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Preface

ICE-EM Mathematics Third Edition is a series of textbooks for students in years 5 to 10 throughout
Australia who study the Australian Curriculum and its state variations.

The program and textbooks were developed in recognition of the importance of mathematics in
modern society and the need to enhance the mathematical capabilities of Australian students.
Students who use the series will have a strong foundation for work or further study.

Background

The International Centre of Excellence for Education in Mathematics (ICE-EM) was established

in 2004 with the assistance of the Australian Government and is managed by the Australian
Mathematical Sciences Institute (AMSI). The Centre originally published the series as part of a
program to improve mathematics teaching and learning in Australia. In 2012, AMSI and Cambridge
University Press collaborated to publish the Second Edition of the series to coincide with the
introduction of the Australian Curriculum, and we now bring you the Third Edition.

The series

ICE-EM Mathematics Third Edition provides a progressive development from upper primary
to middle secondary school. The writers of the series are some of Australia’s most outstanding
mathematics teachers and subject experts. The textbooks are clearly and carefully written, and
contain background information, examples and worked problems.

For the Third Edition, the series has been carefully edited to present the content in a more
streamlined way without compromising quality. There is now one book per year level and the flow of
topics from chapter to chapter and from one year level to the next has been improved.

The year 10 textbook incorporates all material for the 10A course, and selected topics in earlier
books carefully prepare students for this. ICE-EM Mathematics Third Edition provides excellent
preparation for all of the Australian Curriculum’s year 11 and 12 mathematics courses.

For the Third Edition, ICE-EM Mathematics now comes with an Interactive Textbook: a
cutting-edge digital resource where all textbook material can be answered online (with students’
working-out), additional quizzes and features are included at no extra cost. See ‘The Interactive
Textbook and Online Teaching Suite’ on page xiii for more information.

iX
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How to use this resource

The textbook

Each chapter in the textbook addresses a specific Australian Curriculum content strand and

set of sub-strands. The exercises within chapters take an integrated approach to the concept of
proficiency strands, rather than separating them out. Students are encouraged to develop and apply
Understanding, Fluency, Problem-solving and Reasoning skills in every exercise.

The series places a strong emphasis on understanding basic ideas, along with mastering essential
technical skills. Mental arithmetic and other mental processes are major focuses, as is the
development of spatial intuition, logical reasoning and understanding of the concepts.

Problem-solving lies at the heart of mathematics, so ICE-EM Mathematics gives students a variety
of different types of problems to work on, which help them develop their reasoning skills. Challenge
exercises at the end of each chapter contain problems and investigations of varying difficulty that
should catch the imagination and interest of students. Further, two ‘Review and Problem-solving’
chapters in each 7-10 textbook contain additional problems that cover new concepts for students
who wish to explore the subject even further.

The Interactive Textbook and Online Teaching Suite

Included with the purchase of the textbook is the Interactive Textbook. This is the online version of
the textbook and is accessed using the 16-character code on the inside cover of this book.

The Online Teaching Suite is the teacher version of the Interactive Textbook and contains all the
support material for the series, including tests, worksheets, skillsheets, curriculum documentation
and more.

For more information on the Interactive Textbook and Online Teaching Suite, see page xiii.

The Interactive Textbook and Online Teaching Suite are delivered on the Cambridge HOTmaths
platform, providing access to a world-class Learning Management System for testing, task
management and reporting. They do not provide access to the Cambridge HOTmaths stand-alone
resource that you or your school may have used previously. For more information on this resource,
contact Cambridge University Press.

AMSI's TIMES and SAM modules

The TIMES and SAM web resources were developed by the /ICE-EM Mathematics author team at
AMSI and are written around the structure of the Australian Curriculum. These resources have been
mapped against your /CE-EM Mathematics book and are available to teachers and students via the
AMSI icon on the Dashboard of the Interactive Textbook and Online Teaching Suite.
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The Interactive Textbook and the Online
Teaching Suite

Interactive Textbook

The Interactive Textbook is the online version of the print textbook and comes included with
purchase of the print textbook. It is accessed by first activating the code on the inside cover. It is easy
to navigate and is a valuable accompaniment to the print textbook.

Students can show their working

All textbook questions can be answered online within the Interactive Textbook. Students can show
their working for each question using either the Draw tool for handwriting (if they are using a device
with a touch-screen), the Type tool for using their keyboard in conjunction with the pop-up symbol
palette, or by importing a file using the Import tool.

Once a student has completed an exercise they can save their work and submit it to the teacher, who
can then view the student’s working and give feedback to the student, as they see appropriate.

Auto-marked quizzes

The Interactive Textbook also contains material not included in the textbook, such as a short
auto-marked quiz for each section. The quiz contains 10 questions which increase in difficulty from
question 1 to 10 and cover all proficiency strands. There is also space for the student to do their
working underneath each quiz question. The auto-marked quizzes are a great way for students to
track their progress through the course.

Additional material for Year 5 and 6

For Years 5 and 6, the end-of-chapter Challenge activities as well as a set of Blackline Masters
are now located in the Interactive Textbook. These can be found in the ‘More resources’ section,
accessed via the Dashboard, and can then easily be downloaded and printed.

Online Teaching Suite

The Online Teaching Suite is the teacher’s version of the Interactive Textbook. Much more than a
‘Teacher Edition’, the Online Teaching Suite features the following:

* The ability to view students’ working and give feedback — When a student has submitted their
work online for an exercise, the teacher can view the student’s work and can give feedback on
each question.

» For Years 5 and 6, access to Chapter tests, Blackline Masters, Challenge exercises, curriculum
support material, and more.

» For Years 7 to 10, access to Pre-tests, Chapter tests, Skillsheets, Homework sheets, curriculum
support material, and more.

* A Learning Management System that combines task-management tools, a powerful test generator,
and comprehensive student and whole-class reporting tools.
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GHAPTERl‘

Number and Algebra

Consumer arithmetic

This chapter reviews some important practical financial topics, such as investing
and borrowing money, income tax and GST, inflation, depreciation, profits

and losses, discounts and commissions. Formulas for compound interest and
depreciation are introduced.

Everything in this chapter requires calculations with percentages. We are
assuming that you are using a calculator, so we have made little attempt to set
questions where the numbers work out nicely.

Nevertheless, you should always look over your work and check that the
answers to your calculations are reasonable and sensible.

When the calculator displays numbers with many decimal places, you will need
to round the answer in some way that is appropriate in the context of the
question. This is an important skill in everyday life.




Review of percentages

We first review the calculation techniques involving percentages, which you have learned in
previous years.

» To convert a percentage to a decimal, move the decimal point two places to the left. For example:
27% = 0.27

1
* To convert a percentage to a fraction, multiply by 100" For example:

27

1
23 1
27% = 2L and 2ig= 22 -2
100

100 200 40
* To convert a decimal or a fraction to a percentage, multiply by 100%. For example:

0.35 = 0.35x100% and % = % x 100%

= 33% = 60%
* To find a percentage of a quantity, convert the percentage to a decimal or a fraction, and then
multiply the quantity by it. For example:

3.5% of 1250 = 1250 x 0.035 or 3.5% of 1250 = 1250 x %

= 43.75 =43

EN[%)

* To calculate the percentage that one quantity, a, is of another quantity, b:
— first convert both quantities to the same unit of measurement
— then form the fraction % and multiply it by 100%.
For example, to express 32 cm as a percentage of 2.4 m:

First, write 2.4 m = 240 cm

32 10, _ 133%
240 1

So 32 cmis 134% of 2.4 m

Then

Finding the original amount

We now introduce another important method that will be used with percentages throughout this
chapter.

* To find the original amount, given 12% of it, divide by 12%.

Example 1

Ken saves 12% of his after-tax salary every week. If he saves $108 a week, what is his
after-tax salary?
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1A REVIEW OF PERCENTAGES «a

Savings = after-tax salary X 12%

Reversing this:

After-tax salary = savings + 12%
= savings + 0.12 (Replace 12% by 0.12.)
=108 + 0.12
= $900

This technique of writing the percentage factor on the right and reversing the process using division
is needed in many practical situations. It will be applied throughout this chapter to commissions,
profit and loss, income tax and interest.

Commission

A commission is a fee that is charged by an agent who sells goods or services on behalf of someone
else. The person who owns the goods or services is called the vendor, and the commission charged is
usually determined as a percentage of the selling price.

Example 2

The Dandy Bay Gallery charges a commission of 8.6% on the selling price.

a An antique vase was sold recently for $18 000. How much did the gallery receive, and
how much was left for the vendor?

b The gallery received a commission of $215 for selling a painting. What was the selling
price of the painting, and what did the vendor actually receive?

a Commission = 18 000 X 8.6%

=18 000 x 0.086
= $1548
Amount received by vendor = 18 000 — 1548
= $16452

b Commission = selling price X 8.6%

Reversing this:

Selling price = commission =+ 8.6%
=215+ 0.086
= $2500

Amount received by vendor = 2500 — 215

= $2285

CHAPTER 1 CONSUMER ARITHMETIC
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1A REVIEW OF PERCENTAGES
i wedEwermeERNes

Profit and loss as percentages

Is an annual profit of $20 000 a great performance or a modest performance? For a business with
annual sales of $100 000, such a profit would be considered very large. For a business with annual
expenditure of $100 000 000, however, it would be considered a very poor performance.

For this reason, it is often convenient to express profit and loss as percentages of the total costs.

The owners of Budget Shoe Shop spent $6 600 000 last year buying shoes and paying
salaries and other expenses. They made a 2% profit on these costs.

a What was their profit last year?

b What was the total of their sales?

¢ In the previous year, their costs were $5 225 000 and their sales were only $5 145 000.
What percentage loss did they make on their costs?

d Two years ago their costs were $5 230 000 and their sales were $6 125 000. What
percentage profit did they make on their costs?

a Profit = 6 600 000 x 2% b Total sales = total costs + profit
= 6600 000 x 0.02 = 6600 000 + 132 000
= $132 000 = $6 732 000

¢ Last year, loss = total costs — total sales
= 5225000 — 5145000

= $80 000
80 000
Percentage loss = —— X @%
5225000 1

=~ 1.53% (Correct to the nearest 0.01%.)
[ Alternatively, profit = total sales — total costs |

=5145000 — 5225 000
= — $80 000

Percentage change = —1.53%
=1.53% loss

d Profit = total sales — total costs
= 6125000 — 5230 000
= $895 000
895 000 1
Percentage profit = ———— X ﬂ%
5230 000 1

=~ 17.11% (Correct the nearest 0.01%.)
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1A REVIEW OF PERCENTAGES l«a;
Example 4

Andrew’s paint shop made a profit of 6.4% on total costs last year. If the actual profit was
$87 000, what were the total costs, and what were the total sales?

Profit = costs X 6.4%

Reversing this, costs = profit + 6.4%
= 87000 + 0.064
= $1359375

Hence, total sales = profit + costs
= 87000 + 1359375
= $1446 375

Income tax

Income tax rates are often progressive. This means that the more you earn, the higher the rate of tax
you pay on each extra dollar earned.

Australian income tax rates are progressive, but they often change, so here is an example using the
rates of the fictional nation of Plusionta, where taxation rates have not changed for many years.

Income tax in the fictional nation of Plusionta is calculated as follows.

* There is no tax on the first $12 000 that a person earns in any one year.
e From $12 001 to $30 000, the tax rate is 15¢ for each dollar over $12 000.

e From $30 001 to $75 000, the tax rate is 25¢ for each dollar over $30 000.
» For incomes exceeding $75 000, the tax rate is 35c for each dollar over $75 000.

Find the income tax payable by a person whose taxable income for the year is:

a $10500 b $26734 ¢ $72000 d $455000
a There is no tax. b Tax on first $12 000 = $0

Tax on remaining $14 734

= 14734 x 0.15

= $2210.10

This is the total tax payable.

(continued over page)
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1A REVIEW OF PERCENTAGES
i wedEwermeERNes

¢ Tax on first $12 000 = $0 d Tax on first $12 000 = $0
Tax on next $18 000 Tax on next $18 000 = $2700
=18 000 x 0.15 Tax on next $45 000
= $2700 = 45000 x 0.25
Tax on remaining $42 000 = $11250
= 42000 x 0.25 Tax on remaining $380 000
= $10 500 = 380 000 x 0.35
= $133 000
Total tax = 2700 +10 500 Total tax = 2700 + 11250 + 133 000
= 513200 = $146 950

Simple interest

When money is lent by a bank or other lender, whoever borrows the money normally makes a
payment, called interest, for the use of the money.

The amount of interest paid depends on:

* the principal, which is the amount of money borrowed
* the rate at which interest is charged

* the time for which the money is borrowed.

This section will deal only with simple interest. In simple interest transactions, interest is paid on
only the original amount borrowed.

Conversely, if a person invests money in a bank or elsewhere, the bank pays the person interest
because the bank uses the money to finance its own investments.

Formula for simple interest

Suppose that I borrow $P for T years at an interest rate of R per annum.
Interest paid at the end of each year = P X R
Total interest, $7, paid over T years = P X R X T

= PRT
This gives us the well-known simple interest formula.

I = PRT (Interest = principal X rate X time)

Note: The interest rate is normally given per year, so the time must also be written in years. In some
books, R is written as r%.

‘Per annum’ means ‘per year’. It will sometimes be abbreviated to ‘p.a.’.
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1A REVIEW OF PERCENTAGES «al;
Example 6

Find the simple interest on $16 000 for eight years at 7.5% p.a.

I = PRT
= 16000 x 7.5% x 8
= 16000 x 0.075 x 8
= 9600
Thus, the simple interest is $9600.

Reverse use of the simple interest formula

There are four pronumerals in the formula / = PRT. If any three are known, then substituting them
into the simple interest equation allows the fourth to be found.

Example 7

John borrows $120 000 from his parents to put towards an apartment. His parents agree that
John should only pay simple interest on what he borrows. Ten years later, John repays his
parents $216 000, which includes simple interest on the loan. What was the interest rate?

P =120000 and T = 10.
The total interest paid was $216 000 — $120 000 = $96 000, so I = 96 000

I = PRT
96 000 = 120 000 x R x 10
96 000 100 )
=—X—% (Interest rates are normally written as percentages. )
1200 000 1
= 8%

The interest rate was 8%.

‘ Simple interest formula

e Suppose that a principal $P is invested for T years at an interest rate R p.a. Then the
total interest $1 is given by:

I = PRT
e |f the interest rate R is given per year, the time T must be given in years.

* The formula has four pronumerals. If any three are known, the fourth can be found by
substitution and solving the resulting equation.

7
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. Exercise 1A

1 Express each percentage as a decimal.

a 56% b 8.2% c 12% d 3.75%
e 215% f 0.8% g 881% h %%
2 Express each percentage as a fraction in lowest terms.
a 45% b 64% c 675% d 66%%
e 8.25% f 5.6% g 120% h 150%
. 3 1
1 7.25% J 127% k 5% I 7.8%
3 Express each fraction or decimal as a percentage.
a 4 b 7 c ’ d 1!
5 8 16 2
e 2 g2 g 0.46 h 0.025
20 3
i 14 j LI125 k 0.000 75 125
4 Copy and complete this table.
Percentage Fraction Decimal
a 64 %
b 3
5
(¢ 0.16
20.5%
1.4
¢ 2
8

5 Evaluate each amount, correct to two decimal places.

a 15% of 60 b 36% of 524
¢ 120% of 436 d 140.5% of 720
e 3.8% of 73 f 0.5% of 220

6 Evaluate each amount, correct to the nearest cent where necessary.

a 52% of $50 b 24.2% of $1050
¢ 110% of $1590 d 0.30% of $900
e 8% of $2000 f %% of $1060
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1A REVIEW OF PERCENTAGES «a

7 Find what percentage the first quantity is of the second quantity, correct to one decimal

place.
a 9km, 150 km b $5, $400
¢ 28 kg, 600 kg d 80 m, 50 m

8 Find what percentage the first quantity is of the second quantity, correct to two decimal
places. You will first need to express both quantities in the same unit.

a 48 cents, $10.00
b 34cm, 2m

¢ 28 hours, 4 weeks
d 250 m, 8 km

e 40 km, 1250 m

f 1 day, 2 years

9 There are 640 students at a primary school, 7% of whom have red hair. Calculate
the number of students in the school who have red hair.

10 A sample of a certain alloy weighs 2.6 g.

a Aluminium makes up 58% of the alloy. What is the weight of the aluminium in
the sample?

b The percentage of lead in the alloy is 0.28%. What is the weight of the lead in
the sample?

11 A soccer match lasted 94 minutes (including injury time). If Team A was in possession for
65% of the match, for how many minutes and seconds was Team A in possession?

12 A football club with 15000 members undertook a membership drive, and the membership
increased by 110%.
a How many new members joined the club?

b What is the size of the club’s membership now?

E 13 Find the original quantity, given that:

a 5% of it is $24

b 30% of it is 72 minutes
¢ 90% of itis 216 cm

d 7% of itis $15.26
0.5% of it is 4 mm

f 15% of it is 56 mm

[¢"]

14 Sometimes customers pay a deposit on an item and then later pay the rest of the full price.
Find the full price when a deposit of $570 is 30% of the full price.
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W 15 Find the selling price if the commission and the commission rate are as given.
a Commission $46, rate 8%
b Commission $724, rate 5.6%

W 16 Find the percentage profit or loss on costs in these situations.
a Costs $26 000 and sales $52 000
b Costs $182 000 and sales $150 000

~ 29 17 a A company made a profit of $28 000, which was a 5.4% profit on its costs. Find the costs
and the total sales.

b A company made a loss of $750 000, which was a 6.5% loss on its costs. Find the costs
and the total sales.

@ 18 This question uses the income tax rates in the fictional nation of Plusionta. They are:

There is no tax on the first $12 000 that a person earns in any one year.

From $12 001 to $30 000, the tax rate is 15¢ for each dollar over $12 000.

From $30 001 to $75 000, the tax rate is 25¢ for each dollar over $30 000.

For incomes exceeding $75 000, the tax rate is 35¢ for each dollar over $75 000.

a Find the income tax payable on:
i $9000 ii  $15000 iii  $38 000 iv. $400 000
b What percentage of each person’s income was paid in income tax in parts i—iv of part a?
¢ Find the income if the income tax on it was:
i $1580 i $3860 iii  $15200 iv. $15000
-~ 19 $20 000 is invested at 8% p.a. simple interest for five years.
a How much interest will be earned each year?

b Use the formula / = PRT to find how much interest will be earned over the five-year
period.

20 Find the total simple interest earned in each investment.
a $4000 for three years at 6% p.a.
b $7500 for six years at 4.5% p.a.
=%l 21 Find the rate R in each simple interest investment.
a Interest of $7200 on $8000 for 12 years
b Interest of $3 400 000 on $12 500 000 for four years
22 Find the time T involved in each simple interest investment.

a Interest of $2500 on $1000 at 5% p.a. b Interest of $91200 on $30 000 at 8% p.a.

23 Find the principal P in each simple interest investment.

a Interest of $4320 at 4.8% p.a. for six years
b Interest of $5020 at 6.75% p.a. for three years
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Percentage increase and decrease

When a quantity is increased or decreased, the change is often expressed as a percentage of the
original amount.

This section reviews a concise method of dealing with percentage increase and decrease. The method
will be applied in various ways throughout the remaining sections of the chapter.

Percentage increase
The Shining Path Cleaning Company made a profit of $421 000 last year, and increased its profit this

year by 23%.
We can find the new profit in one step by using the fact that the new profit is 100% + 23% = 123%
of the old profit.
New profit = 421000 x 123%
= 421000 x 1.23
= $517 830

When using a calculator, this is a simpler method than calculating the profit separately and adding it
on. It will also allow us to handle repeated increases more easily and will make it simpler to reverse
the process.

Percentage decrease

The same method can be used to calculate percentage decreases. For example, Grey Gully Station
recently sold 41% of its 2288 head of cattle to the meatworks.

We can calculate how many head of cattle the station now has by using the fact that
100% — 41% = 59% of its cattle remain.

Number of remaining head of cattle = 2288 X 59%
= 2288 x 0.59
= 1350 (Correct to the nearest integer.)

. Percentage increase and decrease

¢ To increase an amount by, say, 15%, multiply by 1+ 0.15 = 1.15.
e To decrease an amount by, say, 15%, multiply by 1— 0.15 = 0.85.
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‘ 1B PERCENTAGE INCREASE AND DECREASE
A rEemTeEREESEmpEXSs

Finding the percentage increase or decrease

The method used in the following example is in keeping with the other methods covered in

this chapter. It requires fewer calculations than finding the actual increase or decrease and then
expressing that change as a percentage of the original amount. In all cases, subtracting the calculated
percentage by 100% determines the percentage change.

Example 8

The water stored in the main Warrabimbie Dam has increased from 1677 gigalitres to
2043 gigalitres in three months. What percentage increase is this?

New storage 2043 » 100 o
= —%
Old storage 1677 1
=~ 121.82% (Correct to the nearest 0.01%.)

Thus, the storage has increased by about 121.82% — 100% = 21.82%.

Reversing the process to find the original amount

Harry claims that his mathematics mark of 78 constitutes a 45% increase on his previous
mathematics mark. What was his previous mark?

This mark is 100% + 45% = 145% of the previous mark.
Hence, this mark = previous mark x 1.45
Reversing this, previous mark = this mark + 1.45
=78 + 145
= 54 (Correct to the nearest mark.)
Thus, to find the original amount, we divide by 1.45, because dividing by 1.45 is the reverse process
of multiplying by 1.45.

Exactly the same principle applies when an amount has been decreased by a percentage, as shown in
the following example.

Example 9

The price of bananas has decreased by 70% over the last year to $3 per kilogram. What was
the price a year ago?

The new price is 100% — 70% = 30% of the old price.
Hence, new price = old price x 0.30
Reversing this, old price = new price + 0.30
=3.00+0.3
= $10 per kilogram
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1B PERCENTAGE INCREASE AND DECREASE u«a
Example 10

Ria has had mixed results with the shares that she bought three years ago. Shares in White
Manufacturing rose 37% to $14.56, but shares in Black Tile Distributors fell 28% to $8.76.
Find the prices she originally paid for these two shares, correct to the nearest cent.

White Manufacturing shares are now 100% + 37% = 137% of their previous value.
Thus, new value = original price X 1.37
Reversing this, original price = 14.56 + 1.37

~ $10.63 (Correct to the nearest cent.)
Black Tile Distributors shares are now 100% — 28% = 72% of their original value.
Thus, new value = original price x 0.72
Reversing this, original price = 8.76 + 0.72

~ $12.17 (Correct to the nearest cent.)

. Finding the original amount

e To find the original amount after an increase of, say, 15%, divide the new amount by
1+ 0.15 = 1.15.

¢ To find the original amount after a decrease of, say, 15%, divide the new amount by
1-0.15 = 0.85.

Discounts

It is common for a shop to discount the price of an item. This can be done to sell stock of a slow-
moving item more quickly, or simply to attract customers into the shop.

Discounts are normally expressed as a percentage of the original price.

Example 11

The Tie Knot Shop is expecting new stock and needs to make room on its shelves. It has
discounted all its prices by 45% to try to sell some of its existing stock.

a What is the discounted price of a tie with an original price of $90?
b What was the original price of a tie with a discounted price of $90?

The discounted price of each item is 100% — 45% = 55% of the old price.

a Discounted price = original price X 0.55 b Original price = discounted price + 0.55
=90 x 0.55 =90 + 0.55
= $49.50 =~ $163.64

(Correct to the nearest cent.)

13
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1B PERCENTAGE INCREASE AND DECREASE
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The GST

In 1999 the Australian Government introduced a Goods and Services Tax, or GST for short. This tax
applies to nearly all goods and services in Australia.

The current rate of GST is 10% of the pre-tax price of the good or service.
* When GST applies, GST is added to the pre-tax price. This is easily done by multiplying by 1.10.

* Conversely, if a quoted price already includes the GST, the pre-tax price is obtained by
dividing by 1.10.

Example 12

The current GST rate is 10% of the pre-tax price.

a The pre-tax price of a large fridge is $2150. What will the fridge cost after GST is added,
and how much will be paid to the government?

b Irecently paid $495 to have a tree pruned. What was the price before adding GST, and
how much GST was paid to the government?

The after-tax price is 110% of the pre-tax price.

a After-tax price = 2150 x 1.10 Alternatively, tax = 2150 x 0.1
= $2365 =215
Tax = 2365 — 2150 After-tax price = $2150 + $215
= $215 = $2365
b Pre-tax price = 495 + 1.10 (Divide by 1.10 to reverse the process.)
= $450
Tax = 495 — 450
= $45
Inflation

The prices of goods and services in Australia and other countries usually increase by a small amount
every year. This gradual rise in prices is called inflation, and is measured by taking the average
percentage increase in the prices of a large range of goods and services.

Other things, such as salaries and pensions, are often adjusted automatically every year to take
account of inflation.

High rates of inflation are damaging to society, and governments generally try to keep inflation low.
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1B PERCENTAGE INCREASE AND DECREASE u«a
Example 13

The economy in Espirito Santo is booming as a result of its mineral exports, but
unfortunately, with a change of government, inflation has also taken hold. Last year inflation
was 28%, meaning that on average, prices have increased by 28% over the last year.

a If the average winter electricity bill was $460 last year, give an estimate of this year’s bill,
based on the inflation rate.

b If a new Hunter Flash station wagon now costs $38 000, give an estimate of its cost a
year ago, based on the inflation rate, correct to the nearest $100.

We estimate this year’s prices as 100% + 28% = 128% of last year’s prices.

a Estimate of this year’s bill = 460 x 1.28
~ $588.80
b Estimate of cost last year = 38 000 + 1.28
~ $29700 (Correct to the nearest $100.)

D becies

1 Increase each amount by the given percentage.
a $570, 10% b $9320, 5% c $456, 6% d $3120, 8%

2 Decrease each amount by the given percentage.
a $9000, 10% b $4560, 5% c $826, 3% d $9520, 4%

3 Traffic on all roads has increased by an average of 12% during the past 12 months. By
multiplying by 112% = 1.12, estimate the number of vehicles now on a road where the
number of vehicles a year ago was:

a 32000 per day b 153000 per day ¢ 248 per day

4 Rainfall across Victoria has decreased over the last 10 years by about 38%. By multiplying
by 62% = (.62, estimate, correct to the nearest mm, the annual rainfall this year at a place
where the rainfall 10 years ago was:

a 700 mm b 142 mm ¢ 1268 mm

5 The number of shops in different shopping centres in Borrington changed from 2011 to
2012, but by quite different percentage amounts. Find the percentage increase or decrease in
the number of shops where the numbers during 2011 and 2012, respectively, were:

a 200 and 212 b 85 and 160 ¢ 156 and 122 d 198 and 110
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D

Example 10 8

Example 11 9

Example 11 10

11

a An amount is decreased by 10% and the new amount is $567. What was the original
amount?

b An amount is increased by 10% and the new amount is $5676. What was the original
amount?

Phoenix Finance Pty Ltd recently issued bonus shares that increased by 14% the number of
shares held by each of the company’s shareholders. By dividing by 114% = 1.14, find the
original holding of a shareholder who now holds:

a 228 shares b 8321 shares ¢ 77 682 shares

A research institute is trying to find out how much water Lake William had in it 8000 years
ago. The lake now contains 7600 megalitres, but there are various conflicting theories
about the percentage change over the last 8000 years. Find how much water the lake

had 8000 years ago, correct to the nearest 10 megalitres, if in the last 8000 years the
volume has:

a risen by 60% b fallen by 33% ¢ risen by 312% d fallen by 88%

A clothing store is offering a 35% discount on all its summer stock. Find the discounted
price of an item with a marked price of:

a $80 b $48 c $680 d $1.60

A furniture shop is offering a 55% discount at its end-of-year sale. Find the original price of
an item with a discounted price of:

a $1400 b $327 c $24.50

Mr Brown bought parcels of shares in June last year. He has a spreadsheet showing

the value at which he bought his shares, the value at 31 December last year, and the
percentage increase or decrease in their value. (Decreases are shown with a negative sign.)
Unfortunately, a virus has corrupted one entry in each row of his spreadsheet. Help him fix
his spreadsheet by calculating the missing values, correct to two decimal places.

Company Value at purchase Value at 31 December Percentage increase

a $20 000 40%

b $14 268 -58%

c $3128.72 341.27%

d $80 000 15%

e $114 262 258.3%

f $32516.24 -92.29%

g $50 000 $52 000

h $21625 $34 648

i $48 372.11 $40 072.11
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1B PERCENTAGE INCREASE AND DECREASE ‘a

:W 12 The GST is a tax on most goods and services, which is calculated at the rate of 10% of the
pre-tax price.

a Find the after-tax price on goods or services with a pre-tax price of:

i $2740 ii  $134 000 iii  $8.20
b Find the pre-tax price on goods or services with an after-tax price of:

i $3927 ii  $426877 iii  $3.19
¢ Find the after-tax price on goods or services on which the GST is:

i $442 ii $347114 iii  $0.47

:W 13 a Prices have increased with inflation by an average of 3.4% since the same time last year.
Estimate today’s price for an item that one year ago cost:

i $3000 ii $24.15 iii $361
b Estimate the price a year ago of an item that now costs:
i $4200 i $14.30 iii  $76

(When finding your estimate, assume that the average increase applies to all items.)

14 a A table originally priced at $370 was increased in price by 100%. What percentage
discount will restore it to its original price?

b The number of daily passengers on the Jarrabine ferry-bus was 156, and in one year
it increased by 25%. What percentage decrease next year would restore the number of
passengers to its original value?

¢ Thien had savings of $15 000, but he spent 45% of this last year. By what percentage of
the new amount must he increase his savings to restore them to their original value?

d The profit of the Audry Goldfish Guild last year was $3650, but this year it decreased
by 42%. By what percentage must the profit increase next year to restore it to its original
value?

15 a Find, correct to two decimal places, the percentage decrease necessary to restore a
quantity to its original value if it has been increased by:

i 10% i 18%
iii  360% iv 4.1%

b Find, correct to two decimal places, the percentage increase necessary to restore a
quantity to its original value if it has been decreased by:

i 10% i 18%
iii 80% iv 4.1%
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Repeated Iincreases and decreases

Repeated increases

The method used in the last section becomes very useful when two or more successive increases or
decreases are applied, because the original amount can simply be multiplied successively by two or
more factors. Here is a typical example.

Example 14

Internet sales of Ferret Virus Guard have been increasing dramatically. Three years ago the
number of registered users was 20 874. In the three years since then, the number of users
rose by 8.1% in the first year, a further 46.4% in the second year, and then a further 112.8%
in the third year.

a How many users were there at the end of the first year?

b How many users were there at the end of the second year?

¢ How many users are there now, at the end of the third year?

d What has the percentage increase in users been over the three years?

a After one year, the number of users was 108.1% of the original number.
Hence, number after one year = 20 874 x 1.081
= 22 565 (Correct to the nearest integer.)
b After two years, the number of users was 146.4% of the number after one year.
Hence, number after two years = 20874 x 1.081 x 1.464
= 33035 (Correct to the nearest integer.)
¢ After three years, the number of users is 212.8% of the number after two years.
Hence, number after three years = 20874 x 1.081 x 1.464 x 2.128
= 70298 (Correct to the nearest integer.)
d Number after three years = original number X 1.081 X 1.464 x 2.128

= original number X 3.37

This is about 337% of the original amount, or 337% — 100% = 237% more than it.
Hence, the number of users has increased by about 237% over the three years.

Note: We could have solved part d by calculating ~ 3.37. It is best to keep the answer to ¢ in

20874
your calculator for this calculation.
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1C REPEATED INCREASES AND DECREASES «a

Repeated decreases

The same method also applies to percentage decreases, as in Example 15.

Example 15

The median value of houses in the city of Winchester was reasonably stable for several years
at $340 000. After the local lead mine closed, however, the value of houses fell disastrously.
One year later, the median house value had dropped by 58% and, over the next year, the
median house value dropped a further 46%.

a What was the median house value one year later?
b What was the median house value two years later?
¢ What percentage of the original median house value was lost over the two years?

a One year later, the median value was 100% — 58% = 42% of the original.
Hence, median value after one year = 340 000 x 0.42
= $142 800
b Two years later, the value was 100% — 46% = 54% of the value after one year.
Hence, median value after two years = 340 000 x 0.42 x 0.54
=$77112
¢ Median value after two years = original value x 0.42 x 0.54
=~ original value x 0.23
Hence, about 77% of the value was lost over the two years (23% — 100% = —77%).

Combinations of increases and decreases

Some problems involve both increases and decreases. They can be solved in the same way.

Example 16

During July 2011, 34% more patients at St Michael’s Hospital were treated than in June
2011. Monthly patient numbers then fell by 40% during August, rose by 30% during
September, and finally fell by 24% during October 2011.

a What is the percentage increase or decrease over the four months, correct to the
nearest 1%?

b If 5783 patients were treated during the month of June 2011, how many patients were
treated during October 20117
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1C REPEATED INCREASES AND DECREASES
L

a Final monthly number = original monthly number X 1.34 x 0.60 x 1.30 x 0.76
= original monthly number x 0.79

79% — 100% = —21%, so the number has decreased by about 21% over the four months.
b Final monthly number = original monthly number X 1.34 x 0.60 x 1.30 x 0.76

= 5783 x 1.34 x 0.60 x 1.30 x 0.76
= 4594 patients (Correct to the nearest integer.)

In the above example, you may notice that the sum of the percentages is
34% — 40% + 30% — 24% = 0% , but this is completely irrelevant to the problem.

‘ Repeated increases and decreases

* To apply successive increases of, say, 15%, 24% and 38% to a quantity, multiply the
quantity by 1.15 x 1.24 x 1.38.

* To apply successive decreases of, say, 15%, 24% and 38% to a quantity, multiply the
quantity by 0.85 x 0.76 x 0.62.

Reversing the process to find the original amount

As we have already learned, division reverses the process to find the original amount, as in the
following example.

Example 17

The cat population in Grahamsville grew by 145% over a decade, and then fell by 40% over
the next decade.

a What was the percentage increase in the cat population over the 20 years?

b If the final population was 10 000, what was the original population 20 years earlier?

a After one decade, the population was 100% + 145% = 245% of the original population.

After the second decade, the population was 100% — 40% = 60% of the increased
population.
Thus, final population = original population X (2.45 X 0.60)

= original population X 1.47
So the population increased by 147% — 100% = 47%.
b Reversing this:
Original population = final population =+ (2.45 X 0.60)
=10 000 + (2.45 x 0.60)
= 6803 (Correct to the nearest integer.)
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1C REPEATED INCREASES AND DECREASES ”«a
‘ Reversing repeated increases and decreases

¢ To find the original quantity after successive increases of, say, 15%, 24% and 38% to that
quantity, divide the final quantity by (1.15 x 1.24 x 1.38).

¢ To find the original quantity after successive decreases of, say, 15%, 24% and 38% to
that quantity, divide the final quantity by (0.85 x 0.76 x 0.62).

Successive equal percentage increases and decreases

When all the percentage changes are the same, we can use powers to reduce the number of
calculations.

Example 18

The number of people visiting the Olympus Cinema each week has been decreasing by 4%
per year for the last 10 years.

a What is the percentage decrease in weekly attendance over the 10 years?
b If there are 1250 visitors per week now, what was the weekly attendance 10 years ago?

Each year the weekly attendance is 96% of the previous year’s weekly attendance.
a Final weekly attendance

= original weekly attendance X 0.96 x 0.96 x ... X 0.96

= original weekly attendance x (0.96)10

= original weekly attendance X 0.66

Here the cinema’s weekly attendance has decreased by about 34% over the 10 years.
b From part a:

Final weekly attendance = original weekly attendance x (0.96)10

Reversing this:

Original weekly attendance = final weekly attendance + (0.96)10
= 1250 + (0.96)"

= 1880 (Correct to the nearest integer.)

Dowcierc

1 a Find the final value after $10 000 is successively increased by 5%, 8% and 10%.
b Find the final value after $10 000 is successively decreased by 8%, 7% and 6%.

¢ Find the final value after $90 000 has been increased by 10% ten times. (Give your
answer correct to the nearest cent.)
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1C REPEATED INCREASES AND DECREASES
L

Example 14 2
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Example 16 6

Example 17 7
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Three years ago, apples cost $2.80 per kg, but the price has increased by 8%, 15% and 10%
in the past three successive years. Multiply by 1.08 X 1.15 X 1.1 to find the price of
apples now.

The dividend per share in Knowledge Bank Company has risen over the last four years by
32%, 112%, 155% and 8%, respectively. Find the total dividend received by a shareholder
whose dividend four years ago was:

a $1000 b $12472 c $16.64 d $512.21

Land rates in Crookwell Shire have risen by 6% every year for the last seven years.
a By what percentage have the land rates risen over the seven-year period?
b Find the rates now payable by a landowner whose rates seven years ago were:

i $1000 ii $17268.24 iii  $216.04

Since a new ‘Fitness for Freedom’ program was introduced in a community, the number
of people classified as overweight in that community has been falling. In four successive
years, the number of overweight people fell by 4.8%, 7.1%, 10.5% and 6.2%, respectively.
Find, correct to two decimal places, the percentage decrease over the four-year period.

Calculate the total increase or decrease in a quantity when:
a itis increased by 20% and then decreased by 20%
b it is increased by 80% and then decreased by 80%

The price of beans has been rising. The price has risen by 10%, 15% and 35% in three
successive years, and they now cost $3.40 per kg. By dividing successively by 1.35, then by
1.15, and then by 1.10, find the:

a price one year ago b price two years ago ¢ original price three years ago
Shares in Value Radios have been falling by 18% per year for the last five years.
a Find the present worth of a parcel of shares with an original worth five years ago of:

i $1000 i $24 000 iii $11328512

b By what percentage has the value fallen over the five-year period?

A particular strain of bacteria increases its population on a certain prepared Petri dish
by 18% every hour. Calculate the size of the original population four hours ago if there
are now:

a 10 000 bacteria b 1000 000 bacteria ¢ 120 000 bacteria

A potato is taken from boiling water at 100°C and placed in a fridge at 0°C. Every minute
after this, the temperature of the potato drops by 16%.

a Find the temperature of the potato after:
i 4 minutes ii 8 minutes ili 20 minutes

b Francois measures the temperature of the potato and finds it to be 12°C. Find its
temperature:

i 3 minutes ago ii 6 minutes ago iii 10 minutes ago
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11 Here is a table of the annual inflation rate in Australia for the years ending 30 June 2005 to
30 June 2010 (from the Reserve Bank of Australia website).

2005 2006 2007 2008 2009 2010

2.3% 2.7% 3.8% 2.3% 4.4% 1.8%

Calculate the percentage increase in prices, correct to one decimal place:
a over the whole six-year period b during the first four-year period
12 The radioactivity of any sample of the element iodine-131 decreases by 55% every seven

days. Find the percentage reduction in radioactivity over each of the periods given below.
(Give percentages correct to one decimal place.)

a 3 weeks b 10 weeks ¢ 26 weeks
13 a A coatis discounted by 50%, and the resulting price is then increased by 50%. By what
percentage is the price increased or decreased from its original value?

b The price of a coat is increased by 50%, and the resulting price is then decreased
by 50%. By what percentage is the price increased or decreased from its original value?

¢ Can you explain the relationship between your answers to parts a and b?

Compound interest

With simple interest, the interest is always calculated on the original amount: the principal.

With compound interest, the interest is applied periodically to the balance of an account (whether

it is an amount borrowed or an amount invested). For example, when interest is compounded
annually (per annum), the interest is calculated on the balance at the end of each year. The interest
earned in one year plus the previous balance becomes subject to interest calculations in the next year,
and so on.

The first example below is done using the method of percentage increase developed in the previous
two sections. After that, we will develop a general formula for compound interest.

Example 19

Siri has invested $100 000 for five years with the St Michael Bank. The bank pays her
interest at the rate of 6% p.a., compounded annually.
a How much will the investment be worth at the end of:

i one year? ii two years? iii five years?
b What is the percentage increase of her original investment at the end of five years?
¢ What is the total interest earned over the five years?

d What would the simple interest on the five-year investment have been, assuming the same
interest rate of 6% p.a.?

CHAPTER 1 CONSUMER ARITHMETIC
ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.




1D COMPOUND INTEREST
i emvermoRER

Each year the investment is worth 106% of its value the previous year.
a i Balance at the end of one year = 100 000 x 1.06
= $106 000
ii Balance at the end of two years = 100 000 x 1.06 x 1.06
=100 000 x (1.06)*
= $112360
iii Balance at the end of five years = 100 000 x 1.06 x 1.06 x 1.06 x 1.06 x 1.06
=100 000 x (1.06)°
~ $133822.56 (Correct to the nearest cent.)

b Final amount = original amount X (1.06)’
= original amount X 1.3382
So the total increase over five years is about 33.82%.
¢ Total interest = 133 822.56 — 100 000
~ $33822.56

d Simple interest = PRT
=100 000 x 0.06 x 5
= $30 000

We will often use the word ‘amount’ for the ‘balance’ of the account.

A formula for compound interest

It is not difficult to develop a formula for compound interest, provided that the interest rate is
constant throughout the loan.

Suppose that a principal $P is invested for n units of time at an interest rate R per unit time, and that
compound interest is paid. (The unit of time may be years, months, days or any other length of time.)

Let $A, be the amount that the investment is worth after » units of time. That is, A, is the balance of
the account.

At the end of each unit of time, the amount increases by a factor of 1+ R.
Thus, A; = P(1+ R)
and A, = A1+ R)
=P(1+R)x(1+R)=P(+R)?
and A; = A,(1+R)
=P1+R?*x(1+R) =P1+R)3
Continuing this process for n units of time gives:

A, = P(1+ R)"
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1D COMPOUND INTEREST u«a
. Compound interest

Suppose that a principal $P is invested at an interest rate R per unit time, and that
compound interest is paid. The amount $A, that the investment is worth after n units
of time is:

A, = P(1+ R)"

Thus, in the previous example, the amount at the end of five years would be calculated as:
Substituting P = 100 000, R = 0.06 andn = 5
As =100 000 x (1.06)
~ $133822.56

Example 20

Wesley has retired, and he has invested $200 000.
a How much will his investment grow to after four years if he has invested the money at
0.5% per month compound interest?

b How much would it have grown to had Wesley invested the money at 6% p.a. compound
interest for four years?

¢ How much would the investment grow to if he had invested it at 3% per six months
compound interest for four years?

Each amount is calculated to the nearest cent.

a The money is invested for 48 months, and R = 0.5% = 0.005 per annum.

A, = P+ R)"
Agg = 200 000 x (1.005)*
~ $254 097.83
b The money is invested for four years, and R = 6% = 0.06 per annum.
A, = P+ R)"
A, = 200 000 x (1.06)*
~ $252 495.39
¢ The money is invested for 8 periods of six months, and R = 3% = 0.03 per six-month
period.
A, = P+ R)"
Ag = 200 000 x (1.03)®
=~ $253354.02

Note: The calculations of a and b in the above example show that 0.5% per month,
compounded monthly, earns slightly more interest than 6% p.a., compounded annually. With
compound interest, the more frequent the compounding, the greater the amount of interest.

25
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1D COMPOUND INTEREST
i emvermoRER

Compound interest on a loan

Exactly the same principles apply when someone borrows money from a bank and the bank charges
compound interest on the loan. If no repayments are made, the amount owing compounds in the
same way, and can grow quite rapidly.

Example 21

Assad is setting up a home renovation business and needs to borrow $360 000 from a bank.
The bank will charge him interest of 1% per month. Assad will pay the whole loan off all at
once eight years later.

- e A 6 o o

How much will Assad owe the bank at the end of one year?

How much will Assad owe the bank at the end of two years?

How much will Assad owe the bank at the end of eight years?

What is the percentage increase in the money owed at the end of eight years?
What is the total interest that Assad will pay on the loan?

What would the simple interest on the loan have been, assuming the same interest rate
of 1% per month?

Each amount is calculated to the nearest cent.

The units of time are months, and R = 1% = 0.01 per month.

a

Amount owing at the end of one year = P(1 + R)"

=360 000 x (1.01)"*
~ $405 657.01

Amount owing at the end of two years = 360 000 x (1.01)**
=~ $457104.47

Amount owing at the end of eight years = 360 000 x (1.01)°
~ $935738.25

Final amount = original amount x (1.01)*°

= original amount X 2.60

So the percentage increase over eight years is approximately 160%.

Total interest = 935 738.25 — 360 000
=~ $575738.25
Simple interest = PRT
= 360 000 x 0.01 x 96
= $345 600

Note: Making no repayments on a loan that is accruing compound interest can be a risky business
practice because, as this example makes clear, the amount owing grows with increasing rapidity as
time goes on. Similarly, not making regular payments on a credit card can be disastrous.

26
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1D COMPOUND INTEREST u«‘

Reversing the process to find the original amount

If we are given the final amount A, the interest rate R and the number »n of units of time, we can
substitute into the compound interest formula and solve the resulting equation to find the principal P.

Example 22

Carla wants to borrow money for six years to start a business, and then pay all the money
back, with interest, at the end of that time. The bank will charge compound interest at a rate
of 0.8% per month, and will limit her final debt, including interest, to $1 000 000. What is
the maximum amount that Carla can borrow?

The units of time are months, so n = 72 and R = 0.8% = 0.008 per month.
Hence, A;, = P x (1.008)"

Substituting A7, = 1000 000, the maximum amount that Carla can owe at the end of the
loan:

1000 000 = P x (1.008)"*

P = 1000000 + (1.008)"*

~ $563432.23
Carla can borrow a maximum of $563 432.23.

D owcien

Note: This exercise is based on the compound interest formula A, = P(l1 + R)". Remember that
if an interest rate is given ‘per annum’ then it is assumed that the compounding occurs annually,
and if it is given per month then the compounding occurs every month, and so on.

1 Ming invested $100 000 for five years at 7% p.a. interest, compounded annually.
a Find the amount invested after one year.
b Find the amount invested after two years.
¢ Find the amount invested after five years.

d Find the percentage increase in the investment over the five-year period, correct to two
decimal places.

e Find the total interest earned over the five years.

f Find the simple interest on the principal of $100 000 over the five years at the same
annual interest rate.

2 The population of a town increases at a rate of 5.8% p.a. for 10 years, compounded
annually. Initially, the population was 34 000.

a What was the population at the end of the 10-year period?

b What was the total percentage increase, correct to the nearest 1%?
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1D COMPOUND INTEREST
i emvermoRER

Example 20 3

Example 21 4

28

A couple takes out a housing loan of $380 000 over a period of 25 years. They make no
repayments during the 25-year period.

a i How much money would they owe if compound interest were payable at 6% p.a.?
ii What would the percentage increase in the debt be, correct to the nearest 1%?

b i How much money would they owe if compound interest were payable at 0.5%
per month?

ii What would the percentage increase in the debt be, correct to the nearest 1%?

Emmanuel has borrowed $300 000 for seven years at 9% p.a. interest, compounded
annually, in order to start his carpentry business. He intends to pay the whole amount back,
plus interest, at the end of the seven years.

a Find the amount owing after one year.
b Find the amount owing after seven years.

¢ Find the percentage increase in the debt over the seven-year period, correct to two
decimal places.

d Find the total interest charged over the seven years.

e Find the simple interest on the principal of $300 000 over the seven-year period at the
same annual interest rate.

a Find the compound interest on $1000 at 12% p.a. for 100 years.
b Find the compound interest on $1000 at 1% per month for 100 years.
¢ Find the simple interest on $1000 at 12% p.a. for 100 years.

A student borrows $20 000 from a bank for six years. Compound interest at 9% p.a. must
be paid.

a How much money is owed to the bank at the end of the six-year period?

b How much of this amount is interest?

Money borrowed at an interest rate of 8% p.a. grew to $100 000 in seven years. Find:
a the original amount invested

b the total percentage increase in the investment, correct to the nearest 1%

Emily wants to invest some money now so that it will grow to $250 000 in eight years’
time. The compound interest rate is 0.5% per month.

a How much should she invest now?

b What will the total percentage increase be, correct to the nearest 1%?

A bank offers 0.7% per month compound interest. How much needs to be invested if the
investment is to be worth $100 000 in:

a 10 years?
b 25 years?
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1D COMPOUND INTEREST ”‘

10 The population of the mountain town of Granite Peak has been growing at 7.4% every year
and has now reached 80 000. Find the population:

a one year ago
b two years ago
¢ five years ago

d 10 years ago

11 Mr Brown has had further difficulties with the virus that attacked his spreadsheet entries.
The spreadsheet calculated interest compounded annually on various amounts, at various
interest rates, for various periods of time. Help him reconstruct the missing entries.

Principal Rate Number of years | Final amount | Total interest
a $3000 7% 25
b | $3000 000 5.2% 12
C 7% 25 $3000
d 5.2% 12 $3 000 000

12 a Mr Yang invested $90 000 at a compound interest rate of 6% p.a. for three years. The
tax office wants to know exactly how much interest he earned each year. Calculate these
figures for Mr Yang.

b Repeat these calculations with the rate of interest of 0.5% per month.

13 WestPlaza Holdings sold one of its shopping centres for $20 000 000 and invested the
money at a daily compound interest rate of 0.016%. How much interest did the company
earn in the first year?

