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nary topics

To revise the properties of sine, cosine and tangent.

To revise the sine rule and the cosine rule.

To revise Cartesian equations for circles.

To sketch graphs of ellipses from their Cartesian equations.

To sketch graphs of hyperbolas from their Cartesian equations.
To consider asymptotic behaviour of hyperbolas.

vVvyVvyVvyYVYyYvVvyy

To use parametric equations to describe curves in the plane.

We begin this chapter with revision of trigonometry and the circular functions.

We then consider the Cartesian equations of three important types of curves in the plane:
circles, ellipses and hyperbolas. These curves are called conic sections, because they arise as
the boundary of a cross-section through a pair of cones. We will use these curves in our study
of vector calculus in Chapter 16.

We also introduce parametric equations for curves in the plane.
For example, the unit circle can be described by the pair of

\
(cost, sint)

'

1

parametric equations / \

x=cost and y=sint forteR —1Q/1 =
-1

Parametric equations will be used in various contexts
throughout this book:

m In Chapter 6, they are used to describe lines in three-dimensional space.
m In Chapter 7, they are used to describe the solutions of systems of linear equations.

m In Chapter 16, they are used in our study of motion along a curve.
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Chapter 1: Preliminary topics

Circular functions

Defining sine, cosine and tangent

The unit circle is a circle of radius 1 with centre at the
origin. It is the graph of the relation x> + y*> = 1.

We can define the sine and cosine of any angle by using
the unit circle.

Definition of sine and cosine

For each angle 0°, there is a point P on the
unit circle as shown. The angle is measured
anticlockwise from the positive direction of

y

4
(—1,0)\0 Lo

L (0, 1)

(Oa _1)
y
A

P(cos(6°), sin (6°))
60

the x-axis.

N
N

m cos(0°) is defined as the x-coordinate of the point P

m sin(0°) is defined as the y-coordinate of the point P

For example:

1
sin30° = 0.5 (exact value) sin 135° = @ ~ 0.7071 sin 100° ~ 0.9848
cos 30° = ﬁ ~ 0.8660 cos 135° = -1 ~ —0.7071 cos 100° ~ —0.1736
2 V2
Definition of tangent
sin(0°)

tan(0°) =

an(®") cos(0°)
The value of tan(6°) can be illustrated geometrically Y

through the unit circle.

N\

By considering similar triangles OPP’ and OTT’, it
can be seen that !

1
TT' PP 5 1 .«
or’ ~ oP' T
) , _sin(0%) o
i.e. TT = cos(0%) tan(0°) Sin (6°) = PP’
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1A Circular functions 3

» The trigonometric ratios
For a right-angled triangle OBC, we can construct a similar

triangle OB’C’ that lies in the unit circle.

From the diagram:
B'C’ = sin(6°) and OC’ = cos(6°)
The similarity factor is the length OB, giving
BC = OBsin(6°) and OC = OBcos(6°)
BC

o oc_
o sin(0°) and 0B - cos(6°)

This gives the ratio definition of sine and cosine for a
right-angled triangle. The naming of sides with respect to B
an angle 6° is as shown.

opposite

in(°) = ——
sin(©") hypotenuse hypotenuse .
opposite

cos(8°) = adjacent
" hypotenuse

opposite 0
adjacent

0° =
adjacent C

tan(0°) =

» Definition of a radian
In moving around the unit circle a distance of 1 unit from A to P,
the angle POA is defined. The measure of this angle is 1 radian.
X

One radian (written 1°) is the angle subtended at the centre of | unit
uni
C

the unit circle by an arc of length 1 unit.

A
1
(4
-1 19) A1 T
Note: Angles formed by moving anticlockwise around the unit
-1

circle are defined as positive; those formed by moving
clockwise are defined as negative.

» Degrees and radians

The angle, in radians, swept out in one revolution of a circle is 27°.

27 = 360°
¢ = 180°
180° e
1€ = 1° =
x 180

Usually the symbol for radians, ©, is omitted. Any angle is assumed to be measured in radians
unless indicated otherwise.
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4 Chapter 1: Preliminary topics

The following table displays the conversions of some special angles from degrees to radians.

Angle in degrees | 0° | 30° | 45° | 60° | 90° 180° 360°

Angle in radians 0 T 2

wla

&4
(ST

T
6

Some values for the trigonometric functions are given in the following table.

X sin x COS X tan x

0 0 1 0

7 1 V3 1

6 2 2 V3

T 1 1 |
ilw v
T3 \3

3 2 2

g 1 0 undefined

» The graphs of sine and cosine
A sketch of the graph of y
fiR—>R, f(x) =sinx

is shown opposite.

As sin(x + 2m) = sin x for all x € R, the N \ e

T > X

sine function is periodic. The period .

oA

is 2;t. The amplitude is 1. —

A sketch of the graph of y
f:R—->R, f(x) =cosx
is shown opposite.

|
The period of the cosine function is 2. 6 \ / AN

The amplitude is 1. v ] ' ' > X
b —zt//n Wn o
o~ 2 -1 2 B2
For the graphs of y = a cos(nx) and y = asin(nx), where a > 0 and n > 0:
. 21 :
m Period = — ® Amplitude = a m Range = [-a,a]
n
Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
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1A Circular functions 5

» Symmetry properties of sine and cosine

The following results may be obtained from the graphs of the functions or from the
unit-circle definitions:

sin(;t — 0) = sin O cos(m—0) =—cosO
sin(;t + 0) = —sin O cos(m+0) = —cosO
sin(2w —0) = —sin O cos(2w — 0) = cos 0O
sin(—0) = —sin O cos(—0) = cos O
sin(0 + 2ns) = sin O cos(0 + 2nm) = cos O forneZ
sin(g - 6) =cos0 cos(g - 6) =sin6
Example 1
a Convert 135° to radians. b Convert 1.5° to degrees, correct to two decimal places.
Solution
135 x®©  3m¢ 1.5 x 180°
a 1350= 222 Ty se = 22X % _ 5040 to two decimal places
180 4 1

Find the exact value of:

a sin 150° b cos(-585°)
Solution
a sin 150° = sin(180° — 150°) b cos(—585°) = cos 585°
= 8in 30° = cos(585° — 360°)
_ 1 = c08225°
z = —cos45°
1
Y

Find the exact value of:

a s‘n(lln) b cos(_45n)
1 —
6 6
Solution
. (1lm ) 7T —45m 1
a sm(T) = sm(2n - E) b cos( 7z ) = cos(=75 X m)
= sin(n) = cos(n)
a 6 a 2
f— 1 =
2
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6 Chapter 1: Preliminary topics

» The Pythagorean identity

For any value of 6:
sin? 0 + cos’> 0 = 1

If sin(x°) = 0.3 and 0 < x < 90, find:

a cos(x°) b tan(x°)
Solution . 03
a sin?(x°) + cos?(x°) = 1 b tan(x°) = s1n(x0) = —
. cos(x) _ \0OT
0.09 + cos“(x°) = 1 3
cos?(x°) = 0.91 - Vo1
cos(x°) = +V0.91 3V91
Since 0 < x < 90, this gives - 91
5 91 V91
COS(X ) =Vv0.91 = r.o = W

» Solution of equations involving sine and cosine

If a trigonometric equation has a solution, then it will have a corresponding solution in
each ‘cycle’ of its domain. Such an equation is solved by using the symmetry of the graph
to obtain solutions within one ‘cycle’ of the function. Other solutions may be obtained by
adding multiples of the period to these solutions.

The graph of y = f(x) for y

£:10,27] > R, f(x) = sinx A
1 .
is shown. i
I I
. ol 1 I @ d
For each pronumeral marked on the x-axis, find : 5 | : > X
. a i I
the other x-value which has the same y-value. ' ! 2m
14 I
Solution
For x = a, the other value is  — a.
For x = b, the other value is  — b.
For x = ¢, the other value is 2t — (¢ — ;1) = 37 — c.
For x = d, the other value is m + 2 — d) = 3w — d.
Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
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1A Circular functions 7
Example 6
1
Solve the equation sin(2x + g) = 3 for x € [0, 2m].

Solution

Let® =2x + g Note that

0<x<2nt & 0<2x<4xn

7 m 13m
S —<2x+—-—< —
3 3
T 13w
& — <0< —
3 3
1 1 13
To solve sin(2x+£):—forx€[0,2n],we first solve sin6:—f0rES6§—n.
3 2 2 3 3
1
Consider sin 6 = X
5 5 5
ng or Fn or 2n+g or 23t+%c or 4n+g or 4Jr+%E or ...

7 29
The solutions r3 and ?n are not required, as they lie outside the restricted domain for 0.

7T 137
ForgsesT:

625_nor13_n0r17_:rc0r25_n

6 6 6

2)c+2—3-[:5—Jt 0r13—nor17—7c 0r25—7c

6 6 6 6 6

2x=3—n orll—norls—norB—Tc

6 6 6 6

T 11m 57 231

x=Z orﬁorj orﬁ

Using the TI-Nspire

Ensure your calculator is in radian mode.

(To change the mode, go to > Settings
> Document Settings.) Solve(sm(

&

) 1
2 x+=—|=—x||0=xS2" nt
3] 2

Complete as shown. P T
4

12 4 12

Note: The Graph application has its own settings, which are accessed from a Graph page

using > Settings.
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8 Chapter 1: Preliminary topics

Using the Casio ClassPad

m Open the T/% application. & Edit Action Interactive

m Ensure your calculator is in radian mode ]!
(with Rad in the status bar at the bottom of
the main screen).

solve(sin(2~x+!3-)=% | 0sx<2-7%, x]

{ V4 Sen 11-% 23-1!}
= Enter and highlight 7 Tl WS T R
. 7T 1
s1n(2x+§):§ |0§xs2ﬂ:
m Select Interactive > Equation/Inequality > solve.

» Transformations of the graphs of sine and cosine
The graphs of functions with rules of the form
f(x)=asin(nx+¢€)+b and f(x) =acos(nx+¢€)+b

can be obtained from the graphs of y = sin x and y = cos x by transformations.

Sketch the graph of the function

B [0,27] — R, h(x) = 3c0s(2x+ g) +1

Solution
We can write h(x) = 3 cos(2(x + g)) + 1.

The graph of y = h(x) is obtained from the graph of y = cos x by:
m adilation of factor % from the y-axis

m adilation of factor 3 from the x-axis

m a translation of T units in the negative direction of the x-axis
|

a translation of 1 unit in the positive direction of the y-axis.

First apply the two y
dilations to the graph A
of y = cos x.

31 y =3 cos(2x)

0 —> X

i 5 3n b 2n
4 2 4
—3
Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
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1A Circular functions 9

Next apply the y
= T
translatlon G units in A V=3 cos (2 (x N _))
the negative direction 3 6
of the x-axis. ) 3
f%\ ( ™ 2)
Q > X
- n [fin 5m 13 4n  [9n llm 25¢
6 12\ 3 /12 6 12 3 /12 12
-3

Apply the final translation and restrict
the graph to the required domain.

4

éq 21
2 Emé‘n/\ 2
(0] 3

» The graph of the tangent function

A sketch of the graph of y = tan 6 is shown below.

YA
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
- | T | 3m 5m
-7 | 2 12w 12 2n 12 3n
| o | | 0
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
Notes: ok 4 1
+
m The domain of tan is R \ { % 1 ke Z}.
m The range of tan is R.
m The graph repeats itself every s units, i.e. the period of tan is .
2k +1
m The vertical asymptotes have equations 6 = %, where k € Z.
ISBN 978-1-316-63610-7 © Evans etal. 2017
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10  Chapter 1: Preliminary topics

Using the TI-Nspire

Open a Graphs application and define 1.1
S1(x) = tan(x). s19ty
05 ¥
2 : 2
b [n1()=tn)
4.19
Using the Casio ClassPad
= Open the menu B8; select Graph & Table @E—‘;ﬁ?‘ .
= Enter tan(x) in y1, tick the box and tap [+
m If necessary, select Zoom > Quick > Quick Trig or tap [ to manually adjust the
window.
& Edit Zoom Analysis & X] o
T I EE I P EE B :
sheet1 [Sheet2 [Sheet3 [Sheetd [Sheet5| | 5 Z
M yl=tan(x) — PYEPWPFE t2A 0 8
y2:0 -2
[(y3:0 B
ol -
» Symmetry properties of tangent
The following results are obtained from the definition of tan:
tan(t — 0) = —tan 0 tan(2w — 0) = —tan 0
tan(mt + 0) = tan O tan(—0) = —tan 0
Example 8
Find the exact value of:
4
a tan330° b tan(?n)
Solution
o R o 47 T
a tan330° = tan(360° — 30°) b tan(?) = tan(n + 5)
= —tan 30° . (n)
o = tan{
=G _ 5
Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
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1A 1A Circular functions 11

» Solution of equations involving tangent

The method here is similar to that used for solving equations involving sin and cos, except
that only one solution needs to be found then all other solutions are one period length apart.

Solve the following equations:

a tanx = —1 for x € [0, 4] b tan(2x — n) = V3 for x € [-x, 7]

Solution
a tanx = —1

3n
Now tan[ — | = -1
ow an(4)

31 3w 3w 31
sz or T+n or T+2n or T+3n
37 T 117w 15n

X:T or Z or T or T

b Let6 = 2x— m. Then
—t<x<n & -2n<2x<2xn
& Bn<2x-n<mn
& 3n<0<n

To solve tan(2x — ) = V3, we first solve tan 0 = V3.

Bzg org—norg—2n0r§—3n
0= X or 2 or _on or _8x
3 3 2 3
2x—T = X or _2_75 or —5—n or —8—7:
3 3 3 3
2x = 4_3'5 or il or —2—n or —S—JT
3 3 3 3
27 7T T S5m
x:? org or —3 or 3
Exercise [FA

skillsheet > 1 a Convert the following angles from degrees to exact values in radians:

Example 1 i 720° ii 540° iii —450° v 15° v -10° vi -315°
b Convert the following angles from radians to degrees:
. Sx; ) ... 1T . 11z 13n . 1l=m
i — i —— i — iv —— —_— i ——
4 3 12 6 9 12
Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
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Chapter 1: Preliminary topics

1A

2 Perform the correct conversion on each of the following angles, giving the answer

Example2| 3

Example3| 4

Example4| 5

6

7

8

Example 5 9
Cambridge Senior Maths AC

Specialist Mathematics Year 12

correct to two decimal places.

a Convert from degrees to radians:

i 7° ii —100° iii

b Convert from radians to degrees:

i 1.7° ii —0.87¢ il

Find the exact value of each of the following:
b cos(-300°)
e sin(—225°)

a sin(135°)
d cos(240°)

Find the exact value of each of the following:

b cos(%r)

a sin(z?n)
d cos(%[)

¢ ol

-25°

2.8°

e COS(9—JT)
4

291
h e 5)
cos G

If sin(x°) = 0.5 and 90 < x < 180, find:

a cos(x®)

If cos(x®) = —0.7 and 180 < x < 270, find:
b tan(x°)

a sin(x®)

b tan(x°)

Ifsinx=-05and Tt < x < 3;, find:

a cosx

b tanx

If sinx = —0.3 and 3; < x < 2m, find:

a cosx

The graph of y = f(x) for
f:10,2x] - R, f(x) = cosx
is shown.

For each pronumeral marked on the
x-axis, find the other x-value which
has the same y-value.

ISBN 978-1-316-63610-7

b tanx

iv 51°

iv 0.1¢

v 206° vi —410°

v -3¢ vi —-8.9¢

¢ sin(480°)

sin(420°)

~——a
bt LV
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Example 6| 1 0

Example 7| 11

Example 8| 1 2

13

14

Example 9| 15

16
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1A Circular functions

Solve each of the following for x € [0, 27t]:

a sinx = —? b sin(2x) = —73
¢ 2cos(2x) = ~1 d sin( JFE)——1

X) = X 3 = 5

T . JT

e 200s(2(x+ g)) =-1 f 2s1n(2x+ §) =-3
Sketch the graph of each of the following for the stated domain:
a f(x) = sin2x), x € [0, 271] b f(x) = cos(x + g) xe %”n]
¢ fx) = cos(2(x ; g)) x e [0, 7] d f(x)=2sin3x) + 1, x € [0, 7]

e fx) = ZSin(x— g) +3, x€[0,2n]
Find the exact value of each of the following:

5 2 2
a tan(%) b tan(—?n) c tan(—%) d tan240°

If tan x = él—L andt < x < 3;, find the exact value of:

a sinx b cosx c tan(—x) d tan(m - x)

3
Iftanx = —g and g < x < m, find the exact value of:
a sinx b cosx c tan(—x) d tan(x —m)
Solve each of the following for x € [0, 2x]:

3
a tanx=—-V3 b tan(3x—g)= g

c 2tan(§) +2=0 d 3tan(g + 2x) -3

13

Sketch the graph of each of the following for x € [0, ;], clearly labelling all intercepts

with the axes and all asymptotes:

a f(x) = tan(2x) b f(x) = tan(x - g)
T T
¢ fx) = 2tan(2x + 5) d f(x) = 2tan(2x ; §) 2
ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
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14 Chapter 1: Preliminary topics

1B The sine and cosine rules

In this section, we revise methods for finding unknown quantities (side lengths or angles) in a
non-right-angled triangle.

Labelling triangles
The following convention is used in the remainder of this chapter:

m Interior angles are denoted by uppercase letters.
m The length of the side opposite an angle is denoted by A C

the corresponding lowercase letter.

For example, the magnitude of angle BAC is denoted by A, and the length of side BC is
denoted by a.

» The sine rule

The sine rule is used to find unknown quantities in a triangle in the following two situations:
1 one side and two angles are given
2 two sides and a non-included angle are given.

In the first case, the triangle is uniquely defined up to congruence. In the second case, there
may be two triangles.

Sine rule
B
For triangle ABC: c a
a b c A
5 C

sinA _sinB _ sinC
Proof We will give a proof for acute-angled triangles. The proof for obtuse-angled triangles

is similar.

In triangle ACD:

inA = 2
s b

h=bsinA
In triangle BCD:

sinB =

IS

asinB = bsinA
a b
sinA  sinB

i.e.

Similarly, starting with a perpendicular from A to BC would give
b ¢
sinB  sinC

Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
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1B The sine and cosine rules 15

Example 10

Use the sine rule to find the length of AB. B
70°
c
31°
4 10 cm ¢
Solution
c 10
sin31° ~ sin70°

_ 10sin31°

~ sin70°

=5.4809...

The length of AB is 5.48 cm, correct to two decimal places.

Example 11

Use the sine rule to find the magnitude of angle XZY, Z

given that Y = 25°, y = 5and z = 6. 5cm DN
- 6 cm Y
Solution
Z
5 6
sin25°  sinZ
sinZ  sin25° 149.53¢
6 - 5 5cm
GinZ = 6sin 25°
> X 6 cm Y
=0.5071...

Z=30473...)° or Z=(180-30473...)°

Hence Z = 30.47° or Z = 149.53°, correct to two decimal places.

Notes:

m Remember that sin(180 — 0)° = sin(0°).

m When you are given two sides and a non-included angle, you must consider the possibility
that there are two such triangles. An angle found using the sine rule is possible if the sum
of the given angle and the found angle is less than 180°.

Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
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16 Chapter 1: Preliminary topics

» The cosine rule

The cosine rule can be used to find unknown quantities in a triangle in the following two
situations:

1 two sides and the included angle are given

2 three sides are given.

In each case, the triangle is uniquely defined up to congruence.

Cosine rule
For triangle ABC: B
2 _ 3 A ¢ .
a - =b"+c¢" —2bccosA
A b C
or equivalently
b’ + 2 - a?
A= ———
cos be

The symmetrical results also hold:
m b?*=a*+c*—2accos B

B =d>+b*>-2abcosC

Proof We will give a proof for acute-angled triangles. The proof for obtuse-angled triangles

is similar.
In triangle ACD:
X
A=—
cos A
x=bcosA

Using Pythagoras’ theorem in triangles ACD
and BCD:

b =X+

a=c-x>+n

Expanding gives
a=ct=2ex+ x>+ 1
=c? = 2cx+ b (as b* = x> + h?)
a* = b* +c? = 2bccos A (asx =bcosA)

Example 12

. . . B
For triangle ABC, find the length of AB in centimetres correct to
two decimal places. - Scm
A 10 cm
Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
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1B The sine and cosine rules 17

Solution
2 =52+10>-2x5x 10cos 67°
=85.9268.. ..
c=9.269...

The length of AB is 9.27 cm, correct to two decimal places.

Example 13

B
For triangle ABC, find the magnitude of angle ABC |
) & i 2 cm
correct to two decimal places.
C
= 15 cm -
Solution
a*+c2-b?
cosB= ——
2ac
B 122 + 6% — 152
C 2x12x6
=-0.3125
B =(108.2099...)°
The magnitude of angle ABC is 108.21°, correct to two decimal places.
Example 14
A
In AABC, /CAB = 82°, AC = 12 cm and AB = 15 cm.
82°
Find correct to two decimal places: 12 cm 15 cm
a BC
b /ACB C —m B
Solution
a Find BC using the cosine rule: b Find Z/ACB using the sine rule:
a® = b* +c? —2bccos A a _ ¢
) ) R sinA  sinC
=127+ 15 -2x 12X 15co0s 82
. csinA
= 144 + 225 — 360 cos 82° s sinC = P
= 3188976 B 158in820
a=17.8577... ~17.8577
Thus BC = a = 17.86 cm, correct to Thus ZACB = 56.28°, correct to two
two decimal places. decimal places.

Note: In part b, the angle C = 123.72° is also a solution to the equation, but it is discarded
as a possible answer because it is inconsistent with the given angle A = 82°.

Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
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18  Chapter 1: Preliminary topics 1B

=TT 16

skillsheet 4 p triangle ABC, /BAC = 73°, /ACB = 55° and AB = 10 cm. Find correct to two
Example 10 decimal places:

a BC b AC

Example 11| 2 In AABC, /ACB = 34°, AC = 8.5 cm and AB = 5.6 cm. Find correct to two decimal
places:

a the two possible values of ZABC (one acute and one obtuse)

b BC in each case.

Example 12| 3 In triangle ABC, /ABC = 58°, AB = 6.5 cm and BC = 8 cm. Find correct to two
decimal places:

a AC b /BCA

Example 13,14| 4 In AABC,AB =5cm, BC = 12 cm and AC = 10 cm. Find:
a the magnitude of ZABC, correct to two decimal places

b the magnitude of /BAC, correct to two decimal places.

5 The adjacent sides of a parallelogram are 9 cm and 11 cm. One of its angles is 67°.
Find the length of the longer diagonal, correct to two decimal places.

Example 14, 6 In AABC, L/ABC = 35°, AB = 10 cm and BC = 4.7 cm. Find correct to two decimal
places:

a AC b /ACB
7 In AABC, /ABC =45°, /ACB = 60° and AC = 12 cm. Find AB.
8 In APQR, /QPR =60°, PQ =2 cmand PR = 3 cm. Find QR.

9 In AABC, the angle ABC has magnitude 40°, AC = 20 cm and AB = 18 cm. Find the
distance BC correct to two decimal places.

10 In AABC, the angle ACB has magnitude 30°, AC = 10 cm and AB = 8 cm. Find the
/ distance BC using the cosine rule.

Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
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1C Circles 19

1C Circles

Q Consider a circle with centre at the origin and radius r. y
¢ If a point with coordinates (x, y) lies on the circle, then P(x,y)
Pythagoras’ theorem gives !
/
| >
¥ +y =/ 04 =

The converse is also true. That is, a point with coordinates (x, y)
such that x> + y?> = 72 lies on the circle.

Cartesian equation of a circle

The circle with centre (4, k) and radius r is the graph of the equation
(x-h’+(-k*=r

Note: This circle is obtained from the circle with equation x*> + y* = r by the translation
defined by (x,y) = (x + h,y + k).

Sketch the graph of the circle with centre (-2, 5) and radius 2, and state the Cartesian
equation for this circle.

Solution ¥
The equation is
x+22+@-52 =4 7
which may also be written as S
P4y +4x—10y+25=0 3
A @ > X

The equation x* + y* + 4x — 10y + 25 = 0 can be ‘unsimplified’ by completing the square:
x2+y2+4x— 10y+25=0
X +4x+4+y* 10y +25+25=29
(x+27+(-57=4
This suggests a general form of the equation of a circle:
X +y +Dx+Ey+F=0

Completing the square gives

>+ D +D2+2+E +E2+F D+ E
X X+ — — =
g Y TRy 4
, ( +D)2+( +E)2 D> + E> —4F
ie. X+ = -] =
2) TV 4
Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
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m If D> + E?> — 4F > 0, then this equation represents a circle.

m If D’ + E? — 4F = 0, then this equation represents one point (

m If D> + E?> — 4F < 0, then this equation has no representation in the Cartesian plane.

Example 16

Sketch the graph of x*> + y> + 4x + 6y — 12 = 0. State the coordinates of the centre and

the radius.

Solution

Complete the square in both x and y:

P+ +4x+6y-12=0
P +4x+4+y?+6y+9-12=13
x+2°+@+3)?=25

The circle has centre (-2, —3) and radius 5.

Example 17

Sketch a graph of the region of the plane such that x> + y?> < 9 and x > 1.

Solution

... [_Jrequired region

Exercise i@

1C
-3 +1\21
0 \2 *
-3-121

1 For each of the following, find the equation of the circle with the given centre

3); radius 1
-5); radius 5

b centre (-3,4); radius 5
d centre (3,0); radius V2

2 Find the radius and the coordinates of the centre of the circle with equation:

4x—-6y+12=0

Example 15

and radius:

a centre (2,

c centre (0,
Example 16

a x’>+y*+

c X*+y?-3x=0

Cambridge Senior Maths AC

Specialist Mathematics Year 12
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b x>»+y-2x-4y+1=0

d X>+y>+4x-10y+25=0
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1C 1D Ellipses and hyperbolas 21

3 Sketch the graph of each of the following:

a2 +2y’+x+y=0 b x>’+y’+3x-4y=6
¢ X>+y>+8x—10y+16=0 d X?+y>-8x-10y+16=0
e 2x2+2)2 -8x+5y+10=0 f 327 +3)% + 6x -9y =100

example 17| 4  For each of the following, sketch the graph of the specified region of the plane:

a x>+y’<16 b x>+y>>9
Cc (x-22+(y-27%<4 d (x-32+(y+2)?>>16
e X>+y’<l6andx<?2 f x>+y?<9andy> -1

5 The points (8,4) and (2, 2) are the ends of a diameter of a circle. Find the coordinates of
the centre and the radius of the circle.

6 Find the equation of the circle with centre (2, —3) that touches the x-axis.
7 Find the equation of the circle that passes through (3, 1), (8,2) and (2, 6).
8 Consider the circles with equations

4% + 4y —60x— 76y +536 =0 and x*>+y>—10x—14y+49=0

a Find the radius and the coordinates of the centre of each circle.

b Find the coordinates of the points of intersection of the two circles.

9 Find the coordinates of the points of intersection of the circle with equation x* +y? = 25
and the line with equation:

‘/ ay=ux b y=2x

1D Ellipses and hyperbolas

Ellipses and hyperbolas will arise in our study of vector calculus in Chapter 16. In this
Q section, we sketch the graphs of these curves from their Cartesian equations.

e
[

Q Ellipses
# For positive constants a and b, the curve with equation
2 2
X
— 4+ y_ =1
a’>  b?

is obtained from the unit circle x> + y*> = 1 by applying the following dilations:

m adilation of factor a from the y-axis, i.e. (x,y) — (ax,y)
m adilation of factor b from the x-axis, i.e. (x,y) — (x, by).

The result is the transformation (x,y) — (ax, by).

Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
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22 Chapter 1: Preliminary topics

L (x ) (ax, y) A (x, y) = (x, by) b
1 ~  a

_1QJ1 !_/a O/a

The curve with equation

x2 y2

a2+ﬁ=1

is an ellipse centred at the origin with x-axis intercepts at (—a, 0) and (a, 0) and with y-axis
intercepts at (0, —b) and (0, b).

If a = b, then the ellipse is a circle centred at the origin with radius a.

22 X2 2
Ellipse prii o 1 wherea > b Ellipse 2ty = 1 where b > a
Y
A b|B
Bl|b
A'/_ _\ A A A4 _
_ag_/ “ ) - 0 a )
B -b
-b|B
AA’ is the major axis AA’ is the minor axis
BB’ is the minor axis BB’ is the major axis
Cartesian equation of an ellipse y
The graph of the equation A (h, k+b)
(x=m>  G-k* _
Z T !
is an ellipse with centre (&, k). It is (h—a, k) < s (h, k) (h+a, k)
obtained from the ellipse
2 2
x_2+y_:1 (h, k—D) .
a’>  b? ()
by the translation (x,y) — (x + A,y + k).
Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
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Example 18

Sketch the graph of each of the following ellipses. Give the coordinates of the centre and

1D Ellipses and hyperbolas

23

the axis intercepts.
2y 23
- — =1 — — =1
2977y TS
-2 2 -3 2
P C ) ) d 32 +24x+)2+36 =0
9 16
Solution

a Centre (0,0)
Axis intercepts (+3,0) and (0, £2)

b Centre (0,0)
Axis intercepts (2, 0) and (0, £3)

y y
A A
3
/E\
_3¥_O/ J ~ -2 0 2 )
-2
-3
¢ Centre (2,3) ¥
y-axis intercepts A
4 (y—3) 2.7
When x = 0: §+(y163) =1 NG
3+ TS\
-3 _5 2.3)
6 9 L3 (5.3)
(37 = 16%5 3—4_f\\
=7 > X
) 3N [o"24 3V
45 | @y 4
y=3+ ’
x-axis intercepts
x-2?2 9
Wh =0: — =1
eny 9 16
@2 1
9 16
9x7
—_ ="
(x-2) T
2+ 3V
X=242x ——
4
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24 Chapter 1: Preliminary topics

d Completing the square:
3x2 +24x+y*+36=0
3 +8x+16)+y* +36-48 =0
3x+4)2 +yP =12
+4)2 4?2
(x+4) L2

RAN
€ 1 12

Centre (-4, 0)
Axis intercepts (—6,0) and (-2, 0)

Given an equation of the form

AX* +ByY? +Cx+Ey+F=0

(-4, 2\3)

(=6,0)| (-4,0) [(=2,0)

(-4, -2V3)

where both A and B are positive, the corresponding graph is an ellipse or a point. If A = B,
then the graph is a circle. In some cases, as for the circle, no pairs (x, y) will satisfy the

equation.
» Hyperbolas
The curve with equation
2y _,
a b
is a hyperbola centred at the origin with axis intercepts (a, 0) and (—a, 0).
b b
The hyperbola has asymptotes y = —xand y = ——x.
a a
To see why this should be the case, we rearrange the
equation of the hyperbola as follows:
PRR _,
a2 b
32 B 2
e !
7= ﬁ(l . a_z)
a? x2
)
As x — +oo0, we have - - 0 and therefore
X
b*x?
H —
y 2
. bx
ie. y—> £—
a
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1D Ellipses and hyperbolas 25

Cartesian equation of a hyperbola
The graph of the equation

(x=h? (=k? _

@

is a hyperbola with centre (h, k). The asymptotes are

1

b
y—k=x—(x—-h)
a

2 2
Note: This hyperbola is obtained from the hyperbola with equation S | by the

a’>  b?
translation defined by (x,y) — (x + h,y + k).

Example 19
(e—)

For each of the following equations, sketch the graph of the corresponding hyperbola.

Give the coordinates of the centre, the axis intercepts and the equations of the asymptotes.
2y 2 2

y X
2 oL =1 b —-=—=1
2973 9 2
—1)? +2)2
C x-12—(@+22=1 VA C )
4 9
Solution
2 2
a Sincex——y—=1,wehave ¥
9 4 A
2
yzzﬁ(l_%) __zx _2
9 X S y_ 3 y_gx -~

Thus the equations of the asymptotes are y = +

X. S~ |-~

W N
/
/
/
/
/
/
\
\
\
\
\
\
\
\
Y

If y = 0, then x> = 9 and so x = +3. The x-axis
intercepts are (3,0) and (-3, 0). The centre is (0, 0). - -

2 D)
b Since % - xz = 1, we have

0x2 4
2

-2 (4 _)
Y 4 ( +x2

3
Thus the equations of the asymptotes are y = iix.

The y-axis intercepts are (0, 3) and (0, —3).
The centre is (0, 0).
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¢ First sketch the graph of x> — y?> = 1. The asymptotes y
are y = x and y = —x. The centre is (0, 0) and the axis A
intercepts are (1,0) and (-1, 0).

Note: This is called a rectangular hyperbola, as its
asymptotes are perpendicular.

Now to sketch the graph of
x-12-@+2?%=1

we apply the translation (x,y) — (x + 1,y — 2).

The new centre is (1, —2) and the asymptotes
have equations y + 2 = +=(x — 1). That is,
y=x—-3andy=-x-1.

AXxis intercepts

If x =0, theny = -2.

Ify =0, then (x— 1)> = 5Sand sox = 1 + V5.
Therefore the axis intercepts are (0, —2)

and (1 + V/5,0).

- 1) +2)? 2 2
G ) ) - (x 9 ) = 1 is obtained from the hyperbola% —% =1

through the translation (x,y) — (x — 2,y + 1). Its centre will be (-2, 1).

d The graph of

y y
A A 7
0.2 = 23|
~32 / S Ty =12 ()c-|-2)2:1
2 2 R g 2, 1)< 4 9
FE -7 . ( /)/ ~_|0 -
4 9 //// \\\ -~ \\\
P S e (=) S
g 0,-2) ™ 5 _2.1
2V13
The axis intercepts are (0, 1+ \2_)
oo 2y
Note: The hyperbolas T 9" 1 and 5 1" 1 have the same asymptotes; they are
called conjugate hyperbolas.
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1D 1D Ellipses and hyperbolas 27

___ Exercise iy

skillsheet /9 Sketch the graph of each of the following. Label the axis intercepts and state the
Example 18 coordinates of the centre.
2y , )
a —+-—=1 b 25x* + 16y* = 400
9 " 16 e
(-4 -1 (-2
= 1 d 2 = 1
c 9 + T X+ 9
e 9x? +25y% — 54x — 100y = 44 f 9x? +25y? =225
g 5x°+9y? +20x— 18y - 16 =0 h 16x? +25y*> = 32x + 100y —284 =0
-2 2 -3 2
i(x4)+@9) =1 j 2 -2 +4(y— 12 =16

Example 19| 2  Sketch the graph of each of the following. Label the axis intercepts and give the
equations of the asymptotes.

2 2 2 2
a —-L - b L X
16 9 16 9
c -y =4 d 2x>-y* =4
e X’ —4y’ —4x-8y-16=0 f 9x% - 25y% — 90x + 150y = 225
_22 _72\2
g -2 -3 =1 h 4x>-8x-y*+2y=0
4 9
i 9x? = 16y% — 18x+ 32y — 151 = 0 i 2522 — 1652 = 400

1
3 Find the coordinates of the points of intersection of y = 7x with:

2

a -y =1 bxz+y2:1

2
4 Show that there is no intersection point of the line y = x+5 with the ellipse x> + )17 =1.

2y 2y
5 Find the points of intersection of the curves y + 9= 1 and 9 + il 1. Show that
the points of intersection are the vertices of a square.
2y
6 Find the coordinates of the points of intersection of T3 + 7% = 1 and the line with
equation Sx = 4y.
‘/ 7 On the one set of axes, sketch the graphs of x* + y> = 9 and x*> — y* = 9.
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1E Parametric equations

In Chapter 16, we will study motion along a curve. A parameter (usually 7 representing
time) will be used to help describe these curves. In this section, we give an introduction to
parametric equations of curves in the plane.

» The unit circle

The unit circle can be expressed in Cartesian form as { (x,y) : x*> + y> = 1}. We have seen in
Section 1A that the unit circle can also be expressed as

{(x,¥): x=cost and y = sint, for some € R}

The set notation is often omitted, and we can describe the unit circle by the equations
x=cost and y=sint forreR

These are the parametric equations for the unit circle.

We still obtain the entire unit circle if we restrict the values of ¢ to the interval [0, 27].
The following three diagrams illustrate the graphs obtained from the parametric equations
x = cost and y = sint for three different sets of values of 7.

1 € [0, 2] 1 € [0, 7] tepg]

A
1 1

A

1 O 1 0 1

A
A

-1

Y
=

» Circles

Parametric equations for a circle centred at the origin
The circle with centre the origin and radius a is described by the parametric equations
x=acost and y=asint

The entire circle is obtained by taking ¢ € [0, 27].

Note: To obtain the Cartesian equation, first rearrange the parametric equations as
X .
T _cost and 2 =sins
a a

Square and add these equations to obtain
2 2
X .
—+ y_2 =cos’t+sin*t =1
a a

This equation can be written as x> + y?> = a2, which is the Cartesian equation of the
circle with centre the origin and radius a.
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1E Parametric equations 29

The domain and range of the circle can be found from the parametric equations:
m Domain The range of the function with rule x = acost is [-a, a].
Hence the domain of the relation x> + y* = @ is [—a, al.

m Range The range of the function with rule y = asint is [—a, a].

Hence the range of the relation x> + y*> = a®

Example 20
(e—)

A circle is defined by the parametric equations

is [—a, a].

x=2+3cos® and y=1+3sin6 for06 € [0,2x]

Find the Cartesian equation of the circle, and state the domain and range of this relation.

Solution

Domain

The range of the function with rule x = 2 + 3 cos 0 is [—1, 5]. Hence the domain of the
corresponding Cartesian relation is [—1, 5].

Range

The range of the function with rule y = 1 + 3sin 0 is [-2,4]. Hence the range of the
corresponding Cartesian relation is [-2, 4].

Cartesian equation
Rewrite the parametric equations as

-2 -1
x3 =cosO and y—:sinﬂ

Square both sides of each of these equations and add:

(x=27 @y-17
9 T 9

ie. (x-22+@-1?=9

=cos’0 +sin’0 = 1

Parametric equations for a circle

The circle with centre (/, k) and radius a is described by the parametric equations
x=h+acost and y=k+asint

The entire circle is obtained by taking ¢ € [0, 27].

» Parametric equations in general
A parametric curve in the plane is defined by a pair of functions
x=f() and y=g()

The variable 7 is called the parameter. Each value of ¢ gives a point (f(7), g(¢)) in the plane.
The set of all such points will be a curve in the plane.
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30 Chapter 1: Preliminary topics

Note: If x = f(¢) and y = g(¢) are parametric equations for a curve C and you eliminate the
parameter ¢ between the two equations, then each point of the curve C lies on the curve
represented by the resulting Cartesian equation.

Example 21

A curve is defined parametrically by the equations
x=ar and y=2ar forteR

where a is a positive constant. Find:

a the Cartesian equation of the curve

b the equation of the line passing through the points where = 1 and t = -2
¢ the length of the chord joining the points where t = 1 and ¢ = -2.

Solution
a The second equation gives t = Zy_a' J:
Substitute this into the first equation: (a2, 2at)
2
x=at* =a (Zy_a)
y? 0 w
-<(3z)
_
4a
This can be written as y> = 4ax.
b Att=1, x=aandy = 2a. This is the point (a, 2a).
Att = -2, x = 4a and y = —4a. This is the point (4a, —4a).
The gradient of the line is
= 2a — (—4a) _ 6_(1
a—4a —3a
Therefore the equation of the line is
y—2a=-2(x—a)
which simplifies to y = —2x + 4a.
¢ The chord joining (a, 2a) and (4a, —4a) has length
V(@ -4a)? + (2a - (—4a))? = V9a2 + 3642
= V4542
=3V5a (since a > 0)
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1E Parametric equations 31

» Ellipses
Parametric equations for an ellipse .,
The ellipse with the Cartesian equation — + Z—z = 1 can be described by the parametric
a

equations
x=acost and y=bsint

The entire ellipse is obtained by taking ¢ € [0, 2].

Note: We can rearrange these parametric equations as
X .
T cost and 2 =sins
a b

Square and add these equations to obtain

2 2
X .
—2+y—2 =cos’t+sin’r =1
a b

The domain and range of the ellipse can be found from the parametric equations:

m Domain The range of the function with rule x = acost is [—a, a].
2 2

Hence the domain of the relation x_2 + % =1is[—a,a].
a

m Range The range of the function with rule y = bsint is [-b, b].
2 2

Hence the range of the relation il + LA 11is [-b, b].

a’>  b?
Find the Cartesian equation of the curve with parametric equations
x=3+3sint and y=2-2cost forreR
and describe the graph.
Solution

We can rearrange the two equations as

-3 9 —
x3 =sint and Ty:cost

Now square both sides of each equation and add:

(x=37 @2-y?
o T 1

=sin’r+cos’t =1

Since (2 — y)? = (y — 2)?, this equation can be written more neatly as

(x-3)? N 0-2?%
9 4
This is the equation of an ellipse with centre (3, 2) and axis intercepts at (3, 0) and (0, 2).

1
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32  Chapter 1: Preliminary topics

» Hyperbolas

In order to give parametric equations for hyperbolas, we will be using the secant function,
which is defined by

secH = if cos® #0

cos 0

The graphs of y = sec and y = cos 0

<

are shown here on the same set of axes. i {‘ i i U y=secH
The secant function is studied further in : : :
Chapter 3. i //1' \\i i / ™ y=cos 0
We will also use an alternative form of = /il__no E‘i\ pe ,'il3 - A >
the Pythagorean identity N i 2, 2i N ij
cos’O +sin’0 = 1 /\: | |
Dividing both sides by cos® 0 gives | | |
1 +tan’ 0 = sec’ O
We will use this identity in the form
sec’0 —tan’ 0 = 1
Parametric equations for a hyperbola )
The hyperbola with the Cartesian equation ;C—Z = z—z = 1 can be described by the

parametric equations

x=asect and y=btant forte(—g,g)u(g,%)

Note: We can rearrange these parametric equations as
X
— =sect and Y tant
a b

Square and subtract these equations to obtain

x2 2

az b?

The domain and range of the hyperbola can be determined from the parametric equations.

=sec’r—tan’r =1

m Domain There are two cases, giving the left and right branches of the hyperbola:

e Forre (—g, g), the range of the function with rule x = asect is [a, o).
The domain [a, co) gives the right branch of the hyperbola.
3
g, ;) the range of the function with rule x = asect is (-0, a].

The domain (—c0, a] gives the left branch of the hyperbola.

° Forte(

m Range For both sections of the domain, the range of the function with rule y = btantis R.
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1E Parametric equations 33

Example 23
(e—)

Find the Cartesian equation of the curve with parametric equations

T 3m
=3sect d =4tant forte(—,—
X sect and y an or (2, 2)
Describe the curve.
Solution

Rearrange the two equations:
X Y
—=sect and = =tant
3 4

Square both sides of each equation and subtract:

e 2 , ,
— ——=sec’t—tan"t =1
9 16
. . e
The Cartesian equation of the curve is 9 16" 1.

3
The range of the function with rule x = 3sec? forz € (g 7”) is (—o0, —3]. Hence the
domain for the graph is (—oo, —3].

The curve is the left branch of a hyperbola centred at the origin with x-axis intercept
4x

4
at (—3,0). The equations of the asymptotes are y = ?x and y = o

» Finding parametric equations for a curve

When converting from a Cartesian equation to a pair of parametric equations, there are many
different possible choices.

Example 24

Give parametric equations for each of the following:
a x>+y*=9
2 2

X y o
b 16+4 =1
(x-1* (y+1)?
_ =1
S 4
Solution

a One possible solution is x = 3cost and y = 3 sint for 7 € [0, 2mx].
Another solution is x = —3 cos(2¢) and y = 3 sin(2¢) for ¢ € [0, t].

Yet another solution is x = 3sint and y = 3cos ¢ fort € R.
b One solution is x = 4 costand y = 2 sin+.

¢ One solutionis x — 1 =3sectandy+ 1 = 2tant.
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34  Chapter 1: Preliminary topics

Using the TI-Nspire
= Open a Graphs application ((6} on) > New Document > Add Graphs).

m Use > Graph Entry/Edit > Parametric to show the entry line for parametric
equations.

m Enter x1(¢) = 2 cos(3¢) and y1(¢) = 2 sin(3¢) as shown.

-6.67 3.3
Using the Casio ClassPad
m Open the Graph & Table application Eﬁ o). @ Edit Zoom Analysis x|

|

x1(£)=2c0s(3)
7(2)=2sin(32)
05¢£6.28 tstep=0.12

A
33%y

1

10

oyt
nyt

{xl(r)-l cos(l !)

y1(e)=2 sin(3 1)

m From the toolbar, select Type > ParamType.

& File Edit

m Use the keyboard to enter the equations as

yt1:0

xt2:0

x=Type
Inequality
ShadeType |

(Type] +

=z y=Type

shown on the right.

m Tick the box and tap [4].
m Use [€9] to adjust the window.
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___ Exercise jl

skillsheet /4 Find the Cartesian equation of the curve with parametric equations x = 2 cos(3¢) and

Example 20 y = 2sin(3¢), and determine the domain and range of the corresponding relation.

Example21| 2 A curve is defined parametrically by the equations x = 47> and y = 8t for ¢ € R. Find:
a the Cartesian equation of the curve
b the equation of the line passing through the points where ¢ = 1 and r = —1
c the length of the chord joining the points where # = 1 and ¢ = 3.

example22| 3  Find the Cartesian equation of the curve with parametric equations x = 2 + 3 sin ¢ and
y=3—-2costfort € R, and describe the graph.

example23| 4  Find the Cartesian equation of the curve with parametric equations x = 2 sec t and
m 3m .
y =3tant fort € (5, 7), and describe the curve.

5 Find the corresponding Cartesian equation for each pair of parametric equations:

a x =4cos(2t) and y = 4sin(2¢) b x=2sin(2r) and y = 2cos(2r)
¢ x=4cost and y = 3sint d x=4sint and y = 3cost
e x=2tan(2r) and y = 3sec(2r) fx=1-tand y=£*-4
1
gx:t+2andy:; h x=-1and y=¢+1

1 1
i x=t——- and y:2(t+—)
t t

6 For each of the following pairs of parametric equations, determine the Cartesian
equation of the curve and sketch its graph:

n 3w
a x=sect, y=tant, t € (5 7) b x=3cos(2t), y=—4sin(2t)
. . T w
c x=3-3cost, y=2+2sint d x=3sint, y=4cost, te€ [—5 5]
e x=sect, y=tant, 1€ (—E E)
1) y 1) 2$ 2
T 3%
f x=1-sec(20), y=1+tan(2f), t € (Z’ T)
7 A circle is defined by the parametric equations
x=2cos(2t) and y=-2sin(2t) forreR
4n
a Find the coordinates of the point P on the circle where ¢ = 3
b Find the equation of the tangent to the circle at P.
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Example24| 8 Give parametric equations corresponding to each of the following:

2 2
a X+’ =16 -5 =!
12 2
C -1+ (+22=9 d (x91) +(y-;3) =9

9 A circle has centre (1, 3) and radius 2. If parametric equations for this circle are
X =a+bcos(2nt) and y = ¢ + d sin(2mt), where a, b, ¢ and d are positive constants,
state the values of a, b, ¢ and d.

10 An ellipse has x-axis intercepts (—4, 0) and (4, 0) and y-axis intercepts (0, 3) and (0, —3).
State a possible pair of parametric equations for this ellipse.

11 The circle with parametric equations x = 2 cos(2¢) and y = 2 sin(2¢) is dilated by a
factor of 3 from the x-axis. For the image curve, state:
a apossible pair of parametric equations

b the Cartesian equation.

12 The ellipse with parametric equations x = 3 -2 cos(%) andy =4+3 sin(%) is translated
3 units in the negative direction of the x-axis and 2 units in the negative direction of
the y-axis. For the image curve, state:
a apossible pair of parametric equations

b the Cartesian equation.

13 Sketch the graph of the curve with parametric equations x = 2 + 3 sin(27t¢) and
y =4+ 2 cos(2mt) for:

a tef0,1] b re0,1] c te0,3]

R

For each of these graphs, state the domain and range.
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Chapter summary

. Triangles 3
AS| m Labelling triangles
e Interior angles are denoted by uppercase letters. /\
e The length of the side opposite an angle is denoted by A 5 C
the corresponding lowercase letter.
m Sine rule B

For triangle ABC: %
C
a b c A

sinA sinB sinC

m Cosine rule B
For triangle ABC: A
C
a* =b* + ¢* —2bccos A A b
b*+ - d?
A= ————
cos T

The symmetrical results also hold:
b* = a® + ¢* = 2accos B
¢ =a +b* —2abcosC
Circles
m The circle with centre at the origin and radius a has Cartesian equation x> + y> = a?

m The circle with centre (h, k) and radius a has equation (x — h? +(y—k)? = a?

Ellipses
22
m The curve with equation — + i 1 is an ellipse centred at the origin with axis intercepts
a
(#a,0) and (0, +b).
y
a>b ¥ b>a A

> X
—-a 0

\
b
A/— \A A’ A
a a
_—b/

-b|B

2 2
(x h)+(y k)

m The curve with equation s 2

= 1 is an ellipse with centre (h, k).

A
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Hyperbolas
22
m The curve with equation i 1 is a hyperbola
centred at the origin.

o The axis intercepts are (+a, 0).

o The asymptotes have equations y = +—x.

ISERS

m The curve with equation

— h)? - k)?
& 5 ) - i) = 1 is a hyperbola with centre (4, k). The
a

b2
asymptotes have equations y — k = Z(x —h)yandy—k = —Z(x — h).
Parametric equations
m A parametric curve in the plane is defined by a pair of functions
x=f@) and y=g()
where 7 is called the parameter of the curve.

m Parameterisations of familiar curves:

Cartesian equation Parametric equations
Circle 2 +y? =a? x=acost and y=asint
: oy .
Ellipse = + e 1 x=acost and y=bsint
2
Hyperbola i 1 x=asect and y=btant

Note: To obtain the entire circle or the entire ellipse using these parametric equations,
it suffices to take ¢ € [0, 2m].
m Translations of parametric curves: The circle with equation (x — h)> + (y — k)> = a® can

also be described by the parametric equations x = h+ acostandy = k + asint.

Short-answer questions

1 a Find sin0°. b Find x.

X cm
6° 30°

2 a Find the exact value of cos 315°.

3
b Given that tan x° = 1 and 180 < x < 270, find the exact value of cos x°.

V ¢ Find an angle A° (with A # 330) such that sin A° = sin 330°.
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3 Write down the equation of the ellipse shown.

2,7

4 ABC is a horizontal right-angled triangle with the right angle P
at B. The point P is 3 cm directly above B. The length of AB
is 1 cm and the length of BC is 1 cm. Find the angle that the
triangle AC P makes with the horizontal.
L —°¢
A
5 a Solve2cos2x+m)—1=0for—mt < x<m.
b Sketch the graph of y = 2 cos(2x + m) — 1 for —xt < x < m, clearly labelling the axis
intercepts.
¢ Solve 2cos(2x+m) < 1 for—-m < x < 7.

6 Two ships sail from port at the same time. One sails 24 nautical miles due east in
3 hours, and the other sails 33 nautical miles on a bearing of 030° in the same time.

a How far apart are the ships 3 hours after leaving port?

b How far apart would they be in 5 hours if they maintained the same bearings and
constant speed?

7 Find x.

8 Anairport A is 480 km due east of airport B. A pilot flies on a bearing of 225° from A
to C and then on a bearing of 315° from C to B.

a Make a sketch of the situation.
b Determine how far the pilot flies from A to C.
¢ Determine the total distance the pilot flies.
(-2
5 =
10 A curve is defined by the parametric equations x = 3 cos(2¢) + 4 and y = sin(2¢) — 6.

15.

9 Find the equations of the asymptotes of the hyperbola with rule x> —

Give the Cartesian equation of the curve.
11 A curve is defined by the parametric equations x = 2 cos(st¢) and y = 2 sin(sr) + 2.

Give the Cartesian equation of the curve. ‘
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12 a Sketch the graphs of y = —2cosx and y = -2 cos(x - g) on the same set of axes,
for x € [0, 2m].
T

b Solve -2 cos(x - Z) =0 for x € [0, 2m]. ¢ Solve —2cos x < 0 for x € [0, 27].

13 Find all angles 0 with 0 < 6 < 27, where:

V3

1
asinezz bcosB:T c tan0 =1

14 A circle has centre (1, 2) and radius 3. If parametric equations for this circle are
X =a+bcos(2nt) and y = ¢ + d sin(2mt), where a, b, ¢ and d are positive constants,
state the values of a, b, ¢ and d.

15 Find the centre and radius of the circle with equation x*> + 8x + y> — 12y + 3 = 0.

2 2

/ 16 Find the x- and y-axis intercepts of the ellipse with equation ;—1 + % = 1.
Multiple-choice questions
1 If2cosx® — V2 = 0, then the value of the acute angle x° is
A 30° B 60° C 45° D 25° E 27.5°
2 The equation of the graph shown is y
A y-= sin(2(x - g)) 1“

B y= cos(x + g) . /\ /\

: : . —> X
C y = sin(2x) / W Yn
D y=-2sin(x) _1

7
E ='(+—)
y =sin(x 1

2
3 The exact value of the expression sin(?n) X cos(g) X tan(g) is
1 1 2
A — B — C £ D ﬁ E none of these
V2 V3 g 2
51
4 In atriangle ABC,a =30,b =21 and cos C = 53 The value of ¢ to the nearest whole
number is
A9 B 10 C 11 D 81 E 129
5 Foratriangle ABC, if A = 45°, B = 105° and a = 1, then ¢ equals
1 3 1
— B hE] C — D 2V2 E V2
V2 V2 2V2
6 The coordinates of the centre of the circle with equation x> — 8x + y> — 2y = 8 are
' A (-8,-2) B (8,2) C (-4,-1) D 41 E (1,4)
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7 The equation of the graph shown is

A (x+2)° B i _ 1
27 108
_ 92 2
B (x-27 »y _ 1
9 34
C (x +2)? 3 i _
81 324
D (x = 2)? B i _
81 324
g0 Y,
9 36 y
8 Which of the following pairs of parametric equations
describes the parabola shown? -1,1)
A x=t y=¢ B x=t y=+t 0 X
Cx=r y=t D x=-1% y=t

‘/ E x=t y=-1

Extended-response questions

1 a Find the values of 4, y, z, w and x.

b Hence deduce exact values for sin 15°, cos 15°
and tan 15°.

¢ Find the exact values of sin 75°, cos 75° and tan 75°.

2 A hiker walks from point A on a bearing of 010° for 5 km and then on a bearing of 075°
for 7 km to reach point B.
a Find the length of AB.
b Find the bearing of B from the start point A.
A second hiker walks from point A on a bearing of 080° for 4 km to a point P, and then
walks in a straight line to B.
c i Find the total distance travelled by the second hiker.
ii Find the bearing on which the hiker must travel in order to reach B from P.
A third hiker also walks from point A on a bearing of 080° and continues on that

bearing until he reaches point C. He then turns and walks towards B. In doing so, the
two legs of the journey are of equal length.

d Find the total distance travelled by the third hiker to reach B. ‘
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42  Chapter 1: Preliminary topics
2 +3 2
3 Anellipse is defined by the rule % + O 5 ) =
a Find:

i the domain of the relation

1.

ii the range of the relation

iii the centre of the ellipse.

—h 2 —k 2
An ellipse E is given by the rule & 5 ) + b 2 ) = 1. The domain of E is [—1, 3]
a

and its range is [—1, 5].

b Find the values of a, b, h and k.

The line y = x — 2 intersects the ellipse E at A(1,—1) and at P.

¢ Find the coordinates of the point P.

A line perpendicular to the line y = x — 2 is drawn at P. This line intersects the y-axis at
the point Q.

d Find the coordinates of Q.

e Find the equation of the circle through A, P and Q.

4 a Show that the circle with equation x> + y? — 2ax — 2ay + a®> = 0 touches both the

x-axis and the y-axis.

b Show that every circle that touches both the x-axis and the y-axis has an equation of
a similar form.

¢ Hence show that there are exactly two circles that pass through the point (2, 4) and
just touch the x-axis and the y-axis, and give their equations.

d For each of these two circles, state the coordinates of the centre and give the radius.

e For each circle, find the gradient of the line which passes through the centre and the
point (2,4).

f For each circle, find the equation of the tangent to the circle at the point (2,4).

5 A circle is defined by the parametric equations x = acost and y = asintz. Let P be the

point with coordinates (a cost, asin ).

a Find the equation of the straight line which passes through the origin and the
point P.

b State the coordinates, in terms of 7, of the other point of intersection of the circle
with the straight line through the origin and P.

¢ Find the equation of the tangent to the circle at the point P.

d Find the coordinates of the points of intersection A and B of the tangent with the
x-axis and the y-axis respectively.

e Find the area of triangle OAB in terms of 7 if 0 < ¢ < g Find the value of ¢ for
which the area of this triangle is a minimum.

6 The perimeter of a triangle ABC is L metres. Find the area of the triangle in terms of L
and the triangle’s angles o, 3 and y.
' \/ Hint: Let AB = x. Using the sine rule, first find the other side lengths in terms of x.
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» Composite and
inverse functions

To understand the modulus function y = |x|.

To sketch graphs of functions with rules of the form y = [f(x)| and y = f(|x]).
To define and use composite functions.

To decide whether or not a given function is one-to-one.

To find the inverse of a one-to-one function.

vVvyVvyvVYyYVvyy

To understand the relationship between the graph of a one-to-one function and the
graph of its inverse.

In this chapter, we build on your study of functions from Mathematical Methods. We focus
on three topics that will be used throughout the rest of the book.

The modulus function

The modulus function is useful in many contexts. For example, it enables us to talk about the
distance between two points on the real number line. We will use the modulus function in our
study of integration and differential equations. We will also generalise the modulus function
to both vectors and complex numbers.

Composition of functions

An understanding of composition allows us to view a complicated function as a combination
of two simpler functions. We will use composition when applying the chain rule for
differentiation, which in turn will be applied to the study of related rates.

Inverse functions

An understanding of inverse functions is very useful when solving equations. In the
next chapter, you will meet the inverse circular functions, which will later be applied
in integration.
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44 Chapter 2: Composite and inverse functions

2A The modulus function

The modulus or absolute value of a real number x is denoted by |x| and is defined by

X ifx>0
x| = ,
—x ifx<0

It may also be defined as |x| = V2. For example: |5| = 5 and |-5] = 5.

Evaluate each of the following:

ail|-3x2 il |-3] x[2|
-4 -4
b i ' 5 ’ i o]
ci|-6+2 il |-6] + 2|
Solution
ail|-3x2=|-6=6 il |-3|x2|=3%x2=6 Note: |[-3 x 2| = |-3| x |2|
|4 44 4| _ -4
b |_‘:_2:2 H_2_, Nt;H:_
i > [-2] i 2] > ote 5 2]
ci|-6+2|=|-4=4 ii |-6|+2|=6+2=238 Note: |-6 + 2| # |-6] + |2]

Properties of the modulus function

m |ab| = |a||b| and

al _lal
-5
|x| = @ implies x = a or x = —a

la + b| < |al + |b|

If a and b are both positive or both negative, then |a + b| = |a| + |b|.

If a > 0, then |x| < a is equivalent to —a < x < a.

Ifa > 0, then |x — k| < ais equivalent to k —a < x < k + a.

» The modulus function as a measure of distance

Consider two points A and B on a number line:

a

o A

SRSy

On a number line, the distance between points A and Bis |a — b| = |b — al.

Thus |x — 2| < 3 can be read as ‘on the number line, the distance of x from 2 is less than or
equal to 3’, and |x| < 3 can be read as ‘on the number line, the distance of x from the origin is
less than or equal to 3’. Note that |x| < 3 is equivalent to =3 < x < 3 or x € [-3,3].
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» The graph of y = |x| Y

2A The modulus function 45

Illustrate each of the following sets on a number line and represent the sets using interval

notation:

a {x:|x <4} b {x:|x]>4} c {x:|lx—1]<4}

Solution

a (—4,4) T T T T T T T T T

b (—c0,—4]U[4, ) ——

¢ [-3,5] . D S e —

The graph of the function f: R = R,
f(x) = |x| is shown here.

L1 (1,1

This graph is symmetric about the y-axis,

since |x| = |—x]. > X

For each of the following functions, sketch the graph and state the range:
a f(x)=|x-3+1 b f(x)=-x-3]+1

Solution
Note that|a —b|=a—-bifa>b,and|la—b|=b—aif b > a.
y
x—=3+1 ifx>3 A
a f=|x=-3l+1=
3—x+1 ifx<3
Cx-2 ifx=3 0, 4)
4—-—x ifx<3 G, 1) o
Range = [1, o) (0
—(x=3)+1 ifx>3
b f(x)=-x-3]+1= (x=3) Y
-B-x)+1 ifx<3 A
{—x 44 ifx>3
L - G, D
24+4x ifx<3 P o
Range = (—oo, 1] o2 4
/10,-2)
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46  Chapter 2: Composite and inverse functions

Using the TI-Nspire
m Use > Actions > Define to define the
function f(x) = abs(x —3) + 1. Define fx)=lx-3/+1 Done

Note: The absolute value function can be
obtained by typing abs() or using the
2D-template palette ().

= Open a Graphs application ((ctrl)( 1) >
Graphs) and let f1(x) = f(x).

m Press to obtain the graph.

Note: The expression abs(x — 3) + 1 could have i

been entered directly for f1(x). 10 ' & T
£1(x)=1{x)

-6.67

Using the Casio ClassPad

Main .
m In g, enter the expression |x — 3| + 1. © Edit Action Interactive

Note: To obtain the absolute value function, either

abs(x-3)+1

choose abs( from the catalog (as shown below)

or select [1m] from the keyboard. D

catalog [ [AlB|c|/D[E[F[»
Advance‘anv | Form

Number :' Al |v
a2
|abExpR
abExpRe;

INPUT ?
|absExpand ( 6
_aCoef 5|

A acSeq EXE

X
1234567891011

m Tap to open the graph window. o
m Highlight |x — 3| + 1 and drag into the graph window. | B [ O |
m Select Zoom > Initialize or use [¢4] to adjust the

window manually.

Note: Alternatively, the function can be graphed using the Graph & Table application.
Enter the expression in y1, tick the box and tap [+
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2A The modulus function 47

» Functions with rules of the form y = |f(x)] and y = f(|x])

If the graph of y = f(x) is known, then we can sketch the graph of y = | f(x)| using the
following observation:

lfol = f)if f(x) 20 and  |f(x)] = —f(x) if f(x) <O

Example 4
(e— )

Sketch the graph of each of the following:

ay=|x*-4 b y=]2-1]
Solution
a y b y
A A
y=1
- P > X
= @l 2 __.-="0
S /// et | P
S |-~ y:_l

The graph of y = x*> — 4 is drawn and the The graph of y = 2* — 1 is drawn and the
negative part reflected in the x-axis. negative part reflected in the x-axis.

The graph of y = f(|x|), for x € R, is sketched by reflecting the graph of y = f(x), for x > 0,
in the y-axis.

=== | Sketch the graph of each of the following:

a y=|xP -2 b y=2W
Solution
a v b v
A A
\
\
\
\
\
‘\
\ 1
\ —
» X = m===—=——-oT > X
-2 0 2 0
The graph of y = x> — 2x, x > 0, is The graph of y = 2*, x > 0, is reflected in
reflected in the y-axis. the y-axis.
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T eercise B

Skillsheet » 1 Evaluate each of the following:
Example 1 a |-5/+3 b |=5] + |-3] c |-5|-1-3]
d |-5/-|-3]-4 e -5 |-3| - |-4| f =50+ 1-3) - |-4|

2 Solve each of the following equations for x:
alx—11=2 b 2x-31=4 c [5x-3]=9 d [x-3-9=0
e 3-x=4 f 3x+4]=8 g I5x+111=9

example2| 3  For each of the following, illustrate the set on a number line and represent the set using
interval notation:

a {x:|x <3} b {x:|x>5} c {x:|x=-2|<1}
d {x:|x-2| <3} e {x:|x+3/=>25} f{x:|x+2/<1}

example 3| 4  For each of the following functions, sketch the graph and state the range:
a f)=hx-4+1 b f(x)=—-lx+3+2
¢ f=lx+4-1 d f(x)=2-|x-1]

5 Solve each of the following inequalities, giving your answer using set notation:
a {x:|x <5} b {x:|x>2} c {x:2x-3]<1}
d {x:[5x-2| <3} e {x:|-x+3|>7} f{x:|-x+2/<1}

6 Solve each of the following for x:

a|x—4-|x+2/=6 b 2x-5-14-x=10 c 2x—-1/+14-2x/ =10

example 4| 7  Sketch the graph of each of the following:
ay=|x2-9 b y=13"-3 y=|x2—x—-12|
d y=|x*-3x-40| e y=[x*-2x-§ fy=2"-4

(o]

example 5/ 8  Sketch the graph of each of the following:
a y=|x>-4x b y=3M y = x> =7x| + 12
dy=x—|x-12 e y=|x+x-12 fy=-3"+1

(9]

9 If f(x) =|x—al +bwith f(3) = 3 and f(—1) = 3, find the values of a and b.
10 Prove that |x — y| < |x| + [y
11 Prove that x| — [y| < |x —y|.

\/ 12 Prove that [x + y +z| < [x] + [y| + |z].
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2B Composite functions

A function may be considered to be similar to a
machine for which the input (domain) is processed
to produce an output (range). For example, the
diagram on the right represents an ‘ f-machine’

2B Composite functions 49

E’INP ur

f-machine

:]—»@ OUTPUT

where f(x) = 3x + 2. f3)=3x3+2=11

With many processes, more than one machine
operation is required to produce an output.

Suppose an output is the result of one E’I NPUT

function being applied after another.

For example: f(x) =3x+2 f-machine

followed by  g(x) = x*

f3)=3x3+2=11

This is illustrated on the right.

A new function % is formed. The rule
for his h(x) = Bx +2)%.

The diagram shows f(3) = 11 and then g(11) = 121.
This may be written:

h(3) = g(f(3)) = g(11) = 121

g-machine

oUTPUT

g(1)=112=121

The new function £ is said to be the composition of g with f. This is written 7 = g o f
(read ‘composition of f followed by g’) and the rule for 4 is given by h(x) = g(f(x)).

In the example we have considered:

h(x) = g(f(x)) = gBx +2) = Bx +2)’

Note: For any function f, we denote the domain of f by dom f and the range of f by ran f.

Composite function

In general, for functions f and g such that
ran f C dom g
we define the composite function of g with f by
g0 f(x) = g(f(x)
dom(g o f) = dom f S

domain of f

X
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50  Chapter 2: Composite and inverse functions

Example 6
(e—)

Find both f o g and g o f, stating the domain and range of each, where:
f:R-R, f(x) =2x—1 and g:R - R, g(x) = 3x*

Solution
To determine the existence of a composite function, it is SerEi Range
useful to form a table of domains and ranges. p R R* U (0)
We see that f o g is defined since ran g C dom f, and f R R
that g o f is defined since ran f C dom g.
foglx) = f(g(x) go f(x) =g(f(x)
= f(3x%) =g2x-1)
=2(3x%) - 1 =3Q2x - 1)
= 6x* - 1 = 122* - 12x+ 3
dom(fog)=domg =R dom(g o f) =dom f =R
ran(f o g) = [-1, ) ran(g o f) = [0, )
Note: It can be seen from this example that in general f o g # go f.
Using the TI-Nspire
m Define f(x) = 2x — 1 and g(x) = 3x°. JEER> Ra0 L1
m The rules for f o g and g o f can now be Define f(x)=2- x-1 Pore |
found using f(g(x)) and g(f(x)). — Bore
() Six2eq
) 3 (2:x-1)2
Using the Casio ClassPad
m Define f(x) = 2x — 1 and g(x) = 3x°. & Edit Action Interactive
m The rules for f o g and g o f can now be found L2 IJ‘?UﬁﬁHISiHWI"_‘VI 'I*f? I v ]L
using f(g(x)) and g(f(x)). Define f(x)=2+x-1 A
done
Define g(x)=3-x2
done
f(g(x))
6ex2-1
8(F(x)) |
3-(2-x-1) 2
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2B Composite functions 51

For the functions g(x) = 2x — 1, x € R, and f(x) = vx, x > 0:
a State which of f o g and g o f is defined.

b For the composite function that is defined, state the domain and rule.

Solution
a Range of f C domain of g Domain Range
R f in of
ange of ¢ £ domain of f . R R
Thus g o f is defined, but f o g is not defined. f R* U {0} R* U {0}

b go f(x) =g(f(x))
= g(Vx)
=2Vx-1
dom(g o f) = dom f = R* U {0}

For the functions f(x) = x> — 1, x € R, and g(x) = vx, x > 0:
a State why g o f is not defined.
b Define a restriction f* of f such that g o f* is defined, and find g o f*.

Solution
a Range of f ¢ domain of g Domain Range
Thus g o f is not defined. R [=1, c0)

g R* U {0} R* U {0}

b For g o f* to be defined, we need range of f* C domain of g, i.e. range of f* C R* U {0}.

For the range of f™* to be a subset of R* U {0}, the y

domain of f must be restricted to a subset of A

{x:x<-1}U{x:x>1}=R\(-1,1) y =fx)
So we define f* by \ / i

FURVELD SR, =21 —IQ/I B

Then  go f*(x) = g(f*(x) -1
=g(x* - 1)
=Vx2 -1

dom(g o f*) = dom f* =R\ (-1, 1)
The composite functionis go f*: R\ (=1,1) > R, go f*(x) = Vxz -1
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52  Chapter 2: Composite and inverse functions 2B

____ Exercise Pl

Skillsheet » 1 For each of the following, find f(g(x)) and g(f(x)):

Example 6 a f(x)=2x—-1, gx) =2x b f(x)=4x+1, glx) =2x+1
c f(x)=2x—-1, glx)=2x-3 d f(x)=2x-1, gx) =x*
e fx)=2x*+1, gx)=x-5 f f(x)=2x+1, gx) = x*

2 For the functions f(x) = 2x — 1 and A(x) = 3x + 2, find:

a foh(x) b h(f(x)) c foh(2) d ho f(2)
e f(h3)) f a(f(=1)) g [foh0)
3 For the functions f(x) = x> + 2x and A(x) = 3x + 1, find:
a foh(x) b ho f(x) c foh(Q3)
d ho f(3) e foh) f ho f(0)

1
4  For the functions i: R\ {0} = R, h(x) = = and g: R* - R, g(x) = 3x + 2, find:
x

a hog (state rule and domain) b goh (state rule and domain)
c hog(l) d goh(l)

example7| 5 Consider the functions f: R = R, f(x) = x> —4 and g: R* U {0} — R, g(x) = Vx.
a State the ranges of f and g. b Find f o g, stating its range.
¢ Explain why g o f does not exist.

6 Let f and g be functions given by

11 |
FERAO =R S0 =5(3+1) s RV SR g 5

a Find f o g and state its range.
b Find g o f and state its range.

7 The functions f and g are defined by f: R = R, f(x) = x> =2 and g: [0,00) = R,
g(x) = Vx.

a Explain why g o f does not exist. b Find f o g and sketch its graph.

Examples] 8 f:(-00,3] >R, f(x)=3-xandg: R >R, g(x)=x>-1
a Show that f o g is not defined.
b Define a restriction g* of g such that f o g* is defined and find f o g*.

1
9 fR*">SR f(x)=x2andg:R—->R,gx)=3—-x
a Show that f o g is not defined.

b By suitably restricting the domain of g, obtain a function g; such that f o g is
defined.
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2B 2C One-to-one functions 53

10 Letf:R >R, f(x) = x*and let g: (=o0,3] = R, g(x) = V3 — x. State with reasons
whether:

a f o gexists b go fexists.

11 Letf: S — R, f(x) = V4 — x2, where S is the set of all real values of x for which f(x)
is defined. Let g: R — R, where g(x) = x> + 1.

a Find S.
b Find the range of f and the range of g.

c State whether or not f o g and g o f are defined and give a reason for each assertion.

12 Letabe a positive number, let f: [2,00) > R, f(x) =a—xandletg: (—o0,1] - R,
g(x) = x*> + a. Find all values of a for which both f o g and g o f exist.

13 For each of the following, find the two composite functions f o g and g o f, and sketch
their graphs:
a f=4-x gk =[x b f(x)=9-x" gx) =

1
v ¢ rRUOP =R f) = 2. g: RA{0} = R, g(x) = |

2C One-to-one functions

One-to-one function

A function is said to be one-to-one if different x-values map to different y-values.

That is, a function f is one-to-one if a # b implies f(a) # f(b), for all a, b € dom f.

An equivalent way to say this is that a function f is one-to-one if f(a) = f(b) implies a = b,
for all a,b € dom f. The function f(x) = 2x + 1 is one-to-one because

fla)=f(b) = 2a+1=2b+1
= 2a=2b
= a=b

The function f(x) = x? is not one-to-one as, for example, f(3) = 9 = f(-3).

Which of the following functions are one-to-one?

a f={2,-3),4,7),(6,6),(8,10)} b g=1{(1,4),(2,5).3,4),47N}
Solution
a The function f is one-to-one, as the b The function g is not one-to-one, as the
second coordinates of the ordered pairs second coordinates of the ordered pairs
are all different. are not all different: g(1) = 4 = g(3).
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54 Chapter 2: Composite and inverse functions 2C

The vertical-line test can be used to determine whether a relation is a function or not.
Similarly, there is a geometric test that determines whether a function is one-to-one or not.

Horizontal-line test

If a horizontal line can be drawn anywhere on the graph of a function and it only ever
intersects the graph a maximum of once, then the function is one-to-one.

Example 10

Which of the following functions are one-to-one?

1
ay=x by=x cy=-
X
Solution
a not one-to-one b one-to-one C one-to-one
y
" A
A 9
y=x
y=x3
> > X s > X o

A function that is not one-to-one is many-to-one.

Exercise pie

example 9| 1 State which of the following functions are one-to-one:
a {(2,3),3.4),(5,4).(4,6)}
b {(1,2),(2,3),(3,4),(4,6)}
c {(7,-3),(11,5),(6,4),(17,-6), (12, -4)}
d {(-1,-2),(-2,-2),(=3,4),(-6,7)}

Example 10, 2  State which of the following functions are one-to-one:

a{(xy:y=x>+2) b {(x,y):y=2x+4} c fx)=2-x*

1
dy=x% x>1 ey=—,x#0 fy=@x-1)»
X
g f(x)=5 h f(x)=vV2-x, x<2 i y=12-x
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2C 2D Inverse functions 55

3 Each of the following is the graph of a function. State which are the graph of a
one-to-one function.
a v b v c v

A

4 a Draw the graphof g: R - R, g(x) = x> + 2.
b By restricting the domain of g, form two one-to-one functions that have the same

‘/ rule as g.

2D Inverse functions

If f is a one-to-one function, then for each number y in the range of f there is exactly one
a number x in the domain of f such that f(x) = y.

Thus if f is a one-to-one function, then a new function f~!, called the inverse of f, may be
defined by:

f'x)=yif f(y)=x, forxeranfandy e dom f

Note: The function f~! is also a one-to one function, and f is the inverse of f~!.

It is not difficult to see what the relation between f and
7! means geometrically. The point (x, y) is on the graph
of f~! if the point (y, x) is on the graph of f. Therefore to
get the graph of f~! from the graph of f, the graph of f is
to be reflected in the line y = x.

From this the following is evident:

dom f~' =ran f
ran f~! = dom f
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56  Chapter 2: Composite and inverse functions

A function has an inverse function if and only if it is one-to-one. Using the notation for
composition we can write:

fof'(x)=x, forall xedom/f!

flo f(x)=x, forallxedom f

Example 11

Find the inverse function f~! of the function f(x) = 2x — 3.

Solution
Method 1 Method 2

The graph of f has equation y = 2x—3 and ~ We require f~! such that
the graph of f~! has equation x = 2y — 3, FF) = x
that is, x and y are interchanged.

2 ) —3=x
Solve for y: ) = %(x +3)
x=2y-3 Thus £~'(x) = L(x+ 3) and
x+3=2y dom f~! =ran f = R.
y= %(x +3)

Thus f~'(x) = 3(x + 3) and
dom f~! =ran f = R.

Find the inverse of each of the following functions, stating the domain and range for each:

a f:[-2,1] >R, f(x)=2x+3 bg(x)zs1 , x>5
—-x
c hx)=x*-2, x>1
Solution
a f:[-2,1]-R, f(x) =2x+3 y
ran f~! = dom f = [~2, 1] A

(1,5)
dom f~! =ran f = [-1,5] /
Let y = 2x + 3. Interchange x and y: y=f(x) 3
x=2y+3
> X

x—=3=2 _2;/3 _0 i

-3 |
_x-3 (2, -1)
=7
x—3
SN -L51 R, ) =
2
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1
5o x>5 y
rang”' = domg = (5, o)

b g(x)=

domg™' =rang = (-0,0)

1
Lety= S Interchange x and y:
- X
X =

S-y=

‘ -

N = | = W

y:

ol

1
gl (0,00 5 R, g7 (x) =5~
X

c h(x) =x2-2, x>1 %

ranh~' = dom#h = [1, ) A
domh™! =ranh = [-1, c0) y=h(x)

Let y = x?> — 2. Interchange x and y:
x=y'-2
y2 =x+2
y=+Vx+2
Shl[-1,00) 5 R AN (X)) = Ve +2 % 1/ > X
(1,-1)

The positive square root is taken because of the

known range.

» Graphing inverse functions

The transformation which reflects each point in the plane in the line y = x can be described
as ‘interchanging the x- and y-coordinates of each point in the plane’ and can be written as
(x,¥) = (v, x). This is read as ‘the ordered pair (x, y) is mapped to the ordered pair (y, x)’.

Reflecting the graph of a function in the line y = x produces the graph of its inverse relation.

Note that the image in the graph below is not a function.

y

A (x, »)

/\ >» X > X
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If the function is one-to-one, then the image is the graph of a function. (This is because, if the
function satisfies the horizontal-line test, then its reflection will satisfy the vertical-line test.)

1
=== | Find the inverse of the function f: R\ {0} — R, f(x) = — + 3 and sketch both functions on

one set of axes, showing the points of intersection of the graphs.

Solution
We use method 2.

