 9m 157 17n 23r
7 12°12° 127 12 12

Sg 1x 17w 197
2712 120 12
1.2579, 5.0253

T Sw

4’4

8718”18 > 18 ° 18 18

0.6781, 1.7253, 2.7725, 3.8197, 4.8669, 5.9141
1.8925, 5.0341

The particle is 3 metres from O.

It takes the particle 1.99 seconds to reach O for
the first time.

Exercise 5D — Further trigonometric

graphs
1a 271 b 2m 1 ¢ 2m4
1 2r
d 27r,g e —3—,2 f 3
s 4m 3 h é6rm2 i n,%
. 2
S
3
2 22
2 a 5,27t, 5to5
¥
0.8 -

s o
=S
1 1 1
S
<
g
N
B
RS

b 4,2

Y
44

m,—4 to 4

0 nvr 26
14 &\ 3 /2 3
-2
1 2m 1

e 3, 3 ; o3

Y,

0.6
0.4
0.2

0 ' 7 0
o2 N\IfE ¥
—0.4
—0.6
1 N

f ) 3to3

Y
0.4
0.2

of— T -
NEENT
—0.44

g 4,4m, -4to4

J \/47:

h 3,6m -3t03
Y,
3

2
14

\ /[

0
—14

-2

kWén or 0

3]
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o 2
34,28 4104 » % 0 to
3 Y,
2.5
2
1.5
1
0.5

N/
PR

2r
3,=,-5to1
g 3 0

|
e}
|
SIS}
|
T
[=)
<
)
=

5 a 75[ to the left, up 3 b g to the right, up 1 h
b4 . T
c 1 to the right, down 2 d 3 to the left, down 1
6 a 1,2mr, 0to2
; i
2 .
i 3,4m 1to7

1

. . . . Y,

-2 44
b 1,27, -2100 %
0

2

n 2 3m 4n ¥

Y,
0.5 j 2,6m -3t
0 P 2 ¥ ¥
-0.5 1
—1 /
-L5 10 \2r 3 dmfom 6m
=2 _2
¢ 2,2m,—41t00 -3
7 a 2m1
Y,
1.5
1
0.5
. _oq% PN
-1.5
b 2m 1
Y,
1.5
1
0.5
_0.50 %r T 37n 276
-1
e -1.5
c 2m3
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Answers

i

Y,

25

2

1.5

1
1 0 T 21 0

-1.5

-2

2.5
a 4, m,—4t04 b
¢ 2,28 2102 d

3

e 3, m,-2to4 f
¢ 1,2m,-1to 1 h

3,4rm, -3 t0 3
1,6m —-1to1

5% 713
2
1,27m —1to 1

10

—_— e o

1,-1
2,-2
5,-3

5,-3 k

22 41
33,743

2, 1,-1to 1

o0sN\Z Sf o
_1-
~1.51
272,202

24

vl
)
S

I
—11 2

3
2-

I

0 A T 3\ 27
- 2 2

—24

_3.

m,3,-3t03

0.6
0.44
0.2

VA
NN

—0.6

2m,4,-3t0 5
Y




11

12

13

14

15

Y,
1.5
1
0.5
o r 2 x5 x
EEERETEY
j 2m 1,1t03
¥
3
2
1
0| r 1 3r 2;”
2 2
y=sin(x+—)+l

1

D =

Y
1.5
1
0.5

1 metre

b 12

e 3.00 am and 3.00 pm
9.00 am and 9.00 pm

0
—0.57

—14
—1.51

by
1.5

14

0.51

—0.51
—14
—1.5

—14
—24

g y=sin£6)-c+2
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Exercise 5E — Finding equations of
trigonometric graphs

1 a 3,2,y=3sin2x

2
3

a

a

b
D

b 2, 7—r,y=25in Ty

6 6
2,4,y =2cos 4x b 2,§,y=2cos§x
1

1 _ .
5,1, l,y—E sinx + 1

3, Z-f,—z,yzssin Z—:x—Z
4,2, —m y=4cos (2x — m)

5,2, E,yzScos (2x—7—r)
2 2

2,1, % -1, y=25sin (x+’-’) -1
3 3

3,1,%, 2 y=3sin (x+7—’) +2
2 2

1, %3 p=3-cos Z
g3 cos = x

-1, 7—t,2,y=2—cos Ty
4 4
8 E

Exercise 5F — Trigonometric modelling
and problem solving

1 a 85m,3.00 pm b 12 hours c35m

d

€

d()
8

6
4
2

1.00 pm and 5.00 pm, 1.00 am and 5.00 am

2 a 10m,4m
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¢ 3.00 am
zl/\~/\/

Answers

—_
B oo oA

d 1.00 am to 5.00 am Saturday, 1.00 pm to 5.00 pm

Saturday, 1.00 am to 5.00 am Sunday morning

3.00 am to 5.00 am Sunday
18°C, 14.5°
21.5°C d 8 months

0.9, 1, 0.9, h=0.9 sin 7t + 0.9

Y,

2
1.5

1
0.5

TN 6N 0

a 2,1 b 8m, 8

a 18, 16, 2%

3
b ()= 18 - 16 cos %’”t
f 26 m

¢ 534m

e 3 minutes

27r

g h(t)=18 — 16 cos —t+—

h
30
25
20
15
10
5

a b 24 c 20
e 3.00 am, 3.00 pm

T=20+10 —f—=
or cos(12

or T'= 20+10005(nt ‘?ir)
12 4

g 10°C, 20°C, 30°C, 20°C h 13°C

Chapter review

1

4
7
8

9

16z 2 390°

—4161 b

H
W
=
>

3 5 542
2
0.273, 1.297
a3 bnr
2-3./3
2

10 37

b 25°C, January, December

¢ 1.3 seconds

d2m

12 a Dilation 2 parallel to y-axis, period change to 2?” s

translate graph g to the left and 1 unit down.

b f(x)=—-2 cos (3x + ’5’)+1

14 Amplitude = 2.5, =3, range = {y: —1.5 <y < 3.5}

15 y=-—cos —E)
y=oos (-]

Modelling and problem solving
1 90,30, = ; that is, y = 90 + 30 sin -~ x
30 30

2 a 19 metres b 9 metres ¢ 6.5 hours
d>s e p
20

CHAPTER 6 The calculus of
periodic functions

Exercise 6A — The derivatives of
sin x and cos x

1 a 8cos 8 b —6cos (—6x) ¢ cosx

X
d %C(’sg e -1 COS(_)Z_C)f %cos%—c
2 a 3sin3x b 2sin(-2x) ¢ -! sin’g‘
d 21sin2lx e 7sin(=7x) f -Z sin &
R
g é sin (—%C) % sin 2?)6
3 aA b E c¢cD dB e C
4 a cosu b 4 ¢ 4cos(4x+3)
5 a —sinu b 3 ¢ =3sin(Bx+1)
6 a 2cos(2x+3) b -7 cos (6 — 7x)
¢ 5cos (5x—4) d % cos (3x: 2)
e —I cos (8 7x) f 107 cos 2mx
3 cos X
g —3 ]