14 Find the percentage increase in each situation (correct to the nearest 0.01%).
a $100 000 is borrowed at a compound interest rate of 0.01% per day for one year.

b $1 000 000 is borrowed at a compound interest rate of 0.02% per day for one year.

15 Find the total percentage growth, correct to the nearest 0.1%, in a compound interest

investment:

a at 15% p.a. for two years b at 10% p.a. for three years
¢ at 6% p.a. for five years d at 5% p.a. for six years

e at 3% p.a. for 10 years f at 2% p.a. for 15 years

g What do you observe about these results?

16 A doctor took out a six-year loan to start a medical practice. For the first three years, he was
charged compound interest at a rate of 9% p.a. For the second three-year period, he was
charged compound interest at a rate of 13% p.a. Find the total percentage increase in the
money owing, correct to the nearest 1%.
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Compound depreciation

Depreciation occurs when the value of an asset reduces as time passes. For example, a person may
buy a car for $50 000, but after six years the car will be worth a lot less, because the motor will be
worn, the car will be out of date, the body and interior may have a few scratches, and so on.

Accountants usually make the assumption that an asset, such as a car, depreciates at the same rate

every year. This rate is called the depreciation rate. In the following example, the depreciation rate
is taken to be 20%.

In many situations, simple depreciation is used, but in other situations the depreciation is
compounded. We will deal only with compound depreciation.

This first example is done using the methods of percentage decrease developed in Sections 1C and
1D. After that, we will develop a general formula for depreciation, as we did for compound interest.

A person bought a car six years ago for $50 000, and assumed that the value of the car would
depreciate at 20% p.a.

a What value did the car have at the end of two years?
b What value does the car have now, after six years?
¢ What is the percentage decrease in value over the six-year period?

d What is the average reduction in value, in dollars p.a., on the car over the six-year period
due to depreciation?

The value each year is taken to be 100% — 20% = 80% of the value in the previous year.

a Value at the end of two years = 50 000 x 0.80 x 0.80

=50 000 x (0.80)
= $32000

b Value at the end of six years = 50 000 x 0.80 x 0.80 x 0.80 x 0.80 x 0.80 x 0.80

= 50 000 x (0.80)°
= $13107.20

¢ Final value = original value x (0.80)°

0

original value x 0.26

Hence, the percentage decrease over six years is about 100% — 26% = 74%.
d Depreciation over six years = 50 000 — 13107.20

= $36 892.80
Average reduction in value per year = $36 892.80 + 6
= $6148.80 per year
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1E COMPOUND DEPRECIATION ‘a

A formula for depreciation

We can develop a formula for depreciation, as we did for compound interest. The two formulas are
very similar.

Suppose that an asset originally worth P depreciates at a rate, R, per unit time.
Let A, be the value of the asset after # units of time.
At the end of each unit of time, the value decreases by a factor of 1 — R.
Thus, A; = P(1-R)
and A, = A(1-R)
=PQ1-R)x(1—=R)=P(-R)7?
and A; = A (1-R)
=P(1-R?>xX(1-R)=P(1-R)
Continuing this process for n units of time gives:
A, =P - R)"

. Compound depreciation

Suppose that an asset with an original value P depreciates at a rate R per unit time. The
value A, of that asset after n units of time is:

A, = P1—R)"

Thus, in the previous example, the value at the end of six years would be calculated as:

Substituting P = 50000, R = 0.8 andn = 6

As = 50000 x (0.8)°
= $13107.20

Example 24

A piece of machinery that cost $560 000 depreciates at 30% p.a.

a What is its value after six years?
b What is the average reduction in value per year?
¢ If it had depreciated at 15% p.a., what would its value have been after six years?

a Here, R=03,s01-R =07

A, = P(1 - R)"
As = 560 000 x (0.7)°
= $65883.44

(continued over page)
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1E COMPOUND DEPRECIATION
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b Depreciation = 560 000 — 65 883.44
= $494 116.56
Average reduction per year = 494 117.56 + 6
~ $82352.76

¢ Here,R =0.15,s01 — R = 0.85

A, = P( - R)"
As = 560 000 x (0.85)°
~ $211203.73

Reversing the process to find the original amount

Given the final depreciated value A, and the depreciation rate R we can substitute into the
depreciation formula and solve the resulting equation to find the original value of an item P.

A company buys its staff new cars every four years. At the end of the four years, it offers
to sell the cars to the staff on the assumption that they have depreciated at 22.5% p.a. The
company is presently offering cars for sale at $9000 each.

a What did each car cost the company originally?
b What is the average reduction in value, in dollars p.a., on each car?

a Here,R = 0.225,s01 - R = 0.775
A, = Pl -R)"
9000 = P x (0.775)*
P = 9000 + (0.775)*
~ $24 948 (Correct to the nearest dollar.)
Each car originally cost the company about $24 948.

b Loss of value = 24 948 — 9000

= $15948
Average loss per year = 15948 + 4

= $3987

ICE-EM MATHEMATICS YEAR 10
ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.




S e ey
‘ Exercise 1E

1 The landlord of a large block of home units purchased washing machines for its units six
' years ago for $600 000, and is assuming a depreciation rate of 30% p.a.

a Find the estimated value after one year.

b Find the estimated value after two years.

¢ Find the estimated value after six years.

d What is the percentage decrease in value over the six-year period?

e What is the average reduction in value, in dollars p.a., on the washing machines over the

six-year period due to depreciation?

2 a A computer shop spent $320 000 installing alarms at its premises. If it depreciated them
at 20% p.a., find the estimated value after six years, and the percentage reduction of
value over that period.

b The business borrowed the money to install the alarms, paying 8% p.a. compound
interest for the six years. How much did it owe at the end of the six years?

3 A school bought a bus for $90 000, depreciated it at 30% p.a., and sold it again five years
later for $20 000. Was the price that they obtained better or worse than the depreciated
value, and by how much?

4 The Online Grocery spent $4 540 000 buying computers for its offices, and depreciated
them for taxation purposes at 40% p.a. Find the value of the computers at the end of each
of the first four years, and the amount of the loss that the company could claim against its
taxable income for each of those four years.

5 Sandra and Kevin each received $80 000 from their parents. Sandra invested the money at
6.5% p.a. compounded annually, whereas Kevin bought a sports car that depreciated at a
rate of 20% p.a. What were the values of their investments at the end of six years?

6 Taxis depreciate at 50% p.a., and other cars depreciate at 22.5% p.a.
a What is the total percentage reduction in value on each type of vehicle after six years?
b What is the difference in value after six years of a fleet of taxis and a fleet of other cars, if
both fleets originally cost $10 000 000?
W 7 Mr Startit’s 10-year-old car is worth $6500, and has been depreciating at 22.5% p.a.

a By substituting into A, = P(1 — R)", find how much (to the nearest dollar) it was
estimated to be worth a year ago.

b How much, correct to the nearest dollar, was it estimated to be worth two years ago?
¢ How much, correct to the nearest dollar, was it estimated to be worth 10 years ago?
d What is the total percentage reduction in value on the car over the 10-year period?

e What was the average reduction in value in dollars per year over the 10-year period?
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8 Ms Rinoldis’ seven-year-old car is worth $5600, and has been depreciating at 22.5% p.a.

a How much, correct to the nearest dollar, was it worth four years ago?

b How much, correct to the nearest dollar, was it worth seven years ago?

¢ What is the total percentage reduction in value on the car over the seven-year period?

d What was the average reduction in value in dollars per year over the seven-year period?

e Ms Rinoldis, however, only bought the car four years ago, at its depreciated value at that
time.

i

ii

What has been Ms Rinoldis’ average loss in dollars over the four years she has owned
the car?

What was the average loss in dollars over the first three years of the car’s life?

9 I take a sealed glass container and remove 60% of the air. Then I remove 60% of the
remaining air. I do this six times altogether. What percentage of the original air is left in the

container?

10 The number of trees on Green Plateau fell by 5% every year for 10 years. Then the numbers

rose by 5% every year for 20 years. What was the total percentage gain or loss of trees
over the 30-year period?

11 a Find the total percentage decrease in an investment with a value that decreased at:

i

ii
iii
iv

v

vi

15% p.a. for two years
10% p.a. for three years
6% p.a. for five years
5% p.a. for six years
3% p.a. for 10 years
2% p.a. for 15 years

b What do you observe about these results?

12 A special depreciation ruling was obtained from the Taxation Office on a particular piece

of scientific apparatus. For the first four years, it depreciates at 32% p.a., and for the second
four years, it depreciates at 22% p.a. Find the total percentage decrease in value.

13 Itake 500 mL of a liquid and dilute it with 100 mL of water. Then I take 500 mL of the
mixture and again dilute it with 100 mL of water. I repeat this process 20 times in all. What

percentage of the original liquid remains in the mixture at the end?
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Review exercise

1 Find the simple interest payable in each case.
a $10 000 borrowed for six years at 9% p.a.
b $3000 borrowed for 15 years at 6% p.a.
¢ $1500 borrowed for 40 years at 2.5% p.a.

2 What principal will earn $1000 simple interest at:
a 4% p.a.over five years?
b 10% p.a. over three years?
¢ 6% p.a. over eight years?

d 2.5% p.a. over 10 years?

3 At what rate of simple interest will:
a $10 000 grow to $14 000 over a five-year period?
b $8000 grow to $10 000 over a two-year period?
¢ $1500 grow to $2000 over a three-year period?

4 If a woman borrows $750 to buy a television and agrees to pay back $870 in one year’s
time, what annual rate of simple interest is she being charged?

5 An investor bought an antique table for $6000. He paid 5% as a deposit and borrowed
the remainder from a bank for two years at 18% p.a. simple interest, payable monthly.
How much interest does he have to pay each month?

6 Find the new value if:
a 60 is increased by 10%
b 50 is increased by 150%
¢ 80 is decreased by 20%
d 200 is increased by 12%%
e 400 is decreased by 2.5%
f 312 is decreased by 5%%

7 A clothing store offers a 15% discount on all its summer stock. How much will I need
to pay in total if I buy a shirt with a marked price of $35, a pair of shorts with a marked
price of $25, and a cotton sweater with a marked price of $50?

8 A general store in a country town adds 8% to the recommended retail price of all its
stock due to transport costs. What will be the total charge if I buy a torch with a retail
price of $9.50, a tin of coffee with a retail price of $11.30, and a hat with a retail price of
$42.00?
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REVIEW EXERCISE

9 a What is the final value if:
i 90 is increased by 10%?
ii 120 is decreased by 20%?
ili 96 is increased by 4%?
iv 108 is decreased by 8%?

b Look carefully at the results of part a i-iv. Do they surprise you?

10 A computer store states that it will reduce the price of a computer by 10% each day until
it is sold. The original price of the computer is $2500.

a What is the sale price after the first reduction?
b What is the sale price after the second reduction?
¢ What is the sale price after the third reduction?

d What single percentage decrease has the same effect as the three 10% reductions?

11 A manufacturer of suits can produce a suit at a cost of $250. When he sells it to a
clothing store owner, he makes a 20% profit on the suit. To cover costs, the store owner
increases the cost of the suit a further 30%.

a For what price does the store owner sell the suit?

b What is the total percentage increase in the cost of the suit?

12 The population of a country increased by 3%, 2.6% and 1.8% in three successive years.
What was the total percentage increase in the country’s population over the three-year
period?

13 Find the balance if:

a $2000 is invested for 10 years at 8% p.a. compounded annually
b $5000 is invested for six years at 1% per month compound interest

¢ $500 is invested for 40 years at 3% per six-month period compound interest

14 A piece of machinery has an initial value of $25 000. Due to usage and age, its value
depreciated by 8% each year. Find the value of the piece of machinery after:

a three years b five years ¢ 10 years d n years

15 A new car is valued at $26 000. It is estimated to depreciate by 12% each year.
a Find its depreciated value after five years.
b Find its depreciated value after 10 years.

¢ Find how many years it takes for its depreciated value to fall below $11 000.

16 Jo bought a four-year old car for $20 880.25 at its correct depreciated value. If the car
has a depreciation rate of 15% p.a., then find the value of the car when it was brand new.
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Challenge exercise

1 Waleed owns a portfolio of shares that he purchased for $38 000. For the first four years,
the portfolio appreciated in value at an average of 8% each year, but for the next four
years, it depreciated in value at an average of 8% each year. Calculate:

a the value of the portfolio, correct to the nearest dollar, at the end of these eight years

b the equivalent simple interest rate of change in value per year, correct to two decimal
places, over these eight years

2 Two banks offer the following investment packages.
Bank A: 6.5% p.a. compounded annually, fixed for six years

Bank B: 5.3% p.a. compounded annually, fixed for eight years
a Which bank’s package will yield the greater interest?

b If a customer invests $10 000 in Bank A, how much would she have to invest with
Bank B to produce the same amount produced by Bank A at the end of the investment
period?

3 The Happy Pumpkin fruit shop sells grapes at a price 10% cheaper than the Akrivo Stafili
fruit shop and 10% more expensive than the Costa fruit shop.

A customer buys $50 worth of grapes from the Happy Pumpkin fruit shop. He obtains n
kilograms of grapes for his $50.

a What is the cost, in terms of n, of 1 kg of grapes from the Happy Pumpkin
fruit shop?

b If he buys % kilograms of grapes from the Akrivo Stafili fruit shop and g kilograms of
grapes from the Costa fruit shop, how much does he pay?

¢ If he buys % kilograms of grapes from the Akrivo Stafili fruit shop and % kilograms
of grapes from the Costa fruit shop, how much does he pay?

d If he buys %1 kilograms of grapes from the Akrivo Stafili fruit shop and Z kilograms

of grapes from the Costa fruit shop, how much does he pay?

4 The population of a town decreases by 11% during 2012. What percentage increase is
necessary during 2013 for the population to be restored to its population immediately
before 20127
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CHALLENGE EXERCISE

S The length of a rectangle is increased by 12% and the width is decreased by 10%. What is
the percentage change in the area?

6 A man earns a salary of $2440 for working a 44-hour week. His weekly salary is increased
by 12.5% and his hours are reduced by 10%. Find the percentage increase in his new hourly
salary.

7 In a particular country in 2011, 12% of the population was unemployed and 88% was
employed. In 2012, 10% of the unemployed people became employed and 10% of those
employed became unemployed. What percentage of the population was employed at the end
of 20127

8 Andrea buys a house and she spends an extra 10% of what she paid for the house on
repairs. She takes out a loan and pays 5% p.a. compound interest on the total amount spent
(including repairs). Three years later she sells the house for $565 100 and she gains 20% on
the whole investment purchase price. How much did she pay for the house?

9 Anthony invests $P for 2 years at r% p.a. compound interest. At the end of the 2 years,

P
Anthony receives his original $P and % in interest. Find r, correct to two decimal places.
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GHAPTERl‘

Number and Algebra

Review of ‘surds

In this chapter, we revise our work on surds, which are a special class of
irrational numbers that you studied in ICE-EM Mathematics Year 9.

Surds, such as /29, arise when we use Pythagoras' theorem.
\29

2
52+22=29
The values of the trigonometric ratios of some common angles are surds.

Ne

For example, cos 30° = -

Surds also arise when solving quadratic equations and can often be treated as if
they are pronumerals. Skills in manipulating surds strengthen algebraic skills.

39



Irrational numbers and surds

Irrational numbers

When we apply Pythagoras’ theorem, we often obtain numbers such as V2. The numbers +/2 and +/3
are examples of irrational numbers and so is 7, the number that arises from circles. Note that V2
means the positive square root of 2.

Recall that a rational number is a number that can be written as 4 where p is an integer and g is a

. 9’
non-zero integer.

A real number is a point on the number line. Every rational number is real but, as we have seen, not
every real number is rational. A real number that is not rational is called irrational.

-3 \2 T
| l ! | | ! |

-4 -3 -2 -1 0 1 2 3 4

As we have mentioned, every real number is a point on the number line and, conversely, every point
on the number line is real.

Surds can always be approximated by decimals, but working with exact values enables us to see
important relationships and gives insights that would be lost if we approximated everything.

Surds

We can take the n™ root of any positive number a. The n'™ root of a, written as ¥/a, is the positive
number whose n" power is a. Thus, Ya =bis equivalent to the statement b" = a.

If %/a is irrational, then it is called a surd. If %/a is rational, then «a is the n™® power of a rational

number. Hence, v/3, 3/5 and 3/7 are surds. On the other hand, 3/8 = 2 and ¥/81 = 3, so they are not
surds.

Approximations to surds can be found using a calculator.

Example 1

Use your calculator to arrange the surds J8 . J10 , J2 and /60 in order of size on the
number line.

We use a calculator to find an approximation to each number, correct to two decimal places.

J8 = 2.83 J10 = 3.16 J2 =141 360 = 3.91
\2 V810 %a)l
1 2 3 4
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2A IRRATIONAL NUMBERS AND SURDS

Constructing some surds geometrically

We can use Pythagoras’ theorem to construct lengths of V2,3
and so on.

Using a ruler, draw a length of 1 unit.

Using your ruler and compasses or set square, draw a right angle at
the end of your interval and mark off 1 unit.

Joining the endpoints, we have a length V2 units by Pythagoras’
theorem.

If we now draw an interval of length 1 unit perpendicular to the
hypotenuse, as shown in the diagram, and form another right-angled
triangle, then the new hypotenuse is V3 units in length. We can

continue this process, as shown, to construct the numbers J5 , J6 1
and so on.

‘ Irrational numbers and surds

e Every real number is a point on the number line and, conversely, every point on the
number line is a real number.

e Every rational number is a real number. A real number that is not rational is called an
irrational number.

e If ais a positive rational number and %/a is irrational, then %a is called a surd.

Arithmetic with surds
We will review the basic rules for working with square roots.

When we write 2/3, we mean 2 x /3. As in algebra, we can omit the multiplication sign.

If a and b are positive numbers, then: For example:
(Ja)’ =a (V1) =11
\/072 =a \/372 =3
Ja x5 = ab BxT= fx7 =2

Ja = o =P

The first two of these rules remind us that, for positive numbers, squaring and taking a square root
are inverse processes. For example:

(\/7)2 = 7and\/772 =7
Also, Vw2 = mand (\/E)z = 1. Note that /7 is not a surd.
Take the surd </12. We can factor out the perfect square 4 from 12, and write:

JIZ = Va3
=J4 x3 (\/a_=\/5><x/5)
=23
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2A IRRATIONAL NUMBERS AND SURDS
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Hence, /12 and 2+/3 are equal. We will regard 2+/3 as a simpler form than </12, since the number
under the square root sign is smaller.

To simplify a surd (or a multiple of a surd), we write it so that the number under the square root sign
has no factors that are perfect squares (apart from 1). For example:

JI2 =23
We shall also refer to any rational multiple of a surd as a surd. For example, 4+/7 is a surd.

In mathematics, we are often instructed to leave our answers in surd form. This means that we
should not approximate the answer using a calculator, but leave the answer — in simplest form —
expressed using square roots, cube roots etc. This is also called giving the exact value of the answer.

We can use our knowledge of factorising whole numbers to simplify surds.

Simplify:
a /50 b 27

a /50 =25 x2 b 27 =9 x+3
=52 =33

We look for factors of the number under the square root sign that are perfect squares. Sometimes we
may need to do this in stages.

Simplify:
a /588 b 74243 ¢ 64162

a /588 = /4 x 147 b 74243 = 7435 ¢ 64162 = 6481 x 2
= 2J147 = 7V3* x3 = 6392 x 2
=2J49 %3 =7x9/3 = 5442
=2x 73 =633
=143
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2A IRRATIONAL NUMBERS AND SURDS «a

In some problems, we need to reverse this process.

Example 4

Express each as the square root of a whole number.

a 5J7 b 746

a 5J7 =52 x 7 b 76 = 49 x 6
= J25x7 - 294
- 175

Simplify each expression.

a J/5x7 b /3 x 11 ¢ /5 x+/30 d /3 x15
a \5x+7=435 b V3 x+11=14/33
¢ /5 x+/30 = 150 d 3 x+15 = /45

=J/25x6 =9 %5

=56 =35

Example 6

Simplify each expression.

a JI5 +3 b%
G B Y70 _ [10
? \/BT\E_\/Z b T\
-5 -5
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2A IRRATIONAL NUMBERS AND SURDS
N e
‘ Algebra of surds

e If a and b are positive numbers, then:

(Va)' =
Ja x b = Jab
Ja+dp = [0

e Asurd is in its simplest form if the number under the square root sign has no factors that
are perfect squares (apart from 1).

e To simplify a surd, take out any square factors.

For example, v/50 = /25 x 2 = 52

. Exercise 2A

Example 1 1 Arrange the irrational numbers J3 ,\/5 , 330 and Y60 in order of size on the number line.
= 2 Simplify:

N
W

a 8 b V12 ¢ 32 d /50 e V54

f /108 g /98 h /200 i /288 i V147

k 112 1 V175 m /245 n /294 o 225

p /900 q /450 r /300 s /1000 t 1728
3 Simplify:

a 2475 b 4125 ¢ 6499 d 3150 e 24720

f 5245 g 6432 h 750 i 114108 j 564100

k 775 1 3176 m 2208 n 5V275 0 44300
4 Express each as the square root of a whole number.

a 232 b 3J5 c 73 d 66 e 1043

f 410 g 1115 h 750 i 63 j 3420
W S Simplify:

a /2 x3 b J7 x 11 ¢ V8 x+/5 d V3 x+13 e J6 x/8
6 Simplify:

76 NE

am bm c@ d@ em f@
V2 J5 5 V10
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7 Simplify:

a V2 x7 b V2 x 8 ¢ V3 xJ6 d
e VIZ+2 £ (V5) -5 g V5 x5 h VT8 + V2

8 Complete:

a J5x...=+30 b V12 x ... = /36 ¢ V15 x...=+/45

J100
d >X—— =20 —= =3 f Y= =2
¢ \/11 \/_

9 a Find the area of a rectangle with height v7 cm and width +/3 cm.
b Find the area of a triangle with base /6 cm and height /5 cm.
¢ Find the area of a square with side length /17 cm.
d A square has area 11 cm?. What is the length of each side?

e A square has area 63 cm?. What is the length of each side?

10 Use Pythagoras’ theorem to find the value of x in exact form.

a b c
X > 3
3 < 3
6
3 \3

d e b J f
1
4 2
o \VT ’
X
-\
V3

11 A square has side length 4+/7 cm. Find:

a the area of the square b the length of a diagonal
12 A rectangle has length 7 cm and width V3 cm. Find:

a the area of the rectangle b the length of a diagonal

Addition and subtraction

of surds

Consider the calculation 4+/7 + 5v/7 = 9/7. We can think of this as 4 lots of /7 plus 5 lots of J7
equals 9 lots of /7. This is very similar to algebra, where we write 4x + 5x = 9x. We regard the
numbers 4+/7 and 5+/7 as like surds since they are both multiples of /7.
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2B ADDITION AND SUBTRACTION OF SURDS
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On the other hand, in algebra we cannot simplify 4x + 7y, because 4x and 7y are not like terms.
Similarly, it is not possible to write 4+/2 + 7+/3 in a simpler way. The surds 4~/2 and 7+/3 are
unlike surds, since one is a multiple of ~/2' while the other is a multiple of /3.

We can only simplify the sum or difference of like surds.

Simplify:
a 22 +7V2 - 442 b 4J7 +3J5 — 25 + 87
a 22+7V2-42 =52 b 4J7 + 35 - 2J5 +8J7 = 12J7 + /5

When dealing with expressions involving surds, we should simplify the surds first and then look for

like terms.
Example 8
Simplify:
a 8+7/2-/32 b 27 +3J5 + 45 - 443

a V8+7V2-32=22+7J2-42
=5J2

b 27 + 345 + V45 — 443 = 33 + 35 + 35 — 43
= 6J5 -3

‘ Addition and subtraction of surds

e Simplify each surd first, then look for like surds.

e \We can add and subtract like surds.

) b

1 Simplify:
a 62 + 72 b 123 + 133 ¢ —6J2 + 92

d -13J5 - 145 e —19V3 + 213 — 43 £ 135 — 1645 + 255
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2B ADDITION AND SUBTRACTION OF SURDS «a

2 Simplify:
a 52 +6V3+7J2 -43
¢ 811 = 710 + 511 + 4410

7T - 45 + 37 - 65
3 +442 =53 +642

e o

e 9415 — 47 - 3J15 f 8J/5+5/8 +35-648
3 Complete:
a5V2+.=112 b 9V3 +...=143
c 65-...=+5 d 1IV2 —...= 42
e N3+..=23 f 45-...=6J5
g 23 +45+...=53+8/5 h 7V11 - 65 +... = 8J/11 + 245
i 9V10 —4V3 +...=10 -3 j 65+3V2+...=245-5V2
4 Simplify:
a V12 ++/27 b /8 ++/18
¢ 38 -42 d 45 - 3420
e 332 — 4427 + 518 f 5147 + 348 —J12
g 345 + 20 + 745 h 463 + 57 — 828
i V44 + 5176 + 2./99 j 24363 — 54243 + /192
S Simplify:
a J72 - /50 b /48 + 12 ¢ 8 +2+418
d V2 + 43 =75 e /32 — 4200 + 350 f 445 - 4420 - 45
g /54 +24 h 27 — 48 + /75 i V45 + /80 — 125
j V2+32+V72 k3\/ﬁ—4\/§+%\/§ 1 5418 — 3420 — 445
6 Simplify:
a V12 +38 - 2427 + V32 b 4J18 — 2420 + 3V5 + 648
¢ 6312 + 9440 — 2427 — /90 d 4427 - 3418 + 2108 — /200
7 Find the value of x if:
a /63 -28 = Jx
b /80 — /45 = Jx
¢ V54 - 2424 = —Jx
8 For each rectangle, find (in exact form) the perimeter and area, and the length of the
diagonal.
apg 0 b H H
3 3
0 ] 0 [
3 \5

CHAPTER 2 REVIEW OF SURDS
ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



Multiplication and division

of surds

When multiplying two surds, we multiply the numbers outside the square root sign together and,
similarly, multiply the numbers under the square root sign. A similar procedure applies for division.
These procedures are captured by the following general rules:

ab x cd = acbd,
where b and d are positive numbers.
ol +edd =2 7
c\d

where b and d are positive numbers and ¢ # 0.

As usual, we should always give the answer in simplest form.

Find:
a 5J7 x3\2 b 15J77 +3J7
a 5J7 x3J2 = 15J14 b 15ﬁ;3\/—=15x\f7—7
(Thjsis5x\/7x3x\/§) 3x 7
=5J11

(15+3 =5 and V77 + 7 = J1I)

Find:
a 56 x 7410 p 18V10 ¢ (247) d (243)

35

a 56 x 7410 = 3560 b @=6«/§
= 3504 %15 3V5
= 704/15
¢ (2V7) =247 x 27 d (243) = 2/3 x 23 x 23
=4x7 =4x3x2x3
= 2 = 243
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2C MULTIPLICATION AND DIVISION OF SURDS «a

The distributive law

We can apply the distributive law to expressions involving surds, just as we do in algebra.

Example 11

Expand and simplify:

a 25(6+3V5) b —43(V6 - 243)

a 2J5(6+3V5) = 1245 + 6425 b —4v3(v6 - 243) = -4JI8 + 8 x 3
=125 + 30 =—12J2 +24

In algebra, you learned how to expand brackets such as (a + b)(c + d). These are known as
binomial products. You multiply each term in the second bracket by each term in the first, then add.
This means you expand out a(c + d) + b(c + d) to obtain ac + ad + bc + bd. We use this idea
again when multiplying out binomial products involving surds. (Remember to be very careful with

the signs.)
Expand and simplify:
a (23 -1)(4V3 +2) b (3v2 - 443)(5v3 - V2)
¢ (V2+3)(v5-7) d (V2 ++3)(v2 - 3)

a (243 -1)(443 +2) = 2¥3(43 +2) - 1(443 + 2
=8J9 + 43 -4J3 -2
=24-2
=22

b (3v2 - 443)(5v3 - v2) = 3v2(5V3 - v/2) - 4J3(5V3 - V2)

=156 — 34 — 209 + 46
=156 — 6 — 60 + 4/6
=196 - 66
¢ (V2 +3)(V5-7)=V2(V5 - 7)) +3(V5 - V7)
= J10 - V14 + /15 - 21
d (V2 ++3)(v2 -3) = V2(vV2 - V3) +V3(vV2 - V3)

=2-J6+6-3
= -1
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2C MULTIPLICATION AND DIVISION OF SURDS
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‘ Multiplication and division of surds

e For positive numbers b and d, ax/b x cvJd = ac/bd.
" b
e For positive numbers b and d, a\/b +c\/d = 2\/;, where ¢ # 0 and d # O.
C

e We can apply the distributive law to expressions involving surds.

e We can expand binomial products involving surds just as we do in algebra:
(a+b)c+d)=alc+d)+blc+d)=ac+ad+ bc+ bd .

Always give the answer in simplest form.

D boceze

Example 9

Example 9

1 Simplify:
a J5x3
d /5 x /13

2 Simplify:

a

SRR

d

3 Simplify:
a 42 x 345
d 8v2 x 443
g —3J7 x (—4\/ﬁ)
4 Simplify:
1246
N
@
“ 1248

~32./45
16415
S5 Simplify:
a2 x2
d 85 x /5
g 47 x (-27)
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b /5 x 11
e V6 x2

J6
NS
J33

e\/ﬁ

b 73 x 115
e —6/3 x 52
h -6v2 x (-3v7)

2515
103

—20./6
83

8
24./6

b J11 x /11
e 3J2 x 52
h—2J§x(—4J§)

© The University of Melbourne / AMSI 2017

¢ 8 x+14
f V18 x 3
@
NG
, i
J5
¢ 95 x 67

f 732 x (-44/11)
i 11J7 x(-2v6)

¢ 33 x3
f 643 x 53
i7\/5><(—3x/€)
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2C MULTIPLICATION AND DIVISION OF SURDS «a

6 Complete:
a2Jf3x...=6 b4v2x...=8
¢ 5V2x...=20 d2J/3x..=18
e 2J7 x...=42 f 25 %... =60
g 8/2x...=96 h 3J3 x... =108
i 25 %...=100 j 3/8x%...=96
k~2x...=64 1 445 x... =1000
7 Complete:
a 95 x ... = 2715 b 62 x ... = —18J10
c % =52 d 28@ = 411
e ﬁ =55 f ﬁ =86
g 42 x (...) + 86 = 206 h 35 x (...) - 24/10 = 164/10
i 12_f,/g+3ﬁ:7ﬁ j$—4\/§=—2\/§
8 Simplify:
a 2J3 x 42 + 86 b 743 x 55 + 815
¢ 1616 — 243 x 52 d 1810 — 3+/5 x 42
e 3J6 x 55 — 815 x 442 f 820 x 342 — 55 x 58
g 142? +52 h —121//__ -85
. W20 3V2 . 610 J_
Yoo T 2 N
9 Simplify:
a (2v2) b (23) ¢ (345) d (5v6)
¢ (347) r(241) e (s410) h (aB)
~uEy 10 Simplify:
a (v2) b (\2) c (V2) a(v2)
e (V2) £ (v2) g (V3) h (V5)
i (2v2) i (3v2) k (43) 1 (25)
m(s45) n (247) o (23] p (343)
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2C MULTIPLICATION AND DIVISION OF SURDS
AT e guepleCey A EReY RS
11 Expand and simplify:

a V2(V3+45) b J7(v/5 +6) ¢ 5(v7-2)

d 3v2(245 - 33) e 443(5v2 + 645) f 43(v2-1)

g 3V5(23 +5) h 246(3V3 +242) i 4410(35 - 442)
i 2V3(4v3 - 6) k3\/_(5\/_+4\/_) 1 36(4v3 - V6)
m4+/5(2+20 - 38) n 3v7(5v35 - 2421) 0 3VI1(2V22 - 4V33)

W 12 Expand and simplify:

a (V3+2)(v5+7) b (5 +7)(¥11 +6)
(V5 ++2)(v3 -+7) d (V3 +6)(v5-7)
e (3v2 +443)(2v2 - V3) f (5V3 - 5)(2V3 - 35)
g (45 +1)(25 - 3) h(2f+3f)(5\/§ J6)
i(3f+f)(4f—5f) i (2V7 ++5)(V3 - 245)
k (2v2 - V7)(5v2 - 2V7) 1 (347 - 8)(¥3 - 3V5)
13 Ifx =243 and y = -36, find:
a xy b% ¢ x2+y? d%.,.iz
e x3 f x3y? g% h))ccz—y);
14 Ifx =2++3and y = 2 — /3, find: '
ax+y b x+2y ¢ 3x+2y dx-—y
e x—2y f xy g\/gxy h\/E

15 Find the area and perimeter of a rectangle with:
a length 2+/3 and width 4/2
b length 2+/3 and width 4+/3
¢ length 7 + 2+/5 and width 7 — 2/5
d length 1 + +/5 and width 2 + /5

16 The hypotenuse of a right-angled triangle has length 8 + /3. Another side has
length 4+/3 + 2.

Find:
a the length of the third side
b the perimeter of the triangle

¢ the area of the triangle

17 A square has side length 2 + 5/3.
Find:

a the perimeter of the square

b the area of the square
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Special products

In algebra, you learned the following special identities. Recognising and applying these identities is
important.

(a + b)? = a® + 2ab + b?
(a — b)? = a® — 2ab + b?
(a — b)a + b) = a* — b?

These identities are also useful when dealing with surds, and the following examples demonstrate
this use. The last identity listed above is known as the difference of squares identity, and we will
pay particular attention to this.

Expand and simplify:
a (V7+3) b (52 -3) ¢ (V3 +5J6)

a (VT+3) =(V7) +2(V7)(¥3)+ (V3)" b (52 ~3)"=(sv2) - 2(5v2)(¥3) +(\3)

=7+2J21+3 =50 -10/6 +3
=10 + 2421 =53-10J6

¢ (V3 +506) = (V3] +2(43)(56) + (546
=3+ 10418 + 150
=153 + 3042

You should always express your answer in simplest form.

Notice what happens when we use the difference of squares identity.

Expand and simplify:
a (VI -5)(ViI +5) b (243 +4)(2V3 - V4)

a (VT B)(VTT+5) = (VIT) - (VB)" b (23 +4)(245 - 4) = (245" - (4
=11-5 =12-16
=6 =—4

When we apply the difference of squares identity, the answer is an integer.

CHAPTER 2 REVIEW OF SURDS
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2D SPECIAL PRODUCTS
S et
‘ Special products

We can apply the identities
(a+ b)? = a® + 2ab + b?

(a — b)? = a? — 2ab + b?

(a = b)a + b) = a® — b?

to calculations involving surds.

D e

1 Simplify:

a (V5 +2) b (V3 +7)
¢ (V2-3) d (V7 -6)
e (243+1) £ (3v2-2)
g (243 +2) h (442 - 33)
i (2\/_+3J_) i (3v2-443)
k(4 - 3J§) 1(2—5\/§)§
m(3-3) n[s-5
2 Simplify:
R R NG R N IR RGN
d (V6 - V5)(V6 +5) e (243 +1)(243 - 1) f (392 +4)(3v2 - 4)
( (

i

(
g (3v2+2V3)(3v2-23)  h (3J6 +25)(3v6 - 2v5) i (2v2+7)(2v2 - T)
(

i (335 - 443) (345 + 443) k(___f)(_ %\/g) 3_§)(3+§)

3 Find the area of a square with side length:

a2+43 b2-3 ¢c5+23 d5-23

4 Ifx=2++5andy=+/5-2, find:
a xy bx+y ¢ x2 +y? dx>-y

5 a Find the area of the triangle.
b Find the length of the hypotenuse. 5\3

5V3
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S , v

6 Ifx=5+2J3 and y = 2 + 53, find:
ax+y bx-y ¢ xy d x? + y? e x2—y?

7 The two shorter sides of a right-angled triangle have length 7 + 2+/3 and 7 — 24/3.
Find:
a the length of the hypotenuse of the triangle
b the perimeter of the triangle

¢ the area of the triangle

Rationalising denominators

.2 3 . . . .
In the expression B + %, the first term has a square root in the denominator. This makes it

difficult to tell if the surds are like surds or not.

Fractions involving surds are usually easier to deal with when the surd is in the numerator and there
is a whole number in the denominator.

To express a fraction in such a way is called rationalising the denominator.

When we multiply the numerator and denominator of a fraction by the same number, we form an
equivalent fraction. The same happens with a quotient involving surds.

Example 15

Rationalise the denominator of:
1 4 43 -1

a — b — (o S
4.6

4 43-1_43-1_+6
245 a6 4v6 6
45 _ 418 -6
10
25
5

24
_49x2 -6
24

_1242-46

24
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2E RATIONALISING DENOMINATORS
A mmmesmeweemerwses
Example 16

2 3
Simplify —— + =
Py =
2 3 243 3 2 3 23
—t—=—+— —X—==—
3 2 3 2 33 3
_43+33
6
3
6

Binomial denominators

1
NG
In the following example, we explain how this can be done by using the difference of squares
identity.

In the expression it is more difficult to remove the surds from the denominator.

In the section on special products, we saw that:

(VT = V5)(VT +5) = (V) = (V5]

=7-5
=2, which is rational.
So:
1 VT +45
T35 VT35 T+
_J1+A5
C7-5
_J1+45
2
Using the difference of two squares identity in this way is an important and initially surprising
technique.

Example 17

Rationalise the denominators of the following, simplifying where possible.

245 + B +2
25 -2 32 + 243

a
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2E RATIONALISING DENOMINATORS «a

g 2/ 25 25+2 p V3+V2 _ B+V2 | 3V2-23
25-2 25-27 2J5+2 3V2+243 32 +23 32-243
_20+45 (V3 +2)(3v2 - 243)
20-4 - 18- 12
_20+4V5 3J6-6+6-2J6
16 - 6
_4(5+45) J6
- -0
5445
4

. Rationalising denominators

e To rationalise the denominator of %, multiply top and bottom by /3 .
 To rationalise a denominator with two terms, we use the difference of squares identity.

— In an expression such as i multiply top and bottom by 5 — /3.
5+3

2
— In an expression such as %, multiply top and bottom by 7 + 3v/2.

¢ Rationalising a denominator allows us to identify like and unlike surds.

D owciezs

a > 6 e
3 V2 J7
3 3 J5
d—5 eﬁ fﬁ
J3 32 3J6
|20 N | 843
3J5 43 23
m3—2\5 n3ﬁ+4J§ Oﬁ—zﬁ
52 32 42
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2E RATIONALISING DENOMINATORS
A e mmewmsveRmeMYSeS

2 Rationalise the denominator and simplify:

P b _ 2 ¢ 32 1 N2 3
V203 NZEENG FNCREN V122
e b2 e L L g 45 S
V15 NERENIT 23 7 NERENIT
3 Rationalise the denominator and simplify:
a | b1 c a0 e 2
J5-2 7+6 J6 +2 2-3 V3 -2
Pt g V3 _ h_ T P |
J5-42 J5+2 V3+42 5-3 J1-3
A2 | 23 BN ] . A2
2243 V3 +242 3J2 -10 32 -1 23 +3
42 +3 2J_+\F 25 +1 32 +4/5 V25

N PN B N I N S W NN 3V2+5

4 Rationalise the denominator and simplify:

1 2J’—1 p_o 3 L1

A B B2 25+1 5-2

. 32 s 42 q 2 4

V2445 3V2-1 25+03 253

e 41 f Y2+V3 V243

Wiz 2B-N2 SN TR

5 Ifx=2J3 and y = l, find, in simplest form:
V3
ax+y b x-y ¢ xy a> e x3+y3

y

6 A rectangle has area 10. The length of the rectangle is +/2 — 1. Find the width of the
rectangle in simplest form.

7 Ifx=+3+1and y = 3+ 2, find, in simplest form:

al+l bLZ+L2 cx3
Xy X y

dy3

2
8 Given that x = m, find the value of each expression, giving answers in simplest form

with a rational denominator.

a x* b — ¢ L d sl e x4 1 o2l
X x2 X X x2
9 Repeat question 8 for:
= ¥ ii x= 293
V541 5-2V6
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Review exercise

1 Simplify:

a2\2+32-2

¢ V3-2V2+2J3+2
2 Simplify:

a 32 +2\2
3 Simplify:

a 23 x 56
4 Simplify:

a /72 b V45 c 24

g 348 h 412 i 9450
S Write each as a single surd.

a 53 b 4.7

e 86 f 9Vil
6 Simplify:

a /32 +4/50

¢ 93 -2427

e 44/20 +3./80 —3./45
7 Simplify:

a /32 + 448 + 250 - 3.2

¢ TN2 +448 - 354 + 524
8 Simplify:

a 243(3+3)

¢ 4V3(23 - 47)

b /32 - 18

b 345 x 24/10

b —46 — 36 + 86
d 5-32-45+72

c 28 — 67 d V75 + 63
¢ 42 x 35 d 76 x 47

d 27 e /30 f 44

j 3108 k 10/32

¢ 1142 d 55
g 413 h 411
b 20 ++/75

d 363 +5J28
£ 754 + 5216 + 224

b 5432 — 350 + 48 — 3./18
d 528 — /147 + 263 — 5./48

b 5v2(3v2 -2)
d 5J5(6-245)

e 3V7(4-7) f 33(543 - 442)
9 Expand and simplify:
a (242+1)(3v2-2) b (5v3-2)(2v3-1) ¢ (V7 =+5)(V7+45)
(2v5-3)(2V5+43) e (7J_+4f)(7f 43) t (V5+43)
g (23 +2) (2 i (243 -2)(2V3+42)
i (Na++b)(va-+b) k (V7 1 (5+43)

ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.

CHAPTER 2  REVIEW OF SURDS



REVIEW EXERCISE

10 Rationalise each denominator and simplify where possible.

a i b L c i d L
J3 23 32 T2
e ﬂ f & g ﬂ h M
3.6 42 7J6 1246

11 Rationalise each denominator and simplify where possible.

1 J5

NN b 2J5-3

c 2 d 2
3+5 3-5

12 Rationalise each denominator.

a L b !
2 -1 J3+2

c b d b
B2 V3-2

13 Find integers p and g such thati = p+q\5.

J5-2
14 Simplify:

3 2
a ar
J5-2 5+2
b 2 1
6-3v3 243+3
15 fx=—1_ and = 2 + /3, find, in simplest form:
2_\/5 y s ) p .
ax+y b x-y c xy a
y
16 Ifx=2++3 andy=4—\/§, find, in simplest form:
ax+y b x-y c x> +y? d x> —y?
e l f l+l g l_l h Xy
X Xy Xy

17 A square has sides of length 2 + /3. Find:
a the perimeter

b the area

18 A rectangle has area 20. The width is 2 + /3. Find the length of the rectangle in
simplest form.
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REVIEW EXERCISE

19 Find the value of x in each diagram.

a b
2+ \/§ X 4\/§
X
o\
2-3 o N\
2V3
(¢ d X
X —
5 4 -5
4 ++5
3110
e f
X Area =20
X
Area =10
V6 + 212
3+13
20 The number ¢ = is known as the golden ratio.
a Find:
. .o 1 . 1
i ¢ i — i 1+— iv ¢’ vV oot
o o o
b Show that:
1
i 0?=0+1 i ¢°=0¢*+¢ iii ¢=1+$
21 A square has area 50. Find its perimeter.
22 Simplify:
a 2 N 2 b 2 3 2
S3-2 B+2 V3-2 3+2
2 2 2 2

c X d =
J3-2" 3+2 J3-2 3+2
23 A rectangle has area 30 cm? and length +/5 cm. Find its perimeter.

24 For x =3+ 25 and y = 3 - 2/5, find:

ax+y

b xy

1 1
c —+—

Xy
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Challenge exercise

1 a Show that (vx + /) = x + y + 2xy.
b Use this result to find:

i 16 + 2455

:

ii \/11+ 230
2 Simplify:
a ( a+b+a)(\/m—a)
b (2v1+x7 + 1)(2m - 1)

c (\/1+x +\/1—x)(\/1+x —\/l—x)
d a—-b
Va - b
e (\/a+b+\/a—b)2
3 Solve these equations for x. (Make sure you check your solutions.)

a 6x—+Jx =12 bJx-Jx-5=1

¢ J7x—-5—-2x =J15-7x d2Jx —J4x-11=1
6Jx —11  2Jx +1 5
e = f VO+2x —2x = ———
3Jx Jx +6 J9 + 2x

2
1
4 Expand (\/;_“_ﬁ) .

I . . .
S5 Express —= with a rational denominator.

5

6 Express with a rational denominator.

1
1+3+5+4/15

Hint: Factorise the denominator.

with a rational denominator.

7 Express !
V243445

a’ + ab + b?
a+-Jab + b’

9 a Show that1/9% =9 /% and 1/4% = 4\/%.

b Describe all mixed numbers that have this property.

8 Simplify
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CHALLENGE EXERCISE

10 A square box of side 7 cm is leaning against a vertical wall, as shown below. Find the
height of point C above the floor.

A 5cm

1 1 1 1
1+v3 B+ BT JT+3
Simplify 342 _3-V2

P B+z+i +2-B

13 [x]is defined as the largest integer, n, such that n < x.
For example, [1.78] = 1and [2.31] = 2.

11 Simplify

12

Calculate:
al+[V2]1+[V3]+2+...+[J99]+10
b1+ [V2]+[\3]+2+ ... +[+200]

14 In the diagram below, squares AHFD and HBCF are drawn with common side FH.
Diagonal AC is drawn and E is a point on AC such that AE = 1. G is a point on AC so that
FG is parallel to DE.

D 1 F 1 C
G
1 1
; E
A 1 H 1 B
Find:
ai AC
ii EC
iii £EG
iv GC

b Show that EG2 + EG = 1.
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CHAPTER

Number and Algebra

Algebra review

Algebra is used in almost all areas of mathematics. It is also used by engineers,
architects, applied scientists and economists to solve practical problems. In

this chapter, we review the techniques of linear equations, linear inequalities,
quadratic equations and algebraic fractions introduced in previous years. These
techniques will be needed in the following chapters of ICE-EM Mathematics
Year 10. In particular, algebra will play a central role in the study of coordinate
geometry, and of exponentials and logarithms.




Expanding brackets and

collecting like terms

Like terms

We recall that terms such as 2a?b and 6a°b are called like terms and terms such as 2a’b and 6ab?
are called unlike terms. Only like terms can be added or subtracted to give a single term. This
enables algebraic expressions to be simplified by collecting like terms.

Simplify:
a 9a+4b —3a+ 5b b 2ab + 3b% — Sab — 4b> ¢ 2m?n — mn? + 3m?n + 2mn

a 9a+4b—3a+5b = 6a+ 9b
b 2ab + 3b* — Sab — 4b* = 3ab — b*?

¢ 2m?n — mn? + 3m?n + 2mn = Sm*n — mn? + 2mn

Expanding brackets

Recall that the distributive law states:
a(b+c) =ab + ac

Going from the left to the right of this identity is called ‘expanding brackets’. For example:

2x(x —5) = 2x% — 10x

Example 2
Expand the brackets.
a 42x+3) b 2(x—-4) ¢ pp+n) d 3a2a+4)

4Q2x +3) = 8x + 12
D(x—4) = -2x +8
p(p+n)=p*+ pn
—3a2a + 4) = —6a* — 12a

e 6 T o
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‘ 3A EXPANDING BRACKETS AND COLLECTING LIKE TERMS

Expand and simplify each expression.

a Sa(a+1)+6a b 6d(d+5)—-3d c 4b2b-1)+7
a Sa(a+1)+6a=>5a>+5a+ 6a b 6d(d +5) —3d = 6d* + 30d — 3d
=5a* +1la = 6d?* + 27d

¢ 4b(2b—1)+7 =8b> —db + 7

Example 4

Expand and simplify each expression.
a 2b+5+3b+2) b 3(x-2)—-2(x+1)
¢ S(a+1)—2(a—-4) d 3(2a +3b) + 2(3a — 2b)

a 2b+5)+3b+2)=2b+10+3b+6 b 3(x-2)-2x+1)=3x—-6-2x—2
=5b+16 =x-8

¢ S(a+1)—-2a—-4) =5a+5-2a+8 d 3(2a+3b)+23a —2b)=6a+9b+6a—4b
= 3a + 13 =12a + 5b

Binomial products
In general:
(a+b)c+d) = alc+d)+b(c+d)
=ac+ad + bc+ bd

Expand and collect like terms.

a (x+3)(x+2) b (x-2)(x+5) c (x—4x-3) d 2y+1D)3y-4)

a (x+3)(x+2)=x(x+2)+3(x+2) b x-2)(x+5 =x(x+5)—2(x+)5)
=x2+2x+3x+6 =x2+5x-2x-10
=x2+5x+6 =x2+3x-10

(continued over page)
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3A EXPANDING BRACKETS AND COLLECTING LIKE TERMS ‘a

c —4dHx-3)=x(x—-3)—4(x-3) d Qy+1)3y-4)=2yBy—-4)+13y —4)
=x2-3x—-4x+12 =6y2 -8y +3y—4
=x2-Tx+12 =6y2—5y—4

Note: With practice, you should be able to expand and collect like terms mentally. This will
enable you to write just the final answer.