Let x € dom f~! = ran f. Then

[ @) =x
1
f—‘l(x) +3=x
o
lw
1
[ = 3
The inverse function is
1
FUARABI-R, o) =
x—3

The graphs of f and f~! are shown opposite.
The two graphs intersect when

[0 =f"(x)

1 1

—+3=

x+ x—3
3 -9x—-3=0
X=3x-1=0

x=13-V13)orx=13+VI3)

The points of intersection are

(13-V13),13-V13)) and 13+ VI3),13+ V13))

Note: In this example, the points of intersection of y

>

>

N
N

the graphs of y = f(x) and y = f~!(x) can
also be found by solving either f(x) = x or e
f~1(x) = x, rather than the more complicated .
equation f(x) = f~'(x). e
However, there can be points of intersection )
of the graphs of y = f(x) and y = f~!(x) that 7
do not lie on the line y = x, as shown in the ’

diagram opposite. e
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2D Inverse functions 59

Example 14

Find the inverse of the function with rule f(x) = 3Vx + 2 + 4 and sketch both functions on
one set of axes.
Solution

Consider x = 34/y + 2 + 4 and solve for y: ¥
A V= INx+2+4

x;4: ,—y+2 /

,
,
z——
7
,
’
,
,

yz(x;4)2_2 (0,3€+\4)A:/

- x—4)\? ,//
fl(x)z( . ) —2 (_2,4)/,,
4 %,—» X
The domain of f~! equals the range of f. Thus _. 0 (:1 -2)
y=x7 > X —4\2
} o (14 A O
) SR, f (x):( - )—2 3
Using the TI-Nspire
m First find the rule for the inverse of y = 3Vx + 2 + 4 by solving the equation
x=34y+2+4fory. ) g 5
m Insert a Graphs page and enter f1(x) =3Vx+2+4, f2(x) = % - g ) x>4
and f3(x) = x.
solve(x-Z- \/;/Ewky) e ’;=3 Jx+_2+4
)/-'\'——8—"(—3 and x-420
9
18.4 “ : 2 s 40
- : ym{————= x24
! 9 9 9
=142

Note: To change the graph label to y =, place the cursor on the plot, press >
Attributes, arrow down to the Label Style and select the desired style using the
arrow keys. The Attributes menu can also be used to change the Line Style.

Using the Casio ClassPad

To find the rule for the inverse of f(x) = 3Vx + 2 + 4: & Edit Action Interactive

05 fax= | o
oy Jaxel | Sivp

e

m In \M/% enter and highlight x = 34/y + 2 + 4.
solve (x=3-Yy+2+4, y)

[ _ﬁ_g_g}
Y=g 79 9

m Select Interactive > Equation/Inequality > solve
and set the variable as y. Then tap OK.
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60  Chapter 2: Composite and inverse functions

To graph the inverse of f(x) = 3Vx+2 +4:

m In @5;;?.“ , enter the rule for the function f in y1. — . :
Tick the b d Sheet1 |Sheet2 |Sheet3 |Sheetd [Sheets| |
m Tick the box and tap |44 Byi=3-/x32+4 —0
m Use @ to adjust the window view. [y2:0 ‘
= To graph the inverse function f~!, select Analysis E"S: ;
(ya:0
> Sketch > Inverse. i—"‘ :
[Jv¥5:0
(Jy6:0 o
[(ly7:0 ol
28tY

24
20
16
12

7
Y A R e
x=3+(y+2) " (1/2)+4 E3ES

Example 15

+4 +4
Express al in the form 4 + c. Hence find the inverse of the function f(x) = al .
x+1 x+b x+1

Sketch both functions on the one set of axes.

Solution
x+4 3+x+1 3 +x+1_ 3 N
x+1  x+1  x+1 x+1 =x+1
. 3
Consider x = —— + 1 and solve for y:
y+1
o= —
y+1
3
+1=
Y x—1
— 3 —
y_x—l
The range of f is R \ {1} and thus the inverse
function is
3
FURV) SR, = —-1

x—1
Note: The graph of f~! is obtained by reflecting the graph of f in the line y = x.
The two graphs meet where

3
x+1

+1=x, x#-1

i.e. where x = +2. Thus the two graphs meet at the points (2,2) and (-2, —2).
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Example 16

1

Let f be the function given by f(x) = — for x € R\ {0}. Define a suitable restriction g
5

of f such that g~! exists, and find g

Solution
The function f is not one-to-one. Therefore the ¥
inverse function f~! is not defined. The following A

restrictions of f are one-to-one:
1

f1:(0,00) > R, fi(x) = 2 Range of f; = (0, o)
1 > X

i (=0,0) - R, fo(x) = ) Range of f;, = (0, o) 0}

Let g be f and determine f” I

Using method 2, we require fl‘1 such that ¥
fl(fl_l(x)) =X
1
Trdlond
(f1 (x))
1
-1
X)=+—
i () Vs
Butran f;! = dom f; = (0, c0) and so
1
-1
X)=—
i () N

1
As dom f;! =ran f; = (0, ), the inverse function is f;': (0,00) = R, f;'(x) = T
X
Summary of inverse functions

m If £ is a one-to-one function, then a new function f~!, called the inverse of f, may be
defined by

flx)=yif f(y)=x, forxeranf, yedomf

dom f~! =ran f

ran f~! = dom f

fo fl(x) = x, for all x € dom f~!

f~'o f(x) = x, for all x € dom f

The point (x, y) is on the graph of f~! if and only
if the point (y, x) is on the graph of f. Thus the
graph of f~! is the reflection of the graph of f in

the line y = x.
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62  Chapter 2: Composite and inverse functions 2D

____ Exercise Py

skillsheet » 1 Find the inverse function f~! of the function:
Example 11 a f(x)=2x+3 b f(x)=4-3x
c f(x)=4x+3

2 For each of the following, find the rule for the inverse:

a f:R->R, f(x)=x-4 b f:R->R, f(x)=2x

cf:ReR,f(x):%Tx df:R—>R,f(x)z3x4_2
example 12| 3 For each of the following functions, find the inverse and state its domain and range:

a f:[-2,6] >R, f(x) =2x—-4 bg(x)=91x,x>9

c h(x)=x*>+2, x>0 d f:[-3,6] o R, f(x) =5x-2

e g:(l,00) >R, g(x)=x*—1 f h:RY > R, h(x) = Vx

4 Consider the function g: [-1,00) — R, g(x) = x> + 2x.

a Find g7!, stating the domain and range.
b Sketch the graph of g='.

1
example 13| 5  Find the inverse of the function f: R \ {0} — R, f(x) = — — 3. Sketch both functions on
X

one set of axes, showing the points of intersection of the graphs.
6 Letf:[0,3] =R, f(x) =3 —2x. Find f~'(2) and the domain of f~'.

7 For each of the following functions, find the inverse and state its domain and range:

a f:[-1,3]1 >R, f(x) =2x b f:[0,00) = R, f(x) =2x*> -4
c {(1,6),(2,4),(3,8),(5,11)} d h:R™ - R, h(x) =vV=x

e f1R-R f(x)y=x+1 fg:(-1,3) >R, gx)=(x+1)?
g g [1,o) >R, gx)=Vx—1 h h:[0,2] > R, h(x) = V4 — x2

example 14| 8 For each of the following functions, sketch the graph of the function and on the same
set of axes sketch the graph of the inverse function. For each of the functions, state the
rule, domain and range of the inverse. It is advisable to draw in the line with equation
y = x for each set of axes.

3
ay=2xc+4 b f(x) = 2x
c f:[2,0) >R, f(x) = (x —2)? d f:[l,00) 5 R, f(x) = (x—1)?
1
ef:(—00,2]—>R,f(x)=(x—2)2 f f:R" >R, f(x)=-
X
1 1
gf:R*aR,f(x):; hh(x):E(x—4)
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2D 2D Inverse functions 63

9 Find the inverse function of each of the following, and sketch the graph of the inverse

function:
a f:RTU0} >R, f(x)=+x+2 b f:R\{3}—>R,f(x)=x13
c 12,8 >R, f(x)=Vx—-2+4 d f:R\{Z}aR,f(x)=x32+1

ef:R\{l}ﬂR,f(x):i—l f fi(—0,2]1>R, f(x)=V2-x+1

x—1

example 15| 10  Find the rule for the inverse of each of the following functions:

a SR\ - R o= 200 b f:[2.0) = R f(x) = V=2
2 3
¢ fiR\(Z) o R, f(x) = 3&2

11 Copy each of the following graphs and on the same set of axes draw the inverse of each
of the corresponding functions:

a y by <y
A A A
3.3) (3,4) N
2
> X
©,0) =X @10 o 3
> > X
01
d e v f v
A A A
3
. (1.1)
ol /i ~
3 o " -y |00
—4
8 y h y
A ] A
1
1
1
1
1
1
i —
> X > X
0 2 o
i
1
1
i
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64  Chapter 2: Composite and inverse functions 2D

12 Match each of the graphs of a, b, ¢ and d with its inverse.

a y b y
A
0 ~ 0 '
A A
1
i I D oy
1
i . 5 /_> X
_1: 0
1
1
1
1
1
1
A y B y
A i [
1
1
1
1
1
1
_/ [ e 0 > X
0 ! N
1
1
1
1
'x=1
C y D y
A A
> X
(0]
0 > X y=-1

13 a Letf: A — R, f(x) = V3 — x. If A is the set of all real values of x for which f(x) is
defined, find A.
Example 16 b Letg: [h,2] = R, g(x) = 1 — x%. If b is the smallest real number such that g has an
inverse function, find » and g~!(x).

14 Letg: [b,0) — R, where g(x) = x> + 4x. If b is the smallest real number such that g
has an inverse function, find b and g~'(x).
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2D 2D Inverse functions 65

15 Let f: (—o0,a) — R, where f(x) = x> — 6x. If a is the largest real number such that f
has an inverse function, find a and f~'(x).

16 For each of the following functions, find the inverse function and state its domain:

ag(x)=% b gx)=Vx+2-4 c h(x)=2—-+x
df(X):;'l‘l eh(x):5—ﬁ fg(x): 3+2
- (x— D3

17 For each of the following, copy the graph onto a grid and sketch the graph of the inverse
on the same set of axes. In each case, state whether the inverse is or is not a function.

a y b ’
A A
31 3
24 24
1+ 1A
73 RIS SR
9
3
C y d y
A A
3 - 34
27 2- /
14 14
—— ————Y X O+—F———F—F——>X
_3_2_10123A 1l 123456
2 -2
-3 -3
€ y
A
3_
2_
1_

+3
18 Let f: S — R be given by f(x) = ;—l,whereS — R\ (L),
x—
a Show that f o f is defined.

b Find f o f(x) and sketch the graph of f o f.
‘/ ¢ Write down the inverse of f.
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2E Further composite and inverse functions

In this section, we consider further examples of composite and inverse functions. We use

the natural exponential and logarithm functions y = ¢* and y = In x, which are introduced in

Mathematical Methods Year 12. Therefore you may wish to wait until later in the course to

complete this section.

Example 17

Let f(x) = sin x and g(x) = |x].
a Find the rules for fogand go f.

b Sketch the graphs of y = f o g(x) and y = g o f(x) for x € [-27, 27t], and state the range

of each of these composite functions.

Solution
a fogx)=f(gk) go f(x) =g(f(x)
= fxl) = g(sin x)
= sin(|x|) = |sin x|
b y y
: y = |sin x| A
y=sin (|x|) 17
-2n 21
> X
(0]
—1 : > x
Range =[-1, 1] 21 0 2
Range = [0, 1]

Example 18

Let f(x) = Inx and g(x) = |x|.

a i State the maximal domain for g such that f o g exists.
ii State the maximal domain for f such that g o f exists.

b Find the rules for f o gand g o f.

c Sketch the graphs of y = fo g(x)and y = g o f(x).

Solution

a i For f o g to exist, the range of g must be a subset of the domain of f.
The maximal domain of f is R*, so f o g(x) is defined for x € R \ {0}.
Hence the maximal domain of f o gis R\ {0}.

ii For g o f to exist, the range of f must be a subset of the domain of g.
The maximal domain of g is R, so g o f(x) is defined for x € R*.
Hence the maximal domain of g o f is R*.
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2E Further composite and inverse functions 67/

b fogx) = f(g(x) = f(x]) = In|x]| go f(x)=g(f(x)) = g(lnx) = [Inx|
c y y
A A y=|nx|
y=Inlx|
> X
-1 0 1
> X
0 1

It can sometimes be helpful to express a given function as the composition of two simpler
functions. This will be used for differentiation in Chapter 10.

Example 19

Express each of the following as the composition of two functions:

a h(x)= e b h(x) = sin|x] c hx)=(x*-2)", neN

Solution

a h(x)=e* b Ah(x) = sin|x| c h(x)=(x*-2)", neN
Choose f(x) = x? Choose f(x) = |x| Choose f(x) = x> =2
and g(x) = e". and g(x) = sin x. and g(x) = x".
Then h(x) = g o f(x). Then h(x) = g o f(x). Then h(x) = g o f(x).

Note: These are not the only possible answers, but the ‘natural’ choices have been made.

Example 20

1
Let f(x) = ¢** and let g(x) = — for x € R*. Find:
Vx

a f! b ¢! c fog dgof e (fog! f (gof)!

Solution
1 1
a f'x)==Inx, xeR* b ¢g'x)=-, xeR*
2 X
1 2 b 1
¢ fog@= (=)=, xeR? d gof(¥) =g =—, xeR
e 1
e For(fog)™!,letx=e¥. Then f For(go f)!, letx = —.- Then
e
2 1
Inx=— e =-
VY X
2 2 1
y:(—) y=ln(—):—lnx
In x X
2 2
(fopy'w=(=), xe ) (g0 fy'(x) = —Inx, xeR*
X
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68  Chapter 2: Composite and inverse functions 2E

______ Exercise Pl

Skillsheet » 1 Let g(x) = |x|. For each of the following functions f:

Example 17,18 i Find the rules f o g(x) and g o f(x).
ii Find the range of y = f o g(x) and y = g o f(x) (and state the maximal domain for
each of the composite functions to exist).

a f(x) =3sin(2x) b f(x) = -2cos(2x)

c f(x)=¢" d fx)=e*-1

e f(x)y=-2¢"-1 f f(x) =1nQ2x)

g f(x)=In(x-1) h f(x)=-Inx
Example 19| 2  Express each of the following as the composition of two functions:

a h(x)=e" b h(x) = cos|2x|

c h(x) = (x> = 2x)" where n € N d A(x) = cos(x?)

e h(x) =cos®x f hx)=x>-1*

g h(x) = In(x?) h h(x) = |cos(2x)]

i h(x) = (2 —2x)° —2(x? = 2x)

2
Example20] 3 Let f(x) = 4¢>* and let g(x) = ? for x € R\ {0}. Find:
VX

a f! b ¢! c fog
dgof e (fog! f (go !

4 The functions f and g are defined by f: R — R, f(x) = ¢* and g: R* — R,
g(x) = 2+/x. Find each of the following:

a go f(x) b (o' ¢ fog ')

5 The functions f and g are defined by f: R = R, f(x) = e > and g: R — R,
g(x) = x>+ 1.
a Find the inverse function of each of these functions.
b Find the rules f o g(x) and g o f(x) and state the range of each of these composite
functions.

1
6 The function f is defined by f: (-1,0) = R, f(x) = —.

x+1
a Find f".
b Solve the equation f(x) = f~!(x) for x.

7 The functions f and g are defined by f: (—1,0) = R, f(x) = In(x + 1) and
g: (=1,00) - R, g(x) = x> + 2x.
a Define f~! and g7!, giving their rules and domains.
b Find the rule for f o g.
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2E 2E Further composite and inverse functions 69

8 The functions f and g are defined by f: (0,00) = R, f(x) =Inxand g: (0,00) - R,
1
g(x) = —. Find f o g(x) and simplify f(x) + f o g(x).
X

9 The functions g and / are defined by g: R — R, g(x) = 5x*> + 3 and : [3,00) — R,

h(x) = + /365;3. Find h(g(x)).

10 For f(x) = 4 — x?, solve the equation f(f(x)) = 0 for x.

11 For f(x) = ¢* — ™", show that:

a f(=x)=-f(»
b [f()F = f(3x) = 3f(x)

12 The inverse function of the linear function f(x) = ax + b is f~'(x) = 6x + 3. Find the
values of @ and b.

2
13 Show that f = f~! for f(x) = %
-

14 Letg: R — R such that In(g(x)) = ax + b. Given that g(0) = 1 and g(1) = €%, find a

and b and hence find g(x).
X + —X
15 a Let f: [0,00) > R, f(x) = —- % Find f".
ef—e -1
b Letg: R >R, g(x) = . Find g'.

2

16 Let f and g be functions such that the composite g o f is defined.
a Prove that, if both f and g are one-to-one, then g o f is one-to-one.
b Prove that, if g o f is one-to-one, then f is one-to-one.

¢ Give an example of a pair of functions f: R — Rand g: R — R such that the

1<

composite g o f is one-to-one, but g is not one-to-one.
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Chapter summary

m The modulus or absolute value of a

@k

real number x is

L1

—x ifx<0

The modulus function Y

(I, D

X ifx>0
x| =

0
For example: |5| = 5 and [-5] = 5.

m On the number line, the distance between two numbers a and b is given by |a — b| = |b — al.
For example: |x — 2| < 5 can be read as ‘the distance of x from 2 is less than 5°.

Composition of functions

m The composition of function f followed by function g is denoted by g o f. The rule is

given by
go f(x) =g(f(x)

The domain of g o f is the domain of f. The composition g o f is defined only if the range

of f is a subset of the domain of g.

Inverse functions

m A function f is said to be one-to-one if a # b implies f(a) # f(b), for all a,b € dom f.

m If f is a one-to-one function, then a new function f~!, called the inverse of f, may be

defined by
flx)=yif f(y) =x, forxeranf, ye dom f

m For a one-to-one function f and its inverse £~
e dom ! =ranf
e ranf! =dom f

fo f'(x) = x, for all x € dom f~!

f o f(x)=x, forall x € dom f

Short-answer questions

The graph of f~! is the reflection of the graph of f in the line y = x.

1 State the value of each of the following without using the absolute value function in

your anSwer:

1
a |-9 b ‘—

400

1
2 a Letf:{x:|x[>100} > R, f(x) = —. State the range of f.
X

1
' b Let f:{x:|x/<0.1} - R, f(x) = —. State the range of f.
X
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3 Let f(x) = [x*> — 3x]. Solve the equation f(x) = x.

4 For each of the following, sketch the graph of y = f(x) and state the range of f:
a f:10,2n] - R, f(x) = 2|sin x| b f:R-R,f(x)=|x>—4x-3
¢ f:R-R, f(x)=3-|x*—4x|

5 For f(x) = 2x -3, find:
a{x:f(x)=17) b {x:f'x)=7)} c{x:L=7}

6 For f:[3,00) = R, f(x) =x*—1, find fL.

7 Letf: (—00,2] > R, f(x) = 3x — 4. On the one set of axes, sketch the graphs of
y=f(x)andy = f'(x).

8 Find the inverse of each of the following functions:
a f:R-R, f(x)=8x° b f:(-0,0] - R, f(x) =32x
c f:10,00) > R, f(x) = 64x° d f:(1,0) = R, f(x) =10 000x*

9 For f(x) = (x+3)> and g(x) = 2 — x>, find:
a fogx b go f(x) c goglx) d fof(x)

10 If the function f has rule f(x) = Vx2 — 9 and the function g has rule g(x) = x> — 1, find
the largest domain for g such that f o g is defined.

11 For the function & with rule A(x) = 2x° + 64, find the rule for the inverse function 4~!.

12 Find the inverse of the function with the rule f(x) = Vx — 2 + 4 and sketch both

functions on the one set of axes.
-2

13 Find the inverse of the function with the rule f(x) = XT
X

14 Let g(x) = cos x. For each of the following, write down a rule for the function f:

a fog(x)=VI+cosx b fog(x)=cos?x—cosx
‘/ ¢ fog(x)=3cos®x+2sin’ x — cos x

Multiple-choice questions

1 The graph of the function with rule y = |x] is reflected in the x-axis and then translated
4 units in the negative direction of the x-axis and 3 units in the negative direction of
the y-axis. The rule for the new function is

A y=|-x+4-3 B y=-|x—4/+3 Cy=—|x-3+4
D y=|-x—-4/+3 E y=—-|x+4]-3
2 The range of the function with rule y = —3|sin(2x)| + 3 is
A [0,3] B [0.6] C [-3.3] D [0.6] E [-3.6] A
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72 Chapter 2: Composite and inverse functions

1 1
3 For f(x) =2 — — and g(x) = ——, the composite function f o g has the rule
X X

+1
A fogx)=1-x B foglx)=x+1 C fogx)=3-x
2x+ 1 2x -1
D fog =" E fog)= T

4 For f(x)=2x-3, f\(x) =
A 2x+3 B ! +3 C ] +3 D ! E ] 3
x 2" ) 2x-3 2"

5 Which one of the following sets is a possible domain for the function with rule

f(x) = (x + 3)*> — 6 if the inverse function is to exist?

6 For which one of the following functions does an inverse function not exist?
A f:R->R, f(x)=2x—4 B g:[-4,4] >R, g(x) = V16 — x2
1 1
C h:[0,<><>)—>R,/1(X)=—§x2 D p:R* >R, px) = >
X
E ¢g:R—>R,gx)=2x-5 »
7 The graph of the function f is shown on the right. : A
I
1\ 2
Which one of the following is most likely to be the graph of |
the inverse function of f? i : X
) : o 2
| -2
!
B v C v
A . /
21 :k
L}
A==
1 27
—5 ; > X |
2 & ! .
_____ Lo o 5"
) i
21
:
E ¥
. A
i 24
I
B .
=24 2
1
=2
)
I
!

y
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8 Iff:(2,00) > R, f(x) = V2x + 3, then the inverse function is

10

11

12

13

v

2 _
A f-lz(«ﬁ,oo)ﬁR,f—l(x):xz > B [ (7,00 5 R, T (x) = §—3
2 2
C f 1 (Vi) 5 R, fl(x) = = ;3 D £ (7,00) >R, fl(x) = = . )
2 _
E f': (2,00 >R, fl(x) == . 2

1
Forg: R\ {3} = R, g(x) = o + 2, the domain and range of g~! are
X

B domg™' =R\ {-2}, rang™! =R\ {3}

A domg' =R\ {2}, rang™' =R\ {3
} D domg‘1 =R\ {3}, ralng‘1 =R\ {-2}

}
C domg™' =R\ {3}, rang ' =R\ {2}
E domg!' =R\ {-3}, rang™! =R\ {2}

3
Let g(x) = m — 2. The equations of the asymptotes of the inverse function g~! are
X
Ax=-2y=1 B x=-2,y=-1 Cx=1y=-2
D x=-1,y=-2 E x=2 y=-1

Which one of the following functions does not have an inverse function?

Af:[()?OO)_)va(x):(x_z)z Bf:R—)R,f(x):x3
C f:[-3.31 >R, f(x) = VO —x D f:R—R, f(x)=x3 +4

E f:R->R,f(x)=3x+7

Let f: [0,5] = R, f(x) = x*. For the rule g(x) = |x — 1] + 2, the maximal domain of g
such that the composite function f o g is defined is

A [-1,4] B [-1,6] C [-2,4] D [1,4] E [0,5]

For a one-to-one function g, if f(g(x)) = 2x, for all x € dom g, then the inverse of g is
given by

1 1
A g0 =2f(x) B g '(x)= 5/ Cgln= Ef_l(X)

1
D ¢g'(x) = Ex E g'(x)=2x

Extended-response questions

1

Cambridge Senior Maths AC

Consider the function with rule f(x) = |x> — ax|, where a is a positive constant.
a State the coordinates of the x-axis intercepts.

b State the coordinates of the y-axis intercept.

¢ Find the maximum value of the function in the interval [0, a].

d Find the possible values of a for which the point (-1, 4) lies on the graph
of y = f(x). A
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74 Chapter 2: Composite and inverse functions

2 Letf:R—Randg: R — R, where f(x) = x+ 1 and g(x) = 2 + x°.
a State why g o f exists and find g o f(x).
b State why (g o f)~! exists and find (g o £)~'(10).

24
3 Consider the function f: D — R with rule f(x) = o i 6, where D is the maximal
X
domain for this rule.
a Find D.

b Describe a sequence of transformations which, when applied to the graph of y =

b}

==

produces the graph of y = f(x). Specify the order in which these transformations are
to be applied.

¢ Find the coordinates of the points where the graph of f cuts the axes.

Letg: (-2,0) = R, g(x) = f(x).

d Find the rule for g~!, the inverse of g.

e Write down the domain of g

f Sketch the graphs of y = g(x) and y = g~!(x) on the one set of axes.

g Find the value(s) of x for which g(x) = x and hence the value(s) of x for which
g(x) =g ().

4 Consider the function f: D — R with rule f(x) =4 — 2V2x + 6, where D is the
maximal domain for this rule.
a Find D.
b Describe a sequence of transformations which, when applied to the graph of y = v/x,
produces the graph of y = f(x). Specify the order in which these transformations are

to be applied.

¢ Find the coordinates of the points where the graph of f cuts the axes.

d Find the rule for !, the inverse of f.

e Find the domain of f~'.

f Sketch the graphs of y = f(x) and y = f~'(x) on the one set of axes.

g Find the value(s) of x for which f(x) = x and hence the value(s) of x for which
f) = 1.

5 Consider the function g: D — R with rule g(x) = % + 6, where D is the

-4
maximal domain for this rule. (3x )

a Find D.

b Find the smallest value of a such that f: (a, ) — R, f(x) = g(x) is a one-to-one
function.

¢ Find the inverse function of f.

d Find the value of x for which f(x) = f~!(x).

e On the one set of axes, sketch the graphs of y = f(x) and y = f~!(x).

y
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50
6 a Sketch the curve with equation f(x) = ——, for x # 20.

20— x’
50x
b F = :
or §(x) 20 — x
. 1000
i Show that g(x) = —— — 50.
20— x

ii Sketch the graph of y = g(x).
iii Show that g(x) = 20f(x) — 50.
¢ Find the rule for the function g'.

ax+b
cx+d

—d
7 Letf:R\{—}—ﬂR,f(x)z
c
a Find the inverse function f~'.
b Find the inverse function when:
ia=3b=2¢c=3,d=1 iita=3,b=2,c¢c=2,d=-3
ifia=1,b=-1, c=-1, d=-1 iva=-1,b=1,c=1,d=1

¢ Determine the possible values of a, b, c and d if f = f~'.

8 The transformation with rule (x, y) — (y, x) is the reflection in the line y = x. When this
transformation is applied to the graph of a one-to-one function f, the image is the graph
of the inverse function f~!.

a For the graph of y = f(x), find the rule for the image of f, in terms of f~!'(x), for
each of the following sequences of transformations:
i m atranslation of 3 units in the positive direction of the x-axis
m a translation of 5 units in the positive direction of the y-axis

m areflection in the line y = x

ii m areflection in the line y = x
m a translation of 3 units in the positive direction of the x-axis

m a translation of 5 units in the positive direction of the y-axis

iii m adilation of factor 3 from the x-axis
m adilation of factor 5 from the y-axis
m areflection in the line y = x

iv m areflection in the line y = x
m adilation of factor 5 from the y-axis

m a dilation of factor 3 from the x-axis.

b Find the image of the graph of y = f(x), in terms of f~'(x), under the transformation
with rule (x,y) — (ay + b, cx + d), where a, b, ¢ and d are positive constants, and
‘/ describe this transformation in words.

X
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Circular functions

To understand the reciprocal circular functions cosecant, secant and cotangent.
To understand and apply the identities sec? 6 = 1 + tan? 0 and cosec? 6 = 1 + cot? 6.
To apply the compound angle formulas.

To apply the double angle formulas.

1 1

,cos~ " and tan™".

,cos™! and tan".

To understand the restricted circular functions and their inverses sin™

To understand the graphs of the inverse circular functions sin™"

vVvyVvyVvyYVYyYvVyyYy

To solve equations involving circular functions.

There are many interesting and useful relationships between the trigonometric functions.
The most fundamental is the Pythagorean identity:

sin A +cos’A = 1

Astronomy was the original motivation for these identities, many of which were discovered a
very long time ago.

For example, the following two results were discovered by the Indian mathematician
Bhaskara II in the twelfth century:

sin(A + B) = sinA cos B + cos A sin B

cos(A + B) = cosAcos B—sinAsin B
They are of great importance in many areas of mathematics, including calculus.

The sine, cosine and tangent functions are discussed in some detail in Section 1A. Several
new circular functions are introduced in this chapter.
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3A The reciprocal circular functions 77

3A The reciprocal circular functions

» The cosecant function: y = cosec6

The cosecant function is defined by

provided sin 0 # 0.

The graphs of y = cosec 0 and y = sin 6
are shown here on the same set of axes.

k: cosec 0

R
// y= Sin 0
U

L

//
%)
a
~
S
[\
a

Y

m Domain Assin0 = 0 when 6 = nm, n € Z, the domain of y = cosecOisR\ {nn:neZ}.

m Range The range of y = sin 0 is [—1, 1], so the range of y = cosec B is R \ (-1, 1).

®m Turning points The graph of y = sin 0 has turning points at 0 =

as does the graph of y = cosec 0.

2n+ Dm

, fi €7,
3 orn

m Asymptotes The graph of y = cosec 0 has vertical asymptotes with equations 0 = nu,

forn € Z.

» The secant function: y = sec6

The secant function is defined by

1
cos 0

secO =

provided cos 0 # 0.

The graphs of y = sec and y = cos 0
are shown here on the same set
of axes.

m Domain The domain of y = sec 0 is R\ {

—
> <

4
SN J/ v y=cos0
/ 0 N A} ‘e
R A= A /\3n 21
\ /, 2 2 \\ L
S 1 .2

m Range Therange of y =secOisR\ (-1, 1).

m Turning points The graph of y = sec 0 has turning points at 0 = ns, for n € Z.
2n+1

m Asymptotes The vertical asymptotes have equations 0 = @nt bm

,forneZ.

Since the graph of y = cos 0 is a translation of the graph of y = sin 0, the graph of y = sec 0 is

a translation of the graph of y = cosec 0, by 5 units in the negative direction of the 0-axis.
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78  Chapter 3: Circular functions

» The cotangent function: y = cot6

The cotangent function is defined by

cos 0
cotf =

sin O
provided sin 6 # 0.

Using the complementary properties
of sine and cosine, we have

T
(0=t (——e)
CcO an2

= - tan(n - (g - 9))

JT
— _tan(0 —)
an(0+ 3

21 >0

|
ol a

Therefore the graph of y = cot 6, shown above, is obtained from the graph of y = tan 6

by a translation of > units in the negative direction of the 0-axis and then a reflection in

the 0-axis.

m Domain Assin® = 0 when 6 = nrw, n € Z, the domainof y =cot8isR\ {nw:neZ}.

m Range The range of y = cot0 is R.

m Asymptotes The vertical asymptotes have equations 0 = n, for n € Z.

1
Note: cot® = —— provided cos0 # 0
tan 0

Sketch the graph of each of the following over the interval [0, 27t]:

a y = cosec(2x)

Solution

a The graph of y = cosec(2x)
is obtained from the graph of
y = cosec x by a dilation of factor %
from the y-axis.

The graph of y = sin(2x) is
also shown.
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b y= sec(x+ g)

c cot( n)
= x— —
Y 4

:v:y = cos¢c 2x

| | | °

| | I y=sin2x
: £l 17 -

|

|

1 N\ N (s
/ \ / v (4
ol \ 4 \ W
\\ II l\\ 42 'x
TN nmoo3m o 2
— /
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3A The reciprocal circular functions 79

b The graph of y = sec(x + g) is obtained from y
the graph of y = sec x by a translation of A
X units in the negative direction of the x-axis. : :
3 24 | | r, 2)
The y-axis intercept is sec(g) = 2, i i
1 |
T Tn | '
The asymptotes are x = s and x = r 0 : | : | .
T m It 2m
| |
—1- : 6 : 6
| |
| |
29 | :
| |
¢ The graph of y = cot(x - ;) is obtained from ¥
the graph of y = cot x by a translation of A i i
g units in the positive direction of the x-axis. i i
. | |
The y-axis intercept is cot(——) =-1. 11 | i
+ o| | |
5 I I
The asymptotes are x = il and x = —n. 14 :E RUAN :S_n TN
4 4 4 4 \14 4 (Qn-D)
3 7
The x-axis intercepts are Zn and Tn i i

For right-angled triangles, the reciprocal functions can be defined through ratios:

C
h h dj
cosec(x®) = P sec(x’) = ﬂ cot(x’) = 24
opp adj opp hyp
opp
xO
A ad] B
. C
In triangle ABC, LABC =90°, /CAB = x°, AB = 6 cm and
BC =5 cm. Find:
a AC 5
b the trigonometric ratios related to x° '\ .
A 6 B
Solution
a By Pythagoras’ theorem b sin(x°) > cos(x°) 6 tan(x°) >
, x°) = — x°) = — x°) ==
AC” =5"+6" =61 Vi Vi
61 61 6
AC = V61 cm cosec(x®) = < sec(x’) = < cot(x’) = 3
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» Useful properties

The symmetry properties established for sine, cosine and tangent can be used to establish the

following results:

sec(m— x) = —secx cosec(i — x) = cosec x cot(mm — x) = —cotx
sec(mm+ x) = —secx cosec( + x) = — cosec x cot(;t + x) = cot x

sec(2m — x) = sec x cosec(2m — x) = —cosec x cot(2m — x) = —cotx

sec(—x) = sec x cosec(—x) = —cosec x cot(—x) = —cotx

The complementary properties are also useful:

5 (5

sec|l — — x| = cosec x cosec E—x =secx
(3 -¥)=1 tan( 5 - x) = cot

cot{ - — x| =tanx an| — — x| = cotx
2 2

Find the exact value of each of the following:

a sec(ll—n) b cosec(—B—n) C cot(ll—n)
4 4 3
Solution
a sec(ll—n) = sec(2n + 3_n) b cosec(—B—n) = cosec(—6n + E)
4 4 4 4
3n 1
= sec(T) = cosec(z)
__1 1
- cos() - sin(%)
1 1
T _ L L
V2 V2
=-V2 -2
C cot(ll—n) = cot(4n - E)
3 3
7T
= co(-3)
B T
=—co(3)
B 1
" an(®)
1
V3
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3A The reciprocal circular functions 871

» Two new identities
The Pythagorean identity sin® x + cos? x = 1 holds for all values of x.

From this identity, we can derive the following two additional identities:

1 + cot? x = cosec” x provided sinx # 0

1 + tan® x = sec’ x provided cos x # 0

Proof The first identity is obtained by dividing each term in the Pythagorean identity
by sin? x:

sin® x N cos? x 1

sifx  sin®x  sin’x

1 + cot® x = cosec’ x

The derivation of the second identity is left as an exercise.

Simplify the expression
cos x — cos® x

cotx

Solution

cosx—cos’x cosx-(l—cos®x)

cotx cotx
., sinx
= CosX-sin” x -
coSs X
= sin’ x
7T
Iftanx =2 and x € 0,5 , find:
a secx b cosx C sinx d cosecx
Solution
5 5 1 \5
a sec x=1+tan"x b cosx=—=—
sec x 5
=1+4
" secx = +V5

Since x € (0, g), we have sec x = V5.

. 2v5 1 5
€ sinx=tanx-cosx = — d cosecx= — = —
sin x 2
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82  Chapter 3: Circular functions 3A

Using the TI-Nspire
m Choose solve from the Algebra menu and complete as shown.
m Assign ((ctrl)(=¢)) or store ((ctrl)(var)) the answer as the variable a to obtain the results.

cos a) 5 B
solve(t;m(x)-2,.\')|05x52 x—g—tan"(l) T
2 2 2 5

n (1) - (1) sin(a) 25
a:=—-fan"'(— —-tan"|—

2 2 2 2 5

1 Js 1 J5
cos(a) sin(a) 2

Using the Casio ClassPad

m In L%‘, enter and highlight: tan(x) = 2 | 0<x< g

m Go to Interactive > Equation/Inequality > solve.

m Highlight the answer and drag it to the next entry line. Enter = a.
m The results are obtained as shown.

& Edit Action Interactive

cos(a)
nfi% &jb {ﬁasimyl‘_b‘yv—&b}—v ﬁ
5
solve[tan(x)=2|0$xs%,x] sin(a)
-1 245
(5] ;
1
—tan"[%]+%=}a sin(a)
1 V5
cos(a) 2
V5 Alg Standard  Real Rad | @m
Exercise [ELa
example 1| 1 Sketch the graph of each of the following over the interval [0, 27]:
ay= cosec(x+ rc) by= sec(x rc) cy= cot(x+ n)
y= ) y= 6 y= 3
d sec( + 27:) e cosec( n) f cot( 375)
= X _— = X — — = X - —
y 3 y ) y 2
2 Sketch the graph of each of the following over the interval [0, 7t]:
a y = sec(2x) b y = cosec(3x) c y = cot(4x)
dy= cosec(2x + g) e y=sec(2x + m) fy= cot(2x - g)
3 Sketch the graph of each of the following over the interval [, 7t]:
2
ay= sec(2x - E) by= cosec(2x + E) cy= cot(Zx - —n)
2 3 3
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example2| 4  Find the trigonometric ratios cot(x”), sec(x®) and cosec(x°) for each of the following

Example3| 5

Example 4| 6

Example 5| 7

10

11

12

13

14

Cambridge Senior Maths AC

Specialist Mathematics Year 12

triangles:
a . b c
x 5
5 / 9
x
7
8 x°
7
Find the exact value of each of the following:
a sin( 275) b cos( 331) C tan( n) d cosec(n)
3 4 4 6
e sec(n) f ot( n) in( 53'5) h tan( 53'5)
4 4% & smy 6
i sec( n) i cosec(3n) k cot( 975) | cos( 771:)
3 ) 4 4 3
Simplify each of the following expressions:
tan® x + 1
a sec?x—tan®x b cot? x — cosec? x an—xz
) tan® x
d Y cosx e sin*x - cos* x f tan® x + tanx
cos X
7T
Iftanx = —4 and x € (—5, O), find:
a secx b cosx Cc cosec x
3
Ifcotx=3and x € (n, ;) find:
a cosecx b sinx Cc secx
T
If secx = 10 and x € (_E’O)’ find:
a tanx b sinx
3w
If cosecx = -6 and x € (7, 27:), find:
a cotx b cosx
If sin x° = 0.5 and 90 < x < 180, find:
a cosx° b cotx® c cosec x°
If cosec x° = =3 and 180 < x < 270, find:
a sinx° b cosx® c secx’
If cos x° = —0.7 and 0 < x < 180, find:
a sinx° b tanx° c cotx®
If sec x° = 5 and 180 < x < 360, find:
a cosx® b sinx° c cotx®
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84  Chapter 3: Circular functions

15 Simplity each of the following expressions:

a sec?0 + cosec® 0 — sec’ 0 cosec? 0 b (sec6 — cos0)(cosec® — sin 0)

sec? O — cosec? 0

€ (1 - cos?0)(1 + co?0) a0 —cof®
an — CO

1
16 Let x = sec O —tan 0. Prove that x + — = 2 sec 0 and also find a simple expression
X

1
/ for x — — in terms of 0.
X

3B Compound and double angle formulas

» The compound angle formulas

The following identities are known as the compound angle formulas. These identities were
a proved in Specialist Mathematics Year 11.

Q# Compound angle formulas

B cos(x+y) =cosx cosy—sinx siny

B cos(x —y) =Ccosx cosy+sinx siny

m sin(x +y) = sinx cosy + cos x siny

E sin(x —y) = sinx cosy — cos x siny

- ) tan x + tany
X =~
4 I —tanx tany
tanx — tany
tan(x —y) = ————————
m tan(x —y) I +tanx tany
Example 6
St T o m S5 T T T
(—) M _ELE o f[ 24 s _2_= had
a Use 2 -6 + 7 to evaluate sm( 1 2). b Use 2371 to evaluate cos(1 2).
Solution
. (ST 7T
a sm(E) b cos(ﬁ)
—sin(n+n) —cos(TC n)
6 4 a 3 4
= sin(g) cos(3) +eos(5)sin(3) = cor(5) o) +sin(5) sin(3)
=3 6 cos4 cos6 S 7] —cos3 cos4 S 3 S 2
_1X1+\/§X1 _1X1+\/§X1
2 V2 2 2 2 V2 2 2
2 2
=£(1+\/§) =£(1+\/§)
4 4
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Example 7
3
If sinx = 0.2 and cos y = —0.4, where x € [O, g] and y € [n, ;] find sin(x + y).

Solution

We first find cos x and sin y.

cosx=+V1—022 as sinx=02 siny = +4/1 — (-0.4)2 as cosy = —-0.4
= +V0.96 = +V0.84
. cosx = V0.96 asxe[O,g] - siny = —V0.84 asye[n, 3;]
_ 26 __ v
5 5
Hence

sin(x + y) = sinx cosy + cos x siny

2V6 21
_02x (<04 + 2Y8 (—£)
5 5
2
= —0.08 — — x3V14
25
2
=——(1+3V14
55 )
Using the TI-Nspire
m First solve sin(x) = 0.2 for 0 < x < g «EER rao {71 B9
m Assign the result to a. n
exact(solve(sin(x)no 2,x)|05x$:)

3
m Then solve cos(y) = -0.4 form <y < Tn :
® Assign the result to b. ""Si“"(z)

| =

Note: If a decimal is entered, then the answer . _,m.(

n |

will be given in approximate form, even
in Auto mode. To obtain an exact answer,

. 11 RraD {17] B
use exact( at the start of the entry or write 1 el
. . 3 2,
the decimal as a fraction. exact(solve(cos(v)--o 4y)nsy< 2”)
. 2 2
m Use > Algebra > Trigonometry > s “—sm--(;)
. . 2
Expand to expand the expression sin(a + b). “ 2
3 n 2 In 2
b m=———sin"'|— —-sin"'|—
2 5 2 5
tExpand(sin(a-i-b)) “6- 14 -2
25 =
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86  Chapter 3: Circular functions

Using the Casio ClassPad

. T
m Solve sin(x) = 0.2 | 0<x< 5 for x. & Edit Action Interactive
3 ﬂa% e fﬁ] Simp | 1) | ¥ JQH v L
m Solve cos(y) = -0.4 | n<y< % fory
) -T2 ’ SOIVQ[Sin(X)=0.2|05X5%,X]
m Paste the results to form the expression { (1
x=sin ‘[—]}
. 1 (2
sm(sm l(g) + cos l(g) + JT) solve[cos(y)=—0. 4|7t5y532—n, y]
a2
m Highlight and go to Interactive > {Y=°°S [E]“‘}
Transformation > tExpand. tExpand(sin(sin"[%]+cos"[%]+n))
-6v14 2
25 25
» The double angle formulas
Double angle formulas
2t
m cos(2x) = cos’ x — sin® x m sin(2x) = 2sin x cos x B tan(2x) = _cHny
1 —tan? x
=1-2sin’x
=2cos’x—1

Proof These formulas can be derived from the compound angle formulas. For example:
cos(x +y) = cosx cosy — sinx siny
cos(x + x) = COS x COS X — Sin x sin x

2 2

cos(2x) = cos” x — sin“ x

The two other expressions for cos(2x) are obtained using the Pythagorean identity:
cos? x — sin® x = (1 — sin” x) — sin® x
=1-2sin’x

2

and  cos® x — sin’

x = cos®x — (1 = cos® x)

=2cos’x—1

If sinao = 0.6 and a € [g n], find sin(2a).

Solution
cosa = +V1 —0.62 since sino. = 0.6
=+0.8
cosa = —0.8 since o € [g, n]
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Hence

sin(2a)) = 2 sin o cos
=2x0.6 x(-0.8)
= -0.96

If cosao = 0.7 and a € [3;, 275], find sin(%).

Solution

We use a double angle formula:

cos(2x) = 1 —2sin’ x
o
cosa Sin 2

ZSinz(g) —1-07

4 b

. 3 o 3n L (a). ..
Since a € [7, 2713], we have B € [— n], SO s1n(§) is positive.

Hence

sin(%) = \/0_1 = %

__ Exercise Kl

Skillsheet 1

Example 6
2
3
Cambridge Senior Maths AC

Use the compound angle formulas and appropriate angles to find the exact value of each
of the following:

a sin(%) b tan(?—;) C COS(Z—;) d tan(%)

Use the compound angle formulas to expand each of the following:

a sin(2x — 5y) b cos(x*> +y) c tan(x + (y + 2))

Simplify each of the following:
a sin(x) cos(2y) — cos(x) sin(2y) b cos(3x)cos(2x) + sin(3x) sin(2x)

tan A — tan(A — B)

T+ anAtan(A - B) d sin(A + B)cos(A — B) + cos(A + B) sin(A — B)

e cos(y)cos(—2y) — sin(y) sin(—2y)
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H

(8]

Example7| 6

Example 8 9

10

Example 9| 11

12

13

14

Cambridge Senior Maths AC
Specialist Mathematics Year

a Expand sin(x + 2x). b Hence express sin(3x) in terms of sin x.
a Expand cos(x + 2x). b Hence express cos(3x) in terms of cos x.

If sinx = 0.6 and tany = 2.4, where x € [g, J'C] andy € [0, g], find the exact value of

each of the following:

a cosx b secy C cosy
d siny e tanx f cos(x—y)
g sin(x—y) h tan(x +y) i tan(x +2y)

3
If cosx = —0.7 and siny = 0.4, where x € [Jt, ;] andy € [O, g], find the value of each
of the following, correct to two decimal places:

a sinx b cosy c tan(x —y) d cos(x +y)

Simplify each of the following:

t

a 3sinx cosx b sin®x — cos? x _anx

1 —tan? x

sin* x — cos* x e 4sin® x — 2sinx 4sin® x — 4sin* x
cos(2x) cos x cos(2x) sin(2x)
3

If sinx = -0.8 and x € [J‘[, ;] find:
a sin(2x) b cos(2x) c tan(2x)

Iftanx =3 and x € (0, g) find:

a tan(2x) b tan(3x)

If sinx = —-0.75 and x € [JT, 3;] find correct to two decimal places:
a cosx b sin($x)

Use the double angle formula for tan(2x) and the fact that tan(%) = 1 to find the exact
value of tan(g).

Ifcosx=0.9and x € [O, g], find cos(%x) correct to two decimal places. P

In a right-angled triangle GAP, AP = 12 m and GA = 5 m.
The point 7' on AP is such that ZAGT = /TGP = x°. Without
using a calculator, find the exact values of the following:

a tan(2x)

b tan x, by using the double angle formula

c AT
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3C Inverses of circular functions

Inverses of circular functions

89

As the circular functions sine, cosine and tangent are periodic, they are not one-to-one and

therefore they do not have inverse functions. However, by restricting their domains to form

one-to-one functions, we can define the inverse circular functions.

The inverse sine function: y = sin™" x
Restricting the sine function Y
When the domain of the sine function is restricted to the

. T . .
interval [_E 5] the resulting function is one-to-one and 11

therefore has an inverse function. 0]

y=sinx

Note: Other intervals (defined through consecutive turning 3
points of the graph) could have been used for the -1

restricted domain, but this is the convention.

Defining the inverse function

1

The inverse of the restricted sine function is usually denoted by sin™" or arcsin.

Inverse sine function

sin"!: [-1,1] > R, sin"!x =y, wheresiny=xandye —g, g]

1

The graph of y = sin”" x is obtained from the graph of y = sinx, x € [—g g] through a

reflection in the line y = x.

NI

SIER

® Domain Domain of sin™! = range of restricted sine function = [—1, 1]

. . . . . T w
m Range Range of sin™! = domain of restricted sine function = [—5 5]

m Composition

e sin(sin”' x) = xforall x € [-1,1]

P T TT
— xfor all e[——,—]
e sin” (sinx) = x for all x )
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1

The inverse cosine function: y = cos™' x

The standard domain for the restricted cosine function is [0, m].

1

The restricted cosine function is one-to-one, and its inverse is denoted by cos™ or arccos.

Inverse cosine function

cos™': [-1,1] > R, cos' x =y, wherecosy = xandy € [0, ]

1

The graph of y = cos™ x is obtained from the graph of y = cos x, x € [0, r], through a

reflection in the line y = x.

y y y
A

1<»\y=cosx 1«\/

S\ y=cosx
0 . ol | . 0
T -1 1

@\7"‘ B 17 T T
-1+ 2 ///_1 p 2 °

m Domain Domain of cos™' = range of restricted cosine function = [-1, 1]

m Range Range of cos™! = domain of restricted cosine function = [0, 7]
m Composition
e cos(cos™! x) =xforall x e [-1,1]

e cos !(cosx) = x forall x € [0, ]

The inverse tangent function: y = tan™" x

. . .. T
The domain of the restricted tangent function is (—5, E)

The restricted tangent function is one-to-one, and its inverse is denoted by tan™! or arctan.

Inverse tangent function
T
tan”': R > R, tan"! x =y, wheretany = xand y € (_5’ 5)

The graph of y = tan™! x is obtained from the graph of y = tan x, x € (—g g) through a

reflection in the line y = x.
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2
: — ]
‘We can write y = cos (—3(x = 5))

The graph is obtained from the graph of

y = cos~! x by the following sequence of

transformations:

m adilation of factor % from the y-axis

m areflection in the y-axis

m a translation of % units in the positive
direction of the x-axis.

ISBN 978-1-316-63610-7

Y y Y
A A A
| y=tan x y=tanx
| ! S y= T T
4 y x = =
| | BN S 2 )
| | 27— tan-l -1
I | y=tan 'Xx y=tan 'x
L0 | ' 0
| > x > X > X
T T K
21 12 12 T
| l | 2
| | Tl T oo
| I | Y=73
| | |
®m Domain Domain of tan™' = range of restricted tangent function = R
m Range Range of tan™! = domain of restricted tangent function = (—g g)
m Composition
e tan(tan~! x) = x forall x e R
TN
tan!(tan x) = x for all e(——,—)
e tan” (tanx) = x for all x )
Example 10
Sketch the graph of each of the following functions for the maximal domain:
a y=cos '(2-3x)
b y=tan!(x+2)+ g
Solution
a cos !(2-3x)isdefined & -1<2-3x<1
& -3<-3x<-1
S ! <x<1
= <x<
3
L .1
The implied domain is [5, 1]. y
‘ (1.m
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92  Chapter 3: Circular functions

b The domain of tan~! is R. y
The graph of
g
y=tan '(x +2) + >
is obtained from the graph of y = tan™! x
by a translation of 2 units irJl'lj the negative
direction of the x-axis and — units in the

positive direction of the y-axis.

Example 11
V3

a Evaluate sin™! (— - )

) i i (n( )

b Simplify:

i sin”! (sin(

o a

ifi sin_l(cos(E)) iv sin(cos‘l(i))
3 V2
Solution
. . V3 3 T
a Evaluating sin™ (—7) is equivalent to solving siny = —— fory € [—5 5]
sm(E) = ﬁ
3/ 2
nf-5)--3
inl——|)=-——
3 2
-)--3
sin”'|—— )= ——
2 3
b i Sincen e[ T n] by definition ] sin"(s'n(sn)) sin"(s'n(n 555))
—€|-—=, = i in|— || = i - —
6 L 22" 6 6
we have

i s () s (3 - o ()

{5 ) = 2 = sin”!(sn( )

1l
(2]
Z.
=
—_
13
R
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3C Inverses of circular functions 93

Find the implied domain and range of:

a y=sin"!@x-1) b y=3cos™!(2-2x)
Solution
a For sin™!(2x — 1) to be defined: b For 3 cos™!(2 — 2x) to be defined:
-1<2x-1<1 -1<2-2x<1
& 0<2x<2 & 3<-2x<-1
& 0<x<l1 .
2 2
. . . .. [1 3
Thus the implied domain is [0, 1]. Thus the implied domain is [5, E]
The range is [—g, g] The range is [0, 3m].

Example 13

Find the implied domain and range of y = cos(— sin™"

x), where cos has the restricted
domain [0, 7t].

Solution
Lety = cosu, u € [0, x]. Letu = —sin”' x.
u
Y A

A i
ol

1"\
" T > X

g . . T
From the graphs, it can be seen that the function u = —sin™! x has range —5 5]

But for y = cos u to be defined, the value of # must belong to the domain of y = cos u,

which is [0, t]. Hence the values of # must belong to the interval [0, g]

T . . .
OSuSE = 0<-sin'x< (since u = —sin~' x)

| a

TT .
o —5£sm 'x<0

& —-1<x<0

Hence the domain of y = cos(— sin”! x) is [=1,0]. The range is [0, 1].
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T ercise B8

skillsheet ;9 Sketch the graphs of the following functions, stating clearly the implied domain and the
Example 10 range of each:

1

ay=tan!(x-1) b y=cos'(x+1) C y=25in_1(x+ 5)
1
d y=2tan"(x)+ g e y=cos(2x) fy=5sinGo+ g
Example 11a] 2 Evaluate each of the following:
1
a arcsin 1 b arcsin(——) c arcsin 0.5
V2
3
d cos‘l(—g) e cos™10.5 f tan™!'1
1 .
g tan~'(—V3) h tan*'(—) i cos™I(=1)
V3
Example 11b| 3 Simplify:
a sin(cos™ 0.5) b sin_l(cos(s—n)) C tan(sin_l(—i))
6 V2
-1 1 o3 Sm -1
d cos(tan™' 1) e tan !(sin > f tan(cos™' 0.5)
1 T i . 21 . q 11w

g cos (cos(?)) h sin (sm(——)) i tan (tan(T))

peost(n(-3) ket fwl-F) e

4 Letf: [g, 37”] — R, f(x) =sinx.
a Define 7!, clearly stating its domain and its range.
b Evaluate:
. T .. 37 ... 17
' 1(3) A7) i /(%)
iv f1(-1) v 710 vi £710.5)

. . . . T TR
Example 12| 5 Given that the domains of sin, cos and tan are restricted to [—5 5] [0, ] and (—5 E)

respectively, give the implied domain and range of each of the following:

T
ay= sin"!(2 - x) b y= sin(x + Z) cy= sin”!(2x + 4)
i i
d y=sin(3x—§) e y=cos(x—g) f y=cos'(x+1)
“1,.2 2 : “1,.2
g y=cos ' (x) hy=cos2x+? i y=tan'(x%)
. T
Jy= tan(2x - 5) k y=tan'Q2x+ 1) I y=tan(x?)
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3C 3C Inverses of circular functions 95

6 Simplify each of the following expressions, in an exact form:

a cosfsin” () bl (D) eofan(2))
Gl (®) o) ()

g sin(tan™!(-2)) h cos(sin_l(%)) i sin(tan™'0.7)
7 Letsina = é and sinf} = i where a € [0, E] and f € [O, E].
5 13 2 2
a Find:
i cosa
ii cosf

b Use a compound angle formula to show that:

i sin_l(é) - sin_l(i) = sin_l(E)
5 13/ 65

ii sin_l(é) + sin_l(i) = cos‘l(g)
5 13) 65

. . . . T )
Example 13| 8 Given that the domains of sin and cos are restricted to [—5, 5] and [0, t] respectively,

give the implied domain and range of each of the following:

a y=sin"'(cosx) b y = cos(sin”! x)
¢ y = cos”!(sin(2x)) d y = sin(-cos™' x)
e y=cos(2sin! x) f y = tan"!(cos x)
g y = cos(tan™! x) h y = sin(tan™! x)

1
9 a Use a compound angle formula to show that tan~!(3) — tan™! (E) = g
x —

1
):gforx>—1.

b Hence show that tan™! x — tan‘l(
x+1

10 Given that the domains of sin and cos are restricted to [—g, g] and [0, t] respectively,
explain why each expression cannot be evaluated:
a cos(arcsin(—0.5))
b sin(cos™!'(=0.2))
‘/ ¢ cos(tan”!(=1))
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3D Solution of equations

In Section 1A, we looked at the solution of equations involving sine, cosine and tangent. In
this section, we introduce equations involving the reciprocal circular functions and the use
of the double angle formulas. We also consider equations that are not able to be solved by
analytic methods.

Example 14
Solve the equation sec x = 2 for x € [0, 2m].
Solution

secx =2 A

1
COS X = 5 14
OSSR EEEEELES e
We are looking for solutions in [0, 27t]: _

IT 0 21
or x:2n—§ Y= oS X

)=

wla w|Aa
|
—

for x € [0, 2m].

@ Example 15
T -2v3
3

Solve the equation cosec(Zx - g) =

Solution

2V3
)-=5-

cosec(2x -

w4

W3 2
Let© =2x—§wheree € —E,ll—n].

3° 3
V3
2

)—3 -V3

implies sin(2x -

wla

Then sin6 =

2X—==——=, —, —, — Of —
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» General solution of trigonometric equations

We recall the following from Specialist Mathematics Year 11.

m For a € [-1, 1], the general solution of the equation cos x = a is
x =2nm +cos '(a), wherencZ

m For a € R, the general solution of the equation tan x = a is
x=nn+tan (@), wherencZ

m For a € [-1, 1], the general solution of the equation sin x = a is
x=2nm+sin"'(@) or x=Qn+ m—-sin"'(a), whereneZ

Note: An alternative and more concise way to express the general solution of sin x = a is
x = nwt + (—=1)"sin"(a), where n € Z.

Example 16

a Find all the values of x for which cotx = —1.

b Find all the values of x for which sec(2x — g) =2.

Solution »
a The period of the function y = cot x is 7. A

3
The solution of cot x = —1 in [0, ;] is x = Zﬂ:

Therefore the solutions of the equation are

|
|
|
|
|
3n I
x=T+nn wheren € Z i
|
|
. . . —> X
b First write the equation as I
|
T 1 |
cos[2x— = | = = !
3 2 :
o |
We now proceed as usual to find the general solution: [
7T (1
2x — — = 2n7; £ cos ](—)
3 2
7T T
2x— — =2nmw + —
3 3
7T T T 7T
2x——=2nn+ - or 2x——- =2nmw— —
3 3 3 3
2
2x:2nn+? or 2x = 2nm
T
x=nn+§ or X = nm where n € Z
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» Using identities to solve equations

The double angle formulas can be used to help solve trigonometric equations.

Example 17

Solve each of the following equations for x € [0, 27]:

a sin(4x) = sin(2x) b cosx= sin(g)
Solution
a sin(4x) = sin(2x)
2 sin(2x) cos(2x) = sin(2x)
sin(2x)(2 cos(2x) — 1) =0 where 2x € [0, 47]
Thus sin(2x) =0 or 2cos(2x)—1=0
i.e. sin(2x) = 0 or cos(2x) = %
n St Tn 1z
2 = 09 D) 2 D) 3 D) 4 2 S =y =y Y9 ——
X wm, 2w, 3m, 4w or X 3 3 3 3
_ 0 T - 3n % or w5t T llx;
X = B 2$ b 2 ) X = 6’ 6 b 6 )
L A T 3n 1ln
H = 07 T A L o Yy T s T L 2.
ence x 6 2 6 7T ) S or 21
X
b = sin(3)
COS X = sin 5
1- 2sin2(§) = sin(%)
2sin2(§) + sin(g) -1=0 where g € [0, m]

Leta = sin(g). Then a € [0, 1]. We have
2a° +a—1=0
Ra-1)(a+1)=0

2a—1=0 or a+1=0

a:% or a=-1

Thus a = % since a € [0, 1]. We now have

(xy 1
sinf3) =3
X Tm 5m
3°65%%
_ . Sm
X = g or ?
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3D Solution of equations

We know that —1 < sinx < 1 and —1 < cos x < 1. This can be used to find the maximum and

minimum values of trigonometric functions without using calculus.

For example:

m The function y = 2 sin x + 3 has a maximum value of 5 and a minimum value of 1. The

maximum value occurs when sin x = 1 and the minimum value occurs when sin x = —1.

m The functiony = ———
Y 2sinx +3

@ Example 18

Specialist Mathematics Year 12

Find the maximum and minimum values of:

. .. 1
has a maximum value of 1 and a minimum value of 5

1
a sin’(2x) + 2sin(2x) + 2 — .
sin“(2x) + 2 sin(2x) + 2
Solution 7
a Leta = sin(2x). Then A y=(sin(2x) + 1)2+1
sin®(2x) + 2 sin(2x) + 2
=a*+2a+2
=(@a+1)?+1
= (sin2x) + 1)* + 1
; ; . : : : > X
Now —1 < sin(2x) < 1. 3n ot - O] = n/ 3
Therefore the maximum value 2 2 2 2
is 5 and the minimum value is 1. y= 1
(sin(2x)+ 1)2+1
b Note that sin?(2x) + 2 sin(2x) + 2 > 0 for all x. Thus its reciprocal also has this property.
A local maximum for the original function yields a local minimum for the reciprocal.
A local minimum for the original function yields a local maximum for the reciprocal.
1
Hence the maximum value is 1 and the minimum value is 3
Using the TI-Nspire
= To find the x-values for which the maximum
occurs, use > Calculus > Function
u_ 4 L. . . fMax((sin(Z x))2+2'sin(2'x)+2,x)|-n$x5n
Maximum. The restriction is chosen to give ot -
particular solutions. ST
m Use one of these x-values to find the S = 5
. . (sin(.? .\'))"‘+2 sin(l .\‘)+21\'=—
maximum value of the expression. 4
m Similarly, to find the x-values for which the
minimum occurs, use > Calculus >
Function Minimum.
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100 Chapter 3: Circular functions 3D

Using the Casio ClassPad

m In .vﬂ , enter and highlight £ Edit Action Interactive

(sin(2x))2 + 2 sin(2x) + 2. 23] & [l sime [ [+ [ 7] [
= To find the maximum fMax ( (sin(2+x) ) 2+2+sin(2+x)+2, x, 0, 7)

value, select Interactive > {MaxValue=5, X=%}

Calculation > fMax. 9
. tMin ( (sin (2+x)) 2+2-sin (2-x)+2, %, 0, )
= Enter the domain: start at O; 3
{MinValue=1 y X=T}
end at .

Note: The minimum value can be found similarly by choosing fMin.

» Using a CAS calculator to obtain approximate solutions

Many equations involving the circular functions cannot be solved using analytic techniques.
A CAS calculator can be used to solve such equations numerically.

Example 19

Find the solutions of the equation 2 sin(3x) = x, correct to three decimal places.

Solution

The graphs of y = 2 sin(3x) IJ:
and y = x are plotted using a 5l
CAS calculator.
The solutions are x = 0, x ~ 0.893
and x ~ —0.893.

()

e

(-0.8929...~0.8929...) 7 =25 (3)

Exercise E]»)]

Skillsheet » 1 Solve each of the following equations for x € [0, 27]:

Example 14,15 a cosecx = -2 b cosec(x - ;) =-2 c 3secx=2V3
d cosec(2x)+1=2 e cotx =-V3 f cot(2x— g) =-1
2 Solve each of the following equations, giving solutions in the interval [0, 25t]:
a sinx=0.5 b cosx:_T\/§ c tanx =3
d cotx=-1 e secx=-2 f cosecx = —V2
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3D 3D Solution of equations 101

example 16/ 3  Find all the solutions to each of the following equations:

1
a sinx = — b secx=1 c cotx=1V3
\2
2 2V3
d cosec(2x - g) =2 e cosec(3x - g) = T\/g f sec(3x - g) = T\/_
g cot(Zx— g) =3 h cot(2x - ;) =-1 i cosec(2x— g) =1

4 Solve each of the following in the interval [—, ], giving the answers correct to two
decimal places:

a secx=25 b cosecx =-5 c cotx=0.6

example 17| 5  Solve each of the following equations for x € [0, 27]:

a cos’x—cosx sinx=0 b sin(2x) = sinx

c sin(2x) = cos x d sin(8x) = cos(4x)
e cos(2x) = cosx f cos(2x) =sinx

g sec’x+tanx =1 h tanx(1+cotx)=0
i j

cotx + 3tanx = 5cosec x sinx+cosx =1

Example 18| 6 Find the maximum and minimum values of each of the following:

1
a 2+sin0 b —— c sin®0+4
2 +sin0
1
—— e cos’0+2cos0 f cos’0+2cos0+6
sin“ 0 +4

example 19| 7 Using a CAS calculator, find the coordinates of the points of intersection for the graphs
of the following pairs of functions. (Give values correct to two decimal places.)

a y=2x and y = 3sin(2x) b y=x and y=2sin(2x)
c y=3—x and y=cosx d y=x and y =tanx, x € [0, 27]

8 Letae[-1,1] with a # —1. Consider the equation cos x = a for x € [0, 2x]. If g is one
of the solutions, find the second solution in terms of q.

9 Letsina = a where o € (O, g) Find, in terms of o, two values of x in [0, 25t] which
satisfy each of the following equations:

a sinx=—a b cosx=a

10 Letsecp = b where 3 € (g n). Find, in terms of (3, two values of x in [—z, 7] which
satisfy each of the following equations:

a secx=-b b cosecx=b

3
11 Lettany = ¢ where y € (n, ;) Find, in terms of v, two values of x in [0, 27t] which
satisfy each of the following equations:

a tanx = —c b cotx=c
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12

13
14

15

16

17

18

19

v
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. . 0
Solve, correct to two decimal places, the equation sin’ @ = — for 0 € [0, 7t].
T

Find the value of x, correct to two decimal places, such that tan~' x = 4x - 5.

A curve on a light rail track is an arc of a circle of length 300 m and the straight line
joining the two ends of the curve is 270 m long.

a Show that, if the arc subtends an angle of 20° at the centre of the circle, then 0 is a

7
lution of th tion sin 0° = ——0°.
solution of the equation sin 200

b Solve this equation for 6, correct to two decimal places.
. : 1
Solve, correct to two decimal places, the equation tan x = — for x € [0, ].
X

The area of a segment of a circle is given by the equation A = %rz(e — sin 0), where 0 is
the angle subtended at the centre of the circle. If the radius is 6 cm and the area of the
segment is 18 cm?, find the value of 0 correct to two decimal places.

Two tangents are drawn from a point A
so that the area of the shaded region (]
is equal to the area of the remaining
region of the circle. . X
a Show that 0 satisfies the equation
tan0 = Tt — 0. L
b Solve for 6, giving the answer L AOB = 2:

correct to three decimal places.

Two particles A and B move in a straight line. At time ¢, their positions relative to a
point O are given by

x4 =05sint and xp = 0.25¢ + 0.05¢

Find the times at which their positions are the same, and give this position. (Distances
are measured in centimetres and time in seconds.)

A string is wound around a disc and a horizontal length of the string AB is 20 cm long.
The radius of the disc is 10 cm. The string is then moved so that the end of the string,

B’, is moved to a point at the same level as O, the centre of the circle. The line B’P is a
tangent to the circle.

0

A 20 cm B

a Show that 0 satisfies the equation g —0+tan0 = 2.

b Find the value of 6, correct to two decimal places, which satisfies this equation.
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Chapter summary

Reciprocal circular functions
m Definitions

6'
7]
—_—

cosec x

_— provided sinx # 0

sin x

secx = provided cosx # 0
COS X
COS X . .

cotx = — provided sinx # 0
sin x

m Symmetry properties

sec(im — x) = —secx cosec(it — Xx) = cosec x cot(m — x) = —cotx
sec(m + x) = —secx cosec(7 + x) = — cosec x cot(;t + x) = cotx

sec(2m — x) = secx cosec(2mw — x) = — cosec x cot(2m — x) = —cotx

sec(—x) = sec x cosec(—x) = —cosec x cot(—x) = —cotx

m Complementary properties

7T T
SCC(E - X) = COS€C x COSGC(E - X) = SeC Xx

Eoeme o
coll -——x|=tanx an| — — x] = cotx
2 2

m Pythagorean identities

sin®x+cos®x =1

1 + cot® x = cosec’ x

1 + tan® x = sec’ x

Compound angle formulas

B cos(x+y) =Ccosx cosy—sinx siny

B cos(x—y) =Ccosx cosy+sinx siny

m sin(x +y) =sinx cosy+ cosx siny
B sin(x —y) = sinx cosy — cos x siny
tan x + tan
m tan(x +y) = ARX Ty
I —tanx tany
tan x — tan
B tan(x —y) = J

I +tanx tany

Double angle formulas

. . . 2 tan x
® cos(2x) = cos® x —sin® x ® sin(2x) = 2sinx cos x m tan(2x) = —
) 1 —tan* x
=1-2sin"x
=2cos’x—1 ‘
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104 Chapter 3: Circular functions

Inverse circular functions

m Inverse sine (arcsin) ® Inverse cosine (arccos)
sin!: [-1,1] > R, sin"!x =y, cos': [-1,1] > R, cos™' x =,
Tow
where siny = xand y € _5’5] where cosy = x and y € [0, ]
y y
A - A
g_ y=sm - Xx T A y=cos_1x

X
1
> X
-1 o 1
m Inverse tangent (arctan) y
tan"': R - R, tan™' x =y, A
T 21 y=tanlx
2
where tany = xand y € (——, —) ,,,,,,,,,,,,,,,,,
2°2
0 > X
,,,,,, R
2
Short-answer questions
) 4
1 If 0 is an acute angle and cos 6 = —, find:
a cos(20) b sin(20) c tan(20) d cosecd e cot0O
2 Solve each of the following equations for —x < x < 27
a sin(2x) = sinx b cosx—1=cos(2x) ¢ sin(2x) = 2cosx
d sin®x cos® x = cosx e sinzx—%sinx— 1=0 f 2cos’x—3cosx+1=0

3 Solve each of the following equations for 0 < 0 < 2, giving exact answers:

a 2—sinB =cos? 0+ 7sin’0 b sec(20) =2
C %(50056—3sin6):sin6 d secO =2cosO
4 Find the exact value of each of the following:
a sin( Sl ) b cosec( 53‘5) C sec( 73'5)
3 3 3
S5 3 7T
d cosee( ) e wo-7) f cof-5)
' cosec G co 2 co S
Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press

Specialist Mathematics Year 12 Photocopying is restricted under law and this material must not be transferred to another party.



Chapter 3 review 105

5 Given that tana = p, where a is an acute angle, find each of the following in terms

of p:

a tan(—-a) b tan(m — o) C tan(g —oc) d tan(%c +a) e tan(2w — )
6 Find:

a sin_l(ﬁ) b cos(cos”(%)) c cosfl(cos(z?n))

d cos‘l(cos(é%n)) e cos(sin‘l(—%)) f cos(tan™!(-1))

7  Sketch the graph of each of the following functions, stating the maximal domain and
range of each:

a y=2tan"'x b y=sin"!(3-x) c y=3cos '2x+1)
‘/ dy=-cos'2-x) e y=2tan"'(1 - x)

Multiple-choice questions

1 Which of the following is the graph of the function y = cos™!(x)?

A Yy
A

|
14 \7‘
N N
0 ‘g\n 2\
-1 ) > X
-1 O 1
D
-2 .
2 Ifcosx= 3 and 27t < x < 3m, then the exact value of sin x is
V5 V5 Vs -5 5
A 2 — B 2n - — C — D — E -
T3 T3 3 3 9
-1
3 Given that cos(x) = T and x € (g, n), the value of cot(x) is
10 11 V11
A —— B 3VIL C -3VIl p YU g Vi
3411 33 33
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106 Chapter 3: Circular functions

7
4 The graph of the function y = 2 + sec(3x), for x € (—E, n

10

v

b1 T S|

A x=Z= B x=-,=,—

Tl T8 26
T 2% 21
D x= - E x=0 2=
X Q3,3, X 0,3

-1
If sinx = ER then the possible values of cos x are

2\/_2\/_ c 88

A——

3 3 3 9°9

The maximal domain of y = cos™!(1 — 5x) is given by

A [og] B []‘“,1 C [-1.1]

5 °5

(1 + tan x)> + (1 — tan x)? is equal to

), has stationary points at

T
cx=2
T2
-V2 V2 g ol ]
373 2
2
D (o,—) E [—— -
5
+ tan(2x) E 2sec’x

A 2+ tanx + 2 tan(2x) B 2 C —4tanx D 2

1
The number of solutions of cos*(3x) = 7 given that 0 < x < m, is

Al B 2 c3 D 6 E 9
1 + sec(20) E
A tan(20) B tan20)+1 C tan0+1 D sin(20) E tan0

If sinA = t and cos B = t, where g <A<mand 0 < B< g, then cos(B + A) is equal to

A0 B Vi-¢ C 22-1

Extended-response questions

1

y

Cambridge Senior Maths AC

Specialist Mathematics Year 12

A horizontal rod is 1 m long. One end is
hinged at A, and the other end rests on a
support B. The rod can be rotated about A,
with the other end taking the two positions
B; and B,, which are x m and 2x m above
the line AB respectively, where x < 0.5.

Let /BAB, = a.and /BAB, = p.
a Find each of the following in terms of x:
i sina ii cosa iii tana

b Using the results of a, find:

D 1-274 E

“2tV1 - 12

iv sinf

i sin(p—-a) ii cos(p—a)

iv tan(2a) v sin(2a)

v cosf

iii tan(fp — o)
vi cos(2a)

vi tanf

c If x = 0.3, find the magnitudes of ZB,AB) and 2a., correct to two decimal places.
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2 a On the one set of axes, sketch the graphs of the following for x € (0, ) U (5T, 271):
i y=cosec(x) ii y=cot(x) iii y = cosec(x) — cot(x)
b 1 Show that cosec x — cot x > 0 for all x € (0, 7t), and hence that cosec x > cot x for
all x € (0, 7).
il Show that cosec x — cot x < 0 for all x € (s, 27), and hence that cosec x < cot x
for all x € (7, 2m).

c On separate axes, sketch the graph of y = cot(g) for x € (0, 2m) and the graph
of y = cosec(x) + cot(x) for x € (0,2m) \ {m}.

. 0 .
d 1 Prove that cosec0 + cot0 = cot(z) where sin 0 # 0.

ii Use this result to find cot(g) and cot(%).

iii Use the result 1 + cotz(g) = cosecz(g) to find the exact value of sin(g).

e Use the result of d to show that cosec(0) + cosec(20) + cosec(40) can be expressed
as the difference of two cotangents.

3 a ABCD is arectangle with diagonal AC of length B C
10 units.

i Find the area of the rectangle in terms of 0. 10

ii Sketch the graph of R against 6, where R is

the area of the rectangle in square units, 0
for 0 € (0, g) 4 D

iii Find the maximum value of R. (Do not use calculus.)

iv Find the value of 6 for which this maximum occurs.
b ABCDEFGH is a cuboid with r G

L(GAC = g /CAD =0 and AC = 10.

E H
i Show that the volume, V, of the B 5 C
cuboid is given by o
0
V = 1000 cos 0 sin 0 tan(g) A D

0 0
ii Find the values of @ and b such that V = a sin2(§) +b sin4(§).

. (6 .
il Letp = smz(z). Express V as a quadratic in p.

iv Find the possible values of p for 0 < 6 < g

v Sketch the graphs of V against 6 and V against p with the help of a calculator.

vi Find the maximum volume of the cuboid and the values of p and 6 for which this
occurs. (Determine the maximum through the quadratic found in b iii.)

¢ Now assume that the cuboid satisfies ZCAD = 0, /GAC = 6 and AC = 10.

i Find V in terms of 0. ii Sketch the graph of V against 6. ‘
iii Discuss the relationship between V and 0 using the graph of c ii.
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108 Chapter 3: Circular functions

4 ABCDE is a pentagon inscribed in a circle with C
AB = BC = CD = DE = 1 and ZBOA = 20. TN

The centre of the circle is O. B
Let p = AE.
sin(40) &0 E

a Show that p =

sin®
b Express p as a function of cos 6.
Let x = cos 0.

c i If p =3, show that 8x°> — 4x — V3 = 0.

il Show that — isa solution to the equation and that it is the only real solution.

ili Find the value of 0 for which p = V3.

iv Find the radius of the circle.
d Using a CAS calculator, sketch the graph of p against 0 for 6 € (O, ;]
e If A = E, find the value of 0.
f i IfAE =1, show that 8x> —4x—1=0.

1
ii Hence show that Z(\/g +1)= cos(g).

5 a i Prove that tan x + cot x = 2 cosec(2x) for sin(2x) # 0.
ii Solve the equation tan x = cot x for x.
iii On the one set of axes, sketch the graphs of y = tan x, y = cotx and
y = 2 cosec(2x) for x € (0, 2m).
b i Prove that cot(2x) + tan x = cosec(2x) for sin(2x) # 0.
ii Solve the equation cot(2x) = tan x for x.

iii On the one set of axes, sketch the graphs of y = cot(2x), y = tan x and
y = cosec(2x) for x € (0, 2m).

cos((m — n)x)

¢ i Prove that cot(mx) + tan(nx) = for all m,n € Z.

sin(mx) cos(nx)’
ii Hence show that cot(6x) + tan(3x) = cosec(6x).

6 Triangle ABE is isosceles with AB = BE, and triangle
ACE is isosceles with AC = AE = 1.

a 1 Find the magnitudes of /BAE, /AEC and /ACE.
ii Hence find the magnitude of Z/BAC.
b Show that BD = 1 + sin 18°.
¢ Use triangle ABD to prove that
R 1 +sin 18°
cos 36° = T 2sn18°
d Hence show that 4 sin® 18° + 2sin 18° — 1 = 0.

e Find sin 18° in exact form.

y
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7 VABCD is aright pyramid, where the base 14
ABCD is a rectangle with diagonal length AC = 10.

a First assume that ZCAD = 0° and /VAX = 0°.

i Show that the volume, V, of the
pyramid is given by

v=2e /7 X

ii Sketch the graph of V against 6
for 6 € (0,90).
iii Comment on the graph.
b Now assume that ZCAD = 0° and /VAX = %
i Show that the volume, V, of the pyramid is given by
V= 103& sinz(g) (1 -2 sinz(g))
il State the maximal domain of the function V(0).
iii Leta= sin2(g) and write V as a quadratic in a.
iv Hence find the maximum value of V and the value of 6 for which this occurs.
v Sketch the graph of V against 6 for the domain established in b ii.

8 VABCD is aright pyramid, where the
base ABCD is a rectangle with diagonal
length AC = 10.

Assume that /CAD = 0° and AY = BY.
a If zVYX = 0°, find:

i an expression for the volume of

the pyramid in terms of 6

il the maximum volume and the A
value of 6 for which this occurs.

o

0
b If 1vYX = ?:

. 500
i show that V = 5 cos?0 (1 — cos 0)
ii state the implied domain for the function.
500
¢ Leta=cosB. ThenV = Taz(l —a). Use a CAS calculator to find the maximum

value of V and the values of a and 0 for which this maximum occurs.