7 a =3 sin 3x—2) b —4 sin (4x + 7)
¢ sin (8 —x) d 5sin (6 — 5x)

e —2sin (2x+3) f —%sin (4x—1)
3 3 5 5

g —407° sin 107x h —12 sin (-2x)
8 a 2(2—x)sin (x> —4x+3)
b (2x —5) cos (10 — 5x + x?)
¢ e'cos (e
d —(2x + 7) sin (x> + 7x)
e 2(x —2)sin (4x —x?)
f (2x +3) cos (x> + 3x)
g = sin (log, x)
X

h 4e* cos (e*)
i Locos (log, 3x)

X
j 1 sin (l)

x2 X

2

k cos (log,(2x — 1))

2x—1
1 6¢* cos (3¢™)
m —6e** sin (2¢*)
n -3 sin (log, 10x)

X

0 4x(3x + 4) cos (x> + 2x%)

u 3x
o e (3
q lsinZ

274
r —2(x+ 1) sin (x> + 2x) + 3 cos (3x — 9)
s 2x cos (x> —4) — 9 sin (8 — 3x)

3 3x+7 5—4x 2
t 5 s1n( o — 8 cos 3 + 12x

9 —3.745
10 0

sin x e /\/5 5 ie

11 ai cosxe ii =e? or
2 2
B
T Q1 COS X e 2
bi —sinxe ii _%e
. COS X
ci = or cot x ii /3
sin x
sin x L1

di - or —tan x n —

cosx V&)

Exercise 6B — Further differentiation of

trigonometric functions
1 cosx—xsinx
2 a x>cosx+2xsinx
¢ 5x* cos (3x + 1) — 3x° sin Bx + 1)
d cos® x —sin’ x

e 8sinSx | 40 cos 5x log, 5x

X
f 5 cos 2x cos x — 10 sin 2x sin x

b 3 sinx + 3x cos x

481

Answers

4 4x . odx .

g = COS — COSX —SsIn — SInx

3 3 3

h 4x7 cos (2x + 3) — 6x* sin (2x + 3)

i —4e™  cos (2 —x) — 20¢ > sin (2 - x)
cos 6x — LR sin 6x
24x° X

k w + cos x log, x

j —

I cos 27x — 27%x sin 27x
D

10

17.279

sin X — X COS X

S AW

.2
sin” x

7 X COS X —sin x
2
X

4 cos 2x cos 4x + 2 sin 4x sin 2x

2
cos” 2x

. X . X
—X SIn X —COS X d —€ SImx—e COSX

2 2x
X e

%A/J_c cos A/J_c—sin A/;c

2
X

4x sin (3 —2x)—4 cos (3 —2x)
3

X

8 A 9 12 or sec’ x
cos” x
10 a f’(-n) is undefined, /’(0) is undefined, /'(7) is
undefined. Function exists only when sin x > 0

and stationary points a —37”, %r, 3% ete.

2
b f’(-m) and f’(0) undefined, /’(7) = 0.13. Function
exists only for x > 0.
¢ f'(-m)=-0.04,7'(0) =1, f'(m) = -23.14.
Function intercepts at —7.
d f’(-m) and f’(0) undefined, f"(7) = —1.14.
Function exists only for x > 0.

11 a dy =X cos 2x + sin x cos x
dx
b and ¢ Check with your teacher.

Exercise 6C — Applications of
differentiation

1 x+y—§:0

2 Tangent: 2x +y—27=0 normal:x -2y —-mw=0

b i 3x+2y-31=0 i 2x—3y-27=0
ci2x—2y+1=0 dix+.2y-1=0

d i2x—ﬁy+2—37ﬂ=0

11x+ﬁy 2—T =0
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Answers

N

im i3 in
6x+y—==0 A|=0| B|0,=
YT (4 ) ( 2 )
Tangent: x —y =0 normal: x +y—7w=0
Tangent is never parallel to y = x.

a 700 b 6 months

a 2.5metres b 1:30 am ¢ 2 metres

a 0.8 cm/s after Z seconds

o oIS W

b —0.8 cm/s after 3_47_1? seconds

b6+7—tcos7—t-t
2 4

10 a i 12cm i 132 cm

[ Maxrate=6+§,minrate=6—g

Exercise 6D — Kinematics

1 a2
b Amplitude = 4, range = 8
¢ T=1,f=2 d2.J2 +2
€y
6

/

_2*0 01 02N A4 05"
03

iii 7w
|
iii =
ilix=-6
iii 3
x=1 ii x=-5 iiix =—-8.97
3 i v(t)=06cos 1.5¢
a(t) =9 sin 1.5¢
.. 5 .t
== Z
il v(?) 5 sin 7
5 t
)= = -
a(t) i cos 3
iii v(f) =—6sin (2 + 3)
a(t) =—12 cos (2t + 3)
4 a v=-8sin 4t bt=0
¢ a=-32cos 4t
dt= 7-7:, 3z seconds
8 8
5 ax=0 b x=-0.54

10

11

12

c x=-0.28 d 0.26 cm/s
e v(t) =4 cos 4t f 4 cm/s
g 3.37 cm/s
ht= E,le,tz 3—”,x=—1
8 8
ax=-10
b () =10z sin it a(f) = 107 cos nt
ct=0,1,2
_1 3
di 1=3 i 7=
e tzé,% v is a max or min
a Max displacement = 5 m, min displacement = 1 m

S ¢ After 7§r seconds

b
d a(t)y=—-18 cos 3t—1)
a

v=27rcos£t b v=2cos 2t — 4t sin 2t
4 a = -8t cos 2t — 8 sin 2t

a:i sin lt
2 4
a 20 m/s b E, 5—”, 7—”, 1z seconds
2424 24" 24
2
l6m 2
— m/
s M8

b Max speed = g—g m/s when x =1.6 m

c t=17—2 s

a Amp=2.5,T= %’T b -6.36 m/s

¢ 30.34 m/s’ d —16.2 m/s?

e 92£ m/s f 248 m

g 8.87 m/s

a H = %r sin %

bi %’" m/h i 037m/h i 0.45m/h

¢ Min = 8 m, 12 hours after high tide,
max = 12 m, 24 hours after high tide

Chapter review

1
2
3

N SN A

—8 sin 8x
4 cos (2x +3)

a Ccos X b —4 sin x ¢ 12 cos 4x

3 3x 1 . x
e = cos = f —= sin =
2 2 4 2

d —12 sin 3x

9x cos 3x + 3 sin 3x

—X Sin x — CoS x

2
X
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. b —6x sin 2x + 3 cos 2x ;HAPTER 7 Introduction to
sin? x integration

