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Introduction

Introduction

The third edition of CambridgeMATHS NSW Stages 4 and 5 has been carefully prepared for the NSW
Syllabus implemented from 2024 onwards. The series and is packed with new features. It is intended
for students across a wide range of ability levels and has been designed to provide the best possible
preparation for students as they make their way from the end of Stage 3 towards Stage 6 mathematics.

As with the previous editions, Stage 5 is covered with two differentiated pairs of books:
e The Core & Advanced/Extension Paths books replace the Stage 5.1/5.2/5.3 books
e The Core & Standard Paths books replace the old Stage 5.1/5.2 books

Care has been taken to choose the content in each book carefully and to present it in a way that reflects the
spirit of the new syllabus as well as the practicalities of the classroom. ‘Paths’, in the plural, refers to the fact
that the Path topics are optional, and that a student’s journey through Stage 5 may incorporate the core content
in combination with none, some or all the Path topics in the books, depending upon the student’s needs.
Detailed teaching programs and Scope and Sequence documents are available via the Online Teaching Suite.

Students who have used these Core & Advanced/Extension Paths books in Years 9 and 10 will be
thoroughly prepared for Year 11 Mathematics Advanced, and possibly Extension if the appropriate
sections are covered. Our treatment of all the algebra topics empowers students to make a flying start in
the calculus-based Stage 6 courses. We believe this to be one of the main strengths of our books.

Every lesson now includes a set of Learning Intentions that describe what the student can expect to learn
in the lesson. At the end of the chapter, these appear again in the form of a checklist of Success Criteria;
students can use this to check their progress through the chapter. Every criterion is listed with an example
question to remind students of what the mathematics mentioned looks like. These checklists can also be
downloaded and printed so that students can physically check them off as they accomplish their goals.

Also included at the beginning of each section, under the Learning Intentions, is a short set of dot points
that locate the topic at hand in the context of past, present and future learning.

Every worked example now contains additional questions, without solutions, called ‘Now you try’, which
give students immediate practice at the same type of question as the example. We also anticipate these
questions will be useful for the teacher to do in front of the class, given that students will not have seen the
solution beforehand.

To improve the flow of ideas from the beginning of each lesson through to the end of the exercise, a
few structural changes have been made in each lesson for the Core & Advanced/Extension Paths books.
First, the Understanding questions have been taken out of the exercise, simplified into discussion-style
questions, and placed immediately after the Key ideas. These questions are now called ‘Building
Understanding’ and are intended to consolidate the skills and concepts covered by the Key ideas, which
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Introduction  xi

students will then encounter in the worked examples. Each exercise now starts at Fluency, and the first
question in each exercise has been revised to ensure that it links directly to the first worked example in the
lesson. The exercise then continues as before through Problem-solving, Reasoning and Enrichment.

A Working Mathematically task now accompanies an Investigation in each chapter, with the goal of
familiarising students with using the Working Mathematically process to define, solve, verify and then

communicate their solutions when solving non-routine problems.
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Guide to the working programs in exercises

Guide to the working programs in exercises

The suggested working programs in the exercises in this book provide three pathways to allow
differentiation for Building, Progressing and Mastering students (schools will likely have their own names
for these levels).

o . . Building Progressing Mastering
Each exercise is structured in subsections that match the FLUENCY
Working Mathematically components of Fluency, 1,2,3(%),4 2,3(%), 4,5(%) 3(%),4,5(%)
Problem-solving and Reasoning, as well as Enrichment PROBLEM-SOLVING
(Challenge). (Note that Understanding is covered by ‘Building 6 6,7 7,8
understanding’ in each lesson, and Communicating is required m
for all questions.) In the exercises, the questions suggested 9 9,10 10, 11
for each pathway are listed in three columns at the top of each
subsection: - a 12

) ) o The working program for Exercise 3A in Year 7.
e The left column (lightest shaded colour) is the Building The questions recommended for a Foundation
pathway student are: 1, 2, 3(1/2), 4, 6 and 9. See note below.

e The middle column (medium shaded colour) is the
Progressing pathway
® The right column (darkest shaded colour) is the Mastering pathway.

The working programs make use of the two difficulty gradients contained within exercises. A gradient
runs through the overall structure of each exercise — where there is an increasing level of mathematical
sophistication required from Fluency to Problem-solving to Reasoning and Enrichment — but also within
each Working Mathematically component; the first few questions in Fluency, for example, are easier than
the last Fluency question.

Questions in the working programs are selected to give the most appropriate mix of fypes of questions

for each learning pathway. Students going through the Building pathway should use the left tab, which
includes all but the hardest Fluency questions as well as the easiest Problem-solving and Reasoning
questions. A Mastering student can use the right tab, proceed through the Fluency questions (often half of
each question), and have their main focus be on the Problem-solving and Reasoning questions, as well as
the Enrichment questions. A Progressing student would do a mix of everything using the middle tab.

Note: The nomenclature used to list

. . . uestions is as follows:
There are a variety of ways to determine the appropriate pathway for students q

® 3, 4: complete all parts of
questions 3 and 4
that works for them. If required, the prior-knowledge pre-tests (now found online) ® 1-4: complete all parts of
. . i 1,2 4
can be used as a tool for helping students select a pathway. The following are o ?3?12 ;(:)I(:(S)m’pléti ?gljf of the

recommended guidelines: parts from question 10
(a,c,e,..orb,d,f,..)
¢ A student who gets 40% or lower should complete the Foundation questions ~ ®  2-4(Y2): complete half of the

ts of tions 2, 3 and 4
* A student who gets above 40% and below 85% should complete the Standard o 2?1;5 05:%1(1)?1;?61:2 halff} the

through the course. Schools and individual teachers should follow the method

questions parts of question 4 and all parts
. . of question 5
* A student who gets 85% or higher should complete the Advanced questions. e 4o not complete any of the

questions in this section.
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Guide to this resource

Guide to this resource

1 NSW Syllabus: content strands, outcome groups and outcomes are listed at the beginning of the
chapter to assist with course planning (see teaching programs and Syllabus mapping grids for more
detailed guidance)

2 In this chapter: an overview of the chapter contents

3 Chapter introduction: sets context for students about how the topic connects with the real world and
the history of mathematics

4 NEWT earning intentions: sets out what a student will be expected to learn in the lesson

5 NEW past, present and future learning connects the lesson to related topics that students have
covered or will cover in the NSW Syllabus

6 Lesson starter: an activity, which can often be done in groups, to start the lesson
7 Key ideas: summarises the knowledge and skills for the lesson

8 NEW Byilding understanding: a small set of discussion questions to consolidate understanding of the
Key ideas (replaces Understanding questions formerly inside the exercises)

9 Worked examples: solutions and explanations of each line of working, along with a description that
clearly describes the mathematics covered by the example

10 NEW Now you try: try-it-yourself questions provided after every worked example in exactly the same

style as the worked example to give immediate practice

M Bivariate data and scatier plats @ Cantunting 38 stmpreling stales sad
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Xiv  Guide to this resource

11 Revised exercise structure: the exercise now begins at
Fluency, with the first question always linked to the first
worked example in the lesson

12 Working programs: differentiated question sets for

three ability levels in exercises

13 Example references: show where a question links to a

relevant worked example — the first question is always

linked to the first worked example in a lesson

14 Problems and challenges: in each chapter provides
practice with solving problems connected with the topic

15 NEW Working mathematically investigative tasks in
each chapter give students the opportunity to apply their

learning to solve non-routine problems and practise for

Stage 6 investigative-style assignments

16 NEW Quccess criteria checklist: a checklist
of the learning intentions for the chapter, with

example questions

Chapter checklist

17 Chapter reviews: with short-answer, multiple-choice and

extended-response questions; questions that are extension
are clearly signposted H—

Stort-answar questizm

s . e SIORR—— E
AN p————

Chapler review
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Guide to this resource  Xxv

18 NEW Targeted Skillsheets, one for each lesson, focus on a small set of related Fluency-style skills for
students who need extra support, with questions linked to worked examples

19 Workspaces: almost every textbook question — including all working-out — can be completed inside
the Interactive Textbook by using either a stylus, a keyboard and symbol palette, or uploading an image
of the work

20 Self-assessment: students can then self-assess their own work and send alerts to the teacher. See the
Introduction on page xii for more information.

21 Interactive question tabs can be clicked on so that only questions included in that working program
are shown on the screen

22 HOTmaths resources: a huge catered library of widgets, HOTsheets and walkthroughs seamlessly
blended with the digital textbook

23 A revised set of differentiated auto-marked practice quizzes per lesson with saved scores
24 Scorcher: the popular competitive game

25 Worked example videos: every worked example is linked to a high-quality video demonstration,
supporting both in-class learning and the flipped classroom

26 Desmos graphing calculator, scientific calculator and geometry tool are always available to open
within every lesson

27 Desmos interactives: a set of Desmos activities
written by the authors allow students to explore a
key mathematical concept by using the Desmos

graphing calculator or geometry tool S RS
28 Auto-marked prior knowledge pre-test for e e e
testing the knowledge that students will need o— &

Step2otd

before starting the chapter

T s o v 8w 1A

29 Auto-marked progress quizzes and chapter 282 =%

review multiple-choice questions in the chapter S e

reviews can now be completed online

L g n e . = m G ol
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xvi  Guide to this resource

30 In addition to the Interactive Textbook, a PDF version
of the textbook has been retained for times when
users cannot go online. PDF search and commenting 1A Revlew o algebra
tools are enabled.

31 NEW Diagnostic Assessment Tool included with the
Online Teaching Suite allows for flexible diagnostic

testing, reporting and recommendations for follow-up
work to assist you to help your students to improve

32 NEW powerPoint lesson summaries contain the
main elements of each lesson in a form that can be
annotated and projected in front of class

33 Learning Management System with class and student analytics, including reports and
communication tools

34 Teacher view of student’s work and self-assessment allows the teacher to see their class’s workout,
how students in the class assessed their own work, and any ‘red flags’ that the class has submitted to
the teacher

35 Powerful test generator with a huge

Couwse Comtent

"

>
O & Welcome Emmat

bank of levelled questions as well as

© Last section viewed

ready-made tests

36 Revamped task manager allows

PAQO®m AL w il

teachers to incorporate many of the
activities and tools listed above into
teacher-controlled learning pathways
that can be built for individual students,
groups of students and whole classes

37 Worksheets and four differentiated
chapter tests in every chapter,

provided in editable Word documents

38 More printable resources: all Pre-tests, Progress quizzes and Applications and problem-solving tasks
are provided in printable worksheet versions
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Computer software engineers apply algebraic skills
when coding. There are many career opportunities for
code development in the emerging technologies of
Artificial Intelligence, machine learning, cybersecurity,
cloud computing, and the automation of robots.

Financial Analysts apply a knowledge of linear
relations to investigate the conditions needed for a
company’s maximum potential profit. For example,
to make a profit, an energy company must reduce
its costs compared to its revenue. Typical costs

include renewable and traditional power generation,
transmission lines, power storage, and staff wages.
A mathematical process called linear programming
is used to determine the requirements for maximum
profit. This involves graphing straight lines for each
cost constraint, creating an area where all costs are
met. The profit equation is graphed over this feasible
region to determine the maximum potential profit.
Applying the maths of linear programming can save
a large company many millions of dollars.
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In this chapter, a student:

Review of algebra
Solving linear equations

Linear inequalities

Linear equations involving more complex algebraic fractions
Graphing straight lines

Finding the equation of a line

Using formulas for distance and midpoint

Parallel lines and perpendicular lines

Simultaneous equations using substitution

Simultaneous equations using elimination

Further applications of simultaneous equations

Regions on the Cartesian plane

develops understanding and fluency in mathematics through
exploring and connecting mathematical concepts, choosing

and applying mathematical techniques to solve problems, and
communicating their thinking and reasoning coherently and clearly
(MAO-WM-01)

solves monic quadratic equations, linear inequalities and cubic
equations (MAS-EQU-P-01)

solves linear equations of more than 3 steps, monic and non-
monic quadratic equations, and linear simultaneous equations
{MA5-EQU-P-02)

determines the midpoint, gradient and length of an interval,

and graphs linear relationships, with and without digital tools
(MA5-LIN-C-01)

graphs and interprets linear relationships using the gradient/slope-
intercept form (MA5-LIN-C-02)

describes and applies transformations, the midpoint, gradient/slope
and distance formulas, and equations of lines to solve problems
(MA5-LIN-P-01)

uses function notation to describe and graph functions of

one variable and graphs inequalities in one and two variables
(MA5-FENC-P-01)
© 2022 NSW Education Standards Authority

A host of additional online resources are included as part of

your Interactive Textbook, including HOTmaths content, video

\ e demonstrations of all worked examples, auto-marked quizzes and
K % e much more.
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4 Chapter1 Algebra, equations and linear relationships

1A Review of algebra consoLibaring

Learning intentions for this section:

¢ To review the terminology associated with algebraic expressions

To be able to simplify algebraic expressions involving the four operations

¢ To review how to apply the distributive law to expand brackets

* To review how to factorise an expression using the highest common factor
To be able to substitute values for pronumerals and evaluate expressions
Past, present and future learning:

e This section addresses Stage 4 concepts which are used in Stages 5 and 6
¢ |t consolidates and extends the concepts in Chapter 2 of our Year 9 book

¢ Expertise with these concepts is assumed knowledge for Stage 6 Advanced

Algebra involves the use of pronumerals (or
variables), which are letters representing numbers.
Combinations of numbers and pronumerals form
terms (numbers and pronumerals connected by
multiplication and division), expressions (a term or
terms connected by addition and subtraction) and
equations (mathematical statements that include

an equals sign). Skills in algebra are important
when dealing with the precise and concise nature of

mathematics. The complex nature of many problems

in finance and engineering usually result in algebraic Stockmarket traders rely on financial modelling based on

expressions and equations that need to be simplified complex algebraic expressions. Fmanqal market analysts
and computer systems analysts require advanced

and solved. algebraic skills.

Lesson starter: Mystery problem
Between one school day and the next, the following problem appeared on a student noticeboard.

Prove that 8 — x2 + @ +50x—1) =x(6 —x) = 0.

e By working with the left-hand side of the equation, show that this equation is true for any value of x.
e At each step of your working, discuss what algebraic processes you have used.

KEY IDEAS

B Key words in algebra:
e term: Sx, 7x2y, E, 7 (a constant term)
o coefficient: —3 is the coefficient of x2 in 7 — 3x2; 1 is the coefficient of y in y + 7x.
e expression: 7x, 3x + 2xy, Zicr 3, \/m

2
e equation:x=5, 7x—1=2, x2+2x=—-4
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1A Review of algebra

B Expressions can be evaluated by substituting a value for each pronumeral (variable).
e Order of operations are followed: First brackets, then indices, then multiplication and
division, then addition and subtraction, working then from left to right.

B Like terms have the same pronumeral part and, using addition and subtraction, can be collected
to form a single term.
For example, 3x — 7x + x = —3x
6a’b — ba® = 5a%b
Note that a%bh = ba*

B The symbols for multiplication (X) and division (<) are usually not shown.

TXx+y= Tx
2
—6a2b = (ab) = 2‘;7 b
= —6a
B The distributive law is used to expand brackets.
e alb+c)=ab+ac 2+7) =2x+ 14
e alb—c)=ab-ac —x(3 — x) = —3x +x2

B Factorisation involves writing expressions as a product of factors.
® Many expressions can be factorised by taking out the highest common factor (HCF).
15=3x%x5
3x—-12=3(x—-4)
9x2y — 6xy 4 3x = 3x(3xy — 2y + 1)

B Other general properties are:
e associative aX(bxc)=(@xb)yxc or a+b+c)=@+b)+c

e commutative ab=ba or a+b=b+a(Note:%#%anda—b#b—a)

* identity aXxl=a or a+0=a
° inverse ax%:l or a+(—a)=0

BUILDING UNDERSTANDING

0 Which of the following is an equation?

A 3x—1 B le C 7x+2=5 D 32y
@ Which expression contains a term with a coefficient of —9?
A 8+9x B 2x+ 92y C 9a—2ab D b—942
9 State the coefficient of a2 in these expressions.
a a+a? b 3442 _a’ _Ja% _
5 c 1-5 d 71
0 Decide whether the following pairs of terms are like terms.
a xyand2yx b 7a%b and —7ba? ¢ —4abc? and 8ab’*c
@ Evaluate:
a (=372 b (-2 c -23 d -32 )
CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
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6 Chapter1 Algebra, equations and linear relationships

Collecting like terms

Simplify by collecting like terms.

a 7a+3a b 3a%b —2a%b C 5xy+ 2xy? — 2xy + 3y%x

SOLUTION EXPLANATION

a T7a+3a=10a Keep the pronumeral and add the
coefficients.

b 3a%b —2a2%b =a®b 3a2b and 2a%b have the same pronumeral

part, so they are like terms. Subtract
coefficients and recall that 1a2b = a2b.

¢ Sxy+ 2xy? — 2xy + 3yZx = 3xy + 5xy? Collect like terms, noting that 3y2x = 3xy2.
The + or — sign belongs to the term that
directly follows it.

Now you try

Simplify by collecting like terms.
a 4a+13a b 5ab? - 2ab? ¢ 3xy+ 4x2y — xy + 2yx2

Multiplying and dividing expressions

Simplify the following.
Txy
a 2hx7l b —3prx2p c ~Tdy
SOLUTION EXPLANATION
a 2hx7l=14hl Multiply the numbers and remove the X sign.
b —3prx2p=—-6p%r Multiply the numbers and recall that p X p is
written as p2.
c T =_2 Cancel the highest common factor of 7 and
14y 2
14 and cancel the y.
Now you try
Simplify the following.
a 3ax6b b —2xy x 5x c _4ab
8a
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1A Review of algebra 7

Expanding brackets

Expand the following using the distributive law. Simplify where possible.
a 2(x+4) b —3x(x—y) ¢ 3(x+2)—42x—4)

SOLUTION EXPLANATION

a 2(x+4)=2x+8 A X
20+4)=2Xxx+2x4

b —3x(x—y) =32+ 3xy Note that x X x =xZ and =3 X (—1) = 3.

c 3x+2)—42x—-4) =3x+6—-8x+16 Expand each pair of brackets and simplify
= —5x+22 by collecting like terms.

Now you try

Expand the following using the distributive law. Simplify where possible.
a 3x+2) b —2x(x—y) c 2x+3)—-32x—-1)

Factorising simple algebraic expressions

Factorise:
a 3x—9 b 2x2+4x
SOLUTION EXPLANATION
a 3x—-9=3(x-3) HCF of 3x and 9 is 3.
Check that 3(x@’>) =3x-9.
b 2x2 +4x=2x(x +2) HCF of 2x2 and 4x is 2x.
Check that m) = 2x2 + 4x.
Now you try
Factorise:
a 2x—10 b 3x2+9x

Evaluating expressions

Evaluate a2 —2bcifa= -3, b=5andc=—1.

Continued on next page
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8 Chapter1 Algebra, equations and linear relationships

SOLUTION EXPLANATION
a? —2bc = (=3)2-2(5)(-1) Substitute for each pronumeral:
=9 - (-10) (=32 =(=3)x(=3)and 2 x 5 X (=1) = —10
=19 To subtract a negative number, add its opposite.
Now you try

Evaluate b2 — 3acifa=1, b= -2 and ¢ = =3.

Exercise 1A
-6 =60 =501

1 Simplify by collecting like terms.

Example 1a a 6a+4a b 8d+7d c Sy-—>5y
d 2xy+ 3xy e 9ab — Sab fo4r+3r+2¢
Example b g 4a%b —2a% h 5x2y — 4x2y i 3512 — 4sr?
i 4m2n —Tnm? k 0.3a%b — ba? | 0.2ab? - 2%
Example 1 m 4gh+5—-2gh n 7xy+5xy—3y 0 4a+5b—a+2b
p 3jk—4j+ 5k —3j q 2ab®>+5a’h —ab®+5ba’>  r 3mn—Tm’n+ 6nm® — mn
2 Simplify the following.
Example 2a, b a 4ax3b b 5ax5b ¢ —2aXx3d d 5hx (=2m)
e —6h X (=51 f —5bx (=6l g 2s2x6t h —3b% x 7d°
i 4abx2a ] —6p x(—4pq) k 3ab x (=5b) I 7mp X Omr
Example 2¢ m % n % 0 —% p —%
1 5 - s -5
eampleda,b 3 Expand the following, using the distributive law.
a S5x+1 b 2(x+4) c 3x-5)
d -54+b) e —2(y-3) f —T7a+c)
g —6(—m—3) h 4m—-3n+5) i —2(p—-3¢g-2)
| 2x(x+5) k 6a(a—4) I —4x(3x — 4y)
m 3y(Sy +z—-38) n 9g4 —2g—5h) 0 —2a(4b —Ta + 10)
p TyQy—2y%—4) 0 -3aRa’?-a-1) r —1(582 +612+2)
s 2mG3m3 —m? + 5m) t —x(1=x3) U —3s2r —s3)
eample3c 4 Expand and simplify the following, using the distributive law.
a 2(x+4) +3(x+5) b 4(a+2) +6(a+3)
c 6(3y+2)+3y-3) d 3Q2m+3)+3GBm—1)
e 22+ 6b) -3(4b-2) f 3Qr+3)-52-1
g 2x(x+4) +x(x+17) h 4(6z-4) -33z-3)
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1A Review of algebra 9

5 TFactorise:

Example 4
a 3x-9 b 4x-38 ¢ 10y+20
d 6y+30 e x247x f 242+ 8a
g 5x%—5x h 9y2— 63y i xy—xy?
i xZy —4x2y? k 8a%b+ 40a? | 7a%b + ab
m —512—5¢ n —6mn — 18mn? 0 —y2—8yz
eampe5 6 Evaluate these expressions if a = —4,b =3 and ¢ = -5.
a —2a? b b—a C abc+1 d —ab
a+b 3b—a a? —b? Va® +b?
e —— f == g —— h ———
2 5 c Ve2
PROBLEM-SOLVING 7 7,8 8
7 Find an expression for the area of a floor of a rectangular room with the following side lengths. Expand
and simplify your answer.
a x+3and2x b xandx-35
8 Find expressions in simplest form for the perimeter (P) and area (A) of these shapes. (Note: All angles
are right angles.)
a X b 1 | c 3
x-3 x—1
x—2 _l_ X .
x—4
2 4
9 When a = -2 give reasons why:
a a’>0 b —-a%2<0 ¢ a’<0
10 Decide whether the following are true or false for all values of a and b. If false, give an example to
show that it is false.
a a+b=b+a b a-b=b-a
¢ ab=ba d a_b
b a
e a+(b+c)=@+>b) +c f a—-b-¢c)=(@-b)-c
g ax(bxc)=(@xb)Xc h axb+c)=@@+b)+c
11 a Write an expression for the statement ‘the sum of x and y divided by 2’.
b Explain why the statement above is ambiguous.
¢ Write an unambiguous statement describing £ ; b.
ENRICHMENT: Algebraic circular spaces = = 12
12 Find expressions in simplest form for the perimeter (P) and area (A) of these shapes. Your answers may
contain 7, for example 47z. Do not use decimals.
a x+1 b c
i x
i ]
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10 Chapter1 Algebra, equations and linear relationships

1B Solving linear equations

Learning intentions for this section:

¢ To be able to solve linear equations involving two or more steps

* To be able to solve linear equations involving algebraic fractions

¢ To be able to combine simple algebraic fractions under addition or subtraction

¢ To understand that solutions can be checked by substituting into both sides of an equation
Past, present and future learning:

¢ This section addresses the Stage 5 Path Topics called Equations B and C

¢ |t consolidates and extends the concepts in Chapter 2 of our Year 9 book

e Expertise with these concepts is assumed knowledge for Stage 6 Advanced

A linear equation is a statement that contains an equals sign
and includes constants and pronumerals with a power of 1
only. Here are some examples:

2x—5=17
x+1 _
3 =X +4
3x+2) =4
2
We solve linear equations by operating on both sides of the
equation until a solution is found. A small business, such as a garden nursery,
generates revenue from its sales. To calculate the
number of employees (x) a business can afford,
. a linear revenue equation is solved for x:
Lesson starter: What’s the best method? Revenue () = pay (1) x employees ()

+ costs ()

Here are four linear equations.

¢ Discuss what you think is the best method to solve them using ‘by hand’ techniques.
e Discuss how it might be possible to check that a solution is correct.

a ”T—2=4 b 3x—1)=6 ¢ dxt+l=x—2

KEY IDEAS

B An equation is true for the given values of the pronumerals when the left-hand side equals the
right-hand side.
2x — 4 = 6 is true when x = 5 but false when x # 5.

B A linear equation contains pronumerals with a highest power of 1.

B Useful steps in solving linear equations are:
® using inverse operations (backtracking)
e collecting like terms
e expanding brackets
e multiplying by the denominator.

B Algebraic fractions can be added or subtracted by first finding the lowest common denominator
(LCD) and then combining the numerators.
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1B Solving linear equations 11

BUILDING UNDERSTANDING

L 2

0 Decide whether the following are linear equations.

a x2-1=0 b vx+x=3 ¢ 251=5 d =201
9 Decide whether these equations are true when x = 2.

a 3x—-1=5 b 4-x=1 ¢ 2x5+1=x+4
9 Decide whether these equations are true when x = —6.

a —3x+17=x b 24 -x)=20 ¢ 2=3x_—-12

10 by

0 Solve the following equations and check your solution using substitution.

a x+8=13 b x-5=3 C —x+4=7 d —x-5=-9
@ Simplify the following by firstly finding the lowest common denominator (LCD).

1,1 4_1 3_1 5.7
A2%3 b 3-3 © 7714 1 3+5

Solving linear equations

Solve the following equations and check your solution using substitution.

a 4x+5=17 b 3Q2x+5) =4x
SOLUTION EXPLANATION
a 4x+5=17 Subtract 5 from both sides and then divide both
4x = 12 sides by 4.
x=3
Check: LHS=4x3+5=17,RHS=17 Check by seeing if x = 3 makes the equation true.

b 3Q2x+5) = 4x Expand the brackets.
6x+ 15 = 4x Gather like terms by subtracting 4x from both
22x+15=0 sides.
Zi= 1155 Subtract 15 from both sides and then divide
X= 5 both sides by 2.
Check: Check by seeing if x = —% makes the
LHS =3 <2 X (—%) + 5) equation true by substituting into the
equation’s left-hand side (LHS) and right-hand
=30 side (RHS) and confirming they are equal.
RHS = 4 x (-E)
2
=-30
Now you try

Solve the following equations and check your solution using substitution.

a 2x+7=13 b 4Q2x+1) =2x
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12  Chapter1 Algebra, equations and linear relationships

Solving equations involving fractions

Solve the following equations and check your solution using substitution.

x+3 _ _ X _ 5—x _
a T - 2 h 4 5= 7 c i r 3
SOLUTION EXPLANATION
2 = 1+ _ ) Multiply both sides by 4, since all of x + 3 is divided
4 by 4.
xX+3= g Subtract 3 from both sides.
X =
Check: LHS = 5 1— 3_ 2.RHS =2 Check by seeing if x = 5 makes the equation true.
X _
b 4~ 2= 7 Subtract 4 from both sides of the equation. The
_X_3 minus sign stays with % Multiply both sides of the
2 .
= —6 equation by —2.
Check: LHS = 4 — (_76) =443=7  Check by substituting x = —6 into the left-hand side.
RHS =7
. S—x _ x—3 Multiply both sides of the equation by 4 and include
4 brackets.
S—x=4(x-3) Expand the brackets and gather like terms by adding
Sz =an=12 x to both sides. Add 12 to both sides and then divide
S=5x-12 both sides by 5
5c = 17 oth sides by 5.
_1
Check: LHS = i % +4 = % Check that LHS = RHS using substitution.
=17 _53_2
RHS = 5 3 5
Now you try
Solve the following equations and check your solution using substitution.
x+1 _ b 2-%X—¢ 4—x_
a 3 = 4 5 C 3 x+2
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1B Solving linear equations 13

Solving equations by combining simple algebraic fractions
Consider these algebraic fractions.
2a a 2a_
a Simplify 6t b Hence, solve £ 6t 9 =)
SOLUTION EXPLANATION
2 & a,2a _ 3a 4 4a The LCD of 6 and 9 is 18. Express each
69 18 18 fraction as an equivalent fraction with a
= Z_g denominator of 18. Then add the numerators.
b From part a, E + % % Combine the fractions on the left-hand side
using the result from part a. Then multiply
Solve Z—g =) both sides by 18 and divide both sides by 7.
Ta = 36
ca=3

Now you try
Consider these algebraic fractions.
a Simplify ﬁ + E b Hence, solve % + E =2

Exercise 1B
a5 | 1-s0 1-50

eample6a 1 Solve the following equations and check your solution using substitution.

a 2x+9=15 b 4x+3=15 c 3x—-3=-4
d 6x+5=-6 e -3x+5=17 f -2x+7=4
g —4x-9=9 h -3x-7=-3 i 8—x=10
j 5—x=-2 k 6-5x=16 I 4-9x=-7
pampleés 2 Solve the following equations and check your solution using substitution.
a 4x+3)=16 b 2x-3) =12 c 2x—4)=15
d 3(1-2x)=8 e 3(2x+3)=-5x f 2(4x-5)=-
g 32x+3)+2(x+4) = h 22x—-3)+3(4x—-1) =23 I 2Bx-2) -3x+1)=5
i 5C2x+1) -3(x-3)= k 5x—3)=4(x—-6) I 4Q2x+5) =3+ 15)
m 5(x+2) =32x—3) n 3dx-1)=72x-17) 0 72-x)=8—-x
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14 Chapter1 Algebra, equations and linear relationships

eample7a,b 3 Solve the following equations and check your solution using substitution.

a x54=3 b %2:5 c x'g4=—6

d 2x;—7=5 e 2)6?;|-l=_3 f 3x4—2=4

g 2-5=3 h 3Ee2=3 i ZEo2=-3

i 5-3=1 k 4-2=0 e
eample7c 4 Solve the following equations.

a 2gx=x+1 b 3Zx=x—1 c %Z:Z—x

i 232-2=-6 e 2tlio=9 PEs3oa=

g 4+553=-3 ho1-25%=2 R

5 For each of the following statements, write an equation and solve it to find x.
a When 3 is added to x, the result is 7.

When x is added to 8, the result is 5.

When 4 is subtracted from x, the result is 5.

When x is subtracted from 15, the result is 22.

Twice the value of x is added to 5 and the result is 13.

5 less than x when doubled is —15.

When 8 is added to 3 times x, the result is 23.

5 less than twice x is 3 less than x.

PROBLEM-SOLVING 6-9 6(%2), 7, 9,10 6-7(12), 10-12

eampes 6 Consider the following algebraic fractions.

o|e oo o o =T

a i Simplify % + % ii  Hence, solve % + % =7
b i Simplify % + % i Hence, solve % + % =2
¢ i Simplify % - % i Hence, solve % - % =5
d Solve:
i F+Z=7 i %-%:1 i - X=3
7 Substitute the given values and then solve for the unknown in each of the following common formulas.
a v=u+at Solve for a given v=6, u =2 and r = 4.
h s= ut+%at2 Solve for u given s = 20, t =2 and a = 4.
¢ A= h(“T"'b> Solve for b given A = 10, h = 4 and a = 3.
d A= P(l + r‘b) Solve for r given A = 1000 and P = 800.
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1B Solving linear equations

8 A service technician charges $30 up front and $46 for each hour that she works.
a What will a 4-hour job cost?
b If the technician works on a job for 2 days and averages 6 hours per day, what will be the
overall cost?
¢ Find how many hours the technician worked if the cost is:
i $76
i $513
iii $1000 (round to the nearest half hour).
9 The perimeter of a square is 68 cm. Use an equation to determine its side length.

10 The sum of two consecutive numbers is 35. What are the numbers?

11 Tride four times faster than I jog. If a trip took me 45 minutes and I spent 15 of these minutes jogging
3 km, use an equation to determine how far I rode.

12 The capacity of a petrol tank is 80 litres. If it initially contains 5 litres and a petrol pump fills it at
3 litres per 10 seconds, find:
a the amount of fuel in the tank after 2 minutes
b how long it will take to fill the tank to 32 litres
¢ how long it will take to fill the tank.

13 Solve 2(x — 5) = 8 using the following two methods and then decide which method you prefer. Give a

reason.
a Method 1: First expand the brackets.
b Method 2: First divide both sides by 2.

14 A family of equations can be represented using other pronumerals (sometimes called parameters). For

example, the solution to the family of equations 2x —a =4 isx = #.

Find the solution for x in these equation families.

a x+a=5 b 6x+2a=3a C ax+2=7
d ax—1=2a g ax=1_, f ax+b=c

3

ENRICHMENT: Equations with more than one pronumeral = = 15,16

15 Make a the subject in these equations.

a ab+1)=c h ab+a=bh c %+b=c

d —_a_ e 1, 1_ 0 f 1,1_1
7% a + b a + b ¢

16 Solve for x in terms of the other pronumerals.

X X X, X X X

a 2—2=a b 2+2=1 t 2—>=c¢
273 ath a b
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16 Chapter1 Algebra, equations and linear relationships

1C Linear inequalities

Learning intentions for this section:

* To know the meaning of the term inequality and be able to use and interpret the signs >, >, <, <
¢ To know how to interpret and represent an inequality on a number line

¢ To understand when to reverse the sign in an inequality

¢ To be able to solve a linear inequality

Past, present and future learning:

¢ This section addresses the Stage 5 Path Topic called Equations B

¢ |t consolidates and extends the concepts in Chapter 2 of our Year 9 book

e Expertise with these concepts is assumed knowledge for Stage 6 Advanced

There are many situations in which a solution to the S
problem is best described using one of the symbols

<, &, > or 2. For example, a pharmaceutical company
might need to determine the possible number of
packets of a particular drug that need to be sold so that

the product is financially viable. This range of values N P
may be expressed using inequality symbols. - =

An inequality is a mathematical statement that uses an

is less than (<), an is less than or equal to (<), an is .
Doctors, nurses and pharmacists can use an inequality

. . . . to express the dosage range of a medication from the
symbol. Inequalities may result in an infinite number lowest effective level to the highest safe level.

greater than (>) or an is greater than or equal to (=)

of solutions and these can be illustrated using a
number line.

Lesson starter: What does it mean for x?

The following inequalities provide some information about the value of x.

a 2>x h -2x<4 c 3—x<-1
* Can you describe the possible values for x that satisfy each inequality?
e Test some values to check.
*  How would you write the solution for x? Illustrate this on a number line.

KEY IDEAS

B The four inequality symbols are <, <, > and >.

® x> ameans x is greater thana. <€ ——— o >—> X
a

® X > ameans x is greater than or equaltoa. @ <———+——>—> X
a

e x<ameansxislessthanag. <€—<—o—> X
a

® x<ameansxislessthanorequaltoa. < ——<——*+* > X
a
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1C Linear inequalities

-
-

@ * > X

e Also a < x < b could be illustrated as shown.

® An open circle is used for < or > where the endpoint is not included.
e A closed circle is used for < or > where the endpoint is included.

B Solving linear inequalities follows the same rules as solving linear equations, except:
e We reverse the inequality sign if we multiply or divide by a negative number.
For example, —5 < —3 is equivalent to 5 > 3 and if —2x < 4, then x > —2.
e We reverse the inequality symbol if the sides are switched.
For example, if 2 > x, then x < 2.

BUILDING UNDERSTANDING

0 State three numbers that satisfy each of these inequalities.

a x>3 h x<-15
C 0<x<7 0 —-87<x<-8.1
9 Match the graph a—¢ with the inequality A-C.
A x>2 B xg<-=-2 C 0<x<4
1 «——+—————>x b <> X C «+——F—o—>x
-3-2-101 2 -10123435 01 2 3

€@ Phil houses x rabbits. If 10 < x < 13, how many rabbits could Phil have?

o Insert the correct inequality symbol.

a If-x<2thenx__ -2 b If—a>-4thena__4
- J
Writing inequalities from number lines
Write as an inequality.
I <«+—o—>x b« o> x
1 23 -3 -2 -1 0
SOLUTION EXPLANATION
a x>2 An open circle means 2 is not included and
x is greater than 2.
bh -3<x<0 —3 is included but O is not, and x lies between
—3 and 0.
Now you try
Write as an inequality.
T <«<rT—o>»x b <o+
012 —4-3 -2-1
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18 Chapter1 Algebra, equations and linear relationships

Solving linear inequalities

Solve the following inequalities and graph their solutions on a number line.

a 3x+4>13 b 4—§<6 C 3x+2>6x—4

SOLUTION EXPLANATION
a 3x+4>13 Subtract 4 from both sides and then divide both sides by 3.
3x>9
Sox >3

T T > > X

Use an open circle since x does not include 3.

12345
h 4-— % <6 Subtract 4 from both sides.
_ % <2 Multiply both sides by —3 and reverse the inequality symbol.
x> —6

T 7T > > X

Use a closed circle since x includes the number —6.

-7-6-5-4-3
C 3x+2>6x—4 Subtract 3x from both sides to gather the terms containing x.
2>3x-4 Add 4 to both sides and then divide both sides by 3.
6 > 3x
2>x
Sx <2

<< T—T T >» X
-101 2 3

Now you try

Make x the subject. Switching sides means the inequality
symbol must be reversed.
Use an open circle since x does not include 2.

Solve the following inequalities and graph their solutions on a number line.

a 2x+5>11 b 2_%<4 C dx+1>7x-2
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1C Linear inequalities

Exercise 1C

eampled 1 Write each of the following as an inequality.

d

<> X h <o+ x C «<«r—+—>=x
0123 56 78 2 3 45
<> X 6 «o—r—F—+—>x f e+ >x
-10 -9 -8 -7 -2-1 01 2 7 8 91011
<« T T 9T > X h < T T *—T>X i T O0— T X
-10-9-8-7-6 1 2 3 -1 01 2

pample0a 2 Solve the following inequalities and graph their solutions on a number line.

2x+6< 14 b 3x+5>20 C 4x-7>9 d ggz
x-;—4<2 f 5x2—3>6 g 2x5-|-3>3 h §+4<6
g+6<4 j —3+§>5 k 33x-1)<7 | 24x+4)<5

eampleios 3 Solve the following inequalities. Remember: if you multiply or divide by a negative number, you must

reverse the inequality sign.

—Sx+7<12 b 4-3x>-2 c —5x—7>18 d 3;)6;5

5—2x 4 — 6x _X X _

T>7 f T<_4 g 3 2S8 h 3 5>2
eampleioc. 4 Solve the following inequalities.

x+1<2x-5 bh 5x+2>8 -4 c 7—x>2+x

3x+2) <4 — 1) e 7(1 —x) =32 +3%) f —(2-3%)<5¢-x

d

PROBLEM-SOLVING 5,6 5,6 6,7

5 For the following situations, write an inequality and solve it to find the possible values for x.

b
c
d
e

7 more than twice a number x is less than 12.

Half of a number x subtracted from 4 is greater than or equal to —2.

The product of 3 and one more than a number x is at least 2.

The sum of two consecutive even integers, of which the smaller is x, is no more than 24.
The sum of four consecutive even integers, of which x is the largest, is at most 148.

6 The cost of a satellite phone call is 30 cents plus 20 cents per

minute.

Find the possible cost of a call if it is:

i shorter than 5 minutes

i longer than 10 minutes.

For how many minutes can the phone be used if the cost per
call is:

i less than $2.10?

i greater than or equal to $3.50?
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7 Solve these inequalities by first finding the lowest common denominator.

X_ X x  Sx
¢ X_3x5 4 2 _ %
6~ 4> d5 20<0

8 How many whole numbers satisfy these inequalities? Give a reason.
a x>8 bh 2<x<3

9 Solve these families of inequalities by writing x in terms of a. Consider cases where a > 0 and a < 0.

a 10x—1>a+2 h 2-%X54 ¢ a(l-x)>7
a
10 Describe the sets (in a form like 2 < x < 3 or —1 < x < 5) that simultaneously satisfy these pairs of
inequalities.
a x<5 bh x<-=-7 c x<10
x> -4 x>-95 x 210

ENRICHMENT: Mixed inequalities - - 11-12('72)

11 Solve the inequalities and graph their solutions on a number line. Consider this example first.

Solve -2 < x—-3<6
1 < x< 9 (add 3tobothsides)

B S S E— el

1 9

a 1<x-2<7 bh —-4<x+3<6

c -2<x+7<0 d 0<2x+3<7

e —-5<3x+4<11 f -16<3x-4<-10
0 7<7x-70< 14 h —3<222<0

12 Solve these inequalities as per Question 11 but noting the negative coefficient of x.

a 3<1-x<5 h —-1<4-x<8

c -3<2-x<2 d 1<5-2x<11

e —4<d=X_ o [ P k> P

2 2
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1D Linear equations involving more complex algebraic fractions

1D Linear equations involving more complex
algebraic fractions

Learning intentions for this section:

e To know how to find the lowest common denominator of algebraic fractions

* To be able to combine numerators using expansion and addition of like terms

* To be able to add and subtract algebraic fractions

* To be able to solve linear equations involving algebraic fractions

Past, present and future learning:

» This section addresses the Stage 5 Path Topics called Algebraic techniques C and Equations B
e |t consolidates and extends the concepts in Chapter 2 of our Year 9 book

e Expertise with these concepts is assumed knowledge for Stage 6 Advanced

The sum or difference of two or more algebraic fractions can
be simplified in a similar way to numerical fractions with
the use of a common denominator. This is often the first step
in solving a linear equation involving multiple algebraic
fractions.

Lesson starter: Spot the difference

Electricians, electrical and electronic engineers
work with algebraic fractions when modelling

Here are two sets of simplification steps. One set has one

critical error. Can you find and correct it? the flow of electric energy in circuits. The
application of algebra when using electrical
2_5_4_15 x_x+1_2¢_30+1D) formulas is essential in these professions.
37276 6 3 2 6 6
_—11 _ 2x—3x+3
== e
_ —x+3
6

KEY IDEAS

B Add and subtract algebraic fractions by first finding the lowest common denominator (LCD)
and then combining the numerators.

B Expand numerators correctly by taking into account addition and subtraction signs.
For example, —2(x + 1) = —2x — 2 and —5(2x — 3) = —10x + 15.

B Solving linear equations can involve multiplying by the LCD of algebraic fractions.
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22 Chapter1 Algebra, equations and linear relationships

BUILDING UNDERSTANDING

ﬂ Expand and simplify the following.

a 2(x-2) b —(x+6)
C —6(x—-2) d 5x+1)—3(x+2)
@ State the lowest common denominator for these pairs of fractions.
a Ja x A4y
43 b5
3xy —3x 23
¢ =2 d x 2x
ﬂ Solve these equations.
x+2 _ x—3_ 2x+1
a =3==4 b =1 ¢ =g—=2
x+1_x+5

G Consider the equation

2 3

a Multiply both sides by 2.
b Multiply both sides by 3.
¢ Solve the resulting equation.

-

Adding and subtracting algebraic fractions

Simplify the following algebraic expressions.

x+3 , x-2 2c—1 x-—1
a 5 + 5 ]
SOLUTION EXPLANATION

a x+3 x-=2 LCD of 2 and 5 is 10. Express each fraction as an

. =5(x+3)+2(x—2)

2 5 10 10 equivalent fraction with a denominator of 10.
_3Gx+3)+2x-2) Use brackets to ensure you retain equivalent
10 fractions.
- W Combine the numerators, then expand the
brackets and simplify.
_ Tx+11
- 10
b 2x—1_ x—-1_42x—-1) 3x-1) Express each fraction with the LCD of 12.
3 4 = 12 12
_42x-1)-3—=1)  Combine the numerators.
12
_ 8x—4-—3x+3 Expand the brackets: 4(2x — 1) = 8x — 4 and
- 12 -3 —1) =-3x+3.
_x—1 Simplify by collecting like terms.
12
Now you try
Simplify the following algebraic expressions.
x+1 , x=2 3x=2 x-=-2
S B b =3 5
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1D Linear equations involving more complex algebraic fractions

Solving more complex equations involving algebraic fractions

Solve the following equations and check your solution using substitution.

b x;rz_zxz—1=4

EXPLANATION
Multiply both sides by the LCD of 2 and 3, which is 6.

Cancel common factors. Alternatively, cross multiply for

Ay — 22,1
the same result: 4. 3= 3x >

Expand the brackets and gather terms containing x by
subtracting 8x from both sides.

Rewrite with x as the subject. Check by seeing if x = —1
makes the equation true.

Express the algebraic fractions as a single fraction using
the LCD of 6.

Alternatively, multiply both sides by the LCD of 2 and 3,
which is 6.

Expand, noting that —3 X (—1) = 3.

Simplify and solve for x.

Check your solution using substitution.

Solve the following equations and check your solution using substitution.

a 4x—2_3x-—1
3 2
SOLUTION
a dx—2 _ 3x-1
3 2
6(4x—2) _ 6°(Bx—1)
L1
2(4x —2) = 33x—1)
8x—4=9x-3
—4=x-3
-1 =x
Sx=—1
b x+2_ 2x—-1_4
3 2
2(x+2)_3(2x—1)_4
6 6 -
2x+4—6x+3:4
6
—4x+7 _
T_4
—4x+7 =24
—4x = 17
v =17
Now you try
a 2x—1_x-3

3 7
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Chapter 1 Algebra, equations and linear relationships

Exercise 1D

FLUENCY 1-3("2)

eampletta 1 Simplify the following algebraic expressions.

x+3
4
x+4

d 3

a +

+

5

9

x+2

x—3

x—2 , 2x+4

g —¢—*

eampletn 2 Simplify these algebraic fractions.
2x+1_x-1

a 73

12

2

d x—3_2x+1

2

7

4—x_ 1—x

9 7%

eampe2a 3 Solve the following equations, which involve algebraic fractions.
2x+12 _3x+5

5

7

4

g l=x_2-x

5

2x+ 1) _ 32x—1)

3

3

2

b

b

e

PROBLEM-SOLVING 4(Y2)

eampeizs 4 Solve the following equations.
x+2_,

x—1

a7

+

5

d x—4_x+2:2

5

3

x+2  x+1 x=3,x+2
3 T4 R
2x+1 , x=2 3x+1, 2x+1
2 t73 55+
S5x+3 , 2x—=2 3—x,x—-1
0 "4 S VR
3x—1_ 2x-3 ¢ x+6 x—4
3 4 5 3
Tx+2 _ x+2 f lx—4 2x+1
7 3 3 6
1-3x_x+2 i 6=5x_ 2-7x
5 3 2 4
Sx—4_x-35 ¢ X—=5_2x-8
4 5 4 3
6—2x_5x—1 f 10-x_x+1
3 4 2 3
20x-1)_ 2—_y 36— _ 2+ 1)
3 T4 2 5
4(12), 5 4(Y3), 57
x+3  x—4_ x+2 _ x—1_
3 vt 5 =4 ¢ 73 7 =1
T—-—2x 6-—x_ 2x+1 _ 2—x_
3 2 ! f 3 5 =1

5 Matthew rides for x km at a speed of 12 km/h. Zoe rides for 4 more kilometres than Matthew

and at a speed of 10 km/h. Their combined total riding time is 1.5 hours. Recalling that

Time taken = Distance + Speed, determine how far they each rode.
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1D Linear equations involving more complex algebraic fractions

6 Solve these linear inequalities.

x+1 x-5 x—4 x+2_
a TS+ >2 b 3 3 < 4
7 Solve these equations for x.
x+1 _x_ 4x_ _ 4—2x _ S5x 3x+1_
a = —§+?_1 b 3 17t =2
x, 3 _ 1 d-xS5_2_
c —Z+§—5(3x 1) d 5 +3—5(1 2x)

8 Describe the error in this working, then fix the solution.
X x4+l _ 3x 2@+

2 3 76 6
_3x_2x+2
6 6
_x+2
6

9 a Explain why 2x — 3 = —(3 — 2x).
b Use this idea to help simplify these expressions.

1 _ 1 “ 3x
x—1 1-x 3—x

x—3 7—-x x-17

ENRICHMENT: Binomial denominators = = 10, 11

+

3 _2 ‘S (x —
e+ =5, the LCD s (x = 6)(x +2).
3 2 3(x +2) 2(x — 6)

6 X422 G600+ G=6G+2)

10 To simplify the expression

So

Combine the numerators and then simplify.

Simplify these algebraic expressions involving algebraic denominators.

5 2 4 3 1 2
a x+1+x+4 b x—7+x+2 ¢ x—3+x+5

3 2 6 3 4 2
L S R T b —st5—a
g 5 6 h 2 3 i 8 3

2x—1 x+7 x—3 3x+4 3x—-2 1-x

11 By first simplifying the left-hand side of these equations, find the value of a.

a 2 4

T x4 G-DGa+D

b 3 y_a _ Sx+2
2x—1 x+1 Qx-Dx+1)
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Chapter 1 Algebra, equations and linear relationships

1E Graphing straight lines consoLipating

Learning intentions for this section:

¢ To understand what it means for a point to lie on a line, both graphically and algebraically
¢ To understand that straight lines have constant gradient

* To know how to use a gradient and a point to sketch the graph of a line

* To be able to find the axis intercepts of a linear equation and use them to sketch the graph
* To be able to sketch straight lines with only one intercept

Past, present and future learning:

* This section addresses Stage 4 concepts which are used in Stage 5 and Stage 6 Advanced
¢ |t consolidates and extends the concepts in Chapter 4 of our Year 9 book

e Expertise with these concepts is assumed knowledge for Stage 6 Advanced

In two dimensions, a straight-line graph can be
described by a linear equation. Common forms of
such equations are y = mx + ¢ and ax + by = d, where
a, b, ¢, d and m are constants. From a linear equation
a graph can be drawn by considering

such features as x- and y-intercepts and the

gradient.

For any given straight-line graph the y-value
changes by a fixed amount for each 1 unit change

in the x-value. This change in y tells us the

A financial analyst can use linear graphs to predict possible
gradient of the line. profit. The profit made by a lawn mower shop could be
analysed with a straight-line graph of the equation:

Profit (y) = mower price (m) x sales (x) — costs (¢)

Lesson starter: Five graphs, five equations y
|
Here are five equations and five graphs. Match each equation with : 3¥ i
its graph. Give reasons for each of your choices. A .
a y= —3 1 | ||
b x=-2
x 1 - T > X

cC y= ix -3 -2 1 1 2 3
d y=-3x+3

) |
e 3x—2y=6
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1E Graphing straight lines

KEY IDEAS
B The gradient, m, is a number that describes the slope of y-intercept y
a line. =l
. rise x-intercept
* Gradient = "= (y=0)

e The gradient is the change in y per 1 unit change in x. 2
Gradient is also referred to as the ‘rate of change of y’.
B The intercepts are the points where the line crosses the
x-axis and the y-axis.
e The y-intercept is the point where x = 0. Gradient
e The x-intercept is the point where y = 0. y
A
M The gradient of a line can be positive, negative, zero ST
(i.e. a horizontal line) or undefined (i.e. a vertical line). ’
) L
B The gradient—intercept form of a straight line is d’%% Qo&
y = mx + ¢, where m is the gradient (0, c¢) are the < o > X
=)
coordinates of the y-intercept. 2
=
9
=
\ £
Y
B Two points are needed to sketch most straight-line y
graphs. A
y = mx 0.0 =0
B Special lines include those with only one axis intercept: ©,9 y=c
e horizontal lines y = ¢
e vertical lines x = b - ~ 7
e lines passing through the origin y = mx. o (b, 0)
Y
BUILDING UNDERSTANDING
o Rearrange these equations into the form y = mx + c. Then state the gradient (/) and the
y-coordinate of the y-intercept (c).
a y+2x=5 b 2y=4x-6 C x—y=7 d -2x-5y=3
9 The graph of y = % — 2 is shown. Use the gradient to help
answer the following.
a State the rise of the line if the run is:
i 2 i 4 i 7
b State the run in the line if the rise is:
i3 i 9 i 4
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-

@ Match each of the following equations to one of the graphs shown.

a y=3x+4
d y=x
A y
4
90
i)
4
D

Q Find the value of the unknown in the following.

a4 y=2x—4wherey=0

h y=-2x-4 c
e y=-2x+4 f
c

b 3x+8y=16 wherex=0

Deciding if a point is on a line

Does the point (—2,7) lie on these lines?

a y=-3x+1

SOLUTION
a y=-3x+1
LHS = y RHS
=17

b 2x+2y=1

EXPLANATION

Substitute x = —2 and y = 7 into the equation

—3x+1 of the line.
-3x (=2 +1
7 =LHS If the equation is true (i.e. LHS = RHS), then

. (=2, 7) is on the line.

b 2x+2y=1
LHS = 2x+2y
= 2XxX(=2)+2x7
= 10

.. (=2, 7) is not on the line.

Now you try

the point is on the line.

By substituting the point we find that the
RHS 1 equation is false, so the point is not on the line.

# LHS

Decide if the point (—1,4) is on the line with the given equations.

a y=—-2x+2

CambridgeMATHS NSW Stage 5

Year 10

b 3x+3y=2
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Sketching linear graphs using the gradient-intercept method
Find the gradient and y-intercept for these linear relations and sketch each graph.
a y=2x-1 b 2x+3y=3
SOLUTION EXPLANATION
a y=2x-1 In the form y = mx + c, the gradient is m (the
Gradient = 2 coefficient of x) and (0, ¢) are the coordinates of the
y-intercept has coordinates (0, —1) y-intercept.
y Start by plotting the y-intercept at (0, —1) on the graph.
Gradient =2 = %, thus rise = 2 and run = 1.

From the y-intercept move 1 unit right (run) and 2 units
up (rise) to the point (1, 1). Join the two points with

a line.
b 2x+3y=3 Rewrite in the form y = mx + ¢ by subtracting 2x from
3y =-2x+3 both sides and then dividing both sides by 3.
y = _lx +1 Note: =2x can also be written as —ﬁ, or —gx.
3 3 3 3
Gradient = —% The gradient is the coefficient of x and the y-coordinate

) ) of the y-intercept is the constant term.
y-intercept has coordinates (0, 1)

Start the graph by plotting the y-intercept at (0, 1).
Gradient = —% (run = 3 and fall = 2). From the point

(0, 1) move 3 units right (run) and 2 units down (fall)
to (3,—1).

Now you try
Find the gradient and y-intercept for these linear relations and sketch each graph.
a y=3x-1 b 3x+4y=4
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Sketching linear graphs using the x- and y-intercepts

Sketch the following by finding the x- and y-intercepts.

a y=2x-38 b —3x-2y=6

SOLUTION EXPLANATION

a y=2x-8

y-intercept (x = 0): The y-intercept is at x = 0. For y = mx + ¢, c is the

y =20 -8 y-coordinate of the y-intercept.
y=-8

The y-intercept is at (0, —8).

x-intercept (y = 0):

0=2x-38
8 = 2x
x=4
The x-intercept is at (4,0).
y
(0] A *

b -3x-2y=6
y-intercept (x = 0):
-30)-2y =6

-2y =6
y=-3

The y-intercept is at (0, —3).

x-intercept (y = 0):

-3x-20)=6
-3x =6
x=—2
The x-intercept is at (—2,0).
y
) 20
Now you try

The x-intercept is on the x-axis, so y = 0. Solve the
equation for x.

Plot and label the intercepts and join with a
straight line.

The y-intercept is on the y-axis so substitute x = 0.
Simplify and solve for y.

The x-intercept is on the x-axis so substitute y = 0.
Simplify and solve for x.

Sketch by drawing a line passing through the two
axes intercepts. Label the intercepts.

Sketch the following by finding the x- and y-intercepts.

a y=2x-4

CambridgeMATHS NSW Stage 5
Year 10

b —-2x-5y=10
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Sketching lines with one intercept

Sketch these special lines.

a y=2 b x=-3 ¢ y=—%x
SOLUTION EXPLANATION
a y The y-coordinate of every point must be 2, hence y =2 is a
A horizontal line passing through (0, 2).
- 2 y=2

o
Y
b y The x-coordinate of every point must be —3, hence x = -3
A is a vertical line passing through (—3,0).
- X
=31 O
Y
x=-3
( Both the x- and y-intercepts are (0, 0), so the gradient can
be used to find a second point.
The gradient = —%, hence use run = 2 and fall = 1.

Alternatively, substitute x = 1 to find a second point:

x=1,y==-2x(1)

=_1
2
Now you try
Sketch these special lines.
a y=-1 b x=2 c yz—%_x
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Exercise 1E
VoSt eesgn i,

1 Decide if the point (—1,5) is on the line with the given equations.

Example 132 a i y=x+4 i y=-2x—-1 i y=-3x+2
Example 13b b i 2x+2y=5 i 3x+3y=12 i —2x—y=-3
pampleda 2 Find the gradient and y-intercept for these linear relations and sketch a graph.

a y=5x-3 b y=2x+3 c y=-2x—1

d y=x—4 —_3 4. _

y=x e y Sx+ 1 fy 3X 2

0 y=05x—0.5 h y=1-x i y=3+3x
eample#s 3 Find the gradient and y-intercept for these linear relations and sketch each graph.

a 3x+y=12 b 10x+2y=5 c x—y=7 d 3x-3y=6

e 4x—-3y=9 f —x—y=% g —y—4x=8 h 2y+x=%
eample’s 4 Sketch the following by finding the x- and y-intercepts.

a y=3x-6 b y=2x+4 c y=4x+10

d y=3x—4 e y=7-2x foy= _%

g 3x+2y=12 h 2x+5y=10 i 4y—3x=24

j x+2y=5 k 3x+4y=7 I Sy—-2x=12
eampes O  Sketch these special lines.

a y=—4 b y=1 c x=2 d x:—%

e y=0 f x=0 g y=4x h y=-3x

i y=-1 i y=3X k =0 I 4-y=0

boy=—3x I y=5 xX+y y

PROBLEM-SOLVING 6,7 6-8 7-9

6 Sam is earning some money picking apples. He gets paid $10

plus $2 per kilogram of apples that he picks. If Sam earns $C for
nkg of apples picked, complete the following.
a Write a rule for C in terms of n.
b Sketch a graph for 0 < n < 10, labelling the endpoints.
¢ Use your rule to find:
i the amount Sam earned after picking 9 kg of apples

i the number of kilograms of apples Sam picked if he
earned $57.

7 A 90 L tank full of water begins to leak at a rate of 1.5 litres per hour. If V litres is the volume of water
in the tank after # hours, complete the following.
a Write a rule for V in terms of ¢.
b Sketch a graph for 0 < ¢ < 60, labelling the endpoints.
¢ Use your rule to find:
i the volume of water after 5 hours
i the time taken to completely empty the tank.
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1E Graphing straight lines

8 It costs Jesse $1600 to maintain and drive his car for
32 000 km.
a Find the cost in $ per km.
b Write a formula for the cost, $C, of driving Jesse’s car
for k kilometres.
¢ If Jesse also pays a total of $1200 for registration and
insurance, write the new formula for the cost to Jesse of

owning and driving his car for k kilometres.

9 D =25z + 30 is an equation for calculating the distance, D km, from home that a cyclist has travelled
after ¢ hours.
a What is the gradient of the graph of the given equation? What does it represent?
b What could the 30 represent?
¢ If a graph of D against ¢ is drawn, what would be the intercept on the D-axis?

10 A student with a poor understanding of straight-line graphs writes down some incorrect information

next to each equation. Decide how the error might have been made and then correct the information.

a y= 2x2+ 1 (gradient = 2)
b y=05x+3) (y-intercept is at (0, 3))
C 3x+y=7 (gradient = 3)
d x—2y=4 (gradient = 1)

11 Write expressions for the gradient and y-intercept coordinates of these equations.
a ay=3x+7
b ax—-y=b
C

by=3—ax

12 A straight line is written in the form ax + by = d. In terms of @, b and d, find:
a the coordinates of the x-intercept
b the coordinates of the y-intercept
¢ the gradient.

ENRICHMENT: Graphical areas - - 13

13 Find the area enclosed by these lines. y
a x=2,x=-1,y=0,y=4 A Ax=2
y=4u
b x=3,y=2x, y=0
1 =0
C x==-3, y=—73x+2, y=-2 Y
2 o2 *
d 2x—5y=-10, y=-2, x=1
e y=3x—-2,y=-3,y=2—-x x=-1
\
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34 Chapter1 Algebra, equations and linear relationships

1F Finding the equation of a line

Learning intentions for this section:

¢ To know how to find the gradient of a line using two points on the line

¢ To understand and be able to use the gradient-intercept form of a straight line

* To be able to find the equation of a line given two points on the line

* To know the form of the equation of horizontal and vertical line

Past, present and future learning:

¢ This section addresses the Stage 5 Core Topics called Linear relationships C

* |t consolidates and extends the concepts in Chapter 4 of our Year 9 book

e Expertise with these concepts is assumed knowledge for Stage 6 Advanced

¢ You may be expected to recall the formula from memory in the HSC Examination

It is a common procedure in mathematics to find the equation (or
rule) of a straight line. Once the equation of a line is determined, it
can be used to find the exact coordinates of other points on the line.
Mathematics such as this can be used, for example, to predict a future
company share price or the water level in a dam after a period of time.

Lesson starter: Fancy formula

Business equipment, such as a parcel
courier’s van, must eventually be replaced.
For tax purposes, accountants calculate
any two given points. annual depreciation using the straight-line

Some of the steps are missing. See if you Yy method. This reduces the equipment's
value by an equal amount each year.

Here is a proof of a rule for the equation of a straight line between

can fill them in.

y=mx+c (x27y2)

¥y = mx; + ¢ (Substitute (x, y) = (x;, y,).) (1, ¥1)

Se=
by
Sy=mx +
Ly=yp=m___ )
where m =

Xy =X

KEY IDEAS

B Horizontal lines have the equation y = ¢, where c is the y-coordinate of the y-intercept.

B Vertical lines have the equation x = k, where k is the x-coordinate of the x-intercept.

B Given the gradient (m) and the y-intercept (c), use y = mx + c to state the equation of the line.
|

To find the equation of a line when given any two points, find the gradient (m), then:
e substitute a point to find ¢ in y = mx + ¢, or

o=V
=34

* usey—y; =mx—x;), where m = and (x|, y), (x5, y,) are points on the line.

B If A, B and C are points on the Cartesian plane and the gradient of AB is equal to the gradient of
BC, then the points A, B and C lie on a single straight line; i.e. If m 4z = mp, then A, B and C
are collinear.
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1F Finding the equation of a line 35

BUILDING UNDERSTANDING

ﬂ State the gradient of the following lines, using gradient = %.
a ] [H y
A
4 o
ST
T T 1> X
4291 2 4
—4
Y
d e f

@ Find the value of ¢ in y = —2x + ¢ when:

a x=3andy=2 b x=-landy=-4 c x:ia_ndy=7
- J

Finding the gradient of a line joining two points

Find the gradient of the line joining the pair of points (—3, 8) and (5, —2).

SOLUTION EXPLANATION
m = y2_y1 Use (xl’ )’1)=(—3, 8) and(x2’ )’2)=(5’ _2)
2 = &) Remember that 5 — (=3)=5 + 3.
= _—2-8 Alternatively, plot the points and find the rise and the run.
-3 rise
- _10 ~ Tun
8
=10 (from di )
__5 3 iagram
4
X
Note that run is taken from left to right.
Now you try

Find the gradient of the line joining the pair of points (-2, 6) and (3, —1).
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Finding the equation of a line given the y-intercept and
a point
Find the equation of the straight line with the given y-intercept. y
P fu
1
X
? o
SOLUTION EXPLANATION
The equation of a straight line is of the form
y=mx + c.
m=22"2 Find m using (x;, y,)= (0, 1) and
x2 - xl .
13-1 (%9, ¥5) = (4, 13), or using m = % from the
T 4-0 graph.
_12
4
=3 . .
The y-intercept is at (0, 1).
andc=1 Substitute =3 and ¢ = 1.
Sy=3x+1
Now you try y
Find the equation of the straight line with the given 3.7)
y-intercept. |
! X
0
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1F Finding the equation of a line 37

Finding the equation of a line given two points

Find the equation of the straight line with the given y
two points. 3,11)
6,7)
X
0
SOLUTION EXPLANATION
Method 1
y=mx+c
_ =N
P
_ 76%131 Use (x;, y) =3, '11) and (x,, y,)= (6, 7) in the gradient
4 formula, or m = % from the graph where rise = —4 (fall).
-3
-4 3 —_4. =
y=—3x +c Substitute m = -3 into y = mx + c.
7= —% X (6)+ ¢ Substitute the point (6, 7) or (3, 11) to find the value of c.
7T=-8+c¢
15=c
. 4
Sy = x4 1S Write the rule with both m and c.
Method 2

Choose (x, y;)= (3, 11) or alternatively choose (6, 7).

y—y; = mx—x)
! 4 ! m= —% was found using method 1.
vl = _§(x =2 Expand brackets and make y the subject.
4 —
y=—§x+4+11 _§X(_3)_4
- _4
= —3X + 15
Now you try \3:
Find the equation of the straight line with the given
two points.
4, 7)
(8,2)
- > X
o
Y
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Exercise 1F

FLUENCY 1(12), 2, 3(12) 1-4(12) 1(Y3), 2—4(2)

eampet7 1 Determine the gradient of the line joining the following pairs of points.

a (4,2)and (12,4) b (1,4)and (3, 8)

¢ (0,2)and (2,7) d (3,4)and (6, 13)

e (8,4)and (5,4) f (2,7 and 4,7)

g (=1,3)and (2,0) h (=3,2)and (-1,7)

i (3,4 and (4, -1) j (2,-3)and (2, -5)

k (2,-3)and (-4, —12) I (=2,-5)and (-4, -2)

eamples 2 Find the equation of the straight lines with the given y-intercepts.

a y ]
8 (5.8)
6
4
3
X
Ol 2 4 6
c d
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1F Finding the equation of a line

eample’s 3 Find the equation of the straight lines with the given points.

y b y c
G, 14) @, 11)
(2,8)
(2,3)
0 X
0 X

y e y f y

X 1,1
(3,6) X
(5.2) (1,-7)
0 X
2, -10)
(1,-5)

4  Given the following tables of values, determine the linear equation relating x and y in each case.

b

X 0 3 X 4 6
y 5 14 y 4 8
X 1 3 d ) 1

y -2 0 y 2 -4

PROBLEM-SOLVING 5 5,6 6,7

5 The cost of hiring a surfboard involves an up-front fee plus an hourly rate.
3 hours of hire costs $50 and 7 hours costs $90.

6 Kyle invests some money in a simple savings fund and the amount increases
at a constant rate over time. He hopes to buy a boat when the investment

Sketch a graph of cost, $C, for ¢ hours of hire using the information
given above.

Find a rule linking $C in terms of 7 hours.

i State the cost per hour.

i State the up-front fee.

amount reaches $20000.
After 3 years the amount is $16 500 and after 6 years the amount is $18 000.

Find a rule linking the investment amount ($A) and time (¢ years).

b How much did Kyle invest initially (i.e. when ¢ = 0)?

¢ How long does Kyle have to wait before he can buy his boat?

d  What would be the value of the investment after 12% years?
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7 a The following information applies to the filling of a flask with water, at a constant rate. In each
case, find a rule for the volume, V litres, in terms of # minutes.
i Initially (i.e. at r = 0) the flask is empty (i.e. V = 0) and after 1 minute it contains 4 litres of
water.
i Initially (i.e. at z = 0) the flask is empty (i.e. V = 0) and after 3 minutes it contains 9 litres of
water.
iii After 1 and 2 minutes, the flask has 2 and 3 litres of water, respectively.
iv After 1 and 2 minutes, the flask has 3.5 and 5 litres of water, respectively.
b For parts iii and iv above, find how much water was in the flask initially.
¢ Write your own information that would give the rule V= —t + b.

8 A line joins the two points (—1, 3) and (4, —2).

Yo =1
X=X

a Calculate the gradient of the line using m = where (x{, y;) = (-1, 3) and (x,, y,) = (4, =2).

b Calculate the gradient of the line using m = )):2—_)}:1 where (x{, y;) = (4, =2) and (x,,y,) = (-1, 3).
2 1

¢ What conclusions can you draw from your results from parts a and b above? Give an explanation.

9 A line passes through the points (1, 3) and (4, —1).
a Calculate the gradient.
b Usingy —y, = m(x —x;) and (x|, y;) = (1, 3), find the rule for the line.
¢ Usingy—y, =m(x—x) and (x, y;) = (4, —1), find the rule for the line.
d  What do you notice about your results from parts b and ¢? Can you explain why this is the case?

ENRICHMENT: Linear archery = - 10

10 An archer’s target is 50 m away and is 2.5 m off the ground, as shown. Arrows are fired from a height

of 1.5 m and the circular target has a diameter of 1 m.

y target

A g

| Im

v 25m

1 11.5m

l€«—— 50 m ———> x
0, 0)

a Find the gradient of the straight trajectory from the arrow
(in firing position) to:
i the bottom of the target
i the top of the target.
b If the position of the ground directly below the firing arrow is
the point (0, 0) on a Cartesian plane, find the equation of the

straight trajectory to:
i the bottom of the target
i the top of the target.

¢ If y =mx + cis the equation of the arrow’s trajectory, what are the possible values of m if the arrow
is to hit the target?
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Progress quiz 41

1 Simplify the following.
a 15a%b +2ab — 6ba’+8b b —3xyx4x ¢ 4(m+5)+33m—2)

o
q
2 Solve the following equations and check your solution by substitution. (=}
a 2x+8=18 b 203k —4) = —17 ¢ m+5_ o =
3 ®
s e 3 m (7]
3 a Simplify a2t3 b7
3. . m_ =2
b Hence, solve 1 + g = 2 E
N
4 Solve the following inequalities and graph their solutions on a number line.
a 2a+3>9 b 8-5<10
C 5m+2>Tm—6 d —(a—3)<5@@+3)

5 Simplify the following algebraic fractions.

a+4 , 1—-3a
8 12

+

b x+2 x-=-2
5 3

Solve the following equations.

(=]

2y+1 y+4
a 5 —T—2
b 2a—3=4a+2
3 4

7 Decide if the point (-3, 2) is on the line with the given equations.
a y=x+2 b —2x+y=8

1E

8 Sketch the following linear relations. For parts @ and b, use the method suggested.

a y= 3 + 1; use the gradient and y-intercept.

2
b —2x — 3y = 6; use the x- and y-intercepts.
c y=3
d x=-2
-_3
& y=—7%
n 9 State the gradient and coordinates of the y-intercept of the following lines.
a y=3x-2 b 3x+5y=15
n 10 Find the equation of each straight line shown.
a by t
A A A
4,11 2,5)
4,2)
3
- - 5 -
0 > X 5 > X 0 7 > X
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1G Using formulas for distance and midpoint

Learning intentions for this section:
* To know the meaning of the terms line segment and midpoint

* To be able to find the length of a line segment using the distance formula
¢ To know how to find the midpoint of a line segment using the formula

Past, present and future learning:

e This section addresses the Stage 5 Path Topic called Linear relationships C

¢ |t consolidates and extends the concepts in Chapter 4 of our Year 9 book

¢ Expertise with these concepts is assumed knowledge for Stage 6 Advanced

¢ You may be expected to recall the formula from memory in the HSC Examination

Two important features of a line segment (or line interval)
are its length and midpoint. The length can be found using
Pythagoras’ theorem and the midpoint can be found by
considering the midpoints of the horizontal and vertical
components of the line segment.

Lesson starter: Developing the rules

The line segment shown has endpoints (x;, y,) and (x5, y,).

* Length: Use your knowledge of Pythagoras’ theorem to find the rule

for the length of the segment.

* Midpoint: State the coordinates of M (the midpoint) in terms of

X1, ¥1» X, and y,. Give reasons for your answer.

Using coordinates to define locations and
calculate distances are widely applied procedures,
including by spatial engineers, geodetic
engineers, surveyors, cartographers, navigators,
geologists, archaeologists and biologists.

(x2, ¥2)
Lyd
Y ‘.0
(x1, y1)

KEY IDEAS

B The length of a line segment d (or distance between two points y

(x1, 1) and (x,, y,)) is given by the rule:

d= ‘/(xz —xp)?+ (= vy’

e This rule comes from Pythagoras’ theorem where the distance
d is the length of the hypotenuse of the right-angled triangle

formed.

B The midpoint M of a line segment between (x;, y,) and (x,, y,) is given by:

M‘( 2 2

e This is the average of the x-coordinates and the average of the y-coordinates.
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1G Using formulas for distance and midpoint 43

BUILDING UNDERSTANDING

ﬂ The endpoints for the given line segment are (1, 2)

and (5,7). . }\)
a What is the horizontal distance between the two 6
endpoints? 51
b What is the vertical distance between the two g i
endpoints? 2
¢ Use Pythagoras’ theorem (¢2 = a? + b2) to find 11
the exact length of the segment. 1) *

d State the midpoint of the segment.

@ The endpoints for the given line segment are (—2, —5)

and (2, —1).

a What is the horizontal distance between the two
endpoints?

b  What is the vertical distance between the two
endpoints?

¢ Use Pythagoras’ theorem (c2 = a2 + b2) to find
the exact length of the segment.

d State the midpoint of the segment.

€@ Simplify the following.

a 244 p 3+8 —4+10
2 2 2 2

N\ J

Finding the distance between two points

Find the exact distance between each pair of points.
a (0,2)and (1,7) b (-3,8)and (4, —1)

SOLUTION EXPLANATION

Let (x4, y;) = (0, 2) and (x,, y,) = (1, 7).
Alternatively, sketch the points and use
Pythagoras’ theorem, i.e. d*> = 12 + 52.
Simplify and express your answer exactly,

a d=x—x+ -y’
= V(1 - 0)% + (7 - 2)2

= V12 + 52

= V26 units

b d= ‘/()52‘)51)2“‘(y2‘y1)2

= 4 - (=3)) +(~1 - 8)2
= {72+ (=9)2

— VA + 81

= V130 units
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using a surd.

Let (xy, y;) = (=3, 8) and (x,, y,) = (4, = 1).
Alternatively, let (x;, y;) = (4, —1) and

(x5, ¥5) = (=3, 8). Either way the answers will
be the same.

When using Pythagoras’ theorem,

d>=17%+9%
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44 Chapter1 Algebra, equations and linear relationships

Now you try
Find the exact distance between each pair of points.
a (0,3)and(1,5) b (=2,7)and (3, —1)
Finding the midpoint of a line segment joining two points

Find the midpoint of the line segment joining (—3, —5) and (2, 7).

SOLUTION EXPLANATION
X, +x, Y+
M= ( SRR 2) Let (x}, y;) = (=3, =5) and (x5, y) = (2, 7).
- (ﬂ, ﬂ) This is equivalent to finding the average
2 2 of the x-coordinates and the average of the
= (—%, 1) y-coordinates of the two points.
Now you try

Find the midpoint of the line segment joining (-2, —6) and (3, —2).

Using a given distance to find coordinates

Find the values of a if the distance between (2, @) and (4, 9) is V5.

SOLUTION EXPLANATION

Substitute all the given information into the rule for the

— 2 2
d = \/(xz—xl) 27 . .
distance between two points.

VS = V4-22+©-a)? y &
. . 2 1
V5 = 22+ 9 — a)? Sf;lphfy ;nd. then ilquare both . ( ‘,\(1)(/4 .
— 449 -a)? sides to eliminate the s.quare roots. .

1 = ©—a)? Subtract 4 from both sides and 2,8 W5
+1 =9_g take the square root of each side.
o Remember, if x2 = 1 then x = +1.
R Solve for a. You can see there are
sa=8ora=10 .

two solutions as shown here.

Now you try

Find the values of a if the distance between (1, ) and (3, 7) is V13.
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Example 20

Example 21

Example 22

Exercise 1G
1-20

1 Find the exact distance between these pairs of points.

a
d

1-2("2)

1 —2(1/3)

(0, 4) and (2, 9) b (0,3)and (2, 10)
(=3, 8)and (1, 1) e (=2, —1)and (4, —2)
(-8, —1) and (2, 0) h (=4,6)and (8, —1)

¢ (2,5 and(5,7)

f (=8,9)
i (=10, 1

2 Find the midpoint of the line segment joining the given points in Question 1.

PROBLEM-SOLVING 3, 4=5(172)

3 Which of the points A, B or C shown on these axes is closest to
the point (2, 3)?

3, 4=5(1/2)

and (1, =3)
1) and (-4, 10)

4-5(12), 6

4 Find the value of a and b when:

a
b

c

d

the midpoint of (a, 3) and (7, b) is (5, 4)
the midpoint of (a, —1) and (2, b) is (—1, 2)

the midpoint of (=3, @) and (b, 2) is <_% 0)

the midpoint of (-5, a) and (b, —4) is <—% %)

5 Find the values of a when:

b
c
d

the distance between (1, ) and (3, 5) is V8

the distance between (2, a) and (5, 1) is V13
the distance between (a, —1) and (4, —3) is V29
the distance between (-3, —5) and (a, —9) is 5.

6 A block of land is illustrated on this simple map, which uses the

ratio 1:100 (i.e. 1 unit represents 100 m). ‘)i
a Find the perimeter of the block, correct to the nearest metre. 34
b The block is to be split up into four triangular areas by 2
building three fences that join the three midpoints of the :1 .
sides of the block. Find the perimeter of the inside triangular 0 by
area. =321 3
2
-3
Y
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7 A line segment has endpoints (—2, 3) and (1, —1).

a  Find the midpoint using (x;, y;) = (=2, 3) and (x,, y,) = (1, —=1).

b Find the midpoint using (x;, y;) = (1, =1) and (x,, y,) = (=2, 3).