X
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9 A camera is in a position x m from a point A.
An object that is a metres in length is am
projected vertically upwards from A.
When the object has moved b metres
vertically up:

0 bm
a Show that
b b
0 =tan_1(a+ )—tan_l(—) F
X X y

b Use the result of a to show that < xm >

tane - L

x2 + ba + b?

7T
c If6 = —, find:

1 n

i xinterms of a and b
il xifa=2(1+V2)andb =1
d Ifa=201+ \5), b =1 and x = 1, find an approximate value of 0.

e Using a CAS calculator, plot the graphs of 0 against » and tan 0 against b for
constant values of a and x as follows:

ia=1,x=5
iila=1,x=10
ifi a=1,x=20

f Comment on these graphs.

10 Points A, B and C lie on a circle with y
centre O and radius 1 as shown. A

a Give reasons why triangle ACD is

similar to triangle ABC. C
b Give the coordinates of C in terms of ¥2+12=1
circular functions applied to 26.
¢ i Find CA in terms of 0 from 0 26 -
triangle ABC. A o D B

ii Find CB in terms of 0 from triangle ABC.
d Use the results of b and ¢ to show that sin(20) = 2sin 0 cos 0.
‘/ e Use the results of b and ¢ to show that cos(20) = 2cos? 0 — 1.

y
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Revisi f Chapters 1-3 .
4A Short-answer questions
1 Express each of the following sets as an interval or a union of intervals:
a {x:|x+3/<5} b {x:2-x+1]>0} c {x:3-x>4}
Let f(x) = 4x — 3 and g(x) = x> + 2x.
a i Find fog. ii Findgo f.
b Find a transformation that takes the graph of y = g(x) to the graph of y = f(g(x)).
¢ Find a transformation that takes the graph of y = g(x) to the graph of y = g(f(x)).
Let f: [a,o0) — R with f(x) = —=(3x — 2)*> + 3, where a is the smallest real number such
that the function f is one-to-one.
a Find the value of a. b State the range of f.
¢ Find f~' and state the domain and range of f~'.
d Sketch the graphs of f and f~! on the one set of axes.
The inverse function of the linear function f(x) = ax + bis f~'(x) = 4x — 6. Find the
values of a and b.
Find the inverse function of each of the following functions:
1
a f(x)=3x3+1 b f(x)=0Bx-2)>+4 c f(x)=-2x"+3
-1 3
a Given that sin(i) = ;\/— find cosz(i).
12 242 1
1
b Given that cos(g) = Z(l +v/5), find:
i sec(E) ii tanz(E)
5 5
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7 Let f(x) = 3arcsin(2x + 1) + 4. State the implied domain and range of f.

8 Find the points of intersection of the graph of y = secz(?) with the line y = 2
for0 < x <6.

9 Find all real solutions of 4 cos x = 2 cot x.

10 a Solve the equation sin(4x) = cos(2x) for 0 < x < m.
b Consider the graphs of f(x) = cosec(4x), 0 < x < 7, and g(x) = sec(2x), 0 < x < 7.
i Find the coordinates of the points of intersection of these two graphs.

ii Sketch these graphs on the same set of axes.
x—=2

¢ On another set of axes, sketch the graph of A(x) = 2 arccos( ), clearly labelling

the endpoints.

11 a Find the maximal domain and range of the function y = a + b arcsin(cx + d), where
a,b,c,d e R".
b Sketch the graph of y = 25t + 4 arcsin(3x + 1).

4B Multiple-choice questions

1 3
1 Ifsinx= -3 where m < x < ;, then tan x equals

A ﬁ B 1 C 1 L E -6
12 24 4 24 12

2 Ifcosx=a, where%ﬁxﬁn, then sin(x + 7t) equals
Al-a B a-1 C V1-a2 D —-V1-a? E l+a

3 The equation sin(2x + g) = —?, for —m < x < m, has

A Osolutions B 1 solution C 2solutions D 3solutions E 4 solutions

4 The solutions of tan? x = 3, for 0 < x < 27, are

4
A g only B g and ?n only Cc g only
T Wk n 2n 4m 5w
D — — E -, —, — —
c and c only 3 3 3 and 3

5
5 The y-axis intercept of the graph of y =3 tan(2x + Fn) is

3 2 3
A (Q—%) B (o,—g) C©-Vv3) DOV E (a—%)
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6 The x-axis intercept of the graph of y = -2 cos(n - =], 0<x<2m,is
47 Sn n 3n Sn
A — B — c — D — E —
3 3 6 2 4
7 An asymptote of the graph of y = 2 tan(3x - g) is located at
7T Ry 7T 7T Sm
A == B = — C = — D = — E -
T2 T ST ST ST
+1)? -2)?
8 The asymptotes of the hyperbola x 5 ;) _0 16 ) = 1 have equations
3 8 3 2 3 10 3 2
Ay:Zx+§andy:Zx+§ By:Zx+?andy=Zx+§
4 10 4 2 4 10 4 10
Cy=§x+?andy:—§x+§ Dy:§x+?andy:—§x+?
3 10 3 2
E y= Zx—?andy——zx+§
9 A circle has a diameter with endpoints at (4, —2) and (-2, —2). The equation of the
circle is
AG-1D2+r-2%=3 B x-1)?+(0r+2?=3 C x+1)+(r-27>=6
D (x-1P2+(x+2?=9 E (x-1P?+(+27%=6
10 The ellipse shown has its centre on
the x-axis. Its equation is
(x+2)°
A — =1
9 "6
(x=27° ¥
B +—==1
9 16
c 22
3 4
(x=2)" ¥
D +==1
3 4
_ 92 2
E (x—2) Y
9 16
11  Which one of the following equations is correct for m
calculating the length £? 8 7
A (? =49 + 64 +2x 7 x8cos50°
B (=49 +64+2x7x8cos 130°
{
t 8
sin 130°  sin25°
I
sin 130°  sin25°
E (2=49+64—2x7x8cos50°
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114 Chapter 4: Revision of Chapters 1-3

2 2

12 The ellipse with equation ) + % = 1 has x-axis intercepts with coordinates
A (-3,-5)and (3,5) B (-5,-3)and (5,3) C (0,-3)and (0,3)
D (-3,0)and (3,0) E (3,0) and (5,0)

13 The circle defined by the equation x> + y*> — 6x + 8y = 0 has centre

A (2,4) B (-5,9) C 4,-3) D (3,-4) E (6,-8)

14 If the line x = k is a tangent to the circle with equation (x — 1)> + (y + 2)> = 1, then k is
equal to
A lor-2 B lor3 C —-lor-3 D Oor-2 E Oor2

15 The curve with equation x* — 2x = y? is
A an ellipse with centre (1, 0) B ahyperbola with centre (1, 0)
C a circle with centre (1, 0) D an ellipse with centre (-1, 0)

E a hyperbola with centre (—1,0)

16 A curve is defined parametrically by the equations x = 2 cos(¢) and y = 2 cos(2¢).
The Cartesian equation of the curve is

Ay=2+x By=x*-2 Cy=2x D y=x Ey=2x"-1
17 A curve is defined param%tﬂcally by the equations x = 2sect and y = 3 tant. The point
on the curve where t = —= is
) V3
A @3V3) B @4-3V3)  C@VE-H D (4-3V3) E (4-3)
18 A curve is defined parametrically by the equations x = 2¢’ + 1 and y = 2¢7 2.
The Cartesian equation of the curve is
x-1 4 8 8
YTy Y=o M- YTaon YT a0
19 The rule for the graph shown is y
Ay=|x-2+3 B y=|-x+2/+3 A (2,3)
Cy=|x+2[+3 D y=—|x-2/+3
Ey=—|x+2[+3
y=-lx+2| / o
/l o é\

20 Let f(x) = |x| and g(x) = Vx — 1. The maximal domain of f such that the composite
function g o f is defined is

AR B R* C [-1,1] D [1,) E (—o0,—11U[1,0)
21 Which one of the following functions is not a one-to-one function?

A f:RY SR, f(x) = x? B f:R—-R,f(x)=x

C f:R" SR, f(x) = Vx D f:[0,n] >R, f(x) =sinx

E f:[0,n] >R, f(x) =cosx
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22 If f(x) = 3x — 2, for x € R, then f~!(x) equals
1
3x-2

B 3x+2 C %(x—2) D 3x+6 E %(x+2)

23 Leth: [a,2] — R where h(x) = 2x — x°. If a is the smallest real number such that / has
an inverse function, 4!, then a equals

1
A -1 B 0 c1 D -2 E 3
24 The graph of the function with rule y = f(x) is shown. ‘J:
Which one of the following graphs is the graph of the 21
inverse of f?

A y B y C y
4 4 4
2
X X X
2 20 2 4 —220 2 4 —2_0 2 4

Y

D y E
4 4
2 2 /0
X T T > X
201 2 4 20 A 4
-2 -2

25 The inverse, f~!, of the function f: [2,3] = R, f(x) =2x —4is

4
A 1 [0,2] >R, £l = g +4 B f':[3,2] >R, f'(x) = %
1 1
Cc 12,3 R, f'(x) = —— D ':[0,2 R, fl(x) = ——
SRS SRS = g Fl02 SR =
+4
E S 0.2 - R 0 =
26 The rule for the graph shown could be y
A y=Ilx(x+4) B y=|x|(lx] +4)
o y=)%x2+x| D y=1x?+Ix 21
_ 2 : >
E y=|l1-(x+27 ) 0] x
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27 The function g: [—a,a] — R, g(x) = 3 sin(2x) has an inverse function. The maximum

possible value of a is
7 7
A 3 B — Cc —
6 4
28 The graph of a function f whose rule is y = f(x) has exactly one asymptote, for which
the equation is y = 6. The inverse function f~! exists. The inverse function will have

D E

wla
a2

A ahorizontal asymptote with equation’y = 6

a vertical asymptote with equation x = 6

Nn W

1
6
a horizontal asymptote with equation y = —6

a vertical asymptote with equation x = —

o

E no asymptote

3 4
29 Iftana = 1 and tan 3 = -, where both a and f3 are acute, then sin(a + f§) equals

3
7 24 7
A - B — — D E 1
5 25 ¢ 25 0
30 cos? 6 + 3sin” 0 equals
A 2+ cosO B 3 —2cos(20) C 2—-cosH
D 2cos(20) -1 E none of these
3 3
31 cos‘l(—i) - sin_l(—i) equals
2 2
S5 7T 7T 7 Tn
A —— B —— Cc —— D — E —
6 2 6 2 6
32 cos(tan‘l(l) + sin‘l(i)) equals
V2
AZ B 1 co p L L
2 V2 2
3 3
33 Ifcosx= 3 and T < x < ; then tan x is
4 3 4 3 9
A - B - —= D —- E —
3 4 ¢ 5 5 25
34 The maximal domain of f(x) = sin"!(2x — 1) is
A [-1,1] B (-1,1) C 0,1 D [0,1] E [-1,0]
35 The exact value of sin(cos‘l (—%)) is
A ﬁ B ! c1 D —ﬁ E L
2 2 2 vV5
1
36 Iftan0O = 3 then tan(20) equals
3 2 3 4 4
A - B - - D - E -
5 3 ¢ 4 5 3
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37 Which one of the following five expressions is not identical to any of the others?

0
A cos*0—sin*0 B 1+cosH C cos(20) D 20052(5) E 1-cosB

1
38 Iftan” ( )+ tan~ (5) = tan~! x, then x is
5 5 1 1
Al B - C - D - E -
6 7 5 7
39 Which one of the following five expressions is not identical to any of the others?
A tan +cot6 B cosec’ 0 — cot’ 0 c1
D cosecO cotO E 2cosec(20)

4C Extended-response questions

1 a For f:[5,0) >R, f(x) = Vx—3:

i Sketch the graph of y = f(x) for x € [5, o0).

ii State the range of f.

iii Find /'

b For h: [4,00) — R, h(x) = \/x — p with inverse function #~! that has domain [1, c0):

i Find p.

ii Find the rule for 47",

iii Sketch the graphs of y = h(x) and y = #~!(x) on the one set of axes.

2 Let f: (0,t) > R with f(x) =sinxand g: [1, ) — R with g(x) = %
Find the range of f.

Find the range of g.

Give a reason why f o g is defined and find f o g(x).

State, with reason, whether g o f is defined.

Find g, giving its domain and range.

- O O n T o

Give a reason why g~! o f is defined and find g~! o f(x). Also state the domain and
range of this function.

3 a On the same set of axes, sketch the graphs of the following functions:
i f(x)=cosx, —-m<x<m il glx)=tan'x, ~-m<x<m
b Find correct to two decimal places:
i tan‘l(E) ii cosl
4 T
¢ Hence show that the graphs of y = f(x) and y = g(x) intersect in the interval [Z’ 1].

d Using a CAS calculator, find the solution of f(x) = g(x) correct to two decimal
places.

e Show that f(x) = g(x) has no other real solutions.
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4 a On the same set of axes, sketch the graphs of the following functions:
. . 7 7
i f(x)=sinx, ) <x< 5

Ly, -1<x<1

ii g(x) =cos”
b Find correct to two decimal places:
i in(l) i -1(”)
sin| 5 cos™| 7 o
¢ Hence show that the graphs of y = f(x) and y = g(x) intersect in the interval [5, Z]
d Using a CAS calculator, find the coordinates of the point(s) of intersection of the

graphs, correct to three decimal places.

5 The cross-section of a water channel is y

-
C

defined by the function

f(x)=a sec(%x) +d
The top of the channel is level with the ground
and is 10 m wide. At its deepest point, the

channel is 5 m deep.
a Find a and d.

b Find, correct to two decimal places:

i the depth of the water when the width of the water surface is 7 m
ii the width of the water surface when the water is 2.5 m deep

6 An archway, which appears as shown, has y
been designed using a function of the form A
g:[0,6] » R,
gx) =asecbx+c)+d T
The graph of g is a transformation of the 4m
graph of l
-
l—,=| =R, f(x) =secx > X
f [ 3°3 ] f( ) Ole——— 6m —>»

Find the values of a, b, ¢ and d.
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Objectives

To understand the concept of a vector and to apply the basic operations on vectors.

To recognise when two vectors are parallel.

To understand linear dependence and linear independence.

To use the unit vectors i and j to represent vectors in two dimensions.

To use the unit vectors i, j and k to represent vectors in three dimensions.

To find the scalar product of two vectors.

To use the scalar product to find the magnitude of the angle between two vectors.
To use the scalar product to recognise when two vectors are perpendicular.

To understand vector resolutes and scalar resolutes.

VVYyVVyVYVYYVYVYYVYY

To apply vector techniques to proof in geometry.

In scientific experiments, some of the things that are measured are completely determined by
their magnitude. Mass, length and time are determined by a number and an appropriate unit
of measurement.

length 30 cm is the length of the page of a particular book

time 10 s is the time for one athlete to run 100 m

More is required to describe velocity, displacement or force. The direction must be recorded
as well as the magnitude.

displacement 30 km in a direction north

velocity 60 km/h in a direction south-east

A quantity that has both a magnitude and a direction is called a vector.
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120 Chapter 5: Vectors

BA Introduction to vectors

a A quantity that has a direction as well as a magnitude can be represented by an arrow:
# m the arrow points in the direction of the action

m the length of the arrow gives the magnitude of the quantity in terms of a suitably
chosen unit.

Arrows with the same length and direction are regarded as equivalent. These arrows are
directed line segments and the sets of equivalent segments are called vectors.

Directed line segments

The five directed line segments shown all have the same length ¥
and direction, and so they are equivalent. A B
D
A directed line segment from a point A to a point B is denoted / ’/(
by AB A
y Ab. C

. .. .. -3 s

For simplicity of language, this is also called vector AB. 0

That is, the set of equivalent segments can be named through

7 F H
one member of the set. / /
E

Note: The five directed line segments in the diagram all name G
e s e |
the same vector: AB=CD = OP = EF = GH.

Column vectors

An alternative way to represent a vector is as a column of
numbers. The column of numbers corresponds to a set of
equivalent directed line segments.

3
For example, the column [2} corresponds to the directed

line segments which go 3 across to the right and 2 up.

10)
Vector notation

A vector is often denoted by a single bold lowercase letter. The vector from A to B can be
— —
denoted by AB or by a single letter v. Thatis, v = AB.

When a vector is handwritten, the notation is v.

» Magnitude of vectors

The magnitude of vector zﬁ is denoted by |ﬁ|. Likewise, the magnitude of vector v is
denoted by |v|. The magnitude of a vector is represented by the length of a directed line
segment corresponding to the vector.

For AB in the diagram above, we have I/ﬁ)l = V32 + 22 = V13 using Pythagoras’ theorem.

X

], then its magnitude is given by
y

In general, if AB s represented by the column vector [

|ﬁ| = /x% +y?
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5A Introduction to vectors 121

» Addition of vectors C
Adding vectors geometrically v

Two vectors u and v can be added geometrically by drawing
a line segment representing u from A to B and then a line u+v
segment representing v from B to C.

The sum u + v is the vector from A to C. That is,
—
u+v=AC
The same result is achieved if the order is reversed. This is
represented in the diagram on the right:

N
u+v=AC

=v+u

Adding column vectors

Two vectors can be added using column-vector notation.

For example, if u = [ﬂ andv = [_
u+v= 4 + o
|1 3] |4

» Scalar multiplication

Multiplication by a real number (scalar) changes the length of
the vector. For example:
®m 2u is twice the length of u
[ %u is half the length of u 2u
We have 2u = u + u and %u+ %u =u.
u
In general, for k € R*, the vector ku has the same direction as u, /é u

but its length is multiplied by a factor of k.

When a vector is multiplied by —2, the vector’s direction is

reversed and the length is doubled.

When a vector is multiplied by —1, the vector’s direction is 5

reversed and the length remains the same. o
3 -3 6 -6

Ifu = [2] then —u = [_2}, 2u = [4} and —2u = [_4}. "

— — = . . —
If u = AB, then —u = —AB = BA. The directed line segment —AB goes from B to A.

1
, th
1 wen
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122 Chapter 5: Vectors

» Zero vector

The zero vector is denoted by 0 and represents a line segment of zero length. The zero vector
has no direction. The magnitude of the zero vector is 0. Note that Oa = 0 and a + (—a) = 0.

In two dimensions, the zero vector can be written as 0 = [0}

» Subtraction of vectors

To find u — v, we add —v to u. / -
v u—v u

. . . 3 .
Draw a directed line segment representing the vector [ 2} and state the magnitude of

Y

this vector.

Solution Explanation

3
The vector [ 2] is ‘3 across to the right and 2 down’.

14 Note: Here the segment starts at (1, 1) and goes to (4, —1).
] It can start at any point.

0
—14

The magnitude is

V371 (22 =3
Example 2

The vector u is defined by the directed line segment from (2, 6) to (3, 1).

Ifu = [Z], find a and b.

Solution y
From the diagram: A4 (2, 6)

AR :
=23 :

i 3,1
Hencea =1 and b = -5. B (3, 1)

Q|
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» Polygons of vectors
— —
m For two vectors AB and BC, we have m For a polygon ABCDEF, we have

— = — — > = = = =
AB+ BC = AC AB+BC+CD+DE+EF+FA=0

B > C B, C
A D
A
F E

— =

Ilustrate the vector sum 14_B) + BC + CD, where A, B, C and D are points in the plane.

Solution

c
—_ = —
AB+BC +CD = AD /B/\
4 > D

» Parallel vectors

Two parallel vectors have the same direction or opposite directions.

Two non-zero vectors u and v are parallel if there is some k € R \ {0} such that u = kv.

- -6
For example, if u = andvy = [ ] then the vectors u and v are parallel as v = 3u.

» Position vectors

We can use a point O, the origin, as a starting point for a vector to indicate the position of a

point A in space relative to O.
—
For a point A, the position vector is OA. y

The two-dimensional vector

ai
a =

a
. . . . ar (ay, a2)
is associated with the point (a;, a;). The vector a can be a
represented by the directed line segment from the origin to

. > X
the point (ay, ay). 0 ai
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124  Chapter 5: Vectors

» Vectors in three dimensions

The definition of a vector is, of course, also valid in three dimensions. The properties which
hold in two dimensions also hold in three dimensions.

For vectors in three dimensions, we use a third axis, denoted by z. The third axis is at right
angles to the other two axes. The x-axis is drawn at an angle to indicate a direction out of
the page towards you.

Vectors in three dimensions can also be written using z
column-vector notation:

ai
a = a a3 (0> az, a3)
as ) ‘A
The vector a can be represented by the directed line segment a } a» ’
from the origin to the point A(ay, az, as). /

X

» Properties of the basic operations on vectors

The following properties are stated assuming that the vectors are all in two dimensions or all
in three dimensions:

commutative law for vector addition a+b=b+a
associative law for vector addition (@a+b)+c=a+(b+c)
zero vector a+0=a
additive inverse a+(-a)=0
distributive law m(a + b) = ma + mb, form € R
/ " s
v An -1
Let V, Ay, Ay, ..., A, be points in space. \
_— s —— — _— — A

Then VA| + A|A) + ArAs+---+A,_1A, = VA,. n

Example 4

OABCDEFG is a cuboid as shown. G D

— — —
Leta = OA, g = OG and ¢ = OC. ; E
F 1
Find the following vectors in terms of a, g and ¢: L A
— — — — — ~0
aOB bOF ¢GD dGB e FA /’
C B
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Solution
— = — — = =
a OB=0A+AB b OF =0C+CF
— = —_— =
=a+c (asAB = 0C) =c+g (as CF = 0G)
—_— = e e
c GD=0A d GB=GO+ OA + AB
=a =S —g +a+c¢
- s > =
e FA=FG+GO+O0OA
=-c—-g+a
O] == o
== | @ OABC is a tetrahedron,
M is the midpoint of AC,
N is the midpoint of OC,
P is the midpoint of OB. p
— — —
Leta = 0OA,b =OBand ¢ = OC. N
Find in terms of a, b and c:
— — — —_— — B
aAC b oOM ¢CN d MN e MP
A M C
Solution
—_— — = _— = —
a AC=A0+0C b OM=0A+AM
=_ YRV
a+c = OA + ;AC
=a+ %(—a +c)
_1
=s(a+c)
= == —_— — =
¢ CN=;C0 d MN=MO+ ON
= %(—c) = —%(a+c)+%c
Z—%C :—%a—%c+£c
_ 1
= —za
i.e. MN is parallel to AO
— — =
e MP=MO+ OP
= —%(a +c) + %b
=ib-a-o
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» Linear dependence and independence
A vector w is a linear combination of vectors vy, v, and v5 if it can be expressed in the form
w=kvy + kv + k3V3

where ki, ko, and k5 are real numbers. We have stated the definition for a linear combination of
three vectors, but it could be any number of vectors.

Definition of linear dependence and linear independence
A set of vectors is said to be linearly dependent if at least one of its members can be

expressed as a linear combination of other vectors in the set.

A set of vectors is said to be linearly independent if it is not linearly dependent. That is,
a set of vectors is linearly independent if no vector in the set is expressible as a linear
combination of other vectors in the set.

For example:

m Two vectors A set of two vectors @ and b is linearly dependent if and only if there exist
real numbers k and ¢, not both zero, such that ka + ¢b = 0.

A set of two non-zero vectors is linearly dependent if and only if the vectors are parallel.
m Three vectors A set of three vectors a, b and c is linearly dependent if and only if there
exist real numbers k, € and m, not all zero, such that ka + ¢b + mc = 0.

Note: Any set that contains the zero vector is linearly dependent.
Any set of three or more two-dimensional vectors is linearly dependent.
Any set of four or more three-dimensional vectors is linearly dependent.

We will use the following method for checking whether three vectors are linearly dependent.

Linear dependence for three vectors

Let @ and b be non-zero vectors that are not parallel. Then vectors a, b and ¢ are linearly
dependent if and only if there exist real numbers m and n such that ¢ = ma + nb.

This representation of a vector ¢ in terms of two linearly independent vectors a and b is
unique, as demonstrated in the following important result.

Linear combinations of independent vectors

Let a and b be two linearly independent (i.e. not parallel) vectors. Then
ma+nb = pa+qgb implies m=pandn=gq
Proof Assume that ma + nb = pa + gb. Then (m — p)a + (n — qg)b = 0. As vectors a and b

are linearly independent, it follows from the definition of linear independence that
m—-p=0andn—-¢g=0.Hencem =pandn =q.

Note: This result can be extended to any finite number of linearly independent vectors.
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Determine whether the following sets of vectors are linearly dependent:

o= |fme(d

Solution
a Note that a and b are not parallel.

Suppose ¢ = ma + nb

Then 5=2m+ 3n

6=m—-n

Solving the simultaneous equations,

we have m = ? and n = —%.

This set of vectors is linearly dependent.

Note: In general, any set of three
or more two-dimensional vectors is
linearly dependent.

3 2 -1
ba=| 4,b=|1|landc=]| 0
-1 3 1

b Note that a and b are not parallel.

Suppose ¢ = ma + nb

Then -1 =3m+2n
O=4m+n
l=-m+3n

Solving the first two equations, we have
m= % and n = —‘5—‘.

But these values do not satisfy the third
equation, as —m + 3n = —? * 1.

The three equations have no solution, so
the vectors are linearly independent.

Points A and B have position vectors a and b respectively,

relative to an origin O.

The point D is such that OD = kOA and the point E is such that
A_é = &ﬁ. The line segments BD and OE intersect at X.

=5 == =2  4==
Assume that OX = gOE and XB = /hig

a Express ﬁ in terms of a, b and k.

ﬁ .
¢ Express XB in terms of a, b and ¢.

o D A

% .
b Express OX in terms of a, b and .

d Find k and ¢.

Solution
— 44— — 2— e T
a XB=-DB b 0OX=-0OE ¢ XB=X0O+ OB
5 5 .
4 — — 2 — — =-0X+ 0B
= g(—OD + OB) = g(OA + AE) ) 2p
=—{-0a—-—b+b
4 — — 2 — @ — 5 5
= g(—kOA + OB) = g(OA + ¢{AB) 5 "
= g(—ka + b) = g(a + (b — a))
4k 4 2 2¢
= —— = = —(]1 - -
5 a-+ 5b 5( O)a + 5 b
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128 Chapter 5: Vectors 5A

d As a and b are linearly independent vectors, the vector XB has a unique representation
in terms of @ and b. From parts a and ¢, we have

& 4 2 2
~Sa+ b= g(f—l)a+(1—g)b

5
Hence
4k 2 4 2¢
——==(t-1 1 d -=1-— (2
5 5( ) (D an 5 5 (2)
From equation (2), we have
2
5 5
1
{=—
2
Substitute in (1):
4k 2(1 1)
5 5\2
1
k=-
4

__Exercise Bl

. . . -2 .
example1| 1 Draw a directed line segment representing the vector [ 1} and state the magnitude of
this vector.

example2| 2 The vector u is defined by the directed line segment from (-2, 4) to (1, 6).
Ifu= [Z] find a and b.

—_ s = = —
Example 3| 3  Illustrate the vector sum OA + AB + BC + CD + DE.

. — —
4 In the diagram, OA = a and OB = b. E
a Find in terms of a and b:
- ﬁ - ﬁ ] _>
i OC ii OE il OD D,
B —
iv DC v DE !
b If |a| = 1 and |b| = 2, find:
i |OC| il |OE| iii |OD| 0 B C

5 Using a scale of 1 cm = 20 km/h, draw vectors to represent:
a a car travelling south at 60 km/h
b a car travelling north at 80 km/h

6 If the vector @ has magnitude 3, find the magnitude of:

3 1
a 2a b -a c —=a
2 2
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5A 5A Introduction to vectors 129

7 OA/ — A/A/I - AIIA//I — AII/A
OBI - BIBII - B//Bl’/ - BIIIB
— — .
If a = OA and b = OB, find in terms of a and b:

—> — —_— —
a i OA ii OB iii A’B iv AB
- % - é mw é
b i 0A” ii OB” iii A”B”
8 Find in terms of a, b, ¢ and d: Y
— — —
a Xxw b vx c ZY Y g b w
c
VA4
d
14
9 The position vectors of two points A and B are a and b. 4 M B
The point M is the midpoint of AB. Find:
— — —
a AB b AM c OM a b
0
10 ABCD is a trapezium with AB parallel to DC. D C

X and Y are the midpoints of AD and BC % / \ v
respectively. / \

_) . -
a Express XY in terms of a and b, where A - B
— —
a=ABand b = DC.
b Show that XY is parallel to AB.
11 ABCDEF is aregular hexagon with centre G. C D

The position vectors of A, B and C, relative to an origin O,
are a, b and ¢ respectively.

.} .
a Express OG in terms of a, b and c.

_) .
b Express CD in terms of a, b and c.

A F
. — — —
example 4| 12 For the cuboid shown, let a = OA, ¢ = OC and g = OG. G D
Let M be the midpoint of ED.
Find each of the following in terms of a, ¢ and g: F E/M
— — — — —
a EF b AB c EM d oM e AM C
(0]
A B
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130 Chapter 5: Vectors 5A

Example 5| 13 OABCD is a right square pyramid.

— — -— — 0
Leta=0A,b=0B,c=0Candd = OD.
. N
a i Find AB in terms of a and b.
ii Find D—C)’ in terms of ¢ and d. B
- ﬁ % . .
ifi Use the fact that AB = DC to find a relationship "
between a, b, ¢ and d.
- . ﬁ .
b i Find BC in terms of b and c.

ii Let M be the midpoint of DC and N the midpoint
—
of OB. Find MN in terms of a, b and c.

D M C

example 6| 14  Determine whether the following sets of vectors are linearly dependent:

4 2 4 3 4 6
aa=|1|,b=|-1|landc=| 2 b a= 1‘,bzl2‘andc:3
3 3 6 2 1 4
[ 1 3 3
ca=| 1|,b=|-1|landc =|-5
-1 4 11

15 Leta and b be non-zero vectors that are not parallel.

a Ifka+¢b =3a+ (1 —{)b, find the values of k and ¢.
4k

4
b If2(¢ - 1)a+ (1 - g)b = —?a + 3b, find the values of k and .

example 7/ 16 Points P, Q and R have position vectors 2a — b, 3a + b and a + 4b respectively, relative
to an origin O, where a and b are non-zero, non-parallel vectors. The point S is on the
. L= — — —
line OP with OS = kOP and RS = mRQ.
a Express 05 in terms of:
i k,aand b il myaand b

b Hence evaluate k and m.

17 The position vectors of points A and B, relative to an origin O, are a and b respectively,
—
where a and b are non-zero, non-parallel vectors. The point P is such that OP = 40B.

L . . . . — 88—
The midpoint of AB is the point Q. The point R is such that OR = §0Q.
a Find in terms of a and b:
- ﬁ - ﬁ mmw ﬁ - _>
i 00 il OR ili AR iv RP
b Show that R lies on AP and state the ratio AR : RP.
¢ Given that the point S is such that aS’) = XO_Q>, find the value of A such that PS is

parallel to BA.

2 1
18 Leta= [1] and b = { 3]. Find the values of x and y for which:

axa=(@y-1b
b 2-x)a=3a+-3y)b
\/ c (5+2x)(a+b)=y3a+2b)
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5B Resolution of a vector into rectangular components 131

5B Resolution of a vector into rectangular components

A unit vector is a vector of magnitude 1. For a non-zero vector a, the unit vector with the
same direction as a is denoted by a and given by

L1

a=—a

lal

m The unit vector in the positive direction of the x-axis is i.
m The unit vector in the positive direction of the y-axis is j.
m The unit vector in the positive direction of the z-axis is k.

1 [0
In two dimensions: i = [O] and j = 1].

and k =

- O O

1
In three dimensions: i = |0}, j =
0

lo - o|

X

The vectors Z, j and k are linearly independent. Every vector in two or three dimensions can
be expressed uniquely as a linear combination of i, j and k:

r r 0 0
eg. r=|n|=|0|+|n|+|0|=rni+nj+nrnk
r3 0 0 r3
Two dimensions
For the point P(x, y):
ﬁ
OP =xi+yj

|E)>| = 4/x% +y?

Three dimensions

For the point P(x,y, 2):
_)
OP = xi +yj+zk

Ia)’l = X2 +y2 + 22

Basic operations in component form

Leta=aji+ayj+askand b = bii + by j+ bsk.
Then a+b = (611 + b])l + (612 + bz)j+ (613 + b3)k
a—>b=(a—b)i+(a—br)j+(as—b3)k

and ma = mayi + ma, j + mazk for a scalar m
Equivalence Magnitude
Ifa=b,thena; =by,ay =byandaz =bs.  |a| = \Ja? + a3 + d?
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132 Chapter 5: Vectors

a Using the vectors i and j, give the vectors:

1 OA 1l OB im OcC iv OD

D, 14

b Using the vectors i and j, give the vectors:

- _) - ﬁ

i AB ii BC B
¢ Find the magnitudes of the vectors: j

L == == .

i AB ii BC O i

C

Solution
- % . . -= _> . . - _> . . - _) . .
a i OA=2i+3j it OB=4i+] i OC =i-2j iv OD = -2i + 3j

b i AB=AO+OB i BC =BO+0C
=-2i-3j+4i+]j =—4i-j+i-2j
=2i-2j = -3i-3j

c i [ABl=V2+(22 i [BCl = V(37 + (=37
=8 = V18
=2V2 =3V2

Leta=i+2j—k,b=3i—-2kand c =2i+ j+ k. Find:
aa+bd b a-2b ca+b+c d |a|
Solution
a a+b=>G0+2j-—k)+ (3i-2k)

=4i+2j-3k
b a-2b=(G+2j-k)—-23i-2k)

=-5i+2j+3k
C a+b+c=0+2j-k)+Q@Bi-2k)+Qi+j+k)

=6i+3j-2k

d la= T+ 21 1P =6
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5B Resolution of a vector into rectangular components 133

Example 10

A cuboid is labelled as shown. C G

— —> —
OA =3i, OB=5j, OC =4k /M
a Find in terms of 7, j and k: E
. = . = e T2, - 0 B
1 DB ii OD i DF iv OF
. —
b Find |OF].
¢ If M is the midpoint of FG, find: A D
0 = I
1 OM il |OM|
Solution
a i DB=AO it OD=0B+BD
— —
=] —OA = Sj ar OA
=-3i =5j+3i
=3i+5j
i DF =0C iv OF =0D + DF
=4k =3i+5j+4k

b |OF| = V9 +25+ 16
=150
=5V2

L= = — — . = 9
C i OM=0D +DF + FM i IOMI:‘/Z+25+16

—3i45j+4k+ -(_GE 1

=345 +ak+ 5(=GF) = 3V 100 + 64
. . 1 .

=3l+51+4k+§(—3l) :% 73

:%i+5j+4k

Example 11

Ifa = xi + 3j and b = 8i + 2yj such that @ + b = —2i + 4j, find the values of x and y.

Solution
a+b=(x+8)i+Q2y+3)j=—2i+4j

x+8=-2 and 2y+3=4

. 1
i.e. x=-10 and y==
2
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Example 12
(e—)

Let A =(2,-3), B=(1,4)and C = (-1, -3). The origin is O. Find:
ai OA ii AB im BC
— —
b F such that OF = %0
— —
¢ G such that AG = 3B

S

Solution

aiOA=2i-3j ii AB=A0+OB iii BC =BO+0C
=-2i+3j+i+4j =—i—4j—i-3j
=—i+7j = —2i-7j

H % . - . .
b OF =10A=1Qi-3j)=i-3j
Hence F = (1,-1.5)
— —
¢ AG =3BC =3(-2i-17j) = —6i —21j
Therefore
— = —
0G = OA + AG
=2i—3j—6i—-21j
= —4i — 24§
Hence G = (—4,-24)

Example 13

Let A =(2,-4,5) and B = (5,1,7). Find M, the midpoint of AB.
Solution
— —
We have OA = 2i — 4j + Sk and OB = 5i + j + 7k.
—_— s =
Thus AB=AO + OB
=-2i+4j-5k+5i+j+7k
=3i+5j+2k
— 1 . .
and so AM = 5(31 +5j +2k)

—_— = —
Now OM = OA + AM

3. 5
=2i—4j+5k+§i+§j+k

7. 3.
—EI—EJ+6k

7 -3
H M==,—
ence (2, 2,6)
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Example 14
(e—)

a Show that the vectors a = 8i + 7j + 3k, b =i — j + 3k and ¢ = 2i + 3j — k are linearly
dependent.

b Show that the vectors a = 8i + 7j + 3k, b = i — j + 3k and ¢ = 2i + 3j + k are linearly
independent.

Solution
a Vectors b and ¢ are not parallel. We want to find constants 7 and n such that
a = mb + nc. Consider

8i+7j+3k=m(@—j+3k)+nQRi+3j—k)
This implies
8=m+2n 1) T=-m+3n (2) 3=3m-n (3
Adding (1) and (2) gives 15 = 5n, which implies n = 3.
Substitute in (1) to obtain m = 2.
The solution m = 2 and n = 3 must be verified for (3): 3m—-n=3x2-3 =3.
Therefore
a=2b+3c orequivalently a-2b-3c=0

Vectors a, b and ¢ are linearly dependent.

b Equations (1) and (2) are unchanged, and equation (3) becomes
3=3m+n (3
But substituting m = 2 and n = 3 gives 3m +n =9 # 3.

The three equations have no solution, so the vectors are linearly independent.

» Angle made by a vector with an axis

The direction of a vector can be given by the z
angles which the vector makes with the i, j A

and k directions.
as

If the vector a = a;i + a, j + a3k makes angles
a, B and y with the positive directions of the
x-, y- and z-axes respectively, then

ay
cosa = —,
|al

The derivation of these results is left as an

an a
cos[3=m, cos.y:—3 a o

|a|

exercise.
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Leta=2i—jand b =i+ 4j - 3k.
For each of these vectors, find:

a its magnitude

b the angle the vector makes with the y-axis.

Solution

a lal=v22+(=12=15
bl = V12 + 42 + (=3)2 = V26

b The angle that @ makes with the y-axis is

-1
cos—l(—) ~ 116.57°
V5

The angle that b makes with the y-axis is

4
*1(—) ~ 38.33°
COS .
V26

Example 16

A position vector in two dimensions has magnitude 5 and its direction, measured
anticlockwise from the x-axis, is 150°. Express this vector in terms of i and j.

Solution
Leta=aji+aj. y

The vector a makes an angle of 150° with the x-axis
and an angle of 60° with the y-axis.

Therefore ¢ 4
60° 150°
ag ay >
cos 150° = — and cos60° = — 0 X
|al lal
Since |a| = 5, this gives
. -5V3
a; = |ajcos 150° = ——
2
. 5
a, = |ajcos 60° = =
2
-5V3, 5,
a= i+—j
2 2
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Example 17
(e—)

Let i be a unit vector in the east direction and let j be a unit vector in the north direction,
with units in kilometres.

3 1
a Show that the unit vector in the direction N60°W is —g i+ 3 J.

b If a car drives 3 km in the direction N60°W, find the position vector of the car with
respect to its starting point.
¢ The car then drives 6.5 km due north. Find:
i the position vector of the car
ii the distance of the car from the starting point

iii the bearing of the car from the starting point.

Solution
a Let r denote the unit vector in the direction N60°W. y

Then r = —cos30° + cos 60°j

V3.1 r
=i+ =] 60°
2l+2_] 309

Note: |r] =1 |0

b The position vector is

e il 2L

+ 3;
2 27
c Let r’ denote the new position vector. N
i r=3r+6.5j
3v3. 3. 13. 6.5j

=g itgivgd 0

.. T 3V3., .
ii [F|=4/—— +64 iii Since r’ = —— i+ 8j, we have

_ [27+256 ange = Y3
4 16
33

1 . o _ —l( 3) ~ o
— S0 =t — | = 18
= —-V283 ol 16
The bearing is 342°, correct to the
nearest degree.

Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
Specialist Mathematics Year 12 Photocopying is restricted under law and this material must not be transferred to another party.



138 Chapter 5: Vectors 5B

S ercise B2

Skillsheet 1

a Give each of the following vectors in
Example 8 terms of i and j:

i OA i1 OB 1ii OC iv OD J
b Find each of the following:

. T3 - SR e 7

i AB ii CD iii DA A
¢ Find the magnitude of each of the J

following: O i

. 2 - 2 P {

i OA i1 AB 1ii DA

Qe
8S

Example9| 2 Leta=2i+2j—k,b=—-i+2j+ kandc =4k. Find:
aa+b b 2a+c¢ ca+2b-c d ¢c-4a e |b| f |c|
Example 10, 3 OABCDEFG is a cuboid set on Cartesian axes z
— — —
with OA = 5i, OC = 2j and OG = 3k. A
a Find: G F

el

iv v Vi
-mm ﬂ -
vili DB IX

xi GB Xil

vii

Bl sl &l
SR
QS
(

X
b Evaluate:

i |OD] il |OE| iii |GE| X
¢ Let M be the midpoint of CB. Find:
i CM in OM imi DM
. _> % .
d Let N be the point on FG such that FN = 2NG. Find:
- _> -m ﬁ mmw ﬁ - ﬁ %
i FN it GN ili ON iv NA v NM
e Evaluate:
- _> - % "-mw %
i |[INM| it |[DM| ili |AN|
example 11| 4  Find the values of x and y if:
aa=4i-j, b=xi+3yj, a+b=7i-2j
b a=xi+3j, b=-2i+5yj, a-b=6i+j
ca=6i+yj, b=xi-4j, a+2b=3i—j
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Example 2] 5 LetA =(-2,4), B=(1,6)and C = (-1,—-6). Let O be the origin. Find:
ali OA il AB i BC
— =
b F such that OF = ;0
— —
¢ G such that AG = 3BC

>

Example 13| 6 Let A = (1,-6,7)and B = (5,-1,9). Find M, the midpoint of AB.

7 Points A, B, C and D have position vectors a =i +3j—2k,b =5i+ j—6k,¢c =5j+ 3k
and d = 2i + 4j + k respectively.
a Find:
i AB it BC im CD iv DA
b Evaluate:
i |AC| il |BD|
¢ Find the two parallel vectors in a.

8 Points A and B are defined by the position vectorsa =i+ j—Skand b =3i -2j -k
respectively. The point M is on the line segment AB such that AM : MB=4: 1.

a Find:
i AB n AM inm oM
b Find the coordinates of M.

Example 14| 9 a Show that the vectorsa = 8i +5j+ 2k, b=4i—3j+ kandc =2i — j+ %k are
linearly dependent.
b Show that the vectors @ = 8i + 5j + 2k, b = 4i — 3j + k and ¢ = 2i — j + 2k are
linearly independent.

10 The vectorsa =2i —3j+ k, b =4i+3j— 2k and ¢ = 2i — 4j + xk are linearly
dependent. Find the value of x.

11 A=2,1),B=(1,-3),C=(-5,2),D=(3,5) and O is the origin.
a Find:
i OA it AB il BC iv BD
— —
b Show that AB and BD are parallel.
¢ What can be said about the points A, B and D?

12 LetA=(1,4,-4),B=(2,3,1),C = (0,~1,4) and D = (4,5,6).
a Find:
. —2 . 2 e T . S d
i OB ii AC i BD iv CD
— —
b Show that OB and CD are parallel.
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13 LetA=(1,4,-2),B=(3,3,0),C =(2,5,3)and D = (0,6, 1).
a Find:
. 2 - T2 e AR 4
i AB it BC imi CD iv DA
b Describe the quadrilateral ABCD.
14 LetA=(5,1),B=(0,4)and C = (—1,0). Find:
— =
a Dsuchthat AB=CD

— —
b E suchthat AE = —-BC

— —
¢ G suchthat AB = 2GC

15 ABCD is a parallelogram, where A = (2,1), B = (-5,4),C = (1,7) and D = (x, ).
a Find:
. T2 e T2
i BC il AD (in terms of x and y)

b Hence find the coordinates of D.

16 a LetA =(1,4,3)and B =(2,-1,5). Find M, the midpoint of AB.
b Use a similar method to find M, the midpoint of XY, where X and Y have
coordinates (x, vy, z;) and (x2, y2, 22) respectively.

17 LetA =(5,4,1)and B = (3,1,—4). Find M on line segment AB such that AM = 4MB.
. — —

18 LetA =(4,-3)and B =(7,1). Find N such that AN = 3BN.

19 Find the point P on the line x — 6y = 11 such that OP is parallel to the vector 3i + j.

20 The points A, B, C and D have position vectors a, b, ¢ and d respectively. Show that, if
ABCD is a parallelogram, thena + ¢ = b + d.

21 Leta=2i+2j,b=3i—jandc =4i+5j.
a Find:
i ja ii b—c iii 3b—a-2c
b Find values for k and ¢ such that ka + £b = c.

22 leta=5i+j—-4k,b=8i—-2j+kandc=i-7j+6k.
a Find:
i 2a-b ii a+b+c iii 0.5a+0.4b
b Find values for k and ¢ such that ka + €b = c.

Example 15| 23 Leta =5i+2j,b=2i-3j,c=2i+j+kandd = —i + 4j + 2k.
a Find:
i |a i |b| iii |a +2b| iv |c—d
b Find, correct to two decimal places, the angle which each of the following vectors
makes with the positive direction of the x-axis:

i a ii a+2b ifi c—d
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The table gives the magnitudes of vectors in two Magnitude  Angle

dimensions and the angle they each make with a 10 110°

the x-axis (measured anticlockwise).

Express each of the vectors in terms of Z and j, b 8.5 250°

correct to two decimal places. ¢ 6 40°
d 5 300°

The following table gives the magnitudes of vectors in three dimensions and the angles
they each make with the x-, y- and z-axes, correct to two decimal places. Express each
of the vectors in terms of Z, j and k, correct to two decimal places.

Magnitude  Angle with x-axis  Angle with y-axis  Angle with z-axis
a 10 130° 80° 41.75°
b 50° 54.52° 120°
c 7 28.93° 110° 110°
d 12 121.43° 35.5° 75.2°

Show that if a vector in three dimensions makes angles o, § and y with the x-, y- and
z-axes respectively, then cos? o + cos®  + cos?y = 1.

Points A, B and C have position vectors @ = —=2i + j + Sk, b = 2j + 3k and
¢ = -2i +4j + Sk respectively. Let M be the midpoint of BC.

—
b Find OM.
d Find the area of AABC.

a Show that AABC is isosceles.
. S
¢ Find AM.

OABCYV is a square-based right pyramid with V the vertex. The base diagonals OB
— — —
and AC intersect at the point M. If OA = 5i, OC = 5j and MV = 3k, find each of
the following:
—
a OB

—

— — —
b om c OV d BV e |0V]
Points A and B have position vectors @ and b. Let M and N be the midpoints of OA
and OB respectively, where O is the origin.

— =
a Show that MN = 5AB.

b Hence describe the geometric relationships between line segments MN and AB.

Let i be the unit vector in the east direction and let j be the unit vector in the north
direction, with units in kilometres. A runner sets off on a bearing of 120°.
a Find a unit vector in this direction.
b The runner covers 3 km. Find the position of the runner with respect to her
starting point.
¢ The runner now turns and runs for 5 km in a northerly direction. Find the position of
the runner with respect to her original starting point.

d Find the distance of the runner from her starting point.
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31 A hang-glider jumps from a 50 m cliff. A

a Give the position vector of point A with respect to O.
b After a short period of time, the hang-glider has position B
_}
given by OB = —80i + 20j + 40k metres. 50
- - A . —3 Ak
i Find the vector AB. il Find the magnitude of AB.
¢ The hang-glider then moves 600 m in the j-direction and

60 m in the k-direction. Give the new position vector of the 0

<.Y

hang-glider.

32 A light plane takes off (from a point which will be considered as the origin) so that its
position after a short period of time is given by r; = 1.5i + 2j + 0.9k, where i is a unit
vector in the east direction, j is a unit vector in the north direction and measurements
are in kilometres.

a Find the distance of the plane from the origin.
b The position of a second plane at the same time is given by r, = 2i + 3j + 0.8k.
i Findr| —r;. ii Find the distance between the two aircraft.

¢ Give a unit vector which would describe the direction in which the first plane must
fly to pass over the origin at a height of 900 m.

33 Jan starts at a point O and walks on level ground 200 metres in a north-westerly
direction to P. She then walks 50 metres due north to Q, which is at the bottom of a
building. Jan then climbs to 7', the top of the building, which is 30 metres vertically
above Q. Let i, j and k be unit vectors in the east, north and vertically upwards
directions respectively. Express each of the following in terms of i, j and k:

a OP b @ C O_Q) d @Z e O7

34 A ship leaves a port and sails north-east for 100 km to a point P. Let i and j be the unit
vectors in the east and north directions respectively, with units in kilometres.
a Find the position vector of point P.

b If B is the point on the shore with position vector 0B = 1004, find:
i BP ii the bearing of P from B.

35 Giventhata =i—j+2k,b=1i+2j+ mkand ¢ = 3i + nj + k are linearly dependent,
express m in terms of » in simplest fraction form.

36 leta=i-j+2kandb =1i+2j—-4k.
a Find 2a - 3b.

b Hence find a value of m such that a, b and ¢ are linearly dependent, where
¢ =mi+6j—12k.

37 Leta=4i—j—-2k,b=i—-j+kand c=ma+ (1 -mb.
a Find ¢ in terms of m.
‘/ b Hence find p if ¢ = 7i — j + pk.
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5C Scalar product of vectors

The scalar product is an operation that takes two vectors and gives a real number.

Definition of the scalar product

We define the scalar product of two vectors in three dimensions a = ai + a, j + ask and
b = byi + by j + b3k by

a-b= a1by + axby + a3b3

The scalar product of two vectors in two dimensions is defined similarly.

Note: Ifa=0orb =0,thena-b =0.

The scalar product is often called the dot product.

Example 18

Leta=1i-2j+3kand b = -2i + 3j + 4k. Find:
aa'b ba.a

Solution
aab=1x(-2)+(-2)x3+3x4=4 b a-a=12+(-2>2+32=14

Geometric description of the scalar product
For vectors a and b, we have b
a-b=|a||b|cos6 A

where 0 is the angle between a and b.

Proof Leta = aji+ ayj+ ask and b = b\i + by j + bs3k. The cosine rule in AOAB gives
la|> + |b|> - 2|a||b| cos O = |a — b|?
(a} + a3 + a3) + (b} + b3 + b3) — 2lal|b| cos 0 = (a; — by)* + (a2 — by)* + (a3 — b3)*
2(arb; + azby + asbs) = 2|a| |b| cos O
a1b; + a)by + azby = |a||b| cos 6
a-b=|a||blcosb

Note: When two non-zero vectors a and b are placed so that their initial points coincide, the
angle 0 between a and b is chosen as shown in the diagrams. Note that 0 < 6 < .

b
b\__ o 0
0 - (N

a a b a
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Example 19

a If|a| = 4, |b| = 5 and the angle between a and b is 30°, find a - b.
b If |a| = 4, |b| = 5 and the angle between a and b is 150°, find a - b.

Solution
a a-b=4x5xcos30° b a-b=4x5xcos150°
V3 -3
=20 x — =20 x ——
0 x > 0x 5
= 10V3 =-10V3
4 a 150°
30°
b b

» Properties of the scalar product

mab=ba m k(a-b)=(ka)-b=a-(kb) ma-0=0
ma-(b+c)=a-b+a-c ®a-a=laf

m If the vectors a and b are perpendicular, then a - b = 0.

m Ifa- b = 0 for non-zero vectors a and b, then the vectors a and b are perpendicular.
m For parallel vectors a and b, we have

3 { la| |b| if @ and b are parallel and in the same direction

—la||b| if a and b are parallel and in opposite directions

m For the unit vectors i, jand k, wehavei-i=j-j=k-k=1andi-j=i-k=j-k=0.

Example 20

a Simplifya-(b+¢)—-b-(a-c).
b Expand the following:
i (a+b)-(a+b) ii (a+b)-(a->)

Solution
aa b+c)-b-(a-c)=a-b+a-c—-b-a+b-c
=a-c+b-c
b i (a+b)-(a+b)=a-a+a-b+b-a+b-b
=a-a+2a-b+b-b
ii (@a+b)-(a-b)=a-a—a-b+b-a—-b-b
=a-a-b-b
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Example 21

Solve the equation (i + j — k) - (3i — xj + 2k) = 4 for x.

Solution
G+j—k) - -Gi-xj+2k)=4
3-x-2=4
1-x=14
x=-=-3

» Finding the magnitude of the angle between two vectors
The angle between two vectors can be found by using the two forms of the scalar product:
a-b=|a||blcos® and a-b =a1by+ arbr + azbs
Therefore

a-b _ a1b1 ar a2b2 ar a3b3
lal [B] lal |b]

Example 22

A, B and C are points defined by the position vectors a, b and ¢ respectively, where

cos O =

a=i+3j—-k, b=2i+j and c=i-2j-2k
Find the magnitude of ZABC, correct to one decimal place.

Solution
. — —
LABC is the angle between vectors BA and BC.

BA=a-b=-i+2j—k
BC=c—b=—i-3j-2k
We will apply the scalar product:
—_ = = —
BA - BC = |BA||BC| cos(£ABC)
We have
— —
BA-BC=1-6+2=-3
BA=VI+4+1=6
IB—C>‘|:V1+9+4= V14
Therefore
— —
BA-BC -3
IBA||BC| VoV14
Hence ZABC = 109.1°, correct to one decimal place.

cos(Z/ABC) =

(Alternatively, we can write ZABC = 1.9, correct to one decimal place.)
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T ercise S

Example18¢| 1 Leta=i-4j+7k, b =2i+3j+3kandc =—-i—-2j+ k. Find:
aa-a bb-b cc-c da-b
e a-(b+c) f@+b)y-(a+c) g (a+2b)-Bc-b)

2 Leta=2i—j+3k,b=3i-2kandc=—-i+3j— k. Find:
aa-a b b-b ca-b
da-c e a-(a+b)

Example 19| 3 a If]a| = 6, |b| = 7 and the angle between a and b is 60°, find a - b.
b If |a| = 6, |b| = 7 and the angle between a and b is 120°, find a - b.

example 20, 4  Expand and simplify:
a (a+2b)-(a+2b) b |a+b)>-|a- b
a-(a+b)—a-b

|a

ca-(a+b)-b-(a+b) d

Example21| 5  Solve each of the following equations:
a (i+2j-3k)-Si+xj+k)=-6 b (xi+7j—-k)-(—4i+ xj+5k)=10
c (xi+5k)-(-2i-3j+3k)=x d x2i+3j+k)-i+j+xk)=6
Example22| 6 If A and B are points defined by the position vectorsa =i +2j—kand b = —i + j — 3k
respectively, find:

— — . —
a AB b |AB| ¢ the magnitude of the angle between vectors AB and a.

7 Let C and D be points with position vectors ¢ and d respectively. If [c| = 5, |d] = 7 and
—
c-d =4, find |CD|.
— —

8 OABC is arhombus with OA = a and OC = c.

a Express the following vectors in terms of a and c:

i AB it OB it AC
—_— —
b Find OB - AC.

¢ Prove that the diagonals of a rhombus intersect at right angles.

9 From the following list, find three pairs of perpendicular vectors:

a=i+3j-k
b=-4i+j+2k
¢=-2i-2j-3k
d=-i+j+k
e=2i—j—k
f=-i+4j-5k
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10 Points A and B are defined by the position vectors
a=i+4j—4kandb =2i+5j- k. /
Let P be the point on OB such that AP is perpendicular to OB.
_)
Then OP = gb, for a constant q.
a Express ﬁ in terms of ¢, @ and b.
— =
b Use the fact that AP - OB = 0 to find the value of q.
¢ Find the coordinates of the point P.

0]

11 If xi + 2j + yk is perpendicular to vectors i + j + k and 4i + j + 2k, find x and y.

12 Find the angle, in radians, between each of the following pairs of vectors, correct to
three significant figures:

ai+2j—-kandi-4j+k b -2i+j+3kand -2i-2j+k
¢ 2i—j—3kand4i-2k d 7i+kand —i+j-3k

13 Leta and b be non-zero vectors such that a - b = 0. Use the geometric description of
the scalar product to show that @ and b are perpendicular vectors.

For Questions 14—17, find the angles in degrees correct to two decimal places.

14 Let A and B be the points defined by the position vectors a =i+ j+kand b =2i+j—k
respectively. Let M be the midpoint of AB. Find:

—
a OM b sAOM ¢ /BMO
15 OABCDEFG is a cuboid, set on axes at O, such that C B
— — — .
OD =i, OA = 3j and OC = 2k. Find: i
= — :
aiGB ii GE G : F
b /BGE OF—-mmmmm 1 --74
— — /
c the angle between diagonals CE and GA /
D E
16 Let A, B and C be the points defined by the position vectors 4, 5j and —2i + 7k
respectively. Let M and N be the midpoints of AB and AC respectively. Find:
. >
aiom ii ON b /:MON c /MOC
17 A parallelepiped is an oblique prism that has a C B

parallelogram cross-section. It has three pairs of -
parallel and congruent faces. G

OABCDEFG is a parallelepiped with Ex’ = 3j,

—, . — .. A
OC =—i+ j+2kand OD =2i —j.
Show that the diagonals DB and CE bisect each D s
\/ other, and find the acute angle between them.
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5D Vector projections

It is often useful to decompose a vector a into a sum of two vectors, one parallel to a given
vector b and the other perpendicular to b.

From the diagram, it can be seen that
a=u-+w

where u = kb and sow = a —u = a — kb.

|

For w to be perpendicular to b, we must have b
w-b=0
(a-kb)-b=0

a-b-k(b-b)=0
a-b a-b
Hence k = 2D and therefore u = nb.

This vector u is called the vector projection (or vector resolute) of @ in the direction of b.

Vector resolute

The vector resolute of a in the direction of b can be expressed in any one of the following
equivalent forms:

a-b a-b b\(b 5 4
u—nb—Wb—(am)(m)—(ab)b

Note: The quantity a - b= % is the ‘signed length’ of the vector resolute # and is called
the scalar resolute of a in the direction of b.
Note that, from our previous calculation, we havew = a —u = a — % b.
Expressing a as the sum of the two components, the first parallel to b and the second
perpendicular to b, gives
a-b a-b
a= 7D b+ (a b b)

This is sometimes described as resolving the vector a into rectangular components.

Leta=i+3j—kand b =i— j+ 2k. Find the vector resolute of:

a a in the direction of b b b in the direction of a.

Solution
aa-b=1-3-2=-4, b-b=1+1+4=6
The vector resolute of a in the direction of b is
a-b

4. . 2. .
nb——g(l—]+2k)——g(l—]+2k)
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5D Vector projections 149

bba=a-b=-4 a-a=1+9+1=11
The vector resolute of b in the direction of a is

b-a 4 X
n(l——n(l-l-?)]—k)

Example 24

Find the scalar resolute of @ = 2i + 2j — k in the direction of b = —i + 3k.

Solution
a-b=-2-3=-5
bl = V1+9 =10

The scalar resolute of a in the direction of b is

a-b -5 V10

bl vio 2

Example 25

Resolve i + 3j — k into rectangular components, one of which is parallel to 2i — 2j — k.

Solution
Leta=i+3j—kandb =2i-2j- k.

-b
The vector resolute of a in the direction of b is given by £o b.

b-b

We have

a-b=2-6+1=-3

b-b=4+4+1=9
Therefore the vector resolute is

- 1

?3(21' -2j—k) = —§(Zi -2j—k)
The perpendicular component is

1 1
a—(—§(2i—2j—k)):(i+3j—k)+3(2i—2j—k)

5 7 4
EEE
3t T3l 3

1
= 5(51’ +7j —4k)
Hence we can write

1 1
i+3)j~k=-2Qi~2j~ k) + 3(5i+7j - 4k)

Check: As a check, we verify that the second component is indeed perpendicular to b.
We have (5i + 7j —4k) - 2i —2j — k) = 10 — 14 + 4 = 0, as expected.
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T Eercise B

Skillsheet 1~ Points A and B are defined by the position vectors a =i +3j— kand b =i+ 2j + 2k.
a Find a. b Find b. ¢ Find &, where ¢ = AB.

2 leta=3i+4j—-kandb=i-j—k.
a Find:
i a i b

b Find the vector with the same magnitude as b and with the same direction as a.

3 Points A and B are defined by the position vectors @ = 2i — 2j — k and b = 3i + 4k.
a Find:
i a i b
b Find the unit vector which bisects ZAOB.

example 23| 4 For each pair of vectors, find the vector resolute of a in the direction of b:
aa=i+3jandb=i-4j+k ba=i-3kandb=i-4j+k
ca=4i-j+3kandb=4i—k

example 24| 5 For each of the following pairs of vectors, find the scalar resolute of the first vector in
the direction of the second vector:
aa=2i+jandb =1 b a=3i+j-3kandc=1i-2j
¢ b=2j+kanda=2i+V3j d b=i-+5jand ¢ = —i +4j

example 25| 6 For each of the following pairs of vectors, find the resolution of the vector a into
rectangular components, one of which is parallel to b:
aa=2+j+k b=5i-k ba=3i+j b=i+k
ca=-i+j+k b=2i+2j-k

7 Let A and B be the points defined by the position vectorsa =i+ 3j—kandb =j+ k
respectively. Find:
a the vector resolute of a in the direction of b

b a unit vector through A perpendicular to OB

8 Let A and B be the points defined by the position vectorsa =4i + jand b =i—j—k
respectively. Find:
a the vector resolute of a in the direction of b
b the vector component of a perpendicular to b
¢ the shortest distance from A to line OB
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9 Points A, B and C have position vectorsa =i+2j+k, b =2i+j—kand ¢ =2i-3j+k.
Find:
. 2 - T2
a il AB i AC
b the vector resolute of AB in the direction of AC
¢ the shortest distance from B to line AC
d

the area of triangle ABC

10

-]

Verity that vectors @ = i —3j — 2k and b = 5i + j + k are perpendicular to each other.
If ¢ = 2i — k, find:

i d, the vector resolute of ¢ in the direction of a

o

il e, the vector resolute of ¢ in the direction of b.
¢ Find fsuchthatc =d +e + f.
‘/ d Hence show that f is perpendicular to both vectors a and b.

5E Collinearity
Three or more points are collinear if they all lie on a single line. \'\

Three distinct points A, B and C are collinear if and only if there exists a non-zero real
number m such that AC = mAB (that is, if and only if AB and AC are parallel).

A property of collinearity
— —> —>
Let points A, B and C have position vectors a = OA, b = OB and ¢ = OC. Then

—_—> —> . .
AC =mAB ifandonlyif ¢ = —-m)a+ mb

— —
Proof If AC = mAB, then we have

= -m)a+ mb
. . . e _>
Similarly, we can show that if ¢ = (1 — m)a + mb, then AC = mAB.

Note: It follows from this result that if distinct points A, B and C are collinear, then we can
write OC = L0A + umi‘), where A + n = 1. If C is between A and B, then 0 < pu < 1.

Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
Specialist Mathematics Year 12 Photocopying is restricted under law and this material must not be transferred to another party.



152 Chapter 5: Vectors

Example 26

. . . ﬁ ﬁ % .
For distinct points A and B, let a = OA and b = OB. Express OC in terms of a and b,
where C is:
a the midpoint of AB
b the point of trisection of AB nearer to A
. — —
¢ the point C such that AC = —2AB.

Solution
— 11— — 11— —

a AC=§AB b AC=§AB ¢ AC =-2AB
—_— = — —_— = — —_— = —
OC = 0OA + AC C = OA + AC C =0A + AC

ﬁ
:a+%ﬂ>} :a+%ﬁ =a-2AB
| 1 =a-2b-a)
:a+§(b—a) :a+§(b—a) —3g—2b
1 2 1
=a b =Zna 2
2(a+) 3a+3b

Note: Alternatively, we could have used the previous result in this example.

Example 27

= = . .
Let OA = a and OB = b, where vectors a and b are linearly independent.

. . — 44—
Let M be the midpoint of OA, let C be the point such that OC = §OB and let R be the
point of intersection of lines AB and MC.

—
a Find OR in terms of @ and b.
b Hence find AR : RB.

Solution
— 1 — 4
a We have OM = Ea and OC = §b' A

Since M, R and C are collinear, there /\R C
exists m € R with M

— — B

MR = mMC

:m(ﬁ78+O_C)) 0

1 4
- ’"(‘5“ +39)

Thus 0_1)?=0_]\>/I+1\W?
1 1 4
= §a+m(—§a+§b)
l-m dm

Ta+?b
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Since A, R and B are collinear, there exists n € R with
— —
AR = nAB
— =
=n(AO + OB)
=n(—a +b)
—_— = —
Thus OR = OA + AR

=a+n(—a+b)

=(1-n)a+nb
Hence, since a and b are linearly independent, we have
I -m 4m
—=1- d — =
2 n an 3 ="

3 4
This gives m = 3 and n = 5 Therefore
— 1 4
OR=—a+ b
5975
b From part a, we have

e
AR = AO + OR

Hence AR: RB=4:1.

S ercise B

example 26| 1 Points A, B and R are collinear, with OA = a and OB = b. Express OR in terms of a
and b, where R is the point:

a of trisection of AB nearer to B
b between A and B such that AR : AB=3:2.

— — R .
2 LetOA =3i+4kand OB = 2i—-2j + k. Find OR, where R is:

a the midpoint of line segment AB

i — 44—
b the point such that AR = §AB

. — 1—
¢ the point such that AR = _§AB'
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3 The position vectors of points P, Q and R are a, 3a — 4b and 4a — 6b respectively.
a Show that P, Q and R are collinear.
b Find PQ : OR.

4 Intriangle OAB, OA = ai and OB = xi + vj. Let C be the midpoint of AB.
a Find OC.

b Deduce, by vector method, the relationship between x, y and « if the vector O_C>‘ is
—>
perpendicular to AB.

—

5 In parallelogram OAUB, OA = aand OB = b. Let OM = %a and MP: PB=1:5,
where P is on the line segment M B.
a Prove that P is on the diagonal OU.
b Hence find OP : PU.

. . H . . H . .
6 OABC is a square with OA = —4i + 3j and OC = 3i + 4j.
a Find Eé
. . . — 1= —
b Given that D is the point on AB such that BD = §BA, find OD.
—
0

— —
¢ Given that OD intersects AC at E and that OE = (1 — M)OA + LOC, find \.

7 Intriangle OAB, OA = 3i + 4k and OB = i + 2j — 2k.
a Use the scalar product to show that ZAOB is an obtuse angle.
b Find 0_>P where P is:
i the midpoint of AB
ii the point on AB such that OP is perpendicular to AB
\/ iii the point where the bisector of ZAOB intersects AB.

5F Geometric proofs

In this section we use vectors to prove geometric results. The following properties of vectors
will be useful:

m For k € R*, the vector ka is in the same direction as a and has magnitude k|a|, and
the vector —ka is in the opposite direction to @ and has magnitude k|al|.

m If vectors a and b are parallel, then b = ka for some k € R\ {0}. Conversely, if @ and b are
non-zero vectors such that b = ka for some k € R \ {0}, then a and b are parallel.

m If A—B) = kB—C)‘ for some k € R\ {0}, then A, B and C are collinear.

m Two non-zero vectors a and b are perpendicular if and only if @ - b = 0.

a-a=|al’
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Example 28

Prove that the diagonals of a rhombus are perpendicular.

Solution
OABC is a rhombus. A B

— —
Leta = OA and ¢ = OC.
The diagonals of the rhombus are OB and AC.
— = =
Now OB =0C +CB 0 @
— —
=0C+0OA
=c+a
— =
and AC =AO0+0C
=-a+c
— —
Consider the scalar product of OB and AC:
—_— —
OB-AC=(c+a)-(c—a)
=c-c—a-a
= lef* - |af®
A rhombus has all sides of equal length, and therefore |c| = |a|. Hence
— == 2 2
OB-AC =|c|*—|al" =0

This implies that AC is perpendicular to OB.

Example 29

Prove that the angle subtended by a diameter in a circle is a right angle.

Solution
Let O be the centre of the circle and let AB be a diameter. C

— — — . .
Then |OA| = |OB| = |OC| = r, where r is the radius.

— — —
Leta = OA and ¢ = OC. Then OB = —a.

—_— — = — = A 0 B
We have AC = AO + OC and BC = BO + OC.
— —

Thus AC-BC =(-a+c¢)-(a+c)

=—-a-a+c-c

= —laf* + ¢’

—_— —
But |a| = |¢| and therefore AC - BC = 0. Hence AC L BC.
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Example 30
(c— )

Prove that the medians of a triangle are concurrent.

Solution
Consider triangle OAB. Let A’, B’ and X be the A
midpoints of OB, OA and AB respectively. X

Let Y be the point of intersection of the medians

AA’ and BB'. o VG B
— —

Leta = OA and b = OB.

We start by showing that AY : YA’ =BY : YB' =2: 1.

—> — — —
We have AY = MAA’ and BY = uBB’, for some A, 1 € R.

— = 1= - = 1=
Now AA"=AO0 + EOB and BB :BO+§OA

1 1
=—a+§b =-b+-a
— 1 — 1
Y:k@a+zﬂ BY:u@b+§@

But ﬁ can also be obtained as follows:
—_ = —
BY = BA + AY

—

— =
= BO + OA + AY

1
:—b+a+k(—a+§b)
—M+%a=a—ma+e—1y

Since a and b are independent vectors, we now have
A
%:1—x(n and  —u=5-1

Multiply (1) by 2 and add to (2):

A
0=2-2h+2—1
3

=
2
2

A==
3

2
Substitute in (1) to find p = 3
We have shown that AY : YA’ =BY : YB' =2 : 1.

Now, by symmetry, the point of intersection of the medians AA” and OX must also
divide AA’ in the ratio 2 : 1, and therefore must be Y.

Hence the three medians are concurrent at Y.
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S ercise B

1 Prove that the diagonals of a parallelogram bisect each other.

2 Prove that if the midpoints of the sides of a rectangle are joined, then a rhombus
is formed.

3 Prove that if the midpoints of the sides of a square are joined, then another square
is formed.

4 Prove that the median to the base of an isosceles triangle is perpendicular to the base.

5 Prove that if the diagonals of a parallelogram are of equal length, then the parallelogram
is a rectangle.

6 Prove that the midpoint of the hypotenuse of a right-angled triangle is equidistant from
the three vertices of the triangle.

7 Prove that the sum of the squares of the lengths of the diagonals of any parallelogram is
equal to the sum of the squares of the lengths of the sides.

8 Prove that if the midpoints of the sides of a quadrilateral are joined, then a
parallelogram is formed.

9 ABCD is a parallelogram, M is the midpoint of AB and P is the point of trisection
of M D nearer to M. Prove that A, P and C are collinear and that P is a point of
trisection of AC.

10 ABCD is a parallelogram with AB = aand AD = b. The point P lies on AD and is such
that AP : PD =1 : 2 and the point Q lies on BD and is such that BQ : QD =2: 1.
Show that PQ is parallel to AC.

11 AB and CD are diameters of a circle with centre O. Prove that

ACBD is arectangle. ¢
D B
12 Intriangle AOB, a = OA, b = OB and M is the midpoint of AB. 0
a Find:
- ﬁ .
i AM interms of @ and b
. . a b
il OM in terms of @ and b
L = —
b Find AM -AM + OM - OM. U L
¢ Hence prove that OA? + OB?> = 20M? + 2AM?. A M B
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13 In the figure, O is the midpoint of AD and B is the A
midpoint of OC. Let a = OA and b = OB. /
Let P be the point such that OP = %(a +4b). 0 c
a Prove that A, P and C are collinear. / B
b Prove that D, B and P are collinear. 5

¢ Find DB : BP.

14 Intriangle AOB, a = O_A) and b = ﬁ;’ The point P is on AB such that the length of AP
is twice the length of BP. The point Q is such that O—>Q = 3&3.

a Find each of the following in terms of @ and b:
i OP i 0Q i AQ
— —>
b Hence show that AQ is parallel to OB.

15 ORST is a parallelogram, U is the midpoint of RS and V is the midpoint of S7.
Relative to the origin O, the position vectors of points R, S, T, U and V are r, s, t, u
and v respectively.

a Express s in terms of r and ¢.
b Express v in terms of s and ¢.
¢ Hence, or otherwise, show that 4(u +v) = 3(r + s + t).

16 The points A, B, C, D and E shown in the diagram have A
position vectors D
a=i+1lj b =2 +8j c=—i+7j E B

d=-2i+8j e=—4i+6j

respectively. The lines AB and DC intersect at F' as shown.
a Show that FE lies on the lines DA and BC.

— —
b Find AB and DC.
¢ Find the position vector of the point F'.
d Show that FD is perpendicular to EA and that EB is perpendicular to AF. F
e Find the position vector of the centre of the circle through E, D, B and F.

17 Coplanar points A, B, C, D and E have position vectors a, b, ¢, d and e respectively,
relative to an origin O. The point A is the midpoint of OB and the point E divides AC in
theratiol: 2. If e = %d, show that OCDB is a parallelogram.

18 The points A and B have position vectors a and b respectively, relative to an origin O.
The point P divides the line segment OA in the ratio 1 : 3 and the point R divides the
line segment AB in the ratio 1 : 2. Given that PRBQ is a parallelogram, determine the
position of Q.
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19 ABCD is a parallelogram, AB is extended to £ and BA is

E

extended to F such that BE = AF = BC. Line segments
EC and FD are extended to meet at X. B C
a Prove that the lines EX and FX meet at right angles.

e —_— — — — —
b If EX =AEC, FX = wFD and |AB| = k|BC), find the

values of A and p in terms of k.

¢ Find the values of A and p it ABCD is a rhombus. 4 b

— — .
d If [EX| = |FX|, prove that ABCD is a rectangle. F

20 OBCDEFGH is a parallelepiped. Let b = &3’,
— —
d=0Dande = OF.
—_— — —
a Express each of the vectors OG, DF, BH and
C—E) in terms of b, d and e.
. —, =, — — .
b Find |OG)?, |DF|?, |BH|? and |CE|? in terms 0 D
of b, d and e.
¢ Show that [OG + |DE2 + |BH + |ICE? = 4(b® + |d]* + le).

21 In the figure, the circle has centre O and radius r. A D
The circle is inscribed in a square ABCD, and P is any

point on the circle.
— — —_— —
a Show that AP - AP = 372 —20P - OA.
b Hence find AP? + BP?* + CP? + DP? in terms of r.

N

C.
b

RN
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Chapter summary

m A vector is a set of equivalent directed line segments.

m A directed line segment from a point A to a point B is denoted by AB.

Ok

—
m The position vector of a point A is the vector OA, where O is the origin.

. 2].
m A vector can be written as a column of numbers. The vector [3} is ‘2 across and 3 up’.

Basic operations on vectors
m Addition

e The sum u + v is obtained geometrically as shown.
a a+ c} ut+vy

b
m Scalar multiplication

o Mfu= b+d

andv=[;],thenu+v=[

e For k € R*, the vector ku has the same direction as u, but 4
its length is multiplied by a factor of k.

e The vector —v has the same length as v, but the opposite direction.

e Two non-zero vectors u and v are parallel if there exists kK € R \ {0} such that u = kv.

m Subtraction u—v=u+ (-v)

Component form y
m In two dimensions, each vector u can be written in the form A
u = xi + yj, where

e i is the unit vector in the positive direction of the x-axis

e jis the unit vector in the positive direction of the y-axis.

m The magnitude of vector u = xi + yj is given by |u| = /x2 + y2.

m In three dimensions, each z
vector u can be written in (x,»,2)
the form u = xi + yj + zk,
where i, j and k are unit
vectors as shown. y

m Ifu=xi+yj+zk, >
then |u| = \/x2 + y2 + Z2.
m If the vector @ = a;i + ay j + ask makes angles o, f and y with the positive directions of
the x-, y- and z-axes respectively, then
ap az as
cosa = —, cosf=— and cosy = —
lal lal la|
m The unit vector in the direction of vector a is given by
1

a=—a
|al

y
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Scalar product and vector projections
m The scalar product of vectors @ = aji + a» j + ask and b = byi + b, j + b3k is given by

a-b= (11[91 + azbz + (13[93

m The scalar product is described geometrically by a - b = |a||b]| cos 0, b
where 0 is the angle between a and b. 0
m Therefore a - a = |al*. a

m Two non-zero vectors a and b are perpendicular if and only if @ - b = 0.

m Resolving a vector a into rectangular components is expressing the vector a as a sum of
two vectors, one parallel to a given vector b and the other perpendicular to b.
. L . a-b
m The vector resolute of a in the direction of b is 2D b.
. L . a-b
m The scalar resolute of a in the direction of b is W
Linear dependence and independence
m A set of vectors is said to be linearly dependent if at least one of its members can be

expressed as a linear combination of other vectors in the set.
m A set of vectors is said to be linearly independent if it is not linearly dependent.

m Linear combinations of independent vectors: Let @ and b be two linearly independent
(i.e. not parallel) vectors. Then ma + nb = pa + gb implies m = p and n = q.

Short-answer questions

1 ABCD is a parallelogram, where A, B and C have position vectors i + 2j — k, 2i + j — 2k
and 4i — k respectively. Find:

ﬂ
a AD b the cosine of ZBAD

2 Points A, B and C are defined by position vectors 2i — j —4k, —i + j+ 2k and i —3j — 2k
respectively. Point M is on the line segment AB such that Im | = IA_C>'|.
a Find:
- ﬁ -m .. . .
i AM il the position vector of N, the midpoint of CM
—_— =
b Hence show that AN 1. CM.

3 Leta=4i+3j—-k,b=2i-j+ xkandc =yi+zj—2k. Find:
a x such that @ and b are perpendicular to each other

b y and z such that @, b and ¢ are mutually perpendicular

4 Leta=1i-2j+ 2k and let b be a vector such that the vector resolute of a in the
direction of b is b.
a Find the cosine of the angle between the directions of @ and b.

b Find |b| if the vector resolute of b in the direction of a is 2a.

X
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5 Leta=3i-6j+4kand b =2i+j-2k.
a Find c, the vector component of a perpendicular to b.
b Find d, the vector resolute of ¢ in the direction of a.
¢ Hence show that |a| |d| = |c|*.

6 Points A and B have position vectors @ = 2i + 3j — 4k and b = 2i — j + 2k. Point C has
position vector ¢ = 2i + (1 + 3t)j + (-1 + 20)k.

a Find in terms of #:
- ﬁ - ﬂ
i CA ii CB
b Find the values of ¢ for which ZBCA = 90°.

7 OABC is a parallelogram, where A and C have position vectors a = 2i + 2j — k and
¢ =2i — 6j — 3k respectively.
a Find:
i la-c| ii |a+c| ili (a-c¢)-(a+c)
b Hence find the magnitude of the acute angle between the diagonals of the
parallelogram.