8 Sin X — X COS X

¢ log x.cosx + SNX g ot eosx — ¢ sinx Exercise 7A — Approximating areas
x

enclosed by functions

¥ . x —log x sin x — oS X All answers for areas in questions 1 to 15 are in square
e sinx—e cosx :
e —— = f units.
. 2 2
sin” x (log x) 110
9 cos®x —sin® x 2a 8 b 42
10 y=x
11 y=-3 x=nx 3a A b A ¢ B
12 8x+y—-2m=0 A( )B(O,27r) 4 a 30 b 22
59
Mode]lmg and problem solving 6a 8 b 13
a 250 b 750 after 6 h
¢ 3h,9h etc. 7 a 32 b 32 ¢ 39 d 16
2 ax=2 b Amp = 2, range 0 to 4 e 29 £z g 26
c T=1,/=1 dx=4 8 a 26 b 41 ¢ 33%
e
i 9 a 28 b el+l+e ¢ log,24 d 6
1
e 235 f 7.25 g 100
10 a 40% b 10 c 11%
SEEREEY 1+2e+2e2+63
3 w#H)=10cos 2t —1) a(f)=-20sin (21— 1) d 19! e %
4 av=7rcos—7;—t b t=0,24,.. 11 a2 6 b 11 ¢ 85
) 12 a 41 or4.875 b 72 or 7.375 ¢ 6L or6.125
7 it 8 8 8
ca=7 sm? d Tm/s 13 105
$ 32=0 a8 b L6
b v() =10z sin @ a(f) = 1072 cos it al : ¢
c1=0,1,2, etc. 16 log,2880 or approx. 7.96 (2 d.p.)
. . 3 17 a 4400 sq. metres b 3500 sq. metres
d1t=5 3 etc. ut:E,E,etc. 2 ﬁ)
(2 + .
e t= %, ;, %, I etc. Velocity is a max or a min at 18 6 or approx. 1.95 sq. units
these points. 19 a Distance travelled by the cyclist in the first
P o 30 seconds.
6 a 5, 5,6and E,D(t)=5—5 s E(t+6) b 307.5 metres
b 5°, 1.46° 20 a False b True ¢ False d True
¢ 2-30 am ang 43163?1 pm. 81;30 amdilhel?emddgyn Exercise 7B — Antidifferentiation
d 8.27 am or 8. ours after midnight and 3.32 pm intearation
or 15.54 hours after midnight. Differences occur ( 91 , ) s s
due to inaccuracy of graphical methods. 1 a3 x"+c¢ b x+c ¢ ¥ tc
eD(t):lO—Ssin%(t+6) d 1x+c e =2 4. f 2¥+¢
7 al5m b 19.5m 2 42 .15
¢ 18m d60s & 5*¢ hosxt+e 1omprtce
eizl'—gm/s i 0.94 m/s ilxtte X _$ e 1 §x§+c
f 7 4
’;(91? m§x3+c n 176x4+c 0o Ix +ec
10.5
L5 p —% +c q 2 e r %+c
_101 30 60 90 120 130 1 (sec) 2x * x
-2 S 16A/)_c +c t 12 +c
d=105-9cos = (t—6 x
. R 2 a4 sete

h 17.78 m b X +2x2—10x+c¢
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Answers

24

(g}

2x5+%x4+2x+c i logex+2x_1+1z—5x

2,6, 1.4 13 3
d X+ X 23+ X%+ i §x2—210ge(3—x)+c

e }‘x4+12x—%x3+c s 2
k 2x2 =x2+ 2% +¢
f %x3—2x2—21x+c 2
s 5 1 %x2+ix4+c
g gx +5x* = 5x+¢
5 3 1
h iyt = I3+ 262 - 28x +¢ mix2+3x2-2x7 +c
7 3
i L+ 23 +¢ n =SxZ+x+x%+c
3 B“ 11 a fixy=22+x+2
4 E b filx)=5x—x*-5
5a Lx+3)P+e b lx=5'+c ¢ fiy=3x+2-1
X
c Lax+1)Y+e d -13x-4°+¢ 3
3 o df(x)=%x2+§x2—l39
e L(6x+5)y +c fl@-1+c )
3 _.3
IR VY e flx)=32x3 —x>+50x
g —;(4-x)"+c h —=(7T-xy+c 4
_ 2
i —2@-3%+e j L@-90)+ec ffi0)=2Jx-x2-6
[ 3 | 4
gf(x)=z(x+4) +1
k —1@c+3)"+e I —L(6x+57+c
h ix)y=(1-2x)"*+2
m—%(4x—7)_3+c n —%(3x—8)_5+c i flx)=log,(x+5)+2
o L(6-502+c p —2(7-50"+c j Mx)=—4log,(7-2x)+7
6 ’ 12 a k=-8
7 a 3log,x+ b 8log,x + b y=4l
x+c og,x+c¢
. 8o , 8e 13 a k=-1
¢ slogx+ec d flog,x+c - P
b g(x)=4-— —log,x
e %‘logex+c f log,(x+3)+c Jx
¢ 3log,(x+3)+c  h —2log,(x+4)+¢ ¢ 3-log.4
i —6log,(x+5) +c | tlog,Bx+2)+c Exercise 7C — Integration of ¢*, sin x
3 and cos x
8 3 _
k gloge(5x+6)+c 1 Eloge(Zx 5)+c¢ 1a %ez"+c b }‘64”_0 ¢ —eF4e
m—% log,(3+2x)+c¢ n —% log, (6 + 7x) + ¢ d —%e‘3"+c e & ic f %e4"+c
0o —log,5-x)+c p —f—lloge(6—11x)+c g %e(’x+c h §e3x+c i —%e6x+c
2log,(4-3x)+c 4log, (5 — 2x) + x ¥
q 3 log,(4-3x) r 4log,(5-20)+ec j 44 k3¢ 4c 1 04del +c
8 A R .
9 2x+7log,x+c m 6e? +c n 9e¢3+c o0 e -e'+c
10 a éx5+x2+logex+c p ex-;e‘x_'_c
1 6
b g@r+1)i+e 2x+2€‘+%e2"
-1
¢ 3x+2log,x+x +c 3 %e3x—%e2x+3e"—x
d 3log,2x+1)+c
2 4 ‘ltx“—x3+2e3’C
e llog,(6—10x)+c
7 108, (6~ 100) 5aD b C
f %(2x—5)6+c 6 a —% cos3x +c b —‘1‘ cos4x + ¢
g —%(4x+1)‘2+c c %sin7x+c d ésin2x+c
h 1 +4x+8logx+c e lcos(=2v)+c f —Lsin(=3x)+c
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Answers