Expanding squares

The expansion of an expression such as (x + 3)?, (x — 5)? or (2x — 7)? has a special form.
For example:

(x+3)?=x+3)x+3) QCx =72 =2x-7R2x-17)
=x2+3x+3x+9 =4x2 — 14x — 14x + 49
=x2+6x+9 =4x% - 28x +49

In general: Similarly:

(a+b) = a(a+b)+b(a+b) (a —b)* = a(a — b) — b(a — b)
=a? + ab + ba + b> =a? —ab — ba + b?
= a? + 2ab + b? =a? — 2ab + b?

In words:

To expand a square of the form (a + b)?, take the sum of the squares of the terms and add
twice the product of the terms.

Example 6

Expand:
a (x+5)? b (x —7)? ¢ (2x - 5)? d (5x - 3y)?
a (x+52=x2+2x5x+5% b (x=7)?=x*-2xT7x+7?
=x2 +10x + 25 =x2 —14x + 49
¢ (2x =572 = (2x)? =2 x10x + 52 d (5x - 3y)? = (5x)> = 2 x 15xy + 3y)?
=4x%2 —20x + 25 = 25x2 = 30xy + 9y?

Once again, with a little practice, the middle step can be left out.
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‘ 3A EXPANDING BRACKETS AND COLLECTING LIKE TERMS

Expanding the difference of two squares

We now look at another special type of expansion: one that produces the difference of two squares.

2x+3)2x —3)=2x2x —3)+3(2x — 3)
=4x? —6x+6x-9
= 4x2 — 9, which we can write as

= (2x)* - 32

Notice these points:
* The product (2x + 3)(2x — 3) is of the form ‘sum of two terms X difference of those terms’.
* The answer is of the form ‘first term squared — second term squared’.

In general:

(a+Db)a—-b)=ala—Db)+bla—D>)
a* — ab + ba — b?

=a2—b2

This identity is called the difference of two squares.

Example 7

Expand:
a Gx-706x+17) b (4 +3x)4 - 3x)
a 5x—7)Gx+7) =(5x)? =177 b (4 +3x)(4 —3x) = 4°> — (3x)?

= 25x2 — 49 =16 - 9x?

‘ Quadratic identities review

e (a+b)c+d)=ac+ ad + bc + bd
e (a+b) =a? + 2ab + b?
e (a—b) =a?—2ab+ b?
e (a+b)a-D>b)=a% - b2

The last identity listed is known as the difference of two squares.
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3A EXPANDING BRACKETS AND COLLECTING LIKE TERMS 4‘
C ) Exercise 3A

1 Simplify each expression by collecting like terms.

a 3x+5x b 6x —4x ¢ 2x —8x
d 6a+3b—2a+4b e 55— 7t —6s+9t f 2x—4y+6y—5x
g 6a—-3b+4b - 2a h 2a -6a+7b—-11b i Sx+7y—-2x—-11y
2 Simplify each expression by collecting like terms.
a Sab — 2ab b 7x%y+3x%y — 4x2y
¢ 6cd® — 2cd? + 8cd? d 3st? — 4s%t + 55t + 651>
e 9mn — 8m’n — Tmn +12m’n f 5x%?y —1lxy+7x%y+11xy
3 Expand each expression.
a3(a+?2) b 7(b + 3) ¢ 2(2a-5)
d 122p+9) e —3(4b+9) f -5(4m+5)
g 2Ba-1) h -6(4b-17) i -52b-17)
1 1 1
J 5(2x+6) k Z(l6a+8) 1 5(12t—9)
m —%(mz —6) n g(m +%) 0 —%(% - %)
4 Expand:
aala+4) b c(c-95) ¢ 2g(3g-95) d 4h(5h - 17)
e 3j4j+7) f —k(5k —-4) g —((30-1) h 3c(2a + b)
i 5d(2d —4e) J Sm(Q2m — 4n) k 5x(2xy+3) 1 3p(2-5pg)

S A student expanded brackets and obtained the following answers. In each question, identify
and correct the student’s mistake and write the correct expansion.

a 4a+b)=4a+b b 5(a+1)=5a+6

c 8(p—-T7)=8p+56 d 3(p-5=-3p-15

e ala+b)=2a+ab f 2mQBm+5)=6m+10m

g —6(x —5)=06x+30 h 3a(4a-7)=12a> -7

i 4a(3a+5)="7a*+20a j 3x(2x —7y) = 6x% =21y
m 6 Expand and collect like terms.

as8a+2)+7 b 3(d+5)-12 ¢ 2(e—-5+15

d 5(g+2)+8g e 6(i—5)—-3i f 2a(4a+3)+7a

g 5b(2b —-3)+6b h 3b(3b - 5) — 7b? i 52-4p)+20p

. 2 X 3 3

J §(x+3)+g k —§(5x—3)+3x 1 —2(3—5x)—3x
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‘ 3A EXPANDING BRACKETS AND COLLECTING LIKE TERMS

7 Expand and collect like terms.

a2(y+1)+3(y+4) b 5(a—-2)+2(a-1)

c 23h-2)+52b-1) d3(a+5)-2a+7)

e 23y—-4)-32y—-1) f x(x-2)+3(x-2)

g2p(p+D+S5(p+1) h 3z(z+4)-z(3z+2)

i 3yo—-4+y(y-4) Jj 4z(4z-2)—-z2(z+2)
W 8 Expand and collect like terms.

a(x+7)(x+3) b (a+5)a+38)

¢ (a+3)a+9) d (x-35x-1

e (x—-3)(x-2) f (a—T)a-4)

g (x—T7(x+6) h (x+11)(x —-3)

i (x+3)(x-38) J 2x+3)(3x+4)

k Bx+2)(5x+4) I 2x-DBx+5)

m (4x —3)(5x +1) n (2a - 5)(a - 3)

o 2p+53p-2) p BGx—-2)4x+7)

q 5x —2)(3x —-38) r 2x-503Gx-1

9 Expand and collect like terms.

a (2a+b)a+3b) b Bm+ n)(2m — 3n)

¢ (6p—-59)p+q) d Bx — 2a)(x + 5a)

e Bx —y)(2x+5y) f (6c —d)(c+6d)

g 2p—-q9)(3q+4p) h (2a +b)(3b - a)

i 2p+59)3q-2p)

10 Expand:

a (x+1)° b (3x +2)? ¢ (Ba+4b)?

d (2x +3y)? e (x —7)? f (x—y)?

g (2a —3b)? h (3a — 4b)? i (2x —3y)?
11 Expand and simplify:

a (x+3)(x-3) b (a—T)(a+7)

¢ (2a-3)2a+3) d —x)05+x)

e (7-3y)7+3y) f Cm+ p)2m - p)

g Bx—2y)3x+2y) h (8m — 5n)(8m + 5n)

i (7r = 20)(7r + 21)
12 Expand and simplify:

a (x —8)(x+8) b (2a +1)? ¢ a+1D)R2a-1)
d 3-2x)3+2x) e 3+2a)? f (3-2x)2
g (a+3b)? h (a+3b)(a—-3b) i (a—-23b)?
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Solving linear equations
and inequalities

The following are examples of linear equations. In each case, the highest power of x is 1.

2x+3=7, 4x+1)=2(x-3) and %—1:7

The equation x? + x = 6 is not a linear equation because it contains a term in x.

Consider these examples.

Example 8

Solve each equation.

1
a 2x-3=0 b 42x-3)=6 ci+—=§ d 2(x-2)=3(x+4)
12 3 6
a 2x-3=0 b 42x-3)=6 c 1.3
2% = 8x—12=6 236
x+4=10
3 8x =18
X == x=6
2 18
X =—
8 (Multiply both sides by 12,
_ 9 which is the lowest common
d 2x —2) = 3(x + 4) 4 denominator of the fractions.)
2x -4 =3x+12
-4 =x+12
—16=x
Therefore, x = —16.
Linear inequalities
The symbols < and > The symbols < and >
* The symbol < means ‘is less than’. * The symbol < means ‘is less than or equal to’.
e The symbol > means ‘is greater than’. * The symbol = means ‘is greater than or equal to’.

The statement ‘4 < 6’ means that either 4 < 6 or 4 = 6 is true. It is correct because 4 < 6. It does
not matter that the second part of the statement, ‘4 = 6’, is false.

It is also correct to say that ‘3 > 3°, because 3 = 3. Once again, it does not matter that the part of the
statement that says ‘3 > 3’ is false.

Solving inequalities
We will make use of the following properties to solve linear inequalities.

* If we add or subtract the same number to both sides of an inequality, then the resulting inequality
is true.

"
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‘I 3B SOLVING LINEAR EQUATIONS AND INEQUALITIES

e If we multiply or divide both sides of an inequality by a positive number, then the resulting
inequality is true.

 If we multiply or divide both sides of an inequality by a negative number, then we must reverse
the inequality sign to make the resulting inequality true.

Example 9

Solve each inequality and graph each solution on a number line.

a3x—-5<0 b 3-8x2>15
¢c Tx-2<3x+4 d 2B3x—-4)-52x+3)2>20
a 3x-5<0
3x <5 (Add 5 to both sides of the inequality.)
L2 (Divide both sides by 3.)
3 <€ O
| | | | | Lo
4 -3 -2 -1 0 1 422
b 3-8x2>15
—8x > 12 (Subtract 3 from both sides of the inequality.)
X S% (Divide both sides by —8 and reverse the inequality.)
3 . .
x s 5 | | L |
-4 -3 -2-34 0
¢ 7x—-2<3x+4
4x -2<4 (Subtract 3x from both sides.)
4x £6 (Add 2 to both sides.)
L <3 (Divide both sides by 4.)
2
| L | | L. |
-4 -3 -2 -1 0 1 2 3

d 23x-4)-52x+3)=2 0
6x-8—-10x—-152> 0 (Expand the brackets.)
—4x—-232>20 (Collect like terms.)
—4x > 23 (Add 23 to both sides.)

x < —5% (Divide both sides by —4 and reverse the inequality sign.)
D ey
| Lyl | | [ |
7 6} 5 4 3 2 0
253

Z

Note: Infinitely many numbers satisfy a linear inequality. These sets of solutions are indicated
on the above number lines.

ICE-EM MATHEMATICS YEAR 10
ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.




3B SOLVING LINEAR EQUATIONS AND INEQUALITIES ‘!

Word problems

The techniques covered in this chapter can be used to solve problems involving practical situations.
The key step is the choice of pronumeral.

Example 10

Fran has earned marks of 76, 84, 92 and 96 on maths tests so far. What must her next mark
be for her average to be 867

Let x be Fran’s mark in the fifth test.

a Xt 76+84+92+9 _

The 86
5
x + 348 36
5
x + 348 = 430
x =82

Hence, Fran’s mark in the fifth test must be 82.

Example 11

The length of a room is 3 metres more than its width. The perimeter of the room is
30 metres. Find the length and width of the room.

Let x m be the width of the room. Then the length of the room is (x + 3) m.

x +3

[

The perimeter = x + x + (x + 3) + (x + 3)

=4x+6
Thus, 4x + 6 = 30
4x = 24
x=6

Hence, the width is 6 m and the length is 9 m.

73
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3B SOLVING LINEAR EQUATIONS AND INEQUALITIES
= b SRR B R s
‘ Exercise 3B

8a, b, c 4

a3a+2=8 b 5b-2=13
¢c4x-7=11 d2y+3=-7
e3x—-4)=6 f 5y-2)=12
g§+3=5 h5—§:3
a1 ;2.5 _3
2 3 6 2
2 Solve:
a2x—-3=4x+3 b5x+1=2x+7 c 7x+4=4x -5
d3x-7=5x-3 e 3(x—-5=24-x) f 73—-a)=5Q2a-1)
g 52y+1)=3(y-3) h 6(5-3x)=52x-Y5)
3 Solve each inequality and graph each solution on a number line.
. a2x>6 b3x<6 ¢ —5x > 20 d—%<4
e 3x+42=>7 f 2x-7<9 g 6-2x<5 h7-3x25
4 Solve:
al3x+4>x-7 b 5x-6<3x+8
c6x+7<7x—-6 d3x+5>4x-6
e 5(x—-2)-2C3x+1)=0 f 52x-3)<4(x+3)
g3x+4)—-4(x+2)>0 h 23x-7)-52x+3)<0
i 2(x—-4)=23(x+4) J 6B—-x)+2(0+x)>0

Example 10 _ 5 Katsu has earned marks of 88, 94, 92 and 98 on maths tests so far. What must his next

mark be in order for his average mark to be 80?

~ B 6 The length of a large rectangular room is to be 3 m more than twice its width. If the
perimeter is to be 36 m, find the length and width of the room.

7 One number is 9 less than twice another, and their sum is 42. Find the two numbers.

8 $540 is divided among three people A, B and C, so that A gets three times as much as C,
and B gets twice as much as C. How much does C get?

9 A student runs three times as fast as she walks. She walked for 3 hours and ran for 2 hours
and altogether travelled 36 km. What was her speed of walking?

. . 1 .
10 A man bought a house and had some renovations done. The renovations cost P of the price

of the house. He paid $980 000 for the house and the renovations. What was the price of the
house?
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-
More difficult linear
equations and inequalities

Problem-solving often involves introducing algebra, translating the problem into an equation and
then solving the equation. An important first step is to introduce an appropriate pronumeral for one
of the unknown (and often directly required) quantities.

Example 12

Gareth and Dwayne drive at constant speeds towards each other on a straight road from two
towns, A and B, 100 km apart. Gareth drives 10 km/h faster than Dwayne. They meet after
1 hour. At what speeds are Gareth and Dwayne driving?

Let V km/h be the speed of Dwayne. Then (V + 10) km/h is the speed of Gareth.

100 km
A e e B

Dwayne —> <= Gareth

After one hour, Dwayne has gone Vkm from A and Gareth has gone (V + 10) km from B.
V+V +10 =100
2V =90
V =45
Hence, Dwayne is driving at 45 km/h and Gareth is driving at 55 km/h.

Example 13

A chemist has 119 millilitres of 10% acid solution by volume. How much pure acid must be
added to obtain a 15% acid solution? Check your answer.

Let x millilitres be the volume of acid to be added to obtain a 15% acid solution.
Original volume of pure acid = 10% of 119
= 11.9 millilitres
In the new solution, the volume of acid = (x + 11.9) millilitres.
The new volume of solution = (119 + x) millilitres.

In the new solution, the volume of acid = 0.15(119 + x) millilitres.

(continued over page)
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‘ 3C MORE DIFFICULT LINEAR EQUATIONS AND INEQUALITIES

So, x +11.9 = 0.15(119 + x)
x+11.9 =0.15%x119 + 0.15x
0.85x = 0.15x 119 -11.9
0.85x = 5.95
x =17

Thus, 7 millilitres of pure acid must be added to obtain the 15% solution.
Check: Volume of new solution 119 + 7 = 126 millilitres
Volume of acid = 7 + 11.9 = 18.9 millilitres

Proportion of acid = 189 = 0.15
126

Example 14

Two companies, Ornate Wares and Extravagant Products, employ sales staff.

Ornate pays its employees a 15% commission on all sales while Extravagant pays its
employees $200 a week and a 10% commission. For what amount of sales in one week will
Ornate pay more than Extravagant?

Let $x be the amount of sales in one week.
Ornate pays 15% of $x = $0.15x.
Extravagant pays 10% of $x + $200 = $0.1x + 200.
If Ornate pays more than Extravagant:
15% of x > 10% of x + 200
0.15x > 0.1x + 200
0.05x > 200

200

x> —
0.05
x > 4000

Hence, Ornate will pay more than Extravagant when sales for one week exceed $4000.

D ez

~ue) 1 Giorgio and Fred ride their bicycles towards each other from points 12 km apart. Giorgio
rides 2 km/h faster than Fred, and they meet in 1 hour. How fast did each of them ride?

2 How many litres of pure (100%) acid must be added to 4 L of a solution that is 88% acid by
volume in order to obtain a 92% solution?

76
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3C MORE DIFFICULT LINEAR EQUATIONS AND INEQUALITIES «‘I

3 A collection of 27 coins consists of 20-cent and $2 coins, and has a value of $23.40. Find
the number of coins of each denomination.

4 Anna sells home-delivery products for two different companies. The first company pays
her 10% commission, and the second company pays her 6% commission. Next month, she
wants to earn $600. If she plans on monthly sales of $7600 in total from both companies,
what amount must she sell for the company that pays 10% commission?

5 A factory has two smokestacks. The rate of particle pollution produced is 12 kg/h for the
first smokestack and 32 kg/h for the second. The manufacturing process requires that the first

smokestack operates 2 hours longer than 1% times as long as the second. A local pollution

control board has ordered that the factory produce no more than 374 kg of particle pollution
per day. What is the maximum number of hours per day that each smokestack can operate?

6 A chemist has 500 mL of a salt solution that contains 2% salt, in units of g/cm?. How much
water must be added to reduce the concentration to 0.5%?

7 A driver travels from town A to town B at a constant speed, and then from town B to town
C at a different constant speed. He takes 4 hours to go from A to B, and the same time to go
from B to C, even though the distance from B to C is 30 km greater. If his overall average
speed is 80 km/h, find the distances between the three towns.

8 The owner of a 20-room motel must take $660 000 a year to cover costs and earn a
reasonable profit.

a If the average occupancy level is 70% and the same daily rate is charged for all occupied
rooms, what should this rate be (correct to the nearest dollar)?

b On average, two or more people are in 75% of the occupied rooms. If the owner decides
to charge $30 more than the single occupancy rate if two or more people occupy a room,
what should the two rates be? Give your answer correct to the nearest dollar.

9 Suppose that you work for $25.50 per hour. Of the total you earn, you save 25%. How many
hours must you work in a week to save at least $163?

~ 10 Two companies, A and B, each offer you a sales position. Both jobs are essentially
the same, but A pays a straight 8% commission while B pays $51 per week plus 5%
commission. For what amount of weekly sales will A pay more money?

11 At a certain school, the mark out of 100 for the Term 1 exam and twice the mark out of 100
for the Term 3 exam are added together. The students must obtain at least 150 marks to
achieve a satisfactory grade. A student obtains x marks in the Term 1 exam.

a Write an appropriate inequality to show the mark, y, that the student must obtain in the
Term 3 exam in order to pass.

b Solve this inequality for:
i x=35
ii x=49

71
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Formulas

A formula relates different quantities. For instance, the formula V = -2 relates the radius r and the
height % of a cylinder with the volume V of the cylinder.

The pronumeral on the left-hand side is called the subject of the formula. In the formula above, the
subject is V. We say that the subject has been expressed in terms of the other pronumerals r and 4.
T is a number, not a pronumeral.

Pronumerals in a formula are often called variables.

When the variables other than the subject are given particular values, the value of the subject can be
determined by substitution.

Example 15

The volume of metal in a tube is given by the formula V = w/[r?> — (r — t)?], where / is the
length of the tube, r is the radius of the outside surface and ¢ is the thickness of the material.

Find V when:
a (=40,r=5and r =0.5 b ¢=100,r =2and t = 0.2
a V=/r-@-1? b When/ =100, r =2and ¢ = 0.2
When ¢ = 40, r = 5and ¢ = 0.5, V =1 x100[4 — (2 — 0.2)?]
V = 1t x 40[52 — (5 — 0.5)2] = 0 x 100(4 — 3.24)
= 40m(25 — 20.25) =1 x 100 x 0.76
=401 x 4.75 =761
=190n

Sometimes we need to calculate the value of a variable that is not the subject of the formula. In
this situation, we have a choice of methods.

Method 1

Substitute the values for the known variables, then solve the resulting equation for the unknown
variable.

Method 2
Rearrange the formula to make the required variable the subject, then substitute.

In each case, an equation has to be solved. In Method 1, the equation involves numbers, while
in Method 2, the equation involves pronumerals.

78
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G T e =8
Example 16

In the formula a = /37‘/ find V when 4 = 4 and a = 5.

Method 1

Substitute 4 = 4 and a = 5 into the formula.

5= Y
4

2
52 = (, /%) (Square both sides of the equation.)

5=
4
100 = 3V
_ 100
3
Method 2
Rearrange the formula first, then substitute.
3V
a=  |—
h
2 3V
h
a*h= 3V
y e
3
Whena=5and h =4,
52 x4
VvV =
3
_ 100
3

Method 2 is preferable, especially if substitutions of several different sets of values are to be
carried out.
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Example 17

In the formula ut = 2s — vt, find t when u = 12, v = 18 and s = 25.

Rearrange the formula first.
ut = 2s — vt
ut + vt = 2s
t(u+v) =2s  (Take out the common factorz.)

25
Cu+v
Whenu =12, v = 18 and s = 25,
. 2 % 25
12 +18
5
)

Example 18

Make ¢ the subject of the formula 4 = 1
r t

U | =

111
ros 1

111

i s

% = s_r & (Use a common denominator. )
t= - o : (Take the reciprocal of both sides. )

) percise>

1 Findthe valueof UifU = QJ+W,and Q =8, J =15 and W = 7.

2 Find the value of s if s = (HTV)I, and u =35, v=6.1andt =09.
9gRs

3 Find the value of &, correct to one decimal place, if & = and g =98, R=25,5s=3

and v = 7.4. v

4 Giventhatv = u + at, find ¢, given that v = 16, u = 10and a = 5.
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G T e =8

L
5 Giventhat t = 27 f—, find L, given thatf = wand g = 9.8.
8

6 The perimeter P of a semicircle of radius r is given by the formula P = ©tr + 2r. Find r,
correct to two decimal places, if P = 15.

m 7 The area A of the annulus formed by two concentric circles of radii R and r is given by
the formula A = m(R? — r?), where R > r. Use this formula to find the area, correct to the
nearest cm?, of the annulus formed by two concentric circles of radii:

a 12cmand 6 cm b 8.2 cmand 5.7 cm ¢ 49 cmand 35 cm
8 The sum S of the consecutive whole numbers from 1 to n inclusive is given by the formula

nn+1) _. .
S = . Find the sum of the integers from:
a 1to30 b 1to 50 ¢ 1to 120 d 51to 120
w—u
r8
10 The time T (in seconds) taken for one complete swing of a pendulum is given by

9 Find the value of w if

=v,andv =725 u=3.1,r=12and g =9.8.

L
T =2x / —, where g = 9.8 and L is the length of the pendulum in metres. Find, correct
8

to the nearest centimetre, the length of a pendulum that takes 2 seconds to complete one
swing.

11 The volume, V cm?, of a cylinder is given by V = mtr2h, where r cm is the radius and 7 cm
is the height. Find the radius, correct to the nearest millimetre, of a cylinder with a volume
of 100 cm? and a height of 8 cm.

12 Make the variable in the brackets the subject of the formula. In this question all variables
only take positive values.

ax+y=z () b A = mrs (r)
1
c ax = y’t (y) dw=§mv2 (v)
e 2Jx =m (x) f k= Jdmt (m)
1+1
g ap=b>—-bp (p) hx=: (1)
i 2 =a+ (a) jv= 1 (r)
r
kK v=3"1"9 (@) lt=2n\/§ (L)
r 8
m 7 =2n [Pk (k) n iyl Iy
g a b ¢ m
1 1
0 (A-BY +C*=A> (4) P"”‘(‘") (s)
ros
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Factorising a difference of

two squares

You will recall the important identity (a + b)(a — b) = a> — b?. This is called the difference of two
squares. We can now use this identity the other way around to factorise an expression that is the
difference of two squares.
That is:

a*> —b*> =(a-b)a+b)

Recall that in any factorisation the first step is to take out any common factor.

Example 19
Factorise:
a x>-9 b 25-y? ¢ 3a*-27 d -16 +9x?

a x> -9=x2-3? b 25-y* =52 -2
= (x+3)(x-3) =G6+yG6-y)
¢ There is a common factor of 3. d —16 + 9x? = (3x)> — 4?
3a* - 27 = 3(a® - 9) = (Bx — 4)3x + 4)
= 3(a® - 3?)

= 3(a + 3)(a - 3)

In some circumstances it is useful to factorise using surds.

In general, expressions of the form x> — b (where b > 0) can be factorised as:
x2—b=x? —(\/3)2
= (x +b)(x = Vb)

Example 20
Factorise:
a x2-2 b x2-12

ax2—2=x2—(\/§)2 b x2—12=x2—(\/ﬁ)2
=(x+\/§)(x—\/§) = x2 —(2\/5)2
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3E FACTORISING A DIFFERENCE OF TWO SQUARES ‘a

Having considered some standard examples of factorisation using surds, we will now look at
some slightly harder examples.

Example 21

Factorise:

a x+12-3
b (x-2)2-5
c 18 —3x?

x+D2 -3 = x+D?-(V3)
:(x+1+x/§)(x+1—\/§)

o

b (x-2?-5=x-2?-(5)
= (x—2+5)(x-2-5)

¢ 18 —3x2 =3(6 - x?) (Take out a common factor.)
= 3((\/8 )2 — Xz)
-3 )

D ez

BB 1 Factorise:

a b>-4 b 9-a? c 9x2 16 d 254%> -1
e 16y? — 64 f a? - 4b? g 9x% —y? h 8x2 -2
i 12-3y? j Sm? —20n? k 27r2 - 3t? 1 1-9ab?

Example 20a 2 Factorise:

a x2-3 b x2-7 c x2-13 d x2-6

3 Factorise each expression, writing all surds in simplest form.

a x2-20 b x2-18 c x2-27 d x2-24
e x2—40 f x2-28 gx2—125 h x2 - 200
7 11
i x2—-— jox2-= kxz—é 1 (2
25 4 9 16
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4 Factorise each expression using surds.

a (x+2)?-2 b (x—-1)7%-3 ¢c (x—-52?-5 d(x—4)2—%

e (x—1>-12 f (x+3)?-8 g(x+3)2—§ h(x—Z)Z—%

i Qx+1)?-27 J (2x—3)2—§ k(4x—1)2—-§- 1 (6z+2)?% -4
S Factorise each expression using surds.

a 2x*> - 14 b 3x> -6 c 5x*-15 d 4x2-28

e 3x> —36 f 2x% -36 g 2(x+1)>-10 h 3(x +2)> -6

i 3(x-2)?%-24 j 2x+1)?-24 k 2(x+3)*+4 1 —4(x—2)*> +20
6 a Factorise a — b using surds b Hence, simplif Ml

g . , stmplify NZENE

Monic quadratics and grouping

Monic quadratics
When we expand (x + p)(x + g), we obtain:
(x+p)x+4g) = x(x+g)+ px + g)
= x> +xq+ px + pq
= x> +(p+@x+pq
The coefficient of x is the sum of p and g, and the constant term is the product of p and q.

A monic quadratic is a quadratic in which x? has coefficient 1. To factorise a monic quadratic,
look for two numbers that add to give the coefficient of x, and that multiply together to give the

constant term.
Example 22
Factorise:
a x2-3x-18 b xZ—-11x+30 ¢ 3x2-3x-36

a We are looking for two numbers with product —18 and sum —3. The numbers —6 and 3
satisfy both conditions, so:

x2-3x-18=(x-6)(x+3)

b The numbers —6 and —5 have a sum of —11 and a product of 30, so:
x2-11x4+30 = (x —6)(x = 5)

(continued over page)
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3F MONIC QUADRATICS AND GROUPING «a

¢ 3x? —3x — 36 is not a monic quadratic expression, but the quadratic obtained by taking
out a factor of 3 is monic.

First, take out the common factor.
B =B =25 = A0 = = 12)

=3(x —4)(x+3)
because —4 and 3 have sum —1 and product —12.

Grouping

We now discuss how to factorise certain expressions involving four terms. The four terms are
grouped into two pairs of two, and each pair is factorised separately. The resulting expression is then

factorised.
Example 23
a Factorise 3ax —a + 12x — 4. b Factorise ab — 6 + 2a — 3b.

a 3@+1@:a(3x—1)+4(3x—1)

=0Bx—-1(a+4) (Take out the common factor (3x — 1).)
b ab—-6+2a—-3b=ab+ 2a— (3b + 6) (Change the order to obtain two pairs,
=alb+2)-3b+2) each with a common factor.)
=(b+2)a-3)

Alternatively,ab — 6+ 2a —3b =ab —-3b+2a -6
=bla—3)+2(a—-3)
=(a-3)(b+2)

D ez

W 1 Factorise:

a x> +9x+38 b x? +8x+12 c x> +6x+8
d x?+12x+ 36 e x2+6x+9 f x2+11x+24
g x>+x—6 h x2+x-30 i x2+3x-40
j x> +4x-60 k x2-7x+12 1 x> -10x+25
m x? — 18x + 32 n x2-2x-35 0 x> —4x-21
p 3x> —18x+15 q 2x% +10x — 48 r 4x2 —8x —96
s 5x%+50x — 120 t 3x2-6x-9 u 2x? + 6x — 56
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Example 23 ) 2 Factorise:

a mx+2m+3x+6 b x? -3x —4x+12
¢ ab—"Ta—-9b+ 63 d 2x> -2x+5x-5
e 3ab+6a+5b+10 f 6x2 —4xy+3xy —2y?
g 2ab —12a - 5b + 30 h x° —4x +2x2 -8
i 12x —8xy—15+10y j 10x? +15xy — 4xy — 6y?

3 Factorise:
a x2—4x-77 b z2 -25 ¢ 2x2 —6x
d 20a” - 54° e xy+2x+3y+6 f x2—xy+xy—y°
g x?+14x +40 h x? —14x + 49 i x2-11
j (x—6)>-18 k 81— (a-2)? 1 x2-15x +26
m9+z% + 6z n 15— 2x — x? 0 2x? —14x+24
p 3x? - 27x +24 q 100 — 25x2 r 64p? —81q?
S xy+xz+y*+yz t 6a®> —9a - 2ab + 3b

Non-monic quadratics

Factorising the general quadratic ax2 + bx + ¢

There are many methods for factorising non-monic quadratics. We present only one method here.
Consider the quadratic expression 4x% + 5x — 6. To factorise this quadratic:

Step 1 Multiply the coefficient of x? by the constant term.
4 x (—6) = 24

Step 2 Find two numbers with product —24 and that sum to give the coefficient of x, which is 5. The
numbers are 8 and —3, because:

8x(-3)=-24and 8+ (-3) =5
Step 3 Split the middle term. 5x is the sum of 8x and —3x.
S5x =8x —3x
Step 4 Use grouping to complete the factorisation.
4x> +5x—6=4x> +8x -3x -6
=4x(x+2)-3(x+2)
=(x+2)(4x-3)

Quadratics whose factors involve only integers can be factorised using this method.
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3G NON-MONIC QUADRATICS ”«a
. Factorising non-monic quadratics

To factorise a quadratic of the form ax? + bx + c:
e find two numbers, o and B, whose sum is b and whose product is ac
e write the middle term as ox + Bx

e complete the factorisation using grouping.

Example 24

Factorise 2x2 + 9x + 4.

Multiply 2 by 4 to obtain 8. Find two numbers with product 8 and sum 9.
The numbers are 8 and 1.

2x2+9x+4=2x>+8x+x+4 (Split 9x = 8x + x)
=2x(x+4)+1(x+4)
=QR2x+Dx+4)
Alternatively, if we write 9x = x + 8x, then:
2x2 +9x +4=2x*+x+8x+4
=x2x+1)+42x +1)
=2x+D(x+4)

Example 25

Factorise:
a 6x2—-19x+10 b 6x2-7x-3

a 6x10=060, (-15) x(—4) =60 and (-15) + (-4)=—-19
6x2 —19x +10 = 6x> —15x —4x + 10
=3x2x -5 -22x-95)
=Bx-2)(2x-Y5)
b 6x(-3)=-18,(-9)x2=-18and (-9)+2=-7
6x>2—T7x—-3=6x>-9x+2x-3
=3x2x - 3) +12x - 3)
=Bx+1)2x-3)
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S cemmmeeeonee
() Exercise 3G

1 Factorise:

b 5x? —5x—2x+2

d 8x? —4x +6x -3

f 12x% +24x —36x — 72

a 2x2+2x+x+1
c 6x2 —3x—4x+2
e 20x2 —15x —16x + 12

Example YA
24,25 J

Factorise:
a2x2+7x+6
d 3x2+11x+6

b 2x2+11x+5
e 3x2+10x+3

c 2x24+9x+9
f 3x2+14x+8

g 2x2 +x-10 h 2x? —13x -7 i 3x2-x-10

j 5x>+7x -6 k 3x? +26x-9 1 7x2+3x-10

m5x? —4x —12 n 3x>+4x -4 0 4x>+11x-3
3 Factorise:

a 6x2—x-2 8x2 —2x -3

c 6x2+5x—6 15x2 — 16x + 4

e 9x2 —12x+4
g 10x> -9x -9

4x2 +12x+9
12x2 +19x — 18

=2 = PR —

i 10x2-19x+6 j 12x2 =17x+6
k 12x%> —13x+3 1 15x2 = 31x + 10
m 20x? — 58x + 20 n 24x% +6x -9
0 12x% —26x +12 p 12x% +34x + 24
q 40x> —10x — 15 r 16x? — 68x + 42

4 Factorise:

a 6x>+7x+2 b 6x? —11x +3
¢ 6x2+19x +15 d 9x? —18x+38
e a>—a-56 f 4-5x—6x?
g 9+8x—x? h 24x> —4x -8
i 3a®+56-3la j 100 — 5x?
k 2x-12-15 1 90 — 2(a - 3)?
S Factorise:
a x>—y>2-3x-y) b x2—y>-5x+y)
c x2-2x+1-3(x-1) d x> +2x+1+5x+1)
e a’> —4b> —a-2b f 9x? —4y? —3x -2y
g a’ —4d> —a-2d h x> +3x-9(x +3)

i 4x? +4x+1+32x+1) § 70 =11+ x% — 22x + 121
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An introduction to

algebraic fractions

Algebraic fractions occur in many parts of mathematics. For example, you have seen them arise in
rate problems. In this section we simplify, add and subtract algebraic fractions and solve equations
involving algebraic fractions.

Simplifying algebraic fractions
There are two steps to simplifying an algebraic fraction.
¢ First, factor the numerator and denominator.

* Second, cancel any fractions common to the numerator and denominator.

In some examples, you need to use the fact that azb = —1, because Lt = —(b—a).
—a b-a b-a
Example 26
Simplify:
2 _ —
a 24_x b 2x +4 c x-—4 d (x=3)(x+4)
36 x+2 x+2 (x+4)3-x)
a24_)6_2 b 2x+4  2(x+2)
36 3 x+2  x+2
=2
-4 (x-2)(x+2) d (x=3)(x+4) (x-3)(x+4)
x+2 X +2 (x+4HB-x) —(x+4)(x-3)
=x-2 =1

Adding and subtracting algebraic fractions

To add and subtract algebraic fractions, we use a common denominator, just as we do in arithmetic.
In this section we only add and subtract algebraic fractions with numerical denominators.

Example 27

Express each with a common denominator.

X X X X x—=3 2x-4 3x-7 2x-4
a —+— b ——— c —

3 2 3 4 2 6 2 3
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‘ 3H AN INTRODUCTION TO ALGEBRAIC FRACTIONS

g Xo%_2x 3% T
2 6 6 34 12 12
_5x _
"6 12
. x-3 2x-4 _3(x-3) 2x-4 g -7 _2x-4_ 3Gx-7)-20x-4)
2 6 6 6 2 3 6
_3x-9+2x-4 _9x—-21-4x+38
- 6 a 6
_ 5x—13 _5x—13
6 6

Solving equations involving algebraic fractions

To solve an equation involving algebraic fractions, multiply through by the lowest common
denominator of all the fractions. This removes all the fractions in one step.

Example 28

Solve:
a XiP_s)
4 5
b 3x+1 2x-1 _6
7 6
a£+2_x=52 b3x+1_2x—1:6
45 7 6
Multiply through by 20 Multiply through by 42
2()_)c_|_20><2x=20><52 42(3x+1)_42(2x—1):42><6
4 5 7 6
5x +8x =1040 6Bx+1)—72x -1)=42x6
13x = 1040 1I8x+6—-14x+7=42x6
x =80 4x +13 = 252
4x = 239
239
x=—
4

Note: With practice, the first step above can be performed mentally.
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N
Example 27 | 2

8x
a_
10
d x2 =36
x+6

(2x = 5)(x + 4)
8 x-H5-20

X X
a —+=
5 4
g 20,3
5 4
z+3_z+2
7 5
j3k+1_2k+3
14 21
alii=3
6 3
4y
2 7
x—2_x—5_i
5 3 15
. 2x—3_x—3_l
1 7% 2 3

Express each with a common denominator.

lla
44
4x2 - 81

2x -9
2x=5x+4)

x2-16

bﬁ_f

5 3
x+2 x-1
e -

5 4
h2c—1_|_c+2

3 5
k3—x+1—2x

2 6
b&oX_q

4 8

5x 3x 11
e —— — = —
3 4 6
hx_2+£:§

2 3 2
kl_x—2=2x—3
2 5 10

9x +3
3x+1
(x=5x+4)
x+dH5-x)

2x-=5Q2x+4)
2x+4H(2x -95)

3x  «x
10 4
x+3 x+1
4 3
2b+3 b-2
4 6
Sx+2 3-4x
5 6
2x x 13
35 5
X x
5 10
x—1 3x-7 13
o "4 18
1_3x+7=x+4
2 4

Further algebraic fractions

The methods used in this section were introduced in the previous section, but here they are applied to

algebraic fractions whose numerators and denominators are quadratics.

Simplifying, multiplying and dividing algebraic fractions

As before, there are two steps.

* First, factor each numerator and denominator completely.

* Second, complete the calculation by cancelling fractions.
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31 FURTHER ALGEBRAIC FRACTIONS
A ammmaeEe ey
Example 29

Simplify:

x2 +4x-21
x2 —49

2x2 —-x -6

x2—-x-2

b

2 +4x-21  (xAT(x-3)
X2-49 @A -T)
x—3
x =17

2x2—x—6_(2x+3)M
2-x-2 (x~D(x+1)

_2x+3
x+1
Example 30

Simplify:
2x2+x—-21 x2%+3x
X
2x2 + 7x x2-9

2x2+9x—5;x2+9x+20
x2 =25 ' x2 + 5x

2x2+x—21xx2+3x_MMX X (x+3)
2x% + Tx -9 X 2x+T) (x—73) (x+73)

=1

b 2xz+9x—5;xz+9x+20_2x2+9x—5>< 2 S
x2-25 . x2+5x x> -25 x2 +9x + 20
—Qx_l)Mx xm
(=5 @A) (x+4) (xAS)
o x(2x -1
(x=5(x+4)

Note: In b the calculation is only valid when x # -5, x # 5 andx # —4.
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31 FURTHER ALGEBRAIC FRACTIONS «a

Adding and subtracting algebraic fractions

To add and subtract algebraic fractions, first find a common denominator. You may need to simplify
the answer you obtain.

When the denominators are algebraic expressions, factor them completely before finding the
common denominator.

Example 31

Simplify:
2 1
x+3 x+4
b x2+5xy—4y2_ 2xy

x? —16y? 2x2 + 8xy

2 1 2(x+4)—(x+3)
X+3 x+4  (x+3)(x+4)
_ 2x+8-x-3
C (x+3)(x+4)
B x+5
x4+ +4)

x? + 5xy — 4y? 2xy x? + 5xy — 4y? Y

x? —16y? S22+ 8xy o ox2- 16y? x+4y

_ X 45y -4y y (The lowest common
~ (x—4y)(x+4y) x+4y multipleof denominators
4y) is (x —4y)(x +4y).)

x2 +5xy —4y? — y(x —
(x —4y)(x +4y)
_ X% +5xy —4y? — xy + 4y?
=4 +4y)
B x2+4xy
(= 4y)(x + 4y)
x(x +4y)

T (x - 4y)(x + 4y)
X

x—4y
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31 FURTHER ALGEBRAIC FRACTIONS
£ QRmmaeEmeRees

Solving equations involving algebraic fractions

Example 32

Solve:
x+4+x—4 10

x—4 x+4 3

p X 5 _Xx- 4
2x 3
x+4 x-4 10
a + [ —
x—-4 x+4 3
3 +4)(x+4) 3(x-4 -4
(=B (x + 4)(x )+ (x —4) (x+%)(x ):10(x+4)(x—4)
x=74 x+74
(Multiply through by 3(x — 4)(x + 4).)
3(x2 +8x +16) + 3(x* — 8x + 16) = 10(x% — 16)
3x2 +24x + 48 + 3x? — 24x + 48 = 10x2 — 160
6x% +96 = 10x% — 160
256 = 4x?
64 = x?
x? =64
x=8or x=-8
b x—5 _Xx- 4
2x 3
6x(’2“ = _ 6x(x3_ Y (Multiply throughby 6x.)
X

3(x —5) =2x(x—4)
3x — 15 =2x2 - 8x
0=2x>-11x+15
0=2x2-6x-5x+15
0=2x(x—-3)—5x-23)
0=(x-3)(2x-)95)
x—3=0or 2x-5=0

x=3 or 7 =

| L
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31 FURTHER ALGEBRAIC FRACTIONS «a

' Exercise 3l

Example 29 1

Example 30 2
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Express each fraction in its simplest form.
a’ + ab
ab
a’> — b?
(a + b)?
X2 =2
(x = y)?
x2 +6x +8
S T4
x? —8x +15
x2 +2x—135
2x? —Tx+3
(2x — 6)?

a

Simplify:
2x « 2xy + x2
2x+y 6x>

x2 = 3x

2x2 +7x+3

2x2 —3x -2
x2—5x+6

a? -1 a?

X
a a -+ 2a+1

xz—x; 3x
3x—3 3x-2
2x 4y

! 3x—3Tx2—x

Express each with a common denominator.
X 3

x—2 x+2
4 12

C -I-2
x+3 x“-9

1 _ 1
x2—4 x?T+2x-8
1 2
+
x—1 x*2+2x-3
a-—?2 3 a-—1
a’>-3a+4 a*-a-2

a

x? + xy
x2 — xy
b* -1
»—b
3x2 — 3xy?

b

x% + xy
a’>+a-6
2a + 6
x2+x-2
x2 -1
3x2 + 5xy — 2y?
4x% + Txy — 2y?

a’—-5a+6 a+?2
X

b
a a’ —2a
dx2—4x+4 9x2 —6x +1
6x -2 3x2 - 12
4x — 12 9x?2
f X
3x 6x —18
4x —12 6x —18
h =
3x 9x2
. x2—2xy+y2+ x2 + xy
! x2 —y? X2 4 2xy + 2
b2x—3_x—2
3x -9 2x-6
dx+3_x+2
x+2 x+3
; X 3 2
x2—4x+3 x2-x-6
h 1 7

x—2 2x2—x-6
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31 FURTHER ALGEBRAIC FRACTIONS
£ QRmmaeEmeRees

4 Simplify:
I 22-x) x-15

x+3 3—x x2 -9
6 3 3
c — -
a?-1 a+1 a-1
1 1
e +
x2—-9x+20 xZ—-11x+30
4 B 4
g4—7a—2a2 3—a—10a4?
S Simplify:
2x%2 +17x + 21
a
3x2 +26x + 35
x2 —5x
c —_—
x? —4x-5
16x% — 942 x—2
(3 > X
x- -4 4x — 3a
m 6 Solve the equations.
X 3x+5=4
6 3
. 2x+3_6+3x_@
5 4 20
e x+5_x+1_x+3
6 9 4

b 2 N 3 _2(7+2x)
x+7 T-x x2—49
_ 2 2
da x+a+x_a X
X a 2ax
¢ 1 B 3
2x2—x—-1 6x2—-x-2
h 5 6 7
a -9 a-3 a+3

3x2 +23x + 14
3x2 + 41x + 26
q a*—121 a+ll

a2 -4 a+?2
x2—14x-15 x?—-12x-45
2 —4x-45 2 —6x-27

2x -3 x+1_

b - 0
4 3
d x_8+x_3+i=0
7 3 21
A 6=
3 7

7 a Express 4 + 8 as a single fraction.

x Sx

b Solve the equation —+ — = 1.
x Sx

1 3 5 7
8 Solve the equation — + — + — + — = — by first multiplying both sides of the
. x 2x 4x 12 24
equation by 24 x.
2 2+1
9 Solve the equation o =2 3 0 by first multiplying both sides of the
. 2 X — x+1  x-1
equation by x~ — 1.
10 Solve each equation.
ax—3:x+12 b X 2 _1
x—4 x+8 x—-3 x-5
c)c+2+x+2:2 d3x+2+2x—4:5
x—3 x-6 x—1 x+2
3 2
e 2 N 1 _ P T S
x+1 x+2 x+4 x—1 2x-1
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Review exercise

1 Simplify each expression by collecting like terms.
a 4x + 9x
b 5p’q —9piq+11p’q
¢ ab —2ab® — 6ab + ab?
d 8x3y — 2x2y + 12x3y — 8x2%y

2 Expand each expression.

a 2(a+4) b -3(b + 6) ¢ —43b-5)
1

d -54b-17) e %(12p+6) f —Z(l6p—20)
3 Expand:

a dd-9) b e(3e + 1) ¢ f(5f+6)

d 2m(5m - 4) e 3n(dn+17) f 2p(3q — 5r)

g 3x(2x +5y) h —2z(3z —4y) i 2a(3+4ab)
4 Expand and collect like terms.

a2c+7)-9 b 4(h+1)+3h ¢ 4(1-3q)+15¢

d 2a(3a + 2b) — 64> e g(x—4)+?iTx f 5(b-2)—-4(b+3)

g 4y(3y—5)+33y-5) h 2p@Bp+1)-4Q2p+1) i (m+4)(m-Y5)

j 6x—=5(x+2) k (7x —1)(x —=5) 1 (m+3n)2m + n)
S Solve each equation.

aTx—-4=17 b 3x =25-2x ¢ 7x =18 -2x

3
dii2=7 e —+2=8 f3x—7=x+1
3 2
7

g7x+2x=12—x h%+§:14 i 32x—1)+3x =15

6 Solve each inequality. Graph each solution on a number line. .
+

ax+1>5 b2x-1<6 ¢ 24

d 2x+1<6 e 4-Tx>6 f_3x6+2s1

g2x3_lsx:1 h 20 corir i 4—6x<3+2x
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REVIEW EXERCISE

7

10

11

12
13

14

15

The total resistance R of two resistors with resistances r; and 7, joined in parallel, is

given by the formula 1 — 1 + 1

R n i)
a FindRif, =4andr, = 3.

b Findyif R=2and r, = 6.
Suppose that P = 4(a + b).

a Find Pwhena = 6and b = 7.

b Make a the subject of the formula.
¢ Find @ when P = 20 and b = 6.

Make the variable in brackets the subject of the formula. All variables take
positive values.

a A=nr>+mnrh (h)
b A =narvh®+r? (h)

c E= %m(v2 -u?) (u)

d axtby _ x—=b (x)
c
Factorise:
a 49 - 72 b 9 - 4a® ¢ 25— 64x? d a’b? - 4c2d?
e 9x2 -1 f 36p> — 494> g 1-100h? h 121a% - 81b?
Factorise using surds:
a x2-11 b x?-15 c x> -28 d x> -32
Factorise using surds:
a (x+4)?%-2 b (x-3)2-5 c 2x+1)2-20 d 3-2x)>-10
Factorise:
a (a+b)?-c? b (a - b)* —¢? c (x+y)? -4z
Factorise:
a 2ax—a+6x-3 b ab+ 5b —2a - 10
¢ 2xy+3y+10x + 15 d 3mx —21x +2m — 14
Factorise:
a x2-3x+2 b ¢ +12¢c +11 c x2—-4x-5
d y2+9y-10 e z2-6z-16 f c2+8c-20
g p>—11p-26 h k2 — 11k — 42 i x2+4x-60
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REVIEW EXERCISE

16 Factorise:
a 2x2+10x —132 b 3xZ +12x — 231 ¢ 3x2—18x—-21

d 3x2-9x-30 e 3x2—-33x+90 f 6x2+6x—12

17 Factorise:

a 2x2+11x+12 b 652 — 11st — 10£2 c 12x2—-7x-12
d 3x2+8x+4 e 2x2+x-3 f 4x2+4x-3
g 3x2+8x -3 h 6x2 +11x —10 i 3x2+x-2
18 Solve:
2x -1 x+2 3x -2 2x-5
a = b =
3 2 5 3
5x -3 x 3x+5
=2x+4 d —+ =4
¢ * 47 2
x x x x 717 x+4 x-4
@ e S f B =1
2 3 4 5 6 14 8
gx— _x+1:x+3 h4_x—9:i_l
6 7 5 8 22 2

19 Simplify:
1 2 1

a —
x—2 x—-1 x-3
b 3x 3 4 N 1
x2-3x+2 x-1 x-=-2
8 5 3
c

x2—5x+6_x2—3x+2_x2—4x+3

20 a Find a number such that if 5, 15 and 35 are added separately to it, the product of the
first and third results is equal to the square of the second.

b A cellar contains only bottles of port, claret, sherry and brandy. Of these, % of the

bottles are port and % are claret. The cellar also contains 15 dozen bottles of sherry and

30 bottles of brandy. How many bottles of port and claret does it contain?
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Challenge exercise

1 Factorise:
a 3x+ 7y)2 - (2x - 3y)2
b (5x + 2y)2 - (3x — y)2

2 Factorise:
a a’> — 2ax + x* — 4b?
b 9a% — ¢ + 2cx — x?
¢ 2bd —a® — c* + b> + d* + 2ac
d y* + 2by + b% — a® — 6ax — 9x?

3 Expand:
a(a+b+c)?
b (7a* — 3x)(49a* + 21a%x + 9x?)

4 Factorise:
a 28x%y + 64x3y — 60x%y
b x2p? — 8y?p? — 4x%q* + 32y%¢?
.3 5 2 5
5 Solve the equation —(x — 1) — —(x —4) = =(x — 6) + —.
1 16( ) 12( ) 5( ) 48

6 a The width of a room is two-thirds its length. If the width were 3 m more and the
length 3 m less, the room would be square. Find the length and width of the room.

b The length of a room exceeds its width by 3 m. If the length increased by 3 m and the
width diminished by 2 m, the area would be unaltered. Find the length and width of
the room.