8 OABC is a trapezium with OC = 2AB. If OA = 2i — j— 3k and OC = 6i — 3j + 2k, find:
a AB b BC c the cosine of /BAC.

9 The position vectors of A and B, relative to an origin O, are 6i + 4j and 3i + pj.

— —>

a Express AO - AB in terms of p.

b Find the value of p for which AQO is perpendicular to AB.
¢ Find the cosine of ZOAB when p = 6.

10 Points A, B and C have position vectors p + ¢, 3p — 2q and 6p + mq respectively, where
p and g are non-zero, non-parallel vectors. Find the value of m such that the points A, B
and C are collinear.

11 Ifr=3i+3j—-06k,s=i-7j+6kand¢t=-2i—5j+ 2k, find the values of A and u
such that the vector r + As + ut is parallel to the x-axis.

12 Show that the points A(4, 3,0), B(5,2,3), C(4,—-1,3) and D(2, 1, -3) form a trapezium
and state the ratio of the parallel sides.

13 Ifa=2i-j+6kand b =1i-j— k, show that a + b is perpendicular to b and find the
cosine of the angle between the vectors @ + b and a — b.

14 O, A and B are the points with coordinates (0, 0), (3,4) and (4, —6) respectively.
a Let C be the point such that OA = OC + OB. Find the coordinates of C.
b Let D be the point (1,24). If OD = hOA + kOB, find the values of / and k.

y
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Relative to O, the position vectors of A, B and C

are a, b and c. Points B and C are the midpoints
of AD and OD respectively.

— —
a Find OD and AD in terms of @ and c.

A D

b Find b in terms of @ and c.

¢ Point E on the extension of OA is such that
— — — —
OE = 4AE. If CB = kAE, find the value of k.
—
=p 00 =gq

0]
C
B
0
ok=tpik 08 = hp + & £
= 317 q =np 2(1 q S
Given that R is the midpoint of QS find / and k.
0 > P P

ABC is aright-angled triangle with the right angle at B. If AC =2i+4 j and AB s
parallel to i + j, find AB.

E
In this diagram, OABC is a parallelogram with
— — — —
OA =2AD. Leta = AD and ¢ = OC. C B
a Express DB in terms of a and .
o A D

— —
b Use a vector method to prove that OE = 30C.

N

For a quadrilateral OABC, let D be the point of trisection of OC nearer O and let E be

the point of trisection of AB nearer A. Leta = OA, b = OB and ¢ = OC.
a Find:
. - T e T2
i OD il OE iii DE
—

—
b Hence prove that 3DE = 20A + CB.

—

B
In triangle OAB, a = O_A>, b =OBand T is a pointon AB
such that AT = 3TB. r
a Find m)" in terms of @ and b. 0
. . —_—> —_—
b If M is a point such that OM = AOT, where ) > 1, find: A
- ﬂ . - . ﬂ . _>
i BM interms of a, b and A ii A, if BM is parallel to OA.

Giventhata =i+ j+ 3k, b =i—-2j+mk and ¢ = -2i + nj + 2k are linearly dependent,
express m in terms of n.

Leta=2i+j+2kand b =i+ 3k.
a Find v, the vector resolute of a perpendicular to b.

b Prove that v, @ and b are linearly dependent.

X
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Multiple-choice questions

— — — . .
1 IfOX =a+2band XY = a — b, then OY in terms of a and b is equal to

Ab B 3b C 2a+b D 2a+3b E 3a+b
2 The grid shown is made up of identical parallelograms. c_A B
— — —
Leta = AB and ¢ = CD. Then the vector EF is equal to
A a+3c B -3a+c¢ C -3a-c D, F
D 3a-c E 3a+c

3 ABCD is a parallelogram with A_B) =u and B—C>' =v. If M is the midpoint of AB, then the

% . .
vector DM expressed in terms of # and v is equal to

1 1 1 1 3
A - B —u- — D u-- E —u-
2u+v 2u y Cu+-v u 2v 2u y

4 IfA=(3,6)and B =(11,1), then the Vectorﬁinterms of i and j is equal to
A 3i+6j B 8i-5j5 C 8i+5j D 14i+7j E 14i-7j

5 The angle between the vector 2i + j — V2k and 5i + 8 is approximately

A 0.72° B 0.77° C 43.85° D 46.15° E 88.34°
. —_ s = = — — .
6 Let OAB be a triangle such that AO - AB = BO - BA and |AB| # |OB|. Then triangle OAB
must be
A scalene B equilateral  C isosceles D right-angled E obtuse

7 If a and b are non-zero, non-parallel vectors such that x(a + b) = 2ya + (y + 3)b, then
the values of x and y are
A x=3y=6 B x=-6, y=-3 Cx=-2,y=-1
D x=2y=1 E x=6,y=3

8 If A and B are points defined by the position vectors @ =i+ jand b = 5i — 2j + 2k
—
respectively, then |[AB| is equal to

A 29 B VIl C 11 D V21 E V29
9 Letx =3i-2j+4kandy = —5i+ j+ k. The scalar resolute of x in the direction of y is
21 . -13v23 c -13v29 b -13V27 . -13V21
\27 23 29 27 21
— — — — .
10 Let ABCD be a rectangle such that |BC| = 3|AB|. If AB = a, then |AC| in terms of |a] is
equal to
A 2lal B V10|a| C 4|al D 10lal E 3lal

y
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11 Vectorsa =2i—8j+ 10k, b =i— j+ kand ¢ =i+ 2j + ak are linearly dependent. The
value of a is

A -2 B -4 c -3 D 2 E 9

1 3
12 If p, ¢ and r are non-zero vectors such that r = yi4 + 17 then which one of the
following statements must be true?

A pand q are linearly dependent B p. g and r are linearly dependent
C p and q are linearly independent D p, q and r are parallel
E ris perpendicular to both p and ¢

13 Consider the four vectorsa =i+ k,b =i+ 3k, c =i+ 2k and d = 4i — 2j. Which one
of the following is a linearly dependent set of vectors?

\/ A {a b,d} B {a,c,d} C {b,c,d} D {a,b,c) E {a,b)

Extended-response questions

1 A spider builds a web in a garden. Relative to an origin O, the position vectors of the
ends A and B of a strand of the web are ﬁ =2i+3j+ k and Eé =3i+4j+2k.

a i Find AB. ii Find the length of the strand.

b A small insect is at point C, where O—C>‘ =2.5i + 4j + 1.5k. Unluckily, it flies in a
straight line and hits the strand of web between A and B. Let Q be the point at which
the insect hits the strand, where A_Q> = )»A—é

i Find C_Q> in terms of A.
ii If the insect hits the strand at right angles, find the value of A and the vector 0—Q>
¢ Another strand MN of the web has endpoints M and N with position vectors
OM = 4i + 2j — k and ON = 6i + 107 + 9k. The spider decides to continue AB to
join MN. Find the position vector of the point of contact.

2 The position vectors of points A and B are 2i + 3j + k and 3i — 2j + k.

a 1 Find |OA| and |OB|. ii Find AB.

b Let X be the midpoint of line segment AB.
i Find OX. ii Show that OX is perpendicular to AB.

¢ Find the position vector of a point C such that OACB is a parallelogram.

d Show that the diagonal OC is perpendicular to the diagonal AB by considering the
scalar product OC - AB.

e 1 Find a vector of magnitude V195 that is perpendicular to both OA and OB.
ii Show that this vector is also perpendicular to AB and OC.

iii Comment on the relationship between the vector found in e i and the
parallelogram OACB.

X
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3 Points A, B and C have position vectors C Y
- - - . . Z
OA=5i, OB=i+3k, and OC =i+4j / ,\/
The parallelepiped has OA, OB and OC as three 0 B
edges and remaining vertices X, Y, Z and D as shown /

in the diagram. A

a Write down the position vectors of X, Y, Z and D in terms of #, j and k and calculate
the lengths of OD and OY.
b Calculate the size of angle OZY.
¢ The point P divides CZ in the ratio A : 1. Thatis, CP: PZ =\ : 1.
i Give the position vector of P.
ii Find A if OP is perpendicular to CZ.

4 ABC is a triangle as shown in the diagram.
The points P, Q and R are the midpoints of the
sides BC, CA and AB respectively. Point O is
the point of intersection of the perpendicular
bisectors of CA and AB.

Leta:m,b:O_)Bandc:O_C)‘. B P C
a Express each of the following in terms of a, b and c:
i AB il BC il CA
. = — . =
iv OP v 0Q vi OR

b Prove that OP is perpendicular to BC.
¢ Hence prove that the perpendicular bisectors of the sides of a triangle are concurrent.
d Prove that |a| = |b| = |c|.

5 The position vectors of two points B and C, relative to an origin O, are denoted by b
and c respectively.

a Interms of b and c, find the position vector of L, the point on BC between B and C
suchthat BL : LC =2: 1.

b Let a be the position vector of a point A such that O is the midpoint of AL. Prove
that 3a + b + 2¢ = 0.

c Let M be the point on CA between C and A such that CM : MA =3 : 2.

i Prove that B, O and M are collinear.
ii Find the ratio BO : OM.

d Let N be the point on AB such that C, O and N are collinear. Find the ratio AN : NB.

y
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6 OAB is an isosceles triangle with OA = OB. o
— —
Leta = OA and b = OB.
a Let D be the midpoint of AB and let E be a point on OB.
Find in terms of @ and b:

. 2

i OD

e —

ii DE if OF =\OB E

F
b If DE is perpendicular to OB, show that
,_l@b+b b 4 D B
2 bbb
5

¢ Now assume that DFE is perpendicular to OB and that A =

8 .
. 2 . .
i Show that cos 0 = 3 where 0 is the magnitude of ZAOB.
ii Let F be the midpoint of DE. Show that OF is perpendicular to AE.
7 A cuboid is positioned on level ground so that it rests on Y
one of its vertices, O. Vectors i and j are on the ground.
—)
OA =3i-12j+3k
—)
OB =2i+aj+2k
—) . .
OC =xi+yj+2k
- . ﬁ _> .
a 1 Find OA - OB in terms of a.
ii Find a.
b i Use the fact that OA is perpendicular to OC to

write an equation relating x and y.

ii Find the values of x and y.

¢ Find the position vectors:
- _) - _> 1] _>
i OD il 0X i oy
d State the height of points X and Y above the ground.

BD AE 3
8 In the diagram, D is a point on BC with e 3 and E is a point on AC with ZC- 7o

Let P be the point of intersection of AD and BE. Let a = B_)A and ¢ = B_C)‘ .
a Find:

. 2.
i BD in terms of ¢

e T
il BE in terms of a and ¢ D

B

- _> .
ili AD interms of @ and ¢
- A

— — —
b Let BP = uBE and AP = MD.
Find A and p.

X
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9

10

11

y
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a Leta = pi + gj. The vector b is obtained by y

>

rotating a clockwise through 90° about the /
origin. The vector c is obtained by rotating a ¢
anticlockwise through 90° about the origin. a

Find b and ¢ in terms of p, ¢, i and j. 0

b 1In the diagram, ABGF and AEDC are squares y
with OB = OC = 1. Let OA = xi + yj. r
- . —) —) . . .
i Find AB and AC in terms of x, y, i and j.
il Use the results of a to find AE and AF in G
terms of x, y, i and j.
¢ 1 Prove that OA is perpendicular to EF.
. 4 —_—>
il Prove that |[EF| = 2|OA]|.

Triangle ABC is equilateral and AD = BE = CF. B
a Letu, v and w be unit vectors in the directions
—_ = — .
of AB, BC and CA respectively. E
— —
Let AB = mu and AD = nu.
P e —
i Find BC, BE, CA and CF.

- . ﬁ ﬁ .
il Find |AE| and |F B| in terms of m and n.

1
b Show that AE - FB = E(m2 —mn + n?).
¢ Show that triangle GHK is equilateral.
(G is the point of intersection of BF and AE.

H is the point of intersection of AE and CD.
K is the point of intersection of CD and BF.)

AOC is atriangle. The medians CF
and OF intersect at X.
— —
Leta = OAand ¢ = OC. E,
— —
a Find CF and OF in terms of a and c. X
b i If OF is perpendicular to AC,
prove that AOAC is isosceles.

A\ A\
A\} W\ C
E

i If furthermore CF is perpendicular to E{ find the magnitude of angle AOC, and
hence prove that AAOC is equilateral.
¢ Let H and K be the midpoints of OF and CF respectively.

. — —

i Show that HK = Ac¢ and FE = uc, for some A, € R\ {0}.

ii Give reasons why AHXK is similar to AEXF. (Vector method not required.)
iii Hence prove that OX : XE =2 : 1.
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12 VABCD is a square-based pyramid:

m The origin O is the centre of the base.

m The unit vectors i, j and k are in the directions
of /ﬁ) BC and OV respectively.

m AB=BC=CD=DA=4cm

m OV =2h cm, where & is a positive real number.

m P, Q, M and N are the midpoints of AB, BC, VC
and VA respectively.

Find the position vectors of A, B, C and D relative to O.
— —
Find vectors PM and ON in terms of A.
Find the position vector 0X , where X is the point of intersection of QN and PM.
If OX is perpendicular to VB:
i find the value of

ii find the acute angle between PM and QN, correct to the nearest degree.

O n T o

e i Prove that NM QP is a rectangle.
ii Find h if NMQP is a square.

. . ﬁ . ﬁ .
13 OACB is a square with OA = aj and OB = ai. A C
Point M is the midpoint of OA.

a Find in terms of a:
1 OM in MC
. . —_— —_—
b P isapoint on MC such that MP = AMC.
— = —
Find MP, BP and OP in terms of A and a.
c If BP is perpendicular to MC:
. —_— — —
i find the values of A, |BP|, |OP| and |OB| 0 B
ii evaluate cos 0, where 6 = ZPBO.

— — .
d If |OP| = |OB|, find the possible values of A and
illustrate these two cases carefully.

e In the diagram:

— —

m OA =ajand OB = ai

m M is the midpoint of OA

m BP is perpendicular to MC

m PX = ak

m Y is apoint on XC such that PY is
perpendicular to XC.

v Find OY.
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To find a vector equation of a line determined by:
> a point on the line and a direction vector > two points.
To find a vector equation of the line segment between two given points.

To compute the vector product of two vectors, and to use the vector product to find a
normal vector for a plane.

To find a vector equation and Cartesian equation of a plane determined by:

> a point on the plane and a normal vector > three points.

To determine whether two lines are skew, are parallel or intersect.

To determine whether a line and a plane are parallel or intersect.

To determine whether two planes are parallel or intersect.

To find the distance between:

> apointand aline > apointand aplane > two parallel planes > two skew lines.
To compute the angle between two vectors, lines or planes.

To find and use vector and Cartesian equations of spheres.

In this chapter, we continue our study of vectors. We use them to investigate the geometric

properties of lines and planes in three dimensions.

We know that a line in two-dimensional space can be described very simply by a Cartesian
equation of the form ax + by = c. We will see that, in three-dimensional space, it is not
possible to describe a line via a single Cartesian equation. It is simpler to describe lines in

three dimensions using vector equations.

We will study vector equations more generally in Chapter 16.
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6A Vector equations of lines 171

6A Vector equations of lines

Vector equation of a line given by a point and a direction

A line ¢ in two- or three-dimensional space may be
described using two vectors:

m the position vector a of a point A on the line
m a vector d parallel to the line.

We can describe the line as
ﬁ
{={P:O0P=a-+tdforsomereR}

Usually we omit the set notation. We write r(t) for the
position vector of a point P on the line, and therefore

r)=a+td, teR
This is a vector equation of the line. The variable 7 is
called a parameter.
Vector equation of a line given by two points

.. —_— —_—
If the position vectors @ = OA and b = OB of two
points on a line are known, then the line may be
described by the vector equation

—  —
r(t) = OA +tAB

=a+tb—a), teR

Note: There is no unique vector equation of a given
line. Any point A on the line can be chosen as

the ‘starting point’.

Verify that the point P(=7,4, —14) lies on the line represented by the vector equation
r=5-2j+4k +tQ2i-j+3k), teR

Solution

The point P(—7, 4, —14) has position vector —7i + 4j — 14k.

By equating coeficients of i, j and k, we can see that the point P lies on the line if there
exists # € R such that

5+2t=-7
2-t=4
4+3t=-14

A solution for each of these equations is t = —6. Hence P lies on the line.
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172 Chapter 6: Vector equations of lines and planes

Find a vector equation of the line AB, where the points A and B have position vectors
— —>
OA=i+j—-2k and OB=2i-j—-k

Solution

—_ = —

AB=A0+ OB

=—(+j-2k)+2i-j-k
=i-2j+k

Therefore a vector equation of the line is

—  —
r=0A+tAB
=i+j-2k+t(i-2j+k), teR

Note: This can also be writtenas r = (1 + )i + (1 = 26)j + (-2 + Hk,t € R.

m

Find a vector equation for each of the following lines:

a the line passing through the points A(1,2) and B(0, —3)

b the line through A(1, 2) that is parallel to 2i + 3j

c the line passing through the points A(3, —-5,4) and B(—4, 3, 10)

Solution
—_ = =
a AB=AO+ OB
= (i +2j) - 3j
=—i—95j
Therefore a vector equation of the line is
—  —
r=0A +(AB
=i+2j+t(-i—5j), teR
Note: This is equivalent to the equation r =i + 2j + (i + 5j), t € R.
b A vector equation of the line is
r=i+2j+tQ2i+3j), teR

—

—_— =
¢ AB=A0O+ OB
=-Bi-5j+4k)—-4i+3j+ 10k
=-Ti+8j+ 6k
Therefore a vector equation of the line is
—  —
r=0A+tAB
=3i-5j+4k +t(-7i+8j+6k), teR
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» Cartesian equation of a line in two dimensions

From a vector equation to the Cartesian equation

m For example, start with the vector equation
r=i+5j+ti+2j), teR
m Rearrange this equation as
r=(+ni+G+20j
Let P(x,y) be the point on the line with position vector r, so that r = xi + yj. Then, by
equating coefficients of i and j, we have

x=1+¢t and y=5+2¢

These are parametric equations for the line.
m Now eliminate 7 to find y in terms of x. We haver = x—1,s0y=5+2(x - 1) = 2x + 3.
The Cartesian equation of the line is y = 2x + 3.

From the Cartesian equation to a vector equation y

For example, start with the Cartesian equation y = 2x + 3. A jy=2x+3
A point on the line is (0, 3), with position vector 3j. A vector

parallel to the line is i + 2j (gradient 2). Therefore a vector 3 it

equation of the line is

r=3j+ti+2j), teR /0 > X

» Cartesian form for a line in three dimensions

From a vector equation to Cartesian form
m For example, the line through the point (5, -2, 4) that is parallel to the vector 2i — j + 3k

can be described by the vector equation
r=5-2j+4k +tQi—-j+3k), teR

m Let P(x,y, z) be the point on the line with position vector r. Then we can write the vector
equation as

Xi+yj+zk=05+20)i+(-2-1j+ @ +30k
The corresponding parametric equations are
x=5+2t, y=-2—-t and z=4+3t
m Solving each of these equations for ¢, we have
x-=5 _ y+2 _ z—4 _,
2 -1 3

This is in Cartesian form. You cannot describe a line in three dimensions using a single

Cartesian equation.

From Cartesian form to a vector equation To convert from Cartesian form to a vector
equation, we can perform these steps in the reverse order.
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174 Chapter 6: Vector equations of lines and planes

We have seen that a straight line can be described by a vector equation, by parametric

equations or in Cartesian form.

Lines in three dimensions

A line in three-dimensional space can be described in the following three ways,
where @ = a,i + a, j + azk is the position vector of a point A on the line, and

d = dji + d, j + dsk is a vector parallel to the line.

Vector equation Parametric equations Cartesian form
X =ay+dt
X —a y—a Z—as
r=a+td, teR =ap + dyt = =
’ d dy d;
z=asz + dst

» Parallel and perpendicular lines
Fortwolines {;: ri =a,+td;,t € R,and {,: ro = a> + sd,, s € R:
m The lines £; and ¢, are parallel if and only if d; is parallel to d,.
m The lines ¢; and ¢, are perpendicular if and only if d; - d5 = 0.

Let £ be the line with vector equation
r=i+2j+3k+t(-i-3j), teR
a Find a vector equation of the line through A(1, 3,?2) that is parallel to the line ¢.

b Find a vector equation of the line through A(1, 3, 2) that is perpendicular to the line £
and parallel to the x—y plane.

Solution
a The position vector of A is i + 3j + 2k, and a vector parallel to £ is —i — 3.

Therefore a vector equation of the line through A parallel to € is

r=i+3j+2k+s(-i-3j), seR
b If a vector is parallel to the x—y plane, then its k-component is zero. So we want to find

a vector d = d,i + d, j that is perpendicular to —i — 3.

Therefore we require
(dit+drj)-(-i=3j)=0

ie. -d; —3d, =0

We see that we can choose d; =3 andd, = —1. Sod = 3i — j.

Hence a vector equation of the required line is

r=i+3j+2k+sGBi-j), seR
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» Distance between a point and a line

We can use the scalar product to find the distance from a point to a line.

Find the distance to the line r(r) = (1 — #)i + (2 — 3t)j + 2k, t € R, from:
a the origin b the point A(1, 3, 2).

Solution
The equation of the line can be written as
r()=i+2j+2k+1t(-i-3j), teR

So the vector d = —i — 3j is parallel to the line.

a The required distance is IO_P;I, where P’ is the point
on the line such that OP’ is perpendicular to the line.
For a point P on the line with a)D = r(r), we have

ﬁ
OP-d=((1-0i+@2-30)j+2k)-(—i-3j)
=—(1-1)-32-30
=10r-7

If OP’ is perpendicular to the line, then

—_— 7
OP -d=0 = 10-7=0 = I=E

ThereforeO_P;— 3i— ! i + 2k
“10 10/ T

. .. N 410
The distance from the origin to the line is |OP’| = T

—
b The required distance is [AP’|, where P’ is the point
on the line such that AP’ is perpendicular to the line.

For a point P on the line with EJ’ = r(t), we have
— = —
AP = A0 + OP
=—(@+3j+2k)+(1—-0i+2-30)j+2k
=—ti+(-1-31)j

AP -d = (~ti + (-1 = 30)j) - (=i — 3j)

=t—3(-1-31)
=10t +3
AP -d =0, thent = —— and s0 AP = —-i — —j
-d = nt=—— an = —i——J.
e 10 21CS° 10"~ 107
— 10
The distance from the point A to the line is |AP’| = 1—\/;
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176 Chapter 6: Vector equations of lines and planes 6A

» Describing line segments

We can use a vector equation to describe a line segment by restricting the values of the
parameter.

Example 6
(c— )

Points A and B have position vectors @ = i — 4j and b = 2i — 3k respectively.

a Show that the vector equation r =i — 4j + (i + 4j — 3k), t € R, represents the line
through A and B.

b Find the set of values of ¢ which, together with this vector equation, describes the line
segment AB.

¢ Find the set of values of ¢ which, together with this vector equation, describes the line
segment AC, where C(4, 8, —9) is a point on the line AB.

Solution
ﬁ
a AB=b-a=i+4j-3k
An equation of the line ABisr =i —4j+t(i +4j—3k),t € R.
b Whenr=0,r=i-4j=a.
To find the value of r which gives b, consider
i—4j+1@+4j-3k)=2i-3k
(A+0i+4(¢—-1)j—-3tk=2i-3k
Therefore t = 1.
So the line segment AB is described by r =i — 4j + (i + 4j — 3k), t € [0, 1].
¢ To find the value of # which gives 0_C>', consider
i—4j+t@+4j-3k)=4i+8j -9k
(A+0i+4(—-1)j—3tk=4i+8j—-9k

Therefore t = 3.
So the line segment AC is described by r =i —4j + t(i + 4j — 3k), t € [0, 3].

DC (-] 6A

example 1| 1 For each of the following, determine whether the point lies on the line:
a 4,2,1), r=i+3j-k+t-3i+j-2k), teR
b 3,-3,-4), r=6i+3j-k+ti+2j+k), teR
c 3,-1,-1), r=—i+2j-3k+t(-i+j—-2k), teR

example2| 2  For each of the following, find a vector equation of the line through the points A and B:
— — — —
a OA=i+j, OB=i+3j b OA=i-3k, OB=2i+j-k
H . . —) . . H . . H . .
c OA=2i—j+2k, OB=i+j+k d OA=2i-2j+k, OB=-2i+j+k
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example3| 3  For each of the following, find a vector equation of the line that passes through the
points A and B:
a AG,1), B(-2,2) b A(-1,5), B2,-1)
c A(1,2,3), B(2,0,-1) d A(1,-4,0), B(2,3,1)

example 4| 4 Find a vector equation of the line through the point A(2, 1, 0) that is:
a paralleltotheliner=i+3j—k+t(-3i+j), teR

b perpendicular to the line r =i + 3j — k + t(=3i + j), t € R, and parallel to
the x—y plane.

5 Find a vector equation of the line through the origin that is:
a parallel to the vectora = 2j — k
b perpendicular to the line r = 2i + j + t(2j — k), 1 € R, and in the y—z plane.

6 a Find a vector equation of the line AB, where points A and B are defined by the
position vectors @ = 2i + j and b = —i + 3j respectively.
b Determine which of the following points are on this line:

i (5,0 ii (0,7) i (8,-3)

7 The line ¢ is given by the vector equation
r=i-2j-k+1t3Bi+j-k), teR
a Find a vector equation of the line which passes through the point (0, 1, 1) and is
parallel to the line £.

b Verify that the two equations do not represent the same line £.

¢ The point (2, m, n) lies on the line £. Find the values of m and n.

8 a Letv =3i—4j. Find a vector that is perpendicular to the vector v and has the same
magnitude as v.
b Points A and B are given by the position vectors @ = 2i —3jand b = —i + j
respectively. Find a vector equation of the line which passes through B and is
perpendicular to BA.

¢ Find the x- and y-axis intercepts of this line.

9 Find parametric equations and Cartesian equations for each line:
ar=2i+5j+4k+t(-3i+j—-2k), teR
b r=2j-k+:t2i+j+4k), teR

example 5| 10 For each of the following, find the distance from the point to the line:
a (0,0,0), r=4i+j-3k+t(-3i+2j+5k), teR
b (1,10,-2), r=4i+j-3k+1(-3i+2j+5k), teR
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178 Chapter 6: Vector equations of lines and planes 6A

example 6| 11 Points A, B and C are defined by the position vectors a =i —4j + k, b = 3i — k and
¢ = —2i — 10j + 4k respectively.
a Show that the vector equation r =i —4j + k + (i + 2j — k), t € R, represents the line
through the points A and B.
b Show that the point C is also on this line.
¢ Find the set of values of # which, together with the vector equation, describes the line
segment BC.

12 Find the coordinates of the point where the line through A(3,4, 1) and B(5, 1, 6) crosses
the x—y plane.

13 The line ¢ passes through the points A(—1, -3, —3) and B(5, 0, 6). Find a vector equation
of the line £, and find the distance from the origin to the line.

14 Find the distance from the point A(1, 2, 3) to the line represented by the vector equation
r=3i+4j—-2k +1(i—-2j+2k),teR.

15 Find the distance from the point A(1, 1,4) to the line represented by the vector equation
r=i-2j+k+t(-2i+j+2k),tecR.

16 Find the coordinates of the nearest point to (2, 1, 3) on the line given by the equation
r=i+2j+t(i—j+2k),teR.

17 Find a vector equation to represent the line through the point (-2, 2, 1) that is parallel to
the x-axis.

18 Find the distance from the origin to the line that passes through the point (3, 1,5) and is
parallel to the vector 2i — j + k.

19 Give the coordinates of the endpoints of the line segment described by

r=i-2j+k+t-2i+j+2k), te[l,3]

20 Give the coordinates of the endpoints of the line segment described by

r=3i+4j—2k+1Gi-2j+2k), te[-1,2]

21 Aline is given by the vector equation r =i —4j+ k+t(i +2j— k), t € R.
a Find the vector Ee’ in terms of #, where B is a point on the line.
b Find @9’| in terms of 7.

—
¢ Hence find the minimum value of |OB|. That is, find the shortest distance from the
origin to a point on the line.

‘/ d Let A be the point (1, 3, 2). Find the shortest distance from A to a point on the line.
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6B Intersection of lines and skew lines

» Lines in two-dimensional space

In Mathematical Methods, you have seen that there are two situations to consider for two
distinct straight lines in the plane:

m the lines are parallel m the lines meet at a single point.

In two-dimensional space, a pair of lines are parallel, intersect or coincide.
For example, the two lines

O =2i+2j+Mi—j), heR and &:rp=2i+3j+u2i-2j), nekR
are parallel, since the direction vectors i — j and 2i — 2j are parallel.

We can check whether these lines coincide by asking if the point on line ¢, with position
vector 2i + 3j also lies on line ¢;. If it did, then we could find a value of A such that

24+4A=2 and 2-A=3

Clearly, no such A exists, so the lines are parallel and distinct.

Find the position vector of the point of intersection of the lines
ri=2i+2j+Mi—j), LeR and r,=—j+uBi+2j), nek
Solution
At the point of intersection, we have r; = r, and so
20+ 2j+ Ni — j) = —j + @i + 2j)
Q+Ni+2-0j=3w+(-1+2wj
Equate coefficients of i and j:
2+h=3u @
2-h=-1+4+2n 2)
Solve simultaneously by adding (1) and (2):
4=-1+5u
Hencep =1andso A = 1.
Substituting A = 1 into the equation r; = 2i + 2j + (i — j) gives r| = 3i + j.

The point of intersection has position vector 3i + j.
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» Lines in three-dimensional space
In three dimensions, a pair of lines are parallel, intersect, coincide or are skew.

Skew lines

Two lines are skew lines if they do not intersect and are not parallel.

Two lines are skew if and only if they do not lie in the same plane. D C
The situation in three dimensions can be illustrated through A i B
considering a cube ABCDEFGH as shown. H

1
Lines AB and FG are skew. We can easily see that AB and F'G do '

P S — —
not lie in the same plane. "H G
Lines AD and BH are also skew. E F

Parallel lines

Two lines r; = a; + Ad; and r, = a, + ud, are parallel or coincide if d; = kd, for some k € R.

Two parallel lines coincide if there is a point in common to both lines. To check this, we can
attempt to find a value of u such that a; = a, + ud,. If such a u exists, then the lines coincide.
If such a p does not exist, then the lines are parallel and distinct.

Find the point of intersection of the lines
ri=5+2j+AM2i+j+k) and r,=-3i+4j+6k+wi—-j—-2k)
Solution
If r; = ry, then
Si+2j+MN2i+j+k)=-3i+4j+6k+ni-j-2k)
Equate coefficients of 7, j and k:
5+2h=-3+p (1)
2+4Ah=4-n 2)
A=6-2u A3
From (1) and (2), we have
7+3h=1
A=-2
Substitute in (1) to find p = 4.
Now we must check that these values also satisfy equation (3):
RHS =6-2x4=-2=LHS

Hence the lines intersect. The lines intersect at the point (1,0, —2)
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Show that the following two lines are skew lines:
ri=i+k+MNi+3j+4k), LeR
r,=2i+3j+u@di—-j+k), pnekR
Solution
We first note that the lines are not parallel, since i + 3j + 4k # m(4i — j + k), for all m € R.

We now show that the lines do not meet. If they did meet, then equating coefficients of i, j
and k would give

1+A=2+4u 1)
3v=3-u ?2)
I+4h=p 3)

From (1) and (2), we have A = 1 and u = 0. But this is not consistent with equation (3).
So there are no values of A and p such that r; = r;.

The two lines are skew, as they are not parallel and do not intersect.

» Concurrence of three lines

A point of concurrence is where three or more lines meet.

Example 10

Find the point of concurrence of the following three lines:
O rp=-2i+j+1ti+)), teR
0y r2:j+s(i+2j), seR
;o r3=8i+3j+u(-3i+j), uekR

Solution

The point of intersection of lines ¢; and £, can be found from the values of s and 7 such
that r; = r,. Equating coeficients of i and j, we obtain

—2+t=3s @
1+t=1+2s 2)
Solving simultaneously gives s = 2 and ¢ = 4. Substituting in r; gives 2i + 5j.
Thus lines ¢, and ¢, intersect at the point (2, 5).

For this to be a point of concurrence, the point must also lie on ¢3. We must find a value
of u such that

20 +5j=8i+3j+u(=3i+j)

We see that u = 2 gives the result. The three lines are concurrent at the point (2, 5).
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» Angle between two lines

If two lines have equations r; = a; + Ad| and r, = a, + ud», then they are in the directions of
vectors d; and d, respectively. The angle 0 between the two vectors d; and d, can be found
using the scalar product:

d-d,

cos 0 =
|d|1d>]

The angle between the two lines is 0 or 180° — 0, whichever is in the interval [0°, 90°].

This applies to a pair of skew lines, as well as to a pair of intersecting lines. The two lines are
perpendicular if and only if d; - d, = 0.

Example 11

Find the acute angle between the following two straight lines:
ri=i+2j+AM5i+3j-2k)
rp =2i—j+3k+wW-2i+3j+5k)

Solution
The vectors d; = 5i + 3j — 2k and d, = —2i + 3j + Sk give the directions of the two lines.

We have |dy| = V38, |da| = V38 and d, - d, = —11.

11
Let 0 be the angle between d; and d,. Then cos 0 = ~33"

The acute angle between the lines is 73.17°, correct to two decimal places.

T ercise [

example7| 1 Find the position vector of the point of intersection of the lines with equations
ry =3i+5j+AM2i — j)and rp = =2j + w4i + 2j).

example 8| 2 Find the coordinates of the point of intersection of the lines with equations
ri=i+3j+k+M-2i—-j+2k)andr, = -3i +4j+ Tk + @ — j - 2k).

Example9| 3 Showthatry =3i+2j+k+M2i—-3j+k)andr, =i—3j+ 2k + u@i@ — 2j + 3k) are
skew lines.

4  For each pair of lines, answer the following questions:
i Are the lines parallel?
ii Are the lines perpendicular?
iii Do the lines coincide?

iv If they intersect at a point, what is the point of intersection?

a r=i+2j+tii+)) b ri=-i+j+ti+2))
ry=—i+6j+ s@+2j) ry =3i—j+ s(-2i+j)
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6B
c ry =5i+9j+1(-2i - 3j)
r, =i+ 3j+ s(4i + 6))
e ri=5i+5j-4k+ti+2j-k)
rn=4j+k+s@—-j—k)
g r=6i—6j+5k+1i-2j+2k)
r,=i+2j—5k+s@i—j+2k)
i ri=-3i—j+1Bi+2j-2k)
r,=4i+j—-6k+s@i—k)
Example 10

a r=3+2j-3k+1ti-k)
ry=2i+3j+s@+j+k)

r3y=—i+4j+3k+u(-i+j+2k)

c ri=5—-j+ti+k)
ro=10i+5j—k+s(i+2j—k)
r3=51—-2j— k+ui+j+2k)

6B Intersection of lines and skew lines 183

d ri=i-4j+1Q2i-))
rp =7i+ 8j + s(-2i + j)

f ri=7i+4j+5k+1Bi+j-k)
r, =j—3k+s(i+4j+2k)

h ri=4i-5j+k+1t2i-4j-2k)
rp=—i+5j+6k+s(-i+2j+k)

j n=Ti-6j+1Q2i-2j+k)
rp=-3i+4j—-5k+sQi-2j+k)

5 For each of the following, find the point of concurrence (if it exists) of the lines:

b ri=2i+j-3k+ti-j+k)
ry =25i+ 6j — 2k + s(i + 3j)
r;3=51+j—k+ui+j+k)

d ri=-5-2j+8k+1t2i-k)
r,=2i-3j+4k+s@—-j-k)
r3 =50+ 8j +u2i + j+ 2k)

Example 11 6

7

8

92
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Find the acute angle between each of the following pairs of lines:
a r =3i+2j-4k+1t(i+2j+2k) b ri=4i-j+1tG+2j-2k)
ry =5j—2k+ s(3i+2j+ 6k) rp=1i—j+2k—-sQ2i+4j-4k)
The lines ¢, and ¢, are given by the equations
Ci: ri=i+6j+3k+tQi—-j+k)
O ry=3i+3j+8k+s(i+k)

a Find the acute angle between the lines. b Show that the lines are skew lines.

The lines ¢, and ¢, are given by the equations
li: r=3i+j+12j+k)
b r=4k+si+j—-k)
a Find the coordinates of the point of intersection of the lines.

b Find the cosine of the angle between the lines.

Three lines are represented by vector equations as follows:

0y rlzi—2k+t1(i+3j+k), HnheRrR
b: r=2i-j+k+n(-i+2j+k), ek
l3: r3=3i—j—k+u3(i —4j), eR

For each pair of lines, determine whether they intersect or not. If they intersect, then
find their point of intersection.
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184 Chapter 6: Vector equations of lines and planes

6C Vector product

Vector product is an operation that takes two vectors and produces another vector.
Geometric definition of vector product

Definition of vector product
The vector product of @ and b is denoted by a X b. \

m The magnitude of a X b is equal to |a| |b| sin 6, where 6 is
the angle between a and b.

m The direction of @ X b is perpendicular to the plane b lax bl ~
containing a and b, in the sense of a right-hand screw 0 7
turned from a to b. (This is explained below.) a

Note: Vector product is often called cross product.

The magnitude of a x b

By definition, we have |a X b| = |a||b| sin 6, where 0 is
the angle between a and b.

From the diagram on the right, we see that |a X b| [bsin 6 b

is the area of the parallelogram ‘spanned’ by the

Y

vectors a and b.

The direction of a x b

To find the direction of the vector a X b, curl the fingers of your right hand from the direction
of a around to the direction of b. Your thumb will be pointing in the direction of a X b.

The following two diagrams show a X b and b X a.

1
1
1
1
I / /
I bxa
|
1
The vector b X a has the same magnitude as a X b, but the opposite direction. We can see that
bxa=—-(axb)
Thus vector product is not commutative.

Note: Vector product is also not associative: in general, we have (a X b) X ¢ # a X (b X ¢).
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6C Vector product 185

Vector product of parallel vectors

If a and b are parallel vectors, then a X b = 0, since |a X b| = |a||b|sin0° = 0.

Vector product of perpendicular vectors
If a and b are perpendicular vectors, then
la x b| = |al|b] sin 90° b
= lal|b|
The three vectors @, b and a X b form a right-handed system of “
mutually perpendicular vectors, as shown in the diagram.

a
xb
» Vector product in component form

Using these observations about the vector product of parallel .
and perpendicular vectors: !
mixi=0 mjxj=0 mkxk=0
mixj=k B jXk=1i mkXi=j j k
mjxi=-k B kXj=-i miXk=—j N—"

Vector product distributes over addition. That is:
ax(b+c)=axb+axc

These facts can be used to establish the following result.

Vector product in component form
Ifa=aji+ayj+askand b = byi + b, j + b3k, then

axb = (aybs — azby)i — (a1b3 — azby)j + (a1by — axb))k

Note: A way of remembering this formula is to use the ‘determinant’ of the 3 X 3 matrix

i j k
ay dy as
by by by
This can be ‘evaluated’ as
i j k
a asz|, |ap aszl, |dp az
axb=la a a3|= - J+ k
bz b3 b] b3 bl b2

by by by
= (axbs — a3by)i — (a1b3 — a3by)j + (a1by — arb)k
To obtain the i-component, we ‘delete’ the i-row and the i-column of the 3 X 3 matrix.
Likewise for the j- and k-components.

The final step of this method uses the determinant of a 2 X 2 matrix, which may be
familiar to you from Specialist Mathematics Year 11. (Here we are using |A| to denote
the determinant of a square matrix A.)
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186 Chapter 6: Vector equations of lines and planes

Find the vector product of @ = 3i+3j+ 8k and b = i —3j + 2k, and hence find a unit vector
that is perpendicular to both @ and b.

Solution

The vector product can be ‘evaluated’ as follows:

1
J 3 8. |3 8. [3 3
axb=|3 3 8= i— J+ k
-3 2 1 2 1 -3
1 -3 2

=(3%x2-8%x(-3)i-3x2-8x1)j+(3x(-3)-3x 1)k
=30i +2j — 12k

The magnitude of a X b is V30% + 22 + 122 = 2V262.

Hence a unit vector perpendicular to both @ and b is 5 \/12E(30i +2j — 12k).

Using the TI-Nspire

m Define (assign) the vectors a = 3i + 3j + 8k JEEN’ rao {71 31
and b =i — 3j + 2k as shown. a={3 3 8] [z 3 8]

= Find the vector product using > be{1 -3 2] [1 2 2]
Matrix & Vector > Vector > Cross Product. complad) [20 2 -12]
The vector product is 30i + 2j — 12k. dot2(ap) 16

m The scalar product of two vectors can also
be found, using > Matrix & Vector >
Vector > Dot Product.

Note: You can enter the matrices directly into the vector commands if preferred.

Using the Casio ClassPad

To find the vector product of two vectors: CrossP
= In \M/a go to Interactive > Vector > crossP. Vector: [3,3,8]
m Tap the cursor in the first entry box. A e S Al
m Select the vector icon [ ] from the keyboard. , e
0K { Cancel ]
m Enter the components of the first vector, separated :
by commas. & Edit Action Interactive
m Tap the cursor in the second entry box, enter the "{;;IU"v » IH::‘I“"‘”I"—'V v
second vector and tap OK. crossP([3 3 81,1 -3 21)

[30 2 -12]

Note: The scalar product of two vectors can be found
dotP([3 3 8]1,[1 -8 2])

similarly using Interactive > Vector > dotP. 10
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6C 6C Vector product 187

a Simplify:
i ax(a-0>b) ii (axb)-a
b Giventhata x b = ¢ X a, with @ # 0, show that b = —¢ or @ = k(b + ¢) for some k € R.

Solution
a ilaxa@a-b)=axa-axb=-axb

ii Since a x b is perpendicular to a, we have (a X b) - a = 0.
b By assumption, we have
axb=cxa
axb-cxa=0
axb+axc=0
axb+c)=0

Since a # 0, it follows that either b + ¢ = 0 or the vectors a and b + ¢ are parallel.
Hence we must have b = —c or a = k(b + ¢) for some k € R.

T ercise I8

Skillsheet » 1 Use the vector product to find a vector perpendicular to the two given vectors:
Example 12 ai—4j+kand4i+3j b 3i+j—kandi—j+2k
ci+j—kandk d 2i+2j- kand2j

2 Use the vector product to find a vector perpendicular to the two given vectors:
a 2i—-3j+5kand —4i+ 3k b 3i+j-2kand —i—j+2k
¢ -2i+j—-2kandi d -2i-kand2j

Example 13 3 Simplify:
a (a+b)yxb b (a+b)x(a+b) c (a-b)x(a+b)
d (ax(+c)-b e a-(b+c)xa) f ((axb)-a)+(b-(axb))

4 Find a vector of magnitude 5 that is perpendicular to @ = 2i+3j—k and b =i —2j +2k.

5 The three vertices of a triangle have position vectors a, b and ¢. Show that the area of
the triangle is %Ia Xb+bXxc+cXall

6 A parallelogram OABC has one vertex at the origin O and two other vertices at the
points A(0, 1, 3) and B(0, 2, 5). Find the area of OABC.

7 Find the area of the triangle POR with vertices P(1, 5, -2), Q(0,0,0) and R(3,5, 1).

8 Let v be a vector parallel to a line £, and let u be a vector from any point on the line to a

) . ) . ) . | xv|
\/ point P not on the line. Show that the distance from the point P to the line ¢ is V]
v
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188 Chapter 6: Vector equations of lines and planes

6D Vector equations of planes

» Normal vectors to planes

~.

For any smooth surface, at each point on the surface there
is a line perpendicular to the surface. For a plane, these
perpendiculars are all in the same direction.

A vector that is perpendicular to a plane is called a normal to

the plane. \ kS

Note: There is not a unique normal vector for a given plane. N
. !

If the vector n is normal to the plane, then so are the / /

vectors kn and —kn, for all k € R*.

» Equations of planes
A plane IT in three-dimensional space may be described
using two vectors:
m the position vector a of a point A on the plane
m a vector n that is normal to the plane.

Let r be the position vector of any other point P on the
—

plane. Then the vector AP = r — a lies in the plane, and

is therefore perpendicular to n. Hence

(r-a)-n=0

This can be written as

r-n=a-n
This is a vector equation of the plane.

If we write the position vector of the point P as r = xi + yj + zk and write the normal vector
as n = nyi + ny j + n3k, then we obtain a Cartesian equation of the plane:

mx+my+nyz=a-n
This is often written as
mx+my+nz==k

where k = a - n.

Planes in three dimensions

A plane in three-dimensional space can be described as follows, where a is the position
vector of a point A on the plane, the vector n = n;i + ny j + n3k is normal to the plane,
andk=a-n.

Vector equation Cartesian equation

r-n=a-n nmx+my+nz==k
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6D Vector equations of planes 189

Finding the plane determined by a point and a normal vector

The following example illustrates two methods for finding an equation of a plane.

Example 14
(e— )

For a plane I1, the vector —i + 5j — 3k is normal to the plane and the point A with position
vector —3i + 4j + 6k is on the plane. Find a vector equation and a Cartesian equation of
the plane.

Solution

Method 1: Finding a vector equation first
Using the form r - n = a - n, a vector equation is

r-(=i+5j-3k)=(-3i+4j+6k) - (—i+5j—3k)

ie. r-(-i+5j-3k)=5

For a Cartesian equation, write r = xi + yj + zk. Then
(xi+yj+zk)- (-i+5j-3k)=5

ie. —x+5y—-3z=5

Method 2: Finding a Cartesian equation first

The vector n = —i + 5j — 3k is normal to the plane, so a Cartesian equation is
—-x+5y-3z=k

for some k € R. Since the point A(=3, 4, 6) is on the plane, we have
—(=3)+54)-3(6) =k

Therefore k = 5, and a Cartesian equation is —x + 5y — 3z = 5.

Hence a vector equation is r - (=i + 5j — 3k) = 5.

Finding the plane determined by three points

Three points determine a plane provided they are not collinear.

Example 15

Consider the plane containing the points A(0, 1, 1), B(2, 1,0) and C(-2, 0, 3).
a Find a Cartesian equation of the plane.
b Find the axis intercepts of the plane, and hence sketch a graph of the plane.

Solution
—> . H . .
a AB=2i—kand AC = -2i—j+2k
_> ﬁ . . .
The vector product AB X AC is —i — 2j — 2k.
Therefore the vector n = —i — 2j — 2k is normal to the plane.

Using the point A and the normal n, we can use either of the two methods to find the
Cartesian equation —x — 2y — 2z = —4.
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To find a Cartesian equation of the plane

To plot the Cartesian equation as a plane:

Cambridge Senior Maths AC
Specialist Mathematics Year 12

190 Chapter 6: Vector equations of lines and planes

b We can write the Cartesian equation of the plane more

neatly as x + 2y + 2z = 4.

x-axis intercept: Lety = z = 0. Then x = 4.

y-axis intercept: Letx =z=0. Then2y =4,s0y = 2.
z-axis intercept: Letx =y =0. Then2z =4,s0z = 2.

The axis intercepts of the plane are (4, 0, 0), (0,2, 0)
and (0, 0, 2).

Using the TI-Nspire

4
X

containing A(0, 1, 1), B(2,1,0) and C(-2,0, 3): a0 1 1) o1 1]
Define (assign) the three matrices as shown. b2 1 0] [2 1 0]
Find the vector product using > e=[2 0 3] [-2 0 3]

Matrix & Vector > Vector > Cross Product.
Display the Cartesian equation using the
Dot Product command as shown.

Solve the Cartesian equation for z.

In a Graphs application, use > View
> 3D Graphing. Enter the expression for z
-(x+2(y-2)

2
To rotate the view of the plane, use >
Actions > Rotate (or press (r)) and then use
the arrow keys.
Use to change other attributes as
desired.

in z1(x,y), i.e. z1(x,y) =

Using the Casio ClassPad

To find a Cartesian equation of the plane containing
A(0,1,1), B(2,1,0) and C(-2,0,3):

Store the position vectors by assigning them to the
variables a, b and ¢ as shown.

Go to Interactive > Vector > crossP. Enter b — a
as the first vector, and ¢ — a as the second vector.
Tap oK.

Assign the vector product to the variable n

as shown.
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[-1 2 2]

x-2'y=-2'z+4=0

rao {711 B8
(cr2: (-2))

—

>

£ Edit Action Interactive

53| v [ina]sime o [ [ ]|

[0,1,1]»a
[011]
[2,1,01>%
[2 1 0]
[-2,0,3]%¢c
[-2 0 3]
crossP(b-a, c-a)»n
[=E =2 =21
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= Go to Interactive > Vector > dotP. Enter n as the

6D Vector equations of planes 191

simplify (dotP(n,

first vector, and [x, y, z] — a as the second vector.

Tap OK.

m At the end of the dotP expression, type = 0.

Highlight and simplify to obtain the equation.

To plot the Cartesian equation as a plane:

m Solve the Cartesian equation for z.

solve (—x—=2+y—2+

m Copy the equation. Then open the menu 'éel:gu and

select 3D Graph !a]ﬂﬁvs;\h i

m Paste the equation in z1 and tap the circle.
m Tap to view the graph.

m Tap in the graph window; then tap |}

the axes or box.

m Tap on the diamond in the menu bar to select the

desired rotation option.

& Edit Zoom Analysis [@]

to reveal

& Edit Sheet

[x ¥ z]1-a)=0)
—x=2+y=2+z+4=0

z+4=0, z)

)

Sheet1 Sheet2 |Sheet3 |Sheet4 |Sheetd

(’,>z1=‘7x—y+2

z2: [0

R
— S5
* (S
L0000,

- E Left->Right | |Rotati
1Right->Left  |{ReDraw
'Sheet!| 1o0_sBottom

© z1=Bottom->Top ‘

o
[lees joneewy |

‘\\ R

KL

> “:“:“:“:“é
S

BNl I
S "”

1z1=(-x) {2—-y+2

[—]
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Finding the plane determined by two intersecting lines

Two lines that intersect at a single point can be used to determine a plane.

Example 16

Find a vector equation and a Cartesian equation of the plane containing the lines

ri=5+2j+M2i+j+k)
r, =-3i+4j+ 6k +u@i-j-2k)

Note: From Example 8, we know that these lines intersect at the point (1,0, —2).

Solution

We know that @ = 5i + 2j is the position vector of a point on the plane.

We want to find a normal vector. It must be perpendicular to both d; = 2i + j + k and

d, =i— j— 2k, so we can choose

n=dyxd,=—-i+5j-3k

Hence a vector equation of the plane is

i.e.

r-n=a-n

ro(=i+5j-3k)=5

The corresponding Cartesian equation is —x + 5y — 3z = 5.
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192 Chapter 6: Vector equations of lines and planes 6D

T ercise 8

Skillsheet » 1 In each of the following, a vector n normal to the plane and a point A on the plane are

Example 14 given. Find a vector equation and a Cartesian equation of each plane.
an=i+j+k, A(l,-2,4) b n=i-2k, A(3,1,0)
c n=2i+3j-k AQ2,-3,-5) dn=i+3j-k A(1,-2,3)

Example 15| 2 Points A =(2,1,-1), B=(1,3,1) and C = (3, -2, 2) lie in a plane. Find a unit vector
normal to this plane and find a vector equation of this plane.

example 16| 3  Find a vector equation and a Cartesian equation of the plane containing the lines
ri=i—10j+4k+M2i—-j+k)andr, = -3i - 2j + u(@ — 2j + k).
4 The point A = (-3, 1, 1) and the line ¢ lie in the same plane. The line ¢ is defined by the
equationr=i—-4j+k+t(i+2j—k),teR.
a Find a vector normal to this plane.

b Find a vector equation of the line through A that is normal to this plane.

5 PointsA = (1,1,3), B=(1,5,-2) and C = (0,3, —1) lie in a plane. Find a unit vector
normal to this plane and find a vector equation of this plane.

6 A plane is defined by the vector equation r - (2i — j — 3k) = 7. Show that each of the
following is the position vector of a point on this plane:

ai-2j-k b 3i-4j+k c —i+3j-4k d 2j-3k

7 A plane is defined by the vector equation r - (3i + j — k) = 10. Show that each of the
following is a point on this plane:
a (2,2,-2) b (1,5,-2) c (3,43 d (2,0,-4)

8 Find x in each of the following:
a The point (1, x, 2) lies on the plane given by the equation r - (—i + j + 3k) = 5.
b The point (2, -1, 0) lies on the plane given by the equation r - (3 + 2k) = x.
¢ The point (1, -3, 2) lies on the plane given by the equation r - (2i + xk) = 8.
d The point (x, 1, —2) lies on the plane given by the equation r - (i + 3j + k) = 5.

9 Find a Cartesian equation of the plane containing the three points A(0, 3,4), B(1,2,0)
and C(-1,6,4).

10 Find a Cartesian equation of the plane that is at right angles to the line given by
x=4+1t, y=1-2t, z=8¢tand goes through the point P(3,2, 1).

11 Find a Cartesian equation of the plane that is parallel to the plane with equation
S5x — 3y + 2z = 6 and goes through the point P(4, -1, 2).

12 Find a Cartesian equation of the plane that contains the intersecting lines given by
x=4+1, y:2t1, z=1-3t; and x = 4 — 31, y:3t2, z=1+2n.

13 Find a Cartesian equation of the plane that is at right angles to the plane with equation
/ 3x + 2y — z = 4 and goes through the points P(1,2,4) and Q(-1, 3,2).
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6E Distances, angles and intersections 193

6E Distances, angles and intersections
» Distance from a point to a plane

The distance from a point P to a plane I1 is given by
H
d=|PQ -l

where 7 is a unit vector normal to the plane and Q is any point on the plane.

Proof For the situation shown in the diagram, we can see that
the distance from P to the plane is

d=|P—>Q|c056 \4”

where 0 is the angle between P—Q> and 71. Therefore

—_— —_—
d =|PQ||fjcos® = PO - }?Q )
The other situation is where the unit normal 72 points 91/ d
in the opposite direction. In this case, we will obtain /
d= —P_Q) - . Hence, in general, the distance is the
absolute value of P_Q) - . P

Example 17

Find the distance from the point P(1, -4, —3) to the plane II: 2x — 3y + 6z = —1.

Solution
A normal vector to the plane is n = 2i — 3j + 6k. So a unit vector normal to the plane is

1
= 7(21'— 3j + 6k)
Let O(x,y, z) be any point on the plane. Note that this implies 2x — 3y + 6z = —1.
We want to find the projection of P.Q) onto 7. We have
—_ — =
PO =00Q0-0P
=(x-Di++4)j+@z+3)k
Therefore
— 1

PQ-ﬁz5(2(x—1)—3(y+4)+6(z+3))

1
i(2x—3y+6z—2—12+18)

==—(-1+4) (since 2x — 3y + 6z = —1)

N W Q=

3
The distance from the point P to the plane IT is 7
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194  Chapter 6: Vector equations of lines and planes

» Distance of a plane from the origin

A plane that does not pass through the origin is described by a
vector equation of the form r - n = k, where k # 0.

The point M on the plane that is closest to the origin has a

—
position vector of the form OM = mii, where |m| is the distance
of the plane from the origin.

If n points towards the plane from the origin, then m > 0, and
if n points away from the plane, then m < 0. So we can say that

m is the ‘signed distance’ of the plane from the origin (relative
to the normal vector n).

Since the point M lies on the plane, we know that (m#t) - n = k. But (mit) - n = m(f- n) = m|n|.

So we have m|n| = k and therefore m = —.

||

For a plane with vector equation r - n = k, where k # 0, the signed distance of the plane

- . . k
from the origin (relative to the normal vector n) is given by m
n

» Distance between two parallel planes

To find the distance between parallel planes IT; and I1,, we can choose any point P on I1; and
then find the distance from the point P to the plane I1;.

In the following example, we use an alternative method.

Example 18

Consider the parallel planes given by the equations
I:2x—y+2z=5 and IL:2x—-y+2z=-2

a Find the distance of each plane from the origin.

b Find the distance between the two planes.

Solution
The vector n = 2i — j + 2k is normal to both planes, with |n| = 3.

5
a Relative to n, the signed distance of plane I1; from the origin is ﬂ =i
n

5
So the distance of plane II; from the origin is 3

- 2
Relative to n, the signed distance of plane I1, from the origin is Wl =-3

2
So the distance of plane I, from the origin is 3"

b Relative to the normal vector n, the two planes are on different sides of the origin. So

. .5 2 17
the distance between them is = + = = —.
3 3 3
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» Intersections and angles
Using normal vectors

m To find the angle between two planes, we first find the angle 0 between two vectors n;
and n, that are normal to the two planes. The angle between the planes is 6 or 180° — 0,
whichever is in the interval [0°, 90°].

m Two planes are parallel if and only if the two normal vectors are parallel.
m Two planes are perpendicular if and only if the two normal vectors are perpendicular.

m The angle between a line and a plane is equal to 90° — 0, where 0 is the angle between
the line and a normal to the plane.
Intersection of a line and a plane

A line and a plane that are not parallel will intersect at a single point.

Example 19

Consider the line represented by the equation r = 3i — j — k + #(i + 2j — k) and the plane
represented by the equation r - (i + j + 2k) = 2.

a Find the point of intersection of the line and the plane.

b Find the angle between the line and the plane.

Solution
a To find the point of intersection, we want to find the value of # for which
r=3i—-j-k+t@+2j-k)
represents a point on the plane. That is,
Bi—j-k+t@+2j-k)-(i+j+2k)=2
B+ +(-1+20+2(-1-1)=2
t=2
The point of intersection has position vector
r=3i—-j-k+2i+2j-k)=5+3j-3k
The point of intersection is (5, 3, —3).
b We first find the angle between the line and the normal to the plane.

The vector d =i + 2j — k is parallel to the line, and the vector n = i + j + 2k is normal
to the plane. Let 0 be the angle between d and n. Then

d-n=|d||n|cosB
(i+2j—k)-@+j+2k) = V6V6cos O
1 =6cos0

So 0 = 80.4°, correct to one decimal place.

Hence the angle between the line and the plane is 90° — 80.4° = 9.6°, correct to one
decimal place.
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Intersection of two planes

Two planes that are not parallel will intersect in a line.

Example 20
(e— )

Let IT; and II, be the planes represented by the vector equations
y:r-G+j-3k)=6 and IL:r-Ri-j+k)=4

a Find the angle between the planes.
b Find a vector equation of the line of intersection of the planes.

Solution
a The angle between the planes is equal to the angle between normals to the planes.
A normal to plane I1; is n; =i + j — 3k, and a normal to plane I, is n, = 2i — j + k.
Let 0 be the angle between n; and n;. Then
n; - ny = |n||ny|cos 0
(i+j-3k)-Q2i-j+k = V11V6cos0
-2 = V66 cos 0

Hence 0 ~ 104.25°. The acute angle between the planes is 180° — 104.25° = 75.75°,
correct to two decimal places.

b Consider Cartesian equations for the two planes:
xX+y—-32=6 (§))
2x—y+z=4 2)
Add (1) and (2):
3x-2z=10 3)

8
Let x =\. Thenz = , from (3), and y = , from (2).

This gives us parametric equations for the line of intersection:
_Th—18 _3L-10
"2 0 T

These convert to the vector equation

x=A,

r=—9j—5k+?»(i+%j+%k), A eR

Note: Alternatively, we can use the parametric equations to find a point A(0, -9, -5)
on the line. A vector d parallel to the line must be perpendicular to the two
normals r; and n,. Hence we can use the vector product:

n X n = —2i—7j—3k
We can choose d = 2i + 7j + 3k, giving r = =9j — Sk + M2i + 7j + 3k), L € R.
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» Distance between two skew lines

Given two skew lines, it can be shown that there is a
unique line segment PQ joining the two lines that is
perpendicular to both lines. The distance between the
two lines is the length PQ.

We can find the distance between a pair of skew lines
{i:rp=a;+Mdand {;: r, = ay + pd, as follows.

Steps Explanation

1 | Let P and Q be the points on ¢ and ¢, such
that PQ is the distance between ¢; and ¢».

2 | A unit vector parallel to P—)Q is Vector P—Q) is perpendicular to both lines
dy xd, and thus parallel to d; x d,.
n=—7-—

ld) X d|
3 | The distance between the skew lines is The magnitude of the projection of I%)

onto 7 will give the distance, and

d=\(a—ay)-n —_— -_— — . —
PAz-n:(PAl+A1A2)-n:A1A2-n.

Example 21

Find the distance between the two skew lines
biirp=i+j+M2i—j+k) and &:ry=2i+j—k+uBi-5j+2k)

Solution

Here we have
a =i+j di=2i-j+k
a=2i+j—-k dy=3i-5j+2k

Step 1 Let P and Q be the points on ¢; and ¢, such
that PQ is the distance between £; and ¢,.

d] X d2
d\ X d>|’

Heredlxdz=3i—j—7kand|d1><d2|:\/E,so

Step 2 A unit vector parallel to P—Q> isf=

1
= —@Gi-j-Tk)
V59

Step 3 The distance between the skew lines is d = |(a, — a;) - 7.
Since a, — a; =i — k, we have

] 1 .. 10
d=|i-k —@Gi-j-7k|=—
V59 V59
Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press

Specialist Mathematics Year 12 Photocopying is restricted under law and this material must not be transferred to another party.



198 Chapter 6: Vector equations of lines and planes 6E

Exercise [=

example 17| 1  Find the distance from the point (1, 3, 2) to each of the following planes:
ar-(7i+4j+4k)=9 b 6x+6y+3z=38

example 18| 2  Find the distance between the pair of parallel planes I1; : x + 2y — 2z = 4 and
Ih: x+2y—-2z=12.

example 19| 3  Consider the line represented by the equation r = 3i — j — k + (i + 2j — 2k) and the
plane represented by the equation r - (i + j + 2k) = 4.

a Find the point of intersection of the line and the plane.
b Find the angle between the line and the plane.

example20, 4 Let I1; and II, be the planes represented by the vector equations
IMy:r-Qi+j—-k)=8 and IL:r-(i—-j+2k)=56
a Find the angle between the planes.

b Find a vector equation of the line of intersection of the planes.

5 LetA=(2,0,-1),B=(,-3,1),C=(0,-1,2)and D = (3,-2,2).
a Find a vector normal to the plane containing points A, B and C.
b Find a vector normal to the plane containing points B, C and D.

¢ Use the two normal vectors to find the angle between these two planes.

6 In each of the following, a pair of vector equations is given that represent a line and a
plane respectively. Find the point of intersection of the line and the plane and find the
angle between the line and the plane, correct to two decimal places.

a r=i-3j+2k+1ti+j-3k) b r=3i-j-2k+t(-i+j+k)
r-Qi-j-—k=17 r-(i-4j+k) =7

C r=—i+2j-4k+1tBi—-j+k) d r=-i-5j+3k+1t2i-3j+2k)
re(=2i+j-k)y=4 r-Gi+2j-k=-10

7 The vector i — 2j + 6k is normal to a plane I1 which contains the point A(5,4, —1).

a Find a vector equation of the plane.

b Find the distance of the plane from the origin.

Find the distance from the origin to the plane r - (2i — j — 2k) = 7.
Find the vector projection of i + j — k in the direction of 2i — j — 2k.
Find the magnitude of this vector projection.

o n T o

Hence find the distance from the point (1, 1, —1) to the given plane.

9 Using the method of Question 8, find the distance from the point (2, —1, 3) to the plane
given by the equation r - (—i + 2j + 2k) = -3.
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10 a Find the point of intersection of the line r =i — j + k + #(2i — k) and the plane
r-3i+2j+2k)=11.
b Find the acute angle between the line and the plane, correct to one decimal place.

11 Points A, B and C have position vectors a@ = 3i — j + 2k, b = 3i — 3j + 4k and
¢ =1i— j+ 4k respectively.
a Find a Cartesian equation of the plane containing A, B and C.
b Find the area of triangle ABC.
¢ Find the position vector of the foot of the perpendicular from the origin O to the
plane ABC.

12 Let I1; and I, be the planes represented by the vector equations
I:r-Bi+6j-2k)=3 and IL:r-8i—-4j+k)=1
a Find the angle between the planes.
b Find a vector equation of the line of intersection of the planes.
13 LetA=(0,2,-1),B=(1,1,1),C =(-1,0,2)and D = (2,-2,2).
a Find a vector normal to the plane containing points A, B and C.
b Find a vector normal to the plane containing points B, C and D.
¢ Use the two normal vectors to find the angle between these two planes.
14 a Find a vector which is perpendicular to the two lines given by
ry=2i+j-2k+t(G-j+2k), HnheR
r,=2i+j-2k+t(-i+2j+2k), HeR
b Find a vector equation of the line which is normal to the plane containing these two
lines and which passes through their point of intersection.
example 21| 15  Find the distance between the two skew lines:
ri={0+0i+ (1 +60)j+2tk
r,=0+2s)i+(5+155)j+ (-2 +6s)k
16 Find the distance between the two skew lines:
rn=0+0i+Q-0j+{(+0nk
rp=02+2)i+(-1+s5)j+(-1+29k
17 Find the distance between the two skew lines:
ri=(1-0i+@#-2)j+3B-20k
‘/ ro=(0+9)i+(-1+25)j+(-1+25k
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6F Equations of spheres
In three-dimensional space, the unit sphere is the sphere with
centre the origin and radius 1.

Let P(x,y, z) be a point on the unit sphere. Then |o—ﬁ| =1 and
therefore

x2+y2+z2:1

Conversely, any point P(x,y, z) which satisfies 2+ y2 +72=1
lies on the unit sphere.

Similarly, we can obtain the general Cartesian equation of a sphere.

Cartesian equation of a sphere

The sphere with centre C(h, k, £) and radius a has Cartesian equation

x-h?+@ -k +@z-0>=d>

We note that this again depends on the idea of a set of points which are equidistant from a
given point. The vector equation of a sphere is also derived from this observation.

Vector equation of a sphere

The sphere with centre C and radius a has vector equation
—
lr—0C| =a

A point P lies on the sphere if and only if its position vector r satisfies this condition.

Example 22

For the sphere with centre (1, -2, 3) and radius 6, find:

a the Cartesian equation b the vector equation.
Solution
a (x-12+0+2%+z-3)?%=36 b |lr-G-2j+3k)|=6

Example 23

Find the intersection of the line r = #(2i + j — 2k), t € R, and the sphere x> + y*> + z> = 9.
Solution
The line r = #(2i + j — 2k) is described by the parametric equations
x=2t, y=t z=-2t
Substituting in the equation of the sphere gives
A7+ +47 =9
Therefore t = +1. The points of intersection are (2, 1, —2) and (-2, -1, 2).
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S ercise [

example22| 1  For the sphere with centre (-1, 3,2) and radius 2, find:
a the Cartesian equation

b the vector equation.

2 For the sphere with centre (—1, -3, 1) and radius 4, find:

a the Cartesian equation

b the vector equation.
Example 23| 3 Find the intersection of the line x = 21, y = 3¢, z = =2t and the sphere x> +y*> +z> = 16.

4 Find the intersection of the line r =i + j + k + (i + j — 2k), t € R, and the sphere
x> +y? + 72 = 36.

5 Find the intersection of the line r = 2i + 3j + 4k + t(i + j), t € R, and the sphere
(x =22+ (y—3)* + (z—4)* = 36.

6 For each of the following, give the coordinates of the centre and the radius of the circle
formed by the given plane cutting the sphere x> + y* + 7> = 36:

az=3 b x=3 cy=x

7 The equation of a sphere is
P4y +2-2x—4y+82+17=0

Find the coordinates of the centre and the radius of the sphere.

8 Find the Cartesian equation of each of the following spheres:
a centre (1,0,—1) and radius 4
b centre (1,-3,2) and passes through the origin
c centre (3, —-2,4) and passes through (7, 2, 3)
d centre the origin and passes through (1,2,2)

9 The equation of a sphere is (x — 2)? + (y — 3)? + (z — 4)? = 29.
a Find the intercepts with each of the axes.

b Find a vector equation of the line which passes through the centre of the sphere and
the point X(4, 0, 0).

¢ Find a Cartesian equation of the plane which contains the point X(4, 0, 0) and is

R

perpendicular to the radius joining the centre of the sphere to X.
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@k

Chapter summary

Lines A line in three dimensions can be described as follows, where a = ai + a, j + azk is
the position vector of a point A on the line, and d = d,i + d, j + dsk is parallel to the line.

Vector equation Parametric equations Cartesian form
X =a +dt
X —a y—ap Z— a3
r=a+td, teR =ay +dat = =
s - d ds
z=as + dst

Planes A plane in three dimensions can be described as follows, where a is the position
vector of a point A on the plane, 7 = nyi + n, j + n3k is normal to the plane, and k = a - n.

Vector equation Cartesian equation

r-n=a-n mx+my+nz==k

Spheres A sphere in three dimensions can be described as follows, where
¢ = cyi + ¢y J + c3k is the position vector of the centre C, and a is the radius.

Vector equation Cartesian equation

Ir—cl=a (x—c1)+ (- +@-c3) =d

Vector product

m Ifa=ayi+arj+akandb = byi+byj+ bsk, then A
a X b = (axbs — azby)i — (a1b3 — azb1)j + (a1by — axb1)k axb

m The magnitude of @ X b is equal to |a] |b| sin O, where 0 is . l'a-x-l-’l----/:_
the angle between a and b. 0 N o

m The direction of a X b is perpendicular to both a and b a

(provided a and b are non-zero vectors and not parallel).

Distances and angles

m Distance from a point to a line The distance from a point P to a line £ is given by |P_Q>|,
where Q is the point on the line such that PQ is perpendicular to the line.

m Distance from a point to a plane The distance from a point P to a plane I1 is given
by |P_Q) - i1, where 71 is a unit vector normal to the plane and Q is any point on the plane.

m Angle between two lines First find the angle 6 between two vectors d; and d, that are
parallel to the two lines. The angle between the lines is 0 or 180° — 6, whichever is in the
interval [0°, 90°].

m Angle between two planes First find the angle 0 between two vectors n; and n, that are
normal to the two planes. The angle between the planes is 6 or 180° — 0, whichever is in
the interval [0°, 90°].

m Angle between a line and a plane The angle between a line ¢ and a plane IT is 90° — 6,
where 0 is the angle between the line and a normal to the plane.
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Short-answer questions

1 Find the position vector of the point of intersection of the lines r; =i + j — k + M3i — j)
and rp, = 4i — k + n(Q2i + 3k).
2 Show that the lines r| =i — j + M2i + k) and r, = 2i — j + u(i + j — k) do not intersect.

3 Find a Cartesian equation of the plane through the point (1, 2, 3) with normal vector
4i+ 5j + 6k.

4 Find a vector equation of the line parallel to the x-axis that contains the point (-2,2, 1).
5 Find the coordinates of the nearest point to (2, 1,3) on the line r =i + 2j + #(i — j + 2k).

6 Find the distance from the origin to the line passing through the point (3, 1, 5) parallel
to the vector 2i — j + k.

7 Find the coordinates of the point of intersection of the line r = i + k + #(2i + j — 3k),
t € R, and the plane r - (i — 2j + 3k) = 13.

8 Find a vector that is perpendicular to the vectors 8i — 3j + k and 7i — 2.

9 The line ¢ passes through the points A(—1, -3, —3) and B(5, 0, 6). Find a vector equation
of the line £. Find the point P on the line ¢ such that OP is perpendicular to the line,
where O is the origin.

10 Show thatthelinesr; =3i+4j+k+M2i—j+k)andr, =i+ 5j+ 7k + u@ + k) are
skew lines. Find the cosine of the angle between the lines.

11 Determine a Cartesian equation of the plane that contains the points P(1, -2, 0),
0(@3,1,4) and R(0,—1,2).

12 Determine a Cartesian equation of the plane that contains the points P(1,-2, 1),
0(-2,5,0) and R(-4,3,2).
13 Find an equation of the plane through A(-1,2,0), B(3,1,1) and C(1,0, 3) in:
a vector form b Cartesian form.
14 a Find a Cartesian equation of the plane passing through the origin O and the points
A(1,1,1) and B(0, 1, 2).
b Find the area of triangle OAB.

¢ Show that the point C(-2, 2, 6) lies on the plane and find the point of intersection of
the lines OB and AC.

15 The origin O and the point A(2,—1, —1) are two vertices of an equilateral triangle OAB
in the plane x + y + z = 0. Find the coordinates of the vertex B.

16 Show that the four points (1,0, 0), (2,1,0), (3,2, 1) and (4, 3, 2) are coplanar.

‘/ 17 For vectorsa, b and ¢ suchthata + b+ ¢ =0, showthataxb=b x ¢ =c¢ X a. ‘
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Multiple-choice questions

1 The three vertices of a triangle have position vectors a, b and ¢. The area of the triangle

is equal to
A axb B 1bxc| C la-b)x®-o)
D (b-—c)x(a->b) E |(c —a)x(a-Db)
2 A plane has equation r - (i + j — 2k) = 5. The distance from the origin to this plane is
AS B2 c? p > E V5
4 6 6

3 Which of the following is a Cartesian equation of the plane that has axis intercepts at
x=1,y=2and z = 3?7
A x+2y+3z=0 B x+2y+3z=1 C x+2y+3z=6
D 6x+3y+2z=6 E 6x+3y+2z=0

4 The line given by r = 5i — 3j + k + M2i — 2j — k), A € R, intersects the plane given by
r- (2i + j — 3k) = —6 at the point with position vector
A2+j-3k B 5i-7j-3k C 3i-5j D i+j+3k E 5i-4j-3k

5 The distance from the point P(1, 5) to the line that passes through (0, 0) and (1, 1) is
Al B V2 Cc2 D 2V2 E 3

6 Which of the following vector equations does not describe the line passing through the
points (2,0, 1) and (3, 3, 3)?
Ar=Q+0ni+3tj+(1+20k Br=G-0i+3-3nj+3-20k
Cr=Q+3i+3tj+(1 + 30k Dr=0+0i+(-3+30)j+(-1+2)k
Er=Q+2ni+6tj+( +4nk

7 Which of the following equations describes the plane that contains the points (0, 0, 1),
(1,1,1) and (2,0, 0)?
A x—-y+2z=2 B x-y+z=1 C x+3y—z=4
D x-y=0 E x+y+z=3

8 Which of the following vectors is parallel to the line of intersection of the planes
2x+y+z=6and x+z=0?

A2itj+k Bi+k C3i+j+2k
D -3i+3j+3k E 6i+2j+k
9 The distance from the origin to the plane x + 2y + 2z = 5 is

1 1 5

A0 B - C - D1 E -
5 3 3

10 The triangle with vertices (0,0, 1), (1, 1, 1) and (2, 3, 2) has area
1 V2 V3
A - B — C — D1 E V2
yV v 5 2 2 V2
Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press

Specialist Mathematics Year 12 Photocopying is restricted under law and this material must not be transferred to another party.



Chapter 6 review 205

Extended-response questions

1 Two lines are represented by vector equations ry =i+ j — 2k + t;(i — j + 2k), t; € R,
andr, =2i+ j+ 4k + (i +2j + 2k), t, € R.
a Show that these lines intersect and find their point of intersection, P.

b The vector equation r; = t3(i — j + 2k), 13 € R, represents a line through the origin.
Find the distance from the point of intersection P to this line.

2 ’Eﬁ: points A, B and C have position vectors OA = 5i + 3j+k, OB = —i+ Jj+3kand
OC = 3i+4j + 7k. The plane I1; has vector equation r - (3i + j — k) = 6.
a Show that the point C is on the plane II;.
b Show that the point B is the reflection in the plane IT; of the point A.
¢ Find the length of the projection of AC onto the plane I1;.
The plane I1, has Cartesian equation 12x — 4y + 3z = k, where k is a positive constant.
d Find the acute angle between planes I1; and IT5.

e Given that the distance from the point C to the plane I1, is 3, find the value of k.

3 Consider the two lines given by
Ci: ri=3i+2j+k+1t(5i+4j+ 3k), teR
O: ry=16i—10j+2k+s@Bi+2j-k), seR
a Show that £; and ¢, are skew lines.
b Verify that both £, and ¢, are perpendicular to the vector n = 5i — 7j + k.

¢ The point A(3,2, 1) lies on line £;. Write down a vector equation of the line ¢3
through A in the direction of n.

d Find the point of intersection, B, of the lines ¢, and ¢3, and find the length of the line
segment AB.

4 The point O is the origin and the points A, B, C and D have position vectors

ﬁ . . ﬁ . . % . % . .
OA=4i+3j+4k, OB=6i+j+2k, OC=9j-6k, OD=-i+j+k

Prove that:

a the triangle OAB is isosceles

b the point D lies in the plane OAB

c the line CD is perpendicular to the plane OAB

d the line AC is inclined at an angle of 60° to the plane OAB.

5 A Cartesian equation of the plane I1; is y + z = 0 and a vector equation of the line £ is
r=>5i+2j+2k +t(2i — j + 3k), where t € R. Find:
a the position vector of the point of intersection of the line £ and the plane I,
b the length of the perpendicular from the origin to the line £
¢ a Cartesian equation of the plane I, which contains the line £ and the origin
d

v

the acute angle between the planes I1; and I1,, correct to one decimal place. ‘
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Systems of
linear equations

> To recognise the general form of a system of linear equations in several variables.

> To investigate the three cases for a system of linear equations:
> no solutions > a unique solution > infinitely many solutions.

> To solve a system of linear equations using elimination.

> To represent a system of linear equations as an augmented matrix.

> To give a geometric interpretation of the solution of a system of linear equations in
two variables using lines in two-dimensional space.

> To give a geometric interpretation of the solution of a system of linear equations in
three variables using planes in three-dimensional space.

From the previous chapter, we know that:
m aline in two-dimensional space has a Cartesian equation of the form ax + by = ¢
m aplane in three-dimensional space has a Cartesian equation of the form ax + by + ¢z = d.
These are both called linear equations, since the power of each variable is 1.
In this chapter, we consider systems of simultaneous linear equations such as

ajx+ by =rcy aix+biyy+ciz=d

arx+ by =c; Wmx+by+cz=d;

asx+bsy+c3z=ds

The system on the left represents two lines, and the system on the right represents three

planes. We will look at methods for solving such systems of equations, and the geometric
interpretation of the solutions.

Systems of linear equations have important applications in many different fields, including
economics, biology and physics.
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7A Simultaneous linear equations with two variables 207

7A Simultaneous linear equations with two variables

In the plane, two distinct straight lines are either parallel or meet at a point.