10

11

12

g —jcosbrte b 2sindx+c . :1)]]‘{(:)—425in2x 4" +3
x) = -
i 2cos3x+c j 2sin(—x)+c¢ x
c = =-2.02
k —3cos® +¢ 1 2sin: +¢ f(6)
3 2
—x X . .
m 12 cos (T) +c n 10cosg +c Exercise 7D — Integration by
recognition
. X . (—x . i 8
0 16SIHZ +c p 1251n(7) +c 1ai 24(3x—2)7 u %(3?‘—2) +c
b i 10x(x>+ 1)* i L+ 1) +¢
q—6c0s2—3)—c+c r 8sin3Ix +c ’
. 1
c i ii J2x-5+¢
s feos Xy t —2ginIX 4 N2x =5
5 P 7 4 5
d i ii J4x+3+c
u —%cosn’x+c \ 6sm7g—x +c JA4x+3
. 2 _ 73 o142 _ 7\
6 . m . (—4x) e i42x+3)(x"+3x-7) i 4(x +3x-7)"+c¢
W —=s8m-—" +c¢ X —=cos|— | +¢
T3 4 n £ -2 i -2 +c
a sinx —cosx +c¢ (x2-1)2 x2-1
b —% cos 2x — sinx + ¢ 2a A b B
¢ A-l‘sin4x—%0052x+c 3 E
a ide™? i 1" te
X .
d —2cos5 —1sin2x+c b i 5665t P M
e sin4x+%cos2x+c ¢ i 2xe*? i %e"2+c
5.2
f 3 —2cosx+c di (1_2x)ex—x2 i ex-4¢
g g(sinn—x—cos 7r_x)+c 5a icos(x-5) ii sin(x—-5)+c
T\ 3 2 b i 3cos(3x +2) ii 2sin(Gx+2)+c
1 ,6x 1
hg3e g cosBrixte ¢ i —4sin(4x—7) i 1 cos(dx—7)+c
1 4x_l 1 4
3¢ T cosrd gt d i —6sin(6x - 3) i —1 cos(6x—=3)+c
3 3x 2
x” —sin2x + 2e i = _s i 2sin(2— 5
a ix4—%loge(2x+3)+%ezx+c e i —=5cos(2-5x) il =2sin(2 -5x)+c¢
f i 4sin(3 —4x) ii —% cos(3 —4x) +c
b %x3+2sin2x+e_x+c
x . 5
X z i ..
e “3cos§ +2¢7 — LBx-1) e gl =5 i 4log, Sx+2) +c
1 _ 14 inX .2
d zlog,(3x-2)+; e +5s1n5+c h IxZ_j_Cg, i 6log, (+3)+c
e —6cos¥ —6sinE 1+ 5¢7 tc 2x—4
B 3 ii P i %loge(x2—4x)+c
2 % 2 6 X o
fsx+x +;l_c0s—3— +5x+te 6 a i 3cosx—xsinx ii sinx —xcosx
a flx)=4+sinx b i X COS X —sin x .. 2sinx
b fix)=1-2cos2x Y e
X
¢ fix)=3.42+ 1251112 ¢ i e (sinx+ cosx) ii 3e"sinx
oy x d i sinx+ xcosx il xsinx + cosx
d filxy=4sin= +2cos= —4 . ..
4 2 e i e +xe’ ii xe* —e*
a k=-1 6
. 5 _ _ 5 o X _ 6
- 7 a i 12x°(1 = 3x)(2 — 3x) i ?(2 3x)° +c¢

6
b y=-=cos—= —-x+7
YT 6

Cc y:1+7_[

6

3x2+2

2.x3+2x

i

2.Jx3+2x+c¢
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8 b 3x+log,(x—1)+c
9b Sx—2log,(x+2)+c
10 b 4x+ 2 log,(2x—3)+c¢
11 b -3x-2log,(3-2x)+c¢
12 a dy _ _sinx _ —tan x

dx coS X

b —log,(cosx) +c¢

13 222

sin x

14 llog,(3x* - 4)

15 ésin(ax+b)

16 —(11 cos(ax + b)

17 1 gax+n

18 a —%r cos3mx+ 1) + ¢

b - sin(1 - 47x) + ¢
4

e 6 sin (”—x+5)+c
T 2
f e te

Chapter review
1 C 2 C 3 E

4 Ll +2e+ 263 + 2e + ¢! sq. units

5 Approx. 2.15 sq. units
6 B 7 E 8 C
9 ix)=x"-x*-3
10 A 11 D 12 E 13 C
14 a k=0

b2sinZyy -2

T 4 b4
c 1—§
T

15 B 16 D 17 A

18 g_y = 2(x+ 1) cos(x? + 2x) and antiderivative is
b
Lsin (6 + 2x)

Modelling and problem solving
1 a 80
b C=25¢7+ 25t + 800t
c $7750
d $4450
e $1050

2 a T=20-5sin &
12

b No
¢ 25°C at 6 pm

d 15°C at 6 am
e i 17.5°C
f 1.50 pm

3 768 students are not infected

4 ar=10-0.2¢ b V=
¢ —12.87 mm®/day

5 10.5 square units

6 27 hours

ii Approx. 23.5°C

4

3 (10 — 0.27)°

CHAPTER 8 Techniques of
integration

Exercise 8A — The fundamental
theorem of integral calculus

1 1 1
1a 3 b 202 c 53
di  e38 f 56
g 122 h -74 i 38
i -1k 63132 1 5949
m -1360n —% 0 24.8-3log,4 or20.64
1 3 5
p 37§ q 5logES or 0.966 r 5% or 0.0195
s 2 t 3.65
2
2a -1 b 3(1-¢3)
¢ 2e?-éY) d 1E?+15-¢°
1
e Slog,4+2¢* - 2¢? f %(e"2+e2—e"6—e6)
g 1 h 0
i 201042 i -6
k0 10
m 9ﬁ—9 n 0
o - p n2m-2.2+4)=23.4

q 142 +2c0s9°—2cos3°r 6+ log, m— 65in0.5°

4 a B b A
5a -9 b —% ¢ 3
d 10 e 4dei-4 f 2log,5
g 3 h %(8_3—63)
6 k=1or—4
7 k=2
8 k=3
9 a=2log,3
10 k=2
6

Exercise 8B — Signed areas
The answers to all area questions are in square units.