7 A train that travels a km at a constant speed in b hours is p times as fast as a bus. If the
bus takes m hours to cover the distance between two places, how many kilometres apart
are the two places?

8 Jonathan is ¢ km due west of Anna when they start simultaneously walking in an
easterly direction. Jonathan walks at a constant rate of p km/h and Anna walks at a
constant rate of ¢ km/h. How far will Jonathan have walked when he overtakes Anna?
(Assume that p > g.)

ICE-EM MATHEMATICS YEAR 10
ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI| 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.




GHAPTERl‘

Number and Algebra

Lines and linear
equations

Coordinate geometry takes the surprising approach of using algebra to solve
geometric problems.

This chapter continues the development of coordinate geometry begun in
ICE-EM Mathematics Year 9.

Each point in the plane is represented by an ordered pair (x,y) and each line is
the set of points that satisfies a linear equation ax + by + ¢ = 0.

The gradient of a line allows us to answer most questions about parallelism
and perpendicularity. In principle, every geometric problem can be solved using
coordinate geometry.
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Distance between two points

and midpoint of an interval

Distance formula

Consider the points A(4, 1) and B(2, 5) in the number plane. The length ¥
of the interval AB can be found using Pythagoras’ theorem. This is called
the distance between the points A and B.

Form the right-angled triangle ABX , as shown, where X is the point
(2,1). Then:

BX=5-1 and AX =4-2
=4 =2

By Pythagoras’ theorem:
AB? = AX? + BX?
=22+ 42
=20
AB =20
=245

The length of interval AB is 24/5.

The general case

We can use the above idea to obtain a formula for the distance Y Qlxy, y,)
between any two points. Suppose that P(x;, y;) and Q(x,, y,) are '
two points, as shown opposite.

Form the right-angled triangle PQOX, where X is the point
(x2, y1). Then:

PX:)CZ—)CI and QX:}’z—)ﬁ

By Pythagoras’ theorem:
PQ = PX? + 0X?
= (= x)* +(n = n)?

You will notice that our diagram assumes that x, — x; and y, — y; are positive. If either or both are
negative, it is not necessary to change the formula, as we are squaring. In other words:
PQ? = (square of the difference of x-values) + (square of the difference of y-values)
Therefore:
PO = \[(x = x)* + (3 = 3)?

In practice, we sometimes work out the square of PQ and then take the square root.
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4A DISTANCE BETWEEN TWO POINTS AND MIDPOINT OF AN INTERVAL u«a
Example 1

Use the distance formula to find the distance between each pair of points.
a A(2, 3)and B(5, 7)

b A, 2) and B(-1, —-3)

¢ A(2, 4) and B(5, 4)

d A(-2,3) and B(—4, -3)

a AB? = (5-2)% +(7-3)? b AB? = (-1 -1)? + (=3 — 2)?
=32 4 42 = (-2)* + (-5)*
=25 =4+ 25
AB =5 =29
AB =29
¢ AB? =(5-2)% + (4 —4)? d AB? =[-4 — (-2)] + (-3 - 3)2
=32 4 (2 = (-2)? + (-6)*
=9 =4+36
AB =3 = 40
AB = /40
= 2./10

Midpoint formula

We can find a formula for the midpoint of any interval. Let
P(x;, y;) and Q(x,, y,) be two points and let M (x, y) be the
midpoint of the interval PQ.

The triangles PMS and MQT are congruent triangles
(AAS), so PS = MT and MS = QT.

Hence, the x-coordinate of M is the average of x; and x,,

+

Therefore, x = u_

The y-coordinate of M is the average of y; and y,. o = x o .
+

Therefore, y = %

. - +
The coordinates of M are (xl 5 2 , 1 5 2 )
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‘ 4A DISTANCE BETWEEN TWO POINTS AND MIDPOINT OF AN INTERVAL

Find the coordinates of the midpoint, M, of interval AB, where A and B have coordinates
(=2, 6) and (3, —7), respectively.

-2+3

— 1
x-coordinate of M = = 6+ (7 =

1
= y-coordinate of M =
2 2 2

The coordinates of M are (l _l)
2 2

‘ Distance between two points and midpoint of an interval

Consider two points, P(x4, y;) and Q(x;, y,).
e The distance between the points P and Q is given by the expression
PQ? = (x; — x1)” + (y, — m)*.

Thatis, PQ = J(x; — x1)% + (y2 — y)2.

e The midpoint M of the interval PQ has coordinates (x1 ;xz pal ; 2 )

Dbocien

1 Find the distance between the labelled points in each diagram.

a b y c y
(2, 4) (2,3)
(-1,2)
(3,2)
GMn 0 x
0 x 0 *
2,-4)

2 Find the distance between points A and B.

a A(l,2), B(0,0) b A(-1,6), B(4,8)
¢ A(-2,8), B(6,4) d A(-2, -6), B(3,2)
e A(-3,4), B(4,3) f A(-3, —4), B(3,4)
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4A DISTANCE BETWEEN TWO POINTS AND MIDPOINT OF AN INTERVAL ‘a
:W 3 Find the midpoint of the interval AB.

a A(-1,2), B(3,6) b A(2,8), B(-1,2)
¢ A(2,4), B(6,8) d A(-2,-6), B(—4,-8)
e A(-1,5), B(2,7) f A(-12,16), B(2,8)

4 a Find the midpoint M of the interval AB where the coordinates of A are (6, 2) and the
coordinates of B are (6, 8).

b Let C be the point (10, 5). Find the distance between:
i Aand C ii AandB
¢ Describe triangle ABC.
5 a The distance between two points A(2, ) and B(—3,4) is 5. Find the value of u.

b The distance between two points P(4,—-2) and Q(v, =5) is J34. Find the possible values
for v. Draw a diagram to illustrate the result.

¢ The distance between two points A(3,—2) and B(w, 4) is 10. Find the possible values
for w. Draw a diagram to illustrate the result.
6 The triangle ABC has vertices A(0, 0), B(3,0) and C(3,4).
a Find the distance between A and C.
b Find the midpoint M of AC.
¢ Find the length of:
i AM ii BM iii CM
7 a M(4,?2)is the midpoint of the interval AC, where C has coordinates (12, 3). Find the

coordinates of A.

b M (10, -2) is the midpoint of the interval AC, where A has coordinates (-2, 6). Find the
coordinates of C.

8 Show that APQR is a right-angled triangle where the coordinates of P, Q and R are
(3,3), (3,—1) and (6, 3), respectively.

9 Show that the triangle with vertices X (-3, 1), Y(0,2) and Z(-2, 4) is isosceles.
10 Show that the points A(—1,—-3), B(4,0), C(5,7) and D(0, 2) are the vertices of a rhombus.

11 A,B,C and D are the points (0, -5), (—4, 1), (4,3) and (=8, —9), respectively. Show that
AB and CD bisect each other.

12 The points A(-5,0), B(-3,—-4), C(2,1) and D(0, 5) are the vertices of a quadrilateral. Show
that ABCD is a parallelogram.
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Gradient

Gradient of an interval

. . . rise L.
The gradient of an interval AB is defined as —, where the rise is Y B(5, 6)
run :
the change in the y-values as you move from A to B and the run is the
change in the x-values as you move from A to B. H rise

For the points A(2,1) and B(S5, 6):

rise

gradient of interval AB = = 0 x
_6-1
T5-2
5
3

Notice that as you move from A to B along the interval, the y-value increases as the value increases.
This means the gradient is positive.

In the diagram to the right: -
¢ ¢ . yha@ 7—run=4 o
gradient of interval AB = =
run
1-7 .
- rise = -6
6-2
=6
3 B(6, 1)

The rise from A to B is negative and the run from A to B is positive, so the gradient is negative.

In general, provided x, # x;:

y B (xzy y2)
. . rise |
gradient of interval AB = — :
run iy —
27N
_N2=N o (rise)
X2 — X

=N _ =¥ . .
= » it does not matter which point we take
X=X X T X 0

Since

as the first and which point we take as the second.
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If the rise is zero, the interval is horizontal, as shown by the ¥ B
interval PQ at the right. The gradient of the interval is zero.
If the run is zero, the interval is vertical, as shown by the P Q
interval AB at the right. The interval does not have a gradient.
A
0 X

Gradient of PQ is zero.
Gradient of AB is not defined.

Gradient of a line

The gradient of a line is defined to be the gradient of any
interval within the line.

Any two intervals on a line have the same gradient. We can
prove this as follows.

Triangle ABX 1is similar to triangle PQY, as the corresponding angles
are equal by parallel lines. Therefore:

Y BX . C .
or _ BX (Ratio of sides in similar triangles.) 0 x
PY AX

That is, the intervals have the same gradient. Therefore, the definition of the gradient of a line
makes sense.

Find the gradient AB.
a A(3,-2), B(2,-6) b A(-1,-3), B(-2,6).
5 Erdan s D) b Gedeitis
2-3 —1-(-2)
_—6+2 -9
-1 T —1+2
= 4 = —9

Parallel lines

If two non-vertical lines are parallel, then they have the same gradient. Conversely, if two lines have
the same gradient, then they are parallel.

We can prove this as follows. y

In the diagram on the right, two lines are drawn and the
right-angled triangles POX and ABY are drawn,
with QX = BY.
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‘ 4B GRADIENT
e eewey

If the lines are parallel, then ZPQX = ZABY (corresponding angles).

The two triangles are congruent by the AAS test. Hence, PX = AY, so % = g—);
The gradients are equal.

Conversely, if the gradients are equal, then PX = AY.

The triangles are congruent by the SAS test.

Hence, the corresponding angles POX and ABY are equal and the lines are parallel.

Note: This proof does not work for lines that are parallel to one of the axes.

Example 4

Show that the line passing through the points A(6,4) and B(7,11) is parallel to the line
passing through P(0, 0) and Q(1, 7).

Gradient of AB = -4 Gradient of PQ = il
7-6 1-0
7 7

The two lines have the same gradient, so they are parallel.

Perpendicular lines

Two lines are perpendicular if the product of their gradients is —1 (or if one is vertical and the other
horizontal). Conversely, if two lines are perpendicular (but are not parallel with the axes), then the
product of their gradients is —1.

Here is a proof of this remarkable result. y
Draw two lines passing through the origin, with one of the lines ~ ~\. Q
having positive gradient and the other negative gradient. P ] A
Form right-angled triangles OPQ and OAB, with OQ = OB. 1 ;
Gradient of the line OA = g o B0
Gradient of the line OP = _oQ
PQ
AB
Product of gradients = _o0 X —
PO~ BO
AB
= —% X — (since OB = 0Q)
PQ  0Q
__AB
PQ
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If the lines are perpendicular, then ZPOQ = ZAOB. y
Therefore, triangles OPQ and OAB are congruent (AAS),so N QL (90 — o) #A
PQ = AB and the product of the gradients is —1. P 5
Conversely, if the product of the gradients is —1, then AB = PQ of ¢ i

AB H—s
since, by the above, the product of the gradients = ———. 0] B *

This implies that the triangles OBA and OQP are congruent (SAS).
Therefore, ZPOQ = ZAOB and so ZAOP = 90° — o + o0 = 90°.

We have now proved the result for lines through the origin. However, this will suffice for any pair of
lines in the plane (not parallel with the axes).

Show that the line through the points A(6, 0) and B(0, 12) is perpendicular to the line through
P(8,10) and Q(4, 8).

Gradient of AB = ﬂ Gradient of PQ = M
0-6 8—4

4

1

2

1
(Gradient of AB) X (Gradient of PQ) = -2 X B
=-1

Hence, the lines are perpendicular.

‘ Gradient of non-vertical lines

e The gradient of an interval, AB, connecting the two points A(xq, y¢) and B(x;, y,)
iS Y2 — N i
X2 — X
¢ The gradient of a line is defined as the gradient of any interval within the line.

e Two lines are parallel if they have the same gradient. Conversely, if two lines are parallel,
then they have the same gradient.

e Two lines are perpendicular if the product of their gradients is —1 (or if one is vertical and
the other horizontal). Conversely, if two lines are perpendicular, then the product of their
gradients is —1.
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' Exercise 4B

m 1 Find the gradient of each interval.
a A(6,3), B(2,0) b A(-2,6), B(0,10)
d A2,3), B(-4,5) e A(6,7), B(-2,-3)
g A(10,0), B(0,-10) h A(4,3), B(6,3)

¢ A(-1,10), B(6,—4)
f A(0,0), B(0,10)
i A(4,-3), B(-5,10)

%) 2 Show that the line passing through A(l, 6) and B(2, 7) is parallel to the line passing
through X(-1,6) and Y (2,9).

3 The line passing through the points (1,4) and (3, a) has gradient 2. Find the value of a.
4 The line passing through the points (-4, 6) and (b, 2) has gradient % Find the value of b.

5 Complete:
Coordinates of A Coordinates of B Gradient of AB

a 2,1 (5, 13)

b (-1, 3) o, -1
C (-1, 2) 2, ..) 2
d 0 2 —1
(-4, 10) 2, ..) 2
2
e (.... B) (7, 9) 3
f (..., =4) 1, =13) -3

W 6 Show that the line passing through the points A(5, 60) and B(—1,12) is perpendicular to the
line passing through P(7,10) and Q(23, 8).

7 Find the gradient of a line perpendicular to a line with gradient:
3

4
6 b —— - d —— -1
? 2 “2 5 ¢
8 ABCD is arectangle.
Y B(3, 6)
a Find the gradient of interval AB.
b Find the gradient of interval CD. Al2, 4) c
¢ Find the gradient of interval AD. 0 ~7 x
D

9 a Plot the four points A(0, 0), B(3,0), C(5,2)and D(2, 2).
b Use gradients to show that ABCD is a parallelogram.
¢ Find the midpoint of DB and explain why it is the same as the midpoint of AC.
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10 The vertices of a quadrilateral ABCD are the points (—4, -2), (3,9), (8,1) and (2,-3),
respectively. E, F', G and H are the midpoints of AB, BC, CD and DA, respectively.
Show that EFGH is a parallelogram.

11 A(3,6) and B(4,7) are two adjacent vertices of a square ABCD.
a Find the length of each side of the square.
b Find the gradient of AB.
¢ Find the gradient of CD.

12 In each part, find the gradients of intervals AB and BC, and state whether A, B and C lie
on the same line (are collinear) or not.

a AQ3,6), B(-1,4), C(4,11)

b A(3,8), B(2,5), C(1,2)

¢ A4,11), B(-1,-4), C(2,5)

d A4,5), B(-1,-6), C(3,7)
13 ABCD is a parallelogram.

y B(5, 10)
a Find the gradient of interval AB.
b Find the gradient of interval CD. A1, 6)
¢ Find the coordinates of D.
d Find the coordinates of the midpoints of AC and BD. (10, 1)
0 x
>/

Gradient-intercept form and the

general form of the equation of a line

Gradient-intercept form

In earlier work, we have seen that the equation y = mx + b represents a line with gradient m and
y-intercept b. This is called the gradient—intercept form of the equation of a line. Conversely, every
non-vertical line has an equation of the form y = mx + b.

To illustrate this, consider the line with gradient 3 and y-intercept 2. y
Thatis, m =3 and b = 2.
Let A(x, y) be any point on this line. Alx,y)
Gradient of interval AB = —
run
B(0, 2
I /80,2
x—-0 5 .
_y-2
X
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4B GRADIENT-INTERCEPT FORM AND THE GENERAL FORM OF THE EQUATION OF A LINE

We know the gradient of the line is 3. Therefore:

-2

y :3

X

y—2=3x
y=3x+2

Hence, the equation of the line is y = 3x + 2.

The equation relates the x- and y-coordinates of any point on the line.

In general lines with gradient m and y-intercept b have equation y = mx + b. Conversely the points
whose coordinates satisfy th equation y = mx + b always lie on a line with gradient m and
y-intercept b.

Example 6

a The gradient of a line is —6 and the y-intercept is 2. Find the equation of the line.
b The equation of a line is y = —7x + 3. State the gradient and y-intercept.

a The equation of the line is y = —6x + 2.
b The gradient is —7 and the y-intercept is 3.

Horizontal lines

All points on a horizontal line have the same y-coordinate, but the ©,5)| (2,5)
x-coordinate can take any value. Thus, the equation of the horizontal y=5
line through the point (0,5) is y = 5. The equation of the horizontal
line through the point (2,5)is also y = 5.

In general, the equation of the horizontal line through P(a, b)is y = b.

A horizontal line has gradient O because all y-values are the same.

Vertical lines

All points on a vertical line have the same x-coordinate, but the
y-coordinate can take any value. Thus, the equation of the vertical
line through the point (6, 0) is x = 6. (6, 0)

In general, the equation of the vertical line through P(a, b)is x = a
or x — a = 0. Note that because this line does not have a gradient, it
cannot be written in the form y = mx + b. 6, -3)

The form of the equation for a vertical or a horizontal line sometimes ‘=6
seems strange. It becomes clearer if we realise that the equation

x = a is shorthand for the statement {(x, y) : x = a}. This is read
as the ‘set of points (x, y) such that x = a’. Similarly, the equation
y = b is shorthand for the statement {(x, y) : y = b}. This is read as
the ‘set of points (x, y) such that y = b’.
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4B GRADIENT-INTERCEPT FORM AND THE GENERAL FORM OF THE EQUATION OF A LINE ‘a

The general form of an equation of a line
The equation y = 2x — 3 can be written as —2x + y + 3 = 0.

The equation 2x — 3y = 6 can be written as 2x — 3y — 6 and the equation x = 6 can be written as
x—6=0.

The general form for the equation of a line is ax + by + ¢ = 0, where a, b and c are constants, and
either a # 0 or b # 0. The equation of every line can be written in general form.

Example 7

Write each equation in general form.

2 4 2
a y=——x+4 b y=-—x+—-
Y 3 Y 5 3
2 ——%x+4 b ——ix+g
Y 3 Y 5 3
3y =2x+12 15y = —12x + 10
2x+3y—-12=0 12x+15y-10=0

The general form is not unique. For example, the line 2x + 3y — 12 = 0 is the same as the line
20x + 30y — 120 = 0.

Example 8

Write the equation of each line in gradient—intercept form, and state its gradient and
Y-intercept.

a 2x+y+6=0 b 3x-2y+7=0
a2x+y+6=0 b 3x-2y+7=0
y=-"2x-6 3x+7=2y
gradient = -2 3 7
y=—=x+—

y-intercept is —6 2

gradient =

[NCNIES I O N UV \S)

y-intercept is
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4B GRADIENT-INTERCEPT FORM AND THE GENERAL FORM OF THE EQUATION OF A LINE

Sketching a line given its equation

A line can be sketched if the coordinates of two points are known.

For lines that are not parallel to one of the axes and do not pass through the origin, a useful
procedure to sketch the line is to find the intercepts with the axes. Find the x-intercept by
substituting y = 0, and find the y-intercept by substituting x = 0.

A non-vertical line passing through the origin has an equation of the form y = mx. A second point
on the line can be determined from the equation by substituting a non-zero value of x into the
equation. This is recommended because it identifies the steepness of the line.

Example 9

Sketch the graph of:
a y=2x+4 b y=-3x+8
¢ 2x+3y+12=0 d 3x+2y=10
e x=4 f y=-3x
a y=2x+4 y
Whenx =0, y =4 (0, 4)
Wheny =0,2x+4 =0
-4
XZT (-2,0)
=2 / 0 x
b y=-3x+8
Whenx =0,y =8 y
Wheny =0,-3x+8=0 (0, 8)
-3x =-8
8
B .0
=22 o \ x
¢ 2x+3y+12=0 y
When x = 0,3y +12 =10 (-6, 0)
3y = -12 Y *
y=-4
Wheny =0,2x+12 =0
9% = 12 O, -HT
x = —6

(continued over page)
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4B GRADIENT-INTERCEPT FORM AND THE GENERAL FORM OF THE EQUATION OF A LINE

d 3x +2y =10 y
Whenx = 0,2y =10 (©, 5)
y=5
When y = 0,3x = 10
10
= — 10
T3 (39
0 \ X
e x=4 f y=-3x
y y
(-1, 3)
0 4 X 0 X

Given one coordinate of a point on a line, the equation of a line can be used to find the other
coordinate.

Example 10

The following points lie on the line with equation 5x — 4y = 20. Find the value of each

pronumeral.
a (0,0 b (b,0) ¢ (d,-6) d (f,10)
a 5x0-4a=20 b 56-4x0=20
a=-5 5b =20
b=4
¢ 5d -4 x(-6) =20 d 5f-4x10=20
5d +24 =20 5f=60
5d = -4 f=12

a=-2
5
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‘ 4B GRADIENT-INTERCEPT FORM AND THE GENERAL FORM OF THE EQUATION OF A LINE

‘ Gradient-intercept form and the general form of the equation of a line

* The gradient-intercept form of the equation of a line is y = mx + b, where m is the
gradient and b is the y-intercept.

e The general form of the equation of a line is ax + by + ¢ = 0, where a, b and ¢ are
constants, and a # O or b # O.

D bocieac

1 Write the gradient and y-intercept of each line.

ay=4x+2 by:—§x+5 cy=-7x+10 dy=—14—1x+§
2 Write the equation of the line with the given gradient and y-intercept.
a gradient = 8, y-intercept is 3 b gradient = 11, y-intercept is 5
¢ gradient = —6, y-intercept is —7 d gradient = —%, y-intercept is%
3 Sketch the graph of each line.
ay=1 by=2 cy=-2 dy=-3
e x=2 f x=4 g x=-1 h x=-3
i y+3=0 jy-1=0 kx+3=0 Il x-1=0
m Which of these lines have a gradient and what is it?
~%) 4 Express each equation in general form.
ay=-2x+6 by:—2x+11 cyz—gx—% dy:ix+l
3 5 3 6
eyz—éx—% y=%x—% gx=§y+4 h%xz%y—3
~ 8 S Express each equation in gradient-intercept form.
ald3x-2y=6 b5x+2y+10=0 ¢c3y-2x+12=0
do6y—-x+18=0 e 15y-2x+18=0 f 2x-3y+12=0
g5x+4y+20=10 h6x-4y-24=0 i 3x-5y+15=0
6 Find the gradient and y-intercept in each case.
al2y—-3x=12 bd4x+y+24=0 ¢ 3x+8y+48=0
d4x-T7y+56=0 e llx+4y =44 f 10x -5y =-20
g3x—T7y+42=0 h2x-7y=14 i —10x -2y =-40
7 Find the x- and y-intercepts in each case.
ay=2x-10 by=3x+11 ¢ 3x+ 8y =48
dS5x—-4y+80=0 e3x—-T7y—-42=0 f Sx-2y+11=0
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8

Example *
9

Example
10

Example 10\ 11

12

13
14
15
16

Sketch the graph of each line by first finding the x- and y-intercepts.

ay=-2x+12 b 3y=-2x+24 c 6x—-3y=18
dy=x+18 e y=2x-11 f 3x-7y=20
g4x—Ty=28 h7x-2y=11 i 8x—4y+20=0

a Give the equation of the line parallel to the y-axis and passing through the
point (1, 5).

b Give the equation of the line parallel to the x-axis and passing through the
point (=2, 5).

¢ Give the equation of the line parallel to the y-axis and passing through the
point (=4, 7).

Sketch the graph of:
1
ax=3 b y=2x cy=-2x dy=4 e y=—4x fy=zx

The following points lie on the line with equation 3x — 12y = 30. Find the value of each
pronumeral.

a (0,a) b (b,0) ¢ (Lo d (d,-6) e (4,¢) f (f,10)
The following points lie on the line with equation y = —lx — 4. Find the value of each
pronumeral. 2

a (0,a) b (b,0) ¢ (L,o) d (d,-6) e (4,¢) f (f,10)

A line has equation y = —4x + ¢. The point (6, 10) is on the line. Find the value of c.
A line has equation 2x — by + 7 = 0. The point (6, —5) is on the line. Find the value of b.
A line has equation ax — 3y + 15 = 0 and gradient 4. Find the value of a.

A line has equation 3x — by + 10 = 0 and gradient ——;—. Find the value of b.

Point-gradient form of an

Equation of a line given the gradient and
a point on the line

Suppose that we know the gradient m of a line and a point

equation of a line

y=y
A(xy, y;) on the line. Let P(x, y) be any point on the line. Then: (rise)1
m = y—n
X — X
and so:

This equation is called the point-gradient form of the line.

ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press
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‘ 4D POINT-GRADIENT FORM OF AN EQUATION OF A LINE
Example 11

Find the equation of the line that is parallel to the line with equation y = —2x + 6 and:
a passes through the point A(1,10)
b passes through the point B(—1, 0)

The gradient of the line y = —2x + 6 is —2.
a Therefore the line through the point A(1,10) parallel to y = —2x + 6 has equation:
y—10=-2(x-1)
y—10=-2x+2
y=-"2x+120r2x+y-12=0
b The line through the point B(—1, 0) parallel to y = —2x + 6 has equation:
—2(x+1)
—2x—2o0r2x+y+2=0

y—0
y

Give the equation of the line in gradient—intercept form or general form — whichever you prefer.

Example 12

Find the equation of the line ¢ that is perpendicular to the line with equation

2
y = Ex — 3 and passes through the point P(1, 6).

The gradient of y = %x -3is %
2 % (_E) = —1, so the gradient of / is _J
3 2 2

Since it passes through the point (1, 6), the equation of the line is:

3
—6=-(x-1
y 2(x )

2y —12=3(x-1)
2y —12=-3x+3

3 15
3x+2y—15=0o0ry=——x + —
y y > >
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4D POINT-GRADIENT FORM OF AN EQUATION OF A LINE ‘!

Equation of a line given two points

In Section 4B, we saw that the gradient m of a line passing through two points, A(x;, y;) and

2 =N

X2 — X .

We can now find the equation of a line, given the coordinates of two points on the line, as follows:

B(x,, y,),1s given by m =

* Find the gradient of the line.

* Use the point—-gradient form with either one of the points.

Example 13

Find the equation of the line passing through (2, 6) and (-3, 7).
. ) 7—
Gradient of line = —

1
The point—gradient form with m = = and (x, y;) = (2,6) gives:

1
y=6=-<(x-2)
5y -30=—(x—-2) (Multiply both sides by 5.)
5y-30=—-—x+2
Hence, x + 5y — 32 = 0 is the general form of the line.
Check that both points lie on the line.

Note: the same equation can be established using (x;, y;) = (-3, 7)

. The point-gradient form

e The equation of a line, given the gradient m and one point A(x;, y;) on the line, is:
y =y =mlx - x)

* To find the equation of a line, given two points A(x;, y1) and B(x,, y,) use the
point-gradient formula:

Y2 =N

X2 =X

vy — v = m(x — xq), where the gradient m =
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‘ 4D POINT-GRADIENT FORM OF AN EQUATION OF A LINE
. Exercise 4D

m 1 a Find the equation of the line with gradient 6 that passes through the point (5, 6).
b Find the equation of the line with gradient —4 that passes through the point (2, 6).
1
¢ Find the equation of the line with gradient 5 that passes through the point (-1, 8).
d Find the equation of the line parallel to the line y = —3x + 8 and passing through the
point (1, 8).
e Find the equation of the line with gradient O that passes through the point (-3, 6).
f Find the equation of the line parallel to the line x = —4 and passing through the point (=7, 11).

m 2 a Find the equation of the line perpendicular to the line y = —3x + 6 and passing through
the point (-2, 8).

b Find the equation of the line perpendicular to the line x + 2y = 6 and passing through
the point (1, 2).

¢ Find the equation of the line perpendicular to the line 2x — y = 6 and passing through
the point (6, —3).

3 a Find the midpoint of the interval AB, where the coordinates of A and B are (2, —1) and
(3, 6), respectively.
b Find the gradient of the line that passes through points A and B.
¢ Find the equation of the line AB.
d Find the equation of the perpendicular bisector of the interval AB.

4 a Find the equation of the line with gradient —4 that passes through the point (0, —6).
b Find the equation of the line with gradient —4 that passes through the point (3, 8).
¢ Find the equation of the line that passes through the points (-4, 8) and (-6, —2).

d Find the equation of the line that is parallel to the line y = —2x + 3 and passes through
the point with coordinates (-1, —10).

m 5 Find the equation of the line that passes through the two given points in each case.
a (0,—4) and (4,0) b (-3,0) and (0,-9) ¢ (2,4) and (-6,12)
d (6,3) and (7, 3) e (1,4) and (1,8) f (0,-3)and (4,6)
6 Show that the points A(1,1), B(3,11) and C(-2,—14) all lie on the same line (are collinear)

and find the equation of this line. Do this by finding the equation of AB and checking that
point C lies on the line.

7 ABCD is a parallelogram with vertices A(4,4), B(2,6) and y c©9
C(8,9). Find:
a the equation of the line BC b the equation of the line AB  B(2/6) b
¢ the equation of the line AD d the gradient of the line CD A4, 4)
e the distance AB f the distance CD 5 :
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8 A1), B(1,6), C(6,6) and D(6, 1) are the vertices of a square ABCD.

a Find the midpoint of:
i AC ii BD

b Find the gradient of AC and BD, and hence show that AC is perpendicular to BD.

Review of simultaneous

linear equations

In this section, we revise the standard methods for solving simultaneous linear equations. The
solutions are the coordinates of the point of intersection of the two lines given by the linear equation.

Solving a pair of simultaneous equations means finding the values of x and y that satisfy both equations.

Example 14

Find the coordinates of the point of intersection of the lines y = x —1 and y = 2x — 3 and

sketch the lines on the one set of axes.

At the point (x, y) of intersection of the graphs, the y-coordinates of both graphs are the same.

Therefore, x —1=2x -3
x+2=2x
x=2
Substituting into either equation gives y = 1.
The coordinates of the point of intersection are (2, 1).

The solution of the simultaneous equations y = x — 1 and
y=2x-3isx=2and y=1.

y

3
2

1

Note that the process outlined above can be done without the graph.

Lines that are parallel and lines that coincide

Simultaneous linear equations do not always have a unique
solution. There are two geometric situations in which lines
do not intersect at a single point.

Parallel lines

The equations 2x + 3y = 12 and 2x + 3y = 6 represent
parallel lines. There are no solutions to this pair of
simultaneous equations since the lines do not meet.

CHAPTER 4

_ y=2x-3
y
\4
\ 2v+3y=12
2x+3y=6
2
0 3 6 X
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‘ 4E REVIEW OF SIMULTANEOUS LINEAR EQUATIONS

Lines that coincide

Sometimes we have two equations that represent the same line.
The equations —4x — 6y = —20 and 2x + 3y = 10 represent the —4x — 6y =-20
same line. This can be checked by showing that the lines have the and 2x +3y =10
same intercepts. We say that there are infinitely many solutions to
this pair of equations since every point on the line satisfies both
equations.

w|8

5

Solution by substitution

We recall that to solve a pair of simultaneous equations that involve pronumerals x and y, we can
make either x or y the subject of one of the equations and substitute into the other equation. This
method of solving a pair of simultaneous equations is called the substitution method. This method
was used in Example 14.

Example 15

Solve this pair of equations for x and y.
x=2y-3 (D)
2x -3y =17 2)

Substitute for x into equation (2), using equation (1):

22y -3)=3y =7

4y -6-3y =17
y—6=7
y=13
Using equation (1) gives:
x=2x13-3
=23

Thus the solution is x = 23, y = 13.

That is, the corresponding lines meet at (23, 13).

Note: You should always check your answers by substituting into both of the original equations.

Solution by elimination

The other standard method for solving simultaneous equations is called the elimination
method. This method relies on combining the two equations so that one of the pronumerals
is eliminated; that is, we add or subtract multiples of the two equations to eliminate one
pronumeral.
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4E REVIEW OF SIMULTANEOUS LINEAR EQUATIONS l«a;
Example 16

Solve this pair of equations for x and y.
3x+y=13 (1)
x—y=3 ()

Adding equations (1) and (2) gives:
4x =16 3)
x=4
Substituting into equation (1) gives:
12+y=13
y=1
Therefore, the solutionis x =4, y = 1.

That is, the corresponding lines meet at (4, 1).

Example 17

Solve this pair of equations for x and y.
2x +3y =14 (1)
2x—y=6 (2)

Subtracting the two equations will eliminate x and produce a single equation involving only y.
D) -(2): 4y=8

y=2
Substituting y = 2 into equation (1) gives:

2x +6 =14
2x =8
x=4

Hence, the solutionis x = 4, y = 2.

That is, the corresponding lines meet at (4, 2).

Sometimes it is necessary to multiply both sides of an equation by a factor to enable a
pronumeral to be eliminated. Remember that the new equation formed is equivalent to the
first. This is shown in the following example.
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‘ 4E REVIEW OF SIMULTANEOUS LINEAR EQUATIONS
—__\
Example 18

Solve this pair of equations for x and y.
x—-3y=2 (1)
4x +y =21 (2)

We make the coefficients of y the same by multiplying equation (2) by 3. Then we have:
x—3y=2 (1)

2y x3: 12x+3y =63 3)

Now y can be eliminated by adding the two equations.

(1)+(3): 13x =65

x =35
Substituting into equation (1) gives:
5-3y=2
-3y =-3
y=1

Hence, the solution is x = 5, y = 1 and the corresponding lines meet at (5, 1).

In the next example, it is necessary to find two new equivalent equations in order to eliminate a
pronumeral.

Example 19

Solve this pair of equations for x and y.
3x+5y=1 (1)
Sx+3y=7 (2)

We choose to eliminate x, so we proceed as follows.
1) x5 15x+25y=5 (3
(2) x 3: I5x +9y =21 (4)

(3) — (4): 16y =—-16
y= -1
Substituting into equation (1) gives:
3x—5=1
3x=6
x=2

The solution is x = 2, y = —1 and the corresponding lines meet at (2, —1).
Check that (2,—1) satisfies both equations (1) and (2).
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4E REVIEW OF SIMULTANEOUS LINEAR EQUATIONS ”«a
‘ Review of simultaneous linear equations

e A pair of simultaneous equations has either one, zero or infinitely many solutions.
These cases occur, respectively, when the two lines meet at a point, are parallel or
coincide.

e A pair of simultaneous equations can be solved using either the substitution method or
the elimination method.

— In the substitution method, make x or y the subject of one equation and substitute
into the other equation.

— In the elimination method, add or subtract suitable multiples of the two equations to
eliminate one pronumeral.

D orese

1 For each pair of equations, sketch the graphs and find the coordinates of the point of

intersection.
a y=3x+1 b y=3-2x cy=2x+1
y=2x+2 y=x-3 y=5x+3

W 2 For each pair of equations, solve using the substitution method.

a y=3x b x =2y c y=2x+1
2x -3y =9 3x+2y=6 x—-3y=4
d x=1-3y e y=1-2x f x=242
4x -3y =12 y=5x+2 3
7x -5y =10
-8 3 For each pair of equations, solve using the elimination method.
a x—-y=3 b3x+y=5 cx+y=1
2x+y=9 Sx—-y=3 2x+y=4
d2x+3y=4 e 2x—-3y=4 f 3x+2y=5
Sx+3y=1 2x+y =12 3x +5y =26
g2x+y=4 h4x-y=>5 i x+2y=2
3x+2y=7 3x+4y=-1 3x+5y=3
j 2x=-3y=17 k S5x +4y =20 I 7x-5y=15
3x+2y=4 2x+ 5y =10 3x -4y =13
m2x -3y =-9 n2x+3y=2 0 2x+5y=-35
3x -2y =-1 3x+T7y=-7 3x-2y=38
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‘ 4E REVIEW OF SIMULTANEOUS LINEAR EQUATIONS

4 Solve each pair of equations.

ay=5x-1 b 7x -9y =63 c4x+7y—-24=0
2x =Ty =35 Sx +8y =40 6x+9y—-17=0
1 2
dx=3-4y e 7Tx—11y =48 fEx—§y=4
—x+—-y=7
3 4
2 .
gyzgx—S hy=3x-2 i x+7y=0
) 2x+3y=4 3x—4y =24
y=—-——x+3
7
j3x-Ty-42=0 kx=3y-5 ly=ix+7
2x =3y —-18=0 2x =3y =21 3
y=—§x—4

5 The line y = 2x intersects the line y = x + 6 at the point A. Find the equation of the line
that passes through A and has gradient 3.

6 The line y = 2x — 4 intersects the line y = —3x + 6 at the point B. Find the equation of the
line that passes through B and is:

a parallel to the x-axis b parallel to the y-axis
7 The line y = x intersects the line y = 2x + 1 at the point A, and intersects the line

y = =3x + 12 at the point B. The line y = 2x + 1 meets the line y = —3x + 12 at the
point C. Find the coordinates of the vertices of triangle ABC.

8 The line that passes through the points A(0, 2) and B(l, 4) meets the line that passes through
the points C(1, 8) and D(—1, 10) at the point E. Find the equations of the lines AB and CD
and hence find the coordinates of E.

9 ABCD is arhombus.

y
B (4, 8) C(9,8)
A(1,14) D (6, 4)
0 X

a Find the equation of:
i AC ii BD
b Use the results of part a to find the coordinates of the point of intersection of AC and BD.

¢ Show that the point of intersection is the midpoint of both AC and BD and that AC is
perpendicular to BD.
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4E REVIEW OF SIMULTANEOUS LINEAR EQUATIONS

A(0,4), B(4,0) and C(0, —4) are the vertices of triangle ABC. y

{A0, 4)
a Find the equation of the perpendicular bisector of interval: \
B(4,0
i AB i BC 0 “.9 x
b Find the coordinates of the intersection of the two perpendicular ' /
bisectors found in part a. C©,-4)
The line with equation y = mx + 3 intersects the line with equation
3x +4y+12 = 0 at the point (1, _E) Find the value of m.
4
The diagram opposite shows a parallelogram ABCD y C(12,12)
in which A is the point with coordinates (8, 3), B is
the point with coordinates (2,7) and C is the point 5
with coordinates (12,12). X is a point on BC such B(2,7)
that AX is perpendicular to BC. Find:
a the equation of the line AD A(8,3)
b the equation of the line AX 0 *

¢ the coordinates of X
d the distance AX
e the distance BC

f the area of the parallelogram
Find @ and b if ax — 10y = 8 and 6x + by = 12 represent the same line.

Show that the straight lines 2x — 3y =7, 3x —4y =13 and 8x — 11y = 33 meet
at a point.

Find the equation of the straight line that passes through the origin and the point of
intersection of the lines:

ax—-y—-4=0and7x+y+20=0 b —+

Q=

=1 and “+2=1
b a

S =

The line ax — by + 3 = 0 is parallel to the line 3x + 2y — 4 = 0 and passes through the
point (1, —2). Find a and b.

Given three points, A(0, 5), B(8,7) and C(4, 1), calculate the coordinates of the point of
intersection of the perpendicular bisectors of the lines AB and BC.

In the quadrilateral ABCD, the points A, B and D are at (3, 3), (0, 1) and (6, 2), respectively.
The line BD bisects the line AC at right-angles at the point M.

a Find the equation of BD and of AC.
b Calculate the coordinates of M.

¢ Calculate the length AM.

d Find the area of quadrilateral ABCD.
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-
Solving word problems using
Simultaneous equations

In this section, we look at how simultaneous equations can be used to solve problems expressed in words.
When solving a problem expressed in words:

* introduce pronumerals

* translate all the relevant facts into equations

* solve the equations and check your solutions

e write a conclusion in words.

Example 20

The attendance at an evening performance of a local theatre production was 420 people and
the box office receipts were $3840. Admission costs were $13 for each adult and $4 for each
child. How many of each type of ticket were sold?

Let ¢ be the number of child tickets sold, and let a be the number of adult tickets sold.
c+a =420 (1)
4c + 13a = 3840 (2)
(I)x4: 4c+4a=1680 3)

2)-(3): 9a = 2160
a = 240
Substituting in equation (1) gives:
c+ 240 =420
c =180

Hence, 240 adult tickets and 180 child tickets were sold.

The above question could also be solved by using one variable. For example, if we let x be the
number of children, then the number of adults is 420 — x.

D e

Solve each of these problems by introducing two pronumerals and forming a pair of
simultaneous equations.

1 The sum of two numbers is 112 and their difference is 22. Find the two numbers.

2 In a game of netball, the winning team won by 9 goals. In total, 83 goals were scored in
the game. How many goals did each team score?

3 A father is 28 years older than his daughter. In six years’ time, he will be three times
her age. Find their present ages.
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4F SOLVING WORD PROBLEMS USING SIMULTANEOUS EQUATIONS ‘I

-~y 4 Astallholder at a local market sells articles at either $2 or $5 each. On a particular
market day, he sold 101 articles and took $331 in revenue. How many articles were sold
at each price?

S Four times Brian’s age exceeds Andrew’s age by 20 years and one-third of Andrew’s age is
less than Brian’s age by two years. Find their ages.

6 A ball of string of length 150 m is cut into 8 pieces of one length and 5 pieces of another
length. The total length of three of the first 8 pieces exceeds that of two of the second
5 pieces by 2 m. Find the length of the pieces.

7 A manufacturer of lawn fertiliser produces bags of fertiliser in two sizes, standard and
jumbo. To transport bags to retail outlets, he uses a van with a carrying capacity of one
tonne. He discovers that he can transport either 110 standard bags and 60 jumbo bags
or 50 standard bags and 100 jumbo bags at any one time. Find the weight of each
type of bag.

8 Ten thousand tickets were sold for a concert. Some tickets sold for $80 each and the
remainder sold for $60 each. If the total receipts were $640 000, how many tickets of each
price were sold?

9 The cooling system of Ennio’s car contains 7.5 L of coolant, which is 33%% antifreeze.
How much of this solution must be drained from the system and replaced with 100%
antifreeze so that the solution in the cooling system will contain 50% antifreeze?

10 A motorist travelled a total distance of 432 km and had an average speed of 80 km/h on
highways and an average speed of 32 km/h while passing through towns. If the journey
took 6 hours, find how long the motorist spent travelling on highways.

11 A car leaves Melbourne at 8 a.m., travelling at a constant speed of 80 km/h. It is followed
at 10 a.m. by another car travelling on the same road at a constant speed of 110 km/h.
At what time will the second car overtake the first?

12 One alloy of iron contains 52% iron and another contains 36% iron. How many tonnes of
each alloy should be used to make 200 tonnes of 40% iron alloy?

13 Two aeroplanes pass each other in flight while travelling in opposite directions. Each
aeroplane continues on its flight for 45 minutes, after which time the aeroplanes are 840 km

3
apart. The speed of the first aecroplane is — of the speed of the other aeroplane. Calculate
the average speed of each aeroplane.

14 Six model horses and 7 model cows can be bought for $250. Thirteen model cows and
11 model horses can be bought for $460. What is the cost of each model animal?

15 If 1 is added to the numerator of a fraction ﬁ’ it simplifies to l If 1 is subtracted from the
denominator, it simplifies to % Find the fraction %.

16 A hiker walks a certain distance. If he had gone 1 km/h faster, he would have walked the
distance in i of the time. If he had walked 1 km/h slower, he would have taken 2% hours

longer to travel the distance. Find the distance.
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Review exercise

1 Find the distance between the points A and B.

a A(1,6), B(3,-2) b A(1,5), B(7,5) ¢ A(-1,6), B(—1,-6)
d A(-2,-8), B(-1,-3) e A(2,7), B(-3,10) f A(-1,6), B(7,10)
2 Find the midpoint of the interval AB.
a A(1,6), B(2,-4) b A(2,3), B(—4,6) ¢ A(1,-10), B(-2,10)
d A(-1,-3), B (10,13) e A(-2,6), B(-1,7) f AQ3,-4), B(6,-2)
3 Find the gradient of the line that passes through each pair of points.
a (1,2)and (5,18) b (2,3) and (4,9) ¢ (-2,1)and (1,10)
d (1,-2) and (3,0) e (-3,—4)and (0,-2) f (-1,-2)and (1,-7)
g (0,—6)and (-2,0) h (3,5)and (7,5) i (6,-3)and (2,-3)
4 The line passing through the points (-1, 6) and (4, b) has gradient —2 . Find the
value of b.
S Write down the gradient and y-intercept for each equation.
a y=2x+4 by=x-4 Cy=%x+1
d y=-2x+5 e y=—x+6 f y=2-x
g y=4-3x h3x+y=4 i 2x—-3y=6
Jj 3x+4y=12 k y=2x I y=3x
my = —4x n 3x+2y=0 0 2y=-3x+6
6 Sketch the graph of each equation by finding the x- and y-intercepts.
ax+y=4 b 2x+y=2 c 3x+4y=12
d2x-y=4 e 3x—2y=6 fgx—y=12
7 Sketch the graph of each equation. ’
a y=2x-3 b y=3x-2 c 2x—y=1
d 2x -5y =10 e x=2y+1 f x=3y-2
g y=4-x h y=1-3x i x=2
J x=-1 k y-3=0 1 y=-2
-l X
my=2(x+1) nx:yT 05+%=1
pI-y=i q%x_%yzl r%x—2y23

8 a Find the equation of the line with gradient —6 that passes through the point (1, 5).

b Find the equation of the line that is perpendicular to the line with equation
3x + 2y = 8, and that passes through the point (-1, 4).
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REVIEW EXERCISE

9 Find the equation of the line that passes through the points:

a (5,6)and (—4,10) b (3,4) and (-2, 8) ¢ (=2,6)and (1,10)
10 Solve each pair of simultaneous equations.
a S5x+3y=15 bI+d=1
B 3 5
Xx-y=6 Zs ok Sy — 15
11 Solve each pair of simultaneous equations.
a y=3x+2 b y=2-3x c y=5-—x
y:x—4 y:]0+x y:10—2x
X y Sx
d3x-—y=2 e —=6-—= f 2y——=-+4
! 3y ) 3 3 73
y+3x =
3% 3oy sp4 2 =2
4 2 2

12 The vertices of AABC are A(3,4), B(8,10), C(5,-1).
a Find the equation of the perpendicular bisector of:
i AB ii BC
b Find the coordinates of the point of intersection of the two perpendicular bisectors.

13 The equation of the perpendicular bisector of AB is 3y = 2x — 1. The coordinates of
A are (1, 4). Find the coordinates of B.

14 Show that the points (2, 0), (5, 3), (3, 6) and (0, 3) are the vertices of a parallelogram. Find
the equation of each of its sides.

15 Show that the points (1,4), (-4, —1) and (2, 3) are the vertices of a right-angled triangle.

16 a Prove that the points (3, —2), (7, 6), (-1, 2) and (-5, —6) are the vertices of a rhombus.
b Find the length of each of the diagonals of the rhombus.

17 Find the two numbers whose sum is 138 and whose difference is 88.

18 Six stools and four chairs cost $580 but five stools and two chairs cost $350. Find the
cost of each chair and each stool.

19 Three points have coordinates A(1,2), B(3,10) and C(p, 8). Find the values of p if:

a A, B and C are collinear b AC is perpendicular to AB
20 Find the perimeter of the rectangle shown below.
xX+y+2
2y x+2
2x+1

21 Prove that the lines 2y — x = 2, y+ x = 7 and y = 2x — 5 are concurrent. (That is, they
intersect at only one point.)
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Challenge exercise

1 Tom begins in Mildura and travels a distance of 300 km to Broken Hill at a constant
speed of 80 km/h. Steve, beginning at the same time, travels at a constant speed of
100 km/h from Mildura to Broken Hill with a 30-minute rest after travelling 150 km.

a Let d be the distance (in km) from Mildura, and ¢ the time (in hours) after Tom and
Steve leave Mildura. On a single set of axes, draw graphs to illustrate the journeys of
Tom and Steve (d against 7).

b From the graphs, find:
i when and where Tom overtakes Steve
ii when and where Steve overtakes Tom

iii the distance Tom still has to travel to Broken Hill at the time Steve arrives
at Broken Hill

2 For the interval AB, the coordinates of A and B are (x;, y;) and (x,, y,), respectively.
a If M is a point on AB such that AM : MB = 3 : 1, find the coordinates of M.
b If N is a point on AB such that AN : NB = 3 : 2, find the coordinates of N.

3 The point P divides the interval AB in y B (x5, »,)

the ratio m : n. Thatis AP : PB =m : n. P (x, y)
Find the coordinates of P.