¢ Give a reason why the answers to parts a and b are the same.

d  Find the length of the segment using (x, y,) = (=2, 3) and (x,, y,) = (1, =1).

e Find the length of the segment using (x;, y;) = (1, —=1) and (x,, y,) = (=2, 3).

f What do you notice about your answers to parts 0 and e? Give an explanation for this.

8 The distance between the points (=2, —1) and (a, 3) is V20. Find the values of a and use a Cartesian
plane to illustrate why there are two solutions for a.

9 Find the coordinates of the point that divides the segment joining (—2, 0) and (3, 4) in the given ratio.
Ratios are to be considered from left to right.

a 1:1 b 1:2 c 2:1 d 4:1 e 1:3 f 2:3
ENRICHMENT: Shortest distance = = 10
10 Sarah pinpoints her position on a map as (7, 0) and wishes to hike y

towards a fence line that follows the path y = x + 3, as shown.
(Note: 1unit = 100m).
a Using the points (7, 0) and (x, y), write a rule in terms of
x and y for the distance between Sarah and the fence.
b Use the equation of the fence line to write the rule in part a in
terms of x only.

¢ Use your rule from part b to find the distance between Sarah \\\\Sarah
. . = X
.j:lnd the fence line to the nefl.r.est metre when: 123456 7
I x=1 i x=2 @, 0)
i x=3 iv x=4

d  Which x-value from part ¢ gives the shortest distance?
e Consider any point on the fence line and find the coordinates of the point such that the distance will
be a minimum. Give reasons.
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1H Parallel lines and perpendicular lines

Learning intentions for this section:

¢ To know that parallel lines have the same gradient

* To know that the product of the gradients of perpendicular lines is —1

* To be able to determine if lines are parallel or perpendicular using their gradients

¢ To be able to find the equation of a parallel or perpendicular line given a point on the line
Past, present and future learning:

* This section addresses the Stage 5 Core Topics called Linear relationships A and B

¢ |t consolidates and extends the concepts in Chapter 4 of our Year 9 book

e Expertise with these concepts is assumed knowledge for Stage 6 Advanced

Euclid of Alexandria (300 Bc) was a Greek mathematician and is known as the
‘father of geometry’. In his texts, known as Euclid’s Elements, his work is based
on five simple axioms. The fifth axiom, called the ‘Parallel Postulate’, states: ‘It
is true that if a straight line falling on two straight lines makes the interior angles
on the same side less than two right angles, the two straight lines, if produced
indefinitely, intersect on that side on which are the angles less than the two right
angles.

In simple terms, the Parallel Postulate says that if cointerior angles do not sum to
180°, then the two lines are not parallel. Furthermore, if the two interior angles
are equal and also sum to 180°, then the third line must be perpendicular to the

other two.

The mathematician

Euclid of Alexandria y

o
ao bo a° bo a bo

a+b+#180 a+b=180 a=b=90

Lesson starter: Gradient connection

Shown here is a pair of parallel lines and a third line that is
perpendicular to the other two lines.

* Find the equation of each line, using the coordinates
shown on the graph.

*  What is common about the rules for the two
parallel lines?

* Is there any connection between the rules of the parallel 76 ~ ‘I‘ ~ i /
lines and the perpendicular line? Can you write down this

connection as a formula? (r1,-1)
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48 Chapter1 Algebra, equations and linear relationships

KEY IDEAS

B All parallel lines have the same gradient.

For example, y =3x — 1, y = 3x + 3 and y = 3x — 4 have the same gradient of 3.

B Two perpendicular lines (lines that meet at right y
angles) with gradients m and m, satisfy the A
following rule:

m; Xm,=—1orm,= _L (i.e. m, is the
my
negative reciprocal of m ).

In the diagram, m; X m, =2 X (—%) =-—1.

B Equations of parallel or perpendicular lines can
be found by:
e first finding the gradient (m)

e then substituting a point to find ¢ in

y=mx + c.

BUILDING UNDERSTANDING

o What is the gradient of the line that is parallel to the graph of these equations?

a y=4x—6 b y=—7x—1 c y:—%x+2 d y:%x—%

9 Use m, = —mi to find the gradient of the line that is perpendicular to the graphs of the
1

following equations.

a y=3x-1 b y=-2x+6 c y=%x—% d y=—%x—%

9 A line is parallel to the graph of the rule y = 5x — 2 and its y-intercept is at (0, 4). The rule for
the line is of the form y = mx + c.
a State the value of m. b State the value of c. € Find the rule.

o Answer true or false.
a The lines y = 2x and y = 2x + 3 are parallel.

b The lines y = 3x and y = —3x + 2 are perpendicular.
- J
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Deciding if lines are parallel or perpendicular

Decide if the graph of each pair of rules will be parallel, perpendicular or neither.

y=—3x—8andy=%x+1

b y=lx+2and2y—x=5

[H

2
3x+2y=—-S5andx—y=2

SOLUTION

y=-3x—-8 m=-3

_1 _
y—3x+1,m—

3xl__
3><3_ 1

So the lines are perpendicular.

1
3

y:%x+2,m:%
2y—x =15
2y =x+5
D RV R |
y=gxtym=sy
So the lines are parallel.

3x+2y =-5
2y = =3x-5

(1]
(2]

(1]

(2]

(1]

(2]

So the lines are neither parallel nor

perpendicular.

Now you try

EXPLANATION

Both equations are in the form y = mx + c.

Test: my X my = —1.

Write both equations in the form y = mx + c.

Both lines have a gradient of l, so the lines are

parallel.

Write both equations in the form y = mx + c.
L=3x _ _3x_ =3

Note: 3 =5 =5 X

Subtract x from both sides, then divide both sides
by —1.

Test: my X my = —1.

The gradients are not equal and m X m, # —1.

Decide if the graph of each pair of rules will be parallel, perpendicular or neither.

b

y=—4r—landy=x+3

y=%x+1and2y+x=7

¢ 5x—3y=—-10and 5x =3y +2
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50 Chapter1 Algebra, equations and linear relationships

Finding the equation of a parallel or perpendicular line

Find the equation of the line that is:
a parallel to y = —2x — 7 and passes through (1,9)

b perpendicular to y = %x — 1 and passes through (3, —2).

SOLUTION EXPLANATION
a y=mx+tc Write the general equation of a line.
m= =2 Since the line is parallel toy = —2x — 7, m = =2.
y=-2x+c
Substitute (1, 9): Substitute the given point (1,9), where x=1andy =9,
9=-2()+c and solve for c.
11 =c¢
Sy =-2x+11
b y=mx+c The perpendicular gradient is the negative reciprocal
_ —1 é __1 =_1 = é = — i
m= - of4.(§> 1.4 1><3.
) 3
- _4
3
y = —gx +c
Substitute (3, —2): Substitute (3, —2) and solve for c.
o -_4
R= 3(3) +c
—2=-4+4c¢c
c=2
cy=_4
Sy =3 +2
Now you try

Find the equation of the line that is:
a parallel to y = —3x — 5 and passes through (1, 5)
2

b perpendicular to y = 3= 3 and passes through (2, —1).

Exercise 1H

eample2s 1 Decide if the graph of each pair of linear rules will be parallel, perpendicular or neither.

a y=3x—landy=3x+7 b y=%x—6andy=%x—4
c y:—%x+landy=%x—3 d y=—4x—2andy=x—7
3 1.4 _7 __ 1
e y=—zx 2andy—3x+2 fy 8x+4andy g~ 2
g 2y+x:2andy:—%x—3 h x—y:4andy:x+%
i 8y+2x=3andy=4x+1 j 3x—y=2andx+3y=5
CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
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1H Parallel lines and perpendicular lines 51

eample2da 2 Find the equation of the line that is:

a parallel to y = x + 3 and passes through (1,5)

b parallel to y = —x — 5 and passes through (1, —7)
¢ parallel to y = —4x — 1 and passes through (-1, 3)
d

parallel to y = %x + 1 and passes through (3, —4)

e paralleltoy = —%x + % and passes through (5, 3).

eample24b 3 Find the equation of the line that is:
a perpendicular to y = 2x + 3 and passes through (2,5)

b perpendicular to y = —4x + 1 and passes through (-4, —3)

¢ perpendiculartoy = %x — 4 and passes through (4, —1)
d perpendicular to y = %x + % and passes through (-4, —2)
e perpendiculartoy = —%x - % and passes through (-8, 3).

PROBLEM-SOLVING 4(Y2) 4-6(12) 4-6(12), 7

4 This question involves vertical and horizontal lines. Find the equation of the line that is:

a parallel to x = 3 and passes through (6, 1)

b parallel to x = —1 and passes through (0, 0)
¢ parallel to y = —3 and passes through (8,11)
d parallel to y = 7.2 and passes through (1.5, 8.4)
e perpendicular to x = 7 and passes through (0,3)
f perpendicular to x = —4.8 and passes through (2.7, —3)
g perpendiculartoy = —% and passes through (%, %)
~ -8 _4 3
h  perpendicular to y = 13 and passes through ( 7 )
5 Find the equation of the line that is parallel to these equations and passes through the given points.
a y=2:L05 boy=333% .7
c 3y—-2x=3,(-2,4 d 7x—y=-1,(-3,-1)

6 Find the equation of the line that is perpendicular to the equations given in Question 5 and passes
through the same given points.

7 A line with equation 3x — 2y = 12 intersects a second line at the point where x = 2. If the second line
is perpendicular to the first line, find where the second line cuts the x-axis.

CambridgeMATHS NSW Stage 5 Cambridge University Press
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8 Find an expression for the gradient of a line if it is:

a paralleltoy=mx+ 8

b parallel to ax + by =4

¢ perpendiculartoy = mx — 1

d perpendicular to ax + by = 3.

9 a Find the value of a if y = €x + c is parallel to y = 2x — 4.

7
b Find the value of a if y = (%)x + cis parallel toy = —x — 3.
¢ Find the value of a if y = ( 1 5 a)x + cis perpendicular to y = %x - %

d Find the value of a if ay = 3x + ¢ is perpendicular to y = —%x -1

10 Find the equation of a line that is:
a parallel to y = 2x + ¢ and passes through (a, b)
b parallel to y = mx + ¢ and passes through (a, b)
¢ perpendicular to y = —x + ¢ and passes through (a, b)
d perpendicular to y = mx + ¢ and passes through (a, ).

ENRICHMENT: Perpendicular and parallel geometry = - 11-13

11 A quadrilateral, ABCD, has vertex coordinates A(2, 7), B(4,9),
C(8, 5) and D(6, 3).
a Find the gradient of these line segments.
i AB
ii BC
ii CD
iv. DA
b What do you notice about the gradients of opposite and

adjacent sides?
¢ What type of quadrilateral is ABCD?

12 The vertices of triangle ABC are A(0, 0), B(3, 4) and C(%, 0).
a Find the gradient of these line segments.
i AB ii BC i CA
b What type of triangle is AABC?
¢ Find the perimeter of AABC.

13 Find the equation of the perpendicular bisector of the line segment joining (1, 1) with (3,5) and find
where this bisector cuts the x-axis.

CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
Year 10 Photocopying is restricted under law and this material must not be transferred to another party.



Applications and problem-solving

The following problems will investigate practical situations drawing upon knowledge and skills developed
throughout the chapter. In attempting to solve these problems, aim to identify the key information, use
diagrams, formulate ideas, apply strategies, make calculations and check and communicate your solutions.

Business profit

1 Abby runs an online business making and selling Christmas stockings. Over time she has worked out

that the cost to make and deliver 3 Christmas stockings is $125, while the cost to make and deliver

7 stockings is $185. The cost to produce each Christmas stocking is the same. Costs involved also

include the purchase of the tools to make the stockings.

Abby is interested in exploring the relationship between her profit, costs and selling price. She wants

to determine the ‘break-even’ point and look at how this is impacted if the selling price is adjusted.

a Draw a graph of cost versus the number of stockings made using the information given and
assuming a linear relationship.

b From your graph, determine a rule for the cost, C dollars, of making and delivering s stockings.

Abby sells each stocking for $25.

¢ Write a rule for the amount she would receive (revenue), R
dollars, from selling s stockings and sketch its graph on the
same axes, as in part a.

Buinjos-wajqo.ad pue suoneanddy

d  What are the coordinates of the point where the graphs intersect?
e Profit is defined as revenue minus cost.

i Give a rule for the profit, P dollars, from selling s stockings.

i Use your equation from part i to find how many stockings
must be sold to break even.
f In the lead up to Christmas each year, Abby finds that she sells on average ¢ stockings. She
considers adjusting the selling price of the stockings at this time of year.
i Determine the minimum price, p dollars, she should sell her stockings for, in terms of ¢,
to break even.
i Use your result from part i to determine the minimum selling price if = 5 or if r = 25

Comparing speeds

2 To solve problems involving distance, speed and time we use the following well-known rule:
distance = speed X time
We will explore how we can use this simple rule to solve
common problems. These include problems where objects
travel towards each other, follow behind or chase one another,
and problems where speed is altered mid-journey.
a Two cars travel towards each other on a 100 km stretch of
road. One car travels at 80 km/h and the other at 70 km/h.
i How far does each car travel in 1 hour?

ii  Complete the table below to determine how far each car has travelled after ¢ hours.

Speed (km/h) | Time (hours) Distance (km)

CarA t
CarB t
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54 Chapter1 Algebra, equations and linear relationships

iii Hence, if the cars set off at the same time, how long will it be before the cars meet (i.e. cover
the 100 km between them)? Answer in minutes.
iv If two cars travel at x km/h and y km/h respectively and there is d km between them, determine
after how long they will meet in terms of x, y and d.
b Ed’s younger brother leaves the house on his bicycle and rides at 2 km/h. Ed sets out after his
brother on his bike x hours later, travelling at 7 km/h.
i Use an approach like in part a to find a rule for the time taken for Ed to catch up to his younger
brother in terms of x.
il What is this time if x = 1?
¢ Meanwhile, Sam is driving from city A to city B. After 2 hours of driving she noticed that she
covered 80 km and calculated that, if she continued driving at the same speed, she would end up
being 15 minutes late. She therefore increased her speed by 10 km/h and she arrived at city B
36 minutes earlier than she planned. Find the distance between cities A and B.

Crossing the road

3 Coordinate geometry provides a connection between geometry and algebra where points and lines can
be explored precisely using coordinates and equations.
We will investigate the shortest path between sets of points positioned on parallel lines to find the

=
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=
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S
=
=
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=
=
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S
=
=
=%
<<

shortest distance to cross the road.

Two parallel lines with equations y = 2x + 2 and y = 2x + 12 form the sides of a road. A chicken is

positioned at (2, 6) along one of the sides of the road. Three bags of grain are positioned on the other

side of the road at (0, 12),(—2, 8) and (3, 18).

a What is the shortest distance the chicken would have to cover to get to one of the bags of grain?

b If the chicken crosses the road to get directly to the closest bag of grain, give the equation of the
direct line the chicken walks along.

¢ By considering your equation in part b, explain why this is the shortest possible distance the
chicken could walk to cross the road.

d  Using the idea from part ¢, find the distance between the parallel lines with equations y = 3x + 1
and y = 3x + 11 using the point (3, 10) on the first line.
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11 Simultaneous equations using substitution

Learning intentions for this section:

Past, present and future learning:

To understand that a solution to a pair of simultaneous equations can be found algebraically
To use the method of substitution to solve problems involving simultaneous equations

This section shows one way to solve simultaneous equations to find a point of intersection
It addresses the Stage 5 Path Topic called Equations C

It consolidates and extends the concepts in Chapter 2 of our Year 9 book

Expertise with these concepts is assumed knowledge for Stage 6 Advanced

When we try to find a solution to a set of equations rather than
just a single equation, we say that we are solving simultaneous
equations. For two linear simultaneous equations we are interested
in finding the point where the graphs of the two equations meet.
The point, for example, at the intersection of a company’s cost
equation and revenue equation is the ‘break-even point’. This
determines the point at which a company will start making a profit.

Y finding the best deal for renting a house or
Lesson starter: Give up and do the algebra T TS e
the most money over time; and the most
The two simultaneous equations y = 2x — 3 and 4x — y = 5% profitable investment account. )

Simultaneous equations can solve
personal finance questions such as:

have a single solution (x, y).

e Use a guess and check (i.e. trial and error) technique to try to find the solution.

e Try a graphical technique to find the solution. Is this helpful?

¢ Now find the exact solution using the algebraic method of substitution.

e Which method do you prefer? Discuss.

KEY IDEAS

B Solving two simultaneous equations involves finding a solution that satisfies both equations.

e When two straight lines are not parallel, there will be a single (unique) solution.

Non-parallel lines Parallel lines (same gradient)
y
X X
1 point of intersection 0 points of intersection
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B The substitution method is usually used when at least one of the equations has one pronumeral
as the subject. For example, y =3x + 2 or x = 3y — 1.
e By substituting one equation into the other, a single equation in terms of one pronumeral is
formed and can then be solved.
For example:

x+y=8 [1]
y=3x+4 [2]
Substitute [2] in [1]: x+ Bx+4) = 8
dx+4 =8
Sx=1

Findy:y=3(1)+4=7
So the solution is x = 1 and y = 7. The point (1, 7) is the intersection point of the graphs of
the two relations.

BUILDING UNDERSTANDING

0 By substituting the given values of x and y into both equations, decide whether it is the solution
to these simultaneous equations.
a x+y=5andx—-y=-1;x=2,y=3
b 3x—y=2andx+2y=10;x=2,y=4
C 3x+y=—landx—y=0;x=—-1,y=2
d 2(x+y)=-20and3x —2y=—-20;x=—-8,y=—-2

9 This graph represents the rental cost, $C, after k kilometres of a new car from two car rental
firms called Paul’s Motor Mart

and.Joe’s Car Rental. 2&;((; f\ Joe’s Paul’s
a | Determine the initial 260 4
rental cost from each 240
) c?mpany. 220 -
] F.md the cost per . 200 4
kilometre when renting 1804
from each company. 160-
Il Find the linear equations 140-
for the total rental cost 120-
from each company.
. . 100 -
IV Determine the number
of kilometres for which 23 |

the cost is the same from
both rental firms. o
b If you had to travel 300 km,
which company would you choose?

200 400 600 800 1000 1200 K (km)

¢ If you had $260 to spend on travel, which firm would give you the most kilometres?

J
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Solving simultaneous equations using substitution

Solve these pairs of simultaneous equations using the method of substitution.

a 2x+y=-T7andy=x+2

SOLUTION
a 2x+y=-7 [1]
y=x+2 [2]

Substitute equation [2] into equation [1].

2+ (x+2)=-7

3x+2=-7
3x=-9
x=-3
Substitute x = —3 into equation [2].
y=(=3)+2
= -1

Solutionis x = -3,y = —1.

b 2x-3y=-8 [I]
y=x+3 2]

Substitute equation [2] into equation [1].

2x —3(x+3) = -8
2x—3x—-9 = -8

—-x—9=-8
—x=1
x=-1
Substitute x = —1 into equation [2].
y=(1)+3

=)
Solutionis x = —1, y = 2.

ISBN 978-1-009-40964-3

b 2x—3y=-8andy=x+3

EXPLANATION

Label your equations.

Substitute equation [2] into equation
[1] since equation [2] has a pronumeral
as the subject.

Solve the resulting equation for x.

Substitute to find y.

Label your equations.

Substitute equation [2] into equation [1].
Expand and simplify then solve the
equation for x.

Substitute x = —1 into either equation
to find y.

© Palmer et al. 2024
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Now you try

Solve these pairs of simultaneous equations using the method of substitution.
a 3x+y=4andy=x-4 b x—2y=-7andy=x+4

Solving simultaneously with both equations in the form
y=mx+c¢

Solve the pair of simultaneous equations: y = —3x + 2 and y = 7x — 8.

SOLUTION EXPLANATION
y=-3x+2 [1] Write down and label each equation.
y="7x-8 2] Solve for x, then y.
Substitute equation [2] into equation [1]. Check the solution by substituting into
Tx—8 = —=3x+2 equation [2] as well as graphically.
10x = 10
x=1 y
Substitute x = 1 into equation [1].
y=-=-3()+2
= -1

Solutionisx=1,y=—1.

Now you try

Solve the pair of simultaneous equations: y = —4x + 7 and y = 5x — 11.
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Example 25

Example 26

Exercise 1l

1-2("2)

11 Simultaneous equations using substitution

1-2(12) 1-2("3)

1 Solve the following pairs of simultaneous equations, using the method of substitution. You can check

your solution graphically by sketching the pair of graphs and locating the intersection point.

a y=x+5and3x+y=13

¢ y=xand4x+3y=7

e y=x—1land3x+2y=28

g x=2y+3and lly—-5x=-14
i x=3y—-5and3y+5x=11

b

d
f
h
i

y=x+3and6x+y=17
y=xand 7x+ 3y =10
y=x—2and3x—-2y=7
x=3y—2and 7y —2x =38
x=4y+1land2y —3x=-23

2 Solve the following pairs of simultaneous equations, using the method of substitution. Check your

solution graphically if you wish.

a y=4x+2andy=x+8 b y=-2x—3andy=-x-4
C x=y—6andx=-2y+3 d x=-7y—1landx=—-y+11
e y=4—-—xandy=x-2 f y=5—2xandy=%x—2

9 y=5x—1andy=1153x h y=8x—5andy=—5x'g13

PROBLEM-SOLVING 3,4 3-5 4-6

3 The salary structures for companies A and B are given by:

Company A: $20 per hour

Company B: $45 plus $15 per hour

a Find a rule for $E earned for ¢ hours for:
i company A ii  company B.

b Solve your two simultaneous equations from part a.

[
ii State the amount earned when the earnings are the same for the two companies.

State the number of hours worked for which the earnings are the same for the two companies.

4 The sum of the ages of a boy and his mother is 48. If the mother is three more than twice the boy’s age,
find the difference in the ages of the boy and his mother.

5 The value of two cars is depreciating (i.e. decreasing) at a constant
rate according to the information in this table.

Car Initial value | Annual depreciation
Sports coupe $62000 $5000
Family sedan $40000 $3000

a  Write rules for the value, $V, after ¢ years for:
i the sports coupe

i the family sedan.
b Solve your two simultaneous equations from part a.
c i
i State the value of the cars when they have the same value.

State the time taken for the cars to have the same value.

6 The perimeter of a rectangular farm is 1800 m and its length is 140 m longer than its breadth. Find the
area of the farm.

CambridgeMATHS NSW Stage 5
Year 10

ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



60 Chapter1 Algebra, equations and linear relationships

G 70,8 709,89

7 When two different lines have the same gradient, there will be no intersection point. Use this idea to

decide if these pairs of simultaneous equations will have a solution.

a y=3x—landy=3x+2 b y=7x+2andy=7x+6
c y=2x—6andy=-2x+1 d y=—x+7andy=2x-1
e 2x—y=4andy=2x+1 f 7x—y=landy=-7x+2
3x x—2y
2y —3x=0andy=—-—= — — X
g 2y—5x y ) h 7} Oandy 2+3

8 For what value of k will these pairs of simultaneous equations have no solution?
a y=—4x—T7andy=kx+2
b y=kx+4and3x—-2y=5
C kx—3y=kandy=4x+1

9 Solve these simple equations for x and y. Your solution should contain the pronumeral k.
a x+y=kandy="2x
b x—y=kandy=—x
c 2x—y=—kandy=x-1
d y—4x=2kandx=y+1

ENRICHMENT: Factorise to solve = = 10(12), 11

10 Factorisation can be used to help solve harder literal equations (i.e. equations including other

pronumerals).
For example: ax + y=b and y = bx
Substituting y = bx into ax + y = b gives:

ax+bx=0>b
x(a + b) = b (Factoroutx.)
__b
a+b

Substitute to find y.

'.'y=bx(a-l|)-b>=al-)|-2b

Now solve these literal equations.
ax—y=bandy=bx
ax+by=0andy=x+1

a

b

C x—by=aandy=—x

d y=ax+bandy=bx

e y=(@—-b)xandy=>bx+1
f ax+by=candy=ax+c

%+%=landy=ax

h ax+y:bandy:%

11 Make up your own literal equation like the ones in Question 10. Solve it and then test it on a classmate.
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1J Simultaneous equations using elimination

Learning intentions for this section:

* To be able to identify and form equations involving a matching pair of terms
* To be able to use the process of elimination to solve simultaneous equations
Past, present and future learning:

e This section shows another way to solve simultaneous equations

e |t addresses the Stage 5 Path Topic called Equations C

e |t consolidates and extends the concepts in Chapter 2 of our Year 9 book

e Expertise with these concepts is assumed knowledge for Stage 6 Advanced

The elimination method for the solution of simultaneous
equations is commonly used when the equations are written
in the same form. One pronumeral is eliminated using
addition or subtraction and the value of the other pronumeral
can then be found using one of the original equations.

Lesson starter: Which operation?

Below are four sets of simultaneous equations.

Using the initial cost of machinery and the

e For each set discuss whether addition or subtraction production cost per item, financial analysts working
would be used to eliminate one pronumeral. for manufacturing companies, e.g. biscuit makers,
. . o . can use simultaneous equations to determine the
e State which pronumeral might be eliminated first in most profitable equipment to invest in.
each case.

* Describe how you would first deal with parts ¢ and d so that elimination can be used.

a x+y=35 b —4x-2y=-8 c Sx—y=1 d 3x+2y=-5
x+y=7 4x+3y =10 3x—2y = -5 4x — 3y =-1

KEY IDEAS

B The method of elimination is generally used when both equations are in the form ax + by = d.
2x—y=06 —Sx+y=-2

x+y=10 & 6x+3y=5

e When there is no matching pair (as in the second example above) one or both of the

For example:

equations can be multiplied by a chosen factor. This is shown in Example 28a and b.

BUILDING UNDERSTANDING

0 Find the answer.

a 2x subtract 2x b 5yadd -5y
C —2xadd2x d -3y subtract —3y
9 Decide if you would add or subtract the two given terms to give a result of zero.
a 7Ix,7x b -5y, 5y c 2y, -2y d -7y, =7y
9 What is the resulting equation when 2x — 3y = 4 is multiplied on both sides by the following?
a 2 b 3 cC 4 d 10 )
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Using the elimination method with a matching pair of terms

Solve the following pair of simultaneous equations using the elimination method.

x+y=6and3x—y=10

SOLUTION
x+y=6 [1]
3x—y =10 [2]
[11+[2]: 4x =16
x=4

Substitute x = 4 into equation [1].
@+y=6
Ly =2
Solutionisx =4,y = 2.

Now you try

EXPLANATION

Label your equations to help you refer to
them.

Add the two equations to eliminate y. Then
solve for the remaining pronumeral x.

Substitute x = 4 into one of the equations to
find y.

State the solution and check by substituting
the solution into the original equations.

Solve the following pair of simultaneous equations using the elimination method.

x+y=4and5x—y=14

Using the elimination method to solve simultaneous equations

Solve the following pairs of simultaneous equations using the elimination method.

a y—3x=1land2y+5x=13

SOLUTION
a y=3x=1 [1]
2y + 5x = 13 [2]
[11x2 2y—6x =2 [3]
[2]-[3]: 11x = 11
x=1

Substitute x = 1 into equation [1].

y=31) =1
sy=4
Solutionisx =1,y =4.

CambridgeMATHS NSW Stage 5
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b 3x+2y=6and5x+3y=11

EXPLANATION

Label your equations.

Multiply equation [1] by 2 so that there is a
matching pair (2y). Subtract equation [3]
from [2]: 2y — 2y = 0 and 5x — (—6x)= 11x.
Solve for x.

Substitute into one of the equations to find y.

State and check the solution.

Cambridge University Press
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b 3x+2y=6 [1] Multiply equation [1] by 3 and equation
Sx+3y=11 [2] [2] by 2 to generate 6y in each equation.
[11x3  9x+6y=18 [3] (Alternatively, multiply [1] by 5 and [2] by 3
[2]x2 10x+ 6y =22 [4] to obtain matching x coefficients.)
[4]1-[3]: x=4 Subtract to eliminate y.
Substitute x = 4 into equation [1]. Substitute x = 4 into one of the equations to
34)+2y =06 find y.
2y = —6
y=-3
Solution is x =4, y = —3. State and check the solution.
Now you try

Solve the following pairs of simultaneous equations using the elimination method.
a y—2x=1land4y+3x=15 b 5x+2y=11and3x+ 5y=—1

Exercise 1J
=30 a0 i-am.90

eampe27 1 Solve the following pairs of simultaneous equations using the elimination method.

a x+y=T7and5x—y=5 b x+y=5and3x—-y=3

c x—y=2and2x+y=10 d x—y=0and4x+y=10

e 3x+4y=T7and2x+4y=6 f x+3y=5and4x+3y=11
g 2x+3y=1land2x+5y=-1 h 4x+y=10and4x+4y=16
i i
k |

2x+3y=8and2x —4y=—-6 3x+2y=8and3x—y=35
—3x+2y=—4andS5x—-2y=38 —2x+3y=8and —4x - 3y=-2

eample28a 2 Solve the following pairs of simultaneous equations using the elimination method.

a 3x+5y=8andx—-2y=-1 b 2x+y=10and3x—2y=38

c x+2y=4and3x—y=5 d 3x—4y=24andx—-2y=10

e y—3x:—%andx+2y:% f 7x—2y:—%and3x+y:—2

pample28s 3 Solve the following pairs of simultaneous equations using the elimination method.

a 3x+2y=6andS5x+3y=11 b 3x+2y=5and2x+3y=5

¢ 4x—3y=0and3x+4y=25 d 2x+3y=10and3x —4y=-2

e —2y—4x=0and3y+2x=-2 f —-7x+3y=22and3x—-6y=-11
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PROBLEM-SOLVING 4 4,5 5,6

4 The sum of two numbers is 1633 and their difference is 35. Find the two numbers.

5 The cost of one apple and one banana at the school canteen is $1 and the cost of 3 apples and
2 bananas is $2.40. Find the cost of a single banana.

6 A group of 5 adults and 3 children paid a total of $108 for their concert tickets. Another group of
3 adults and 10 children paid $155. Find the cost of an adult ticket and the cost of a child’s ticket.

7 Describe the error made in this working and then correct the error to find the correct solution.
3x—-2y=5 [1]
—4x -2y = -2 [2]

[1]+[2]: —-x=3

Sx=-3
3(-3)—2y=>5
-9-2y=>5

-2y =14

y=-7

Solution is x = -3 and y = —7.

8 Solve these literal simultaneous equations for x and y.
a ax+y=0andax—y=2 b x—by=4and2x+by=9
¢ ax+by=0andax —by=—-4 d ax+by=aandax—by=»>b
e ax+by=candbx+ay=c

9 Explain why there is no solution to the set of equations 3x — 7y = 5 and 3x — 7y = —4.

ENRICHMENT: Partial fractions = = 10(Y2)

.- 6 ¢ > : a
10 Writing G-Da+D as a sum of two ‘smaller’ fractions o1

involves a process of finding the values of a and b for which the two expressions are equal. Here is the

+ known as partial fractions,

_b
x+ 1

process, which includes solving a pair of simultaneous equations.

6 _ _a b : e —
GoDG+D —x-1 + T+ By equating coefficients: a + Z : (6) [;]
a4+ 1) + b — 1) a=b=6 1[2]
T @a-Dh@a+D [11+(2] gives 2a = 6
calc+ D+bx—1) = 6 La=3
ax+a+bx—-b=6 andso b = -3
ax+bx+a—-b=56 6 3 3
x(a+b)+(a—-b)=0x+6 "'(x—l)(x+1)=x—1_x+1
Use this technique to write the following as the sum of two fractions.
a — 4 ho— T A R
x=Dx+1) x+2)2x-3) 2x—-1)@Bx+1)
d Ix+4 e 2x—1 f 1—x
BGx-1Dx+2) x+3)(x—4) 2x-1)(4-x
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1K Further applications of simultaneous equations

Learning intentions for this section:

» To know the steps involved in solving a word problem with two unknowns

e To be able to choose an appropriate method to solve two equations simultaneously
Past, present and future learning:

e This section addresses the Stage 5 Path Topic called Equations C

e It consolidates and extends the concepts in Chapter 2 of our Year 9 book

e Expertise with these concepts is assumed knowledge for Stage 6 Advanced

When a problem involves two unknown variables,
simultaneous equations can be used to find the
solution to the problem, provided that the two
pronumerals can be identified and two equations can
be written from the problem description.

Simultaneous equations can be used by farmers, home
gardeners, nurses and pharmacists to accurately calculate
required volumes when mixing solutions of different
concentrations to get a desired final concentration.

Lesson starter: 19 scores but how many goals?

Nathan heard on the news that his AFL team scored 19 times during a game and the total score was

79 points. He wondered how many goals (worth 6 points each) and how many behinds (worth 1 point
each) were scored in the game. Nathan looked up simultaneous equations in his maths book and it said to
follow these steps:

Define two variables.
Write two equations.
Solve the equations.

s~ o N =

Answer the question in words.

Can you help Nathan with the four steps to find out what he wants to know?

KEY IDEAS

B When solving problems with two unknowns:
e Define a variable for each unknown.
e Write down two equations from the information given.
e Solve the equations simultaneously to find the solution (using the method of substitution or
elimination).
e Interpret the solution and answer the question in words.
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BUILDING UNDERSTANDING

0 Let x and y be two numbers that satisfy the following statements. State two linear equations

according to the information.

a They sum to 16 but their difference is 2.

b They sum to 7 and twice the larger number plus the smaller number is 12.

€ The sum of twice the first plus three times the second is 11 and the difference between four
times the first and three times the second is 13.

9 The perimeter of a rectangle is 56 cm. If the length, /, of the rectangle is three times its breadth, b,
state two simultaneous equations that would allow you to solve to determine the dimensions.

9 State expressions for the following.
a the cost of 5 tickets at $x each
b the cost of y pizzas at $15 each
C the cost of 3 drinks at $d each and 4 pies at $p each

-

Setting up and solving simultaneous equations

The sum of the ages of two children is 17 and the difference in their ages is 5. If Kara is the older
sister of Ben, determine their ages.

SOLUTION EXPLANATION
Let k be Kara’s age and b be Ben’s age. Define the unknowns and use these to write two
k+b=17 [1] equations from the information in the question.
k=b=5 [2] ® The sum of their ages is 17.
(1] +[2]: 2k =22 ® The difference in their ages is 5.
k=11 Add the equations to eliminate b and then solve
to find k.
Substitute k = 11 into equation [1]. Substitute k£ = 11 into one of the equations to find
an+b =17 the value of b.

b=26

. Karais 11 years old and Ben is 6 years old. = Answer the question in words.

Now you try

The sum of the ages of two children is 20 and the difference in their ages is 8. If Tim is the older
brother of Tina, determine their ages.
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Solving further applications of simultaneous equations
involving two variables

John buys 3 daffodils and 5 petunias from the nursery and pays $25. Julia buys 4 daffodils and

3 petunias for $26. Determine the cost of each type of flower.

SOLUTION

Let $d be the cost of a daffodil and $p be the
cost of a petunia.

3d+5p =25 [1]

4d +3p = 26 [2]

[11x4 12d+20p = 100 [3]

[2]x3 12d+9p =78 [4]

[3]1-[4]: 11p = 22
Sp=2

Substitute p = 2 into equation [1].

EXPLANATION

Define the unknowns and set up two equations
from the question.

If 1 daffodil costs d dollars then 3 will cost
3xd=3d.

¢ 3 daffodils and 5 petunias cost $25.

e 4 daffodils and 3 petunias cost $26.
Multiply equation [1] by 4 and equation [2] by
3 to generate 12d in each equation.

Subtract the equations to eliminate d and then
solve for p.

Substitute p = 2 into one of the equations to

3d+5Q2) = 25 find the value of d.
3d+ 10 = 25
3d = 15
sd=5

A petunia costs $2 and a daffodil costs $5. Answer the question in words.

Now you try

Georgie buys 2 coffees and 3 muffins for $17 and Rick buys 4 coffees and 2 muffins for $22 from
the same shop. Determine the cost of each coffee and muffin.

Exercise 1K

eampe2s 1 The sum of the ages of two children is 24 and the difference between their ages is 8. If Nikki is the

older sister of Travis, determine their ages by setting up and solving a pair of simultaneous equations.

2 Cam is 3 years older than Lara. If their combined age is 63, determine their ages by solving an
appropriate pair of equations.

eample30 3 Luke buys 4 bolts and 6 washers for $2.20 and Holly spends $1.80 on 3 bolts and 5 washers at the
same local hardware store. Determine the costs of a bolt and a washer.
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4 Tt costs $3 for children and $7 for adults to attend a school basketball game. If 5000 people attended
the game and the total takings at the door was $25000, determine the number of children and the
number of adults that attended the game.

5 A vanilla thickshake is $2 more than a fruit juice. If 3 vanilla thickshakes and 5 fruit juices cost $30,
determine their individual prices.

PROBLEM-SOLVING 6,7 6-8 7-9

6 A paddock contains ducks and sheep. There are a total of 42 heads and 96 feet in the paddock. How
many ducks and how many sheep are in the paddock?

7 James has $10 in 5-cent and 10-cent coins in his change jar and counts 157 coins in total. How many
10-cent coins does he have?

8 Connor the fruiterer sells two fruit packs.
Pack 1: 10 apples and 5 mangoes ($12)
Pack 2: 15 apples and 4 mangoes ($14.15)
Determine the cost of 1 apple and 5 mangoes.

9 Five years ago I was 5 times older than my son.
In 8 years’ time I will be 3 times older than my son.

How old am I today?

10 Erin goes off on a long bike ride, averaging 10 km/h. One hour later her brother Alistair starts chasing
after her at 16 km/h. How long will it take Alistair to catch up to Erin? (Hint: Use the rule d = s X t.)

11 Two ancient armies are 1 km apart and begin walking
towards each other. The Vikons walk at a pace of
3 km/h and the Mohicas walk at a pace of 4 km/h.
How long will they walk for before the battle begins?

12 A river is flowing downstream at a rate of 2 metres per
second. Brendan, who has an average swimming speed
of 3 metres per second, decides to go for a swim in the
river. He dives into the river and swims downstream

to a certain point, then swims back upstream to the
starting point. The total time taken is 4 minutes. How far did Brendan swim downstream?

ENRICHMENT: Concentration time

13 Molly has a bottle of 15% strength cordial and wants to make it stronger. She adds an amount of 100%

= = 13, 14

strength cordial to her bottle to make a total volume of 2 litres of cordial drink. If the final strength of
the drink is 25% cordial, find the amount of 100% strength cordial that Molly added.
(Hint: Use Concentration = Volume (cordial) + Total volume.)

14 A fruit grower accidentally made a 5% strength chemical mixture to spray his grape vines. The
strength of spray should be 8%. He then adds pure chemical until the strength reaches 8% by which
time the volume is 350 litres. How much pure chemical did he have to add?
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1L Regions on the Cartesian plane

Learning intentions for this section:

e To understand that if a pair of coordinates satisfy an inequality then the point is in the required region
* To know how to determine which side of a line to shade in order to graph a region
e To be able to find the intersecting region of two or more inequalities

Past, present and future learning:

 This section addresses the Stage 5 Path Topic called Functions and other graphs
e These concepts were not addressed in our Year 9 book.
» Expertise with these concepts is assumed knowledge for Stage 6 Advanced

You will remember that an inequality is a mathematical
statement that contains one of these symbols: <, <, >

or >. The linear inequality with one pronumeral, for
example 2x — 5 > —10, has the solution x > —2.5.

<O T — T >T—>» X
-3 -2 -1 0

Linear inequalities can also have two variables:

2x —3y > 5and y < 3 — x are two examples. The
solutions to such inequalities will be an infinite set
of points on a plane sitting on one side of a line. This
region is also called a half plane.

o O
All these
—— points satisfy
the inequality.
Y

Lesson starter: Which side do | shade?

Operations research analysts use half-plane graph
calculations to optimise profit within certain limitations.
For example, for airline companies to find the most
economical combination of flight routes, seat pricing
and pilot scheduling that aligns with customer demand.

y

You are asked to shade all the points on a graph that satisfy the inequality 4x — 3y > 12.

* First, graph the equation 4x — 3y = 12.

* Substitute the point (-2, 3) into the inequality 4x — 3y > 12. Does the point satisfy the inequality? Plot

the point on your graph.
*  Now test these points:

a (3,-2) b (3,-1)

c (3,0

d 3,1

* Can you now decide which side of the line is to be shaded to represent all the solutions to the

inequality? Should the line itself be included in the solution?
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70 Chapter1 Algebra, equations and linear relationships

KEY IDEAS

B The solution to a linear inequality with two variables is illustrated using a shaded region of the
Cartesian plane.

Bl When y is the subject of the inequality, follow these simple rules.
e y>mx+c Draw asolid line (as it is included in the region) and shade above.
e y>mx+c Draw abroken line (as it is not included in the region) and shade above.
e y<mx+c Draw asolid line (as it is included in the region) and shade below.
e y<mx+c Draw abroken line (as it is not included in the region) and shade below.
Here are examples of each.

y=2-3x+6 y>-3x+6 y<-3x+6 y<-3x+6

B If the equation is of the form ax + by = d, it is usually simpler to test a point, for example (0, 0),
to see which side of the line is to be included in the region.

y

()
Test (0, 0)

B When two or more linear inequalities are sketched on the same set of axes, the regions overlap
and form an intersecting region. The set of points inside the intersecting region will be the
solution to the simultaneous inequalities.

For example, y > 4x + 8 O y

|
y<-x+4 A O Intersecting
i region

e To help define the intersecting region correctly, you should determine and label the point of
intersection.
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1L Regions on the Cartesian plane

BUILDING UNDERSTANDING

0 Substitute the point (0, 0) into these inequalities to decide if the point satisfies the inequality;
i.e. is the inequality true for x =0 and y = 0?7

a y<3x-1 b y>—%—3 cC y>1-7x

d 3x-2y<-1 e x—y>0 f 2x-3y<0
@ Match the rules with the graphs (A, B and C) below.

a x+y<?2 b yz—x+2 C y<—x+2

A y B c y

O Region
required
y=—x+2

O Region
required
y=—x+2

Sketch the vertical line x = —1 and the horizontal line y = 4 on the same set of axes.
Shade the region x > —1 (i.e. all points with an x-coordinate greater than or equal to —1).
Shade the region y < 4 (i.e. all points with a y-coordinate less than or equal to 4).

Now use a different colour to shade all the points that satisfy bothx > —1 andy < 4
simultaneously.

[ = B — -]

Sketching regions on the Cartesian plane

Sketch the region for the following linear inequalities.

a y>15x-3 b y+2x<4
SOLUTION EXPLANATION
a y=15x-3 First, sketch y = 1.5x — 3 by finding the x- and
y-intercept (x = 0): y-intercepts.
y=-3
x-intercept (y = 0):
0=15x-3
1.5x =3
x =2

Sketch a dotted line (since the sign is > not >)
joining the intercepts and shade above the line,
since y is greater than 1.5x — 3.

o Region
required

Continued on next page
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72  Chapter1 Algebra, equations and linear relationships

b y+2x=4 First, sketch y + 2x = 4 by finding the x- and

y-intercept (x = 0): y-intercepts.
y=4
x-intercept (y = 0):

2x = 4
Lx=2
Shading: Test (0, 0). Decide which side to shade by testing the point
0+20)<4 (0, 0); i.e. substitute x = 0 and y = 0. Since

0 < 4 (True) 0 < 4, the point (0, 0) should sit inside the
= (0, 0) is included. shaded region.
Sketch a solid line since the inequality sign
y is <, and shade the region that includes (0, 0).

O Region
required

Now you try

Sketch the half planes for the following linear inequalities.
a y>25x-5 b y+3x<6

Finding the intersecting region

Sketch both the inequalities 4x + y < 12 and 3x — 2y < —2 on the same set of axes, show the region
of intersection and find the point of intersection of the two lines.

SOLUTION EXPLANATION

dx+y=12 First sketch 4x + y = 12 by finding the x- and
y-intercept (x = 0): y-intercepts.

y=12

x-intercept (y = 0):
4x = 12
SLx =3
Shading: Test (0, 0).
4(0) + 012
0 < 12 (True)

So (0, 0) is included.
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Test (0, 0) to see if it is in the included region.
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3x—2y=-2

y-intercept (x = 0):

-2y = -2
Ly=1

x-intercept (y = 0):
3x = -2

SoX = ==

3
Shading: Test (0, 0).
3(0)+2(0) < =2

0 < —2 (False)

So (0, 0) is not included.
Point of intersection:

dx+y =12 [1]

3x—2y =-2 [2]
[1]1x2 8x+2y =24 [3]
[2]+[3]: 11lx = 22

x=2
Substitute x = 2 into equation [1].
42)+y = 12
y=4

The point of intersection is (2, 4).

y

O Region
required

2.4

Now you try

1L Regions on the Cartesian plane

Sketch 3x — 2y = —2 by finding x- and
y-intercepts.

Test (0, 0) to see if it is in the included region.

Find the point of intersection by solving the
equations simultaneously using the method of
elimination.

Sketch both regions and label the intersection
point. Also label the intersecting region.

W 4x+y>12
H 3x—-2y<-2
O Intersecting region

Sketch both the inequalities 3x + y < 6 and 2x — 3y < —7 on the same set of axes. Show the region of
intersection and find the point of intersection of the two lines.
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74 Chapter1 Algebra, equations and linear relationships

Exercise 1L

eampiesta 1 Sketch the region for the following linear inequalities.

a y>2x+4 b y<3x-6 c y>2x-8 d y<3x-5
e y<2-—4x foys<2x+7 0 y<dx h y>6-3x
i y<—x j x>3 k x<-=2 I y=2

2 Decide whether the following points are in the region defined by 2x — 3y > 8.

a (50 b (2.5 -1) c (0,-1) d (2,-5)
3 Decide if (0,0) lies in the region defined by the following.
a x+y<4 b x-2y>-2 c 3x—-2y<-—4 d x—5y<2
eampeats 4 Sketch the region for the following linear inequalities.
a x+3y<9 b 3x—y=3 C 4x+2y>38 d 2x—-3y>18
e —2x+y<5 f —2x+4y<6 g 2x+5y>-10 h 4x+9y<-36

PROBLEM-SOLVING 5 5, 6(172) 5-6(1/2)

5 Write down the inequalities that give these regions.
a y . y
3
2
X
o | *
¢ y d y
A
0 > : *

eample32 6 Sketch both inequalities on the same set of axes, shade the region of intersection and find the point of

X

intersection of the two lines.

a x+2y>4 b 3x+4y<12 c 2x—3y>6 d 3x-5y<15
2x+2y <8 3x+y>3 y<x—2 y—3x>-3
e y>-x+4 f 2y—x<5 g 3x+2y<18 h 2y>5+«x
2x+3y>6 y<10—x 4y —x<8 y<6—3x
CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
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1L Regions on the Cartesian plane

7 Sketch the following systems of inequalities on the same axes. Show the intersecting region and label

the points of intersection. The result should be a triangle in each case.

a x>0 h x>0 c x>0
y=0 y<0 S5x+2y <30
3x+6y<6 2x—y<4 4y —x>16
d x<2 e x<0 f x+y<9
y<3 y<x+7 2y—x=6
2x+ 5y > 10 2x+3y> -6 3x+y>-2

8 Determine the original inequalities that would give the following regions of intersection.
a b

y

ENRICHMENT: Areas of regions - - 9,10
9 Find the area of the triangles formed in Question 7 parts a to d.
10 a Find the exact area bound by:
i x<0 i y<7
y>0 x+y>5
x+2y<6 3x—-2y< 14
x—y>-7
b Make up your own set of inequalities that gives an area of 6 square units.
CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
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Chapter 1 Algebra, equations and linear relationships

Working mathematically

Explore and
connect

Choose
and apply

techniques

Communicate
thinking and
reasoning

Problem solve

to walk to a clear grassland area. If her map is

placed on a Cartesian plane, then Daria is at point

A(—2, —2) and the edge of the forest is modelled \ 3

by the line y = —%x + 3 as shown. All units are in wd

kilometres. ; 6 > X
2 O

Present a report for the following tasks and /; —2 1

ensure that you show clear mathematical Forest
workings and explanations where appropriate.

Daria’s forest exit

Daria is currently located in a forest and aims y

-
’ o

Routine problems Y

a If Daria walks on a path modelled by y = x find:
i at what point she will come to the edge of the forest
i the distance walked to get to the edge of the forest.
b Repeat part a for walking paths modelled by:
i x=-2 i y=3x+4
1

¢ If the walking path is modelled by the rule y = F* e, find the value of c.

Non-routine problems

a The problem is to find the path so that Daria reaches the forest edge walking the minimum possible
distance. Write down all the relevant information that will help solve this problem with the aid of a
diagram.

b Investigate at least 4 possible paths for Daria of the form y = mx + ¢ by choosing values of
m and c. For each path:

i determine where Daria intersects the edge of the forest

i calculate how far she walks

iii use a graph to illustrate your choices showing key features (use technology where appropriate).
¢ Compare your choices of m and ¢ which describe Daria’s path and determine the values of m and ¢

so that she reaches the forest edge walking the minimum distance.

Determine the relationship between the slope of shortest path and the slope of the forest boundary.

e Summarise your results and describe any key findings.

Extension problems

a If Daria’s position (A) was altered, explore how this
would impact your choices of m and c.

b If the forest boundary is modelled by a different
straight-line equation, examine how this would
impact on your conclusions regarding the minimum
distance.
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Investigation 77

Angles hetween lines

Consider what happens when we pick up one end of a classroom desk and tilt the desk so that its surface
has a non-zero gradient. The more we raise the desk the greater the slope of the surface of the desk — the
gradient of the desk is changing as we raise it higher above the ground. We are also changing the angle
that the desk makes with the horizontal as we do this. Here we will investigate the relationship between
this angle and the gradient.

uoljehiysanuy

Angle and gradient

a Find the gradient of the line joining these points.
i (3,0)and (5,2) i (2,4)and (5,8) iii (=1,2)and (4,4)

b Using your knowledge of trigonometry from Year 9,
create a right-angled triangle using each pair of points
in part a. Write a trigonometric ratio for the angle 6 as
shown. The first one is shown here.

¢ What do you notice about your trigonometric ratio and
the gradient of each line?

d Hence, write a statement defining the gradient (i) of

a line in terms of the angle (6) the line makes with the
positive x-axis. i.e. Complete the rule m =

e Using your rule from part d, determine the gradient of a line that makes the following angles with
the x-axis. Give your answer to one decimal place.
i 35° i 54° iii 83°

f Find the equation of a line that passes through the point (—2,5) and makes an angle of 45° with the
positive part of the x-axis.

Acute angle between lines

Here we will use the result m = tan () to find the acute angle between two
intersecting lines. y

a Sketch the lines y = 4x and y = x on the same set of axes. Label the

acute angle between the two lines a.

i Use the gradient of each line to find the angles (6, and 6,) that 91
each line makes with the x-axis. Round to one decimal place where
necessary.

il How can 6, and 6, be used to find the acute angle a between the two
lines?

b Sketch the lines y = 5x — 12 and y = \3x — 2 on the same set of axes.
i Use the gradient of each line to find the angles (6, and 6,) that each line
makes with the x-axis. Round to one decimal place where necessary.
ii Insert a dashed line parallel to the x-axis and passing through the point of
intersection of the two lines. Using this line, label the angles ¢, and 6.

il Hence, use 6, and 6, to find the acute angle a between the two lines.
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Problems and challenges

Chapter 1 Algebra, equations and linear relationships

1

10

Tom walks at 4 km/h and runs at 6 km/h. He can save 3% minutes by running from his house to the

train station instead of walking. How many kilometres is it from his house to the station?

A fraction is such that when its numerator is increased by 1 and its denominator is decreased by 1, it
equals 1 and when its numerator is doubled and its denominator increased by 4 it is also equal to 1.
What is the fraction?

Show that the following sets of points are collinear (i.e. in a straight line).
a (2,12),(=2,0)and (-5, -9) b (a,2b), 2a, b) and (—a, 4b)

Use two different methods from this chapter to prove that triangle ABC with vertices A(1, 6), B(4, 1)
and C(—4, 3) is a right-angled triangle.

Two missiles 2420 km apart are launched at the same time and are headed towards each other. They
pass after 1.5 hours. The average speed of one missile is twice that of the other. What is the average
speed of each missile?

Show that the points (7, 5) and (—1, 9) lie on a circle centred at (2, 5) with radius 5 units.

A quadrilateral whose diagonals bisect each other at right angles will always be a rhombus. Prove that
the points A(0, 0), B(4, 3), C(0, 6) and D(—4, 3) are the vertices of a rhombus. Is it also a square?

Solve this set of simultaneous equations:
x—=2y—-2z=9
2x—3y+3z=10
x+y—z=4

A triangle, POR, has P(8, 0), O(0, —8) and point R is on the line y = x — 2. Find the area of the
triangle POR.

The average age of players at a ten pin bowling alley increases by 1 when either four 10-year olds
leave or, alternatively, if four 22-year olds arrive. How many players were there originally and what
was their average age?
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Chapter summary 79

Midpoint and length f Parallel and perpendicular ) Finding a rule for a graph
of a line segment lines For points (x;, 1) and (X, )
Parallel lines have the same m= Zz :?
2 1

Line segment joining (xy, y;)

and (X, y,) has: gradient; e.g. y= 2x+ 7 and
. . (Xt X VY, y=2X—4

Midpoint M —(“ 7 2‘) For perpendicular lines with

gradients m; and my:

To find line equation y= mx+ c:

o find gradient, m

e substitute a point if ¢ is unknown
using y=mx+c

Length/distance
d= VX = X)2+ (1o = 11)? My X My==1 01 My=—p o y-y=mx-x) |
e.. y=3x+4and y=—1x+2
( ) L 9.y + y=—gx+ y - -
Graphs of linear relations

Review of algebra
Add/subtract like terms only.
e.0.2x+4x+y =6x+y
Multiply: 3xx 2y = 6xy
Divide: 4ab -+ (20) :2:%& Algebra, equations

and linear
relationships

In the form y= mx + ¢, mis the gradient,
cis the y-intercept.

_ fise
m_run

y To graph:
a use gradient and
y-intercept or

x b locate x-intercept
(y=0) and

)
-
QD
=]
o gt
(3°)
q
(72]
==
=
3
QO
q
<

y-intercept

=2a
Expand:a(b+ ¢) =ab + ac

alb-c)=ab-ac
. S y-intercept (x=0)
[ Equations with algebraic ) y
fractions
¢ More complex algebraic
fractions
e.g. x+2 _ -1
. 3 2
_2x+2) 3@3x-1) N\
6 6 Linear inequalities
= 2”4# Equations contain an ‘=" sign.
_ Ix+7 Inequalities have >,>, <or<.
~ 6 On a number line:
 To solve equations, combine
fractions first using addition or A= 012 3 4
subtraction ( Solving i i )
<>
eg. X;3 . X3+1 - olving |ne:?|requa ions x <1 CETEN X
e 2e) fom_e steps include: Solve as per linear equations except
St 2 using inverse operations when multiplying or dividing by a
e collecting like terms on : : :
x1l_, i negative, reverse the inequality
5 one side { symbol. )
Then multiply both sides of * finding a common
| equation by the denominator. | \__ denominator. J
Simultaneous equations
Solve two equations in two pronumerals -~ ~
using: Regions on the Cartesian plane
® substitution when one pronumeral
is the subject; e.g. y=x+4. Inequalities with two variables represent
o elimination when adding or subtracting the region above or below the line. ol /5 X
multiples of equations eliminates one For y > x— 3, shade above the line.
variable. For y> x— 3, use a dashed line. -3
\ \ J
a ) ;
Applications of simultaneous For. i 3.y =0 R O gE
e . which region to shade.
quations 20) + 300) <6 (t
¢ Define unknowns using (0)+3(0) < A e
Include (0, 0); i.e. shade below
pronumerals. dashed line
¢ Form two equations from the '
information in the problem. T half ol ¢
o Solve simultaneously. invtvoror rtrilgrer ai r[])anes ol
o Answer the question in words. CCCIIUIeY Ol
W \ v
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80 Chapter1 Algebra, equations and linear relationships

Chapter checklist with success criteria

A printable version of this checklist is available in the Interactive Textbook Ej

1. | can simplify expressions using the four operations +, —, x, +.
e.g. Simplify 3x x 2y — 4x2y + 2xy + 3x2y.

-
>

2. | can expand brackets using the distributive law.
e.g. Expand and simplify —4y(2y + 3).

>

3. | can factorise simple algebraic expressions with a common factor.
e.g. Factorise 6x2 — 15x.

Chapter checklist

4. | can substitute numbers for pronumerals and evaluate.
e.g. Given a= —3 and b = 4, evaluate ab + a2.

-
>

5. | can solve linear equations including with brackets and variables on both sides.

. e.g. Solve 4(3x—5) =
18 6. | can solve linear equations involving simple fractions.
e.g.Solve X1 —4and X —3=7.
3 2
7. | can add / subtract simple algebraic fractions to solve an equation.
cnne, X 2X 2X _
e.g. Simplify 2 + 3 and hence, solve & 1 +£2 3 =2.
. | can interpret number lines to write inequalitiess. «————+—F——>r—>x
e.g. Write as an inequality. -2 -1 0 1
1 9. | can solve linear inequalities and graph the solution on a number line.
e.g. Solve 4 — g > 8 and represent the solution on a number line.
D 10. | can combine algebraic fractions under addition or subtraction.
X+2 x+4
e.g. Simplify 2= I
0 11. | can solve linear equations involving algebraic fractions.
X+ 1 -2 1-2x_ x+1
e.g. Solve S + T =2 and 3 =Ty

12. | can determine if a point is on a straight line.
e.g. Decide if the point (3, —1) is on the line 3x + 2y =7.

m

13. I can find the gradient and y-intercept from a straight line equation.
e.g. State the gradient and y-intercept of 3y — 2x=6.

Py
m

14. | can use the gradient and y-intercept to sketch a graph.
e.g. Find the gradient and y-intercept of y = —2x + 7 and sketch its graph.

e

15. | can find the x- and y-intercepts of a linear graph.
e.g. Find the x- and y~intercepts and sketch the graph of 3x+ y=9.

e

pure - e pre
m (1] >
[--]

E

16. | can sketch a horizontal or vertical line.
e.g. Sketch y=3and x=-2.

OOy oo ooy o ooy o oo o) o s

e
m
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Chapter checklist 81

17. | can sketch a line of the form y = mx. D
e.g. Sketch y = 2x labelling the axis intercept and one other point.

18. | can find the gradient of a line joining two points. D
e.g. Determine the gradient of the line joining the points (—2,4) and (3,1).

19. | can find the equation of a line using a point and the y -intercept.

L e.g. Find the equation of the straight line shown.

e e
- ) m

)
g
QO
<=
o gt
(-}
q
()
—
¢®
(x)
=
(7¢]
[ ad

[]

20. | can find the equation of a line given two points.
e.g. Find the equation of the straight line joining the points (-2, -2) and (2, 3).

-
T

21. | can find the distance between two points.
e.g. Find the exact distance between the points (2,4) and (5,2).

pe

e pe
@D

G

22. | can find the midpoint of a line segment joining two points.
e.g. Find the midpoint of the line segment joining (—1,5) and (5,2).

23. | can use a given distance to find coordinates.
e.g. Find the values of aif the distance between (3, a) and (6, 10) is v34.

e
@D

24. | can decide if lines are parallel, perpendicular or neither.
e.g. Decide if the graph of the lines y = 2x+ 5 and 2y + x = 3 will be parallel, perpendicular or
neither.

= =

25. | can find the equation of a parallel line.
e.g. Find the equation of the line that is parallel to y = 3x — 4 and passes through (2, 4).

-

H

26. | can find the equation of a perpendicular line.
e.g. Find the equation of a line that is perpendicular to y = —2x + 5 and passes through (0, 8).

-

H

27. | can solve simultaneous equations using substitution.
e.g. Solve the pair of simultaneous equations x — 2y =4 and y = x — 3 using the method of
substitution.

28. | can solve simultaneous equations by adding or subtracting them.

! e.g. Solve the simultaneous equations x — 2y =10 and x + y = 4 using elimination.

29. | can use the elimination method to solve simultaneous equations.
e.g. Solve the pair of simultaneous equations 2x + 3y =5 and 3x — 4y = —18 using the
elimination method.

J

OO O bjojtid|t

-
-
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82 Chapter1 Algebra, equations and linear relationships

30. I can set up and solve simultaneous equations.
e.g. A teacher buys 5 of the same chocolate bars and 2 of the same ice-creams for $18 while D
another teacher buys 4 of the same chocolate bar and 5 of the same ice-creams for $28.
Determine the individual costs of these chocolate bars and ice-creams.

e

K

31. | can sketch a region on the Cartesian plane.
e.g. Sketch the region y > 2x — 5.

[]

L

32. | can find the intersecting region of two inequalities.
e.g. Sketch both the inequalities 2x + y > —2 and 2x — 3y < 6 on the same set of axes, showing D
the point of intersection of the two lines and the intersecting region.

L

Chapter checklist

aa
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Chapter review

Short-answer questions

1 Simplify the following. You may need to expand the brackets first. g
a 8xy+5x—3xy+x b 3ax4ab [X)
¢ 18xy = (12y) d 3(b+5+6 =4
e —3mQ2m—4)+ 4m? f 3Q2x+4)—50x+2) 14

2 Solve these linear equations. 3
a 3-2x=9 b 32x+1D)=7-2(x+5) ¢ £=9-_» s

4 ®

<

Write each of the following as an inequality.

d <o >x b <« C o+ >»x
-1 01 2 -5-4-3-2 2-1012 34

4 Solve the following inequalities.
a 4x-3>17 b 3x+2<4(x—-2)
c 1—§<2 d —2x>—4(1 - 3x)

5 Marie’s watering can is initially filled with 2 litres of water. However, the watering can has a

w

small hole in the base and is leaking at a rate of 0.4 litres per minute.

a Write a rule for the volume of water, V litres, in the can after £ minutes.

b  What volume of water remains after 90 seconds?

¢ How long would it take for all the water to leak out?

d If Marie fills the can with 2 litres of water at her kitchen sink, what is the maximum amount
of time she can take to get to her garden if she needs at least 600 mL to water her roses?

6 Simplify these algebraic fractions using the lowest common denominator.

2x, 4 X, x+2 x+2 x-—4
379 bty £ 3 5
n 7 Solve the following equations.
2x+1 , x—3 _ 4—x x+2_
a st = 2 b 3 T =
X_ =3 x+2_ 2x-—1
¢ 171=35 I =57=3
B 8 Sketch graphs of the following linear relations, labelling the axis intercepts.
a y=3x-9 b y=5-2x c y=3 d x=5
e y=2x f y=-5x g x+2y=28 h 3x+8y=24
n 9 Find the equation of these straight lines.
a y b y
5
@, 5) x
h O
0 X
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(1,6)

Chapter review

For the line that passes through the points (—2, 8) and (3, 5), determine:
a the gradient of the line b the equation of the line.

Find the midpoint and the exact length of the line segment joining these points.
a (2,5 and(6,11) b (3,-2)and (8, 4) c (—1,-4)and (2, -1)

Determine the equation of the line that is:

a parallel to the line y = 3x 4+ 8 and passes through the point (2, 4)

b parallel to the line with equation y = 4 and passes through the point (3, —1)

¢ perpendicular to the line y = 2x — 4 and has a y-intercept with coordinates (0, 5)

d perpendicular to the line with equation x + 3y = 5 and passes through the point (2, 5).

16/ Find the value(s) of the pronumeral in each situation below.

EO

a The gradient of the line joining the points (2, —5) and (6, a) is 3.
b The line bx + 2y = 7 is parallel to the line y = 4x + 3.
¢ The distance between (¢, —1) and (2, 2) is VI3.

14 Solve the following simultaneous equations, using the substitution method.

16 At the movies Jodie buys three regular popcorns and five small drinks for her friends at a cost of

n a y=5%+14 b 3x—-2y =18
y=2x+5 y—2x=15
n 15 Solve these simultaneous equations by elimination.
a 3x+2y=-11 b 2y—5x=4
2x—y=-5 3y—2x=6

$24.50. Her friend Renee buys four regular popcorns and three small drinks for her friends at a
cost of $23.50. Find the individual costs of a regular popcorn and a small drink.

17 Sketch these regions.
a y>3x—4 b 2x—-3y>-8

-

18 Shade the intersecting region of the inequalities x + 2y > 4 and 3x — 2y < 12 by sketching their

"

-

regions on the same axes and finding their point of intersection.
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Multiple-choice questions

1 The simplified form of 3x + 2x X 7y — 3xy + Sx is: g
A 10x + 4y B 35xy — 6x2y c w %
D 5xy— 6x2 E 8x+ 1lxy 5.'
q
n 2 The solution to —4(2x — 6) = 10x is: 3
A x=2 B x=12 c =4 D x=-12 E x=-4 P
2 3 3 —
“ 3 The number line that represents the solution to the inequality 2 — % <4is: S
A 4_'_0_'_'_>'_) a B <<s—T—¢—T1T T 1> d
3-2-1 0 1 —-8-7-6-5-4-3
C < T T T T T % > d D T O0—T T P> d
-6 —4 -2 0 —7-6-5-4-3
E << T T T »d
7 8 91011
x+1, 2% . .. .
1B 4 3t simplifies to:
3x+1 17x+3 3x+1 13x+7 13x+ 1
g 10 B 21 6 21 0 21 . 10
B 5 If (-1, 2)is a point on the line ax — 4y + 11 = 0, the value of a is:
A —19 B 3 C _% D 5 E -1
n 6 The graph shown has equation: y
A x=-2 A
B y=-2x 3
C y=-2 ?_
D x+y=-2
S e e N X
E y=x-2 -3-2-1y1 1 2 3
<< =2 >
3
Y

n 7 The gradient and the coordinates of the y-intercept, respectively, of the graph of 3x + 8y = 2 are:

3 (01} B 30.2 2 (o1 D -3,(2.0 3
A -2 (0.7) . (0,2) c 2 (0.7) . (2,0 E 2 2.0
n 8 The equation of the line joining the points (—1, 3) and (1, —1) is:

A 2y—x=1 B y=2x-1 C y=-2x+1

D y—2x=1 E y:%x+1

n 9 The midpoint of the line segment joining the points (a, —6) and (7, b) is (4.5, —1). The values of
the pronumerals are:

A a=2,b=38 B a=3,b=-11 C a=9,b=5
D a=2,b=4 E a=250b=5
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10 The line that is perpendicular to the line with equation y = —3x + 7 is:

3 A y=-3x+2 B 3x+y=-1 C y=3x-3
@ D 3y=4—-x E 3y—x=4
5 11 The line that is parallel to the line with equation y = 2x + 3 and passes through the point (-3, 2)
S has the equation:
o A 2x+y=5 B y=2x+8 C y=_%x+%
'.a D y=2x-4 E y—-2x=-7
S
i = n 12 The solution to the simultaneous equations 2x — 3y = —1 and y = 2x + 3 is:
() 5

A x=-2,y=-1 B x=§,y=8 C x=2,y=7

=2 ,-_1 E x=-3,y=
D x=-%y=—3 x=-3,y=3

13 A community fundraising concert raises $3540 from ticket sales to 250 people. Children’s
tickets were sold for $12 and adult tickets sold for $18. If x adults and y children attended the
concert, the two equations that represent this problem are:

A x+y =250 B x+y=23540 C x+y =250
18x + 12y = 3540 216xy = 3540 12x + 18y = 3540
D x+y = 3540 E 3x+2y = 3540
18x + 12y = 250 x+y =250
1L 14 The point that is not in the region defined by 2x — 3y < 5 is:
A (0,0) B (1,-1) C (-3,2)
D (2,-1 S
@ -1 E (53)
15 The region that represents the inequality y < 3x — 6 is:
A y B
0 X
—6
D y E
6 0 *
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Chapter review

Extended-response questions

1 There are two shrubs in Chen’s backyard that grow at a constant rate. Shrub A had an initial
height of 25 cm and has grown to 33 cm after 2 months. Shrub B was 28 cm high after 2 months
and 46 cm high after 5 months.

a Plot the above points and find a rule for the
height, i cm, after t months for:
i shrubA
i shrub B.

b What was the initial height (i.e. at ¢ = 0) of
shrub B?

¢ Refer to your rules in part a to explain
which shrub is growing at a faster rate.

d  Graph each of your rules from part a on the

=

same set of axes for 0 < 7 < 12.
e Determine graphically after how many months the height of shrub B will overtake the height
of shrub A.
f i Shrub B reaches its maximum height after 18 months. What is this height?
i Shrub A has a maximum expected height of 1.3 m. After how many months will it reach
this height?
iii Chen will prune shrub A when it is between 60 cm and 70 cm. Within what range of
months after it is planted will Chen need to prune the shrub?

2 A triangular course has been roped off for a cross-country run. The run starts and ends at A and

goes via checkpoints B and C, as shown.

point A to be the origin (0, 0). Label the coordinates

of B and C.
b Find the length of the course, to one decimal place,

by calculating the distance of legs AB, BC and CA. A
¢ A drink station is located at the midpoint of BC.

Label the coordinates of the drink station on your axes.

a Draw the area of land onto a set of axes, taking B
I
I
I

'6 km

l«— 20 km ——>

d Find the equation of each leg of the course:
i AB ii BC i CA

e Write a set of three inequalities that would overlap to form an intersecting region equal to
the area occupied by the course.

f A fence line runs beyond the course. The fence line passes through point C and would
intersect AB at right angles if AB was extended to the fence line. Find the equation of the
fence line.

Photocopying is restricted under law and this material must not be transferred to another party.
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Properties of
geometrical figures
and circle geometry

The geometry of the Sydney Opera House is based of 75 m for the virtual sphere from which to design
on triangles drawn on a sphere. To understand how  the curved triangular sails. The calculations required
this was achieved, imagine an orange sliced into highlevel mathematical modelling, including the -
wedges and then each wedge cut into two pieces in applications of circle and spherical geometry. SN )
a slanting line across the wedge. The orange skin of  Designed in the 1950s and 1960s, it was one of the -

\ each wedge portion is a 3D triangle and illustrates first ever projects to use CAD (computerassisted
.—..\

g\i\.

the shape of one side of an Opera House sail. One drawing). Overall, the Opera House is 120 m wide,
full sail has two congruent curved triangular sides 85 m long and 67 m high (20 storeys above the
’ joined, each a reflection of the other. The edges of water level). The sails are covered with about =
. the sails form arcs of circles. All the curved sides 1 million tiles and it is visited by over 8 million
- % of the 14 Opera House sails could be joined to form people each year. This photo shows the Opera House
one very large, whole sphere. The Danish architect lit up during a ‘Vivid Sydney’ festival.
- ...Jarn Utzon and engineer Ove Arup chose a radius
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2A Review of geometry (CONSOLIDATING)

2B Congruent triangles

2C Using congruence to investigate quadrilaterals
2D Similar figures (CONSOLIDATING)

2E Proving and applying similar triangles

2F Circle terminology and chord properties

2G Angle properties of circles

2H Further angle properties of circles

21 Theorems involving tangents

2J Intersecting chords, secants and tangents

In this chapter, a student:

* develops understanding and fluency in mathematics through
exploring and connecting mathematical concepts, choosing
and applying mathematical techniques to solve problems, and
% communicating their thinking and reasoning coherently and clearly
(MAO-WM-01)
* identifies and applies the properties of similar figures and scale
drawings to solve problems«(MA5-GEO-C-01)
¢ establishes conditions for congruent triangles and similar triangles
and solves problems relating to properties of similar figures and
plane shapes (MA5-GEO-P-01)
 constructs proofs involving congruent triangles and similar triangles
and proves properties of plane shapes (MA5-GEO-P-02)
¢ applies deductive reasoning to prove circle theorems and solve
related problems (MA5-CIR-P-01)

© 2022 NSW Education Standards Authority

Rulil) A host of additional online resources are included as part of
' your Interactive Textbook, including HOTmaths content, video

' ’.f

demonstrations of all worked examples, auto-marked quizzes and
much more. ,
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90 Chapter2 Properties of geometrical figures and circle geometry

2A Review of geometry consoLipaning

Learning intentions for this section:

* To review terminology and properties associated with angles, triangles and quadrilaterals

* To know the meaning of the term regular polygon

¢ To be able to work with polygon angle sums to find missing angles including exterior angles

Past, present and future learning:

e This section addresses Stage 4 concepts which are used in Stage 5 and Stage 6 Advanced

e ltalso includes some content from a Stage 5 Path Topic Properties of geometrical figures B and C
* |t consolidates and extends the concepts in Chapter 7 of our Year 9 book

¢ These concepts are assumed knowledge for Stage 6 Extension

Based on just five simple axioms (i.e. known or self-evident
facts) the famous Greek mathematician Euclid (about 300 BC)
was able to deduce many hundreds of propositions (theorems
and constructions) systematically presented in the 13-volume
book collection called the Elements. All the basic components
of school geometry are outlined in these books, including the
topics angle sums of polygons and angles in parallel lines,

which are studied in this section.

Trade workers who regularly use geometry
include: sheet metal workers building a
commercial kitchen; plumbers joining parallel
but separated water pipes; carpenters building
house roof frames; and builders of steps and
wheelchair ramps.

Lesson starter: Exploring triangles with interactive geometry

Use a dynamic geometry software package to construct a triangle and illustrate the angle sum and the
exterior angle theorem.

Interactive geometry instructions
Construct a line AD and triangle ABC, as shown on the next page.
Use the calculator to check that the angle sum is 180°.

Now use the calculator to find ZBAC + ZABC.
What do you notice in comparison to the exterior angle ZBCD?

a
b Measure all the interior angles and the exterior angle £BCD.
c
d

e Drag one of the points to check that these properties are retained for all triangles.
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2A Review of geometry 91

142.26°

A

KEY IDEAS

Terminology

B Two angles are complementary if their sum is 90°.
For example: 70° is the complement of 20°.

B Two angles are supplementary if their sum is 180°.
For example: 30° is the supplement of 150°.

B Angles in a right angle add to 90°.

20°

<
30°

x + 20 + 30 = 90 (angles in a right angle)

B Angles on a straight line add to 180°.

80°\/70°

x 4+ 80 + 70 = 180 (angles on a straight line)

CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
Year 10 Photocopying is restricted under law and this material must not be transferred to another party.



92 Chapter2 Properties of geometrical figures and circle geometry

B Angles about a point add to 360° and form a revolution.

a+ b+ c+d=360 (angles at a point)

B Vertically opposite angles are equal.

o
b°/c°
a®/d°

a = c (vertically opposite angles)
b = d (vertically opposite angles)

B When a transversal crosses two lines, eight angles are formed.

Pairs of corresponding angles: a°® and e°
b° and f°

M c° and g°

d°® and h°

a°
_—

Pairs of alternate angles: ¢° and e°

e° V d° and f°

ﬂ 8 Pairs of cointerior angles: ¢°® and f°

d° and e°

B When a transversal crosses parallel lines:

a = e (corresponding angles on parallel lines)
b = f (corresponding angles on parallel lines)
a° / ¢ = g (corresponding angles on parallel lines)
ﬂ c® d = h (corresponding angles on parallel lines)
¢ = e (alternate angles on parallel lines)
° V/ d = f (alternate angles on parallel lines)
708 ° ¢ + f= 180 (cointerior angles on parallel lines)
d + e = 180 (cointerior angles on parallel lines)
CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
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2A Review of geometry

B Triangles
e The angle sum of a triangle is 180°.
To prove this, draw a line parallel to one side, then mark the alternate angles in parallel
lines. Note that angles on a straight line add to 180°.

a + b + ¢ = 180 (angle sum of a triangle)
e Triangles classified by angles

Acute: all angles acute Obtuse: one angle obtuse Right: one right angle
B In the following examples, the words in the brackets are ‘reasons’. When you are asked to ‘give

reasons’, take care not to abbreviate the reasons to such an extent that the meaning is lost.
e Triangles classified by side lengths

Scalene Isosceles Equilateral
(3 different sides) (2 different sides oppposite (3 equal sides)
2 equal angles)

60° = 60°

B Formal definitions of the special quadrilaterals
e A Kite is a quadrilateral with two pairs of adjacent sides that are equal.
e A trapezium is a quadrilateral with at least one pair of opposite sides that are parallel.
e A parallelogram is a quadrilateral with both pairs of opposite sides parallel.
e A rhombus is a parallelogram with two adjacent sides that are equal in length.
e A rectangle is a parallelogram with one angle as a right angle.
e A square is a rectangle with two adjacent sides that are equal in length.
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Quadrilateral

Two pairs of adjacent

sides of equal length
One pair of parallel sides
Kite properties
e Two pairs of adjacent sides of a kite are equal in length.
® One diagonal of a kite bisects the other diagonal. Trapezium properties
o One diagonal of a kite bisects the opposite angles. - - -
® The diagonals of a kite are perpendicular. e At least one pair of sides of a trapezium are parallel.

Another pair of parallel sides

Y

Parallelogram properties

e The opposite sides of a parallelogram are parallel.

All sides are of o The opposite sides of a parallelogram are equal in length. g
equal length e The opposite angles of a parallelogram are equal in size.

o The diagonals of a parallelogram bisect each other.

All sides are of )
equal length One right angle

.. Four right angles

Rhombus properties

Y
e The opposite sides of a rhombus are parallel. -
All sides of a rhombus are equal in length. ReCtangle properties

L]

e The opposite angles of a rhombus are equal in size. O T Esasie it o rsad b aepell T
e The diagonals of a rhombus bisect the vertex angles. e A" B — in. i

e The diagonals of a rhombus bisect each other. e O N = )

® The diagonals of a rhombus are perpendicular. ' T T

e The diagonals of a rectangle are equal in length.
o The diagonals of a rectangle bisect each other.