1 a8 b 8

22 45 b 45
3 4

3a JZxdx b _[(4—x)dx
1 0



(g}

¢}

(=]

h—

o

—ry

&

=2

(]

(="

o

2

-1
.[ x2 dx d J 3x2 dx

1 -3

0

f(x3—9x2+20x) dx f J' (—x3 — 4x2 — 4x) dx
1 -2

1 4

J. e* dx h J e2¥ dx

-1 1

n 37

J.22sin 2x dx j J.2 cos = dx

0 0 3
8 b8 ¢ ! d26 e 22
1l ge—e'h ~1(®-e?Hi 2 j 3

Y,
124

-/

14 2log,2

1 ai y

2 b 1 ¢ 51 d 4

4 f 22 g e—e' h l('-e?
j 4

E b A

J:f(x) dx— ij(x) dx

j:gu) dx—Lg(x) dx
i
jjf(x) dx- j::ﬂx) dx

J.jg(x) dx—-[_zzg(x) dx + J.:jg(x) dx

Exact area is2./3 — 1 —

15 8+¢&° —¢!

y=x"=3x

[T
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Answers

4.2

=3 or approx. 0.578.

Exercise 8C — Further areas
All answers for areas are exact and in square units unless
stated otherwise.

.o l
ii 42
2

ii 36
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Answers

6ai 3y it 6 cix=1 i €+ 1 —3e (or approx. 12.93)
dix=1 i 12
100 \[2 ¥ s
e i No x-intercepts ii 2e —2e! (or approx. 4.7)
yo3-32 f i x=2and-2 ii 139.2
b i y i 2log,3 g ix=2 i 2
N =3 8 L(f-e)
01 3 x 9 3_’\/§
\ 2
1
o i) "
di A y=xd—dx ii 5%
b
4
, O X 12 a b : )
13 x-intercept is % log, 3 (or 0.55), area is lte
La=e*
et % " (=€) 14 No x-intercepts, area is 67 + 1.
1%:&‘ 15 a 1+log,x
i b xlog,x —x
B % ¢ 4log,4 — 3 (or approx. 2.55)
2x
16 a
f i i 1-¢7 x2+2
b 1log, (¥ +2)
¢ log,1.5 (or approx. 0.41)
17 a 2% b 5%
g i i Jf3-1 ,
18 (362—-”) (or approx. 82.40)
19 2m—4 (or approx. 2.28)
Exercise 8D — Areas between two
b i i 4-.2 curves
All answers are in square units unless stated otherwise.
1 2
1 a J.(x—xz) dx b J (x—1) dx
0 1

1 2
c J(4—x2—3x) dx d J' (8- 2x2) dx
)

ii ii % 0
5 1
e J' (3x—x3) dx f J' (9 x2—e¥) dx
0 -1
2 1
) y g J (x+e¥) dx h J (1 -x2)dx
ji ii 125 1 -1
1 1 1 1 1
2 a g b 5 c 25 d 215 e 22
f 171 —e+ ¢! (approx. 14.98)

1% + ¢* — e (or approx. 6.17)

i 1— 4loge4§1 (or approx. 2.15)

i 2.2
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Answers

S E 10 34 1
6aix=0and4 ii iii 102 2 2
12 n_ﬁ
12
13 3log,2-2

14 a x=-4and 4
b x=-3and3

c 9%

15 21 m?

16 a x=-20and 20
b 40 m
¢ 931 m?

d 840 m’

(or approx. 0.45)

ix=-3and 1

=y

see 2
iii 105

¢cix=-land]l1 iii 2

wIN

17 a (150—@) m?
/9

b (30 000 —@) m?

x=-2and2 18 154 trees

[=7

see 1
iii 21 3

Exercise 8E — Further applications of
integration

_ (2-x)3
1 =22y
i x=0and—1 ii /) 3

(g}
-

2 1+Z
12

3a 0m
b y=-0.01(x+ 1)+ 0.03x + 0.01 or
y=-0.01x> - 0.03x%

fix=0and1 ii ¢ 54 cm
4 a $34.56
b C=40n — 200" + 200
¢ $3656.34
d i $36.56 ii $30.66
5aiO0Om/s ii 48m/s
7aix=-1,0and]l b ir=8 ii 64 m/s
c
bix=0,1and2 ii Y, iii % Seconds
y=ia d 466% m
2 e The distance travelled in 10 seconds
y=3x 6a 4L
b V=542 gin &
c 200 T 40
= d 4.79 L/min
o1 3 .
e 5h20 min
8a i b 2,2 ¢ 4 d 231 7 a
e 1%
f e—e!' =2 (or approx. 1.09)

2
g 2+ % (or approx. 3.23)

h 2e —2¢72 (or approx. 5.17) b
9 & — e — 4 (or approx. 13.37) c i60L ii 50.6 L




490

Answers

8 a 56250m® b 5 b N = 10000
9 126 m ¢ There are 6703 people with the disease after
11 a y=—%x2+6 b 38 m? ¢ 380m’ 2 years.
12 b 3log,2-2 d gfter 10 years there are 1353 people with the
isease.
13 a 0,21.5 and 44.6 kangaroos per year. e No, because it is an exponential curve and
b therefore the number of people with the disease

approaches zero but never reaches it.
f It takes about 23 years to reduce the number of
cases to 100.

CHAPTER 9 Probability

3 . L3 L]
¢ Pl)=en-1 distributions
d 1347 . Exercise 9A — Discrete random
e The population of kangaroos on 1 January 1995. .
variables
Investigation — Concrete chute 1 a Discrete b Continuous
a 260 cm? b 2496m> ¢ 4min48s ¢ Continuous d Discrete
Chabt . e Continuous f Discrete
1 apter review ¢ Continuous h Discrete
2 2 a 0| 1| 2
3
1 1 1
4 b px=x
5 3
6 i
7 2
' :
0 1 2 x

3 a HHH, HHT, HTH, HTT, THH, THT, TTH, TTT

b log 4
9 B 10 C 11 E 12 D
13 166% sq. units
14 B 15 A

01—

01w

01w
i

b px=ux

16 (7_73 + 2) sq. units (or approx. 3.23) 05
3 : e 05 0]

17 a (2,¢e) 04 031
by=(2eHx+e+de! 0 021
¢ (0,e+4e™) oif | | | | 01 |
d (0,1) x 5101520 %
e (2 +4e!) sq. units ¢ P(X=x) d PX=x)

18 a 1+1log,x 04+ 0.4
b xlog,x —x 03 0.3

¢ 3m 02 0.2
0.1

I 1

4 8 1 2

d (e — ¢?) m? (or approx. 2.58 m?) 01 |
e 20(e — e?) m* (or approx. 51.66 m®) 2

Modelling and problem solving
1 ay= —% 2+3 6 a

b 12 square metres
d 24 square metres

2 a 19 weeks

b 0.75 square metres
3 $6050 b

4 aNe A o .
0.2

2|y o=
MG
(=]