A (g, 99)
O X
4 0(0,0), B(0,b) and C(c, 0) are the vertices of a y
right-angled triangle, with the right angle at O. (0, b)
a Find the coordinates of the midpoint M of BC.
. . C
b Find the distances: o . 0 *
i oM ii MB iii MC
S OABC is a parallelogram. y
a Find the equations of: Alab)  Blatc b
i OB ii AC
b Find the coordinates of the midpoints of: o T (c, 0) =
i OB ii AC

Note that the diagonals of the parallelogram bisect each other.
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CHALLENGE EXERCISE

6 OABC is arhombus, with vertices O(0, 0), A(a, b),
B(a + ¢, b) and C(c, 0).
y

A (a, b)
B (a+c, b)

(@) C(c, 0) X

a Find the gradients of the lines:

i OB ii AC
b Show that (gradient of OB) X (gradient of AC) =
¢ Find the length of OA.

d Use the fact that OA = OC to show that ¢2 = a2 + b2, and hence that OB is
perpendicular to AC.

b2

612—02

7 AE, BF and CD are the medians of AABC. %
They are concurrent at the point X.
We also have:

BX = 2XF " f
CX =2XD
AX = 2XE o) x

Show that X has coordinates:

1 1
(g(xl + Xy + x3), 5()’1 +y+ y3))

8 The line ¢ has equation ax + by + ¢ = 0. y
Show that OM = ——=

Ja? + b? ' !

O X

9 A(2,6), B(8,11) and C(4, 4) are the vertices of AABC.
Line BC intersects the x-axis at P.
Line CA intersects the x-axis at Q.
Line AB intersects the x-axis at R.
BP CQ AR _,

Show that — x — x =
PC QA RB
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CHALLENGE EXERCISE

10 We shall prove that the altitudes of a triangle y
are concurrent. A, p)
For triangle ABC, we choose a set of axes ,
with the origin O on BC so that BOA is a right-angle. .0/ m . C(t.0)
] M U
Let OA = p, OB = mand OC = /, o *

so that the coordinates of A, B and C
are (0, p), (—m, 0) and (4, 0).

a Find the gradient of lines AB and CA.

b Find the equation of the line that is perpendicular to AB and passes through C (the
altitude from C to AB).

¢ Find the equation of the line that is perpendicular to AC and passes through B (the
altitude from B to AC).

. . . m/ ) .
d Show that the three altitudes of the triangle intersect at (O, —) That is, the altitudes
are concurrent. p

11 a Show that the area of a triangle ABC with vertices A(x;, y;),
B(x3, y2) and C(x3, y3) 18 i%(ﬂ)’z + X2y + X3) — XY — X3Y2 — X1)3).
b Show that the area of a quadrilateral whose vertices taken in order are A(x;, y;),
B(xy, y2), C(x3, y3) and D(xy4, y4) is
i%(xl)b + XY3 + X3Y4 + X4Y1 — XoY1 — X3Y2 — X4Y3 = X1Ya),

where the sign is chosen to provide a positive answer.

12 Two lines have equations a;x + bjy + ¢; = 0 and a,x + b,y + ¢, = 0.
a Show that the lines are parallel if a;b, = a,b;.

b Show that the lines are perpendicular if aja, + bb, = 0.

13 a Show that the line passing through the point (x;, y;) and parallel to the line
ax + by +c = 01isax + by = ax; + by,

b Show that the line passing through the point (x;, y;) and perpendicular to the line
ax + by +c = 01is bx — ay = bx; — ay;.
14 Show that the three lines:
ax+by+c =0
ax+byy+c, =0
ax+byy+c3 =0

are concurrent if a (b2C3 - b3C2) + 02(b3C1 — b1C3) + aj (b16’2 — szl) = 0.
The converse is always true.
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CHAPTER

Number and Algebra

Quadratic equations turn up frequently in mathematics, and being able to
solve them is a fundamental skill.

The ancient Babylonians were solving quadratic equations more than
5000 years ago!

In this chapter, we will revise and extend the basic methods of solving
equations based on factorising, and then explore how to solve quadratic
equations when the factorising method does not work. Techniques include

completing the square and determining a general formula for the solution of
quadratic equations.
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Solution of quadratic equations

Equations that can be written in the form ax? + bx + ¢ = 0, where a # 0, are quadratic equations.
In ICE-EM Mathematics Year 9, we learned some of the methods of solving quadratic equations.

The method you learned used the following idea. If the product of two numbers is zero, then at least
one of the numbers is zero.

In symbols, if mn = 0, then either m = 0 or n = 0 (or both).

To solve a quadratic equation ax? + bx + ¢ = 0, you should first attempt to factorise the quadratic
expression on the left to express it as a product of two factors and then use the above idea.

Example 1

Solve each equation.
a x2-6x=0 b x2-5x+6=0

a x2-6x=0
x(x—=6)=0
Hence,x =0 or x—-6=0

SO x=0 or xX=6

b x2-5x+6=0 (Look for two numbers with a product
that is 6 and that sum to —5.)
x-2)(x-3)=0
Hence, x —2=0 or x—-3=0

So x=2 or % =23

We can check by substitution that the two numbers obtained are solutions to the original equation.
For example, in Example 1b:

Ifx=2: Ifx =3:

LHS = x> —=5x+ 6 LHS = x> —-5x+6
=22-5%x2+6 =32-5%x3+6
=0 =0
= RHS = RHS
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5A SOLUTION OF QUADRATIC EQUATIONS «a

Solve:

a x2-16=0 b x2+16=0

a There are two ways we could do this. The simpler way is to write:
x2 =16
x=4 or x=-4
[ Alternatively, we could factorise using the difference of two squares identity. |
x> -16=0
x-4dHx+4)=0

x=4=0 or x+4=0
x =4 or x=-4
b We write the equation as x> = —16. There is no solution, since the square of any real

number is positive or zero. This equation has no solution.
Note: x* + 16 cannot be factorised.

Always remember to move all of the terms onto the left-hand side of the equation when you want to
solve a quadratic equation by factorising.

Solve:
a x2 =17x b x2=7x-6
a x? =17x b x2=Tx-6
x2=17x =0 x> -Tx+6=0
x(x=17)=0 (x—6)(x-1)=0
x=0 or x—-17=0 x—6=0 or x-1=0
x=0 or x =17 x=6 or x =1

Note: A very common mistake is to ‘cancel out the x’ in the first line of part a above and obtain
x = 17. You should never do this — you must always factorise. Otherwise, you will lose the
solution x = 0.

137

CHAPTER 5 QUADRATIC EQUATIONS
ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.




5A SOLUTION OF QUADRATIC EQUATIONS

‘ Quadratic equations

e |[fmn =0, thenm = 0orn = 0 (or both).

* To solve a quadratic equation using the factorising method, move all terms to the
left-hand side, factorise and use the result stated above.

e If a pronumeral is a common factor, never divide by it — instead, always factorise.

Factorising general quadratic expressions

We will review a method of factorising general quadratic expressions when the coefficients do not
have a common factor. There are a number of such methods, but we will only give one method here.

To factorise, for example, 3x? + 11x + 6, we go through the following steps.
First, we multiply the coefficient of x? by the constant term.

3x6=18

Next, we find two numbers with product 18 and sum 11, the coefficient of x. The numbers are
9 and 2. Using these numbers:

32 +1lx+6=3x2+9% +2x + 6 (Split the 11x term into 9x + 2x.)
=3x(x +3)+2(x +3) (Factorise in pairs.)
=(x+3)3Bx+2) (Take out the common factor, (x + 3).)

It doesn’t matter if we split 11x as 2x + 9x instead.
Thus, 3x2 + 11x + 6 = (x + 3)(3x + 2).
This is the method presented in Section 3G of this book.

Example 4

Solve:
a 3x2+1lx+6=0 b 6x2+7x+2=0

a 32 +11lx+6=0

(x+3)3x+2)=0 (Using the factorisation shown above.)
x+3=0 or 3x+2=0
x=-3 or x = 2
3
b 6x>2+7x+2=0 (Find two numbers that multiply to give 6 X 2 = 12
and add to give 7. They are 4 and 3.)
6x> +4x +3x+2=0 (Split the middle term.)
2x(B3x+2)+1B8x+2)=0 (Factorise in pairs.)
BGx+2)2x+1) =0 (Take out the common factor.)
3x+2=0 or 2x+1=0
1
X = - or rS =
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5A SOLUTION OF QUADRATIC EQUATIONS ‘a

Note: It does not matter in which order we split the middle term. In the example on the previous
page, we could write 4x + 3x or 3x + 4x, and factorise in pairs. Try it for yourself!

Common factor

If there is a factor common to all of the coefficients in the equation, we can divide both sides by this
common factor.

Solve:
a 10x2 -40x-210=0 b 24x2? = 46x — 10

a 10x> —40x -210 =0
x2—-4x-21=0 (Divide both sides of the equation by 10.)
(x—=T)x+3)=0
x—7=0 or x+3=0

x=7 or o==3
b 24x? = 46x — 10 (Divide both sides of the equation by 2
12x2 - 23x+5=0 and rearrange.)
12x2 - 20x-3x+5=0 (12 x 5 = 60. Find two numbers with a
4x(3x —5)—-1Bx -5 =0 product that is 60 and sum that is —23.
Bx-5M@x-1)=0 The numbers are —20 and —3.)
3x-5=0 or 4x-1=0
5 1
5 = 3 or %= 7

‘ Quadratic equations of the form ax? + bx + ¢ = 0, whena #0

e |f the coefficients have a common factor, divide through by that factor.

e To factorise a quadratic expression such as ax? + bx + ¢, find two numbers, o, and B, whose
product is ac and whose sum is b. Write the middle term as ox + Bx and then factorise.

e To solve a quadratic equation using the factorising method, write the equation in the
form ax? + bx + ¢ = 0, then factorise the quadratic and write down the solutions.
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SOLUTION OF QUADRATIC EQUATIONS

5A

Dowciesn

1 Solve each equation.

ax(x+3)=0 b x(x-7)=0 c 3x(x+5=0

d (x-3)(x+6)=0 e (x+7H(x+9 =0 f x-10)(x-7)=0

g x(5x+4)=0 h (4x+3)3x-2)=0 i Qx+7NDx+4)=0

J 2x=-3)3x+4)=0 k 32x-5)(x+4)=0 1 72-3x)4-3x)=0
2 Solve each quadratic equation by factorising.

a x2-5x=0 b x>+7x=0 c x> +8x =0

d x> -25x=0 e x> =-18x f xzzéx
3 Solve each quadratic equation by factorising.

ax>+9%+8=0 b x2+8x+12=0 ¢ x2+12x+27=0

d x> +12x+36=0 e x2-6x+8=0 f x2+x-6=0

g x>’+x-30=0 h x2+3x-40=0 i x2+4x-60=0

j x>=-Tx+6=0 k x2-7x+12=0 1 x2-10x+25=0

m x2—18x+32=0 nx?>—4x-21=0 0o x> —20x+100 =0
4 Solve, if possible:

a x? =8 b x?=17x - 16 ¢ 3x-x?2-2=0

d x>+4=0 e 15=8x—x? f —-100-x2=0

g x> =-3x h 72 =20-nh i x2+9=0

j 9a-10 = —a? k 8y=y>+7 1 a>-1=0

~ e S Solve each equation by first dividing both sides by a common factor.

a2x’+6x+4=0 b 3a®> —15a+18 =0 ¢ 4x?+8x—140=0

Example 4 | 6 Solve:

a 2x>+1lx+12=0 b 3x2 +13x+4 =0 c 2> +7x+6=0
d 2x>-3x-2=0 e 2x2-9x+9=0 f 3x2-10x+8=0
g 10x2+23x+12=0 h 6x2 —17x +12=0 i 8x2=6x+5
j12x2=x+6 k 12x> =5x+2 1 6x2+11x =10
m 3x2 = 19x + 14 nS5x?2+17x+6=0 0 12x*> -31x-15=0
p 15x2 +224x =15 q 72x> —145x+72 =0 r 6+5x—-6x>2=0

7 Solve each equation, remembering first to divide both sides by any common factor.
a 12x2 -22x+8=0 b 72x> - 78x—-15=0 c 12x> -21x+9=0
d 10x2+5x-30=0 e 72x> —228x+120=0 f 90x? = 75x + 60
g 100x? —290x + 100 = 0 h 160x? +136x +24 = 0 i 10x2-25x+10=0
j 28x2 —49x-105=0 k 42m?> -2m—-4=0 1 8x% +46x—70=0
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Rearranging to standard form

In many mathematical problems and applications, equations arise that do not initially appear to be
quadratic equations. We often need to rearrange these equations to the standard form for a quadratic
equation.

Some equations involve fractions in which the pronumeral may appear in the denominator. You will
need to take care when solving these. We always assume that the pronumeral cannot take a value
that makes the denominator equal to zero. It is a wise idea to check that your answers are the correct
solutions to the initially given equation.

Example 6

Solve:
al+§=i b x:5x_4
x  x2 x
5 6
a =
x  x?
x> +5x =6 (Multiply both sides of the equation by x2.)
2 +5x-6=0

x+6)(x—-1)=0

x=-6 or x=1

We can check that these are the correct solutions by substitution.

If x=-6: If x=1I
LHS=1—§andRHS=£ LHS=1+§-andRHS=9
6 36 1 1
i o s =6
6 6 so LHS = RHS
so LHS = RHS
b ‘= S5x -4
x
x> =5x-4 (Multiply both sides by x.)
x2-5x+4=0 (Rearrange.)

x=-Dx-4)=0
x—1=0 orx—-4=0

x=1 or x=4
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5B REARRANGING TO STANDARD FORM
£ o meewemesose ey

Another standard technique in algebra that is useful in the solution of equations is
cross-multiplication. This is using the result:

4_ 5% equivalent to ad = bc
b d
Example 7
-2
Solve = = 2
X
x-2_5
3 X
x(x—2)=3%x5 (Multiply by 3x.)
x2-2x =15
x2-2x-15=0 (Rearrange.)

x+3)(x=5=0
x+3=0 or x—-5=0

x=-3 or x=5

Example 8

x+1 3

x—1 x+2

Solve =1

x+1 3

x—1 x+2

el i] =(x-Dx+2) (Multiply by (x — 1)(x + 2).)

(x—l)(x+2)[
x—1 x+2
x+Dx+2)-3(x-1D=(x-Dx+2)

2 +3x+2-3x+3=x2+x-2

—x+5=-2
—-x = =7
x =17
Check solution:
Whenx=7,LHS=§—§=ﬂ—l=landRHS=1.
6 9 3 3
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Nl —
.

1 Solve:
1
a x(x—=7)=18 b x* =4(x+38) c x2:5(5x+12)
d 5(x% +5) = 6x2 e 3x2 =4(x*+4) f x+Dx-1D=2(x+1)72
g x(x—-3)=2x(x+1) h (x-4)x-2)=3 i O+x)09-x)=17
2
J Qx-D@Bx+1 =11 k 5x2x-3)+72x-3)=0 1 3x—8=%
6,7,8
ax+5=— bgzx—Z c é—x=
X X X
dx—1=g e x+§=7 f x+£—18
X X X
x+1 10 x+1 5 9
= o h = i x+—=-=
3 X 4 X X 2
j 2 __x K 1 _1 I 4 5 _3
2x -3 4x -6 x—1 x+3 35 x—1 x+2 «x
m 6(4x+5)+-@x+5=0 n —_+2+t3_10
X x+3 2 3
3 The rectangle on the right has area 50 cm?.
a The width is x cm. Find the length of the
rectangle in terms of x. 50 cm? xcm

b The rectangle is extended by 5 cm to
form a square. Form a quadratic equation and find x.

Applications of quadratic

equations

When we apply mathematics to real-world problems, we often obtain equations to solve. In many
cases, these equations are quadratic equations. It is extremely important to keep in mind that some
of the solutions we obtain to the equations may not be solutions to the real-world problem. For
example, a quadratic equation may yield negative or fractional solutions, which may not make sense
as answers to the original problem.

143

CHAPTER 5 QUADRATIC EQUATIONS
ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.




5C APPLICATIONS OF QUADRATIC EQUATIONS
AT e cMEMerGer AWERme Beewes
Example 9

The formula for the number of diagonals of a polygon with n sides is D = %(n —3).

How many sides are there in a polygon with 35 diagonals?

D = 35, so%(n—3)=35

n(n—3)=70  (Multiply both sides by 2.)
n?>-3n-70=0
(n-10)(n+7)=0
n—10=0 o n+7=0
n=10 or n=-7
The value n = —7 does not make sense in this problem.

Hence, the polygon has 10 sides.

Example 10

A rectangle has one side 3 cm longer than the other. The rectangle has area 54 cm?. What is
the length of the shorter side?

Let x cm be the length of the shorter side. The other side has length (x + 3) cm.
Area = x(x + 3) = 54 cm?
x?+3x-54=0
x-6)(x+9 =0
x—=6=0 or x+9=0

x=6 or x=-9

Since length must be positive, the solution to the problem is x = 6.

Hence, the shorter side has length 6 cm.
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5 APPLICATIONS OF QUADRATIC EQUATIONS NET
C ) Exercise 5C

Use quadratic equations to solve each problem. Clearly define any pronumerals introduced into
your solution.

-5 1 The formula for the number of diagonals of a polygon with n sides is D = %(n -3).
How many sides does a polygon with 44 diagonals have?

2 The length of a rectangle is 4 cm greater than its width. If its area is 96 cm?, find the length
of the rectangle.

3 The sum S of the first n positive integers (thatis, 1 + 2+ 3 +... + n) isgivenby S = g(n +1).
What value of n gives a sum of 136 ?

4 A number is squared and then doubled. The result is 45 more than the original number.
What is the original number?

5 The difference of two numbers is 16 and the sum of their squares is 130. Find the two
numbers.

6 A triangle has base length 4 cm greater than its height. If the area of the triangle is 48 cm?,
find the height of the triangle.

7 A piece of sheet metal measuring 50 cm X 40 cm has squares cut out of each corner so that
it can be bent and formed into an open box (with no lid) with a base area of 1344 cm?. Find
the dimensions of the box.

8 Find two numbers such that the sum of their squares is 74 and their sum is 12.
9 A man travels 108 km at a constant speed and finds that the journey would have taken
4% hours less if he had travelled at a speed 2 km/h faster. What was his speed?
10 The perimeter of a rectangle is 40 cm and its area is 84 cm?.
a If the width of the rectangle is x cm, express the length of the rectangle in terms of x.

b Find the length and width of the rectangle.

11 A rectangular swimming pool 12 m by 8 m is surrounded by a concrete path of uniform
width. If the area of the path is 224 m?2, find the path’s width.

12 In aright-angled triangle, one of the sides adjacent to the right angle is 4 cm longer than the
other side. The area of the triangle is 48 cm?. Find the length of each of the three sides.

13 A train travels 300 km at a constant speed. If the speed had been 5 km/h faster, the journey
would have taken 2 hours less. Find the speed of the train.

14 One of the parallel sides of a trapezium is 5 cm longer than the other, and its height is
half the length of the shorter parallel side. If the area is 225 cm?, find the lengths of the
parallel sides.
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Perfect squares and

completing the square

Perfect squares
In most of the examples we have looked at so far, the quadratic equations had two solutions.

If the quadratic expression is a perfect square, then there is only one solution to the equation.

Example 11

Solve:
a x>2-6x+9=0 b 9x> -12x+4=0
| sofion
a x2-6x+9=0 b ox? —12x+4 =0 (9 x 4 = 36. Factors
(x=3)(x-3)=0 9x2 —6x—-6x+4=0 of 36 that sum to —12
(x=3)2 =0 3xB3x—2)—2B3x—2)=0  are —6 and —6.)
x=3 Bx-2)3x-2)=0
(Bx—2)2 =0
2
)

Note: perfect squares can also be factored ‘on inspection’ using the identities
a’ + 2ab + b*> = (a + b)? and a* — 2ab + b* = (a — b)*.

Completing the square
What number must be added to x> + 6x to make a perfect square?
It is 9, which is the square of half of the coefficient of x, because x> + 6x + 9 = (x + 3)%.

The process of completing the square is an important technique that has many important
applications. This section is a basic introduction to this technique.

The key step in a monic expression is to take half the coefficient of x and square it.

Now consider the quadratic expression x> + 2x — 6. Focus on x% + 2x.

(In the diagram, a 1 X 1 square must be added to ‘complete the square’.) x 1
We say that the related perfect square is x> + 2x + 1.
x?+2x-6=x>+2x+1-1-6  (Addand subtract1.) x x? x
=(x>+2x+1) -7
=(x+1)? -7 1 x 1

This process is called completing the square.
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5D PERFECT SQUARES AND COMPLETING THE SQUARE ca!
Example 12

a What number must we add to x> — 12x to produce a perfect square?
b What number must we add to x> + 3x to produce a perfect square?

a Half the coefficient of x is —6. Its square is 36, so x> — 12x + 36 = (x — 6)°.
Hence, 36 must be added to produce a perfect square.

b Half the coefficient of x is % Its square is %

2
So x2+3x+2:(x+§).
4 2

Hence, % must be added to produce a perfect square.

‘ Perfect squares and completing the square

e If the quadratic expression is a perfect square, the corresponding quadratic equation has
only one solution.

* To complete the square for the expression x? + bx, take half the coefficient of x (that is, %)

b 2
and add and subtract its square, (Ej .

Example 13

Complete the square.

a x2+6x+8 b x2+3x-5

a x2+6x+8=x*+6x+9-9+8
=(x+32-1

b x2+3x—5:(x2+3x+2)—2—5
4 4
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‘ 5D PERFECT SQUARES AND COMPLETING THE SQUARE

Completing the square for non-monic expressions

When the co-efficient of x2 is not 1, then this value needs to be factored out of the quadratic
expression before the process of completing the square can be applied. The final step is to multiply
both the perfect square and the constant term by this factored out value.

Example 14

Complete the square.

a —x>+2x+5 b 3xZ +12x -1 c 2x2— Sx+1
a —x2+2x+5 b 3x2+12x-1
—_ _(+2 _ _
= = 2x =) _ 3% +4x— 4
=—[(x*-2x+1)-1-75] 3 1
= —[(x - 1> - 6] =3[(x2+4x+4)—4—§:|
=—(x-1D2+6
= 3[()6 +2)? - E}
3
=3x+2)?%-13

¢ 2x2+5x+1

2
:2|:(x2+5_+2_5)_2_5+l:|
2 16 16 2
2
=2(x+§ 5
4 16
2
=2(x+§) U
4 8

Doecier

Example 11 | 1 Solve:

ax2+2x+1=0 bx?+4x+4=0 c x2+8x+16=0
1
dx2-10x+25=0 ex2+x+Z:0 fx2—3x+%=0
4 4 3
g x2——x+—=0 hx2+—x+2=0 i 9x2-6x+1=0
5 25 2 16
j25x2+10x+1=0 k 25x2 = 20x+4=0 1 49x2+28x+4=0
m 49x2 —70x +25=0 n9x2+30x+25=0
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N,
2 Which of these expressions is:

a the result of a perfect square expansion?

b a difference of squares expansion?

i x2+8x+16 i x2-16 i 2x2 +3x+1
iv 9-—y? v 25-10x + x? vi x?+4x+1
vii 4x? - 25 viii x2 +9 ix 4x>+12x+9
X 64 —494° xi b*>-6b+38 xii 36a* — 49b°
3 What must be added to each expression to make it a perfect square?
a x? +4x b x? + 8x ¢ x> —10x
d x? —12x e x2+20x f x2 +3x
g x> +x h x? - 7x i x2—-11x
4 Complete the square:
a x> +6x+10 b x> +8x-5 c x2+12x-10
d x2-10x+6 e x2—6x-38 f x2-20x+5
g x2+3x-2 h x> +x+1 i x2-5x+6
j x2-x-10 k x2+3x+7 1 x2-1lx+1
S Complete the square:
a 3x2 +6x+12 b 5x2 +30x + 10 ¢ 3x2—12x +15
d-—x>-2x+4 e —x>+8x-10 f 4-6x—x°
g 3x2—6x-1 h 2x2 — 12x + 33 i 4x? —48x +99
j 2x2+3x+2 k 4x? —x—4 1 3x2-8x+9
m 5x% - x +1 n2x2-5x-7 04— x—3x?

Solving quadratic equations by

completing the square

In all our examples so far, the quadratic expression factorised nicely and gave us integer or rational
solutions. This is not always the case. For example, x> — 7 = 0 has solutions X = V7 and x = —/7.

. Quadratic equations with integer coefficients

Quaderatic equations with integer coefficients can have:
* integer or rational solutions, for example, x2 —1=0
e solutions involving surds, for example, x2 =7 = 0

* no solution, for example, x? + 1= 0.

The method of completing the square enables us to deal with all quadratic equations.

CHAPTER 5 QUADRATIC EQUATIONS
ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.




‘ 5E SOLVING QUADRATIC EQUATIONS BY COMPLETING THE SQUARE

Historically, quadratic equations were solved by completing the square. This method always

works, even when we cannot easily factorise the quadratic expression. A typical example is
2 —

x“+2x-9=0.

Here are the steps for solving the quadratic x> + 2x — 9 = 0.
We first complete the square on the left-hand side. Half the coefficient of x is I; its square is 1.
X2 +2x+1)-1-9=0 (Add and subtract the square of half
the coefficient of x.)
(x+D>-10=0

(x+D?=10
x+1=410 or x+1=-10
Finally,x:—1+\/m or x=-1-410

These two numbers are the solutions to the original equation. Note that checking by substitution is
hard. It is more efficient to check each step in the calculation.

Example 15

Solve x2 —6x -2 = 0.

Method 1
x2—-6x-2=0
x2=6x+9)-9-2=0 (Complete the square.)
(x=-3)?2 =11
x-3=411 or x-3=-1
Hence,x = 3++/11  or x =3-11.
Method 2
x> -6x-2=0
x2—6x=2
x> —6x+9=2+9
(x-3)?2 =11
x=3=+11 o x-3=-11
Hence, x =3+ /11  or x =3-11.

Method 1 and Method 2 are essentially the same. Adding and subtracting a number on one side of
an equation has the same effect as adding that number to both sides of the equation. When solving
quadratic equations, we will generally use Method 2.
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5E SOLVING QUADRATIC EQUATIONS BY COMPLETING THE SQUARE u«a
Example 16

Solve:
a xX2+8x+6=0 b x2-7x-3=0

a xX2+8x+6=0
x? +8x=-6
2 +8x+16=-6+16

(x+4)? =10
x+4 =410 or x+4=-410
Hence, x=—-4+10 or x = —4 - 10.
b ¥ -7x-3=0
x2-7x=3
4 4
x2 — Tx + 79 =3+ 79 (Complete the square.)
( 7)2 61
x——| =—
2 4
7 61 7 61
xX——=— or x——=———
2 2 2 2
7 + /61 7 - 61
x:T or x = >

Example 17

Solve 3x2 +5x —1=0.

3x2+5x—-1=0

3x2+5x =1
x% + S?X = % (Divide all terms by the coefficient of x2.)
, 5x 25 1 25
X2+ = s s
3 36 3 3
[ 5)2 37
x+2| ==
6 36
5 37 5 37 37 37
X+==— or x+-—=——— — =
6 6 6 6 36 6
—5+37 —5— 37
x=——0—— o X = c

CHAPTER 5 QUADRATIC EQUATIONS
ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



‘I 5E SOLVING QUADRATIC EQUATIONS BY COMPLETING THE SQUARE

There are quadratic equations that cannot be solved. Consider, for example,
x2 —6x+12=0.

X2 —6x+12=0
X2 -6x+9-9+12=0

(x=32+3=0
(x-3?=-3
Since (x — 3)? > 0 for all values of x, there is no solution to the equation (x — 3)> = 3.

‘ Solution of quadratic equations by completing the square

* To solve a quadratic equation of the form ax? + bx + ¢ = 0 by completing the square, we:
— move the constant, ¢, to the right-hand side
— divide all terms by the coefficient of x?, a ,
— add the square of half the coefficient of x, (%j , to both sides of the equation
- solve for x.
e Fractions and square roots often occur in this procedure.
e We can also show that a quadratic equation has no solution using this procedure.

D ezt

1 Solve:
ax’>-5=0 bx>-11=0 c2x2-6=0
d4x2-8=0 e 50-5x2=0 f 40-8x2=0
2 Solve each equation by completing the square.
ax2+2x-1=0 bx?>+4x+1=0 ¢ x2—-12x+23=0
dx>+6x+7=0 e x>-8x—-1=0 f x2+8x-4=0
g x2+10x+1=0 hx2+12x-5=0 i x2-10x-50=0
j x2+20x+5=0 k x2-100x—-80=0 1 x2-50x+10=0
3 Solve each equation by completing the square.
ax2+x-1=0 bx?>-3x+1=0 cx2-5x-1=0
dx?+3x-2=0 e x2+5x—-4=0 f x>-3x-5=0
g x2—7x-100=0 hx?>-3x-6=0 i x>2-9x-5=0
jx2-x-5=0 kx2-3x+1=0 1 x2-5x+3=0
4 Solve each equation by completing the square.
a3x?-12x+3=0 b3x2+6x-12=0 c —x2-2x+4=0
d —x>+8x-10=0 e x> -6x+12=0 f 3x2+24x-12=0
g 2x>-3x-2=0 h3x>?-8x-6=0 i 4x2-x-4=0
jSx?+x-1=0 k 2x> -5x-3=0 1 3x2+10x-15=0
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-

mixeliy_1-0
6 3

n ixz—gx—3=0
4 2

0 V2x2 —4x-2J2=0

S Solve the equations. Some of them will factorise by trial and error, for some you will have

to complete the square, and some will have no solution.

ax?+6x-8=0
dx?-4x-3=0
g 2x>+5x+2=0
j x>+6x-5=0
mdx? -25=0
p3x>-3x-36=0
s 6x2+x—-12=0
v3x2+6x+2=0
y 12x2+5x-2=0
6 Solve:

ax(x+2)=5

dx+i=—6
X

The quadratic formula

b x?2-3x-10=0
e x2+x-6=0
h3x2-2x-1=0
kx>+4x+6=0
nox?-1=0
q4x>?-5=0

t 12x2+23x+5=0
w2x2-8x+5=0
z4x>—x+4=0

bx(x-2)=1

¢c x2+6x-7=0
f x2-x-3=0

i x2+2x-5=0

1 x2-6x+10=0
02x>+4x-70=0
r 9x2+7=0
ux2+6x+9=0
X 5x2+2x-5=0

cx=—-4
X

¢ x+3=2_x

X 3

The method of completing the square always works. From this it is possible to develop a general
formula for the solutions, if they exist, of a quadratic equation in terms of the coefficients in the
given equation. This formula is known as the quadratic formula. If you are interested in computer
programming, you may like to write a program that inputs the coefficients of a quadratic and uses

the formula to find the solutions.

To derive the formula, we start with a general quadratic equation of the form:

ax> +bx+c=0, wherea#0

And begin to solve for x.

ax? + bx = —¢
—c

X2 +=x=—
a a
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5F THE QUADRATIC FORMULA
A s meewenmeremAMs

If b2 — 4ac is negative, the equation has no solution.

If b — 4ac is positive or zero, then we can solve for x and obtain:

b b*— 4dac
X+ — =t ——
2a 4a?
\b*— 4ac \Jb*— dac
2a 2a
—b + /b*— 4ac —b — |b*— 4ac
X = or
2a 2a

Summarising the result:

When solving ax? + bx + ¢ = 0, first calculate b — 4ac.

 If b> — 4ac is negative, then there is no solution.

—b 4+ \b? — dac —b —b?* — 4ac

 If b — 4ac is positive, then x = or x =
2a 2a

e If b2 — 4ac = 0, then there is one solution: x = 2—
a

You do not need to remember the details of the derivation of this formula, but you should memorise
the formula.

Example 18

Use the quadratic formula to solve:
a x>-Tx+12=0 b x2+3x-1=0 ¢ x>-10x-3=0

a Herea=1,b=-7,¢c=12,
so b? — 4ac = (-7)* - 4(1)(12)

=49 -48 =1
_ —b +b? — 4ac o x = —b —b? — 4ac
2a 2a
7+ 7 — il
7= or x=
2 2
x=4 or x=3

Note that this equation is much easier to solve by factorising.
(continued over page)
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5F THE QUADRATIC FORMULA «a

b Herea=1,b=3,c=-1,
s0 b? — 4ac = (3)* — 4(1)(-1)

=9+4=13
‘= —b +\b? — dac or = —b — \b? — dac
2a 2a
2] Vi =3 /13
x:T or sz

¢ Herea=1,b6=-10, ¢ = -3,
so b? — 4ac = (-10)*> — 4(1)(-3)

=100+12 =112
—b + Jb>— dac —b—Ib> - dac
X = or x =
2a 2a
10 + V112 10 — V112
x=—" or x=———
2 2
10+ 4 10 — 4
P O+Tﬁ o = OTﬁ (Simplify the surd.)
2(5 + 2J7) 2(5 - 2J7)
xX=—" or x=——"2
2 2
x=5+27 or x=5-2J7 (Cancel common factors.)

Example 19

Use the quadratic formula to solve x> — 3x — 5 = 0, giving your answers correct to
two decimal places.

Herea =1, = -3,¢c = -5,
so b? — 4ac = (-3)? — 4(1)(-5)

=9+20=29
3+429 3-429
X = or X=
2 2
x = 4.19 or x=-1.19 (Correct to two decimal places.)
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5F THE QUADRATIC FORMULA
A s meewenmeremAMs

Solving quadratic equations — a summary

We now have three methods for solving a quadratic equation:
— completing the square
— factorisation
— the quadratic formula.

* Itis a good idea to calculate b*> — 4ac first to check that it is positive or zero, otherwise there will
be no solution.

* Only use the quadratic formula or complete the square if you cannot see how to factorise the
quadratic expression.

* When you use the quadratic formula, take care to simplify the surd and cancel any common
factors.

* A quadratic equation for which the coefficient of x?is 1 and in which the coefficient of x is even
can be solved more quickly and efficiently by completing the square than by using the quadratic
formula. You should be in the habit of using both methods and, for a given situation, choosing the
one you think will be the faster.

Example 20

Solve each quadratic equation, using any method.
a x>-9x+14=0 b x>2-8x-1=0 ¢ 3x2-7x+1=0

a This quadratic equation factorises easily.
x> -9x+14=0
x=-2)(x-7)=0

x=2 or x=7

b This quadratic equation does not factorise easily, but the coefficient of x is even.

x2-8x-1=0
x> -8x =1
x2-8x+16=1+16
(x—-4)? =17

x=4+17 or x=4-17
¢ The quadratic formula is best here.
3x2-Tx+1=0
Nowa =3,b=-7,¢c =1,
so b — 4ac =49 — 12
=37
_ 74437 or 7- 37

6 6

X
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5F THE QUADRATIC FORMULA «‘

The Discriminant

The discriminant is the name given to b> — 4ac, the part of the quadratic formula under the square
root sign. It is often denoted by the capital Greek letter delta, A (i.e. A= b — 4ac).

As noted, the discriminant can be used to determine the number of solutions in the quadratic equation.
However, when a, b and ¢ are rational numbers, and A > 0, it also determines the nature of the

solution. If the discriminant is the square of a rational number (for example, 64, 1, 25, i or %}, then

the solutions are rational numbers. Otherwise, the solutions contain a surd.

Example 21

Determine the number of solutions in the following quadratic equations. Where solutions
exist, state their nature.

a 3x2+8x+1=0 b 4x2+7x+5=0
¢ 9x2 —60x +100 =0 d 8x2-2x-3=0

a Herea=3,b=8,c=1,
SO b% —4ac =64 —-12
=52
A= 52,50 A> 0 and not the square of a rational number.
Therefore, the equation has two irrational solutions.
b Herea=4,b="7c¢ =35,
so b? —4ac =49 — 80

= =31
A= -31, soA< O,
Therefore, the equation has no solutions.
¢ Herea=9,b=-60, c =100,
so b? — 4ac = 3600 — 3600
=0
A=0
Therefore, the equation has one rational solution.
(Note: The value of the single solution is easily determined using the formula,
b 60 10
24 18 3
d Herea=38,b=-2,c=-3,
so b?> —4ac = 4 + 96
=100

A =100, so A > 0 and the square of a rational number.

Therefore, the equation has two rational solutions.

Note: If the discriminant is positive and the square of a rational number, then the expression can
usually be factorised easily.
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5F THE QUADRATIC FORMULA
e e
‘The quadratic formula for ax? + bx + ¢ = 0

e First calculate A = b2 — 4ac.
e If Ais negative, then the equation ax?+ bx + ¢ = 0 has no solution.

e The solution of ax? + bx + ¢ = 0, with a # 0, is given by:

_ —b +\b? - 4ac —b —\b? - 4ac

or x =
2a 2a

provided that A is positive or zero.

D ooz

1 Use the quadratic formula to solve each quadratic equation. Give your answers in simplest

o X

surd form.

ax?-8x+1=0 bx?2-2x-8=0 cx?-3x-1=0
dx?>-4x-12=0 e x2+5x+2=0 f x2+9x+3=0
g x2-8x+2=0 hx>+2x-4=0 i x2+12x+3=0

2 Use the quadratic formula to solve each quadratic equation. Give your answers in simplest

surd form.

al3x?+2x-7=0 b 5x>+3x-1=0 c 4x>—-6x+1=0
d 7x>-9x+2=0 e 5x2+3x-2=0 f 7x>-x-1=0
g 2x>+12x-1=0 h 3x2-20x-2=0 i 3x2-4x-5=0

3 Use the quadratic formula to solve each quadratic equation, giving your answers to two
decimal places where appropriate.

asx2-7x-1=0 b x2-8x+1=0 c x2-3x-10=0
d x2+15x+3=0 e 2x2—-10x+12=0 f 5x2-15x-7=0
g 2x?-5x-2=0 h 5x2-3x—-1=0 i 2x2—-7x+1=0

- v 4 The quadratic formula states that the solutions of a quadratic equation are given by

‘= —b +b* — 4ac or —b —b* — 4ac

2a 2a
a What can you conclude about the number of solutions of a quadratic equation if:
i b?—4dac<0? ii b2 —4ac=0? iii 5% — 4ac > 0?

b Determine the number of solutions of each quadratic equation, and where they exist, state
their nature. You do not need to find the solutions.

i x2+8x-5=0 ii 3x2—-7x+2=0 fii x2+6x+9=0
iv 4x2—-4x+1=0 v 2 +7x+13=0 vi 2x2+11x+17=0
vii 3x2—-4x-2=0 viiik 2x24+3x+7=0
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In each problem, introduce one pronumeral, and then construct and solve a quadratic
equation. Remember to check that your solutions make sense.

a What positive real number is one more than its reciprocal?

b A rectangle has length 5 cm greater than its width. If the area of the rectangle is 30 cm?,
find the width of the rectangle (correct to two decimal places).

¢ Consider the triangles ABC and DEF, A D
which have side lengths and angles as
marked. y F
c £ ¥
Use similar triangles to find the value B x+2

of x in surd form.

The interval AB is extended to point P so that AB x AP = BP?.

A B P

If AB = 8 cm, find the lengths of AP and BP.

A farmer sells sheep at $75 a head. The sheep cost $x each. The farmer finds she has
made x% profit on the sale of the sheep. Find x.

Find two numbers whose difference is 5 and the sum of whose squares is 100.

An investor invests $10 000 at x% p.a. compound interest for 2 years. He finds that he
receives $20 more in interest than if he had invested it at a simple interest rate of x% p.a.
Find x.

A car travels 500 km at a constant speed. If it had travelled at a speed 10 km/h less, it
would have taken 1 hour more to travel the distance. Find the speed of the car.

A rectangular field is 405 m? in area, and its perimeter is 200 m. Find the length of its sides.

Solve each quadratic equation, using any method.
ax?—-11x+28=0 bx?-12x-4=0 ¢ 3x2+2x-6=0

Review exercise

1
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Solve each quadratic equation by factorising.

a x2-3x-18=0 b 3x>+5x-2=0 c2x2+x-1=0
d 6x2+7x=3 e x2=l(5x+12) f x+%=—2
2 X 2
g x(x—2)=38 h (x-Dx+D)=2x+1? i 2x*>-3x=5
5
j2-7x+==0 k 2x2 =11x -5 1 2x2+11x+5=0
X
m4x>-10x-6=0 n 6x2 =20x -6 0 18x>-12x+2=0
49
p 9x? —42x+49=0 qb6x——+7=0
X
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REVIEW EXERCISE

2 Solve each quadratic equation by completing the square.

ax2-8x+15=0

¢c x2—4x+1=0

e YV +y=3
g x2-3x=7
i 272 +4z7 =064

k 3x2+x-3=0

b?-11t+30=0

x2+2x-1=0
v2-—20v="7
72-27=3

2x2-5x+2=0
4x2 —3x-2=0

o Qoo = P o

3 Use the quadratic formula to find exact solutions to each quadratic equation.

a x2-2x-24=0

c x2+x-1=0

e 2x2+2x-3=0
4 Solve:

ax2-2x-1=0

¢ 4x?-x-1=0
2x-1 1

5 3x+2
S Solve:

ax>2-7x+9=0

¢ 10x> =2x+5

e 4x>-6x=3

g 2x>-5x=1

e

b 2x2+3x-2=0
d 2x2+5x+1=0
f 3x2—-x-1=0

b 2x>+5x =4
dl:x—l
X 4

¢ 2x+1= -X
5 3x -2

b 2x>+7x =3

d 5x2-8x+2=0

f 2x>-9x =4

h 3x>+4x =2

6 For each problem, introduce a pronumeral and construct a quadratic equation to solve it.

a The difference of two numbers is 16 and the sum of their squares is 130. What are the

numbers?

b The perimeter of a rectangle is 50 cm and its area is 144 cm?. Find its length and width.

¢ Two numbers differ by 2, but the difference of their reciprocals is E What are the

numbers?

7 The rectangles shown have equal area. Find the value of x.

2x-5

x+3

x+4
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A man travels 196 km by train and returns in a car that travels 21 km/h faster. If the
total journey takes 11 hours, find the speeds of the train and the car.

A wire 80 cm in length is cut into two parts and each part is bent to form a square.
If the sum of the areas of the squares is 300 cm?, find the lengths of the sides of the
two squares.

The lengths of the sides of a right-angled triangle are (3x + 1) cm, 5x cm and (5x — 2) cm.
Find the area of the triangle.

2 3x+1

Bx—2 €
In the diagram below, ABCD is a rectangle in which AB = 16 cm and BC = 12 cm
and AP = BQ = CR = DS. The area of the shaded figure PQORS is 112 cm?. Find the
length of AP.

Challenge exercise

1
2
3
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Solve the equation x* — 13x% + 36 = 0 by treating it as a quadratic in x?.

Solve the equation (x? — 2x)? — 11(x? — 2x) + 24 = 0.

A golden rectangle is a rectangle such as ACDF below, with sides of length 1 and x,
and with the property that if a1 X 1 square (BCDE) is removed, the resulting rectangle
(ABEF) is similar to the original one. (That is, ACDF is an enlargement of ABEF'.)

a Show that > 1_ L % g — c

b Solve this equation to show that x = # T 1
(This number is known as the golden ratio.) £ 2 ’ D

¢ Check that your answer satisfies the equation in part a. : x '
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CHALLENGE EXERCISE

4 Find a monic quadratic equation that has roots equal to 2 — +/3 and 2 + /3.

S What is the average of the solutions and what is the product of the solutions
of 2x% +14x + 17 = 0?

1 1
6 If xis a solution of x + — = 3, find x% + —-

X X
7 Solve JV7x —3x = 4.

8 Take an isosceles triangle ABC with a base angle of 72° and AB = AC = 1. Bisect one
of the base angles, for example, C (as shown in the diagram) and join CD.

a Prove that triangle ABC is similar to triangle CDB.

b Let BC = x. Prove that x?> + x — 1 = 0 and hence solve for x.
: . 5-1
¢ Drop a perpendicular from A to BC and show that cos 72° = ————.

d Find the cosine of 18° in simplest surd form.

9 A number, x, is defined by:
1

X =

1

2 +
3+

2+1

3+...
where the dots indicate that the pattern continues forever.

1
a As the pattern repeats indefinitely, we can write x = —1 Simplify this to give
a quadratic equation for x. 2+

3+x
b Solve the quadratic equation.
1

1
1
1

1+ ...

¢ Find the number y =
1+

1+
1+

. X—a x+a )
10 Solve the equation = for x, where a is a constant.
x+a 2x-a
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Surface area and
volume

In this chapter, we will review and extend the ideas of the surface area and

the volume of a solid. Problems involving calculating volume and surface area
are very practical and important. Most of the chapter concerns prisms and
pyramids, which are the most common polyhedra. We will also see how to find
the volume and surface area of solids such as cones, cylinders and spheres.

This chapter contains a number of formulas for volumes and areas.




Review of prisms and cylinders

A polyhedron is a solid bounded by polygons called faces.
Two adjacent faces meet at an edge and two adjacent edges meet at a vertex.

A prism is a polyhedron that has two congruent and parallel faces and all its remaining faces are
parallelograms.

A right prism is a prism in which the top and bottom polygons are vertically above each other, and
the vertical polygons connecting their faces are rectangles. A prism that is not a right prism is often
called an oblique prism.

Some examples of prisms are shown below.

e e

A

Oblique rectangular prism

Right rectangular prism Right triangular prism

When we refer to a prism we generally mean a right prism.

A prism with a rectangular base is called a rectangular prism,
while a triangular prism has a triangular base.

You will notice that if we slice a prism by a plane parallel to its
base, then the cross-section is congruent to the base and so has
the same area as the base.

In this chapter, we will use the pronumeral § for the surface
area of a solid and the pronumeral V for the volume of a solid.

Surface areas .
ca
Surface area of a prism
The surface area of a prism is the sum of the areas of its faces. b be
b

A rectangular prism with dimensions a, b and ¢ has six faces. I e s
These occur in opposite pairs; the faces with areas ab, bc and ca each -
occur twice. 4

Thus:

Surface area of a rectangular prism = 2 (ab + bc + ca)

We do not need to learn this formula. We can simply find the area of each face and take the sum of
the areas. The same idea applies to all other types of prisms.

In the diagrams in this chapter, assume that all quadrilaterals are rectangles unless the context
indicates otherwise.
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6A REVIEW OF PRISMS AND CYLINDERS

. Surface area of a prism

To find the surface area of a prism, find the area of each face and calculate the sum of the
areas.

Example 1

Find the surface area of each prism.

a b g

8 cm 8 cm

5cm
12 cm 20em A

6 cm

a The prism has six faces.

Area of top rectangle = 12 X 5
= 60 cm?

Area of front rectangle = 12 X 8
= 96 cm?

Area of side rectangle = 8 X 5
= 40 cm?

Thus, S = 2 x60 +2 %96 + 2 x 40

= 392 cm?
b We need to find the length AB in the diagram. We can find this using Pythagoras’ theorem.
AB? = 6° + 87
= 100

so AB =10 cm
Area of the sloping rectangle = 10 x 20

= 200 cm?
1
Area of each triangle = 2 X 6x8

= 24 cm?

Area of the base rectangle = 6 x 20

=120 cm?
Area of the back rectangle = 8 x 20

=160 cm?
Thus, § = 24 + 24 + 120 + 160 + 200

= 528 cm?
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6A REVIEW OF PRISMS AND CYLINDERS

Surface area of a cylinder

A cylinder is a solid that has parallel circular discs of equal radius at the top and the bottom. Each
cross-section parallel to the base is a circle, and the centres of these circular cross-sections lie on a
straight line. If that line is perpendicular to the base, the cylinder is called a right cylinder. When we
use the word ‘cylinder’ in this book, we will generally mean a right cylinder.

-

0N
N

Right cylinder

-
]

75
=l

Oblique cylinder

We will use a dot (°) to indicate the centre of the circular base or top.

As we did with prisms, we find the surface area of a cylinder by adding up the area of the curved

section of the cylinder, and the area of the two circles.

Surface area of the curved surface

Suppose we have a cylinder with base radius r and height 4. If we roll the cylinder along a flat
surface through one revolution, as shown in the diagram, the curved surface traces out a rectangle.
The width of the rectangle is the height of the cylinder, while the length of the rectangle is the
circumference of the circle, which is 277, so the area of the curved part is 2trh. Thus:

Curved surface area of cylinder = 21rh

2nr

Calculate the surface area of each solid, correct to two decimal places.

a
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6A REVIEW OF PRISMS AND CYLINDERS «a

a This is a cylinder with radius 3 cm and height 8 cm.

2mrh
2XTX3XE

= 487 cm?

Area of curved surface

mr?

T x 32
91 cm?

Area of a circular end

Hence, S = 48t + 9 + 97
= 667 cm?

= 207.35 cm? (Correct to two decimal places.)

b Area of curved section = % X 27rh

=nx10x15
1507 cm?

2

SN SRR

Area of a semicircle X Tr

= —q x 102

= 507 cm?

20 x 15
= 300 cm?

Area of top rectangle

S = 150w + 507 + 507 + 300
(2507 + 300) cm?

1085.40 cm?  (Correct to two decimal places.)

U

Volume
Volume of a rectangular prism

We have seen in earlier work that the volume of a right rectangular prism is given by:

height = h

Zd

area of the base = 4

area of base X height
AXh
AXh

Volume of a right rectangular prism

That is, V
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6A REVIEW OF PRISMS AND CYLINDERS
i emeEveRmemSMBeNEES

Suppose that we have two solids of the same height. If the cross-sections of the two solids, taken at
the same distance above the base, have the same area, it can be shown that the solids have the same
volume. This is known as Cavalieri’s principle.

height = &

Cross-sectional areas are the same.

Cavalieri’s principle allows us to say that the volume V of any rectangular prism, right or oblique, is
givenby V. = A X h.