1 m [
One right angle All sides are equal
.. Four right angles in length
Square properties
e Opposite sides of a square are parallel. H—
e All sides of a square are equal in length.
o All angles at the vertices of a square are 90°. T T
e The diagonals of a square are equal in length. o o
e The diagonals of a square bisect the vertex angles. t
® The diagonals of a square bisect each other.
e The diagonals of a square are perpendicular.
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Review of geometry

B Polygons have an angle sum given by S = 180(n — 2), where n is the 7| Name
number of sides. .
. 3 | triangle
e Regular polygons have equal angles and sides of equal length. )
18001 — 2) 4 | quadrilateral
A single interior angle = — 5 | pentagon
B An exterior angle is formed by extending a side. 6 | hexagon
e For a triangle, the exterior angle theorem states that the exterior 7 e
angle is equal to the sum of the two opposite interior angles. 8 | octagon
9 | nonagon
a° 10 | decagon

¢ = a + b (exterior angle of a triangle)
b° c®

B The sum of the exterior angles of any polygon is 360°.

BUILDING UNDERSTANDING

o State the names of the polygons with 3 to 10 sides, inclusive.

—_—o e oo o0 T

e Decide whether each of the following is true or false.

The angle sum of a quadrilateral is 300°.

A square has 4 lines of symmetry.

An isosceles triangle has two equal sides.

An exterior angle on an equilateral triangle is 120°.
A kite has two pairs of equal opposite angles.

A parallelogram is a rhombus.

A square is a rectangle.

Vertically opposite angles are supplementary.
Cointerior angles in parallel lines are supplementary.

0 State the pronumeral in the diagram that matches the following descriptions.

a alternate to d° A o
. o >
b corresponding to e Yo
C cointerior to ¢° [1°
d vertically opposite to b° o /e°
CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press

Year 10

Photocopying is restricted under law and this material must not be transferred to another party.




96

Chapter 2 Properties of geometrical figures and circle geometry

CambridgeMATHS NSW Stage 5

Year 10

e Find the values of the pronumerals, giving reasons.
a b c
71°
130° 4
aO
d e f
c® 85°
b° a® b 78° a
67°

Using the angle sum and exterior angles of triangles

Find the value of x in the following, giving reasons.

a
100°

SOLUTION

a x4+ x4+ 100 = 180 (Angle sum is 180°
and two angles are x° since triangle is

isosceles)
2x + 100 = 180
2x = 80
x =40
b x+ 85 = 150 (exterior angle theorem)
x =65
Now you try

b 150°
85°

EXPLANATION

Use triangle angle sum (180°) and isosceles triangle.

Collect like terms and solve for x.

Use the exterior angle theorem for a triangle.

Find the value of x in the following, giving reasons.

ISBN 978-1-009-40964-3

b
85°

155°
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Working with the angle sum of polygons

Find the value of the pronumeral.

SOLUTION
a S=mn-2)x180°
= (5-2) x 180°
= 540°
x4+ 100 + 170 + 95 + 55 = 540
x + 420 = 540
sox =120
b §S=(@®n-2) x180°
= (6-2) x 180°
= 720°
a=720+6
= 120
Now you try

Find the value of the pronumeral.

b aregular hexagon

EXPLANATION

Use the rule for the angle sum of a polygon
(5 sides, son = 5).

The sum of all the angles is 540°.

Use the angle sum rule for a polygon with
n==6.

In a regular hexagon there are 6 equal angles.

b aregular pentagon

ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
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Find the value of the pronumeral, giving reasons.

a
70°

SOLUTION

a Label another angle as 70°.
(due to vertically opposite angles)

..a+ 70 =180 (cointerior angles in
parallel lines)
a=110

b Construct a third parallel line, CF.
£BCF = 25° (alternate angles in || lines)
2FCD = 180° — 140°
40° (cointerior angles in || lines)
soa=25+40
= 65

Now you try

Find the value of the pronumeral, giving reasons.
a
100°

CambridgeMATHS NSW Stage 5
Year 10
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Working with angles in parallel lines

140°
D

EXPLANATION

70°
709

aO

Mark angle 70° (vertically opposite)
a and 70 are supplementary

i.e. cointerior angles in parallel lines.
Alternate methods are possible.

A

ZABC and £FCB are alternate angles in
parallel lines. ZFCD and 2EDC are cointerior
angles in parallel lines.

b A
= 300
~yC
. 130°
D

© Palmer et al. 2024
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2A Review of geometry

Exercise 2A

FLUENCY 1! 2(1/2)) 31 4 1_2(1/2)1 3, 4 1—2(1/2)s 31 4(1/2)

eampler 1 Find the value of the pronumeral, using the exterior angle theorem in parts d—f.

a b c
80°
x° 20°
145°

4o°
80° 152° o

100°

eample2a 2 Find the value of x in the following, giving reasons.

a b

o 120°

70°

75°

(2x +55)°
120°
(x + 100)°

a pentagon b octagon ¢ decagon

eample2s. 3 Find the size of an interior angle of these polygons if they are regular.

eample3a 4 Find the value of the pronumeral, giving reasons.

a b
59°
d e
fo
140°
38°

45>

Y

Y

Y
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100 Chapter2 Properties of geometrical figures and circle geometry

PROBLEM-SOLVING 5(12), 6 5(%2), 6,7 5(2), 7-9

eample3s 9 Find the value of the pronumeral a, giving reasons.

a > b
A >—3557 B
C<a°
D120 E
d 4 E e
164°) p
gla
C

6a

b

Find the size of an interior angle of a regular polygon with 100 sides.
What is the size of an exterior angle of a 100-sided regular polygon?

7 Find the number of sides of a regular polygon that has the following interior angles.

8 In this diagram, y = 4x. Find the values of x and y.

150° b 162° ¢ 172.5°

9 Find the value of x in this diagram, giving reasons.

(Hint: Form isosceles and/or equilateral triangles.) 60°

130°

10 The rule for the sum of the interior angles of a polygon, S, is given by § = (n — 2) x 180°.

a  Show that S = 180n — 360.
b Find a rule for the number of sides n of a polygon with an angle sum S; i.e. write n in terms of S.
¢ Write the rule for the size of an interior angle I of a regular polygon with n sides.
d  Write the rule for the size of an exterior angle E of a regular polygon with n sides.
CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
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2A Review of geometry

11 Prove that the exterior angle of a triangle is equal to the sum of B
the two opposite interior angles by following these steps. o
a Write «BCA in terms of a and b and give a reason.
b Find ¢ in terms of @ and b using £BCA and give a reason.

12 a Explain why in this diagram £ABC is equal to b°.
b Using ZABC and £BCD, what can be said about a, b and ¢?
¢ What does your answer to part b show?

B

13 Give reasons why AB and DE in this diagram are parallel; i.e. AB || DE.
A B

D E

14 Each point on Earth’s surface can be described by a line of longitude (degrees east or west from
Greenwich, England) and a line of latitude (degrees north or south from the equator). Investigate and
write a brief report (providing examples) describing how places on Earth can be located with the use of
longitude and latitude.

ENRICHMENT: Multilayered reasoning = - 15-17

15 Find the value of the pronumerals, giving reasons.

a 459 b
60°
290°
<
70°
aO
16 Give reasons why ZABC = 90°.
A
C B

17 In this diagram ZAOB = £BOC and 2COD = «DOE. Give reasons why 2BOD = 90°.

D
C
E B
0]
A
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Chapter 2 Properties of geometrical figures and circle geometry

2B Congruent triangles

Learning intentions for this section:

¢ To know the meaning of the term congruent

To be able to match corresponding sides and angles in congruent figures

* To know the four tests for congruence of triangles

* To know how to prove that two triangles are congruent using one of the tests

* To be able to use congruence of triangles to prove other properties

Past, present and future learning:

* This section addresses the Stage 5 Path Topics Properties of geometrical figures B and C
¢ |t consolidates and extends the concepts in Chapter 7 of our Year 9 book

¢ These concepts are assumed knowledge for Stage 6 Extension

In geometry it is important to know whether or not two
objects are in fact identical in shape and size. If two objects
are identical, then we say they are congruent. Two shapes
that are congruent will have corresponding (i.e. matching)
sides equal in length and corresponding angles also equal.
For two triangles it is not necessary to know every side

and angle to determine if they are congruent. Instead, a set
of minimum conditions is enough. There are four sets of

minimum conditions for triangles and these are known as

the tests for congruence of triangles. Civil engineers apply congruent triangle geometry in
the design and construction of buildings, bridges,
cranes and electricity pylons. Triangles are the

Lesson starter: thh are congruent? strongest form of support and congruent triangles

evenly distribute the weight of the construction.

Consider these four triangles.

AABC with £zA =37°, 2B =112° and AC = 5cm.

ADEF with «D =37°, DF =5 cm and 2E = 112°.
AGHI with £G =45°, GH="7 cm and Hl = 5cm.

AJKL with 2J = 45°,JK =7 cm and KL = 5cm.

S o =

Sarah says that only AABC and ADEF are congruent. George says that only AGHI and AJKL are
congruent and Tobias says that both pairs (AABC, ADEF and AGHI, AJKL) are congruent.

* Discuss which pairs of triangles might be congruent, giving reasons.
*  What drawings can be made to support your argument?
*  Who is correct: Sarah, George or Tobias? Explain why.

KEY IDEAS

B Two objects are said to be congruent when they are exactly the same size and shape. For two
congruent triangles AABC and ADEF, we write AABC = ADEF.
e When comparing two triangles, corresponding sides are equal in length and corresponding
angles are equal.
e  When we prove congruence in triangles, we usually write vertices in matching order.
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2B Congruenttriangles 103

B Two triangles can be tested for congruence using the following conditions.
e Corresponding sides are equal (SSS).

e Two corresponding sides and the included angle are equal (SAS).

e Two corresponding angles and a side are equal (AAS).

e A right angle, the hypotenuse and one other pair of corresponding sides are equal (RHS).

/
/

B AB || CD means AB is parallel to CD.

B AB 1 CD means AB is perpendicular to CD.

BUILDING UNDERSTANDING

0 Which of the tests (SSS, SAS, AAS or RHS) would be used to decide whether the following
pairs of triangles are congruent?

a 5 ] ; c
850 3 4
2 % 3
5 7 X
85° 6 4
2 3 .
7

3 15

o
—_
o
oo
(5]
ﬁ
[
(@)}

15

w
I )
(o)}

10
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104 Chapter2 Properties of geometrical figures and circle geometry

a 2 X

e Assume these pairs of figures are congruent and state the value of the pronumeral in each case.

N\

M X
2x 25 S5x

b

Proving congruence in triangles

Prove that these pairs of triangles are congruent.

a B E b B D F
ALCD Q .
C

SOLUTION

a AB = DE (given) S
£BAC = ZEDF = 80° (given) A
AC = DF (given) S
So, AABC = ADEF (SAS)

b £ABC = £DEF (given) A
ZACB = «DFE (given) A
AB = DE (given) S
So, AABC = ADEF (AAS)

CambridgeMATHS NSW Stage 5

ISBN 978-1-009-40964-3

EXPLANATION

List all pairs of corresponding sides and
angles.

The two triangles are therefore congruent,
with two pairs of corresponding sides and
the included angle equal.

List all pairs of corresponding sides and
angles.

The two triangles are therefore congruent
with two pairs of corresponding angles and
a corresponding side equal.

© Palmer et al. 2024 Cambridge University Press
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Now you try

Prove that these pairs of triangles are congruent.
a A

120°

Using congruence in proof

In this diagram, ZA = 2C = 90° and AB = CB.
a Prove AABD = ACBD.

b Prove AD = CD.

¢ State the length of CD.

SOLUTION

a £A=2C=90°(given) R
BD is common H
AB = CB (given) S
.. AABD = ACBD (RHS)

b AABD = ACBD so AD = CD
(corresponding sides in congruent triangles)

¢ CD=3cm

Now you try

In this diagram, ZA = 2C = 90° and AB = CB.
a Prove AABD = ACBD.

b Prove AD = CD.

¢ State the length of AD.

CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3

2B Congruent triangles

B F
C E
D
D
3cm
A Cc
B

EXPLANATION

Systematically list corresponding pairs
of equal angles and lengths.

Since AABD and ACBD are
congruent, the matching sides AD and
CD are equal.

AD = CD from part b above.

B
A C
4 m
D
© Palmer et al. 2024 Cambridge University Press
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106 Chapter2 Properties of geometrical figures and circle geometry

Exercise 2B
130 1=

eamples 1 Prove that these pairs of triangles are congruent.

a E b B D
X
b A ¢
A C E
F
C A D d g A B
k )
B
c E D C
F
e D f K A
E CN
B
D
B
A F F

2 Find the value of the pronumerals in these diagrams, which include congruent triangles. Recall that

corresponding sides in congruent triangles are equal.

a X b
y 12
52 1
73 - Y
16

d
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2B Congruent triangles 107

eamplesa 3 Prove that each pair of triangles in the following diagrams is congruent, giving reasons. Write the
vertices in matching order.

D C
c d D
A B C
e f D
A % c
B
PROBLEM-SOLVING 4 4,5 4-6
eampe5 4 In this diagram, O is the centre of the circle and ZAOB = 2COB. A

a Prove AAOB = ACOB.
b Prove AB = BC.

¢ State the length of AB. }
loms

Congruent objects are identical: same size and shape.
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108 Chapter2 Properties of geometrical figures and circle geometry

5 In this diagram, BC = DC and AC = EC. A Sem B

a Prove AABC = AEDC.

b Prove AB=DE. C

¢ Prove AB || DE.

d State the length of DE.

D E

6 In this diagram, AB = CD and AD = CB. A y D

a Prove AABD = ACDB. "

b Prove «DBC = «BDA.

¢ Prove AD || BC. 4

B C

7 Prove the following for the given diagrams. Give reasons.

a AB| DE b OB bisects AC; ¢ AD| BC
E ie.AB=BC D C
B
C
D )
A NS A 5
d AD=AC e ZOAD = 20BC f AC L1 BD;
i.e. ZACD = £ACB
E D ¢ B

A B
D
A
D C
B
ENRICHMENT: Draw your own diagram = - 8

8

A circle with centre O has a chord AB. M is the midpoint of the chord AB. Prove OM L AB.

Two overlapping circles with centres O and C intersect at A and B. Prove ZAOC = 2BOC.

AABC is isosceles with AC = BC, D is a point on AC such that ZABD = 2CBD, and E is a point on
BC such that ZBAE = £CAE. AE and BD intersect at F. Prove AF = BF.

0 T
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2C Using congruence to investigate quadrilaterals

2C Using congruence to investigate quadrilaterals

Learning intentions for this section:

e To review the properties of different types of parallelograms

e To know what is required to prove various properties of parallelograms

» To understand that showing two triangles are congruent can help prove that other angles and lengths are
equal or that lines must be parallel or perpendicular

* To be able to use congruence to prove properties of quadrilaterals or test for types of quadrilaterals

Past, present and future learning:

 This section addresses the Stage 5 Path Topics Properties of geometrical figures B and C

e These concepts were not addressed in our Year 9 book

» These concepts are assumed knowledge for Stage 6 Extension

Recall that parallelograms are quadrilaterals
with two pairs of parallel sides. We therefore
classify rectangles, squares and rhombuses as
special types of parallelograms, the properties
of which can be explored using congruence.
By dividing a parallelogram into ‘smaller’

triangles, we can prove congruence for pairs
of these triangles and use this to deduce the

] The parallelogram law of forces is widely applied in engineering,
properties of the shape. architecture and navigation. In a parallelogram ABCD, a boat

aiming in direction AB against a tide or wind in direction AD

A B results in the boat moving in the direction of the diagonal AC.

D C

Lesson starter: Aren’t they the same proof?
Here are two statements involving the properties of a parallelogram.

1 A parallelogram (a quadrilateral with parallel opposite sides) has opposite
sides of equal length.
2 A quadrilateral with opposite sides of equal length is a parallelogram.

*  Are the two statements saying the same thing?
* Discuss how congruence can be used to help prove each statement.
* Formulate a proof for each statement.

KEY IDEAS

B Some vocabulary and symbols:
e If AB s parallel to BC, then we write AB || CD.
e If AB is perpendicular to CD, then we write AB L CD.
e To bisect means to cut in half.

B Minimum conditions needed to prove that a quadrilateral is ‘special’. (Note: This list is not
exhaustive.)
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Chapter 2 Properties of geometrical figures and circle geometry

A quadrilateral is a trapezium if:
e |t has at least one pair of parallel sides AN /

A quadrilateral is a kite if:

e Two pairs of adjacent sides are equal

or

e The diagonals meet at right angles and one of them
is bisected by the other

A quadrilateral is a parallelogram if:
e hoth pairs of opposite sides are parallel
or
e both pairs of opposite sides are equal
or
e both pairs of opposite angles are equal
or
e the diagonals bisect each other
(i.e. the diagonals have the same midpoint)

or
e two sides are equal and parallel

A quadrilateral is a thombus if:

e all sides are equal

or

e diagonals bisect each other at right angles

or

e the diagonals bisect the angles at the vertices

or

e a pair of adjacent sides are equal and opposite
angles are equal

or
e the diagonals create four congruent triangles

A quadrilateral is a rectangle if:

e the diagonals are equal and they bisect each other
Sr it has three right angles

(.)r it has two pairs of parallel sides and one right angle
?r it has two pairs of opposite sides equal and one

right angle

A quadrilateral is a square if:

e it has four equal sides and one right angle

or

e the diagonals are equal, bisect each other and meet
at right angles

BUILDING UNDERSTANDING

0 Name the special quadrilateral given by these descriptions.

a aparallelogram with all angles 90°

b a quadrilateral with opposite sides parallel

€ a parallelogram that is a rhombus and a rectangle
d a parallelogram with all sides of equal length
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@ Name all the special quadrilaterals that have these properties.

a All angles 90°.
¢ Diagonals bisect each other.
e Diagonals bisect the interior angles.

9 Give a reason why:
a atrapezium is not a parallelogram

b Diagonals are equal in length.
d Diagonals bisect each other at 90°.

b aKkite is not a parallelogram

2C Using congruence to investigate quadrilaterals 111

CambridgeMATHS NSW Stage 5

Proving properties of quadrilaterals

a Prove that a parallelogram (with opposite sides parallel) has equal opposite angles.

b Use the property that opposite sides of a parallelogram are equal to prove that a rectangle

(with all angles 90°) has diagonals of equal length.

SOLUTION

a D o c
A T B

Z£ABD = 2CDB (alternate angles in || lines) A

£ADB = £CBD (alternate angles in || lines) A

BD is common S

.. AABD = ACDB (AAS)

.. 2DAB = #£BCD (corresponding angles in
congruent triangles)

Also since ZADB = 2CBD and ZABD = 2CDB

then ZADC = 2CBA

So opposite angles are equal.

b p . C
A A
A o B
Consider AABC and ABAD.

AB is common S

£ABC = 2BAD =90° A

BC = AD (opposite sides of a parallelogram are
equal in length) S

.. AABC = ABAD (SAS)

.. AC = BD, so diagonals are of equal length.

ISBN 978-1-009-40964-3

EXPLANATION

Draw a parallelogram with parallel sides
and the segment BD.

Prove congruence of AABD and ACDB,
noting alternate angles in parallel lines.
Note also that BD is common to both
triangles.

Corresponding angles in congruent
triangles.

First, draw a rectangle with the given
properties.

Choose AABC and ABAD, which each
contain one diagonal.

Prove congruent triangles using SAS.

Corresponding sides in congruent triangles.

© Palmer et al. 2024 Cambridge University Press
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112  Chapter2 Properties of geometrical figures and circle geometry

Now you try

Prove that a kite (with two pairs of equal adjacent sides) has one pair of equal angles.

Testing for a type of quadrilateral

a Prove that if opposite sides of a quadrilateral are equal in length, then it is a parallelogram.

b Prove that if the diagonals of a quadrilateral bisect each other at right angles, then it is a rhombus.

SOLUTION EXPLANATION

a D C First, label your quadrilateral and choose two
i triangles, AABC and ACDA.

S
o~

AB = CD (given) S Prove that they are congruent using SSS.
BC = DA (given) S

AC is common S

.. AABC = ACDA (SSS)

.. 2BAC = 2DCA Choose corresponding angles in the congruent
So AB || DC (since alternate angles are equal). ~ triangles to show that opposite sides are
Also ZACB = 2CAD. parallel. If alternate angles between lines are
.. AD || BC (since alternate angles are equal).  equal then the lines must be parallel.
.. ABCD is a parallelogram.

b p C All angles at the point E are 90°, so it is easy

to prove that all four smaller triangles are
congruent using SAS.

A B
AABE = ACBE = AADE = ACDE by SAS
SAB=CB=CD=DA Corresponding sides in congruent triangles.
.. ABCD is a rhombus. Every quadrilateral with four equal sides is a
rhombus.
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Now you try

2C Using congruence to investigate quadrilaterals

Prove, using this diagram, that if opposite sides of a quadrilateral t

are equal in length, then it is a parallelogram.

Exercise 2C

FLUENCY 1,2 1-3 1-3

eampe6 1 Complete these steps to prove that a parallelogram (with opposite D C

parallel sides) has equal opposite sides.

a Prove AABC = ACDA.

b Hence, prove opposite sides are equal.

2 Complete these steps to prove that a parallelogram (with opposite D C

equal parallel sides) has diagonals that bisect each other.

a Prove AABE = ACDE.

b Hence, prove AE = CE and BE = DE.

3 Complete these steps to prove that a rhombus (with sides of equal A D

length) has diagonals that bisect the interior angles.

a Prove AABD = ACDB.

b Hence, prove BD bisects both ZABC and 2CDA.

PROBLEM-SOLVING 4 4,5 5,6

eample7 4 Complete these steps to prove that if the diagonals in a quadrilateral D C

bisect each other, then it is a parallelogram.

a Prove AABE = ACDE. E
b Hence, prove AB || DC and AD || BC.
A B
5 Complete these steps to prove that if one pair of opposite sides is D C
equal and parallel in a quadrilateral, then it is a parallelogram.
a Prove AABC = ACDA.
b Hence, prove AB || DC.
A B
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114 Chapter2 Properties of geometrical figures and circle geometry

6 Complete these steps to prove that if the diagonals of a quadrilateral bisect each D C
other at right angles, then it is a thombus.
a Give a brief reason why AABE = ACBE = AADE = ACDE.
b Hence, prove ABCD is a thombus.

[ reasonne i B9

7 Prove that the diagonals of a rhombus (i.e. a parallelogram with sides of equal length):

a intersect at right angles b bisect the interior angles.
8 Prove that a parallelogram with one right angle is a rectangle.

9 Prove that if the diagonals of a quadrilateral bisect each other and are of equal length, then it is a
rectangle.

ENRICHMENT: Rhombus in a rectangle = - 10

10 In this diagram, E, F, G and H are the midpoints of AB, BC,CD and DA, D G c
respectively, and ABCD is a rectangle.
Prove that EFGH is a rhombus.
H F
A B
E
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2D Similar figures

2D Similar figures consoLparing

Learning intentions for this section:

¢ To know that two similar figures are connected by a scale factor

* To understand that the enlargement transformation produces similar figures

* To be able to calculate a scale factor from similar figures

* To be able to find unknown side lengths and distances in similar figures and scale drawings
Past, present and future learning:

» This section addresses the Stage 5 Core Topic Properties of geometrical figures A

e |t consolidates and extends the concepts in Chapter 7 of our Year 9 book

e These concepts are assumed knowledge for Stage 6 Advanced

You will recall that the transformation called
enlargement involves reducing or enlarging the
size of an object. The final image will be of the
same shape but of different size. This means

that matching pairs of angles will be equal and
matching sides will be in the same ratio, just as in
an accurate scale model.

Lesson starter: The Q1 tower

Architects, engineers and governments use scale models

The Q1 tower, pictured below right, is located to help find design errors and improvements. Businesses
on the Gold Coast and was the world’s tallest that specialise in making 3D scale models use physical
residential tower up until 2011. Tt is 245 m tall. construction, 3D printing and computer simulations. )

* Measure the height and breadth of the Q1 tower
in this photograph.

* Can a scale factor for the photograph and the actual Q1 tower be
calculated? How?

* How can you calculate the actual breadth of the Q1 tower using this
photograph? Discuss.

KEY IDEAS

B Similar figures have the same shape but are of different size.
e Corresponding angles are equal.
e Corresponding sides are in the same proportion (or ratio).

image length

B Scalefactor = m

B The symbols lll or ~ are used to describe similarity and to write similarity statements.
For example, AABC Il ADEF or AABC ~ ADEF.
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116  Chapter2 Properties of geometrical figures and circle geometry

BUILDING UNDERSTANDING

€@ These two figures are squares. D # C H ’ G
a Would you say that the two squares are 4 4
similar? Why? T
b What is the scale factor when the smaller A 1 gm B
square is enlarged to the size of the larger E F

9 3 (':m
square?
¢ If the larger square is enlarged by a factor of 5, what would be the side length of the image?

@ Find the scale factor for each shape and its larger similar image.

a b

9 The two triangles shown opposite are similar.

C F E
a In AABC, which vertex corresponds to (matches) vertex E?
b In AABC, which angle corresponds to £D?
¢ In ADEF, which side corresponds to BC? B
d A D

Give the similarity statement for the two triangles with

matching vertices in the same order.

N J

Finding and using scale factors

These two shapes are similar. D F 5 cm E
a Write a similarity statement for the two shapes. yem
b Complete the following: EH _ FG C
——— - 3cm
¢ Find the scale factor. X cm
d Find the value of x. G
. A 2cm B
e Find the value of y.
7 cm
H
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SOLUTION

a ABCD Il EFGH or ABCD ~ EFGH

EH _ FG
AD BC

EF _5

AB =) or2.5

x=3X%X25
=175

yx25=7
y=7+25
=28

Now you try

These two shapes are similar.
a Write a similarity statement for the two
shapes.

EH

=G

Complete the following:

Find the scale factor.
Find the value of x.
Find the value of y.

Exercise 2D

FLUENCY

eample8 1 These two shapes are similar.

a Write a similarity statement for the two

shapes.
EH

_FG

Complete the following:

Find the scale factor.

b
4
d Find the value of x.
e Find the value of y.

2 These two shapes are similar.

a Write a similarity statement for the two shapes.

AB _ DE

b Complete the following:

¢ Find the scale factor.
d Find the value of x.
e Find the value of y.

CambridgeMATHS NSW Stage 5
Year 10
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2D Similar figures

EXPLANATION

Use the symbol Il or ~ in similarity statements.
Ensure you match corresponding vertices.

EF and AB are matching sides and both lengths are
given.

EH corresponds to AD, which is 3 cm in length.
Multiply by the scale factor.

DC corresponds to HG, which is 7 cm in length.
Multiply y by the scale factor to give 7. Solve for y.

B A F E
3m
ym
C xm
2m
D 8 m
G
4 m
H
1,2 1,3,4 3,4
D F 6 cm E
ycm
4 cm C
G xcm
A 3cm B
8 cm
H
E A J
2cm
ycm
D 2 cm 1 H
C B X cm
1cm
F G
3cm
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3 These two shapes are similar.

D H
a Write a similarity statement for the two shapes. 9m
b Complete the following: EF _ % 12m xm 16 m
o B
¢ Find the scale factor. ¢ F
ym G 14 m
d A E

Find the value of x.
e Find the value of y.

4 Find the value of the pronumeral in each pair of similar figures. Round to one decimal place where
necessary.

a 0.6 0.4 b 0
\ 0.8 *
5
25
10

f >
18 1" . 42
y 5.7
x 7 x 10.7

PROBLEM-SOLVING 5,6 5,6 6,7

5 A 50 m tall structure casts a shadow 30 m in length. At the same time, a person casts a shadow of
1.02 m. Estimate the height of the person. (Hint: Draw a diagram of two triangles.)

6 A BMX ramp has two vertical supports, as shown.
a Find the scale factor for the two triangles in the diagram. I m

b Find the length of the inner support.

Im 60cm

7 Find the value of the pronumeral if the pairs of triangles are similar. Round to one decimal place in part d.
b

A
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8 In this diagram, the two triangles are similar and AB || DE.
a Which side in AABC corresponds to DC? Give a reason.

Write a similarity statement by matching the vertices.

b
¢ Find the value of x.
d Find the value of y.

2D Similar figures

9 Decide whether each statement is true or false.

a All circles are similar.

All rectangles are similar.

All kites are similar.

[
e All parallelograms are similar.
g
i

All equilateral triangles are similar.

— > - oo

All squares are similar.

All rhombuses are similar.

All trapeziums are similar.

All isosceles triangles are similar.
All regular hexagons are similar.

10 These two triangles each have two given angles. Decide whether they are similar and give reasons.

20°

I

ENRICHMENT: Length, area, volume = 1
11 Shown here is a cube of side length 2 and its image after T
1 1
enlargement. ! .
a Write down the scale factor for the side lengths as an improper l_ 1 E 1
fraction. x'? A
b Find the area of one face of: 2 - g
i the smaller cube i the larger cube.
¢ Find the volume of:
i the smaller cube i the larger cube.
d Complete this table.
Cube Length | Area | Volume
Small 2
Large 3
Scale factor (fraction)
e How do the scale factors for Area and Volume relate to the scale factor for side length?
f  If the side length scale factor was g, write down expressions for:
i the area scale factor
i the volume scale factor.
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2E Proving and applying similar triangles

Learning intentions for this section:

* To know the four tests for similarity of triangles

¢ To know how to prove that two triangles are similar using the tests

¢ To be able to use similarity of triangles to find unknown values

Past, present and future learning:

* This section addresses the Stage 5 Path Topics Properties of geometrical figures B and C
¢ |t consolidates and extends the concepts in Chapter 7 of our Year 9 book

¢ These concepts are assumed knowledge for Stage 6 Extension

As with congruent triangles, there are four tests for
proving that two triangles are similar. When solving
problems involving similar triangles, it is important
to recognise and be able to prove that they are in
fact similar.

Optical engineers and optometrists use similar triangle
geometry to model the path of light rays through lenses
and to calculate the size of virtual images. The designs
of spectacles, cameras, microscopes, telescopes and
projectors all use similar triangle analysis.

Lesson starter: How far did the chicken travel?

A chicken is considering how far it is across a road, so it places four pebbles in certain positions on one
side of the road. Two of the pebbles are directly opposite a rock on the other side of the road. The number
of chicken paces between three pairs of the pebbles is shown in the diagram.

e Has the chicken constructed any similar triangles? If so, discuss why rock
they are similar. I
e What scale factor is associated with the two triangles? i . road
e Is it possible to find how many paces the chicken must take to get :_l 5 - N
across the road? If so, show a solution. 5 ::L o ::\‘
*  Why did the chicken cross the road? 10
Answer: To explore similar triangles.
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2E Proving and applying similar triangles

KEY IDEAS

B Two objects are said to be similar if they are of the same shape but different in size.
e For two similar triangles AABC and ADEF, we write AABC |ll ADEF.
e  When comparing two triangles, corresponding sides are opposite equal angles.

B There are four tests that can be used to prove that two triangles are similar.
e Three sides of a triangle are proportional to three sides of another triangle.

2 4
1 2
3 6 3 2 1

This may be abbreviated to ‘three pairs of sides in proportion’.
e Two sides of a triangle are proportional to two sides of another triangle and the included
angles are equal.

D 4
; —E
A
K; 72 B 2
1
4 _ 2 _ _
C F o) =2and ZA = 2D

This may be abbreviated to ‘sides adjacent to equal angles are in proportion.’

e Two angles of a triangle are equal to two angles of another triangle. (Two angles are
sufficient because two pairs of corresponding equal angles implies that all three pairs of
corresponding angles are equal because the angle sum of both triangles is 180°.)

D
A
LA = «D
4B = ZE
B C E F

2C = £F

This may be abbreviated to ‘equiangular’.
e The hypotenuse and a second side of a right-angled triangle are proportional to the
hypotenuse and second side of another right-angled triangle.

D
A 10
6
3 ﬁ 0
B c E F

This may be abbreviated to ‘hypotenuse and second side of a right-angled triangle in

E =90°
=2

I
N

W[

LII|5

proportion’.

Note: Abbreviations such as SSS and SAS are generally not used for similarity in the NSW syllabus.
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122 Chapter2 Properties of geometrical figures and circle geometry

BUILDING UNDERSTANDING

ﬂ This diagram includes two similar triangles.

C

A B F

Which vertex in ADEF corresponds to vertex B?
Which angle in AABC corresponds to £F?
Which side in AABC corresponds to DE?

Write a similarity statement for the two triangles.

[ = B — o -\ ]

@ This diagram includes two similar triangles.

A B

C

D E

Which angle in ACDE corresponds to £B in AABC and why?

Which angle in AABC corresponds to £E in ACDE and why?

Which angle is vertically opposite ZACB?

Which side on AABC corresponds to side CE on ACDE?

Write a similarity statement, being sure to write matching vertices in the same order.

(- T — S - B — i -]

ﬂ Which similarity test (SSS, SAS, AAA or RHS) would be used to prove that these pairs of
triangles are similar?

V 4 A

c 14 7
13 54 .
36 0 7%
26
2.1
.
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Prove that the following pairs of triangles are similar.

a B C E F b
1.5 5 3
20° 4
A 20°
D
SOLUTION
DF _ 4 _ . L
a AC=2= 2 (ratio of corresponding sides) S
DE _ 3 _ . L
AB-15° 2 (ratio of corresponding sides) S
4BAC = £ZEDF = 20° (given corresponding
angles) A
.. AABC Il ADEF (SAS)
b £ABC = 2FDE = 65° (given corresponding
angles) A
£ACB = £FED = 40° (given corresponding
angles) A
.. AABC Il AFDE (AAA)
Now you try
Prove that the following pairs of triangles are similar.
a C
B . F
3 4
A 45 6
D
b 20°
C*WV B
A D
1000 20° E
F

CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-
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2E Proving and applying similar triangles

Using similarity tests to prove similar triangles

A B £
40, S0
C
65°
D F

EXPLANATION

DF and AC are corresponding sides and DE
and AB are corresponding sides, and both
pairs are in the same ratio.

The corresponding angle between the pair of
corresponding sides in the same ratio is also
equal.

The two triangles are therefore similar.

There are two pairs of given corresponding
angles. If two pairs of corresponding angles
are equal, then the third pair must also be
equal (due to angle sum).

The two triangles are therefore similar.

3 © Palmer et al. 2024 Cambridge University Press
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124 Chapter2 Properties of geometrical figures and circle geometry

Establishing and using similarity

A cone has radius 2 cm and height 4 cm. The top of the cone is cut

horizontally through D.
a Prove AADE Il AABC.
b IfAD = 1cm, find the radius DE.

SOLUTION EXPLANATION
a «BAC is common A All three pairs of corresponding angles
£ABC = £ZADE (corresponding angles in parallel are equal.
lines) A
. AADE |l AABC (AAA) Therefore, the two triangles are similar.
h DE _ AD Given the triangles are similar, the ratio
BC AB of corresponding sides must be equal.
DE _ 1
2 4
S pE=2 Solve for DE.
4
= 0.5cm
Now you try

A cone has radius 3 m and height 6 m. The top of the cone is cut
horizontally through D.

a Prove AADE |l AABC.

b If AD =2 m, find the radius DE.

Exercise 2E

FLUENCY 1, 2(%2) 1-3(12) 1-3(172)

eamples 1 Prove that the following pairs of triangles are similar.

a b
2 1415o 1 3 A "
c 41402 B 40°
A
D F

1009

40 C D z
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2E Proving and applying similar triangles 125

c B E d 3 C F
65° G50 B
A <0° 1
D < 70° 120°
A 6
C
- E
2
D
e f
B b 8 P A 28 B ) E ;
5 32&16 F kp
C 8
10
B 4 ¢

‘ 2 Find the value of the pronumerals in these pairs of similar triangles by first finding the scale factor.

b
13.5
9
[ S—
13
s S E—

C
3.6
fe——————>]
e
0.13
38.4
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126 Chapter2 Properties of geometrical figures and circle geometry

3 For the following proofs, give reasons at each step.

a Prove AABC Il AEDC. b Prove AABE |ll AACD.
A B A
¢ B E
D E c - D
¢ Prove ABCD Ill AECA. d Prove AAEB |l ACDB.
A B C
X
% D
E

PROBLEM-SOLVING 4,5 4,6 6,7

eamplets 4 A right cone with radius 4 cm has a total height of 9 cm. It contains an amount of @
B

water, as shown.
a Prove AEDC lll AADB. W
b If the depth of water in the cone is 3 cm, find the radius of the water surface in

C
the cone.
D
5 A ramp is supported by a vertical stud AB, where A is the midpoint of CD. It E

is known that CD = 4 m and that the ramp is 2.5 m high; i.e. DE = 2.5 m.

a Prove ABAC Il AEDC. B

b Find the length of the stud AB.

C f# f#
A D

6 At a particular time in the day, Felix casts a shadow 1.3 m long and Curtis, who is 1.75 m tall, casts a
shadow 1.2 m long. Find Felix’s height, correct to two decimal places.

7 To determine the breadth of a chasm, a marker (A) is placed directly .

opposite a rock (R) on the other side. Point B is placed 3 m away from ) ]g e
point A, as shown. Marker C is placed 3 m along the edge of the chasm, <277 "+
and marker D is placed so that BD is parallel to AC. Markers C and D \ \C\}{ asm
and the rock are collinear (i.e. lie in a straight line). If BD measures \\ \}x\ =
5 m, find the breadth of the chasm (AR). - ;&‘«j '3‘;11 R
~ 3m. D
-7 5m
B
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2E Proving and applying similar triangles 127

8 Aiden and May come to a river and notice a tree on the opposite bank. Separately they decide to place

rocks (indicated with dots) on their side of the river to try to calculate the river’s breadth.
They then measure the distances between some pairs of rocks, as shown.

Aiden’s rock placement May’s rock placement

| tree tree I

AN Pad

[N 71
¢ 1N - T

N B 7

1 N 7

breadth rver— - ‘breadth

L= river —= !
I \ // 1
¢ :_I AN 10m - = ¢

Smi—12m 8m

Have both Aiden and May constructed a pair of similar triangles? Give reasons.
Use May’s triangles to calculate the breadth of the river.
Use Aiden’s triangles to calculate the breadth of the river.

0 o o

Which pair of triangles did you prefer to use? Give reasons.

9 There are two triangles in this diagram, each showing two given angles. 42° 91° 47°
Explain why they are similar.

10 Prove the following, giving reasons.

a OB=30A b AE=%AC

B A

A
0]
L' p
2 c
ENRICHMENT: Proving Pythagoras’ theorem = = 1
11 In this figure AABD, ACBA and ACAD are right angled. D
a Prove AABD Il ACBA. Hence, prove AB 2= CB x BD. c
b Prove AABD Il ACAD. Hence, prove AD? = CD x BD.
¢ Hence, prove Pythagoras’ theorem AB2 + AD? = BD2.
A B
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128 Chapter2 Properties of geometrical figures and circle geometry

n 1 Find the size of each pronumeral in the following diagrams, giving reasons.
a

b
.g w 58°
= 43° 136°
o 2
(7]
o c d
(=1
(=]
S
Q.
e f
x° 72°
x° _ 107°
4 .
u 2 Prove that this pair of triangles is congruent.
B E
A
D
c F
m 3 a Prove that AABC is congruent to AQBP.
A P
B
c 0

b Hence, prove that B is the midpoint of CP.

n 4 Prove that a rhombus has its diagonals perpendicular to each other.

A B
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Progress quiz

Prove that if a quadrilateral is a parallelogram (opposite sides are parallel) the opposite sides are

d

equal in length.
For the two similar figures shown: A B E F
a Write a similarity statement. 4 cm 6 cm
b Find the scale factor. 8 cm C
. X cm
¢ Find the value of x. yem H
d Find the value of y. D 15 cm

*
=]
=
q
]
]
»
=
—
N

G

Prove that the following pairs of triangles are similar.
a D

b A C
A [ ]
12 15 0
4 5 B
C B F E
D
A cone with radius 6 cm and height 10 cm is filled with water to a B
height of 5 cm.
a Prove that AEDC is similar to AADB.
b Find the radius of the water’s surface (EC). o
D

Prove that if the midpoints, Q and P, of two sides of a triangle

A
ABC are joined as shown, then QP is % that of CB. (First prove
similarity.)
0 P
B
C
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Chapter 2 Properties of geometrical figures and circle geometry

2F Circle terminology and chord properties

Learning intentions for this section:

¢ To know the meaning of the terms circle, chord, sector, arc and segment

¢ To understand what is meant by an angle that is subtended by an arc or chord

¢ To know the chord theorems and how to apply them to find certain lengths and angles
* To be able to prove the chord theorems using congruent triangles

Past, present and future learning:

¢ This section addresses the Stage 5 Path Topic Circle geometry

¢ These concepts were not addressed in our Year 9 book

¢ These concepts are assumed knowledge for Stage 6 Extension

Although a circle appears to be a very simple
object, it has many interesting geometrical
properties. In this section we look at radii and
chords in circles, and then explore and apply the
properties of these objects. We use congruence to
prove many of these properties.

Movie makers use circle geometry to help create the illusion
of time passing slowly or of frozen motion, as in The Matrix
(1999). Multiple cameras in a circle or arc sequentially or
simultaneously photograph the actor and the images are
stitched together.

Lesson starter: Dynamic chords

This activity would be enhanced with the use of interactive geometry.
Chord AB sits on a circle with centre O. M is the midpoint of chord AB.
Explore with interactive geometry software or discuss the following.

* Is AOAB isosceles and if so why?
* Is AOAM = AOBM and if so why?

e IsAB 1 OM and if so why? A B
° Is ZAOM = ZBOM and if so why? W

KEY IDEAS

B Circle language

minor
major segment
segment
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2F Circle terminology and chord properties

B An angle is subtended by an arc or chord if the arms of the angle meet the endpoints of the arc
or chord.

A

B

\V,

£AOB is subtended at the centre by

. 2ABC is subtended at the
the minor arc AB.

circumference by the chord AC.

B Chord theorem 1: Chords of equal length subtend equal angles at the D
centre of the circle.
e IfAB = CD, then ZAOB = 2COD.
e Conversely, if chords subtend equal angles at the centre of the circle,

/

then the chords are of equal length.

o

B Chord theorem 2: Chords of equal length are equidistant (i.e. of equal D
distance) from the centre of the circle.
e IfAB = CD, then OF = OF.
e Conversely, if chords are equidistant from the centre of the circle,

Q

then the chords are of equal length.

B Chord theorem 3: The perpendicular from the centre of the circle to
the chord bisects the chord and the angle at the centre subtended by the
chord.

e IfOM 1 AB, then AM = BM and ZAOM = 2BOM.
e Conversely, if a radius bisects the chord (or angle at the centre

A YR

subtended by the chord), then the radius is perpendicular to the chord.

B Chord theorem 4: The perpendicular bisectors of every chord of a
circle intersect at the centre of the circle.
e Constructing perpendicular bisectors of two chords will therefore
locate the centre of a circle.

0

CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
Year 10 Photocopying is restricted under law and this material must not be transferred to another party.



132 Chapter2 Properties of geometrical figures and circle geometry

BUILDING UNDERSTANDING

o Construct a large circle, then draw and label these features.
a chord b radius C centre
d minor sector € major sector

@ Give the size of the angle in this circle subtended by the following.
a chord AB
b minor arc BC
C minor arc AD
d chord DC

9 In this circle chords AB and CD are of equal length.
a Measure ZAOB and 2COD.
b What do you notice about your answers from part a?
Which chord theorem does this relate to?
€ Measure OF and OF.
d What do you notice about your answers from part ¢?
Which chord theorem does this relate to?

o In this circle OM 1 AB.
a Measure AM and BM.
b Measure ZAOM and ZBOM.

€ What do you notice about your answers from parts a and h? ‘
Which chord theorem does this relate to? [ ]

Using chord theorems

For each part, use the given information and state which chord theorem is used.
a Given AB = CD and OE = 3 cm, find OF. b Given OM 1 AB, AB = 10 cm and

4 £AOB = 92°, find AM and ZAOM.
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2F Circle terminology and chord properties 133

SOLUTION EXPLANATION
a OF =3 cm (using chord theorem 2) Chords of equal length are equidistant from the
centre.
b  Using chord theorem 3: The perpendicular from the centre to the chord
AM =5 cm bisects the chord and the angle at the centre
ZAOM = 46° subtended by the chord.

10 +2=5and 92 = 2 = 46.

Now you try

For each part, use the given information and state which chord theorem is used.
a Given AB = CD and OFE =2 m, find OF. b Given OM 1L AB, AB = 6 m and
£AOB = 120°, find AM and ZAOM.

Proving chord theorems

Prove chord theorem 3 in that the perpendicular from the centre of the circle to the chord bisects
the chord and the angle at the centre subtended by the chord.

SOLUTION EXPLANATION

First, draw a diagram to represent the situation.
The perpendicular forms a pair of congruent

M triangles.
Sy

B

£LOMA = £OMB = 90° (given) R
OA = OB (both radii) H
OM is common S

.. AOMA = AOMB (RHS) Corresponding sides and angles in congruent
.. AM = BM and £ZAOM = 2BOM triangles are equal.
Now you try

Prove chord theorem 2 in that chords of equal length are equidistant (of equal distance) from the
centre of the circle.
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134 Chapter2 Properties of geometrical figures and circle geometry

Exercise 2F

FLUENCY 1-3 11 2! 4(1/2) 21 31 4(1/2)

eamplett 1 For each part, use the given information and state which chord theorem is used.
a Given AB = CD and OE = 4 cm, find OF.

b Given OM 1L AB, AB = 6 m and ZAOB = 100°, find AM and ZAOM. A

2 For each part, use the information given and state which chord theorem is used.
a Given AB = CD and ZAOB = 70°, find the value of zDOC. A

b Given AB = CD and OF = 7.2 cm, find the value of OE.
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2F Circle terminology and chord properties 135

¢ Given OZ 1 XY, XY = 8 cm and £XOY = 102°, find the value of XZ Y

and £XOZ. ﬂ

X

3 The perpendicular bisectors of two different chords of a circle are constructed. Describe where they
intersect.

4 Use the information given to complete the following.
a Given ZAOB = 2COD and CD = 3.5 m, find b Given OE = OF and AB =9 m, find

the value of AB. the value of CD.
B C
35m
A D
B
¢ Given M is the midpoint of AB, find d Given ZAOM = 2BOM, find
the value of ZOMB. the value of ZOMB.
B I\ A
AV /
B
PROBLEM-SOLVING 5 5,6 5("2), 6,7

5 Find the size of each unknown angle a°.
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136 Chapter2 Properties of geometrical figures and circle geometry

6 Find the length OM. (Hint: Use Pythagoras’ theorem.)

7

16 m

7 In this diagram, radius AD = 5 mm, radius BD = 12 mm and chord CD = 8 mm. Find the exact length
of AB, in surd form.

,

pample’2 8 @ Prove chord theorem 1 in that chords of equal length subtend equal angles at the centre of the

circle.
b Prove the converse of chord theorem 1 in that if chords subtend equal angles at the centre of the
circle then the chords are of equal length.

9 a Prove that if a radius bisects a chord of a circle then the radius is perpendicular to the chord.
b Prove that if a radius bisects the angle at the centre subtended by the chord, then the radius is
perpendicular to the chord.

10 In this circle ZBAO = 2CAO. Prove AB = AC.
(Hint: Construct two triangles.)

ENRICHMENT: Common chord proof = - 11

11 For this diagram, prove CD L AB by following these steps.
a Prove AACD = ABCD.

B
b Hence, prove AACE = ABCE. l‘\\
¢ Hence, prove CD 1 AB. ‘a”
A
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2G Angle properties of circles 137

2G Angle properties of circles

Learning intentions for this section:

* To know the relationship between angles at the centre of a circle and at the circumference
* To know that a triangle in a semicircle creates a right angle at the circumference

e To be able to combine these theorems with other properties of circle

Past, present and future learning:

» This section addresses the Stage 5 Path Topic Circle geometry

» These concepts were not addressed in our Year 9 book

e These concepts are assumed knowledge for Stage 6 Extension

The special properties of circles
extend to the pairs of angles formed
by radii and chords intersecting at
the circumference. In this section
we explore the relationship between
angles at the centre and at the
circumference subtended by the
same arc.

Road and railway tunnel design and construction are complex geological and
technical processes. Civil engineers use geometry, including circle properties
and theorems, to establish the geometrical requirements for structural stability.

Lesson starter: Discover angle properties — Theorems 1 and 2

This activity can be completed with the use of a protractor and pair of compasses, but would be enhanced
by using interactive geometry software.

e First, construct a circle and include two radii and two chords, as shown.
The size of the circle and position of points A, B and C on the circumference
can vary.

*  Measure ZACB and ZAOB. What do you notice?

* Now construct a new circle with points A, B and C at different points on the B
circumference. (If dynamic software is used simply drag the points.)
Measure ZACB and ZAOB once again. What do you notice?

*  Construct a new circle with ZAOB = 180° so AB is a diameter.
What do you notice about ZACB?
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138 Chapter2 Properties of geometrical figures and circle geometry

KEY IDEAS

B Circle theorem 1: Angles at the centre and circumference
e The angle at the centre of a circle is twice the angle at a point on the

LN
circle subtended by the same arc. ’

For example:

1 2
A

B
B Circle theorem 2: Angle in a semicircle
e The angle in a semicircle is 90°.
e This is a specific case of theorem 1, where ZACB is known as the angle

in a semicircle.

i
Q}?

BUILDING UNDERSTANDING

o Name another angle that is subtended by the same arc as £ABC in these circles.
% B

‘ ;

C "

E E
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@ For this circle, O is the centre. A B
a Name the angle at the centre of the circle. ’
b Name the angle at the circumference of the circle.

¢ If ZACB = 40°, find ZAOB using circle theorem 1.
d If LAOB = 122°, find ZACB using circle theorem 1.

C
9 For this circle AB is a diameter. A
a What is the size of ZAOB? ‘
b What is the size of £ACB using circle theorem 2? ¢
¢ If zCAB =30°, find £ABC. /
d If ZABC = 83°, find LCAB. B

Applying circle theorems 1 and 2

Find the value of the pronumerals in these circles.

a A b
B ‘
C
SOLUTION EXPLANATION
a 2a =126 From circle theorem 1, ZBOC = 22BAC.
a =63
bh 2ABCis 90°. AC is a diameter, and from circle theorem 2
s.a+904+70 = 180 ZABC =90°.
Soa =20
Now you try
Find the value of the pronumerals in these circles.
a B b
C
c 0
65° 1A
A
B
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Combining circle theorems with other circle properties

Find the size of ZACB. C

V)
N

SOLUTION EXPLANATION
20AB = 25° AAOB is isosceles.
ZAOB = 180° =2 X 25° Angle sum of a triangle is 180°.
= 130°
.. ZACB = 130° =2 The angle at the circumference is half the angle
= 65° at the centre subtended by the same arc.
Now you try
Find the size of ZACB. A ‘
N B
C
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Exercise 2G

FLUENCY 1(172), 2 1(%2), 2, 3 1(12), 24

exampesa 1 Find the value of x in these circles.
a

S
0N
4

[1-]

C
4

eampedd 2 Find the value of x in these circles.
a

80°

A
18°
A
680 C 18
0]
DUB ‘ 7 7 ‘ \
L— —
B ¢ c B

‘

3 Find the size of both £ABC and #ABD.
a b
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4 a Find the value of ZADC
and ZABC.

PROBLEM-SOLVING

5 Find the value of ZABC.
a B

4

eampes 6 Find the value of ZOAB.
a

o

N7

CambridgeMATHS NSW Stage 5
Year 10

b Find the value of ZABC

o

> &
e\ E
R
o]
&

(3]

¢ Find the value of ZAOD
and ZABD.

A

o

iy
y

5-6("2) 5-6(1/2)

=

©®
o]

=
= -
[N}
o
‘b o
[\]
W
w o

oo
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REASONING 7 7,8

8-10
7 a For the first circle shown, use circle theorem 1 to find the value of ZACB. A ﬁ
‘ B
C

For the second circle shown, use circle theorem 1 to find the value of ZACB.

For the second circle, what does circle theorem 2 say about ZACB? A 180°
d Explain why circle theorem 2 can be thought of as a special case of
circle theorem 1.

&

8 The two circles shown illustrate circle theorem 1 for both a minor arc and a major arc.
a  When a minor arc is used, answer true or false. minor arc AB
i £AOB is always acute.
ii  £AOB can be acute or obtuse.
iii £ACB is always acute.
iV £ZACB can be acute or obtuse.

S

b When a major arc is used, answer true or false. .
major arc AB

i £ACB can be acute.
ii  £ACB is always obtuse. AN
iii The angle at the centre (2a°) is a reflex angle.
iv The angle at the centre (2a°) can be obtuse. A @ B
C
9 Consider this circle. B

a  Write reflex ZAOC in terms of x.
b Write y in terms of x. A 40\ C

10 Prove circle theorem 1 for the case illustrated in this circle by following these steps and letting
£OCA = x° and £OCB = y°.

a Find ZAOC in terms of x, giving reasons. A
b Find £BOC in terms of y, giving reasons.
¢ Find ZAOB in terms of x and y.
d Explain why ZAOB = 2ACB. B
C
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144 Chapter2 Properties of geometrical figures and circle geometry

ENRICHMENT: Proving all cases = = 11,12

11 Question 10 sets out a proof for circle theorem 1 using a given illustration. Now use a similar technique

for these cases.
a Prove ZAOB =2£ACB;i.e. prove ZAOB = 2x°.

C

BN

b Prove reflex ZAOB = 22ACB; i.e. prove reflex ZAOB = 2(x + y)°.

=

N

C

\

¢ Prove ZAOB =2£ACB;i.e. prove ZAOB = 2y°.

o~

B

12 Prove circle theorem 2 by showing that x + y = 90.

b

(
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2H Further angle properties of circles

Learning intentions for this section:

* To know that angles at the circumference subtended by the same arc or chord are equal
* To know that a cyclic quadrilateral has all four vertices on the circumference of a circle
* To know that opposite angles in a cyclic quadrilateral are supplementary

e To be able to apply the circle theorems to find unknown angles

Past, present and future learning:

e This section addresses the Stage 5 Path Topic Circle geometry

* These concepts were not addressed in our Year 9 book

» These concepts are assumed knowledge for Stage 6 Extension

When both angles are at the circumference, there are two important properties A
of pairs of angles in a circle to consider.

You will recall from circle theorem 1 that in this circle right, ZAOD = 2£ABD
and also ZAOD = 2£ACD. This implies that ZABD = ZACD, which is an
illustration of circle theorem 3 — angles at the circumference subtended by the

same arcC are equal. .

The fourth theorem relates to cyclic quadrilaterals, which have all four vertices B

sitting on the same circle. This also will be explored in this section.

Lesson starter: Discover angle properties — Theorems 3 and 4
Use a protractor and a pair of compasses for this exercise or use interactive geometry software.

* Construct a circle with four points at the circumference, as shown. A
*  Measure ZABD and ZACD. What do you notice? Drag A, B, C or D and
compare the angles.

*  Now construct this cyclic quadrilateral (or drag point C if using interactive A

geometry software). D
*  Measure ZABC, «BCD, £CDA and £DAB. What do you notice?

Drag A, B, C or D and compare angles.
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KEY IDEAS

B Circle theorem 3: Angles at the circumference
® Angles at the circumference of a circle subtended by the same
arc are equal.
- As shown in the diagram, 2C = «D but note also that ZA = £B.

B A cyclic quadrilateral has all four vertices sitting on the same circle.

B Circle theorem 4: Opposite angles in cyclic quadrilaterals
e Opposite angles in a cyclic quadrilateral are supplementary
(sum to 180°).

a+c=180
b+d=180

BUILDING UNDERSTANDING

0 Name another angle that is subtended by the same arc as ZABD.
a A b B c E
D A A
C
B ¢ ? b
E D C
9 For this circle, answer the following. A
a Name two angles subtended by arc AD.
] Using circle theorem 3, state the size of ZACD if ZABD = 85°.
¢ Name two angles subtended by arc BC.
d Using circle theorem 3, state the size of ZBAC if zZBDC = 17°. D
B¢
9 Circle theorem 4 states that opposite angles in a cyclic quadrilateral B
are supplementary. A , \ ¢
a What does it mean when we say two angles are supplementary?
b Find the value of ZABC.
¢ Find the value of ZBCD.
d Check that ZABC + £BCD + £CDA + £DAB = 360°. D

CambridgeMATHS NSW Stage 5
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Applying circle theorems 3 and 4

Find the value of the pronumerals in these circles.

a b
aO
307
SOLUTION EXPLANATION
a a=30 The a° and 30° angles are subtended by the
same arc. This is an illustration of circle
theorem 3.
b a+ 128 = 180 The quadrilateral is cyclic, so opposite angles
soa =52 sum to 180°.
b+ 125 = 180 This is an illustration of circle theorem 4.
sb =55
Now you try
Find the value of the pronumerals in these circles.
b

[
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Exercise 2H

FLUENCY 1-2(12) 1-2(12) 1-2(Y3)
exampetsa |1 Find the value of x in these circles.
a b c . —
xO
20°
d ‘ e N f
eampless 2 Find the value of the pronumerals in these circles.
a P — b c
\ \
9,
N .
70°
d e f
920 850
y° 108°
x° _ /
95 X v
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PROBLEM-SOLVING 3(2) 3-4(1/2) 3(Ya), 4(2)

3 Find the value of x.
a b

e
A
X
3 €

4  Find the values of the pronumerals in these circles.

o

20° 339

o
°
O,

/
) (

147°

’ 108°
100°
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5 Z£ABE is an exterior angle to the cyclic quadrilateral BCDE.
a If ZABE = 80°, find «CDE. B
b If ZABE =171°, find £CDE.
¢ Prove that ZABE = 2CDE using circle theorem 4.

6 Prove that opposite angles in a cyclic quadrilateral are supplementary by A
following these steps.
a Explain why ZACD = x° and 2DAC = y°.
b Prove that ZADC = 180°— (x + y)°.
¢ What does this say about ZABC and ZADC?

7 If 2BAF = 100°, complete the following.
a Find:
i «FEB il 4BED iii «DCB
b Explain why AF || CD.

ENRICHMENT: A special property = - 8

8 Consider a triangle ABC inscribed in a circle. The construction line BP is a diameter and PC is a chord.
If 7 is the radius, then BP = 2r.

P

a What can be said about £PCB? Give a reason.
b What can be said about £A and ~£P? Give a reason.
¢ If BP = 2r, use trigonometry with ZP to write an equation linking r and a.
d Prove that 2r = —%— giving reasons.
sin A giving
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Applications and problem-solving

The following problems will investigate practical situations drawing upon knowledge and skills developed
throughout the chapter. In attempting to solve these problems, aim to identify the key information, use
diagrams, formulate ideas, apply strategies, make calculations and check and communicate your solutions.

Mirror, mirror

1 The law of reflection says that the angle of reflection
is equal to the angle of incidence as shown. o
angle of incidence angle of reflection

George, who is 1.6 m tall, places a mirror (M) on the ground in front of a building and then moves
backwards away from the mirror until he can sight the top of the building in the centre of the mirror.
George is interested in how the height of the building

=

can be calculated using the mirror. He wants to only use

measurements that can be recorded from ground level and

combine these with the similar triangles that are generated

after positioning the mirror on the ground.

a The distance is measured between the mirror and the
building (35 m) and the mirror and George’s location (2 m)

as shown below (not to scale). st 2 Y
i Prove that a pair of similar triangles has been formed.
i Use similarity to find the height of this building.

b Another building is 24 m high. If the mirror is placed 1.5 m building
from George such that he can see the top of the building in the 3 m%
centre of the mirror, how far is George from the base of the B<—> ~35m—C
building? IIIII‘I‘OI'

¢ George moves to 20 m from the base of another building.
i If the building is 11.2 m high, how far from George does the mirror need to be placed so that he
can see the top of the building in the centre of the mirror?
i Repeat part i to find an expression for how far from George the mirror needs to be placed for a
building of height y m. Answer in terms of y and use your expression to check your answer to
part i.

Airport terminal

2 Engineers are working on the design of a new airport
terminal. A cross-section of an airport terminal design
is illustrated in this diagram where the roof is held up
by a V-shaped support as shown. Points A, B and C
sit on a circle with centre O and OA, OB and OC are
perpendicular to EF, EG and FG respectively. Also,
EG =FG and EA = AF.

The engineers are interested in the relationship between various angles within the design. Given the

fixed geometric properties of the cross-section the engineers will explore how changing one angle
affects the other angles so that they have a better understanding of the design limitations.

Buinjos-wajqo.ad pue suoneanddy
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N
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a If ZAEB is set at 40° find:

i <EGF ii «zBOC iii «BAC.
b If £OCA is set at 10° find:
i «BOC ii «<AEB.

¢ If ZAEB = a° find ZBAC in terms of a.
Use your rule in part ¢ to verify your answer to part a iii.

e As ZAEB increases, describe what happens to ZBAC and make a drawing to help explain your
answer.

Circles on the farm

3 A circle is a locus defined as a set of points that are equidistant (the same distance) from a single point.
While not always initially visible, such loci exist in many common situations.
A farmer wishes to investigate the existence of such circle loci in everyday situations in a farm
environment. These include fencing an area using two fixed posts and training a horse around a
given point.
a A triangular region is being fenced on a farm. It connects to posts, A< 10m —>»p

A and B, 10 m apart on an existing fence. The two new fences
are to meet at right angles as shown. fence 1 fence 2
i

Describe and draw the location of all possible points where the

two fence lines can meet.

il Which point from part i gives the maximum triangular area and what is this area?

iii If the two fence posts are x m apart, give a rule for the maximum possible area of the triangular
region in mZ.

iv If fences 1 and 2 were replaced with a single fence in the shape of a semicircle, give an
expression for the area gained in terms of x, where x metres is the distance between the fence
posts.

b A horse is doing some training work around a circular paddock. The trainer
stands on the edge of the paddock at 7 (as shown) watching the horse
through binoculars as it moves from point A to point B.

i Give an expression for ZATB.

ii  The horse is trotting at a constant rate of 1 lap (revolution) per minute.
At what rate is the trainer moving his binoculars following the horse

from A to B, in revolutions per minute?
iii If the horse completes a lap (revolution) in x minutes, at what rate is the
trainer moving his binoculars in terms of x?
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21 Theorems involving tangents

2l Theorems involving tangents

Learning intentions for this section:

* To know that a tangent is a line that touches a circle or curve at one point

* To know that a tangent is perpendicular to the radius at the point of contact

* To be able to find angles involving tangents

* To know that two tangents drawn from an external point create equal line segments
¢ To know that the angle between a tangent and a chord is equal to the angle in the alternate segment
e To be able to apply the alternate segment theorem

Past, present and future learning:

e This section addresses the Stage 5 Path Topic Circle geometry

* These concepts were not addressed in our Year 9 book

e These concepts are assumed knowledge for Stage 6 Extension

When a line and a circle are drawn, three possibilities arise: they could intersect 0, 1 or 2 times.

RO %

0 points 1 point 2 points

If the line intersects the circle once then it is called a tangent. If it intersects twice it is called a secant.

Lesson starter: From secant to tangent
This activity is best completed using dynamic computer geometry software. A
* Construct a circle with centre O and a secant line that intersects at A and B. Then
measure ZBAO.
* Drag B to alter ZBAO. Can you place B so that line AB is a tangent? In this case, B
what is ZBAO?

KEY IDEAS

B A tangent is a line that touches a circle at a point called the point of
contact.
e A tangent intersects the circle exactly once.
e A tangent is perpendicular to the radius

at the point of contact.

e Two different tangents drawn from an PA=PB

external point to the circle create line
. /secant\
segments of equal length.

B A secant is a line that cuts a circle twice.

B Alternate segment theorem: The angle between a tangent and a chord is
equal to the angle in the alternate segment.
£APY = ZABP and
«4BPX = ZBAP X
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Chapter 2 Properties of geometrical figures and circle geometry

BUILDING UNDERSTANDING

0 Answer true or false to the following statements. A P

a A tangent can intersect a circle more than once.

b A tangent makes an angle of 90° with a radius at the point of

contact.
B
A B
Y X
' J

C AP isequal in length to BP in this diagram.

9 For this diagram use the alternate segment theorem and name the
angle that is:
a equal to zBPX b equal to BAP
C equal to ZAPY d equal to ZABP.

-

Finding angles with tangents

Find the value of a in these diagrams that include tangents.
a b A

~

Pt B

B
SOLUTION EXPLANATION
a «BAO =90° BA is a tangent, so OA L BA.
a+90+67 = 180 The sum of the angles in a triangle is 180°.
soa =23
b 2PAO = 2PBO =90° PA 1 OA and PB 1 OB.
Obtuse ZAOB = 360° — 220° = 140° Angles in a revolution sum to 360°.
a+90+90 + 140 = 360 Angles in a quadrilateral sum to 360°.
s.a =40
Now you try

Find the value of a in these diagrams that include tangents.
a A b A

AwS

B P
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21 Theorems involving tangents

Using the alternate segment theorem

In this diagram XY is a tangent to the circle. A
a Find «BPX if ZBAP = 38°.
b Find £ABP if ZAPY =71°. B
Y P X
SOLUTION EXPLANATION
a «BPX=38° The angle between a tangent and a chord is equal

to the angle in the alternate segment.

b «£ABP=171°

Now you try

In this diagram XY is a tangent to the circle.
a Find #«BPX if ZBAP = 50°.
b Find £ABP if ZAPY =70°.

Exercise 2|

eampletsa 1 Find the value of a in these diagrams that include tangents.

eampless 2 Find the value of a in these diagrams that include two tangents.
B
P
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pample? 3 In this diagram, XY is a tangent to the circle. Use the alternate segment A
theorem to find: B
a «PABif zBPX =50°
b «APYif ZABP = 59°
Y P X

4 Find the value of a, b and c in these diagrams involving tangents.
b c

26°

5 Find the length AP if AP and BP are both tangents.

a 5 cm P b A
B
P
112 cm
A B
PROBLEM-SOLVING 6(12) 6—7("2) 6(13), 7(12), 8

6 Combine your knowledge of circles to find the value of a. All diagrams include one tangent line.
c

24°
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21 Theorems involving tangents

7 Find the value of a in these diagrams involving tangents.

8 Find the length of CY in this diagram.

Z A 3cm X

-

cm

9 Prove that AP = BP by following these steps.

b
c
d

Explain why OA = OB.

What is the size of ZOAP and ZOBP?
Hence, prove that AOAP = AOBP.

Explain why AP = BP.

CambridgeMATHS NSW Stage 5
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158 Chapter2 Properties of geometrical figures and circle geometry

10 Prove the alternate angle theorem using these steps.
First, let ZBPX = x°, then give reasons at each step.
a Write ZOPB in terms of x.
b Write obtuse ZBOP in terms of x.
¢ Use circle theorem 1 from angle properties of a circle to write Z£BAP in

terms of x.

11 These two circles touch with a common tangent XY. A B
Prove that AB || DC. You may use the alternate segment theorem.
@ Y
b C
B
P
\M 5

X
12 PTis a common tangent. Explain why AP = BP.
A

ENRICHMENT: Bisecting tangent = = 13

13 In this diagram, AABC is right angled, AC is a diameter and C
PM is a tangent at P, where P is the point at which the circle p
intersects the hypotenuse.
a Prove that PM bisects AB; i.e. that AM = MB. 0
b Construct this figure using interactive geometry software
A

and check the result. Drag A, B or C to check different
cases.
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D
KEY IDEAS
B When two chords intersect as shown, then A
AP x CP = BP x DP or ac = bd. B
D C
B When two secants intersect at an external point P as shown, .
then AP X BP = DP x CP. A
P
D C
B When a secant intersects a tangent at an external point as shown, B
then AP X BP = CP2.
A
C
P
CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
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2J Intersecting chords, secants and tangents

In circle geometry, the lengths of the line segments (or intervals)
formed by intersecting chords, secants or tangents are connected
by special rules. There are three situations in which this occurs:

Learning intentions for this section:

» To know the difference between a chord, a tangent and a secant

» To know the relationship between the lengths of intersecting chords

* To know the relationship between the lengths of secants that intersect at an external point
* To know the relationship between the lengths of an intersecting secant and tangent

* To be able to apply these relationships to find unknown length

Past, present and future learning:

» This section addresses the Stage 5 Path Topic Circle geometry

» These concepts were not addressed in our Year 9 book

e These concepts are assumed knowledge for Stage 6 Extension

1 intersecting chords
2 intersecting secant and tangent
3 intersecting secants.
Architects use circle and chord geometry to
. calculate the dimensions of constructions,
Lesson starter: Equal products such as this glass structure. )
Use interactive geometry software to construct this figure and B

then measure AP, BP, CP and DP. ‘.
C

Calculate AP X CP and BP x DP. What do you notice? A
Drag A, B, C or D. What can be said about AP X CP and
BP x DP for any pair of intersecting chords?

159
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160 Chapter2 Properties of geometrical figu

BUILDING UNDERSTANDING

res and circle geometry

0 State these lengths for the given diagram. C
a AP b DP C AC d BD lp D
9 Solve these equations for x. B '
a xx2=7x3 b 4x=5x%x2 A
C (x+3)Xx7=6x%x9 d 7x+4)=5x11
0 State the missing parts for the rules for each diagram.
a D b P c B
A‘
B P ¢
C
AP X CP = X AP x = X AP X = 2
N J
Finding lengths using intersecting chords, secants

and tangents

Find the value of x in each figure.

©

SOLUTION
a xxX3=1x5
3x =95
=3
b 8xX(x+8) =9x28
8x + 64 = 252
8x = 188
_ 47
2
C SXx(x+5)=72
S5x+25=49
Sx =24
=2

CambridgeMATHS NSW Stage 5
Year 10

b , c
9m
- Scm
S/
7 cm

EXPLANATION

Equate the products of each pair of line segments on
each chord.

Multiply the entire length of the secant

(19 + 9 =28 and x + 8) by the length from the
external point to the first intersection point with the
circle. Then equate both products.

Expand brackets and solve for x.

Square the length of the tangent and then equate with
the product from the other secant.
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2J Intersecting chords, secants and tangents

Now you try

Find the value of x in each figure.

a b c
“ 4m 2m
~
5m 3m
Exercise 2J
FLUENCY 1-3 1-3 1-3(Y3), 4

eamplesa 1 Find the value of x in each figure.
a

<
B

¥
&b

eampless 2 Find the value of x in each figure.

a b c 11 cm
om ’ xm > >
m 23 m 9cm

18m| [17 m cm

eampietsc 3 Find the value of x in each figure.

a b c
6 cm
14 mm
Sm
3m 21 mm

4 Find the exact value of x, in surd form. For example, V7.

a b

_.
=
o
B8
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PROBLEM-SOLVING

5(1/2) 5(12), 6

5 Find the exact value of x.

5(1%)
a "’ b ’ c
D D

/5
ﬁ PO

7 20
)/
T 19

6 For each diagram, derive the given equations.

N\
)~

a x24+5x-56=0 b x24+11x-220=0 ¢ x2423x-961=0
H X
’ 5 10 31 X
12
11
7,8 7-9 9-11
7 Explain why AP = BP in this diagram, using your knowledge from this section. P
B
A
D
8 In this diagram AP = DP. Explain why AB = DC. B
A
P # C
D \_7
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2J Intersecting chords, secants and tangents

9 Prove that AP X CP = BP x DP by following these steps. B C

a

d

diagram and also about the pair of angles «B and £C? Give a reason.
Prove AABP Il ADCP.

Complete:

— _CP
Prove AP X CP = BP X DP.

What can be said about the pair of angles £A and £D in the given o'

B
10 Prove that AP X BP = DP x CP by following these steps. /

Consider APBD and APCA in the given diagram. What can be said A

C
about «B and 2C? Give a reason. ) /
D

Prove APBD |l APCA.
Prove AP X BP = DP x CP. P

11 Prove that AP x BP = CP? by following these steps.

12 Two touching circles have radii ; and r,.
The horizontal distance between their centres is d.
Find a rule for d in terms of r and ¥y

Consider ABPC and ACPA in the given diagram. Is £P common to A ,
both triangles?

Explain why ZACP = ZABC.

Prove ABPC Il ACPA.

Prove AP X BP = CP. P

a

- - 12

CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



Working mathematically

Explore and
connect

Choose
and apply
techniques

Communicate
thinking and
reasoning

Chapter 2 Properties of geometrical figures and circle geometry

The impassable object

Without the use of sophisticated equipment, it is possible to estimate the distance across an impassable

object like a gorge or river, using similar triangles.
Present a report for the following tasks and ensure that you show clear mathematical workings and
explanations where appropriate.

Routine problems

On an adventure you come to a gorge and try to estimate ?

the distance across it. You notice a boulder (A) directly /// i

across the other side of the gorge and then proceed to place // i Gorge
rocks (B, C, D and E) on your side of the gorge in special S !
positions as shown. You measure BC = 10 m, CD = 6 m and C/ ,_i

DE =8 m. ,

a Prove the AABC |l AEDC.
b Find the scale factor linking the two triangles.

oo
=
____E w
(@)
B
S
=
o]

o==
~

¢ Find the distance across the gorge.

e

Non-routine problems

a Choose an object near your school or house like a river, road or ravine.

similar triangles.

¢ Assess your situation by taking measurements (without crossing your chosen object) and illustrate

with a diagram.

Prove that your triangles are similar.

Determine a scale factor for your triangles.

Estimate the distance across your chosen impassable object.

Construct other possible placements of the pebbles by adjusting their position.

S| = oo o

Compare your results from your constructions.

] Summarise your results and describe any key findings.

Extension problems

Problem solve a Investigate other possible ways in which similar triangles can be constructed (resulting in a

CambridgeMATHS NSW Stage 5 h -0 1096 d > f Cambridge University Press
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different type of diagram to the one above) to solve such a problem.

b Find a different type of problem where similar triangles can be identified. Prove that the triangles

formed are similar and use them to solve the problem.

b Consider the possible placements of pebbles or other objects (as per the Preliminary task) to create

Assess each situation and recalculate your estimate for the distance across your impassable object.



Investigation

Some special points of triangles and Euler’s line

This investigation explores three special points in a triangle: the circumcentre, the centroid and the
orthocentre. This is best done using an interactive geometry package.

The circumcentre of a triangle

The perpendicular bisectors of each of the three sides of a triangle B
meet at a common point called the circumcentre.

a Construct and label a triangle ABC and measure each of its
angles.

b Construct the perpendicular bisector of each side of the
triangle.

¢ Label the point of intersection of the lines N. This is the
circumcentre.

d By dragging the points of your triangle, observe what
happens to the location of the circumcentre. Can you draw any conclusions about the location of
the circumcentre for some of the different types of triangles; for example, equilateral, isosceles,
right-angled or obtuse?

e Construct a circle centred at N with radius NA. This is the circumcircle. Drag the vertex A to
different locations. What do you notice about vertices B and C in relation to this circle?

The centroid of a triangle A

The three medians of a triangle intersect at a common point called the
centroid. A median is the line drawn from a vertex to the midpoint of the

. b
opposite side. ‘
a Construct the centroid (R) for a triangle ABC. ‘k
a
B

b Drag one of the vertices of the triangle and explore the properties of
the centroid (R).

C

The orthocentre of a triangle 2

The three altitudes of a triangle intersect at a common point called the
orthocentre. An altitude of a triangle is a line drawn from a vertex to the ¥ O
opposite side of the triangle, meeting it at right angles. \
a Construct the orthocentre of a triangle (O) for a triangle ABC. “‘
b Drag one of the vertices of the triangle and explore the properties of the ¢
orthocentre (O). B

Euler’s line

a Construct a large triangle ABC and on this one triangle use the previous instructions to locate the
circumcentre (N), the centroid (R) and the orthocentre (O).

b Construct a line joining the points N and R. Drag the vertices of the triangle. What do you notice
about the point O in relation to this line? This is called Euler’s line.

uoljehiysanuy
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Problems and challenges
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1

3

4

In a triangle ABC, angle C is a right angle, point D is the midpoint of A
AB and DE is perpendicular to AB. The length of AB is 20 units and
the length of AC is 12 units. What is the area of triangle ACE?

In this diagram, AB = 15cm, AC = 25 cm, BC = 30 cm and A
£AED = £ABC. If the perimeter of AADE is 28 cm, find the E

lengths of BD and CE. 5

B C

Other than straight angles, name all the pairs of equal angles in the diagram C
shown.

A person stands in front of a cylindrical water tank and has a viewing angle of 27° to the sides of the
tank. What percentage of the circumference of the tank can they see?

An isosceles triangle ABC is such that its vertices lie on the circumference of a circle. AB = AC and the
chord from point A to point D on the circle intersects BC at point E. Prove that AB> — AE? = BE x CE.

D, E and F are the midpoints of the three sides of AABC. The straight
line formed by joining two midpoints is parallel to the third side and
half its length.
a Prove AABC |l AFDE.
AGHI is drawn in the same way such that G, H and [ are the midpoints
of the sides of ADEF.
b Find the ratio of the area of:
i  AABCto AFDE ii AABC to AHGI
¢ Hence, if AABC is the first triangle drawn, what is the ratio of the
area of AABC to the area of the nth triangle drawn in this way?
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N semicircle is 90°.
Congruent triangles

Similar triangles application )
B
£ AABCII A AED (AAY) (op )
I 2
L=t ]
c D
i =]
~54—>
36 —
Scale factor = 57 (4°)
=15 -
XX15="54 (72
x=54+15
x=36 :
‘ ) 3
4 A N\
Similar figures Angle properties of circles 3
All corresponding angles are equal, ) o
corresponding sides are in the same A Angle at centre is
ratio; i.e. same shape but different in A twice afngle atthe -
size. circumference
Tests for similar triangles: Polygons A subtended by the
SSS, SAS, AAA, RHS. Angle sum of polygon same arc.
Written as AABC IIl ADEF or S=(n-2)x 180°, where
fABC ~ADEF, ) nis the number of sides.
8
‘ The angle ina

Such triangles are identical, written
AABC= A DEF.