>

&

W= —_—
wi— N
L= w
1= B
= (9,

=p
(]
wiw

Wi

16 | 25 | 36

o

0

N —_

oN— N

oN— =)
N
=
oNi—

[=n
NI

(]
DiI—

10 a

= )
o= | W
= ~
- (9,
[ N

5 2
b g ¢ 3
11 0 1 2 3 4
1 1 1 B |
45 9 5 45 45
12 1 2 3 4
3 1 9 3
160 | 10 32 5
Note: Forall X=x, i0<PX=x)<1and
it ZPX=x)=1.
13 a 0 1 2 3

0.1715 | 0.4115 | 0.3292 | 0.0878

Note: For all X = x,

i 0<P(X=x)<1and

=
™
=
=

=
SN

|
—_

=3
o
=
I
X
S

(=)
—
\S]
w

~

28 12 1
55 55 55

v
<

15 a

4 12 9
25

+
+
b4 o
| —
bl )

b £ +12 49 -1
25 25 25
16 a 0.54 b 0.55 ¢ 0.54 d 0.24
e 05636 f 4 g 4
17 C 18 C 19 E 20 D
21 B 22 D
23 a x=0,1,2,3,4
b 2 3 4

16

- [e=)
— —_

=

L 1 3
16 4 8

Exercise 9B — Expected value of
discrete random distributions

122 28 3116 4 7.11
6 a=0.09, E(X)=5.42

5 447
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Answers
— 1 |
7 a= L1, E(X)=5!
8 b=0.15, E(X) =2.39
9 k=0.1,E(X)=6
10 k=0.05, E(Y) = 13
11 a 1 2 3 4 5 6

1

I—
=
=

b
12 a 314|5|6[7[8]9|10[11]12
LI U O T O N O R e T e
18129 |36|6 [36|9 121836
b
13 a 0 1 2

(SIES

14 a

b 2
15 a=0.15,5=0.05
16 a=0.1,b=0.2
17 a $3.75
b No, because although his expected gain is $3.75
per game, he must pay $5 to play each game.
Therefore his loss per game will be $1.25.
¢ No, because the expected gain is not equal to the
initial cost of the game.

18 11
19 17
20 a 0 1 2 3
8 36 s4 | 27
5 | 125 | 125 | 125
4
b lg
1 1 2 1
21 a 25 b 95 c 5§ d 6E
22 a 224 b 2.96 ¢ 7.16 d 18.48
23 $1452
Exercise 9C — The binomial
distribution
1 b, d and f constitute a binomial probability
distribution.
2 a 02613 b 0.0446 ¢ 0.2461
d 0.0092 e 0.0073 f 0.1969
3as b 0.3
¢
0 1 2 3 4 5

0.16807(0.36015| 0.3087 | 0.1323 |0.02835|0.00243

ES

0.13593
5 0.0768
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6a 20 b % ¢ ¥ 42 03370 b 0.3438
7 a 0.0625 b 0.0625 c 0375 5 ¢ ggzz; b 03438
8 a 0.0518 b 0.2592 . P b 00352
lg 2(!)(%821627 b 0.0084 ¢ 0.2568 d 0.2568 ¢ 0:1445 d 0:1445
1 0:0924 7 a 0.0878 b 0.9822
12 a 0.1023 b 0.2001 ¢ 00178
13 0.2281 8 a 0.3669 b 0.0464
14 0.0653 9 a 0.9830 b 0.0170
15 a 0.0528 b 0.6676 10 a 0.5000 b 0.9967
16 a 0.2734 b 0.2965 ¢ 0.1678 ¢ 0.9645
17 C 18 E 19 B 20 D 21 C 11 a 0.2553 b 0.1045
22 22 12 a 0.1751 b 0.0930
23 a i px=y 13 A
03 i‘; E
pe 16 D
0.1 17 C
18 D
C 032345678910)‘ 19 0.1509
i is positively skewed 20 a 0.9392 b 0.1878
b i por=x 21 a 09106 b 09216
0.3 ¢ 0.6767 d 0.5327
0.2 22 a 0.0173 b 0.2276
0.1 ¢ 0.8960
23 a 0.5981 b 0.4256
012345678910% ¢ 0.2486
ii is symmetrical or normally distributed 24 a 0.6778 b 0.0973
¢ i [Bx<y 25 a 0.3438 b 0.0760
" 26 a 0.9672 b 0.9573
02 Exercise 9E — Expected value,
0.1 variance and standard deviation of the
00 e binomial distribution
i is negatively skewed Lat b 16
24 a 2 b positively skewed ¢ 50 d 37%
25 a i Positively skewed 22 48 b 135
ii Symmetrical or is normally distributed 5
iii Negatively skewed ¢ 6 d 33
b Controls skewness 3 a 1.26 b 2.74
26 a Symmetrical or is normally distributed ¢ 324 d 4.16
b The curve would resemble more of a bell shape 425 b 25 c 1.58
which is tall and narrow. 54 462 b 3.55 ¢ 1.88
27 a Positively skewed 6 a 12 b 4.8 c 2'19
b Negatively skewed 74 167 b 0'22 43 '
28 a Symmetrical or is normally distributed ’ ’
b Positively skewed 8a 9% b 24
¢ Symmetrical or is normally distributed 9 a % b 20
d Negatively skewed 3
29 a 5645717 b 352858 ¢ $1446717 102 3 b 16
112 } b 27 ¢ 0.1450
Exercise 9D — Problems involving the 12a ! b 15 ¢ 00001 d 03980
binomial distribution for multiple ’ ' '
probabilities }i g
1 a 0.1792 b 0.6826 15 C
2 a 0.0540 b 0.8840 16 E
¢ 0.9948 d 0.4284 17 D
3 a 04718 b 0.9692 18 D




19 a ¢ b 32 ¢ 179
20 a 0.0020 b 0.7939
21 0.2642
22 a 0.2335 b 0.3828
23 400
24 a 0.5000 b 0.6535 ¢ 0.3465
25 a 50000 b 25000 ¢ 158.11
26 a 6

b The company has an extremely popular product.
27 a 0.5455 b 0.3340 ¢ 0.6

d 0.8795 e 0.2769

Investigation — The binomial theorem
1 a A binomial distribution has been described, that is

X ~ Bi(8, g).

0.2429

0.7154

0.0087

0.0043

The answer in 1b incorporates all the

probabilities of having 5 wins and 3 losses.

The answer in 2a is for a specific combination.