Volume of a prism 4\
The volume V of a prism, right or oblique, is given by the formula: A —
V = Ah
where A is the area of the base and # is the height, as discussed previously. h
The proof is in five steps. In all of the following, the heightisn. || 1
Step 1: The base of the prism is a right-angled triangle v \A
b b
A
2
a A a 4
2
1 [] 1

The right rectangular prism has volume V = Ah. If it is cut in half, we obtain
. Ah A .
two prisms of the same volume B base area 2 and height /.

Step 2: The base of the prism is a parallelogram of area A

H A = R — 2T, where R is the area of the
rectangle and 7 is the area of each right
angled triangle.

The volume of the prism:

V = hR — 2iT
= h(R - 2T)
= hA

So the formula holds if the base of the prism is a parallelogram.
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6A REVIEW OF PRISMS AND CYLINDERS

Step 3: The base is a triangle ABC

The area of the triangle ABC is half the area of the parallelogram ABCD.
A B

>
/ >
>>

D C

The prism with triangular base ABC is half the volume of the prism with the parallelogram ABCD
as the base. So the formula holds if the base of the prism is a triangle.

Step 4: The base of the prism is a polygon

As an example, the convex hexagon can be cut up into four triangles.

r

Clearly the volume of the prism is:

V = Ah+ Ash+ Ash + Ash
- (Al + A2 + A3 + A4)h
= Ah,

where A is the area of the hexagon.
This argument applies to any right prism.
Step 5: Oblique prisms

Use Cavalieri’s principle exactly as above.

Volume of a cylinder

The area of a regular polygon inscribed in a circle approximates the area of that circle. The greater
the number of sides, the better the approximation. A cylinder has a circular base. Since V = Ah
holds for any polygon-based prism, it seems reasonable that the volume of the cylinder should be the
area of its circular base multiplied by the height.

Thus, the volume of a cylinder with radius r and height % is equal to the area of the circular cross-
section, 772, multiplied by the height, A.

Volume of a cylinder = nr2h

Cavalieri’s principle shows that this also applies to an oblique cylinder.
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6A REVIEW OF PRISMS AND CYLINDERS
i emeEveRmemSMBeNEES

Calculate the volume of each solid.

a : b 15 cm
Z i 3cm
5cm HL
A 10 cm
6cm
c d — .
N
10 14 cm
3 ~
5 cm
a V= Ah b The solid is a triangular prism.
=6x4x%x5 =
= 3 =
120 em = (area of triangular base) X (height of prism)
= (lx10x3)><15
2
= 225cm?
¢ This is a rectangular prism of d This is a cylinder of radius 2.5 cm and
height 10 cm. height 14 cm.
V = Ah V = nr?h
=8x6x10 =nx25x14
= 480 cm’ = 87.5m cm?

' Surface area and volume

e A prism is a polyhedron with two parallel congruent polygonal faces and all other faces
parallelograms.

e The surface area of a prism is the sum of the areas of its faces.

e The surface area of the curved part of a cylinder with radius r and height 4 is given by:
Curved surface area = 2nrh

* The volume of a prism is given by the product of the area of the base A and the height &:

V = Ah
e The volume of a cylinder with radius r and height & is given by:
V = nrh
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‘ Exercise 6A

E 1 Calculate the surface area of each solid.

a b

4 cm

7 cm

6cm

% 9cm
10 cm i : J

9cm

€ 9cm < 40cm f
42 cm
g 10 cm h 13 cm
12 cm { +
B S 12 cm
-
20 cm
18 cm
i 5"cm .] 8 cm : 8cm
g - 5cm
| LN 5o
13 cm .- .

2 The base of a right prism of height 12 cm is an equilateral triangle.

a If the side length of the triangle is 6 cm, use Pythagoras’ theorem to calculate the height
of the triangle.

b Calculate the surface area of the prism.
3 A cube has surface area 486 m?. Find its side length.
4 A cylinder of base radius 8 cm has curved surface area 721 cm?. Find its height.

S A rubbish bin is in the shape of an open cylinder.

a If the bin has radius 15 cm and height 40 cm, find its total surface area (do not include
the lid).

b If the bin has radius 15 cm and curved surface area 3500 cm?2, find the height of the bin,
correct to one decimal place.
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6A REVIEW OF PRISMS AND CYLINDERS

@ 6 Calculate the volume of each solid.

a ; b C

7 cm 12m

10 cm

d 70 mm e f 18cm 30 cm
£ 20mm }/‘
Hs ﬁ )
D 12 cm
40 mm

15 cm

15 cm

6 cm

18 cm

j k 6 cm 1

6 cm

3cm ‘m 20 cm

10 cm

a If AB = 8 cm and BC = 12 cm, find the height of AABC, correct to two decimal places.

b If AD = 24 cm, find the volume of the prism, correct to two decimal places.

8 A manufacturer of drink cans produces cylindrical cans with a volume of 1000 cm?>.
a If the radius of the can is 4 cm, find the height of the can, correct to one decimal place.

b If the height of the can is 8 cm, find the radius of the can, correct to two decimal places.

9 a If a cube has volume 64 cm?, find its side length.

b If a cube has volume 400 cm?, find its side length, correct to one decimal place.
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6A REVIEW OF PRISMS AND CYLINDERS «a

10 A modern sculpture consists of three cubes, with side lengths
0.5 m, 1 m and 1.5 m, respectively, placed on top of each other as
shown in the diagram opposite. Calculate the surface area of the

sculpture. Do not include the base of the large cube in your
calculations.

...................

11 The figure shows a trapezoidal prism. Its ends ABCD and EFGH are congruent trapezia,
with DC = 4 cm and AB = 6 cm. If AE = 15 cm and the volume is 300 cm?, find the height
of the trapezium ABCD.

12 A farmer is making a trough that needs to be filled with
water once each day. The trough is in the shape of a prism
with pentagonal ends, as shown opposite. The farmer has 30cm
60 horses that each drink about 10 L of water per day.
Using the fact that 1 cm? = 1 mL, what is the smallest
length the trough needs to be to water the horses each day?

40 cm

40 cm

13 A cylindrical vase of radius 5 cm and height 14 cm just fits
into a box. Find:

a the volume of the cylinder, correct to two decimal places

b the volume of the box

¢ the volume of unused space inside the box, correct to
two decimal places
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Pyramids

A pyramid is a polyhedron with a polygonal base and triangular sides that meet at a point called the
vertex. The pyramid is named according to the shape of its base.

Square pyramid Triangular pyramid Hexagonal pyramid

If we drop a perpendicular from the vertex of the pyramid to the base, then the length of the
perpendicular is called the height of the pyramid.

A right pyramid is one whose vertex is directly above the centre of its base.

Volume of a pyramid

Here is a method for determining the formula for the volume of a

right, square-based pyramid. )
X

Consider a cube of side length 2x. If we draw the long
diagonals as shown, then we obtain 6 square pyramids,
one of which is shaded in the diagram. Each of these

pyramids has base area 2x X 2x and height x. Let V be 2
the volume of each pyramid.

2x
The volume of the cube is (2x)? = 8x3. Hence:

6xV =8x3
) V=i><x3
3

Now the area of the base of each pyramid is (2x)?> = 4x? and the height of each pyramid
is x, so in this case we can write:

V= 2x

— X X
3
1 2
= —X4x° X x
3
1 .
or V= g x area of base X height

It is possible to extend this result to any pyramid by using geometric arguments and Cavalieri’s
principle. We then have the following important result.

Volume of a pyramid % X base area X height

lAh
3

That is, V
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Example 4

Calculate the volume of a square pyramid with base of side
length 200 m and height 300 m.

200 m

1
V= 3 X base area X height

% x 200 x 200 x 300
4 000 000 m?

The volume of the pyramid is 4 000 000 m?.

Surface area of a pyramid

To find the surface area of a pyramid, we need to find the areas of the surfaces bounding the
pyramid, which will consist of a number of triangles together with the base. You will often have to
use Pythagoras’ theorem in calculating the surface area of a pyramid.

height of triangular face
height of pyramid

VABCD is aright, square-based pyramid with vertex

V and base ABCD, with V vertically above the centre
of the square base. The height of the pyramid is 4 cm
and the side length of the base is 6 cm. Find the surface
area of the pyramid.
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6B PYRAMIDS
i eemeses

We need to find the height VE of triangle VBC,

using Pythagoras’ theorem. Vv A , B
VE? = VO?* + OE? 3cm
= 4% +32 4em T S E
=25
D f C
Hence, VE = 5 cm. O 3m £ 6 cm

Area of AVCB = % X CB x VE

:lx6x5
2

=15cm?
Area of base = 6 X 6
= 36 cm?
Surface area = 4 X 15 + 36
= 96 cm?

Hence, the surface area of the pyramid is 96 cm?.

‘ Pyramids

e A pyramid is a polyhedron with a polygonal base and triangular faces that meet at a
point called the vertex.

e The pyramid is named according to the shape of its base.

e The volume of a pyramid with base area A and height # is given by:

V=1Ah
3

’ Exercise 6B

In this exercise, assume all pyramids are right pyramids unless otherwise stated.

-0t9 1 Inthe diagram opposite, VABC is a triangular v
' pyramid. The base AABC is right-angled, with AC = 6 cm
and BC = 8 cm. The vertex V of the pyramid is vertically 7.5 cm
above A, and VA = 7.5 cm. Calculate the volume B
of the pyramid. n > 8.cm

A 6 cm c
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6B PYRAMIDS

2 Calculate the volume of each of the following pyramids. The area, A cm?, of the shaded

face and the height, 4 cm, are given in each case.

a

\

A=24,h=10 A4=20,h=15
¢ d
P ‘i
A=45h=12

A=72,h=9

3 Calculate the volume of each pyramid.

a

10 cm

%

height =12 cm

height =8 cm

6cm 12 cm

4 When it was built, the Great Pyramid of Cheops in Egypt had a height of 145.75 m and
its base was a square of side length 229 m. Find its volume in cubic metres, correct to one
decimal place.

S Calculate the volume of each solid, giving the answer correct to two decimal places.

a I/I,.4,.4...4,.4..,.4,.4...__ b

10cm = | 7

24 cm | L

20 cm

30 cm

10 cm

CHAPTER 6 SURFACE AREA AND VOLUME
ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.

N



6 In the diagram opposite, VABCD is a square pyramid
and O is the centre of square ABCD. If the height of the
pyramid VO =12 cm and AB = 10 cm, find:

a the length OM, where M is the midpoint of BC
b the length VM
¢ the area of AVCB

d the surface area of the pyramid

7 Use a technique similar to that in question 6 to find the surface areas of these square
pyramids, assuming the vertex is above the centre of the square.

b

6 cm 5cm

8cm 6cm

8 In the diagram opposite, VABCD is a rectangular pyramid.
If VO = 6 cm is the height of the pyramid, CD = 10 cm
and BC = 8 cm, find:

a the height of AVBC
b the height of AVDC

¢ the surface area of the pyramid

6 cm

9 In the diagram opposite, VABCD is a square pyramid, with v
vertex V directly above D.If AB = 8§cm and VD = 6 cm:

a name each triangle in the diagram and state what type of triangle it is
b find the length of:
i ve ii VB iiiva "~ =

¢ find the surface area of the pyramid

Cones

A cone is a solid that is formed by taking a circle and a point, called the vertex, which lies above or
below the circle. We then join the vertex to each point on the circle. Of course, the cone can be in
any orientation.

If the vertex is directly above or below the centre of the circular base, we call the cone a right cone.
In this section, the only cones we consider are right cones, which we will simply call cones.
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The distance from the vertex of the cone to the centre of the circular radius r
base is called the height, A, of the cone.

The distance from the vertex of the cone to the circumference of the

circular base is called the slant height, ¢, of the cone.

. . height & slant height ¢
We will use a dot (°) to indicate the centre of the base.

vertex

Surface area of a cone

To calculate the surface area of a cone, we need to find the area of each surface. To find
the area of the curved surface, we cut and open up the curved surface to form a sector, as
shown below.

VLD

* The arc length of the sector = circumference of the circular base of the cone = 2nr

arc length 2
* The proportion of a whole circle = g -

1 2nr
whole circumference  2nf  /

e Areaofsector A= (%) X wl? = mr!

Thus, the surface area of the curved part of a cone is given by:
Curved surface area = mr/,

where r is the base radius and / is the slant height.

Example 6

Find the surface area of each cone. Give your answer correct to two decimal places.

a @ b 10 cm
<—>

12 cm
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a Wehave r = 4and /¢ = 6.

Area of curved surface = mr/
=nTXxX4xX6
= 241 cm?

Area of base = mr?

= 16m cm?
Thus, S = 24wt + 167
= 401 cm?

U

125.66 cm? (Correct to two decimal places.)

Hence, the surface area of the cone is approximately 125.66 cm?.
b We first find the slant height AB.
By Pythagoras’ theorem:
AB? = 5% +12?
=169
AB =169 cm
Hence, r = S and ¢ = 13.

Area of curved surface

12 cm

Tl
TX5x%x13

651 cm?

Area of base = mr? o 5 A

= 2571 cm?

Then S = 651 + 257 12
= 907 cm?

~ 282.74 cm? (Correct to two decimal places.)

Hence, the surface area of the cone is approximately 282.74 cm?.

Example 7

The curved surface area of a cone is 44 cm? and the base radius is 2 cm. Find, correct to two
decimal places:

a the slant height of the cone b the height of the cone

a Curved surface area of a cone = mr/
Here r = 2, s0 2/ = 44 cm?.

22
!/ = —cm

U

T
7.00 cm (Correct to two decimal places.)
Hence, the slant height is approximately 7.00 cm.

(continued over page)
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6C CONES

b Using Pythagoras’ theorem:

T €m
2
h? +2% = (g) !
T
2
SO = (g) - 22 2.cm
T
=~ 6.71 cm (Correct to two decimal places.)

Hence, the height of the cone is approximately 6.71 cm.

Volume of a cone
The formula for the volume of a cone is the same as the formula for the volume of a pyramid, which

.1 . .
18 5 x area of the base X height. For a cone, the base area is nr2, so:

1
Volume of a cone = —nr2h,

where r is the radius of the base and /4 is the height.

To illustrate this informally, imagine constructing a polygon
inside the circular base of the cone and joining the vertex of the
cone to each of the vertices of the polygon.

This would give us a polygonal pyramid with volume equal to:

é X area of the base X height

The more sides we take in the polygon, the area of the base gets closer and closer to 772, so the

1
volume of the cone equals 3 nr’h.

Example 8

Calculate the volume of a cone with base radius 5 m and height 6 m.

l1'51’2h
3

<
Il

l><1r><52><6
3
50 m3

The volume of the cone is 507 m3.
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‘ Right cones

* In a cone, the distance between the vertex and the centre of the base is called the height,
h, of the cone.

e The length of a straight line joining the vertex to a point on the circumference of the
circle is called the slant height, 7, of the cone.

e The surface area of the curved part of a cone is given by nr/, where r is the base radius
and ¢ is the slant height.

e The volume of a cone is given by:

V= %anh , Where r is the base radius and 4 is the height.

’ Exercise 6C

1 Calculate the total surface area of each cone, including the base. Give your answers correct
to two decimal places.

a 4cm b c R

10 cm 20 cm

7 cm

5cm
2 Calculate the total surface area of each cone.

C 5cm

12 cm

3 The curved surface of a cone of base radius 4 cm has surface area 401 cm?. Find:
a the slant height of the cone
b the height of the cone, correct to four decimal places
4 A cone has base radius 10 cm and total surface area 1000 cm?. Find, correct to two decimal
places:
a the surface area of the curved part of the cone
b the slant height of the cone
¢ the height of the cone

5 a Calculate the area of the sector shown opposite. Give your answer correct to two decimal
places.
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6C CONES g

b If the radii OA and OB are joined together to form the curved surface of a cone, find,
correct to two decimal places:

i the slant height of the cone
ii the base radius of the cone
iii the height of the cone
6 A cone has radius r cm and height /# cm.
alfr=5and h =10, find:
i the slant height of the cone 10 em
ii the surface area of the curved part of the cone o}
iii the angle of the sector we get if we cut the curved part of the cone

b If r = h, find the angle of the sector that produces the curved part of the cone.
7 Calculate the volume of each solid. Give your answers correct to two decimal places.

5cm

6cm

8 cm

c d 6 cm

20 cm 12 cm
12 cm

8 A cone with diameter 6 cm has a volume of 120 cm?. Find the height of the cone, correct

to the nearest millimetre.

9 For the solid shown, find:
a the volume 24 cm

b the total surface area

10 For the solid shown, find:

a the volume [ e [[12m

b the total surface area k

11 A mound of earth is shaped like a cone. It is 6 metres high with a radius of 25 metres. Find
the cost, to the nearest dollar, of moving the mound if it costs $5 to move one cubic metre.
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Spheres

The word sphere comes from the Greek word sphaira, meaning ‘ball’. radius r
Every point on the surface of a sphere lies at a distance r, called the
radius of the sphere, from a fixed point O, called the centre of the
sphere. It is difficult to derive the formulas for the surface area and
volume of a sphere. These formulas are discussed in the Challenge
exercises.

2

We will use a dot (¢) to indicate the centre of a sphere.

Surface area of a sphere
The surface area of a sphere is given by:
S = 4nr?,

where r is the radius of the sphere.

Example 9

Calculate, correct to two decimal places, the surface area of a sphere:

a with radius 6 cm b with diameter 10 cm

a We have

S = 4nr?
=4 X X 6%
= 1441 cm?

=~ 452.39 cm? (Correct to two decimal places.)

The surface area is approximately 452.39 cm?.

b The diameter = 10 cm, so r = 5 cm.

Then S = 4mr?
=4 xmx52
= 1007 cm?

314.16 cm? (Correct to two decimal places.)

U

The surface area is approximately 314.16 cm?.
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Volume of a sphere

The formula for the volume of a sphere is:

4
V =—nr3,
3

where r is the radius of the sphere.

Example 10

Calculate the volume of a sphere with a diameter of 30 m.

The radius is 15 m.

o 3
3

i><7t><153
3

Vv

45001 m?

Example 11

A sphere has volume 2800 cm?. Find the radius of the sphere, correct to the nearest

millimetre.
V= i11',r3
3
2800 = %nr3
5 2800x3
= —8 —

4

/2800><3
r=3(——mM —
41

= 87cm  (Correct to one decimal place.)

The radius is approximately 87 mm.

e The surface area of a sphere of radius r is given by:
S = 4nr?, where r is the radius of the sphere.

e The volume of a sphere of radius r is given by:

vV = gnr% where r is the radius of the sphere.
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Example 10 J

6D SPHERES

) percises0

=D

6

Calculate the surface area, correct to two decimal places, of:
a a sphere of radius 8 cm

b a sphere of radius 15 cm

¢ a sphere of diameter 14 cm

d a sphere of diameter 21 cm

For the solid hemisphere shown opposite, find:

a the area of the flat surface g

b the surface area of the curved part of the hemisphere
¢ the total surface area of the solid hemisphere
A sphere has a surface area of 500 cm?. Find its radius, correct to four decimal places.

A hemispherical tent is made using 28 m? of material. Find, correct to two decimal places,
the radius of the tent if:

a the tent does not have a material floor

b the tent does have a material floor

Calculate the surface area of each object.

b / ¢
10em /i 6 cm
17 cm A
12 cm [
: : \
10 cm
Calculate the volume of each solid. Give your answers correct to two decimal places.
b
e
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7 a Calculate, correct to two decimal places, the radius of a sphere with a volume of

1000 cm?.

b Calculate, correct to the nearest millimetre, the diameter of a sphere with a volume of
3000 cm?.

¢ Calculate, correct to one decimal place, the diameter of a hemispherical bowl with a
volume of 250 cm?.

8 Calculate the volume of each solid. Where appropriate, give your answers correct to two
decimal places.

10 cm

10 cm

9 A spherical soccer ball of diameter 22 cm is packaged in a box that is in the shape of a cube
with edges of length 24 cm. Find, correct to the nearest cm?, the volume of unused space
inside the box.

10 Tennis balls are packaged in cylindrical canisters. A tennis ball can be considered to be a
sphere of diameter 70 mm. If the canister has base diameter 75 mm and height 286 mm, and
each canister holds four balls, find the volume of unused space inside the canister, correct to
two decimal places.

ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Enlargement

In this section, we will investigate what happens to the area and volume of figures under
enlargement.

In the diagram below, AA’B’C” is an enlargement of AABC . The sides of the larger triangle are
three times the lengths of those of the smaller one.

We say that the enlargement factor is 3.

Al
A 15 cm
9cm
5cm
3cm
B 4 cm C B 12 cm ¢
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6E ENLARGEMENT
i eswees

Plane figures and enlargements

Notice what happens when we compare the areas of the two triangles. The area of AABC is 6 cm?,
and the area of AA’B’C’ is 54 cm?. In this case, the area of the larger triangle is 9 times the area of
the smaller one. Since 9 = 32, we see that the area of the smaller triangle is multiplied by the square
of the enlargement factor.

Example 12

By what factor does the area of a circle with radius 2 cm change when we enlarge the radius
by a factor of 57

A circle with radius 2 cm has area T X 22 = 41 cm?2

Enlarging by a factor of 5 gives a radius of 10 cm.

A circle with radius 10 cm has area © x 10 = 1007 cm?.
100t 75

The area has been multiplied by a factor of .
T
(Notice that this is the square of the enlargement factor.)

In general, if each of the dimensions of a plane figure is enlarged by a factor of k, then the area of
the figure is multiplied by a factor of k2.

k
[T ] [T ]
1
1 ] k
1
Area = 1 5 .
Area = k2

Example 13

A regular pentagon has area 45 cm?. If the sides of the pentagon are enlarged by a
factor of 8, what is the area of the resulting pentagon?

The enlargement factor is 8, so the area is multiplied by a factor of 82 = 64.

Hence, the area of the resulting pentagon is 64 x 45 = 2880 cm?.
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Solids and enlargements 1
The diagram to the right enables us to draw the following 1 k
general conclusions. If the dimensions of a solid are S 1
enlarged by a factor of &, then the surface area of the S R
figure is multiplied by a factor of k2 surface area = 6 K

) ) ) volume = 1 -
If the dimensions of a solid are enlarged by a factor of k

k, then the volume of the figure is multiplied by a

surface area = 6k2
factor of k3.

volume = k3

Example 14

A spherical balloon has radius 10 cm. It is inflated so that the radius becomes 15 cm. By
what factor has the following changed?

a surface area b volume

a Method 1 - Find the two areas
For a sphere, A = 4mr?
Hence, surface area of the balloon = 4 X ©t x 102 = 4007 cm?
If the radius becomes 15 cm, then the surface area becomes 4 x 1 X 152 = 9001 cm?,

so the surface area has been multiplied by a factor of 988“ = %
T
Method 2 — Enlargement factor method
1
Enlargement factor for the radius is % = %
. (3 9
Hence, enlargement for the surface area is E = Z
b Method 1 - Find the two volumes
4
For a sphere,V = gﬂ:r3.
4 5 _ 4000 3
Hence, volume of the balloon = g X X 10° = Tn cm®.

4
If the radius becomes 15 cm, then the volume becomes g X 1t X 153 = 45007 cm?, so the

4000m _ 27
x

volume has been multiplied by a factor of 4500w +
Method 2 — Enlargement factor method

.. 3
The enlargement factor for the radius is —.

3
Hence, the enlargement factor for the volume is (5) = —.
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6E ENLARGEMENT

Scale drawings and scale models

A designer, architect or engineer will often build a scale model of the object being designed. The
real object is an enlargement of the model. A scale of, for example, 1 : 40 means that the dimensions
of the real object are 40 times the dimensions of the model.

Example 15

A farmer builds a scale model of a silo, as shown opposite. The scale of the model is 1 : 100.

a Find the volume of the model.
b What is the volume of the silo, in cubic metres?

3cm

5cm

a Volume of cone = —mr2h

Il

|
X
a
X
()]

N
X
w

Il
[\)
N
a
o
=2

Volume of cylinder = ntr?h

Il
a
X
()]

)

X

(O8]

Volume of model = 25w + 751
= 1007 cm?

b The enlargement factor is 100, so the volume of the silo is 100° x volume of the model

Hence, the volume of the silo is:
V = (1007 x 100%) cm?

= 100x m? (100° cm? = 1 m?)
‘ Enlargement
Letk > O.

e If a plane figure is enlarged by a factor of k, then the area of the figure is multiplied by a
factor of k2.

e If asolid is enlarged by a factor of k, then the surface area of the solid is multiplied by a
factor of k2.

e If asolid is enlarged by a factor of k, then the volume of the solid is multiplied by a
factor of k3.
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‘ Exercise 6E

1 Find what factor the area of the smaller figure must be multiplied by to find the area of the
] larger figure. Work this out by:

i calculating the areas
ii using the enlargement factor method

9cm

4 cm

-~ 2 i Find what factor the total surface area of the smaller solid must be multiplied by in order to
’ obtain the surface area of the larger solid. In parts a, ¢ and e, do this by finding the surface
areas; in parts b and d, use the enlargement factor method.

ii Find what factor the volume of the smaller solid must be multiplied by in order to obtain
the volume of the larger solid. In parts b and d, do this by finding the volumes; in parts a, ¢
and e, use the enlargement factor method.

a

3cm

6cm

2cm A
4cm 3 4 cm

6cm
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Example 15 |

6E ENLARGEMENT

c 8cm 9.6 cm

10 cm

d

A cube has a volume of 343 cm?. The cube is enlarged by a factor of 5.
a What is the volume of the resulting cube?

b Find the surface area of the resulting cube.

By what factor must the radius of a spherical balloon be multiplied if the volume is to be
increased from 760 cm?® to 389 120 cm??

A cylindrical container holds 125 cm? of liquid when full, and requires 240 cm? of

material to manufacture. The company wants to increase the height and radius by the same
enlargement factor to produce a cylindrical container that can hold 1000 cm? of liquid. How
much material will be required to produce the new container?

A solid, A, is enlarged to form a new solid, B. If the surface area of B is twice the surface
area of A, by what factor is the volume of A multiplied to give the volume of B?

A model car has scale 1 : 24; that is, 1 cm on the model represents 24 cm on the actual car.

a If the model car requires 300 cm? of material to be made, how much material is required
to make the actual car?

b If the volume of the actual car’s interior is 4.5 m?, find the volume of the model’s interior,
in cm? and correct to one decimal place.

A barn is in the shape of a triangular prism on top of a rectangular prism, as shown below.

a Find the volume of the barn.

b If a model of scale 1 : 50 is made of the barn, find 2m

the volume of the model, in cm?. [ AN v

¢ Find the outside surface area of the barn (not i 3m
including the floor).

d How much material, in cm? and correct to one [l
decimal place, is needed to make the model? 8m
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9 a The base of a triangle is increased by a factor of 7, while the height is kept the same.
What happens to the area of the triangle?

b The sides of the square base of a cube are each increased in length by a factor of 6, but
the height is kept the same. This produces a square prism. By what factor has the volume
changed?

¢ The radius of a cylinder is trebled, but the height is kept the same. By what factor has the
volume changed?

d The radius of a cone is multiplied by 9, but the height is kept the same. By what factor
has the volume changed?

Review exercise

1 For each solid, calculate:

i the volume
ii the surface area

& b 5cm
T 10 cm
12 cm
10 cm
I 20 cm
8 cm
e
d 6cm
e
3\m
10 m
2 For each solid, calculate:
i the volume
ii the surface area
a
3m
B} S
5m ul M 12 cm
20m
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REVIEW EXERCISE

3 A solid cylinder has a shaft with a square cross-section through it, as shown in the
diagram below. The volume of the solid is (5007 — 80) cm?. Calculate the length of a
side of the square cross-section.

T

20 cm

10 cm

S A triangular pyramid has all its edges equal in length. This is called a regular
tetrahedron. Calculate the length of each edge, given that the surface area is 64+/3 cm?.

6 For each solid shown, calculate:

i the volume
ii the surface area

a N

15 cm
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REVIEW EXERCISE

7 A hemispherical bowl is carved out of a solid block of marble, as shown.

14
After the bowl is carved, the volume of marble remaining is (6 T n) m?. Calculate

the radius of the hemisphere.

8 As part of a major development, an architect designed a building and had a model made
to a scale of 1 : 400; that is, 1 cm on the model is 4 m on the building.

a The external surface area of the building is 10 600 m?. Calculate the external surface

area of the model, in cm?.

b The volume of the building is 60 000 m?. Calculate the volume of the model, in cm?.

9 In the pyramid below, F is the midpoint of AB. VF is vertical and is 5 m in length.
ABCD is horizontal and rectangular, with AB = 6 m and BC = 8§ m.

v

Find:
a the volume of this solid

b the surface area of this solid

10 Find the volume and surface area of the solids.

b
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Challenge exercise

1 A parallelepiped is a six-faced polyhedron, each face of which is a parallelogram.
A certain parallelepiped with a square base has volume 192 cm?. Each side of its base
is one-third of its height. Find the length of each side of the base.

2 The figure at the right shows a sphere of radius r fitting exactly into a
cylinder. The sphere touches the cylinder at the top, bottom and curved ﬁ

surface. Show that the surface area of the sphere is equal to the area of

the curved surface of the cylinder. e

3 The surface area of a cube is x cm? and its volume is y cm>. If x = y,
find the length of the side of the cube.

4 A cone has radius R, base area A and height /. A horizontal slice
is taken at a distance x units from the vertex, as shown.

Let A, be the area of the circular slice and r be the radius.

.. . rooox
a Use similar triangles to show that = = P

b Show that the ratio A, : A = x? : h.

S A square pyramid has base length 2a, base area A and height A.
A horizontal slice is taken at a distance x units from the
vertex, as shown. Let A, be the area of the square slice

and 2b be the side length of the square slice. Use the method
of question 4 to show that A, : A = x? : h2.

6 The portion of a right cone remaining after a smaller cone is cut off
it is called a frustum. Suppose that the top and bottom are circles
of radius r and R, respectively. Also, suppose that the height of the  #
frustum is £ and the height of the original cone is H.

a Show that the volume V of the
1
frustum is EE[H(RZ —r2)+ rzh].

hR

R-—r

b Use similar triangles to show that H =
1
¢ Deduce that V = gnh(R2 +r2 + rR).
7 a Use the method of question 6 to show that the volume of a truncated square pyramid
with height /# and square base and square top of side lengths x and y, respectively,
is given by gh(x2 + y% + xy). (A truncated pyramid is formed in a similar way to a

frustum.)
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CHALLENGE EXERCISE

b If the top square has a side length that is half that of the bottom square, what is the
ratio of the volume of the truncated pyramid to that of the whole pyramid?

8 A cone has height 4 and base radius r.
a Show that the surface area of the cone is wr(r + Vr? + h?).
b Suppose that the height and radius are equal. Show that the surface area is wr2(1 + +/2).

9 The frustum of a cone has base radii r and R, and the slant height is s.

a Let the slant height of the full cone be .
Show that / =

R—-r
b Hence, show that the surface area of the curved section is (r + R)s
and that the total surface area is ©(r> + R?) + n(r + R)s.

¢ Show that the latter can be written as 7t(r + R)\/(R — r)> + h?> + n(r> + R?),
where 4 is the height of the frustum.

10 Cavalieri’s principle states that if we have two solids of the
same height and the cross-sections of each solid taken at the
same distance from the base have the same area, then the

solids have the same volume. Take a hemisphere of radius r
and look at the area of a typical cross-section at height & above
the base.

Also, consider a cylinder of height » and radius r, with a cone
cut out of it, also of height r and base radius r. We also take

a cross-section at height 4.
a Show that the radius of the circular cross-section of the
sphere at height & is \/r> — h2.

b Deduce that the area of the cross-section is w(r> — h?).

¢ Draw a diagram of the cross-section of the cylinder with the cone removed, and show
that the area of the cross-section at height 4 is also w(r? — h?).

d We now conclude that the two solids have the same volume, by Cavalieri’s principle.
Find the volume of the cylinder minus the cone.

e Deduce the formula for the volume of the sphere.

11 Consider a sphere of radius r split up into very small pyramids,
as shown. The volume of each pyramid = §Ar, where A is the

area of the base of the pyramid on the surface of the sphere.
The base of each pyramid is considered to be a plane surface.

Consider the sum of the volumes of these small pyramids to show
that the surface area of the sphere is 47r2.
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GHAPTERl‘

Number and Algebra

In earlier years you learned how to draw curves by plotting some points from
a table of values and joining them up. In particular, you should be familiar with
examples such as the straight line and the parabola y = x2.

}7

axis of symmetry

In this chapter, we will learn techniques for sketching the graphs of quadratics
suchasy=x?+1,y=2x2 —3xand y = —x? + 4x + 6. These graphs are also
called parabolas.




Parabolas congruent to y=x"

We are all familiar with the graph of y = x2, which was y

studied in both ICE-EM Mathematics Year 8 and Year 9. 9 y=x
In this chapter we will call it the basic parabola. 8

It has the following properties: Z

* The graph is symmetrical about the y-axis, x = 0.

For example, the y-value at x = 3 is the same as the :
y-value at x = 3. In general, the y-value at x = pis 5
the same as the y-value at x = —p. We can visualise 1

this as follows: if the graph were to be folded

along the y-axis, the part on the left of the y-axis
would land directly on top of the part on the right.
The y-axis is called the axis of symmetry of the basic
parabola.

* The minimum value of y occurs at the origin. It is called a minimum turning point since the
y-values at points to both the left and the right of the origin are greater than the y-value at the
origin. This turning point is called the vertex of the parabola.

* The arms of the parabola continue indefinitely, becoming steeper the higher they go.

Recall that two geometrical figures are said to be congruent if one can be transformed to the other
by a sequence of translations, rotations and reflections. In this section we will look at parabolas

congruent to y = x2.

Imagine rotating the figure y = x? about the origin through 45° clockwise. The image you get is
still called a parabola. Its vertex is (0, 0) and its axis of symmetry is the line y = x, as shown in the

left-hand figure below.
y
y
: x=y2
S
&
N is of
: <57, axis of symmetry
< O
(0, \2) Q;\.\’” 3 vertex y=0 X
vertex | = (\2, 0) X

Similarly, rotating the basic parabola clockwise through 90° yields another parabola, x = y2, as
shown in the right-hand figure above.

However, for the rest of this chapter we shall only consider parabolas whose axis of symmetry is
parallel to the y-axis; consequently, rotations will not be further discussed.
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7A PARABOLAS CONGRUENT TO y = 2
& memeewsemewmy e o

Reflection in the x-axis

. p?

—»? @, 7

When the parabola y = x? is reflected in the x-axis, the point (3, 9) is reflected to the point (3, —9).

In general, the point (p, p?) on the parabola y = x? is reflected to the point (p, —p?). Hence, the

equation satisfied by the points of the image is y = —x>.

The vertex remains at the origin under the transformation. However, the y-value of the vertex now
represents a maximum turning point since the y-values at points to the left and right of the origin
are less than the y-value at the origin.

Translations of y = x2

Vertical translations

We now look at what happens when we translate y = x? up or down nine units.

<

axis of symmetry
0
axis of symmetry ‘<
X

y=2x2+9
(p, P2 +9) y=x°-9

0,9 0 X
()

=
=
~
o
|
©
N

Translating y = x? nine units up shifts (p, p*) to (p, p> + 9) so the equation becomes y = x> + 9.

This is a parabola with vertex (0, 9). Similarly, y = x? becomes y = x> — 9 when translated nine
units down.
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7A PARABOLAS CONGRUENT TO y = x?

Horizontal translations

What happens when we make horizontal translations; that is, a translation to the left or to the right?
This is a little trickier.

y y ,
2!
9 g
g 3
Q :
€ lo ]
Elu o
> x
o | = <
o 5 1 5
@ (. p?) (p +3, p?)
3
y=(x=-3)?
y=x’
vertex | (0, 0) x 0| wvertex : (3,0) x

Every point on the basic parabola y = x? has coordinates (p, p?),as in the first diagram above.
If we translate the parabola three units to the right, then the vertex (0, 0) goes to (3, 0), and the
axis of symmetry, x = 0 goes to x = 3. The general point (p, p?)
goes to the point (p + 3, p?). That is, each point on the image

has coordinates x = p + 3, y = p?. Eliminating 2
p.y=p"=(x=-3)" Elo 25
Thus, y = (x — 3)? is the equation of the parabola formed by f .
translating y = x? three units to the right, as in the figure above on o

the right. The y-intercept is 9. e

Similarly, translating y = x? five units to the left shifts the

point (p, p?) to the point (p — 5, p?). In the same way, we see

that the image parabola has equation y = (x + 5)2, as in the 5.0

. . . . y=(x +5)?
diagram opposite. Once again, as a check, the vertex is (-5, 0),

which is the image of (0, 0) under this translation. The
y-intercept is 25.

In summary, translating y = x? five units to the left gives the
parabola y = (x + 5)2, as in the figure to the right.

General translations

Finally, if we translate y = x? three units to the right and five units
up, then y = x> becomes y = (x —3)> + Sory—5 = (x — 3)%
The y-intercept is 14. Its axis of symmetry is x = 3 and its vertex
is (3, 5), as in the diagram opposite.

14 (p +3, p>+5)

axis of symmetry

Translating it three units to the right moves y = x2to y = (x — 3)?
and translating this five units up takes it to y = (x — 3)> + 5.

In summary, translating y = x? three units to the right and five vertex G P y=(x-37%+5

units up gives the parabola y = (x — 3)? + 5, as in the figure to the
right.
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‘ 7A PARABOLAS CONGRUENT TO y = x>
Example 1

Sketch each parabola and give the y-intercept, axis of symmetry and vertex.

a y=(x-3?-4 b y=x+22?+6
ay=x-3?%-4 y
The graph of y = (x — 3)> — 4 is obtained by . y=(x-32-4
translating the graph of y = x? three units to the right 5
and four units down. oF ™
>
Therefore, the axis of symmetry is x = 3. 5 %! B
The vertex is at (3, —4). \ %
_ (22 _ 4 — :
Whenx =0,y=(3)"-4=5 o x
So the y-intercept is 5. ,
vertex (3,-4)
b The graph of y = (x + 2)? + 6 is obtained by translating the . Ay
graph of y = x? two units to the left and six units up. £ N
The axis of symmetry is x = —2 and the vertex (-2, 6). =t '
Whenx =0,y = (0+2)> +6 )
- 10 o 110
.>_< :
The y-intercept is 10. C hlerr2ve
vertex (-2, 6)
0 X
Translations of y = —x?2 y ;
Starting with y = —x? and translating left or right and up or down, 5 fvertex .0
we can construct many examples. *
For example, if we translate y = —x2 four units to the right, we _ x —ap
obtain the parabola y = —(x — 4)? with axis of symmetry x = 4 and > S
vertex (4, 0). (As a check, y < 0 and only equals 0 when x = 4; ‘g ;
hence, the maximum value of y occurs when x = 4). ; T
50"
ER

202

ICE-EM MATHEMATICS YEAR 10
ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.




7A PARABOLAS CONGRUENT TO y = x? «a!

: y
.. . . ) vertex (-5, 0) !
Similarly, translating y = —x? five units to the left yields . -
y = —(x +5)% ;
¥y =—(x+5)? '
>
D |
ST
g
Rl
B
%
Next, if we translate y = —x? seven units upwards we obtain the YN rtex (0. 7
parabola y = —x? + 7, which has axis of symmetry x = 0 and vertex (0, 7)
vertex (0, 7).
0 x
Fa y=-x>+7
©
€Elo
Elun
| =
ke
Sketch each parabola and give the y-intercept, axis of symmetry and vertex.
a y=-x-8 b y=-(x+3)?-4 c y=—(x-2%+6
a y=-x2-8
The graph y = —x? — 8 is obtained from the graph y = —x? Y
by translating 8 units down.
0
The axis of symmetry is x = 0 and the vertex is (0, —8). *
The graph has no x-intercepts. vertex (0, -8)
P
©
S
c o
>
- | ®
o
(continued over page)
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7A PARABOLAS CONGRUENT TO y = 2
& memeewsemewmy e o

b y=-(x+3)?%-4 Ly
Whenx =0, y =-9-4 E 0
= 13

The y-intercept is —13.

y=—(x+3)*-4
The graph y = —(x + 3)? — 4 is obtained from

the graph y = —x? by translating 3 units to
the left and 4 units down.

-13

The axis of symmetry is x = —3 and the vertex is (=3, —4).

The graph has no x-intercepts.

c y=—(x-2)2+6 y
Whenx =0,y = —(0-2)>+6

—4+6

2 2

The y-intercept is 2. /

vertéx (2, 6)

X

y=—(x-2)+6
The graph y = —(x — 2)? + 6 is obtained from the
graph y = —x? by translating 2 units to the right and 6 units up.
The axis of symmetry is x = 2 and the vertex is (2, 6).

\ X
The graph has two x-intercepts: 2 + J6 and 2 — /6.

‘ The parabola

Properties of the parabola y = x?
e The y-axis is the axis of symmetry, called simply the axis of the parabola.

_ BEd gy -
2

T
o

e The minimum y-value occurs when x = 0.

e The origin is the vertex of the parabola.

Properties of the parabola y = a(x — h)? + k,a = 1ora = 1

* The axis of symmetry is x = h, and the vertex is (h, k).

* When a = 1, the parabola is ‘upright’ and & is the minimum y-value (y > k for all x)

e When a = -1, the parabola is ‘upside down' and k is the maximum y-value (y < k
for all x)

Do

1 Find the axis of symmetry and the vertex for:

ay=(x—-4)? by=x?>-4 cy=(x-2?%+6
dy=(x+32+7 e y=x+27+3 f y=-x>+9

gy=(x-37-4 hy=(x+2)7?-3 i y=(x-62+6
jy=-(x+1)7? ky=—-(x—2)72+1 1 y=—(x+3)?%+5
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7A PARABOLAS CONGRUENT TO y = x?

2 Find the y-intercept of:
ay=(x-22-7 by=x-7?-3 cy=x+1)>+4
dy=—-(x-3)? e y=—(x+2?-4 f y=-(x-272+6

E 3 Sketch the graphs of the following, labelling the y-intercept and vertex.
ay=(x-5)? by=(x-12%-3 cy=(x+2?2+3
dy=(x-4)72>-3 ey=(x-1D>+6 f y=(x-4)72-4

E 4 Sketch the graphs of the following, labelling the y-intercept and vertex.

ay=-x>-7 by=-x>+7 cy=—(x-3)2+5

dy=-(x-3?2-7 e y=—(x+4)? f y=—(x-6)>

gy=—(x+4)72-3 hy=—-(x+3)>+11 i y=-(x-12+6
5 Write the equation of the parabola obtained when the basic parabola, y = —x2, is:

a translated 3 units to the right
b translated b units to the left
¢ translated 6 units down

d translated c units up

2 is:

6 Write the equation of the parabola obtained when the basic parabola, y = x
a translated 3 units up and 4 units to the left
b translated 5 units down and 6 units to the right
¢ translated a units to the right and b units up
d translated ¢ units down and d units to the left
7 Consider the parabola y = (x + 3)> — 8. Sketch this parabola. What is the equation of the
image if it is:
a translated 8 units up and 3 units to the right?
b translated 2 units to the left and 3 units down?

¢ translated a units to the right and b units up?

8 Consider the parabola y = (x — 1)> + a. Find the value of a if the y-intercept is:
al b 3 cO d -7

9 Consider the parabola y = —(x — 2)? + b. Find the value of b if the y-intercept is:
al b 3 c 4 d -7

10 Consider the basic parabola y = x2. Draw a sketch of the parabola if it is:
a rotated about the origin through 135° clockwise

b rotated about the origin through 90° anticlockwise
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Sketching the graph of the quadratic

y = ax’ + bx +c, where a = +1

In Section 7A we saw that y = x? becomes:
e y = (x+2)> — 5 when translated two units to the left and five units down.

e y = —(x — 1)?> + 3 when reflected in the x-axis and then translated one unit to the right and 3 units up.

y
y e ) i
; y=—(-1)2+3 ' (1,3)
_ 2 ah
y=x it 2

0 x (-2,-5)

By expanding brackets in each of the equations above we obtain an equation of the form

y = ax? + bx + c¢. Any equation of this form represents a parabola. How do we find its axis of
symmetry and its vertex? We do this by putting it into one of the forms above using the method of
completing the square, which you studied in Chapter 5.

Recall that to complete the square when the coefficient of x? is one (a = 1), we add and subtract the
square of half the coefficient of x. When the coefficient of x? is not one, that is, a # 1 or 0, we first
factor a out of the expression, and then multiply through by a at the final step.

Complete the square and hence sketch the graph of:

a y=x>+6x+13 b y=-x>-3x-5
a y=x>+6x+13 (Add and subtract the square of half the coefficient of x.)
= (x% +6x +3%)+13 - 32 :
= (x+3)7?+4 2
L,
The axis of symmetry is x = —3. g :
>
The vertex is (=3, 4). ug 5
v ! 13
When x = 0, y = 13, so the y-intercept is 13. y=x?+6x +13 =
=(x +3)2+4
Note that this parabola has no x-intercepts since the
minimum value of y is 4, which is positive. This is the ‘
case since (x + 3)? > 0. vertex (3, 4)
0 x

(continued over page)
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7B SKETCHING THE GRAPH OF THE QUADRATIC y=ax2+bx +c¢, WHERE a = 1

b y=-x2-3x-5
When x = 0, y = =5, so the y-intercept is —5.
Completing the square: ,
y = —[x? +3x+5]

3)2 11
= —_ x —_— —_——
2 4
. . 3
So the axis of symmetry is x = _E

and the vertex is (—é, — E)
2 4

. . 1
Note that there are no x-intercepts, since y < n for all x.

When sketching parabolas, the special features are:
* the axis of symmetry
* the vertex

* the y-intercept and the x-intercepts.

Example 4

Sketch the following parabolas. First find the y-intercept, then complete the square to find
the axis of symmetry and the vertex of the parabola, then find the x-intercepts if they exist.

a y=x>-6x b y=-x>-10x

a If x=0,then y =0.

Hence, the y-intercept is O. g mi

Also,y = x% — 6x 1
=(x2-6x+9) -9 i
— _ 3)2 -9 : 6
= (x 0 i X

The axis of symmetry is x = 3 and the vertex is (3, —9).
When y =0, x2 —6x =0 :

So x(x —6) =0, y=x2-6x
x=0orx=6 :
. 13,79
Hence, the x-intercepts are 0 and 6. !
(continued over page)
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7B SKETCHING THE GRAPH OF THE QUADRATIC y=ax2+bx +c¢, WHERE a = 1

b Consider the equation y = —x? — 10x. (5,25
When x =0, y = 0, so the y-intercept is 0. :
Completing the square: y=-x-10x @ :
[

y = —x% —10x lL
= —[x? + 10x] (-10, 0) = (0, 0)
= —[(x? + 10x + 25) — 25] 0 x
= —[(x + 5)> - 25]
= —(x+52+25

Hence, the axis of symmetry is x = =5 and the vertex is (-5, 25).

Wheny = 0, —x?> —10x = 0
so—x(x+10) =0

x=0or x =-10

Thus, the x-intercepts are x = 0 and x = —10.

x-intercepts

Some parabolas have x-intercepts and some do not. After completing the square to sketch a parabola,
you will know whether or not it has x-intercepts. To find these, substitute y = 0 into the quadratic
equation and solve the resulting equation for x. There are three ways to do this:

* factorise the quadratic (as in Example 4)

e complete the square

* use the quadratic formula.

These methods were discussed in detail in Chapter 5. Since the sketching technique discussed so far
has included completing the square, the second method is usually used.

Sketch the following parabolas. First find the y-intercept, then complete the square to find
the axis of symmetry and the vertex of the parabola, then find the x-intercepts if they exist.

a y=

a y =

x2+6x-17 b y=-x>+8x+13 c y=x2+x+1

x2+6x—-7

When x =0, y = 7.

The

y:

y-intercept is —7.

x24+6x-17
(x24+6x+9)-9-7
(x+3)2-16

(continued over page)
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7B SKETCHING THE GRAPH OF THE QUADRATIC y=ax2+bx +c¢, WHERE a = 1

The vertex is at (=3, —16) and the axis of symmetry is x = —3. y
=R +6x-7 |
Substitute y = 0, then yRETHTS
T
(x+3?2-16=0 g

(x+3)?2 =16 _7 1
x+3=4 o x+3=-4 :
x =1 or x = -7 0Z7 *
The parabolaisy = —x? + 8x + 13. (—3,;—16)

When x = 0, y = 13, so the y-intercept is 13.
Completing the square:

y = —[x*—8x —13]

= —[(x>2—8x +16) — 13 - 16] (Complete the square inside the brackets.)

—[(x — 4)? = 29]

=—(x-4)?%+29
So the axis of symmetry is x = 4, and the vertex is (4, 29).

When y = 0,

y
(x—4)?+29=0
(x—4)> =29
x—4:\/5 or x—4:—@
sox =4+ \/E which is positive 1

orx =4 — \/E , which is negative
4-129

Thus, the x-intercepts are 4 + J29 and 4 — 29.

If x =0, then y =1.
Thus, the y-intercept is 1.