Tests for congruence are

SSS, SAS, AAS and RHS.

Vj Congruent by SAS Properties of

Angles at circumference
subtended by the same
arc are equal.

geometrical : .
. . Opposite angles in
figures and circle cyclic quadrilaterals are
supplementary.
Circles and chords geometry A a Epcz 180 "
b+ d=180

@B ABis a chord.

A

Chord theorem 1
Chords of equal length
subtend equal angles.

AOAB s isosceles
given OAand OB are

radii.
Chord theorem 2 4 2
If AB= CD,
then OE= OF.
Chord theorem 3 Tangents
Perpendicular from “
centre fo chord bisects | ~<EN A tangent touches a circle

hord and angle at 0. _
chord and angle at 0 once and is perpendicular

point of P :
Chord theorem 4 e e contact to the radius at the point of

Perpendicular bisectors % contact.
of every chord of a circle W‘ tangent

intersect at the centre.

A
Tangents PAand PB
. P have equal length; i.e.
Intersecting chords, secants, tangents PA= PB.
A P g
/@’secant
B ¢ APxBP=CPxDP
D

\Z

Alternate segment theorem:
angle between tangent and
chord is equal to the angle in

the alternate segment.
ab=cd P
(2 4
B APx BP= CP?
CPis a tangent.
c
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Chapter checklist

E
C
B D F
CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
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Chapter checklist with success criteria

A printable version of this checklist is available in the Interactive Textbook Ej

1. I can use the angle sum of a triangle.
e.g. Find the value of x, giving reasons.

40°
xO

2. | can apply the exterior angle theorem.
e.g. Find the value of x, giving reasons.

xO
20° 125°

3. I can find an unknown angle in a polygon.
e.g. Find the value of xin the polygon shown.

4. | can work with angles in parallel lines.
e.g. Find the value of xin the following, giving reasons.

i
112°
xO

i -
= 160°

5. | can prove congruence of triangles.
e.g. Prove that this pair of triangles are congruent.

Photocopying is restricted under law and this material must not be transferred to another party.
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)
: -
6. | can use congruence in proof. (<X
e.g. For the diagram shown, prove AADC = ABDC and hence state the length of AC, <=
giving a reason. 5"
q
()
[] =
8 cm D
(x)
=
A lr)—l B '0_3..

7. 1 can prove properties of quadrilaterals.
e.g. Prove that a parallelogram (with opposite parallel sides) has equal opposite sides.

A — B

j []

D C

8. | can test for a type of quadrilateral.
e.g. Prove that if one pair of opposite sides is equal and parallel in a quadrilateral then it
is a parallelogram.

A B D

D C

9. I can find and use a scale factor in similar figures.
e.g. The two shapes shown are similar. Find the scale factor and use this to find the
values of xand y.

H G
D 9 []
7.5 cm 6 cm
4 cm % il
A3em B E yem F

10. I can prove similar triangles using similarity tests.
e.g. Prove that the following triangles are similar.

D
T ]
25 o 3
o 100°
C
B 6 E T F
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11. | can establish and use similarity.
e.g. A cone has radius 3 cm and height 6 cm. Prove that AADE Il AABC and find the
radius DEif AD =2 cm.

3 cm

Chapter checklist

12. | can use chord theorems.
e.g. Given AM = BMand zAOB = 100°, find zAOM and «OMB.

R
/

=

N/

13. I can prove chord theorems.
e.g. Prove chord theorem 1 in that chords of equal length subtend equal angles at the D
centre of a circle.

14. | can apply circle theorem 1.
e.g. Find the value of yin the circle shown.

[]

15. | can apply circle theorem 2.
e.g. Find the value of yin the circle shown.

(¥
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16. | can apply circle theorems with other circle properties.
e.g. Find the size of ZACB.

C

N N
NU%

@ 17. | can apply circle theorem 3.

)
g
QO
<=
o gt
(-}
q
()
—
¢®
(x)
=
(7¢]
[ ad

e.g. Find the value of a.
B

ﬁ\‘ b 0

|

C

18. I can apply circle theorem 4.
e.g. Find the value of a.

19. | can find angles involving tangents.
e.g. Find the value of b in this diagram involving a tangent.

A

15—

bO
o
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Chapter checklist

Chapter 2 Properties of geometrical figures and circle geometry

20. | can use the alternate segment theorem.

e.g. In the diagram XY'is a tangent to the circle. Find zABPif «BAP = 23° and

2APX = 65°.

X p Y

21. | can find lengths using intersecting chords.
e.g. Find the value of xin the diagram.

22. | can find lengths using intersecting secants and tangents.

e.g. Find the value of xin the following diagrams.
7m I‘
N
8 cm

23. | can determine the features of a network.
e.g. For the graph shown, state:
i the number of vertices
i the degree of vertex C.

A B
E@D

CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3
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Chapter review

Short-answer questions

n 1 Determine the value of each pronumeral.
a

1dey)

85°
x° 150°

@
q
q
®
—
@
<

118°

n 2 Find the value of ZABC by adding a third parallel line.

a B A b p c
T 39
C<86°
B
126°
D T E
A\73° E

m 3 Prove that each pair of triangles is congruent, giving reasons.

a B F b A
A< i : <D
¢ E
B c D

c A
D B
C
m 4 Complete these steps to prove that if one pair of opposite sides is A B
equal and parallel in a quadrilateral, then it is a parallelogram.
a Prove AABC = ACDA, giving reasons.
b Hence, prove AD || BC. D C
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5 In each of the following, identify pairs of similar triangles by proving similarity, giving reasons,
and then use this to find the value of x.

g a 98 C F__ 147 b A
> ’ ’ /
- : 710
(«b) A X

b

S b /

= b8 €

(& ¢ £

d D
X
A\
8 35° 55°
VC 6.3 D A x B 1 C

6 Find the value of each pronumeral and state the chord theorem used.

10 cm

7 Use the circle theorems to help find the values of the pronumerals.

a ‘ b
c =~ d
a°® 80°

2G/H

N
e
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8 Find the value of the pronumerals in these diagrams involving tangents and circles.

1dey)

c

@
q
q
®
—
@
<

9 Find the value of x in each figure.
a b ' c
/(W G Yl
X ( /‘
4 N__“

Multiple-choice questions

n 1 The value of a in the polygon shown is:
A 46 B 64 cC 72

D 85 E 102

a 2 The test that proves that AABD = ACBD is:
A RHS B SAS C SSS
D AAA E AAS

A C
; ; D; ;
B
n 3 The value of x in the diagram shown is:
A 432 B 45 C 36 =
D 55 E 52 X 9.6
61/ 12

n 4 The name given to the dashed line in the circle with centre O is:
A adiameter B aminor arc C achord
D atangent E asecant
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A circle of radius 5 cm has a chord 4 cm from the centre of the circle.

S The length of the chord is:
DD A 45cm
3 B 6cm
b C 3cm
5
o 2cm
g The values of the pronumerals in the diagram are:
(<) A a=55b=35
B a=30,b=70
C a=70,b=35
D a=55b=70 A\
E a=40,b=55 D —

m 7 A cyclic quadrilateral has one angle measuring 63° and another angle
measuring 108°. Another angle in the cyclic quadrilateral is:

A 63° B 108° C 122° D 75° E 117°
. . . . . xcm
n 8 For the circle shown at right with radius 5 cm, the value of x is:
A 13 B 10.9 C 12
D 17 E 15.6
12 cm

n 9 By making use of the alternate segment theorem, the value

B
of ZAPB is: A ’

A 50° B 45° C 10°
D 52° E 25°
70°
X P Y
10 The value of x in the diagram is:
A 75 B 6 C 38 ‘»
D 4 E 5
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Extended-response questions

1 The triangular area of land shown is to be divided into two areas such that AC || DE. The land is g
to be divided so that AC: DE = 3:2. ay
=]
[
< =
q
E (1°]
= <
i =
A D B

a Prove that AABC |l ADBE.
b If AC = 1.8km, find DE.
If AD = 1 km and DB = xkm:
i show that 2(x + 1) = 3x i solve for x.
d For the given ratio, what percentage of the land area does ADBE occupy? Answer to one
decimal place.

2 ABis a diameter of circle centre O and AB is produced to P, as shown. PQ meets AP at 90° and
TP is a tangent to the circle at C.

T Q

50°

Explain why ZACB = 90°.

Prove that BCQP is a cyclic quadrilateral.
Find the size of angles ABC, CBP and CQP.
Find the size of angle TCA, giving a reason.

e 0 T o
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It is useful to know the magnitude of the faintest

visible star that you can view through your telescope

on a very dark night. This is called the telescope’s
light magnitude limit, Lmag. Light first enters a

telescope’s larger objective lens of diameter D, mm.

The light then passes through the eyepiece lens into
your eye, with average pupil diameter Deye =7 mm.

Gmag is the telescope’s brightness increase capacity,

defined as:

D, \?

eye
Ginag =510019(Dp) — 510019(7)

The Greek astronomers had only the ‘naked eye’
and defined the faintest visible light magnitude as

Indices, exponentials
and logarithms

Lmag = 6. Hence the approximate light magnitude

limit (L;,4,) Of a telescope, is defined as:

Lmag = Gmag

Lag = 510019(Dp) +2

For example:

+6

If a telescope’s objective lens has diameter,
Do =100 mm, its light magnitude limit is:

Linag =510019(Dp) +2
Lnag=510019(100) + 2 =12

Objects down to a magnitude of 12 should be visible
through this telescope on a dark night. Thisis a
useful ‘rule of thumb’ as not all potential variables
are accounted for.
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3A Review of index laws (CONSOLIDATING)
3B Negative indices

3C Scientific notation (CONSOLIDATING)
3D Fractional indices

3E Exponential equations

3F Exponential relations and their graphs
3G Exponential growth and decay

3H Introducing logarithms

31 Logarithmic scales

3J Laws of logarithms

3K Solving exponential equations using logarithms

In this chapter, a student:

¢ develops understanding and fluency in mathematics through
exploring and connecting mathematical concepts, choosing
and applying mathematical techniques to solve problems, and
communicating their thinking and reasoning coherently and clearly
(MAO-WM-01)

* solves measurement problems by using scientific notation to
represent numbers and rounding to a given number of significant
figures (MA5-MAG-C-01)

» simplifies algebraic fractions involving indices, and expands and
factorises algebraic expressions (MA5-ALG-P-01)

» simplifies algebraic expressions involving positive-integer and
zero indices, and establishes the meaning of negative indices for
numerical bases (MA5-IND-C-01)

» applies the index laws to operate with algebraic expressions
involving negative-integer indices (MA5-IND-P-01)

¢ describes and performs operations with surds and fractional indices
(MA5-IND-P-02)

* identifies connections between algebraic and graphical
representations of quadratic and exponential relationships in various
contexts (MA5-NLI-C-01)

* identifies and compares features of parabolas and exponential
curves in various contexts (MA5-NLI-C-02)

» establishes and applies the laws of logarithms to solve problems
(MA5-L0OG-P-01)

© 2022 NSW Education Standards Authority

A host of additional online resources are included as part of

your Interactive Textbook, including HOTmaths content, video
demonstrations of all worked examples, auto-marked quizzes and
much more.
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3A Review of index laws consoLipaTing

Learning intentions for this section:

¢ To understand index notation and know that it is a way of writing repeated multiplication
* To know the index laws for multiplication and division involving a common base

* To know how to apply powers where brackets are involved

* To know that any number (except 0) to the power of zero is equal to 1

¢ To be able to combine a number of index laws to simplify an expression

Past, present and future learning:

¢ This section includes concepts from the Stage 5 Path Topic called /ndices B

¢ |t consolidates and extends the concepts in Chapter 6 of our Year 9 book

¢ In Stage 6 Advanced these concepts will be revised, briefly, then extended

From your work in Year 9 you will recall that powers

(i.e. numbers with indices) can be used to represent repeated
multiplication of the same factor. For example,
2x2x2=2%and 5 X x X x X x X x = 5x* The five basic index
laws and the zero power will be revised in this section.

Lesson starter: Recall the laws

Index laws efficiently simplify powers of a

base. Powers of 2 calculate the size of digital

data and bacterial populations, and powers

describe the index law used. of 10 are used when calculating earthquake
and sound level intensities.

Try to recall how to simplify each expression and use words to

o 53x57 o x4z x2
o (a7)2 o (2(1)3

- Q) ¢ (e

KEY IDEAS

B Recallthata=a!and 5a=5!x al.

B The index laws

* Index law for multiplication: @™ X a" = a™*"  Retain the base and add the indices.
m

e Index law for division: a™ + a” = Z—n =g Retain the base and subtract the indices.

e Index law for power of a power: (a™)" = a™" Retain the base and multiply the indices.

e Index law for brackets: (a X b)™ = a™ x b™ Distribute the index number across the bases.

m m
* Index law for fractions: (%) = Z—m Distribute the index number across the bases.
M The zero index: a” = 1 Any number (except 0) to the power of zero
is equal to 1.
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3A Review of index laws 181

BUILDING UNDERSTANDING

ﬂ Simplify, using index form.
a 3x3x3x3 bh 7x7x7Tx7Tx7Tx7
C 2XxXxX3Xx d 2xbxax4xbxXaxa

@ State the missing parts to this table.

4 3 2 1 0
23=8

6 State the missing components.

a 22x23=2x2x____ b x_5: XXXXXX___
=2 3
= X
3
¢ (a?)’ =axa X d @0)O%x2x%=____x____
= a—— 2
\_ 4

Using index laws for multiplication and division

Simplify the following using the index laws for multiplication and division.

a x> xux? b 3a?b x 4ab’
¢ m’+md d 4x2y> + (8xy?)
SOLUTION EXPLANATION
a Oxxt=x° There is a common base of x, so add the indices.
b 3a2b x 4ab3 = 12a43p* Multiply coefficients and add indices for each base a and b.
Recall thata = a .
¢ m’+m’=m? Subtract the indices when dividing terms with the same base.
4x 2y . .
d 4x2y5 + (8xy 2y = ; Y 5 First, express as a fraction.
x3y Divide the coefficients and subtract the indices of x and y
O (.e. x2‘1y5‘2).
2
Now you try
Simplify the following using the first and second index laws for multiplication and division.
a x3xuxt b 2ab?x 7a%b3
¢ md+m3 d 5x2y*+ (10xy2)
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182 Chapter 3 Indices, exponentials and logarithms

Using indices with brackets

Simplify the following using the index laws.

a (a%)° b (2°)’

SOLUTION

a (a3)4 =qgl2

b (2y5)3= 2315

— 8y15
(H a—z 3= a®
2b 23p3
_ ab
8p3
Now you try

Simplify the following using the index laws.

a (a2)° b (3%)°

Using the zero index

Evaluate, using the zero index.

a 4a"
SOLUTION
a 4a=4x1

=4
b 2p°+@p)=2x1+1
=3

Now you try

Evaluate, using the zero index.
a 2a%

CambridgeMATHS NSW Stage 5

ISBN 978-1-009-40964-3

a2>3
¢ (ﬂ
EXPLANATION

Use the index law for power of a power by
multiplying the indices.

Use the index law for brackets and multiply
the indices for each base 2 and y.

Note: 2 =21,

Use the index law for fractions and apply
index to both 2 and b in the denominator.

b 2p0+(3p)°

EXPLANATION

Any number to the power of zero is equal to 1.

Note: (3p)? is not the same as 3p°.

b 5p0+ (7p)°

© Palmer et al. 2024 Cambridge University Press
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Combining index laws

Simplify the following using index laws.
3(xy2)3 X 4x4y2

a 3x%y3x6xyt = (2y?d) b >
8x<y
SOLUTION EXPLANATION
a 3x%y3x6xyt = (2y?) Multiply first using the index law for multiplication:
— 18x3y7+(2y2) xzxx1=x3, y3Xy4=y7.
_ 18x3y7 Divide the coefficients and subtract the
2y2 indices of y.
= Ox3y>
3
b 3 (xyz) X 4x4y? 3 316 x 4x4y?2 Remove brackets first by multiplying the indices for
8x2y - 8x2y each base.
12 7y8 Simplify the numerator using the index law for
T 8« 2y multiplication.
3x3y7 Simplify the fraction using the index law for
2 division, subtracting indices of the same base.
Now you try

Simplify the following using index laws.

a 4a3b x 3a2b* = (6a*) b

Exercise 3A

FLUENCY 1-4("2) 1-4(7s) 1-4(1)

eampletab 1 Simplify, using the index law for multiplication.

a a’xa* b x3xx2 ¢ bxbd
d 7m?x2m?3 e 2s%x3s3 fo8x28
1 2 14,23 .3 3s
=p X h Sc*xZc i Ssx=
i 2x2y x3xy? k 3a2bx 5ab> I 3v7w x 6v2w
m 3x%x 5xy2 x 10y4 N 2rs3 x 3ris x 2r2s? 0 4m®n7 x mn x 5mn?
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4ab? x 4a7p3

CambridgeMATHS NSW Stage 5
Year 10
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eampletic,d 2 Simplify, using the index law for division.
a x2+x2 b a’+ab ¢ ¢g°+q°
8 8
d bS=b e 2 2
7 Y 15 d
J’ m 2¢2y3 =
g I h 0 i 2x4y° =x
i 3r3s2+ () k 6p%?+(3¢%p? I 16m7x5 = (8m3x%)
5a%b* 8st4 2v3
m = n — 0 =X
a’b 213 8v3
p Ta’b q —3x%y —8x2y3
14ab 9x3y 16x2y
eample2 3 Simplify using the index laws involving brackets.
a (x9)° b (%) ¢ 4(a2)’ i 5(y5)°
e (42)° (u?)? g (33)° h (3pH)?

2 3 2 4
G e e e
b y4 Z4 14

3 2 3 4
@ @ )
58 2pq3 3g 3r
eample3 4 Evaluate the following using the zero index.
a 8x0 b 30 ¢ (52)° d (10ap2)°
e 5(g3h3)° f 8x0-5 g 4p°-9 h 7x0 — 4(2y)°
PROBLEM-SOLVING 5(12), 6 5(12), 6 5(%3). 6,7
eamples 9 Use appropriate index laws to simplify the following.

a x®xuxd+x3 b x2y+ (xy)xxy?

2,3 2,4
¢ x*n7xx3n% =+ (xn) d %

X7y
e m2w X m3w? f risT x rts’?
m4w3 r4s7
g 9x2y3 x 6x7y> h 4x%y3 x 12x2y2
12xy® 24x%y
. 16a%h x 4ab” i 2,43 2
I s 3m<n X mn
32a7b6 ] ( )
3 2 3
k —5(a%b)’ x (3ab)? | (4f20)° x f2e* = (3(fg2) )
m 4m?n x 3(m2n)3 0 (7y2z)2>< 3yz?
6m2n 7(yz2)?
2(ab)? x (2a%)’ (2m?)?  (6n%)?
p

3(mn4)0 x (=2n)3m*
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3A Review of index laws

6 Simplify.
a (=3)3 b —(3)3 c (-3)* d -3

7 Simplify.
5
s () () (%))
_Reasone B0 80,9 B(19.9.10

8 Evaluate without the use of a calculator.

133 187 98 410
120 h 1S c = d =
132 186 96 47
252 362 272 322
s =y I 37 hT

9 When Billy uses a calculator to raise —2 to the power 4
he gets —16 when the answer is actually 16. What has
he done wrong?

10 Find the value of a in these equations in which the index is unknown.

a 2¢=8§ h 39=81
¢ 20tl=4 d (=3)4=-27
e (=5)%=625 f (=4 l=1

ENRICHMENT: Indices in equations = = 11-13("2)

11 If x4 = 3, find the value of:
a x8 b x4-1
c 2x!0 d 3x%—3x8

12 Find the value(s) of x.

a x*=16 b 2*1=16
¢ 2% =16 d 223=16
13 Find the possible pairs of positive integers for x and y when:
a x'=16 b x’=64
¢ x'=381 d x'=1
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186 Chapter 3 Indices, exponentials and logarithms

3B Negative indices

Learning intentions for this section:

* To understand how a negative power relates to division

* To know how to rewrite expressions involving negative indices with positive indices
* To be able to apply index laws to expressions involving negative indices

Past, present and future learning:

¢ This section includes concepts from the Stage 5 Path Topic called /ndices B

¢ |t consolidates and extends the concepts in Chapter 6 of our Year 9 book

¢ |n Stage 6 Advanced these concepts will be revised, briefly, then extended

The study of indices can be extended to include negative powers. Using the index law for division and the

fact that « = 1, we can establish rules for negative powers.

a0

+a" = a" " (index law for division) also a%+a" =1+a"(asa®=1)

=q "

Therefore: a™" =

Also: 1 =1<ag™

0"
=1=+ a—ln
n
= 1x4

= q"
Therefore: al” =a”.

A half-life is the time taken for radioactive material to halve
in size. Calculations of the quantity remaining after multiple
halving use negative powers of 2. Applications include
radioactive waste management and diagnostic medicine.

Lesson starter: The disappearing bank balance

Due to fees, an initial bank balance of $64 is halved every month.

Balance ($) 64 32 16 8 4 2 1

N|—
oo|—

Positive indices only 26 25

Positive and negative indices 26 24 2-1

e Copy and complete the table and continue each pattern.
* Discuss the differences in the way indices are used at the end of the rows.

°  What would be a way of writing — using positive indices?

1

16
1 . ive indi 9

E using negatlve mdices!
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3B Negative indices

KEY IDEAS

-m__1 =3 _i=l
mao"= P For example, 27> = Sl
m L For example, 1 _93_3g

2—3

-1
B Note:a~! = % (which is the reciprocal of a) and (ﬁ) = g

BUILDING UNDERSTANDING

ﬂ State the next three terms in these patterns.
a 23,2221 20 2-1

S

b x2x1,x% _,

—s — —

@ Recall that 1 = 2—12 Similarly, state these fractions using positive indices for the denominator.

4
1 1 S5 _2

a9 b5 ¢ 16 i -5
@ State each rule for negative indices by completing each statement.

a a —b =__ h L =_

a -b

G Express the following with positive indices using a =" = ai’” and evaluate.

a 572 b 373 C 4x772

- J
Writing expressions using positive indices
Express each of the following using positive indices.
a b4 b 3x4y2 ¢ S5
x—3
SOLUTION EXPLANATION
a b_4=b—14 Use a‘"=a—1,,.
2 2 2
b 3x%2= »° x is the only base with a negative power. 3 xLx? — 3L
P L7 x47 1 b

¢ ig)=5><x3 Use%:a”andnotethat%:Sx%.

X~ a X~ X~

= 5x3
Now you try
Express each of the following using positive indices.
a b3 b 2x~2%y3 ¢ -2
4
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Using index laws with negative indices

Simplify the following expressing answers using positive indices.

31,2
2a5 193 b 4m—2n3
a>b 8m Sn —4
SOLUTION EXPLANATION
a 2a3b2 9,1 Use the index law for division to subtract
Spa i dnt - 3-5 A5
a’b powers with a common base: a°~> and b~ .
= ﬁ Express with positive powers % X a—12 X %
b 4m—2n3 _ Um _72117 Cancel the common factor of 4 and subtract
8mon~4 B powers m~2=5 and n> =Y,
_n’ . .. 1 1 _n’
= ? Express with positive powers 7 X ] XTI
Now you try
Simplify the following expressing answers using positive indices.
a 5a%b3 b 3m 3n0
a*p’ 9m4n =2
Simplifying more complex expressions
Simplify the following and express your answers using positive indices.
2 \4 o\ -3
;) ) v ot (25)
Spq~ q
SOLUTION EXPLANATION
a (x 3y=1 ) 3 % (x —2y3) - Remove brackets first by using index laws for
=x% 3 x x10y-15 brackets e.g.
3,-1)3 = (+3)3 (v-1)3 = 9,3
= x19-18 ()7 = (%) (671) " =%
19 Use the index law for multiplication to add
= y_18 powers with a common base: x2+10 = x19,
—3+(-15 —
y +(=15) _ y-18
Usea™ = a—ln to express y 18 as y—ig.
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Now you try

3B Negative indices

Deal with brackets first by multiplying the

power to each of the indices within the

brackets.

To divide, multiply by the reciprocal of the

fraction after the + sign.

Use the index laws for multiplication and

division to combine indices of like bases.

Simplify each numerator and denominator

4+4(=9 _
9 _ g5,

87, —5—(-6)

first: g

Then p~°"'q =p~

Usea™ = a—ln to express p

index.

Simplify the following and express your answers using positive indices.

a (x—2y4)-2 . (x3y—1)3

Exercise 3B

q2

. M{pj)‘l

2p~2q?

with a positive

Year 10

FLUENCY 1-4(72) 1-5(1/s) 1-5(Va)
Express the following using positive indices.
a x> b a™* c 2m
d 3y~’ e f 4m3n~3
g 10x~%y3; h i %P q-r
j %a’ze“‘f5 k %uzv‘6w7 | %b%‘sd_2
pamplesc 2 Express the following using positive indices.
1 2
a — b =
x_2 y -3
4 3
c o d =
2b* 3m?
¢ 3 b
4 3
g 4b . h Sh .
3a~ 2g~
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190 Chapter 3 Indices, exponentials and logarithms

pample6a 3 Use the index laws for multiplication and division to simplify the following. Write your answers using
positive indices.

a x3xx?2 b a’xa™* ¢ 265xb7? d 3y Oxy3
e xZy3xx 3y f 4a=%y%xa3y—2 g 2a3bx3a"23 h 6a*b3 x 3a=%
i a:b3 i m3n? k 3x2y I 4m3n*
a?b? mn3 6xy2 Tm2n7
m a3h* = @) N p2gd = (p7qd 0 pztIfF: p 192r_4_S86
pgtr rs

eample6b 4 Express the following in simplest form with positive indices.

2x 2 7d3 5572 4f=>
’ 3x_3 b 10d™ ¢ 3s d 3f—3
e f3g72 f r3s™4 g 3w %3 h 15¢3d
f _2g3 r3s—2 6w 3x2 12¢2473
5 Express the following with positive indices.
(zj)“ <m_3>3 ¢ 2 ) d 4(a2)’
x3 4m>
e (3t‘4)2 f 5(x2)_2 g (3x_5)4 h —8(x5)_3
()7 i ()T k7677 L2677

PROBLEM-SOLVING 6(2) 6-7(1/2) 6-7(13), 8

eampe7 6  Simplify the following and express your answers with positive indices.
a (a32) x (a2%) " b (2p2)* x (3p2%)

¢ 2(x2y‘1)2 X (3)cy4)3
2\4 2.)2 —2.4\2 4
2a3b2% _ 2423 (3rs ) (2r S) 4(x M ) Xy
d X=3 € 3.4 X7 f 3 X5
a3 b r=os s Xy~ 2x"%y
2
a’b3 2 ab* 2 m*n—2 2 m3n2 2 : 3(x2y_4) ()3
(55) = (%) V() () S T
p=) a2 : ; 207 (Y
7 Evaluate without the use of a calculator.
a 572 h 4-3 c 2x772
4 5x379 e 310x(3%)7° (42 xa(a)”
2 -3 Po(2)?
g 7-2 h 42 : (3)
_2 3 _4 —2
j (—_5)‘3 @) , (1079
4 4—4 -2 -3
(1072)
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3B Negative indices 191

8 The breadth of a hair on a spider is
approximately 37> cm. How many
centimetres is this, correct to four decimal
places?

REASONING 9 9,10 10-12
9 A student simplifies 2x 2 and writes 2x 2 = ﬁ Explain the error made.

10 a Simplify the following.
. _1 .. _1 sse _1
" (3) i (3) i (5)

-1
b Whatis (%) when expressed in simplest form? Explain.

11 Evaluate the following by combining fractions.

a 2-143-1 b 37 2+6-!
o ()7 -() i (3)" -s50)
(97 (%) C(E)-(E)

R P
12 Prove that ( 5 = 27¥ giving reasons.

ENRICHMENT: Simple equations with negative indices = = 13("2)

13 Find the value of x.

x_1 x— 1 x— 1
a 2¥= T b 2%= £%] c 3= 7
3\'_4 2\'_9 2\"_125
i (3) =3 e (3) =1 f(3) =%
1 1 o1
g ? =8 h ? =81 | F =1
sk k 33=3 I 105 = o6s
§2x+l_ﬂ 23,\7—5_2 ll_x—i
n(3) =% v (3) =% o (7) =7
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192 Chapter 3 Indices, exponentials and logarithms

3C Scientific notation consoLipaTing

Learning intentions for this section:

* To know that scientific notation is a way of representing very large and very small numbers
* To be able to convert between scientific notation and basic numerals

* To be able to use and interpret scientific notation on a calculator

* To know the meaning of the term significant figures

* To be able to round to a number of significant figures in scientific notation

Past, present and future learning:

* This section addresses the Stage 5 Core Topic called Numbers of Any Magnitude

¢ |t consolidates and extends the concepts in Chapter 6 of our Year 9 book

¢ These concepts are assumed knowledge for Stage 6 Advanced

Scientific notation is useful when working with very
large or very small numbers. Combined with the

use of significant figures, numbers can be written
down with an appropriate degree of accuracy and
without the need to write all the zeros that define

the position of the decimal place. The approximate
distance between the Earth and the Sun is 150 million
kilometres or 1.5 x 108 km when written in scientific
notation using two significant figures. Negative
indices can be used for very small numbers, such as

_s Everyday users of scientific notation include
0.0000382 ¢ =3.82 X 107 g. astronomers, space scientists, chemists, engineers,
environmental scientists, physicists, biologists, lab
technicians and medical researchers. This image shows
white blood cells engulfing tuberculosis bacteria.

Lesson starter: Amazing facts large and small
Think of an object, place or living thing that is associated with a very large or small number.

e Give three examples using very large numbers.

e Give three examples using very small numbers.

e Can you remember how to write these numbers using scientific notation?

e How are significant figures used when writing numbers with scientific notation?

KEY IDEAS

B A number written using scientific notation is of the form a X 10™, where 1 < a < 10 or

—10 < a < —1 and m is an integer.

e Large numbers: 24800000 = 2.48 x 107
9020000000 = 9.02 x 10°

e Small numbers: 0.00307 = 3.07 x 1073
—0.0000012 = —1.2 x 107°

CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024

Cambridge University Press

Year 10 Photocopying is restricted under law and this material must not be transferred to another party.



3C Scientific notation 193

B Significant figures are counted from left to right, starting at the first non-zero digit.
e When using scientific notation the digit to the left of the decimal point is the first significant
figure.
For example: 20190000 = 2.019 x 107 shows four significant figures.
e The[x107] or keys can be used on calculators to enter numbers using scientific
notation; e.g. 2.3E—4 means 2.3 X 10~4.

BUILDING UNDERSTANDING

0 How many significant figures are showing in these numbers?

a 2.12x107 b 1.81x1073 ¢ 461 d 0.0000403

9 State these numbers as powers of 10.
1

a 1000 b 10000000 ¢ 0.000001 d 1600
0 Convert to numbers using scientific notation by stating the missing power.

a 43000 =4.3x 105 b 712000 =7.12 x 105 ¢ 9012=9.012x 105

d 0.00078 =7.8 x 105 e 0.00101 =1.01 x 105 f0.00003 =3 x 10U

- J
Converting from scientific notation to a basic numeral

Write these numbers as a basic numeral.
a 5.016x 103 b 32x1077
SOLUTION EXPLANATION
a 5.016 x 105 = 501600 Move the decimal point 5 places to the right.
b 3.2x10~7 =0.00000032 Move the decimal point 7 places to the left.
Now you try

Werite these numbers as a basic numeral.
a 2.048 x10* b 47x107°
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194 Chapter 3 Indices, exponentials and logarithms

Converting to scientific notation using significant figures

Write these numbers in scientific notation, using three significant figures.

a 5218300 b 0.0042031

SOLUTION EXPLANATION

a 5218300 =5.22 x 10° (to 3 significant Place the decimal point after the first non-zero
figures) digit. The digit following the third digit is

at least 5, so round up.

b 0.0042031 = 4.20 x 1073 (to 3 significant Round down in this case, but retain the zero to
figures) show the value of the third significant figure.

Now you try

Write these numbers in scientific notation, using three significant figures.
a 7937200 b 0.00027103

Using technology with scientific notation

Evaluate V2.61 x 10* + (3.2 x 10~2), answering in scientific notation using three significant

figures.
SOLUTION EXPLANATION
V2.61 x 104 = (3.2 X 10‘2) Enter the expression into a calculator. Scientific
=5048.59 . . . notation can be entered using or
=5.05 x 103 (to 3 significant figures) keys.
Express in scientific notation using three significant
figures.
Now you try
Evaluate V4.62 x 108 x 5.24 x 1073, answering in scientific notation using three significant
figures.
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3C Scientific notation 195

Example 8a

Exercise 3C

FLUENCY 1-4(12), 6(72)

1-4(12), 6(12) 1-6(Ys)

1 Write these numbers as a basic numeral.

a 3.12x103 b 5.4293 x 104 ¢ 7.105 % 10°

d 8.213 x 10° e 5.95x10% f —8.002 x 10°

g -1.012x10* h 9.99 x 106 i 2.105x 108

i —-55x10% k 2.35x10° | 1.237 x 1012
examplesh 2 Write these numbers as a basic numeral.

a 45x1073 b 2.72x 1072 ¢ 3.085x 107

d 7.83x1073 e —92x107 f 2.65x107!

g 1.002x 10~ h —6.235x107° i 9.8x107!

i —5.45x10710 k 3.285x 10712 I 8.75x 1077
eample9a 3 Write these numbers in scientific notation, using three significant figures.

a 6241 b —572644 ¢ 30248

d 423578 e —10089 f 34971863

g 72477 h 356088 i 110438523

i 909325 k —4555678 | 9826100005
pample9s 4 Write these numbers in scientific notation, using three significant figures.

a 0.002423 b —0.018754 ¢ 0.000125

d —0.0078663 e 0.0007082 f 0.11396

g 0.000006403 h  0.00007892 i 0.000129983

i 0.00000070084 k 0.000000009886 | —0.0004998

5 Write in scientific notation, using the number of significant figures given in the brackets.

a —23900(2) b 5707159(3) ¢ 703780030(2)
d 4875(3) e 0.00192(2) f —0.00070507 (3)
g 0.000009782 (2) h —0.35708 (4) i 0.000050034(3)

eamplets 6 Use a calculator to evaluate the following, giving the answers in scientific notation using three
significant figures.
a (283%x102)7 b 5.1+ (@8x10% c (93x1072) x (8.6 x 10%)

d (3.27x 10% = (9 x 1079) e V3.23x107° f V5.73 x 1074 x 4.28 x 103
PROBLEM-SOLVING 7 (%), 8 7(1s), 8

7 Write the following numerical facts using scientific notation.

a The area of Australia is about 7700000 km>.
The number of stones used to build the Pyramid of Khufu is about 2 500 000.
The greatest distance of Pluto from the Sun is about 7400000000 km.
A human hair is about 0.01 cm wide.
The mass of a neutron is about 0.000000000000000000000000001675 kg.
The mass of a bacteria cell is about 0.00000000000095 g.

-~ o o o =T
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196 Chapter 3 Indices, exponentials and logarithms

8 The speed of light is approximately 3 X 10° km/s and the average
distance between Pluto and the Sun is about 5.9 x 10% km. How
long does it take for light from the Sun to reach Pluto? Answer
correct to the nearest minute.

9 Explain why 38 x 107 is not written using scientific notation.

10 Write the following using scientific notation.

a 21x103 b 394 x 107 ¢ 6004 x 1072 d 179 x 1076
e 02x10% f 0.007 x 102 g 0.01x10° h 0.06 x 108
i 04x1072 i 0.0031x10-1! k 2103 x107° | 9164 x 1024

11 Combine your knowledge of index laws with scientific notation to evaluate the following and express
using scientific notation.

a (3x102)° b (2x10%)° ¢ (8x10%)’

i (12x1075)° e (5x1073)7 i (4x10%)7°

g (15%x1073)° ho(8x1078)”" i (X107 x2x 1074
i 3x1077) x (4.25 % 102%) k (15 % 108) x (12 x 10711 I (18 x10%) + (9% 103)
m (240x 1074 + 3 x 1072) n (2x107% + (50 x 10% 0 (5%x10%) +(0x1073)

12 Rewrite 3 X 10~4 with a positive index and use this to explain why, when expressing 3 X 10™* as a
basic numeral, the decimal point is moved four places to the left.

- - 13

13 E =mc? is a formula derived by Albert Einstein (1879-1955). The
formula relates the energy (E joules) of an object to its mass (m kg),
where c is the speed of light (approximately 3 x 108 m/s).
Use E = mc? to answer these questions, using scientific notation.
a Find the energy, in joules, contained inside an object with these
given masses.
i 10kg i 26000 kg
iii 0.03 kg iv. 0.00001 kg
b Find the mass, in kilograms, of an object that contains these given amounts of energy. Give your

answer using three significant figures.
i 1x10%7 i 3.8x 10167 i 8.72x 1047 v 1.7x10727J
¢ The mass of Earth is about 6 x 102% kg. How much energy does this convert to?
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3D Fractional indices 197

3D Fractional indices

Learning intentions for this section:

» To understand how a fractional index relates to the root of a number

» To know how to convert between bases with fractional indices and surd form

* To be able to evaluate some numbers with fractional indices without a calculator
* To be able to apply index laws to expressions involving fractional indices

Past, present and future learning:

« This section includes concepts from the Stage 5 Path Topic called /ndices C

* It consolidates and extends the concepts in Chapter 6 of our Year 9 book

* In Stage 6 Advanced these concepts will be revised, briefly, then extended

The square and cube roots of numbers, such as V81 = 9 and V64 = 4,
q

can be written using fractional powers. -~
1 1 =
. 2 3 3 -~
The following shows that V9 =9~ and V8 = 8~ -~
Consider: -
1 1 1.1
VOXxV9 =3%x3 and 9°x9° =9° Z _, S
=9 =9 Fractional indices are used in
1 finance, electrical engineering,
. _ 02 architecture, carpentry and for
V9 =9 solving packing problems. Volume
Also: 1 1 | 11 to the power of one-third (i.e. the
3 3 3 3 3 3 3T3t3 cube root) finds a cube’s side length
B XxVW8XxV8=2x2x2 and 8 x8 x8 =38 and helps find a sphere’s radius. )
1
B =8’
A rational index is an index that can be expressed as a fraction.
Lesson starter: Making the connection
For each part below use your knowledge of index laws and basic surds to simplify the numbers. Then
discuss the connection that can be made between numbers that have a v sign and numbers that have
fractional powers.
1 1
e VSxV5and5” x5’
1 1 1
3 3 3 3 3 3
o 27 x\27 x 27 and 27" x 27" x 27
()
o (\/3 ) 2 and \5 2
)
o (V62)" and \64’
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198 Chapter 3 Indices, exponentials and logarithms

KEY IDEAS

1
.=
e & is the nth root of a.
1 1 1
For example: 32 =\/§,53 =3\/§,710= e

m < 1)’" m 1
Bmao"=\a") =@@" ora" =@ =Va™
2 ( 1)2 2 1
For example: 8* =\8%) org’ = (82)3
1
5 1
= (W) = (64)°
=22 = V64
=4 =4

B In most cases, the index laws apply to rational indices (i.e. fractional indices) just as they do
for indices that are integers.

BUILDING UNDERSTANDING

ﬂ State the missing components for each statement.

a 20=8andV8=__ h 20=32and V32 =2

¢ 30=81and V8T =3 d 107 = 100000 and VI00000 = 10
@Evaluate:

a \9 b V121 ¢ \27 d Vo4

e Vi6 f 8T g V32 h 100000

@ Using a calculator, enter and evaluate each pair of numbers in their given form. Round your

answer to two decimal places.
1 L

1 1
a ¥7.7° b 310, 10° ¢ V100, 100"
. J

Writing roots in index form

Express the following in index form.

a V15 b V7x3 c 3 W d 10V10
SOLUTION EXPLANATION
1 V' means to take the square root of the
a Vi5=15"
= number beneath.
1
Note: ¥a=a".
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3D Fractional indices 199

h V75 = (7x 5)% Rewrite V' as power l, then apply index laws
15 to simplify: 5 X % = %
=7 : X 2
1 4 1
o 3</x_7 -3 (x7) 4 V' means to the power of T
7 Apply the index law for power of a power to
= 3x 4 multiply indices.
0T e i 10% Rewrite the square root as power % and then
= 10 x
3 add indices for the common base 10. Recall
a2 — 10! 1_3
=10 10—10,sol+2—2.
1
An alternative answer is V100 x V10 = 10002.
Now you try

Express the following in index form.

a V11 b V3x? c ZW d V7

Writing fractional indices in surd form

Express the following in surd form.

1 2
a 3’ h 5>
SOLUTION EXPLANATION
1 1
a 3°=\3 a" =Na
% , % Rewrite the fraction % as 2 X %
b 5" =(5) 1
=25 25% =35
Alternatively:
2 1\2 | |
53 _ (53> 2><§isthesameas§><2.
3 2 1
= 5 3
(35) 3 _%z
Now you try
Express the following in surd form.
1 2
a s b 11°
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Evaluating numbers with fractional indices

Evaluate the following without a calculator.

1 -1 3
a 16° b 27 ° ¢ 16"
SOLUTION EXPLANATION
1 1
a 16° = V16 167 means V16.
=4
_1
b 27 3= Ll Rewrite, using positive indices. Recall that
i a =i
_ 1 1
" 37 27° means V27 and 33 = 27.
-1
3
3 ( 1) 3
4 4 .3 1 .
c 16 = \16 Rewrite g X 3. It is simpler to find the root
3
= (Vie) 1
3 first as opposed to (163)4.
:é V16 = 2 since 24 = 16.
Then cube 2.
Now you try
Evaluate the following without a calculator.
1 _1 2
a 25° b 16 ° c 64>

Exercise 3D

FLUENCY 1-4(12) 1-4(72) 1-4(Ys)

eampletiab 1 Express the following in index form.

a V29 b 35 ¢ \x? i Vb3
e V2a £ a7 g V1012 h Vam?
eampleicd 2 Express the following in index form.
a xS b 6Vn? ¢ 32
d 53\/p2r e 23\la4b2 f 24g3h5
g 5Vs h T i 4VE
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3D Fractional indices

Example 12

Example 13a, b

Example 13¢

CambridgeMATHS NSW Stage 5
Year 10

3 Express the following in surd form.

5 1 1 1
a 2 h 8’ c 6 g 11"
2 2 3 4
e 3° f o7’ g 2° h 3
4 Evaluate without using a calculator.
1 1 1
a 36 b 27’ ¢ 64’
1 1 1
d 49° e 167 i 125’
_1 _1 1
g 97 h 32 ° i 81 ¢
_1 _1 _1
j 1000 ° k 400 ° I 10000 *
PROBLEM-SOLVING 5(12) 5—6(1/2) 5-7(Ys)
5 Evaluate without using a calculator.
2 3 3
a 8 b 32° ¢ 367
5 _3 _2
i 16 e 16 ° i 27
_2 _3
g 64 ° h 25 2 i1
25 *
4 9 100°
6 Use index laws to simplify the following.
1 3 3 3 7 4 5 3
a a Xa b m2xm? ¢ x +x’ d ptep?
3
4 1 =
L) () 0
e \s fo\y g <t%) h a_i
b3
7 Simplify the following.
a V2554 b 27/ ¢ V16 d V12512
12 1\ 10
g g (#) (*)
e (x)3 i(b12)3 g \r h
1 1 1 1
i (16a%8%)2 i (216m%n3)3 k (32x10y19)3 I (343r%6)3
1 1
25 38L3 32 35 10254 4
m 49 f 27 0 <W> < 0.01 )
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8 As shown below, 16 can be evaluated in two ways.

W

Method A Method B
2 1 5 1\
167 = (16%)* 16* = <164>
1 4 5
= (1048576)" = (V15)
—_ 95
= V1048576 =2
- =32
=3
5

a If 164 is to be evaluated without a calculator, which method above would be preferable?
b Use your preferred method to evaluate the following without a calculator.

w
w
<
A~

i 83 i 362 i 167 v 27°
s v (3 " ()’ ()

9 Explain why V64 is not a surd.

ENRICHMENT: Does it exist? - - 10

10 We know that when y = vx, where x < 0, y is not a real number. This is because the square of y cannot

be negative; i.e. y2 # x since y? is positive and x is negative.
But we know that (=2)3 = -8 so V=8 =-2.
a Evaluate:

i V=27 i V=1000 i V=32 iv N=2187
b Decide if these are real numbers.
i V=5 i V=7 i V=16 v V=12

¢ Ify="x and x < 0, for what values of 7 is y a real number?

V-1 = &

The square root of a negative value is not a real number. V—1 = jand is
found in a special set of numbers called complex numbers.
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3E Exponential equations

3E Exponential equations

Learning intentions for this section:

e To know the form of an exponential equation

* To be able to rewrite an expression using its lowest base

* To be able to solve simple exponential equations using a common base

Past, present and future learning:

e This section relates to contributes to several sections of the syllabus, including the Stage 5 Path Topic called
Logarithms

» These concepts were not addressed in our Year 9 book

e In Stage 6 Advanced these concepts will be revised, briefly, then extended

Equations can take many forms. For example, 2x — 1 =5 and
5(a — 3) = =3(3a + 7) are both linear equations; x2 =9

and 3x2 — 4x — 9 = 0 are quadratic equations; and 2* = 8
and 3% — 3% — 6 = 0 are exponential equations. Exponential
equations contain a pronumeral within the index or indices
of the terms in the equation. To solve for the unknown in
exponential equations we use our knowledge of indices and
surds and try to equate powers where possible.

the timing of future outcomes. When will my
new apartment double in value? When will
Australia’s population reach 30 million? How
long before my coffee goes cold?

Lesson starter: 2 to the power of what number is 5?

We know that 2 to the power of 2 is 4 and 2 to the power of 3 is 8, but 2 to the power of what number is 5?
That is, what is x when 2* = 5?

* Use a calculator and trial and error to estimate the value of x when 2* = 5 by completing this table.

X 2 3 2.5 2.1
2 4 8 5.65 ...
Result too small too big too big

* Continue trying values until you find the answer, correct to three decimal places.

KEY IDEAS

B A simple exponential equation is of the form a* = b, where a > 0, b > 0 and a # 1.
e There is only one solution to exponential equations of this form.

B Many exponential equations can be solved by expressing both sides of the equation using the
same base.
e We use this fact: if a* = a” then x = y.
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204 Chapter 3 Indices, exponentials and logarithms

BUILDING UNDERSTANDING

ﬂ a Evaluate the following.
i 22 i 2° iii 24 iv 2°
b Hence, state the value of x when:
i 2¥r=8 i 2r=32 iii 2*=64

@ Complete these patterns, which involve powers.
a 274’ 8’—’—7—’—’—7—

57 25’ RN —
67 36’ _

(- T — N B —
>
—_
&

@ State these numbers in index form. For example, 32 = 2°.
a9 b 125 C 243 d 128 e 729
- J

Solving exponential equations

Solve for x in each of the following.

a 2*=16 b 3x=% ¢ 25' =125
SOLUTION EXPLANATION
a 2'=16 Rewrite 16 as a power, using the base 2.
2% = 24 Equate powers using the result: if a* = a” then x = y.
A=
b 3=l Rewrite 9 as a power of 3, then write using a negative index.
9
3r - L Recall ai’" =g~
32
3% =372 Equate powers with the same base.
x=-=2
c 25 = 125 Since 25 and 125 are both powers of 5, rewrite both with a
(52)x = base of 5.
52x — 53 Apply the index law to remove brackets by multiplying
S 2x = indices, then equate powers and solve for x.
x=3
2
Now you try
Solve for x in each of the following.
a 3*=27 b 2x=% c 16% =64
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3E Exponential equations 205

Solving exponential equations with a variable on both sides

Solve 32¢-1 = 27,

SOLUTION
32x—1 = 7%
321 = (39)°
32x—1 — 33x

S2x—1 = 3x

-1=x
sx=—1

Now you try

Solve 53%1 = 25,

Exercise 3E

EXPLANATION

Rewrite 27 as a power of 3.

Apply the index law to remove brackets and then equate
powers.

Subtract 2x from both sides and answer with x as the
subject.

FLUENCY 1-3(12) 1-3(72) 1-3(Ys)

eampleda 1 Solve for x in each of the following.

a 3¥=27 h 2¥=8 c 6Y=36
d 9*=281 e 5=125 f 4*=64
g 3*=81 h 6*=216 i 5*=625
j 2¥r=32 k 10*=10000 I 7%¥=343
eamplews 2 Solve for x in each of the following.
X — L X — L X = L
a T=39 b9t =g ¢ =1
x__1 x—_1 R
0 4"=755 ¢ 3= b 5™ =13
w1 e iog—x_ 1
eamplet4c 3 Solve for x in each of the following.
a 9*=27 h 8=16 c 25%=125
d 16*=64 e 81*=9 f 216=6
g 32*=2 h 10000* =10 i 77%=49
j 47X=256 k 16*=64 I 25%=125
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206 Chapter3 Indices, exponentials and logarithms

PROBLEM-SOLVING 4 4, 5(1/2) 5(¥s), 6

4 The population of bacteria in a dish is given by the rule P = 2/, where P is the bacteria population and
t is the time in minutes.

a What is the initial population of bacteria; i.e. when ¢ = 0?
b What is the population of bacteria after:

i 1 minute? ii 5 minutes? iii 1 hour? iv 1day?
¢ How long does it take for the population to reach:

i 8? i 2567 iii more than 1000?

pample’s 9 Solve for x in each of the following.

a 2x+1 = 8% 32x+1 7%

b ¢ 77 =492
d 5x+3 252x e 62x+3 2162x f 9x+12 81x+5
g 273 =92 h 253 = 1253% i 32203 = 1282%x
i 27243 = g2 k 9%l —=072x6 | 4923 = 34321

6 Would you prefer $1 million now or 1 cent doubled every second for 30 seconds? Give reasons for
your preference.

7 Consider a*, where a = 1.

a Evaluate 1* when:
i x=1 i x=3 il x=10000000
b Are there any solutions to the equation a* = 2 when a = 1? Give a reason.

1 1
8 Recall that v¥ = x 2 and V¥ = x 3. Now solve the following.

a 3 =181 b 5¥=+25 ¢ 65=136 d 4% =64
e 25=132 f 3v =327 g 25 =125 hoor=_1
27
9 a Write these numbers as decimals.
. 1 .. -3 . -3 . 1 4
i 52 i 2 il 10 v <§)
b Write these decimal numbers as powers of prime numbers.
i 0.04 i 0.0625 i 0.5 iv 0.0016
10 Show how you can use techniques from this section to solve these equations involving decimals.
a 10*=0.0001 b 2*=0.015625 ¢ 5%=0.00032
d (0.25*=05 e (0.0H*=125 i 0.0625)%! =1

ENRICHMENT: Mixing index laws with equations = = 11(12)

11 Solve for n in the following.

a 3"x9"=2 b 53 x 2572+ = 125 ¢ 27 x42"2= 16
2n—-1 _ L 43 _ 1 3n42 _ 1
3 =5 & 7= N
g 626=1 h 13=t=11 |
. 3n—2 _ 53n—3 _ 363+2n _
i k i3 = 125 | Pa—=
CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press

Year 10 Photocopying is restricted under law and this material must not be transferred to another party.



3F Exponential functions and their graphs

3F Exponential functions and their graphs

Learning intentions for this section:

» To know what defines an exponential relation

e To know the meaning of the term asymptote

* To know the basic features of an exponential graph

* To be able to sketch simple exponential graphs including those involving reflections

* To know how to find the point of intersection of an exponential graph and a horizontal line
Past, present and future learning:

» This section addresses the Stage 5 Path Topic called Non-linear relationships C

» These concepts were not addressed in our Year 9 book

e In Stage 6 Advanced these concepts will be revised, briefly, then extended

We saw earlier that indices can be used to describe
some special relations. The population of the world, for
example, or the balance of an investment account can be
described using exponential rules that include indices.
The rule A = 100000 (1.05)? describes the account
balance of $100000 invested at 5% p.a. compound
interest for ¢ years.

When a patient receives medication, the blood
concentration decays exponentially as the body breaks
it down. Exponential rules can determine the safe

time between doses, from the highest safe level to the
lowest effective level.

Lesson starter: What do y = 2%, y= —2%*and y = 2—X all have in common?

Complete this table and graph all three relations on the same set of axes before discussing the points

below.
y
32| 4] 0|1 2 | 3 A
8
% 1 4 6
4
2
- > X
: 4-3-2-19 12 3 4
* Discuss the shape of each graph. Z
*  Where does each graph cut the y-axis? 4
* Do the graphs have x-intercepts? Why not? 6
*  What is the one feature they all have in common? 8 Y
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208 Chapter 3 Indices, exponentials and logarithms

KEY IDEAS

B y=2%y=(0.4)" y=3x(1.1)* are examples of exponential Yy
relations.

B An asymptote is a line that a curve approaches, by getting closer
and closer to it, but never reaching. (1,2)

B A simple exponential rule is of the form y = a¥, where a > 0 -
and a # 1. T Ol
e y-intercept has coordinates (0, 1). asymptote
e y=0is the equation of the asymptote. r=0)

B The graph of y = —a” is the reflection of the graph of y = a* in the
x-axis. (Note: y = —a* means y = —1 X a*.)

B The graph of y = a ™ is the reflection of the graph of y = a* in the
y-axis.

B To find the intersection points of a simple exponential and a
horizontal line draw accurate graphs and read off the coordinates of
the point of intersection.

e Alternatively, use the method of substitution and equate powers
after expressing both sides of the equation using the same base.
For example, for y = 2* and y = 16, solve 2* = 16

2% =24
sx=4
BUILDING UNDERSTANDING
0 Consider the exponential rule y = 3*.
a Complete this table. b Plot the points in the table to form the
x| 2141 o ] 5 graph of y = 3%,
y % 1 Y
9
—2-19| 1 2
9 Complete the following.
a Graphs of the form y = a¥, a > 0 have an with equation y = 0 (the x-axis).
b The y-intercept of the graph y = a*, a > 0 has coordinates
€ The graph of y = 4™ is a reflection of the graph of y = 4" in the
d The graph of y = —5% is a reflection of the graph of y = 5% in the
CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
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3F Exponential functions and their graphs 209

0 a Explain the difference between a =2 and —a?.
b True or false: =32 = 3—12? Explain why.

¢ Express with negative indices: L lz’ %

533

d  Simplify: =32, =53, —2-2,

Sketching graphs of exponentials

Sketch the graph of the following on the same set of axes, labelling the y-intercept and the point

where x = 1.
a y=2" b y=3* c y=4F
SOLUTION EXPLANATION

Cy=4% py=3" a%=1,soall y-intercepts are at (0, 1).

y = 4¥ is steeper than y = 3%, which is steeper than y = 2*.

Substitute x = 1 into each rule to obtain a second point to
indicate the steepness of each curve.

Now you try
Sketch the graph of the following on the same set of axes, labelling the y-intercept and the point
where x = 1.
a y=2* b y=5*
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Sketching with reflections

Sketch the graphs of these exponentials on the same set of axes.
a y=3"* b y=-3* c y=37"*

SOLUTION EXPLANATION

The graph of y = —3% is a reflection of the graph of y = 3¥ in the
X-axis.

Check:x=1,y=-31=-3

The graph of y = 37* is a reflection of the graph of y = 3¥ in the
y-axis.

Check: x=1, y=3"! =%

x=-1, y=31=3

Now you try

Sketch the graphs of these exponentials on the same set of axes.
a y=2* b y=-2* c y=27"*

Solving exponential equations graphically

Find the intersection of the graphs of y = 2 and y = 8, by sketching accurately.

SOLUTION EXPLANATION
y Sketch the graphs of y =2* and y = 8.
ol b
6 i
s
2 - i
g-/ T T i 7
0''1 2347
Intersection point is (3, 8). Read off the coordinates of the point of intersection.
Alternatively,
if 2% = 8 then Consider powers of 2.
x=3.
Now you try

Find the intersection of the graphs of y = 3* and y = 27, by sketching accurately.

CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
Year 10 Photocopying is restricted under law and this material must not be transferred to another party.



3F Exponential functions and their graphs 211

Exercise 3F

FLUENCY 1-4 1,3,4 1,3,4

eampets 1 Sketch the graph of the following on the same set of axes, labelling the y-intercept and the point where

x=1
a y=2x h y=4x c y=5x

eample? 2 Sketch the graph of the following on the same set of axes, labelling the y-intercept and the point where
x=1.
a y=2* b y=-2* c y=27*

eample?s 3 Sketch the graph of the following on the same set of axes, labelling the y-intercept and the point where
x=1.
a y=-2*% b y=-5* c y=-3"

eamplec 4 Sketch the graph of the following on the same set of axes, labelling the y-intercept and the point where
x=1.
a y=27* b y=37* c y=67*

PROBLEM-SOLVING 5,6 5(%2), 6,7 5(1/2), 68

eample’s 9 Find the intersection of the following graphs.

a y=2andy=4 b y=3*andy=9
c y=4andy=16 d y=—4*andy= -4
e y=-3%andy=-1 f y=2"%andy=38

6 A study shows that the population of a town is modelled by the rule P = 2/, where  is in years and P is
in thousands of people.
a State the number of people in the town at the start of the study.
b State the number of people in the town after:
i 1year i 3 years
¢ When is the town’s population expected to reach:
i 4000 people? i 16000 people?

) 7 A single bacterium divides into two every second, so one
cell becomes 2 in the first second and in the next second
two cells become 4 and so on.

a Write a rule for the number of bacteria, N, after
t seconds.
How many bacteria will there be after 10 seconds?
How long does it take for the population to exceed
10000? Round to the nearest second.
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8 Use trial and error to find x when 2* = 5. Give the answer correct to three decimal places.

9 Match equations a—f with graphs A-F below.

a y=-x-2 b y=3*
d y=-2* e y=x
A y B y
(1,3) X
o
T
1 (=1,-2)
0 x
D y E y F y
-1,3)
\ll\ 1 x 4.1
= Ol = (1,-2) !

10 Explain why the point (2, 5) does not lie on the curve with equation y = 2*.
11 Describe and draw the graph of the line with equation y = a* when a = 1.

12 Explain why 2% = 0 is never true for any value of x.

e _(1\* _ -
ENRICHMENT: y = 2~ and y = (,, 13

X
13 Consider the exponential rulesy =2"*and y = (%) .

a Using —3 < x < 3, sketch graphs of the rules on the same set of axes. What do you notice?
b Write the following rules in the form y = a*, where 0 < a < 1.

i y=37* i y=57* i y=107
¢ Write the following rules in the form y = a ™, where a > 1.

v ()

1 X
d Prove that 5) =a7* fora>0.
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(=)’

Simplify, using index laws.

a a’xa? b 4xZy x 3xy3 -
¢ hb+h? d 5m°n* = (10m3n) 3
3 2
e (a2 f (3md) =
g (T) h Qab) + 5mO 34
(7]
Combine index laws to simplify the following. .g
4x2y X 3x3y5 2p4 2 =
4,2 b 2 N
6x%y Tqr

Simplify the following where possible and express your answers using positive indices.

a x3 b 2a=2p43
c L_z 4d~’
N2 547
e (%) i (a2
-3 2
g 6a Sm4 x 2a"2m3 20c™"d”.
15¢~1473

ﬂ 4 Simplify the following and express your answers using positive indices.
Ry -2 (%)’ ( -4)2
2,-3 -1,,3 a . [a
a (x X (x b ==
(x2y=3) " x (x~1y3) o (56
n 5 Write these numbers as a basic numeral.
a 3.204 x 107 b 47x10%
n 6 Express the following in scientific notation using three significant figures.
a 34721
b 0.00045681
¢ 5.21x10°=+(4.8%x1073)
m 7 Express the following in index form.
a V10 b Vax2 c 6V6
u 8 Express in surd form or evaluate where possible.
1 1 _1
a 47 b 252 ¢c 83
ﬂ 9 Solve for x in the following equations.
X — X _ L x+1 _ ~x
a 3*=27 b5—125 c 9" =27
n 10 Sketch the graph of the following on the same set of axes, labelling the y-intercept and the point
where x = 1.
a y=4* b y=—4 c y=4"
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3G Exponential growth and decay

Learning intentions for this section:

* To understand how percentage increase and decrease relate to exponential growth and decay
* To know the general form of the exponential growth and decay model

* To be able to write an exponential rule from a word problem and apply it

Past, present and future learning:

¢ This section addresses the Stage 5 Path Topic called Non-linear relationships C

¢ These concepts were not addressed in our Year 9 book

* In Stage 6 Advanced these concepts will be revised, briefly, then extended

The population of a country increasing by
5% per year and an investment increasing,
on average, by 12% per year are examples
of exponential growth. When an investment
grows exponentially, the increase per year

is not constant. The annual increase is
calculated on the value of the investment at
that time, and this changes from year to year
because of the added investment returns. The
more money you have invested, the more
interest you will make in a year.

In the same way, a population can grow Population growth can be modelled using exponential equations.
Governments use projected population numbers when planning for

exponentially. A growth of 5% in a large . .
P y-Ag % g future infrastructure, land use, and water, energy and food security.

population represents many more babies born
in a year than 5% of a small population.

Here we will focus on exponential growth and decay in general and compound interest will be studied in
Section 3H.

Lesson starter: A compound rule

Imagine you have an antique car valued at $100000 and you hope that it will increase in value at 10% p.a.
The 10% increase is to be added to the value of the car each year.

e Discuss how to calculate the value of the car after 1 year.
e Discuss how to calculate the value of the car after 2 years.
e Complete this table.

Year 0 1 2 3

Value ($) 100000 100000 x 1.1 100000 x 1.1 x ___

e Discuss how indices can be used to calculate the value of the car after the second year.
* Discuss how indices can be used to calculate the value of the car after the tenth year.
*  What might be the rule connecting the value of the car ($A) and the time n years?

e Repeat the steps above if the value of the car decreases by 10% p.a.
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KEY IDEAS

B Per annum (p.a.) means ‘per year’.

B Exponential growth and decay can be modelled by the rule A = ka’, where A is the amount,
k is the initial amount and ¢ is the time.
e When a > 1, exponential growth occurs.
e When 0 < a < 1, exponential decay occurs.

_r

B For a growth rate of 7% p.a., the base ‘a’ is calculated usinga = 1 + 100"

B For a decay rate of % p.a., the base ‘a’ is calculated usinga = 1 — Wro
n
B The basic exponential formula can be summarised as A = A, (1 L= ﬁ) .
® The subscript zero is often used to indicate the initial value of a quantity (e.g. P is initial
population).

BUILDING UNDERSTANDING

ﬂ An antique ring is purchased for $1000 and is expected to grow in value by 5% per year.
Round your answers to the nearest cent.

a Find the increase in value in the first year.

Find the value of the ring at the end of the first year.

Find the increase in value in the second year.

Find the increase in value in the third year.

Find the value of the ring at the end of the fifth year.

(S~ T — N B —

@ The mass of a limestone 5 kg rock exposed to the weather is decreasing at a rate of 2% per
annum.
a Find the mass of the rock at the end of the first year.
b State the missing numbers for the mass of the rock (M kg) after ¢ years.
M=51-__)"
=5x%x__"
¢ Use your rule to calculate the mass of the rock after 5 years, correct to two decimal places.

@ Decide if the following represent exponential growth or exponential decay.

a A=1000x1.3¢ b A=350x%0.9
- L)t - _ 1y
¢ P=Py(1+155 i 7=7,(1-75)
- J
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Writing exponential rules

Form exponential rules for the following situations.
a John has a painting that is valued at $100000 and it is
annum.

expected to increase in value by 14% per

b A city’s initial population of 50000 is decreasing by 12% per year.

SOLUTION
a LetA = the value in $ of the painting at any time

n = the number of years the painting is kept

r=14

Ay = 100000
n
A = 100000 (1 + %)
S A =100000(1.14)"

b Let P = the population at any time

n = the number of years the population decreases
r=12
Py = 50000
- _12\*
P = 50000 < i 00)

. P =50000(0.88)"

Now you try

Form exponential rules for the following situations.

EXPLANATION

Define your variables.

Substitute » = 14 and
Ay = 100000 and use ‘+’ since
we have growth.

Define your variables.

r n
P=P(1+55)
Substitute » = 12 and
Py =50000 and use ‘-’ since
we have decay.

a Caz has a vase that is valued at $50000 and it is expected to increase in value by 16% per annum.
b A town’s initial population of 10000 is decreasing by 9% per year.

Applying exponential rules

House prices are rising at 9% per year and Zoe’s flat is currently valued at $600 000.

a Determine a rule for the value of Zoe’s flat ($V) in n years’ time.

b  What will be the value of her flat:
i nextyear? ii

in 3 years’ time?

¢ Use trial and error to find when Zoe’s flat will be valued at $900 000, to one decimal place.

SOLUTION
a Let V = the value of Zoe’s flat at any time
Vi) = starting value $600 000
n = number of years from now
r=9
V = V,(1.09)"

-V = 600000(1.09)"

ISBN 978-1-009-40964-3
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EXPLANATION

Define your variables.

V= VO(I J_rr:o)"

Use ‘+’ since we have growth.
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3G Exponential growth and decay

i Whenn=1,V = 600000(1.09)! Substitute n = 1 for next year.
= 654000
Zoe’s flat would be valued at $654 000 next
year.
ii Whenn =3,V = 600 000(1.09)3 For 3 years, substitute n = 3.
= 777017.40
In 3 years’ time Zoe’s flat will be valued at
about $777017.
n 4 5 46 48 47 Try a% value of » in the rule. If V.is too
V| 846949 | 923174 | 891894 | 907399 | oge1a | oW increase yournvalue. If Vis too
high, decrease your n value. Continue this
Zoe’s flat will be valued at $900000 in about process until you get close to 900 000.

4.7 years’ time.

Now you try

House prices are rising at 7% per year and Andrew’s apartment is currently valued at $400000.

a
b

Determine a rule for the value of Andrew’s apartment ($V) in n years’ time.

What will be the value of his apartment:

i nextyear? i in 3 years’ time?

Use trial and error to find when Andrew’s apartment will be valued at $500 000, to one decimal
place.

Exercise 3G

FLUENCY 1,2-4 1’ 2(1/2)’ 3-5 2(1/2)’ 3’ 5’ 6

eampets 1 Form exponential rules for the following situations.

b

Lara has a necklace that is valued at $6000 and it is expected to increase in value by 12% per
annum.
A village’s initial population of 2000 is decreasing by 8% per year.

2 Define variables and form exponential rules for the following situations.

b= — e I - - N T -

A flat is purchased for $200000 and is expected to grow in value by 17% per annum.

A house initially valued at $530000 is losing value at 5% per annum.

The value of a car, bought for $14 200, is decreasing at 3% per annum.

An oil spill, initially covering an area of 2 square metres, is increasing at 5% per minute.

A tank with 1200 litres of water is leaking at a rate of 10% of the water in the tank every hour.
A human cell of area 0.01 cm? doubles its area every minute.

A population, which is initially 172 500, is increasing at 15% per year.

A substance of mass 30 g is decaying at a rate of 8% per hour.
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218 Chapter 3 Indices, exponentials and logarithms

eampe20. 3 The value of a house purchased for $500 000 is expected to grow by 10% per year. Let $A be the value
of the house after ¢ years.
a Write the missing number in the rule connecting A and 7.
A=500000x !
b Use your rule to find the expected value of the house after the following number of years. Round
your answer to the nearest cent.
i 3years i 10 years iii 20 years
¢ Use trial and error to estimate when the house will be worth $1 million. Round your answer to one
decimal place.

4 A share portfolio, initially worth $300000, is reduced by 15% p.a. over a number of years. Let $A be

the share portfolio value after ¢ years.

a Write the missing number in the rule connecting A and 7.
A=___ x0.85!

b Use your rule to find the value of the shares after the following number of years. Round your
answer to the nearest cent.
i 2years ii 7 years iii 12 years

¢ Use trial and error to estimate when the share portfolio will be valued at $180000. Round your
answer to one decimal place.

5 A water tank containing 15000 L has a small hole that reduces the amount of water by 6% per hour.
a Determine a rule for the volume of water (V litres) left after ¢ hours.
b Calculate (to the nearest litre) the amount of water left in the tank after:
i 3 hours ii 7 hours
¢ How much water is left after two days? Round your answer to two decimal places.
Using trial and error, determine when the tank holds less than 500 L of water, to one decimal place.

6 Megan invests $50000 in a superannuation scheme that has an annual return of 11%.
a Determine the rule for the value of her investment ($V) after n years.
b How much will Megan’s investment be worth in:
i 4 years? i 20 years?
¢ Find the approximate time before her investment is worth $100000. Round your answer to two
decimal places.

PROBLEM-SOLVING 7,8 7,8 8,9

certain type of bacteria grows according to the equation = . , where 1S the number o
7A in type of bacteria g ding to the equation N = 3000 (2.6)’, where N is the number of

cells present after ¢ hours.

a How many bacteria are there at the start?

b Determine the number of cells (round to the whole number) present after:
i 1hour ii 2 hours iii 4.6 hours

¢ If 50000000 bacteria are needed to make a drop of serum, determine how long you will have to
wait to make a drop (to the nearest minute).

8 A car tyre has 10 mm of tread when new. It is considered unroadworthy when there is only 3 mm left.
The rubber wears at 12.5% every 10000 km.
a Write an equation relating the depth of tread (D mm) for every 10000 km travelled.
b Using trial and error, determine when the tyre becomes unroadworthy, to the nearest 10000 km.
¢ If a tyre lasts 80000 km, it is considered to be of good quality. Is this a good quality tyre?
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3G Exponential growth and decay

9 A cup of coffee has an initial temperature of 90°C and the surrounding temperature is 0°C.
a If the temperature relative to surroundings reduces by 8% every minute, determine a rule for the
temperature of the coffee (7°C) after  minutes.
b What is the temperature of the coffee (to one decimal place) after:
i 90 seconds? ii 2 minutes?
¢ When is the coffee suitable to drink if it is best consumed at a temperature of 68.8°C?
Give your answer to the nearest second.

10 The monetary value of things can be calculated using different time periods. Consider a $1000
collector’s item that is expected to grow in value by 10% p.a. over 5 years.

e If the increase in value is added annually then r = 10 and t = 5, s0 A = 1000(1.1)5.

e If the increase in value is added monthly then r = % and =5 X 12 = 60, so
60
A=1000(1+5395) -
a If the increase in value is added annually, find the value of the collectors’ item, to the nearest
cent, after:
i 5years ii 8 years iii 15 years
b If the increase in value is added monthly, find the value of the collectors’ item, to the nearest
cent, after:
i 5years ii 8 years iii 15 years

11 You inherit a $2000 necklace that is expected to grow in value by 7% p.a. What will the necklace be
worth, to the nearest cent, after 5 years if the increase in value is added:
a annually? b monthly?
¢ weekly (assume 52 weeks in the year)?

ENRICHMENT: Half-life = - 12-14

Half-life is the period of time it takes for an object to decay by half. It is often used to compare the rate

of decay for radioactive materials.

12 A 100 g mass of a radioactive material decays at a rate of 10% every 10 years.
a Find the mass of the material after the following time periods. Round your answer to one decimal
place, where necessary.
i 10 years i 30 years iii 60 years
b Estimate the half-life of the radioactive material (i.e. find how long it takes for the material to decay
to 50 g). Use trial and error and round your answer to the nearest year.

13 An ice sculpture, initially containing 150 L of water, melts at a rate of 3% per minute.
a What will be the volume of the ice sculpture after half an hour? Round your answer to the nearest
litre.
b Estimate the half-life of the ice sculpture. Give your answer in minutes, correct to one decimal
place.

14 The half-life of a substance is 100 years. Find the rate of decay per annum, expressed as a percentage
correct to one decimal place.
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3H Introducing logarithms

Learning intentions for this section:

¢ To understand the form of a logarithm and its relationship with index form
¢ To be able to convert between equivalent index and logarithmic forms

* To be able to evaluate simple logarithms both with and without technology
* To be able to solve simple logarithmic equations

Past, present and future learning:

¢ This section addresses the Stage 5 Path Topic called Logarithms

¢ These concepts were not addressed in our Year 9 book

* In Stage 6 Advanced these concepts will be revised, briefly, then extended

Logarithms (‘logical arithmetic’) are an important idea in
mathematics and were invented by John Napier in the 17th
century to simplify arithmetic calculations. Logarithms are
linked directly to exponentials and can be used to solve a
range of exponential equations.

Recall that 23 = 8 (2 to the power 3 equals 8). We can also
say that the logarithm of 8 to the base 2 equals 3 and we
write log, 8 = 3. So for exponential equations such as

y = 2%, alogarithm finds x for a given value of y.

Seismologists calculate the magnitude of an

. earthquake using the logarithm of its intensity. The

A logarithm can often be evaluated by hand but calculators 2004 Sumatra earthquake of Richter magnitude 9.3
can also be used. had 1000 times more intense shaking than the Richter
magnitude 6.3 earthquake in Christchurch in 2011.

Logarithms can also be used to create logarithmic scales,

which are commonly used in science, economics and engineering. For example, the Richter scale, and
the moment magnitude scale that replaced it, are logarithmic scales that illustrate the strength of an
earthquake.

Lesson starter: Can you work out logarithms?

We know that 32 =9, so log; 9 = 2. This means that log, 9 is equal to the index that makes 3 to the power
of that index equal 9. Similarly, 103 = 1000 so log,, 1000 = 3.

Now find the value of the following.

e log, 100 ¢ log;, 10000 * log, 16
* log, 64 e logy27 * log, 64

KEY IDEAS

B A logarithm of a number to a given base is the power (or index) to which the base is raised to
give the number.
* For example: log, 16 = 4 since 24 =16.
® The base a is written as a subscript to the operator word ‘log’; i.e. log .

B In general, if a* =y then log ,y = x witha > 0 and y > 0.
e We say ‘the logarithm of y to the base a is x’.

CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
Year 10 Photocopying is restricted under law and this material must not be transferred to another party.



3H Introducing logarithms 221

BUILDING UNDERSTANDING

o State the missing values in this table.
0 1 2 3 4 5

243

256

100

9 State the value of the unknown number for each statement.
a 2 to the power of what number gives 16?
b 3 to the power of what number gives 81?
C 7 to the power of what number gives 3437
d 10 to the power of what number gives 10000?

9 Give these numbers as fractions.

a 0.0001 b 05 c 272 d 373
J
Writing equivalent statements involving logarithms
Write an equivalent statement to the following.
a log,,1000=3 b 25=32
SOLUTION EXPLANATION
a 103 =1000 log,, y = x is equivalent to a* = y.
b log,32=5 a* =y is equivalent to log , y = x.
Now you try
Write an equivalent statement to the following.
a log,100=2 b 34=38l1
Evaluating logarithms
a Evaluate the following logarithms.
i log,8 il logs 625
b Evaluate the following.
. 1 "
i log3§ i log;,0.001
¢ Evaluate, correct to three decimal places, using a calculator.
i log,,7 il log;;0.5
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222 Chapter3 Indices, exponentials and logarithms

SOLUTION EXPLANATION
a i log,8=3 Ask the question ‘2 to what power gives 87
Note: 23 = 8
i logs 625 =4 54=5x5%x5%x5=625
i 1__ 2-1_1
b i log, 9= 2 3=°= 329
1 _ -3 _ L _ 1 _
i log;,0.001 =-3 1072 = 103 — 1000 — 0.001
¢ i log,,7=0.845(to3dp.) Use the log button on a calculator and use base

10. (Some calculators will give log base 10 by
pressing the log button.)

il log;;0.5=-0.301(to 3d.p.) Use the log button on a calculator.
Now you try
a Evaluate the following logarithms.

i log, 16 il log, 243
b Evaluate the following.

i logzé il log;,0.01

¢ Evaluate, correct to three decimal places, using a calculator.
i log,y5 il log,,045

Solving simple logarithmic equations

Find the value of x in these equations.

a log,64=x b log,x=6
SOLUTION EXPLANATION
a log, 64 = x log,y=xthena*=y.
4 = 64
x=3 43 =64
b log,x =6 Write in index form:
26 = x 26=2x2x2%x2X2x2=064
x = 64
Now you try
Find the value of x in these equations.
a logy8l=x b logsx=3
CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press

Year 10 Photocopying is restricted under law and this material must not be transferred to another party.