T e 6T

Chapter review

1a 1 2 3 4
1 2 3 8
30 s 10 5
1
b 3!
2 a 2| 34| 5|67
7 7 7 7 7 1
36 36 36 36 36 36
1 7
b 41—2- ¢
3 Yes
4 $1.22
5 No
6 a 0.11 b 1.93 ¢ $39.60 d 0.016
7 a $19.30 b $1430
8 a4
b 0 1 2 | 3| 4
o | L |3 |3 |1
20 20 10
1
c 3Z
9 a 0.2734 b 0.0078
10 a 0.0988 b 1.0613x 107 ¢ 2.4414x 107
11 a 0.0355 b 0.8125 ¢ 0.9688
12 a 0.0510 b 0.0016
13 a 0.9936 b 0.6778
14 a i50 Q25 i 5
b i35 i 10.5 iii 3.24
c il6 i 12.8 iii 3.58
15 a 0.2 b 50

Modelling and problem solving
1 a $1.25 b $16.25
¢ $81.25 (Note: Maria works only 5 days.)

493

Answers

2 a 0.0490 b 0.1486
3 2 59093%x10°b 0.1075
4 a 09943 b 0.0308
5a 0333 ii25 iii 4.17
b 222 c 1.49
6 ai $720 ii Loss of 54¢  iii No
b i $40 ii Loss of 54¢ iii No
¢ i $60 ii Loss of 54c iii No
d 2.7%
7 a 135 b 0.1 ¢ $60
8 al b 0.0015
c 0.2639 d 10
9 al b 0.2642 ¢ 0.0003
CHAPTER 10 The normal
distribution
Exercise 10A — The standard normal
distribution
1 a 0.8413 b 0.9893 c 0.9357
d 0.7703 e 0.8914 f 0.9963
2 a 0.0228 b 0.0668 c 0.1112
d 04364 e 0.1333 f 0.0043
3 a 0.0228 b 0.0968 c 0.0401
d 0.0129 e 0.0102 f 02517
4 a 0.9987 b 0.9821 c 09616
d 0.9966 e 0.8727 f 0.7395
5 a 0.1359 b 0.0486 c 0.2721
6 a 0.8644 b 0.6195 ¢ 0.4810
d 0.1051
7 a3 b —-1.667 c 1.2
8 a 0.333 b -0.5 c 1.133
9 a 0.3874 b 0.9235 c 0.7623
d 0.0317 e 0.7462
10 a 0.0808 b 0.6554 c 0.0082
d 0.0501 e 0.3260 f 0.5486
11 a 0.0863 b 0.0115 c 0.9022
12 a 0.1587 b 0.3874 c 0.6826
d 0.8302 e 0.2391
13 A 14 B 15 E 16 E
17 A 18 A 19 E 20 0.8676
21 a 0.6006 b 0.0548
c 1.40 1.60 1.80 2.00
0.0082 | 0.3364 | 0.6006 | 0.0548
d $1.74
22 a 0.9804 b 980
23 a 0.1056 b 17

Exercise 10B — The inverse cumulative
normal distribution

1 a 1.282 b 0.253 ¢ 0.675
d 0.050

2 a —0.524 b —0.842 ¢ —0.385
d -0.202

3 a —0.842 b —0.385 ¢ —0.100
d —0.583
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Answers

4 a 0.524 b 0.126 c 0.772

5al b 0.675 ¢ 0.253
d 0.496

6 a —0.675 b -0.253 ¢ 0.583
d 2.576

7 a 11.166 b 9.493 ¢ 9.336
d 11.683

8 a 35984 b 36.698 ¢ 30.774
d 33.497

9 a 5.182 b 1.528 ¢ 17.525

10 E 1 A 12 C 13 B

14 A 15 D 16 B

17 a 173.16cm b 15327 cm

18 a 44.58 mm b 45.42 mm

19 48.65 seconds

20 1.907

21 7.896

22 11.704 grams

23 26.305

24 25.844

25 3 minutes 44.27 seconds

Investigation — Sunflower stems
a Stem lengths > 85.26 cm

b 81.74 cm < stem lengths < 85.26 cm

¢ 79.19 cm < stem lengths < 81.74 cm

Exercise 10C — The normal

approximation to the binomial

distribution

1 a X~N(260, 124.8)
¢ X~N(150, 75)

b X ~N(192, 99.84)
d X~N(137.5, 61.875)

2 a i0.60 ii 0.0194

b i05 ii 0.0176
3 0.1208 4 0.1980 5 0.2836 6 0.7002
7 0.1611 8 0.9506 9 C 10 B
11 C 12 B
13 a 0.6554 b 0.5793 c 0.6826
14 a 0.6725 b 0.9102
15 a 0.3221 b 0.0529
16 a 0.5565 b 0.2856
Investigation — Supporting the
proposal
a i 0.0010

ii 0.5000

b Binomial: 0.4148
Difference = 0.5000 — 0.4148
=0.0852

Approximated value compares well with actual value.

Exercise 10D — Hypothesis testing*
1 Hj: The extra training has no effect.
H,: The extra training improves Michael’s times.
2 a The television campaign will have no effect on sales.
b Extra study will have no effect on exam marks.

¢ The life of milk in a bottle is not less than 4 days.

d The average mass of a packet of chips is not at
least 250 g.

“This is not a part of the Maths Quest 12 Maths B course, but
may be useful as extension.

SN

S o

i

a The television campaign will increase sales.

b Extra study will improve exam marks.

¢ The life of milk in a bottle is less than 4 days.

d The average mass of a packet of chips is at least
250 g.

No, P(X=>7)=0.1719

Yes, P(X > 8) = 0.0043

P(X=>17)=0.107

a Yes b No

No, P(X < 4) =0.1937

Yes, P(X<2)=0.1446

Yes, P(X<4)=0.2891

a Hj: The electricity bill is not increasing.
H;: The electricity bill is increasing.

b P(X > 6) = 0.1446

¢ 15% level of significance

¢ No

Chapter review

1

=]

10
11
12
13

14

15

a 0.9953 b 0.8643 ¢ 0.9099

d 0.8365 e 0.0668 f 0.0107

g 0.1190 h 0.2327 i 0.1587

j 0.0359 k 0.0146 1 0.0084

m 0.9772 n 0.9938 o 0.9463

p 0.9788

a 0.9482 b 0.4931 c 0.1242

d 0.0200

a 0.6667 b 0.5 c 051

a 0.4336 b 0.9666 ¢ 0.9332

d 0.3085 e 03781

a 0.0062 b 0.8413 ¢ 0.1535

a 0.524 b 1.645 c —1.282

d -0.583 e —0.553 f —1.227

g 0.253 h 0.613

a 26.28 b 2241 c 42.04

d 55.73

a 234 cm b 0.1963 ¢ 26.77 cm

a X~N(110, 55) b X ~N(294, 149.94)

¢ X~N(165.75, d X ~N(470, 249.1)
81.2175)