There are three cases for a system of two linear equations in two variables.

Example Solutions Geometry
Case 1 2x+y=5 Unique solution: Two lines meeting at a point
x—y=4 x=3,y=-1
Case 2 2x+y=35 No solutions Distinct parallel lines
2x+y=17
Case 3 2x+y=5 Infinitely many solutions Two copies of the same line
4x+2y =10

Explain why the simultaneous equations 2x + 3y = 6 and 4x + 6y = 24 have no solution.

Solution y

First write the two equations in the form A

y = mx + c. They become \ PR
y=—%x+2 and y=—§x+4 2% +3y=6 5 e

Both lines have gradient —%. The y-axis \ .
intercepts are 2 and 4 respectively. (0] 3 6

The equations have no solution as they

correspond to distinct parallel lines.

The simultaneous equations 2x + 3y = 6 and 4x + 6y = 12 have infinitely many solutions.
Describe these solutions through the use of a parameter.

Solution
The two lines coincide, and so the solutions are all points on this line.

6 — 3\
We make use of a third variable A as the parameter. If y = A, then x = —

We can write the solutions as x = and y = A, for A € R. (This gives a parametric

description of the line.)
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208 Chapter 7: Systems of linear equations

Using the TI-Nspire

Simultaneous equations can be solved in a

Calculator application.
solve({

m Use > Algebra > Solve System of
Equations > Solve System of Equations.

2:x+3 y=6
4 x+6° y=12 ,{x,y}

-2. -
x--d—(‘:—z-)- and y=cl

<

m Complete the pop-up screen. |

The solution to this system of equations is given by the calculator as shown. The variable
c1 takes the place of A.

Using the Casio ClassPad

To solve the simultaneous equations 2x + 3y = 6 and & Edit Action Interactive
4x + 6y = 12: ol i

e | Jined | Simp

= Open the keyboard. li;‘:g;’:?z

m Select the simultaneous equations icon [{=]. Pid K63

= Enter the two equations into the two lines and {x= 2 "v:y]
type x,y in the bottom-right square to indicate
the variables. Select (EXE).

Choose y = A to obtain the solution x = 6_—23)\ y = A where ) is any real number.

Consider the simultaneous linear equations (m — 2)x +y = 2 and mx + 2y = k.

Find the values of m and k such that the system of equations has:

a aunique solution b no solution ¢ infinitely many solutions.

Solution
m-2)x+y=2 (1)
mx+2y =k 2)
Multiply equation (1) by 2 and subtract from equation (2):
(m-2m-2)x=k—-4

4—k
xX=— (form # 4)
m—4
Substitute in (1):
y=2-(m-2)x
4—k
=2-(m-2)——
( )m—4
_ k(m—2)—2m
- m—4
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7A 7A Simultaneous linear equations with two variables 209

For m # 4, we obtain the solution

4 -k and k(m—2)-2m
X= ——0 =
m—4 m—4

a There is a unique solution if m # 4 and k is any real number.
b If m = 4, the equations become
2x+y=2 and 4x+2y=k
There is no solution if m = 4 and k # 4.

¢ If m = 4 and k = 4, there are infinitely many solutions as the equations are the same.

T ercise IO

1 Solve each of the following pairs of simultaneous linear equations:
a 3x+2y=6 b 2x+6y=0 c 4x-2y=17 d 2x-y=6
x—y=7 y—x=2 Sx+7y=1 4x—-Ty=15
2 For each of the following, state whether the simultaneous equations have no solution,
one solution or infinitely many solutions:
a 3x+2y=6 b x+2y=6 c x-2y=3
3x—-2y=12 2x+4y =12 2x—4y =12
Example 1| 3  Explain why the simultaneous equations 2x + 3y = 6 and 4x + 6y = 10 have no solution.
example2| 4 The simultaneous equations x —y = 6 and 2x — 2y = 12 have infinitely many solutions.
Describe these solutions through the use of a parameter.
example 3| 5 Find the value of m for which the simultaneous equations
3x+my=5
(m+2)x+5y=m

a have infinitely many solutions b have no solution.

6 Find the value of m for which the following simultaneous equations have no solution:
m+3)x+my=12
m—-1x+m-3)y=7

7 Consider the simultaneous equations mx + 2y = 8 and 4x — (2 — m)y = 2m.
a Find the values of m for which there are:
i no solutions ii infinitely many solutions.

b Solve the equations in terms of m, for suitable values of m.
8 a Solve the simultaneous equations 2x — 3y = 4 and x + ky = 2, where £ is a constant.

b Find the value of k for which there is not a unique solution.
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210 Chapter 7: Systems of linear equations 7A

9 Find the values of b and ¢ for which the equations x + 5y = 4 and 2x + by = ¢ have:

a aunique solution b an infinite set of solutions € no solution.

10 For each of the following systems of equations:
i Find the values of b € R for which there is a unique solution.
ii Find the values of b € R for which there are infinitely many solutions.
iii Find the values of b € R for which there are no solutions.
iv In the cases where solutions exist, express the solutions in terms of b.
a x+y=4 b x+y=4 c x+y=4
‘/ 2x+2y=b 2x+y=>b bx+y=38

7B Simultaneous linear equations with
more than two variables

» Linear equations in three variables
Consider the general system of three linear equations in three variables:
aix+byy+ciz=d
Wmx+by+cz=d;
asx+bsy+ciz=ds

In this section and the next, we look at how to solve such systems of simultaneous equations.
In some cases, this can be done easily by elimination, as shown in Examples 4 and 5. Other
cases require a more systematic method, which is introduced in the next section.

Solve the following system of three equations in three variables:
2x+y+z=-1 (1)
3y+4z=-7 2)
6x+z=28 ®))

Solution Explanation
Subtract (1) from (3): The aim is first to eliminate z
4x—y=9 @) and obtain two simultaneous
equations in x and y only.
Subtract (2) from 4 X (3):
Having obtained equations (4)
24x — 3y =39

and (5), we solve for x and y.
8x—y=13 &) Then substitute to find z.

Subtract (4) from (5) to obtain 4x = 4. Hence x = 1.

Substitute in (4) to find y = —5, and substitute in (3)
to find z = 2.
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7B Simultaneous linear equations with more than two variables 211

It should be noted that, just as for two linear equations in two variables, there is a geometric
interpretation for three linear equations in three variables. There is only a unique solution if
the three equations represent three planes intersecting at a point.

Solve the following simultaneous linear equations for x, y and z:
X—y+27=6, 2x+z=4, 3x+2y—2z=6
Solution
X—-y+z=6 @
2x+z=4 ?2)
3x+2y-2z=6 3
Eliminate z to find two simultaneous equations in x and y:
x+y=-2 @) subtracted (1) from (2)
Sx+2y=10 S) added (2) to (3)

14 20 16
Solvetofindx=—, y=—-——, z=——.
olvetofind x = =, y 3 ¢ 3

A CAS calculator can be used to solve a system of three equations in the same way as for
solving two simultaneous equations.

Using the TI-Nspire
Use the simultaneous equations template ((menu) > Algebra > Solve System of Equations
> Solve System of Equations) as shown.

{x—y+z-6

Solve a System of Equations

2 Xtz=4 .{XJ’.Z}

Number of equations [3 | 3. x42: y-z=6
o C— e
3 3

Enter variable names separated by commas 3 3

Jor [cancel

solve

Using the Casio ClassPad
= From the keyboard, tap |{®| twice to create a & Edit Action Interactive

template for three simultaneous equations. 0 ] %H*I%JIS““PIEVI v I*Hl '].L
= Enter the equations using the keyboard. x-y+z=6
2x+z=4
3x+2y-z=6|x, y, =z

{x=13—4, y=—23—0, z;%}
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212 Chapter 7: Systems of linear equations

» Geometric interpretation of linear equations in three variables
We have seen in Chapter 6 that an equation of the form
ax+by+cz=d
defines a plane in three-dimensional space (provided a, b and ¢ are not all zero).

The solution of a system of three linear equations in three variables can correspond to:

E a point m aline m aplane.

There also may be no solution. The situations are as shown in the following diagrams.
Examples 4 and 5 provide examples of three planes intersecting at a point (Diagram 1).

|

Diagram 1: Diagram 2: Diagram 3:
Intersection at a point Intersection in a line No intersection

1 N/
e 22

= L K—X

Diagram 4: Diagram 5:

No common intersection No common intersection

The simultaneous equations x + 2y + 3z = 13, —x -3y +2z=2and —x -4y + 7z =17
have infinitely many solutions.
a Describe these solutions through the use of a parameter. (Use a CAS calculator.)

b Give a geometric interpretation of the solution.

Solution

a We can use a CAS calculator to find all the solutions in terms of a parameter A.

£ Edit Action Interactive

Sl [l [T TO T

x+2 y+3-z=13
solve|{ -x-3- y+2:z=2 .{x.y,z}

x+2y+3z=13 4]
x—4 y+7 z=17 —x—3y+22=2
x=-(13- ¢7-43) and y=5- (c7-3) and z=c1 x—4y+Tz=17|x, 5. 2

| {x=—13+2z+43, y=5-2-15, z=2}

The solutions are given by x =43 — 13\, y =5A—15and z = A, for A € R.
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7B 7B Simultaneous linear equations with more than two variables 213

b The system of equations represents three planes that intersect along a line. (This is the
situation shown in Diagram 2.)

The line of intersection has parametric equations x = 43 — 13A, y =5\ — 15, z=A.

A vector equation of this line is r = 43i — 155 + M(—13i + 5j + k), L € R.

We will investigate the geometric interpretation of systems of linear equations further in the
next section.

» Linear equations in more than three variables

In general, we can consider a system of m linear equations in n variables:

anxy + apxy + -+ agpx, = b]
anxy + anxy + -+ anx, = by
A1 X1 + QpaXo + 0 + AppXy = bm

Such a system of equations has a geometric interpretation involving the intersection of
‘hyperplanes’ in n-dimensional space.

A system of linear equations in several variables can be solved using a CAS calculator
or using the method introduced in the next section. Applications of linear equations in
economics and biology can involve hundreds or even thousands of variables.

__ Exercise B

example 4,5/ 1 Solve each of the following systems of simultaneous equations:

a 2x+3y—-z=12 b x+2y+3z=13
y+z=1 —Xx—-y+2z=2
2y—z=5 —x+3y+4z=126

c x+y=5 d x-y-z=0

y+z=17 S5x +20z =50
z+x=12 10y — 20z = 30

example6| 2 Consider the simultaneous equations x + 2y — 3z =4 and x + y + z = 6.

a Subtract the second equation from the first to find y in terms of z.

b Letz = \. Solve the equations to give the solution in terms of A.

3 Solve each of the following pairs of simultaneous equations, giving your answer in
terms of a parameter A. Use the technique introduced in Question 2.

a x-y+z=4 b 2x-y+z=6 c 4x-2y+z=6
-Xx+y+z=6 x-z=3 xty+z=4
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214 Chapter 7: Systems of linear equations 7B

4 Consider the simultaneous equations
x+2y+3z=13 1)
—x—-3y+2z=2 2)
—x—4y+7z=17 3
a Add equation (2) to equation (1) and subtract equation (2) from equation (3).
b Comment on the equations obtained in part a.

¢ Letz = )\ and find y in terms of A.
d Substitute for z and y in terms of A in equation (1) to find x in terms of A.

5 The system of equations
X+y+z+w=4
x+3y+3z=2
xX+y+2z-w=6

has infinitely many solutions. Describe this family of solutions and give the unique
solution when w = 6.

6 Find all solutions for each of the following systems of equations:
a 3x-y+z=4 b x-y-z=0 c 2x—-y+z=0
x+2y—z=2 3y+3z=-5 y+27=2

\/ —Xx+y—z=-2

7C Using augmented matrices for systems of equations

We now introduce a more systematic method for solving simultaneous equations. We focus
on the case where there are three variables, but the method applies in general.

We can represent a system of linear equations by what is called an augmented matrix. Here
is an example of an augmented matrix and the corresponding system of equations:

1 1 219 xX+y+2z=9
2 4 -3|1 2x+4y-3z=1
36 5|0 3x+6y—-5z=0

Our aim is to form a new system of equations that is equivalent to this system but has a
simpler form, so that we can easily ‘read off” the solutions.

We are allowed to use the following operations on the augmented matrix.

Elementary row operations
m Interchange two rows.
m Multiply a row by a non-zero number.

m Add a multiple of one row to another row.
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7C Using augmented matrices for systems of equations 215

We apply the elementary row operations to form a new augmented matrix such that all the
entries below the main diagonal (top left to bottom right) are zero.

Step 1 Form the augmented matrix for the original equations:

1 1 219 X+y+2z=9
2 4 3|1 2x+4y—-3z=1
=510 3x+6y—-52=0

Step 2 Subtract 2 X row 1 from row 2:

(11 2 9 X+y+2z=9
0 2 =7|-17 | Ry=R-2xR 2y —Tz=-17
-5 0 3x+6y—-5z=0

Step 3 Subtract 3 X row 1 from row 3:

11 2 9 X+y+2z=9
02 =7|-17 2y =Tz =-17
0 3 —11|-27 | R;=R3-3XR 3y—11z=-27

Step 4  Multiply row 2 by 3 and multiply row 3 by 2:

1 1 2 9 xX+y+2z=9
0 6 -21|-51 | RN=3xR; 6y —21z =-51
0 6 -22|-54 | R,=2XR;s 6y — 227 = =54

Step 5 Subtract row 2 from row 3:

1 2 9 X+y+2z=9 1
—21 | -51 6y —2lz=-51  (2)
-1 -3 Rg = R3 - R2 —I= -3 (3)

We can now find the solution: z = 3 from equation (3), so y = 2 from (2) and x = 1 from (1).

Row-echelon form

The first non-zero entry of a row is called the row leader. In 11 2 9
our final augmented matrix, the row leaders are 1, 6 and —1. 21| =51
This augmented matrix is said to be in row-echelon form: 00 —1| =3

each successive row leader is further to the right, and so each
row leader has only Os below.

If we continue with elementary row operations, we can obtain an even simpler form:

10 0/1 x=1
0102 y=2
00 1|3 z=3

This augmented matrix is in reduced row-echelon form: each successive row leader is
further to the right, each row leader is 1, and each row leader has only Os above and below.
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216 Chapter 7: Systems of linear equations

Using row operations on augmented matrices provides us with a technique for solving
simultaneous linear equations that can be applied in all cases. We illustrate the method by
investigating some different cases for a system of three equations in three variables.

Three planes intersecting at a point

Example 7
(c— )

The simultaneous equations x + 2z = 6, —3x + 4y + 6z = 30 and —x — 2y 4+ 3z = 8 have a
unique solution.

a Find this solution.

b Give a geometric interpretation of the solution.

Solution

We will obtain an augmented matrix in row-echelon form.

Step 1 Form the augmented matrix for the original equations:

1 02 6 x+27=6
3 4 6|30 —3x+4y+67=30
-1 -2 3| 8 —x—2y+3z=8

Step2 Add 3 x row 1 to row 2, and add row 1 to row 3:

1 0O 2| 6 x+2z=6
0 4 12|48 | R, =Ry +3 xR, 4y + 127 = 48
|0 -2 5|14 | Ri=R3+R -2y +5z=14

Step3  Add % X row 2 to row 3:

(10 2|6 X+27=6
0 4 1248 4y + 12z = 48
0 0 11|38 | Ry=R3+1xR, 11z =38

a From the final system of equations, we obtain the solution
_ 38 18 _ 10
RETRREARETR 11

b The equations represent three planes that intersect at the

oint(—E B ﬁ)
p i/

%

Note: If only one row operation is applied at each step, then the resulting system will be
equivalent to the original system (i.e. the solution set will be the same).
Applying two row operations in one step can sometimes change the system. However,
it is safe to use one row to modify two other rows. (In this example, we used row 1 to
modify both row 2 and row 3 in Step 2.)
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7C Using augmented matrices for systems of equations 217

Three planes intersecting in a line

We now show how this method can be used when there are infinitely many solutions by
repeating Example 6.

The simultaneous equations x + 2y + 3z = 13, —x -3y +2z=2and —x -4y + 7z =17
have infinitely many solutions.

a Describe these solutions through the use of a parameter.

b Give a geometric interpretation of the solution.

Solution

We will obtain an augmented matrix in reduced row-echelon form.

Step 1 Form the augmented matrix for the original equations:

1 2 3113 x+2y+3z=13
-1 -3 2| 2 —x—3y+2z=2
-1 -4 71|17 —x—4y+7z=17

Step 2 Use row 1 to obtain Os below the row leader of row 1:

1 2 3|13
0 -1 5|15 R/2 =R, + Ry
0 -2 10|30 R’3 =R;+ Ry

Step 3 Obtain 1 as the row leader of row 2:

(1 2 3| 13
0 1 -5|-15|R,=-R
0 -2 10| 30

Step 4 Use row 2 to obtain Os above and below the row leader of row 2:

1 0 13| 43| R =R -2R, x+13z=43
01 -5|-15 y—-5z=-15
10 0 O 0] R, =R;+2R, 0=0
a We can find the solutions from the final system of equations. ﬂ
Letz=A. Theny =5k — 15 and x = 43 — 13A.
b The equations represent three planes that intersect along L

the line given by the parametric equations x = 43 — 13, / \ / \
y=5L-15, z=M\

Note: To obtain the solutions from the final augmented matrix, we use a parameter for each
variable without a row leader in its column. We then use the final equations to express
the other variables in terms of these parameters.
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C) EZix

(e—)
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Three planes with no common intersection

Consider the system of equations 2x +y—z=1, x—y+z=3and x + 5y — 57 = 2.

a Show that this system of equations has no solution.

b Give a geometric interpretation of these equations.

Solution
2 1 -1/|1 2x+y-z=1
a 1 -1 1 x—-y+z=3
|1 5 5|2 xX+5y—-5z=2
EREIHEE
1 -1 113
|1 5 -5|2 |
[ 1 1|1
2 2 2
0 -3 3|i|R-Re-n
: 3|2l R-r-n
I 1 1
2 2 2
1 -1|-3| R=-3R
1 -1| % | R,=3R;
IR x+iy-ji=i
0 1 -1|-3 y-z=-3
(00 0| 2| R=R-R, 0=2

The final row corresponds to the equation Ox + Oy + Oz = 2. There are no values of x, y
and z that satisfy this equation, as 0 # 2. So the system of equations has no solutions.

V'
.A “

b The equations represent three planes that do
not have any common intersection.

(Each pair of planes is non-parallel and
therefore intersects in a line, but there is no
point in common to the three planes.)

Further examples

So far we have seen three cases for a system of linear equations in three variables:
E unique solution (planes intersect at a point)
m infinitely many solutions with one parameter (planes intersect in a line)

® no solutions (planes have no common intersection).
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7C Using augmented matrices for systems of equations 219

A system of linear equations in three variables can also represent multiple copies of the same
plane. For example:

x+2y+4z=1
2x+4y+8z=2
These two planes coincide, and the solution is the set of all points on the plane. We need to
use two parameters. A possible form of the solution is
x=h y=p z=3(01-2-2w
forheRand p e R.

Example 10
(e— )

Consider the system of equations
xX+2y—z=2
2x+5y—-(a+2)z=3
—x+@-=-5y+z=1
a Represent the system of equations as an augmented matrix in row-echelon form.
b Find the values of a for which:
i there is a unique solution

ii there are infinitely many solutions

ifi there are no solutions.

¢ 1 Find the solution, in terms of a, when a satisfies the conditions of b 1.

i Find the solutions when a satisfies the conditions of b fi.

Solution
1 2 -1 2 (1 2 1| 2

al 2 5 —-@+2|3| - |0 1 -a|-1|R,=R-2R
-1 a-5 1 1 |0 a-3 0| 3| R,=R3+R,

1 2 -1 2
- 0 1 —a -1
10 0 a(@-3)| a | Ry=R;—(a—-3)R,

b From the last row of the augmented matrix, we have a(a — 3)z = a.
i There is a unique solution if a # 0 and a # 3.

ii There are infinitely many solutions if a = 0.

iii There are no solutions if @ = 3. In this case, the last row tells us that 0 = 3.
¢ 1 Ifa+# 0anda # 3, then the solution is z = ! , V= 3 . X= 2a- 11.

a-3 a-3 a-3
ii If a = 0, then we have y = —1. The first equation becomes x — z = 4. Let 7 = .
Then x = A + 4. The solutions give the line defined by x =A+4, y=—-1, z=A.
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220 Chapter 7: Systems of linear equations 7C

S ercise IS

Skillsheet > 1 Solve each of the following systems of linear equations using augmented matrices:

Example 7 a 2x—y+z=—7 b x+y—3z=6 C x+y+z:10
x+2y—-2z=7 2x+3y+2z=2 2x—-y-5z=3
—2x+y+3z=-1 xX—-2y+z=-6 x+2y—-z=1

Example 8] 2  Solve each of the following systems of linear equations using augmented matrices.
Express the solutions using a parameter.

a x+2y-5z=7 b x+2y=10 c 2x—-y+z=0
x+y—-2z=5 3x+2y—4z=18 y+2z=2
2x—3y+11z=0 y+z=3

Example9| 3  Show that the system of equations
3x-y-2z=0
x-y—-z=-1
2x+8y+3z=10

has no solution.

4 For each of the following systems of equations:
i Determine whether the system has a unique solution, infinitely many solutions or
no solutions.

ii Find the solutions if they exist.

a x+y+2z=11 b 2x-y+z=4
2x+4y—-3z=-2 x—-3y=3
3x+6y—-5z=-5 3x=-2y+z=17

c 2x—-3y+5z=7 d x+y+z=7

Ix—y+z=-1 2x—-y+3z=15
x+5y+4z=0 x—8y+4z=6

Example 10/ 5 @ For which values of a will the following system have a unique solution, infinitely
many solutions or no solutions?

x+2y-3z=4
3x—y+5z=2
dx+y+ @ -14)z=a+2

b Find the solutions (if any) in terms of @ in each case.
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7C 7C Using augmented matrices for systems of equations 221

6 a For which values of a will the following system have a unique solution, infinitely
many solutions or no solutions?
x+y+z=4
2x+3y+3z=10
x+y+(@-3)z=a+2

b Find the solutions (if any) in terms of @ in each case.

7 For each of the following pairs of planes, find a vector equation of the line of
intersection:

a 2x+3y+3z=10, x+3y+2z=4
b 2x-5y-z=-3, x+3y+z=7

8 a For which value of a will the following system of equations, corresponding to three
planes, have solutions?

2x+y+3z=1
x—=3y-z=5
3x-2y+2z=a

b For this value of a, explain how these planes intersect with each other.

¢ For all other values of a, explain geometrically why the third plane does not intersect
at the line of intersection of the other two planes.

9 Explain why the following planes do not have any common points of intersection:

x—=3y+3z=06
2x—6y+4z=10
x=3y+2z=4

10 Solve each of the following systems of linear equations using augmented matrices:

a 2x+2y+4z=0 b x+2y+4z+w=0 c Sx+y+4z+w=0
-y-3z+w=0 2x+3y+z+w=0 2z-w=0
3x+y+z+2w=0 3x—y+2z+w=0 z+w=0
x+3y-2z-2w=0 Tw =0

11 Find an equation of the form ax + by + cz + d = 0 to describe the plane containing
the three points (1,2, —1), (2,3, 1) and (3, —1, 2) by solving a system of three linear
equations in a, b, ¢ and d.

‘/ 12 Find an equation of the form ax + by + cz + d = 0 to describe the plane containing the
three points (5,4, 3), (4,3,1) and (1, 5,4) by solving a system of three linear equations

ina, b, candd.
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Chapter summary

General system of linear equations

@k

aixy + apxy + -+ apx, = by
ay x; + axpxy + -+ + dyx, = bz
A1 X1 + QpaXp + 0+ AppXy = bm

Linear equations in two variables
m A linear equation of the form ax + by = c represents a line in two-dimensional space
(provided a and b are not both zero).

m There are three cases for a system of two linear equations in two variables:
e unique solution (lines intersect at a point)
e infinitely many solutions (lines coincide)

e no solutions (lines are parallel).

Linear equations in three variables
m A linear equation of the form ax + by + cz = d represents a plane in three-dimensional
space (provided a, b and ¢ are not all zero).

m There are four cases for a system of linear equations in three variables:
e unique solution (planes intersect at a point)
¢ infinitely many solutions with one parameter (planes intersect in a line)
¢ infinitely many solutions with two parameters (planes coincide)

¢ 1o solutions (planes have no common intersection).
Augmented matrices

m A system of three linear equations in three variables can be represented by an augmented
matrix as shown:

aix+biy+ciz=d a, by ¢ | d
ax+by+cz=d; a by o | d
asx + b3y +c3z=d3 as by c3 | d;

m Each of the following row operations produces an equivalent system of equations (i.e. the
solution set is the same):
e Interchange two rows.
e Multiply a row by a non-zero number.
e Add a multiple of one row to another row.

® An augmented matrix is in row-echelon form if each successive row leader is further to
the right, and so each row leader has only Os below.

® An augmented matrix is in reduced row-echelon form if each successive row leader is
further to the right, each row leader is 1, and each row leader has only Os above and below.

y
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Chapter 7 review 223

Short-answer questions

1 Find the values of k for which the following system of equations has a unique solution:
2x-3y=4
x+ky=2

2 Find the values of a for which the following system of equations has a unique solution:
ax+3y+z=2
Sx—-y-z=1
x+4y+2z=3

3 The augmented matrix of a system of equations has been converted to row-echelon
form as follows.

1 2 3 5
0 a-2 0 a* - 2a
0 0 a+l1 3
Find the values of a for which:
a there are no solutions
b there are infinitely many solutions

c there is a unique solution.

4 Find the equation of the parabola y = ax® + bx + ¢ that passes through the three points
(=2,40), (1,7) and (3, 15).

5 Show that the following system of equations has a solution if and only if a = 6.
2x+3y+4z=3
x+y—-8z=1
S5x+6y—-20z=a

6 Consider the system of equations
x+y—z=1
x+2y+az=3
x+ay+2z=4
Find the values of a for which there is:

a aunique solution
b no solution

¢ more than one solution.

7 a Find a vector equation of the line of intersection of the planes with Cartesian
equations x —y+z=landx+y—z=3.
‘/ b Determine the points of intersection of this line with the sphere x> + y* +z> = 9. ‘
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Multiple-choice questions

1 Consider the system of simultaneous linear equations

bx+3y=0
4x+b+1)y=0
where b is a real constant. This system has infinitely many solutions for
A beR B be({-3,4} C beR\{-3,4)
D be{-4,3} E beR\{-4,3}

2 The simultaneous equations
(a=Dx+5y=17
3x+(a-3)y=a

have a unique solution for

A aeR\({-2,6} B aeR\ {0} C aeR\ {6}
D a=6 E a=-2

3 The solution of the two simultaneous equations ax — 5by = 11 and 4ax + 10by = 2 for x
and y, in terms of a and b, is

A 10 21 N 7 13 42

x:——’ = —_-—— _x:—, = —_-— = -, = —-—
a 2" 5 a5 Y5 YT s
13 9 3 14

Sl PR AT Ex=—pV="5

4 Cara, Mai and Luke have purchased identical pencils and, while playing, got them all
mixed up. Now the children need to divide 22 pencils between themselves. Luckily,
Cara remembers that she had three more pencils than Mai did. Luke remembers that he
had as many pencils as the other two combined. How many pencils did Cara have?

A2 B S5 c7 D 3 E 12

5 The system of equations

x—2y+z=3
2x—4y+2z=17
x+3y-z=4

can be interpreted geometrically as
A three planes that intersect at a point

three planes that intersect in a line

N W

three parallel planes

O

three planes with no common intersection, where two of the planes are parallel

three planes with no common intersection, where no two of the planes are parallel

y
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A system of linear equations corresponds to the augmented matrix in row-echelon form

as shown.
x+2y-3z=3 1 2 -3] 3
2x—y—-4z=-2 0 -5 2|-8
—2x+5y+z=17 o 0 -7|-7
A solution of this system of equations is
A x=2y=2z=1 B x=3,y=1,z=1 Cx=3y=32z=2

D x=2,y=2,z=-1 E x=3,y=2,2z=3

A system of linear equations corresponds to the augmented matrix in row-echelon form

as shown.
x+2y-z=-3 12 -1 -3
3x+5y+kz=-4 01 —-k-3 -5
Ox+(k+13)y+6z=9 0 0 k*-2k|5k+11
The system has a unique solution for
A keR B keR\{-3,0,2} Ck=-3

D k=0ork=-2 E keR\{0,2}

A system of linear equations corresponds to the given augmented matrix after some
elementary row operations have taken place.

x=2y+z=11 1 -2 1 11
3x+y—-2z=-2 0 7 m|-=-35
4x+3y+4z=-11 0 11 n|-=55
The values of m and n are
A m=-5n=0 B m=5n=1 Cm=3 n=-1
D m=0,n=5 Em=-4 n=2

The planes with equations x —y — z = 0 and 2x + 4y — z = O intersect along a straight
line through the origin. A vector equation of this line is

A 1(5i—j+6k), teR B i-5j+k), teR

t
C cGi+j+6k). 1eR Di-j-k+tQi+4j-k), teR
E2i+d4j—k+ti—j—k), teR

The planes x —y — z = 0 and 2x + 4y + z = 0 intersect along a straight line through the
origin. This line intersects the sphere with equation x*> +y* + z> = 6 at the points

A (V6,0,0), (0, V6,0) B 2,1,1), (2,1,-1)
C (0,V6,0), (0,—V6,0) D (1,-1,2), (-1,1,-2)
E (-1,-1,-2), (1,1,2)

X
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226 Chapter 7: Systems of linear equations

Extended-response questions
1 Bronwyn and Noel have a clothing warehouse Brad Flynn Lina
Dresses 5 6 10

The matrix shows the number of dresses, pants Pants 3 4 5
and shirts that one worker, for each of the Shirts 2 6 5
contractors, can produce in a week.

in Summerville. They are supplied by three
contractors: Brad, Flynn and Lina.

The number produced varies because of the different equipment used by the contractors.
The warehouse requires 310 dresses, 175 pants and 175 shirts in a week.

a Write down a system of linear equations in three variables (the numbers x, y and z of
workers for the contractors Brad, Flynn and Lina respectively).
b Write this system as an augmented matrix.

¢ How many workers should each contractor employ to meet the requirement exactly?

2 A quadratic function f has a rule of the form f(x) = ax> + bx + c. It is known that the
points (2,0) and (1, 1) are on the graph of f.
a Write down two linear equations satisfied by a, b and c.
b Find a and b in terms of c.
¢ Find the values of a, b and c if f(—1) = 4.

3 A quartic function f has a rule of the form f(x) = ax* + bx® + cx* + dx. The graph has
a stationary point at (1, 1) and passes through the point (-1, 4).
a Write down three linear equations satisfied by a, b, ¢ and d.
b Find a, b and ¢ in terms of d.

¢ Find the value of d for which the graph has a stationary point where x = 4.

4 a Solve the simultaneous linear equations x + 2y —z =2 and 2x —y + 3z = —1.
b A third equation is 3x + p?y — z = p + 4. Find the values of p for which the system

of three equations has:

i no solution ii aunique solution iii infinitely many solutions.

5 a Find a vector equation of the line of intersection of the two planes given by the
equations x —y—z=1land 2x+4y +z=25.
b A third plane has equation 3x + p’y —z = p + 4.
i Find the values of p for which the three planes intersect at a point, and give the
coordinates of this point in terms of p.
ii Find the value of p for which the three planes intersect in a line.
iii Find the value of p for which the three planes intersect at the point (1, 1, —1).
¢ Find the axis intercepts of the sphere (x — 1)> + (y — 1)*> + (z + 1)> = 3.
Find the coordinates of the points of intersection of the line found in part a with

' ‘/ the sphere.
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Complex numbers

To understand the imaginary number i and the set of complex numbers C.

To find the real part and the imaginary part of a complex number.

To perform addition, subtraction, multiplication and division of complex numbers.
To understand the concept of the complex conjugate.

To represent complex numbers graphically on an Argand diagram.

vVvyVvyvVYyYVvyy

To work with complex numbers in polar form, and to understand the geometric
interpretation of multiplication and division of complex numbers in this form.

v

To understand and apply De Moivre's theorem.

v

To factorise polynomial expressions over C and to solve polynomial equations over C.
P To sketch subsets of the complex plane, including lines, rays and circles.

In the sixteenth century, mathematicians including Girolamo Cardano began to consider
square roots of negative numbers. Although these numbers were regarded as ‘impossible’,
they arose in calculations to find real solutions of cubic equations.

For example, the cubic equation x> — 15x — 4 = 0 has three real solutions. Cardano’s formula
gives the solution

x=v2+ Vo121 +v2 - V=121

which you can show equals 4.

Today complex numbers are widely used in physics and engineering, such as in the study of
aerodynamics.
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228 Chapter 8: Complex numbers

8A Starting to build the complex numbers

Mathematicians in the eighteenth century introduced the imaginary number i with the
property that
i*=-1
The equation x2 = —1 has two solutions, namely i and —i.
By declaring that i = V=1, we can find square roots of all negative numbers.
For example:
VI = IR D
= Vax V-1
=2i

Note: The identity va x Vb = Vab holds for positive real numbers a and b, but does not hold
when both @ and b are negative. In particular, V-1 X V=1 # 4/(=1) X (-1).

» The set of complex numbers
A complex number is an expression of the form a + bi, where a and b are real numbers.
The set of all complex numbers is denoted by C. That is,
C={a+bi:a,beR}
The letter often used to denote a complex number is z.

Therefore if z € C, then z = a + bi for some a, b € R.
m Ifa =0, then z = bi is said to be an imaginary number.
m If b =0, then z = a is a real number.

The real numbers and the imaginary numbers are subsets of C.

Real and imaginary parts
For a complex number z = a + bi, we define
Re(z) =a and Im(z) =b
where Re(z) is called the real part of z and Im(z) is called the imaginary part of z.

Note: Both Re(z) and Im(z) are real numbers. That is, Re: C — R and Im: C — R.

Let z =4 — 5i. Find:

a Re(z) b Im(z) ¢ Re(z) — Im(z)
Solution
a Re(z) =4 b Im(z) = -5 ¢ Re(z) -Im(z) =4-(-5)=9
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8A Starting to build the complex numbers 229

Using the TI-Nspire

Assign the complex number z, as shown in

the first line. Use (m) to access i. ety L5y
To find the real part, use > Number > reallz) 4
Complex Number Tools > Real Part, or just tugle) 5
type real(. neal(z)—imag(z) 9
For the imaginary part, use > Number

> Complex Number Tools > Imaginary Part.

Note: You do not need to be in complex mode. If you use i in the input, then it will
display in the same format.

Using the Casio ClassPad

In :’%‘, tap Real in the status bar at the bottom of & Edit Action Interactive
the screen to change to Cplx mode. '

Enter 4 — 5 = z and tap (EXE). 4-5i3z

4-5-§
Note: The symbol i is found in the keyboard. St
Go to Interactive > Complex > re. I -
im(z)
Enter z and highlight. -5
Go to Interactive > Complex > im. re(z)-im(z)
9

Highlight and drag the previous two entries to the
next entry line and subtract as shown.

a Represent V-5 as an imaginary number. b Simplify 2vV-9 + 4i.

Solution
a V-5=+5x(-1) b 2V=9+4i=29x (-1) +4i
=Vix V=1 =2X3x%xi+4i
=iV5 = 6i + 4i
= 10i

Using the TI-Nspire
Enter the expression and press (enter).

29 +4¢ 107 |
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230 Chapter 8: Complex numbers

Using the Casio ClassPad

m Ensure your calculator is in complex mode © Edit Action Interactive
(with Cplx in the status bar at the bottom of n
the main screen). W =0+4i
m Enter the expression and tap (EXE). 10-4

Equality of complex numbers

Two complex numbers are defined to be equal if both their real parts and their imaginary
parts are equal:

a+bi=c+di ifandonlyif a=candb=d

Solve the equation (2a — 3) + 2bi =5 + 6i fora € R and b € R.

Solution
If (2a — 3) + 2bi = 5 + 61, then

2a—3=5 and 2b=6
a=4 and b=3

» Operations on complex numbers
Addition and subtraction

Addition of complex numbers
If z; = a + bi and 2o = ¢ + di, then

z71+z=(@@+c)+ (b +di

The zero of the complex numbers can be written as 0 = 0 + 0i.

If z = a + bi, then we define —z = —a — bi.

Subtraction of complex numbers

If z; = a + bi and 2o = ¢ + di, then

n-n=u+Cn)=@-c)+®-4di

It is easy to check that the following familiar properties of the real numbers extend to the
complex numbers:

B +=0+7 B (1 +2)+=2+(22+23) mz+0=¢ mz+(-2)=0
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8A Starting to build the complex numbers 231

Multiplication by a scalar
If z=a+ bi and k € R, then
kz = k(a + bi) = ka + kbi
For example, if z = 3 — 6i, then 37 = 9 — 18i.

It is easy to check that k(z; + z0) = kz; + kzp, for all k € R.

Letz; =2 —3iand z; = 1 + 4i. Simplify:

a z1+2 bz-2 € 371 -2

Solution

a 71+ b z1-2 c 371 -2
=2 -3+ (1 +4) =Q2-=-3)-{+4) =32 -3i)—2(1 +4i)
=3+ =1-7i =(6-9)-2+8i)

=4-17i

Using the TI-Nspire

Enter the expressions as shown.

a:=2-3i 2-3-7 []
bi=144- i 1447
a+b 3+i
a-b 1-7-4
3-a-2'b 4-17-4

Using the Casio ClassPad

m Ensure your calculator is in complex mode © Edit Action Interactive
(with Cplx in the status bar at the bottom of
the main screen).

m Enter the expressions as shown.

1+4i3b
14448
a+b
3+i
a-b
1-7+i
3a-2b
4-17+i
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232 Chapter 8: Complex numbers

» Argand diagrams

An Argand diagram is a geometric representation of the set of complex numbers. In a vector
sense, a complex number has two dimensions: the real part and the imaginary part. Therefore
a plane is required to represent C.

An Argand diagram is drawn with two Im(z)
perpendicular axes. The horizontal axis A
represents Re(z), for z € C, and the vertical axis 3
represents Im(z), for z € C. 7]
Each point on an Argand diagram represents a (=2+10) e 1A e (3+1)
complex number. The complex number a + bi I — > Re(2)
is situated at the point (a, b) on the equivalent -3 -2 -1 - 01 2 3
Cartesian axes, as shown by the examples in
this figure. =27

-3 A . (2 - 3l)

A complex number written as a + bi is said to
be in Cartesian form.

Represent the following complex numbers as points on an Argand diagram:
a? b -3i c2-i
d —(2+3i) e —1+2i

Solution
Im(z)
A

-1+2i, 74

T T 0 T ;RC(Z)
-3 2 -1 1 3

o Do

2—1i

~Q2+3))e 343
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8A Starting to build the complex numbers 233

» Geometric representation of the basic operations on
complex numbers
Addition of complex numbers is analogous to addition of vectors. The sum of two complex

numbers corresponds to the sum of their position vectors.

Multiplication of a complex number by a scalar corresponds to the multiplication of its
position vector by the scalar.

Im(z) Im(z)
A R A
% ez
zy ////,/ ///
ey e
e 4 »”
//// 1 0 //’/ bZ
o > Re(2) > " > Re(z)
R a>
¢
cz 0<b<l1

The difference z; — 7, is represented by the sum z; + (—22).

Letzj =2+iand zp = -1 + 3i.

Represent the complex numbers z;, 22, z; + 22 and z; — z; on an Argand diagram and show
the geometric interpretation of the sum and difference.

Solution
21+22=Q2+)+(-1+30) Im(z)
=1+4i A
4 1 1tz
o N . )
z71—22=0Q2+1)—(-1+30) Zz-\3- \
=3-2i \ \
\2’ E q
\ “
1‘\- /4 Zl
\ //’ “
T T T T 6 T YT > RC(Z)
-4 -3 -2 -1 Vol 2\3 4
= 4% \
\ \
\ \
—2 b \\ » Zl = 22
\
34 vz
4
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234 Chapter 8: Complex numbers

» Multiplication of complex numbers

Letz; =a+ biand z, = ¢ + di (where a, b, c,d € R). Then
71 X 20 = (a + bi)(c + di)
= ac + adi + bci + bdi*
= (ac — bd) + (ad + bc)i  (since i* = —1)

We carried out this calculation with an assumption that we are in a system where all the usual
rules of algebra apply. However, it should be understood that the following is a definition of
multiplication for C.

Multiplication of complex numbers

Letz; =a+ biand zo = ¢ + di. Then

71 X 20 = (ac — bd) + (ad + bc)i

The multiplicative identity for Cis 1 = 1 + 0i. The following familiar properties of the real
numbers extend to the complex numbers:

B 712 = 227 B (2122)73 = 21(2223) mxl=z B 71(20 +23) = 2122 + 2123

Example 7

Simplify:

a (2+3i)(1-50) b 3i(5 - 2i) c i’

Solution

a 2+3)1-5)=2-10i+3i—-15> b 3i5-2i)=15i-6i> c i’=ixi’
=2-10i+3i+15 =15i+6 =
=17-7i =6+ 15

Geometric significance of multiplication by i

Im(z) :
When the complex number 2 + 3i is multiplied by —1, A ’2 +3i
the result is —2 — 3i. This is achieved through a rotation -3+2i //
of 180° about the origin. \\ //
SS ’
When the complex number 2 + 3i is multiplied by i, o > Re(2)
we obtain /10 T e
4
i(2 + 3i) = 2i + 3i* K
/
=2i-3 /
‘
=-3+2i -2-3i

The result is achieved through a rotation of 90° anticlockwise about the origin.

If —3 + 2i is multiplied by i, the result is —2 — 3i. This is again achieved through a rotation
of 90° anticlockwise about the origin.
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8A 8A Starting to build the complex numbers 235

Powers of i

Successive multiplication by i gives the following:

mi’=1 mil=i miZ=-1 mid=—i
mit=(-1)?=1 mio=i mif=-1 mil=—i
In general, forn =0,1,2,3,...
= i4n — 1 - i4n+1 =i n i4n+2 — _1 = i4n+3 =—
Exercise k7.
Example 1 1 Letz=6-7i Find:
a Re(z) b Im(z) ¢ Re(z) - Im(z)

example2] 2  Simplify each of the following:

a V=25 b v-27 c 2i-7i

d 5V-16-7i e V-8+V-18 f ivV-12

g i2+10) h Im(2V-4) i Re(5V-49)
Example3| 3  Solve the following equations for real values x and y:

ax+yi=5 b x+yi=2i

c x=yi d x+yi=Q2+3)+7(1 —i)

e 2x+3+8i=-1+2-3y) f x+yi=Qy+1)+x-7i

Example4| 4 Letz; =2—1i,20 =3+ 2iand z3 = —1 + 3i. Find:

azn+on b z1+2+z c 2z1—z3
d 3-zn e 4di—2+27 f Re(z))
g Im(z) h Im(zz - z) i Re(zp) —ilm(z2)

example 5| 5 Represent each of the following complex numbers on an Argand diagram:
a —-4i b -3 c 2(1+9)
d 3-i e —(3+20) f -2+3i

Example6] 6 Letz; =1+4+2iandz, =2 —1.
a Represent the following complex numbers on an Argand diagram:
iz il 2 il 271+ 2 iv z1 -2

b Verify that parts iii and iv correspond to vector addition and subtraction.

Example7| 7  Simplify each of the following:

a -2+ b 4+ 7)@3 + 5i) c 2+3)(2-30)
d (1+3i) e 2-i) f 1+
g it h i''(6 + 5i) i 70
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8 Solve each of the following equations for real values x and y:
a2x+@+4)i=0C+202-10) b (x+y)3+2)=-16+11i
c (x+20)=5-12i d (x+yi?=-18i
e i(2x—3yi) =6(1+1)

9 a Represent each of the following complex numbers on an Argand diagram:
i1+ i (1+10)? i (1+10)° iv (1+0)*
b Describe any geometric pattern observed in the position of these complex numbers.

10 Letz; =2+ 3iandz = —1 + 2i. Let P, Q and R be the points defined on an Argand
diagram by z;, z» and z, — z; respectively.

— =
a Show that PQ = OR. b Hence find QP.

Modulus, conjugate and division

The modulus of a complex number

Definition of the modulus

For z = a + bi, the modulus of z is denoted by |z] and is defined by
|lz| = Va? + b2

This is the distance of the complex number from the origin.

For example, if z; = 3 + 4i and zo = =3 + 4i, then
il = V32442 =5 and |l = V(=32 +42 =5

Both z; and z; are a distance of 5 units from the origin.

Properties of the modulus
B |z122] = |z1] 22| (the modulus of a product is the product of the moduli)

al_ kil
21 |zl
B 7+ 2| < Jzi] + |22 (triangle inequality)

(the modulus of a quotient is the quotient of the moduli)

These results will be proved in Exercise 8B.
The conjugate of a complex number

Definition of the complex conjugate

For z = a + bi, the complex conjugate of z is denoted by z and is defined by

z=a-bi
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8B Modulus, conjugate and division 237

Properties of the complex conjugate
B tn=u+n ML =U2 m kz=4kz forkeR
m zZ=|7? m z+7Z=2Re(z)

Proof The first three results will be proved in Exercise 8B. To prove the remaining two
results, consider a complex number z = a + bi. Then 7 = a — bi and therefore

2z = (a + bi)(a - bi) z2+2Z = (a+Dbi)+ (a—bi)
= a® — abi + abi — b*i* =2a
=d®+ b = 2Re(z)
= |z?

It follows from these two results that if z € C, then zz and z + 7 are real numbers. We can
prove a partial converse to this property of the complex conjugate:

Let z,w € C\ R such that zw and z + w are real numbers. Then w = Z.
Proof Write z = a + bi and w = ¢ + di, where b,d # 0. Then
z+w = (a+ bi) + (c +di)
=(a+c)+b+d)i
Since z + w is real, we have b + d = 0. Therefore d = —b and so
zw = (a + bi)(c — bi)
= (ac + b*) + (bc — ab)i

Since zw is real, we have bc — ab = b(c — a) = 0. As b # 0, this implies that ¢ = a.
We have shown that w = a — bi = Z.

Find the complex conjugate of each of the following:
a? b 3i c -1-5i

Solution
a The complex conjugate of 2 is 2.
b The complex conjugate of 3i is —3i.

¢ The complex conjugate of —1 — 5iis —1 + 5i.

Using the TI-Nspire
To find the complex conjugate, use

> Number > Complex Number Tools >
Complex Conjugate, or just type conj(.

Note: Use (m) to access i.
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238 Chapter 8: Complex numbers

Using the Casio ClassPad

m Ensure your calculator is in complex mode. & Edit Action Interactive
m Enter and highlight 2.
m Go to Interactive > Complex > conjg. conjg(2)
m Repeat for 3i and —1 — 5i as shown. o o
conjg(3%)
-3+i
conjg(~1-5i)
=145+2
» Division of complex numbers
We begin with some familiar algebra that will motivate the definition:
1 ><a—bi_ a—bi _a-bi
a+bi  a+bi" a-bi (a+bi)a-bi) da*+b?
We can see that
a—bi
+bi) X —— =1
(a+bi) a’ + b?
1
Although we have carried out this arithmetic, we have not yet defined what e means.
a

Multiplicative inverse of a complex number
If z = a + bi with z # 0, then

The formal definition of division in the complex numbers is via the multiplicative inverse:

Division of complex numbers

21 4 azn
— = Z1221 S (for z; # 0)
22 |22

Here is the procedure that is used in practice:

Assume that z; = a + bi and z, = ¢ + di (Where a, b, c,d € R). Then

21 a+ bi

72 c+di
Multiply the numerator and denominator by the conjugate of z5:
a o _a+ bi « c—di
2 c+di c—-di
_ (a+bi)c—di)
2+ d?

Complete the division by simplifying. This process is demonstrated in the next example.
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8B Modulus, conjugate and division 239

a Write each of the following in the form a + bi, where a, b € R:
1 4+

"3-2i o 3-2

o (1420
bSlmphfyﬁ.
Solution
ai 1 _ 1 ><3+2i i 4+i:4+ix3+2i
3-2i 3-2i 342 3—-2i 3-2i 342
3420 @+ D3 +20)
T 3220 Y
3+2i 12+8i+3i—-2
-3 - 13
_ S 2 _ W 1
13 13 13 13

(1 + 2i)? _1+4i-4

i(1+30)  =3+i
3+4i -3-i

=5 3 .
_9+3i—12i+4
- (=3)2 — ;2
_13-9i
10
139
“ 10 10

Note: There is an obvious similarity between the process for expressing a complex number
with a real denominator and the process for rationalising the denominator of a surd
expression.

Using the TI-Nspire
Complete a5 shown,

1 B2
—_—
3-2'd 13 13
44f 10 11 .
——l i o
3-2-7¢ 13 13
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Using the Casio ClassPad

Ensure your calculator is in complex mode and @ Edit Action Interactive
complete as shown. %63 ] &ow | faxa ] sime 505 | 'I*{*I'IE
1 4]
3 2+
FEAS TN
4+i |
3-2i ‘
10 112 |
137713
Exercise 3]
example 8| 1 Find the complex conjugate of each of the following complex numbers:
a V3 b 8i c 4-3i
d —(1+2i) e 4+2i f -3-2i
example 9, 2  Simplify each of the following, giving your answer in the form a + bi:
a 2+43i b i c -4 —3i
3-2i -1+3i i
3+7i 3+1 17
d — e f —
1+2i -1-i 4-i
3 Letz=a+biandw = ¢+ di. Show that:
R — (z\_ 2
az+w=z+w bzw=zw c(_)::
w w
Z 2
d |zw| = |z| w| e —‘:u
wi
4 Letz =2 —i. Simplify the following:
a z(z+1) b z+4 cz-2i
-1
d i e (z-ip f(z+1+2i0)
z+1
5 For z = a + bi, write each of the following in terms of a and b:
_ Z _
a zz — Cz+2
|z
d z-72 e L £ X
Z Z
\/ 6 Prove that |z + 25| < |z1]| + |22/ for all z;, 2, € C.
Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press

Specialist Mathematics Year 12 Photocopying is restricted under law and this material must not be transferred to another party.



8C The polar form of a complex number 241

8C The polar form of a complex number

In the preceding sections, we have expressed complex numbers in Cartesian form. Another
way of expressing complex numbers is using polar form.

Each complex number may be described by an angle and a distance from the origin. In this
section, we will see that this is a very useful way to describe complex numbers.

Polar form
The diagram shows the point P corresponding to the Im(z)
complex number z = a + bi. We see that a = rcos 0 and A |PZ =a+bi
b = rsin 0, and so we can write ; !
1
z=a+bi H b
o o
=rcosO + (rsin0)i 0 P L > Re(z)

= r(cos 0 + isin 0)
This is called the polar form of the complex number. The polar form is abbreviated to
z=rcis0

m The distance r = Va2 + b? is called the modulus of z and is denoted by |z].
m The angle 0, measured anticlockwise from the horizontal axis, is called the argument of z
and is denoted by arg z.

Polar form for complex numbers is also called modulus—argument form.

This Argand diagram uses a polar grid Im(z)A
by
with rays at intervals of o= 15°.
. O 2i N
2CIS(?)Q s2cCis (3)
(ST ) ois(T
OZCIS(K) -c1s(%°) 2015(6)
-2 2 | Re(z)
i —2—11: o i
cis{-Z5s | wcis-T)
=2i
Non-uniqueness of polar form
Each complex number has more than one representation in polar form.
Since cos 0 = cos(0 + 2nm) and sin O = sin(0 + 2nm), for all n € Z, we can write
z=rcis0 = rcis(0 + 2nm) foralln e Z
The convention is to use the angle 6 such that -t < 6 < .
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242 Chapter 8: Complex numbers

Principal value of the argument

For a non-zero complex number z, the argument of z that belongs to the interval (-, 7t] is
called the principal value of the argument of z and is denoted by Argz. That is,

-t <Argz<m

» Complex conjugate in polar form Im(2)

It is easy to show that the complex conjugate, z, is a
reflection of the point z in the horizontal axis.

Therefore, if z = rcis 0, then 7 = rcis(—0). orNe

Example 10

Find the modulus and principal argument of each of the following complex numbers:

a4 b -2i cl+i d 4-3i
Solution
a Im(z) b Im(z)
A A
0 ‘; > Re(z) 0 JE > Re(z)
) 2
41=4, Arg(4)=0 20 =2, Arg(-2i) =3
c Im(z) d Im(z)
A A
A0
i
A 4 LR (2) > Re(z)
O > RC(Z O \\\{e >
5, 4. -3)

N+i=Vi2+12=V2 4 -3il = V8 + (=32 =5

LT . (3
Arg(l +1) = — Arg(4 — 3i) = —tan 1(—)
4 4
~ —0.64 radians
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8C The polar form of a complex number 243

Using the TI-Nspire
m To find the modulus of a complex number,
use > Number > Complex Number s om
Tools > Magnitude. |

-2l 2

Alternatively, use |O| from the 2D-template el =

palette (=) or type abs(. 7S

m To find the principal value of the argument, [144] iz

use > Number > Complex Number S B,
Tools > Polar Angle. 7L

ote: Uselm)tosccess ¢

angle(4-2-7) - ..( 3)
“@an

|4-3- 4 5

Using the Casio ClassPad

m Ensure your calculator is in complex mode & Edit Action Interactive

(with Cplx in the status bar at the bottom of k2] Ll e 4
the main screen). 12|
m To find the modulus of a complex number, tap on 2
the modulus template in the keyboard, then Il "
enter the expression. 14|
V2
[4-3i|
5
m To find the principal argument of a complex & Edit Action Interactive
number, enter and highlight the expression, then
select Interactive > Complex > arg. arg(2)
0
arg(-2i%)
X
2
arg(1+i)
r
4
arg(4-3i)
~tan™ ( 3]
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244  Chapter 8: Complex numbers

Example 11

Find the argument of —1 — i in the interval [0, 27].

Solution Im(z)
Choosing the angle in the interval [0, 25t] gives A
Sm

arg(—=1 —1i) = T

> Re(z2)

Example 12

Express —V3 + i in the form rcis 0, where 6 = Arg(—V3 + ).
Solution

r= |—\/§+ i| .(_\/3’ 1

= \/(\/5)2 +12=2 DN

2
5 ("> >
0= Arg(—V3 +i) = Fn 0 Re(z)

Im(z)
A

Therefore —V3 + i = 2cis(5%c)

Example 13

=5
Express 2 cis(Tn) in the form a + bi.

Solution
a=rcosO b =rsin6

-3 -3
= 2COS(TTE) = 2sin(Tn)

=-2 cos(%) =-2 sin(%)
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T ercise S

example 10, 1 Find the modulus and principal argument of each of the following complex numbers:

a -3 b 5i ci-1
d V3+i e 2-2v3i f (2 -2V3i)
2 Find the principal argument of each of the following, correct to two decimal places:
a 5+12i b -8+ 15i c —4-3i
d 1-2i e V2+13i f -3 +7i)
example 11/ 3 Find the argument of each of the following in the interval stated:
a 1-+3i in [0,2n] b -7i in [0,2n]
¢ -3+ v3i in [0,2x] d V2 +V2i in [0,2n]
e V3+iin [-2m,0] f 2i in [-27,0]

4 Convert each of the following arguments into principal arguments:
S 17 —15n —5n
T b5 €% d =

example 12| 5  Convert each of the following complex numbers from Cartesian form a + bi into the
form rcis 0, where 0 = Arg(a + bi):

1 V3

a -1-i bi—Tl c V3-13i
1 1
d — + i e V6-V2i f —2V3+2i
V3 3
example 13| 6 Convert each of the following complex numbers into the form a + bi:
3 -
a 2cis(%) b SCiS(Tﬂ:) c 2\/§cis(;)
d 3cis(_—5n) e 6cis(E) f dcism
6 2

7 Letz =cis0. Show that:

alz=1 b - =cis(-0)

2| =

8 Find the complex conjugate of each of the following:

3 -2
a Zcis(%) b 7cis(Tn)

o c -3 cis(%”) d scis(%”)
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246 Chapter 8: Complex numbers

8D Basic operations on complex numbers in polar form

» Addition and subtraction

There is no simple way to add or subtract complex numbers in the form rcis 6. Complex
numbers need to be expressed in the form a + bi before these operations can be carried out.

Example 14

Simplify 2 cis(g) +3 cis(%“).

Solution
First convert to Cartesian form:
2 2 2
2cis(g) =2 (cos(g) + isin(g)) 3 cis(?n) =3 (cos(?n) + isin(?n))
_2(1+£.) _3(_1+£,-)
BRURNEE —a" g
=1+ V3i __3,33,
T2 2
Now we have
2 3 3V3
2cis(Z) + 3eis( ) = 1+ VB + (2 + 22)
— _l + ﬂl
S22
» Multiplication by a scalar Imfz)
|
Positive scalar
If k € R, then Arg(kz) = Arg(z) k=
z /’//
.S x
Negative scalar 0 2
If k € R™, then Arg(kz) = Arg(2)
Arg(z) —mt, 0<Arg(zx) <m
Ara(ie) = | ATEC) 2
Arg(z) + m, —m<Arg(z) <0
Im(z) Im(z)
A
Arg(z) . kz o Arg(kz)
» S
020 > Re(z) - */ > Re(5)
) 0P+,
el Arg(kz) Arg(z) >
kz
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8D Basic operations on complex numbers in polar form 247

» Multiplication of complex numbers

Multiplication in polar form

If z; = ry cis 07 and 2, = r; cis 05, then

z12p = rirp cis(0; + 6;) (multiply the moduli and add the angles)

Proof We have

r cis 01 X1 cis 0,

2122

rira(cos 0 + isin0y)(cos 0, + isin ;)

= r1rz(cos 01 cos 0, + icos B sin B, + isin O cos B, — sin 6 sin H5)

=r 7'2((COS 01 cos 0, — sin O sin ;) + i(cos O sin O, + sin O cos 62))

Now use the compound angle formulas from Chapter 3:

sin(0; + 0,) = sin0; cos 0, + cos 0 sin O,

cos(01 + 0;3) = cos 01 cos 0, — sin O sin O,

Hence  z1z; = rir(cos(B; + 65) +isin(0; + 6,))

=rnrn CiS(el + 62)

Here are two useful properties of the modulus and the principal argument with regard to

multiplication of complex numbers:

B |z7122] = |z1] |22l B Arg(z120) = Arg(zy) + Arg(zp) + 2k, where k = 0, 1 or —1

» Geometric interpretation of multiplication

We have seen that:

® The modulus of the product of two complex
numbers is the product of their moduli.

m The argument of the product of two complex
numbers is the sum of their arguments.

Geometrically, the effect of multiplying a complex
number z; by the complex number z, = r; cis 0, is to
produce an enlargement of Oz;, where O is the origin,
by a factor of r, and an anticlockwise turn through an
angle 0, about the origin.

If , = 1, then only the turning effect will take place.

Im(z)

Z122

rirn

A

Z
0, "l !

01

> Re(z)

Let z = cis 0. Multiplication by z? is, in effect, the same as a multiplication by z followed by

another multiplication by z. The effect is a turn of 6 followed by another turn of 6. The end

result is an anticlockwise turn of 20. This is also shown by finding z%:

2 =zxz=cisXxcisO = cis(d + 0) using the multiplication rule
= ¢is(20)
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» Division of complex numbers

Division in polar form
If z; = r1cis 0, and 2o = r, cis 0, with r, # 0, then

a_a cis(6; — 07) (divide the moduli and subtract the angles)

2 In

Proof We have already seen that = cis(=6,).

cis 0,
We can now use the rule for multiplication in polar form to obtain
Z rycis 0 ro. . ro.
AL ¥ = —Lcis 0, cis(—=0,) = 2L cis(0; — 6,)
22 rp C1S 62 r r
Here are three useful properties of the modulus and the principal argument with regard to
division of complex numbers:
21
2

kil
|z2

] Arg(z—l) = Arg(zy) — Arg(zp) + 2km, where k = 0, 1 or —1
2

1
] Arg(—) = — Arg(z), provided z is not a negative real number
Z

Example 15

Simplify: . (2m
o 3 2015(?)
a 2cis(—)>< 3cis(—) b ———
. & 4cis(r—c)
5
Solution
a 2 i(E)x 3 1(3—“)—2\/5 i(E+3—“)
cis 3 cis 7 )= cis 2l
137
- )
V3 cis B
11w
= 2V3 cis[ - —
x/§c1s( 12)
L (27
. 2c1s(?) B 10-5(27“ n)
., (:rc) “2M\3 73
cis 3

Note: A solution giving the principal value of the argument, that is, the argument in the
range (-, it], is preferred unless otherwise stated.
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De Moivre's theorem

De Moivre’s theorem allows us to readily simplify expressions of the form z” when z is

expressed in polar form.

De Moivre's theorem

(rcis0)" = r" cis(n0), where n € Z

Proof This result is usually proved by mathematical induction, but can be explained by a

simple inductive argument.

Let
Then 2> = cis0 X cis 0 = cis(20)
2 =72 X cis 0 = cis(30)

=23 xcis 0 = cis(48)

z=rcis0O

by the multiplication rule

Continuing in this way, we see that (cis 0)" = cis(n0), for each positive integer n.

To obtain the result for negative integers, again let z = cis 0. Then

1
7' == =7 =cis(-0)
Z

For k € N, we have
h=(Hr = (cis(—@))k = cis(—k0)

using the result for positive integers.

Example 16

Simplify: (Tn
9 CIS(—)
(T 4
a - b — 27
(CIS( 3 )) ( . (J'l?))7
1 p—
cis 3
Solution (Tn
9 CIS(—) 7 7
a (cis(g)) = cis(9 X g) b ‘ : - = cm(%)(cis(g))
(c1s(—))
= cis(3m) 3
) (7n) . —7n)
= CISTT = CIS{ — |CIS| ——
4
= COS T + i Sin T o
e -ai( 3 - 7)
= cis( —77:)
a 12
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Example 17
(e—)

(1+i0)

Simplify ————.
(1 -V3i)

Solution
First convert to polar form:

1+i= \/Ecis(E)
4
1-V3i= 2cis(_?n)

Therefore

A+i® (‘f“S )
(1= V3ip (2 cis )

2V2 CIS( )

32 c1s( %)

S Eercise B8

Skillsheet 2
1 Simplify 4 cis(E) 16 cis(—”).
Example 14 6 3
Example 15, 2  Simplify each of the following:
2n 3n
a deis( 5) x3cis( 2
cis 3 1
c : cis(_zn) X ! cis(n)
2 5 3 3
Cambridge Senior Maths AC ISBN 978-1-316-63610-7
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© Evans et al. 2017 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



8D 8D Basic operations on complex numbers in polar form 251

example 16/ 3  Simplify each of the following:

a 2cis o X \/Ecis(7—n)4 b #
(6) ( 8 ) (Ecis(g))
C (cis(g))gx(\/gcis(g))6 d (% cis(g))_5

e (2 cis(%c) X3 cis(g))3

4 For each of the following, find Arg(z;z») and Arg(z;) + Arg(z) and comment on their

relationship:
a 21 =cis 3 and 22 = i3 b 2y =eis( 5" Jand s = (=)
21 = cis| ) an Zz—ClS3 7] = Cis 3 and z, = cis| —
o= )=o)
z1 = Cis 3 and z, = cis|
5 Show that if — < Arg(z)) < = and —~ < Arg(zs) < =, then
2 2 2 2
Arg(z1z2) = Arg(zy) + Arg(z) and Arg(i—l) = Arg(z1) — Arg(z,)
2
6 Forz=1+1 find:
1
a Argz b Arg(-z) c Arg(—)
z
7 a Show thatsin +icos0 = cis(g - 6).
b Simplify each of the following:
i (sin® +icos0)’ il (sin® +icos0)(cosO + isinO)
iii (sin® +icos0)™ iv (sin© + icos 0)(sin ¢ + i cos )
8 a Show that cos 0 —isin 0 = cis(—0).
b Simplify each of the following:
i (cosO —isin)’ ii (cos®—isinf)?
ifi (cos0 —isin0)(cos O + isinO) iv (cos® —isin0)(sin 6 + i cos 0)
. ) i T
9 a Show thatsinf —icos = c1s(6 - 5)
b Simplify each of the following:
i (sin® —icos0)® ii (sin® —icos0)2
e . . sinO—icos0O
iii (sin® — icos 0)*(cos O — isin0) iv u
cosO +isin0
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252 Chapter 8: Complex numbers 8D

10 a Express each of the following in modulus—argument form, where 0 < 6 < g:
1 1
i 1+itan0 ii 1+icot i — + i
sin® cos©

b Hence simplify each of the following:
1 1
i (1+itan0)? iil (1+icotf)™? iii —— —
sinO cos0

example 17| 11 Simplify each of the following, giving your answer in polar form rcis 0, with » > 0
and 0 € (—m, t]:

a (1+V3i)° b (1-i)7 c i(V3-i)
B o3 (1 + V3’ (=1 + V3i)'(-v2 - V2i)’
d (=3 +3i) ¢ T f Ny
L2103
A BVENS (Cls(?)) . o 2my
/ g (—1+1)5(§ c1s<z)) h m i ((1—1)015(?))

8E Solving quadratic equations over the complex numbers

» Factorisation of quadratics

Quadratic polynomials with a negative discriminant cannot be factorised over the real
numbers. The introduction of complex numbers enables us to factorise such quadratics.

Sum of two squares

Since i? = —1, we can rewrite a sum of two squares as a difference of two squares:
2 +a? =7 — (ai)?

= (z + ai)(z — ai)

Example 18

Factorise:

a 22+16 b 272+6

Solution

a 72+16 =7 -16i2 b 222+6=2z+3)

= (z + 4i)(z — 4i) =2(z% - 3i%)
= 2(z + V3i)(z - V3i)

Note: The discriminant of 72 + 16is A =0 —4 x 16 = —64.
The discriminant of 272 + 6is A= 0— 4 x 2 X 6 = —48.
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8E Solving quadratic equations over the complex numbers 253

Example 19
(e—)

Factorise:
azZ+z+3 b 22-z+1 c 222-2B3-iz+4-3i

Solution
a Let P(z) = 7% + z + 3. Then, by completing the square, we have

1 1
P(2) = | —) 3--
@ (Z”Jr4+ 4
(et
RANRY B
12 11,
(-2
_(+1+1E)(+1_XE)
=\Z 3 ) 1)z 21
b Let P(z) =222 —z+ 1. Then
11
P(z)=2(12—§z+§)
1y 1 1
—af(2- 2 _) 4
((Z 2" 16) 72 16)
12 7
—2&‘z)+ﬁ)
12 7
=2|lz=- =) - —i?
((Z 4) 11)
_2( 1+\/7.( 1 «ﬁ.)
=2{z—4 41 -7 41

¢ Let P(z) = 222 —2(3 — i)z + 4 — 3i. Then

PR =2(2-0B-iz+ 4_23i)

s zz—(3—i)z+(3_i)2+4_3i—(3_i)2)

2 2 2
3 -i?

3—i)2+8—6i—9+6i+1
2

<
|

ol e
<
<
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254  Chapter 8: Complex numbers

» Solution of quadratic equations

In the previous example, we used the method of completing the square to factorise quadratic
expressions. This method can also be used to solve quadratic equations.

Alternatively, a quadratic equation of the form az> + bz + ¢ = 0 can be solved by using the
quadratic formula:

—b + Vb? — 4ac
7= ———
2a

This formula is obtained by completing the square on the expression az> + bz + c.

Example 20

Solve each of the following equations for z:

azZ+z+3=0 b22-z+1=0
c 2=27-5 d222-2B3-)z+4-3i=0
Solution

a From Example 19a:

24743 = ( ! \/ﬁ) ( 1+\/ﬁ')

SRR SR TS | | S W R
Hence 72 + 7 + 3 = 0 has solutions

R B A P BT

=-3 > i and z= > i

b From Example 19b:

el )

Hence 27°> — z + 1 = 0 has solutions

L _ 7, and ! + I
= - — —1 = = —1
SRR R YTAT
¢ Rearrange the equation into the form
-27+5=0
Now apply the quadratic formula:
2+vV-16
7= ————
2
_2+4i
)
=1+2i

The solutions are 1 + 2i and 1 — 2i.
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8E 8E Solving quadratic equations over the complex numbers 255

d From Example 19¢, we have

2 . . 3 —i\2
27 —2(3—1)2+4—3z=2(z—7)

-
Hence 222 — 2(3 — i)z + 4 — 3i = 0 has solution z = Tl

Note: In parts a, b and c of this example, the two solutions are conjugates of each other.
We explore this further in the next section.

Using the TI-Nspire
To find complex solutions, use > Algebra
> Complex > Solve as shown.

cSolve(zZ-2- z-S,z) z=142 forz=1-2'7

Using the Casio ClassPad

m Ensure your calculator is in complex mode. © Edit Action Interactive

m Enter and highlight the equation.

= Select Interactive > Equation/Inequality > solve. solve(z2=2+2-5,z)

m Ensure that the variable is z. {z=1-2+i,2=142+i}

We can see that any quadratic polynomial can be factorised into linear factors over the
complex numbers. In the next section, we find that any higher degree polynomial can also be
factorised into linear factors over the complex numbers.

S ercise B

Skillsheet » 1 Factorise each of the following into linear factors over C:

Example 18,19 az2+16 b z2+5
c 22+27+5 d 2-3z+4
e 277 -8z+9 f 322 +6z+4
g 372+2z+2 h 222-2z+3

Example20, 2  Solve each of the following equations over C:

a x>+25=0 b x*>+8=0
c xX?-4x+5=0 d 3x?+7x+5=0
e x>’ =2x-3 f 5x°+1=23x
g 2+ +2)z+(-1+i)=0 h 2+z+40-0)=0
‘/ Hint: Show that =3 + 4i = (1 + 2i)%.
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256 Chapter 8: Complex numbers

8F Solving polynomial equations over the complex numbers

You have studied polynomials over the real numbers in Mathematical Methods. We now
extend this study to polynomials over the complex numbers.

For n € N U {0}, a polynomial of degree n is an expression of the form

1

PQ) =a," + a7 + -+ a1z + ag

where the coefficients a; are complex numbers and a,, # 0.
When we divide the polynomial P(z) by the polynomial D(z) we obtain two polynomials,
0O(z) the quotient and R(z) the remainder, such that
P(z) = D(2)Q(z) + R(2)
and either R(z) = 0 or R(z) has degree less than D(z).
If R(z) = 0, then D(z) is a factor of P(z).

The remainder theorem and the factor theorem are true for polynomials over C.

Remainder theorem

Let a € C. When a polynomial P(z) is divided by z — a, the remainder is P(c).

Proof Dividing the polynomial P(z) by z — o, we can write
P(2)=(z-a)0@) +R
where Q(z) is the quotient and R is the remainder, with R € C. Therefore
P(a)=(a—a)Q(a) +R=R

and so the remainder is R = P(a).

Factor theorem

Let a € C. Then z — o is a factor of a polynomial P(z) if and only if P(a) = 0.

Proof This theorem follows straight from the remainder theorem, since z — a. is a factor
of P(z) if and only if the remainder is zero when P(z) is divided by z — a.

Example 21

Factorise P(z) = 2° + 2% + 4.

Solution

Use the factor theorem to find the first factor:
P(-1)=-1+1+4+#0
P(-2)=-8+4+4=0

Therefore z + 2 is a factor. By division, we obtain

PR) = (z+2)(Z —z+2)
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8F Solving polynomial equations over the complex numbers 257

We can factorise 7> — z + 2 by completing the square:

Zz—z+2=(zz—z+%)+2—;L
ey 3
-t - 3-5

Hence P(z)=(z+2)(z—%+?i)(z—%—gi)

Factorise 7> — iz* — 4z + 4i.
Solution
Factorise by grouping:
2—if? —Az+4i=7(—i)- 4@ -1
=@-)@E -4
=(z-0D)z-2)(z+2)

» The conjugate root theorem

We have seen in the examples in this section and the previous section that, for polynomial
equations with real coefficients, there are solutions which are conjugates.

Conjugate root theorem

Let P(z) be a polynomial with real coefficients. If a + bi is a solution of the equation
P(z) = 0, with a and b real numbers, then the complex conjugate a — bi is also a solution.

Proof We will prove the theorem for quadratics, as it gives the idea of the general proof.

Let P(z) = az® + bz + ¢, where a, b, c € R and a # 0. Assume that a is a solution of the
equation P(z) = 0. Then P(a) = 0. That is,

ad® +ba+c=0

Take the conjugate of both sides of this equation and use properties of conjugates:

ao?2+ba+c=0
ao?+ba+c=0
a(@®)+ba+c=0 since a, b and c are real numbers

a@?+ba+c=0
Hence P(a) = 0. That is, a is a solution of the equation P(z) = 0.

If a polynomial P(z) has real coefficients, then using this theorem we can say that the
complex solutions of the equation P(z) = 0 occur in conjugate pairs.
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258 Chapter 8: Complex numbers

» Factorisation of cubic polynomials
Over the complex numbers, every cubic polynomial has three linear factors.

If the coefficients of the cubic are real, then at least one factor must be real (as complex
factors occur in pairs). The usual method of solution, already demonstrated in Example 21,
is to find the real linear factor using the factor theorem and then complete the square on the
resulting quadratic factor. The cubic polynomial can also be factorised if one complex root
is given, as shown in the next example.

===—) | Let P(z) = 2> — 32> + 5z - 3.
a Use the factor theorem to show that z — 1 + V2i is a factor of P(z).
b Find the other linear factors of P(z).

Solution

a To show that z — (1 — V2i) is a factor, we must check that P(1 — V2i) = 0.
We have

P(1 = V2i) = (1 = V2i) =3(1 = V2i)* +5(1 = V2i) =3 =0
Therefore z — (1 — V2i) is a factor of P(z).

b Since the coeflicients of P(z) are real, the complex linear factors occur in conjugate
pairs, so z — (1 + V2i) is also a factor.

To find the third linear factor, first multiply the two complex factors together:
(z— (1= V20))(z = (1 + V2i))
=22 — (1= V2i)z— (1 + V2i)z + (1 - V2i)(1 + V2i)
=2 -(1-V2i+1+V2i)z+1+2
=72 -27+3
Therefore, by inspection, the linear factors of P(z) = z° — 3z> + 5z — 3 are

z=1+V2i, z-1-V2i and z-1

» Factorisation of higher degree polynomials

Polynomials of the form z* — a* and z° — a°

Example 24

Factorise z* — 16 over C.

are considered in the following two examples.

Solution
Z-16=F+HE -4 difference of two squares
=(z+20)(z—-20)(z+2)(z—-2)
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8F Solving polynomial equations over the complex numbers 259

Factorise z° — 1 over C.

Solution
First note that

L2-1=F+DE-1)
We next factorise z° + 1 and z° — 1.
We have

2Hl=@C+DE-z+1)
:(z+1)((zz—z+%)+l—%)

- 1)((z - %)2 - 2;‘2)

oo de BB

2

and, similarly, we have

2-1=@c-DE@+z+1)

=(Z_1)((Zz+z+%)+1_%)

= (= 1)((z n %)2 - 2;‘2)

_(_1)(+1+£-)(+1_£)
=z Z ) 2l Z ) 21
Therefore

L-1=F+DZE-1

e v o B P Fer 1B

Using the TI-Nspire

To find complex factors, use > Algebra >

Complex > Factor. d__amr(z6_l)

The first operation shown factorises to give (z-1)- (z+1): (z2+z+1)~ (zz-—z+1)
1ntege.r coeflicients, and the second fully " Factor(zé- 1,2)
factorises over the complex numbers. 1.3 ] 1z ]
(2—1) (z+1) e = —-T i
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260 Chapter 8: Complex numbers

Using the Casio ClassPad
m Ensure your calculator is in complex mode.

m To factorise over the real numbers:
Enter and highlight z° — 1. Select Interactive > Transformation > factor.

m To factorise over the complex numbers:
Enter and highlight z° — 1. Select Interactive > Transformation > factor > rFactor.

© Edit Action Interactive

L

(224241) - (22241) + (z41)+ (z-1)

factor (z"6-1)

rFactor (=z"6-1)
[+l+\/§-i]o[ | ﬁ;][ 1J§-i]o[ 1_V3-i
LT g 2 oo g g 2

]-(z+l)-(z—l)

Note: Go to Edit > Clear all variables if z has been used to store a complex expression.

» The fundamental theorem of algebra

The following important theorem has been attributed to Gauss (1799).

Fundamental theorem of algebra

Every polynomial P(z) = a,z" + a,_17"~' + - -+ + a1z + ay of degree n, where n > 1 and
the coefficients a; are complex numbers, has at least one linear factor in the complex
number system.

Given any polynomial P(z) of degree n > 1, the theorem tells us that we can factorise P(z) as
P(2) = (z = a)Q(2)
for some a; € C and some polynomial Q(z) of degree n — 1.

By applying the fundamental theorem of algebra repeatedly, it can be shown that:

A polynomial of degree n can be factorised into » linear factors in C:

ie. P(z) = ay(z—ap)(z— ap)(z — a3)...(z— a,), where a;, 0, 03,...,0, € C

A polynomial equation can be solved by first rearranging it into the form P(z) = 0, where
P(z) is a polynomial, and then factorising P(z) and extracting a solution from each factor.

If P(z) = (z—0q)(z— an)...(z — a,), then the solutions of P(z) = 0 are oy, o, ..., Oy

The solutions of the equation P(z) = 0 are also referred to as the zeroes or the roots of the
polynomial P(z).
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Example 26

Solve each of the following equations over C:

a 2+64=0 b 2+32+7z+5=0 c 2-i2-4z+4i=0
Solution
a 2+64=0

(z+8i)(z—-8i)=0
z=-8i or 7=8i
b Let P(z) =2* +322 + 7z +5.
Then P(—1) = 0, so z + 1 is a factor, by the factor theorem.
P() = (z+ 1) +2z+5)
=@+ DE@ +2z+1+4)
= (z+ D(z+ 1)* - (2i)%)
=@+ D@E+1=-2)z+1+2i)
If P(z) =0,thenz=—-1,z=—-1+4+2iorz=—-1-2i.
c 2 —i?—4z+4i=0
z=-Dz-2)(z+2)=0 (from Example 22)

=0, =2 @F 2= =2

______ Exercise Kl

Skillsheet » 1 Factorise each of the following polynomials into linear factors over C:
Example 21,22 a 2-472-4z-5 b Z-22-z+10 c 372 -132+5z-4
d 223 +32-4z+15 e 2-Q2-DP+z-2+i

Example23| 2 Let P(2) = 2 +4722 -10z7+ 12.

a Use the factor theorem to show that z — 1 — i is a linear factor of P(z).
b Write down another complex linear factor of P(z).
¢ Hence find all the linear factors of P(z) over C.