3H Introducing logarithms

223

Example 21a

Example 21b

Example 22a

Example 22b

Example 22¢

Example 23

Exercise 3H

FLUENCY 1,2, 3-5(12) 1=5(1/2) 1-5(1/3)
1 Write the following in index form.
a log,16=4 b log,,100=2 ¢ logy;27=3
1 — 1
d 10g21=—2 e logloo.l =-1 f 10g3§:—2
2 Write the following in logarithmic form.
a 23=38 b 34=81 c 25=32
2_ -1-_1 -3__1
d 4-=16 e 107'= 0 f 5= 25
3 Evaluate the following logarithms.
a log, 16 b log, 4 ¢ log, 64 d logsy27
e logy3 f log, 16 g logs 125 h log,, 1000
i log,;49 | log;, 121 k log,, 100000 I logg 729
m log, 1 n logs1 0 logy; 1 p log;1
4 Evaluate the following.
1 1 1 1
a log, 3 b log, 7 ¢ logs 9 d log, 1000
1 1 1 1
e log7E f log38—1 g logsm h log8§
i logy,0.1 | log,,0.001 k log;, 0.00001 I log, 0.5
m log, 0.125 n logs0.2 0 logs 0.04 p log;0.1
5 Evaluate, correct to three decimal places, using a calculator.
a log,y5 b log,,47 ¢ log, 162
1
d log,,0.8 e log;,0.17 f IOgloﬁ
PROBLEM-SOLVING 6(12), 7 6(Ys), 7 6(1a), 8
6 Find the value of x in these equations.
a logy27=x b log,32=x ¢ log, 64=x d logs625=x
e log;, 1000 =x f logg36=x 0 log,x=4 h logyx=4
i logpx=3 | logzx=-2 k log,x=-1 I log;x=-3
m log, 27 =3 n log,32=35 0 log, 64=3 p log, 64=2
q log, 81=4 r log, 10000 =4 s log, 05=-1 t log,025=x

7

ingle bacterium cell divides into two every minute.

Write a rule for the population, P, after  minutes.

Use your rule to find the population after 8 minutes.

As

a Complete this cell population table.
b

C

d

Time (minutes)

Population

Use trial and error to find the time (correct to the nearest minute) for the population

to rise to 10000.

e Write the exact answer to part d as a logarithm.
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224 Chapter 3 Indices, exponentials and logarithms

8 Evaluate:
a log, 4 xlogs 9 xlog, 16 X logs 25 b 2xlogy27 -5 X logg 64 + 10 X log,, 1000

4 xlogs 125 2 xlog; 9

fog, 64 ' Tog;y 10

9 9,10 10, 11

9 Consider a bacteria population growing such that the total increases 10-fold every hour.
a Complete this table for the population (P) and log |, P for 5 hours (/).

0 1 2 3 4 5
1 10 100

b Plot a graph of log,, P (y-axis) against hours (x-axis). What do you notice?
¢ Find a rule linking log |, P with A.

10 The Richter magnitude of an earthquake is determined
from a logarithm of the amplitude of waves recorded by
a seismograph. It uses log base 10. So for example, an
earthquake of magnitude 3 is 10 times more powerful than
one with magnitude 2 and an earthquake of magnitude 7 is
100 times more powerful than one with magnitude 5.
a Write the missing number. An earthquake of

magnitude 6 is:

i [__Itimes more powerful than one of magnitude 5.
i [__]times more powerful than one of magnitude 4.
iii [___Itimes more powerful than one of magnitude 2.

b Write the missing number. An earthquake of magnitude 9 is:
i [__Itimes more powerful than one of magnitude 8.

i 1000 times more powerful than one of magnitude[_|.

iii 10° times more powerful than one of magnitude[ .

11 Is it possible for a logarithm (of the form log ,b) to give a negative result? If so, give an example and
reasons.

ENRICHMENT: Fractional logarithms = = 12(72)

1

1 1 1
12 Observe that V2 = 22, V2 =23 and in general Va =a ", so log2\/§ = % and logziﬁ = % Now evaluate

the following without the use of a calculator.

4
a log,\2 b log, i) ¢ logyV3 d log, 3
e log, V7 i log,, V10 9 log,, V100 h log, V16
i log3if§ j logsifﬁ k logzs\/6_4 | 10g37\/ﬁ
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The following problems will investigate practical situations drawing upon knowledge and skills developed
throughout the chapter. In attempting to solve these problems, aim to identify the key information, use
diagrams, formulate ideas, apply strategies, make calculations and check and communicate your solutions.

Air conditioner thermostat

1 An air conditioning unit inside a room has a thermostat that controls the temperature of the room.

The temperature of the room, 7°C, n hours after the air conditioning unit switches on is given by

T=17+5.

The air conditioning unit is set to turn on when the room temperature reaches 25°C.

A technician wishes to investigate how exponential equations can model the change in air

temperature and how thermostats can be used to control the use of air conditioners.

a If the air conditioning unit remains on for 1 hour after it switches on, what will be the temperature
in the room?

b After how many hours of the unit being on would the temperature in the room reach 19°C?

The unit is programmed to switch off when the temperature in the room reaches 20°C.

¢ Find the longest consecutive period of time that the unit could be on for, correct to one decimal
place.

d Sketch a graph of the temperature in the room, 7, from when the unit switches on until when it
switches off.

Buinjos-wajqo.ad pue suoneanddy

e Express the rule for the temperature T in the form T = 17 + 2K~ where k is an integer.

The thermostat is adjusted so that it turns on at 24°C and so that the fan strength is decreased. This unit
switches off when the room is cooled to 21°C, which occurs after it has been on for 2 hours.

f Find the values of a and k, where a and k are integers, if the rule for the temperature, 7°C, of the

room n hours after this unit is turned on is given by T'= a + 25",

International paper sizes

2 The A series of paper sizes, e.g. A4, are based on international standards. The paper sizes are such that
the ratio between the height and breadth of each paper size is the same. The height is taken to be the
longer side length of each rectangle. Let an AO piece of paper have breadth » mm and height 7 mm.

A paper company wants to explore the A series paper sizes and use ratios to connect the lengths and
breadths of successive sizes. It wishes to use these ratios to then determine various breadths and
heights and the rules that link these dimensions.

a Complete the table below for the corresponding height and

breadth of the A series paper in terms of /4 and b. b
Al
An Breadth Height 0 *
A0 b h Al h
2
h

Al 9 b }
A2 o h
A3 a2 M
A4 T TAS

A4 LA
A5 i A6
A6
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b Determine the ratio of the height to the breadth of A series paper if it is the same for each paper
size An.
¢ From your result in part b, write a rule for the height, 4, of A series paper in terms of its breadth, b.
A0 paper has an area of 1 square metre (1000 mm X 1000 mm). Determine the dimensions, b and #,
of AOQ paper in exact form in mm.
e Use your values from part d and your table from part a to determine the dimensions of an A4 sheet
to the nearest millimetre. Measure a sheet of A4 paper to compare.
f Consider the table in part a and paper sizes An.
i Describe the changes to the values of the breadth and height as n increases when n is even and
when 7 is odd.
ii  Use your table and dimensions from part d to come up with rules for b and 4 when n is even and
when n is odd.
iii Use your rule from part ii to find the length and breadth for A3 and A4 paper and check by
measuring the paper.

Accumulating ants

3 When worker ants look for food they leave a scent along their path so that other ants can find the food
source. This can lead to ants accumulating quickly in an area away from their nest, like around small
crumbs they find in a household kitchen.

Scientists interested in the growth of the population of ants use exponential relations to describe

this behaviour. They will use rules to predict ant numbers and model the population of ants by

constructing suitable equations.

a A rule for a population, P, of ants which has found some food in a kitchen pantry is given by
P = 10 x 2% where ¢ is in hours after the food is first found.

i What was the initial number of ants in the pantry when the food is first found?

ii  How many ants were in the pantry 2 hours after the food was found?

iii  After how many hours did the ant population reach 1000? Answer correct to one decimal place.
iv. By what factor does the population increase each hour according to this rule?

b Another group of ants has found the cat food in the laundry. The rule for the growth of this
population of ants is given by P = Py X 32 where ¢ is in hours and P, is the initial number of ants
that found the cat food.

The rule for ¢ can be expressed in the form

1 il
t_210g3<P0>

i Use your rule to find the number of hours it
takes for the initial ant population to triple.
i If a general ant population model is given by

P =PyX ab", where a and b are constants, use
the form of the rule for 7 above to express ¢ in

terms of P, Py, a and b.
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3l Logarithmic scales 227

31 Logarithmic scales

Learning intentions for this section:

e To know what is meant by a logarithmic scale

¢ To understand why logarithmic scales are used

* To be able to interpret a logarithmic scale including on graphs and charts
e To be able to construct a logarithmic graph or chart

Past, present and future learning:

» This section addresses the Stage 5 Path Topic called Logarithms

* These concepts were not addressed in our Year 9 book

e In Stage 6 Advanced these concepts will be revised, briefly, then extended

4
Logarithmic scales are commonly used when we are trying to display information involving exponential
growth or decay. Charts and graphs using logarithmic scales can help to visualise very large or very small
values in the given data and make it easier to describe percentage change.
Lesson starter: Exploring a logarithmic chart
The following table and chart show the top ten countries with the highest gross domestic product (GDP)
using $US in 2020.
Country GDP ($US trillion) '
United States 2 United States '
- China ]
China 15
Japan ]
Japan 5 Germany ]
Germany 4 g UK ]
UK 2.8 5 France ]
France 27 India 7]
India 26 Italy £
South Korea [
Italy 1.9
Canada [T]
South Korea 1.7 . . . . —>
Canada 16 0 5 10 15. . 20 25
GDP ($US trillion)
p— —=

* What do you notice about the spread of the data across the
$0 to $25 trillion range for the ten countries?
* Is it easy to see the differences in the GDP values for the six
lower countries on the chart?
We will now construct another chart using the logarithm of the
GDP values, log, (GDP).
* Calculate the value of log,, (GDP) for all the countries;
e.g. log,(2) = 1.3 rounded to one decimal place.
* Construct a new chart using log, (GDP) on the horizontal axis.

These values should range between 0 and 1.5.
*  What do you notice about the differences in the chart bar lengths compared to the original chart?
e How might this new chart be more useful to the reader compared to the original?
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KEY IDEAS

B Logarithmic scales are used to help visualise the spread of data over a wide range of values

including data arising from situations involving growth and decay. Some common fields where
logarithmic scales are used include:

e Seismology (the study of earthquakes)

e Sound level and frequency

e Timelines

e Thermodynamics

e Photographic exposure

e pH and acidity

¢ Finance

e Population growth.

B The order of magnitude is the power of 10 used to express a number in scientific notation.
e For example: 24000 = 2.4 x 10* and so the order of magnitude is 4.
e To increase a number by an order of magnitude » we multiply by 10".
e To decrease a number by an order of magnitude n we divide by 10”.

B A logarithmic chart or graph uses the logarithm of a quantity on at least one of its axes.
e Data including variables connected via an exponential relationship can be represented as a
linear relationship using logarithms.
e For example: If $1000 is invested and compounded at 10% p.a. for ¢ years then the amount
$A is given by A = 1000 (1.1)". If log ;) A is plotted against 7, the graph will be a straight line
as log,yA =log o (1.1) X  + 3 which is in the form y = mr + c.

B Note: log;,x is sometimes written as logx.

BUILDING UNDERSTANDING

0 Consider the numbers 1, 10, 100, 1000, 10000 and 100 000.
a Write each of the numbers as powers of 10. For example: 1000 = 103.
b How many times larger is:
i 1000 compared to 10?
il 100000 compared to 100?
¢ Find the values of log, 1, log (10, log, 100, log,, 1000, log ;, 10000 and log, 100 000.
d State the order of magnitude of the numbers 1, 10, 100, 1000, 10000 and 100 000.
For example: 1000 = 103 so the order of magnitude of 1000 is 3.
€ What do you notice about your answers to parts ¢ and d?
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3l Logarithmic scales 229

9 These two charts show the annual profit of five companies for one year. The left chart uses the
profit values in millions of dollars and the right chart uses the logarithm of the profit showing
the order of magnitude.

A A

100 — 2
75 1.5
= =
5 s
= S
S 50— S 1
@ ~
g g
S
25 0.5 —
A B C D E A B C D E
Company Company

a Use a calculator and log |, (Profit) to check the heights of the bars in the log chart.

b Which graph helps to visualise the differences between the companies with the smaller
profits?

¢ Consider company A’s profit compared to that of company C.
i Company A’s profit is how many times larger than company C?
il Use the log chart to find the difference in the order of magnitude of the profit for

company A and company C.

Interpreting a logarithmic chart

This logarithmic chart shows the Richter scale measurements rounded to the nearest integer for five
different earthquakes recorded on one particular day in 2022.

Papua New Guinea
Fiji

Alaska

Texas, US

Puerto Rico

0 1 2 3 4 5 6
Richter scale

Y

Continued on next page
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230 Chapter 3 Indices, exponentials and logarithms

a What is the difference between the magnitude of the earthquakes for:

i Papua New Guinea and Alaska? i Fiji and Puerto Rico?
b Use your results from part a to state how many times more powerful the earthquake was in:
i Papua New Guinea compared to Alaska i Fiji compared to Puerto Rico.
SOLUTION EXPLANATION
a i 6-4=2 On a logarithm scale the values on the scale give the
i 5-2=3 order of magnitude.
b i 102=100 The actual change in the strength of the earthquake is
i 103 =1000 equal to 10" where n is the difference in the order of

the magnitude.

Now you try
This logarithmic chart shows the revenue, $R, in millions of dollars for five Australian companies.

log o RA
7 -

6_

1.5

Y

A B C D E
Company

a What is the difference between the magnitude of the revenue for:

i companies C and D? ii companies E and D?
b Use your results from part a to state how many times larger the revenue is for:
i company C compared to company D ii  company E compared to company D.
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Constructing a logarithmic graph

The following table includes data about the population of bacteria, P, in a dish over ¢ hours.

t 0 1 2 3 4 5
P 20 200 2000 20000 200000 | 2000000

a Calculate the values of log,, P using the six different values of P given in the table. Round to
one decimal place.

b Plot a graph of log, P vs ¢, with  on the horizontal axis.

¢ Describe the shape of the graph of log |, P vs 7. What does this say about the type of relationship
between P and #?

SOLUTION EXPLANATION

a 1.3,2.3,33,43,53,63 Use a calculator to find the value of log,, P
for the six given values of P.

b log;o PA Plot log, P vs .

0T 3 3 4 3 &7

¢ The graph is linear and therefore the If the relationship between log, P and ¢ is
relationship between P and ¢ is exponential. linear, then the relationship between P and ¢ is
exponential.
Now you try

The following table includes data about the value of a company’s share price, $S, over ¢ years.

t 0 1 2 3 4
S 1.2 1.3 1.45 1.675 2.0125

a  Calculate the values of log S using the five different values of S given in the table. Round to
two decimal places.

b Plot a graph of log S vs #, with 7 on the horizontal axis.

¢ Describe the shape of the graph of log;, S vs 7. What does this say about the type of relationship
between S and 7?
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Exercise 3l

eample24 1 This logarithmic chart shows the Richter scale measurements rounded to the nearest integer for five
different earthquakes recorded on one particular month in 2022.

A
Pacific Ridge |

Japan |

Timor |

Hawaii |

Idaho, US |

0 1 2 3 4 5 6
Richter scale

Y

a What is the difference between the magnitude of the earthquakes for:
i Pacific Ridge and Timor?
i Japan and Idaho, US?
b Use your results from part a to state how many times more powerful the earthquake was in:
i Pacific Ridge compared to Timor
i Japan compared to Idaho, US.

2 This logarithmic chart shows the Richter scale measurements rounded to the nearest integer for five
different earthquakes recorded on one particular month in 1985.

A

Mexico |

Indonesia |

Guam |

Japan |
Poland |

Y

Richter scale

a What is the difference between the magnitude of the
earthquakes for:
i Mexico and Guam?
i Indonesia and Japan?

b Use your results from part a to state how many times
more powerful the earthquake was in:
i Mexico compared to Guam
i Indonesia compared to Japan.
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3 This logarithmic chart shows the revenue, $R, in millions of dollars for five Australian companies.

log;o RA

e

a What is the difference between the magnitude of the revenue for:

i companies B and D?

C

D

Company

ii companies A and E?

b Use your results from part a to state how many times larger the revenue is for:

i company B compared to company D

ii  company A compared to company E.

eampe2s 4 The following table includes data about the population of rabbits, P, in a district over  months.

2

3

4

5

o
100 400

1600

6400

25600

102 400

a Calculate the values of log, P using the six different values of P given in the table. Round to one

decimal place.

b Plot a graph of log,, P vs ¢, with  on the horizontal axis.

¢ Describe the shape of the graph of log, P vs . What does this say about the type of relationship

between P and ¢?

5 The following table includes data about the value of an investment, $A, over ¢ years.

2

3

4

5

0 1
10000 12000

14400

17280

20736

24883.2

a  Calculate the values of log A using the six different values of A given in the table. Round to two

decimal places.

Plot a graph of log,A vs 7, with 7 on the horizontal axis.

Describe the shape of the graph of log5A vs t. What does this say about the type of relationship

between A and 1?
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234 Chapter 3 Indices, exponentials and logarithms

PROBLEM-SOLVING 6 6,7 7,8

6 This graph shows the magnitude of the wealth of seven Australian families (A-G) that own a mining
business as at June 2022. Let $W be the value of the wealth for the families.

Q mm I O w >

o
-

T
0 1 2 3 4 5 6 7 8 9 10 11 log;o W

a What is the difference in the magnitude of the wealth for:

i family A and family E? i family C and family G?
b What is the value of the wealth, $W, for:
i family A? i family C? iii family E? iv family G?

7 The magnitude of the gross domestic product (GDP) per capita in 2021 for seven countries is given in
this chart. Figures are approximate and are recorded in $US.

log;, (GDP) A
5
4
3
7 -
14
6@0& y @&& é&q}& %va& \5&@6 o&% ‘%@@%
N A&& _ {\@b
AN

a What is the difference in the magnitude of the GDP per capita for:
i Australia and Greece? ii  Luxembourg and Grenada?

b What is the value in $US of the GDP per capita of the following countries? Round to the nearest
ten thousand dollars.
i Australia ii  Luxembourg iii Greece iv Grenada

¢ What is the difference in the value of the GDP per capita in $US when comparing Australia and the
United States? Round to the nearest $1000.
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8 Using a log base 10 scale, the magnitude of the volume of water in
Lake Victoria is 8 and the magnitude of the volume of water in Lake
Anne is 5. If there is 500000 ML of water in Lake Anne, how many
ML are in Lake Victoria?

3l Logarithmic scales

9 This graph shows the magnitude of the average number of calculations per second, C, for computers

for the given years starting at 1960 through to 2000.

log;( CA

T T T T
1960 1970 1980 1990 2000 Year

State the difference in the magnitude when comparing the years:

i 1970 and 1990 i 1960 and 2000

Calculate the value of C, the average number of calculations per second, written as a power of 10
for the following years:

i 1960 i 1970 iii 1980 iv. 1990 v 2000
Explain why the given graph is a straight line when in fact there is an exponential relationship
between the average number of calculations per second and time.

d If this trend continued, what might be the value of log , C for:
i 20107 i 2040?
10 This graph relates log,,y with x with rule 10810 YA
loggy=x+1.
a Find the value of y if:
: Y 5- 4,5)
i x=1
i x=3 4-
b Find arule for y in terms of x. Hint: If log,,a = b
then a = 10°. 3-
2 —
19
T T T T =x
1 2 3 4
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236 Chapter 3 Indices, exponentials and logarithms

11 Find a rule for P in terms of ¢ for these graphs which plot log P for a given base vs 7.
a 10g2 PA b 10g3P A

4,11 5,9

0.7 ©,4)

>

1 2 3 4 1 1 2 3 4 5

ENRICHMENT: Exploring pH = - 12

12 pH is a measure of acidity and describes the concentration of hydrogen ions (H+) in a solution. The
pH is calculated by taking the negative of log base 10 of H+. Higher levels of hydrogen ions lead to a
lower pH (a higher level of acidity).

a Find the pH of a solution if the concentration H+ is equal to the following.
i 0.001
i 0.000001
iii 0.00000000001
b Pure water has a pH of 7. Find the concentration of hydrogen ions (H+) for water.
¢ How many more times acidic is a chemical with pH 4 compared to a chemical with pH 6?
d Research the pH of common liquids like lemon juice, vinegar, battery acid, milk and ammonia.
Compare their acidity and comment on the differences in strength.

-y
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3J Laws of logarithms

3J Laws of logarithms

Learning intentions for this section:

» To know how to combine logarithms with the same base using the logarithm laws for addition and subtraction
» To know properties of logarithms involving powers and the logarithm of 1

e To be able to use logarithm properties to simplify expressions

Past, present and future learning:

e This section addresses the Stage 5 Path Topic called Logarithms

e These concepts were not addressed in our Year 9 book

* In Stage 6 Advanced these concepts will be revised, briefly, then extended

From the study of indices you will recall a number of
index laws that can be used to manipulate expressions
involving powers. Similarly, we have laws for logarithms
and these can be derived using the index laws.

Recall the index law: @™ xa" =a™ *"
Now let x =a™ and y =a" [1]

Som=1log,x and n=log,y [2]

From equation [1] xy = a™ Xa" Audiologists measure the loudness of sound in
decibels (dB), a logarithmic scale. Permanent hearing
loss occurs after listening to 88 dB music 4 hours/day.
Each 3 dB increase halves the safe time; at 100 dB
hearing loss occurs in 15 minutes/day.

=a™*" (using the index law)

So: m+n = log, (xy)

From [2] m+n=log, x+log,y
So: log,, (xy) = log, x +log,y

This is a proof for one of the logarithm laws and we will develop the others later in this section.

Lesson starter: Proving a logarithm law

In the introduction above there is a proof of the first logarithm law, which is considered in this section.
It uses the index law for multiplication.

* Now complete a similar proof for the second logarithm law, log , (%) =log,x — log,y, using the

index law for division.

KEY IDEAS

M log, x +log,y =log, (xy)
e This relates to the index law: @’ X a* =a™ T .

M log,x—log,y= loga(§)
e This relates to the index law: a ~a" =a™ ~— .
B log,&") =nlog, x

e This relates to the index law: @™)"* =a™ <",
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Chapter 3

B Other properties of logarithms.
e log,1=0,(a#1) usinga¥ =
e log,a=1, usinga! =a

1

e log,v= logax‘1 =—log, x

Indices, exponentials and logarithms

BUILDING UNDERSTANDING

ﬂ Complete the rules for logarithms using the given pronumerals.

a log,(xy)=log, x +
¢ log, b"=mx

e log.1=

@ State the missing numbers.
a log, |:| =1

c log,2+ logaD= log,,8

e loga34:|:|xloga3

b log,(5) = -

d log,a=

1_
p - ——

f log,

] log3|:|=0

d log, 36— logal:lz log, 3

f I:lloga?a =loga%

@ Evaluate:
a log,, 100 b log, 32 C logy27
d -2 logs 25 e 4log;, 1000 f —6logs 1
- J

Simplifying logarithmic expressions

Simplify the following expressing answers in the form log n, where n is a postive integer.
a log,4+log,5 b log, 22 —log, 11 ¢ 3log,2

SOLUTION
a log,4+log,5=1log,20

EXPLANATION
This uses the law:
log, x +log, y =log , (xy)

This uses the law:
log,x —log,y = loga(§)

2
11

b log, 22 —log,11=1log, 2

Note: log , 55 = log , 2

¢ 3log,2 = log,2?
= log, 8

This uses the law: nlog , x = log , x"
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3J Laws of logarithms 239

Now you try

Simplify the following expressing answers in the form log ,n, where n is a postive integer.
a log,3+log,8 b log,32—log, 16 ¢ 2log,4

Evaluating logarithmic expressions

Simplify and evaluate the following expressions.

a log,1 b logs5 c 1°g6% d log,6—1log,3
SOLUTION EXPLANATION
a log,1=0 20=1
b logs5=1 st=5
c log6% = logg 62 Alternatively, use the rule log a% = —log, x.
= —2Xlogs 6 So log6% = —logg 36
=-2x1 = -2
= -2
d 1 = G =
og, 6 —log, 3 = log, 2 log, 3)= log,2and2" =2
=1
Now you try
Simplify and evaluate the following expressions.
a log,1 b log,7 c 10g3% d logy 15 —log; 5

Exercise 3J

FLUENCY 1-4("2) 1-4(1/2) 1-4(1/3)

eample2éa 1 Simplify using the logarithm law for addition.

a log,3+1log,2 b log,5+log,3 ¢ log,7+log, 4
d log, 6 +log,3 e log, 15 +1log, 1 f log, 1+log, 17

eample2sh 2 Simplify using the logarithm law for subtraction.
a log,10-1log,5 b log, 36 —log, 12 ¢ log, 100 —log, 10
d log, 28 —log, 14 e log,3—log,2 f log,7-1log,>5

eampe26c 3 Express the following in the form log n, where n is a postive integer.
a 2log,3 b 2log,5 ¢ 3log,3
d 4log,2 e Slog,2 f 3log, 10
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240 Chapter 3 Indices, exponentials and logarithms

exampe27ab 4 Evaluate:

a logsy1 b log,1 ¢ log, 1

d log, 4 e log g 18 f log,a

g Slog, 1 h 3log, 4 i %10g7 7
2 10

PROBLEM-SOLVING 5-6(12) 5—7(1/2) 5—7(1s)

eample2c 9 Simplify and evaluate.

a IOgZ% b 10g3% c log4é

d logsé e loglorzo f loglom
eample2za 6 Simplify and evaluate.

a log, 10—1log,5 b logs 30 —log; 10 ¢ log, 128 —log, 2

d log, 8 +log,2 e logg 16 +logg 4 f log;y, 50 +log,2

7 Simplify using a combination of logarithmic laws.

a 2log;2+logs 5
¢ 3log;y2—log 4

4log ;2 +1log 3
Slog;2 —log, 16

e log; 4+ 2log, 2 i logs3 - log9
1 1

g 3 log, 27 - 3 log, 64

h Jlogs 16 + 1 logs 243

[ reasonve X 809, 9. 10

1 1 1
8 Recall that v¥ =x 2 and V¥ =x 3 and in general V¥ =x ™. Use this to simplify the following.
a log,V8 b log,V32
¢ log, V16 d log,, V1000

e log; V7 f logsV625

9 Prove that:

a log a% = —log,, x using the logarithm law for subtraction
b log a% = —log,, x using the logarithm law involving powers.
log,, x

10 Prove that log VX = —"—.

ENRICHMENT: Proving the laws for logarithms = = 11

11 Read the proof for the logarithm law for addition in the introduction and then complete the following
tasks.
a Complete a proof giving all reasons for the logarithm law: log , (xy) = log , x + log , y.

b Complete a proof for the logarithm law: log a(%) =log, x —log,y.

¢ Complete a proof for the logarithm law: log ,x" = nlog , x.
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3K Solving exponential equations using logarithms

3K Solving exponential equations using
logarithms

Learning intentions for this section:

¢ To know how to solve exponential equations by rewriting in logarithmic form using the given base
e To be able to solve an exponential equation using base 10

e To be able to use technology to evaluate logarithms

Past, present and future learning:

« This section addresses the Stage 5 Path Topic called Logarithms

* These concepts were not addressed in our Year 9 book

* |n Stage 6 Advanced these concepts will be revised, briefly, then extended

When solving a simple exponential equation like 2* = 16
we know that the solution is x = 4 because 2* = 16.
Solving 2* = 10, however, is trickier and requires the use
of logarithms. Depending on what calculator functions
you have, one of two different methods can be chosen.
These methods can be used to solve many types of
problems in science and finance.

The many applications of solving exponential
equations include medical scientists calculating
when a radioactive tracer has decayed; financiers
determining when an investment doubles; and
food scientists calculating the time for a bacteria
population to reach food-poisoning levels.

Lesson starter: Trial and error versus logarithms
Consider the equation 10* = 20.

* First, use a calculator and trial and error to find a value of x (correct to three decimal places) that
satisfies the equation.

*  Now write 10* = 20 in logarithmic form and use the log function on your calculator to find the value of x.

e Check the accuracy of your value of x obtained by trial and error.

KEY IDEAS

B Solving for x ifa* =y
* Using the given base: x = log, y
e Using base 10: a* =y
logqa* = log;yy (taking log, of both sides)
xlogya = log;yy (using the log x"=nlog, x law)

Io
v = 210y
logq a

(dividing by log; a)
B Most calculators can evaluate using log base 10, but some calculators can work with any base.
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242 Chapter 3 Indices, exponentials and logarithms

BUILDING UNDERSTANDING

0 Give the logarithmic form of these equations.
1

a 23=8 b 42=2 c 3¥=10
@ State the missing number.
a s 125 1 10000 ¢ log, 3 d log, =5
8 Use a calculator to evaluate the following, correct to three decimal places.
a log,,7 b log,,0.6 c IOglo% log;, 12
log o7
\- J

Solving using the given base

Solve the following using the given base. Round your answer to three decimal places.

a 2*=7 b 50x1.1*=100
SOLUTION EXPLANATION
a 2*=7 Ifa* =y then x = log , y.
x =log, 7 This method can be used on calculators that
= 2.807 (to 3d.p.) have a log function log , y, where both a and y

can be entered.

b 50x1.1* = 100

1.1¥ =2 Divide both sides by 50.
x=log;2 Write in logarithmic form, then use a
= 7.273 (to3d.p.) calculator for the approximation.
Now you try
Solve the following using the given base. Round your answer to three decimal places.
a 3*=10 b 20x1.2*=60
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Solving using base 10

Solve using base 10 and evaluate, correct to three decimal places.

a 3¥=5 b 1000 x 0.93* = 100
SOLUTION EXPLANATION
a 3*=5 Take log |, of both sides.
log ;3" = log,, 5 Use the log law: log , x"* = nlog , x.
xlog;o3 =log (5
10g10 5 ..
x = fog,o3 Divide by log 3.
= 1.465 (to 3 d.p.) Use the log function on a calculator.

b 1000 x 0.93* = 100 Divide both sides by 1000.

0.93" = 0.1 Take log, of both sides.

log;( 0.93* = log,,0.1

Use the log law: log ,x" = nlog , x and solve
xlogq0.93 = log |, 0.1

for x by dividing both sides by log; 0.93.

_ log( 0.1
* = Tog,, 093
= 31.729 (to 3 d.p.) Use the log function on a calculator.
Now you try

Solve using base 10 and evaluate, correct to three decimal places.
a 2*=11 b 200 x0.85" =50

Exercise 3K
1-20 =309 1-20

eample28a 1 Solve the following using the given base and round to three decimal places where necessary.

a 3*=5 b 2*=11 c 5¥=13
d 1.2¥=35 e 29*=35 f 02*=0.04
eample2sh 2 Solve the following using the given base and round to three decimal places where necessary.
a 10x2¥*=20 b 25%x3*=75 c 4x1.5=20
d 38x1.7"=95 e 300x0.9*=150 f 73x04*=1.8
eample29 3 Solve using base 10 and evaluate, correct to three decimal places.
a 2¥=6 h 3*=8 c 5=7 d 11*=15
e 1.8°=25 f 09=0.5 g 10x2*=100 h 7x3=28
i 130 x7*=260 j 4x1.5°=20 k 100 x0.8*=50 I 30x0.7*=20
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244 Chapter 3 Indices, exponentials and logarithms

PROBLEM-SOLVING 4 4,5 5,6

4 The rule modelling a population (P) of mosquitoes is given by P =87, where ¢ is measured in days. Find
the number of days, correct to three decimal places where necessary, required for the population to reach:
a 64 b 200 ¢ 1000

5 Aninvestment of $10000 is expected to grow by 5% p.a. so the balance $A is given by the rule
A =10000 x 1.05", where n is the number of years. Find the time (to two decimal places) for the
investment to grow to:
a $20000 b $32000 ¢ $100000

6 50 kg of a radioactive isotope in a set of spent nuclear fuel rods is decaying at a rate of 1% per year.
The mass of the isotope (m kg) is therefore given by m = 50 X 0.99", where n is the number of years.
Find the time (to two decimal places) when the mass of the isotope reduces to:
a 45kg b 40kg ¢ 20kg

[ reasonne [ i 6.9

7 The value of a bank balance increases by 10% per year. The initial amount is $2000.
a Write a rule connecting the balance $A with the time (n years).

b Find the time, correct to the nearest year, when the balance is double the original amount.

8 The value of a Ferrari is expected to reduce by 8% per year. The original cost is $300 000.
a Find a rule linking the value of the Ferrari ($F) and the time (n years).
b Find the time it takes for the value of the Ferrari to reduce to $150000. Round your answer to one
decimal place.

9 The half-life of a substance is the time it takes for the substance to reduce to half its original mass.
Round answers to the nearest year.
a Find the half-life of a 10 kg rock if its mass reduces by 1% per year.
b Find the half-life of a 20 g crystal if its mass reduces by 0.05% per year.

ENRICHMENT: Change of base formula = - 10

10 Ifa* =y then we can write x = log,, y. Alternatively, if a* = y we can find the logarithm of both sides,

as shown here.
at=y
log,a* = log, y
xlog, a = log, y

. logby

" log,a

) logby
slog,y = Tog, a

This is the change of base formula.
a Use the change of base formula to write the following with base 10.

i log,7 il log516 iii logs1.3
b Change to log base 10 and simplify.
i logs10 il log, 1000 i log;0.1
¢ Make x the subject and then change to base 10. Round your answer to three decimal places.
i 3*=6 i 9°=13 il 2x1.3*=19
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Working mathematically

Luxury car investment

Mula and Will have different priorities when it comes to their luxury cars. At about the same time, Mula
purchases an antique Rolls Royce for $80000 and Will purchases a brand-new Porsche for $160 000.

Present a report for the following tasks and ensure that you show clear mathematical workings and

245

Explore and

connect

Choose

and apply
techniques

explanations where appropriate.

Routine problems

Assuming Mula’s car grows in value at 6% per year, find a A Value ($)
rule for the value of the Rolls Royce ($M) after ¢ years.
Find the value of Mula’s car after 10 years.

Assuming Will’s car decays in value at 8% per year, find a
rule for the value of the Porsche ($W) after ¢ years.

=
=)
=
S
=
3
]
=3
]
3
=
s.
=
<

Find the value of Will’s car after 10 years.
Plot a graph of the rules found above on the same set of

axes. Use the axes as shown and prepare a table of values
to help. 10
Estimate when Mula’s car and Will’s car have the same

value.

Non-routine problems

The problem is to find the time that it takes for Will’s and Mula’s cars to have the same value for
given rates of growth and decay. Write down all the relevant information that will help solve this
problem.

Explain why Mula’s car might grow in value and Will’s car might decay in value.

Choose a realistic value for the:

i growth rate of Mula’s Rolls Royce

i decay rate for Will’s Porsche.

Determine rules for the values of Mula’s car and Will’s car.

Use tables and graphs to illustrate these rules for at least 10 years (use technology where

appropriate).
f Estimate after how many years the cars will have the same value.
g Calculate the value of each car using your rules at the estimated value of ¢ found in part f.
Communicate h Examine your graphs and try to improve your estimate so that the values of the cars have the same
thinking and value
reasoning ’

Problem solve

i

Extension problems

Investigate how technology can be used to find a precise value of ¢ for which the values of the cars
are equal.
Summarise your results and describe any key findings.

Explore the effect on your results for different choices
for the rates of growth and decay of the car’s value.
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Chapter 3 Indices, exponentials and logarithms

Generating wealth

Chances are that people who become wealthy have invested money in
appreciating assets, such as property, shares and other businesses.

Appreciating or depreciating?
Imagine you have $100000 to invest or spend and you have these options.
Option 1: Invest in shares and expect a return of 8% p.a.

Option 2: Buy a car that depreciates at 8% p.a.
a Find the value of the $100000 share investment after 10 years.
b How long will it take for the share investment to double in value?
¢ Find the value of the $100000 car after 10 years.
d How long will it take for the value of the car to fall to half its original value?
e

Explain why people who want to create wealth might invest in appreciating assets.

Buying residential property
A common way to invest in Australia is to buy residential property. Imagine you have $500000 to buy an
investment property that is expected to grow in value by 10% p.a. Stamp duty and other buying costs total
$30000. Each year the property has costs of $4000 (e.g. land tax, rates and insurance) and earns a rental
income of $1200 per month.
a What is the initial amount you can spend on a residential property after taking into account the
stamp duty and other buying costs?
b What is the total net income from the property per year after annual expenses have been considered?
¢ By considering only the property’s initial capital value, find the expected value of the property after
10 years.
d By taking into account the rise in value of the property and the net income, determine the total
profit after 10 years.

Borrowing to invest

Borrowing money to invest can increase returns but it can also increase risk. Interest has to be paid on the
borrowed money, but this can be offset by the income of the investment. If there is a net loss at the end of
the financial year, then negative gearing has occurred. This net loss can be used to reduce the amount of
tax paid on other income, such as salary or other business income, under Australian taxation laws.

Imagine that you take out a loan of $300000 to add to your own $200000 so you can spend $500000 on
the investment property. In summary:
e The property is expected to grow in value by 10% p.a.
*  Your $300000 loan is interest only at 7% p.a., meaning that only interest is paid back each year and the
balance remains the same.
e Property costs are $4000 p.a.
e Rental income is $1200 per month.
e Your taxable income tax rate is 30%.
a Find the net cash loss for the property per year. Include property costs, rent and loan interest.
b This loss reduces other income, so with a tax rate of 30% this loss is reduced by 30%. Now
calculate the overall net loss, including this tax benefit.
¢ Now calculate the final net gain of the property investment for 10 years. You will need to find the
value of the appreciating asset (which is initially $470000) and subtract the net loss for each year
from part b above.
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Problems and challenges 247

1 Write3"~! +37~1 437~ a5 a single term with base 3.

2 Simplify.
256 x 5* p 3 x3*
e 1255 6" X 9*

3 Solve32r x27°t1 = g1,

4 Simplify.
a 2n+1 _2n+2 b 2a+3 — 4 x24
zn—l _2n—2 22a+1 —4a
5 Simplify.
11 _11 11 _11
. X2y Ty ] X2y 2oy
VXY x~ 1yl

o
q
(—)
=
(1°)
3
(]
V)
-
Q.
(x)
-
=
)
=

=2
(1°]
(]

6 Given that 5**! — 52 = 6205, find the value of x.

7 Simplify the following without the use of a calculator.
a 2logy4 - log3%
1
b —logzz + 3log, 4
¢ log,VI25 + log 5
d 2log, 27 +log, 9

8 Solve these equations using log base 10. Round your answers to two decimal places.
a 5 1=2 b 0.2¥=10 ¢ 2°=3*

9 Solve for x: 2log,, x = log;,(5x + 6).
10 Given that log, 3 = p and log , 2 = ¢, find an expression for log, (4.542).

11 Solve these inequalities using log base 10. Round your answers to two decimal places.
a 3*>10 b 05<7

12 If y = a x 25 and the graph of y passes through (-1, 2) and (3, 6), find the exact values of a and b.

CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
Year 10 Photocopying is restricted under law and this material must not be transferred to another party.



Chapter 3

Negative indices
-m_1

“am

N

Indices, exponentials and logarithms

Index laws
aMx gh=gm+n
am+a"=am"

(aITI)II:aITm

(ab™=amp™

am_am
(5) =pm
Zeroindex:a=1, a

Chapter summary

#0 |

/

If a¥=a’,then x=y.
eg.1 2¥=16
2X=24
Sox=4
2 7% =g

33X—12=32X
so3x—12=2x
x=12

Exponential equations

(33))( -4 _ (32)){

Rule: amount A = Ay(1
Ay =initial amount

n =time period
Use + for growth.
Use - for decay.

,
Exponential growth/decay

el

( —100)n

r=rate of growth/decay, as a %

CambridgeMATHS NSW Stage 5
Year 10

Fractional indices

Scientific notation
Numbers (large and small) in
scientific notation are of the form
ax10™ where 1 <a<10or
—10 <a< -1 and m is an integer.
e.g. 3.45 x 10° = 345 000

2.1 1073 = 0.0021

e.g 1475231
notation, using
figures is 1.48

n scientific
three significant
%105,

>

5 5

g5 s
I

[ )

EIERE T TEN

@
[{=]
nN
~
o=
Il

w Zw
N
~|

Indices,
exponentials
and logarithms

Logarithmic scales
These are used to help visualise the
spread of data over a wide range of
values.

A logarithmic graph uses the
logarithm of a quantity on at least
one axis.

Variables connected by an
exponential relationship can be
represented as a linear relationship
using logarithms.

Logarithm definition

* log,8 =3 since 2°=8
* log;o100 = 2 since 102= 100

* log; 217 =-3since 33= 21—7

* log140.001 = -3 since 103 = 0.001

\

log,y = xis equivalent to 2=y, a>0

7

Log law for addition

log,x + 109,y = 10g4(xy)
e.g. log;5 + log,6 = log, 30

Log law for subtraction
logz X~ logzy =10,(3)
e.g. log318 —log32 = logz9

f N
Log law involving powers

logx" = nlog,x
1
e.0. log,8” = 3 0g,8
=1x3

N N

\

Other properties
elogy1 =0 (@ =1)
elogza =1 (a' =a)

* logs T =—logy x (1 =x7)

ISBN 978-1-009-40964-3

s )
Solving exponential equations
using logarithms
2X=5 or =5
x=1log,5 l0g192* = log15
x10g192 =10g1¢5
Y= |Og105
L |Og102 y
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Chapter checklist 249

Chapter checklist with success criteria

A printable version of this checklist is available in the Interactive Textbook Ej

1. I can apply index laws to multiply common bases.
e.g. Simplify 3x2y3 x 2xy4.

. | can apply index laws in division.
e.g. Simplify 3x5y3 = (12x2y).

3. I can apply index laws involving brackets.

)
g
QO
<=
o gt
(-}
q
()
—
¢®
(x)
=
(7¢]
[ ad

N

- 312 AN
e.g. Simplify (2m3)” and (7) .

4. | can simplify using a number of index laws.

2
e.g. Simplify 3(x2y)3 x (%) using index laws.

5. | can use the zero index.
e.g. Evaluate (3a)0 — 5a0.

. | can rewrite an expression using positive indices.
e.g. Express 3x2y—3 using positive indices.

7. | can rewrite an expression with a negative power in the denominator using positive
indices.

e.g. Express % using positive indices.
V-

1 A I O I

(=]

. | can simplify expressions and apply index laws to negative indices.
(1)~
4x=2y3

9. | can convert from scientific notation to a basic numeral.
e.g. Write 3.07 x 104 and 4.1 x 103 as basic numerals.

(-]

e.g. Simplify and express using positive indices.

3

()

10. | can convert to scientific notation using significant figures.
e.g. Write 0.0035892 in scientific notation using three significant figures.

11. I can use technology to perform calculations in scientific notation.

e.g. Evaluate v3.02 x 1024, answering in scientific notation using three significant
figures.

() (&) (&)

12. | can write roots in index form.

3D 3
e.g. Express Vx6 in index form.

30 13. | can write rational indices in surd form.
3

e.g. Express x2 in surd form.

14. | can evaluate numbers with rational indices.

oo O |ojg) o

1
e.g. Evaluate 25 2 without a calculator.

15. | can solve exponential equations using a common base.
e.g. Solve 3% = 27 for x.

@@
[
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250 Chapter 3 Indices, exponentials and logarithms

16. | can solve exponential equations that require a common base to be found.
e.g. Solve 25X = 125%-2.

w
m

BEEE &6 6EBEEE

17. 1 can sketch a graph of an exponential equation.
e.g. Sketch y = 3Xlabelling the y-intercept and one other point.

18. | can sketch exponential graphs involving reflections.
e.g. Sketch y =2% y= —2Xand y =2-X on the same axes.

w
b1

Chapter checklist

19. | can find the intersection of horizontal lines and exponential graphs.
e.g. Find the intersection of the graphs of y=3Xand y = 27.

w

20. | can form an exponential rule for a situation.
e.g. Write an exponential rule for the value of Scott’s car purchased for $35000 and
decreasing in value by 15% per year.

21. | can apply exponential rules.
e.g. The value of a house in nyears’ time is given by /=590 000(1.06)". Determine the
value in 4 years’ time and find when it will be valued at $1000000.

22. | can convert between index form and logarithmic form.
e.g. Write an equivalent statement in index form for log, 8 = 3 and in logarithm form

for34 = 81.

23. | can evaluate a logarithm.
e.g. Evaluate log, 64.

24. | can evaluate a logarithm using a calculator.
e.g. Evaluate log 8 correct to three decimal places.

25. | can solve a simple logarithmic equation.
e.g. Find the value of xin the equation logs x = 5.

ooy oo oo oot

26. | can interpret a logarithmic chart.
e.g. This logarithmic chart shows the profit, $P, in millions of dollars for four
companies.
Determine how many times larger the profit of company D compared to company B is
by first finding the difference between the magnitude of the profit.

logio PA

w

Y

A B C D
Company
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Chapter checklist 251

217. | can construct a logarithmic graph.
e.g. The following table shows the value $A of an investment over tyears.

0 1 2 3 4 5
1000 1100 1210 1331 1464.1 | 1610.51

Plot a graph of log4, A vs £, with ton the horizontal axis, and use the shape of the graph
to comment on the type of relationship between Aand .

[]

)
g
QO
<=
o gt
(-}
q
()
—
¢®
(x)
=
(7¢]
[ ad

28. | can apply laws of logarithms.
e.g. Simplify log, 5 + log, 3 and log, 18 —log,, 6.

29. | can evaluate logarithmic expressions by simplifying.
e.g. Simplify and evaluate log; 10 — logs2 + log, 1.

30. I can solve an exponential equation using logarithms with the given base.
e.g. Solve 3¥= 20 correct to three decimal places using the given base.

L O O O

31. | can solve exponential equations using base 10.
e.g. Solve 2 x 1.1%¥= 6 using base 10 and correct to three decimal places.

QlOR0R0
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252 Chapter 3 Indices, exponentials and logarithms

Short-answer questions

3 1 Simplify the following, expressing all answers with positive indices when required.
'g a (5y3)2 b 7m0 —(5n)° ¢ 4x2y3 x 5x0y7
o 4 324 . (y% )2 i ¢ 36 . (@b)?
. 6y (2ab?°  (3a=2)°
D
"5_ 2 a Write the following numbers as a basic numeral.
g i 321x10° i 4.024 x 10° i 7.59 x 1073 iv 9.81x1073
() b Write the following numbers in scientific notation, using three significant figures.
i 0.0003084 i 0.0000071753
iii 5678200 iv. 119830000

3 Express in index form.

a 21 b &% c S\l”F
d V2a% e T
4 Evaluate these without using a calculator.
1 1 it
a 252 b 64° c 49 °
= ; 2
d 100 e 125 f 10000%
5 Solve the following exponential equations for x.
a 3*=27 h 75=49 c 4%+tl=64
L S * =21
d 9= ’1 e 5= 5 f 36 6
g 734 =49 h 100*—2 =1000* i 93-2x=p7x+2

6 Sketch the following graphs, labelling the y-intercept and the point where x = 1.
a y=4* b y=-3* c y=5~

Form exponential rules for the following situations.
a An antique bought for $800 is expected to grow in value by 7% per year.
b A balloon with volume 3000 cm? is leaking air at a rate of 18% per minute.

8 Write the following in logarithmic form.

~

a 24=16 b 10% = 1000 c 3—2=$
9 Write the following in index form.
a log;81=4 b 10g4%=—2 ¢ log,n0.1=~1
10 Evaluate the following.
a log;, 1000 b logs 81 ¢ logy1
d log3% e logs % f log,0.25
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Chapter review 253

11 The following table includes data about the population of mice, P, on a farm after # months.

t 0 1 2 3 4 ® (qp )
=
P 30 60 120 240 480 960 Xy
=]
a Calculate the values of log,, P from the table correct to one decimal place and plot a graph C'-D.'
of log, P vs t, with ¢ on the horizontal axis. -
b Consider the shape of log,, P vs t and state what this says about the type of relationship 3
between P and . <
(5-}
m 12 Simplify using the laws for logarithms. E
a log,4+log,2 b log, 7 +log, 3 ¢ log, 1000 — log, 100
d 2log,2 e log; 60 —log,; 20 f log,V8

13 Solve these equations using logarithms with the given base.
a 3*=6 b 20x1.2*=40

3L

14 Solve for x, in exact form, using base 10.
a 2*=13 b 100 x 0.8 =200

3L

Multiple-choice questions

1 The simplified form of 4a>b? x 2510 is:

A 8a’b'? B 1284%b!2 C 8a’°
D 40a3h° E 8a%p?
2
6 3
2 The simplified form of % is
3x3y2 x 4xty
4 3 6 4 6
A y_6 g c L p E 2
2x x10 xd = 2x6
3 8a~lb=2 expressed with positive indices is:
12a3b3
24% a’b’ 263 _2b’ E a4
s ? 56 € 3 32 z

4 The radius of Earth is approximately 6378 137 m. In scientific notation, using three significant
figures, this is:
A 6378 x10° m B 6.38x10°m C 64x10°m
D 637x10°m E 636x10°m

5 V8x0 in index form is:
A 8x3 B 8x2 C 4x3 D 8%x3 E 8%x4

6 The solution to3%*~1 =92 is:
A X=% B x=2 C x=

N
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254 Chapter 3 Indices, exponentials and logarithms

7 The graph of y =3* intersects the y-axis at:

A (0,3 B (3,0 c (0,1 D (1,3 1
§ 0, 3) (3,0) ©, 1) (1,3) e (0.d)
3 8 The graph of y =47"is:
€, ' ;
p .
p .
T}
)
o
S 4
=
(&)
0 X
D 5 E
1 1
(LD
0 X

n 9 The graphof y=3*and y = % intersect at the point:

A (1.3) B (-1,%) C (-1,3) D (%%) E (1%)

m 10 A rule for the amount $A in an account after n years for an initial investment of $5000 that is
increasing at 7%, per annum is:

A A =5000(1.7)" B A =500000.93)" C A =500000.3)"
D A =5000(1.07)" E A =500000.7)"
n 11 Which of the following is equivalent to 5% = 125?
A log;125=5 B log;5=125 C logs125=3
D 125°=5 E log;,s3=5
n 12 If log, 64 = x, then x is equal to:
A5 B 6 C 32 D 128 E 642

n 13 A logarithmic chart shows the acidity level of two elements A and B to be 6 and 4. How many
times more acidic is element B compared to element A?

A 2 B 20 C 100 D 40 E 200
m 14 log6%simpliﬁes to:
A -1 B 1 C 36 D 6 E O
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Chapter review

Extended-response questions

1 Georgia invests $10000 in shares in a new company. She has been told that their value is
expected to increase at 6.5% per year.

1dey)

a Write a rule for Georgia’s expected value, V dollars, in shares after n years.

b Use your rule to find the value she expects the shares to be after:
i 2years
ii 5 years

¢ When her shares are valued at $20000 Georgia plans to cash them in. According to this rule,
how many years will it take to reach this amount? Give your answer to one decimal place.

@
q
q
@
=
@
3

d  After 6 years there is a downturn in the market and the shares start to drop, losing value at
3% per year.

I What is the value of Georgia’s shares prior to the downturn in the market? Give your
answer to the nearest dollar.

i Using your answer from part d i, write a rule for the expected value, V dollars, of
Georgia’s shares ¢ years after the market downturn.

iii Ten years after Georgia initially invested in the shares the market is still falling at this
rate. She decides it’s time to sell her shares. What is their value, to the nearest dollar?
How does this compare with the original amount of $10000 she invested?

2 Sound is measured in decibels, dB, with rule given by d = 1010g10P£ where P is the power or
0

intensity of the sound measured in watts/cm? and P, is the weakest sound that the human ear

can hear in watts/cm?.
a Use the rule with Py= 10710 to find:

i the sound in decibels when P is 10~ (the
maximum intensity the human ear can
tolerate before experiencing pain)

i the intensity of sound at a rock concert when
the sound is recorded as 100 decibels

iii what 0 decibels represents in terms of the

power P.

b A sound is being recorded at different time
intervals in a suburban street. Over the course of the day the sound ranges from 50 dB to 70
dB. Use P, =10"16.

i Find the range of the intensity P throughout the day.
i Describe the change in the intensity range compared to the change in decibel range.
¢ Two speakers emit sound intensity power of P| and P, where P, > P,.
i Give a simplified rule, c, for the difference in decibels between the two speakers.
i If speaker 2 emits 100 times the power of speaker 1, what is the difference in decibels?
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Around 300 BCE, the Gre athematlman Euclid

wrote ‘The Elements’; 13

theorem. Euclidean geometry is taught in
secondary schools and is the foundation.for
many of the, world s remarkable archlteckural
achlevements ,,?

Around 25170 B{)E Egyptlan architects built 3 massive
pyram|ds atG@ foriroyal tombs. The largest and
most famous has a square base of side 230.3 m, and
4 ﬂﬁahgular sloping sides reaching a vertical height
of 146.6 m. It is mind boggling that over 2.3 million
stope blocks were used, weighing between 2.5 and
15 tonnes each.

CambridgeMATHS NSW Stage 5
@ Year 10

mes explaining all’»< 2 ’7,|
the then-known geometry, mcludlng PythagaraS“.~3 hl
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he Parthenon, a:nﬁ ifice

statue of the god Athena 11 5 m fall,
of gold, equal to the cost of 230 sh|psl 4

The Indian Taj Mahal, completed 1648 CE, is an
architectural work of art in sparkling ivory-white
marble, a memorial to the Mughal emperor’s late
beloved wife. It has a beautifully symmetrical design,
with an octagonal building, the cross-sectiona -
square with cut corners, and crowned by a Iarge ;}
hemi-sphere ‘onion’ dome. . ‘: a0
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Irrational numbers including surds

Adding and subtracting surds

Multiplying and dividing surds

Rationalising the denominator

Review of length

Pythagoras’ theorem including three-dimensional problems
Area of triangles, quadrilaterals, circles and sectors

Accuracy of measuring instruments
Surface area of prisms and cylinders
Surface area of pyramids and cones
Volume of prisms and cylinders
Volume of pyramids and cones
Surface area and volume of spheres

In this chapter, a student:

» develops understanding and fluency in mathematics through
exploring and connecting mathematical concepts, choosing
and applying mathematical techniques to solve problems, and
communicating their thinking and reasoning coherently and clearly
(MAO-WM-01)
describes and performs operations with surds and fractional indices
(MA5-IND-P-02)

solves problems involving the surface area of right prisms and
practical problems involving the area of composite shapes and
solids (MA5-ARE-C-01)

applies knowledge of the surface area of right pyramids and cones,
spheres and composite solids to solve problems (MA5-ARE-P-01)

solves problems involving the volume of composite solids
consisting of right prisms and cylinders (MA5-VOL-C-01)

applies knowledge of the volume of right pyramids, cones and spheres
to solve problems involving related composite solids (MA5-VOL-P-01)

© 2022 NSW Education Standards Authority

A host of additional online resources are included as part of your Interactive
Textbook, including HOTmaths content, video demonstrations of all worked
examples, auto-marked quizzes and much more.
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Chapter4 Measurement and surds

4A Irrational numbers including surds

Learning intentions for this section:

¢ To know the meaning of the terms rational number, irrational number and surd
¢ To know how to identify a number as rational or irrational

¢ To know simple rules related to surds

* To be able to simplify surds using the highest square number factor

Past, present and future learning:

e This section includes concepts from the Stage 5 Path Topic called /ndices C

* |t consolidates and extends the concepts in Chapter 6 of our Year 9 book

¢ In Stage 6 Advanced these concepts will be revised, briefly, then extended

You will recall that when using Pythagoras’
theorem to find unknown lengths in right-angled 5
triangles, many answers expressed in exact form
are surds. The length of the hypotenuse in this

triangle, for example, is 5, which is a surd.

A surd is a number that uses a root sign (V' ), sometimes called a radical
sign. They are irrational numbers, meaning that they cannot be expressed

as a fraction in the form %, where a and b are integers and b # 0. Surds,
together with other irrational numbers such as pi (7), and all rational numbers

(fractions) make up the entire set of real numbers, which can be illustrated as Many formulas contain
numbers that are surds.
The formulas for the

. . S o speed of a rising weather
—3 (rational) —% (rational) V2 (irrational) 7 (irrational) bglloon and thegspeed

¢ ¢ ¢ ¢ of its falling measuring
device both include the

points on a number line.

: T T T T T T T T ; d 2
3 =2 -1 0 1 2 3 4 surd /2
Lesson starter: Constructing surds
Someone asks you: ‘How do you construct a line that is V10 cm long?’
Use these steps to answer this question.
» First, draw a line segment AB that is 3 cm in length. C
e Construct segment BC so that BC = 1 cm and AB L BC. You may !
cm

wish to use a set square or pair of compasses.

*  Now connect point A and point C and measure the length of the A 3cm B

segment.
e Use Pythagoras’ theorem to check the length of AC.

Use this idea to construct line segments with the following lengths. You may need more than one triangle
for parts d to f.

a \2 b V17 ¢ V20
d V3 e V6 f 22
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4A Irrational numbers including surds

KEY IDEAS

B All real numbers can be located as a point on a number line. Real numbers include:

e rational numbers (i.e. numbers that can be expressed as fractions)

For example: é, —%, -3,1.6,2.7,0.19.

The decimal representation of a rational number is either a terminating or recurring decimal.
e irrational numbers (i.e. numbers that cannot be expressed as fractions)

For example: V3, =2V7, V12 = 1, 7,27 — 3

The decimal representation of an irrational number is an infinite non-recurring decimal.

B Surds are irrational numbers that use a root sign (V).

e For example: V2, 5V11, —v200, 1 + 5
o These numbers are not surds: V& (= 2), V125 (= 5), —V16 (= —2).

B The nth root of a number x is written Vx.
o If%% =y then y" = x. For example: V32 = 2 since 25 = 32.

B The following rules apply to surds.

o (V¥)2=xand \/;=xwhenx>0.
e xy=+vx Xy whenx>0andy > 0.

X _ X
° \jg_wwheanOandy>O.

B \x+y # Vx + y unless x and/or y equal 0.

B When a factor of a number is a perfect square we call that factor a square factor. Examples of
perfect squares are: 1, 4, 9, 16, 25, 36, 49, 64, 81, 100, ...

B When simplifying surds, look for square factors of the number under the root sign and then use

Vax b =axb.

BUILDING UNDERSTANDING

0 Choose the correct word(s) from the words given in orange to make the sentence true.
a A number that cannot be expressed as a fraction is a rational/irrational number.
b A surd is an irrational number that uses a root/square symbol.
€ The decimal representation of a surd is a terminating/recurring/non-recurring decimal.
d 25 is a surd/rational number.

9 State the highest square factor of these numbers. For example, the highest square factor of 45 is 9.
a 20 b 125 c 48 d 72

J
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260 Chapter4 Measurement and surds

Defining and locating surds

Express each number as a decimal and decide if it is rational or irrational. Then locate all the

numbers on the same number line.

a —\3 b 137% c %
SOLUTION EXPLANATION
a —V3 =—-1.732050807... Use a calculator to express as a decimal.
—+3 is irrational. The decimal does not terminate and there is no
recurring pattern.
b 137% = % —137 137‘7f; is .a fracti?n and can be expressed using a
137% is rational. terminating decimal.
c % = 0.428571 % is an infinitely recurring decimal.
% is rational. Use the decimal equivalents to locate each number
on the real number line.
3
B 3 7 1.37 _
2 -1 0 1 2

Now you try

Express each number as a decimal and decide if they are rational or irrational. Then locate all the
numbers on the same number line.

a —\5 b —40% ¢ 2
Simplifying surds
Simplify the following.
a 32 b 3v200 c @ d \/7;5
SOLUTION EXPLANATION
a V32 =16 x2 When simplifying, choose the highest square factor
=16 X V2 of 32 (i.e. 16 rather than 4) as there is less work to
= 4\2 do to arrive at the same answer.
Compare with
V2 =VAXx8=2V8 =2V x2=2x2V2 =42
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4A Irrational numbers including surds 261

b 3v200 = 3V100 X 2 Select the appropriate factors of 200 by finding its
= 3xV100 X V2 highest square factor: 100.
=3x10xV2 Use {x X y = VX X vy and simplify.
= 30V2
C 5V40 _ 5V4x 10 Select the appropriate factors of 40. The highest
6 6 square factor is 4.
_ 5x V4 x V10
- 6
= 10°V10 Cancel and simplify.
6
_ 510
-3
d [75 _ 75 Use X = &
L) %=
_ V25%X3 .
R Then select the factors of 75 that include a square
53 number and simplify.
-3
Now you try
Simplify the following.
a \20 b 2v300 c 23@ i 12
Expressing as a single square root of a positive integer
Express these surds as a square root of a positive integer.
a 2V5 b 7V2
SOLUTION EXPLANATION
a 2\5 = x5 Write 2 as V4 and then combine the two surds
=120 using vx X \y = \Xy.
b 7V2 = V49 x V2 Write 7 as V49 and combine.
= \98
Now you try
Express these surds as a square root of a positive integer.
a 32 b 5V3
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262 Chapter4 Measurement and surds

Exercise 4A

FLUENCY 1-5(172) 1-6(7s) 1=6(1a)

eampler 1 Express each number as a decimal and decide if it is rational or irrational. Then locate all the numbers

on the same number line.

a \5 b 18% c % d —124%
e 1% f -2 g 23 h n
2 Decide if these numbers are surds.
a V7 b 2Vil ¢ 2\25 d —5V144
e 20 P38 g 1-3 h T +F
pample2a 3 Simplify the following surds.
a V12 b V45 c V24 d V48
e V75 f V500 g Vo8 h V90
i V128 i V360 k V162 I V80
eampezbe 4 Simplify the following.
a 2V18 b 320 C 4V48 d 2V63
e 308 i iz g ¥ h Y28
| 54 « 380 -
4 73 20 18
o 3N . 5¥200 , 208 ) 368
2 25 7 21
q 6V75 . 4150 ¢ 2108 ¢ 3147
20 5 18 14
pampe2d 9 Simplify the following.
8 12 18 11
) b V3o ¢ V25 4\
10 12 26 25
® Vo P Vg 9 V32 50
27 4 72 76
eamples 6 Express these surds as a square root of a positive integer.
a 23 b 42 c 52 d 33
e 3\5 f 6V3 g 8\V2 h 10V7
i 910 i 5Vs k 75 I 11V3
CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press

Year 10 Photocopying is restricted under law and this material must not be transferred to another party.



4A Irrational numbers including surds

PROBLEM-SOLVING 7.8 7,8,10(72) 8,9,10("2)

7 Determine the exact side length, in simplest form, of a square with the given area.

a 32m? b 120 cm? ¢ 240 mm?

8 Determine the exact radius and diameter of a circle, in simplest form, with the given area. Recall that
the area of a circle is 2.

a 247 cm? b 547 m? ¢ 1287 m?2

9 Simplify by searching for the highest square factor.

10 Use Pythagoras’ theorem to find the unknown length in these triangles, in simplest form.

a b 6 m
2cm&
ﬁ’jm

4 cm
c 12 mm d N7 m
2m
e f
V20 mm 3 mm 4Cm%
11 11,12 12,13

11 Ricky uses the following working to simplify V72. Show how Ricky could have simplified V72 using
fewer steps.

V72 =9 x8
=38
=3V4x2
=3x2xV2
=6\2

12 a List all the factors of 450 that are perfect squares.

b Now simplify v450 using the highest of these factors.

13 Use Pythagoras’ theorem to construct a line segment with the given lengths. You can use only a ruler
and a set square or compasses. Do not use a calculator.

a V10 cm b 29 cm ¢ V6cm d V22 cm
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264 Chapter4 Measurement and surds

- - 14

14 We will prove that V2 is irrational by the method called ‘proof by contradiction’. Your job is to follow
and understand the proof, then copy it out and try explaining it to a friend or teacher.
a Before we start, we first need to show that if a perfect square a? is even then a is even. We do this
by showing that if @ is even then a? is even and if a is odd then a? is odd.

If a is even then a = 2k, where k is an integer. | If a is odd then a = 2k + 1, where k is an integer.

So a? = (2k)? So a? = 2k+ 1)2
= 4k2 = 4k% + 4k + 1
= 2 x 2k2, which must be even. =2 x (2k2 +2k) + 1, which must be odd.

. If a2 is even then a is even.

b Now, to prove V2 is irrational let’s suppose that V2 is instead rational and can be written in the

form % in simplest form, where a and b are integers (b # 0) and at least one of a or b is odd.

=4
..\/E_b

2
So2 = % (squaring both sides)
a? = 2b?
2

.. a“ is even and, from part a above, @ must be even.

If a is even, then a = 2k, where k is an integer.

oo If a? = 262
Then (2k)? = 2b2
4k2 = 2b2

2k% = b2

. b2 is even and therefore b is even.

This is a contradiction because at least one of a or b must be odd. (Recall that % in simplest form

will have at least one of @ or b being odd.) Therefore, the assumption that V2 can be written in the

form % must be incorrect and so V2 is irrational.

214213

@

SR,
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4B Adding and subtracting surds

4B Adding and subtracting surds

Learning intentions for this section:

» To understand that like surds can be combined under addition and subtraction
e To know how to add and subtract like surds

* To know that it is helpful to simplify all surds before adding or subtracting
Past, present and future learning:

« This section includes concepts from the Stage 5 Path Topic called /ndices C

e It consolidates and extends the concepts in Chapter 6 of our Year 9 book

e |n Stage 6 Advanced these concepts will be revised, briefly, then extended

We can apply our knowledge of like terms
in algebra to help simplify expressions
involving the addition and subtraction

of surds. Recall that 7x and 3x are like
terms, so 7x + 3x = 10x. The pronumeral
x represents any number. When x = 5 then
7x543x5=10x5, and when x =2
then 7v2 + 3v2 = 10v2. Multiples of the
same surd are called ‘like surds’ and can
be collected (i.e. counted) in the same way
as we collect like terms in algebra.

To design the Hearst Tower in New York, architects solved many
equations, such a linear, quadratic and trigonometric. Where possible,
architects use surds in mathematical solutions to achieve precise results.

Lesson starter: Can 3v2 + V8 be simplified?

To answer this question, first discuss these points.

Are 3v2 and 8 like surds?
+  How can V8 be simplified?
+  Now decide whether 3v2 + V8 can be simplified. Discuss why 3v2 — 7 cannot be simplified.

KEY IDEAS

B Like surds are multiples of the same surd.

For example: V3, —5V3, V12 = 23, 275 = 10V3
B Like surds can be added and subtracted.

B Simplify all surds before attempting to add or subtract them.
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266 Chapter4 Measurement and surds

BUILDING UNDERSTANDING

0 Decide if the following pairs of numbers are like surds.
a V3,243 b 55 C 2v2,2 d 46,6
e 2V3,5V3 f 3V7,3V5 g —-2v5,3V5 h —7,-2V7

9 Recall your basic skills in algebra to simplify these expressions.
a 1lx-—5x b 2x-7x C —4da+2la d 4t—5t+2t

€© a Simplify the surd V43.
b Hence, simplify the following.

i 3 +V48 i V48 - 7V3 i 5V48 —3V3
N
Adding and subtracting surds

Simplify the following.

a 23 +43 b 4V6 + 32 — 36 + 22

SOLUTION EXPLANATION

a 23 +4V3 =6V3 Collect the like surds by adding the
coefficients: 2 + 4 = 6.

b 4V6 +3v2 = 3V6 + 22 = V6 + 5V2 Collect like surds involving \6:
46 —3V6 = 16 = V6
Then collect those terms with V2.

Now you try

Simplify the following.

a 2V5+3\5 b 3V7 +2V3 - 2V7 +5V3

Simplifying surds to add or subtract

Simplify these surds.
a 52 -8 b 2V5 —3V20 + 6V45
SOLUTION EXPLANATION
a 5\2-V8=52-V4x2 First, look to simplify surds: V8 has a
=502 -2\2 highest square factor of 4 and can be
=32 simplified to 2+2.
Then subtract like surds.
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4B Adding and subtracting surds

b 2V5 —3v20 + 6V45 = 25 — 3V4 X 5 + 6\9 X 5

2V5 — 6V5 + 18V5

Simplify the surds and then collect like
surds. Note that:

= 145 3V4 x5 =3 x V4 x V5 =615.

Now you try

Simplify these surds.

a 72 -8 b 2v3 —2V27 +3V12

Exercise 4B

FLUENCY 1-3(12) =3(12) 1-3(%3)
eampeda 1 Simplify the following.

a 2\5+45 b 5V3+2V3 c V2 -3\2

d 82 -5V2 e N5 +45 f 63 -5

g 410 4+ 3V10 — V10 h 6V2 —4V2 +3\2 i V21 = 5V21 +2V21

i 3VIL = 8VI1 =11 k —2V13 +5V13 —4V13 I 10V30 — 15V30 — 2v30
pampeas 2 Simplify the following.

a 23432 -3 +2\2 b 5V6 +4V1T — 246 + 3V11

C 3V5—42+5-3\2 d 52 +2V5-7V2 =15

e 2V3 +2V7 +2V3 - f 5VIT +3V6 — 3V6 — 5VI1

g 2V2 —4V10 — 5V2 + V10 h —4V5 —2V15 + 5V15 + 245
pamplesa 3 Simplify the following.

a 8 —-V2 b V8 +3V2 ¢ V27 +\3

d V20 -+5 e 418 —-5V2 f 2V75 +2V3

g 3V44 +2V11 h 3V8 — 18 i 24 +54

i 2V125 — 3V45 k 3vV72 +2\98 | 3vV800 — 4v200

PROBLEM-SOLVING 4(12) 4(Y2), 6(112) —6(Y3)
pampless 4 Simplify the following.

a V2 ++50 +\98 b V6 —2v24 + 3V96

¢ 5V7 +2V5 —3\28

e 7V3 —2V8 + V12 +3\8

g V150 — 96 — V162 + 72

i 3V49 4 2288 — V144 — 2V18

d
f
h
[

2V80 — V45 + 2V63

V12 + V125 — 50 + V180
V36 — V108 + V25 — 33
24200 + 3125 + V32 — 3242

5 Simplify these surds that involve fractions. Remember to use the LCD (lowest common denominator).

G, B, 5
a S +3 b 4t
g VI _V7 e 22 _ 2

12 5 772

W5 _ 45 h 33 83
A 10 15
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268 Chapter4 Measurement and surds

6 Find the perimeter of these rectangles and triangles, in simplest form. Recall that (v¥)2 = x.

a b
V5 em VZem
3vV8 cm
\/E cm
c \/§CII1 d
V2 cm ’J V20 cm
e f \/ﬁcm
]
V27 m
V75 cm

e 780 oS

7 a Explain why V5 and v20 can be thought of as like surds.
b Explain why 3v72 and V338 can be thought of as like surds.

8 Prove that each of the following simplifies to zero by showing all steps.

a 5V3—vV108 +\3 b V6 +24 —3V6

C 6V2 —2vV32 +2V2 d V8 -VI8+V2

e 2V20 — 7V5 + V45 f 3V2 =227 —=\50 + 633 + V8
9 Prove that the surds in these expressions cannot be added or subtracted.

a 312 -8 b 48 +120

¢ V50 —2V45 d 5V40 + 275

e 24200 + 3v300 f V80 —2V54

ENRICHMENT: Simplifying both surds and fractions - - 10("72)

10 To simplify the following, you will need to simplify surds and combine using a common denominator.

a ﬁ — Q h £ + £ c ﬁ — @
3 5 4 6 4 3
V98 5\2 2v_ 3( V63 47
g B0 _2N2 g 2V _ 2N f Y02 _ AN/
4 2 9 5
18 _ V72 h 54 24 i 27 _ V108
9 3 2 5 T3 5710
5V48 | 2V147 K 2¥96 _ V600 | v _ 2V80
I =% 3 5 7 21
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4C Multiplying and dividing surds

Learning intentions for this section:

e To know how to multiply and divide surds

* To be able to apply the distributive law to brackets involving surds

Past, present and future learning:

« This section includes concepts from the Stage 5 Path Topic called /ndices C
* It consolidates and extends the concepts in Chapter 6 of our Year 9 book

e |n Stage 6 Advanced these concepts will be revised, briefly, then extended

When simplifying surds such as V18, we write

V18 =vV9 x 2 =v9 x V2 = 32, where we use the fact
that\xy =x X+/y. This can be used in reverse to simplify
the product of two surds. A similar process is used for
division.

A surd represents an accurate value until
approximated with a decimal. Surveyor training
includes solving problems where the trigonometry
ratios are expressed as surds because these are
exact values and give accurate results.

Lesson starter: Exploring products and quotients

When adding and subtracting surds we can combine like surds only. Do you think this is true for
multiplying and dividing surds?

* Use a calculator to find a decimal approximation for V5 x V3 and for V15.

* Use a calculator to find a decimal approximation for 2V10 =5 and for 2v2.

e What do you notice about the results from above? Try other pairs of surds to see if your observations
are consistent.

KEY IDEAS

B When multiplying surds, use the following result.

o Xl =

*  More generally: aVx X by = abyxy

B When dividing surds, use the following result.
. % =Z
e More generally: % = %\%
B Use the distributive law to expand brackets.
c@) =ab + ac
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270 Chapter4 Measurement and surds

BUILDING UNDERSTANDING

0 State the missing parts.
a V15 +V3 =12 b VA2 +VT =42
C VoexV5=y6x_ d VITxV2=411x___
e Use the definition of squares and square roots to simplify the following.
a V6 xV6 h V72 ¢ (5)°
0 Expand the brackets.
a 2(x+3) b 5Qx-1 c 6(5—4x)
N J
Simplifying a product of two surds
Simplify the following.
a V2 xV3 b 2V3 x3V15 ¢ (2V5)°
SOLUTION EXPLANATION
a V2xV3 =V2x3 Use Vx Xy =+xy.
—6
b 2V3 x3VI5 =2x3xV3x15 Use aVx X by = abyxy.
= 6V45 Then simplify the surd V45, which has a
=6V9 x5 highest square factor of 9, using V9 = 3.
= 6xV9 xV5 Alternatively, using V15 =V3 xV5:
= 18V5 2V3 x 3V15 = 2x3 xV3 xV3 xV5
=2x3x3xV5
= 18V5
¢ (2\/3)2 = 2V5 x2v5 Recall thata? = a x a.
=4%5 Combine the whole numbers and surd
=20 components by multiplying

2 x2=4andV5 xV5 =5.

Now you try
Simplify the following.
a V5 x\3 b 3V2 x4V6 ¢ GV
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21

Simplifying surds using division

Simplify these surds.
a —10+vV2 12418
3V3
SOLUTION EXPLANATION
a —10+VZ = 10 UseVx =1y =|%.
=5
b 12Vi8 _ Q\[E alx _a[x
Y ELE Useb\/y—b\j;.
=46
Now you try
Simplify these surds.
2 1515 y 14422
W11

Using the distributive law

Use the distributive law to expand the following and then simplify the surds where necessary.

a V3(3V5 -v6) b 3V6(2V10 — 4V6)

SOLUTION
a V3(3V5 —V6) = 3V15 —V18

EXPLANATION
Expand the brackets V3 x 35 = 315

=3V15 -9 x2 and V3 x V6 =18 Simplify V18.
= 3V15 - 3V2 (orV3 xV6 =3 xV3 xV2 =3v2).

Expand the brackets and simplify the surds.

b 3V6(2V10 — 4V6) = 6V60 — 12 X 6

= 6Vdx15 — 72 Recall that V6 X V6 = 6 andV4 x 15 = 2V15.
= 12V15 - 72

Now you try

Use the distributive law to expand the following and then simplify the surds where necessary.

a V2(5V3 -V7)
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272  Chapter4 Measurement and surds

Exercise 4C

FLUENCY 1=7(12) 1=7(12) 1=7("s)

eampleéa 1 Simplify the following.

a V3 x5 b V7 xV3 ¢ V2xVI3
d V3 xV7 e V2 x(=V15) f 6 xV5
g —V6 x (=V11) h =3 x(—V2) i V10 xV7
eample7a 2 Simplify the following.
a V20 =2 b V18 V3 ¢ V33 +(=V1I)
) V15 V30
d =30 + (—V6) e = f T
, Y@ ) V% S
V8 2 V10
3 Simplify the following, making use of Vx xVx =x,x >0, in each part.
a V3 xV3 b V5 x5 c V9 xV9
d V14 xV7 e V2 xV22 f V3 xVI8
g V10 xV5 h V12 xV8 i V5 xv20
eampesb 4 Simplify the following.
a 2V5x3V7 b 3V7 xV14
¢ 4V6 x2v5 d —5V10 x V30
e 3V6 x (=V18) f 5V3xV15
g 3V14 x2V21 h —4V6 x 5V15
i 210 x (-2v25) i —2V7 x (=3V14)
k 4V15 x 2718 I 9V12 x 421
eampe6c O Simplify the following.
a (11)° b (13)° ¢ (2V3)
i (5V3)° e (TV3) i OV2)
eample7 6 Simplify the following.
. OV14 p 15V12 ¢ 430
37 5V2 8V6
g 82 . 3 [ 12970
2V26 oN21 1814
eampe8 7  Use the distributive law to expand the following and then simplify the surds where necessary.
a V32 +5) b V2(7-V5)
¢ —V5(/IT +V13) d —2V3(5 ++7)
e 3V2(2VI3—+11) f 4V5(/5-V10)
g 5V3(2V6 + 3V10) h —2V6(3v2 — 2v3)
i 3V7(2V7 +3V14) i 6V5(3V15 —2v8)
k —2v8(2v2 - 3v20) I 2v3(7V6 + 5v3)
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4C Multiplying and dividing surds 273

PROBLEM-SOLVING 8 8, 9(V2) 8,9(12), 10

8 Determine the unknown side of the following right-angled triangles. Recall that a? + b2 = ¢2 for

right-angled triangles.

a b c 8
- a7 v
A a 207

4
9 Simplify the following.

a (V7> b (=3V2)° ¢ (=5V3)°
d V23 -v3) -8 e V86 +V2)-v3 f V502 +1)—v40
g V44 - 2011 - 1) h V24 —2V2 (V3 — 4) i 2V3(/6 —V3) —=v50

10 a The perimeter of a square is 2V3 cm. Find its area.

b Find the length of a diagonal of a square that has an area of 12 cm?2.