0.1028

0.2347

0.1241

a H,: The alternative route makes no difference to

travelling time.
H;: The alternative route shortens travelling time.
b Hj: Not many overweight vehicles use Fiona’s
street.
H,: Too many overweight vehicles are using
Fiona’s street.
¢ Hy: Using the software will make no impact on
Mathematics marks.
H,: Using the software will increase Mathematics
marks.
a Hj: The coin is not biased.
H;: The coin is biased.
b P(X = 16) =0.0059
¢ Significant at the 6% level of confidence
P(X'<5)=0.1051, not significant at 10% level of
confidence
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lower rectangle method 2367
Monte Carlo method 247-8
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areas without sketching graphs,
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average rate of change 71
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290-2

beats, graphs of 200-1
binomial distribution 33742
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deviation 358-61
multiple probabilities 351-4
normal approximation 402-5
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binomial distribution graphs 345-7
effect of changing n and p 3467
binomial probability 340-3
tables 358, 41720
x-values range 344
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tangent ratio 166
trigonometric ratio 165

catenary curve 126
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chain rule 30-2, 148, 211-12, 265
change, rates of 71-3, 149
change-of-base rules 91

common logarithms 121
complementary angles 173
complementary functions 173, 182

composite functions 30-1
conditional probability 321-2
constant of proportionality 149
continuity correction 402
continuous random variables
cos X

derivatives 211-13

integration 260-1
cosine

definition 165

functions, graphs of 181
cubic graphs 13-15

basic form 13

factor form 14

general form 13

repeated factors 14
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316, 374-5

cumulative normal distribution (CND)

table
curves
areas between two  299-303
areas under 290-5
normal distribution 375-6
sketching 46

388, 392

definite integrals 277-80
properties 277-8
terminals 277

degrees 163
changing radians to 1634
changing to radians 164
in one radian 163

derivatives
cosx 211-13
et 13741
exponential functions
first derivative test 48
fx) 22-7
log,x 1424
logarithmic functions
sinx 208-11

differential equation 149

differentiation 227
applications 46-73, 218-20
by the rule 25
chain rule 30-2, 148, 212, 265
from first principles 24
product rule 33, 148, 215-16
quotient rule 33-4, 148
rules for 304
trigonometric functions

dilation
trigonometric graphs 182-3

discrete probability distributions
binomial distribution 33747

146-8, 1

146-8

49-53

215-16

31722
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discrete random variables 31622
expected value 327-33
displacement from equilibrium 221, 226

earthquake formula 123
equations
exponential (base ¢) 114-16
indicial 98-104
natural (base e) logarithms 118-19
straight line 220
tangents and normals  55-7
trigonometric graphs 1934
Euler’s number e 114-15
exact values 168
expectation theorems 332-3
expected gain  327-8
expected value 327-33
binomial distribution 358-61
discrete random distributions 327-33
exponential equations (base e¢) 11416
exponential functions
applications of derivatives 149-53
derivatives 146-8
graphing 97-8
integration 259
exponential modelling 121-3

first derivative test 48
frequency 222
functions 2

to model change 2-8

fundamental integral calculus theorem 279-80

gradient function of f(x) 22-7
gradient of the normal 55-7
gradient of the tangent 55-7
graphing
binomial distribution 345-7
cubic functions 13-15
exponential functions 97-8
inverse functions 121
logarithmic functions 97-8
polynomial functions 10-17
quadratic functions 10-12
quartic functions 15-16
trigonometric functions 181-8
graphs of the form y = tan Bx 192

half-life of isotope 134, 151-2

hertz (Hz) 222

hypothesis testing 407-9
alternative hypothesis 407, 409
null hypothesis  407-9

indefinite integral 250

index laws 83-7

indicial equations 98-104
instantaneous rate of change 71
integrals

definite 277-80

indefinite 250

properties  250-1
integrand 277
integration 249-56

1 s
X
(ax + by' 253

(ax +b)" 252

by recognition 2636
exponential function ¢* 259
trigonometric functions 260-1

inverse cumulative normal distribution 393-5

percentiles and quartiles 395-8
inverse functions, graphing 98, 121
inverses 3, 135-6

kinematics 221-6

local maximum 47
local minimum 47
logarithm laws 904
logarithmic equations
using any base 107-11
using base e 114-16
logarithmic functions
derivatives 1468
graphing 97-8
logarithmic modelling 121-3
logarithms 90
common 121
lower rectangle method 2367

maximum and minimum problems
solving 218-20
when the function is known 58-61
when the function is unknown 63-8
modelling change 2-8
Monte Carlo method 247
area enclosed by function 248

natural (base e) logarithms, equations
with 118-19

negative angles 171-2

negative point of horizontal inflection 47

normal approximation to binomial
distribution  402-5

normal distribution 374-6, 385-8

conversion to standard normal distribution 376

inverse cumulative 393-5
properties 376
standard normal 376-85
normal distribution curve 375-6
areas between two values 381-6
normals, equations of 55-7
null hypothesis  407-9

Pascal’s Triangle 337
percentiles 395-8
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period 194, 222 stationary points 46—7
periodic functions 162-98 local maximum 47
calculus 208-26 local minimum 47
point of inflection 13 negative point of horizontal inflection 47
polynomial functions 2 positive point of horizontal inflection 47
graphing 10-17 straight line equation 220
sketching 46-52 symmetry
positive point of horizontal inflection 47 unit circle  168-70
probability density function 375
probability distributions 317-64 tangent
graphs 318, 345-7 definition 165-6
product rule 33, 148, 215-16 gradient 55-7,218-20
Pythagorean identity 166 tangent graphs 192
tangents, equations of 55-7
quadratic graphs 10-12 terminals 277
quartic graphs 15-17 translation 1846
quartiles  395-8 trapezoidal method 238-9
quotient rule 33-4, 148 trigonometric equations 177-80
trigonometric functions
radians 163 differentiation 215-16
changing degrees to 164 graphing 181-8
changing to degrees 163—4 integration 260
degrees in one 163 trigonometric graphs 181-8
radioactive decay 134, 151-2 dilation 182-3
random variables finding equations 1934
continuous 316, 374-5 reflection 1834
discrete 31622 sine and cosine functions 181
rates of change 71-3, 149 tangent graphs 192
reflection translation 1846
trigonometric graphs 1834 trigonometric modelling 1968
trigonometric ratio
secant 22 boundary angles 165
signed areas 283-7
combining regions 283 unit circle 163
region above axis 283 definitions of cosine, sine and tangent 165-6
region below axis 283 symmetry properties 168-70
simple harmonic motion 221-6 upper rectangle method 237-8
sin x
derivatives 208-11 variance
integration 260-1 binomial distribution 358-61
sine velocity
definition 165 particle 221, 226
functions, graphs of 181
sketching curves 46 x- and y-dilation 183
stationary points 46-52 x-dilation 182
standard deviation x-translation 184
binomial distribution 358-61
standard normal distribution 376-81 y-dilation 182

conversion from normal distribution 376 y-translation 184
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