Also,y = x> +x +1

I
A/~
)
[\S)
+
)
+
&=
~—
+
[E—
|
&=

1
The axis of symmetry is x = —— and
1
the vertex is (—5, %) This graph has

no x-intercepts since the minimum

y=x’+x+1

()]

3
value of y is g which is positive.
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2
When a = 1, complete the square by adding and subtracting (2) , to write the quadratic
in the form y = (x — h)? + k. 2

When a = —1, first factor out —1 before completing the square. Then remove the outer
brackets and multiply both terms by —1 to write the quadratic equation in the form

y = —(x — h)? + k.
The axis of symmetry is x = h.

The coordinates of the vertex can now be read off. They are (i, k). The graph is a
translation of y = x2.

When a = 1, k is the minimum y-value (y > k for all x) and when a = —1, k is the
maximum y-value (y < k for all x)

Find the y-intercept by substituting x = 0in y = ax? + bx + c. Note: The y-intercept will
always be (0, ¢).

Find the x-intercepts, if they exist, by substituting y = 0 and solving the resulting
quadratic equation.

Derern

1 For each parabola:

i determine the y-intercept
ii write down the axis of symmetry and the vertex
iii sketch the parabola

iv determine from the sketch whether the parabola has no x-intercepts, one x-intercept or
two x-intercepts

ay=x*+3 by=ax2-7 cy=(x—22+4
dy=x-3?%-7 e y=(x+5) f y=x-77%-1
gy=—(x-3)> hy=-x+12+5 i y=-(x-2?%-1

2 For each parabola:

210

i determine the y-intercept

ii complete the square

iii write down the axis of symmetry and the vertex
iv sketch the parabola

v determine whether the parabola has no x-intercepts, one x-intercept or two x-intercepts
(Do not find the x-intercepts.)

ay=x>-6x b y=x%+6x cy=x>+2x-4
dy=x>+4x-1 e y=x>+6x-3 fy=x>+12x-4
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S , v

gy=x>2-3x+5 hy=x>-5x+2 i y=x>+7x
jy=-x-2x ky=-x>+8x+7 1 y=-x2+5x-7

3 Find the x-intercepts of the parabolas.

ay=(x+172-4 by=((x+2)?-9 cy=—(x-32+25
dy=(x-4)2-7 e y=(x+372>-11 f y=-(x+17>+4
gy=(x-2?>-8 hy=—-(x-5?2+18 i y=(x-3?2-50
jy=—-(x+32+20 kKy=(x+2)?-32 1 y=16—(x+1)?

4 Find the x-intercepts of the parabolas by completing the square.

ay=x>+2x-4 by=x>-6x+7 cy=x>-8x+13
dy=x>+4x-4 e y=x>+10x-11 f y=x2>-20x-50
gy=—x*+12x+13 hy=-x?+6x-4 i y=-x2+4x+38

S For each parabola:

i determine the y-intercept

ii complete the square

iii find the axis of symmetry and the vertex

iv determine the x-intercepts, if any, using the completed square expression

v sketch the parabola, marking all of the above features

ay=x>+4x-5 by=x*+4x+5 cy=x>+6x+9
dy=x>-6x-7 ey=x>+8x-3 f y=x>-x-2

g y=x>+5x+10 hy=x>+7x-3 i y=x>-2x+4
jy=—-x>+4x+3 ky=-x>+12x+4 l y=—x?+2x-2
my=-x>+x+1 ny=-x>-5x-1 0y=-x>+11x+20

The general quadratic

y =ax’+ bx +c

Graphing the parabola y = 3x2
Consider the parabola y = 3x2, sketched overpage. Its axis of symmetry is x = 0 and its vertex

is (0, 0). The graph of y = x? is sketched on the same set of axes.

Each point on the parabola y = x? has coordinates (p, p?) and the matching point on the parabola
y = 3x2is (p, 3p?). The parabola y = 3x? is obtained from the parabola y = x? by stretching by a
factor 3 from the x-axis.
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7C THE GENERAL QUADRATIC y=ax2+bx+c

Given our investigations in the earlier sections of this
chapter, we would expect that:

<

y=3x2

e translations of y = 3x? yield congruent

>

parabolas of the form y = 3x? + bx + ¢ 2

IS

* every parabola of the form y = 3x2 + bx + ¢ . >
can be obtained by translating y = 3x2. y=xn \ ©

E

<

Both these statements are true.

vertex (0, 0) X

Translations of y = 3x2
Suppose we translate y = 3x2 four units to the y
right. The point (p, 3p?) goes to (p + 4, 3p?).

o
Hence, we obtain the parabola y = 3(x — 4)°. *’g‘, i y =3(x—4)?
The y-intercept is 48. The axis of symmetry 48 §>,~ M
is x = 4 and the vertex is (4, 0). 51

ER (p+4,3p?)

Similarly, if we translate y = 3x? seven units up, then -
the image is the parabola y = 3x2 + 7 0 Lvertex (4, 0) X
(see left-hand figure below). :

<
<

4

X

Il 55

_axis of symmetry

axis of symmetry

y=3(x-42+7

(p.3p7+7) (p+4,3p%+7)
y=3x2+7
vertex (0, 7) rvertex (4, 7)
0 X 0 X

If we perform both translations; that is, four units to the right and then seven units up, then the
parabola y = 3x? becomes the parabola y = 3(x — 4)*> + 7 (see the right-hand figure above). The
axis of symmetry is x = 4 and the vertex is (4, 7).

In summary, translating y = 3x? four units to the right and seven units up gives the parabola
y = 3(x — 4)? + 7, as in the figure above.

Translations of y = ax?, a # 0
Clearly the above discussion holds just as well for translations of, for example, y = 2x2, y = 10x?

1 . . 1
ory = Exz. However, it is equally applicable to y = —3x2, y = —2x? or y = —sz, where the

basic parabola, y = x2, has been not only stretched by a certain factor from the x-axis (3, 2 and 1

respectively), but also reflected in the x-axis. This is shown in Example 6 overpage.
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7C THE GENERAL QUADRATIC y=ax?+bx+c u«a

To complete the square in y = ax? + bx + ¢, write:

_ [2 b £:|
y=a|x*+—x+
a a

and then complete the square inside the square brackets.

Example 6

Find the y-intercept, the axis of symmetry and the vertex of each parabola by completing the
square. Sketch their graphs.

b y=3x>+6x-13
d y=-2x2-x+21

a y=2x>+4x+9
¢ y=-2x>—-4x-6

a Consider the equation y = 2x? + 4x + 9.

=

When x = 0, y = 9, so the y-intercept is 9. SE’

M 9 5
y:2_x +2x+5:| y=2x2+4x+9 E§ ?

|'>—<

'

(x2+2x+1)+%—1]

> Z]
(x+1 +2

=2x+1)2+7 0 x
The axis of symmetry is x = —1 and the vertex is (=1, 7).
Note: This parabola has no x-intercepts since y = 7 for all x.
b Consider the equation y = 3x% + 6x — 13. LY
The y-intercept is —13. < *g
r 13 —3-—43 I g —3+43
y=3x2+2x——] : 5 / 3
L 3 50 x
i =32+6x-13\ %X f-13
=3(x2+2x+1)—?—1] e {8
=3"(x+1)2_§] 1,16)]
L 3
=3(x+1)?-16

The axis of symmetry is x = —1 and the vertex is (-1, —16).

We see from the graph that there are x-intercepts. To find them we substitute y = 0 and obtain:

3x+1? =16
16
x+1)? =—
( ) .
x+1—i or x+1——i
V3 V3
— +4 2 _
3 = 3—\5 , which is positive, or x = 3—4\/5 , which is negative.

(continued over page)
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7C THE GENERAL QUADRATIC y=ax?+bx+ec

¢ Consider the equationy = —2x2 — 4x — 6. P> Y
. . — :40._;
The y-intercept is —6. i E
y = =2[x% +2x + 3] e
— X
= 2[x?+2x+1-1+3] 1';
= 2(x+1)?+2] -1, —4): <
= 2x+1)>-4 r6
The axis of symmetry is x = —1 and the vertex is (-1, —4). i
The parabola has no x-intercepts since y < —4 for all x. y=-22-4x-6
d Consider the equation y = —2x? — x + 21. Ay
The y-intercept is 21. (_%' i %)i 5
= -2 sz +I- 2]
YT T2 5
[ 1) 21 1 E
=2 (x2+£+—)———— =
| 2 16) 2 16 y=-22-x/t21 i3
(1Y o £
=2 (x+_) -10% 2 210 3
L 4 Pllﬁ' ?"6 X
1Y I ;‘é
= -2 x+—) +21% N
4
. : 1 . 1 1
The axis of symmetry is x = ) and the vertex is =1 213 |
y=-2x2-x+21
= —-2x+7)(x-3)
1
When y =0,x =3 orx = —3%. The axis of symmetry is their average, x = 1

(See next section.)

A formula for the axis of symmetry

One thing is clear from some of the previous examples. In practice, completing the square can be
technically difficult to carry out and therefore prone to error.

Fortunately, there is a formula for the axis of symmetry of the parabola y = ax? + bx + ¢. To derive
the formula, we begin by completing the square in the general case:

y =ax>+bx+c

[

C b
=alx”+—x+—

L a a
e () (3]
=alx +—x+|— - —
L a 2a a 2a (Add and subtract the square of
[ b\ dac — b2 half the coefficient of x.)
=a (x + —) b
2a 44?2
b )2 4ac — b*
=alx+—
2a da
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7C THE GENERAL QUADRATIC y=ax?+bx+c u«a

) ) .. ) ) b
This expression shows that the minimum or maximum of the quadratic occurs when x = ——.
a
. . b
Hence, we have shown that the axis of symmetry of the parabola y = ax? + bx + ¢ is x = Y
a

Once the axis of symmetry is known, then the y-coordinate of the vertex can be determined by
o b . . .
substituting x = — 2 into the quadratic. To complete the sketch, find the y-intercept and the
a

x-intercepts if they exist.

We have also shown that when we write the equation of the parabola in the form y = a(x — h)? + k,
then (4, k) is the vertex and x = £ is the axis of symmetry.

‘ The general parabola y = ax? + bx + ¢

e The parabola y = ax? + bx + ¢ is a translation of, and congruent to, the parabola
— 12
y = ax”.

b
e To complete the square, first take out a as a factor, y = a[x2 +—x+ E], and then
a a

complete the square inside the brackets.
¢ The equation for the parabola y = ax? + bx + ¢ can also be written in the form
y = a(x — h)? + k, where (h, k) is the vertex and x = h is the axis of symmetry.

e The axis of symmetry of the parabola y = ax? + bx + ¢ has equation x = —zi. The
a

y-coordinate of the vertex can be found by substitution.

Example 7

Sketch y = 2x? + 8x + 19 using the formula for the axis of symmetry.

When x = 0, y = 19.
The y-intercept is 19.

The axis of symmetry is:

b 8
—_—_ = —— = —2

2a 4
To find the vertex, we calculate the y-value
when x = -2, which gives y =8 -16 +19 =11,
so the vertex is (=2, 11). y=2x7+ 8 +19

The graph has no x-intercepts. vertex (-2, 11) !

= (0, 19)

| B 9 ey
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‘ 7C THE GENERAL QUADRATIC y=ax2+bx+c

Finding the equation of a parabola given the vertex and one other point

Given the vertex and one other point on a parabola, we can find the equation of the parabola. Since
the vertex is (h, k), the equation is y = a(x — h)? + k. The value of a can be found by substituting in

the values of the coordinates of the other point.

Example 8

A parabola has vertex at (1, 3) and passes through the point (3, 11). Find its equation.

The sketch shows the information that has been given.
Since the vertex is at (1, 3), the equation must be of the
form y = a(x — 1)> + 3 for some a # 0.

Since (3, 11) is on the parabola,

11 =aB-1D%+3

11l =ax4+3
da+3 =11

4a = 8

a =2

Hence, the equation of the parabola is y = 2(x — 1)> + 3.

Derere

1 a Sketch the graphs of these parabolas on the one set of axes.

i y=x2 iy =3x?

b Sketch the graphs of these parabolas on the one set of axes.

(3,11

(1,3)

iii y=—x

1,

iii =—X
Y73

i y =3x2

cy=6x2-1

i y=—x? i y=-3x2
¢ Sketch the graphs of these parabolas on the one set of axes.
i y=x? i y=2x2
2 Sketch the parabolas. In each case, determine the x- and y-intercepts and the vertex of the
parabola.
ay=2x>+1 by=4x>-1
dy=-2x>+8 e y=-2x>+9

3 Consider the following parabolas. Determine those that are congruent to each other using

translations and reflections in the x-axis.

ay=2x’ b y = 3x?
dy=2x2+7x+9 e y=—2x>+5x

g y=2x>—06x h y=5x%+6x+13
jy=x? ky=-x>-x+1
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7C THE GENERAL QUADRATIC y=ax?+bx+c u«a

4 Write each parabola in the form y = a(x — h)? + k.
ay=3x>+6x+3
cy=2x>+10x-13
e y=3x>+5x+7

D s

For each parabola:

i determine the y-intercept

ii complete the square

by=3x>-9x+17
dy=2x2+7x+3
f y=-5x>+20x +37

iii find the axis of symmetry and the vertex

iv determine any x-intercepts

v sketch the parabola

ay=2x>+4x+3
cy=3x2+12x-19
e y=2x2+x-15

Which of them have x-intercepts?

2a

ay=x>-x+3

cy=2x>+x+1

e y=-3x>+5x-7

= -

a s

b 10

by=-2x>—4x+7
dy=3x>+8x-2
f y=2x>-x+5

-b
Use the formula x = — to find the axis of symmetry and vertex of the parabolas.

by=3x>+5x-13
dy=5x>+3x+7
f y=-x2+3x+2

Consider the parabola y = 2(x — 1)? + k. Find the value of k if the y-intercept is:

c —6 do

8 Consider the parabola y = a(x — 2)> — 6. Find the value of a if the y-intercept is:

a6

b -2

c 4 d -18

9 Consider the parabola y = 2(x — h)? + 3. Find the value of # if the y-intercept is:

as

Example 8 } 10

b 21

c 4 do

A parabola has vertex (1, —2) and passes through the point (3, 2). Find its equation.

11 A parabola has vertex (-2, —1) and passes through the point (1, 26). Find its equation.

12 A parabola has y-intercept 4 and vertex at (1, 6). Find its equation.

13 Sketch the parabolas. In each case, determine the x- and y-intercepts, the vertex and the
axis of symmetry.

ay=2x-1%+3
cy=-4x-272+12
e y=4(x+2)7>-16
g y=4-2(x-3)7?
i y=5x+4)?%+1

ICE-EM Mathematics 10 3ed
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Symmetry ana factorisation

In this section, we will deal with another method for sketching parabolas. It is based on the fact that
if we can locate two points on the parabola that are symmetric with respect to the axis of symmetry,
then the axis of symmetry and hence the vertex can be found.

Sketching parabolas in factorised form

Sometimes we are given a quadratic in factorised form. For example, y = (x — 6)(x — 4) or
y = 5(x — 1)(x — 3). These parabolas are easy to sketch since the axis of symmetry is simply given
by the average of the two x-intercepts.

A second easy case is when the parabola is given with the square already completed, for example,
y=-7x>+1.

Example 9

Factor if necessary, and sketch, marking the intercepts, axis of symmetry and vertex.

a y=x-6)(x—4) b y=6+x—x2 ¢ y=5x*-20x+15
d y=-3x+5x+7) e y=-7x*+1
a y=x-6)(x-4) v

When x = 0, y = 24, so the y-intercept is 24.

When y =0, x =4 or x = 6, 24

so the x-intercepts are 4 and 6.
Taking the average of the x-intercepts, oy y=-6)(x—4)
4+6 =

2

~ axis of symmetry

Therefore, x = 5 is the axis of symmetry.

When x = 5,y = (5 - 6)(5— 4) = —I, e >
so the vertex is (5, —1). .
b y=-x>+x+6

This is an upside-down parabola.
When x = 0, y = 6, so this is the y-intercept.
y=-x2+x+6 y=-x2+x+6

= —(x2-x-6) > §

=—(x-3)(x+2) ;

0f: x
So the x-intercepts are 3 and —2. /
1 =L
3+ _1 , therefore the axis of symmetry is x = 5" 1752
2 2
1

When x = % y = —l+1+6 = 6%, so the vertex is (5,6%).

(continued over page)
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7D SYMMETRY AND FACTORISATION c‘

c y=5x2—20x+15 y
When x = 0, y = 15. So the y-intercept is 15. 5
y = 5x2 - 20x + 15 5
= 5(x% —4x +3) s
= 5(x=3)(x 1) TiE [y=s2-20x+15
15 o
The two x-intercepts are x = 1 and x = 3. i ' o
Hence, the axis of symmetry is x = 2 E
and the vertex is (2, —5). 1\ /3
o % 5 *
d y=-3x+5x+7) 6. 3) :
The parabola is upside-down with y-intercept —105. i N\5
=7/ 0
The two x-intercepts are x = =5 and x = 7. | > 0 )
. ) E-*q-'_, y==-3(x+5)x+7)
Hence, the axis of symmetry is x = —6 o E
and the vertex is (=6, 3). | %
%% 1105
%
e y=-7x*+1 y
The y-intercept is 1, the axis of symmetry
is x = 0 and the vertex is (0, 1). / (0, 1)
The parabola is upside-down. 7/ % =
Wheny=0, 1-7x2 =0 / 1
2 = l y=1—7x2
7
X == or x=-——=
V1 V1
V7 V7
X=— of x=—
7 7
7
So the x-intercepts are x = —g and g
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7D SYMMETRY AND FACTORISATION
A b SHMERYMpEeeRSGY

Finding the equation of a parabola from the x-intercepts

If a parabola has two known x-intercepts at x = u and x = v, or exactly one x-intercept at x = ¢,
then we know the parabola has the form y = a(x — u)(x — v) or y = a(x — t)?, respectively. The
value of a can be determined by substitution if we know the coordinates of some other point on the
parabola.

Example 10

A parabola has x-intercepts x = 5 and x = -5, and y-intercept at 10. Find its equation.

(x —5) and (x + 5) are factors. Therefore, y = a(x — 5)(x + 5) for some a # 0.
When x = 0, y = 10.
So 10 = a(-5)(5)
10 2
25 s
So y = —%(x = 5)(x +5).

Dero

1 A parabola has x-intercepts of 1 and 7. What is the x-coordinate of the vertex?

a =

2 A parabola has x-intercepts of —2 and 4. What is the x-coordinate of the vertex?

=) 3 Find the x-intercepts, the y-intercept and the vertex of each parabola and sketch it.

ay=x(x—4) by=x-3)(x-2) ¢cy=5x+1Dx-3)

dy=2(x+1)5-x) e y=2(x-5(x-6) f y=3x-Dx+2)

g y=5x-4)(x+2) h y=-6(x—-4)(x+3) i y=72x-D(x+1)
=0 4 Factor each quadratic and hence find the x-intercepts.

ay=x2+6x+5 by=x>+7x+12 cy=x>-3x-18

dy=x*>+2x-15 e y=2x>-19x-10 f y=16-x2

g y=1-4x> hy=x?>-3x i y=2x2+8x
08 S Sketch each parabola, clearly labelling the x- and y-intercepts, the axis of symmetry and

the vertex.

ay=x>-6x+8 by=x>-4x+3 cy=x>+4x-12

dy=x>-2x e y=x>+3x f y=2x2-3x+1

gy=2x>+7x+6 hy=6x>-7x+2 i y=8x2+6x+1

j y=9-x2 k y=3x—2x? 1 y=3+x-2x2

220

ICE-EM MATHEMATICS YEAR 10
ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.




6 Find the equation of each parabola.

a b y
©,9)
(5, 5)
* — (-3,0) 3,0)
[ o 1 %

0,9

-5 2

(-1, 0) 3,0 0 .
I T / \

7 A parabola has x-intercepts of —1 and 2 and passes through the point (4, 10). Find its
equation.

A parabola has x-intercepts of —2 and 3 and y-intercept —3. Find its equation.

A parabola has x-intercepts of 1 and 2 and passes through the point (1, —3). Find its
2

equation.

ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Sketching via the discriminant

In this section we will discuss how determining the value of the discriminant can assist with parabola
sketching.

The discriminant A = b2 — 4ac and sketching y = ax? + bx + ¢
We now have a few approaches to sketching parabolas when given in general form, y = ax? + bx + c.
« Complete the square to transpose the equation into the form y = a(x — h)? + k.

* Find the x-intercepts via factorisation and use the symmetry property to find the x-value
of the vertex.

e Usetherule x = —2i to find the x-value of the vertex.
a

In all three cases we need to label the y-intercept (0, ¢), and label x-intercepts, if they exist.
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7E SKETCHING VIA THE DISCRIMINANT
4 mesewmwiweesARECYY

In Chapter 5 we discussed the following techniques for finding x-intercepts (solving equations of the

form, ax* + bx + ¢ = 0).
e Completing the square
* Factorisation

* The quadratic formula

If you are asked to sketch y = ax? + bx + ¢, which approach should you take? Knowing the value
of the discriminant, A = b%> — 4ac, can assist you in approaching the sketch efficiently. See the table

below.
A = b? — dac Number of x-intercepts
A<O 0
A=0 1
A>0 2

The use of the discriminant is demonstrated in the following example.

Example 11

Sketch the following by whatever means, labelling all key features.
a y=-3x2+8x-6

b y=4x>-4x-3

c y=5x+3x-12

a y=-3x2+8x-6

A = b? — 4ac = 82 — 4(-3)(-6)
=64-72=-8

A < 0, therefore there are no x-intercepts.

y
The axis of symmetry is: (4 _2)
b 8 4 ERENE] x
2a  2(-3) 3
The y-value of the vertex is:
2 (0, -6)
—3(£) +8(i)—6 = —§+£—6
3 3 9 3
=48 +96 — 54
9
)

(continued over page)
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7E SKETCHING VIA THE DISCRIMINANT «a

b y=4x*-4x-3

A = b? —dac = (—4)? — 4(4)(-3)
=16+ 48 = 64

A > 0 and is the square of a rational number, therefore there are two rational x-intercepts.
Find the x-intercepts via factorising:
4x> +2x—-6x-3=0
2x2x+1)-32x+1) =0
2x+1D2x-3)=0
2x+1=0 or 2x-3=0

1 3
X =——or X ==
2
Axis of symmetry: y
(Lo don-
2 2 2
y-value of vertex is: (-1,0) (3,0 '

41241 3=1-2-3=-4
2) \2) T T ©,-3)

(%r _4)
¢ y=5x2+3x-12
A =b?—4ac = 3)? - 4(5)(-12)
=9+240 = 249
A > 0 but is not the square of a rational number, therefore there are
two irrational x-intercepts.
The axis of symmetry is: y
_b_ 3 _ 3 \ /
2a 2(5) 10 *
The y-value of the vertex is: (_3_1%2% : 0) _3+1\ém , 0)
2
5(—i ) +3(—i) =12 = 4—5—2—12
10 10 100 10 ©,-12)
3 9
= —122 (‘1‘0"122_0)

Find the x-intercepts via the quadratic formula: a =5, b = 3, ¢ = —12

3249 3+249
10 10

X =
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N
Doz

W For each of the following, determine the value of the discriminant and hence sketch the
parabola using the most efficient approach. Label all intercepts and the vertex.

a y=4x>-2x b y=3x>-12x+12 c y=x>+4x+2
d y=2x>-4x+5 e y=-2x>+6x+3 f y=—-x>-4x+12
g y=3x—4x> h y=4x>+12x+15 i y=25x2-30x+9
J y=-5x>-4x+10 kK y=—4+x-2x? I y=4x>-4x-15

Applications involving quadratics

Many practical problems can be solved using quadratics.
For example:

s = 30t — 4.9¢2

is a formula used to calculate the height, s metres, of a cricket ball # seconds after it has been thrown
in the air vertically with an initial speed of 30 m/s.

Example 12 shows a problem about a right-angled triangle that leads to a quadratic equation.

Example 12

The two sides of a right-angled triangle are, respectively, 2 cm and 4 cm shorter than the
hypotenuse. Find the side lengths of the triangle.

Let x cm be the length of the hypotenuse. Then the two other sides have lengths (x — 2) cm
and (x — 4) cm.

By Pythagoras’ theorem:

x2

(x—2)? + (x — 4)?
x2=x2-4x+4+x2-8x+16

0 = x> — 12x + 20 x=2 e
x-10)(x-2)=0

x =10o0r2
But the solution x = 2 is impossible, since it leads to a triangle with a &
negative side length. x—4

Hence, x = 10 and the side lengths are 6 cm, 8 cm and 10 cm.
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7F APPLICATIONS INVOLVING QUADRATICS

Minimum-maximum problems

Suppose we have 20 centimetres of wire, which is to be bent to form a rectangle. The area of the

rectangle will change as its dimensions change, as you can see in the table below.

25 4 5 6 7
8 7.5 6 5 4 3
16 18.75 24 25 24 21
10 — x
Suppose that we have a rectangle with perimeter 20 cm. Let x cm be the
length. Then the width is (10 — x)cm. .
Suppose that the area is Acm?, then A = x(10 — x)
= 10x — x?2 A 0
The graph of A against x is an upside-down parabola, but note that ’
the x-values are restricted to between 0 and 10. 25
The x-intercepts are 0 and 10, so the parabola has x = 5 as its axis
of symmetry. Hence, it has a maximum value of 25 at x = 5. This
value of x makes the rectangle into a square.
Thus, of all the rectangles with fixed perimeter, the square is the one
with greatest area, as you may have noticed from the table of values. 0 5 10

The idea of maximising (or minimising) a quantity using parabolas has many uses.

Example 13

A farmer needs to construct a small rectangular paddock using a long wall for one side of the
paddock. He has enough posts and wire to erect 200 m of fence. What are the dimensions of

the paddock if the fences are to enclose the largest possible area?

Let x m be the length of the side perpendicular to the wall.
Then the length of the side parallel to the wall is (200 — 2x) m. om
Let A m? be the area of the paddock.

Then A = x(200 — 2x)
= 200x — 2x2

Hence, A = 0 when x = 0 or x = 100 (as in the sketch). Taking
the average, the axis of symmetry is x = 50 and the maximum area
occurs when x = 50.

Thus, the dimensions of the paddock are 50 m by 100 m, and the area
is 5000 square metres.

As we saw in Example 12, the algebra can lead to a number of possible answers. Some of these may

not be admissible as they do not satisfy the requirements of the question.
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N 7P APPLICATIONS INVOVING QUADRATICS
‘ Exercise 7F

The solutions to most of the practical problems should begin with a diagram.

1 A rectangular paddock is 50 m longer than it is wide. If the area of the paddock is
10 400 m?, find its dimensions.

2 A large triangular road sign with base length equal to its height has an area of 1800 cm?.
Find the length of the base.

The product of two consecutive positive integers is 650. Find the numbers.
The product of two consecutive even numbers is 224. Find the numbers.

The product of two consecutive odd numbers is 195. Find the numbers.

S i A W

One more than a certain positive number is five less than the number squared.
Find the number.

If Tom’s age is squared, it will be equal to his age in 56 years’ time. How old is he now?

If the amount of Karlima’s savings is squared and then doubled, the amount would be $66
more than her savings now. How much has she saved?

W 9 A right-angled triangle has one side 7 cm longer than the side perpendicular to it. If the
hypotenuse is 17 cm, find the side lengths of the triangle.

10 A right-angled triangle has hypotenuse 9 cm longer than its shortest side. Given that the
third side is 21 cm long, find the side lengths of the triangle.

11 A piece of sheet metal 50 cm by 40 cm has squares cut out of each corner so that it can be
bent and formed into a lidless box with a base area of 1200 cm?. Find the dimensions of
the box.

12 The formula for finding the number of diagonals of a convex polygon with 7 sides is
g(n — 3). How many sides does a polygon with 902 diagonals have? (As an interesting

counting argument, prove the formula for the number of diagonals of a convex polygon.)

13 Show that the sum of the first n positive integers is nn+1)

needed to produce a sum of 136? 2

. How many integers are

14 The height (/2 metres) of an arrow above the ground, ¢ seconds after release from the
bow, is given by & = 23.7t — 4.9¢% . Find the time taken for the arrow to reach a height of
27 metres, correct to two decimal places.

15 What is the minimum value of x> — 6x + 22

16 What is the maximum value of —x? + 3x — 1?

17 What is the maximum and minimum value of 3x? + 7x — 2 if:
a -3<x<0? b 0<x<3?

18 A piece of wire is 100 cm long. Find the dimensions of the rectangle formed by bending
this wire when the area is a maximum.

S 19 A farmer has a straight fence along the boundary of his property. He wishes to fence an
) enclosure for a bull and has enough materials to erect 300 m of fence. What would be the
dimensions of the largest possible rectangular paddock, assuming that he uses the existing
boundary fence as one of its sides?
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S , v

20 The height, 7 metres, reached by a ball after  seconds when thrown vertically upwards
is given by h = 25t — 4.9¢2. Find, correct to three decimal places, the maximum height
reached and the time the ball is in the air.

21 A rectangular piece of land of area 5000 m? is to be enclosed by a wall, and then divided
into three equal regions by partition walls parallel to one of its sides. If the total length of
the walls is 445 m, calculate the possible dimensions of the land.

22 A rectangle is constructed so that one vertex is at the origin, and another vertex is on the
2x . . .
graphof y =3 — 3 where x > 0 and y > 0 and adjacent sides are on the axes. What is

the maximum possible area of the rectangle?

Quadratic inequalities

In this section, we answer such questions as:
For which values of x is x> —1 < 0?
When is x> + 8x + 7 > 0?

Recall the method for solving a linear inequality.

For example:
3x+7<5x+11

—2x <4
x> =2
Note: When dividing through by a negative number, the inequality is reversed.

When solving quadratic inequalities, a graphical technique is used. The following examples explore
this technique.

Example 14

a Solve the inequality x> — 5x + 4 < 0. b Solve the inequality x> — 5x + 4 > 0.
The graph of y = x> — 5x + 4 = (x — 4)(x — 1) is drawn. y}\
4

a The y-values are negative when the graph is below the x-axis.
Thus, x> =5x+4 <0 if 1 < x < 4. y=x2_5x+4

b The y-values are positive when the graph is above the x-axis.
Thus, x> —=5x+4>0ifx >4orx <1 o] 4 x
The y-values are equal to 0 when x =4 or x = 1.

Thus, x2 —=5x+4 >0 if x >4or x < 1.
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7G QUADRATIC INEQUALITIES
A emewwenEwSES
Example 15

a Solve the inequality —x* + 5x — 6 < 0. b Solve the inequality —x2 + 5x — 6 > 0.

The graph of y = —x? + 5x — 6 = —(x — 2)(x — 3) is drawn.

a The y-values are negative when the graph is below

y
the x-axis. y=—x2+5x-6
Thus, —x2 +5x —-6<0 if x <2 or x > 3. 5

2 3 2
b The y-values are positive when the graph is above

the x-axis.
Thus, —x2 +5x —6>0if 2 < x < 3.
The y-values are equal to O when x = 2 or x = 3.
Thus, X2+ 5x—-6>0if 2<x<3. —52

. Exercise 7G

1 Use the graphs given to find the set of x-values described by each inequality.

a x?-2x-15<0 b x2+3x-4>0
y y
y=x2+3x-4
-3\ 0 5 X
y=x2-2x-15
-4 o/ 1 X
- \/Q
c —(x+2)?220 d2+x-x2<0
y y
y=2+x—x2
2
2\ 0 . /
-1/ 0 2 X
4
y=—(x+2)?
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e (x+3)?2 20 f 9-4x2<0
y y
9
9 y=(x+3)2 y=9 a2

2 Sketch a graph and find all values of x such that:

a(x-3)(x+2)>0 b (x+Dx+4)<0
c(x=5x-2)=20 d x(x+3)<0
S8 3 Solve the quadratic inequalities.

a x>+3x-70>0 b x2-5x-24<0

c x2+9x+20=0 d x2-7x+12<0
W 4 Solve the quadratic inequalities.

a —x>2-3x+40>0 b —x>+5x+242>0

¢ —x2+12x-35<0 d -x>+11x<0

Review exercise

1 Find the y-intercept of:

ay=x>+5x+2 b y=>5x-3)-21 ¢ y=23x>+2x
d y=2-2x+1)? e y=5-(x—-17? f y=-3x+2)?2-4
2 Consider the parabola y = (x — h)? + 5. Find the value of & if the y-intercept is:
as b 21 c 14 do
3 Find the x-intercepts of each parabola.
ay=x>+3x-4 b y=2x>+13x+6 c y=8x2-6x-9
d y=8x*-16x-10 e y=x>-49 f y=2x?-10x
4 Find the exact values of the x-intercepts of each parabola.
ay=(x+2?2?-5 by=(x-3?2>-2 c y=2x+12-10
d y=3x-2?2-15 e y=5ux-3?%-7 f y=6-3(x-2)?
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REVIEW EXERCISE

S Find the exact values of the x-intercepts by completing the square.

a y=x>+4x-2 by=x>-6x+1
¢ y=2x2+10x+3 d y=-2x>-8x+5
6 State whether the graph of each quadratic has a maximum or minimum turning point
(vertex).
ay=x>+6x-35 by=-x*+2x+1
c y=7-2x—3x? d y=3x>2-2x+1

7 Determine which pairs of parabolas are congruent.
y=x2,y=—2x2,y=3x2,y=3x2+1,
y=2+3x—-4x%,y=3-2x%y=x2—x,y=1+4x?

8 State the transformations that need to be applied to the graph of y = x? to obtain the

graph of:

ay=x2-1
by=x>+2
c y=4-x2
d y=1-x?

Note: There are many possible answers to this question.

9 State the transformations that need to be applied to the graph of y = x? to obtain the

graph of:
ay=(x+2)7? b y=(x-1)> c y=—-(x+1)7?
dy=x+1)>-3 e y=(x-2?-3 f y=1-(x-3)?

10 Write the equation of the parabola obtained when the graph of y = x? is:
a translated 2 units to the left
b translated 3 units to the right and 1 unit up
¢ translated 2 units down and 5 units to the right

d translated 3 units to the left and 2 units down

11 Write the equation of the parabola obtained when the graph of y = 3x? is:
a translated 3 units to the left and 2 units up

b translated 3 units to the right and 2 units down

12 Write the equation of the parabola obtained when the graph of y = x? is:
a reflected in the x-axis and translated 1 unit to the right
b reflected in the x-axis and translated 2 units to the left

¢ reflected in the x-axis, then translated 1 unit to the left and 2 units down
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REVIEW EXERCISE

13 For each parabola, state the coordinates of the vertex.
ay=(x-12+2 by=(x+2)2>+3 cy=(x+4)?%-2
dy=(x-52>+11 e y=-3x+2)?%-1 f y=4-2(x-3)?
14 A parabola has vertex (1, —2) and passes through the point (3, 2). Find its equation.

15 A parabola has x-intercepts of —5 and 3 and passes through the point (1, —12). Find its
equation.

16 A parabola has x-intercepts of —2 and —4 and a y-intercept of —8. Find its equation.

17 Sketch the graph of each quadratic, clearly labelling the x- and y-intercepts, the axis of
symmetry and the vertex.

ay=x>-6x+5 by=x>-4x-12 ¢ y=x?-3x
d y=x?+5x e y=16-x2 f y=23x-9x?
18 Sketch the graph of each quadratic, clearly labelling the x- and y-intercepts, the axis of
symmetry and the vertex.
ay=x-37>+4
by=3x+1*-6
c y=5-(x+3)?
d y=6-3x-5)7?
19 A parabola has vertex (2, —4) and passes through the point (1, 7). Find its equation.
20 A parabola has equation y = 3(x + h)> + 4 and y-intercept 7. Find the value of h.

21 Sketch the graph of each quadratic, clearly labelling the x- and y-intercepts, the axis of
symmetry and the vertex.

ay=x>+2x-5 b y=x2-6x+2 c y=—-x2-4x-17
d y=-x>+8x-13 e y=2x2+4x+5 f y=7+6x—2x2

22 In aright-angled triangle, one side is 7 cm longer than its shortest side and the
hypotenuse is 8 cm longer than its shortest side. Find the side lengths of the triangle.

23 A piece of sheet metal 50 cm X 60 cm has squares cut out of each corner so that it can
be bent and formed into a lidless box with a base area of 2184 cm?. Find the length,
width and height of the box.

24 A farmer has a straight fence along the boundary of his property. He wishes to fence
an enclosure for a bull and has enough materials to erect 500 m of fence. What would
be the dimensions of the largest possible paddock, assuming that he uses the existing
boundary fence as one of its sides?

25 By considering a graph, solve:
a(x=-5x+3)<0
b (x+2)(x+5<0
c x(x=2)>0
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Challenge exercise

1 a What is the maximum value of 2x> + 9x — 5 if =2 < x < 0?

b What is the minimum value of 2x° + 9x — 5if 0 < x < 2?

Consider the quadratic inequality x> + 4x + ¢ < 0. For each of the following sets of
values of x, find the values of ¢ for which the given set satisfies the inequality:

a-7<x<3
bx=-2

¢ no x values

The distance between two towns is 120 km by road and 150 km by rail. A train takes
10 minutes longer than a car, whose average speed is 10 km/h less than the train’s
average speed.

The purpose of this problem is to find the average speed of the car.

a Let the average speed of the car be x km/h and let the time taken by the car be 7 hours.
Show that the information in the question gives:

xt =120 (1)

(x+10) (z+%)=150 (2)

b Subtract (1) from (2) to obtain a linear equation linking x and 7.

¢ Make ¢ the subject of this linear equation, substitute it into (1) and solve for x,
obtaining x = 80 or x = 90.

d Calculate the corresponding values of ¢ and check that both pairs of solutions make
sense.

The next six questions are similar to the previous question. That is, it is best to introduce
two variables, eliminate one and then solve the resulting quadratic equation. Do not forget
to check that the solutions are feasible; that is, that they make sense and satisfy the original
problem.

4 A train could save 1 hour on a journey of 200 km by increasing its average speed by

10 km/h. What is the original speed of the train?

A farmer purchased a number of cattle for $3600. Five of them died, but he sold the
remainder at $20 per head more than he paid for them, making a profit of $400. How
many did he buy?
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CHALLENGE EXERCISE

6 The distance between two towns is 80 km by road and 90 km by rail. A car takes
15 minutes longer than a train, whose average speed i1s 8 km/h greater than the car’s
average speed. Find the average speed of the car and of the train.

) ) total number of runs scored :
7 Incricket, batting average = - . In a season, a cricketer scored
number of times out

1800 runs. If he had been out on one more occasion, his average would have been three
runs less. What is his average?

8 Two boys, one of whom can run 1 m/s faster than the other, compete in a 400 m race.
The slower competitor is given a 20 m start and loses by 10 seconds. What was the
average speed of each runner (correct to three decimal places)?

9 A and B are two towns, 120 km apart. A car starts from A to travel to B at the same time as
a second car, whose speed is 20 km/h faster than the first, starts from B to travel to A.
The slower car reaches B 1 hour and 48 minutes after it passes the other car. Find their
speeds.

10 The diagram shows a square inscribed in an isosceles triangle with side lengths 10, 10
and 12. Find a.

12

11 To solve x>— gx + h = 0 graphically, let A be the point (0, 1) and B the point (g, h).
Draw a circle with AB as its diameter. Then the points (if any) where the circle cuts the
x-axis are the roots of x2— gx + h = 0.

a Illustrate the method by graphically solving x*>— 5x + 6 = 0.
b Prove that the method works.

Note: This construction is called Carlyle’s method.

12 Take a piece of string of length 100 cm. Cut it into two pieces, x cm and (100 — x) cm,
and form the first piece into a circle and the other into a square.

a Write down a quadratic expression for the combined area enclosed by the separate
pieces.

b Find the minimum possible sum of the two areas and the value of x for which it
occurs.
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CHALLENGE EXERCISE

13

14

Recall that two geometric figures are by definition congruent if there is a sequence of
translations, rotations and reflections taking one figure to the other. Also recall that two
geometric figures are similar if we can enlarge one figure so that its enlargement is
congruent to the other figure.

In this question we will show that all parabolas are similar. It is not, however, true that
all parabolas are congruent.

a Explain why the ideas in Section 7B show that every parabola y = x?>+ ax + b is

congruent to the basic parabola y = x2.

b Explain why the ideas in Section 7B show that every parabola y = —x"+ax +bis

congruent to the basic parabola y = x°.

¢ Let a > 0. Explain why the ideas in Section 7C show that every parabola

y = ax? + bx + ¢ and every parabola y = —ax?+ bx + c is congruent to the parabola

y = ax>.

d Every point on y = x? has coordinates (p, p?) for some p. Find a similar expression
for the points on y = 5x2. Show that the transformation taking (x, y) to (x, 5y) maps
y = x% to y = 5x2. Show that this transformation is not a similarity transformation.

e Show that there is an enlargement that takes y = x2 to y = 5x2.

f Show that all parabolas are similar.

In Section 7D we discussed methods for sketching parabolas using symmetry about the
axis of symmetry. Here is another method.

For the parabola y = ax?+ bx + c:

First find the two points where y = ¢ meets the parabola. These are (0, ¢) and (—S, c).
Then find the vertex, knowing that the x-coordinate of the vertex is the average of the
x-coordinates 0 and —é. Sketch the parabola using these three points. Use this method to

a
sketch:

ay:x2+8x+17
by=2x"+5x-3

c y=a’x2+ex—f
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Review of congruence
and similarity

This chapter reviews our knowledge of geometry. In particular, we review
congruence tests and similarity tests for triangles.

Congruence and similarity are extremely useful tools in geometrical arguments.

Both congruence and similarity have many applications and you will meet some
of these in this chapter.




Review of triangles

An initial discussion of the properties of triangles appeared in ICE-EM Mathematics Year 8 and
ICE-EM Mathematics Year 9. We briefly review them here.

Triangles
We recall:
* The sum of the interior angles of a triangle is 180°.

* An exterior angle of a triangle equals the sum of the opposite interior angles.

Isosceles and equilateral triangles

* The base angles of an isosceles triangle are equal.

e Conversely, if two angles of a triangle are equal, then the sides opposite those angles are equal.
* Each interior angle of an equilateral triangle is 60°.

» Conversely, if the three angles of a triangle are equal, then the triangle is equilateral.

Polygons
e The angle sum of a quadrilateral is 360°.
* The sum of the interior angles of a convex polygon is (n — 2) 180°.

* The sum of the exterior angles of a convex polygon is 360°.

) percisesa

1 Find the values of x, ¥, o, B and Y.

aaA b A c L
X 5
/IZOO\ !
L o 6 X
y B ) C
C 30° B /o o\ 120°
O 6 M N
B
A
d e f C
Q
6/ PO\s .
5\ |—15°
Pla
B PN ¢ P 5
45° =
6 B ( A
15°
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8A REVIEW OF TRIANGLES «a

2 Find the values of x, y, o, B, ¥ and 6. Give reasons in your solutions. Points marked O are
the centres of circles.

anRr S b 8o X c R
‘ 0
X
80°
7 cm
A Y
12 cm
w 60°
T P v Q
D
H
A
B
F
E
A
—D
20
o
B >
B C
D

3 The exterior angles of a regular polygon are each 60°. How many sides does the
polygon have?

4 Three angles of a pentagon are each 156° and the remaining angles are equal. Find the size
of the two remaining angles.
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Congruence

In ICE-EM Mathematics Year 8 and Year 9 we introduced the idea of congruent figures.

‘ Congruent figures

* Two plane figures are called congruent if one figure can be moved on top of the
other figure, by a sequence of translations, rotations and reflections, so that they
coincide exactly.

e Congruent figures have exactly the same shape and size.

e When two figures are congruent, we can match up every part of one figure with the
corresponding part of the other, so that:

— matching angles have the same size
— matching intervals have the same length

— matching regions have the same area.

The congruence arguments used in this chapter involve only congruent triangles. In ICE-EM
Mathematics Year 8 and Year 9 we developed four tests for two triangles to be congruent, as
follows.

. The four standard congruence tests for triangles

Two triangles are congruent if:

SSS:  the three sides of one triangle are respectively equal to the three sides of the other
triangle, or

AAS: two angles and one side of one triangle are respectively equal to two angles and the
matching side of the other triangle, or

SAS: two sides and the included angle of one triangle are respectively equal to two sides
and the included angle of the other triangle, or

RHS: the hypotenuse and one side of one right-angled triangle are respectively equal to
the hypotenuse and one side of the other right-angled triangle.

The statement ‘Triangle ABC is congruent to triangle POR’ is written as:

AABC = APQR,
where the vertices are written in matching order.

When a congruence test is used to justify the congruence, the test’s initials are placed in brackets
after the congruence statement, as in Example 1 on the next page.
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8B CONGRUENCE ”«a

Example 1

If the two triangles are congruent, write down a congruence statement and the congruence
test used to justify it.
If they are not, explain why not.

a A 11 cm B b M

'v 6cm 28° 42°
E L 12 cm 5 N
C 1
6 cm
42°N\_12 cm

b 11 cm F 110°
P
Q
c B d Q
A 15 cm c S
X 15 cm y P R
809
. T
/0 34 mm
V4
26 mm
u

a AABC = ADFE (SAS)

b InAPQR,ZRQOP = 180° — (42 + 110)°
= 28°
So ALMN = AQPR (ASA)

¢ In AABC, ZABC = 80°. In AXYZ, £ZXY = 30°. XZ # 15 cm, since AXYZ is not
isosceles. Hence, AABC is not congruent to AXYZ, because AC # XZ.

d APQOR = AUST (RHS)

Quadrilaterals
The sum of the interior angles of a quadrilateral is 360°.

Congruence of triangles is used to establish properties of special quadrilaterals. A proof for each of
the properties listed overpage was given in ICE-EM Mathematics Year 9.
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8B CONGRUENCE

Parallelograms

A parallelogram is a quadrilateral whose opposite sides are parallel.

A parallelogram has the following properties: B C
* The opposite angles of a parallelogram are equal.

» The opposites sides of a parallelogram are equal.

3y 1
i

* The diagonals of a parallelogram bisect each other. A ' D
Here are four well known tests for a parallelogram:

 If the opposite angles of a quadrilateral are equal, then the quadrilateral is a parallelogram.
* If the opposite sides of a quadrilateral are equal, then the quadrilateral is a parallelogram.

* If one pair of opposite sides of a quadrilateral are equal and parallel, then the quadrilateral is a
parallelogram.

 If the diagonals of a quadrilateral bisect each other, then the quadrilateral is a parallelogram.

Rhombuses

A rhombus is a quadrilateral with four equal sides. A rhombus is a
parallelogram. (We also note that because the opposite sides of a
parallelogram are equal, it is always sufficient to establish that just
two adjacent sides are equal.)

The following are properties of a rhombus: A C
* The diagonals of a rhombus bisect each other at right angles.

e The diagonals of a rhombus bisect the vertex angles through
which they pass.

Here are two tests for whether a quadrilateral is a rhombus. b

 If a quadrilateral is a parallelogram with two adjacent sides equal, then the parallelogram is a
rhombus.

* [f the diagonals of a quadrilateral bisect each other at right angles, then the quadrilateral is a rhombus.

Rectangles
A rectangle is a quadrilateral in which all angles are right angles.

The following are properties of a rectangle:

* A rectangle is a parallelogram. B c
— Its opposite sides are equal and parallel.
— Its diagonals bisect each other.
* The diagonals of a rectangle are equal.
A D

Here are three tests for a rectangle:
e A parallelogram with one right angle is a rectangle.
e If all angles of a quadrilateral are equal, then the quadrilateral is a rectangle.

 If the diagonals of a quadrilateral are equal and bisect each other, then the quadrilateral is a
rectangle.
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8B CONGRUENCE

Kites B

A Kkite is a quadrilateral with two pairs of adjacent equal sides.

Congruence is used to prove many results with quadrilaterals and triangles.
In the kite ABCD, B
DA = DC and BA = BC. A

Prove that ZBAD = ZBCD.

C
Join D to B. B
In the triangles ABD and CBD, A
BA = BC (given) D
DA = DC (given)
DB is common, c

so ABDA = ABDC (SSS)
Hence, ZBAD = ZBCD (matching angles of congruent triangles)

. Exercise 8B

W 1 In each part, find a pair of congruent triangles. State the congruence test used.

a B Q Y
3cm 3cm 3cm
A 35° c p 40° R X 35° 2
5cm 5cm 5cm
b B Q X 4 cm y
4 cm
o 5 809
A 50 c p 50 R
4 cm 7
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8B CONGRUENCE

c B C P 7 5cm y
5cm
3cm 3cm
5cm
Q R
A 4 cm X
dc o A P
40 X 20 mm y
40°
20 mm
709
B Q
R 20 mm z
e B P Q Y
. 43° 20°
12 cm 3 S 12 cm
20 c R
A 12 cm
63°
X V4

2 In each part, it is known that AABC = ADEF. Determine the unknown angles and side
lengths. (Side lengths are given correct to one decimal place.)

a B b B
100°
20° 5.0cm F 1.1 cm D
A 4.6 cm C 407
F D 4001300 42 cm
A C 100
3.0cm 3.0cm
E E
C B F d 4 £
8.0cm 30.0 mm
A 37 B 46°\ 383 mm
14.1 cm 119D
9.1 cm 67°
C E D
C E A B

m 3 In the diagram at the right, ABCD is a square and DE = EC.
a Draw a diagram and prove that AADE = ABCE.
b Prove that AE = BE.