11 11,12 12,13

11 UseVx X1y =+/xy to prove the following results.
a V6 xV6=6 h —/8 xV8=-8 c —V5x(=5)=5

12 V8 x V27 could be simplified in two ways, as shown.

Method A Method B

V8 xV27 = V4 x 2 xV9 X 3 V8 xV27 = V8% 27
= 2V2 x 3V3 =216
=2XxX3xV2x3 =V36X%6
= 6V6 = 676

a Describe the first step in method A.
b Why is it useful to simplify surds before multiplying, as in method A?
¢ Multiply by first simplifying each surd.

i VI8 xv27 i V24 x\20 il V50 x V45
iv V54 xV75 v 2VI8 xV48 vi V108 x (—2V125)
vii =427 x (—V28) viii Y98 x V300 ix 2v72 x 3V80
13 V2 could be simplified in two ways.
V3
Method A Method B
Viz _ 2 ViZ _ 28
G [
=2

Choose a method to simplify these surds. Compare your method with that of another student.

2 V27 p V20 . ez
3 V5 V2
g 22 . 2V45 ¢ 5V27
5V8 155 V75
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ENRICHMENT: Higher powers - - 14-15(1/2)

14 Look at this example before simplifying the following.
@V3)’ =233)°

=2x2x%x2x%xV3 xV3 xV3
= 8x3x%xV3
=243
a (3\2)° b (5V3)°
¢ 23V3)° i W5
e (—V3) i @)
0 —32V5)° h 2(-3v2)°
3
i sVt j (2?
. GV’ , 6’
4 4
VD)’ @V3)’ V3’ 3V
m TXT n 9 X 3
. V5 (=2v3)’ 33’ | 5v2)’
5 X L
' 5 @3’ L)’ eV’
50 5 9 (m)3

15 Fully expand and simplify these surds.
a (V3 —V2)? + (3 +12)°
b (5 =V3) +(5 +v3)°
(3 — 433 +45) - (3 —V5)
i —10V3 —(2V3 - 5)°
e (V3 —2V6)" + (1 +v2)°
i VT -3 -3 -2T)
0 (V3 = 3V2)(2V3 + 3V2) — (6 —\2)°
h VZ2V5 - 3V3)” + (6 +V3)°
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4D Rationalising the denominator

Learning intentions for this section:

e To understand that a surd multiplied by itself gives a whole number

* To know that rationalising the denominator refers to converting an irrational denominator to one that is rational
» To be able to rationalise the denominator of a fraction

Past, present and future learning:

e This section includes concepts from the Stage 5 Path Topic called /ndices C

» These concepts were not addressed in our Year 9 book

e In Stage 6 Advanced these concepts will be revised, briefly, then extended

As you know, it is easier to add or subtract fractions when the
fractions are expressed with the same denominator. In a similar way,

1 V3 -1

it is easier to work with surds such as — and

2"

they are expressed using a whole number in the denominator.

when

The process that removes a surd from the denominator is called
‘rationalising the denominator’ because the denominator is being

converted from an irrational number to a rational number. Working through a problem using

surds provides exact value solutions.
Navigation training uses surd
manipulation to solve problems

of speed and direction, applying

Lesson starter: What do | mu|t|p|v hv? Pythagoras’ theorem and trigonometry. )

When trying to rationalise the denominator in a surd like i, you must multiply the surd by a chosen

V2

number so that the denominator is converted to a whole number.

e First, decide what each of the following is equivalent to.

. 3 ) 2 o V2L
3 2 V21
e Recall that Vx X Vx = x and simplify the following.
a V5 xv5 b 2V3 xV3 ¢ 4T xV7
e Now, decide what you can multiply \/% by so that:

L
V2

— the denominator becomes a whole number.

— the value of — does not change, and

e Repeat this for:

ai h3

Vs 2V3

KEY IDEAS

B Rationalising a denominator involves multiplying by a number equivalent to 1, which changes
the denominator to a whole number.

X _ X ‘/yzﬂ

WY
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BUILDING UNDERSTANDING

¢ V8

V2

i 12
V2

@ simplify.
, V6 2V5
V6 NG
@ State the missing number.
a V3x__ =3 b V10 xV10 = __

numbers. What do you notice?

0 Use a calculator to find a decimal approximation to each number in the following pairs of

c 2Vix_ =10 d _ x3V7 =21

a L V7 hp 5 5V3 ¢ LLVIT 11455
77 33 s
N J
Rationalising the denominator
Rationalise the denominator in the following.
a 2 p 32 27 g 1=V3
V3 V5 5V2 V3
SOLUTION EXPLANATION
a 2=2 3 Choose the appropriate fraction equivalent
V3 V3743 3
_2V3 to 1 to multiply by. In this case, choose NGl
3 since V3 x V3 = 3.
b 32 = 32 X 5 Choose the appropriate fraction. In
5 V545 75
3410 this case, use E since V5 x V5 = 5.
. \/i Recall V2 x V5 =v2 x 5 =V10. 3
V7 _2V7 2 . L 2
C ——==—"F—X—+= Choose the appropriate fraction; i.e. ——=.
V2 5VZ N2 pRIOP 2
_2V14 5xV2xV2=5%x2=10
10° Cancel the common factor of 2.
_Vi4
-5
g 1 _3‘5 =1 _3‘5 X % Expand using the distributive law:
(1-V3)xV3=1xV3 -V3xV3=vV3-3
_V3-3
3
Now you try
Rationalise the denominator in the following.
a 3 p 43 ¢ 2¥5 g 2=Y7
) V7 3V2 V7
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Exercise 4D

FLUENCY 1=4(2) 1=4("2) 1-4("s)

eampesa 1 Rationalise the denominators.

1 1 3 4
a — h — c = d =
V2 V7 Vi1 V5
¢ 3 P8 , 5 ) 2
V3 V2 3 7
2 Rewrite each of the following in the form % and then rationalise the denominators.
2 S 6 2
213 b7 ¢ V1T 45
7 6 10 17
€3 F 7 9 V3 Y3
eampesh 3 Rationalise the denominators.
2 42 p 5V2 ¢ 35
7 3 2
4 376 e ;27
7 V10 V15
eampesc 4 Rationalise the denominators.
. 47 p 2V3 ¢ V7 g A5
5V3 3V2 3V5 5V10
27 i 5V12 g 976 o 1V90
3V35 3\27 2V3 2470
PROBLEM-SOLVING 6 5(%2), 6 5—7(1/s)
eampess 9 Rationalise the denominators.
, 1+V2 p 3445 ¢ 2=V3
s 7 5
g B35 , 54V2 ;Y107
2 7 3
g Y2477 ) V5442 , V610
V6 V10 NG
j 42 =53 K 35 +5V2 | 3VI0 +5V3
V6 V10 V2

6 Determine the exact value of the area of the following shapes. Express your answers using a rational

denominator. Recall the area of a trapezium = %h(a + b) or g(a +b).

a 2 b | L c \/Emm
— cm
N "
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7 Simplify the following by first rationalising denominators and then using a common denominator.

1.1 3,1 3 2
a =+-= b =+—= c =-—=
V3 2 V5 2 V7 V3
5 2 1 5 3 2
d = -——= B ——+-—— f—=+_=
V3 3V2 3W2  4V3 2V5  5V3
g 7_‘17_& h M_}_ﬂ i ﬂ_ﬂ
57 3V2 3W5 33 3W5  3V6

\/—

8 Explain why multiplying a number by Tx does not change its value.
X

9 Rationalise the denominators and simplify the following.

, V3+a p Yo+a ¢ Y2+a
7 5 6
d V3 —3a e V5 —5a f V7 =Ta
V3 & '
g da+t V5 h 3a+\3 P 2a+V7
V10 V6 V14
10 To explore how to simplify a number such as y 3 ok first answer these questions.
a Simplify.
i (4-V2)4+V2) i B=VD3B+V7) i (5V2 =V3)(5V2 +V3)
b What do you notice about each question and answer in part a above?
¢ Now decide what to multiply 2 3 i by to rationalise the denominator.
d Rationalise the denominator in these expressions.
—= i =2 i Y2 .
i e 7T V215

ENRICHMENT: Binomial denominators = = 11(%2)

11 Rationalise the denominators in the following by forming a ‘difference of two perfect squares’.

2 2 V2 -1
F le: = X
R I R S R
_o202-1)
V2 +DE2 =1
_2V2-2
- 2-1
=2V2 -2
5 4 3 4
a b c d
V3+1 V3-1 V5 -2 1-V2
1-v3 6 -7 3 -V10 245
i 2 i 6 k 4 | \2
V1T =2 V2 +45 V3 +V7 V7 + 1
n V6 n 3V2 o 2V5 p b
V6 — 1 V7 -2 V5 +2 Va +\b
g —a . Ya—\B ¢ Va ¢ _ab
Va —\b Va +\b Va +\b Va—\b
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4E Review of length consoLipating

Learning intentions for this section:

* To know the meaning of the terms perimeter, circumference and sector

* To review how to find the perimeter of a closed shape

* To be able to find the circumference of a circle and the perimeter of a sector

e To be able to find both exact and rounded answers to problems involving perimeters
Past, present and future learning:

» This section addresses Stage 4 concepts which are used in Stages 5 and 6

e |t consolidates and extends the concepts in Chapter 5 of our Year 9 book

e Expertise with these concepts is assumed knowledge for Stage 6 Advanced

e You may be expected to recall the formulas from memory in the HSC Examination

Length measurements are common in many areas of mathematics, science and engineering, and are clearly
associated with the basic measures of perimeter and circumference, which will be studied here.

Auto engineers apply arc geometry in vehicle steering design. When
turning, the outside and inside wheels follow arcs of differing radii and
length; hence these wheels rotate at different rates and are steered at
slightly different angles.

Lesson starter: The simple sector

This sector looks simple enough but can you describe how to find its
perimeter? Discuss these points to help.

e Recall the rule for the circumference of a circle.

*  What is a definition of perimeter? 100°
*  What fraction of a circle is this sector?

* Find the perimeter using both exact and rounded numbers.
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KEY IDEAS

B Converting between metric units of length

x 1000 x 100 x 10
RN VRN RN
km m cm mm
>_ > >
+ 1000 + 100 + 10

B Perimeter is the distance around the outside of a closed shape.

B The circumference of a circle is the distance around the circle.
e C=2nr=rnd, where d = 2r.

diameter (d)

B A sector of a circle is a portion of a circle enclosed by two radii and
the arc between them.

M Perimeter of a sector

9 r
° P=2r+%><2ﬂr «

-

BUILDING UNDERSTANDING

o Convert the following length measurements to the units given in brackets.
a 4cm (mm) b 0.096 m (cm) ¢ 0.001 km (m)
d 800 cm (m) e 297 m (km) f 5102 mm (cm)

9 What fraction of a circle (in simplest form) is shown in these sectors?

N -

9 Find the perimeter of these shapes.

a b 0.5 km. c 12 cm
220 m
34 cm 32 cm
2.6 km
185 m
4

I
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Finding the perimeter of polygons

4.5 m
Consider the given two-dimensional shape.
a Find the perimeter of the shape when x = 2.6.
. . . 2.1m xm
b Find x when the perimeter is 11.9 m.
¢ Write an expression for x in terms of the perimeter, P. &
4 m
SOLUTION EXPLANATION
a Perimeter = 45+2.1+34+2.6 Simply add the lengths of all four sides using
= 12.6 m x=26.
b 119=45+21+34+x Add all four sides and set equal to the perimeter
=10+x 11.9. Simplify and solve for x by subtracting 10
Sx =19 from both sides.
C P=45+21+34+x Use P for the perimeter and add all four sides.
=10+x Simplify and rearrange to make x the subject.
sx=P-10
Now you try
Consider the given two-dimensional shape. e
a Find the perimeter of the shape when x = 7. ~m rm
b Find x when the perimeter is 21.3 m.
¢ Write an expression for x in terms of the perimeter, P.
5.1 m
32m

Using the formula for the circumference of a circle

If a circle has radius r cm, find the following, rounding the answer to two
decimal places where necessary.

a the circumference of a circle when » = 2.5

b arule for r in terms of the circumference, C

¢ the radius of a circle with a circumference of 10 cm

SOLUTION EXPLANATION
a Circumference = 2zr Werite the rule for circumference and substitute
= 27(2.5) r = 2.5, then evaluate and round as required.

15.71 cm (to 2 d.p.)

Continued on next page
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b C=2xr Write the rule for circumference, then divide
= 2£ both sides by 2z to make r the subject.
b4
¢ r=2C Substitute C = 10 into the rule from part b and
_ 21_76 evaluate.
T 2r

= 1.59 cm (to 2 d.p.)

Now you try

If a circle has radius r cm, find the following, rounding the answer to two
decimal places where necessary.

a the circumference of a circle when r = 3.5

b arule for r in terms of the circumference, C

¢ the radius of a circle with a circumference of 12 cm

Finding perimeters of sectors

This sector has a radius of 3 cm.
a Find the sector’s exact perimeter. 3 emg)
b Find the perimeter, correct to one decimal place.

SOLUTION EXPLANATION
a P=2r+ 0 % D1 The perimeter of a sector consists of two radii
360 and a fraction (& = 2) of the circumference
— 240 360 3
=2X3+2X2XaX3 .
360 of a circle.

=6+ % X2XmwX3
=6+4rcm 6 + 4x is the exact value.

b P=6+4n Round to the required one decimal place, using
= 18.6cm (to 1 d.p.) a calculator.

Now you try

This sector has a radius of 5 cm.

. s . ( 5 cm
a Find the sector’s exact perimeter.
b Find the perimeter, correct to one decimal place. 280°
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Exercise 4E

FLUENCY 1,2,3(1/2), 4 3("2), 4, 5(%2) 2,3(12), 4, 5(12)

eampets 1 Consider the given two-dimensional shape.
a Find the perimeter of the shape when x = 8.
b Find x when the perimeter is 33.7 cm. 12 cm
¢ Write an expression for x in terms of the perimeter, P. 6.2 cm

10.4 cm
2 Consider the given two-dimensional shape.
a Find the perimeter of the shape when x = 5.
b Find x when the perimeter is 20 m. 8.4m
¢ Write an expression for x in terms of the perimeter, P.
xm
eampetia 3 Find the circumference of these circles, correct to two decimal places.
a b d
@
fe——
1.1 km
eampett 4 If a circle has radius r m, find the following, rounding to two decimal places,
where necessary.
a The circumference of a circle when r = 12.
b A rule for r in terms of the circumference, C.
¢ The radius of a circle with a circumference of 35 m.
eample2 9 Find the perimeter of these sectors:
i using exact values ii by rounding the answer to one decimal place.
a b c
2 m
1 km
e
4m
d e f
60° o
30° 205
CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press

Year 10 Photocopying is restricted under law and this material must not be transferred to another party.



284 Chapter4 Measurement and surds

PROBLEM-SOLVING 6(72), 7 6(%2), 7, 8(Y2) 6(Y3). 8.9

. 6 Find the value of x for these shapes with the given perimeters.

b ( ft
+ F+2x
X
Perimeter = 0.072

5.3
Perimeter = 17 Perimeter = 22.9
238 2x e 11.61 f 1.5x
3.72+
# X
3x 2x
7.89 F
Perimeter = 16.2 Perimeter = 10.8

Perimeter = 46.44

7 A rectangular rose garden of length 15 m and breadth 9 m is surrounded by a
path of breadth 1.2 m. Find the distance around the outside of the path.

. 8 Find the perimeter of these composite shapes, correct to two decimal places.

. | 79 |
e
‘ |
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10 A bicycle has wheels with diameter 64 cm.
a Find how far, correct to the nearest centimetre, the

bicycle moves when the wheels turn:

i one rotation
i five rotations.

b How many rotations are required for the bike to
travel 10 km? Round your answer to the nearest
whole number.

¢ Find an expression for the number of rotations

required to cover 10 km if the wheel has a diameter
of d cm.

11 A square of side length n has the same perimeter as a circle. What is the radius of the circle? Give an
expression in terms of n.

12 A square of side length x just fits inside a circle. Find the exact circumference of

the circle in terms of x.

13 Consider a rectangle with perimeter P, length [ and breadth b.
a Express /in terms of b and P. !

b Express [ in terms of b when P = 10.

2

¢ If P =10, state the range of all possible values of b.
d If P = 10, state the range of all possible values of /. ul , [

ENRICHMENT: Rotating circles = = 14

14 When a circle rolls around the outside of another circle it will

rotate by a certain angle. )
rotating

circle
For these problems the fixed circle will have radius r. Given the
following conditions, by how many degrees will the moving
circle rotate if it rolls around the fixed circle once? fixed

a Assume the rotating circle has radius r (shown). circle

b Assume the rotating circle has radius 1,

2
¢ Assume the rotating circle has radius 2r.

d Assume the rotating circle has radius %r.
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4F Pythagoras’ theorem including three-dimensional
problems

Learning intentions for this section:

* To know that Pythagoras’ theorem connects the three side lengths of a right-angled triangle
* To be able to find the length of the hypotenuse given the other two sides

¢ To be able to identify right-angled triangles in 3D objects and apply Pythagoras’ theorem
Past, present and future learning:

¢ This section includes concepts from the Stage 5 Path Topic called Trigonometry C

¢ |t consolidates and extends the concepts in Chapter 3 of our Year 9 book

e In Stage 6 Advanced and Extension these concepts will be revised, briefly, then extended

You will recall that for any right-angled triangle we can connect the length of the three sides using
Pythagoras’ theorem. When given two of the sides, we can work out the length of the remaining side. This
has applications in all sorts of two- and three-dimensional problems.

In a colour cube, each colour has
coordinates (x, y, 2). Colour specialists
use Pythagoras’ theorem in 3D to find
the shortest distance between any two
colours. Applications include print and
digital advertising, web page design
and image editing.

Lesson starter: President Garfield’s proof

Five years before he became president of the United States of America in 1881, a
James Garfield discovered a proof of Pythagoras’ theorem. It involves arranging two
identical right-angled triangles (® and @) to form a trapezium, as shown.

b
e Use the formula for the area of a trapezium (%(a + b)h or g(a + b)) to find an
expression for the area of the entire shape.
* Explain why the third triangle ® is right-angled.
* Find an expression for the sum of the areas of the three triangles. a
* Hence, prove thatc2 =a? + b2. b
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KEY IDEAS

B Pythagoras’ theorem states that:
The sum of the squares of the two shorter sides of a right-angled triangle
equals the square of the hypotenuse. c
a? +b%=c?

b
B To write an answer using an exact value, use a square root sign where possible (e.g. V3).

B Pythagoras’ theorem can also be applied to right-angled triangles identified in 3D objects.

BUILDING UNDERSTANDING

0 Find the value of a in these equations. Express your answer in exact form using a square root
sign. Assume a > 0.
a a®+32=%§2 b 22+4%2=92
¢ a’+a?=22 d a?+a?=102

9 State an equation connecting the pronumerals in these right-angled triangles.

a y b d c c

For centuries builders, carpenters and landscapers have used Pythagoras’ theorem to construct right angles
for their foundations and plots. The ancient Egyptians used three stakes joined by a rope to make a triangular
shape with side lengths of 3, 4 and 5 units, which form a right angle when the rope is taut.
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Finding side lengths using Pythagoras’ theorem

Find the length of the unknown side in these right-angled triangles, correct to two decimal places.

a b 1.1 m
5cm Lm K
- 1.5m
9cm
SOLUTION EXPLANATION
a  c2=a2+b? x cm is the length of the hypotenuse.
©x2=524092 Substitute the two shorter sides a = 5 and
= 106 b=9 (ora=9and b =5).
. x = V106 Find the square root of both sides and round
=10.30 (to 2d.p.) your answer as required.
The length of the unknown side is 10.30 cm.
b a2+p2 =¢2 Substitute the shorter side b = 1.1 and the
y2+1.12 = 1.52 hypotenuse ¢ = 1.5.
y2 = 1.52 - 1.12 Subtract 1.12 from both sides.
=225-1.21
= 1.04
Sy =V1.04 Find the square root of both sides and evaluate.

1.02 (to 2 d.p.)
The length of the unknown side is 1.02 m.

Now you try

Find the length of the unknown side in these right-angled triangles, correct to two decimal places.
a b

4 Lcm 2.5m
cm
1.6 m
7 cm
ym
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Using Pythagoras’ theorem in 3D

Consider a rectangular prism ABCDEFGH with the side lengths H G

AB=7,AE =4 and EH = 2. Find: 2 C
a BE, leaving your answer in exact form D E [ F
b BH, correct to two decimal places. j//
A 7 B
SOLUTION EXPLANATION
a g Draw the appropriate right-angled triangle with
two known sides.
4
A 7 B
c2 = a2 +p?
;. BE? =42 472 Substitute a = 4 and b = 7.
=65 Solve for BE exactly.

.. BE = 65 Leave intermediate answers in surd form to
reduce the chance of accumulating errors in
further calculations.

b g Draw the appropriate triangle.
o[
E \65 B
BH? = HE® + EB?
=22+ (\/@)2 Substitute HE = 2 and EB = V65.
= 4465 Note: (V65) = V65 x V65 = 65.
= 69
.. BE = V69
= 8.31 (to 2d.p.)
Now you try

Consider a rectangular prism ABCDEFGH with the side lengths
AB=5,BF =6 and FG = 7. Find:

a AF, leaving your answer in exact form

b AG, correct to two decimal places.
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Exercise 4F

FLUENCY 1-3(12) 1-4(12) 1-2(Y), 3-4(V2)

pampea 1 Use Pythagoras’ theorem to find the length of the hypotenuse for these right-angled triangles. Round
your answers to two decimal places where necessary.

a b 10 m c 7 km
4 cm

d 0.2 mm € 037km 0.21 km f

1.8 mm 72.1 cm

273 cm

eample3s 2 Find the length of the unknown side in these right-angled triangles, correct to two decimal places.
a b c
0.3 m
12 m
2m S5m
0.7m
9m

d 0.71 cm e f 0.14 cm

193 cm

132 cm 24.2 cm

0.11 cm

eamples 3 For each of these rectangular prisms, find:
i BE, leaving your answer in exact form i BH, correct to two decimal places.
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A 8 B

4 Use Pythagoras’ theorem to help decide whether these triangles are right-angled. They may not be
drawn to scale.

a 3
12 13 6
4 11
5
d e 9 f \5
10 | / 17
12
12 2
15
6
PROBLEM-SOLVING 5(12), 6 5(12). 6, 7(12) 7-9

5 Use Pythagoras’ theorem to find the distance between points A and B in these diagrams, correct to two
decimal places.

a B b 3cm
12m 1.7 cm
A 3.5cm
A
2.6m B
1.9cm
d 53cm B 0.5 km
[ E—|
17.2 km 19.7 km
53cm
B

12.3 km
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6 A 20 cm drinking straw sits diagonally in a glass of radius 3 cm and height 10 cm.
What length of straw protrudes from the glass? Round your answer to one decimal
place.

7 Find the value of x, correct to two decimal places, in these three-dimensional solids.

a X mm b

' ' 3.7mI

11.4 mm

d ¢ x km b 203em
xm 2m
6.7 km 4.04 cm
5.31 cm A
1.5m \\
3m 6.2 km —em

8.2km

8 Find the exact distance between these pairs of points on a
number plane.
a (0,0)and (4,6)
b (-2,3)and (2, -1)
c (-5,-3)and (4,7)

9 a Find the length of the longest rod that will fit inside these objects. Give your answer correct to one
decimal place.
i acylinder with diameter 10 cm and height 20 cm
i arectangular prism with side lengths 10 cm, 20 cm and 10 cm
b Investigate the length of the longest rod that will fit in other solids, such as triangular prisms,
pentagonal prisms, hexagonal prisms and truncated rectangular pyramids. Include some three-
dimensional diagrams.

CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
Year 10 Photocopying is restricted under law and this material must not be transferred to another party.



12 Streamers are used to decorate the interior of a rectangular room A

4F Pythagoras’ theorem including three-dimensional problems

10 Two joining chords in a semicircle have lengths 1 cm and 2 cm, as shown.

Find the exact radius, r cm, of the semicircle. Give reasons.

11 The diagonals of a rectangle are 10 cm long. Find the exact dimensions of the rectangle if:
a the length is twice the breadth
b the length is three times the breadth
¢ the length is ten times the breadth

that is 4.5 m long, 3.5 m wide and 3 m high, as shown.
a Find the length of streamer, correct to two decimal places, 3ml| -N.!
required to connect from:

i AtoH ii EtoB :
i AtoC iv AtoGviaC 4.5m o[>«
v EtoCviaD Vi Eto C directly. ~G

b Find the shortest length of streamer required, correct to two decimal
places, to reach from A to G if the streamer is not allowed to reach across open space.
(Hint: Consider a net of the prism.)

ENRICHMENT: How many proofs? = - 13

13 There are hundreds of proofs of Pythagoras’ theorem.

a Research some of these proofs using the internet and pick one you understand clearly.
b Write up the proof, giving full reasons.
¢ Present your proof to a friend or the class. Show all diagrams, algebra and reasons.
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294 Chapter4 Measurement and surds

4G Area of triangles, quadrilaterals, circles and
sectors consoLibaTING

Learning intentions for this section:

* To know how to convert between metric units of area

¢ To know the formulas for the area of common shapes

e To be able to find the area of common shapes and composite shapes

Past, present and future learning:

e This section addresses Stage 4 concepts which are used in Stages 5 and 6

e |t consolidates and extends the concepts in Chapter 5 of our Year 9 book

e These concepts are assumed knowledge for Stage 6 Advanced

e You may be expected to recall the formulas from memory in the HSC Examination

Area is a measure of surface and is expressed as a
number of square units.

By the inspection of a simple diagram like the one
shown, a rectangle with side lengths 2m and 3 m
has an area of 6 square metres or 6 m2.

=< 3m >
2m
Area = 6 m?

For rectangles and other basic shapes, we can use Architects apply circle sector geometry to design spiral

area formulas to help us calculate the number of staircases. A circle sector with the stairwell’s diameter and arc
length equal to the spiral’s outer length is used. This sector is

square units. divided into equal smaller sectors for the steps.

Some common metric units for area include
square kilometres (km?), square metres (m?),
square centimetres (cm?) and square
millimetres (mm?).

Lesson starter: Pegs in holes

Discuss, with reasons relating to the area of the
shapes, which is the better fit:
* asquare peg in a round hole or

e around peg in a square hole.
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4G Area of triangles, quadrilaterals, circles and sectors

KEY IDEAS

B Conversion of units of area

x 10000
x 10002 x 1002 x 102 /\
i N R
hectare square metre
2 2 2 2
km m cm mm (ha) (mz)

+10002  +1002 =102 ~_ “

+10000

B The area of a two-dimensional shape can be defined as the number of square units contained
within its boundaries. Some common area formulas are given.

B The formula for the area of a circle is:

Square Rectangle Triangle
B | ‘ 0 !
|

0, [ [1 : [l b
Area = s2 l Area = Lbh

Area =/x b 2
Rhombus Parallelogram Trapezium Kite
/ "

7 |l ’
b
Area = 1y Area = bh b !
Area =g(a+ by Area ——xy

B The formula for the area of a circle is:
Area = nr2, where r is the radius.

t

B The formula for the area of a sectoris A = %ﬂ:r2

BUILDING UNDERSTANDING

0 State the formula for the area of these shapes.
a circle b sector C square
d rectangle e Kkite f trapezium
g triangle h  rhombus i parallelogram
j semicircle k quadrant (quarter circle)

@ Decide how many:
a i mminlcm i mm2in 1 cm?
b i cminlm ii cm?in 1 m?2
¢ i minlkm i m?in 1 km?

L d m2in1ha )
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296 Chapter4 Measurement and surds

Converting between units of area

Convert these areas to the units shown in the brackets.

a 2.5cm? (rnmz)

SOLUTION

a 2.5cm? = 2.5 x 102 mm?
= 2.5 x 100 mm?2
= 250 mm?

b 2000000 cm? = 2 000 000 = 1002 m?

= 200 m2

= 200 + 10002 km?
= 0.0002 km?

Now you try

b 2000000 cm? (km?2)

EXPLANATION

1 cm2 10 mm

10 mm
1 cm?2 =10 x 10 mm?2 = 100 mm?
km?2 m? cm?

\_/\_/
+ 10002 + 1002

1002 = 10000 and 10002 = 1000000
Note: squaring doubles the number of zeros.

Convert these areas to the units shown in the brackets.

a 3.5m? (cm?)

b 50000mm? (m?)

Finding the area of basic shapes

Find the area of these basic shapes, correct to two decimal places where necessary.

a
3cm
5cm
SOLUTION
)
a A= 2(a +b)
-2
= 2(3 +5)
= 8cm?
-1
bh A= 2bh
=1
= 2(5.8)(3,3)
= 9.57m?
CambridgeMATHS NSW Stage 5

Year 10

b c
33 m

(- os

) j«—5.8 m—>

EXPLANATION

The shape is a trapezium, so use this formula.
Substitute a =3, b =15 and h = 2.

Simplify and include the correct units.

The shape is a triangle.

Substitute b = 5.8 and h = 3.3.

Simplify and include the correct units.
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4G Area of triangles, quadrilaterals, circles and sectors 297

¢ A=nr The shape is a circle.
= 7(0.53)2 The radius, r, is half the diameter;
= 0.88 km? (to 2 d.p.) ie. 1.06 +2=0.53

Evaluate using a calculator and round your
answer to the required number of decimal
places.

Now you try
Find the area of these basic shapes, correct to two decimal places where necessary.
a 6 m b 2.6 cm c 3.91 km
—>> ==15
! i 1.1 cm
1 3m .
2m

Using area to find unknown lengths

Find the value of the pronumeral for these basic shapes, rounding to two decimal places where

necessary.
a A\ b
A .
2.3 mm p
A mm
SOLUTION EXPLANATION
a A=1Ix6 Use the rectangle area formula.
1 =1x23 Substitute A = 11 and b = 2.3.
sl = % Divide both sides by 2.3 to solve for /.
= 4.78 (to 2d.p.)
b A= g( a+b) Use the trapezium area formula.
Substitute A = 0.5, b= 1.3 and 7 = 0.4.
0.5 = %(a +1.3) Simplify, then divide both sides by 0.2 and
solve for a.
0.5 =0.2(a+1.3)
25 =a+13
sLa=12
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Now you try
Find the value of the pronumeral for these basic shapes, rounding to two decimal places where
necessary.
a b O
i 0.7 m
9
1.7m

Finding areas of sectors and composite shapes

Find the area of this sector and composite shape. Write your answer as an exact value and as a
decimal, correct to two decimal places.

a b
80°
5Sm
SOLUTION EXPLANATION
2 Werite the formula for the area of a sector.

a A= % X r
Sector angle = 360° — 80°= 280°.

_ 280 2
= 360 XX 3
=Tn Simplify to express as an exact value (77), then
= 21.99 cm? (to 2 d.p.) round as required.
b A=2x%x52_Lyrx52 The area consists of two squares minus a
quarter circle with radius 5 m.
= 50— % 50 — % is the exact value.
= 30.37m?2 (to2d.p.)
Now you try

Find the area of this sector and composite shape. Write your answer as an exact value and as a
decimal, correct to two decimal places.

a 1002 b 10m
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4G Area of triangles, quadrilaterals, circles and sectors 299

Exercise 4G

FLUENCY 1,2-4(12) 1-4(12) 1-4(Y3)

eample’s 1 Convert the following area measurements to the units given in brackets.

a 1.5cm? (mm?) b 5m? (cm?) ¢ 0.2 km? (m?)

d 7 000000cm? (km?) e 450000mm? (m2) f  6000000000mm? (km?)
g 0.023 m?2 (cm?) h 537 cm? (mm?) i 0.0027 km? (m?)

i 10 m?2 (mm?) k 0.00022 km?2 (cm?) | 145000000 mm? (km?2)

eample’s 2 Find the area of these basic shapes, rounding to two decimal places where necessary.

TP i = ’ 52 m ‘

i T5cm 2.8 km

1 N [ 10.5m

3
o
8

)

cm

V6 cm

pample? 3 Find the value of the pronumeral for these basic shapes with given areas, rounding to two decimal

places where necessary.
a 52cm b 0 c 1.8 km
| L
W Cm b= = b= =4 l m
[ 1 [ — " ]
_ 2 _ 2
Area=15cm Area = 206 m2 Area = 1.3 km
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300 Chapter4 Measurement and surds

d € 534mm f
2.8 m 18 m

am Area = 10.21 mm?

Area = 80 m2
Area = 2.5 m? m

%

dm i

()
Ol
©

Area = 5 cm? Area = 021 m2 Area = 26 km?

eampetéa 4 Find the area of each sector. Write your answer as an exact value and as a decimal rounded to two

decimal places.
a b c

100°

@

o
¥ (/1
< 5
w
a:
5

PROBLEM-SOLVING 5.6 5,6(72) 6(Y2), 7

5 A lawn area is made up of a semicircular region with diameter 6.5 metres
and a triangular region of length 8.2 metres, as shown. Find the total area of
lawn, to one decimal place.

eample8s. 6 Find the area of these composite shapes. Write your answers as exact values and as decimals, correct to
two decimal places.

a b 7m ¢

|| L
4m 1.8 m
5cm 10 m
[ [ ]
d _::_]" e j<28 km—»1| f
18 km
[e——>|
26 km
4.2 mm
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4G Area of triangles, quadrilaterals, circles and sectors

7 An L-shaped concrete slab being prepared for the foundation of a new house is made up of two
rectangles with dimensions 3 m by 2 m and 10 m by 6 m.
a Find the total area of the concrete slab.
b If two bags of cement are required for every Sm2 of concrete, how many whole bags of cement will
need to be purchased for the job?

8 1 hectare (1 ha) is 10000 m? and an acre is 6TIO square miles (1 mile ~ 1.61 km).

Find how many:

a hectares in 1km?

b square metres in 20 hectares

¢ hectares in 1 acre (round to one decimal place)
d acres in 1 hectare (round to one decimal place).

a 1 h
9 Consider a trapezium with area A, parallel side ! A= f(a +b)h = f(a +b)
lengths a and b and height h. th
a Rearrange the area formula to express a in ! b >

terms of A, b and h.
b Hence, find the value of a for these given

values of A, b and h.

i A=10,b=10,h=1.5 i A=06,b=13,h=02 il A=10,b=5,h=4
¢ Sketch the trapezium with the dimensions found in part b iii above. What shape have you drawn?

10 Provide a proof of the following area formulas, using only the area formulas for rectangles and
triangles.
a parallelogram b Kkite € trapezium

ENRICHMENT: Percentage areas = - 11

11 Find, correct to one decimal place, the percentage areas for these situations.
a The largest square inside a circle. b The largest circle inside a square.

D

¢ The largest square inside a right isosceles d The largest circle inside a right isosceles
triangle. triangle.
- I
X # X
Yy O Y
f X | f X |
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302 Chapter4 Measurement and surds

1 Express each number as a decimal and decide if it is rational or irrational. Then locate all the

numbers on the same number line.

N
'S a V10 b % ¢ 7 d 315%
(=
3 n 2 Simplify the following.
@ a Vo8 b 2V75 ¢ 3¥32 g 123
S 8 16
8’ n 3 Express 83 as the square root of a positive integer.
S
Q.
n 4 Simplify the following.
a 7TV3-5V3+43 b 4v2 —3V5 +2V2 + 575
¢ 5V48 —2V12 d 7V45 —V243 - 2420 +V27
n 5 Simplify the following.
a —3xV5 b —5V2 x (-2V14) ¢ 14V35 = (21V7)
4 V6 x\6 e (213)°

n 6 Use the distributive law to expand 2V3(V6 + 5v24) and simplify the surds where necessary.

n 7 Rationalise the denominators.
a =2 p 2¥3 g 0-3V5
\ V5 V2

In Questions 8-12 and 14, round answers to two decimal places, where necessary.
8 Find the perimeter of these shapes. (Note: In part ¢, all angles are right angles.)

a 11 cm b ¢

5 cm/ \7 cm

13 cm

8 cm

AF/G 9 For each of these shapes, find:
i the value of x, correct to 2 decimal il the area.

places where necessary

a b 9 cm ¢ 8 cm

13 cm
X cm 5 i Excm

12 cm xem\ |40 em 12 cm
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303

AE/G 10 Calculate the circumference and area of these circles, correct to 2 decimal places.

a b
‘

11 Find the diagonal length of a rectangular prism with dimensions 10 cm by 8 cm by 5 cm,

correct to 2 decimal places.

10 cm

12 Find the area of each of these sectors, correct to 2 decimal places.

A §

5 o 4 cm
13 Convert 4.5 cm? to the following units.
a mm? b m?2

14 Find the shaded (purple) area of these shapes, correct to 2 decimal places.

d

*
=]
=
q
]
]
»
=
—
N

a b ,
I
- 6m
3cm i
[ >
6 cm 15m
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304 Chapter4 Measurement and surds

4H Accuracy of measuring instruments

Learning intentions for this section:

¢ To understand that accuracy depends on how measurements are recorded

¢ To know the limits of accuracy for a given recorded measurement

* To be able to calculate the limits of accuracy and percentage error for given measurements
Past, present and future learning:

e This section addresses the Stage 5 Core Topic called Numbers of any magnitude

¢ |t consolidates and extends the concepts in Chapter 50f our Year 9 book

¢ These concepts are assumed knowledge for Stage 6 Advanced

Humans and machines measure many
different things, such as the time taken to
swim a race, the length of timber needed
for a building and the volume of cement
needed to lay a concrete path around a
swimming pool. The degree or level of
accuracy required usually depends on the
intended purpose of the measurement.

All measurements are approximate. Errors
can happen as a result of the equipment
being used or the person using the

measuring device.

Major track events are electronically timed to the millisecond and
rounded to hundredths. An electronic beep has replaced the pistol sound
recorded measurement is to the exact that took 0.15 s to reach the farthest athlete. A camera scans the finish
line 2000 times/second and signals the timer as athletes finish.

Accuracy is a measure of how close a

measurement. Precision is the ability to
obtain the same result over and over again.

Lesson starter: Rounding a decimal

* A piece of timber is measured to be 86 cm, correct to the nearest centimetre.
a What is the smallest measurement possible that rounds to 86 cm when rounded to the nearest cm?
b What is the largest measurement possible that rounds to 86 when rounded to the nearest cm?
* A measurement is recorded as 6.0 cm, correct to the nearest millimetre.
a What units were used when measuring?
b What is the smallest decimal that could be rounded to this value?
¢ What is the largest decimal that would have resulted in 6.0 cm?
e Consider a square with side length 7.8941 cm.
a What is the perimeter of the square if the side length is:
i used with the four decimal places?
i rounded to one decimal place?
iii truncated at one decimal place (i.e. 7.8)?
b What is the difference between the perimeters if the decimal is rounded to two decimal places or
truncated at two decimal places or written with two significant figures?
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4H Accuracy of measuring instruments

KEY IDEAS

B The limits of accuracy tell you what the upper and lower boundaries are for the true

measurement.

e Usually, itis + 0.5 X the smallest unit of measurement.
For example, when measuring to the nearest centimetre, 86 cm has limits from 85.5 cm up to
(but not including) 86.5 cm.

85.5 86.5
| e |
85 86.0 87

e  When measuring to the nearest millimetre, the limits of accuracy for 86.0 cm are 85.95 cm
to 86.05 cm.
85.95 86.05

| | [ B | |
85.8 85.9 86.0 86.1 86.2

B Errors can also occur in measurement calculations that involve a number of steps.
e [tis important to use exact values or a large number of decimal places throughout
calculations to avoid an accumulated error.

BUILDING UNDERSTANDING

0 State a decimal that gives 3.4 when rounded from two decimal places.

e State a measurement of 3467 mm, correct to the nearest:
a centimetre b metre

9 ‘What is the smallest decimal that could result in an answer of 6.7 when rounded to one decimal
place?

0 Complete these calculations.

a i 8.7x3.56 rounded to one decimal place

i Take your rounded answer from parta i, multiply it by 1.8 and round to one decimal place.
b i 8.7 x3.56 answering with three decimal places

ii  Take your exact answer from parth i, multiply it by 1.8 and round to one decimal place.
¢ Compare your answers from parts a ii and b ii. What do you notice? Which answer is more

accurate?

N J
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Avoiding accumulated errors

Consider the shape shown.

9.8 m & 72m

Apply Pythagoras’ theorem to calculate the

Take the square root and round to one

Area of a semicircle = %ﬂrz where r is the

Round to one decimal place.

Combine rounded areas of semicircle and

Use the exact diameter length to calculate the

Retain a number of decimal places for the

Combine the areas to calculate the total area.

Round final answer to one decimal place.

a Use Pythagoras’ theorem to find the length of the diameter of the
semicircle, rounding to one decimal place.
b Using your rounded answer from part a, find the area of the
semicircle and round to one decimal place.
¢ Find the area of the triangle rounding to one decimal place.
d Hence, find the total area using your answers to parts b and c.
e Now recalculate the total area by retaining more precise answers for the calculations to parts
a-c above. Round your final answer correct to one decimal place.
f  Compare your answers to parts 0 and e above. How can you explain the difference?
SOLUTION EXPLANATION
a d?>=9.82+17.22
= 147.88 diameter (hypotenuse).
d =147.88
= 12.16059... decimal place.
Diameter is 12.2 m (to 1 d.p).
bA _1 12.2\?
T micircle = 2 AT X (T)
diameter + 2.
= 58.449...
=584 m? (to 1d.p.)
c Areatriangle = % X 7.2%9.8 Triangle area = %bh.
=353 m? (to 1 d.p.)
d Totalarea = 58.4 +35.3
= 93.7 m?2 triangle.
2
_ 1 V147.88
e Aredg e = 5 X 77X < ) ) area of the semicircle.
= 58.0723... m?
semicircle area.
1
Areatriangle =5 X 7.2%x9.8
= 35.28 m?
Total area = 58.0723... +35.28
= 93.3523...m?
Total area is 93.4 m? (to 1 d.p.)
f The answers differ by 0.3 m? when rounded

to one decimal place.
The error results in part d from the rounding
in intermediate steps in parts a-C.
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4H Accuracy of measuring instruments

Now you try

Consider the shape shown.

a Use Pythagoras’ theorem to find the length of the diameter of the
semicircle, rounding to one decimal place. 32m 57 m

b Using your rounded answer from part a, find the area of the O
semicircle and round to one decimal place.

¢ Find the area of the triangle rounding to one decimal place.

d Hence, find the total area using your answers to parts b and c.

e Now recalculate the total area by retaining more precise answers for the calculations to parts a—¢
above. Round your final answer correct to one decimal place.

f Compare your answers to parts d and e above. How can you explain the difference?

Finding limits of accuracy

Give the limits of accuracy for these measurements.

a 72cm b 86.6mm

SOLUTION EXPLANATION

a 72+05x1cm Smallest unit of measurement is one whole cm.
=72 —-0.5cmto72 + 0.5cm Error=0.5x 1 cm

=71.5emto72.5cm This error is subtracted and added to the given

measurement to find the limits of accuracy.

b 86.6 +£0.5x 0.1 mm Smallest unit of measurement is 0.1 mm.
= 86.6 + 0.05 mm Error = 0.5 x 0.1 mm = 0.05 mm
= 86.6 — 0.05mm to 86.6 + 0.05 mm This error is subtracted and added to the given
= 86.55 mm to 86.65 mm .
measurement to find the limits of accuracy.
Now you try
Give the limits of accuracy for these measurements.
a 45cm b 15.7mm
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Applying the limits of accuracy

Janis measures each side of a square as 6 cm. Find:

a the upper and lower limits for the sides of the square
b the upper and lower limits for the perimeter of the square
¢ the upper and lower limits for the square’s area.

SOLUTION EXPLANATION
a 6+05x1cm Smallest unit of measurement is one whole cm.
=6—-0.5cmto 6+ 0.5cm Error=0.5 X 1cm
=5.5cmto 6.5cm
b LowerlimitP = 4 x 5.5 The lower limit for the perimeter uses the lower
=22cm limit for the measurement taken and the upper

Upperlimit P = 4 X 6.5 limit for the perimeter uses the upper limit

= 26cm of 6.5 cm.
¢ Lowerlimit A = 5.52 The lower limit for the area is 5.52, whereas the
= 30.25cm? upper limit will be 6. 52.
Upper limit A = 6.52
= 42.25cm?
Now you try

Janis measures each side of a square as 9 cm. Find:

a the upper and lower limits for the sides of the square

b the upper and lower limits for the perimeter of the square
¢ the upper and lower limits for the square’s area.

Exercise 4H
FLUENCY 1-4 1, 3(12),4-6 1, 3(¥3), 4, 5(12), 6

eamples 1 Consider the shape shown. 24 m
a Use Pythagoras’ theorem to find the length of the diameter of the semicircle,
rounding to one decimal place. 7
b Using your rounded answer from part a, find the area of the semicircle and 4.3 m

round to one decimal place.

¢ Find the area of the triangle rounding to one decimal place.
Hence, find the total area using your answers to parts b and c.

e Now recalculate the total area by retaining more precise answers for the calculations to parts a-¢
above. Round your final answer correct to one decimal place.

f Compare your answers to parts 0 and e above. How can you explain the difference?
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4H Accuracy of measuring instruments

2 Consider the shape shown.

Example 20

a Use Pythagoras’ theorem to find the length of the radius of the quarter 114m _~N\ 76m
circle, rounding to one decimal place.
b Using your rounded answer from part a, find the area of the quarter
circle and round to one decimal place.
¢ Find the area of the triangle rounding to one decimal place.
d Hence, find the total area using your answers to parts b and C.
e Now recalculate the total area by retaining more precise answers for the
calculations to parts a—¢ above. Round your final answer correct to one
decimal place.
f Compare your answers to parts d and e above. How can you explain the difference?

3 For each of the following:
i Give the smallest unit of measurement (e.g. 0.1 cm is the smallest unit in 43.4 cm).
i Give the limits of accuracy.

45cm b 6.8mm c 12m d 15.6kg
56.8¢ f 10m g 673h h 9.84m
i 12.34km j  0.987km k 1.65L I 9.03mL

4  What are the limits of accuracy for the amount $4500 when it is written:
a to two significant figures?
b to three significant figures?
¢ to four significant figures?

5 Write the following as a measurement, given that the lower and upper limits of these measurements are

as follows.

a 29.5mto30.5m b 145gto155¢g

¢ 4.55kmto 4.65km d  8.95km to 9.05 km
e 985gt0995¢g f 989.5gt0990.5¢

6 Martha writes down the length of her fabric as 150 cm. As Martha does not give her level of accuracy,
give the limits of accuracy of her fabric if it was measured correct to the nearest:
a centimetre b 10 centimetres ¢ millimetre.

PROBLEM-SOLVING 7,8 7,8 8,9

7 A length of copper pipe is given as 25 cm, correct to the

nearest centimetre.
a What are the limits of accuracy for this measurement?
b If 10 pieces of copper, each with a given length of
25 cm, are joined end to end, what is the minimum
length that it could be?
¢ What is the maximum length for the 10 pieces of pipe

in part b?
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eample2t 8 The side of a square is recorded as 9.2 cm, correct to two significant figures.
a What is the minimum length that the side of this square could be?
b What is the maximum length that the side of this square could be?
¢ Find the upper and lower boundaries for this square’s perimeter.
d

9 The side of a square is recorded as 9.20 cm, correct to three significant figures.

Find the upper and lower limits for the area of this square.

a What is the minimum length that the side of this square could be?
b What is the maximum length that the side of this square could be?
¢ Find the upper and lower boundaries for this square’s perimeter.
d Find the upper and lower limits for the area of this square.
e How has changing the level of accuracy from 9.2 cm (see Question 8) to 9.20 cm affected the
calculation of the square’s perimeter and area?

10 Cody measures the mass of a baby to be 6 kg. Jacinta says the same

baby is 5.8 kg and Luke gives his answer as 5.85 kg.

a Explain how all three people could have different answers for the
same measurement.

b Write down the level of accuracy being used by each person.

¢ Are all their answers correct? Discuss.

11 Write down a sentence explaining the need to accurately measure items in our everyday lives and the
accuracy required for each of your examples. Give three examples of items that need to be measured
correct to the nearest:

a kilometre b millimetre ¢ millilitre d litre.

ENRICHMENT: Percentage error = = 12(12)

12 To calculate the percentage error of any measurement, the error (i.e. + the smallest unit of
measurement) is compared to the given or recorded measurement and then converted to a percentage.

For example: 5.6 cm
Error = +0.5 X 0.1 = +0.05

+0.05
5.6

= +0.89% (to two significant figures)
Find the percentage error for each of the following. Round to two significant figures.

x 100%

Percentage error =

a 28m b 9 km ¢ 8.9 km d 8.90 km
e 178 mm f $8.96 0 $4.25 h 701 mL
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41 Surface area of prisms and cylinders

Learning intentions for this section:

¢ To know what defines a prism and a cylinder

¢ To know the meaning of the term surface area

e To know how to use a net to identify the surfaces of prisms and cylinders

* To be able to find the surface area of prisms and cylinders

* To know how the formula for the surface area of a cylinder is developed

* To be able to identify visible surfaces of a composite solid to include as surface area
Past, present and future learning:

e This section concludes the Stage 5 Core Topic called Area and surface area A

* It consolidates and extends the concepts in Chapter 5 of our Year 9 book

e These concepts are assumed knowledge for Stage 6 Advanced

e You may be expected to recall the formulas from memory in the HSG Examination

Knowing how to find the area of simple shapes combined
with some knowledge about three-dimensional objects helps
us to find the surface area of a range of solids.

A cylindrical can, for example, has two circular ends and a
curved surface that could be rolled out to form a rectangle.
Finding the sum of the two circles and the rectangle will
give the surface area of the cylinder.

You will recall the following information about prisms and
Steel cans used for food are coated with tin-plate
(2% tin), as tin doesn’t corrode. Cans are
manufactured by cutting a rectangle, forming a
tube, attaching the base, sterilising, filling with
and two congruent ends. food and then joining the circular top.

— A prism is named by the shape of the cross-section.

cylinders.

* A prism is a polyhedron with a uniform cross-section

— The remaining sides are parallelograms.

|
* A cylinder has a circular cross-section. T T
— A cylinder is similar to a prism in that it has a uniform i
cross-section and two congruent ends. _ x'\
1~ [

right triangular  cylinder
prism

Lesson starter: Drawing nets

Drawing or visualising a net can help when finding the surface area of a solid. Try drawing a net for these
solids.
-

square prism cylinder
By labelling the dimensions, can you come up with a formula for the surface area of these solids?
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KEY IDEAS

B The surface area of a three-dimensional object can be found by finding the sum of the areas of

each of the shapes that make up the surface of the object.
B A net is a two-dimensional illustration of all the surfaces of a solid object.
B Given below are the net and surface area of a cylinder.

Diagram Net A = 2circles + 1 rectangle

= 27r2 + 27rh
C =" = 2r(r + h)

2xr

B Composite solids are solids made up of two or more

basic solids.
e To find a surface area do not include any common common face
faces.
— In this example, the top circular face
area of the cylinder is equal to the
common face area, so the Surface
area = surface area of prism + curved surface area

of cylinder.

BUILDING UNDERSTANDING

o Draw an example of these solids.
a cylinder b rectangular prism € triangular prism
@ Draw a net for each of these solids.
a b . c .
10 cm R 3cm \\\ lem
—H 2 cm
2cm
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Finding the surface area of prisms and cylinders

Find the surface area of this rectangular prism and cylinder. Round your answer to two decimal
places where necessary.

a T b
: 3cm
27T T 53 m
<2 5cm
8 cm
k 1.7m
SOLUTION EXPLANATION
a2 A=2x@8x3)+2x(Bx3)+2x(@8x5) Draw the net of the solid if needed
=48 + 30 + 80 to help you. Sum the areas of the
= 158 cm? rectangular surfaces.
Scm
3cm Jem|
8 cm i i i
5 cm
b A= 2wr?+ 27rh Write the formula and substitute the
= 27(1.71)2 +27(1.7) x 5.3 radius and height.
= 7477 m? (to2d.p.)
Now you try

Find the surface area of this rectangular prism and cylinder. Round your answer to two decimal
places where necessary.

a : b 1.7 cm
: 3m ;
I
e 5 m 7.2 cm
4m
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Finding the surface area of solids involving sectors and
composite solids

Find the surface area of the following, correct to one decimal place.
a A solid with a semicircular cross-section

b A composite object consisting of a square-based prism and a cylinder

6 cm
______ 8 cm
i - > 10 cm
20 cm
SOLUTION EXPLANATION
2 A=2x(Lxrxa2)+dx2rxdax12+12%8 The half-cylinder is made up of two
2 2 o
S semi-circular ends, half the curved
= oot ) surface of a cylinder (i.e. 1 X 27mrh)
= 297.1 cm? (to 1 d.p.) 2
plus a rectangular surface on top.
Sum the areas to get the exact
answer and round to one decimal
place.
b A=4xQ20%x10)+2xQ0%x20)+2Xx7X6X8 The common circular area (base
+7(6)% — 71(6)? of cylinder), which should not be
= 1600 + 967 included, is added back on with
= 1901.6 cm?(to 1 d.p.) the top of the cylinder. So the
surface area of the prism is added
to only the curved area of the
cylinder.
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Now you try

Find the surface area of the following, correct to one decimal place.
a A solid with a semicircular cross-section
10 m

e,
\_

b A composite object consisting of a square-based prism and a cylinder
1.5 m

4m

___________

Exercise 4l

FLUENCY 1,2,3(%2) 1,2,3(2), 4 1-2(Y3), 3(2). 4.5

eample22a 1 Find the surface area of these rectangular prisms.

a ] b c
| ! 2.1 cm
; 4m -~
P B - 7 cm
s 4m 4.5cm
7m
eample22h 2 Find the surface area of these cylinders. Round your answers to two decimal places.
a 6.2 cm b 128 m c &\592 m
fe————
92m /
6.4m
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3 Find the surface area of these solids.
a ] 3

1.2cm
C 25m d 6 mm
‘&'
/~=8.66 m
1.2 cm f
O.SCQ‘

1.5cm

0.76 cm 0.8 cm

4 Find the surface area, in square metres, of the outer surface of an open pipe with radius 85 cm and
length 4.5 m, correct to two decimal places.

5 What is the minimum area of paper required to wrap a box with dimensions 25 cm wide, 32 cm long
and 20 cm high?

PROBLEM-SOLVING 6-7(12) 6-8(12) 6-8(12). 9

eample2za 6 The cross-sections of these solids are sectors. Find the surface area, rounding to one decimal place.
Remember to include any rectangular surfaces also.

a b 1.6 m

10 cm - 2m

3cm
c d
20 cm
9
6m '
40 cm
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7 Use Pythagoras’ theorem to determine any unknown side lengths and find the surface area of these

solids, correct to one decimal place.

a b 32

—_
]

AN 1.4

N

eample2sb 8 Find the surface area of these composite solids. Answer correct to one decimal place.

a 4 cm b

8 m
e
I
U
I
I
|
4 |
F 1
//l ______ Y
—H 10 m
¢t 10cem d r R N — ’
WL :\
1 T R
I I -
! . [20 cm !
B N O v [15m
\ N 20 m \\
40 m
9 Find the surface area of this triangular prism, correct to one decimal
place.
2m 5m
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10 Find a formula for the surface area of these solids, using the given pronumerals.

b A ¢ d

\
\
\
\______
[
L
|
1
1
!
\
S
y
=

11 Find the exact surface area for a cylinder with the given dimensions. Your exact answer will be in
terms of 7.
a r=landh=2 b or=Jandh=S5
12 The surface area of a cylinder is given by the rule:
Surface area = 27r(r + h)
Find the height, to two decimal places, of a cylinder that has a radius of 2m and a surface area of:
a 35m? b 122 m?

13 Can you find the exact radius of the base of a cylinder if its surface area is 87 cm? and its height is
3 cm?

ENRICHMENT: Deriving formulas for special solids = = 14

14 Derive the formulas for the surface area of the following solids.

a acylinder with its height equal to its radius r

b asquare-based prism with square side length x and height y X

¢ a half cylinder with radius r and height &

d a solid with a sector cross-section, radius r, sector angle 6 and height &
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4J Surface area of pyramids and cones

Learning intentions for this section:

e To know the shape of pyramids and cones and their associated nets

e To be able to use Pythagoras’ theorem to find the vertical height or slant height of a cone
» To know the formula for the surface area of a cone

» To be able to find the surface area of a pyramid and a cone

* To be able to use Pythagoras’ theorem to find the vertical height or slant height of a cone
Past, present and future learning:

e This section addresses the Stage 5 Path Topics called Area and surface area B

e |t consolidates and extends the concepts in Chapter 5 of our Year 9 book

e These concepts are assumed knowledge for Stage 6 Advanced

* You may be expected to recall the formulas from memory in the HSC Examination

Pyramids and cones are solids for which we can also
calculate the surface area by finding the sum of the areas
of all the outside surfaces.

The surface area of a pyramid involves finding the sum of
the areas of the base and its triangular faces. The rule for
the surface area of a cone can be developed after drawing
a net that includes a circle (base) and sector (curved
surface).

Mechanical engineers and sheet metal workers
apply surface area and volume formulas when
designing and constructing stainless steel
equipment for the food and beverage industries.
Cylinder and cone formulas are used when
designing brewery vats.

Lesson starter: The cone formula

Use a pair of compasses to construct a large sector. Use any sector angle 6 that you like. Cut out the sector
and join the points A and B to form a cone of radius r.

* Give the rule for the area of the base of the cone.

* Give the rule for the circumference of the base of the cone.

e Give the rule for the circumference of a circle with radius s.

»  Use the above to find an expression for the area of the base of the cone as a fraction of the area 7s2.
* Hence, explain why the rule for the surface area of a cone is given by:

Surface area = 7r2 + 7rs.
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KEY IDEAS

B A cone is a solid with a circular base and a curved surface that reaches from the

apex
base to a point called the apex.
® A right cone has its apex directly above the centre of the base.
e The pronumeral s is used for the slant height and r is the radius of the base. ¢
e Cone surface area is given by:

s right cone

—
Area (base) = 7r? Area = 2ar X 752 = nrs
27ms
. A(cone) = r2 + nirs = 7r(r + 5) apex

B A pyramid has a base that is a polygon and its remaining faces are
triangles that meet at the apex.
e A pyramid is named by the shape of its base.
e A right pyramid has its apex directly above the centre of the base.

right square-
based pyramid

BUILDING UNDERSTANDING

@ Sstate the rule for the following.
a area of a triangle
b surface area of the base of a cone with radius
€ surface area of the curved part of a cone with slant height s and radius r

e Find the exact slant height for these cones, using Pythagoras’ theorem. Express exactly, using a
square root sign.
c

a b 5m
5 cm 6 cm
[ ——
10 cm
14 m
2 cm

e Draw a net for each of these solids.

] c
‘ ‘“’“
2 cm
4 cm

a
\ 2 cm )
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Finding the surface area of a cone and a pyramid

Find the surface area of these solids, using two decimal places for part a.
a acone with radius 2 m and slant height 4.5 m

b asquare-based pyramid with square-base length 25 mm and triangular face 4.5m
height 22 mm
2m
SOLUTION EXPLANATION
a A= ar2+ars The cone includes the circular base plus the
=722+ 7(2) x (4.5) curved part. Substitute r = 2 and s = 4.5.
= 40.84 m? (to2d.p.)
b A=1+4x1bh
) 1 22 mm ,
=25 +4><§><25><22 '
= 1725 mm? 25 mm
Base area plus four triangular faces.
Now you try
Find the surface area of these solids, using two decimal places for part a. 5.6m
a acone with radius 3 m and slant height 5.6 m
b asquare-based pyramid with square-base length 20 mm and triangular face
height 19 mm 3m
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Finding the slant height and the vertical height of a cone

A cone with radius 3 cm has a curved surface area of 100 cm?.
a Find the slant height of the cone, correct to one decimal place.
b Find the height of the cone, correct to one decimal place.

SOLUTION EXPLANATION
a Surfacearea = nrs Substitute the given information into the rule for the
100 = 7;52)3 XS curved surface area of a cone and solve for s.
§ ===
3

10.6 cm (to 1 d.p.)

b h24r2 =42

s
h2 432 = (1—00> ’ ARN
T
02 = (1_00>2 9 7
” Identify the right-angled triangle within the cone and use
h = @) z _9 Pythagoras’ theorem to find the height 4. Use the exact
3 value of s from part a to avoid accumulating errors.
= 10.2cm (to 1 d.p.)

Now you try

A cone with radius 2 cm has a curved surface area of 80 cm?.
a Find the slant height of the cone, correct to one decimal place.
b Find the height of the cone, correct to one decimal place.

Exercise 4J

FLUENCY 1-3 1-4 1-4

eample2sa 1 Find the surface area of these cones, correct to two decimal places, with radius and slant height as

shown.

a b 9 mm c
0.5m
7.5m — <D
0.8 m
12 mm
4m
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eample2ab 2 Find the surface area of these square-based pyramids.

. b : 02m
8 cm
6m
03 m
4 m 5cm

3 For each cone, find the area of the curved surface only, correct to two decimal places.
a

b 1.1 cm c
26 mm
10m ol
‘ 1.5cm 48 mm

4 A cone has height 10 cm and radius 3 cm.
a Use Pythagoras’ theorem to find the slant height of the cone, rounding your answer to two decimal
places.
b Find the surface area of the cone, correct to one decimal place.

PROBLEM-SOLVING 5,6 6-8 6-8. 9(12)

pampe2s. 5 A cone with radius 5 cm has a curved surface area of 400 cm2.
a Find the slant height of the cone, correct to one decimal place.
b Find the height of the cone, correct to one decimal place.

6 A cone with radius 6.4 cm has a curved surface area of 380 cm?2.
a Find the slant height of the cone, correct to one decimal place.
b Find the height of the cone, correct to one decimal place.

7 Party hats A and B are in the shape of open cones with no base. Hat A has radius 7 cm and slant height
25 cm, and hat B has radius 9 cm and slant height 22 cm. Which hat has the greater surface area?

8 This right square-based pyramid has base side length 4 m and vertical height 6 m.
a Find the height of the triangular faces, correct to one decimal place.
b Find the surface area, correct to one decimal place.
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9 Find the surface area of these composite solids, correct to one decimal place as necessary.

a b c
7\ 3cm 7N 433 cm-/1
SV N4 cm / \ I
’ N / \ ]
J * / \ PN
! \ _‘/ e : )
AN NN\ N R —— M
pall \ I N |
- L .
// 1 T :
Al N 1T R | ! m
X i 433 cm 4 i 8¢
2 cm e * ! \(/J\
e --—-F----. NTLA
, . 7
3 cm " N 5cm
3 cm
d e f
10 9 mm
m 5m
A=
1 e
iy = ! A =
7 T\ : 6 mm k i
. PR :
o [~~~ ° N \\ 3 m // I
. . i 10 mm o M
L N
8 m 2m :
7m

10 Explain why the surface area of a cone with radius r and height / is given by the expression

r[r(r+ 2+ hz).

11 A cone has a height equal to its radius (i.e. 2 = r). Show that its surface area is given by the expression

ar2(1 +2).

12 There is enough information in this diagram to find the surface area,
although the side length of the base and the height of the triangular faces 10 cm
are not given. Find the surface area, correct to one decimal place. 10 cm

e Vg

ENRICHMENT: Carving pyramids from cones = = 13

13 A woodworker uses a rotating lathe to produce a cone with radius 4 cm
and height 20 cm. From that cone the woodworker then cut slices off the
sides of the cone to produce a square-based pyramid of the same height.

. . 20 cm
a Find the exact slant height of the cone.

Find the surface area of the cone, correct to two decimal places.

b

¢ Find the exact side length of the base of the square-based pyramid.

d Find the height of the triangular faces of the pyramid, correct to three
decimal places.

Find the surface area of the pyramid, correct to two decimal places.
f Express the surface area of the pyramid as a percentage of the surface
area of the cone. Give the answer correct to the nearest whole percentage.
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4K Volume of prisms and cylinders

Learning intentions for this section:

* To be able to convert between units of volume and capacity

* To understand how the volume of a solid relates to its constant cross-section and height
* To be able to calculate the volume and capacity of a solid with uniform cross-section
Past, present and future learning:

e This section addresses the Stage 5 Core Topic called Volume A

* It consolidates and extends the concepts in Chapter 5 of our Year 9 book

e These concepts are assumed knowledge for Stage 6 Advanced

e You may be expected to recall the formulas from memory in the HSC Examination

Volume is the amount of space contained within
the outer surfaces of a three-dimensional object
and is measured in cubic units.

The common groups of objects considered in this
section are the prisms and the cylinders.

The volume of grain or cereal that a silo can store is calculated
using the volume formulas for cylinders and cones.

4
Lesson starter: Percentage of volume occupied

Consider the volume of a square-based rectangular prism with side length 2x cm

and height 4 cm.

*  What is the volume of this prism in terms of x and h? hem

Consider the largest cylinder that can fit inside this prism.

/
/

*  What is the radius of this cylinder? ol

/

* Find the volume of the cylinder using Volume = area of base X height. e em
*  What fraction of the prism’s volume does the cylinder occupy? Give this value

also to the nearest per cent.

Alternatively, a square-based rectangular prism is fitted in a cylinder of radius x cm and
height 4 cm.

*  What is the volume of the cylinder in terms of x and 4?
*  What is the area of the square base of the rectangular prism?

* Express the volume of the prism as a fraction of the volume of the cylinder. What is
this as a percentage?
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KEY IDEAS

B Metric units for volume include cubic kilometres (km?), % 10003 % 1003 % 103
cubic metres (m?), cubic centimetres (cm?3) TN X X
and cubic millimetres (mm3) km? m? cm? mm?
: A WP W
+10003  +1003 +103
B Units for capacity include megalitres (ML), %1000 %1000  x 1000
kilolitres (kL), litres (L) and millilitres (mL). R N R
ML kL L mL

e lcm?=1mL
) U W
+1000  +1000  + 1000
B For right prisms and cylinders, the volume is given by V = Ah, where:
® A is the area of the base

e his the perpendicular height.

1 |
e I
o7 b |
l l___ -
;
right rectangular prism right square prism right cylinder
V = Ah V = Ah V =Ah
= Ibh = x2h = 7r2h

BUILDING UNDERSTANDING

o Find the volume of these solids with the given base areas.

a b

10 cm

A =8cm?

9 State the rule for the volume of the following.
a right rectangular prism with length a, breadth b and height ¢
b right square prism with base dimensions y by y and perpendicular height /

€ cylinder with radius r and height &

-
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Converting between units of volume and capacity

Convert these volume measurements to the units given in brackets.

a 0.024m3(cm3)

b 12500 mL (kL)

SOLUTION EXPLANATION
a 0.024 m3 = 0.024 x 1003 cm3 1 m3 =100 x 100 x 100 cm3
= 0.024 x 1000000 cm? 1 m3
= 24000 cm? :
I
; 100 cm
I
J
. 100 cm
100 cm
b 12500 mL = 12500 + 1000 = 1000 kL Divide by 1000 to convert to litres and divide by
= 0.0125 kL

Now you try

1000 again to convert to kilolitres.

Convert these volume measurements to the units given in brackets.

a 42.5cm? (mm3)

b 124000 L (ML)

Finding the volume of right prisms and cylinders

Find the volume of these solids, rounding to two decimal places for part b.

a
4 m
m 3m

SOLUTION
a V=Ibh

=2x3x%x4

= 24m3
b V=nrh

=72)2x6

= 75.40cm3(to2d.p.)

CambridgeMATHS NSW Stage 5
Year 10

6 cm

EXPLANATION

Write the volume formula for a rectangular
prism.
Substitute / =2, b =3 and h = 4.

The prism is a cylinder with base area 7772,

Substitute » =2 and = 6.
Evaluate and round your answer as required.
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Now you try
Find the volume of these solids, rounding to two decimal places for part b.

a ]

8 cm
10 cm 4 m

Finding the volume of a composite solid

Find the volume of this composite solid, correct to the nearest
millilitre. 2cm| T—m—m————

2cm| - 6 cm

SOLUTION EXPLANATION
First, find the radius length, which is half the

Radius of cylinder = 9 _3cm
side length of the square base.

2

V = Ibh + nr?h Add the volume of the square-based prism and
=6X6x2+7x3%2x2 the volume of the cylinder.
=72+ 187
= 128.548... cm? lcm3 = 1mL, so 128.548... cm? = 128.548... mL
= 129 mL (to nearest mL) and round to the nearest millilitre.
Now you try
Find the volume of this composite solid, correct to the nearest dom| S ———"
millilitre. A7 RN
! 3 cm
/'/ 8 cm
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4K Volume of prisms and cylinders 329

Exercise 4K

FLUENCY 1(12), 2,3 1(72), 2,3, 4(12) 1(s), 2, 3, 4(1/2)

eample26 1 Convert these volume measurements to the units given in brackets. (Refer to the Key ideas for help.)

a 2cm? (mm3) b 0.2m3(cm3) ¢ 0.015km3(m3)
d 5700 mm?3(cm?) e 28300000 m3 (km?3) f 762000 cm?3(m?)
g 0.13m3(cm?3) h 0.000001 km?(m?3) i 2.094cm?(mm?)
j 2.7L(mL) k 342kL (ML) I 35L(KL)
m 5.72ML (kL) n 74250 mL (L) 0 1844kL L)
eample27a 2 Find the volume of each rectangular prism.
a b c
: 7
Zcm 5 cm .
4
cm 35m mm
10.6 mm
30 m 3.5 mm
10 m
eample27s 3 Find the volume of each cylinder, correct to two decimal places.
a b c
D D
1.5cm 12m
10 m i

14 m

5m

. 4 Find the volume of these solids, roundlng your answers to three decimal places where necessary.

c 3m
cm
1 2m
Ol 3m
7m

| 0

7 cm
e f
21.2cm
‘ '
1
1
0.38 m 183 cm
L
24.5 cm
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330 Chapter4 Measurement and surds

g 0.5m h

I 6 m
¢ 2m
3m
0.8 m
2m
PROBLEM-SOLVING 5,6 6, 7(12) 7(12), 8
5 How many containers holding 1000 cm3 (1L) of water are needed to fill 1 m3?
6 How many litres of water are required to fill a rectangular fish tank that is 1.2 m long, 80 cm wide and
50 cm high?
eample28 7/ Find the volume of these composite objects, rounding to two decimal places where necessary
in parts a-C and to the nearest millilitre in
parts d-f.
a b c
Sem| .- S5m P T
— o \‘\ 1.1m 26m
2cm| .7 : l
8 cm 16 m\ ]
# 2.3 m
5Sm
d - e f 4 cm
T .
_-7 - ::: [l
S 1B
5cm| _-° 6 cm i [
11 cm 9cm o
8 cm 4cm a I B
‘ // 4 P d 7
3cm
8 Find the exact volume of a cube if its surface area is:
a S54cm? b 18m?
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4K Volume of prisms and cylinders

9 Use the rule V = 7r2h to find the height of a cylinder, to one decimal place, with radius 6 cm and

volume 62 cm3.

10 An oblique prism is where the edges and faces are not perpendicular to the base as shown.

The volume of an oblique prism is calculated as Volume = area of base X perpendicular height

Find the volume of these oblique solids. Round to one decimal place for part b.

3cm

2 cm

radius r and height A, as shown.

12 Decide whether there is enough information in this diagram of a
triangular prism to find its volume. If so, find the volume, correct to

one decimal place.

b e ¢ _— L

11 Find a formula for the volume of a cylindrical portion with angle 6,

ENRICHMENT: Concrete poles = =

13 A concrete support structure for a building is made up of a cylindrical base 1
and a square-based prism as the main column. The cylindrical base is 1 m
in diameter and 1 m high, and the square prism is 10 m long and sits on the

cylindrical base as shown.

a Find the exact side length of the square base of the prism.
b Find the volume of the entire support structure, correct to one decimal

place.

CambridgeMATHS NSW Stage 5
Year 10
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Chapter4 Measurement and surds

The following problems will investigate practical situations drawing upon knowledge and skills developed
throughout the chapter. In attempting to solve these problems, aim to identify the key information, use
diagrams, formulate ideas, apply strategies, make calculations and check and communicate your solutions.

Athletics stagger

1 An athletics 400 m track is made up of two straight sections of equal length and two semicircular
bends. The first two lanes of the eight lanes of the track are shown.
International regulations state that the radius of the

semicircle to the inside edge of the track is 36.500 m.

A coach is interested in the length of each lane of the back straight

running track and how a staggered start is used to

ensure that each runner has the same distance to cover. front straight

a The 400 m distance for lane 1 is measured for the

' finish line and

running line of that lane. The running line is taken at X
lane 1 start line

300 mm in from the lane’s inside edge. By first finding
the radius for the lane 1 running line, calculate the
length of the straight sections, correct to three decimal places.
Each lane is 1.22 m wide, with the running line for each lane after lane 1 considered to be 200 mm in

=
=
=
=]
P
e
=
=
=]
Qe
S
=
=
<
P
c
=
afud
S
=
=
=
<<

from the lane’s inside edge.

b If the competitor from lane 2 started from the lane 1 start line, how far would they be required to
run, based on the running lines, to complete one lap? Round to two decimal places.

To ensure everyone runs 400 m, competitors need a staggered start.

¢ From your answer to part b, what should be the stagger for the lane 2 competitor on their running
line, correct to two decimal places?

d Calculate the stagger for each of the competitors in lanes 3 to 8, correct to two decimal places.

e Determine a rule for the stagger, s m, of lane number / on the running line.

Glass skyscraper

2 A modern city building encased with glass is 120 metres high and has a floor cross-section which
combines a portion of a cylinder, triangle and square as shown.

- 100 m

The construction company needs to consider the surface area of the building and decide on a budget
Jor the purchase of glass panels which will be used to clad the building.
a Use the information given in the diagram to find the following distances giving exacts answers.
i OA ii OB iii AB
b Find the perimeter of the cross-section giving your answer as an exact value.
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Applications and problem-solving

¢ Find the exact area of the cross-section.

d Given the height of the building, find the outside glass surface area of the building. Do not include
the top or base and round your answer to the nearest square metre.
The glass used for the building costs $180 per square metre and the budget provided for the
construction company for the purchase of the glass is $10 million.

e Decide if the budget provided for the purchase of the glass is sufficient. Give reasons.

Square diagonals

3 Square sand boxes produced by a company for playgrounds are labelled on the packaging with their
diagonal length.
A landscaper is interested in the relationship between this diagonal length and other properties of
the sand box including perimeter and area.

a A square sand box has a diagonal length of V3 m. Give the area and perimeter of "

Buinjos-wajqo.ad pue suoneanddy

[T 1]
this sand box in simplified form. S
b A second square sand box has diagonal length (2 + 2v2) m. T ,// i
i Find the exact area occupied by this sand box in m2, using TI/ [
(a+ b)(c + d) = ac + ad + bc + bd to expand.
il Express the side length of the sand box in metres in the form Va + bvc where a, b and ¢
are integers.
¢ To determine the side length of the sand box in part b in simplified form, consider the following.
i Use expansion to show that (vx + \/)7)2 = x + y + 2yxy where x and y are positive integers.
i Make use of the result in part i to simplify V7 + 2v10 and V7 + 4V3.
iii Hence, simplify your answer to part b ii and give the perimeter of the sand box.
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4L Volume of pyramids and cones

Learning intentions for this section:

To be able to calculate the volume of pyramids and cones
To be able to solve problems involving composite solids

Past, present and future learning:
This section addresses the Stage 5 Path Topic called Volume B

These concepts were not addressed in our Year 9 book

These concepts are assumed knowledge for Stage 6 Advanced
You may be expected to recall the formulas from memory in the HSC Examination

The volume of a cone or pyramid is a certain fraction of the volume of a prism with the same base area.

This particular fraction is the same for both cones and pyramids and will be explored in this section.

When applying fertiliser,
farmers use a container
called a spreader, made in
a pyramid or cone shape.
Agricultural equipment
engineers calculate a
spreader’s volume using
pyramid or cone formulas.

Lesson starter: Is a pyramid half the volume of a prism?

Here is a cube and a square pyramid with equal base side lengths and equal heights.

e e e e e = —

* Discuss whether or not you think the pyramid is half the volume of the cube.

*  Now consider this diagram of the cube with the pyramid inside.

ISBN 978-1-009-40964-3

The cube is black.

The pyramid is green.

The triangular prism is blue.
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4L Volume of pyramids and cones

* Compared to the cube, what is the volume of the triangular prism (blue)? Give reasons.
e Is the volume of the pyramid (green) more or less than the volume of the triangular prism (blue)?
* Do you know what the volume of the pyramid is as a fraction of the volume of the cube?

KEY IDEAS

B For pyramids and cones the volume is given by V = %Ah,

where A is the area of the base and £ is the perpendicular height.

right square pyramid right cone
h
X
X

-1 =1
V= 3Ah V= 3Ah

— 1.2 1.2

= 3% h = 3ﬂr h

BUILDING UNDERSTANDING

0 A cylinder has volume 12 cm3. What will be the volume of a cone with the same base area and
perpendicular height?

9 A pyramid has volume 5 m3. What will be the volume of a prism with the same base area and
perpendicular height?

9 State the volume of these solids with the given base areas.
6 m 4 cm

A=5m2 A=2cm?