3 Let P(z) =225 + 92 + 14z + 5.
a Use the factor theorem to show that z + 2 — i is a linear factor of P(z).
b Write down another complex linear factor of P(z).

¢ Hence find all the linear factors of P(z) over C.

4 Let P(z) = 7* + 82 + 16z + 20.
a Use the factor theorem to show that z — 1 + 3i is a linear factor of P(z).
b Write down another complex linear factor of P(z).
¢ Hence find all the linear factors of P(z) over C.
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Example 24,25, 5 Factorise each of the following into linear factors over C:

6 For each of the following, factorise the first expression into linear factors over C, given
that the second expression is one of the linear factors:

az2+(0-D2+-iz—i, z—i b 2-Q-d)F-(+2)z—i, z+i
CcZ2-Q+202-B-4iz+6i, z-2i d 22+ -202—-G+iz+5i, z—i

7 For each of the following, find the value of p given that:
a z+2isafactorof 2 +3z2+ pz+12 b z—iisafactorof 2’ + pz> +z -4
¢ z+1—iisafactorof 22> + 22 =2z + p

Example26] 8  Solve each of the following equations over C:
axX+x’-6x-18=0 b xX*-6x>+11x-30=0
c 233 +3x>=11x>-6x-16 d x*+x*=2x+36

9 Letz2+az+b =0, wherea,b € R. Find a and b if one of the solutions is:
a 2i b 3+2i c —-1+3i

10 a 1+ 3iis a solution of the equation 3z° — 77> + 32z — 10 = 0. Find the other solutions.
b -2 —iis a solution of the equation z* — 57> + 4z + 30 = 0. Find the other solutions.

11 For a cubic polynomial P(x) with real coefficients, P(2+i) = 0, P(1) = 0 and P(0) = 10.
Express P(x) in the form P(x) = ax® + bx> + cx + d and solve the equation P(x) = 0.

12 Ifz = 1+iis a zero of the polynomial z* + az® + bz + 10 — 6i, find the constants a and b,
given that they are real.

13 The polynomial P(z) = 2z* + az* + bz + 5, where a and b are real numbers, has 2 — i as
one of its zeroes.

a Find a quadratic factor of P(z), and hence calculate the real constants a and b.
b Determine the solutions to the equation P(z) = 0.

14  For the polynomial P(z) = az* + az* — 2z + d, where a and d are real numbers:
a Evaluate P(1 + §).
b Given that P(1 + i) = 0, find the values of ¢ and d.

¢ Show that P(z) can be written as the product of two quadratic factors with real
coeflicients, and hence solve the equation P(z) = 0.

15 The solutions of the quadratic equation z> + pz + ¢ = 0 are 1 + i and 4 + 3i. Find the
complex numbers p and g.

16 Given that 1 — i is a solution of 72 — 4z + 6z — 4 = 0, find the other two solutions.

17 Solve each of the following for z:
a 2-(6+2)z+@8+6i)=0 b 2-2i2-6z+12i=0 ¢ 2-2+6z-6=0
\/ d 2-72+2-8=0 e 622-3V2z+6=0 f 72+222+92=0
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8G Using De Moivre's theorem to solve equations

Equations of the form 7" = a, where a € C, are often solved by using De Moivre’s theorem.
Write both z and a in polar form, as z = rcis 0 and a = r; cis @.
Then 7" = a becomes
(rcis0)' = ricisg
" cis(nB) = ry cis @ (using De Moivre’s theorem)
Compare modulus and argument:
" =r cis(nb) = cis @
r=A/rl nd = @ + 2kmn where k € Z
0= %(cp + 2km) wherek eZ

This will provide all the solutions of the equation.

Example 27
(c— )

Solve 2* = 1.
Solution
Let z = rcis 0. Then
(rcis0)’ = 1cisO
r cis(30) = 1cis0
=1 and 30=0+2kn wherekeZ

_2kﬂ:
T3

r=1 and 06 where k € Z

2k
Hence the solutions are of the form z = cis(Tn), where k € Z.
We start finding solutions. Im(z)
For k = 0: z=cisO=1

2
For k = 1: zZ= cis(?n)

4n 21
or Z =cis 3 cis 3

For k = 3: z=cis2m) =1

> Re(z)

The solutions begin to repeat.

The three solutions are 1, cis(z?n) and cis(—z?n).

. . .. . 7T .
The solutions are shown to lie on the unit circle at intervals of 3 around the circle.

Note: An equation of the form 722 = a, where a € R, has three solutions. Since a € R, two of
the solutions will be conjugate to each other and the third must be a real number.
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In Example 27, we found the three cube roots of the number 1:

1 —c's(zn)— 1+\/§' and 2—0'5( Zﬂ) ! \/§
, w=ci 3 )= "3 21 w” =ci 3

More generally:

Solutions of z" = 1
For n € N, the solutions of the equation z* = 1 are called the nth roots of unity.
m The solutions of 7" = 1 lie on the unit circle.

2n
m There are n solutions and they are equally spaced around the circle at intervals of —.

This observation can be used to find all solutions, since z = 1 is one solution.

Example 28

Solve z2 = 1 +i.

Solution

Letz = rcis 0. Note that 1 +i = \/Qcis(g).

(rcis0)? = V2 cis(g)

1
72 cis(20) = 22 cis(g)

1
r=24 and 20= g +2kn wherek € Z
1 7T
r=24 and 6=§+kn where k € Z Im(z)
: x A
Hence z = 24 cis(g + kx|, where k € Z.
1
1 24cis (E)
For k = 0: 7=124 c1s(g) f4>\ 8
— > Re(2)
Fork = 1 23 '(9“) | <
ork = 1: =27 cis| — 1
‘ 8 24cis ‘8ﬂ)
2% c's(_7n)
= 1S| —
8

Note: If z; is a solution of z> = a, where a € C, then the other solution is z, = —z;.

In Example 28, we found the two square roots of the complex number 1 + i. More generally:

Solutions of 27 = a

For n € N and a € C, the solutions of the equation z" = a are called the nth roots of a.

1
m The solutions of 7* = a lie on a circle with centre the origin and radius |a| .

] . . 27
m There are n solutions and they are equally spaced around the circle at intervals of —.
n
This observation can be used to find all solutions if one is known.
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The following example shows an alternative method for solving equations of the form 7% = a,
where a € C.

Example 29

Solve 22 = 5 + 12i using z = a + bi, where a, b € R. Hence factorise 2 —-5-12i
Solution
Let z = a + bi. Then z* = (a + bi)*
= da® + 2abi + b*i®
= (a* - b*) + 2abi
So 72 = 5 + 12i becomes
(a@* = b*) + 2abi = 5 + 12i
Equating coefficients:

a-b*=5 and 2ab=12

6\2 6
SO
a a
36
2 _
a —a—2—5
at —36 =54°

(@ -9 +4)=0
a*-9=0
(a+3)(a-3)=0
a=-3o0ra=3
Whena = -3, b =-2and whena =3, b = 2.
So the solutions to the equation z*> = 5 + 12 are z = =3 — 2i and z = 3 + 2i.

Hence 72 — 5 — 12i = (z + 3 + 2i)(z — 3 — 2i).

T ercise IS

skillsheet /9 For each of the following, solve the equation over C and show the solutions on an
Example 27,28 Argand diagram:
azZ+1=0 b 22 =27i c 2=1+V3i
d 22=1-+3i e =i f2+i=0
2 Find all the cube roots of the following complex numbers:
a 42 -4V\2i b —4V2+4V2i € —4V3 -4
d 4V3 -4 e —125i f—1+i
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266 Chapter 8: Complex numbers 8G

Example29| 3 Let z = a + bi such that z> = 3 + 4, where a, b € R.
a Find equations in terms of a and b by equating real and imaginary parts.
b Find the values of a and b and hence find the square roots of 3 + 4i.

4 Using the method of Question 3, find the square roots of each of the following:
a —-15-8i b 24 +7i c -3+4i d -7+24i

Find the solutions of the equation z* — 27> + 4 = 0 in polar form.
Find the solutions of the equation z> — i = 0 in Cartesian form. Hence factorise 7> — i.

Find the solutions of the equation z¥ + 1 = 0 in polar form. Hence factorise z® + 1.

0 N &6 wun

a Find the square roots of 1 + i by using:

i Cartesian methods ii De Moivre’s theorem.

/ b Hence find exact values of cos(g) and sin(g).

8H Sketching subsets of the complex plane

Particular sets of points of the complex plane can be described by placing restrictions on z.
For example:

Q m {z:Re(z) = 6} is the straight line parallel to the imaginary axis with each point on the line
having real part 6.
Q m {z:Im(z) = 2Re(z) } is the straight line through the origin with gradient 2.

The set of all points which satisfy a given condition is called the locus of the condition
a (plural loci). When sketching a locus, a solid line is used for a boundary which is included in
the locus, and a dashed line is used for a boundary which is not included.

Example 30

On an Argand diagram, sketch the subset S of the complex plane, where
S={z:|z-1=2}

Solution Im(z)
Method 1 (algebraic) A

Let z = x + yi. Then

lz—1=2 /
be+yim1]=2 1 +0i _— > Re(2)
= 1) +yil =2 \ 1+0i 3+ 0i

(x=1)2+y*2=2
(x-12+y*=4

This demonstrates that S is represented by the circle with centre 1 + 0i and radius 2.
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8H Sketching subsets of the complex plane 267

Method 2 (geometric)

If z; and 7, are complex numbers, then |z; — 25| is the distance between the points on the
complex plane corresponding to z; and z5.

Hence {7 : |z— 1] = 2} is the set of all points that are distance 2 from 1 + 0i. That is, the set
S is represented by the circle with centre 1 + 0i and radius 2.

Example 31

On an Argand diagram, sketch the subset S of the complex plane, where
S={z:lz=-2l=lz=(1+l}
Solution
Method 1 (algebraic)
Let z = x + yi. Then
lz =2l =lz— (1 +1)
[x+yi-2|=|x+yi—(1+i)
x=2+yil=|x—1+ @ - 1)
VEx =22 +y2 = J(x-1)2+ @y - 1)
Squaring both sides of the equation and Im(2)

expanding: A
AR 2 2 R S
—A4x+4=-2x-2y+2
y=x—-1

Method 2 (geometric)
The set S consists of all points in the complex plane that are equidistant from 2 and 1 + i.

In the Cartesian plane, this set corresponds to the perpendicular bisector of the line
segment joining (2, 0) and (1, 1). The midpoint of the line segment is (%, %), and the
gradient of the line segment is —1.

Therefore the equation of the perpendicular bisector is

which simplifies toy = x — 1.
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268 Chapter 8: Complex numbers

Sketch the subset of the complex plane defined by each of the following conditions:

a Arg(z) = g b Arg(z+3) = —g ¢ Arg(z) < g
Solution
a Arg(z) = g defines a ray or a half line. Im(z)

A

Note: The origin is not included.

n

3
0 > Re(z)

b First draw the graph of Arg(z) = —g. Im(z)

A
0 > Re(2)
3
The graph of Arg(z + 3) = —g is obtained by Im(z)

a translation of 3 units to the left.

?\ 0 > Re(z)

. . .. T, T
¢ Since —m < Arg(z) < m in general, the condition Arg(z) < 3 implies —m < Arg(z) < 3
Im(z) --- boundary not included
[ ] region required
-------- Re(z)
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8H Sketching subsets of the complex plane 269

Sketch the region corresponding to each of the following:

alz-@2-i <3 b{z:2<|z|s4}m{z:g<Arg(z)s§}
Solution
a Im(z)

A

<0/\ > Re(2)
|:| Region required I:l Region required

The condition defines a disc of radius 3
and centre 2 — i. The Cartesian relation
is {(x,y): (x =22+ @+ 1) <3}

Example 34
Describe the locus defined by |z + 3| = 2|z — i].
Solution
Let z = x + yi. Then
|2+ 3| = 2lz - i
[(x +3) +yi| =2|x+ (y — 1)
VE+3)2+y2 =232+ (y = 1)2

Squaring both sides gives

PH6x+9+y? =42 +y -2y +1)
0=3x>+3y>-6x—8y-5
8
5 =3(x2—2x)+3(y2—§y)
8 16)_25

D) 2
—(2-2x+1 ( 22
(x x+ 1)+ [y 3y+9 9

S Wl

4

T (p-3)

2V10
3

4
The locus is the circle with centre 1 + §i and radius

Note: Fora,b € Cand k € R* \ {1}, the equation |z — a| = k|z — b| defines a circle.
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270 Chapter 8: Complex numbers

Describe the locus defined by |z — 2| — |z + 2| = 3.
Solution
Let z = x + yi. Then
lz=2|-|z+2|=3
x+vyi—2|—|x+yi+2|=3
VE =22+ —(x+2)2+y* =3

Square both sides:
(x=22+)* =9+ 6\(x + 27 437 + (x + 2)> + )7
x2—4x+4+y2=9+61/(x+2)2+y2+x2+4x+4+y2

—8x—9=6+/(x+2)* +y?

9
Note: This implies that —8x — 9 > 0, so x < “3

Square both sides again:

64x> + 144x + 81 = 36(x* + 4x + 4 +?)
28x* — 36y* = 63

x>y 1
36 28 16
x? 3 y? 1
9 7 4
. : : : V7
This is the Cartesian equation of a hyperbola with asymptotes y = J_r?x.
3
The locus is the left branch of this hyperbola, where x < ~3
Exercise kgl
Skillsheet » 1 Tllustrate each of the following on an Argand diagram:
Example 30 a 2Im(z) = Re(z) b Im(z) +Re(z) = 1 c|z-2[=3
dz-i=4 e lz—(1+V3i) =2 fle-(1-0I=6

2 Sketch {z:z =iz} in the complex plane.

Example 31| 3 Describe the subset of the complex plane defined by {z : |z — 1| = |z + 1] }.

example 32| 4  Sketch the subset of the complex plane defined by each of the following conditions:

TT TT TT
a Arg(z) = — b Arg(z-2)=-- c Arg(z) < —
4 4 4
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Example 33| 5

Example34| 7

Example 35 8

10

11

12

13

14

15

16

17

18

19

RN
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Sketch each of the following regions of the complex plane:

3
af{z:lz-11<2} b{z:2§|z|§3}ﬁ{z:g<Arg(z)SIn}

Prove that 3|z — 1> = |z + 1> if and only if |z — 2|7 = 3, for any complex number Zz.
Hence sketch the set S = {z: V3|z— 1| = |z + 1|} on an Argand diagram.

Sketch each of the following:

a {z:lz+2i=2z-i} b {z:Im(z)=-2} c {z:z+72=5}

d (z:2=5) e z:iRe@ =Im@|  f{z:An-i=1

Illustrate each of the following on an Argand diagram:
alz-1l+]z+1=3 b lz-6-|z+6/=3

Sketch each of the following:

afz:lz—i>1} b {z:|lz+i<2}
c {z:Re(z) >0} d {z:2Re(z) +Im(z) <0}
e {z:Re(z) >2and Im(z) > 1} flz:lz+3|+z-31=8}

On an Argand diagram, sketch the set S = {z:Re(z) < 1}N{z:0<Im(z) <3}.
Sketch the region of the complex plane for which Re(z) > 0 and |z + 2i] < 1.
Sketch the locus defined by |z — 2 + 3i| < 2.

On the Argand plane, sketch the curve defined by each of the following equations:

-2 -1-i
a [S==|=1 b |* =1
z z
+1
If the real part of < I is zero, find the locus of points representing z in the complex
7 —
plane.

Given that z satisfies the equation 2|z — 2| = |z — 6i], show that z is represented by a point
on a circle and find the centre and radius of the circle.

1
On an Argand diagram with origin O, the point P represents z and Q represents —.
Prove that O, P and Q are collinear and find the ratio OP : OQ in terms of |z].

Find the locus of points described by each of the following conditions:
al-(+dl=1 b-2=k+2 cAgc-D=7 dAnC+)=7

Let w = 2z. Describe the locus of w if z describes a circle with centre 1 + 2i and
radius 3.

a Find the solutions of the equation z> + 2z + 4 = 0.
b Show that the solutions satisfy:

ijz=2 i z-1=vV7 iii z+z=-2
¢ On a single diagram, sketch the loci defined by the equations in b.
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272 Chapter 8: Complex numbers

Chapter summary

m The imaginary number i has the property i> = —1.
m The set of complex numbers is C = {a + bi : a,b € R}.

m For a complex number z = a + bi:

e the real part of zis Re(z) = a e the imaginary part of z is Im(z) = b.

m Complex numbers z; and z; are equal if and only if Re(z;) = Re(zz) and Im(z;) = Im(zy).

m An Argand diagram is a geometric representation of C.

m The modulus of z, denoted by |z|, is the distance from the origin to the point representing z
in an Argand diagram. Thus |a + bi| = Va? + b2,

m The argument of 7 is an angle measured anticlockwise about the origin from the positive
direction of the real axis to the line joining the origin to z.

m The principal value of the argument, denoted by Arg z, is the angle in the interval (-, 7t].

m The complex number z = a + bi can be expressed

in polar form as Irr}fz) P__ Yy
z=r(cosO +isin0O) i
=rcis0 / i b
where r = |z = Va? + b2, cos 0 = g, sinf = IZ 5 ® o > Re(z)
This is also called modulus—argun:ent form. ' ‘

m The complex conjugate of z, denoted by z, is the reflection of z in the real axis.
If z=a+bi,thenz = a — bi. If z = rcis 0, then 7 = rcis(—0). Note that zz = 7.
m Division of complex numbers:
4 Rk _an
2 2 2 |
m Multiplication and division in polar form:
Letz; = r;cis0; and 2o = r, ¢cis 0,. Then
2122 = riracis(0) +0y) and = = "Lcis(0, — 0,)
2 N
m De Moivre's theorem (rcis0)" = r" cis(n0), where n € Z
m Conjugate root theorem If a polynomial has real coefficients, then the complex roots
occur in conjugate pairs.
m Fundamental theorem of algebra Every non-constant polynomial with complex
coeflicients has at least one linear factor in the complex number system.
®m A polynomial of degree n can be factorised over C into a product of n linear factors.
m If z; is a solution of 72 = a, where a € C, then the other solution is z, = —z;.

m The solutions of 7" = a, where a € C, lie on the circle centred at the origin with

. 1 . . . 2n
radius |a|n . The solutions are equally spaced around the circle at intervals of —.

n

m The distance between z; and z, in the complex plane is |z; — 23]
' For example, the set {7 : |z — (1 + i)| = 2} is a circle with centre 1 + i and radius 2.
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Short-answer questions

1

10

11

Cambridge Senior Maths AC

Express each of the following in the form a + bi, where a, b € R:

a3+2i+5-7i b i3 c 3-2)(5+7)
2 5-i
- 2i 2i f —
d 3-2)3+20) e 35 7T
3i ) . (5420
h (1-3i)? —_—
8 2+ (1=30) '3
Solve each of the following equations for z:
—2i
2 4+9=0 | 246z+12=0
B Em 2+ (3 - 2i) € Erhe
d #+81=0 e 2-27=0 f 82 +27=0

a Show that 2 — i is a solution of the equation z> — 2z> — 3z + 10 = 0. Hence solve
the equation for z.

b Show that 3 — 2i is a solution of the equation x* — 5x*> + 7x + 13 = 0. Hence solve
the equation for x € C.

¢ Show that 1 + i is a solution of the equation z> — 4z> + 6z — 4 = 0. Hence find the
other solutions of this equation.

Express each of the following polynomials as a product of linear factors:

a 2x>+3x+2 b ¥*-x+x-1 c ¥ +2x>-4x-8
If (a + bi)> = 3 — 4i, find the possible values of a and b, where a, b € R.

Pair each of the transformations given on the left with the appropriate operation on the
complex numbers given on the right:

a reflection in the real axis i multiply by —1

b rotation anticlockwise by 90° about O ii multiply by i

¢ rotation through 180° about O iii multiply by —i

d rotation anticlockwise about O through 270° iv take the conjugate

If (a + bi)*> = —24 — 104, find the possible values of a and b, where a, b € R.

Find the values of a and b if f(z) = z> + az + b and f(~1 —2i) = 0, where a, b € R.

Express in the form rcis 0, where r > 0 and -t < 0 < 7.

1+ V3i

On an Argand diagram with origin O, the point P represents 3 + i. The point Q
represents a + bi, where both a and b are positive. If the triangle OPQ is equilateral,
find a and b.

Letz =1 —1. Find:

a 2z b c |7 d Argz’)

N | o=

X
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274 Chapter 8: Complex numbers

12 Letw=1+iandz=1- V3i.
a Write down:
i w| i |z| iii Argw iv Argz
w

b Hence write down and Arg(wz).

13 Express V3 + i in polar form. Hence find (V3 + i)’ and express in Cartesian form.

14 Consider the equation z* — 27> + 11z — 18z + 18 = 0. Find all real values of r for which
z = riis a solution of the equation. Hence find all the solutions of the equation.

15 Express (1 — i)’ in Cartesian form.

16 Consider the polynomial P(z) = 2 + (2 + i)z> + (2 + 2i)z + 4. Find the real numbers k
such that ki is a zero of P(z). Hence, or otherwise, find the three zeroes of P(z).

17 a Find the three linear factors of 73 — 2z + 4.
b What is the remainder when z* — 2z + 4 is divided by z — 3?

18 If a and b are complex numbers such that Im(a) = 2, Re(b) = -1 and a + b = —ab,
find a and b.

19 a ExpressS ={z:|z— (1 +i)| < 1}in Cartesian form.
b Sketch S on an Argand diagram.

20 Describe {z:|z+il=]z—1il}.
21 LetS :{z:z:2ci56, 0363%}. Sketch:
2
as b T={w:w=2z€S5} cU={v:v=—,z€S}

<

22 Find the centre of the circle which passes through the points —2i, 1 and 2 — i.

23  On an Argand diagram, points A and B represent a = 5 + 2i and b = 8 + 6.

a Find i(a — b) and show that it can be represented by a vector perpendicular to E and
—
of the same length as AB.

b Hence find complex numbers ¢ and d, represented by C and D, such that ABCD is
a square.
24  Solve each of the following for z € C:
az?=-8 b 22=2+23i
25 a Factorise x° — 1 over R.

b Factorise x° — 1 over C.

¢ Determine all the sixth roots of unity. (That is, solve x® = 1 for x € C.)

26 Let z be a complex number with a non-zero imaginary part. Simplify:

' a i(Re(Z) - Z)

Im(z)
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27 If Argz = g and Arg(z - 3) = g find Arg(z — 6).

2
28 a IfArg(z+2)= g and Arg(z) = ?n’ find z.
3
b If Arg(z-3) = —TJT and Arg(z + 3) = —g, find z.

29 A complex number z satisfies the inequality |z +2- 2\/§i| <2

a Sketch the corresponding region representing all possible values of z.

b i Find the least possible value of |z].
/ ii Find the greatest possible value of Argz.

Multiple-choice questions

3
1 Ifz = 5cis(§) and zp = 2CiS(Tﬂ:), then z12, is equal to

A 7cis(n?2) B 7cis(113—2“) C 10 cis(g) D 10cis(”£) E 10 cis(_g”)
2 The complex number z shown in the diagram is Im(z)
best represented by - A
A 5cis(0.93) * 4
B 5cis(126.87)
C 5cis(2.21) . > Re(z)
D 25cis(126.87) -3 0
E 25cis(2.21)
3 If (x + yi)> = —32i for real values of x and y, then
A x=4y=4 B x=-4,y=4
Cx=4,y=-4 D x=4,y=-4orx=-4,y=4
E x=4y=4orx=-4,y=—-4
4 Ifu:l—i,then31 is equal to
AZ+si  BZeg  Ci-zi D2+l Eg-gi
5 The linear factors of z2 + 6z + 10 over C are
A (z+3+i0)7 B (z+3-1i)? C z+3+i)(z-3+10)
D z+3-i(z+3+1) E z+3+i)(z-3-1)
6 The solutions of the equation z* + 8i = 0 are
A V3-i, -2i, 2i B V3-i, —V3-i, 2i C —V3-i, -2, -2

D —V3-i, V3-i, =2i E V3-i, -8i, 2i
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276 Chapter 8: Complex numbers

7 76(1 + i) is expressed in polar form as
7
A \/gcis(—g) B \/gcis(——n) C —\/gcis(—g)
4 4 4
7 7
D —\/gcis(—%) E \/gcis(%)

8 Ifz=1+iis one solution of an equation of the form 7* = a, where a € C, then the other
solutions are

A-1,1,0 B -1,1, 1-i C —1+i —1—-i, 1—i
D -1+i -1-i,1 E -1+i -1-i, -1

9 The square roots of —2 — 2v/3i in polar form are

2 2 2
A ZCis(—?n), 20is(§) B 2cis(—§), 2cis(?“) C 4cis(—?n), 4cis(§)

(T (27 (T . (T
D 4015(—5), 4018(?) E 4CIS(—§), 4015(5)

10 The zeroes of the polynomial 2x* + 6x + 7 are o and 3. The value of |o — ] is

vd A V5 B 25 C 45 D@ E}/—g

Extended-response questions

5
1 Letz= 4cis(£) and w = \/Ecis(g).
Find |z7| and Arg(z’).
Show z’ on an Argand diagram.

<. .
Express — in the form rcis 0.
w

Qa n T o

. . Z. .
Express z and w in Cartesian form, and hence express — in Cartesian form.
w

7
e Use the results of d to find an exact value for tan(%) in the form a + \/E, where a
and b are rational.

7
f Use the result of e to find the exact value of tan(%).

2 Letv=2+iand P(z) =2 - 77> + 17z - 15.

a Show by substitution that P(2 + i) = 0.

b Find the other two solutions of the equation P(z) = 0.

c Let i be the unit vector in the positive Re(z)-direction and let j be the unit vector in
the positive Im(z)-direction.
Let A be the point on the Argand diagram corresponding to v = 2 + i.
Let B be the point on the Argand diagram corresponding to 1 — 2i.
Show that OA is perpendicular to OB.

' d Find a polynomial with real coefficients and with roots 3, 1 — 2i and 2 + i.
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a Find the exact solutions in C for the equation z> — 2V3z+4 =0, writing your
solutions in Cartesian form.
b i Plot the two solutions from a on an Argand diagram.
ii Find the equation of the circle, with centre the origin, which passes through these
two points.
iii Find the value of a € Z such that the circle passes through (0, +a).
iv Let Q(2) = (22 +4)(z* - 243z + 4). Find the polynomial P(z) such that
0(2)P(z) = z° + 64 and explain the significance of the result.

a Express —4V3 — 4i in exact polar form.
b Find the cube roots of =43 — 4i.
¢ Carefully plot the three cube roots of —44/3 —4jon an Argand diagram.
d i Show that the cubic equation z> — 3V3iz> — 9z + 3V3i = —4/3 — 4i can be written
in the form (z — w)® = =43 — 4i, where w is a complex number.
ii Hence find the solutions of the equation z> — 3V3iz2 = 9z + (3V3 +4)i + 4V3 = 0,
in exact Cartesian form.

The points X, Y and Z correspond to the numbers 4V3 +2i, 5V3 +iand 6V3 + 4i.

a Find the vector }ﬁ/) and the vector JTZ) .

b Let z; and 7, be the complex numbers corresponding to the vectors )ﬁ/) and X_Z> .
Find z3 such that 2 = z3z7;.

¢ By writing z3 in modulus—argument form, show that XYZ is half an equilateral
triangle XWZ and give the complex number to which W corresponds.

d The triangle XYZ is rotated through an angle of g anticlockwise about Y. Find the

new position of X.
a Sketch the region 7 in the complex plane which is obtained by reflecting
T 7
S :{z:Re(z)SZ}n{z:Im(z)<2}ﬁ{z: 3 < Arg(z) < 5}

in the line defined by |z + 1| = |z — 1].
b Describe the region T by using set notation in a similar way to that used in a to
describe S'.

Consider the equation x> + 4x — 1 + k(x*> + 2x + 1) = 0. Find the set of real values k,
where k # —1, for which the two solutions of the equation are:
a real and distinct b real and equal

c complex with positive real part and non-zero imaginary part.

1 0
a If z=cos0 +isin 0, prove that 1 L icot(z).
—Z

b On an Argand diagram, the points O, A, Z, P and Q represent the complex numbers
0,1,z 1+zand 1 — zrespectively. Show these points on a diagram.

) | T, . |OP]
¢ Prove that the magnitude of ZPOQ is 5 Find, in terms of 0, the ratio 00|
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278 Chapter 8: Complex numbers

9 A regular hexagon LM NPQR has its centre at the origin O and its vertex L at the point
z=4.
a Indicate in a diagram the region in the hexagon in which the inequalities |z| > 2 and

%ﬂ < Argz < g are satisfied.

b Find, in the form |z — ¢| = a, the equation of the circle through O, M and R.

N

Find the complex numbers corresponding to the points N and Q.

d The hexagon is rotated clockwise about the origin by 45°. Express in the form r cis 6
the complex numbers corresponding to the new positions of N and Q.

1
10 a A complex number z = a + bi is such that |z = 1. Show that — = Z.

z
1 3 3 1 1 1
b Letz; == - £i and 7, = £ + —i. If z3 = — + —, find z3 in polar form.
2 2 2 2 21 22
1
¢ On a diagram, show the points z;, 2o, z3 and z4 = —.
23
11 a Let P(z) = 22 + 3pz + q. It is known that P(z) = (z — k)*(z — a).
i Show that p = —k>. ii Find ¢ in terms of k. iii Show that 4p* + ¢*> = 0.
b Let h(z) = 22 — 6iz + 4 — 4i. It is known that A(z) = (z — b)*(z — ¢). Find the values

of b and c.

12 a Letz be a complex number with |z| = 6. Let A be the point representing z. Let B be

the point representing (1 + i)z.
i Find |(1 + i)z
ii Find |(1 + i)z — 2.

iii Prove that OAB is an isosceles right-angled triangle.

b Let z; and 2 be non-zero complex numbers satisfying z2 — 2212, + 223 = 0.

If z; = a2yt
i Showthatoa=1+iora=1-i
ii For each of these values of a, describe the geometric nature of the triangle whose

vertices are the origin and the points representing z; and z5.

13 a Letz=-12+5i. Find:
i |z] ii Arg(z) correct to two decimal places in degrees
b Letw? =12+ 5i and o = Arg(w?).
i Write cos a and sin a in exact form.
ii Using the result 7%(cos(20) + i sin(20)) = [w?| (cos o + i sin o), write 7, cos(20)
and sin(20) in exact form.
iii Use the result of ii to find sin 6 and cos 0.
iv Find the two values of w.
¢ Use a Cartesian method to find w.

Find the square roots of 12 + 5i and comment on their relationship with the square
' roots of —12 + 5i.
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14 a
b
C
d
15 a
b
16 a

Chapter 8 review 279

Find the locus defined by 2zz + 3z + 37 — 10 = 0.

Find the locus defined by 2zz + 3 +i)z+ (3 —-i)z— 10 = 0.

Find the locus defined by azz + fz + fz + vy = 0, where a, [ and vy are real.
Find the locus defined by azZ + pz + fz + v = 0, where o,y € R and p € C.

Expand (cos 0 + i sin 0)°.
By De Moivre’s theorem, we know that (cis 0)° = cis(50). Use this result and the
result of a to show that:

i cos(50) = 16cos’ 0 —20cos> 0 + 5cos 0

i sin(50)

- =16cos*0—12cos20 + 1ifsin® # 0
sin O

If 7 denotes the complex conjugate of the number z = x + yi, find the Cartesian
equation of the line given by (1 + i)z + (1 — i)z = —
Sketch on an Argand diagram the set {z (A +Dz+ (1 -iz7=-2, Argz < g }
LetS = {z : |z— (2\/§+2\/§i)| < 2}.

i Sketch S on an Argand diagram.

ii If z belongs to S, find the maximum and minimum values of |z].

iii If z belongs to S, find the maximum and minimum values of Arg(z).

17 The roots of the polynomial z> + 2z + 4 are denoted by a and f.

a
b
c
d

18 a

Cambridge Senior Maths AC
Specialist Mathematics Year 12

Find o and f in polar form.
Show that o = 3.
Find a quadratic polynomial for which the roots are a + § and o — f3.

Find the exact value of aff + pd.

Letw=2cisOandz=w+ %
i Find z in terms of 0.

ii Show that 7 lies on the ellipse with equatlon — =
iii Show that |z — 2 = (; ~2cos 6)2.
iv Show that |z — 2| + |z + 2| =
Letw =2icisOandz =w — l

i Find z in terms of 0. "
ii Show that z lies on the ellipse with equation % + —2 =—.

iii Show that |z —2i|+|z+2i| =5

X
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9A Short-answer questions

1

Cambridge Senior Maths AC

Consider the vectors a = —2i + 3j — k, b =i — 3j + 2k and ¢ = mi + nj. Find ™ such
n
that @, b and ¢ form a linearly independent set of vectors.

The coordinates of three points are A(2, 1, 2), B(-3,2,5) and C(4,5,—2). The point D is
such that ABCD is a parallelogram.
a Find the position vector of D.

b Find the coordinates of the point at which the diagonals of the parallelogram ABCD
intersect.

¢ Find cos(ZBAC).

Solve the following system of linear equations:

2x—y+z=0
y+2z=1
2x+5z=2

Find all solutions of z* — 72— 12 = 0 for z € C.

Resolve the vector 3i + 2j — k into two vector components, one of which is parallel to
the vector 2i + j + 2k and one of which is perpendicular to it.

Consider z = . Find Argz.

-1
Let P(z) = 22 — 62° — 2z% + 17z — 10. Given that P(1) = P(2) = 0, solve the equation
P(z) =0forz e C.
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9A Short-answer questions 281

8 Point A has coordinates (2,2, 1) and point B has coordinates (1,2, 1), relative to an
origin O.
a Find A—B> b Find cos(ZAOB). ¢ Find the area of triangle AOB.

3
9 Consider the vectors a = —2i—3j+mk,b=i—§j+2kandc=2i+j—k.

a Find the values of m for which |a| = V38.

b Find the value of m such that a is perpendicular to b.

¢ Find -2b + 3c.

d Hence find m such that a, b and c¢ are linearly dependent.

10

-]

Solve the equation z* — 272 +2z— 1 =0 for z € C.
b Write the solutions in polar form.
¢ Show the solutions on an Argand diagram.

11 Letz = V3 +i. Plot z, z2 and z° on an Argand diagram.

12 a Showthatz— 1 —iisafactor of f(z) = 2> — (5 + )2> + (17 + 4i)z — 13 — 13i.
b Hence factorise f(z).

. .. ﬁ . . ﬁ . . .
13 Points A and B have position vectors OA = i + V3j and OB = 3i — 4k. Point P lies
— —
on AB with AP = MAB.

a Show that OP = (1 + 20)i + V3(1 — 1)j — 4Ak.
b Hence find )\, if OP is the bisector of ZAOB.

14 Let f(2) = 2> + aiz + b, where a and b are real numbers.
a Use the quadratic formula to show that the equation f(z) = 0 has imaginary solutions
only when b > _az'
b Hence solve each of the following:
i Z2+2iz+1=0 il 2-2iz-1=0 il 22+2iz-2=0
15 a If the equation 22+ az? + bz + ¢ = 0 has solutions —1 + i, —1 and —1 — 4, find the

values of a, b and c.

b If V3 + i and —2i are two of the solutions to the equation z> = w, where w is a
complex number, find the third solution.

16 a Find a unit vector perpendicular to the line 2y + 3x = 6.
b Let A be the point (2, —5) and let P be the point on the line 2y + 3x = 6 such that AP
is perpendicular to the line. Find:

- _) -m ﬁ
i AP il |AP|
17 For each of the following, find a vector equation of the line through the two points:
a (0’ 0,0)9 (3’ 094) b (07 2, 1)’ (_1’3’4) C (3’ 2’4)9 (0’49 _2)
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282 Chapter 9: Revision of Chapters 5-8

18 For each of the following, find a vector equation of the plane that contains the
three points:

a (0,0,0), (1,2,3), (1,3,5) b (2,-3,5), (3,-2,6), (1,-2,4)
c (3,2,4), (0,4,-2), (3,6,0)

19 a Find the perpendicular distance between the parallel planes with equations

2x+2y+z==6and 2x + 2y + z = 10.
b Find the area of the triangle with vertices (2,2, 2), (1, 1,2) and (1, -1, 6).

20 Find the point of intersection of the lines ¢; and ¢, given by
(: r=26i+Q2-20j+ 3 -4k, teR
b r=0CG+8)i+(s-1)j+@s-3)k, seR

21 Consider the following system of linear equations:
x+ay—-z=0
2x+y+z=k
xX—y+z=2
a Show that, if a # 5, then there is a unique solution. Find this solution in terms of k.

b Given that a = 5, find the values of k for which there are no solutions.

¢ Given that a = 5, find the values of k for which there are infinitely many solutions.

22 Find the coordinates of the point where the line through (0, 1,0) and (1, 0, 1) meets the
plane with equation x +y + z = 1.

23 Find the angle between each pair of planes:
a 2x+3y-z=0, x—-y-z=4 b 4x+3y+2z=5, 2x—-4y+3z=6

24  Find the length of the perpendicular from the point with coordinates (4,0, 1) to the
plane with equation 3x + 6y + 2z = =7.

25 a Find the value of a for which the three planes 2x —y+ 5z =7, 5x+ 3y —z =4 and
3x + 4y — 6z = a intersect in a line.

b Find a vector equation of this line.

26 Points A, B and C are defined by position vectors a, b and ¢ respectively.

a Leta=2i—2j+5k,b=—-i+2j—6kand c = —4i +2j— 3k. Show that the vectors
a, b and c are linearly dependent by finding values of m and n such that ¢ = ma + nb.
b If P is a point on AB such that ﬁ) = Ac, find the value of A.

27 For which value(s) of a will the following system of equations have no solutions?
ax+y+2z=4
x+2y+z=-3

2x—y—-2z=1
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9B Multiple-choice questions 283

28 Consider the following system of equations:
ax+y+2z=4
2x+2y+3z=1
2x—y—-4z=>
Find the values of a and b such that this system has infinitely many solutions. Give the

solutions in this case.

29 Consider the simultaneous equations ax + by = 3 and bx + ay = 4, where a and b are
constants. If this pair of equations has no solutions, then how must a and b be related?

9B Multiple-choice questions

1 Ifa=2i+3j—-4k,b=—-i+2j—-2kandc=-3j+4k, then a — 2b — ¢ equals

A 3i+10j- 12k B -3i+7j-12k C 4i+2j-4k
D -4j+4k E 2j-4k
2 A vector of magnitude 6 and with direction opposite to i — 2j + 2k is
A 60— 125+ 12k B —-6i+12j-2k C -3i+6j-6k
2. 4, 4
D —2i+d4i_ E 2 2.4
2i+4j -4k 31 3 +3k
3 Ifa=2i-3j—kand b = -2i + 3j — 6k, then the vector resolute of a in the direction
of b is
1 1
A 7(-2i+3j - 6k) B 7(2i—3j+6k) Cc —7(2i—3j—k)
7 19
D - i_3i_ E - 5o
11(21 3j—k) 49( 2i +3j — 6k)
4 Ifa =3i—-5j+ k, then a vector which is not perpendicular to a is
1
A§(3i—5j+k) B 2i+j-k Ci-j-8k
1
D -3i+5j+34k E 5(—3i—2j—k)

5 The magnitude of vectora =i — 3j + 5k is
A3 B V17 C 35 D 17 E V35

6 Ifu=2i—V2j+kandv =i+ V2j—k, then the angle between the direction of # and v,
correct to two decimal places, is

A 92.05° B 87.95° C 79.11° D 100.89° E 180°
7 Letu=2i-aj—-kandv =3i+2j— bk. Then u and v are perpendicular to each other
when
1
A a=2andb=-1 B a=-2andb =10 Cazzandb:—S
D a=0andb=0 Ea=-landb=5
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284 Chapter 9: Revision of Chapters 5-8

8 Letu=i+aj—4kandv =bi—2j+3k. Thenu and v are parallel to each other when

8 3 3 3
A a=-2andb=1 Ba——gandb——z Ca——zandb——z
D a-= —g and b = —g E none of these
9 Leta=i-5j+kandb =2i- j+2k. Then the vector component of a perpendicular
to b is
A —-i-4j-k Bi+4j+k C -S5i+j-5k
5. 2, 5
D 5i-j+5k E -i+-j+k
T 3773073
. ﬁ ﬁ . .
10 If points A, B and C are such that AB - BC = 0, which of the following statements must
be true?
. — =, — —
A Either AB or BC is a zero vector. B |AB| = |BC|

C The vector resolute of AC in the direction of AB is AB.

— —
D The vector resolute of AB in the direction of AC is AC.
E Points A, B and C are collinear.

l

11 Ifu=i-j—kandv =4i+ 12j - 3k, then u - v equals

A 4i-12j+3k B 5i+11j-4k C -5
5
D1 E —
? 13
12 Ifa=3i+2j—kand b = 6i — 3j + 2k, then the scalar resolute of a in the direction
of b is
10 . ) 10 . 3.
A E(6l—3]—2k) B - C 21—51—2k
o 10 ¢ VIO
49 7
13 Leta=3i-5j—2kand b = 2i — 3j — 4k. The unit vector in the direction of @ — b is
1 1
A i-2j+2k B — (5i —2j—-6k) C -(i-2j+2k)
V65 3
1 1
D §(i—2j+2k) E g(—i+2j—2k)
14 (2i+3j+k)-(i—4j+k)equals
A 2i-12j+k B 9 C -9
D 9 E -9

15 If the points P, Q and R are collinear with OP = 3i + Jj—k, O_Q) =i—-2j+ kand
—
OR = 2i + pj + gk, then

7 1
A p=-3andg=2 Bp=—§andq=2 Cp:—zandq=0
1
D p=3andg=-2 Ep=—5andq=2
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16 Ifa=3i+4j,b=2i—-j,x=1i+5jand x = sa + tb, then the scalars s and ¢ are

given by
A s=-landr=-1 B s=-landzr=1 C s=landr=-1
D s=landr=1 E s=V5andt=5

17 Giventhat p = a%, q= O_Q) and the points O, P and Q are not collinear, which one of
the following points, whose position vectors are given, is not collinear with P and Q?

11 1 2
A -p+- B 3p-2 - D -p+= E 2p-—
SP+ 54 P—2q Cp—gq 3P+ 34 P—q
18 PQR s a straight line and PQ = 2QR. R
— — — .
If OQ = 3i — 2j and OR = i + 3j, then OP is 0
equal to
A —i+8j B 7i-12j C 4i-10j
D —4i+10j E -7i+12j P

19 IfOP =2i-2j+kand PO = 2i + 2j — k, then |00 equals
A 25 B 3V2 C6 D9 E 4
20 Consider the simultaneous linear equations
mx—2y =0
6x—(m+4)y=0
where m is a real constant. These equations have a unique solution provided

A me{-6,2} B meR\{-6,2} C meR\ {2}
D meR\({-2,6} E meR\ {0}

21 The position vectors of points P and Q relative to an origin O are OP = —i + j — k and
—
OQ =i-2j+ k. A unit vector perpendicular to the plane OPQ is

| .. L. .

A —17(21—3_]+2k) B —10(3l+k) C %(—1—2_]4"()
1. L., .

D ﬁ(l_k) E @(l +J)

22 Assume that r = a + tb, t € R, is a vector equation of a line that does not pass through
the origin. Which one of the following is not the position vector of a point on the line?

A a B b Ca+b D a-»b E a-7b

23 The two lines given by the vector equations r = 9i — 2j + M(3i — j), for A € R, and
s =3i—2j+n3i+j), foru € R, intersect at the point with coordinates

A (12,-3) B (6,-1) C (0,-3) D (3,0) E (0,1)
24 The plane with vector equation r - (i — j + k) = 2 contains the point
A (1,-1,1) B (-1,1,0) C (0,1,1) D (2,0,0) E (0,0,0)
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286 Chapter 9: Revision of Chapters 5-8

25 For the straight line ¢ given by the vector equation
r=—-i-3j-3k+t2i+j+3k), teR
which one of the following is true?
A The line ¢ is parallel to the vector —2i + 3j + 6k.
B The line ¢ is perpendicular to the vector i — j — 2k.
C The line ¢ passes through the point (-2, -3, 6).
D The line ¢ passes through the origin.
E The line ¢ lies in the plane with equation x +y — z = —1.

26 A system of linear equations has an augmented matrix in row-echelon form as shown.

2x+y+z=3 1 0 % %
x+2y—27=4 01 -3/|3
x-4y+8z:—6 0 0 00
The set of all solutions of this system of equations can be described as
2 5
A x=0,y=0,z=0 B x=—-,y==-,2=0
3 3
4 5 2 — 4\ 5+ 5h
= = —— = D = — = =
C x 3,y 3,10 X T 3,z A AER
2h—4
E x:%,y:sxgs,zzk,keR

27 Letu and v be non-zero vectors in three dimensions. If # - v = |[u X v|, then the angle
between u and v is

7 T 7 4
A B — - D - E -
0 6 ¢ 4 3 2
2
28 1Ifzy =2-iandz =3 +4i, then |—| equals
21
12 2+ 11i\? 1 i\2
A V5 B 5 c® D(+’) E(0+5’)
9 5 5
29 Ifz=-1- 3, then Argz equals
A_ZE g T c X p 2© e T
3 6 3 6 3
30 The vectors pi +2j — 3pk and pi + k are perpendicular when p =
A 0only B 3 only COor3 D lor2 E 1 only

31  One solution of the equation z* — 5z + 17z — 13 = 0 is 2 + 3i. The other solutions are
A -2-3iand 1 B 2-3iand 1 C -2+3iand -1
D 2-3iand -1 E -2+3iand 1

(cos 60° + isin 60°)* .

32 The val f
¢ vaueo (cos 30° + isin 30°)2 '

IEPE
2

ol
N =

A -1 B i C i D

| —
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XZ
33 If3_)>(+4_Y):7_Z>,thenﬁequals Y
3 3
A - B - c1 Z
5 4
4 5
D - E -
3 3
0 > X
34 Ifx+yi= m,wherexandyare real, then
3 4 3 4 3 4
A = — d = —— B = — d = — C = —— d = —
T YT s T M TS B
1 1
szgandy:Z Ex=3andy=—4
35 Leta=2i+3j+4kand b =i+ pj+ k. If a and b are perpendicular, then p equals
A ! B -2 C 2 D 2 E !
3 3 3

1
36 letz= =7 If r = |zl and © = Argz, then
—1

T 1 T

Arzzande=Z Brzzande: T

C r=\/§and6=—z

IN|

Drz%andez—; Erz%andezg
37 Ifu=3 cis(%) andv = 20is(g), then uv is equal to

A cis(%“) B 6cis(%2) c 60132(%2) D 5cis(%“) E 6cis(%”)
38 The modulus of 12 — 5i is

A 119 B 7 C 13 D V119 E V7

39 When V3 — i s divided by —1 — i, the modulus and the principal argument of the
quotient are

n —1lx n
A 2V2and — B V2 and C V2and —
V2 an 2 V2 an 0 V2 an 2
—-11 11
D 2V2and T E V2and s
1 12
40 The equation x*> + 3x + 1 = 0 has
A no solutions B two imaginary solutions C two complex solutions
D two real solutions E one real and one complex solution
1-1 3+
41 The product of the complex numbers ft and \/_2  has argument
o1 B -~ C " D on E none of these
12 12 12 12
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42 The modulus of 1 + cos(20) + i sin(20), where 0 < 6 < g, is

A 4cos’0 B 4sin’0 C 2cosH D 2sin0 E none of these
43  An expression for the argument of 1 + cos 6 + isin 0 is
0 0 0 T 0
A 2cos(5) B 2sin(3)  Co D - 22
cos{ 5 sin| > 5 )
44 A quadratic equation with solutions 2 + 3 and 2 — 3i is
A X +4x+13=0 B x*-4x+13=0 C FP+4x-13=0
D x>+4x-5=0 E x>-4x-5=0
45 The subset of the complex plane defined by the equation |z — 2| — |z + 2| = 0 is
A acircle B an ellipse C astraight line
D the empty set E ahyperbola
46 The subset of the complex plane defined by the equation |z — (2 — i)| = 6 is
A acircle with centre at —2 + i and radius 6
B acircle with centre at 2 — i and radius 6
C acircle with centre at 2 — i and radius 36
D acircle with centre at —2 + i and radius 36
E a circle with centre at —2 — i and radius 36
47 The graph shown can be represented by the set Imz
7 A
A { TArgz = —}
ciArgz= o
B {z:Argz=—E}
4 >R
> Rez
T 0 T
C {z CArgz = — } 4
4
D {z:Imz+Rez=0}
E {z:Imz—Rez=0}
48 The subset of the complex plane defined by the equation |z — 2| — |z — 2i| = 0 is
A acircle B an ellipse C astraight line
D the empty set E ahyperbola
49 Which one of the following subsets of the complex plane is not a circle?
A {z:]z=2} B {z:]z—i=2} C {z:7zz+2Re(iz) =0}
D {z:lz—-1]=2} E {z:|zl =2i}
50 Which one of the following subsets of the complex plane is not a line?
A {z:Im(z) =0} B {z:Im(z)+Re(z) =1} C {z:z+7=4}
T
D {z:Arg(z)=Z} E {z:Re(z) =Im(z)}
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51 Points P, Q, R and M are such that PQ = 5i, PR =i + j + 2k and RM is parallel to PQ
—5
so that RM = M, where A is a constant. The value of A for which angle ROM is a

right angle is
19 21
A0 B — Cc — D 10 E 6
4 4
52 In this diagram,a:6i—j+8k, A
ﬁ
OB=-3i+4j-2kand AP: PB=1:2. P
The vector OP is equal to
B
7. 4 7. 4
A lild B 3. lic?
3 + 3k 3i+ 3]+ 3k

2 14
C 3j+4k D3i+§j+?k
E none of these
53 In an Argand diagram, O is the origin, P is the point (2, 1) and Q is the point (1, 2).
If P represents the complex number z and Q the complex number «, then o equals
A 7 B iz C 2 D -iz E =z

54 1In an Argand diagram, the points that represent the complex numbers z, =7, 7!

and —(z1) necessarily lie at the vertices of a

A square B rectangle C parallelogram

D rhombus E trapezium

55 Assume that the two vector equations r; = a| +td;,t € R,and ry, = a; + sdy, s € R,
represent the same line £, where ¢ does not pass through the origin. Which one of the
following is not true?

A d, = kd, for some k € R B a, =a, +1td, forsometeR
C d, = a; +td; for somet € R D a, — a, = kd, for some k € R
E a; + d, is the position vector of a point on the line £

56 A system of linear equations has an augmented matrix in row-echelon form as shown.

xX+y+z=2 1 1 1 2
X+2y+kz=4 0 1 k-1 2
2x+3ky+2z=06 0 0 (k—1)2-3k) | 6(1-k)

Which one of the following is true?
A For all values of k, this system of equations has no solutions.

There is only one value of k for which this system has a unique solution.

Nn W

There are exactly two values of k for which this system has a unique solution.

O

There is only one value of k for which this system does not have a unique solution.

There are exactly two values of k for which this system does not have a unique
solution.
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9C Extended-response questions

1 a Points A, B and P are collinear with B between A and P. The points A, B and P have

. . . i — 3=
position vectors a, b and r respectively, relative to an origin O. If AP = EAB:

. — .
i express AP in terms of a and b
ii express rin terms of @ and b.
b The points A, B and C have position vectors Z, 2i + 2j and 4i + j respectively.
. . — —_—
i Find AB and BC.
il Show that AB and BC have equal magnitudes.
iii Show that AB and BC are perpendicular.
iv Find the position vector of D such that ABCD is a square.
¢ The triangle OAB is such that O is the origin, OA = 8i and OB = 10j. The point P

with position vector OP = xi + vj + zk is equidistant from O, A and B and is at a
distance of 2 above the triangle. Find x, y and z.

2 a LetS ={z:|z1<2}and T) ={z:Im(z) + Re(z) > 4}.
i On the same diagram, sketch S; and T, clearly indicating which boundary
points are included.
il Letd =|z; — 22|, where z; € S| and z, € T,. Find the minimum value of d.
b LetS;={z:lz—1-i<1}andTr={z:z-2-i<|z—-1}
i On the same diagram, sketch S, and T, clearly indicating which boundaries
are included.

ii If z belongs to S, N T>, find the maximum and minimum values of |z|.

3 OACB s a trapezium with OB parallel to AC and AC = 20B. Point D is the point of
trisection of OC nearer to O.

— — .
a Ifa = OA and b = OB, find in terms of a and b:
i BC it BD il DA
b Hence prove that A, D and B are collinear.
4 a lfa=i-2j+2kand b =12j - 5k, find:
i the magnitude of the angle between a and b to the nearest degree

ii the vector resolute of b perpendicular to a

iii real numbers x, y and z such that xa + yb = 3i — 305 + zk.

b Intriangle OAB, a = OA and b = OB. Points P and Q are such that P is the point of
— —
trisection of AB nearer to B and OQ = 1.50P.

i Find an expression for A_Q> in terms of @ and b.
il Show that OA is parallel to BQ.
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5 a Showthatif2a+b—-c=0anda—-4b—-2c=0,thena:b:c=2:-1:3.

b Assume that the vector xi + yj + zk is perpendicular to both 2i + j — 3k and i — j — k.
Establish two equations in x, y and z, and find the ratio x : y : z.

¢ Hence, or otherwise, find any vector v which is perpendicular to both 2i + j — 3k
andi—j— k.

d Show that the vector 4i + 55 — 7k is also perpendicular to vector v.

e Find the values of s and ¢ such that 4i + 5j — 7k can be expressed in the form
sQi+j-3k)+ti—-j-k).

f Show that any vector r = #(2i + j — 3k) + s(i — j — k) is perpendicular to vector v
(where t € R and s € R).

6 Consider a triangle with vertices O, A and B, where E{ =a and Eé = b. Let 0 be the
angle between vectors a and b.
a Express cos 0 in terms of vectors a and b.
b Hence express sin 0 in terms of vectors a and b.

¢ Use the formula for the area of a triangle (area = %ab sin C) to show that the area of
triangle OAB is given by

%\/(a ~a)(b-b) — (a - b)?

7 In the quadrilateral ABCD, the points X and Y are the midpoints of the diagonals AC
and BD respectively.
- = —
a Show that BA + BC = 2BX.
e e —
b Show that BA + BC + DA + DC = 4YX.

8 The position vectors of the vertices of a triangle ABC, relative to a given origin O, are
a, b and c. Let P and Q be points on the line segments AB and AC respectively such
that AP: PB=1:2and AQ : QC =2 : 1. Let R be the point on the line segment PQ

such that PR: RO =2 : 1.

4 1 4
a Prove that OR = §a + §b + §c.
b Let M be the midpoint of AC. Prove that R lies on the median BM.

¢ Find BR : RM.

9 The points A and B have position vectors a and b respectively, relative to an origin O.
The point C lies on AB between A and B, and is such that AC : CB =2 : 1, and D is the
midpoint of OC. The line AD meets OB at E.

a Find in terms of a and b:
i OC it AD
b Find the ratios:
i OFE : EB iit AE:ED
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10 The position vectors of the vertices A, B and C of a triangle, relative to an origin O,

are a, b and ¢ respectively. The side BC is extended to D so that BC = CD. The point
X divides side AB in the ratio 2 : 1, and the point Y divides side AC in the ratio 4 : 1.
Thatis, AX : XB=2:1andAY : YC =4: 1.
a Express in terms of a, b and ¢:

. . 4

i OD il 0X i oy
b Show that D, X and Y are collinear.

11 Points A, B, C and D have position vectors j + 2k, —i — j, 4i + kand 3i + j + 2k
respectively.

a Prove that the triangle ABC is right-angled.
b Prove that the triangle ABD is isosceles.
¢ Show that BD passes through the midpoint, E, of AC and find the ratio BE : ED.

12 The line segment AB is the common perpendicular joining the two skew lines AP
and BQ. The midpoint of AB is C, and the midpoint of PQ is R. The position vectors of
the points A, B, P and Q are a, b, p and ¢ respectively.

a Find each of the following in terms of a, b, p and q:
i AB it PO i CR
b Hence show that CR is perpendicular to AB.

13 Leta, b and ¢ be non-zero vectors in three dimensions such that
axb=3axc

a Show that there exists k € R such that b — 3¢ = ka. |

b Given that |a| = |¢| = 1, |b| = 3 and the angle between b and c is arccos(g), find:
i b-c ii |b—3c| iii the possible values of k.

¢ Hence find the cosine of the angle between vectors a and c.

14 a LetA, Band C be points in three-dimensional space with position vectors a, b and ¢
respectively. Given that A, B and C are not collinear, prove that the plane ABC can
be represented by the vector equation

r=ha+ub+ve, wherehu,veRwithh+p+v=1

b For each of the following, write down a vector equation of the plane ABC in the
form established in part a:
i A(1,1,1), B(l,-1,1), C(1,1,-1)
i A(1,1,1), B(-1,-2,3), C(2,1,-2)
¢ Find a vector equation (using just one parameter ¢ € R) for the line of intersection of
the two planes given by
ry =Mi+2w j+3vik, whereh;, 1, vy € Rwithh +up+vy =1

ry = 2Mi + U2 j + 2vok, where Ao, Uz, vz € R with Ao + m +vy, =1
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15 A vector equation of a plane [Tis r- n = k.
a Let ¢ be a line with vector equation r = a + b, t € R. Given that b - n # 0, show that
the plane IT meets the line ¢ at the point with position vector
(b-n)a— (a-n)b + kb
b-n
b Let P be a point, with position vector p, such that P does not lie on the plane II.

i Using part a, express the position vector of the point where the plane IT meets
the line through P perpendicular to IT in terms of p, n and k.
ii Express the distance from the point P to the plane IT in terms of p, r and k.

16 Consider the system of equations
x+y+2z=a
x+z=>b
2x+y+3z=c
a Find the relationship between a, b and c if the system has at least one solution.
b Under the conditions found in part a, find a vector equation of the line of
intersection of the three planes defined by these three equations.

¢ Solve the equations if a = b.

17 The general equation of a circle in the Cartesian plane is x> + y* + ax + by + ¢ = 0.
a The three points (3, 1), (-1, -2) and (4, —5) lie on a circle.
i Write down three linear equations in a, b and c.

i Represent these three equations as an augmented matrix.
i

iii Find the centre and radius of the circle.

b Consider the three points (3, —1), (=1, —2) and (0, k).

i By substituting these values into the equation x> + y*> + ax + by + ¢ = 0, write
down three linear equations in a, b and c.

Represent these three equations as an augmented matrix.

iii Find the values of k for which these three points lie on a circle.

¢ Find the values of & for which the points (3, —1), (=1, -2) and (1, k) lie on a circle.

18 a For a = 1 — V3i, write the product of z — o and z — @ as a quadratic expression in z
with real coefficients, where o denotes the complex conjugate of a.
b i Express a in polar form.
Find o? and o.
Show that a is a solution of the equation z* — z* + 2z + 4 = 0, and find all three
solutions of this equation.
¢ On an Argand diagram, plot the three points corresponding to the three solutions.
Let A be the point in the first quadrant, let B be the point on the real axis and let C be
the third point.

i Find the lengths AB and CB. ii Describe the triangle ABC.
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1 1
19 a Ifz=1+ V2i express p = z+ — and ¢ = z — — in the form a + bi.
z b4
b On an Argand diagram, let P and Q be the points representing p and g respectively.
Let O be the origin, let M be the midpoint of PQ and let G be the point on the line
2
segment OM with OG = EOM . Denote vectors OP and O_Q) by a and b respectively.

Find each of the following vectors in terms of a and b:
i PO ii OM iii 0G v GP v GO
¢ Prove that angle PGQ is a right angle.
20 a Find the linear factors of 7> + 4.
b Express z* + 4 as the product of two quadratic factors in C.
¢ Show that:
i (1+0)?>=2i i (1-0)?=-2i
d Use the results of ¢ to factorise z* + 4 into linear factors.

e Hence factorise z* + 4 into two quadratic factors with real coefficients.

21 a Letz =1+3iand z; = 2 —1i. Show that |z; — z»| is the distance between the points z;
and z; on an Argand diagram.
b Describe the locus of z on an Argand diagram such that |z — (2 — i)| = V5.
¢ Describe the locus of z such that [z — (1 + 3i)| = |z — (2 = 0)|.

22 letz=2+1.
a Express z° in the form x + yi, where x and y are integers.

b Let the polar form of z = 2 + i be r(cos a + i sin a). Using the polar form of z*, but
without evaluating a, find the value of:

i cos(3a) il sin(3a)
: > 1 V3
23 The cube roots of unity are often denoted by 1, w and w~, where w = ) + =
and w? = L ﬁi
2 27

a i Illustrate these three numbers on an Argand diagram.
ii Show that (w?)? = w.
b By factorising z* — 1, show that w? + w + 1 = 0.
Evaluate:
i (1+w)(1+w?
i (1+w?)?

d Form the quadratic equation whose solutions are:

(g]

i 2+wand?2+w?

ii 3w—w?and 3w? —w

(]

Find the possible values of the expression 1 + w” + w?" for n € N.
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24

-]

Letz> — 1 = (z = 1)P(z), where P(z) is a polynomial. Find P(z) by division.

o

2
Show that z = cis(?n) is a solution of the equation z° — 1 = 0.

Hence find another complex solution of the equation z°> — 1 = 0.

Q n

Find all the complex solutions of z° — 1 = 0.
e Hence factorise P(z) as a product of two quadratic polynomials with real
coeflicients.

25 a Two complex variables w and z are related by

az+b
z+c¢

w =

where a, b, ¢ € R. Given that w = 3i when z = —3i and that w = 1 — 4/ when
z = 1 + 44, find the values of a, b and c.

b Letz = x + yi. Show that if w = Z, then z lies on a circle of centre (4, 0), and state the
radius of this circle.

is(560
26 a Use De Moivre’s theorem to show that (1 + itan0)’ = Cis(50) .
cos’(0)
b Hence find expressions for cos(560) and sin(50) in terms of tan 6 and cos 6.
5t—1082 + 1
¢ Show that tan(50) = m where ¢ = tan 0.

1
d Use the result of € and an appropriate substitution to show that tan(g) =(5-2V5)2.

27 a Express, in terms of 0, the solutions a and f of the equation z + z~! = 2 cos 0.

b If P and Q are points on the Argand diagram representing o + " and o — p"
respectively, show that PQ is of constant length for n € N.

28 LetS and T be the subsets of the complex plane given by
3
S ={z: \/Eslzls3andg<Argzs TH}

T ={z:7zz+2Re(iz) <0}

a Sketch S on an Argand diagram.
b Find{z:z€ S and z = x + yi where x and y are integers }.
¢ On a separate diagram, sketch S N T.
3
29 a LetA= {z:Argz: g}andB: {z:Arg(z—4): Tn}
Sketch A and B on the same Argand diagram, clearly labelling A N B.

b LetC:{z:‘g
7+7Z

gl}andD:{z:zz+(Z)2S2}-

Sketch C N D on an Argand diagram.
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—

30 In the tetrahedron shown, ﬁ’a =1i,0C = —i + 3j and A
ﬁ
BA = k.
a Express Ei and Ei in terms of Z, j, k and V.
b Find the magnitude of ZCBO to the nearest degree.

¢ Find the value of A, if the magnitude of ZOAC
is 30°.

C B

0]

31 a ABCD is a tetrahedron in which AB is perpendicular to CD and AD is perpendicular
to BC. Prove that AC is perpendicular to BD. Let a, b, ¢ and d be the position
vectors of the four vertices.

b Let ABCD be a regular tetrahedron. The intersection point of the perpendicular
bisectors of the edges of a triangle is called the circumcentre of the triangle. Let X,
Y, Z and W be the circumcentres of faces ABC, ACD, ABD and BCD respectively.
The vectors a, b, ¢ and d are the position vectors of the four vertices.

i Find the position vectors of X, ¥, Z and W.
. — — = —
il Find the vectors DX, BY, CZ and AW.

iii Let P be a point on DX such that DP = ZDX . Find the position vector of P.

iv Hence find the position vectors of the points Q, R and S on BY, CZ and AW
. — 33— = 3= — 33—
respectively such that BQ = ZBY ,CR = ZCZ and AS = ZAW.

v Explain the geometric significance of results iii and iv.

32 Consider the two lines ¢; and ¢, defined as follows:
li: ri=a;+Ay, NeR, where aj =—-i+4j+4k and d\=-4i+j+k
b ry=ay+udy, pneR, where ay =—-4i+2j+3k and d, = 6i —j—-2k
a Show that the lines ¢; and ¢, do not intersect.

Since the lines ¢; and ¢, are not parallel, it now follows that they are skew lines.
There is a point P on £; and a point Q on ¢, such that PQ is perpendicular to both
lines ¢, and ¢,. We have 0P = a, + sd; and 0_>Q = a, + td», for some s,1 € R.

b Express the vector P_Q> in component form in terms of s and .

Since PQ is perpendicular to both lines ¢; and ¢, we must have P_Q> =m(d| X d»),
for some m € R.

¢ Find d; X d», and hence express the vector P—>Q in component form in terms of m.
d Use parts b and c to obtain three linear equations in s, ¢ and m.

e Solve this system of equations for s, ¢ and m.

f Hence find the coordinates of the points P and Q.

g The distance between the skew lines £, and ¢, is given by |P_Q)|. Find this distance.
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P> To review differentiation.
P To find the derivative of the function y = In|x|.

v

To use the rule % = % to obtain the derivative of a function of the form x = f(y).
dy

To find the derivatives of the inverse circular functions.

To apply the chain rule to problems involving related rates.
To apply the chain rule to parametrically defined relations.
To sketch the graphs of rational functions.

vVvyvyyvyy

To use implicit differentiation.

In this chapter we review the techniques of differentiation that you have met in Mathematical
Methods Year 12. We also introduce important new techniques that will be used throughout
the remainder of the book. Differentiation and integration are used in each of the following
chapters, up to the chapter on statistical inference.

In Mathematical Methods Year 12, you have used the second derivative for graph sketching.
In this chapter we apply these techniques to sketch the graphs of rational functions such as

In general, a rational function is the quotient of two polynomial functions.

We also investigate techniques for finding the gradient at a point on a curve that is not the
graph of a function:

m For a curve defined by parametric equations, we will use related rates.

m For a curve defined by a Cartesian equation, we will use implicit differentiation.
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298 Chapter 10: Differentiation and rational functions

10A Differentiation

The derivative of a function f is denoted by f” and is defined by
Jx+h) - f(x)
h

, .
x) = lim

F h—0

The derivative f” is also known as the gradient function.

If (a, f(a)) is a point on the graph of y = f(x), then the
gradient of the graph at that point is f(a).

If the line ¢ is the tangent to the graph of y = f(x) at the
point (a, f(a)) and £ makes an angle of 6 with the positive
direction of the x-axis, as shown, then

f'(a) = gradient of £ = tan ©

» Review of differentiation

Here we sum@arlse b.am.c denvatlve§ f(x) F(x)
and rules for differentiation covered in .
. a 0 where a is a constant
Mathematical Methods Year 12.
x" nx"1 where n € R\ {0}
The use of a CAS calculator for .
} ) T sin x CcoS X
performing differentiation is also covered .
in Mathematical Methods. cosx - smx
er er
1
Inx - forx >0
X
Product rule
m If f(x) = g(x) h(x), then m Ify = uv, then
d dv du
F/(0) = 8/ h(x) + g I (%) 2w

Quotient rule

a1 1) = 59 then m Ify="2, then
h(x) v
du_ dv
s &) h(x) — g(0) W (x) dy Vax "ax
7= 2 i
(h(x)) dx v
Chain rule
m If f(x) = h(g(x)), then m Ify = h(u) and u = g(x), then
dy dy du
’ — h/ ’ - = =L =
() =nH(g(x)g'(x) 2 du dx
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Differentiate each of the following with respect to x:
2
. X
a +xsinx b — c cos(x*+ 1)
sin x

Solution
a Let f(x) = Vxsinx.
Applying the product rule:
1 _1 1
f(x) = §x72 sin x + x2 cos x

\/x sin x

= +vVxcosx, x>0
2x

2
b Leth(x) = —.
sin x

Applying the quotient rule:

2xsinx — x% cos x

sin’ x

W(x)=

¢ Lety = cos(x> + 1).
Letu = x> + 1. Then y = cos u.

By the chain rule:

dy _ dy du
dx  du dx
= —sinu-2x

= —2xsin(x* + 1)

» The derivative of tan(kx)
Let f(x) = tan(kx). Then f'(x) = k sec’(kx).

sin(kx)
cos(kx)’
The quotient rule yields
, k cos(kx) cos(kx) + k sin(kx) sin(kx)
f') = .
cos?(kx)

: k(cos?(kx) + sin®(kx))

B cos2(kx)

= ksec’(kx)

Proof Let f(x) = tan(kx) =
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Differentiate each of the following with respect to x:

a tan(5x* + 3) b tan’x ¢ sec’(3x)
Solution
a Let f(x) = tan(5x> + 3). b Let f(x) = tan® x = (tan x)*.
By the chain rule with g(x) = 5x* + 3, By the chain rule with g(x) = tan x,
we have we have
f(x) = sec’(5x% +3) - 10x f/(x) = 3(tan x)* - sec® x
= 10xsec’(5x% + 3) = 3tan’ x sec’ x

c Lety= secz(Sx)
= tan’(3x) + 1 (using the Pythagorean identity)
= (taln(?wc))2 +1

Let u = tan(3x). Then y = u?> + 1 and the chain rule gives

dy _ dy du
dx  du dx

= 2u - 3sec’(3x)

= 6 tan(3x) sec*(3x)

» Operator notation

Sometimes it is appropriate to use notation which emphasises that differentiation is an

d
operation on an expression. The derivative of f(x) can be denoted by Ec( f(0).

Find:
d d d
a E(ﬁ +2x+3) b Ec(exz) c d—z(sinz(z))
Solution
d ,
a d—(x +2x+3)=2x+2
X
b Lety= e and u = x%. Then y = e*. ¢ Lety =sin’(z) and u = sinz. Then y = u?.
The chain rule gives The chain rule gives
dy dy du dy dy du
dx  du dx dz  du dz
=e"-2x =2ucosz
= 2xe® =2sinz cosz
. d = sin(2z)
ie. d—(exz) = 2xe®
X
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» The derivative of In|x|
The function y
S RAV{0} = R, f(x) =In|x]|

is very important in this course. \ /
» X

The graph of the function is shown opposite.

_ 0
The derivative of this function is determined in ! !
the following example.
Example 4
(— d
a Find —(In|x]) for x # 0.
dx
d 2k + 1
b Find —(In|sec x|) for x ¢ { @kt D ke Z}.
dx 2
Solution
a Lety=In|x|. b Let y =In|sec x|
If x > 0, then y = In x, so —In 1
Gy CoS X
dx ~ x _ m( ! )
If x < 0, then y = In(—x), so the 554
chain rule gives = —In|cos x|
dy 1 1 1 Let u = cosx. Theny = —In |u.
de | = XED= P By the chain rule:
Hence Q — ﬂ @
d 1 dx  du dx
—(n|x])=—- forx#0
dx X 1 .
= —— X (—sinx)
u
_ sinx
 cosx
=tan x
Derivative of In |x|
1
Let f: R\ {0} > R, f(x) = In|x|. Then f'(x) = —.
X
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Chapter 10: Differentiation and rational functions 10A
Second derivatives
In Mathematical Methods Year 12, you have used the second derivative for graph sketching.
Recall that the second derivative of a function is just the derivative of the derivative.
m The second derivative of a function f is denoted by f”’. )
m The second derivative of y with respect to x is denoted by d_);
X
For the graph of a function y = f(x), the second derivative can tell us how the gradient of the
curve is changing over an interval (a, b):
m If f”(x) > O for all x € (a, b), then the gradient of the curve is increasing over the
interval (a, b). The curve is said to be concave up.
m If f(x) <O for all x € (a, b), then the gradient of the curve is decreasing over the
interval (a, b). The curve is said to be concave down.
Point of inflection
A point where a curve changes from concave up to concave down or from concave down
to concave up is called a point of inflection. That is, a point of inflection occurs where the
sign of the second derivative changes.
For example, in the graph shown on the right, there y
are points of inflection at x = c and x = d. A

m The curve is concave up on the intervals (—oo, ¢)
and (d, o). (d, f(d))

>y
(e.f@) N

m The curve is concave down on the interval (c, d).

Note: At a point of inflection of a twice differentiable function f, we must have f”(x) = 0.
However, this condition does not necessarily guarantee a point of inflection. At a point
of inflection, there must also be a change of concavity.

=TT 10A

Skillsheet » 1 Find the derivative of each of the following with respect to x:
Example 1 a xsinx b +/x cosx Cc e*cosx d xPe* e sinx cosx
example2| 2 Find the derivative of each of the following with respect to x:
a e¢“tanx b x*tanx c tanx Inx d sinxtanx e +/xtanx
3 Find the derivative of each of the following using the quotient rule:
x X e* tan x
a — b VX c d
In x tan x tan x Inx
sin x tan x COos X COos X
e - f 4 h " (= cot x)
X COS X er sin x
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4 Find the derivative of each of the following using the chain rule:

a tan(x* + 1) b sin’x c ey d tan’ x
1
e sin(vx) f Vtanx g cos(—) h sec’x
X
. X - . T
i tan(Z) J cotx Hint: Usecotx = tan(E - x).
5 Use appropriate techniques to find the derivative of each of the following:
a tankx),k€eR b e c tan’*(3x) d In(x)esn*
3x+1
e sin’(x?) f Zos g e*tan(2x) h +/x tan(+/x)
X
tan® x e
1 m ) sec (SX )

6 Find Z—y for each of the following:

X
ay=x-1y b y=In(4x) c y=¢e"tan(3x) d y=¢o*
3 . 4 . X +1
e y=cos’(4x) f y=(sinx+1) g y=sin(2x)cosx h y=
X
iy x? .1
y_sinx J y_xlnx

example 3| 7  For each of the following, determine the derivative:

a %(f) b %(2}12 + 10y) c diz(cos2 2)

d %(esmz") e diz(l — tan®z) f diy(cosec2 y)
example4| 8 For each of the following, find the derivative with respect to x:

a In|2x+ 1] b In|-2x+1] ¢ In|sin x|

d In|sec x + tan x| e In|cosec x + tan x| f In Itan(%x)l

g InJcosec x — cot x| h Injx+ Vx2 - 4| i In|x+ VxZ +4|

9 Let f(x) = tan(g). Find the gradient of the graph of y = f(x) at the point where:

TT T
:O b = — = —
a x X 3 cC Xx )

10 Let f: (—gg) SR, f(x) = tan x.

a Find the coordinates of the points on the graph where the gradient is 4.
b Find the equation of the tangent at each of these points.
11 Letf: (—g g) — R, f(x) =tanx — 8sin x.
a i Find the stationary points on the graph of y = f(x).
ii State the nature of each of the stationary points.
b Sketch the graph of y = f(x).
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304 Chapter 10: Differentiation and rational functions 10A

12 Let f: (—g g) - R, f(x) = e“sinx.

a Find the gradient of y = f(x) when x = g

b Find the coordinates of the point where the gradient is zero.

13 Let f: (—g g) — R, f(x) = tan(2x). The tangent to the graph of y = f(x) at x = a

makes an angle of 70° with the positive direction of the x-axis. Find the value(s) of a.

4
a Find f'(x).

b Find f'(m).
¢ Find the equation of the tangent to y = f(x) at the point where x = .

14 Let f(x) = sec(f).

15 Find the second derivative of each of the following:

a 2x+5)% b sin(2x) c cos(%c) d tanx e e

f In(6x) g In(sinx) h tan(1 -3x) i sec(g) i cosec(%)

1
1+ x+x2
a Find the coordinates of the points of inflection.

16 Consider the graph of y =

b Find the coordinates of the point of intersection of the tangents at the points
of inflection.

17 For each of the following functions, determine the coordinates of any points of

inflection and the gradient of the graph at these points:
x+ 1 x—2

v ay=1 by=oa

10B Derivatives of x = f(y)

From the chain rule:

dy _dy  du
dx du dx

For the special case where y = x, this gives
dr _dx du
dx du dx
o dr de
du dx

provided both derivatives exist.

This is restated in the standard form by replacing u with y in the formula:
d
dx dy _
dy dx

We obtain the following useful result.

1

Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
Specialist Mathematics Year 12 Photocopying is restricted under law and this material must not be transferred to another party.



10B Derivatives of x = f(y) 305

dy 1 . dx
i E provided & #0
dy

Note: We are assuming that x = f(y) is a one-to-one function.

d
Given x = y3, find _y'
dx
Solution Explanation
We have The power of this method can be appreciated by
dx 342 comparing it with an alternative approach as follows.
— =3y
d 1
- Y Let x = y>. Then y = vx = x3.
ence
Hence
dy 1
= === #0
dx  3y? 4 dy _1 x%
dx 3
. dy 1
1.e. i 3\3/?, x#0
1 1
Note that — = ——.
32 3V

While the derivative expressed in terms of x is the
familiar form, it is no less powerful when it is found
in terms of y.

Note: Here x is a one-to-one function of y.

Find the gradient of the curve x = y> — 4y at the point where y = 3.

Solution
x=y*—4y
dx
— =2y—-4
dy 4
dy 1
A )
- gy U7

1
Hence the gradient aty = 3 is X

Note: Here x is not a one-to-one function of y, but it is for y > 2, which is where we are
interested in the curve for this example. In the next example, we can consider two
one-to-one functions of y. One with domain y > 2 and the other with domain y < 2.
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306 Chapter 10: Differentiation and rational functions

Find the gradient of the curve x = y> — 4y at x = 5.

Solution
x=y2—4y
d
& oy_4
dy
dy 1
== 2 = #2
dx 2y-4 7
Substituting x = 5 into x = y*> — 4y yields
y2—4y=5
¥ —4y-5=0
-5+ 1)=0

y=5 or y=-1
Substituting these two y-values into the derivative gives
dy 1 dy 1

e G

Note: To explain the two answers here, we consider the graph of x = y*> — 4y, which is the
reflection of the graph of y = x> — 4x in the line with equation y = x.

Graph of y = x? — 4x Graph of x = y? — 4y

y y
A A

B

0.9 —
A
-3
(_49 2)
0 (4,0 . 0 5 -

1F

C

(2’ _4)

When x = 5, there are two points, B and C, on the graph of x = y2 — 4y.

dy 1
AtB,y=5and — = —.
dx ©
dy 1
AtC,y=—-1and — = ——.
dx 6
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10B 10B Derivatives of x = f(y) 307

Using the TI-Nspire

" Fistsohe.x )2 —dyfo:
m Differentiate each express1.0n for y with solve(r-y2-4»yy) Iy
respect to x and then substitute x = 5, y=-({x+4 ~2) or y={x+4 +2
as shown. d 1

, o d—('(Jx+4 -2))
Note: Press (w) to obtain the derivative * 2 {x+4
d - :
template -0 I Rl
2 Jx+4 6
«EER rao {11 B3
d 1
= \Wx+4 +2
dx( ) 2 x4
=5 -
2 \x+4 6
Using the Casio ClassPad
Main . 2
m In [y, enter the equation x = y~ — 4y and & Edit Action Interactive
solve for y. '
m Enter and highlight each expression for y solve(x=y2-4y, ¥)
as shown. {y=—Vx+4+2, y=Vx+4+2}
i i i A (_yx¥3+2)
m Go to Interactive > Calculation > diff. PR
= Substitute x = 5. =1
2+Vx+4
i—(—\lx+4+2) |x=5
i
6
A (Vxra+2)
dx
1
2+Vx+4
4 (Vx+442) |2=5
dx
1
6.
ST 10B
. d 1 d .
Skillsheet > 1~ Using G ——, find £ for each of the following:
dx  dx dx
dy
Example 5 a x=2y+6 b x=y c x=Q2y-17? d x=¢
e x = sin(5y) f x=1Iny g x=tany h x=y’+y-2
. -1
x=2 J x=ye¥
y
Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press

Specialist Mathematics Year 12 Photocopying is restricted under law and this material must not be transferred to another party.



308 Chapter 10: Differentiation and rational functions 10B

example 6,7 2 For each of the following, find the gradient of the curve at the given value:

ax:y3aty:% bx:y3atx:%
cx=eYaty=0 d)c:f,"‘yat)c:él—1
e x=(1-2yaty=1 fx=(1-2yatx=4
g x:cos(2y)aty=g h x=cos2y)atx=0

d
3 For each of the following, express d_y in terms of y:
X

ax=Q2y-1)> b x=¢»"! c x=InQRy-1) d x=InQ2y) -1
.. . . . dy .
4 For each relation in Question 3, by first making y the subject, express I in terms of x.
X

5 Find the equations of the tangents to the curve with equation x = 2 — 3y? at the points
where x = —1.

6 a Find the coordinates of the points of intersection of the graphs of the relations
x=y"—4yandy=x-6.
b Find the coordinates of the point at which the tangent to the graph of x = y*> — 4y is
parallel to the line y = x — 6.

¢ Find the coordinates of the point at which the tangent to the graph of x = y* — 4y is
perpendicular to the line y = x — 6.

7 a Show that the graphs of x = y> —yand y = %x + 1 intersect where x = 2 and find the
coordinates of this point.

b Find, correct to two decimal places, the angle between the line y = %x + 1 and the
tangent to the graph of x = y*> — y at the point of intersection found in a (that is, at
‘/ the point where x = 2).

10C Derivatives of inverse circular functions

The result established in the previous section

dy 1
dx  dx
dy

can be used to find the derivative of the inverse of a one-to-one function, provided we know
the derivative of the original function.

For example, for the function with rule y = In x, the equivalent function is x = ¢”. Given that

dx cody 1 dy 1
we know — = ¢”, we obtain — = —. But x = ¢”, and therefore — = —.
dy dx e X
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10C Derivatives of inverse circular functions 309
» The derivative of sin™"(x)

If f(x) = sin”"(x), then f’(x) =

for x € (-1, 1).

—x2

Proof Lety = sin~!(x), where x € [=1,1] and y € [—g g]

d
The equivalent form is x = siny and so d_x = COS Y.
Y

d 1
Thus d_z = m andcosy # 0 fory e (—g E).

S dy .
The Pythagorean identity is used to express d_y in terms of x:
X
sin?y + cos?y = 1

cos’y=1-sin’y

cosy = V1 —sin’y

Therefore cosy = V1 —sin’y since y € (—g, g) and so cosy > 0
=V1-x2 since x = siny
d 1 1
Hence Y___~ - forx e (-1,1)

dx cosy A1—-2

» The derivative of cos™'(x)

If f(x) = cos™!(x), then f(x) =

for x € (-1, 1).
— P

Proof Lety = cos™'(x), where x € [-1, 1] and y € [0, «t].

d
The equivalent form is x = cosy and so d_x = —siny.
Y
d -1
Thus a9 —— and siny # 0 for y € (0, 7).
dx siny

Using the Pythagorean identity yields
siny = #V1 — cos?y
Therefore siny = VI — cos?y since y € (0, ) and so siny > 0
= VI - a2 since x = cosy

Hence d_-1_ -
dx siny -2
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310 Chapter 10: Differentiation and rational functions
» The derivative of tan™"(x)

If f(x) = tan!(x), then f’(x) = for x € R.

1
1+ x2

Proof Lety = tan~'(x), where x e Rand y € (—g, g)

d d 1
Then x = tany. Therefore & sec’ y, giving 9 .
dy dx sec?y

Using the Pythagorean identity sec’> y = 1 + tan? y, we have

dy 1 1
dx sec?y 1+tan?y
1
=T+ 0 since x = tany

For a > 0, the following results can be obtained using the chain rule.

Inverse circular functions

. (_ _ a1 * p _ 1
f:(=a,a) - R, f(x) = sin (a)’ f(x) = —a2 —
fi(=a,a) > R f(x) = cos‘l(f) f(x) = _—1

o ) s P 5 az = x2

5 _ (28 p _ a
f:R—>R, f(x) = tan (a)’ ()= 3

Proof We show how to obtain the first result; the remaining two are left as an exercise.
.1 X .
Lety = sin 1(—). Then by the chain rule:
a

1 1

dy 1 ><1_ _
dx Xy a 2\ V-2
ER T
a a

Differentiate each of the following with respect to x:

2
a sin_'(g) b cos™'(4x) c tan‘l(?x) d sin”!(x2-1)
Solution
a Lety= sin_l(g). Then b Lety=cos™'(4x)and u = 4x.
i 1 By thedchain rulel:
dx  \o_ Qo x4
dx \1-.2
3 -4
V1 — 16x2
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10C Derivatives of inverse circular functions 311

2 2
c Lety= tan*'(?x)andu = ?x d Lety=sin"!(x* - 1)and u = x> — 1.
By the chain rule: By the chain rule:
d 1 2
H__L 2 H__L o
dx 1+u*> 3 dx \1-.2
2 2x
= — X = - —_—
1+(2)‘)2 3 VI—(2-17
3 2x
9 2 =
=———X= 1 -(x*-2x2+1
4x2+9 3 V1= ( )
2x
6 = —
=2 Va2 —
4x* +9
3 2x
V2V2 - 2
3 2x
|x| V2 — x2
2
Hence Q: for0 < x < V2
dx )
dy -
and — = for—V2 < x <0
dx D2

______ Exercise iU

Skillsheet » 1

Find the derivative of each of the following with respect to x:

Example 8 a sin™! (%) b cos‘l(g) c tan‘l(g) d sin”'(3x) e cos”!(2x)
3 3 . 2 .o
f tan~!(5x) g sin_l(—x) h cos™! (_x) i tan‘l(—x) j sin™'(0.2x)
4 2 5

2 Find the derivative of each of the following with respect to x:

a sin'(x+1) b cosT'2x+1) c tan"!(x +2) d sin”'(4-x)

3x+1 5x-3
e cos”'(1 -3x) f 3tan"'(1-2x) g 2sin_1(xT) h -4 cos‘l( al )
1 -

i 5tan‘1(Tx) j —sin”'(x?)

3 Find the derivative of each of the following with respect to x:
3 5 3 3
ay= cos‘l(—) forx>3 b y= sin‘l(—) for x > 5 cy= cos‘l(—) for x > =
X by 2x 2

4 For a positive constant a, find the derivative of each of the following:

a sin"'(ax) b cos!(ax) ¢ tan!(ax)
5 Find the second derivative of each of the following:

2
a 4sin'(x) b tan~'(x) c3 sin_l(j—:) d cos™!(3x) e 2tan‘1(?x)
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312 Chapter 10: Differentiation and rational functions 10C

6 Let f(x) = 3sin_1(g).

a i Find the maximal domain of f. ii Find the range of f.
b Find the derivative of f(x), and state the domain for which the derivative exists.

¢ Sketch the graph of y = f’(x), labelling the turning points and the asymptotes.

7 Let f(x) = 4cos™'(3x).

a i Find the maximal domain of f. ii Find the range of f.
b Find the derivative of f(x), and state the domain for which the derivative exists.

¢ Sketch the graph of y = f’(x), labelling the turning points and the asymptotes.

8 Let f(x) = 2tan-1(sz1).

a i Find the maximal domain of f. ii Find the range of f.
b Find the derivative of f(x).
¢ Sketch the graph of y = f’(x), labelling the turning points and the asymptotes.

9 Differentiate each of the following with respect to x:
a (sin_1 x)? b sin™' x+cos!x ¢ sin(cos™! x)

d cos(sin”! x) e e ¥ f tan~'(e")
10 Find, correct to two decimal places where necessary, the gradient of the graph of each
of the following functions at the value of x indicated:

a f(x)= sin_l(g), x=1 b f(x)=2cos"!(3x), x=0.1

¢ f(x)=3tan'2x+1), x=1

11 For each of the following, find the value(s) of a from the given information:

a f)=2sin'x, fa)=4 b f(x) = 3cos‘l(§), F(a) = 10
¢ f(x) =tan"'Bx), f'(a)=05 d f(x):sin_l(%), F(a) = 20

e f(x):zcos”(%x), F(a) = -8 f f()=4tan'2x—1), f(a)=1

12 Find, in the form y = mx + ¢, the equation of the tangent to the graph of:

1 1
a y=sin'Qx)atx = I b y=tan"'Qx)atx= 3
¢ y=cos'!Bx)atx = 1 d y=cos!Bx)atx = L
6 2V3
(6
13 Let f(x) = cos (—)
X
a Find the maximal domain of f.
b Find f’(x) and show that f’(x) > 0 for x > 6.
‘/ ¢ Sketch the graph of y = f(x) and label endpoints and asymptotes.
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10D Related rates 313

10D Related rates

Consider the situation of a right circular cone being
filled from a tap.

II |
}
At time ¢ seconds: m

m the volume of water in the cone is V cm?

m the height of the water in the cone is 4 cm @
h

m the radius of the circular water surface is r cm. 30 cm

As the water flows in, the values of V, & and r change: Im
dv . . .
] ar is the rate of change of volume with respect to time

dh
] I is the rate of change of height with respect to time

dr . S .
] o is the rate of change of radius with respect to time.

It is clear that these rates are related to each other. The
chain rule is used to establish these relationships.

For example, if the height of the cone is 30 cm and the <—10cm—>
radius of the cone is 10 cm, then similar triangles yield A

r 10

h 30

h=3r rcm

<>

Then the chain rule is used: 30 cm

dh dh dr

dt  dr dt hcm

. l

The volume of a cone is given in general by V = %nrzh.
Since h = 3r, we have

V=mar

Therefore by using the chain rule again:

v _dv dr
dt  dr dt
dr

=32 —
Tr a1

The relationships between the rates have been established.
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314 Chapter 10: Differentiation and rational functions

A rectangular prism is being filled with water at a rate

of 0.00042 m?/s. Find the rate at which the height of the
water is increasing. Y 14
III I// h m
e Ay
//' 2m
3m
Solution

Let ¢ be the time in seconds after the prism begins to fill. Let V m? be the volume of water
at time ¢, and let 2 m be the height of the water at time .

We are given that il_‘t/ =0.00042 and V = 6h.

Using the chain rule, the rate at which the height is increasing is

dh _ dh dV

dr — dvV dr
. v dh 1
Since V = 6h, we have T 6 and so Vo

dh 1
Thus — = — .00042
us 7 6><0000

= 0.00007 m/s

i.e. the height is increasing at a rate of 0.00007 m/s.

Example 10

As Steven’s ice block melts, it forms a circular puddle on the floor. The radius of the
puddle increases at a rate of 3 cm/min. When its radius is 2 cm, find the rate at which the
area of the puddle is increasing.

Solution

The area, A, of a circle is given by A = 7, where r is the radius of the circle.

: .. dr .
The rate of increase of the radius is 7 = 3 cm/min.

Using the chain rule, the rate of increase of the area is

dA _dA dr

dt dr dt
=2mrx3
= 6mr

When r = 2, d—A = 127m.
dt

Hence the area of the puddle is increasing at 125t cm?/min.
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10D Related rates 315

Example 11

A metal cube is being heated so that the side length is increasing at the rate of 0.02 cm per
hour. Calculate the rate at which the volume is increasing when the side length is 5 cm.

Solution

Let x be the length of a side of the cube. Then the volume is V = x°.

d
We are given that d—); = 0.02 cm/h.

The rate of increase of volume is found using the chain rule:

dv._dv dx
dr ~ dx dt
= 3x% x 0.02
= 0.06x>

When x = 5, the volume of the cube is increasing at a rate of 1.5 cm3/h.

=== The diagram shows a rectangular block of
ice that is x cm by x cm by 5x cm.
a Express the total surface area, A cm?,

in terms of x and then find %

b If the ice is melting such that the total
surface area is decreasing at a constant

rate of 4 cm?/s, calculate the rate of e 5% cm
decrease of x when x = 2.
X cm
Solution
2 2 . . dA
a A=4x5x"+2Xxx b The surface area is decreasing, so m = —4.
2
=22x By the chain rule:
dA
e dx dx dA
a di ~ dA dr
1
=—x(-4
44 x =9
1
11x
dx 1
h =2, —=—-— .
When x T > cm/s

L
2

—25—2 cm/s. The negative signs indicate that the lengths are decreasing.

Note: The rates of change of the lengths of the edges are —2—12 cmy/s, cm/s and
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316 Chapter 10: Differentiation and rational functions

» Parametric equations

Parametric equations were introduced in Chapter 1. For example:
m The unit circle can be described by the parametric equations x = cost and y = sin .

m The parabola y* = 4ax can be described by the parametric equations x = ar* and y = 2at.

In general, a parametric curve is specified by a pair of equations

x=f() and y=g@)
For a point (f(¢), g(¢)) on the curve, we can consider the gradient of the tangent to the curve at
this point. By the chain rule, we have

dy _ dy dx

dt dx dt

This gives the following result.

Gradient at a point on a parametric curve

dy
dy dr . dx
i E provided o #0
dt

Note: A curve defined by parametric equations is not necessarily the graph of a function.
However, each value of ¢ determines a point on the curve, and we can use this
technique to find the gradient of the curve at this point (given the tangent exists).

Example 13

A curve has parametric equations

x=2t—In2f) and y=7 —In()

Find:
dy dx dy
a — and — b —
ar " dr dx
Solution dy
_ dy _ dt
a x =2t —1n(2¢) b - dr
L, 1 ar
dt t 22— 1
2% -1 e V.
= p t 2t —1
27 -2
y =2 —In() T 21
dy 2
Cdr t
_22-2
ot
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10D Related rates 317

Example 14
(e—)

For the curve defined by the given parametric equations, find the gradient of the tangent at
a point P(x,y) on the curve, in terms of the parameter ¢:

a x =167 and y = 32¢ b x =2sin(3¢) and y = —2 cos(3¢)
Solution
) dx . dx
a x = 16z and so T =32t b x =2sin(3¢) and so T = 6 cos(31)
d d
y = 32t and so d_)t/ =32 y = =2 cos(3¢) and so d_)t} = 6:sin(37)
Therefore Therefore
dy dy
dy 4r 32 1 dy gr 6 sin(37)
dx ~ dx 3 1 dx = dx ~ eosGn |
dt dt
The gradient of the tangent at the point The gradient of the tangent at the point
P(162.,321) is 1 fore=0. P(2sin(3t), =2 cos(3t)) is tan(31).
t

The second derivative at a point on a parametric curve
If the parametric equations for a curve define a function for which the second derivative

d
exists, then d—); can be found as follows:
X

dy’
dy d0) 4 ,_dy
T2 dr C de where y’ = T

dt

Example 15

d2
A curve is defined by the parametric equations x = # — 3 and y = ¢ — ¢>. Find d—};
5
Solution
dy dy dx
Lety’ = —.Theny = — + —.
YT dx Y u T
dx d
We have x = 7 — 13 and y = =12 giving — =1 — 372 and @ 1 -2t
dt dt
Therefore
,  1=2t
YT 153
Next differentiate y” with respect to #, using the quotient rule:
dy 237 -3r+1)
dt (32— 1)?
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318 Chapter 10: Differentiation and rational functions 10D

Hence
dly _dy | dx
dx*  dt  dt

—2(3% -3t +1) 1
= X
(312 - 1)? 1-3¢2
=262 -3+ 1)

(1 - 312)3
_ =612+ 61 -2
o (1-32)3

SC -] 10D

Example 9,10, 1 The radius of a spherical balloon is 2.5 m and its volume is increasing at a rate
of 0.1 m?/min.

a At what rate is the radius increasing?

b At what rate is the surface area increasing?

Example 11| 2 When a wine glass is filled to a depth of x cm, it contains V cm? of wine, where

3
V = 4x2. If the depth is 9 cm and wine is being poured into the glass at 10 cm?/s,
at what rate is the depth changing?

3 Variables x and y are connected by the equation y = 2x? + 5x + 2. Given that x is
increasing at the rate of 3 units per second, find the rate of increase of y with respect to
time when x = 2.

Example 12| 4 If a hemispherical bowl of radius 6 cm contains water to a depth of x cm, the volume,
V cm?, of the water is given by

1
V= gnx2(18 - X)

Water is poured into the bowl at a rate of 3 cm?/s. Find the rate at which the water level
is rising when the depth is 2 cm.

5 Variables p and v are linked by the equation pv = 1500. Given that p is increasing at the
rate of 2 units per minute, find the rate of decrease of v at the instant when p = 60.

6 A circular metal disc is being heated so that the radius is increasing at the rate of
0.01 cm per hour. Find the rate at which the area is increasing when the radius is 4 cm.

7 The area of a circle is increasing at the rate of 4 cm? per second. At what rate is the
circumference increasing at the instant when the radius is 8 cm?
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Example 13| 8

9

Example 14| 1 0

11

12

13

14

15

16

17
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. . 1 t
A curve has parametric equations x = o7 and y

ST
. dy dx .. dy
Find — and —. b Find —.
a Fin - and — ind -~

d
A curve has parametric equations x = 2¢ + sin(2¢) and y = cos(2¢). Find d_y
X

A curve has parametric equations x = r — cost and y = sin¢. Find the equation of the
T
tangent to the curve when ¢ = I

A point moves along the curve y = x? such that its velocity parallel to the x-axis is a

d d
constant 2 cm/s (i.e. d—): = 2). Find its velocity parallel to the y-axis (i.e. d—);) when:

ax=3 b y=16

2x—6
Variables x and y are related by y = x—. They are given by x = f(¢) and y = g(?),
X

where f and g are functions of time. Find f’(f) when y = 1, given that g’(¢) = 0.4.

A particle moves along the curve
x=5
e (15
y cos 5

in such a way that its velocity parallel to the x-axis is a constant 3 cm/s. Find its
velocity parallel to the y-axis when:

ax=6 by:—

The radius, » cm, of a sphere is increasing at a constant rate of 2 cm/s. Find, in
terms of 7, the rate at which the volume is increasing at the instant when the volume
is 367 cm®.

Liquid is poured into a container at a rate of 12 cm?/s. The volume of liquid in the
container is V cm?, where V = §(h? + 4h) and h is the height of the liquid in the
container. Find, when V = 16:

a the value of 1

b the rate at which £ is increasing

The area of an ink blot, which is always circular in shape, is increasing at a rate
of 3.5 cm?/s. Find the rate of increase of the radius when the radius is 3 cm.

A tank in the shape of a prism has constant cross-sectional area A cm?. The amount of

water in the tank at time ¢ seconds is V cm? and the height of the water is 4 cm. Find

av dh
the relationship bet — and —.
e relationship between 7 an 7
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320 Chapter 10: Differentiation and rational functions 10D

18 A cylindrical tank 5 m high with base radius 2 m is /\
initially full of water. Water flows out through a hole v
at the bottom of the tank at the rate of Vi m3/h, where
h metres is the depth of the water remaining in the tank
after ¢ hours. Find: /\
) S

dt llm

S5m

dv
b i — whenV=10ntm’ LaemmmTTTT -
drt 8 /
.. dh 3 v
1] EwheanlOnm > moa

19 For the curve defined by the parametric equations x = 2 cos ¢ and y = sin¢, find the
equation of the tangent to the curve at the point:

2
a (\/5, £) b (2cost,sint), where ¢ is any real number.

20 For the curve defined by the parametric equations x = 2 sec 0 and y = tan 0, find the
equation of:

T
a the tangent at the point where 0 = b the normal at the point where 6 = 7

o &lAa

c the tangent at the point (2 sec 0, tan 0).

21 For the curve with parametric equations x = 2sect —3 and y = 4tant + 2, find:
a dy

. 4
7 b the equation of the tangent to the curve when ¢ = T
X

22 A curve is defined by the parametric equations x = sect and y = tant.

a Find the equation of the normal to the curve at the point (sec ¢, tan 7).

b Let A and B be the points of intersection of the normal to the curve with the x-axis
and y-axis respectively, and let O be the origin. Find the area of AOAB.

¢ Find the value of ¢ for which the area of AOAB is 4V/3.

23 A curve is specified by the parametric equations x = ¢* + 1 and y = 2¢' + 1 for t € R.
a Find the gradient of the curve at the point (e* + 1,2¢' + 1).
b State the domain of the relation.

¢ Sketch the graph of the relation.

1
d Find the equation of the tangent at the point where 7 = ln(i).

example 15| 24  For the parametric curve given by x = > + 1 and y = #(t — 3)?, for ¢ € R, find:

dy . . .
a I b the coordinates of the stationary points
by
d?y . . o
/ C T2 d the coordinates of the points of inflection.
X
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10E Rational functions

A rational function has a rule of the form
P(x)
fx) = —
O(x)

where P(x) and Q(x) are polynomials. There is a huge variety of different types of curves in

this particular family of functions. An example of a rational function is
2
X +2x+3
foy =570
x> +4x -1
The following are also rational functions, but are not given in the form used in the definition
of a rational function:

1
=1+- h(x) = x—
g(x) . (== 5
Their rules can be rewritten as shown:
x 1 x+1 x(x* +2) 1 O+2x-1
= — 4+ - = h = —_ =
) X X X ) x2+2 x2+2 x2+2

» Graphing rational functions
For sketching graphs, it is also useful to write rational functions in the alternative form,
that is, with a division performed if possible. For example:
8x2—3x+2_8x2 3x 2 2

fly=——2 T2 =20 2 T gy 34 =
X X X X X

2

For this example, we can see that — — 0 as x — *oo, so the graph of y = f(x) will approach
X

the line y = 8x — 3 as x — +o0.

We say that the line y = 8x — 3 is a non-vertical asymptote of the graph. This is a line or
curve which the graph approaches as x — +co.
Important features of a sketch graph are:

E asymptotes ® axis intercepts m stationary points  m points of inflection.

Methods for sketching graphs of rational functions include:
m adding the y-coordinates (ordinates) of two simple graphs

m taking the reciprocals of the y-coordinates (ordinates) of a simple graph.
» Addition of ordinates

Key points for addition of ordinates

m When the two graphs have the same ordinate, the y-coordinate of the resultant graph
will be double this.

m When the two graphs have opposite ordinates, the y-coordinate of the resultant graph
will be zero (an x-axis intercept).

m When one of the two ordinates is zero, the resulting ordinate is equal to the other
ordinate.
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322 Chapter 10: Differentiation and rational functions

Example 16

Sketch the graph of f: R\ {0} = R, f(x) =

241

X

Solution
Asymptotes The vertical asymptote has equation x = 0, i.e. the y-axis.

Dividing through gives
2+1 21 1
fo=2T o ooy
X X X X

Note that )lc — (0 as x — =*co. Therefore the graph of y = f(x) approaches the graph

of y = x as x — +oo. The non-vertical asymptote has equation y = x.

Addition of ordinates The graph of y = f(x) can be obtained by adding the y-coordinates
of the graphs of y = xand y = i

Y ¥
A

<

Il

=
<
A\

\
< N
Il

=

+
= —

<
I
K| —
\
/
/

Intercepts There is no y-axis intercept, as the domain of f is R \ {0}. There are no x-axis

2
intercepts, as the equation = 0 has no solutions.
Stationary points
1
f)=x+-
X
, 1
f)=1- )
X
Thus f’(x) = 0 implies x> = 1,
ie x ==1.

As f(1) =2 and f(-1) = -2,
the stationary points are (1, 2)
and (-1, -2).

x=0
Points of inflection vertical asymptote
, 2
o)==

X

Therefore f”’(x) # 0, for all x in the domain of f, and so there are no points of inflection.
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Example 17

e
Sketch the graph of f: R\ {0} = R, f(x) =

x2

Solution
Asymptotes The vertical asymptote has equation x = 0.
Dividing through gives
2
fx)=x+ )
5
The non-vertical asymptote has equation y = x.

Addition of ordinates

Y Y
A

y=x

<
Il
><N| )

Y
=

Intercepts There are no axis intercepts.
Stationary points y
f(x) = X2+ 2x72
fl(x)=2x—4x3 \
When f’(x) =0, % g

323

The stationary points have coordinates
1 1
(2%,2v2) and (-2%,2V2).

x=0
vertical asymptote

Points of inflection
Since f”(x) = 2 + 12x~* > 0, there are no points of inflection.
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324 Chapter 10: Differentiation and rational functions

Example 18

342
Sketch the graph of y = T

,x#0.

Solution

Asymptotes The vertical asymptote has equation x = 0.

Divide through to obtain

2
y=x+-
X

The non-vertical asymptote has equation y = x.

Addition of ordinates

Intercepts Consider y = 0, which implies x* +2 = 0, i.e. x = 2.

Stationary points

y=x+2x!

d
d_i =2x—2x72
d 1
Thus 2 = 0 implies x — — = 0
dx x2
2=1
x=1

The turning point has coordinates (1, 3).

Points of inflection

d’y

ﬁ:2+4x_3
X

2

d
Thus S 0 implies x = —/2. There is a point of inflection at (-V2,0).

dx?
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10E Rational functions 325

» Reciprocal of ordinates
This is the second method for sketching graphs of rational functions. We will consider

functions of the form f(x) = ——, where Q(x) is a quadratic function.

O(x)
Example 19

Sketch the graph of f: R\ {0,4} - R, f(x) =

x?—4x

Solution

1 1

fo) = 2—4x x(x—4)

Asymptotes The vertical asymptotes have equations x = 0 and x = 4. The non-vertical
asymptote has equation y = 0, since f(x) — 0 as x — *oo.

Reciprocal of ordinates To sketch the graph of y = f(x), first sketch the graph of y = Q(x).

In this case, we have Q(x) = x> — 4x.

¥
A

Summary of properties of reciprocal functions

m The x-axis intercepts of the original function determine the equations of the asymptotes
for the reciprocal function.

m The reciprocal of a positive number is positive.
m The reciprocal of a negative number is negative.
m A graph and its reciprocal will intersect at a point if the y-coordinate is 1 or —1.
m Local maximums of the original function produce local minimums of the reciprocal.
m Local minimums of the original function produce local maximums of the reciprocal.
1 "(x . . .
m If g(x) = ——, then g’(x) = — LA )2. Therefore, at any given point, the gradient of the
f(x) (f(x)
reciprocal function is opposite in sign to that of the original function.
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326 Chapter 10: Differentiation and rational functions

» Further graphing

So far we have only started to consider the diversity of rational functions. Here we look at
some further rational functions and employ a variety of techniques.

Example 20
4x2 +2

Sketch th hofy = ——.
etch the graph of y 21
Solution
Axis intercepts
When x =0,y = 2.
2

Since > 0 for all x, there are no x-axis intercepts.

x2 +
Stationary points
Using the quotient rule:

dy 4x

dx ~ (2+1)7

&’y 401 -3x%
a2~ 2+ 1)

Thus ﬂ = 0 implies x = 0.
dx

d2
When x = 0, d_); =4 > (. Hence there is a local minimum at (0, 2).
5

d? 3
Points of inflection =2 = 0 implies x = +—
dx? 3

Asymptotes
4x? +2 2
y = — = e
x2+1 x2+1
The line y = 4 is a horizontal asymptote, since — " — 0as x — *oo.
by
Y
A
y=4
2
> X
0
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10E Rational functions 327

@ Example 21
4x> —4x+1
(e—) —

Sketch the graph of y = o
x —_—

Solution
Axis intercepts
When x =0,y = —1.
Wheny =0, 4x> —4x+1=0
2x-17%=0
_ 1
A=
Stationary points
Using the quotient rule:
dy 2(2x* = 5x +2)
dx  (x2-1)?

d
Thus 2 =0 implies x = % or x = 2.
dx
There is a local maximum at (%, 0) and a local minimum at (2, 3).

The nature of the stationary points can most easily be determined through using
dy 2@2x-1)(x-2)

d o1 (Observe that the denominator is always positive.)
b X2 —

Points of inflection
d®y  2(4x° — 1522 + 12x - 5)

dx? (2 —1)3
d*y 1 4 2
Thus i 0 implies 4x* — 15x%> + 12x -5 =0, and so x = 4_1(5 +33 +33) ~ 2.85171
X
Asymptotes
By solving x> — 1 = 0, we find that the graph has vertical asymptotes x = 1 and x = —1.
4x* —4x + 1 4x -5
Since % =4- )ZC— there is a horizontal asymptote y = 4.
= 3 =

The graph crosses this asymptote at the point (45'1’ 4).

1
1
1
:4 i

y=4 :

e
=-1! b
* I X > X
1 1
of |1
1 1
1 1
1 U
1 U
1 i
1 i
1 {
1 I
1 I
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328 Chapter 10: Differentiation and rational functions 10E

While the next example is not a rational function, it can be graphed using similar techniques.

Example 22

x+1

Lety = .
x—1

a Find the maximal domain.

b Find the coordinates and the nature of any stationary points of the graph.

¢ Find the equation of the vertical asymptote and the behaviour of the graph as x — oo.

d Sketch the graph.

Solution
x+1 . .
a For ] to be defined, we require Vx — 1 > 0,i.e. x > 1.
x —
The maximal domain is (1, o).
d -3 d’ 7 -
b Using the quotient and chain rules: d_y = x—3 and d_)zj = —xs
*o2x-1)2 T 4x-1)2
d d’
Thus 2 = 0 implies x = 3. When x = 3, =2 > 0.
dx dx?
There is a local minimum at (3, 2\/5).
€ Asx— 1,y —> co. Hence x = lisa d

vertical asymptote.

x
As x — 00,y —» — = /x.

Vx

Exercise JIV]=

skillsheet 9 Sketch the graph of each of the following, labelling all axis intercepts, turning points
Example 16-19 and asymptotes:
. b ye x4l c oo 1
Y YT TR YT G-I
2 3 2
x =1 -1 x+x+1
dy= e y= o 5 fy=——
X X X
B 4x3 -8 h ve 1 . 1
B8 ry=— YT YT
2
X 1 1 1
i = = l — k = —— I e ——
VY= x2+1 M) MR T
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2 Sketch the graph of each of the following, labelling all axis intercepts, turning points
and asymptotes:

1 1
a (=57 b=y ¢ "=Eiia
_ ! _e. L
df(x)_x2+2x+1 e glx)=x +x2+2

1
3 The equation of a curve is y = 4x + —. Find:
X

a the coordinates of the turning points
b the equation of the tangent to the curve at the point where x = 2.

2

. . . X . . .
4 Find the x-coordinates of the points on the curve y = at which the gradient is 5.

5 Find the gradient of the curve y = at the point where it crosses the x-axis.

x2

4
6 Sketch the curve y = x — 5 + — by first finding the:
X

a axis intercepts b equations of asymptotes ¢ coordinates of turning points.

4
7 If x is positive, find the least value of x + —.
X

4
8 For positive values of x, sketch the graph of y = x + —, and find the least value of y.
X

x—3)?

9 a Find the coordinates of the stationary points of the curve y = and determine

the nature of each stationary point.

—3)2
b Sketch the graph of y = x=3) .
X

. . . . 1
10 a Find the coordinates and nature of each turning point on the curve y = 8x + 2
X

1
b Sketch the graph of y = 8x + —.
2x2

11 Determine the asymptotes, intercepts and stationary points for the graph of the relation

34322 -4
y = % Hence sketch the graph.
X
4x> + 8
12 Consider the relation y = wre
2x+ 1 J
a State the maximal domain. b Find d_y
X
¢ Hence find the coordinates and nature of all stationary points.
d Find the equations of all asymptotes. e State the range of this relation.
x*+4

example 20| 13 Consider the function with rule f(x) = ——.
X2 —5x+4

a Find the equations of all asymptotes.

b Find the coordinates and nature of all stationary points.

¢ Sketch the graph of y = f(x). Include the coordinates of the points of intersection of
the graph with the horizontal asymptote.
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330 Chapter 10: Differentiation and rational functions 10E

2x% +2x+3
2x2 —2x+5
a Find the equations of all asymptotes.

Example21| 14 Lety =

b Find the coordinates and nature of all stationary points.
¢ Find the coordinates of all points of inflection.

d Sketch the graph of the relation, noting where the graph crosses any asymptotes.

15 Sketch the graph of each of the following, labelling all axis intercepts, turning points
and asymptotes:

ay=x3—3x by:(x+1)(x—3) y:(x—Z)(x+1)
(x—1)2 x2—4 x(x—=1)
dy=x2—2x—8 e y= 8x2 +7
x2—2x 432 —4x -3

example 22| 16 Consider the function with rule f(x) =

x=2
a Find the maximal domain. b Find f’(x).
¢ Hence find the coordinates and nature of all stationary points.
d Find the equation of the vertical asymptote.
e Find the equation of the other asymptote.
P +x+7
Vax+ 1
a Find the maximal domain. b Find f(0). ¢ Find f'(x).

d Hence find the coordinates and nature of all stationary points.

17 Consider the function with rule f(x) =

‘/ e Find the equation of the vertical asymptote.

10F Implicit differentiation

The rules for circles, ellipses and many other curves are not expressible in the form y = f(x)
or x = f(y). Equations such as
2 2
2, .2 X (y—-3)
+y"=1 and —+ =
Y 9" 4

are said to be implicit equations. In this section, we introduce a technique for finding d_y for
X

1

such relations. The technique is called implicit differentiation.

If two algebraic expressions are always equal, then the value of each expression must
change in an identical way as one of the variables changes.

That is, if p and g are expressions in x and y such that p = ¢, for all x and y, then

dp dq dp dq
e _ 24 d -2
dx dx an dy dy
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10F Implicit differentiation 331

d 1
For example, consider the relation x = y*. In Example 5, we found that d_y =37
x Y
We can also use implicit differentiation to obtain this result. Differentiate each side of the

equation x = y* with respect to x:
“ 0= = 1
Z(0=20) M

To simplify the right-hand side using the chain rule, we let u = y*. Then
d, 5 du du dy 5 dy
— =—=—X-—=—=3y"xX—=

dx(y ) dx dy dx Y

Hence equation (1) becomes

dy
1=3y*x —
Y dx
d 1
d_y =32 provided y # 0
x 3y

d
For each of the following, find d_y by implicit differentiation:
X

a x*=y b xy=2x+1
Solution
a Differentiate both sides with b Differentiate both sides with respect to x:

respect to x:

d d

—(xy) = —=(2x+1)
d _d dx dx
E(X3) = E()’z)

d
3x% =2y dy d_x(xy) -’
dx Use the product rule on the left-hand side:
@ — S_XZ dy
dx 2y y+x i 2
dy 2-y
dx ~ x

Example 24
d

Find 2 it 2 + 2 = 1.
dx

Solution
Note that x> + y> = 1 leads to

y=xVl-x2 or x=zxVl-)?

So y is not a function of x, and x is not a function of y. Implicit differentiation should be
used. Since x? +y? = 1 is the unit circle, we can also find the derivative geometrically.
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332 Chapter 10: Differentiation and rational functions

Method 1 (geometric) ‘y
\
Let P(x,y) be a point on the unit circle
with x # 0. P(x’ y)
; 2 21
The gradient of OP is % S D tangent at P
u X

Since the radius is perpendicular to the
tangent for a circle, the gradient of the

X
tangent is ——, provided y # 0. > X
y 0]
d
That is, 2 _ —)—C.
dx y

From the graph, when y = 0 the tangents

d
are parallel to the y-axis, hence d_y is not defined.
x
Method 2 (implicit differentiation)
Py =1

2x+2y— =0 (differentiate both sides with respect to x)
X

2y — = -2x

Example 25
dy

Given xy —y — x> = 0, find —=.
dx

Solution
Method 1 (express y as a function of x)

w-y-2=0
Y1) =
Ve x—1
Therefore y=x+1+ forx # 1
x f—
dy 1
Hence —=1-
dx (x—1)2
_(x= 12 -1
o (x-1p
2
x°—=2x
= — for x # 1
(x—1)?
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Method 2 (implicit differentiation)
xy-y—-x>=0

%(xy) - j—z - % ¥ = %(0) (differentiate both sides with respect to x)

d d
(x‘ @ +y- 1) D =0 (product rule)
dx dx
dy dy )
- — = =2x -
dx dx Y

d
d—i(x—l)sz—y

dy 2x-y
- x=1 for x # 1

2

This can be checked, by substitution of y =

Example 26
(e—)

Consider the curve with equation 2x> — 2xy + y> = 5.

T to confirm that the results are identical.

. dy
a Find —.
in .

b Find the gradient of the tangent to the curve at the point (1, 3).

Solution
a Neither x nor y can be expressed as a function, so implicit differentiation must be used.
2x* —2xy+y? =5

d d d d
E(sz) - a(2xy) + E(yz) = 5(5)

d d
4x—(2x- £ +y-2)+2y—y =0 (by the product and chain rules)
dx dx
dy dy
4x-2x—-2y+2y— =0
* xdx 4 ydx
dy dy _
2ya—2xa—2y 4x

d
& (2y-2x) =2y - 4x
dx

dy 2y—4x

dx  2y-2x
- 2x

= forx #y
y—x
.. 3-2 1
b When x = 1 and y = 3, the gradient is -1 70
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Using the TI-Nspire

w For implicit differentiation, use >

Calculus > Implicit Differentiation or just ;

. . P ] lmpDil‘(Z‘ x2-2-x-y+y2-5,xy) 2xy

type impdif(. x-y

.. dy
m Complete as shown. This gives d_y in terms impw(g» x2-2-x yry2=5x J,);x-land y=3
x

of x and y. =

2

m The gradient at the point (1, 3) is found by
substituting x = 1 and y = 3 as shown.

d
Note: If the positions of x and y are interchanged, then the result is &«

Using the Casio ClassPad

m Enter and highlight the equation @& Edit Action Interactive
2x2 = 2xy +y* = 5. 6 | S | T3] sime 15| v [ A3+ | v

m Go to Interactive > Calculation > impDiff. impDiff ( 20x2-2ex-y+y2=5, x, y) ,‘

m Complete with x as the independent variable and L
v as the dependent variable. =
Exercise Vs
: . dy ..o .
Skillsheet » 1 For each of the following, find I using implicit differentiation:
X
Example 23,24 ax>-2y=3 b x*y=1 c X+y’=1
dy =2 e x—\y=2 f xy-2x+3y=0
g > =4dax h 4x+y>?-2y-2=0
.o dy .
Example25| 2 Find T for each of the following:
X
1 1
a (x+27°-y*=4 b -+-=1 c y=(x+y)?
X oy
d ¥-xy+y’ =1 e y=x% f siny = cos® x

g sin(x—y) =sinx—siny h y° —xsiny+3y*> =1

Example 26| 3  For each of the following, find the equation of the tangent at the indicated point:

4
a )2 = 8xat (2,—4) b x2—9y2=9at(5,§)
17 x>y
2o A LY _
¢ xy—y 1at(4,4) d Z+f =103

d
4 Find d_y in terms of x and y, given that In(y) = In(x) + 1.
X
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10F 10F Implicit differentiation 335

5 Find the gradient of the curve x* + y* = 9 at the point (1, 2).

6 A curve is defined by the equation x* + y* + 3xy — 1 = 0. Find the gradient of the curve
at the point (2, —1).

d
7 Given that tan x + tan y = 3, find the value of d_y when x = g
X

8 Find the gradient at the point (1, —3) on the curve with equation y* + xy — 2x> = 4.

9 Consider the curve with equation x* + y3 = 28.

d
a Obtain an expression for d_y
X
dy ..
b Show that I cannot be positive.
X

d
¢ Calculate the value of d—y when x = 1.
X

10 The equation of a curve is 2x> + 8xy + 5y> = —3. Find the equation of the two tangents
which are parallel to the x-axis.
11 The equation of a curve C is x> + xy + 2y = k, where k is a constant.

d
a Find d_y in terms of x and y.
X

b The curve C has a tangent parallel to the y-axis. Show that the y-coordinate at the
point of contact satisfies 216y° + 4y’ + k = 0.

1
c H how that k < —.
ence show tha 52

d Find the possible value(s) of k in the case where x = —6 is a tangent to C.

12  The equation of a curve is x> — 2xy + 2y* = 4.

. . dy .
a Find an expression for d_y in terms of x and y.
X
b Find the coordinates of each point on the curve at which the tangent is parallel to
the x-axis.
13 Consider the curve with equation y> + x> = 1.

d
a Find d_y in terms of x and y.
X

. . . d
b Find the coordinates of the points where d_y =0.
X
. . . dx
¢ Find the coordinates of the points where o 0.
y
d Describe the behaviour as x — —oo.
\/ e Express y in terms of x.
f Find the coordinates of the points of inflection of the curve.
g Use a calculator to help you sketch the graph of y* + x* = 1.
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336 Chapter 10: Differentiation and rational functions
Chapter summary

Basic derivatives

Ok

S S S(x) f(x) S(x) f(x)
X" nx"! sin(ax) | acos(ax) sin”! (2) 21 -
a?—x
5 e cos(ax) | —asin(ax) cos”! (2) 2_1 -
a—x
In |ax| 1 tan(ax) | asec’(ax) tan~! ()—C) 4
X a a? + x?

Rational functions

m A rational function has a rule of the form:

fx) = @ where a(x) and b(x) are polynomials

b(x)

q(x) + ﬁ (quotient-remainder form)

b(x)

m Vertical asymptotes occur where b(x) =
m The non-vertical asymptote has equation y = g(x).

m The x-axis intercepts occur where a(x) =

bEg;, provided b(0) # 0.
m The stationary points occur where f’(x) =0

m The y-axis intercept is f(0) =

1
mIff(x)= ) first sketch the graph of y = b(x) and then use reciprocals of ordinates to

sketch the graph of y = f(x).

m If f(x) =qg(x)+ (—) , use addition of ordinates of y = g(x) and y = % to sketch the

graph of y = f(x)( 9

Reciprocal functions
m The x-axis intercepts of the original function determine the equations of the asymptotes
for the reciprocal function.

The reciprocal of a positive number is positive.
The reciprocal of a negative number is negative.
A graph and its reciprocal will intersect at a point if the y-coordinate is 1 or —1.

Local maximums of the original function produce local minimums of the reciprocal.

Local minimums of the original function produce local maximums of the reciprocal.

150 = 2o () , then g’(x) = (;(S;Z'

reciprocal function is opposite in sign to that of the original function.

Therefore, at any given point, the gradient of the

y
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Implicit differentiation

m Many curves are not defined by a rule of the form y = f(x) or x = f(y); for example, the
unit circle x* + y> = 1. Implicit differentiation is used to find the gradient at a point on
such a curve. To do this, we differentiate both sides of the equation with respect to x.

m Using operator notation:

d d
— (P +y?) = 2x+2y d (use of chain rule)
dx dx
d d
—(x%y) = 2xy + x% il (use of product rule)
dx dx

Short-answer questions

. dy .
1 Find — if:
in dxl
a y=Inl4-3x b y = cos(In|x|) cy=cos'!2x+1) d y=tan"'(x + 1)
e y=xtanx f y =tan(tan™' x) gy= cos(sin"'x) h y = sin”'(2x — 1)

2 Find f”(x) if:
a f(x)=tanx b f(x)=In(tanx) ¢ f(x)=xsin”'x d f(x) = sin(e®)

1
3  Given that f(x) = tan‘l(m), find f”(0).

4 For each of the following, state the coordinates of the point(s) of inflection:

242
av=t—83 b v=sin!(x-2 c=x
y=x X y=sin""(x—2) y 211
5 a Ify=sin2x) + 3 cos(2x), find:
Dy
dx dx?
d’y
b Hence show that — + 4y = 0.
dx?
.o dy .
6 Find I for each of the following:
X
1 X
ay= % b y=1-tan"'(1-x) cy:ln( ¢ )
X er+ 1

d x=+/siny+cosy e y=In(x+ V1 +x?) f y=sin"!(e")

3
7 Letf: [n, ;] — R, f(x) =sinx.
a Sketch the graphs of f and f~! on the same set of axes.
b Find the derivative of f~!.

¢ Find the coordinates of the point on the graph of f~! where the tangent has a
gradient of —2. ‘
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338 Chapter 10: Differentiation and rational functions

8 This is the graph of y = f(x). ' y
Sketch the graphs of: px=-2 A
1 H
ay=—
fx)

_ §
b y=f" g(—l’ (V‘(O’ 1)

9 These are the graphs of y = f(x) and y
y = g(x), where f and g are quadratic A y=f(» y=g
functions.
a Sketch the graphs of: ©. 1)
I y=f(x)+gk
1 (_la 0) o

T e NILE

1 0, -1)

il y=—+ —

SN TE e

b Use the points given to determine the rules y = f(x) and y = g(x).

¢ Hence determine, in simplest form, the rules:

1 1 1
i y=f+gx) i y= —— i y= — + —
yeore YT @+ g0 =70 T i
coody -
10 Find T by implicit differentiation:
X
a X+ 2xy+y =1 b x2+2x+y*+6y=10
Cg+l=4 d x+1)?+@y-37=1
XYy

3

11 A point moves along the curve y = x° in such a way that its velocity parallel to the

x-axis is a constant 3 cm/s. Find its velocity parallel to the y-axis when:

‘/ ax=6 b y=8

Multiple-choice questions

1 1
1 The equation of the tangent to x> + y> = 1 at the point with coordinates (—, —) is
Vi

A y=-x B y=-x+2V2 Cy=-x+1
D y=-2Vx+2 Ey=-x+12

y
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1
2 If f(x) = 2x* + 3x — 20, then the graph of y = o) has
x

.. 5
A x-axis intercepts at x = = and x = -4
. 5
B vertical asymptotes at x = > and x = 4

5
vertical asymptotes at x = ) and x = 4
-3 —169)
47 8

) . (-3 -8
E alocal maximum at the point (T’ @)

C
D alocal minimum at the point (

3 The points of inflection on the graph of y = ¢~ sin x occur where

A x=nm, nez B x=2nn, neZ Cx=Qn+1)m nez
2n+1
szw,nez Ex:%,nez

4 Let g(x) = sin(x) - f(x), where the function f is twice differentiable. If (a, f(«a)) is not
a stationary point on the graph of y = f(x) and (a, g(@)) is a point of inflection on the
graph of y = g(x), then f”’(a) can be expressed in terms of f(a) and f"(a) as

A f"(a) = f(a) - 2cot(a) - f'(a) B f"(a) = f(a) - 2tan(a) - f"(a)
C f"(a) = f(a) + cot(a) - f"(a) D f"(a) = f(a) —tan(a) - f'(a)
E f"(a) = f(a)

d
5 Ifx=t>andy = £, then d_x is equal to

2 2
¢ ¥ b 2 e 3

A =
3t 2 3 2t

~ | —

4 d
6 Ify= cos‘l(—) and x > 4, then = is equal to
X dx
A" g _ R o4 e 4
V16 — x2 V1 — 16x2 Vx? - 16 xVxz - 16 Vx? - 16

54
7 The coordinates of the turning point of the graph with equation y = x> + — are
X

A (3,0) B (-3,27) C (3,27) D (-3,0) E (3,2

d2
8 Lety= sin"()—c) for x € [0, 1]. Then ey is equal to
2 dx?

3 _
A cos—l(f) B x(4—x2)2 o
2 4—x2
- -1
D - E
V4 — x2 (4 - x?) 4 - x2
1 d
9 Ify= tan"(—), then & is equal to
3x dx
1 -1 1 - 2
—_— B —— C D 3 E L
3(1 + x2) 3(1 + x2) 3(1 +9x2) 9x2 + 1 Ox2 +1 ‘
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340 Chapter 10: Differentiation and rational functions

10 Which of the following statements is false for the graph of y = cos™!(x), for x € [-1, 1]
and y € [0, ]?
A The gradient of the graph is negative for x € (-1, 1).
B The graph has a point of inflection at (O, g)

C The gradient of the graph has a minimum value of —1.

D The gradient of the graph is undefined at the point (-1, 7).
T

1
/ EAtx=§,y=§.

Extended-response questions

1 The radius, r cm, and the height, & cm, of a solid circular cylinder vary in such a way

that the volume of the cylinder is always 2507 cm?.

500
a Show that the total surface area, A cm?, of the cylinder is given by A = 2772 + rc'

b 1 Sketch the graph of A against r for r > 0.
ii Give the equations of the asymptotes and the coordinates of the stationary points.

¢ What is the minimum total surface area?

2 A box with a volume of 1000 cm? is to be made
in the shape of a rectangular prism. It has a

fixed height of 40 cm. The other dimensions are 40 cm

x cm and y cm as shown. The total surface area 1

. 2 e —————
isA cm~. L e
a Express A in terms of x. 7
. e ycm
b Sketch the graph of A against x. el
¢ Find the minimum surface area of the box and X cm

the dimensions of the box in this situation.

d Find the minimum surface area of the box and the dimensions of the box if the
height of the box is k cm (for a constant k) while the volume remains 1000 cm?.

3 This diagram shows a solid triangular prism with
edge lengths as shown. All measurements are in cm.
The volume is 2000 cm?. The surface area is A cm?.

a Express A in terms of x and y.

Establish a relationship between x and y.

b

¢ Hence express A in terms of x.
d Sketch the graph of A against x.
e

Hence determine the minimum surface area of
the prism.

y
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8
24+ x2

a Sketch the graph of g: [0,5] — R, where g(x) =4 —

b i Find g'(x). ii Find g”(x).
¢ For what value of x is the gradient of the graph of y = g(x) a maximum?

d Sketch the graph of g: [-5,5] — R, where g(x) = 4 — 7 fxz'

The triangular prism as shown in the diagram has a 13x cm

right-angled triangle as its cross-section. The right B

angle is at C and C’ on the ends of the prism.

The volume of the prism is 3000 cm®. The dimensions Sxem C [2x em

of the prism are shown on the diagram. Assume that the

volume remains constant and x varies. yem

a i Findy in terms of x. ) 13xjcm )
ii Find the total surface area, S cm?, in terms of x. B
iii Sketch the graph of § against x for x > 0. 5x cm 12x cm

Clearly label the asymptotes and the coordinates C’

of the turning point.
b Given that x is increasing at a constant rate of 0.5 cmy/s, find the rate at which S is
increasing when x = 9.
¢ Find the values of x for which the surface area is 2000 cm?2, correct to two decimal

places.

The diagram shows part of the curve x*> — y> = 4, y

The line segment PQ is parallel to the y-axis, and . A

R is the point (2, 0). The length of PQ is p. “~,\\\+

a Find the area, A, of triangle POR in terms of p. )

b i Find %4,
dp o "

ii Use your CAS calculator to help sketch the

graph of A against p.
iii Find the value of p for which A = 50 .
(correct to two decimal places).

A
iv Prove that dA > 0 for all p.
dp

¢ Point Q moves along the curve and point P along the x-axis so that PQ is always
parallel to the y-axis and p is increasing at a rate of 0.2 units per second. Find the
rate at which A is increasing, correct to three decimal places, when:

i p=25 i p=4 iii p=50 iv p=280

(Use calculus to obtain the rate.)

X
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342 Chapter 10: Differentiation and rational functions

7 Consider the family of cubic functions, i.e. f: R = R, f(x) = ax® + bx*> + cx + d.
a Find f’(x).
b Find /" (x).
¢ Under what conditions does the graph of f have no turning points?
d i Find the x-coordinate of the point where y = f’(x) has a local minimum or
maximum.
ii State the conditions for y = f’(x) to have a local maximum.
e Ifa =1, find the x-coordinate of the stationary point of y = f’(x).
f Fory = x* + bx* + cx, find:
i the relationship between b and c if there is only one x-axis intercept
ii the relationship between b and c if there are two turning points but only one
x-axis intercept.

1= 2
8 A function is defined by the rule f(x) = o .
1+ x2
a i Show that f/(x) = —— ii Find f”(x)
X)= ——. X).
(1 + x2)2

b Sketch the graph of y = f(x). Label the turning point and give the equation of the
asymptote.
¢ With the aid of a CAS calculator, sketch the graphs of y = f(x), y = f’(x) and
y = f"(x) for x € [-2,2].
d The graph of y = f(x) crosses the x-axis at A and B and crosses the y-axis at C.
i Find the equations of the tangents at A and B.
ii Show that they intersect at C.

9 The volume, V litres, of water in a pool at time 7 minutes is given by the rule
V = =3000x (In(1 — h) + k)
where 1 metres is the depth of water in the pool at time # minutes.

dv
a i Find T in terms of A.
dv
ii Sketch the graph of T against i for 0 < 7 < 0.9.

b The maximum depth of the pool is 90 cm.

i Find the maximum volume of the pool to the nearest litre.
ii Sketch the graphs of y = —3000m In(1 — x) and y = —=30007tx. Use addition of
ordinates to sketch the graph of V against 4 for 0 < 2 < 0.9.

c If water is being poured into the pool at 15 litres/min, find the rate at which the
depth of the water is increasing when 2 = 0.2, correct to two significant figures.

y
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1
10 a Let f(x) =tan"'(x) + tanfl(—), for x # 0.
X
i Find f’(x). ii If x>0, find f(x). iii If x <0, find f(x).
b Lety = cotx, where x € (0, 7).
.o d e o dy .
i Find 2. ii Find 2 in terms of y.
dx dx
¢ Find the derivative with respect to x of the function y = cot™! x, where y € (0, m)
and x € R.
d Find the derivative with respect to x of cot(x) + tan(x), where x € (0, g)

8
11 Consider the function f: R* — R, where f(x) = = - 32 + 16 In(2x).
X

a Find f/(x). b Find f”(x).

¢ Find the exact coordinates of any stationary points of the graph of y = f(x).
d Find the exact value of x for which there is a point of inflection.

e State the interval for x for which f’(x) > 0.

f Find, correct to two decimal places, any x-axis intercepts other than x = 0.5.
g Sketch the graph of y = f(x).

12 Anellipse is described by the parametric equations x = 3 cos 0 and y = 2 sin 0.
a Show that the tangent to the ellipse at the point P(3 cos 0, 2 sin 6) has equation
2xcos 0+ 3ysin0 = 6.
b The tangent to the ellipse at the point P(3 cos 0, 2 sin 6) meets the line with equation
x =3 atapoint 7.
i Find the coordinates of the point T'.
ii Let A be the point with coordinates (-3, 0) and let O be the origin. Prove that
OT is parallel to AP.
¢ The tangent to the ellipse at the point P(3 cos 0, 2 sin 0) meets the x-axis at Q and the
y-axis at R.
i Find the midpoint M of the line segment QR in terms of 0.
ii Find the locus of M as 0 varies.
d W(-3sin0,2cos0) and P(3 cos 0,2 sin 0) are points on the ellipse.
i Find the equation of the tangent to the ellipse at W.

ii Find the coordinates of Z, the point of intersection of the tangents at P and W, in
terms of 0.
ifi Find the locus of Z as 0 varies.
2 2

Y

13 An ellipse has equation s + o

= 1. The tangent at a point P(a cos 0, b sin 0) intersects

the axes at points M and N. The origin is O.
a Find the area of triangle OMN in terms of a, b and 6.

b Find the values of 0 for which the area of triangle OMN is a minimum and state this
minimum area in terms of a and b. ‘
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344 Chapter 10: Differentiation and rational functions

14 A hyperbola is described by the parametric equations x = asec 6 and y = btan 0.

a Show that the equation of the tangent at the point P(a sec 0, b tan 0) can be written as

fsecB—Xtan6= 1.
a b

b Find the coordinates of the points of intersection, Q and R, of the tangent with the
bx
asymptotes y = +— of the hyperbola.
a
¢ Find the coordinates of the midpoint of the line segment QOR.

15 A section of an ellipse is described by the parametric equations
x=2cos and y=sinH f0r0<6<g
The normal to the ellipse at the point P(2 cos 0, sin ) meets the x-axis at Q and
the y-axis at R.
a Find the area of triangle OQR, where O is the origin, in terms of 0.
b Find the maximum value of this area and the value of 6 for which this occurs.

¢ Find the midpoint, M, of the line segment QR in terms of 0.
d Find the locus of the point M as 0 varies.

16 An electronic game appears on a y

-
?

flat screen, part of which is shown
in the diagram. Concentric circles
of radii one unit and two units

appear on the screen. P

Points P and Q move around the

circles so that O, P and Q are Q

collinear and OP makes an angle
of 6 with the x-axis.

A spaceship § moves around
between the two circles and a gun is

on the x-axis at G, which is 4 units
from O.

The spaceship moves so that at any time it is at a point (x, y), where x is equal to the
x-coordinate of Q and y is equal to the y-coordinate of P. The player turns the gun and
tries to hit the spaceship.

a Find the Cartesian equation of the path C of S.

- 1
b Show that the equation of the tangent to C at the point (#,v) on Cisy = 4—ux + —.
v v

¢ Show that in order to aim at the spaceship at any point on its path, the player needs

\/ to turn the gun through an angle of at most 20, where tan o = 6\5 .

y

Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
Specialist Mathematics Year 12 Photocopying is restricted under law and this material must not be transferred to another party.



& MR | P \\
N 8 4
- -3 ’
. 7

m, / , " 2
| ;e&bmques of -
_ integration N_ BV %

> To review antidifferentiation by rule.

> To investigate the relationship between the graph of a function and the graphs of
its antiderivatives.

» To use the inverse circular functions to find antiderivatives of the form

1 a
f \/az—fxz dx and f m d
To apply the technique of substitution to integration.
To apply trigonometric identities to integration.

To apply partial fractions to integration.

vvyyvyy

To use integration by parts.

Integration is used in many areas of this course. In the next chapter, integration is used to find
areas and volumes. In Chapter 13, it is used to help solve differential equations, which are of
great importance in mathematical modelling.

We begin this chapter by reviewing the methods of integration developed in Mathematical
Methods Year 12.

In the remainder of the chapter, we introduce techniques for integrating many more functions.
We will use the inverse circular functions, trigonometric identities, partial fractions and two
techniques which can be described as ‘reversing’ the chain rule and the product rule.
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11A Antidifferentiation

The derivative of x> with respect to x is 2x. Conversely, given that an unknown expression
has derivative 2ux, it is clear that the unknown expression could be x>. The process of finding
a function from its derivative is called antidifferentiation.

Now consider the functions f(x) = x*> + 1 and g(x) = x*> - 7.

We have f’(x) = 2x and g’(x) = 2x. So the two different functions have the same derivative

function.
Both x?> + 1 and x> — 7 are said to be y
antiderivatives of 2x. yEx 4+l A

= 2 —}‘
If two functions have the same derivative 4 5 ~ | /“\ X
function, then they differ by a constant. Y= k
So the graphs of the two functions can be
obtained from each other by translation
parallel to the y-axis. y=x2=T—m
The diagram shows several antiderivatives d

f 2 g \\ : (i; : //
of 2x. distance /(\v ¢_ : /
. A\ /
Each of the graphs is a translation of y = x* 7 units AN % distance
S | 4
parallel to the y-axis. o | Y 7 units
-7

Notation

The general antiderivative of 2x is x> + ¢, where c is an arbitrary real number. We use the
notation of Leibniz to state this with symbols:

f2xdx=x2+c

This is read as ‘the general antiderivative of 2x with respect to x is equal to x> + ¢’ or as
‘the indefinite integral of 2x with respect to x is x> + ¢’.

To be more precise, the indefinite integral is the set of all antiderivatives and to emphasise
this we could write:

[2xdx={fx): f(x)=2x}={F+c:ceR}

This set notation is not commonly used, but it should be clearly understood that there is not a
unique antiderivative for a given function. We will not use this set notation, but it is advisable
to keep it in mind when considering further results.

In general:

If F'(x) = f(x), then f f(x) dx = F(x) + ¢, where c is an arbitrary real number.
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11A Antidifferentiation 347

Basic antiderivatives

The following antiderivatives are covered in Mathematical Methods Year 12.

[ [ fCx) dx
xn+l
X" +c where n # —1
n+1
(ax + b)" 2D (ax+b)Y"*' +¢ | wheren # -1
x! Inx+c for x>0
1 1
—In(ax +b) + ¢ forax+b >0
ax+b a
eax+h lea)ﬁ—h +c
. 1
sin(ax + b) ——cos(ax+ b) + ¢
a
|
cos(ax + b) —sin(ax + b) + ¢
a

The definite integral

For a continuous function f on an interval [a, b], the definite integral fa b f(x) dx denotes
the signed area enclosed by the graph of y = f(x), the x-axis and the lines x = @ and x = b.
By the fundamental theorem of calculus, we have

[ fx) dx = F(b) - F(a)
where F is any antiderivative of f.

Note: In the expression L b f(x) dx, the number a is called the lower limit of integration
and b the upper limit of integration. The function f is called the integrand.

We will review the fundamental theorem of calculus in Chapter 12. In this chapter, our focus
is on developing techniques for calculating definite integrals using antidifferentiation.

Find an antiderivative of each of the following:

2
a sin(3x = ;) b 3+ c 6x*-=

Solution

a sin(3x - g) is of the form sin(ax + b)
. 1
f sin(ax + b) dx = —— cos(ax + b) + ¢
a

. 7 1 b1
f s1n(3x— Z) dx = ~3 cos(3x— Z) +c
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348 Chapter 11: Techniques of integration

2
b ¢¥* is of the form e+ ¢ Jox -5 dv= [6x'-2x?dx
X
1 4
f eux+b dx = aeax"'b +c = 61 + Zx_l +c
1
fe3x+4dx:§e3x+4+c :§x4+z+c
2 by

Evaluate each of the following integrals:

x x
a foz cos3x)dx b fol P 7 i c fOS sec’(2x) dx d fol V2x + 1 dx

Solution
a f% cos(3x) d [1 sin(3 )]% b f 2 _ ¥ d [1 = x]l
x) dx = | = sin(3x e efdx=|zet-e
0 3 0 0 2 0
1 3 1 1
= 3 (sin(;) — sin 0) = Eez — g = (Eeo — eo)
1 e? 1
=—(-1-0 =——e—[=-
3 ) 2 ¢ (2 1)
— _l e’ N 1
= — —¢ =
3 2 2
1
¢ From Chapter 10, we know d fol V2x + 1 dx = fOI(Zx +1)2 dx
that if f(x) = tan(ax + b), then -
f'(x) = asec*(ax + b). Hence = [ - Q2x + 1)5]
2 0
1 2
Y(ax+b)dx=—t +b) + 4 2
fsec (ax+ b) dx P an(ax + b) + ¢ :l((2+1)2_12)
- 3
Z 1 8 1,3
. 2 _ 3
. j;)g sec”(2x) dx = [5 tan(2x)]0 =3 (32 _ 1)
= l(tan(E) - tanO) _ 1 \3
2 4 =z
1
==(1-0
5(1-0)
1
T2
. . !
In the previous chapter, we showed that the derivative of In |x| is —.
X
By the chain rule, the derivative of In |ax + b is a .
ax+b
This gives the following antiderivative.
1 1
f dx = —Inlax + b|+ ¢ forax+b #0
ax+b a
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11A Antidifferentiation 349

a Find an antiderivative of

X 4x+2° X
b Evaluate j(‘)l P dx. ¢ Evaluate f__zl ) dx.
Solution
1
is of the f T
@ 4)c+2lso ¢ 0rmax+b
1 1
f dx = —Inlax+b|+ ¢
ax+b a
il ! dx—11n|4x+2|+c
4x+2 7 4
b [ sy dx=[mH +2|]1 ¢ [ oy dx=[mm +2|]_1
0 4x+2 7 |4 * 0 2 4x+2 7 s * =2
1 1
= Z(ln6 —1n2) = Z(ln|—2| —In|-6])
1 1 1
= -1 = —1In[=
33 4 n(3)
1
=——In3
2o

» Graphs of functions and their antiderivatives

In each of the following examples in this section, the functions F and f are such that
F’(x) = f(x). That is, the function F is an antiderivative of f.

Consider the graphs of y = f(x) and y = F(x) shown.

Find: Y y
A A
a f(x) y=f(x)
0, 1)
0 > X > X
Solution )
a f(x)=mx b F(x)= % + ¢ (by antidifferentiation)
Since f(1) =1, we have m = 1. But F(0) = 1 and therefore ¢ = 1.
2
Hence f(x) = x. Hence F(x) = % + 1.
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350 Chapter 11: Techniques of integration

Note: The graph of y = f(x) is the gradient graph for the graph of y = F(x).
We have seen that there are infinitely many graphs defined by f f(x) dx.

y
The graph of y = f(x) is as shown. A
Sketch the graph of y = F(x), given that £(0) = 0.
graph of y = F(x), g (0) =)
1,2
O > X
Solution ¥
The given graph y = f(x) is the gradient graph A
of y = F(x).
Therefore the gradient of y = F(x) is always positive.
The minimum gradient is 2 and this occurs when x = —1. - e~ 5
There is a line of symmetry x = —1, which indicates v
equal gradients for x-values equidistant from x = —1.
Also F(0) = 0.
A possible graph is shown.
Example 6
Y
The graph of y = f(x) is as shown. A
Sketch the graph of y = F(x), given that F(1) = 1.
0 /5_ > X
Solution y
The given graph y = f(x) is the gradient graph of y = F(x). A
Therefore the gradient of y = F(x) is positive for x > 2,
negative for x < 2 and zero for x = 2. wn
A possible graph is shown. :
0 7 > X
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11A 11A Antidifferentiation 351

SC((0 11A

example 1| 1  Find an antiderivative of each of the following:

2
a sin(2x+ E) b cos(mx) C sin(ﬁ)
4 3
d e3x+! e oS+ 3
2x2

g 6x° —2x% +4x+ 1

Example2| 2 Evaluate each of the following integrals:

n
a f_ll e*—e ™t dx b ‘/;)2 3x* +2x+4 dx c ﬁf sin(2x) dx
3 x
d f; e dx e f;)“ cos(x) + 2x dx f fol e + x dx
T 1 T
2 2 X i (% gec2
g fo cos(4x) dx h f_% s1n(2) dx i fo sec” x dx
Example3. 3 a Find an antiderivative of .
| 2x—5
1
b Evaluat — dx.
valuate j;) P X
-1 1
Eval — dx.
c Evaluate f72 =5 dx
4 Evaluate each of the following integrals:
11 -1 1 o 1
a d b —d c d
o 3z J5 5 Jiga
5 Find an antiderivative of each of the following:
1 1
a 3x+2)y c V3x+2 d ——
(Bx+2) 3x-2 * Gx +2)
3x+1 3x 1 2x + 1
o) e
x+1 €08 2 g8 Gx-1) x+3

example 4| 6 For each of the following, find the rules for f(x) and F(x), where F’(x) = f(x):

a Y y
A A
(1,2)
y:f(x) -1,4) yZF(X)
> X
0] -
0 >
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352 Chapter 11: Techniques of integration 11A

b y y
A y=ﬂ%l A
a parabola
= I
(1.4) y=Fx)
> X
% > X
0
C v Y
A

2.4)
2, 0) Nz N
- > X
[0 -
4 -8)

y=f(x) 0 \ ~

a parabola

d » v
A A
y=£x)
( y= aebx) \\
\y: F(x)

(-In2, -2)
e y (E ) y
A \2° A (m, 4)
y=Fx)
(m, 0) (2m, 0)
> X
0] > X
y=Ax) % (2r, 0)
(7
2
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11A 11A Antidifferentiation 353

0,0.5 e

y=T
=/(x) =
. (1,xo.4) —/@()y o

> X > X

(=5

example 5,6/ 7 For each of the following, use the given graph of y = f(x) and the given value of F(0)
to sketch the graph of y = F(x), where F’(x) = f(x):

a y b y

A A
\ y=f(x)

F0)=0 FO)=1
c y d y
A A
y=fx) (=3,4)
~ y=£x)
0 2 = 0 > X
/—5 -1
F0)=0 F(0)=0
e y f y
A A
\\_/ > X > X
o1 2 0 3
% =)
v F(0)=0 AO)=2
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354 Chapter 11: Techniques of integration

11B Antiderivatives involving inverse circular functions

In Chapter 10, the following rules for differentiation of inverse circular functions were
established:
1
fi(ma,0) >R, f(x)= Sin_l(g), ()= N
-1
ficaaoR fw=cos(2) 0=
a

2 — x2
fiRR, fo =G} rw=ais

From these results, the following can be stated:

1
f ——— dx = sin'l(f) +c for x € (—a, a)
_ a
_1 -1 X
f—dx:cos (—)+c for x € (—a, a)
a

—dx=tan_1(f)+c forxe R
a

Note: It follows that sin™" (f) + cos‘l(f) must be constant for x € (—a, a).
a a

By substituting x = 0, we can see that sin_l()—c) + cos‘l(f) = g for all x € (—a, a).
a a

Find an antiderivative of each of the following:

1 1 1
a b — cC ——
VO — x2 VO — 442 9 + 452
Solution
1 X
a dx = sin_l(—)+c
f V9 — x2 3
b [ dr=[—L—dr do= [ — 1
Vo —4x2 22 -2 9+4x 4(3 +x2)
3
1 1 = — —— dx
= z f 5 5 dx f 4(2 xz)
i X
1 2
= Esin‘l(?x)+c 9+X2
1 ) _1(2x) N
=—tan (—
6 3)7 ¢
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11B 11B Antiderivatives involving inverse circular functions 355

Example 8
(e—)

Evaluate each of the following definite integrals:

1 1 2 1 1 3
a d b —d C —d
j;) ,/4_x2 L j;) 4+x2 % -];) ,/9_4x2 &

Solution
11 x\1!
a —— dx = [sin_l(—)]
fo V4 - x2 2/lo
1
= sin_l(z) —sin™'0

m
G
2 1 1 2 2 1 3 1 3
b ——dx== | —— = dx
f04+x2 270 44 52 fom j;)z 9_ 2
o (3, o
= —[tan" (= 1
2 2/ == — dx
= —(tan™' I —tan™' 0) N
=53]
_T 2 3 /1o
° = és1n_1(g)
2 3
~ 1.095
SN 11B
example7| 1  Find each of the following integrals:
1 1 1 5
a fmdx b [ dx ¢ [z d | —

3 1 10 1
—d f | —d —_— h — dt
€ f 16 + x2 o f V16 — 422 x 8 f V10 = 2 f9+16t2

1 7
i | ———dx j | ——dy
/ V5 - 242 J 3+y?
example 8| 2 Evaluate each of the following:

2 1 3 5 6
afolrxzdx bﬁ)zmdx cﬂ)l—dx d fs—xdx

) 0 25+ x2

33 > 1 I ™
2 2 4

efo 9+4x2dx ff08+2x2dx gfo mdx hfo mdx
1 3 2 1

i [3———dy | —d

/ \/;) 1—9y2 y ) J; 1+32 "
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356 Chapter 11: Techniques of integration

11C Integration by substitution

In this section, we introduce the technique of substitution. The substitution will result in one

of the forms for integrands covered in Sections 11A and 11B.

First consider the following example.

Example 9
(c— )

Differentiate each of the following with respect to x:

a 232 +1y b cos®x c &
Solution
a Lety=Qx*+ 1) andu = 2x*> + 1. b Lety=cos®xand u = cos x.
Then y = u, % = 5u* and Z—Z =4x. Then y = 1, j_i = 3u? and % = —sinx.
By the chain rule for differentiation: By the chain rule for differentiation:
dy _dy du dy _dy du
dx du dx dx du dx
= 5u* - 4x = 34> - (—sinx)
= 20u’x = 3 cos? x - (—sinx)
= 20x(2x* + 1)* = —3 cos” x sinx

c Lety= & and u = 3x2.

dy du
Th = u, = = d - = 6 .
eny=e T e" an I X
By the chain rule for differentiation:
dy dy du
dx  du dx
=" 6x
= 6xe>®

This example suggests that a ‘converse’ of the chain rule can be used to obtain a method for
antidifferentiating functions of a particular form.

m From Example 9a: f 20x2x% + D dx=2x2 + 1P + ¢

This is of the form: [ 5K'(x) (h(x))* dx = (h(x))’ + ¢ where h(x) = 22 + 1

m From Example 9b: f —3cos? x sin x dx = cos® x + ¢

This is of the form: f 3 (x) (h()c))2 dx = (h(x))3 +c where h(x) = cos x

m From Example 9c: f 6xe™ dx =3 +¢

This is of the form: f K (x) "D dx = " 4+ ¢ where A(x) = 3x?
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11C Integration by substitution 357

This suggests a method that can be used for integration.

2 1 6
e.g. f 2x(x? + 1)° dx = % +c [h(x) = x* + 1]
. sin® x .
f cosx sinx dx = > [A(x) = sin x]

A formalisation of this idea provides a method for integrating functions of this form.
Lety= f f(u) du, where u = g(x).

By the chain rule for differentiation:

dy dy du

dx ~ du dx
du
—f(u)'a

du
= —d
y= [ f o dx
This gives the following technique for integration.

Integration by substitution

il f(u)%dx: [ faw) du

This is also called the change of variable rule.

Example 10

Find an antiderivative of each of the following:
1
a sinx cos? x b 5x2(x*-1)2 c 3xe”
Solution
a f sinx cos® x dx

d
Let u = cos x. Then f(u) = u?> and d_u = —sinx.
X
f sin x cos? x dx = —fcos2x-(— sin x) dx
du
=— &y
J fa = dx
= —ff(u) du
= —f u* du
P

=——+c

3
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358 Chapter 11: Techniques of integration

1
b [5:x2(F-1)2 dx ¢ [3xe* dx
Letu=x>—1. Let u = x°.
1 du 5 du
Then f(u) = u2 and — = 3x°. Then f(u) = " and — = 2x.
dx dx
1
[ 523 = 1)2 dx o [ 3xe” dx
_2 S % 3x% d _3 . 2xd
—gf(x—)-xx —Efe-xx
5 1 du 3 du
= — 2 — d = — L —g d
3 i g
5 1 3
:§fu2du zzfe“du
5 (2 %) N 3., N
-—(z =—¢e"+c¢c
3\3"7) 7 ¢ 2
_ 10 % + = §e"2 +c
=9 u2 +c =5
10 4 3
=—x =12+
5 (¥ =D2+c¢
Example 11
=== Find an antiderivative of each of the following:
2 3
a — b ——
X2+2x+6 VO —4x— 2
Solution
a Completing the square gives
PH2x+6=x>+2x+1+5
=@x+1)2+5
Therefore
2 2
——dx=| ———d
| wame =] x+12+5
du
Letu = x+ 1. Then — = 1 and hence
dx
2 2
———dx=| ——d
f(x+1)2+5 o= ] s
_2 ¥
V5 ur+s
2 tan’l( “ )+
= — — ) +c
5 V5
2 @ _l(x + 1)+
= — c
5 V5
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11C Integration by substitution 359

3
" r=
Completing the square gives
9—4x—x*=-(x>+4x-9)
=—((x+2)*-13)
=13 - (x+2)°

Therefore

(A TS S
VO — 4x — x2 13 — (x +2)?

d
Letu = x + 2. Then d_u = 1 and hence
x
3 3
—— dx= | ———du
f V13 = (x+2)? f V13 —u?
= 3sin_1(L)+c
V13

= 3sin_1(x+2)+c
Vi3

» Linear substitutions

Antiderivatives of expressions such as

2045 2x+5
(2x+3)V3x -4, \/;”_4, (xx++2)2’ Qx+Hx+3%, 2V3x—1
-

can be found using a linear substitution.

Example 12
(c— )

Find an antiderivative of each of the following:

2x+ 1
a(2x+1)Vx+4 b ﬁ CX2V3)C—].
- 2x
Solution
du
a Letu=x+4.Thend—=landx:u—4.
x

1
J@x+D)Vx+4dx= [ (2u—4)+1)u? du
1
:f(2u—7)u5 du
3 1
=f2u2—7u2du
25 23
= -2 | - —1y2
2(5” ) 7(3” )”

4 5 14 3
= g(x+4)2 —?(x+4)2 +c
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360 Chapter 11: Techniques of integration

2x+ 1
2 f (1—2)()2

Letu:1—2x.ThenZ—u:—2and2x:l—u.
X

Therefore

f 2x+ 1

Az =

1 r2—udu
__Ef u? Ecd

1
—§f2u_2 —uldu

1
= —5(—2u*' —Injul) + ¢

1
-1
— + —1 dL
u ) nlI/l| G

1 1
= 1_2)C+§1n|1—2x|+c

C fxz\/3x— 1dx
Letu =3x-— 1.Thend—u = 3.
dx

,  (u+ 1)?