7 mm

A =25 mm?
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336 Chapter4 Measurement and surds

Finding the volume of pyramids and cones

Find the volume of this rectangular-based pyramid and cone. Give the answer for part b, correct to
two decimal places.

a b 23mm
1.3m e—
1.4m 22 i
12m
SOLUTION EXPLANATION
a V= % Ah The pyramid has a rectangular base with area
IXw.
= 3 Uxb)xh
— %(14 X 12) %13 Substitute [ = 14, b=12and h=1.3.
= 0.728 m?
h v= % Ah The cone has a circular base of area 1.
= %ﬂrzh
= %n(11.5)2x29 Substituter:%: 11.5 and 7 = 29.
= 4016.26 mm3(to2d.p.)
Now you try

Find the volume of this rectangular-based pyramid and cone. Give the answer for part b, correct to
two decimal places.
a b

3.3 m
19 mm

35m

Sm 15 mm
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4L Volume of pyramids and cones

Exercise 4L

FLUENCY 1-2(12) 1-2(¥2) 1-2(Y3)

1 Find the volume of the following pyramids.

Example 292
a b
3cm | i
2cm
¢ 5 km d
18 m
\ 12 km
1Sm
5 km
13m
pample20s 2 Find the volume of the following cones, correct to two decimal places.
a  17mm b c 1L.6mm 4
-
21 mm
3.5 mm

PROBLEM-SOLVING 3, 4(%2) 3, 4(1%2) 4("2). 5

) 3 A medicine cup is in the shape of a cone with base radius 3 cm and height 5 cm. Find its capacity in
millilitres, correct to the nearest millilitre.

b fl z
4
/RSN N S

1
1 Z
77
|

4 Find the volume of these composite objects, rounding to two decimal places where necessary.
(H /
4 m

5cm

PSRN R

-
-

1

_+

: 2m| -

| 3m

I

I

_+-F

P
L

6 cm
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I
1
I
1
I
1
I
] I
I
1
I
<

T

= 4.8 mm 3.96 m

[~ 2.8 m I
1.5 mm

7.1m

5.2 mm

5 The volume of ice-cream in the cone is half the volume of the
cone. The cone has a 3 cm radius and 6 cm height. What is the
depth of the ice-cream, correct to two decimal places?

6 cm

depth of
ice-cream

6 A wooden cylinder is carved to form a cone that has the same base area and the same height as the

original cylinder. What fraction of the wooden cylinder is wasted? Give a reason.

7 A square-based pyramid and a cone are such that the diameter of the cone is equal to the length of the
side of the square base of the pyramid. They also have the same height.
a Using x as the side length of the pyramid and # as its height, write a rule for:
i the volume of the pyramid in terms of xand 2 ii the volume of the cone in terms of x and A.
b Express the volume of the cone as a fraction of the volume of the pyramid. Give an exact answer.

8 a Usetherule V= %ﬂrzh to find the base radius of a cone, to one decimal place, with height 23 cm

and volume 336 cm?3.

b Rearrange the rule V= %7‘[7‘2}1 to write:

i hintermsof Vand r ii rinterms of V and A.
ENRICHMENT: Truncated cones - - 9

9 A truncated cone is a cone that has its apex cut off by an intersecting plane. In this n
BN
example, the top has radius r,, the base has radius | and the two circular ends are SN e
/ \
parallel. ST hy
. rn_nh
a Give reasons why = -—.
2 h
b Find a rule for the volume of a truncated cone. r
¢ Find the volume, to one decimal place, of a truncated cone when r = 2cm,

h; = 5cm and h, equals:

| w2

i Ehl i §h1
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4M Surface area and volume of spheres

4M Surface area and volume of spheres

Learning intentions for this section:

* To be able to calculate the volume and surface area of spheres and hemispheres

* To be able to solve problems involving composite solids

Past, present and future learning:

» This section addresses the Stage 5 Path Topics called Area and surface area B and Volume B
e These concepts were not addressed in our Year 9 book

» These concepts are assumed knowledge for Stage 6 Advanced

e You may be expected to recall the formulas from memory in the HSC Examination

Planets are spherical in shape due to the
effects of gravity. This means that we can
describe a planet’s size using only one
measurement — its diameter or radius. Mars,
for example, has a diameter of about half that
of the Earth, which is about 12756 km. The
Earth’s volume is about 9 times that of Mars
and this is because the volume of a sphere
varies with the cube of the radius. The surface
area of the Earth is about 3.5 times that of
Mars because the surface area of a sphere

Spherical tanks store compressed or liquid gases for the petroleum

and chemical industries. The spherical shape uses the smallest land
area for the storage volume and distributes pressure evenly over the
sphere’s surface area.

varies with the square of the radius.

Lesson starter: What percentage of a cube is a sphere?
A sphere of radius 1 unit just fits inside a cube.

* First, guess the percentage of space occupied by the sphere.
e Draw a diagram showing the sphere inside the cube.

e Calculate the volume of the cube and the sphere. For the sphere, use the formula V = A3,

3
* Now calculate the percentage of space occupied by the sphere. How close was your guess?

KEY IDEAS

B The surface area of a sphere depends on its radius, r, and is given
by: V = 42

B The volume of a sphere depends on its radius, r, and is given by: V = %ﬂr3 v
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340 Chapter4 Measurement and surds

BUILDING UNDERSTANDING

0 Evaluate and round your answer to two decimal places.

2 3
2 1 4 3 47(7)
a 4xm7X5 ] 4)(7'[)((2) (H —3X7TX2.8 d —3

e Rearrange 12 = 4772 to write r as the subject.

9 What fraction of a sphere is shown in these diagrams?

Finding the surface area and volume of a sphere

Find the surface area and volume of a sphere of radius 7 cm, correct to two decimal places.

SOLUTION EXPLANATION
A = 4712 Write the rule for the surface area of a sphere and
= 47(7)2 substitute » = 7.
= 615.75cm? (to2d.p.) Evaluate and round the answer.
V= %ﬂr3 Write the rule for the volume of a sphere and
_ % 2(7)3 substitute r = 7.
= 1436.76cm? (to 2 d.p.) Evaluate and round the answer.
Now you try

Find the surface area and volume of a sphere of radius 5 cm, correct to two decimal places.

Finding the radius of a sphere

Find the radius of a sphere with volume 10 m3, correct to two decimal places.
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SOLUTION EXPLANATION
v=24.,3 Substitute V = 10 into the formula for the volume of a
i sphere.

= &3

10 = 3

30 = 4713 Solve for 3 by multiplying both sides by 3 and then

15 _ 3 g . .o 30 15

Ay =T dividing both sides by 4. Simplify el

= %—2 Take the cube root of both sides to make r the subject
= 1.34 (to2d.p.) and evaluate.

.. The radius is 1.34 m.

Now you try

Find the radius of a sphere with volume 6 m3, correct to two decimal places.

Finding the surface area and volume of composite solids with
spherical portions
This composite object includes a hemisphere and cone, as shown. vy
a Find the surface area, rounding to two decimal places. a
b Find the volume, rounding to two decimal places. .
cm
S cm
Y
SOLUTION EXPLANATION
a Radiusr=7-4=3 First find the radius, r cm, of the hemisphere.
A=Lyan? + nrs Write the rules for the surface area of each
2 component and note that the top shape is a
= % X 471(3)2 + 1(3)(5) hemisphere (i.e. half sphere).
= 337 Only the curved surface of the cone is required.
= 103.67 cm? (to 2 d.p.) Substitute 7 = 3 and s = 5.
Simplify and then evaluate, rounding as required.
b Vv= % X %ﬂrz’ + %anh Volume (object) = %Volume (sphere) + Volume (cone)
= % X %;,(3)3 + %ﬂ(3)2(4) Substitute r = 3 and & = 4.
i ;?)Z P L Simplify and then evaluate, rounding as required.
= 94.25 cm? (to 2 d.p.)
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342 Chapter4 Measurement and surds

Now you try

This composite object includes a hemisphere and cone, as shown.
a Find the surface area, rounding to two decimal places.

b Find the volume, rounding to two decimal places. 14 cm
10 cm|

Exercise 4M
1-20 =30 1-30

eample30 1 Find the surface area and volume of the following spheres, correct to two decimal places.

a b c

f 1.36 m

3

2 Find the surface area and volume of a sphere with the given dimensions. Give the answer correct to
two decimal places.
a radius 3cm b radius 4 m ¢ radius 7.4 m
d diameter V5 mm e diameter V7 m f diameter 2.2 km

3

pample3t 3 @ Find the radius of these spheres with the given volumes, correct to two decimal places.

V=15cm? V=180 cm3 V=0.52 km3
b Find the radius of these spheres with the given surface area, correct to two decimal places.

A =10 m? A =120 cm? A = 0.43 mm?

0@
=
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PROBLEM-SOLVING 4-6 6,7, 8-9(2) 8-9(%2), 10-12

4 A box with dimensions 30 cm long, 30 cm wide and 30 cm high holds 50 tennis balls of radius 3 cm.
Find:
a the volume of one tennis ball, correct to two decimal places

b the volume of 50 tennis balls, correct to one decimal place
¢ the volume of the box not taken up by the tennis balls, correct to one decimal place.

5 An expanding spherical storage bag has 800 cm? of water pumped into it. Find the diameter of the bag,
correct to one decimal place, after all the water has been pumped in.

6 Find the volume of these portions 0f a sphere, correct to two decimal places.

SCrn 4 cm c . 1m

7 A monolithic structure has a cylindrical base of radius 4 m and height 2 m
and a hemispherical top.
a What is the radius of the hemispherical top?

b  Find the total volume of the entire monolithic structure, correct to one 5
. m

eampe32a 8 Find the surface area for these solids, correct to two decimal places.

a 0 0.7 cm
1.3 cm
c 8 mm
\:. 4r-flm 5 m
; 1]
—-
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pampe32s 9 Find the volume of the following composite objects, correct to two decimal places.

a b

¢ d 28 cm .
2 cm
20 cm
e f hollow
2m . /I
/ 2m 1 T
[e—————]
m 1cm

10 A sphere just fits inside a cube. What is the surface area of the sphere as a percentage of the surface
area of the cube? Round your answer to the nearest whole percentage.

11 A spherical party balloon is blown up to help decorate a room.

If the balloon pops when the volume of air reaches 120 000 cm?, find the diameter of the balloon at
that point, correct to one decimal place.

12 A hemisphere sits on a cone and two height measurements are given as shown. Find:
a the radius of the hemisphere

b the exact slant height of the cone in surd form Iy
¢ the surface area of the solid, correct to one decimal place.
15 cm
10 cm
Y
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13 a Find a rule for the radius of a sphere with surface area A.

b Find a rule for the radius of a sphere with volume V.

14 A ball’s radius is doubled.
a By how much does its surface area change?
b By how much does its volume change?

15 Show that the volume of a sphere is given by V = %mza, where d is the diameter.

16 A cylinder and a sphere have the same radius, r, and volume, V. Find a rule for the height of the
cylinder in terms of r.

ENRICHMENT: Comparing surface areas = = 17

17 Imagine a cube and a sphere that have the same

volume.

a If the sphere has volume 1unit3, find:

=

i the exact radius of the sphere

i the exact surface area of the sphere -

iii the value of x (i.e. the side length of the cube)

iv the surface area of the cube
v the surface area of the sphere as a percentage
of the surface area of the cube, correct to one decimal place.

b Now take the radius of the sphere to be r units. Write:
i the rule for the surface area of the sphere
i the rule for x in terms of r, given the volumes are equal
i the surface area of the cube in terms of .
¢ Now write the surface area of the sphere as a fraction of the surface area of the cube, using your

results from part b and simplify to show that the result is V%

d Compare your answers from part a v with that of part ¢ (i.e. as a percentage).
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Chapter4 Measurement and surds

Cylindrical park seats

A local council is designing a simple but artistic set of cylindrical park
seats, each with a volume of 0.75 m?3 and made from poured concrete. The
top and curved surface areas are then to be painted. The council wants each

cylinder to be least 30 cm high and is keen to also minimise the amount of height
paint needed.

Present a report for the following tasks and ensure that you show clear

mathematical workings and explanations where appropriate. diameter

Routine problems

a If the diameter of the cylinder is 90 cm, find the height given that the volume must be 0.75 m?.
Round to the nearest cm.

b Find the surface area to be painted for the cylinder found in part a. Round to the nearest cm?.

¢ If the height of the cylinder is 70 cm, find the diameter given that the volume must be 0.75 m?.
Round to the nearest cm. Does this cylinder meet the council’s conditions?

d Find the surface area to be painted for the cylinder found in part ¢. Round to the nearest cm?.

Non-routine problems

a The problem is to find suitable dimensions for the cylindrical seats which meet the council’s
conditions. Write down all the relevant information that will help solve this problem with the aid of
a diagram.

b Use the rule for the volume of a cylinder (V = 7r?h) with (V = 0.75m3) and determine a rule for:
i hinterms of r
i rin terms of A.

¢ For two chosen values of r determine:
i the height of the cylindrical seats
i the surface area to be painted.

d  For two chosen values of / determine:
i the diameter of the cylindrical seats
i the surface area to be painted.

e Compare your choices of r and & and decide which choice gives the least surface area.

f Investigate other possible choices of r and / and try to minimise the surface area.

g Summarise your results and describe any key findings.

Extension problems

a Derive a rule for the surface area of the cylinder in terms of r only. Use a graph to find the
dimensions of the cylinder which gives the minimum surface area. (Use technology where
appropriate.)
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Investigation 347

Density

Density is defined as the mass or weight of a substance per cubic unit of volume. §

Density = —0858 o Mass = density x volume g
volume —

Finding mass g
[
Find the total mass of these objects with the given densities, correct to one decimal place where necessary. s‘

a b 1 m < 6 cm =

4 m 1m
om 2 m
10 cm

Density = 50 kg per m3

Scm
Density = 100 k 3
ensity g per m Density = 0.05 kg per cm3

Finding density

a Find the density of a compound with the given mass and volume measurements, rounding to two
decimal places where necessary.
i mass 30kg, volume 0.4 m?
i mass 10 g, volume 2 cm?
iii mass 550 kg, volume 1.8 m3

b The density of a solid depends somewhat on how its molecules are packed together. Molecules
represented as spheres are tightly packed if they are arranged in a triangular form. The following
relates to this packing arrangement.

i Find, the length AC for three circles, each of radius 1 cm, as shown.

b

Use exact values.
i Find the total height of four spheres, each of radius 1 cm, if they are

packed to form a triangular-based pyramid. Use exact values.

Ny
B o
’ \w

First, note that AB = 2BC for an equilateral triangle (shown at right).

\
/

Pythagoras’ theorem can be used to prove this, but this is trickier.

=i
C
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Chapter4 Measurement and surds

1 A cube has a surface area that has the same value as its volume. What is the side length of this cube?

2 The wheels of a truck travelling at 60 km/h make 4 revolutions per second. What is the diameter of
each wheel in metres, correct to one decimal place?

3 A sphere fits exactly inside a cylinder, and just touches the top, bottom and curved N\
surface. 'v.v‘
a Show that the surface area of the sphere equals the curved surface area of
the cylinder.
b What percentage of the volume of the cylinder is taken up by the sphere? u

Round your answer to the nearest whole percentage.

4 A sphere and cone with the same radius, r, have the same volume. Find the height of the cone in
terms of 7.

5 A rectangular piece of paper has an area of 100V2 cm?. The piece of paper

Problems and challenges

is such that, when it is folded in half along the dashed line as shown, the
new rectangle is similar (i.e. of the same shape) to the original rectangle.

What are the dimensions of the piece of paper?

6 Simplify the following, leaving your answer with a rational denominator.

V2 w2
W2 +1 V3+1

7 Three circles, each of radius 1 unit, fit inside a square such that the two

outer circles touch the middle circle and the sides of the square, as shown.
Given the centres of the circle lie on the diagonal of the square, find the
exact area of the square.

8 Four of the same circular coins of radius r are placed such that they are just
touching, as shown. What is the area of the shaded region enclosed by the
coins in terms of r?

9 Find the exact ratio of the equator to the distance around Earth at latitude 45°
north. (Assume that Earth is a perfect sphere.)
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7
Pythagoras’ theorem

bm c?=a%+b?

a
Can occur in 3D shapes

E7=

Length
Units of length

x1000 x100
X X
km m cm
*_ *_
+1000 <100

)
-
QD
=]
o gt
(3°)
q
(72]
==
=
3
QO
q
<

x10
A

mm
>
+10

Area )
Units of area
%1000 x100%  x10?
YN RN X
km? m? cm? mm?
- X _ x__
+10002 +100%2 +102
Formulas
circle square rectangle triangle
T O i
E3 ::/ E 3 3 b :h
1, [ O, [ |
/ b 1
A=nr? A=? A=1Ib A= 5bh
kite
sector rhombus parallelogram trapeznum »«— x—»|
y/)\
Y R l
360% w2 A=-xy A= bh = —h/2(a+ b)h A= Exy

Perimeter is the distance around
the outside of a closed shape.

Circumference of a circle
C=2nr=nd

Simplifying surds
A surd uses symbol v~ and as a
decimal is infinite and non-recurring
Simplify surds: use the highest
square factor.
e.0.1 J20=4x5
=Ax\5
=25
2 127 = 4x~9Ix3
=12J3

Errors and accuracy

Limits of accuracy are usually + 0.5 x
the smallest unit of measurement
e.g.72cmis 71.5cmto 72.5 cm

Errors will accumulate if answers are
rounded in intermediate calculations.

Surface area

For prisms and pyramids draw

Multiply/Divide
XXy =vxy
avx x by = ab~xy
Wy =¥

avx+(bVy) = 4%

') | the net and add the areas of all the
faces.

-

A= 4 x triangles + square base

Rationalise the denominator
Express with a whole number in the
denominator

Cylinder h
— | 27r h
7

2_2,¥5
V5 5 B
=2_\/§ A=2nrh + 2mr?
L 5 ) curved base
surface  ends
N
Add/Subtract
Like surds only Cone 5
e.g.1 3V2+4N2=7V2
4N2+V5 — V2 =3V2++5 < r
Simplify first A=7nrs + r?
e.0.2 3v8—4V2
L X NEXNT 4D curved + base
=632 42
=2\ sphere @ A=t

CambridgeMATHS NSW Stage 5
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For composite solids consider
which surfaces are exposed.

Perimeter of a sector

p=2r+ 2

Z 360 X 2nr

\. V.

Mea%urenaent .
and surds
Ay —

4 N
Volume

Units of volume

x1000° x100°
RN PN
km? m3

>_
+1000°

%103

cm? mm?®

x_ Y~
=100  +10°

Units of capacity
x1000 %1000

megalitres  kilolitres litres millilitres

M)~ Kb~ O~___mb)
+1000  +1000  +1000

1cem3=1mL

%1000

For right prisms and cylinders
V= Ah, where Ais the area of the base
and his the perpendicular height.

rectangular prism cylinder
h D
I r
V=Ibh V=rnr2h

For pyramids and cones:
V= lAh where A'is the area of the base.
Cone: V= - B L zr2n

Sphere: V= %nﬁ r
\, y
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Chapter4 Measurement and surds

Chapter checklist

b3
(]

S
(]

B3
(]

E
m

E

e

Chapter checklist with success criteria

A printable version of this checklist is available in the Interactive Textbook Ej

1. | can decide if a number is rational or irrational.
e.g. Express V6 as a decimal and decide if it is rational or irrational.

2. | can simplify a surd using the highest square number factor.
e.g. Simplify V75.

3. I can express a surd as a square root of an integer.
e.9. Express 3V7 in the form va where ais an integer.

4. | can add and subtract expressions involving like surds.
e.g. Simplify V3 + 5V2 + 3vV3 — 2V2.

5. | can simplify surds to add or subtract.
e.g. Simplify 3V12 + 2v27.

6. | can multiply surds.
e.g. Simplify 3v5 x 2V10.

7. 1 can simplify surds using division.
e.g. Simplify 4V15 = V3.

8. | can apply the distributive law to expressions involving surds.
e.g. Expand and simplify 2v5(3v3 — V5).

9. | can rationalise a denominator.

O Oy oo oot )<

N
e.g. Rationalise —=.
g V7
10. | can work with the perimeter of a polygon. 79 em
e.g. Find the value of x when the perimeter is 26.6 cm.
X cm D
55cm

11. I can use the formula for the circumference of a circle.
e.g. A circle has a radius of r cm, if its circumference is 12 cm, find r correct to two decimal

[]

places.
12. I can find the perimeter of a sector. 5cm
e.g. Find the exact perimeter of this sector. a D
13. I can find a side length using Pythagoras’ theorem. 14 m
e.g. Find the length of the unknown side correct to two xm D
decimal places.
12 m
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)
. -

14. | can use Pythagoras’ theorem in 3D. H G a

e.g. For the rectangular prism shown find BE in exact form and v =

find BH correct to two decimal places. D :: D 5"

PN =
A 10 B g_

. (5]

15. | can convert between units of area. D ()
e.g. Convert 1200 cm2 to m2. =

16. | can work with area formulas. g 3cm «

46 ; . ~—

e.g. Find the area of these shapes. '5m :
2 4 e []
12m -
7 cm

17. 1 can use a given area to find an unknown length.
e.g. Find the value of the pronumeral for this shape with area 54 cmZ.

18. I can find the area of composite shapes ft T
involving sectors.
e.g. Find the area of this composite shape. Give 123m
your answer as an exact value and as a decimal
correct to two decimal places.

m 19. | can avoid accumulating errors from rounding.
e.g.a Calculate the area of this composite shape:
i. by rounding each value calculated to one decimal place
ii. by working with exact answers throughout. D

[]

B————65m —

b Compare your answers. Explain why they are different. 10.7m S
4.6 m
m 20. | can find limits of accuracy. D
e.g. Give the limits of accuracy for 85 cm.
m 21. | can work with limits of accuracy.
e.g. Each side of a square is measured as 10 cm. Find the upper and lower limits for the D
perimeter of the square.
n 22. | can find the surface area of a prism. !
e.g. Find the surface area of this rectangular prism. i 4 m D
= 8m
10 m
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=)
e
§ n 23. | can find the surface area of a cylinder.
rxy e.g. Find the surface area of the cylinder shown
(T correct to two decimal places.
" —
(&)
Q n 24. | can find the surface area of composite solids. ~A4 cm
"a e.g. A composite solid consists of a rectangular prism and —
S a cube as shown. Find the surface area of the object. i 8 cm
E—a T
(& 6 cm
12 cm
25. | can find the surface area of a cone.
e.g. Find the surface area of a cone with radius 4 ¢cm and slant height 10 cm. Round to two
decimal places.
26. | can find the surface area of a pyramid.
e.g. Find the surface area of the square-based pyramid shown.
20 cm
15 cm
27. | can find the slant height or vertical height of a cone.
e.g. A cone has radius 5 cm and a curved surface area of 120 cm?. Find the vertical height of the
cone correct to one decimal place.
m 28. | can convert between units of volume.
e.g. Convert these volume measurements to the units shown in brackets.
i 1.2md(md)
i 1490000 mL (kL)
m 29. | can find the volume of a cylinder or prism.
e.g. Find the volume of a cylinder with height 10 ¢cm and radius 2 cm. Round to two decimal
places.
m 30. I can find the volume of a composite solid. ,
e.g. Find the volume of the composite solid correct to ;
one decimal place. R
e ; 4 cm
S om 12 cm
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=
31. I can find the volume of a pyramid. [X)
e.g. Find the volume of this rectangular-based pyramid. 'E..
1.8 m l:‘ 9;
2.1m g—
1.4m g
=
32. 1 can find the volume of a cone. 73
e.g. Find the volume of this cone correct to two decimal places. ~—*

18 cm D

12 cm

m 33. I can find the surface area and volume of a sphere.
e.g. Find the volume and surface area of a sphere of radius 3 cm, correct to two decimal places. D

34. | can find the radius of a sphere. D
e.g. Find the radius of a sphere with volume 12 m3, correct to two decimal places.

m 35. | can work with composite solids with spherical portions.
e.g. Find the surface area and volume of this cone and hemisphere a
correct to two decimal places. 7 cm D

5 cm
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(]

4B/C e

=
=
>
(<)
L S
S
QL
i
Q.
(3]
o =
()

&’
[«
5

AE/G/K

AE/F g

4E/G U

@3’

Short-answer questions

Simplify the following surds.

a V24 b 3v200 ] g 2V43
9 15
Simplify the following.
a 2V3+4+4503 b 6V5—V7 —4V5 +3V7 ¢ V8+3V2
d 4V3 +2V18 — 42 e 2V5xV6 f —-3V2x2V10
2715 5V14 CoN27
== h —— i —==-N3
" 5 15V2 G
Expand and simplify.
a V2(2V3 +4) b 2V3(V15-v3) ¢ (V1) i (@4v3)
Rationalise the denominator.
a L p 6V3 c 33 q H2-13
V6 2 276 V3
Convert the given measurements to the units in the brackets.
a 0.23m (cm) b 270 mm? (cm?) ¢ 2.6m3(md)
d 8372L (mL) e 638250 mm? (m2) f 0.0003 km? (cm?)

Find the perimeter of these shapes, correct to one decimal place where necessary. (Note:
Pythagoras’ theorem may be required in part b.)
a T b c

T ! ] Sm 9m
80°,
| ] 4m

6 cm

A floral clock at the Botanic Gardens is in the shape of a

circle and has a circumference of 14 m.

a Find the radius of the clock, in exact form.

b Hence, find the area occupied by the clock. Answer to
two decimal places.

For the rectangular prism with dimensions as shown, use
Pythagoras’ theorem to find:

a AF, leaving your answer in exact form

b AG, to two decimal places.
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9 Find the area of these shapes. Round to two decimal places where necessary.

(p)
-
QD
=]
[ g
(")
q
q
d D
s
S
10
cm 9.8 m
10 A backyard deck, as shown, has an area of 34.8 m?2. _92m
a Find the breadth, b metres, of the deck. E
b Calculate the perimeter of the deck, correct to two decimal wim deck
places. Pythagoras’ theorem will be required to calculate the 53 m

missing length.

K 11 Consider the composite solid shown.
a Find the volume of the base cylinder, rounding to one decimal

place.

b Find the volume of the top cylinder, rounding to one decimal
place.

¢ Use your answers from parts a and b to find the total volume.
Recalculate the total volume by retaining more precise answers
for the calculations in parts a and b. Round your final answer

correct to one decimal place.
e Compare your answers to parts ¢ and d. How can you explain the
difference?

12 Give the limits of accuracy for these measurements.

a 8m b 10.3kg c 475L
13 For each of these solids find, correct to two decimal places where necessary:
i the surface area i the volume.
a , b
I
" 5cm
! 6m 4 cm g
el Sm 10 cm
8 m 6 cm
c d
12 cm 13 cm
10 cm
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356 Chapter4 Measurement and surds

g f 10 cm
|fe———>|
13 cm

12 cm

14 A cone has a radius of 6 cm and a curved surface area of 350 cm?.
a Find the slant height of the cone, in exact form.
b Find the height of the cone, correct to one decimal place.

=
=
>
(<)
L S
S
QL
i
Q.
(3]
o =
()

K 15 For each of the following composite solids find, correct to two decimal places where necessary:
i the surface area i the volume.

H a b ¢
AN
3em|. L
. 3 i 4 m =+ JI»—:———
] € " 0.9 mm
i [
10 cm 7 m 2.5 mm 1.6 mm

16 For each of the following composite solids find, correct to two decimal places where necessary:

i the surface area ii the volume.

5 cm

1
i
|
S| P
Z H 4 cm

17 A water buoy is in the shape shown. Find:

4J/L/Mm
36 cm 39 em
51 cm
a the volume of air inside the buoy, in exact form
b the surface area of the buoy, in exact form.
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Multiple-choice questions

1 Which of the following is a surd? g
A V36 B C V7 D 8 E 16 =
@
2 445 is equivalent to: -
A V100 B V80 C 2V10 D V20 E V40 P
<
: ®
3 The expanded form of 2V5(5 — 3v3) is: E
A 10V5 - 6V15 B 7V5 —5V15 C 10V5 — 12V2
D 10-5V15 E 7W5-5V3
4 %ijsiquivalent to:
2730 5V6 30 30
A 230 B 36 C 275 p ¥ JRE

5 If the perimeter of this shape is 30.3 cm, then the value of x is:

A 128 X cm
B 6.5
9 Skl 7.1 cm
D 64 10.4 cm
E 3.6
u 6 The perimeter of the sector shown, rounded to one decimal place, is:

A 87m

B 22.7m
C 18.7m
D 56.7m oL®
E 32.7m

7 The value of x in this triangle is closest to:

4.9
3.5
5.0 7 km km
42
3.9

n 8 The exact shaded (purple) area in square units is:
32 -T2

120 — 367

32+ 6m

120 — 187

48 + 187

n 9 0.128 m? is equivalent to:
A 12.8cm? B 128 mm? C 1280cm?

D 0.00128 cm? E 1280 mm?2

o

m oo o >

m oo o >
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n 10 A cube has a surface area of 1350 cm?. The side length of the cube is:

; A 15cm B 11cm C 18cm D 12cm E 21cm
DD n 11 A cylindrical tin of canned food has a paper label glued around its curved surface. If the can is
3 14 cm high and has a radius of 4 cm, the area of the label is closest to:
- A 452 cm? B 352cm? C 126 cm? D 704 cm? E 235cm?
-
B 12 The exact surface area of a cone of diameter 24 cm and slant height 16 cm is:
% A 2167 cm? B 9607 cm? C 5287 cm? D 3367 cm? E 3847 cm?
i —
= n 13 A cone has a radius of 7 m and a slant height of 12 m. 7m
The cone’s exact height, in metres, is: &
A V52
B V193 12m
C V&5
D V137
E V95
n 14 The volume of liquid that this square-based prism can hold is: ,
A 72mL i 9 em
B 48mL ;
C 176mL P
D 144mL —y
E 120mL ©
m 15 The volume of air in a sphere is 100 cm?. The radius of the sphere, correct to two decimal
places, is:
A 1.67cm B 10.00cm C 2.82cm D 23.87cm E 2.88cm

Extended-response questions

1 A waterski ramp consists of a rectangular flotation container and a triangular angled section, as
shown.
a What volume of air is contained within the entire
ramp structure?

b Find the length of the angled ramp (c metres), in L m

exact surd form. ) mi h S m
The entire structure is to be painted with a waterproof

paint costing $20 per litre. One litre of paint covers ) 6m ’

25 square metres.

¢ Find the surface area of the ramp, correct to one decimal place.

d Find the number of litres and the cost of paint required for the job. Assume you can purchase
only one litre tins of paint.
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2 A circular school oval of radius 50 metres is marked with spray paint to form a i
square pitch, as shown. e
a State the diagonal length of the square. 7

b Use Pythagoras’ theorem to find the side length of the square, in exact surd g

1dey)

form.
¢ Find the area of the square pitch.
Find the percentage area of the oval that is not part of the square pitch. Round your answer
to the nearest whole percentage.
Two athletes challenge each other to a one-lap race around the oval. Athlete A runs around the
outside of the oval at an average rate of 10 metres per second. Athlete B runs around the outside

@
q
q
®
—
@
<

of the square at an average rate of 9 metres per second. Athlete B’s average running speed is

less because of the need to slow down at each corner.

e Find who comes first and the difference in times, correct to the nearest hundredth of a
second.

3 A small rectangular jewellery box has a base with dimensions 3V15 cm by (12 + V3) cm and a
height of (2V5 + 4) cm.
a Determine the exact area of the base of the box, in expanded and simplified form.
b Julie’s earring boxes occupy an area of 9V5cm?2. What is the exact simplified number of
earring boxes that would fit across the base of the jewellery box?
¢ The surface of Julie’s rectangular dressing table has dimensions (V2 — 1)m by (V2 + 1) m.
i Find the area of the dressing table, in square centimetres. Recall (@ — b)(a + b) = a’ - b2
i What percentage of the area of the dressing table does the jewellery box occupy? Give
your answer to one decimal place.
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When the Black Death pandemic struck in 1665,
Cambridge University closed, and Isaac Newton
moved to his grandparent’s farm. At age 24, in
isolation for 2 years, Newton’s brilliant mind built on
Galileo’s discoveries and altered our world forever
by inventing the maths of continuously changing
quantities, Galculus, and also the laws of motion.

Consider the motion equation: v2 = u2 + 2as with
initial speed u m/s, final speed v m/s, constant
acceleration a m/s2, over a distance of s m. For cars
braking heavily to a stop on a dry road a ~ —10 m/s2
and the final speed v = 0. Hence stopping distance

_ 2 2

a
dgeMATHS NSW Stage 5

ISBN 978-1-009-40964-3

What is the stopping distance at 30 km/h? (Use

U= % = 8.3 m/s) By what factor does the stopping

distance increase if the speed doubles? triples?
quadruples? To add a driver’s perception and reaction
time of t= 1.5 seconds, use the motion equation
s=ut+ 0.5 at? where a~ —10 m/s2.

Civil engineers solve quadratic equations for
assigning speed limits, the design of road lanes,
intersections, and train station lengths. For a braking
train, deceleration a ~ —1.5 m/s2.

© Palmer et al. 2024

Photocopying is restricted under law and this material must not be transferred to another party.

Cambridge Universit



Expanding expressions

SB Factorising expressions

5C Multiplying and dividing algebraic fractions

5D Factorising monic quadratic trinomials

5E Factorising non-monic quadratic trinomials

5F Factorising by completing the square

5G Solving quadratic equations by factorising

5H Using quadratic equations to solve problems
| 5I Solving quadratic equations by completing the square
] Solving quadratic equations using the quadratic formula

In this chapter, a student:

* develops understanding and fluency in mathematics through
exploring and connecting mathematical concepts, choosing
and applying mathematical techniques to solve problems, and
communicating their thinking and reasoning coherently and clearly
(MAO-WM-01)

» simplifies algebraic fractions involving indices, and expands and
factorises algebraic expressions (MA5-ALG-P-01)

 selects and applies appropriate algebraic techniques to operate with
algebraic fractions, and expands, factorises and simplifies algebraic
expressions (MA5-ALG-P-02)

¢ solves monic quadratic equations, linear inequalities and cubic
equations (MA5-EQU-P-01)

* solves linear equations of more than 3 steps, monic and non-
monic quadratic equations, and linear simultaneous equations
(MA5-EQU-P-02)

© 2022 NSW Education Standards Authority

A host of additional online resources are included as part of your
Interactive Textbook, including HOTmaths content, video demonstrations
of all worked examples, auto-marked quizzes and much more.
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362 Chapter5 Quadratic expressions and equations

9A Expanding expressions consoLiaTiNG

Learning intentions for this section:

¢ To understand the distributive law for expanding brackets

¢ To be able to expand expressions involving brackets

Past, present and future learning:

e This section addresses Stage 4 concepts which are used in Stages 5 and 6

¢ [ltalsoincludes concepts from the Stage 5 Core Topic called Algebraic techniques A
¢ |t consolidates and extends the concepts in Chapter 8 of our Year 9 book

e Expertise with these concepts is assumed knowledge for Stage 6 Advanced

You will recall that expressions that include
numerals and pronumerals are central to the topic
of algebra. Sound skills in algebra are essential

for solving most mathematical problems and this
includes the ability to expand expressions involving
brackets. This includes binomial products, two
squares and the difference of perfect squares.
Exploring how projectiles fly subject to Earth’s
gravity, for example, can be modelled with
expressions with and without brackets.

Business analysts develop profit equations, which are quadratics,
when sales and profit/item are linear relations of the selling price,

Lesson starter: Five key errors e.g. $plice-cream:
Profit/week = weekly sales x profit/item
Here are five expansion problems with incorrect =150(10 - p) x (p - 2)
answers. Discuss what error has been made and = —150(p2 — 12p + 20)
then give the correct expansion. 4

e 2x-3)=-2x-6

o (x+3)7?%=x2+9

c (=D +2)=x2+4x—4
e 5-3x—-1)=2-3x

o (x4+3)x+5 =x2+8x+8

KEY IDEAS

B Like terms have the same pronumeral part.
e They can be collected (i.e. added and subtracted) to form a single term.
For example: 7x — 11x = —4x and 4a%b — Tha® = —3a%b

B The distributive law is used to expand brackets.
e alb+c)=ab+acandalb - c) =ab — ac
e (a+b)c+d =ac+ ad+ bc+ bd
e (a+ b)c + d) is called a binomial product because each expression in the brackets has two
terms.
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B Perfect squares
e (a+b?=(a+b)a+b)

= a2+ 2ab +b?
e (a—b)?%=(a-b)a—-Db)
= a® - 2ab + b?

B Difference of two squares
o (a+bla—b)=a?-b2

B By definition, a perfect square is an integer that is the square of an integer; however, the rules
above also apply for a wide range of values for a and b, including all real numbers.

BUILDING UNDERSTANDING

ﬂ Use each diagram to help expand the expressions.

a x(x+2) b G+3)x+1) C (x+4)?
X X 3 X 4
x| 2 X X
2| o2x 1 4

@ Simplify these expressions.
a 2x3x b —4x5x C —xXxdx d 5x+10

e —6x2+(2x f 3x-2Ix g —3x+8x h —5x—8x
\ J

Expanding simple expressions

Expand and simplify where possible.

a -3(x-5) b 2x(1-x c xQ2x—1)—-x(3-x
SOLUTION EXPLANATION
a -3x—-5=-3x+15 Use the distributive law: a(b — ¢) = ab — ac.

—3xx=-3xand -3 x (=5) = 15

b 2x(1 —x) =2x — 2x2 Recall that 2x X (—x) = —2x2.

¢ x2x—1) —x(3—=2x) =2x2—x—3x+x2 Apply the distributive law to each set of brackets
= 3x2 — 4x first, then simplify by collecting like terms.
Recall that —x X (—x) =x2.

Now you try
Expand and simplify where possible.
a —2x—4) b 5x(4—x) c x(5x—1) —x(2 —3x)
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of two squares

Expand the following.

a (+5x+4) b (x—4)2

SOLUTION

a G+50+4) =x2+4x+5x+20
=x2+9x+20

b G-42=G-Dx-4
=x2—4x—4x+16

=x2—-8x+16
Alternatively:
(x — D2 = x2 - 2(x)(4) +42
=x2-8x+16

c Qx+DQ2x—1) =4x2-2x+2x—1

=4x2-1
Alternatively:
Qx+ DQx— 1D = Q02 - (1D?
=4x2-1
Now you try
Expand the following.

a +2)(x+5) b (x—2)2

Expand and simplify.
a Q2x—DGx+5) b 2(x-3)(x—-2)

SOLUTION

a Qx—DBx+5 =6x2+10x—3x-5
=6x2+7x-5

b 2(x—3)(x—2) = 262 =2x—3x+6)
=2(62-5x+6)
=2x2 - 10x+ 12

CambridgeMATHS NSW Stage 5
Year 10
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Expanding binomial products, perfect squares and difference

c 2x+D2x-1

EXPLANATION

For binomial products use
(a+b)c+d) =ac+ad+ bc+bd.
Simplify by collecting like terms.

Rewrite and expand using the distributive
law.

Alternatively for two squares
(a — b)? =a? - 2ab + b%. Here a = x and
b=4.

Expand, recalling that 2x x 2x = 4x2.
Cancel the —2x and +2x terms.

Alternatively for difference of two squares
(a — b)a + b) =a® — b2 Here a = 2x and
b=1.

c Gx+2)3x-2)

Expanding more hinomial products

C x+2)x+4)—(x=2)x-=95)

EXPLANATION

Expand using the distributive law and
simplify.
Note: 2x X 3x =2 X 3 X x X x = 6x2.

First expand the brackets using the
distributive law, simplify and then multiply
each term by 2.
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5A Expanding expressions 365

( x+2)x+4)—-(x=2)(x=5) Expand each binomial product.
= (x2 +4x+2x+8) - (xz —5x—2x+10)  Remove brackets in the last step before
= (x2+6x+38) — (x2> = 7x + 10) simplifying.
—(x2 = = — 24 (= —
2 6x48—x24Tx— 10 (x2=7x+10) = =1 xx2+ (=1)X (=7x)
=13x-2 +(-Dx10
= —x2+7x— 10
Now you try
Expand and simplify.
a Gx—DC2x+7) b 36— D&x—-4) C x+3)x+1D)—-(x-3)x—-4)

Exercise 5A

FLUENCY 1-5(Y3) 1-5(1s) 1=5(1a)

eampletab 1 Expand and simplify where possible.

a 2(x+5) b 3(x-4) c
e 32x-1 f 4Gx+ 1 g
i xQ2x+5) j xBx-1 k
m —2x(3x+2) n —3x(6x—2) 0
0 200v+4) r3Bx-5) s
eampletc. 2 Expand and simplify.
a xBx—1D+x(4-x
c x(dx—-3)—-2x(x—15) d
e 4xQx— 1)+ 2x(1 —3x) f
eample2a 3 Expand the following.
a x+2x+98) b G+3)&+4)
d (x+8)x—-3) e x+6)kx-5)
0 G=D&x+3) h (x—4dDx-6)
eample2s,c 4 Expand the following.
a (x+95)7? b (x+7)?2
d (x—23)2 e (x—28)2
g0 G+dH&x—-4) h G+9x-9)
j Gx+43Bx-4) k (dx—5Ax+5)
CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3

—5(x +3) d —-4x-2)
-2(5x—3) h —5@x+3)
2x(1 = x) I 3xQ2-x
—5x(2 — 2x) p —4x(1 —4x)
~Ler+1) t —1ux-3

x(5x +2) + x(x = 5)
3x(2x + 4) — x(5 — 2x)
2x(2 —3x) = 3xQ2x =7

c x+7D&x+5)
f Gc=2x+3)

i G-8(x-5)
(x +6)?
(x - 10)2

2x-=3)2x+3)
Bx—=1DBx+7)

_—— =~
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366 Chapter5 Quadratic expressions and equations

pample3a O Expand the following using the distributive law.

a 2x+DGx+5) b (4x+50Bx+2) c Gx+3)2x+7)
d Gx+2)3x-5) e (5x+3)dx-2) f Qx+50Gx-5)
g @dx—5@x+5) h 2x—-9Q2x+9) i Gx-=DGx+7)
i (Ix=3)2x—4) k (G5x-3)5x-6) I (Tx-2@8x-2)
m (2x+5)2 n (5x +6)2 0 (7x—1?2

PROBLEM-SOLVING 6-7(12) 6-8(1/3) 6-8(13), 9

6 Write the missing number.

a +Dx+2)=x24+5x+6 b (x+Dx+5 =x248x+15
t G+7D—ND=x2+4x-21 0 G+4d)x—-ND=x2—4x-32
e —6)x—-ND=x2-Tx+6 f G-—Dx-8=x2-10x+16

eampe3y  /  Expand the following.

a 2c+3)&x+4) b 3G+2)&x+7) c 26+ +2)
d -4+ +2) e Sx—=3)x+4) fo3c+5x-3)
0 -3a+2a-"7 h =5+ 2)a-238) i 4(a—3)a-6)
I 30-40-5) k =2(y-3)(y-8) I =6(y—4)(y-3)
m 3Q2x+3)2x+5) n 60Gx—4x+2) 0 2x+4Bx—-17)
p20x+3)2 q 4Gm+5)2 r 2@a—-"72
s —3(y—5)?2 t 32hb-12 u =32y —6)?
eample3c 8 Expand and simplify the following.
a @+ DHE+3)+E+2)x+4) b x+8)(x+3)+(Ex+4)x+5)
C O+ -D+O-D0 -4 i O0-Do+H+0+50-3)
e 2a+3)a—-5)—(a+6)2a+5) f @b+8)b+5-0Bb=50b-17)
g (x+52-7 h x=71D2-9
i 3-02x-9)? j 14 -(5x+3)?
9 Find an expanded expression for the area of the rectangular pictures centred in these rectangular
frames.
a # b
. 3 cm 5 cm
' > - picture xcm
T picture + Fxcm S em
: (x+30) cm
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5A Expanding expressions

10 Use the distributive law to evaluate the following without the use of a calculator.
For example: 4 X 102 =4 x 100 + 4 x 2 = 408.

a 6x103 b 4x55 c 9%63 d 8x208
e 7x198 f 3x297 g 8x495 h 5x696
11 Each problem below has an incorrect answer. Find the error and give the correct answer.
a —xx—7=-x2-"7Tx b 3a—7(4-a)=—-4a-28
¢ Qr+3)2=4x2+9 I G+2?-G+2x-2=0
12 Prove the following by expanding the left-hand side.
a (a+b)a-b)=a%—b2 b (a+b)?=a?+2ab+b?
¢ (a-b?=a’-2ab+b? d (a+b)?—(a—b?=4ab
13 Expand these cubic expressions.
a +2)+3Dx+ 1 b Gr+Dx+2)k+5) c (x+3)&—-DHx+3)
d G—-DHD2x+ D&x—-3) e (x+6)Q2x—3)x-5) fox=-3)&x-4H3Cx-1

ENRICHMENT: Expanding to prove = - 14

14 One of the ways to prove Pythagoras’ theorem is to arrange four congruent

right-angled triangles around a square to form a larger square, as shown.

a Find an expression for the total area of the four shaded triangles by
multiplying the area of one triangle by 4. b

b Find an expression for the area of the four shaded triangles by subtracting the

area of the inner square from the area of the outer square. a
¢ By combining your results from parts a and b, expand and simplify to prove Pythagoras’ theorem:
2 2_ .2
ac+bc=c-.
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368 Chapter5 Quadratic expressions and equations

9B Factorising expressions consoLiDaTiNG

Learning intentions for this section:

¢ To understand what it means to write an expression in factorised form

* To know to always look for a common factor before trying other factorising techniques
* To be able to recognise a difference of two squares including those involving surds
* To be able to factorise using a common factor or a difference of two squares

¢ To be able to use the grouping technique to factorise

Past, present and future learning:

* This section addresses Stage 4 and 5 concepts which are used in Stage 6

¢ ltalso includes concepts from the Stage 5 Topic called Algebraic techniques C

¢ |t consolidates and extends the concepts in Chapter 8 of our Year 9 book

e Expertise with these concepts is assumed knowledge for Stage 6 Advanced

A common and key step in the simplification
and solution of equations involves factorisation.
Factorisation is the process of writing a number
or expression as a product of its factors.

In this section we look at expressions in which
all terms have a common factor, expressions

After a car accident, crash investigators use the length of tyre

that are a difference of two squares and four- skid marks to determine a vehicle’s speed before braking. The
. . . i Hoim 12 _
term expressions, which can be factorised by quad.ratlc.equatlon uc+2as=0 r.elates to speed, u, to a known
. braking distance, s, and deceleration a= —10 m/s2 on a dry, flat
grouping. bitumen road.

Lesson starter: But there are no common factors!

An expression such as xy + 4x + 3y + 12 has no common factors across all four terms, but it can still be
factorised. The method of grouping can be used.

* Complete this working to show how to factorise the expression.

xy+4x +3y+ 12 = x( ) + 3( )
= ( )(x +3)
* Now repeat with the expression rearranged.
xy+3y+4x+ 12 = y( ) + 4( )
= ( )( )

e Are the two results equivalent?

KEY IDEAS

B Factorise expressions with common factors by ‘taking out’ the common factors.
For example: —5x — 20 = —5(x + 4) and 4x2 — 8x = 4x(x — 2).

M Factorise a difference of two squares using a2 — b2 = (a + b)(a — b).

e We use surds when a2 or b2 is not a perfect square, such as 1, 4,9, ...

For example: x2 — 5 = (x + V5)(x — V5) using (\/3)2 =3.

CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
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5B Factorising expressions 369

CambridgeMATHS NSW Stage 5

Year 10

B Factorise four-term expressions if possible by grouping terms and factorising each pair.

For example: x2 4 5x — 2x — 10 = x(x + 5) — 2(x + 5)
=(x+5&-2)

BUILDING UNDERSTANDING

0 Determine the highest common factor of these pairs of terms.

a 7xand 14 b —5yand -25 ¢ 12a%and9a d —3x2yand —6xy
@ State the missing parts.

a Ifx(r—D=x2—x,thenx2—x=x(___ ).

b If2(1 —x) =2 —2x,then2 — 2x =

c fGx+2)x-2)= ,thenx2 — 4 =

d If Gx — 7)( )=9x2 — 49, then 9x2 — 49 =

Taking out common factors

Factorise by taking out common factors.
a -3x-12 b 20a?+ 30a

SOLUTION
a —3x—12=-3(x+4)

b 2042 + 30a = 10a(2a + 3)
c 2+ —akx+D=C+1DQ2-a)

Now you try

Factorise by taking out common factors.
a —2x-38 b 1542+ 20a

c 2+ D —alx+1)

EXPLANATION

—3 is common to both —3x and —12. Divide
each term by —3 to determine the terms in the
brackets. Expand to check.

The HCF of 20a? and 30a is 10a.

(x + 1) is a common factor to both parts of the

expression.

c 3&x+2)—akx+2)

Cambridge University Press
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370 Chapter5 Quadratic expressions and equations

Factorising a difference of two squares

Factorise the following difference of two squares. You may need to look for a common factor first.

a x2-16 b 942 — 4b2 ¢ 12y2—1200 d x+3)2-4
SOLUTION EXPLANATION
a x2-16 = (x)?—(4)? Usea? —b2 = (a+ b)a — b), where a = x
=x+4Hx -4 and b = 4.
b 9a2—4b2 = Ba)? —(2h)?2 9a% =(3a)? and 4b2 = (2b)2.
= (Ba + 2b)(3a — 2b)
¢ 12y2—-1200 = 12(y2 - 100) First, take out the common factor of 12.
= 12(y + 10)(y — 10) 100 = 102, use a® — b%> = (a + b)(a — b).
d x+3)2%2-4=x+3)2-2)?2 Usea? — b2 =(a+ b)a — b), where a = x + 3
=(0+3+2)(x+3-2) and b = 2. Simplify each bracket.

=x+5Cx+1)

Now you try

Factorise the following difference of two squares. You may need to look for a common factor first.
a x2-25 b 16a2 - 952 ¢ 2y2-98 d (x+2)?%-36

Factorising a difference of two squares using surds

Factorise these difference of two squares using surds.

a x2-10 b &x-D2-5
SOLUTION EXPLANATION
a x2—10 = x2 — (V10)° Recall that (V10)” = 10.
= (x + V10)(x — V10)
b x—1)2=5=(@x-1)>2- (\/3)2 Usea? —b? = (a + b)(a — b), where
=(x_1+\/§)(x_1_\/§) a=x—1landb=15.
Now you try
Factorise these difference of two squares using surds.
a x2-7 b x-52%2-2
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5B Factorising expressions 371

Factorising by grouping

Factorise by grouping xZ — x + ax — a.

SOLUTION EXPLANATION

2—xt+ax—a=xG—D+ak—-1 Factorise two pairs of terms, then take out the
=-Doa+a common binomial factor (x — 1).

Now you try

Factorise by grouping x2 — 2x + ax — 2a.

Exercise 5B

FLUENCY 1-4(3), 6(Y2) 1-6(7s) 1=6(Ya)

eampieda,b 1 Factorise by taking out the common factors.

a 3x-—18 b 4x+20 ¢ 7a+7b d 9a-15

e —5x-30 fo—4y-2 g —12a-3 h —2ab - bc
i 4xZ4+x i 5x%—2x k 6b2—18b | 14a%-2la
m 10a — 5a? n o 12x —30x2 0 —2x—x2 p —4y—8y?2
q ab?—-a% r 2x2yz — 4xy s —12m%n— 12mn?  t 6xyz2 - 372

eampless 2 Factorise, noting the common binomial factor. (Hint: For parts g—i, insert a 1 where appropriate.)

a 5c-D—-ak-1 b b(x+2)+3(x+2) c alx+5 —4(x+5)

d x(x+2)+5+2) e xx—4)-26x—-4) f 3+ —x(x+1

g ax+3)+(x+3) h xx-2)-(x-2) i —6)—x(x—06)
eample5a,b 3 Factorise the following difference of two squares.

a x2-9 b x2-25 c y2-49 d y2-1

e 4x2-9 f 36a2-25 g 1-81y2 h 100 — 9x2

i 25x2—4y2 i 64x2—25y2 k 9a%—49h2 | 144a% — 49h2
eamplesc,d 4 Factorise the following.

a 2x2-32 b 5x2-45 ¢ 6y2-24 d 3y2-48

e 3xZ—75y2 f 3a2—300b2 g 12x2-27y2 h 63a%—112b2

i (x+52%-16 i x—4)?%-9 k (a—3)2-64 I (@-7)?%-1

m (Bx+5)%—x2 n Qy+7)2%-y2 0 (5x+ 11)2—4x2 p (3x —5y)2 —25y2

CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press

Year 10 Photocopying is restricted under law and this material must not be transferred to another party.



372

Chapter 5 Quadratic expressions and equations

eample6 O Factorise using surds.
a x2-7 b x2-5 c x2-19
d x2-21 e x2-14 f x2-30
g +42-3 h (x+22-6 i (x+52-10
i G-3%2-11 k x—D2-7 I (x-6)2-15
eample7 6 Factorise by grouping.
a x2+4x+ax+4a b x2+7x+bx+7b ¢ x2—3x+ax—3a
d x2+42x—ax—2a e x2+5x—bx—5b f x2+3x—4ax—12a
0 x2—ax—4x+4a h x2—2bx—5x+ 10b i 3x2—6ax —Tx+ 14a
PROBLEM-SOLVING 7(12) 7-9("2) 7-10(12)
7 Factorise by first rearranging, so that each pair has a common factor.
a xy—6-3x+2y b ax—12+3a—4x
¢ ax—10+4+5x—-2a d xy+ 12 -3y —4x
e 2ax+3—a-—6x f 2ax—-20+ 8a—5x
8 Factorise fully. Use surds in parts e-h.
2_ 1 2_1
a x 9 b x T
2_9 2_25
c x 16 d x 36
e 3x2-4 f 5x2-9
g —9+42x2 h —16+ 5x2
9 Factorise using surds, simplifying surds where possible.
a x2-18 b x2-45 ¢ x2-20
d x2-32 e x2—48 f x2-50
10 Factorise fully by first removing any common factor and simplifying any surds.
a 5x2-120 b 3xZ-162 ¢ 7x2-126 d 2x2-96
e 2(x+3)2-10 f 3x-D%2-21 g 4(xr—4)2-48 h 5(x+6)2-90
11 Evaluate the following, without the use of a calculator, by first factorising.
a 162 -142 b 182-172 ¢ 132-102 d 152112
e 172 -152 f 112-92 g 27%2-242 h 522382
12 a Show that 4 — (x + 2)2 = —x(x + 4) by factorising the left-hand side.
b Now factorise the following.
i 9—(x+3)? i 16—+ 4)?
i 25— (x—5)?2 v 25— (x+2)?
vV 49 —(x— 12 Vi 100 — (x +4)2
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5B Factorising expressions

13 a Prove that, in general, (x + @ #x2+a2
b Are there any values of x for which (x + &) =x2 + a2? If so, what are they?

14 Show thatx2 — g = %(Sx + 2)(3x — 2) using two different methods.

ENRICHMENT: Hidden difference of two squares = = 15 (¥2), 16

15 Factorise and simplify the following without initially expanding the brackets.

a (t+2)2—(x+3)2 b (=72 -0 +4)?

¢ (@a+3)?2—-(a-5)? d (b+52—-b-5)?

e (5—3)2—(s+3)2 f o-7-0+7)?

g Qw+302—Gw+4x? h (d+5e)? —(3d - 2¢)?
i (4 +3)? - (2f - 3)? i Gr=2p)?-(2p-3n)?

16 a Is it possible to factorise x2 + 5y — y2 + 5x? Can you show how?
b Also try factorising:
i xZ4T7x+Ty—y2 i x2—2x—2y—y?2
i 4x2 4+ 4x + 6y — 9y2 iv 25y2 + 15y — 4x2 + 6x

Factorising is a key component of the
proof of Fermat’s last theorem, which
states that there are no solutions

to X7+ y™=Zz" for n > 3. Although it looks
simple, it took the best mathematicians

on Earth 358 years to find a proof of this
theorem. It was finally proved in 1994 by
Andrew Wiles, and his proof is almost 130
pages long!
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9C Multiplying and dividing algebraic fractions

Learning intentions for this section:

* To know that expressions must be factorised before common factors can be cancelled

* To be able to simplify algebraic fractions by cancelling common factors

¢ To be able to multiply and divide algebraic fractions

Past, present and future learning:

* This section includes concepts from the Stage 5 Path Topics Algebraic techniques B and C
¢ |t consolidates and extends the concepts in Chapter 8 of our Year 9 book

e Expertise with these concepts is assumed knowledge for Stage 6 Advanced

Since pronumerals represent numbers, the
rules for algebraic fractions are the same as
those for simple numerical fractions. This
includes processes such as cancelling

common factors, adding or subtracting with

a lowest common denominator (LCD) and
multiplying by the reciprocal of the fraction
that follows the division sign. In this section
we focus on multiplying and dividing algebraic
fractions.

The study of air-conditioning uses algebraic fractions to model
airflow, air temperatures and humidity. The mechanical engineers
who design ventilation systems, and the electricians who install
and repair them, all require algebraic skills.

Lesson starter: Describe the error

Here are three problems involving algebraic fractions. Each simplification contains one critical error. Find
and describe the errors, then give the correct answer.

a 6x—82 _ 6x—2 b 2a.2_2a,2 ¢ 3b.2b_3b, 3b
4, ] 9 73779 %3 7737772
=6x-2 _4a _9p?
27 T 14

KEY IDEAS

B Simplify algebraic fractions by factorising expressions where possible and cancelling common
factors.

B For multiplication, cancel common factors and then multiply the numerators together and the
denominators together.

B For division, multiply by the reciprocal of the fraction that follows the division sign. The

reciprocal of a is % and the reciprocal of% is g.
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5C Multiplying and dividing algebraic fractions 375

BUILDING UNDERSTANDING

0 What is the reciprocal of each fraction?
3 Ta —4xy —8x%a
a3 b3 ¢ 0 =
9 Simplify to find the answer in simplest form.
2,6 3410 4.2 3.6
a §xy b4><9 ¢ 5+5 d6'9
9 Simplify by cancelling common factors.
10x 24x
) b s
Sa 1
¢ 20 1 30
e 3+ D f 2(x—=2)
9x+ 1D 8(x —2)
\- J
Cancelling common factors
Simplify by cancelling common factors.
8a%b 3—9x
a 2a b 3
SOLUTION EXPLANATION
a 8a%b _ 8*xa xaxb Cancel the common factors 2 and a.
2a 2, xa,
= 4ab
b 3—9x 3'(1-3% Factorise the numerator, then cancel the
3 31 common factor of 3.
=1-3x
Now you try
Simplify by cancelling common factors.
9ab? p 3—=10x
? T3 5
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Multiplying and dividing algebraic fractions

Simplify the following.
3¢ a+2 -4 . x-2 x*-4., x
T 2+3% 6 b ST ¢ X2 X3x+6
SOLUTION EXPLANATION
. i a+72, _a Cancel the common factors of 3 and
a+2, % 6, 2 a + 2. Then multiply the numerators and
the denominators.
b x—-4.x=-2_2x=-4, 6 Multiply by the reciprocal of the second
36 3 x=2 fraction.
_2—2) ! % 6” Factorise 2x — 4 and cancel the common
31 (x—2)! factors.
=4
1 Factorise each numerator and
-4 x4 x . .
C T -2 X3y 16 =7 3+2) denominator where possible.
! 1 x2 — 4 =x2 — 22 s a difference of two
= % squares. Cancel common factors and
multiply remaining numerators and
remaining denominators.
Now you try
Simplify the following.
6a a+1 3x—12 . x—4 x2-9 X
S ) L ¢ Y¥3 -6

Exercise 5C

FLUENCY 1-4("2) 1-4(72) 1-4("s)

eampesa 1 Simplify by cancelling common factors.

. 35 y Tlaxy . —36ab? g 8w’
7x Txy 4ab —4xy?
o —15pg’ ; —=20s g 482 b 120ab?
30p2q2 4552t 16xy 140ab
pampless 2 Simplify by cancelling common factors.
dx+ 8 6a — 30 6x — 18 5—15y
a 2 b 5 c =5 d <
-2—-12b 21x -7 9t — 27 44 — 11x
) U ER— LT
X2+ 2x i 6x — 4x2 k at—a I 7a + 14a?
X 2x a 2la
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5C Multiplying and dividing algebraic fractions 377

eamplesa 3 Simplify the following.

x+3 4 y=7_ Sy 1062 a+6
a X 2 e T aTov
9 x+3 b y ><y—7 ¢ a+6> 4a
3.x—1 x+4_2 x—2.6
L S T ba3=xs
dm+4 . m 6-18x_ 5 o b—1_ -5
4 o w2 h X125, "0 Xpo1

eample9s 4 Simplify the following.

a2 o X b x+4.x+4 ¢ ox—12 . x-2
5715 2 76 5 3

d 3—-6y  1-2 e 2 ._3 f 2 . 10
s - 2 a—-1" 2a—2 10x -5 2x—-1

g 5 . 15 h 2Xx—=6 .x=3 T ) el |
3a+4° —15a-20 5x-20 " x—4 9 = 3

PROBLEM-SOLVING 5 5, 6(12) 6-8('2)

5 Find a simplified expression for the area of these rectangles.

a b c
Zm X ; 3 em
10 mm
x+1 m x=2
2 4 _cm
x=3
24 hm
5
pampledc 6 Simplify the following.
2 _ 1
X 9 b X+
a 2x+6 x2—-1
-4 6x x2—3x, 4x2
C T X214 05 X o
g X2—16 . 2x+38 f 2x2-8 . 4x+8
x—4 °  x x2=-2x 3x
7 Simplify these expressions.
X 9x 15 2,a.,10
A 3XT X3y b aX5 %3
x—1 4x x+3 2x—1.2x-1.1
© T X -2% s A
e 2x—3 14x—21 . x f b2—b . b-1 2
5 0 "2 b 2 “b-1
8 Write the missing algebraic fraction.
x+3 1—x _
a ~Z=X I:l =2 b — X |:| =3
Cx_ 3x+2) L 2x—=2 _ 5x
o [J+5="7 d D'—g =T
1. x=1_
e | [ xf5==1 f Ex[ |+¢Z 1
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378 Chapter5 Quadratic expressions and equations

9 Recall that (x — 1)? = (x — D(x — 1). Use this idea to simplify the following.

a (x—1)?2 b 3(x+2)? o Ax —3)?
x—1 Tx+2 2(x = 3)

g A4a+2) g 31— i (2x —2)2
(x+2)?2 (1—x)72 x—1

10 Prove that the following all simplify to 1.

5x+5>< 3 b 3x—21x4—2x c 10 —5x . 20— 10x
15 x+1 2—x 6x —42 2x+6 7 4x+12

Lo 4 _x—-1, -4
1—-x~ 2 x—l'

11 a Explain why x;

b Use this idea to simplify these expressions.

i 2—ax 7 " 6x—3;1—2x ||| 18—x;2x—36
3 a-2 x 4 3x—1"7-21x

ENRICHMENT: Same or different? - - 12

12 a Expand (3 — x)? and (x — 3)2. What do you notice?
b Prove your result from part a for (a — b)? and (b — a)2.
¢ Use this result to help simplify these algebraic fractions.

3(x — 4)? i G- 2x)? ii 2x =10
4 —x)2 2x -3 S -x?

iv 6)C—362 v 24—xx 4—2)62 vi (x_y)z;yZ_xZ
4(6—)(:) X (x—2) Xy : x+y

vimt by | 3X8= 704‘Zg

)’ ﬁag#é’%?év 130
P Up 20+41=

MEV\P
/SL)L 4, - 1J

L() »(7) ‘70

R

/ 2 ’ r

Qtb) - aﬂZO\b_,é?—
3,519
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5D Factorising monic quadratic trinomials 379

oD Factorising monic quadratic trinomials

Learning intentions for this section:

e To be able to identify a monic quadratic trinomial

e To understand the relationship between expanding brackets to form a trinomial and factorising a monic trinomial
* To know how to factorise a monic quadratic trinomial

¢ To be able to simplify algebraic fractions by first factorising and cancelling common factors

Past, present and future learning:

 This section includes concepts from the Stage 5 Path Topics Algebraic techniques B and C

e It consolidates and extends the concepts in Chapter 8 of our Year 9 book

» Expertise with these concepts is assumed knowledge for Stage 6 Advanced

A quadratic trinomial of the form x2 + bx + c is
called a monic quadratic because the coefficient
ofx?is 1.

Now consider:

G+mx+n =x2+xn+mx+mn
=x2+ (m+nx+mn

We can see from this expansion that mn gives the
constant term (c¢) and m + n is the coefficient of x.

This tells us that to factorise a monic quadratic

trinomial we should look for factors of the Trinomial quadratics can model the revenue and profits from
book publishing. Market research and past sales are used to

develop unique quadratic models which find the book’s selling
of the middle term (b). price that predicts maximum revenue.

constant term (c) that add to give the coefficient

Lesson starter: Factorising x2 — 6x —72

Discuss what is wrong with each of these statements when trying to factorise x2 — 6x — 72.

e Find factors of 72 that add to 6.

* Find factors of 72 that add to —6.

e Find factors of —72 that add to 6.

o —18x4=-7250x2—6x—T72=(x—18)(x +4)
© —9x8=-T72s0x2—6x—72=(x—9(x+8)

Can you write a correct statement that correctly factorises x2 — 6x — 72?

KEY IDEAS

B Monic quadratics have a coefficient of x2 equal to 1.

B Monic quadratics of the form x2 + bx + ¢ can be factorised by finding the two numbers that
multiply to give the constant term (c) and add to give the coefficient of x (i.e. b).
x2+(m+n)x+@ =x+mx+n
b c
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380 Chapter5 Quadratic expressions and equations

BUILDING UNDERSTANDING

ﬂ Find two integers that multiply to give the first number and add to give the second number.
a 18,11 b 20,12 c -15,2 d —12,1
e —-24,-5 f -30,-7 g 10,-7 h 36,-15

@ Fill in the missing integers to complete the following.
a (x+|:|)(x+3)=x2+5x+6

b = r+4)=x2—2r—24

¢ - po-[ h=x2-7x+10

J
Factorising trinomials of the form x2 + bx + ¢

Factorise:

a x2+8x+15 b x>-5x+6 ¢ 2x%— 10x - 28 d x2—8x+16

SOLUTION EXPLANATION

a x24+8x+15=(x+3)x+5) 3x5=15and3+5=38
Check: (x + 3)(x + 5) = x2 + 5x + 3x + 15

=x>+8x+15

h x2—-5x+6=Gx-=3)x-=2) Require both numbers to be negative to add to a
negative but multiply to a positive.
—3x(=2)=6and -3 +(-2) =-5
Check: (x —3)(x—2) =x2—2x—3x+6

=x2-5x+6
¢ 2x2—10x—28 = 262 — 5% — 14) First, take out the common factor of 2.
=26 —7Dx+2) Require two numbers to X to —14 and + to —5.

-7x2=-14and -7+2=-5

d x2—8x+16 = (x —4)(x — 4) —4x(=4)=16and —4 + (-4) = -8

= (x — 4)? (x — H(x — 4) = (x — 4)? is a perfect square.

Now you try

Factorise:

a x2+7x+12 b x2— 10x + 24 ¢ 2x2-2x-—12 d x2—6x+9
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5D Factorising monic quadratic trinomials 381

Simplifying algebraic fractions

Use factorisation to simplify these algebraic fractions.

P=5=§ b x2-9 x2—4x-5
x+2 x2-2x—15" 2x-6
SOLUTION EXPLANATION
a x2—x—-6 _ (x-— 3)(x+2)! First, factorise x2 — x — 6 and then cancel the
x+2 (xA+2)! common factor of (x + 2).
=x-3
b x2-9 X2 —4x—5 First, factorise all expressions in the
) TS 2x—-6 numerators and denominators. Cancel to
x+3)' =3 x—5'x+1) simplify where possible.
= X
(x5! (x+3) 2(x—3)!
_x+1
2
Now you try
Use factorisation to simplify these algebraic fractions.
x2-2x—8 b ] ><x2+3x—4
x+2 X24+x=2 2x—4

Exercise 5D

FLUENCY 1-4("2) 1-4(173) 1-4(Ys)

eampleita,b 1 Factorise these quadratic trinomials.

a x24+7x+6 b x24+5x+6 ¢ x24+6x+9 d x24+7x+10

e x24+7x+12 fox2411x+18 g x245x—6 h x24x-6

i x24+2¢—8 i x24+3x—4 k x2+7x-30 I x24+9x—22

m x2—7x+ 10 n x2—6x+8 0 x2—7x+12 p x2-2x+1

g x2-9x+18 rox2—11x+18 s x2—4x—12 t x2—x-20

u x2-5x—14 v xZ-x-12 W ox?+4x - 32 x x2-3x-10
eampleioc. 2 Factorise by first taking out the common factor.

a 2x2+ 14x+20 b 3x2+21x+36 ¢ 2x2+22x+36

d 5x2-5x-10 e 4x2—16x —20 f 3x2-9x-30

g —2x2—14x-24 h —3x24+9x -6 i —2x24+10x+28

i —4x2+4x+8 k —5x2—-20x—15 | —7x2 +49x — 42
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382 Chapter5 Quadratic expressions and equations

eampleiod 3 Factorise these perfect squares.

a x2—4x+4 b x2+6x+9 c x2+4 12x+ 36 d x2—14x+49
e xZ—18x+ 8l f x2—20x+ 100 g 2x2 + 44x 4 242 h 3x2 — 24x + 48
i 5x2—50x+ 125 i —3x2+36x—108 k —2x2+28x—98 | —dx2 —72x — 324
eampetia 4 Use factorisation to simplify these algebraic fractions.
a x2—3x—54 b 2+x-12 ¢ x2—6x+9
x—9 x+4 x—3
x+2 e x—3 f x+1
x24+9x+ 14 x2—8x+15 x2—5x—6
2(x +12) h x2=5x—36 i x2=15c+56
x2 +4x - 96 3x-9 5(x—28)

PROBLEM-SOLVING 5(¥2) 5-6(12) 5=7(1/2)

pamplets 9 Simplify by first factorising.

a x2 -4 5x =15 b x2+3x+2xx2—9
2 _ . _ 2 _ 2 3 6
xX“—x—6 x“+4x—12 x*+4x+3 X +
¢ ¥+2x=3 2x—10 g _x*=9 . 4x-8
x2 =25 x+3 x2—-5x+6 x24+8x+15
e x2—4x+3x4x+4 f x2+6x+8x6x—24
2 2 2 2
x“+4x-21 x-1 xt—4 x<—16
x2—x—6 _x2+5x+4 x2—4x—-12 _x2—6x+8
9 = 2 h 2 X
x“+x—12 xc—=1 xc—4 x“—36

6 Simplify these expressions that involve surds.

x2 -7 b x2-10 ¢ V5x+3
x+V7 x =10 5x2-9
3x—4 g G+ D?-2 f G=32-5
3x2-16 x+1+2 x=3-45

7 Simplify using factorisation.
x> +2x—-3. 3x-3 h X2+3x+2 . 4x+8 x2—x—12.x2-16
x2-25 " 2x+10 x24+4x+3  x2-9 x2-9 3x+12

g _x2=49 . 4x+28 P45c—14 2+ 9x+14 ¢ 2 +8x+15 . x24+6x+5
x2—3x—-28 6x+24 2423 xZ4x-2 X24+5x—-6 xZ+7x+6

8 A businessman is showing off his new formula to determine

the company’s profit, in millions of dollars, after ¢ years.

2 2
t —49>< t“=5t—24

Profit =
5t—40 " 212 — 8t — 42

Show that this is really the same as: Profit = %

da Wy
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5D Factorising monic quadratic trinomials 383

9 Note that an expression with a perfect square can be simplified as shown.

(x+3)?_ (4343

x+3 x43!
=x+3
Use this idea to simplify the following.
a X2=6x+9 p A+ 2x+1 ¢ x2—16x+ 64
x—3 x+1 x—38
6x — 12 e 4x+ 20 i X2 — 14x + 49
x2—4x+4 x2 4+ 10x + 25 5x— 35

a2+2ab+b2;a2—b2=1

10 a Prove that 5 =25
a“+ ab a“—ab

b Make up your own expressions, like the one in part a, which equal 1. Ask a classmate to check them.

11 Simplify.

a’?+2ab+b*.  a%>-b? b a’?=2ab+b>. a%>-b?
ala+b) " a?—2ab+b? a’?—-b* a4+ 2ab+b?
a?-b* . a*-b? a’+2ab+b*>. ala—b)
a?—2ab +b? " 4%+ 2ab + b? ala+b) " a2-2ab+b?

ENRICHMENT: Addition and subtraction with factorisation = = 12(172)

12 Factorisation can be used to help add and subtract algebraic fractions. Here is an example.

3 X _ 3 X
=2 2 6rt8 x-2 G-Da-4
_ 3x-4) + X
T x=2x -4 x=-2(x-4)
_ 3x—12+x
x=2x—-4)
_ dx—12
x=2)x—4)
. 4x=3)
T x=2)(x—-4)
Now simplify the following.
2 X 4 3x
a + b +
X+3 x2_x-12 X+2 x2_7x-18
¢ 3 2 d 4 1
x+4 x2_16 x2-9 x2-8x+15
x+4 x—5 x+3 X
& 3 - = -~
x“=—x—6 x“—9x+18 x“—4x =32 x+Tx+12
g = +1  x-2 h x+2 _ x+43
x2=25 x2—6x+5 x2-2x+1 x2+3x-4
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384 Chapter5 Quadratic expressions and equations

9E Factorising non-monic quadratic trinomials

Learning intentions for this section:

* To understand the relationship between expansion and factorisation for binomial products
¢ To know and be able to apply the process for factorising non-monic quadratic trinomial
Past, present and future learning:

¢ This section includes concepts from the Stage 5 Path Topics Algebraic techniques C

¢ |t consolidates and extends the concepts in Chapter 8 of our Year 9 book

e Expertise with these concepts is assumed knowledge for Stage 6 Advanced

There are a number of ways of factorising non-monic quadratic trinomials of the form ax? + bx + ¢,
where a # 1. The cross method, for example, uses lists of factors of a and c so that a correct combination
can be found. For example, to factorise 4x2 — 4x — 15:

2x+3
-15 1 -1 15 5 =
1-15 15-1 -3

factors of 4 factors of —15

2x—5
2 %X (=5) + 2 x 3 = —4, so choose (2x + 3) and (2x — 5).
AxT —4x —15=(2x+3)2x - 5)

The method outlined in this section, however, uses grouping.

Lesson starter: Does the order matter?

To factorise the non-monic quadratic 4x2 — 4x — 15 using grouping, we multiply a by ¢, which is
4 x (—=15) = —60. Then we look for numbers that multiply to give —60 and add to give —4
(the coefficient of x).

*  What are the two numbers that multiply to give —60 and add to give —47?
* Complete the following using grouping.

4x2 —4x = 15=4x> - 10x + 6x— 15 —10 x 6 = —60, -10+6=-4
= 2x( )+3( )
=(2x-5)( )

» If we changed the order of the —10x and +6x do you think the result would change? Copy and
complete to find out.
4x2 —4x = 15=4x?> —6x— 10x = 15 6 x(~10)=—60, 6+ (-10)=—4
= 2x( )=5( )
=)

KEY IDEAS

M To factorise a non-monic trinomial of the form ax2 + bx + ¢, follow these steps:

e Find two numbers that multiply to give a X ¢ and add to give b.
For 15x2 —x—6,a X ¢ = 15 x (=6) = —=90.
The factors of —90 that add to —1 (») are —10 and 9.
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5E Factorising non-monic quadratic trinomials 385

e Use the two numbers shown in the previous example to split bx, then factorise by grouping.

1522 —x—6 = 1522 - 10x +9x — 6

= 5x(3x — 2) + 33x — 2) = (3x — 2)(5x + 3)

B There are other valid methods that can be used to factorise non-monic trinomials. The cross

method is illustrated in the introduction.

BUILDING UNDERSTANDING

0 State the missing numbers in this table.
6x2 + 13x+6 36 9and
8x2 + 18x + 4 32
122+ x—6 -8and
10x2 - 11x—6
21x2 — 20x + 4 —6and____
15x2 — 13x 4 2
@ Factorise by grouping pairs.
a x2+2x+5x+10 b x2-7x-2x+14 C 6x>—8x+3x—4
d 8x2—4x+6x-3 e 5x2+20x—2x—8 fo12x2—6x—10x+5
\
Factorising non-monic quadratics
Factorise:

CambridgeMATHS NSW Stage 5

Year 10

a 6x2+23x+7

SOLUTION

a 6x2+23x+7 = 6x2+2x+21x+7
=2xBx+ 1) +7Cx+ 1)
=Gx+1D02x+7)

b 9x2+6x—8 = 9x2+ 12x— 6x—8
=3xBx+4) —2CBx+4)
= Bx+4)Bx-2)

Now you try

Factorise:
a 6x2+11x+3

b 9x2+6x—8

EXPLANATION

aXc=06xX7=42; choose 21 and 2 since
21 x2=42and 21 + 2 =23 (b).
Factorise by grouping.

aXxc=9x(—=8)=-72; choose 12 and —6
since 12 X (—6) = =72 and 12 + (—6) = 6 (b).

b 8xZ+10x—3
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386 Chapter5 Quadratic expressions and equations

Simplifying algebraic fractions involving quadratic
expressions

4x2 -9

N 25x2 — 10x + 1
10x2 + 13x =3

10x2 = 17x + 3

Simplify

SOLUTION
4x2 -9

EXPLANATION

25x2 — 10x + 1 First, use the range of factorising techniques

10x24+13x -3 10x2—17x+3

1 1 1 1
= @Qﬁgl@mﬁl X mlﬁl Cancel to simplify.
=1

to factorise all quadratics.

Now you try

9x2 — 4
12x2 - 17x+ 6

2 _
% 16x- — 24x + 9

Simplify e

Exercise S5E

1, 2(12) 1-3("3) 1-3(Ya)

eampe2a 1 Factorise the following.
a 3x2+10x+3 b 2x2+3x+1 ¢ 3x24+8x+4 d SxZ4+12x+4
eampleizs 2 Factorise the following.
a 2x2—11x+5 b 5x2+2x-3 ¢ 3x2-1lx—4 d 3x2-2x—1
e Tx24+2x-5 fo2x2—9x+7 g 3x24+2x-8 h 2x2+5x—12
i 2x2-9x-5 i 13x2-7x-6 k 5x2—-22x+8 | 8x2—14x+5
m 6x24x—12 n 10x2+11x—-6 0 6x2413x+6 p 4x?—-5x+1
q 8x2—14x+5 r8x2—26x+15 s 6x2—13x+6 t 9x24+9x—-10

3 Factorise the following.
a 18x2+27x+ 10 b 20x2+39x + 18 c 21x2+22x-8
d 30x2+ 13x— 10 e 40x2-x-6 f 28x2—13x—-6

g 24x2-38x+ 15 h 45x%2 —46x+8 i 25x2—-50x+ 16

PROBLEM-SOLVING

4 Factorise by first taking out the common factor.
a 6x2+38x+40 b 6x2—15x—36 ¢ 48x2—-18x-3
d 32x% —88x + 60 e 16x2—24x+ 8 f 90x2 + 90x — 100
g —50x2—115x — 60 h 12x2 - 36x + 27 i 20x2-25x+5

4(%2), 5 4(Y3), 5, 6(V3) 4("s), 5, 6(¥3)
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5E Factorising non-monic quadratic trinomials

5 A cable is suspended across a farm channel. The height (%), in metres, of the cable above the water
surface is modelled by the equation 7 = 3x2 — 19x + 20, where x metres is the distance from one side
of the channel.

a Factorise the right-hand side of the equation.
b Determine the height of the cable when x = 3. Interpret this result.
¢ Determine where the cable is at the level of the water surface.

6 Simplify by first factorising.
6x2 —x—35

a X" —x—5 p 8x2+10x-3 ¢ 2 —21x+10 _ 10x=2
3x+7 2x +3 3x -5 15x2 4+ 7x =2
__ 4x+6 _20x—-12 2x2 4+ 1x+ 12 1262 —x—1
14x2 +17x - 6 10x2 = 21x +9 6x2 + 11x + 3 8x2 + l4x + 3
Creasouns R EUINRETIE
eampe’3s  /  Combine all your knowledge of factorising to simplify the following.
Ox2 =16, x*+x—12 h o_Ax?—1  9xr—4
x2—6x+9" 3x2+8x—16 6x2—x—-2 8x—4
¢ L=x2  25x2+30x+9 g 2002 +21x—5 . 16x* —24x+9
I5x+97 5x24+8x+3 16x% + 8x — 15 25x2 — 1
100x2—25 . 2x*>—Tx+3 f 3212 . 2x2—3x-2
2x2 —9x =5 " 5x2—40x +75 0x+15 " 4x2 +4x+ 1
g 9x2—6x+1 . 9x2—1 16x2 —25 . 4x2—17x+15
6x2—1lx+3 6x2—7x-3 4x% —Tx — 15 16x% — 40x + 25
8 Find a method to show how —12x2 — 5x + 3 factorises to (1 — 3x)(4x + 3). Then factorise the
following.
a —8x24+2x+15 b —6x2411x+ 10 ¢ —12x2+13x+ 4
d —8x2+18x—-9 e —14x2+39x - 10 f o —15x2-x+6
9 Make up your own complex expression like those in Question 7, which simplifies to 1. Check your

CambridgeMATHS NSW Stage 5

Year 10

10

expression with your teacher or a classmate.

ENRICHMENT: Non-monics with addition and subtraction = =

10(7/2)

Factorise the quadratics in the expressions and then simplify using a common denominator.

2 X
a + ]
2x—=3  8x2—10x-3
4x X
c + d
2x—35 8x2-18x-5
2 1
e f
452 -1 6x2-x-2
g 4 2 h

8x2—18x—5 12x2—5x—2

ISBN 978-1-009-40964-3

X

3x—1 6x2+13x—5
4x 3x

1222 11x+2 3x-2
2 3

9x2-25 9x249x—10
1 2

+
10x2=19x+6  4x2 + 8x — 21
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Expand brackets and simplify where possible.

a —2(12x-15)

c (m+2)(m+5)

e BGm—-2)Cm+2)
g S6—-DEx-3)

Factorise the following.
a 4a-—20

c 4(x+5) —x(x+5)
e 16a% - 121b?

g k+2)2-49

i x2—15 (use surds)
k x2+5x+ax+5a

Simplify by cancelling common factors.

, 36mk?
Omk
¢ 4+t 4 18a2
da a+4
Factorise:
a x2+x-20

c 3k%2-21k—54

aBa—-2) — a5 -a)

(k —3)2

(4h +T7)Q2h -5)
@P+50p+4)-@-2p-218)

b= 2 I — N —

—12m? + 18m

a? - 81

5m? — 125
x-12-4

(h + 3)* — 7 (use surds)
4x2 — 8mx — 5x + 10m

- o=

p 3a—12

3

g 6h=15.2h-5
6 5

a2 —10a + 21
m? — 12m + 36

Use factorisation to simplify these algebraic fractions.

x2+2x—15
x+5
x2 =125 x2+3x—28
x2—9x +20 2x+ 14
Factorise:

a 6a%+ 19+ 10
c 15x2—22x+8

9x2 — 49 22+ 7x+5

Simplify

X .
3x2—4x—=7" 6x2+5x-21

ISBN 978-1-009-40964-3
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5F Factorising by completing the square 389

OF Factorising by completing the square

Learning intentions for this section:

* To know the expanded form of a perfect square

* To be able to carry out the process of completing the square

e To know how to factorise by first completing the square

Past, present and future learning:

e This section includes concepts from the Stage 5 Path Topics Algebraic techniques C
» These concepts were not addressed in our Year 9 book

e Expertise with these concepts is assumed knowledge for Stage 6 Advanced

Consider the quadratic expression x2 + 6x + 4. We cannot factorise
this using the methods we have established in the previous
exercises because there are no factors of 4 that add to 6.

We can, however, use our knowledge of perfect squares and the
difference of two squares to help find factors using surds.

Lesson starter: Make a perfect square

This diagram is a square. Its sides are x 4+ 3 and its area is given
byx? + 6x + 9 =(x + 3)2.

Use a similar diagram to help make a perfect X 3 The statistical analysis of agricultural

. . research data has found that quadratic
sq'uafe for the following and determine the equations model harvest yields (kg/ha)
missing number for each. X x2 3x versus the quantity of nitrogen fertiliser

(kg/ha) used. The CSIRO provides
o xZ48x+47? Australian farmers with numerous
o 24120409 3 3x 9 mathematical models. y

Can you describe a method for finding the missing number without drawing a diagram?

KEY IDEAS

B Recall for a perfect square (x + a)? =x% + 2ax +a? and (x — a)? =x2 — 2ax +a>.

2
B To complete the square for x2 + bx, add <g> .

2
. x2+bx+<g>2=(x+g)2

2 2
x2+6x+4=x2+6x+<§> —<§> +4

B To factorise by completing the square: 2 2
b)? ing (2)° = (x+9)"-s
e Add (7) and balance by subtracting (7) . 2
e Factorise the perfect square and simplify. =x+3)2-(5 )2
e Factorise using difference of two squares: =x+3+V3)x+3-15)

a? —b% = (a + b)(a — b); surds can be used.
B Not all quadratic expressions factorise. This will be seen when you end up with expressions
such as (x + 3)2 + 6, which is not a difference of two squares.

CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
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390 Chapter5 AQuadratic expressions and equations

BUILDING UNDERSTANDING

2
ﬂ These expressions are of the form x2 + bx. Evaluate (g) for each one.
a x2+6x b x2+2x C x2—4x
d x2—8x e x2+5x fox2—ox
@ Factorise these perfect squares.
a x>+4x+4 b x2+8x+16 C x2+ 10x+25
d x2—12x+36 e x2—6x+9 f x2—18x+8l
€@ Factorise using surds. Recall thata? — b2 = (a + b)(a — b).
a x+D2-5 b x+4?%-10 C x=3)2-11
\- J

Completing the square

Decide what number must be added to these expressions to complete the square. Then factorise the
resulting perfect square.

a x2+ 10x b x2-7x
SOLUTION EXPLANATION
10)° _s2_ 2 b)?
a (2) =52=125 Forx +bx,add<2).
_ b\?
Here b = 10, and evaluate( 2) .
b\? b\?
x2 + 10x + 25 =(x + 5)? x2+bx+(§) =(x+§>
=T\ _ 49 2 A e b\’
1] <2> == Inx*—"7x,b= 7andevaluate(2).
2_ 49 _( 71\ :
x=—="Tx+ 7= (x 2) Factorise the perfect square.
Now you try

Decide what number must be added to these expressions to complete the square. Then factorise the
resulting perfect square.
a x2+12x b x%2—9x
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Factorising by completing the square

Factorise the following by completing the square if possible.

a x2+8x-3 b x2-2x+38
SOLUTION EXPLANATION
2 2 2
2 03— (42 8)) _(8) _ b
a x*+8x—-3= (x +8x+(2) ) (2) 3 Add(2> to complete the square and
8\2 . (b\?
= ( x+ 5) —-16-3 balance by subtracting (7) also.
—(+4)2-19 F.act(;jr;;e the resulting perfect square and
simplify.
= (x4 42~ (19)’ ’ ) |
Express 19 as (V19)" to set up a difference of

= (x+4—-V19)(x + 4 +19)

two squares.
Apply a? —b? = (a + b)(a — b) using surds.

2 2 2
h x>2—2x+8 = <x2 - 2x+ (_—2> > - (_—2) +8 Add (%) =(—1)2 to complete the square

2 2
2\2 and balance by subtracting (— 1) also.
= (x - f) 7 Factorise the perfect square and simplify.
=@x-172+7 (x — D% + 7 is not a difference of two

-.x2 — 2x + 8 cannot be factorised. squares.

Now you try

Factorise the following by completing the square if possible.
a x2+6x-1 b x2-4x+7

Factorising with fractions and non-monics

Factorise the following by completing the square.

a x2+3x+% b 2x2—-8x+3
SOLUTION EXPLANATION
2 1_ (2 V) (341 3)°
a x*+3x+5=|x"+3x+ + Add to complete the square and
2 2 2 2 2
29,1 balance by subtracting (3 )2
=(x+§) = alance by subtracting (5 | .
N2 7 Leave in fraction form.
= (x + 7) -7 Factorise the perfect square and simplify.
2 2 9.1 9.2 7
_ 3\ _ ﬁ) o= L=t
(e Fri= i
3_\V1 3. V7
= (x 5~ 7) <x t5 Tt 7) Recall that \jz = % = g and use difference
=<x+3—\/7><x+3+\/7> of two squares.
2 2
Continued on next page
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Chapter 5 Quadratic expressions and equations

Factor out the coefficient of x2 i.e. 2.
Complete the square of x2 — 4x + %

()

= 2<(x—2)2—4+%

=2(w-22-3+3) 2

= 2<(x -2y - %) Factorise and simplify: % = <\/§ ) and
_ 2<x o \/g ) ( _24 % ) apply difference of two squares.

Now you try

Factorise the following by completing the square.
a x2+5x+% b 2x2—4x-3

Exercise 5F

1-3(1) 1-4(1) 1-4(Ys)

eampe1s 1 Decide what number must be added to these expressions to complete the square. Then factorise the

resulting perfect square.

a x2+6x b x24 12x ¢ xZ244x d x2+8x

e x2—10x foxZ2—2x g x2—8x h x2—12x

i x2+5x i x24+9x k x2+7x I x2 4 11x

m x%—3x n xz—7x 0 x2—x p x%—9x
pampletsa 2 Factorise by completing the square.

a x2+4x+1 b x2+6x+2 c x2+2x—4

d x2+10x—4 e x2—8x+13 f x2—12x+10

g x2—4x-3 h x2-8x-5 i x2+14x+46
eampleish 3 Factorise, if possible, by first completing the square.

a x>+6x+11 b x2+4x+7 c x2+8x+1

d x2+4x+2 e x2+10x+3 f x24+4x-6

g x2—10x+ 30 h x2—6x+6 i x2—12x+42

i x2—2x+2 k x2-8x—1 | x2—4x+6
eampletsa 4 Factorise the following.

a x2+3x+1 b x2+7x+2 c x2+5x-2 d x2+9x-3

e x2—3x+% f x2—5x+% g x2—5x—% h x2—9x—%
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5F Factorising by completing the square 393

PROBLEM-SOLVING 5('2) 5—7(Y2) 5—7('3)

eampletss 9 Factorise by first taking out the common factor.

a 2x24 12x+38 b 3x2+12x—3 ¢ 4x2—-8x—16

d 3x2-24x+6 e —2x2—4x+10 f —3x2-30x-3

g —4x2—16x+12 h —2x2 4 16x + 4 i —3x24+24x-15
6 Factorise the following.

a 3x24+9x+3 b 5x2+15x-35 ¢ 2x2—10x+4

d 4x2—28x+ 12 e —3x2-2Ix+6 fo—2x2—14x+8

g —4x2+12x+20 h —3x2+9x+6 i —2x24+10x+8
7 Factorise the following by completing the square.

a 2x2+4x-3 b 2x2+8x+1 ¢ 3x2—6x+1

d 3x2—-12x-2 e 2x2+6x+3 fo3xZ—4x+2

g —3x2-7x-3 h —2x24+3x+4 i —3xZ-Tx-4

8 A student factorises x2 — 2x — 24 by completing the square.

a Show the student’s working to obtain the factorised form of x2 — 2x — 24.
b Now that you have seen the answer from part a, what would you suggest is a better way to

factorise x2 — 2x — 249

9 a Explain why x2 + 9 cannot be factorised using real numbers.
b Decide whether the following can or cannot be factorised.

i x2-25 i x2-10
il x2+6 iv x2+ 11
vV +1D?+4 Vi 6-22%-38
vii 6+ 32— 15 viii Qx = D2+ 1
¢ For what values of m can the following be factorised, using real numbers?
i xZ+dx+m i x2—6x+m i x2—10x+m

ENRICHMENT: Proof by completing the square = = 10

10 Completing the square can be used in a range of proofs.

a Explain why the following statements are true for all values of x in the real number system.

i x2>0 i (-2x)%>0
il (x—=1)2>0 v —2(x-3)2<0
vV c—12+12>1 Vi —2-x2-3<-3

b By firstly completing the square, show that the following are true for all x.
i x2+2x+120 i 4x?—dx+120
i x2—6x+6> -3 iv x2+5x+1>—%
vV —x2—4x+3<7 Vi 2x2—-8x+3>-5
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394 Chapter5 Quadratic expressions and equations

9G Solving quadratic equations using factorisation

Learning intentions for this section:

* To be able to recognise a quadratic equation

¢ To understand that for the product of two or more numbers to be zero, then one or both of the numbers
must be zero

¢ To be able to solve a quadratic equation using the Null Factor Law

¢ To understand that a quadratic equation can have 0, 1 or 2 solutions

Past, present and future learning:

* This section includes concepts from the Stage 5 Path Topics Equations B and C

¢ |t consolidates and extends the concepts in Section Chapter 10 of our Year 9 book

e Expertise with these concepts is assumed knowledge for Stage 6 Advanced

The result of multiplying a number by zero is zero.
Consequently, if an expression equals zero then at least one
of its factors must be zero. This is called the Null Factor
Law and it provides us with an important method that

can be utilised to solve a range of mathematical problems
involving quadratic equations.

By factorising 2x2 — 7x — 15, for example, we can rewrite
the equation 2x2—7x—=15=0as 2x+3)(x=5)=0.We

Galileo (17th century) discovered that the
can then use the Null Factor Law to solve the equation. path of a thrown or launched object under
the influence of gravity follows a precise
mathematical rule, the quadratic equation.
The flight time, maximum height and range
of projectiles could now be calculated.

Lesson starter: Does factorisation heat trial and error?

Set up two teams.
Team A: Trial and error
Team B: Factorisation

Instructions:

+ Team A must try to find the two solutions of x2 — 2x — 48 = 0 by guessing and checking values for x
that make the equation true.

+  Team B must solve the same equationx? — 2x — 48 = 0 by first factorising the left-hand side.

‘Which team was the first to find the two solutions for x? Discuss the methods used.

KEY IDEAS

B Quadratic equations can be written in the form ax? + bx + ¢ = 0.
For example: 2x% — 7x — 15 = 0 is a quadratic equation. Factorisation can be used to write this
equation as (2x + 3) (x — 5) = 0. This equation can then be solved using the Null Factor Law.
Quadratic equation can have zero, one or two real solutions.
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5G Solving quadratic equations using factorisation 395

B The Null Factor Law states that if the product of two numbers is zero, then either or both of the
two numbers is zero.
e Ifpxq=0,then either p =0 org=0.
e For example, if x(x — 3) = 0, then either x =0 orx — 3 =0 (i.e. x = 0 or x = 3).

B To solve a quadratic equation, write it in standard form (i.e. ax? + bx + ¢ = 0) and factorise.
Then use the Null Factor Law.
e If the coefficients of all the terms have a common factor, then first divide by that common factor.
e A quadratic equation can have 0, 1 or 2 real solutions.

BUILDING UNDERSTANDING

0 State the solutions to these equations, which are already in factorised form.

a xx+1D=0 h 2xx-4=0 C G-3&x+2)=0

d x+V3)x-V3)=0 e 2x-DGBx+7=0 f o Bx+3)@x+3)=0
9 Rearrange and state in standard form: ax2 + bx + ¢ = O witha > 0. Do not solve.

a x2+2x=3 b x2-5x=-6 C 4x2=3—4x

d 2xx-3)=5 e x2=4(x-3) f —4=xCx+2)
9 How many different solutions for x will these equations have?

a - -1D=0 b G+D&x+1D=0 C (x+V2)x—-V2)=0

d x+8)x-V5)=0 e (x+272=0 f 3ex+12=0

N J
Solving quadratic equations using the Null Factor Law

Solve the following quadratic equations.
a x?—2x=0 b x>-15=0 ¢ 2x2=50
SOLUTION EXPLANATION
a x2-2x=0 Factorise by taking out the common factor x. Apply the

x(x=2)=0 Null Factor Law: if a X b =0, thena = 0 or b = 0.

Sx=0o0rx—-2=0 Solve for x.

Sx=0o0rx=2 Check your solutions by substituting back into the equation.
b ¥2-15=0 Factorise a2 — b% = (a — b)(a + b) using surds.

(x+V15)x=+15) =0 Alternatively, add 15 to both sides to give x2 =15, then

x+VI5=0o0orx—+VI5=0 take the positive and negative square root.

sx=—V15 or x=V15 So x = +115.

Continued on next page
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396 Chapter5 Quadratic expressions and equations

c 2x2 =50 First, write in standard form (i.e. ax? + bx + ¢ = 0).
2x2-50=0 Take out the common factor of 2 and then factorise
262 -25) =0 usinga? — b2 = (a + b)(a — b). Apply the Null Factor
26+ 5x -5 =0 Law.
Sx+5=00rx-5=0 Alternatively, divide first by 2 to givex? = 25
Sx=-S5orx=5 and x = +5.
Now you try

Solve the following quadratic equations.
a x*-3x=0 b x>—11=0 ¢ 3x2=27

Solving ax2 + bx+ ¢ =0

Solve the following quadratic equations.

a x2-5x+6=0 b x2+2x+1=0 ¢ 10x2-13x—3=0
SOLUTION EXPLANATION
a x2=5x+6=0 Factorise by finding two numbers that multiply to 6
@-3x-2)=0 and add to —5:-3 x (-2) =6 and -3 + (-2) = -5.
Sx=3=00rx-2=0 Apply the Null Factor Law and solve for x.

Sx=3orx=2 Check your solutions by substitution.

b 24+2x+1=0

G+ Dx+1D =0 Ixl=land1+1=2
x+12%=0 (x + D& + 1) =(x 4+ 1?is a perfect square.
Lx+1=0 This gives one solution for x.
Sx =1
c 10x2-13x=3=0 First, factorise using grouping or another method.
10x2 = 15x+2x -3 =0 10 x (=3) =-30,—15%x2=-30and —15 + 2 = —13.

Sx2x=3)+(2x—-3)=0
2x=3)5x+1)=0

2x—3=0o0r5x+1=0 Solve using the Null Factor Law.
S 2x =3orSx=-1
x=3orx=-1
SX = SOrx=—g
Now you try
Solve the following quadratic equations.
a x2-x-12=0 b x>+6x+9=0 ¢ 6x2+x—2=0
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5G Solving quadratic equations using factorisation 397

Solving disguised quadratics

Solve the following by first writing in the form ax? + bx 4+ ¢ = 0 with a > 0.

a x2=4@x+15) b XT"'6=x
SOLUTION EXPLANATION
a x2 = 4(x + 15) First expand and then write in standard form by
x2 = 4% + 60 subtracting 4x and 60 from both sides.
Y2 _4x—-60 =0 Factorise and apply the Null Factor Law:
x-100x+6) =0 —10x6=-60and —10 + 6 = —4.

Sx—10=0o0rx+6=0
Sx=10orx=-6

p Xt 6 _ x First multiply both sides by x and then write in
* 5 standard form.
x+6=x
0=x2—x—6
0=x-3)(x+2) Factorise and solve using the Null Factor Law.
x—=3=0o0rx+2=0
sLx=3orx=-2 Check your solutions.
Now you try

Solve the following by first writing in the form ax? + bx + ¢ = 0 with a > 0.
a x2=2(x+24) b 2+20_,

Exercise 5G
o 4t 4

eample7a,b 1 Solve the following quadratic equations.

a x2—-4x=0 b x2-3x=0 c x2+2x=0
d 3x2-12x=0 e 2x2—10x=0 f 4x2+8x=0
g x2-7=0 h x2-11=0 i 3x2-15=0
eamplec 2 Solve the following quadratic equations.
a x2=2x b x2=-5x ¢ Tx’=-—x
d 5x2=20 e 3x2=27 f 2x2=72
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398 Chapter5 Quadratic expressions and equations

eample8a,b 3 Solve the following quadratic equations.

a x24+3x+2=0 b x24+5x+6=0 c x2—6x+8=0

d x2-7x+10=0 e x2+4x—-12=0 f x242x—15=0

g x2—x-20=0 h x2-5x—-24=0 i x2—-12x4+32=0

i x2+4x+4=0 k x24+10x4+25=0 I x2-8x+16=0

m x2—14x+49=0 n x2—24x+144=0 0 x2+18x+81=0
eampieisc 4 Solve the following quadratic equations.

a 2x2+11x+12=0 b 4x2+16x+7=0 ¢ 2x2—-17x+35=0

d 2x2-23x+11=0 e 3x2—4x—-15=0 f 5x2-7x-6=0

g 6x2+7x-20=0 h 7x2+25x—12=0 i 20x2-33x+10=0

PROBLEM-SOLVING 5-6(12) 5-7(1/2) 6-7(Y3), 8(V2)

5 Solve by first taking out a common factor.
a 2x2+16x+24=0 b 2x2-20x—-22=0 c 3x2-18x+27=0
d 5x2-20x+20=0 e —8x2—4x+24=0 f o18x2=57x+30=0

eampe9a 6 Solve the following by first writing in the form ax? + bx 4+ ¢ = 0 with a > 0.
a x2=2(x+12) b x2=4(x+8) ¢ x2=302x-13)
d x2+7x=-10 e x2—8x=-15 f o xx+4)=4x+9
g 2x—16=x2 -x h 224+ 12x+10=2x+1 i x24+x-9=5x—4
j x2—5x=—15x-25 k x2—14x=2x—64 I x(x+4)=4kx+16)
m 2x(x—2)=6 n 3x(x+6)=4kx-2) 0 4x(x+5)=6x—4x2-3

eamietss 7 Solve the following by first writing in the form ax? + bx + ¢ = 0 with a > 0.

a ij;84=x b 9x-)|c-70=x c 18;7x=x
20— 3x _ 6x+8 _ Tx+ 10 _

d f—Zx e —Sx =X f 72)(: =3x
3_ 1_~_ : 4  _

g y=x+2 h +=3-2 i x_—2_x+1

8 Solving the equation 0.1x2 + 0.2x — 1.5 = 0 is equivalent to solving the equationx2 + 2x — 15 =0,
which can be achieved by multiplying both sides of the equation by 10 to remove the decimals.
Solve these quadratic equations by first removing the decimals or fractions.

a 0.1x2-03x—-28=0 b 0.01x2+0.12x+02=0
¢ 025x2+x+1=0 d %x2—2x+3=0
e 04x2+x-24=0 12,7 _5
X“+x f PN X= ¢
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5G Solving quadratic equations using factorisation 399

9 a Write down the solutions to the following equations.
i 26-D&x+2)=0
i G-D&x+2=0
b What difference has the common factor of 2 made to the solutions in the first equation?

¢ Explain why x% — 5x — 6 = 0 and 3x% — 15x — 18 = 0 have the same solutions.
10 Explain why x2 + 16x + 64 = 0 has only one solution.

11 When solving x2 — 2x — 8 = 7 a student writes the following.
x2—-2x—-8=7
x-Dx+2)=7
x—4=Torx+2=7
x=1lorx=5
Discuss the problem with this solution and then write a correct solution.

ENRICHMENT: More quadratics in disguise - - 12(172)

12 Solve these equations by first multiplying by an appropriate expression.

a x+3=-2 b —L=x-2
5 2 _
¢ —3=2x-11 d =489
2 2
x“+ 12 2x4—12 _
e ~ =-8 f =—==-5
x—5_6 x—2_5
9 4 ~x h T3 X
i x—4=__ l X+4_ 3 =1
2 x 2 x—3
X x+1_4 | 1 1 1

x—2 x+4
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Chapter 5 Quadratic expressions and equations

oH Using quadratic equations to solve problems

Learning intentions for this section:

¢ To be able to set up a quadratic equation from a word problem

¢ To know how to apply the steps for solving a quadratic equation

* To understand and check the validity of solutions in the context of the given problem
Past, present and future learning:

¢ This section includes concepts from the Stage 5 Path Topics Equations B and C

¢ |t consolidates and extends the concepts in Chapter 10 of our Year 9 book

¢ Expertise with these concepts is assumed knowledge for Stage 6 Advanced

Defining variables, setting up equations, solving equations
and interpreting solutions are all important elements of
applying quadratic equations to problem solving. The area
of a rectangular paddock, for example, that is fenced off
using a fixed length of fencing can be found by setting up
a quadratic equation, solving it and then interpreting the

solutions.
. 2 ¥ Aerospace engineers model the trajectory of
Lesson starter: The 10 cm trlangle a rocket under the influence of gravity using a
. f quadratic equation of height, h, versus time. The
There are many base and height measurements for a solutions to h = 0 are the times when the rocket is
triangle that give an area of 10 cm?. at ground level and give its flight time.

height

base

*  Draw three different triangles that have a 10 cm? area. Include the measurements for the base and
the height.
* Do any of your triangles have a base length that is 1 cm more than the height? Find the special triangle
with area 10 cm? that has a base 1 cm more than its height by following these steps.
— Let xcm be the height of the triangle.
— Write an expression for the base length.
— Write an equation if the area is 10 cm?2.
— Solve the equation to find two solutions for x.
— Which solution is to be used to describe the special triangle? Why?

KEY IDEAS

B When applying quadratic equations, follow these steps.
e Define a variable; i.e. ‘Let x be ... .
e Write an equation.
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* Solve the equation.

5H Using quadratic equations to solve problems

e Choose the solution(s) that solves the equation and answers the question in the context in

which it was given. Check that the solutions seem reasonable.

BUILDING UNDERSTANDING

0 A rectangle has an area of 24 mZ. Its length is 5 m longer than its breadth.

a Complete this sentence: ‘Let x m be the

X m

solve for x.
€ Find the dimensions of the rectangle.

properties.

b State an expression for the rectangle’s length.
C State an equation using the rectangle’s area.
d

a Its area is 60 m2 and its length is 4 m more than its breadth.
b Its area is 63 m2 and its length is 2 m less than its breadth.

24 m?

Rearrange your equation from part ¢ in standard form (i.e. ax? 4+ bx + ¢ = 0 with a > 0) and

9 Repeat all the steps in Question o to find the dimensions of a rectangle with the following

Finding dimensions using a quadratic equation

The area of a rectangle is fixed at 28 m2 and its length is 3 metres more than its breadth, Find the

dimensions of the rectangle.

SOLUTION EXPLANATION
Let x m be the breadth of the rectangle. Draw a diagram to help.
Length = (x+3) m (x+3)m
x(x+3) =28

x24+3xr-28=0 xm| 28 m?2

x+7Dx=-4)=0
x+7=00rx—4=0 Write an equation using the given information.
cx=—-T7orx=4 Then write in standard form and solve for x.
x> 0 so, choose x = 4. Disregard x = —7 because x > 0.

Rectangle has breadth 4 m and
length 7 m.

Now you try

Answer the question in full. Note: Lengthis 4 + 3 =7.

The area of a rectangle is fixed at 48 m? and its length is 2 metres more than its breadth. Find the

dimensions of the rectangle.
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Example 20

Chapter 5 Quadratic expressions and equations

Exercise 5H

FLUENCY 1-5 1,3-5 3-6

1 The area of a rectangle is fixed at 12 m2 and its length is 1 metre more than its breadth. Find the

dimensions of the rectangle using a quadratic equation.

N

The area of a rectangle is fixed at 54 m2 and its length is 3 metres more than its breadth. Find the
dimensions of the rectangle using a quadratic equation.

3 Find the height and base lengths of a triangle that has an area of 24 cm? and height 2 cm more than
its base using a quadratic equation.

4 Find the height and base lengths of a triangle that has an area of 7m? and height 5m less than its base
using a quadratic equation.

5 The product of two consecutive numbers is 72. Use a quadratic equation to find the two sets of
numbers.

6 The product of two consecutive, even positive numbers is 168. Find the two numbers.

PROBLEM-SOLVING 7.8 7-10 8-11

7 A 100 m? hay shed is to be extended to give 475 m? of floor space 100 m2
in total, as shown. All angles are right angles. Find the value of x. —

10 m i i

10 m

xm]

X m

8 Solve for x in these right-angled triangles, using Pythagoras’ theorem.

a x+2 b x—1 c
) x+1
X x: | 3 *
10
9
9 A square hut of side length 5 m is to be surrounded by a veranda of breadth x metres. Find the breadth

of the veranda if its area is to be 24 m2.

10 A father’s age is the square of his son’s age (x). In 20 years’
time the father will be three times as old as his son. What are
the ages of the father and son?

11 A rectangular painting is to have a total area (including the
frame) of 1200 cm?. If the painting inside the frame is 30 cm
long and 20 cm wide, find the breadth of the frame.
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5H Using quadratic equations to solve problems

12 The sum of the first n positive integers is given by %n(n + 1.

a Find the sum of the first 10 positive integers (i.e. use n = 10).
b Find the value of 7 if the sum of the first n positive integers is:
i 28 i 91 iii 276

13 A ball is thrust vertically upwards from a machine on the ground. The height (h metres) after ¢ seconds

is given by h =14 — 0.
Find the height after 1.5 seconds.
Find when the ball is at a height of 3 metres.
Why are there two solutions to part h?
Find when the ball is at ground level. Explain.
Find when the ball is at a height of 4 metres.
Why is there only one solution for part €?

= = o0 T o

Is there a time when the ball is at a height of 5 metres?
Explain.

14 The height (& metres) of a golf ball is given by & = —0.01x(x — 100), where x metres is the horizontal
distance from where the ball was hit.
a Find the values of x when 2 = 0.
b Interpret your answer from part a.
¢ Find how far the ball has travelled horizontally when the height is 1.96 metres.

ENRICHMENT: Fixed perimeter and area = = 15, 16

15 A small rectangular block of land has a perimeter of 100 m and an area of 225 m2. Find the dimensions
of the block of land.

16 A rectangular farm has perimeter 700 m and area 30000 m2. Find its dimensions.

403
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Chapter 5 Quadratic expressions and equations

The following problems will investigate practical situations drawing upon knowledge and skills developed
throughout the chapter. In attempting to solve these problems, aim to identify the key information, use
diagrams, formulate ideas, apply strategies, make calculations and check and communicate your solutions.

On the pool deck

1 Designs for a rectangular pool are being considered with 2x+6) m

the dimensions shown such that the length is 2 m more than
the breadth, as shown. The pool will also have a deck built (2x+4)m pool
around it as shown. The length and breadth of the combined

rectangular area will be an increase of 50% of the length and deck
breadth of the pool.
The pool designer wants to explore the areas of possible

decks in comparison to the area of the pool.

a Give the length and breadth of the combined pool and
deck area in terms of x.

b Find the area of the deck inm? in terms of x.

¢ If the area of the deck is 100 m2, determine the
dimensions of the pool by first finding the
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value of x.

d Use your answer to part b to determine what fraction the
pool area is of the deck area.

e Repeat parts a and b to determine what fraction the pool
area is of the deck area, if the deck increases the length and breadth of the rectangular area by 25%.

Round-robin tournament

2_
2 A round-robin tournament with n teams, where every team plays each other once, requires %

games.
Using this rule, the tournament organisers wish to explore the number of games that need to be
scheduled and the number of teams required for a given number of games.
a How many games are played in a round-robin tournament with
6 teams? o "2/
b A round-robin tournament has 28 games, solve an appropriate B
equation to find the number of teams in the competition. ?
¢ Investigate if doubling the number of teams, doubles the
number of matches required. Prove algebraically.
d  Give a simplified expression in terms of n for the number of

games required for n + 1 teams.

e A tournament has n teams. How many more games are required
in the tournament if the number of teams increases by:
i 1team? i 2teams? iil x teams?
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Applications and problem-solving 405

Kayaking along the river

3 A kayaker is paddling up a river which is flowing at a certain speed. He travels 15 km up the river and
then back down the river to where he started, kayaking at the same still-water speed, x km/h. The trip
takes 4 hours to go up and down the river.

You wish to investigate the effect of the varying river flow speed on the speed of the kayaker who
needs to complete the trip of fixed distance in the given time frame.
a If the river is flowing at a rate of 2 km/h and the man is kayaking at a rate of x km/h, find:
i expressions, in terms of x, for the rate the kayaker is moving upstream and the rate the kayaker
is moving downstream
i the value of x for this 4 hour journey.
Consider the same journey, taking the same time, with the river flowing at y km/h.
b Find a rule for the speed of the kayaker in still-water, x km/h, in terms of y.
¢ Use your rule from part b to confirm your answer to part a and to find the kayaker’s speed if there
was no current.

Buinjos-wajqo.ad pue suoneanddy
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Chapter 5 Quadratic expressions and equations

ol Solving quadratic equations by completing
the square

Learning intentions for this section:

¢ To understand that completing the square can be used to help factorise a quadratic equation when factors
involving integers cannot be found

* To be able to solve an equation by using the completing the square method

¢ To recognise a form of a quadratic equation that gives no solutions

Past, present and future learning:

e This section includes concepts from the Stage 5 Path Topics Equations B and C

* These concepts were not addressed in our Year 9 book

e Expertise with these concepts is assumed knowledge for Stage 6 Advanced

In Section SF we saw that some quadratics cannot be
factorised using integers but instead could be factorised by
completing the square. Surds were also used to complete
the factorisation. We can use this method to solve many
quadratic equations.

Lesson starter: Where does V6 come in? =~ e |
In the 9th century, the great Persian mathematician

Consider the equation x2 — 2x — 5 = 0 and try to solve it by ~Al-Khwarizmifirst solved quadratic equations by
completing the square. His Al-jabr book was the

principal maths textbook in European universities for
500 years, introducing algebra, algorithms and surds.

discussing these points.

* Are there any common factors that can be taken out?

* Are there any integers that multiply to give —5 and add

to give —2?
* Try completing the square on the left-hand side. Does this help and how?
*  Show that the two solutions contain the surd V6.

KEY IDEAS

B To solve quadratic equations of the form ax? + bx + ¢ = 0 for which you cannot factorise using
integers:
e Complete the square for the quadratic expression and factorise if possible.
e Solve the quadratic equation using the Null Factor Law or an alternate method.

B Expressions such as x2 + 5 and (x — 1)2 4 7 cannot be factorised further and therefore give no
solutions when equal to 0 as they cannot be expressed as a difference of two squares.
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51 Solving quadratic equations by completing the square 407

BUILDING UNDERSTANDING

0 What number must be added to the following expressions to form a perfect square?

9 Solve these equations.
a (k= V2)x+V2)=0
c k=3+V5)x-3-5)=0

N

a x2+2x b x2+20x c x2—4x d x2+5x
9 Factorise using surds.
a x2-3=0 b x2-10=0 C +1D2-5=0

b (x—V)x+V7)=0
0 (x+5+VI4)x+5-V14)=0

Solving quadratic equations by completing the square

Solve these quadratic equations by first completing the square.

a x2—4x+2=0

SOLUTION

a x2—4x+2=0
x2—4x+4-4+2=0
x-22-2=0
(x=2+42)(x=2-12) =0
2x—2+V2=00rx—-2-V2=0
ax=2-V2orx=2+2
Alternate method, from

x-22-2=0
x-2?%=2
x—2=+\2
x=2+2
b x2+6x—11=0

x24+6x+9-9—-11=0
(x+3)2-20=0
(x+3-=v20)x+3+20) =0

(x+3-2V5)x+3+2V5) =0
2x+3-25=0 or x+3+2¥5=0
x==34+25 or x=-3-245

Alternatively, x = =3 + 215.

CambridgeMATHS NSW Stage 5

b x2+6x—11=0
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c x2-3x+1=0

EXPLANATION

2
Complete the square: (%4) =4.

X2 —dx+4=(x-2)(x—-2)=(x—2)?

Use a? — b2 =(a+ b)a - b).

Apply the Null Factor Law and solve for x.

The solutions can also be written as 2 + V2.

An alternate approach after completing the
square is to add 2 to both sides and then take the

square root of both sides +V2 since (+\/§)2 =2
and (—\/7)2 =2.

6 2
Complete the square: <§> =9.

Use difference of two squares with surds.
Recall that V20 = V4 X 5 = 2V5.

Apply the Null Factor Law and solve for x.

(x + 3)% = 20 can also be solved by taking the
square root of both sides.

Alternatively, write solutions using

the + symbol.

Continued on next page
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408 Chapter5 Quadratic expressions and equations

c x2-3x+1=0 (_;)2_2
2 _ 9_9.1- 2/ 4
X 3x+4 4+1 =0
3\2_5
(=350
(x—%+ %)(x—%—\g =0 a2 — b2 = (a+ b)a - b)
3 S5 _ _3_.5_
x—§+ Z_O or x =3 7 =0 Use the Null Factor Law.
_3_\5 _3.\5
X=5=5 O x=5+5 Recallthat@=ﬁ=£
4 a2
_3-1\5 _3+1\5
B= or x=
2 2
So x= J 12\/5 Combine using the + symbol.
Now you try
Solve these quadratic equations by first completing the square.
a x2—6x+2=0 b x2+4x—-14=0 c x2-5x+2=0

Exercise 5l

FLUENCY 1-3("2) 1-3(¥3) 1-3(Y3)

pample2la 1 Solve by first completing the square.

a x2+6x+3=0 b x2+4x+2=0 c x24+10x+15=0

d x2+4x-2=0 e x24+8x-3=0 f x2+6x—-5=0

g x2-8—-1=0 h x2—-12x-3=0 i x2-2x-16=0

i x2—-10x+18=0 k x2—6x+4=0 I x2-8x+9=0

m x2+6x—4=0 n x2+4+20x+13=0 0 x2-14x-6=0
pample2zt 2 Solve by first completing the square.

a x24+8x+4=0 b x2+6x+1=0 c x2—-10x+5=0

d x2—4x—14=0 e x2—10x-3=0 f x24+8x—-8=0

g x2-2x-31=0 h x24+12x-18=0 i x246x—-41=0
eample2tc 3 Solve by first completing the square.

a x2+45x+2=0 b x2+3x+1=0 c x2+7x+5=0

d x2-3x-2=0 e x2—x-3=0 f x245x-2=0

g x2—7x+2=0 h x2-9%+5=0 i x24+x-4=0

i X2+ +9=0 K x2_3x_%: | x2+5x+%=0
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51 Solving quadratic equations by completing the square 409

PROBLEM-SOLVING 4(12), 5 4(¥3), 5, 6-7(12) 5,6-7(1s), 8

4 Decide how many solutions there are to these equations. Try factorising the equations if you are

unsure.

a x2-2=0 h x2-10=0 ¢ x2+3=0

d x24+7=0 e —D24+4=0 f (x+2?%-7=0
g G=72-6=0 h x2-2x+6=0 i x2-3x+10=0
i x2+2x—4=0 k x24+47x+1=0 I x2-2x+17=0

(3]

A rectangle’s length is 3 cm more than its breadth. Find the dimensions of the xcm

rectangle if its area is 20 cmZ.

20 cm? |(x+3) cm

6 Solve the following, if possible, by first factoring out the coefficient of x2 and then completing the

square.
a 2x?—4x+4=0 b 4x2+20x+8=0 ¢ 2x2—10x+4=0
d 3x2+27x+9=0 e 3x2+15x+3=0 fo2x2-12x+8=0
7 Solve the following quadratic equations, if possible.
a x2+43x=5 b x2+5xr=9 ¢ x2+7x=-15
d x2-8x=-11 e x24+12x+10=2x+5 f o x24+x+9=5x-3
8 The height, 4 km, of a ballistic missile launched from a submarine at sea level is given by
h= %, where x km is the horizontal distance travelled.
a Find the height of a missile that has travelled the following horizontal distances.
i 100 km i 300 km
b Find how far the missile has travelled horizontally when the height is:
i Okm ii 2km
¢ Find the horizontal distance the missile has travelled when its height is 1 km.
(Hint: Complete the square.)
. e 00
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Chapter 5 Quadratic expressions and equations

9 Complete the square to show that the following have no (real) solutions.
a x2+4x+5=0 b x2-2x=-3

10 A friend starts to solve x2 4+ x — 30 = 0 by completing the square but you notice there is a much
quicker way. What method do you describe to your friend?

F E D
11 This rectangle is a golden rectangle. T
* ABEF is a square. 1 % =+
e Rectangle BCDE is similar to rectangle ACDF. . |
a_ 1 A B C
a Showthatl—a_l. P

b Find the exact value of a (which will give you the golden ratio) by
completing the square.

ENRICHMENT: Completing the rectangle = - 12

12 A rectangular gallery floor is to be partially carpeted around the edge so there is less noise in the

gallery as patrons view the paintings on the walls. The hall is 30 metres wide and 40 metres long and
the breadth of the carpeted edge is x metres as shown. Inside the carpeted area is a rectangular timber

floor.
a Find an expression in terms of x for the following. xm
i The breadth of the timber floor.
i The length of the timber floor. Timber 30 m
iii The area of the timber floor. floor
b Find the value of x if the timber floor area is to be 600 square Carpet
metres. 20 m
¢ Find the value of x if the timber floor area is to be 700 square
metres. Give an exact answer.
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5J Solving quadratic equations using the quadratic formula 411

5J Solving quadratic equations using
the quadratic formula

Learning intentions for this section:

» To know the quadratic formula and when to apply it

e To be able to use the quadratic formula to solve a quadratic equation

* To be able to use the discriminant to determine the number of solutions

Past, present and future learning:

« This section includes concepts from the Stage 5 Path Topics Equations B and C
e These concepts were not addressed in our Year 9 book

e Expertise with these concepts is assumed knowledge for Stage 6 Advanced

A general formula for solving quadratic equations can
be found by completing the square for the general case.

Consider ax2 + bx + ¢ = 0, where a, b, ¢ are
constants and a # 0. Start by dividing both sides by a.

x2+éx+

a
oo (B)' - (£)

+
Q. Qe

4a a - )
b 2 b2 _ dac Surveyors regularly subdivide land into house blocks. When
(x + 2—) - <72) =0 dimensions are linear expressions of the same variable,
a 4a an area formula forms a quadratic equation. For a given
p\2 b2 —4ac area, surveyors can solve this equation using the quadratic
(x + Z_a) T a2 formula.
b b2 — 4ac
- = 4+
X+ o + 102
__ b Vb2 — 4ac
X= -7+ —FF—"—
2a 2a
_ —b+ b2 —4ac
- 2a

This formula now gives us a mechanism to solve quadratic equations and to determine how many
solutions the equation has.

The expression under the root sign, b2 — 4ac, is called the discriminant (A) and helps us to identify the
number of solutions. A quadratic equation can have 0, 1 or 2 real solutions.

™
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412  Chapter5 Quadratic expressions and equations

Lesson starter: How many solutions?

Complete this table to find the number of solutions for each equation.

Discuss under what circumstances a quadratic equation has:

e 2 solutions

e 1 solution

¢ 0 solutions.

KEY IDEAS

B If ax? + bx + ¢ = 0 (where a, b, ¢ are constants and a # 0), then

X

—b —\b2 — 4ac
2a

This is called the quadratic formula.

or x =

—b + b2 — 4ac
2a

The quadratic formula is useful when a quadratic cannot be factorised easily.

B The discriminant is A = b2 — 4ac.

e When A < 0, the quadratic equation has 0 real solutions (since VA is undefined when A is

negative).
e When A =0, the quadratic equation has 1 real solution (x = —2—[2).
— Vb2 —
e When A > 0, the quadratic equation has 2 real solutions | x = W).

BUILDING UNDERSTANDING

a
b
c
d

0 For these quadratic equations in the form ax2 + bx + ¢ = 0, state the values of a, b and c.

9 Find the value of the discriminant (b2 — 4ac) for each part in Question o above.

6 State the number of solutions of a quadratic equation that has:

3x24+2x+1=0
5x2+3x—=2=0
2x2—x-=5=0
“3x24+4x-5=0

a b2—4ac=0
b »2—-4dac<0
¢ b2—4dac>0
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Using the discriminant

5J Solving quadratic equations using the quadratic formula

Determine the number of solutions to the following quadratic equations using the discriminant.

a x2+5x-3=0

SOLUTION
a a=1,b=5c¢c=-3
A = b2 - 4ac
= (5)% — 4(1)(=3)
=25+12
=37

A > 0, so there are 2 solutions.

bh a=2,b=-3,c=4
A = b2 —4ac
= (=32 - 44
=9-32
=-23
A < 0, so there are no solutions.

¢t a=1,b=6,c=9

A = b2 — 4ac
= (6)% — 4(1)(9)
=36 — 36
=0

A = 0, so thereis 1 solution.

Now you try

b 2x2-3x+4=0

C x24+6x+9=0

EXPLANATION

State the values of a, b and ¢ in ax? + bx + ¢ = 0.
Calculate the value of the discriminant by
substituting values.

Interpret the result with regard to the number of
solutions.

State the values of a, b and ¢ and substitute
to evaluate the discriminant. Recall that
(-3)2=-3x(-3)=09.

Interpret the result.

Substitute the values of a, b and c to evaluate the
discriminant and interpret the result.

Note: x2 + 6x + 9 = (x + 3) is a perfect square.

Determine the number of solutions to the following quadratic equations using the discriminant.

a x2+7x—-1=0

b 3x2—x+2=0

C x2+8x+16=0

CambridgeMATHS NSW Stage 5
Year 10
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414 Chapter5 Quadratic expressions and equations

Solving quadratic equations using the quadratic formula

Find the exact solutions to the following using the quadratic formula.
a x2+5x+3=0
b 2x2-2x—1=0

SOLUTION EXPLANATION
a a=1,b=5,c=3 Determine the values of a, b and ¢ in

e b2 — 4ac ax? + bx + ¢ = 0. Write out the quadratic

r= 2a formula and substitute the values.

_ =5£7(5)? - 4(HB)

B 2(1)

_ =5+\25-12 ..

=—> Simplify.

= -5£413 Mo et o e =2 — ‘/1_, =5+ \/ﬁ'

2 2 2
b a=2,b=-2,c=-1 Determine the values of a, b and c.
v —b +\b2 — dac

- 2a

_ (=222 -4@)(-D)

B 2(2)

_2+V4+38

- 4

_ 2712 Simplify: V12 = VA X 3 = 243.

4
2= 42\6 Cancel using the common factor:
_1+\3 24243 _ 2(1£\3)
2 4 4
_1+\3
-2

Now you try

Find the exact solutions to the following using the quadratic formula.
a x2+3x+1=0
b 4x?-2x-3=0
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5J Solving quadratic equations using the quadratic formula 415

Exercise 5J

FLUENCY 1-2(72) 1-3(¥3) 1-3(1s)

eample22 1 Using the discriminant, determine the number of solutions for these quadratic equations.

a x24+5x+3=0 b x243x+4=0 ¢ x246x+9=0
d x24+7x-3=0 e x24+5x-4=0 f o x2+4x—-4=0
g 4x2+5x+3=0 h 4x2+3x+1=0 i 2x2412x4+9=0
i —x2-6x-9=0 k —2x2+3x—-4=0 | —4x2-6x+3=0
eample23a 2 Find the exact solutions to the following quadratic equations, using the quadratic formula.
a x243x-2=0 b x24+7x-4=0 ¢ x2-7x+5=0
d x2-8x+16=0 e —x2-5x—4=0 fo—x2-8x-7=0
g 4x2+7x-1=0 h 3x2+5x—1=0 i 3x2-4x—-6=0
i —2x245x+5=0 k —3x2—x+4=0 I 5x2+6x-2=0
eample23b 3 Find the exact solutions to the following quadratic equations, using the quadratic formula.
a x2+4x+1=0 b x2—6x+4=0 ¢ x246x-2=0
d —x2-3x+9=0 e —x2+4x+4=0 f —3x24+8x—-2=0
g 2x2-2x-3=0 h 3x2-6x—1=0 i —5x24+8x+3=0

PROBLEM-SOLVING 4,5(%2) 4,5("2). 6 5(2). 7.8

4 A triangle’s base is 5 cm more than its height of x cm. Find its height if

the triangle’s area is 10 cm?.

xcm
|
5 Solve the following using the quadratic formula.
a 3x2=1+6x b 2x2=3-4x ¢ Sx=2-4x?
d 2x—5=—% e %=3x+4 f —%=2—x
_2x+2 _3x+4 ; _10x—1
g Sx="5 h x= o i 3x= >
6 Find the exact perimeter of this right-angled triangle. x+3
X
x+4
7 Two positive numbers differ by 3 and their product is 11. Find the numbers.
CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
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416  Chapter5 Quadratic expressions and equations

8 A rectangular pool measuring 6 m by 3 m is to have a path surrounding it. If the total area of the pool
and path is to be 31 m2, find the breadth (x m) of the path, correct to the nearest centimetre.

6m

3m

—b+ Vb2 — dac

2a

9 Explain why the rule x = gives only one solution when b2 — 4ac = 0.

10 Make up three quadratic equations that have:
a no solutions
b 1 solution
¢ 2 solutions.

11 For what two values of k does x2 + kx 4+ 9 = 0 have only one solution?

ENRICHMENT: k determines the number of solutions = = 12(12)

12 The discriminant for x2 + 2x + k = 0 is 4 — 4k, so there:
e are no solutions for4 — 4k <0, .. k> 1
e is 1 solutionfor4 —4k=0,.. k=1
e are 2 solutions for4 —4k>0,.. k<1

a For what values of k does x2 + 4x + k = 0 have:
i no solutions? ii 1 solution? iii 2 solutions?

b For what values of k does kx2 + 3x + 2 = 0 have:
i no solutions? ii 1 solution? ili 2 solutions?

¢ For what values of k does x2 + kx + 1 = 0 have:
i no solutions? ii 1 solution? ili 2 solutions?

d For what values of k does 3x2 + kx — 1 = 0 have:
i no solutions? ii 1 solution? iii 2 solutions?
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Working mathematically

Adding a veranda

Lucas is planning to add a veranda to two adjacent sides of his 10 m A m

house. He needs to choose an appropriate veranda breadth so that
the veranda is of a particular total area. Lucas’s house is a square of
side length 10 m as shown.

10m House
Present a report for the following tasks and ensure that you show
clear mathematical workings and explanations where appropriate.
Routine problems xm¢ WVisrmnd

a If x = 3, find the total area of the veranda.

b Find an expression for the total veranda area in terms of x.
¢ Find the breadth of the veranda (x metres) if the veranda area is to be 44 m2.
d

Find the breadth of the veranda (x metres) if the veranda area is to be 60 m2. Round to one decimal

=
=)
=
S
=
3
]
=3
]
3
=
s.
=
<

place.

Non-routine problems

Explore and a The problem is to find integer veranda breadths for given veranda areas. Write down all the relevant
connect

information that will help solve this problem with the aid of a diagram.
State the expression for the total veranda area in terms of x.
Choose ¢ Forx=2andx=4.5:

and apply i draw a diagram for each

techniques

i calculate the veranda areas.

d  For three veranda areas of your choosing, use your expression for the total veranda area to
determine the value of x. Show algebraic working.

e Determine the veranda areas where the resulting equations satisfy both the following conditions:
e they can be factorised using integers and;
e the solution is an integer less than 5.

Communicate f Explain why when solving for x for a given veranda area, some answers are not integers.
thinking and g

reasoning Deduce the maximum integer breadth that Lucas can choose if the area of the veranda is to be less

than 50 m2.
h  Summarise your results and describe any key findings.

Extension problems
a Explore the effect on your results if Lucas’s house was a rectangle instead of a square.

CambridgeMATHS NSW Stage 5
Year 10
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Chapter 5 Quadratic expressions and equations

Binomial expansions

Blaise Pascal and expansion

Blaise Pascal (1623-1662) was a French mathematician and philosopher. By the age of 16 he had proved
many theorems in geometry and by 17 he had invented and made what is regarded as the first calculator.

One of his mathematical investigations involved exploring the properties and patterns of numbers in a
triangular arrangement that is known today as Pascal’s triangle. The triangle has many applications in

{ =
=
prer

(3]
=
-

[7¢]

D

>
=

mathematics, including algebraic expansion and probability. The diagram below shows part of this triangle.

Pascal’s triangle

row 0 1

row 1 1 1

row 2 1 2 1

row 3 1 3 3 1

row 4 1 4 6 4 1

row 5 1 5 10 10 5 1
row 6 1 1
row 7

row 8

Expanding the triangle

a Observe and describe the pattern of numbers shown in rows O to 4.
b State a method that might produce the next row in the triangle.
¢ Complete the triangle to row 8.

Expanding brackets

Consider the expansions of binomial expressions. If you look closely, you can see how the coefficients in
each term match the values in the triangle you produced in the triangle above.

@+y’=1 E+y)? = @+y)E+y)?

@+ =+ 1y = &+ y)(x2 + 2xy + y?)

@+0)? = @+)E+y) 34 22y 4 xp? 2 4 202 4+ 93
= 1x2 + 2xy + 1y? = 1x3 +3x2y + 3xy2 + 1y

Expand (x + y)*, (x + y)> and (x + y)® by completing the triangle below.

@ +y° 1
(x+ y)! Ix+ 1y
(x+y)2 1x2 + 2xy + 1y2
(x+y)3 1x3 4 3x%y 4 3xy2 + 1y3
x+y)*
@+’
@+°
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Problems and challenges

1 Find the monic quadratic in the form x2 + bx + ¢ = 0 with solutions x =2 — V3 and x = 2 + V3.
2 Ifx++=7 whatisx?+-1?
X

3 Find all the solutions to each equation. (Hint: Consider letting a = x?2

a x*-5x2+4=0
b x4-7x2-18=0

in each equation.)

4 Make a substitution as you did in Question 3 to obtain a quadratic equation to help you solve the
following.
a 3% -4x3"+3=0
h 4Xx2%—-9x2"+2=0

5 Quadrilateral ABCD has a perimeter of 64 cm with measurements as shown.
What is the area of the quadrilateral?

o
q
(—)
=
(1°)
3
(]
V)
-
Q.
(x)
-
=
)
=

=2
(1°]
(]

6 A cyclist in a charity ride rides 300 km at a constant average speed. If the average speed had been
5 km/h faster, the ride would have taken 2 hours less. What was the average speed of the cyclist?

7 Find the value of x, correct to one decimal place, in this diagram if the area is to be 20 square units.

H|

x+ 10

8 Prove that x2 — 2x + 2 > 0 for all values of x.

9 A square has the same perimeter as a rectangle of length x cm and breadth y cm. Determine a
simplified expression for the difference in their areas and, hence, show that when the perimeters are
equal the square has the greatest area.

10 The equation x2 + wx + ¢ = 0 has solutions « and f§, where the equation x2 + px + ¢ = 0 has solutions
3a and 3p. Determine the ratios w:p and t:q.
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Chapter summary

Chapter 5 Quadratic expressions and equations

Factorising non-monic
quadratics ax2 + bx+ ¢

Use grouping, split up bx using
two numbers that multiply to
ax cand add to give b:

e.g. 6x2—5x—4
axc=6x(—4)=-
—-8x3=-24
-8+3=-5
6x2+3x—8x—4
=3x2x+1) - 4(2x+1)
=@2x+1)(3x—4)

Factorising by completing
the square

e.0. X +4x-3
x2+4x+( ) ( ) -3
—X+2 —-4-3
=(x+22-7
=(x+2V7)x+2+V7)

Note, for example, (x+ 2)2 + 5 cannot
be factorised.

Multiplying and dividing
algebraic fractions

Factorise and then cancel any common
factors first.

e.g.1 g 3X +6
X+2 8’4

1 % 3(;(/414)1

X2+ 2x
_ (x-2x+2)
X (x+2)
xX-2
X
To divide, multiply by the reciprocal of
the fraction following the +.

CambridgeMATHS NSW Stage 5

Year 10

Factorising X2 + bx+ ¢

Two numbers x to give c.
Two numbers + to give b.

e.0. x2—7x—18=(x-9)(x+2)
-9%x2=-18
9+2=—7

Quadratic
expressions and (NG
equations

Factorising and difference
of two squares
Always take out common factors
first.
Difference of two squares
—b?=(a-b)a+b)
e.g. 4x% -9 =(2x2 - (32
=(2x-3)(2x+3)
X2—7=(x-V)x+V7)

Solving quadratic equations

Null Factor Law:
Ifab=0thena=0o0r b=0.
Write each quadratic in standard
form ax2 + bx+ ¢c=0,
factorise then apply the Null
Factor Law to solve.

—b+vV b?—4ac

2a
The discriminant A = b2 — 4ac
tells us how many solutions:

X=

A>0 2 solutions
A=0 1 solution
A<0 0 solutions

ISBN 978-1-009-40964-3

Expanding brackets

alb+c)
@+ b)c+d)=

(@a+ b)a— b)=a%— b?
(@a+ b2 =a? +2ab + b2
(@a— b2 =a?—2ab+ b2

=ab+ ac
ac+ ad+ bc+ bd

© Palmer et al. 2024

e.g.1 x2—4x=0
X(x—4)=
x=00rx—4=0
x=00rx=4
2 x2=3x-10 \ Applications
—-3x+10=0 1 Define the variable.
x=9)(x+2) = 2 Set up the equation.
X g =0 or 2+ 2=0 3 Solve by factorising and using
\ HERErAS= y the Null Factor Law or
| quadratic formula.
; 4 Determine the suitable
Quadratic formula answer(s).
If ax2 + bx+ ¢ =0, then \

Cambridge University Press
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Chapter checklist 421

Chapter checklist with success criteria

A printable version of this checklist is available in the Interactive Textbook Ej

1. 1 can apply the distributive law to expand and simplify.
e.g. Expand and simplify 2x(3x — 5) — 3(3x = 5).

2. | can expand a binomial product.
e.g. Expand and simplify (2x — 3)(x + 4).

3. I can expand to form a difference of two squares.
e.g. Expand (3x + 2)(3x — 2).

)
g
QO
<=
o gt
(-}
q
()
—
¢®
(x)
=
(7¢]
[ ad

4. | can expand a perfect square.
e.g. Expand (x + 5)2.

5. | can factorise by taking out a common factor.
e.g. Factorise 12x2 — 18x.

6. | can factorise a difference of two squares.
e.g. Factorise 9x2 — 16.

. | can factorise a difference of two squares involving surds.
e.g. Factorise x2 — 7 using surds.

8. I can factorise using grouping.
e.g. Factorise x2 — ax + 2x — 2a by grouping.

9. | can cancel common factors in algebraic fractions.

e.g. Simplify 4X2 2
10. | can multiply and divide simple algebraic fractions.
e.g. Simplify 3’;0 9. 2X5 6

11. | can factorise a monic trinomial.
e.g. Factorise x2 — 8x — 20.

12. | can factorise a trinomial with a common factor.
e.g. Factorise 3x2 — 24x + 45.

13. | can multiply and divide algebraic fractions by first factorising.
x =4, 3x+12 .
+2 " x242x-8
14. | can factorise a non-monic quadratic.
e.g. Factorise 5x2 + 13x — 6.

BEE 6 @ EEEEEEEE

e.g. Simplify by first factorising

15. | can factorise by completing the square.
e.g. Factorise x2 + 6x + 2 by completing the square.

16. | can factorise non-monic quadratics by completing the square.
e.g. Factorise 2x2 + 6x + 3 by completing the square.

-

OO oo o | ooty ooy oo ooy oo s

17. | can recognise when a quadratic cannot be factorised.
e.g. Factorise x2 — 3x + 4 by completing the square if possible.

[41]
M

[41] [41]
-
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422 Chapter5 Quadratic expressions and equations

18. | can solve a quadratic equation by factorising and applying the Null Factor Law.
e.g. Solve 3x2 — 9x = 0.

19. I can solve a quadratic equation by first rearranging into standard form.
e.g. Solve x2 = 2x + 3.

20. | can solve a word problem using a quadratic model.

e.g. The area of a rectangle is 60 m2 and its length is 4 metres more than its breadth.
Find the dimensions of the rectangle.

Chapter checklist
D= 666

(2]
C—

21. | can solve a quadratic equation using completing the square.
e.g. Solve x2 + 4x — 22 = 0 by first completing the square.

22. | can determine the number of solutions of a quadratic equation using the
discriminant.
e.g. Use the discriminant to determine the number of solutions of the equation
2x2 - 3x-5=0.

23. | can use the quadratic formula to solve a quadratic equation.
e.g. Find the exact solutions of 2x2 + 3x — 4 = 0 using the quadratic formula.

O O oy o (o)

a
C—
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Chapter review 423

Short-answer questions

1 Expand the following and simplify where possible. L)
—
a 2x+3)—4kx -5 b x+50Cx—-4) c (5x—2)(Gx+2) (X
d (x—6)2 e G+42-G+Dx-2 f Gr-2@x-5) =
(1°)
m 2 Write, in expanded form, an expression for the shaded areas. All angles are right angles. -
q
a x -:I:- 2 b ¢ [ C x-1 g
¢®
3 m |=>
= = = = 6 m X M E
x+4
“ 3 Factorise the following.
a 3x24 18x b 4x+ D —->bx+1 ¢ x2—ax+2x—-2a
“ 4 Factorise the following difference of two squares. Remember to look for a common factor first.
a x2-49 b 9x?-16 ¢ 3x2-75
d x2-11 e (x+1D2-16 f =32-10

“ 5 Factorise these quadratic trinomials.
a x2-8x+12 b x?+10x — 24 ¢ —3x2+21x—18

ﬂ 6 Factorise these non-monic quadratic trinomials.
a 3x2+17x+10 b 4x2+4x-15 ¢ 12x2-16x—3 d 12x2-23x+ 10

S 7 Simplify the following.

4x + 8 p Axt4 . x+l
x2 4 2x 6x =~ 3

120 x2-1 g _4x2=9 . 8x+12
x24+2x—3" 6x+6 2xZ+x-6 x2-2x-38

ﬂ 8 Factorise the following by completing the square.
a x2+8x+10 b x2—6x—4

c x24+3x-2 d 2x2—4x-3

B 9 Solve these quadratic equations by factorising and applying the Null Factor Law.

a x2+4x=0 b 3x2-9x=0 c x2-25=0

d x2-10x+21=0 e x2—8x+16=0 f x2+5x-36=0

g 2x2+3x-2=0 h 6x2+11x—10=0 i 18x2+25x—-3=0
m 10 Solve the following quadratic equations by first writing them in standard form.

a 3x2=27 b x2=4x+5

¢ 2x2-28=x(x—23) d M:x

m 11 A rectangular sandpit is 2 m longer than it is wide. If it occupies an area of 48 m2, determine
the dimensions of the sandpit by solving a suitable equation.

CambridgeMATHS NSW Stage 5 ISBN 978-1-009-40964-3 © Palmer et al. 2024 Cambridge University Press
Year 10 Photocopying is restricted under law and this material must not be transferred to another party.



424 Chapter5 Quadratic expressions and equations

n 12 Solve these quadratic equations by first completing the square.

= a x2+4x-3=0 b x2-6x+2=0
2 a5 2 _5_
@ c x*—3x—-2=0 d x“+5x-5=0
5 13 For each quadratic equation, determine the number of solutions by finding the value of the
S discriminant.
o a x24+2x+1=0 b x2-3x-3=0
"é_ ¢ 2x2—4x+3=0 d -3x2+x+5=0
i 14 Use the quadratic formula to give exact solutions to these quadratic equations.
o a x243x—-6=0 b x2-2x—4=0
¢ 2x2—4x-5=0 d —3x2+x+3=0

Multiple-choice questions

1 (x4 52 is equivalent to:

“ A x2+25 B x2+5x C x2+5x+25
D x2410x+25 E x2+50
m 2 2(2x — D(x + 4) is equivalent to:
A 4x2+15x -4 B 4x2+ 14x -8 C 8x2+28x—16
D 8x2+18x—4 E 4x2+10x+8
ﬂ 3 4x2 — 25 in factorised form is:
A 4x—5(x+5) B (2x-5)2 C 2x—5Q2x+5)
D 4x+5x-5) E 2Q2x+ D& - 25)
a 4 The fully factorised form of 2x2 — 10x — 28 is:
A 2+2)(x—=7 B Cx+7kx+4) C 2—-HD&x-1
D 2x—-2&+14) E G-2&+17
x—4, 2x+8 . .. .
n 5 3 716 simplifies to:
x+4 1 x+4 D X x+8
A x—4 g 4x 4(x—4) x—4 5 4x
a 6 The term that needs to be added to make x2 — 6x a perfect square is:
A 18 B -9 cC -3 D 9 E 3
n 7 The solution(s) to 2x2 — 8x = 0 are:
A x=0,x=-4 B x=2 C x=0,x=4
D x=4 E x=0,x=2
m 8 For 8x2 — 14x + 3 = 0, the solutions for x are:
1 _1 3_1 13
g § 3 . 4 2 ; G 42
1 1
D 23 E 2%
a 9 When written in the standard form ax2 + bx + ¢ = 0, with a > 0, = T 3_ 2x is:
A x24+2x+3=0 B x2+3=0 C 2x24+x-3=0
D 2x2-x-3=0 E 2x2—x+3=0
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Chapter review

10 The product of two consecutive numbers is 72. If x is the smaller number, an equation to

represent this would be:

A x2+x+72=0 B 2x-71=0 C x2+x-72=0 g
D x2 = 2 _ [<)
x“+1=72 E x*=x+72 =
[
11 For (x — 7)2 — 3 = 0, the solutions for x are: 2
A 7-43,7+43 B —7-V3,-7+1\3 C 7,-3 —
D -7-V3,7+3 E 4,10 ]
s
12 If ax? + bx + ¢ = 0 has exactly two solutions, then: (5-}
A b2—4ac=0 B b2—4ac>0 C b2—4ac<0 <

D b2—4ac#0 E b2—4ac<0

Extended-response questions

1 A zoo enclosure for a rare tiger is rectangular in shape and trench
has a trench of breadth x m all the way around it to ensure the
tiger doesn’t get far if it tries to escape. The dimensions are as enclosure
shown. 12 m [=>
. .. X m
a Write an expression in terms of x for: 15m
i the length of the enclosure and trench combined ]
" . m
il the breadth of the enclosure and trench combined. v*

b Use your answers from part a to find the area of the overall
enclosure and trench, in expanded form.

¢ Hence, find an expression for the area of the trench alone.
Zoo restrictions state that the trench must have an area of at least 58 m2. By solving a
suitable equation, find the minimum breadth of the trench.

2 The surface area A of a cylindrical tank with a hemispherical top is given
by the equation A = 3nr2 + 217k, where r is the radius and 4 is the height
of the cylinder.

a If the radius of a tank with height 6 m is 3 m, determine its exact
surface area.

b If the surface area of a tank with radius 5 m is 250 m2, determine its h
height, to two decimal places.

¢ The surface area of a tank of height 6 m is found to be 420 m2. - >

i Substitute the values and rewrite the equation in terms of r only.

i Rearrange the equation and write it in the form ar? + br + ¢ =0,
with a > 0.

iii Solve for r using the quadratic formula and round your answer to two decimal places.
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426  Semester review 1

Chapter 1: Algebra, equations and linear relationships

‘; Short-answer questions
(<F) 1 a Solve these equations for x.
g i 2-3x=14 i 22x+3)="7x
S o x =3 _ o 3x—2_ 2x+1
B 1] 5 = 5 v 7 = =
ahd b Solve these inequalities for x and graph their solutions on a number line.
(¢l . - X
<) I 3x+2<20 i 2—§>1
® 2 Simplify %2 - %.
(7]
3 a Find the gradient and y-intercept for these linear relations and sketch each graph.
i y=3x-2 i 4x+3y=6
b Sketch by finding the x- and y-intercepts where applicable.
i y=2x-6 i 3x+5y=15
i x=3 v y=—-2x
4 Find the equation of the straight lines shown.
a b y
(3,3)
0 X
(_29 _5)
5 Find the value(s) of a in each of the following when:
a thelines y = ax — 3 and y = —3x + 2 are parallel
b the gradient of the line joining the points (3, 2) and (5, a) is —3
¢ the distance between (3, a) and (5, 4) is V13
d thelinesy=ax+4andy= %x — 3 are perpendicular.
6 Solve these pairs of simultaneous equations.
a y=2x-1 b 2x—-3y=8 C 2x+y=2 d 3x-2y=19
y=5x+8 y=x-2 Sx+3y=17 4x+3y=-3

7 At a fundraising event, two hot dogs and three cans of soft drink cost $13, and four hot dogs
and two cans of soft drink cost $18. What are the individual costs of a hot dog and a can of soft

drink?
8 Sketch the region for these linear inequalities.
a y>3-2x b 3x-2y<9 c y>-3
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Semester review 1 427

Multiple-choice questions

1 The simplified form of 2x(4 — 3y) — 3(3x — 4xy) is: (7¢]
A 6xy—x B 2xy C x—18xy g

D 12xy—7x E 2x—3y—4xy @

2 The point that is not on the line y = 3x — 2 is: g"
A (-1,-5) B (1,1) C (-2,-4 -

D (4,10) E (0,-2) =
<

3 The length, d, and midpoint, M, of the line segment joining the points (-2, 4) and (3, —2) are: a'
A d=V\5,M=(05,1) B d=vV61,M=(25,3) C d=\29,M=(1,1) s

D d=+61,M=(05,1) E d=V11,M=(1,2) -

4 The equation of the line that is perpendicular to the line with equation y = —2x — 1 and passes
through the point (1, —2) is:

A y=—%x+% B y=2x-2 C y=-2x—4
D =x—-2 -1,_5
= E y=gx-3
5 The graph of 3x + 2y < 6 is:
X
o 3
E y
X

g
e

A block of land is marked on a map with coordinate axes and with boundaries given by the

A y
kx
D y
3
X

Extended-response question

equations y = 4x — 8 and 3x + 2y = 17.
a Solve the two equations simultaneously to find their point of intersection.

b Sketch each equation on the same set of axes, labelling axis intercepts and the point of
intersection.

The block of land is determined by the intersecting region x > 0,y > 0,y > 4x — 8 and
3x+2y < 17.

¢ Shade the area of the block of land (i.e. the intersecting region on the graph in part b).

d Find the area of the block of land if 1 unit represents 100 metres.
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Chapter 2: Properties of geometrical figures and circle geometry

Short-answer questions

1 Prove the following congruence statements, giving reasons, and use this to find the value of the
pronumerals.
a AABC= ADEF b AABC=AADC

P
=
D
>
(<F)
P
S
(«F]
ol
(7¢]
(<F)
=
(<F)
(70

B E B
85° a0 3 cm
60°
A
60° \ ¢
A a X cm
F D

2 Use congruence to prove that a parallelogram (with opposite parallel sides) has equal opposite

sides.

3 Find the value of the pronumeral, given these pairs of triangles are similar.
b < 55—

a 6 45
< x>
9 x L4
35

4 Use the chord and circle theorems to find the value of each pronumeral.

d <\ e o f

a
500

5 Find the value of x in each figure.
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Multiple-choice questions

1 The value of a in the diagram shown is: 100° 65° (5]
(1°]
A 40 B 25 3
C 30 D 50 ')
E 45 702-785° \a; X
(1°}
2 The values of x and y in these similar figures are: 6lcm -
A x=26,y=5 3
B x=4,y=45 3em —
C x=4,y=175 7.5 cm g
D x=3,y=6 5cm e
E x=35,y=45
X cm ycm

3 The values of the pronumerals in this diagram are:

A a=17,b=56 B a=34,b=73 A

C a=68,b=56 D a=34,b=34

E a=68b=34 A\

be NSt

4 The value of angle a in this diagram involving

tangents is:

A 115 B 165

C 140 D 130

E 155
Extended-response question
A logo for a car manufacturing company is silver and purple and shaped as C

shown, with O indicating the centre of the circle.

The radius of the logo is 5 cm and chord AB is 6 cm. Given the two chords
are equidistant from the centre of the circle, complete the following.

What is the length of CD? Give a reason.
b Hence, prove that AOAB = AOCD.
¢ By first finding the length of OM, where M is the point such that OM L AB, find the area of
AOAB.
d Hence, determine what percentage of the logo is occupied by the silver portion, given the area
of a circle is 2. Answer correct to one decimal place.
e Given that ZOCD = 53.1°, what is the angle between the two triangles (i.e. £ZBOD)?
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Chapter 3: Indices, exponentials and logarithms

; Short-answer questions
.2 1 Use the index laws to simplify the following. Express all answers with positive indices.
> a 2x2x 3y’ b B3 a7 o (3a) 261
- bt 6(2a5)°
" a
o) d 3a=b? e i_3 f 4523
8 m 10x~4y®
E 2 Convert:
D .
(7] a to a basic numeral
i 3.72x10* i 49x1076
b to scientific notation, using three significant figures
i 0.000072973 i 4725400000
3 a Expressin index form.
5
i V10 i V7x6 i 43 v 15V15
b Express in surd form.
1 1 3
i 62 i 20° i 74
4 Evaluate without using a calculator.
1 _1
a 57! b 24 c 814 d 83
5 Solve these exponential equations for x.
a 45 =64 b T =25 ¢ 95 =27 d 55+ = 125%
6 Sketch the graphs:
a y=2* b y=27* c y=-2*
7 Simplify where necessary and evaluate.
a log,64 b logs% ¢ log,,1000 d log,l
e log,2 +log,8 f log;54 —log;6 g logg8 h logaa3

8 The following table shows data regarding the share price of some stocks $A over ¢ years.

0 1 2 3 4 S
1.5 1.8 2.16 2.592 3.1104 3.7325

a Calculate the values of log,, A correct to one decimal place and plot a graph of log;, A vs z,
with ¢ on the horizontal axis.

b What does the shape of the graph of log; A vs ¢ say about the type of relationship between
A and ?
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9 Solve for x.
a logg2l6=x b log,27=3 ¢ logyx=4

(72
10 a Solve for x using the given base. g
i 3*=30 il 15x2.4°=60 o<
b Solve for x using base 10 and evaluate, correct to three decimal places. Z’._
i 7*=120 i 2000 x 0.87* = 500 2
Multiple-choice questions 3
<<
1 3x2y7 x 2x*y~3 simplifies to: g'
8 6v4
A % B 6x8y4 C xiz D 6x6y4 E —6x6y10 -
o 12(23) 72 . . o
2 The simplified form of 5T when written using positive indices, is:
6 Qab)* xa*b~ ‘
A 2 B 3a2 g
ab G b
3 3
0 a’b? £ al%
3 0.00032379 in scientific notation, using three significant figures, is:
A 323x1074 B 3.24x10* C 324x10™*
D 324x10° E 0324x107

4 A limestone rock loses mass at 6% per year. If it originally weighs 2.5 kg, an equation for its
mass M kg after ¢ years is:

A M=25(1.06) B M=25+0.94 C 2.5(0.06)
D M=25(0.94) E M=2504)
5 An equivalent statement to 3* = 20 is:
A x=1o0g;20 B 20 =log,x C x=log,,3
- 20
D 3=log,20 E x=log,o(2)

Extended-response question
Lachlan’s share portfolio is rising at 8% per year and is currently valued at $30 000.

a Determine a rule for the value of Lachlan’s share portfolio (V dollars) in n years’ time.

b What will be the value of the portfolio, to the nearest dollar:
i nextyear? i in 4 years’ time?

¢ Use trial and error to find when, to two decimal places, the share portfolio will be worth
$200000. Alternatively, solve using logarithms.

d  After 4 years, however, the market takes a downwards turn and the share portfolio begins losing
value. Two years after the downturn, Lachlan sells his shares for $96 170. If the market was
declining in value at a constant percentage per year, what was this rate of decline, to the nearest
percentage?
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Chapter 4: Measurement and surds

; Short-answer questions
D 1 Simplify:
= a 5 b 475 o 2
- d 5 X2 e 3VT xVT i 316 x4\8
2 g 515 ) 3150 e
9
£ 96
g 2 Simplify f