We have x = and so x° = 9

Therefore

fxz\/3x—1dx:f(u+1) B

1 1
=ﬁf(u+1)2u2 (3) dx
1 5 1 du
= — ) —
27f(u +2u+Du dxdx
3 1

5
——7fu§ +2u2 +u? du

1221 45 23
(u2+ u2+3u2)+c

- 27 5
2 3/1, 2 1
= 2—7u2 (§u +§u+§)+c
2 3
= 2535 Bx— 2 (15G3x = 12 +42(3x - 1) + 35) + ¢
-2 (3x— 1)2 (135x% +36x + 8) + ¢
2835
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11C 11C Integration by substitution 361

Using the TI-Nspire
m To find an antiderivative, use > Calculus > Integral.
m Use factor from the Algebra menu to obtain the required form.

fe e E s
E E 2 xz'(3 ‘c-l) g 8 (3-.\'-1) 2 ?
factor + +=-
2x%(3x-1)2 8x(@x-1)2 16062 \ 21 315
21 315 28 3
2 (2:x-1) 2 - (135 x2+26 x+8)
2835
| 2
Note: The integral template can also be obtained directly from the 2D-template
palette (=) or by pressing (shift)(+).
Using the Casio ClassPad
= Enter and highlight the expression x>+/(3x — 1). & Edit Action Interactive
= Go to Interactive > Calculation > [. Make sure CE4] e | fha]sime] 0| v | A} I'E

that Indefinite is selected and that x is the variable. il |
- . . simplify ([ %2/ (317 dx) o
m Simplify the resulting expression. o

3
2-(185-x2+86-x+8) - (3-x-1) 2
2835
E((]-] 11C
example 10, 1  Find each of the following:
a f 2x(x? + 1)% dx b f ﬁ dx C fcosx sin® x dx
X
d f Y ix e f(2x+ 1)’ dx f f5x‘\/9+x2 dx
sin® x
2 _3y5 4 h[—L g P [—2 4
g [ -3y dx | g & O everas ol
1
j dx k[ (2 =203 =3x8+ )*dx
= /
3x 3x
|fx2+1dx mf2—x2dx
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362 Chapter 11: Techniques of integration 11C

example 11, 2  Find an antiderivative of each of the following:

1 1 1
a — b — c
X2 +2x+2 xX2—x+1 Vol —d4x— 22
1 1 1
d ——— e —— f ]
10x — x2 — 24 40 - x2 — 6x 3xf+6x+7
Example 12| 3  Find an antiderivative of each of the following:
1
a xV2x+3 b xvl-x c 6x(3x—-7)"2
2x—1
d Qx+1D)V3x—1 e (x—l)2 f(x+3)V3xr+1
X—
(x4 D(x+3)3 Sx- | i V-1
X x _— xX“Vx —
J Qx+ 17
j =
\/ Vx—1
11D Definite integrals by substitution
Example 13
Evaluate f04 3xVx2 + 9 dx.
Solution
5 du
Letu = x*+9. Then — = 2x and so
dx
3
f3x‘Vx2+9dx= Ef‘\/x2+9-2xdx
3 1 du
= 5 f u2 a dx
3 1
= 3 f u2 du
3 (2 %) .
- 2\3") e
3
=u2 +c
3
=2 +9)2 +c
4 2 37
[ 3V + 9 dx = [(x + 9)2]
0
3 3
=252 — 93
=125-27=098
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11D Definite integrals by substitution 363

In a definite integral which involves the change of variable rule, it is not necessary to return to
an expression in x if the values of u corresponding to each of the limits of x are found.

For the previous example:

m x=0impliesu=9

B x =4 implies u = 25

Therefore the integral can be evaluated as

2 7 du = %[%u%f = 125-27 =98
Evaluate the following:
a ﬁ)g cos® x dx b j;)l 252" dx

Solution
z x
2 3 — 2 2
a ﬁ) cos xdx—ﬂ) cos x (cos? x) dx

fid
= j(‘)z cos x (1 — sin® x) dx
Let u = sin x. Then @ = COS X.
dx
When x = g,u= 1 and when x =0, u = 0.

Therefore the integral becomes
341
1 ) 3 u
Jy A —u?)du= [u—?]o
1

2
=leo===
3 3

b fol 2x2e% dx
d
Let u = x°. Then @ 3x2.
dx
When x =1, u=1and when x =0, u = 0.

We have

2 5 2
e j(‘)l e - (3x%) dx = 3 j(‘)l e du
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364 Chapter 11: Techniques of integration 11D

(14 11D

Skillsheet - 1 Evaluate each of the following definite integrals:

Example 13, 14 a ﬂ)3x\/x2+16 dx b ﬂ)z cos x sin® x dx c foi sinx cos? x dx
|

d f34x(x—3)]7dx e f()IxV1—xdx f f ” dx

¢ xlnx

4 1 1 e I sinx
—d h d i |4 d
b= Sl 0 costx

2x+3 2 cosx
k [3S22y |
J fo x2+3x+4 f% sinx f“ l—x2

X

s m [ 1i—ex dx

11E Use of trigonometric identities for integration

» Products of sines and cosines

Integrals of the form f sin” x cos” x dx, where m and n are non-negative integers, can be
considered in the following three cases.

Case A: the power of sine is odd
If m is odd, write m = 2k + 1. Then
sin®*! x = (sin® x)* sin x
= (1 - cos® x)¥sin x

and the substitution # = cos x can now be made.

Case B: the power of cosine is odd
If m is even and n is odd, write n = 2k + 1. Then
cos?*! x = (cos® x)F cos x
=(- sin’ x)k COS X

and the substitution # = sin x can now be made.

Case C: both powers are even

1 1
If both m and n are even, then the identity sin® x = 5(1 — cos(2x)), cos® x = 5(1 + cos(2x))
or sin(2x) = 2 sin x cos x can be used.

1
Also note that f sec2(kx) dx = z tan(kx) + ¢. The identity 1 + tan? x = sec? x is used in the
following example.
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11E Use of trigonometric identities for integration 365

Find:

a f cos? x dx b f tan? x dx c f sin(2x) cos(2x) dx
d f cos* x dx e f sin® x cos? x dx

Solution

a Use the identity cos(2x) = 2 cos” x — 1. Rearranging gives

1
cos? x = z(cos(Zx) +1)

1
f cos’x dx = 3 f cos(2x) + 1 dx

= % (% sin(2x) + x) +c

1
= 7 sin(2x) + g +c

b Use the identity 1 + tan? x = sec? x. This gives tan? x = sec’ x — 1 and so
ftanzxdx = fseczx— 1dx

=tanx —x+c¢

¢ Use the identity sin(20) = 2sin 0 cos 6.
1
Let 0 = 2x. Then sin(4x) = 2 sin(2x) cos(2x) and so sin(2x) cos(2x) = 3 sin(4x).

f sin(2x) cos(2x) dx = % f sin(4x) dx

= % (—% cos(4x)) +c

1
= 3 cos(4x) + ¢

2
% ) - %<cos2(zx> +2c08(2x) + 1)

d cos* x = (cos? x)? = (
As cos(4x) = 2 cos?(2x) — 1, this gives

cos(4x) + 1
2

1
cos* x = —(

2 +2cos(2x) + 1)

1 1 3
=3 cos(4x) + 7 cos(2x) + 3

1 1 3
f cos* x dx = f s cos(4x) + 3 cos(2x) + 3 dx

| 1 . 3
=3 sin(4x) + 1 sin(2x) + gx +c
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366 Chapter 11: Techniques of integration

e f sin® x cos? x dx = f sin x (sin” x) cos? x dx

= fsinx(l — cos? x) cos? x dx

d
Now let u = cos x. Then d_u = —sin x. We obtain

X

f sin® x cos? x dx = — f (= sinx)(1 — u®)(u?) dx

:—f(l—uz)uzd—udx
dx

=—fu2—u4du
woow
=—=-—|+
(3 5) ‘
cos’x  cos’x
= = c
5 3

Exercise Jl=

Skillsheet » 1

2

3

4
Cambridge Senior Maths AC

Specialist Mathematics Year 12

Find an antiderivative of each of the following:

a sin’x b sin*x

d 2sin(3x)cos(3x) e sin’(2x)

g sin®x cos® x h cos? x —sin® x
j cos?(2x)

Find an antiderivative of each of the following:

a sec’x b sec?(2x)
d sec?(kx) e tan’(3x)
g tan’x — sec’ x h cosecz(x - g)

Evaluate each of the following definite integrals:

x x
a fo2 sin’ x dx b j(‘)“ tan> x dx
T_[ T
d f04 cos* x dx e fo sin® x dx
Z 1
g j;)3 sin” x cos” x dx h ‘/;) sin® x + cos” x dx

Find an antiderivative of each of the following:

LA X
a cos’x b sm3(—) C
4
d 7cos’t e cos’(5x) f
g sin’ x cos* x h cos’ x
ISBN 978-1-316-63610-7 © Evans et al. 2017
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2tan® x
tan(2x)

cot? x

secz(%x)

1 —tan?x

JT
f02 sin’ x cos x dx

n
foz sin?(2x) dx

cos?(4mx)

8 sin* x
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11F Partial fractions 367

11F Partial fractions

We studied graphs of rational functions in Chapter 10. If g(x) and A(x) are polynomials, then
g(x)

fx) = % is a rational function;
4x +2
e'g' f(x) - .)C2 _ l

m If the degree of g(x) is less than the degree of i(x), then f(x) is a proper fraction.
m If the degree of g(x) is greater than or equal to the degree of i(x), then f(x) is an
improper fraction.

A rational function may be expressed as a sum of simpler functions by resolving it into what
are called partial fractions. For example:

4x +2 3 1
= +
x2-1 x-1 x+1

We will see that this is a useful technique for integration.

» Proper fractions

For proper fractions, the method used for obtaining partial fractions depends on the type of
factors in the denominator of the original algebraic fraction. We only consider examples
where the denominators have factors that are either degree 1 (linear) or degree 2 (quadratic).

m For every linear factor ax + b in the denominator, there will be a partial fraction of

the f .
© 0rmax+b

m For every repeated linear factor (cx + d)? in the denominator, there will be partial
C

d .
g (cx + d)?

fractions of the form

m For every irreducible quadratic factor ax? + bx + ¢ in the denominator, there will be a
Dx+ E

partial fraction of the form ————.
ax*+bx+c

Note: A quadratic expression is said to be irreducible if it cannot be factorised over R.
For example, both x? + 1 and x? + 4x + 10 are irreducible.

To resolve an algebraic fraction into its partial fractions:

Step 1 Write a statement of identity between the original fraction and a sum of the
appropriate number of partial fractions.

Step 2 Express the sum of the partial fractions as a single fraction, and note that the
numerators of both sides are equivalent.

Step 3 Find the values of the introduced constants A, B, C, ... by substituting appropriate
values for x or by equating coefficients.
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368 Chapter 11: Techniques of integration

Example 16

3x+5
Resolve m into partial fractions.
Solution Explanation
Let We know that equation (2) is true for
3x+5 A B _
ic++3 _ 1+ - a) all x e R\ {1,-3}.
G=Uess) 2 . But if this is the case, then it also has
forall x € R\ {1, -3}. Then to be true for x = 1 and x = —3.
3x+5=A(x+3)+B(x—1) ) Nl
Substitute x = 1 in equation (2): ®m You could substitute any values
8 = 4A of x to find A and B in this way,
Aed but these values simplify the
B calculations.
Substitute x = —3 in equation (2): m The method of equating coeflicients
—4 = —4B could also be used here.
B=1
H 3x+5 2 . 1
ence = .
x-Dx+3) x—-1 x+3
Example 17
2x + 10
Resolve — "~ into partial fractions.

(x+ D(x—1)?

Solution
Since the denominator has a repeated linear factor and a single linear factor, there are three
partial fractions:

2x+10 A B C

= + +
x+Dx-12 x+1 x-1 (x—1)?
This gives the equation

2x+10=A(x - 1) + B(x+ D)(x = 1) + C(x + 1)

Let x=1: 12 =2C
C=6

Let x = —1: 8 =4A
A=2

Let x =0: 10=A-B+C
B=A+C-10=-2

Hence 2x + 10 _ 2 2 6

G2 ol a1 G2
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11F Partial fractions 369

Example 18

X +6x+5 . . :
Resolve into partial fractions.
x=2)(x2+x+1)

Solution
Since the denominator has a single linear factor and an irreducible quadratic factor

(i.e. cannot be reduced to linear factors), there are two partial fractions:

2 +6x+5 A N Bx+C
x-2)(2+x+1) x-2 xX2+x+1

This gives the equation
P +6x+5=A*+x+ 1)+ (Bx+CO)(x-2) @
Subsituting x = 2:
224+6(2)+5=AR2%+2+1)
21 =7A
A=3
We can rewrite equation (1) as
P +6x+5=AF +x+ 1)+ (Bx+C)(x-2)
=A(* +x+ 1)+ Bx* —2Bx+ Cx - 2C
=(A+BxX*+(A-2B+C)x+A-2C
Since A = 3, this gives
P +6x+5=B+Bx*+(B3-2B+C)x+3-2C
Equate coeflicients:
3+B=1 and 3-2C=5
B=-2 L C=-1

Check: 3-2B+C=3-2(-2)+(-1)=6

Therefore
G 3 —2x-1
G2 +x+1) -2 Rrx+l
3 2x+ 1
x—2 R4+x+1

Note: The values of B and C could also be found by substituting x = 0 and x = 1 in
equation (1).
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370 Chapter 11: Techniques of integration

» Improper fractions

Improper algebraic fractions can be expressed as a sum of partial fractions by first dividing
the denominator into the numerator to produce a quotient and a proper fraction. This proper
fraction can then be resolved into its partial fractions using the techniques just introduced.

Example 19

P . .
Express — as partial fractions.
x> —=1
Solution
Dividing through:
X +x
2-1 5x5 +2
PR
X +2
B-x
x+2
Therefore
©+2 x+2
=x +x+
x? -1 2-1
By expressin X+2 X+2 as partial fractions, we obtain
X = , W
Y eRPIeSSIE e 1 T G—Dx+rD P
X +2 5, 1 N 3
2 VS P
x2 -1 2+ 1) 2(x-1)

Using the TI-Nspire
Use > Algebra > Expand as shown.

Note: The use of *, x’ is optional. 542

dx + - +;+x"'+x ]
s 1"‘ 2 (e+1) 2 (e-1)

X

Using the Casio ClassPad

5
ain . . X+ 2
m In :n@, enter and highlight 2.1 & Edit Action Interactive
- 05 1 | 1 p 1 Gimp 1105,
m Go to Interactive > Transformation > expand and ""Idh “‘JI pIJIvI&HI'H_—_
choose the Partial Fraction option. exmd(x:+2 : x] Al
x“=1

m Enter the variable and tap OK. 1 3

X3+A o
2+(x+1) * 2+(x-1)
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11F Partial fractions 3771

Summary of partial fractions
m Examples of resolving a proper fraction into partial fractions:

e Distinct linear factors
3x—4 A B

2x—3)x+5) 2x-3  x+5

e Repeated linear factor
3x—4 A B C

Qx—3)x+52 2x-3  x+5 (x+5)

e Irreducible quadratic factor
3x—4 A N Bx+C
2x-3)(x2+5) 2x-3 x2+5

m If f(x) = % is an improper fraction, i.e. if the degree of g(x) is greater than or equal

to the degree of /(x), then the division must be performed first.

These techniques work with more than two factors in the denominator.

A A A
m Distinct linear factors: S = 72 Ly
x—-a)x—-ay)...(x-a,) x—a x—a X—da,
px) A A A,

m Repeated linear factor: = 4o+
(x-—a (x-a) (x-a) (x—a)y

» Using partial fractions for integration

We now use partial fractions to help perform integration.

Distinct linear factors

Example 20

3x+5
Find [ ———— dx.
n f(x—l)(x+3) *
Solution
In Example 16, we found that
3x+5 3 2 N 1
(x-Dx+3) x—-1 x+3

Therefore

3x+5 2 1
dx= [ —=—4d d
f(x—l)(x+3) x= [y dn [ SR

=2Inlx—1|+In|x+ 3|+ ¢

Using the logarithm rules:
3x+5
——dx =1 -1)? 3
f(x—l)(x+3) X n((x )7 |x + |)+c
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372 Chapter 11: Techniques of integration

Improper fractions

If the degree of the numerator is greater than or equal to the degree of the denominator, then
division must take place first.

Example 21

. X +2
Flndf 2.1 dx.
Solution

In Example 19, we divided through to find that

©+2 x+2
=x +x+
x? -1 x? -1

Expressing as partial fractions:

X +2 3 1 3

21 C T+ 2= 1)
Hence
X +2 1 3
dx= [ +x- + d
Jaoydr=f7+x 2+ 1) 26—
4 2 1 3
:xz+%—§ln|x+1|+zln|x—1|+c
o1 lx— 1P
=—+—+—ln( )+c
42 T2 M

Repeated linear factor

3x+1 3x+1
Express (xx-i-—2)2 in partial fractions and hence find f (xx+ 27 X.
Solution
3x+1 A B
Write al = +
(x+2)? x+2 (x+2)?
Then 3x+1=A(x+2)+B
Substituting x = -2 gives =5 = B.
Substituting x = 0 gives 1 = 2A + B and therefore A = 3.
1
Thus 3x + _ 3 S
x+2)? x+2 (x+2)
3x+1 3 5
f al dx = f - ——dx
(x+2)? x+2 (x+2)?
5
=3Inlx+2|+ — +¢
x+2
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11F 11F Partial fractions 373

Irreducible quadratic factor

Example 23
(e—)

4
Find an antiderivative of m by first expressing it as partial fractions.

Solution
Write
4 A Bx+C
= +
x+Dx2+1) x+1 x2+1
Then

4=A*+ 1)+ Bx+C)x+1)

Let x = —1: 4 =2A

A=2
Let x =0: 4=A+C
c=2
Letx=1: 4=2A+2(B+C)
B=-2
Hence
4 2 2 -2x

= 4+
x+D2+1) x+1 x2+1

We now turn to the integration:

4 2 2-2

— x= [+ 2y

f(x+l)(x2+1) o= g e
2

2 2x
= ——d dx — d
x+ 1 x+fx2+1 * fx2+1 *

=21In|x+ 1|+ 2arctan x — In(x> + 1) + ¢

_ ln( (x+1)?

2 )+2arctanx+c
x>+ 1

____ Exercise Wil

Skillsheet » 1~ Resolve the following rational expressions into partial fractions:

Example 16 a L b _—1 Cc E
x-Dx+2) (x+1D2x+1) x2—4
dx +7 7-x
Yrr-6 ® G-dHa+D

Example 17| 2 Resolve the following rational expressions into partial fractions:
2x+3 9 2x -2

) b T o0 a2 ¢ GrDhx-22
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374 Chapter 11: Techniques of integration 11F

Example 18 3

Example 19| 4

Example20| 5

Example 21 6

Example22| 7

Example 23| 8

10

11

12

Cambridge Senior Maths AC
Specialist Mathematics Year 12

Resolve the following rational expressions into partial fractions:
3x+1 3x2 +2x+5
x+ D2 +x+1) x+2)(x+1)

2 +2x—13
2033 +6x2+2x+6

—4x -2

X into partial fractions
x-Dx-2) P ‘

Resolve

Decompose into partial fractions and find its antiderivatives.

9
- 10)(x-1)

4

(x+2)?

Decompose into partial fractions and find its antiderivatives.

Decompose into partial fractions and find its antiderivatives.

X+
(x +2)2

Decompose into partial fractions and find its antiderivatives.

5
(2 +2)(x—4)

Decompose each of the following into partial fractions and find their antiderivatives:

a 7 x+3 c 2x+ 1
(x=2)(x+5) x2-3x+2 x+Dx-1)
2x2 2x+ 1 4dx -2

d e ——— -_
x2 -1 x2+4x+4 (x=2)(x+4)

Find an antiderivative of each of the following:

a 2x—-3 Sx+1 2 —-2x>-3x+9
xX2-5x+6 x-D(x+2) x2 -4
4x+ 10 B +x>-3x+3 2 +3
X2 +5x+4 x+2 x2—x
Find an antiderivative of each of the following:
a 3x 2 5x°
(x+D(x2+2) (x+D2(x2+1) (x=-D(x2+4)
16(4x + 1) 24(x +2) 8

(x=22(x2+4)

(x+2)2(x2+2)

(x+ 1302 = 1)

Evaluate the following:

2 1 1 1
4 4
a J, D Jo GiDx+ € I (x—l)(x+2)
x2 x+7 3 2x+6
d [[—X 4 d
b wima ™ e ) Gr3a-n > Goip ¢
x+2 1 1 —4x 2
h [ g T L
g ) o d ! 03+x-22 " e

1-4x
i G+oa+1)
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11F

13 Evaluate the following:
1 10x
a —d
Jo Gr @2+ D
1 x?—1

S— dx
0 x2+1

X +6x+5
x=2)(x2+x+1)
a Express f(x) as partial fractions.

‘/ ¢ Hence evaluate f__zl f(x) dx.

14 Let f(x) =

11G Integration by parts

The product rule is
d ( )= dv . du
—w)=u—+v—
dx dx

Integrate both sides with respect to x:

d dv du
fa(uv)dx=fuadx+fva dx

11G Integration by parts 375

V3 -8
J TED TS
0 6
d [ T O

b Hence find an antiderivative of f(x).

By rearranging this equation, we obtain the following technique for integration.

Integration by parts

fu—dx—uv—fv%dx

d d
Note: We can use integration by parts to find an integral f u Y dxif the integral f v dx
dx dx

is easier to find.

Example 24

Find an antiderivative of each of the following:

a xcosx b xe*

Solution
y
a Letu =xand — = cos x.
dx

C arcsinx

d d
Then L I and v = sin x. (Choose v to be the simplest antiderivative of d—v.)
x

= xsinx — fsinx dx

= xsinx+ cosx + ¢
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376 Chapter 11: Techniques of integration

b fxe" dx

Letu:)candﬂ = ¢*. Then d—u =landv=e¢e"
dx dx

dv
S ® dlx = —d
o) fxe X fudx X
du
=uy — —d
uy fvdx X
= xe —fexdx
=xe'—e' +c
C farcsinxdx
d d
Let u = arcsin x and & 1. Then w_ L and v = x.

dx dx \1- 2

d
So farcsinxdx:fud—vdx
x

= xarcsin x — f

X
— dx
V1 — x2
= xarcsinx + V1 —x2 + ¢

X

Note: We can find f ———— dx by using the substitution w = 1 — x2.
V1 — x2

Using integration by parts more than once

In some cases, we need to use integration by parts more than once.

Find f x2e* dx.

Solution

d d
Letu=x2and 2 = ¢* Then 2 = 2xand v = ¢*.
dx dx

So fxzexdx=fu%dx
=uv—fv%dx

= x*e" — f 2xe* dx
= x%e* —2(xe" —e*) + ¢ (using Example 24b)

= (X -2x+2)e +¢
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11G Integration by parts 377

Using integration by parts by solving for the unknown integral

Integration by parts can be applied to expressions of the form e?* sin(bx) and e** cos(bx) in a
different way. Again, we use integration by parts twice. We form an equation which we can
solve for the unknown integral.

Example 26

Find f e’ cos x dx.

Solution
. v du . )
Letu = ¢* and — = cos x. Then — = ¢* and v = sin x.
dx dx

So, using integration by parts, we obtain

fe"cosxdx:exsinx—fe"sinxdx 1)
Similarly, we can use integration by parts to obtain

fe" sinx dx = —e*cos x + fe" cos x dx 2)
Substitute (2) in (1) and then rearrange:

f e*cosxdx =e*sinx — (—e"cosx+ f e*cos x dx)

2fexcosx dx=e*sinx+e*cosx+c

Now dividing by 2 and renaming the constant gives

1 .
f e*cosxdx = Eex(smx +Ccosx) + ¢

Using integration by parts for definite integrals

We can also use integration by parts to evaluate definite integrals.
b du
fu—dx—[uv fv—dx

Example 27

Evaluate flz Inx dx.

Solution J X
Let u = In x and L 1. Then L and v = x.
dx dx x
We have
2 2 2
fl Inxdx =[xInx|] - f 1dx
= [xIn x] [x]
=2In2-2-1)
=2In2-1
Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press

Specialist Mathematics Year 12 Photocopying is restricted under law and this material must not be transferred to another party.



378 Chapter 11: Techniques of integration

Exercise kl€

11G

example 24| 1 Find an antiderivative of each of the following:
a xe™ b Inx C xsinx d arccosx
e xcos(3x) f xsec’x g xtan®x h arcsin(2x)
i arctanx j (x+ e k xarctanx I xInx
1
m x’lnx n x 2lnx o (x+3)e* P X lnx
q xe?*! r xIn(2x)
Example25| 2  Find an antiderivative of each of the following:
a x’e* b x?sinx
example 26/ 3  Find an antiderivative of each of the following:
. . (X
a e'sinx b e**cos(3x) c e¥sinx d ¢ sm(§)

example 27| 4  Evaluate each of the following:
a ‘/;)2 xe** dx
d fol 2xe dx

g flz In(3x) dx

x
c ‘/;)4 xcos(4x) dx
f fol x2e3 1 dx

i f13lenxdx

b j:n xsin(4x) dx
e [M@4x-3) sin(g) dx
h j;)z x2e* dx

v

11H Further techniques and miscellaneous exercises
In this section, the different techniques are arranged so that a choice must be made of the
most suitable one for a particular problem. Often there is more than one appropriate choice.

The relationship between a function and its derivative is also exploited. This is illustrated in
the following example.

Example 28

1
a Find the derivative of sin™!(x) + xV1 — x2. b Hence evaluate ﬁ)z V1 - x2 dx.

Solution
a Lety=sin"'(x) + xV1 — x2. Then
dy 1 ( (=x)x .
— = + (V1 —x2 + ) (using the product rule for xV1 — x2)
dx  \1-x2 V1 - x?
B 1 N =5 ="
V1 — x2 V1 — x2
2(1 - x?)
V1 — 2
=2Vl - x2
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b From part a, we have

f2v1—x2dx:sin_l(x)+x 1-x2+c¢
1 1
f2 2V1 — x2 dx = [sin_l(x)+xV1 —x2]2

f Vl—xzdx— sm %+%\/ - (s1n_1(0)+0))

_1(E+1£)
26 2 2
_n ., V3
12 8

G- 11H
, 1 1
Skillsheet 1 If j;) m dx =1n )25 find p-
I
2 Evaluate fo6 sin® x cos x dx.

2x

e
1 +e*

3 Evaluate fol

x
4 Evaluate f03 sin® x cos x dx.

4 X
5 Evaluat —d
vauaef3 GGt D X
I cosx
Fi if [6 —/—— =Inc.
6 1nd01f0 1+sinxdx nc

7 Find an antiderivative of sin(3x) cos’(3x).

8 IfL 7 dx=1np, find p.
9 If [~ dr=lnp, find
S _sxia TP P
10 Find an antiderivative of each of the following:
cos x 3 . 2 3 i
Sin3 . b x(4x + 1)2 C SIn” Xx COS™ x d m

11 Evaluate f
V25 -

12 Find an antiderivative of each of the following:
1 1 1 1

Ty S Y e C ioae d &
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380 Chapter 11: Techniques of integration 11H

Example28| 13 Let f: (1, 00) — R, where f(x) = sin‘l(i)'
\x
a Find f'(x)

1
b Using the result of a, find f;

xVx—1

14 For each of the following, use an appropriate substitution to find an expression for the
antiderivative in terms of f(x):

dx.

, f ’(X)
a [ f@(f(x) dx b [
(f (X))
c [ AEY dx, where f(x) >0 d [ f/(x)sin(f(x)) dx
J(x)
15 Ify=xV4—x find d— and simplify. Hence evaluate f S dx.
2x = 11x% +20x - 13
16 Find a, b and c such that = (;_2)2 —ax+b+ e _62)2 for all x # 2.
2x% — 11x% +20x — 13
Hence find f o ()'Cx_ 22 al dx.
17 Evaluate each of the following:
x
a [¥sin’(2x) dx b [°(14-20Ve® — 14x+ 1 dx
sin x 2 1
cof? d d d
f_ COS X * j; xInx *
., sin x
e fo tan” x dx ffo 2+cosx
18 Find f sin x cos x dx using:
a the substitution # = sin x
b the identity sin(2x) = 2 sin x cos x
19 a Ify=In(x+ Va2 + 1), find dy Hence find | Ly
d Va2 + 1
b Ify=In(x+ Vx2 - 1), find d_ Hence show that fz \/x— dx = In(2 + V3).
20 Find an antiderivative of each of the following:
1 1 4+ x?
a —— b —— c o d
4+ x? 4 - x? X 4+ x2
x? 1
e f V4 + x2 h xV4+
Ay 15422 A VR
1 1
i j k —= | —=
4—x 4 — x? 4-x 4 — x?
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11H 11H Further techniques and miscellaneous exercises 381

21 Evaluate each of the following definite integrals:

a f12 xe™ dx b fle xInx dx c L];)“(x — ) sinx dx
. 30 —x+2
22 Find constants ¢ and d such that 2 o dx =c+Ind.
X2 —

23 a Differentiate f(x) = sin(x)cos" ! (x).
b Hence verify that n f cos” x dx = sin(x)cos" '(x) + (n — 1) f cos"2(x) dx.
¢ Hence evaluate:

T T
i f02 cos* x dx ii foz cos® x dx
x x
iii ﬁ)z cos* x sin® x dx iv ﬁ)“ sec*(x) dx

24 Find:
X 2 n
afmdx b [ x(x—1)"dx
25 a Evaluate fol(l +ax)? dx.

b For what value of a is the value of this integral a minimum?
. . asinx—bcosx
26 a Differentiate ———— with respect to x.
asinx + bcosx

1
dx.
+ b sin x)? *

JT
b Hence evaluate foz
(acosx

27 LletU, = fOZ tan" x dx, where n € Z with n > 1.

a Express U, + U,_; in terms of n.

13 =

b Hence show that Ug = — — —.

T 15 4

28 a Simplif + !
impli .
Py l1+tanx 1+ cotx
b Letg = = — 0. Sho thatf% L f% L 4
=—-0. W _ = — do.
\/ ¥=3 0 1+tan0 0 1+cotg ?
¢ Use these results to evaluate f % — do.
0 1+tan0
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382 Chapter 11: Techniques of integration

Chapter summary

Inverse circular functions

f ; dx = sin_l(f) +c
va—e o e

Ok,

f _—1 dx = cos_l(f) +c
N a

a (X
J g dv=an (3 e

Integration by substitution
m The change of variable rule is

f f(u) d_u dx = f f(u) du where u is a function of x
dx

m Linear substitution
A linear substitution can be used to find antiderivatives of expressions such as

2x+5 2445
Qx+3V3x—4, 2 and —>
3x—4 (x+2)

Consider f f(x)glax + b) dx.

Letu = ax+ b. Then x = “- and so

a

ff(x)g(ax+b) dx—ff( )g(u) dx

=S

m Definite integration involving the change of variable rule:
Let u = g(x). Then

d
S S de= 5 fw) du

)g(u) du

gla
Trigonometric identities
sin(2x) = 2sin x cos x
cos(2x) = 2cos’ x — 1
=1-2sin’x
= cos® x — sin® x

sec’x =1+ tan’ x

Integration by parts

fu—dx—uv—fv—dx
' fu—dx— fv—dx
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Chapter 11 review 383

Partial fractions

m A rational function may be expressed as a sum of simpler functions by resolving it into
partial fractions.

m Examples of resolving a proper fraction into partial fractions:

e Distinct linear factors
3x—4 A N B
Qx-3)(x+5) 2x-3 x+5

e Repeated linear factor
3x-4 A B C

2x—3)x+57 2x=3  x+5 (x+57

e Irreducible quadratic factor
3x—-4 A N Bx+C
Qx-3)(x2+5) 2x-3  x2+5

®m A quadratic polynomial is irreducible if it cannot be factorised over R.

mIf f(x)= % is an improper fraction, i.e. if the degree of g(x) is greater than or equal to

the degree of /(x), then the division must be performed first. Write f(x) in the form
8(x) r(x)
=z 7 = + —
o~ 9" G

where the degree of r(x) is less than the degree of A(x).

Short-answer questions

1 Find an antiderivative of each of the following:

2x+3 1 *
a cos’(2 b = C TTae 4 e
cos”(2x) 42 + 1 1 —4x2 1 —4x2
2
by in2 T al
¢ T Fovl-2 g(-3) b 5=
1
i sin’(3x) j sin’(2x) k xvx+1 T+ cos(2)
e+ n — o sin’x cos? x ©
g3+l 2 -1 P I+x

2 Evaluate each of the following integrals:

1 1 1 1 1
a [?x(1-x)2dx b [2(1-x)"dx ¢ [2x(1+xH)7 dx
12x% +3x+2 11
—d d f —d
f‘ or+ a2 ‘/;) 232 j;) V4 —3x *
1 1 z b
— dx h [2sin’(2x) dx i sin® x cos? x dx
RN J S

&9 —
j fOZ sin(2x) cos2(20) dx k [4 g 2cosxosinx oy [2 2V + 1dx

2sin x + cos x
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384 Chapter 11: Techniques of integration

1 2x+2 1 X
3 Show that :—( )— . Hence find [ —— dx.
owthat S 3 = Ao ea)  Er ey Heneefind [ oo s da
1
4 a Differentiate sin'(+/x) and hence find [ ——— dx.
(Vx) i =D
2x
b Differentiate sin~' (x?) and hence find dx.
f VI -x*
. i .1 s -1
5 a Find —(xsin™" x) and hence find f sin”" x dx.
dx
d
b Find —(xIn x) and hence find f Inx dx.
dx
Lod -1 -1
¢ Find —(xtan™" x) and hence find f tan™' x dx.
dx
6 Find an antiderivative of each of the following:
0
a sin(2x) cos(2x) b x*(x®+1)? C %
2x
d xe!™ e tan’(x +3) f ———
V6 + 2x2
g tan® x sec’ x h sec?x tan x i tan’(3x)
7 Evaluate the following:
x 1 s
a [7sin’xdx b [ (13-5x)3 dx ¢ [[¥sec2@x) dx
2 1 T S+l
d fl(3—y)2dy e ﬂ)sm x dx f _3mdx

1

1
1\2 1

8 Find the derivative of (x2 + —)2 and hence evaluate f 21 2x—x72) (x2 + —) ? dx.
x - x

4x% + 16x
9 Letf(x)= — 2%
I = o A a)
6 bx+d
a Given that f(x) = xf2+(x_2)2— . find a and b.

T

—n-1Ind
b Given that [, f(x) dx = % find ¢ and d.

10 Find an antiderivative of each of the following:

a e > cos(2x +3) b xsec®x c ¥ cos(g)

11 Evaluate each of the following definite integrals:

\/ a flz x*Inx dx b flz InTx dx C j;)l xe > dx

y
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Multiple-choice questions

1 An antiderivative of xV4 — x is

v

Cambridge Senior Maths AC
Specialist Mathematics Year

1 1 2 3
A 4-x)2 —%(4—@*2 B ?x(4—x)z

8 32 5
D —(4-x2-=(4-x)2

E %(4—)()% - 2(4—)6)

Chapter 11 review 385

3
2

m 3
If fo tan x sec? x dx = > where m € (O, g) then the value of m is

A 05 B I cZ
3
An antiderivative of tan(2x) is
A ] sec’(2x) B 1In(cos(2x))
D 1In(sin(2x)) E 1tan’(2x)

f% sin(2x)
7 2+ cos(2x)

A % B ln(%) C n2

dx is equal to

p =
6

m
| 4

C % In(sec(2x))

1
D —-In2
2n

E 1

I
f;f sin x cos® x dx written as an integral with respect to u, where u = cos x, is

1
C flzu3\/1—u2du

Af%lbﬁdu B fﬁlfdu

1
Dflou3\/1—u2du E f12u3du
2

L 2 .
An antiderivative of ——— is

V1 - 16x2

| |
A sin-‘(f) B —sin_l(j—:) Csinl@y D Ssin'(4)

4 2

is

1
An antiderivative of
9 + 4x?

9 9 3

1 2 1 2 1 2 2 2
A —tan‘l(—x) B gtan‘l(—x) C gtan‘l(—x) D 9tan‘1(—x) E %tan‘l(—x)

3 9

1
E 3 sin”™! (4x)

3

If i(x f(x)) = xf'(x) + f(x) and xf’(x) = ;, then an antiderivative of f(x) is
dx 1+ x2

A xf(x)—tan"!(x) B In(x*>+1)
D f(x)-tan"'(x) E tan"!(x)
If F’(x) = f(x), then an antiderivative of 3 /(3
3 3 5
A EFG_ZX) B —1(3—2x)
3 3
D _EF(3_2X) E —Ef(3—2x)
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integration

Objectives

> To determine the area under a curve.

P> To determine the area between two curves.

P To use a CAS calculator to evaluate definite integrals.
P To determine the volume of a solid of revolution.

> To apply the exponential probability distribution.

In this chapter we revisit the fundamental theorem of calculus. We will apply the theorem
to the new functions introduced in this course, and use the integration techniques developed
in the previous chapter.

We then study two further applications of integration.

Volume of a solid of revolution
The first application is finding the volume of a solid formed by revolving a bounded region
defined by a curve around one of the axes.

If the region bounded by the curve with equation y = f(x) and the lines x = a and x = b is
rotated about the x-axis, then the volume V of the solid is given by

V=n ['(f) dx
You will see how to derive the formula for the volume of a sphere, which you have used for
several years.

Exponential probability distribution

The second application is to probability. We will use integration to investigate the exponential
probability distribution, which is often used to model the time between the occurrence of
random events.
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12A The fundamental theorem of calculus 387

12A The fundamental theorem of calculus

In this section we review integration from Mathematical Methods Year 12. We consider
a the graphs of some of the functions introduced in earlier chapters, and the areas of regions
defined through these functions. It may be desirable to use a graphing package or a CAS

% calculator to help with the graphing in this section.

Signed area

> <

Consider the graph of y = x + 1 shown to the right. ,
39 y=x+1
Ay =1x3x3=4] (areaof a triangle) yer

Ay=1ix1x1=3

The total areais A + Ar = 5.

1 A,
The signed areais A| — A, = 4. ) _/
i X

k:
|
- O
o
Y

Regions above the x-axis have ¥
positive signed area. A

Regions below the x-axis have
negative signed area. Ay A3 /
The total area of the shaded > X

region is A; + Ay + Az + Ay. / 0 W W

The signed area of the shaded
regionis A; — Ay + A3 — Ay.

The definite integral

Let f be a continuous function on a closed interval [a, b]. The signed area enclosed by the
graph of y = f(x) between x = a and x = b is denoted by

fab f(x) dx

and is called the definite integral of f(x) from x = ato x = b.

Fundamental theorem of calculus

If f is a continuous function on an interval [a, b], then
[ fx) dx = F(b) - F(a)

where F is any antiderivative of f.

Notes:
m If f(x) > 0 for all x € [a, b], the area between x = a and x = b is given by j; b f(x) dx.

m If f(x) <0 forall x € [a, b], the area between x = a and x = b is given by — J;b f(x) dx.
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388 Chapter 12: Applications of integration

The graph of y = is shown. ‘):
4-x? 1 1
Find the area of the shaded region. i i
l l
[} [}
[} [}
l 1 l
l 2 l
[} [}
! Ly
2 -1 o1 12
Solution
1 1
Area = | |
4 — x?
1 1
=2 | ——dx (by symmetry)
b=
1
X
=23
sin™"{ 5 .
1
o)
sin”"{ 5
T
=2X—
6
om
-3
. 6
Find the area under the graph of y = o between x = -2 and x = 2.
b
Solution
Area=6 [2 4 A
rea = f—24+x2 X
6 2 2
~2 f—2 4 + x? dx
—6fzidx (by symmetry)
R ) y sy y = o 3 > x
2
X
-l 3)
2/1o
= 6tan”'(1)
T
=6X—
4
_ 3z
S 2
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12A The fundamental theorem of calculus 389

Sketch the graph of f [= 2, 2] — R, f(x) = sin”!(2x). Shade the region defined by the

inequalities 0 < x < 5 L and 0 <y < f(x). Find the area of this region.

Solution

1
Area = 12)2 sin'(2x) dx

Note: This definite integral can be evaluated
using integration by parts. Here we
use a simpler method to find the area.

S SIE]

[ cos y]

Sketch the graph of y = 2
and find this area.

Solution
1
Area—f1 12 dx
— + d
12—x 2+x x
By symmetry:
1 1
Area = = — + d
a=2doax
- 3[nG=],
2
= E(ln 3-Inl)
1
=—1In3
> n
Cambridge Senior Maths AC ISBN 978-1-316-63610-7
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390 Chapter 12: Applications of integration

The graph of y = cos? %

X 18 shown. A

Find the area of the shaded region.

| a
NMET

Solution
3n
Area = _fnz cos’® x dx
2

3
= _fnz cos x cos® x dx
2

3n
= _fnz cos x (1 —sin” x) dx
2
. du
Let u = sin x. Then — = cos x.
dx

3
When x = ,u=1.Whenx:7n,u:—l.

T
2
Area = — fl_l(l —u?) du

Properties of the definite integral

fabf(x) dx = facf(x) dx+fcbf(x) dx
[ffx)dx=0

[Pkf@dx=k [ fx) dx

i 1o+ g0 dx = [ f dxx [ g(x) dx
S 700 dx == [ o dx
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12A 12A The fundamental theorem of calculus 391

SCIEI1-N 12A
Eample1] 1 Sketch the graph of f ( 3 3)—>R £(x) !
xample (==, = ) -
2°2 V9 —4x2

Find the area of the region defined by the inequalities 0 < y < f(x) and -1 < x < 1.

9
Example2| 2  Sketch the graph of f: R — R, f(x) = e
X

Find the area of the region defined by the inequalities 0 <y < f(x) and -2 < x < 2.

1
3 The graph of f(x) = x + — is as shown. y
X

Find the area of the shaded region.

2
4 Sketch the graph of f(x) = x + —. Shade the region for which the area is determined by
X
the integral flz f(x) dx and evaluate this integral.

example3| 5 For each of the following:

i sketch the appropriate graph and shade the required region
ii evaluate the integral.

|—

1
a ['tanxdx b [;% cos™(2x) dx ¢ [2 cos™ @) dx
2
d ['2sin” xdx e [ sin(3)dx £ [ sin(3)dx
4
Example4| 6 Sketch the graph of g: R\ {-3,3} - R, g(x) = 92 and find the area of the region
- X
with -2 < x<2and 0 <y < g(x).
2
7 For the curve with equation y = -1 + — , find:
x*+1
a the coordinates of its turning point b the equation of its asymptote

¢ the area enclosed by the curve and the x-axis.

4
x+3
a Find the coordinates of the intercepts with the axes.

8 Consider the graph of y = x —

b Find the equations of all asymptotes. ¢ Sketch the graph.

d Find the area bounded by the curve, the x-axis and the line x = 8.
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392 Chapter 12: Applications of integration 12A

1
(1I-x)(x-2)
b Sketch the graph of y = g(x), indicating the equation of any asymptotes and the

9 a State the implied domain of the function g with rule g(x) =

coordinates of the turning points.
c State the range of g.
d Find the area of the region bounded by the graph of y = g(x), the x-axis and the lines

x=4and x = 3.
— 1 _
10 Sketch the graph of f: (=1,1) - R, f(x) = . Evaluate | 2 dx
1—x2 fo V1 — x2
1
11 Find the area of the region enclosed by the curve y = = the x-axis and the lines
x=1andx = V2. V4 — x

12 Sketch the curve with equation y = tan™! x. Find the area enclosed between this curve,
the line x = V3 and the x-axis.

X .
and the x-axis from x = 1 to x = e.

21
13 Find the area between the curve y = 1

Example 5| 14 The graph of y = sin*(2x) for x € [0,1] 15 The graph of y = sin x cos” x for

is as shown. Find the area of the shaded x € [0, «t] is as shown. Find the area
region. of the shaded region.
Y Y
A A
0.5
14
5 7 X
2
0 T T
—14 >

2
16 Sketch the curve with equation y = %
X

its asymptotes. On your diagram, shade the finite region bounded by the curve and the

, showing clearly how the curve approaches

lines x = 0, x = 3 and y = 2. Find the area of this region.

3
2x+ DA —x)
b Find the coordinates of this point and determine its nature.

17 a Show that the curve y = has only one turning point.

c Sketch the curve.
‘/ d Find the area of the region enclosed by the curve and the line y = 3.

Cambridge Senior Maths AC ISBN 978-1-316-63610-7 © Evans et al. 2017 Cambridge University Press
Specialist Mathematics Year 12 Photocopying is restricted under law and this material must not be transferred to another party.



12B Area of a region between two curves 393

12B Area of a region between two curves

Let f and g be continuous functions on the
interval [a, b] such that A

f(x) > g(x) forall x € [a,b]

Then the area of the region bounded by the y=£x)
two curves and the lines x = a and x = b can —
be found by evaluating y iw

[P @ dx= [P gy dx= [ fx) - g(x) dx o 5

Find the area of the region bounded by the parabola y = x? and the line y = 2x.

Solution
We first find the coordinates of the point P:

> o

X =2x

x(x=2)=0 P
x=0o0rx=2

Therefore the coordinates of P are (2, 4).

Required area = f02 2x — x> dx 0

3.2
-3
3o

.4 :
The area is 3 square units.

Example 7

Calculate the area of the region enclosed by the curves with equations y = x> + 1 and
y=4—x*and the lines x = —1 and x = 1.

Solution P
Required area = f_ll A= s = (= ) al A

= [13-222dx
[ 2)(3 1
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In the two examples considered so far in this y
section, the graph of one function is ‘above’

the graph of the other for all of the interval g

f‘

considered.

[ 1
[ 1
[ 1
U I
)
1 1
[ 1
1 1
a ¢ c

What happens when the graphs cross?

1 O| e x

To find the area of the shaded region, we must consider the intervals [a, ¢1], [c1, ¢2], [¢2, ¢3]
and [c3, b] separately. Thus, the shaded area is given by

S P = g0 dx+ [ g0 - f00 dx+ [0 F() - g(x) dx+ [ g(x) — f(x) dx

The absolute value function could also be used here:

© P00 — g dx| + | [ £ 00— gy d] + | [ £ 0 - g d] + | [ £ 00 - g(x) dx
J I, N J..

Find the area of the region enclosed by the graphs of f(x) = x> and g(x) = x.

Solution
The graphs intersect where f(x) = g(x): y
A
X =x
x=x=0 1
x(x*=1)=0
x=0o0rx==+I >
S0 '
We see that:
B f(x)>gx) for-1<x<0 1
B f(x)<gx)for0<x<1

Thus the area is given by

[ ) - g dx+ [ e — fx) dx = [ —xdx+ [ x— 3 dx

X4 x20 x2 )C41
=|— - — +|— - —
—1

-4

Note: The result could also be obtained by observing the symmetry of the graphs, finding the
area of the region where both x and y are non-negative, and then multiplying by 2.
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Using the TI-Nspire
Method 1
In a Calculator page:

m Enter the integral as shown.
(Use the 2D-template palette for the
definite integral and the absolute value.)

of a region between two curves 395

solve(x3 =x, ,x) x=-1orx=0orx=1

o | =

Method 2

In a Graphs page:

= Enter the functions f1(x) = x> and f2(x) = x
as shown.

m To find the area of the bounded region, use
> Analyze Graph > Bounded Area and
click on the lower and upper intersections of

the graphs.

Using the Casio ClassPad
Method 1

In Jjg. solve the equation x>

| = x to find the limits
for the integral.

= Enter and highlight |x* — x].

m Go to Interactive > Calculation > |.

Select Definite. Enter —1 for the lower limit and

1 for the upper limit. Then tap OK.

Method 2

= Graph the functions y1 = x* and y2 = x.

= Go to Analysis > G-Solve > Integral >
Jdx intersection.

m Press execute at x = —1. Use the cursor key to go
to x = 1 and press execute again.

£ Edit Action Interactive
o2 TR
Bz ) 3

XY=x, X
{x=-1,x=0,x=1}

solve (

[1 |x3—x|dx

D=

=

Lower=—
Jdx=0

Note: Here the absolute value function is used to simplify the process of finding areas with a
CAS calculator. This technique is not helpful when doing these problems by hand.
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Example 9
(e—)

Find the area of the shaded
region.

y=cosx y=sinx
/ 0 T T 3n 2n
2 2
Solution
First find the x-coordinates of the two points of intersection.

. Sm

If sinx = cosx, thentanx = 1 and so x = — or x = '
5n
Area = fn“ sin x — cos x dx
)

51
= [—cosx—sinx]é
1

The area is 2V2 square units.
Example 10

Find the area of the shaded region.

=COoSs X
1- Y

y=sin2x

Y

o | 3
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12B 12B Area of a region between two curves 397
Solution
First determine the points of intersection:
cos x = sin(2x)
CcOos X = 2sinx cos x
0=cosx(2sinx—1)
— 0 1 -_
cos x or sinx = 3
Therefore x = g or x = g for x € [0, g]
x x
Area = j;)" cos x — sin(2x) dx + f Ez sin(2x) — cos x dx
6
1 6 [ 1 2
= [sinx += cos(2x)] ¢ + [—— cos(2x) — sin x] ’
2 0 2 %‘
1 1 1 1 1 1
oD G1-t-3)
2 4 2 2 4 2
11 N 1 . 1
4 2 42
1
2
SN 12B
skillsheet /4 Find the coordinates of the points of intersection of the two curves with equations
Example 6 y = x?>—2xand y = —x* + 8x — 12. Find the area of the region enclosed between the
two curves.
example7| 2 Find the area of the region enclosed by the graphs of y = —x? and y = x> — 2x.
3 Find the area of: y
a region A A y= 1
b region B X2
y=x
4 B
To =X
2
) 16
4 Let f: R > R, f(x) = x* — 4. Sketch the graphs of y = f(x) and y = m on the same
X
set of axes. Find the area of the region bounded by the two graphs and the lines x = 1
and x = —1.
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398 Chapter 12: Applications of integration 12B

12
5 The area of the region bounded by y = —, x = 1 and x = a is 24. Find the value of a.
X

example 8| 6 Find the area of: y
: A
a region A =3
b region B 4 A
¢ region C 3 pold— 2
> X
/ o 2 \\\
' C
Example 9,10, 7  For each of the following, find the area of the region enclosed by the lines and curves.
Draw a sketch graph and shade the appropriate region for each example.
a y=2sinx and y =sin(2x), forO0<x<mx
b y=sin(2x) and y = cosx, for _7” <x< g
cy=+vx,y=6-xand y=1
2
d y= T and y =1
1
e y=sin'x, x== and y=0
f y=cos2x) and y=1-sinx, forO<x<mn
1 3

_ 2 —

g y—g(x +1) and y = 211
8 Evaluate each of the following. (Draw the appropriate graph first.)

e
a fl Inx dx

1
b |1 In(2x) dx

Ji @)
Hint: You can use the inverse relationship y = In x & x = ¢”. First find the area
between the curve and the y-axis.
9 Letf:R—>R, f(x) = xe".
a Find the derivative of f.
b Find {x: f'(x)=0}.
¢ Sketch the curve y = f(x).
d Find the equation of the tangent to this curve at x = —1.
e Find the area of the region bounded by this tangent, the curve and the y-axis.
10 Let P be the point with coordinates (1, 1) on the curve with equation y = 1 + In x.
a Find the equation of the normal to the curve at P.
b Find the area of the region enclosed by the normal, the curve and the x-axis.
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12B 12B Area of a region between two curves 399

11 a Find the coordinates of the points of intersection of the curves with equations

y=(x-1)(x—-2)andy = 3(xx_ D

b Sketch the two curves on the one set of axes.

¢ Find the area of the region bounded by the two curves for 1 < x < 3.

12 Show that the area of the shaded region is 2. y
A
4 y=4sin x
3
y=3cosx
0 T =X
2
13 The graphsof y =9 — x> and y = ! y
V9 — x2 A
are as shown. 1

a Find the coordinates of the points of
intersection of the two graphs.

b Find the area of the shaded region.

14  Find the area enclosed by the graphs of y = x> and y = x + 2.

15 Consider the functions f(x) =

1_'_xzfoerO y

and g(x) = ¢*3 for x > 0.

y=gx)

The graphs of y = f(x) and y = g(x) intersect at
the point (3, 1). Find, correct to three decimal
places, the area of the region enclosed by the two
graphs and the line with equation x = 1. 3, 1)

y=/x)

> X
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16 The graph of the function f: [0,6) — R, y
8V5 A
where f(x) = ——— — x, is shown.
V36 — x2

a Find the values of a and b.
b Find the total area of the shaded regions.

@) a\/b 6
17 The graphs of y = cos? x and y = sin” x y
are shown for 0 < x < 2n. Find the total
\/ area of the shaded regions.
o 2n *

12C Integration using a CAS calculator

In Chapter 11, we discussed methods of integration by rule. In this section, we consider the
use of a CAS calculator in evaluating definite integrals. It is often not possible to determine
the antiderivative of a given function by rule, and so we will also look at numerical evaluation
of definite integrals.

Using a calculator to find exact values of definite integrals

Example 11

1
Use a CAS calculator to evaluate f02 V1 — 22 dx.

Using the TI-Nspire

To find a definite integral, use > Calculus

> Integral. 1 =, E
Note: The integral template can also be 2 J—'-’ 12 8
obtained directly from the 2D-template 8 Lk

palette (=) or by pressing (shift)(+).
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12C Integration using a CAS calculator 401

Using the Casio ClassPad

m Enter and highlight the expression V1 — x2. £ Edit Action Interactive
= Go to Interactive > Calculation > . 03 | e | Fcasime [ o [ v |- v ][
m Select Definite. Enter O for the lower limit and 1
! for th limit. Th 2 f1=2a
5 for the upper limit. Then tap OK. [0 %% dx
Note: The integral template can also be found in 20 8
the keyboard. 1278

Using the inverse function to find a definite integral

Find the area of the region bounded by the graph of y = In x, the line x = 2 and the x-axis
by using the inverse function.

Solution ¥

From the graph, we see that A (2,In2) y=Inx

[Pinxdx=2m2- ["* e dy x=e
=2In2 - ("% - ¢Y)
=2In2-(2-1) 0 (1, 0) 2 =X
=2In2-1

The area is 21n2 — 1 square units.

This area can also be found using integration by parts or using a CAS calculator.

Using the TI-Nspire
To find a definite integral, use > Calculus

> Integral or select the integral template from
the 2D-template palette ().

Using the Casio ClassPad

m Enter and highlight the expression In(x). & Edit Action Interactive
= Go to Interactive > Calculation > [. E1] b 152 sime |52 | v [ 44| '].L
m Select Definite, enter the lower and upper limits len IR '
and tap OK. 1
2:In(2)-1
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402 Chapter 12: Applications of integration

Using a calculator to find approximate values of definite integrals

Example 13
y

The graph of y = ¢¥"* — 2 is as shown. Using a /

\
CAS calculator, find the area of the shaded regions. /\ i /\
a2

> X
0

ol A

k/_l

Solution

Using a CAS calculator, first find the value of a, which is approximately 2.37575.

KL
Required area = [ (" —2) dx - [ 7 (e"* - 2) dx
2 a

=0.369213...4+2.674936...
=3.044 149...

The area is approximately 3.044 square units.

Using the fundamental theorem of calculus

We have used the fundamental theorem of calculus to find areas using antiderivatives. We can
also use the theorem to define antiderivatives using area functions.

If F is an antiderivative of a continuous function f, then F(b) — F(a) = L b f(x) dx. Using a
dummy variable 7, we can write F(x) — F(a) = [ f(1) dt, giving F(x) = F(a) + [ f(z) dt.

If we define a function by G(x) = j; ' f(#) dt, then F and G differ by a constant, and so G is
also an antiderivative of f.

Example 14

x1
Plot the graph of F(x) = fl " dt for x > 1.

Using the TI-Nspire

In a Graphs page, enter the function JEER’ ra {1
A
x 1 My

RIGEN) —di ‘
Note: The integral template can be obtained 1+

from the 2D-template palette (w). X

1 1 s 10

n6=| * ar
{
1
-3
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12C Integration using a CAS calculator 403

Using the Casio ClassPad
m Enter and define the function as shown.

m Graph the function with the restricted domain.

% Edit Zoom Analysis & (] T
T EE ot
” X1 : L
Define f(x)=f Tdt 1
it
done "o 1 2 5 4 8 & 7 8 9 10 |
f(x)|a>1
In(x) EED

Note: The natural logarithm function can be defined by In(x) = flx % dt.

The number e can then be defined to be the unique real number a such that In(a) = 1.

Example 15

Use a CAS calculator to find an approximate value of f0§ cos(x?) dx and to plot the graph

of £(x) = [* cos(?) d for —g <x<m.

Using the TI-Nspire

Method 1 m 12 B rap {01
m Use > Actions > Define to define the x Done |
. T : 2
function as shown and evaluate for x = 3 Define f{x)= COS(I ) dz
0
{g) 0.9280824914
2

Method 2
= Plot the graph of f1(x) = cos(x?) for —g <x< .

m To find the required area, use the integral measurement tool from > Analyze
Graph > Integral. Type in the lower limit 0 and press (enter). Move to the right, type in
the upper limit 7t/3 and press (enter).

1.2 )

21y 127y
il i (=,0%928082)
2
0.928083
£2(x)=t{x)
0.1 ! x J -
1= 1 n 3 n
4 4
( 2) T (2) =
f1(x)={coslx*), —=xsn f1lx)= Cog»\")'—s\'Sﬂ
127 & 1.2, 4
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404 Chapter 12: Applications of integration 12C

Using the Casio ClassPad

m Enter and highlight the expression cos(x?). £ Edit Action Interactive
= Go to Interactive > Calculation > |. (B3] b [fa] sime [ 5050 | v [ 4| ']I[
m Select Definite and enter the lower and upper %
limits as shown. ] o cos(x?)dx
0.9280834914
. X
m Define the function f(x) = ﬂ) cos(7?) dt. £ Edit Action Interactive
m Graph the function with the restricted domain. {"t'i% I%'Ifﬁﬁlsmlﬁvl 'T%Ll 'T[
7
&2
Define f(x)=fxcos(t2 Jat
0
done [
f(x) I—%SxSn
X
[ cos(tz)dt -
0 (v |
. T
m The approximate value of f (—) can now be found v=f (%) |~/ A<x<x
graphically using Analysis > G-Solve > y-Cal. i (1wa72,0.9280
= |
y-Cal
xc=1.0471976 yc=0. 9280835
B3

G 12C

example 11, 1 For each of the following, evaluate the integral using a CAS calculator to obtain an
exact value:

a [PV a2 dx b [\’ Vo2~ dx ¢ [T + 1) dx

example 12| 2  For each of the following, determine the exact value both by using the inverse function
and by using your CAS calculator:

1 1
a .7 arcsin(2x) dx b f: In(x - 2) dx ¢ [2 arctan(2x) dx
example 13| 3  Using a CAS calculator, evaluate each of the following correct to two decimal places:
a ﬂf SN dx b fon xsin x dx c ff (Inx)? dx d f_ll cos(e) dx
2 e 2 X 2 1 5 o
e f_lmdx fﬁ)mdx gflxlnxdx h f_lxe dx

i [[(VI+dde j [)2sin(?) dx
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12C 12C Integration using a CAS calculator 405

4 1In each of the following, the rule of the function is defined as an area function. Find
f(x) in each case.

a fw= s Lt forxs1 bf(x)=fxl%dt,f0r0<x<l

0
¢ f(x)= [ e dt forxeR d f(x)= [ sintdr, forxeR
Y y
A A
, y=sint
y=e
> [
o) x \
_/
> [
(0] X
e f(x) = f11 dt, for x € R ff(x)—fo\/jdtfor—l<x<l
A y y= !
A SR T
i i
1 1
1 1
1 1
1 1
1 1
i 1 i
1 1
: >
I t —11 0O x i1
B i i
1 1
example 14| 5 Use a CAS calculator to plot the graph of each of the following:
a fo= [ tanrdt b f(x)= [ e
€ f(x)= [ sin""tdt d f(x)= [ sin(?) dt
/ e f(x)= fl—dtx>1
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406 Chapter 12: Applications of integration

12D Volumes of solids of revolution

A large glass flask has a shape as illustrated in the figure below. In order to find its
approximate volume, consider the flask as a series of cylinders.

10 cm Radius of cylinder
<>
— A A
10 cm 5 cm
Y
A
10 cm 9cm
¥
A
50 cm 10*cm 11 cm
10+cm
Y 13 cm
IO*Cm
Y Y 15 cm
<«—30cm—> <>
15 cm

Volume of flask ~ (15% + 13% + 11% + 9% + 5%) x 10
~ 19 509.29 cm®

~ 19 litres

This estimate can be improved by taking more cylinders to obtain a better approximation.

/
This can also be done for volumes. The ﬁ_/ '
volume of a typical thin slice is Adx, and a o ~
the approximate total volume is

Z Adx ) ) )
slice with thickness 8x and
cross-sectional area A

In Mathematical Methods Year 12, it was ¥
shown that areas defined by well-behaved \
functions can be determined as the limit

of a sum.

Volume of a sphere y
Consider the graph of f(x) = V4 — x2.

If the shaded region is rotated around the x-axis, it
will form a sphere of radius 2.
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12D Volumes of solids of revolution 407

Divide the interval [—2, 2] into n subintervals
[x;_1, x;] with xg = =2 and x,, = 2.

>

The volume of a typical slice (a cylinder) is
approximately 7(f(c;))*(x; — xi_1), where
¢i € [xi-1, xi].

—

The total volume will be approximated by
the sum of the volumes of these slices. As the

number of slices n gets larger and larger:

R

~

-
~

V= r}l—)nolo Z (£ ()’ (xi = xi1)
i=1

It has been seen that the limit of such a sum is
an integral and therefore:

V= L) dx
= [ a4 - ) dx

x32
- 4__]
”[X 31,

ofi-3-fred)

16
=nf16- =
“(6 3)

_ 3
3
Volume of a cone

If the region between the line y = %x, the line x = 4 y
and the x-axis is rotated around the x-axis, then a solid A

(4.2)
in the shape of a cone is produced.

The volume of the cone is given by:

V= 1;4 my? dx

1 2
:f()4n(§x) dx

QS
Y
=

Al B~ A
N
r

—_
=)
A

w ‘
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408 Chapter 12: Applications of integration

Solids of revolution

In general, the solid formed by rotating a region y
about a line is called a solid of revolution. A

For example, if the region between the graph of /—_\ »=20

y = x2, the line y = 20 and the y-axis is rotated
about the y-axis, then a solid in the shape of the

top of a wine glass is produced.

y=x2
> X
0
Volume of a solid of revolution
m Rotation about the x-axis
If the region to be rotated is bounded by the curve with equation y = f(x), the lines
x = a and x = b and the x-axis, then
_ P
V= ey W dx
= [ (f(0)" dx
m Rotation about the y-axis
If the region to be rotated is bounded by the curve with equation x = f(y), the lines
y = a and y = b and the y-axis, then
_ (b 2
V= = X dy
=7 [ (f)" dy
Example 16
Find the volume of the solid of revolution formed by rotating the curve y = x> about:
a the x-axisfor0 < x < 1 b the y-axisfor0 <y <1
Solution
1 1
a V:ﬂ:ﬁ)yzdx b V:nﬂ)xzdy
1 2
:ﬂ:j(‘)xﬁdx =J-,;f01y§dy
741
X 3 57!
=T |—= = —vy3
[ 7 ]o T [Sy ]0
_n _3n
7 -5
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12D Volumes of solids of revolution 409

Regions not bounded by the x-axis y
If the shaded region is rotated about the x-axis, then the A
volume V is given by A - !
V= ["(f0) - (g()? dx
e |~ &
O a b =

Example 17

Find the volume of the solid of revolution when the region bounded by the graphs of
y=2¢*,y=1,x=0and x = 1 is rotated around the x-axis.

Solution

The volume is given by

>

— 1 4x /
V=n fo 4e™ —1dx
_ 4x _ 1
= et ]! .
=n(e* - 1-(1)) ©.2) y=1
4
=gm(e” -2 >
e 0 I *
Note: Here f(x) = 2¢** and g(x) = 1.
Example 18
The shaded region is rotated around the x-axis. f:
Find the volume of the resulting solid.
g(x) = x2
fix)=2x
> X
()

Solution

The graphs meet where 2x = x2, i.e. at the points with coordinates (0,0) and (2,4).
Volume = &t ](‘)2( () = (g(x)* dx
= nﬁ)24x2 —x*dx

4x3 XS 2
3 5 lo
( 32 32 ) 64n
=ql— - =)= —
3 5 15
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410 Chapter 12: Applications of integration

Example 19
(e—)

A solid is formed when the region bounded by the x-axis and the graph of y = 3 sin(2x),

T . . . . .
0<x< > is rotated around the x-axis. Find the volume of this solid.

Solution

V=n ﬁ)% (3sin(2x))* dx

I
= ﬂf 9sin*(2x) dx

I
=91 f02 sin?(2x) dx

=97 foz %(1 — cos(4x)) dx

I .2
[ 21_=
7 Jo 1 —cos(4x) dx

12

97” . %sin(4x)]02
O (m

)

9r?

4

Example 20

The curve y = 2 sin"! x, 0 < x < 1, is rotated around the y-axis to form a solid of

revolution. Find the volume of this solid.

Solution

V=n fon sinz(%) dy

T pn
Efo 1 —cosydy

g [y = siny]:

J'IZ2

2

Exercise jpi»;

Skillsheet

Example 16

the y-axis.
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12D 12D Volumes of solids of revolution 411

2 Find the volume of the solid of revolution when the region bounded by the given curve,
the x-axis and the given lines is rotated about the x-axis:

a f(x)=+x, x=4 b f(x)=2x+1, x=0, x=4
€ f()=2x—1, x=4 df(x)=sinx,0£xﬁg
e f(x)=e", x=0, x=2 f f(x)=V9—-x%, -3<x<3

3 The hyperbola x> — y? = 1 is rotated around the x-axis to form a surface of revolution.
Find the volume of the solid enclosed by this surface between x = 1 and x = V3.

4 Find the volumes of the solids generated by rotating about the x-axis each of the regions
bounded by the following curves and lines:

1
ay=—,y=0,x=1,x=4 by=x*+1,y=0, x=0, x=1
X
cy=+vx,y=0, x=2 dy=Va2-x2,y=0
e y=V9-x2, y=0 fy=Vv9-x2 y=0, x=0, givenx >0

Example 17,18] 5 The region bounded by the line y = 5 and the curve y = x? + 1 is rotated about
the x-axis. Find the volume generated.

Example 19, 6 The region, for which x > 0, bounded by the curves y = cos x and y = sin x and the
y-axis is rotated around the x-axis, forming a solid of revolution. By using the identity

2

cos(2x) = cos? x — sin® x, obtain a volume for this solid.

4
7 The region enclosed by y = —» X =4, x = 1and the x-axis is rotated about the x-axis.
X
Find the volume generated.

8 The region enclosed by y = x> and y? = x is rotated about the x-axis. Find the volume
generated.

9 A region is bounded by the curve y = V6 — x, the straight line y = x and the positive
x-axis. Find the volume of the solid of revolution formed by rotating this figure about
the x-axis.

10 The region bounded by the x-axis, the line x = g and the curve y = tan(%) is rotated
about the x-axis. Prove that the volume of the solid of revolution is g(4 — 7).
X

Hint: Use the result that tanz(z) = secz(g) -1

11 Sketch the graphs of y = sin x and y = sin(2x) for 0 < x < g Show that the area of the
1
region bounded by these graphs is 1 square unit, and the volume formed by rotating

. . .. 3 Lo
this region about the x-axis is Tk 3 cubic units.
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412 Chapter 12: Applications of integration 12D

1
12 Let V be the volume of the solid formed when the region enclosed by y = —, y = 0,
X
x =4 and x = b, where 0 < b < 4, is rotated about the x-axis. Find the value of b for
which V = 3m.

13 Find the volume of the solid generated when the region enclosed by y = V3x + 1,
y = V3x, y = 0and x = 1 is rotated about the x-axis.

example 20| 14 Find the volumes of the solids formed when the following regions are rotated around
the y-axis:

a =42 +dfor0<y<l b y=In@2-x)for0<y<?2

15 a Find the area of the region bounded by the curve y = ¢¥, the tangent at the point
(1, e) and the y-axis.
b Find the volume of the solid formed by rotating this region through a complete
revolution about the x-axis.

16 The region defined by the inequalities y > x> — 2x + 4 and y < 4 is rotated about the
line y = 4. Find the volume generated.

17 The region enclosed by y = cos(g) and the x-axis, for 0 < x < m, is rotated about

the x-axis. Find the volume generated.

18 Find the volume generated by revolving the region enclosed between the parabola
y = 3x — x* and the line y = 2 about the x-axis.

19 The shaded region is rotated around the y
x-axis to form a solid of revolution. Find A
the volume of this solid. )
2 =3x
> X
-2 0 2

20 The region enclosed between the curve y = ¢* — 1, the x-axis and the line x = In2 is
rotated around the x-axis to form a solid of revolution. Find the volume of this solid.

21 Show that the volume of the solid of revolution formed by rotating about the x-axis the

15
region bounded by the curve y = ¢72* and the lines x = 0,y = 0 and x = In2 is 6—;
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12D 12D Volumes of solids of revolution 413

22 Find the volume of the solid generated by revolving about the x-axis the region
T T
bounded by the graph of y = 2 tan x and the lines x = X7 andy = 0.

23 The region bounded by the parabola y> = 4(1 — x) and the y-axis is rotated about:
a the x-axis b the y-axis.

Prove that the volumes of the solids formed are in the ratio 15 : 16.

1
24  The region bounded by the graph of y = , the x-axis, the y-axis and the line
) Vx2+9
x = 4 is rotated about:
a the x-axis b the y-axis.

Find the volume of the solid formed in each case.

25 A bucket is defined by rotating the curve with equation
x—20

y=401n( ) 0<y<40

about the y-axis. If x and y are measured in centimetres, find the maximum volume of
liquid that the bucket could hold. Give the answer to the nearest cm?.

2 2

26 An ellipse has equation T
a’>  b?

region bounded by the ellipse is rotated about:

= 1. Find the volume of the solid generated when the

a the x-axis b the y-axis.

12
27 The diagram shows part of the curve y = —. y
X

Points P(2,6) and Q(6,2) lie on the curve.
Find:
a the equation of the line PQ

P(2, 6)

b the volume obtained when the shaded region is

0(6,2)

rotated about:

i the x-axis ii the y-axis.

9
28 a Sketch the graphof y = 2x + —.
X

9
b Find the volume generated when the region bounded by the curve y = 2x + — and the
X
lines x = 1 and x = 3 is rotated about the x-axis.

29 The region shown is rotated about the x-axis to ¥
form a solid of revolution. Find the volume of A y=Inx
the solid, correct to three decimal places.
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30 The graphs of y = 2sec x and y = 4 are shown

7
forO < x < —.
or X< 3

The shaded region is rotated about the x-axis to
form a solid of revolution. Calculate the exact
\/ volume of this solid.

U] Afrmrmm e

12E The exponential probability distribution

Continuous probability distributions are introduced in Mathematical Methods Year 12. In this
section, we investigate the exponential probability distribution, which is often used to model
the time between the occurrence of random events.

Exponential distribution y

For L > 0, an exponential random variable X A
with parameter A has a probability density
function given by

A
Ae ™ if x>0
fx) = ,
0 otherwise
The graph of y = f(x) is shown on the right. 19) =X

To verify that f is a probability density function, we need to show that:
1 f(x)>0forall x
2 the area under the graph of f is equal to 1.

The first condition is clearly satisfied. To check the second condition, we evaluate

f_z f(x)dx = j;oo Ae ™™ dx

. ko _
= lim e ™™ dx
k— o0

— 1 _ —hx k
= Jim =™,
— 1 _ My _ (0
= lim (=7~ (=¢")
=0+1
=1
Thus f satisfies the two conditions for a probability density function.

We can use the probability density function f to determine probabilities associated with an
exponential random variable, as shown in the following example.
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Example 21

The time, X minutes, that a shop assistant waits before the next customer arrives is known
to be exponentially distributed, with probability density function given by

02792 x>0
fx) =
0 x<0

Find the probability that he will wait more than 8 minutes for the next customer to arrive.

Solution
Pr(X > 8) = [~ 0.2¢702 dx

= lim _e—O.Zx]k
8

k— o0

— 16

~ 0.2019

The mean and standard deviation of an exponential random variable

Let X be an exponentially distributed random variable with parameter A. We can find the
expected value of X using integration by parts:

EX) = [ x- f(x) dx
= fooo x-he™ dx

k
= kh_)rr; ([—xe‘“]o - j;)k —e ™ dx) useu =xandv = —e ™
1 k

= lim (—ke_Mc - [—e‘“] )

k—00 A 0

1 . . Y
= - since lim ke ™ =0

A k—o0

To find the standard deviation of X, we first need to find E(X?). This time we use integration
by parts twice:
E(X?) = f_o; X% - f(x) dx
= ‘/;)oo X% he™ dx

2 2 k
= lim 2 —\x —Ax —A\x
B l!l—wo [_x ¢ a Xxe B ﬁe ]0
2
— P

> =

Therefore Var(X) = E(X?) - [E(X)]* = % and so sd(X) = /Var(X) =

Mean and standard deviation of an exponential random variable

For an exponentially distributed random variable X with parameter A:

1 1
E(X) = 5 and sd(X) = 5
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Example 22

For the situation in Example 21, find the mean and standard deviation of the time that the
shop assistant waits for a customer.

Solution
1 1 .
E(X) = =02 " 5 minutes
d(X) ! ! 5 minut
= —-=— =>5min
S x =02 utes

Example 23

The time, 7" minutes, that it takes a librarian to locate a book is exponentially distributed
with a mean of 3 minutes. Find:

a the probability density function of T
b the probability that it takes her less than 2 minutes to find a book.

Solution

a Since T is exponentially distributed, we have f(r) = Ae™ for ¢ > 0.

1 1
We are given that E(T) = 5= 3 and therefore A = 3

1 _¢
Hence f(¢) = §e_3 forz > 0.

-
b P(T<2)= [ e dr

~ 0.4866

The cumulative distribution function of an exponential random variable

Again, let X be an exponentially distributed random variable with parameter A. For x > 0, the
cumulative distribution function of X is given by

F(x)=Pr(X < x) = fox Ae ™™ dt

e

=1 _e—kx

Cumulative distribution for an exponential random variable
For an exponentially distributed random variable X with parameter A:
l—e™ ifx>0

otherwise

F(x)=Pr(X < x) =
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Example 24

For the situation in Example 21, find the cumulative distribution function of X, and hence
find the probability that the shop assistant waits between 5 and 10 minutes for a customer.

Solution

Since A = 0.2, we have F(x) = 1 — ¢ %%* for x > 0. Therefore

Pr(5 < X < 10) = Pr(X < 10) — Pr(X < 5)

= F(10) - F(5)
=(1- e_2) -(1- e_l)
~ (0.2325

_____ Exercise Rblz

example21| 1 Let X be an exponential random variable with probability density function
0.5¢7%%% x>0

fx) =
x<0
a Find Pr(X > 1). b Find Pr(X < 2).
2 Suppose that X is an exponential random variable with probability density function

1 _x
—e 7 ifx>0

f)y =37
0 otherwise
a Find Pr(X > 3). b Find Pr(7 < X < 14).

Example22| 3  Suppose that X is an exponentially distributed random variable with probability density
function given by

0.1e % x>0
fx) = 0

x<0
a Find E(X) and sd(X). b Find Pr(X > E(X)).
example 23| 4  Customers at a checkout wait on average 6 minutes to be served. If the time, 7 minutes,
that a customer waits to be served is exponentially distributed, find:
a the probability density function of T

b the probability that a customer waits less than 3 minutes to be served

¢ the probability that a customer waits more than 10 minutes to be served, given that
they have already waited 5 minutes.

5 The time, X seconds, that it takes to locate a card in a file of records has an exponential
distribution with a mean of 20 seconds. Find:

a Pr(X < 30) b Pr(X > 20) ¢ Pr(20 < X < 30)
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6 The lifetime of a certain kind of battery is an exponential random variable with a mean
of 250 hours. What is the probability that such a battery will last at most 200 hours?

7 The time (in hours) required to repair a machine is an exponentially distributed random
variable with mean 1.5 hours.
a What is the probability that a repair takes more than 2 hours?

b What is the probability that a repair takes at least 10 hours, given that it takes at least
9 hours?

8 The random variable X represents the time (in minutes) between the arrival of
customers at an ATM. If X has an exponential distribution with parameter A = 0.2,
determine:

a the expected time between two successive arrivals
b the standard deviation of the time between successive arrivals
¢ the probability Pr(X < 2.5).

9 Suppose that X is an exponentially distributed random variable with mean 0.5.
a Find Pr(X > 2). b Find Var(X). ¢ Find Pr(X > 2| X < 3).

1
Example 24| 10 Let X be an exponentially distributed random variable with parameter A = T
a Find the cumulative distribution function F(x) = Pr(X < x).
b Hence find the median of X. That is, find m such that Pr(X < m) = 0.5.

11 Lacey receives four phone calls per hour on average. If the time between phone calls
is exponentially distributed, find the probability that she will wait no longer than
10 minutes for her next phone call.

12 Suppose that the length of time that an electric light bulb lasts, X hours, is an
exponential random variable with cumulative distribution function given by
Fx)=1-¢30 forx>0
Find:
a the probability that a bulb lasts more than 300 hours

b the mean lifetime of a bulb

¢ the median lifetime of a bulb.

13 The time (in minutes) between telephone calls received at a pizza restaurant
is exponentially distributed with a mean of 4 minutes. Find the median time
between calls.

14 Suppose that the amount of time that customers spend in a bank is exponentially
distributed with a mean of 10 minutes.

\/ a What is the probability that a customer will spend more than 15 minutes in the bank?
b What is the probability that a customer will spend more than 15 minutes in the bank,
given that she is still in the bank after 10 minutes?
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Chapter summary

Fundamental theorem of calculus
m If f is a continuous function on an interval [a, b], then fa b f(x) dx = F(b) — F(a), where

@k

F is any antiderivative of f.
m If f is a continuous function and the function G is defined by G(x) = fa ! f(t) dt, then G is
an antiderivative of f.

Areas of regions between curves y
m If f and g are continuous functions such that A
f(x) = g(x) for all x € [a, b], then the area
of the region bounded by the curves and the Y :_w

lines x = a and x = b is given by _
y=2g(x)
b =
J, f) = g0 dx -

(0] a b

m For graphs that cross, consider intervals.
For example, the area of the shaded region
is given by

[ 00— g0 dx+ [ g(x) — f(x) dx
[0 F00) - g0 dx+ [ g(x) - f(x) dx

Volumes 