4 PRSV is a square. The midpoint of PV is X and T is the midpoint of SV.
a Draw a diagram and prove that RX = RT.
b Join RV and prove that ZTRV = ZXRV.
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10

11

12
13
14
15

8B CONGRUENCE

The diagonals of a rectangle ABCD meet at O and ZBOC = 56°. A B

a Give reasons why OB = OC. 56°

b Use this to find: 5 ° c
i ZAOD ii ZAOB iii ZOBC iv ZABO

The diagonals of the parallelogram ABCD intersect at O. C

A line through O meets the sides AB and CD at X and Y,
respectively. Prove that OX = OY.

In a parallelogram ABCD, P is the midpoint of BC.

B
X
©)
Q
Both DP and AB are produced to meet at Q.
Prove that AQ = 2AB. 5 p c
A D

Two parallelograms, ABCD and ABXY, are on the same base, AB. Prove D c
that DCXY is a parallelogram.

Y

The diagonals of a square ABCD meet at O. The point K lies on AB such that AK = AO.
Prove that ZAOK = 3/BOK.

Recall that a kite is a quadrilateral with two pairs of adjacent equal sides. Prove the
following properties of a kite. You will need to draw a separate diagram for each point.

a If one diagonal of a quadrilateral bisects the two vertex angles through which it passes,
then the quadrilateral is a kite.

b If one diagonal of a quadrilateral is the perpendicular bisector of the other diagonal, then
the quadrilateral is a kite.

Draw a diagram and prove that, in a parallelogram, opposite sides are equal and opposite
angles are equal.

Draw a diagram and prove that the diagonals of a parallelogram bisect each other.
Draw a diagram and prove that the diagonals of a rhombus are perpendicular.
Draw a diagram and prove that diagonals of a rectangle are equal.

ABCD 1is a rhombus. 5 C
The bisector of ZABD meets AD at K. |
Prove that ZAKB = 3/ABK.
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16 ABCD is arectangle. Equilateral triangles ABX and DAY are drawn outside ABCD. Draw a
diagram and prove that triangle CXY is equilateral.

17 Draw a diagram and prove that if each angle of a quadrilateral is equal to the opposite angle
then the quadrilateral is a parallelogram.

18 Draw a diagram and prove that if each side of a quadrilateral is equal to the opposite side
then the quadrilateral is a parallelogram.

Enlargements and similarity

Enlargements
* An enlargement stretches a figure by the same factor in all directions.

* An enlargement transformation is specified by its centre of enlargement and its enlargement
factor.

* When a figure is enlarged:

— matching lengths are in
the same ratio and

— matching angles are equal.

The image is thus a scale
drawing of the original figure.

In the diagram at the right, O
is the centre of enlargement. AA’B’C’ is an enlargement by factor 2 of AABC.
AIBI B B/cl B CIAI B 2

Since the enlargement factor is 2,
BC CA

Similarity
Two figures are called similar if we can enlarge one figure so that its
enlargement is congruent to the other figure. In simple terms, this means

that by enlarging or shrinking one of two items, we get the other item,
perhaps translated, rotated or reflected.

Thus, similar figures have the same shape, but not necessarily the K
same size, just as a scale drawing has the same shape as the original, :
but has a different size.

o>
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8C ENLARGEMENTS AND SIMILARITY ”«a
‘ Similar figures

* Two figures are called similar if there is an enlargement of one figure that is congruent to
the other figure.

* Matching lengths in similar figures are in the same ratio, called the similarity ratio.

e Matching angles in similar figures are equal.

Similarity tests for triangles

As with congruence, most problems involving similarity come down to establishing that two
triangles are similar. In this section we review the four similarity tests for triangles. For each
congruence test there is a corresponding similarity test.

. The AAA similarity test

e If the angles of one triangle are respectively equal to the angles of another triangle, then
the two triangles are similar.

Note: When using this test, it is sufficient to prove that just two pairs of angles are equal -
the third pair must then also be equal since the angle sum of any triangle is 180°. Thus,
the test is often called ‘the AA similarity test'.

This similarity test corresponds to the AAS congruence test.

For each diagram, write a similarity statement beginning with ‘AABC is similar to ...’
and state the test you used.

Be careful to name the vertices in matching order.

a A b A

cB

a AABC is similar to ACPB (AAA)
b AABC is similar to ABMC (AAA)

Note: A similarity statement should not only appeal to the test used, but also list the vertices of the
triangles in matching order.
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8C ENLARGEMENTS AND SIMILARITY
N sc enaRcmeNTs ANDSIMILaRIY_________
() The SSS similarity test

If we can match up the sides of one triangle with the sides of the other so that the ratio of
matching lengths is constant, then the triangles are similar.
C
5 4
A B
6 R
1
75 P
P 9 Q

The statement that the two triangles shown in the box above are similar is thus written as:

AABC is similar to APOR (SSS)

The similarity factor is E

2
The SSS similarity test corresponds to the SSS congruence test.

Ratios between triangles and ratios within triangles

When two triangles are similar, we can read off the ratios of the matching lengths between the
triangles in the box above. That is:

PO _RO _ PR _3

AB CB AC 2

Alternatively, we can read off the ratios within the triangles. Thus, for the triangles above:

PO _AB _6
PR AC 5
and £ _AB_3
RO CB 2
ad FEQ_CB_4
PR AC 5

Note that & — X is equivalent to £ = b because both statements are equivalent to ay = bx.
XY
That is, equal ratios between the triangles is equivalent to equal ratios within triangles.

It does not matter whether you use ratios between triangles or ratios within triangles.
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8C ENLARGEMENTS AND SIMILARITY

Example 4

a Prove that the two triangles in the diagram are similar.
b Which of the two marked angles are equal?

a In the triangles AABC and ACBD:

% = 2 (given)
% = 2 (given)
g—é = 2 (given)

so AABC is similar to ACBD (SSS).
b Hence, y = 0. (matching angles of similar triangles)

. The SAS similarity test

There are two ways of stating the test: ] Q
e If the ratios of two pairs of matching sides Q
. P 1 R
are equal and the included angles are 25
equal, then the two triangles are similar. B
OR 2
e If the ratio of the lengths of two sides of one triangle A
is equal to the ratio of the lengths of another triangle A 5 C
and the included angles are equal, then the two triangles are similar.

The statement that the two triangles in the box above are similar is thus written as:
AABC is similar to APOR (SAS)
Consider APQOR and AABC, as shown in the box above. The ratios of matching lengths are:

Ac_ B _
PR  PQ

The ratios within the triangles are:
PR AC 5
PQ AB 2
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8C ENLARGEMENTS AND SIMILARITY
L
[ ) The RHS similarity test

There are two ways of stating the test: B a
e If the ratio of the hypotenuses and the ratio of one pair of sides
of a right-angled triangle are equal, then the triangles are similar. 2
3
OR
e |f the ratio of the hypotenuse and one side of one right-angled 1 ¢
triangle is equal to the ratio of the hypotenuse and one side of p R
another right-angled triangle, then the two triangles are similar. 13
The statement that the two triangles in the box above are similar is thus written as:
AABC is similar to APOR (RHS)
Consider AABC and APQR as shown in the box on the previous page. The ratios of
matching lengths are:
PR _QP _3
AC  AB 2
The ratios within the triangles are:
BA_QP_,
AC PR
Determine whether the triangles shown are A 14 B
similar and, if they are, state the appropriate 80°
similarity test. 11.2
X Y
C
8\ gge 10
z
In AABC and AYZX, Alternatively,
BA 14
ZABC = £YZX = 80°, — =—>=125
AB 14 7 BC 112
710" 3 and
Yz
ZY _19 125 and
BC 112 _ 7 7ZX 8
ZX 8 5

ZABC = £YZX = 80°

AABC is similar to AYZX (SAS).
so AABC is similar to AYZX (SAS).
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8C ENLARGEMENTS AND SIMILARITY ca!

Similar figures can be used to calculate magnitudes of angles and lengths in practical situations, as in
the following examples.

Example 6

Some students estimate the height of an electricity pylon using the following method. One
student holds a 3-metre pole vertical while another student sights from ground level. The
pole is moved until the top of the pole lines up with the top of the pylon, as shown in the

diagram. 1 pylon

The distances x metres and y metres are measured and eo‘\:’,
it is found that x = 4.2 and y = 75.6. N hm

|
Using similar triangles, calculate the approximate height poeJ S
of the pylon. o

level ground
<xm ym

The two triangles are similar (AAA).

Thus,%:x—l_y

X
79.8

42

he3x 28 _ 57 frm

42 Tsm

Hence, the height of the pylon is 57 metres. 42m 79.8 m

Example 7

In the figure shown, P
ZPTQ = ZPRS = «.
Prove that PQ x PR = PT x PS.

In APTQ and APSR,

ZPTQ = ZPRS (given)

ZLTPQ = ZSPR (same angle)

so APTQ is similar to APRS (AAA).
PO PT

Hence, — = — (matching sides of similar triangles)
PS PR

PO X PR = PT X PS
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8C ENLARGEMENTS AND SIMILARITY

) percsesc

1 Determine whether the triangles in each pair are similar. If they are similar, state the appropriate
o similarity test.

a A b L
7 3cm
3 cm 70° P
B 5cm C P 30° 80° 80°
M N 702q
15 em
2 2 cm
2
R
Q 21 R
7T cm
c S d 4 cm M
L
B
X 4 cm
U T B N S 6 cm
.
z Y 6cm
U
e B f G
10.5
o
H 8 /
c F 12
A o E 7
J
D
g o) h Q
N
100° R
100°
K L M U T S
i D . .
J (Compare all three triangles)
F
9 8
E C
45 \4 50° 40°
I o G
A B
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2 a State why these two triangles are similar.

b Calculate x.

3 a State why these two triangles are similar.

b Calculate y.

12 cm
E
13 cm
10 cm

y cm 12 cm D

A 15.6 cm B

4 a State why these two triangles are similar.

b Find o and find a, then b in terms of [.

5 a In the diagram shown, name two triangles that
are similar and state why they are similar.

b Write down the three equal ratios.

¢ Calculate the value of x.

6 a List the three pairs of equal angles in the figure.
b Find the length of AB.
¢ Find the length of DC.

7 a In the diagram shown, are the
two triangles similar? If so, why?

b If AD = 6¢cm, DB = 4 cm and
AE = 7 cm, calculate AC.

8C ENLARGEMENTS AND SIMILARITY

A

7cm
xcmB 8cm

C

D
£ 10 cm
5cm

F
L 20 cm K
49° a

G 12cem H
D
1.6m
22m C
1.7 m
xm
E
02m B
A 3m
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8C ENLARGEMENTS AND SIMILARITY
A eemuGemSARSGMSTY

8 a State why ALMP is similar to APMN. P
b If PM =10 cm and MN = 6 cm, calculate LM.

28° 62°

S8 9 Atacertain time of day, a flagpole casts a shadow 15 m long, and at the same time a stick
30 cm high casts a shadow 24 cm long. Assuming that both the stick and the flagpole are
perpendicular to the horizontal ground, find the height of the flagpole.

10 This diagram represents a river (shaded) with a tree on the bank at A
point A. A man stands directly opposite A, on the opposite bank, at
point B. He then walks 100 m along the bank, to point C, where he

places a peg. He then walks a further 50 m to point D, turns 90° = ‘ l;
and walks 65 m to point E, where he finds that E, C and A are in a
straight line. Find the width of the river. E

11 A line from the top of a church steeple to the ground just passes over the top of a pole 3 m
high, and meets the ground at a point A, 2 m from the base of the pole. If the distance of
A from a point directly below the church steeple is 22 m, find the height of the steeple.

12 In the figure opposite, the line OC is perpendicular to line OD
and OA = 20C. Bis a point on OD and AB Il CD.

D
Prove that AAOB is similar to ACOD and hence prove o C
that OB = 20D.
13 In the figure shown, ABC is a triangle, right-angled at B, and B

BD 1 AC. Prove that:
a AABD is similar to AACB
D
D

b ABCD is similar to AACB A

14 ABCD is a parallelogram and E is the midpoint of AD.
The intervals BE and AC intersect at P. Prove that: E q
a AAPE is similar to ACPB [

b AC = 3AP

@ 15 In AABC, D lies on AB and E lies on the interval AC such that A
ZEDB and ZACB are supplementary angles.

a Prove that AADE is similar to AACB.

b Prove that ﬂ = A—D B
AB

AC

b

@
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16

17

18

In the figure shown, AABC is isosceles with AB = AC. The A
point F lies on BC such that AF' L BC. The point P lies on
BC and the point D lies on AB such that DP 1 AB. D

a Prove that APBD is similar to AACF.

b Prove that £< = A€, B F ¢ P

DB PB

In the diagram shown, AB = AC and L, M and N are o
midpoints of AB, BC and CA, respectively. Prove that
LM = NM. L N

Complete the following proof of Pythagoras’ theorem. B

a Show that AABC is similar to AADB. c b

b Show that a®> — ay = ¢2. '

¢ Show that AABC is similar to ABDC. A 5~>¢

d Show that ay = b?.

e Deduce that a? = b? + 2.

Similarity and intervals

within a triangle

Similarity is a useful tool to analyse an interval joining points on two sides of a triangle, as in the
example below.

CH
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Example 8

In triangle ABC, A

AP =14, PB =6, AQ = 7and QC = 3. 14 7

a Prove that AABC is similar to AAPQ. 6 £ §3
b Prove that PQ is parallel to BC.

¢ Find the ratio PO : BC.
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‘l 8D SIMILARITY AND INTERVALS WITHIN A TRIANGLE

a In triangles APQ and ABC,

AB _AC _ 10
AP AQ T
ZBAC = /PAQ

AABC is similar to AAPQ (SAS).

b Since the triangles are similar, ZABC = ZAPQ.
Therefore, corresponding angles are equal.
Thus, BC Il PQ.

¢ PQ : BC =7 :10 (matching sides of similar triangles)

D oo

1 Prove that the interval joining the midpoints of B
two sides of a triangle is parallel to the third side
and half its length.

2 Prove that the line through the midpoint of one
side of a triangle parallel to another side meets
the third side of the triangle at its midpoint.

\]

A > C

3 Prove that the intervals joining the midpoints of the sides of a triangle dissect the triangle
into four congruent triangles, each similar to the original triangle.

4 Prove that the midpoints of the sides of a quadrilateral C
form the vertices of a parallelogram. N
e Point N is the midpoint of BC B
« Point Q is the midpoint of CD . Q
* Point P is the midpoint of AD
A p D

* Point M is the midpoint of AB

S Draw a diagram of a triangle ABC with a point P on AB and a point Q on AC such that
AP =12,PB =9, A0 =4and QC = 3.

Prove that PQ Il BC.
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6 The point S is the intersection point of two lines. Points B
A and B are the points of intersection of the first line with two A

parallel lines, such that B is further away from S than A.
Similarly, points C and D are the intersections of the second

line with the two parallel lines, such that D is further away \ \
from § than C.

Prove that:
a SA: AB=SC:CD b SB: AB=SD :CD ¢ SA:SB=SC:SD

The point S is the intersection point of two lines. Points B
A and B are the points of intersection of the first line with A
two other lines, such that B is further away from S than A.
Similarly, points C and D are the intersection points of the
second line with the two other lines, such that D is further C D
away from S than C. Prove that if SA : AB = SC : CD,
then the two intercepting lines AC and BD are parallel.

Review exercise

1 Find the value of o, B and Y in the diagram at the right.

2 a Name the similar triangles in the diagram at the right. P

b Find x. A

In the parallelogram ABCD, E is a point on CD, and BE and AD are

produced to meet at F. C £ F
a Prove that triangle BEC is similar to triangle FED. %
b Given that CD = 3ED, AB = 6 and BC = §: ° A

i find ED ii find DF

CHAPTER 8 REVIEW OF CONGRUENCE AND SIMILARITY
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REVIEW EXERCISE

4 Find the value of the Greek letters in each diagram.
24°

a b

114°

~ B E
Y“‘\/ \38
oL,
XT F
,'// \\\ H
H* =G o
230
A
G

S In the diagram at the right, AABC is isosceles with AB = AC, ZABC = 55°,
AD | EG || FI and DI Il AC.

A
a Find ZBAC and ZACB. E
b Find ZFIC and prove that AFIC is isosceles. P .
¢ Prove that DB = DI. -
B / c

d If GD = GI and ZFGI = 34°, find ZGIF and ZEFG.

6 For each pair of triangles below, write a congruence statement, including the appropriate
congruence test.

a N l0ien 2 b s R 7cm S
130° H
202 14
X a o
M z
o\
A7cmC T

7 AB and DC are parallel sides of a trapezium ABCD. The diagonals of the trapezium

intersect at O. Prove that Bo = Q

oD oOC BE  AB
8 BE and CF are altitudes of a triangle ABC. Prove that — = ——.
CF AC

9 Find the value of x in each diagram.

a E b A

X
11 cm 1—' 5
6
C xcm B -
D B = —~C
17 cm 6 cm 15
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10 ABCD is arectangle with AD = 12 and DC = 5, and BE and DF are

perpendicular to AC. A 12 D
a Find AC. RS
b Find EF. 5
S
B C

11 In triangle ABC, AB = 8 cm, BC = 5cm and
CA = 6 cm. The side AB is produced to D so that
BD =16 cm, and AC is extended to E so that CE = 26 cm. Find DE.

Challenge exercise

1 Attic space in a particular house has the shape of a triangular prism.
Triangle AFC i1s isosceles with AF = AC =4 m and FC =3 m.
A box in the form of a rectangular prism is placed in the attic, touching both sides.

A cross section is shown in the diagram below, where the face EGBD of the box is

shown.
A

The box is 204 cm wide; that is, ED = GB = 204 cm.

a Find the length of AB.

b Find the length of AX, where X is the midpoint of FC.
¢ Find the height, EG, of the box.

d A box in the shape of a cube is to be placed on top of this box. Find the length, correct
to the nearest cm, of an edge of the largest cube that could fit.

2 The diagonals of a square ABCD are AC and BD, which intersect at O. The bisector of
ZBAC cuts BO at X and BC at Y. Prove that CY = 20X. (Hint: Let AY meet CD at Z and
consider AACZ.)
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CHALLENGE EXERCISE

3 A,B,C and D are points on a straight line so that AB= BC = CD. Also, BPQC is a
parallelogram. If BP =2BC, prove that PD is perpendicular to AQ.

4 In triangle ABC, AB = AC and ZABC = 2/BAC. The segment BC is produced to D so
that 2ZCAD = ZBAC. The point F lies on AB so that CF is perpendicular to AB. Prove
that AD = 2CF. (Hint: Find an extra isosceles triangle and draw an altitude.)

S X andY are the midpoints of the sides PS and SR of a parallelogram PQORS. Prove that
the area of triangle SXY is one eighth the area of the parallelogram.

6 a In AABC, AD bisects ZBAC. A
BD BA
Prove that — = —. oo
DC AC
Hint: Construct CE parallel to DA to
meet BA extended at E.
B D @

b The bisectors of the angle A and the angle C of a quadrilateral ABCD meet at point E
on the diagonal BD.

Prove that —D: D .
AB CB
¢ The bisectors of the angles A, B and C of AABC meet the opposite sides at D, E and F.
Prove that li CE X AF =1.
EA FB
7 Triangle ABC is right-angled at C. This question B

leads you through another proof of Pythagoras’
theorem using enlargements.

a Enlarge triangle ABC by a factor of b to form
triangle A’B’C” and mark the side lengths of each
side on a diagram of triangle A’B’C"’.

b Enlarge triangle ABC by a factor of a to form triangle A”B”C”, and show the side
lengths of each side on a diagram of triangle A”B”C”.

¢ Join triangle A”B”C” and A’B’C’ along sides B’C” and C”A” with C” and C’
coinciding.

d Show that the new triangle formed is similar to triangle ABC.
e What is the enlargement factor that transforms triangle ABC to this triangle?

f Deduce Pythagoras’ theorem.

8 Prove that the lines joining the midpoints of opposite sides of any quadrilateral bisect
each other.
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GHAPTERl‘

Number and Algebra

Indices, exponentials‘and
logarithms'= part 1

You often hear people talk about ‘exponential growth’ or ‘exponential decay’,
generally in connection with business, investment, ecology and science.

This chapter will explain what these terms mean.

In ICE-EM Mathematics Year 9, you learned how to graph parabolas such as
y = x? and y = 3x? — 4. In this chapter, you will learn what the exponential

and logarithm functions are, and how to draw their graphs.
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Review of powers and

integer indices

In ICE-EM Mathematics Year 9, you learned that a number such as 2 could be raised to any integer
power, so that:

20 =1, 2 =2, 22 =4, 23 =38,

In the statement 25 = 32, we call 2° a power, we call 2 the base and we call 5 the index or
the exponent.

In general, if a is any number and » is a positive integer, we define a” to be the product of
n factors of a, and we define:

1

n

a™ to be

9

a
provided a is non-zero.
Also, we define:

a’ =

All of the index laws follow directly from these definitions. It is important to be able to recall and
use these laws. In this chapter, we will use the index laws repeatedly.

. Index laws

Recall that if m and n are integers and a and b are any non-zero numbers:

Index law 1 a™a" = amt" Index law 4 (ab)" = a"b"
Index law 2 4 _ gmen Index law 5 (ﬂ) _4
a” b bn

Index law 3 (a™)" = a™

Example 1

a Evaluate:

i 7 ii 28
b Write each number in index form with a prime-number base. 1

i 128 ii 343 el

1 1 iii 25
ai 72 =49 ii 2% =256

1

b i 128 =27 ii 343=73 iii = 52
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9A REVIEW OF POWERS AND INTEGER INDICES ‘a
Example 2

a Simplify each expression.
i x” xx?xx? i x%273 x x772 iii 2a%b x 7a’b?
b Simplify each quotient.
a’b’ .. 60a°h?
ab? 5a°b

¢ Simplify (a2)3 x a*.

ai x"xxrxxd=x12 i x273 x x772 = x97° iii 2a%b x 7a°b? = 14a°b°
317 372
. ab .. 60a’b
b i = = a’b’ i ——= 12ab
ab S5a°b
¢ (@)’ xa* =a®xa*
— 40

Simplify these expressions.

2734
a (x2y)* b (2m?*)} x 3m)? &

(ab®)’

a (x?yhH)t = 18yl b (2m2)} x 3m)® = 8m® x 27m>
= 216m°

Here are two useful facts:

(a)_l b . a b
o | — =—, since — X —=1
b a b a

* Similarly, (9) =(9)
b a
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9A REVIEW OF POWERS AND INTEGER INDICES
AT e BN eRRSEB Wb WEET e
Example 4

Evaluate:
AN 2\3
a (—) b 473 c 1073 d 54° e (—)
7 3
-1
a i :Z b4—3:L c 10—3=L
7 4 43 103
_ 1 .
64 1000
2\ (3
d 5a° =5x1 e (_) :(_)
B 3 2
_z
8

Simplify these products, expressing each pronumeral in the answer with a positive index.

a a*xa® b 2a* x 5a7° ¢ (m3nd)* x (mn3)d
a a*xa®=qal° b 2a* x5a° = 10a?
1 10
410 22
¢ (M35 X (mTnd)S = m12n 0 x @15
o
35

D oo

1 Evaluate:

a 42 b 5° c 26 d 33 e 10* f 6
2 Write each number in index form with a prime number base.
a 8 b 64 ¢ 81 d 32 e 625 f 243
3 Write each number in index form with a prime number base.
| ! b d ! d ! 0 f 12173
a — — c —= — e —
13 49 133 1024 729
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9A REVIEW OF POWERS AND INTEGER INDICES ‘a
4 Simplify each expression.

a a*xa®xa b a’xa’*xa c m*xm’xmd
d p*xp xp? e a’bxa*b® f m*n? x mn*
g 2a*b’ x 4ab? h 3x3y x 5x%y? i 3x%y7 x5x3y?

S Simplify each quotient, expressing each pronumeral in the answer with a positive index.

a x2y3 30x2y4 . a6m4
xy* 20xy? a’*m

d 25x4y® 8ab’c* 16x3y%78

3,5 ¢ 5.2 f 7,8
20x°y 12ab’c 4y'z
6 simpity
a (a2b4)3 b (x3y5)7 c (ab2c3d4)5
d (2a°b)? e (3a’b*)? f (4a’b?)?

e 7 Simplify each expression, writing each pronumeral in the answer with a positive index.
Nc)
21)3 215
ab ab
( ) X

a (3m?)* x 2mb b 2p°)? + (4p°
(Bm?) 2p°)* + (4p°) 4 >
g mn? (mn?)’ o 4 a’b ¢ P pg
mn®  mSn8 (ab*)*  a*b re’ (PP
8 Evaluate:
a 27! b 272 ¢ 37! d 372 e 1073
) D@ 6 @)
f |- — h |- i |- i |
(8) & (14) 5 R i
0
k 3+ I 5+a° m 4 n (2+a) o (4%)°
(5b)°
9 Simplify each expression, writing each pronumeral in the answer with a positive index.
a (2x%y)! b (3x%y?) ¢ (4xy™3
d (2x2y—2)—3 e (3x—2y—2)—3 f (2x5y5)2

W 10 Simplify each expression, writing each pronumeral in the answer with a positive index.

a mlxm?xm? b 2a7'b® x 4a>3b~° ¢ 5p’q' x3pg™
4 -2 5x2y3
M e X 4}7_4 f (2x—1)—4
10p~"¢* 10x4y
2,1\ 2
g (261_1b3)_2 X 4(a2b)—3 h (m—2n3)4 % (m—5n2)—3 i (m Iz )
P
i a bt K 2a7'b? " 4a%p71 1 m’n=3 o (mn?)~3
¢! a’b™  6ab™? m*n? m*n®
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x4y—1 . xyZ N aopt . (aZb)—l o (2a4b—2)3 " (22a‘3b2)‘1

@27 () (@by®  ab® 2 c
2,32 2)3 -2 4y2 2y-3

p s q @) +(g) P Qd)? (@)
p b b? b’ 2b
11 Calculate:
3714372 b 272 4274 ¢ 2722
3+32 22 424 2224

2714272 423
2423 +24

12 Calculate

13 If x =1, find the value of 3* + 3!=* + 3%-2,

14 Simplify each expression, writing each pronumeral in the answer with a positive index.
-1

a 227 b 4y hHat -y e 0
x -y 4y
1y 1
d % e (x?2+y)7 f x2+yH!
X2+ y

Scientific notation and

significant figures

Many mathematical problems have exact answers, such as g \/E + x/§ or 400w. However, in

the real world, very large numbers and very small numbers are common and, nearly always, these
can only be determined approximately. To express large and small numbers conveniently, we use
scientific notation, also known as standard form.

In science, whenever we measure something it is an approximation. Scientific notation and
significant figures are useful in expressing these numbers. To deal with approximations we use
significant figures.

Scientific notation or standard form
By definition, a positive number is in scientific notation if it is written as:
a x 10%, where 1 < a < 10 and b is an integer

This notation is also called the standard form for a number. In contrast, for example, 2345.6789, is
called the decimal notation for that number.
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9B SCIENTIFIC NOTATION AND SIGNIFICANT FIGURES ‘a

Example 6

Write each number in scientific notation.

a 2100 b 0.0062 ¢ 764 000 000 d 0.000 000 2345
a 2100 = 2.1x10° b 0.0062 = 6.2 x 1073
¢ 764000000 = 7.64 x 108 d 0.000 000 2345 = 2.345 x 10~/

Note: If the number is greater than 1, then the exponent of 10 is positive or zero when the number is
written in scientific notation. If the number is positive and less than 1, then the exponent is negative.

When the number is written in scientific notation, the exponent records how many places the decimal
point has to be moved to the left or right to produce the decimal notation.

Example 7

Write each number in decimal notation.

a 7.2x103 b 5.832x1072 ¢ 3.61x10

a 7.2x10% =7200 b 5.832 x 1072 = 0.058 32 ¢ 3.61x10° = 361000

Example 8

Evaluate each expression without using a calculator. Give your answers in scientific notation.
6.3 x10°
p 2

a (4x10% x2.1x10°
( )% ( ) 105

(1.5 x 105)% x (9.0 x 10712)

(o]

a (4x 104) X (2.1 % 103) =4x2.1x10* x10°
= 8.4 x 107
5
03 X107 _ 3. 7%105 + 106
7 x 100
=09 x10"!
=9.0x107?
¢ (15x 105)2 X (9.0 x 10_12) =1.52%x9.0x10° x 10712
=2.25%9.0x1072
= 20.25x 1072
= 2.025x 107!
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‘ 9B SCIENTIFIC NOTATION AND SIGNIFICANT FIGURES

Significant figures

Every time we record a physical measurement, we write down an approximation to the ‘true

value’. For example, we may say that a standard A4 sheet of paper is 30 cm by 21 cm. This has

a conventional meaning and says that the actual length is between 29.5 cm and 30.5 cm. If we
measure the sheet of paper more accurately, we could say that it is 29.7 cm X 21.0 cm. This means
that we believe that the actual length is between 29.65 cm and 29.75 cm. Similarly, if we say a girl’s
height is 156 cm to the nearest centimetre, this means that her actual height is between 155.5 and
156.5 cm.

In this situation, we say that a measurement recorded as 156 cm is correct to three significant
figures. Similarly, when we say that the width of the paper is 21 cm, this is correct to two significant
figures.

Using approximations of 7 as another example, we say that 3.14 is 7 correct to three significant
figures and 3.141 59 is © correct to six significant figures. When we round a number, we record it
correct to a certain number of significant figures.

The rules for rounding require you to first identify the last significant digit. Then:
e if the next digitis 0,1, 2,3 or 4, round down
* if the next digit is 5,6, 7,8 or 9, round up.

Som = 3.141592 654 ... isrounded to 3,3.1,3.14,3.142,3.1416,3.141 59, 3.141 593 and so on,
depending on the number of significant figures required.

We use the symbol = to mean that two numbers are approximately equal to each other.

Significant figures and scientific notation

Recording a number in scientific notation makes it clear how many significant figures have been
recorded. For example, it is unclear whether 800 is written to 1,2 or 3 significant figures.
However, when written in scientific notation as 8.00 x 102, 8.0 x 10% or 8 x 102, it is clear how
many significant figures are recorded.

Example 9

State the number of significant figures to which each of these numbers is recorded.
a 7.321x10° b 7.200 x 10° ¢ 20x107
d -5.6789 x 107 e 213205 f -0.001240

7.321 x 108 has 4 significant figures.

7.200 x 10° has 4 significant figures.

2.0 x 107 has 2 significant figures.

-5.6789 x 10~ has 5 significant figures.

213205 = 2.132 05 x 10° has 6 significant figures.
—0.001240 = —1.240 x 1073 has 4 significant figures.

- o o 6 o
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9B SCIENTIFIC NOTATION AND SIGNIFICANT FIGURES u«a
Example 10

Write each of the following numbers correct to the number of significant figures specified in

the brackets.
a 214 (2) b 0.000 6786 3) ¢ 13.999 99 (6)
d -137.4895 &) e 0.000532 2) f 132.007 31 (6)

a 214 = 2.14 x10?
= 2.1x 102
= 210 (Correct to 2 significant figures.)

b 0.000 6786 = 6.786 x 107™*
= 0.000 679  (Correct to 3 significant figures.)

¢ 1399999 = 1.399999 x 10
= 14.000 (Correct to 6 significant figures.)

—1.374 895 x 102
-137.49 (Correct to 5 significant figures.)

d -137.4895

0

e 0.000532 =5.32x10™
= 0.000 53 (Correct to 2 significant figures.)

1.320 0731 x 102
= 132.007 (Correct to 6 significant figures.)

f 132.007 31

e Scientific notation, or standard form, is a convenient way to represent very large and
very small numbers.

* To represent a number in scientific notation, insert a decimal point after the
first non-zero digit and multiply by an appropriate power of 10. For example:
75 684 000 000 000 = 7.5684 x 10'3 and 0.000 000 000 38 = 3.8 x 10710

e The term for a number expressed without a multiple of a power of 10 is decimal
notation or decimal form.

e A number may be expressed with different numbers of significant figures. For example:

3.1 has 2 significant figures, 3.14 has 3 significant figures,
3.141 has 4 significant figures

e To write a number to a specified number of significant figures, first write the number in
scientific notation and then round it correct to the required number of significant figures.

e To round a number to a required number of significant figures, first write the number in
scientific notation and identify the last significant digit. Then:

— if the next digitis 0,1,2,3 or 4, round down
— if the next digit is 5,6, 7,8 or 9, round up.

CHAPTER 9 INDICES, EXPONENTIALS AND LOGARITHMS - PART 1
ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



‘ 9B SCIENTIFIC NOTATION AND SIGNIFICANT FIGURES
' Exercise 9B

Scientific notation

-9 1 Write each number in scientific notation.

a 63 b 04

¢ 0.62 d 7400

e 21000000 f 0.00026

g -0.086 h 2000 000 000 000
i 0.000 091345 J 57320

k 0.003012 I 0.100 0510

2 a At the beginning of 2011, the population of Australia was estimated to be approximately
22.5 million. Write this number in scientific notation.

b The wavelength of red light is 6700A, where 1A = 1079 m. Write this wavelength of red
light in metres, using scientific notation.

¢ The Sun is approximately 150 billion metres from the Earth. Using scientific notation,
write this distance in metres.

w8 3 Write each number in decimal notation.

a 6.4x10° b 9.2x10* ¢ 48x107? d 8.7x107
e 7.412x10° f —4.02x10? g —-4.657x107 h 47.26 x 10°
~t) 4 Simplify each number, writing your answer in scientific notation.
a (2x10%) x (4 x10%) b (5x10%) x(2x10%)
c (6x10%) x(2.1x10%) d (4x10%) x(5.1x10%)
e (4x1073?)x(5x1072) f (2x1073)?
-83
g (1.1x10°%)> p (2x107°)°
4 x1073
i (5x10%) +(2x10% j 1.2x10%) + (4 x107)
(2 X 10°)(4 x 10%) 1 (2 x 1071y
1.6 x 103 (4 X 10—2)3
5 Using your calculator where necessary, write each number in scientific notation.
a (2.7x10%) x (3.8 x 10?) b (5.3x10%) x (1.1x107?)
14
2:6x10° d O.61x 107 x 1.4 x 10°
1.6 x 102!
4
84 x107 £ Y64 x10° x Y1024 x 10710

V4.9 x 10°
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9B SCIENTIFIC NOTATION AND SIGNIFICANT FIGURES ‘

6 At the beginning of 2011, the population of Australia was estimated to be approximately
22.5 million. If the population stayed the same for the next year, and each person in
Australia produced an average of 0.712 kg of waste each day, how many tonnes of waste
would be produced by Australians in the following year? (1 tonne = 1000 kg,

1 year = 365 days.) Express your answer in scientific notation.

7 A light year is the distance light travels in a year. Light travels at approximately
3 x 10° km/s.

a How wide is our galaxy (in kilometres) if it is approximately 230 000 light years across?

b How far from us (in kilometres) is the farthest galaxy detected by optical telescopes if it
is approximately 13 x 10° light years from us?

¢ How long does it take light to travel from the Sun to the Earth if the distance between
the Sun and the Earth is 1.4951 x 108 km?

8 The mass of a hydrogen atom is approximately 1.674 x 10727 kg and the mass of an
electron is approximately 9.1 x 107! kg. How many electrons, correct to the nearest whole
number, will it take to equal the mass of a single hydrogen atom?

Significant figures

9 Write each of these numbers in scientific notation, correct to the number of significant
figures indicated in the brackets.

a 576.63 4) b 472.61 3) c 47261 (2)
d 472.61 ) e 0.051237 4) f 0.051237 3)
g 0.051237 (2) h 0.051237 1 i 1603.29 4)
j 1603.29 3) k 1603.29 (2) 1 1603.29 )}
m 2.9935x10%7 (4) n 2.9935x10% (3) 0o 2.9935x10% (2)
P 2.9935x10% (1) q 573007 (3) r 0.006534 €))
10 Write each of these numbers in decimal notation, correct to three significant figures.
a 5.6023 b 537.97 ¢ 967347 d 732412
e 0.003511 f 0.014187 g 3722 h 478000

11 A cylindrical wire in an electrical circuit has radius 3.41 x 10~ m and length

8.02 x 102 m. Calculate its volume in m?, correct to three significant figures, giving the

answer in scientific notation.

12 The formula for kinetic energy is E = %mvz.

a Find the value of E correct to three significant figures, when m = 9.21 x 10" and
v =3.00 x 10".

b Find the value of v correct to four significant figures, when E = 2.834 x 10~'% and
m = 6418 x 107%.

13 For each measurement, identify the range within which the true value lies.
a I5cm b 2.00 x 10° kg ¢ 18.67m d 4.8745x 107 mL
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Powers with rational indices

11 1
We begin by considering what we mean by powers such as 32, 23 and w10, in which the exponent
is the reciprocal of a positive integer.

Recall that if a is positive, /a is the positive number whose square is a. That is:
2
(‘/5) =a=ad 1

For this reason, we introduce an alternative notation for Ja: we write it as a2. We do this because
then we preserve the third index law:

2
( L ) 2><l
a? =a 2= al
1
Keep in mind that a2 is nothing more than an alternative notation for /a.
Similarly, every positive number @ has a cube root, 3/a. It is the positive number whose cube is a;
thatis, a)® = a =d'.
1
We define a3 to be 3/a . The third index law continues to hold.

3
1 35k
a’3) =a 3 =4
The same can be done for ¥a, Ja and so on. The alternative notations are:

1 1
i‘/E = a4, % = a5 and so on.

;

Let a be positive or zero and let n be a positive integer. Define a» to be the n'" root of a.
1

That is, an is the positive number whose nth power is a.

1
& =4
1 1

For example, a2 = Jaand a3 = ¥a.

Using a calculator, it is easy to obtain approximations for square roots, cube roots or any higher-
order root.

J10 = 3.1623, 310 = 2.1544, {10 = 1.7783, J10 =~ 1.5849, ...

Using our new notation, here are some other numerical approximations, all recorded correct to five
significant figures.
1 1 N .
25 = 1.1487, 108 = 1.3335, 0.24 = 0.668 74, 3.26 = 1.2139

Use your calculator to check these calculations.

2170

ICE-EM MATHEMATICS YEAR 10
ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.




9C POWERS WITH RATIONAL INDICES ‘a
Example 11

Without using your calculator, evaluate:

I i 1 1 ) I e
a &3 b 10242 c 10245 d e

1
a 2°=81s08 =2
1 1
b 1024 = 2! 50 10242 = (2'9)2 =25 =32

1
Similarly, 10245 = 22 = 4

1 -
d 729 = 3 SO(L)Z: 1p_1_1
" \729 3° 327

1
. I Yo 1
Similarly, 729 ==

(g}

(2

We now come to the main definition. If a is a positive number, p is an integer and ¢ is a positive
integer, then we define:

r 1 )"
al = (aq which means (%)p. This is the p™ power of the g™ root of a.

For example:

F ()
83 =1\83) =22 =4

Throughout the rest of this chapter, we will avoid using the radical symbol V' wherever possible.
We begin with some simple calculations and then investigate how the index laws behave when we
have rational powers of numbers.

Example 12

Without using your calculator, find:

] J El 3
a 83 b 814 ¢ 1000005 d 0.012
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9C POWERS WITH RATIONAL INDICES
A eereuEsummeNL e

a Using the definition, b SFee Bl = F e e
4 1)4 5 "
83 = (83 . 3 =i,
(since 23 = 8)
=24 _ 35
=16 = 243
3 3
¢ Since 100 000 = 107, d 0.012 = (102)2
3 — 103
< =1
100 0005 = 103 L
— 1000 = 0.001

Example 13

a Write each number in the form ¥/a.
1 1

i 73 ii 115
b Write each number in index form.
2
i Y17 i (Y13) iii 74/7 iv 62 x U6
1 1
ai 73=37 ii 115 = 11
l 9 ( 1)2 2
bi 17 =17 i (V13)° =\135) =135
1 1
iii 747 =7 x 72 iv 62x36=62x65
2 i}
=72 =65

Example 14

Calculate the exact value of each number.
1 1
a 16 2 b 125 3 c 32

| —
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9C POWERS WITH RATIONAL INDICES ‘a

Index laws for rational indices

The five index laws introduced previously for integer indices are equally valid for rational indices.
This follows from the definition of a*, where x is rational.

We will leave a discussion of the proofs of these laws to the Challenge exercises.
Using index law 3, we note that, for rational x and y:

(ax)y - a)(y — ayx - (ay)x

Hence:

r ( 1 )p 1
a? =\qgi] = ( aP )q
This means that when we evaluate a?, it does not matter if we take the qth root first and the
p™ power second, or the p™ power first and the g™ power second. For example:

3 13
42 :(45) =723 =38
and also:

3 1 1
42 = (43)2 = 642 =8

Example 15

Simplify:
[ 12 4 3 1615
a 33 x32 b 52 +53 c 273 d 164 e |35
o1 12 12 4 ( 1)4
a 33 x32 =332 b 52 +53 =52 3 ¢ 273 =\273
5 1
=36 =56 =3¢
=81
3 1\3 _3 3
a 16 = li6s) e (E) 2 _ é)z
25 16
=23 N3

- |G
16

125
64

273
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9C POWERS WITH RATIONAL INDICES
AT eepsndeumImmeSL IS
Example 16

Simplify each of these expressions, writing your answers with positive indices.

2 1 1 3 32
a a3 xa? b m2 +m5 ¢ (32m#4)>5
2
2 1 2.1 1 3 13 35 2 3.2
a a3 xa2=ad3 2 b m2 +m3 =m?2 5 c | 32m4 =325m4 5
7 L
= g6 =m 10 2 3
_ S5 210
1 _(2 )Sm

’ Index laws for rational indices

If @ and b are positive numbers and x and y are rational numbers, then:
Index law 1 a‘a’ = a*ty
Index law 2 — =qa*Y

Index law 3 (a*)¥ = a¥

Index law 4 (ab)* = a*b*

Index law 5 (ﬁ) -4

. Exercise 9C

fﬁamlf'e 1 Calculate the exact value of each number.
a,b,c/
1 1 1 1 1 1

a 42 b 492 c 273 d 325 e 10003 f 6254
2 Calculate the exact value of each number.

ER i

—_
N

1 d I )2
64 10 000 € 110000
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9C POWERS WITH RATIONAL INDICES u«a
m 3 Calculate the exact value of each number.

2 2 3 3 s
a 273 b 643 ¢ 814 d 325 e 92
2 4
£ 1000 (1)5 (i)g o a3
& 13 27 J

3 3 3
. ( 4 )2 ( é); 1)
25 36 ™ 110000

4 Write each number in the form (‘/5 .

1 1 1 1 1

a 23 b 34 ¢ 205 d 104 e 95
5 Write each number in index form.
a J4 b 13 c 45 da 1
2 3 3 2
e (35) £ (V7) g (Y1) h (¥10)
6 Write each number in index form.
a 5J5 b 5x3/5 ¢ 6x46
d 7x3Y7 e 2x35 f 112 xJ11
7 Calculate the exact value of each number.
1 1 1
a 92 b 16 4 c 1212
! 1 1
d 100 2 e 1000000 2 f 13313
8 Calculate the exact value of each number.
| 3 B R 4 2 E
a 16 4 b 100 2 c(—)3 d 1253 e 1000 3 f 325
8
9 Simplify, expressing each answer with a positive index.
2 1 4 1 1 2
a 23 x23 b 35 x 33 c 75x75
1 1 1 2 1
d 34 x33 e 102 x10 f 103 x104
2 1 1 1 2 _7
g 33x35 h 25x2 4 i 55 x5 10
10 Simplify, expressing each answer with a positive index.
3 1 1 8 1 1
a 25 +25 b 73 +73 c 84 +87
2 1 8 S 3 S
d 73 +72 e 89 +8§9 f 107 =107
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11 Use your calculator to find the value of each of these numbers, correct to five significant

figures.
3 2 4 3
a 105 b 243 c 867 d 1271
3 3 4
e 19.64 f 1.82 g (m+ n2)3 h (x/§ + n)7
12 Simplify each expression. In your answers, use only positive indices.
2 1 21 LI
a m3 xm4 b a5 xa3 c x2y3 X x4y5
41 351 & 2 2 2
d a5h3 xaloh2 e as5 +ald f m3 +mo
4 ( 1)2 ( 1)‘3
g b7 +b3 h \2m5 i \3m?2
) O R N
j \5a 2 kK \4m 3 " 1 \2m 4) x4m3
1 1 A L
m (8m®)3 x (16m?)4 n (27m°)3 x (64m?) 2

13 Evaluate each number, giving the answers correct to four significant figures.
a 62 b 18.5%! ¢ 0.84797 d 15991 e 126718 f 59737

14 Simplify each expression, giving your answers with positive indices.
a a'® xa3? b m* x m!3
c p8.2 " p4.6 d b4.1 - b2.85
e (2p1.3)2 f (4p2.1)3
g 4q13p006 (8a2b—1) h 12m 125035 = (lg(mn—l.S )3)
a1.2b4.3 ab0'6 m0.9n 1

i X j X
(ab—1)1.2 al.Sb J (mnl.S )2 mn3.8

Graphs of exponential functions

In the previous section, we saw how to define 2* for all rational numbers x. There are a number of
ways of defining 2* for all real numbers x, but it is not possible to deal with them in this book. The
calculator gives approximations to 2* and we will use these values. Consider the following list of
approximate values of powers of 2.

2 =2 L1 = 21435 212 = 22974
213 = 2.4623 214 = 2.6390 215 = 2.8284 (2% = 2/2)

This list of values suggests that 2* increases as x increases. This is in fact the case.

Throughout the rest of this chapter, you will often need to use your calculator to calculate values of
exponential functions.
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9D GRAPHS OF EXPONENTIAL FUNCTIONS ‘a

Consider the function y = 2*. A table of approximate values, correct to three decimal places,

follows.
| x| 3 [25] 2[5 1 [-05] 0 Jos5] 1 [15]2 [25] 3|
| » 01250177025 0354 | 05 (0707 | 1 1414 2 (288 4 (5657 8 |
By plotting these values and connecting them up with a smooth curve, y
we obtain the graph of y = 27, 8-
7_

Key features: 6-
e y = 2% is an increasing function; that is, 2% increases as x 51

increases. 4
* A y-intercept occurs at (0, 1) but there is no x-intercept. ;
* As x moves away from 0 in the negative direction (to the left), the

value of 2* gets close to 0, but it never equals 0. Why? We say that M’j} o

the x-axis is an asymptote for the graph of y = 2*. -3-2-10[ 1 2 3 4 *

Example 17

Produce a table of values for the functions y = 3* and y = 37*. Draw the graphs on the
same set of axes.

N
N
O | =
w| =

W=
O | =
N
~N

Note: y = 3% is an increasing function; that is, 3* increases as x increases; and that y = 3™ *is a
decreasing function; that is, 37 decreases as x increases.

The two graphs in Example 17 are reflections of each other in the y-axis.

1 i 1\* O B
Note: 5 = 37" hence, g =3 =3
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9D GRAPHS OF EXPONENTIAL FUNCTIONS

Multiplication by a constant

In applications, exponential functions often occur multiplied by a constant.

Example 18

Draw the graphs of y = 3% y = 1 x 3* and y = 2 X 3* on the same set of axes. (Produce a
table of values first.) 2

y _ X
x 2 | 1 o | 1] 2 y=2x3
1 1 6
3x ~ 5 1 3 9 y:3x
9 3 5
N EREREEERE vt
2 18 6 2 | 2 2 4
x 2 2 2 6 18 3
2% 3 5 3
2
1
_j
2 -1 0 1 2 *

The different graphs in Example 18 are roughly the same shape and the y-intercept of the curve is
the constant that multiplies the exponential function.

Next, we will investigate how exponential functions change for different values of the base.

Example 19

Draw the graphs of y = 2%, y = 3* and y = 5* on the same set of axes.

x -3 ) —1 0 1 2 3 1Y SRS

2* 0125|025 | 05 1 2 4 8 y=3*
3* 003701110333 1 3 9 27 s
5* | 0.008 004 | 02 1 5 25 | 125
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—_— =

All three graphs in Example 19 pass through the point (0, 1) but they have different ‘gradients’.
That is, 5* increases more quickly than 3¥, which increases more quickly than 2*. So, for example,
2¥ < 5%if x > 0, but 2 > 5% if x < 0.

. Graphs of exponential functions

* To graph an exponential function, first create a table of values, then plot the points on a
set of axes.

e |f the exponential is multiplied by a constant, the y-intercept is that constant.
e The graph of y = a™*, where a > 0, is the reflection of the graph of y = a* in the y-axis.

* The x-axis is an asymptote of the graph of y = a* and of y = a™*, wherea > O and a # 1.

1 For each function, produce a table of values for x = -2,—1,0, 1,2, and use it to draw a graph.
a y=2" b y=27* c y=4* d y=5"*

U 2 Sketch the graphs of y = 4%, y = 2 x 4 and y = 3 X 4* on a single set of axes.

1
3 Sketch the graphsof y =2* y=2X2%and y = 5 X 2% on a single set of axes.

4 Sketch the graph of y = 27, y = 37 and y = 57" on the one set of axes.

Exponential equations

From the previous section, we have seen that the graph of y = 2* is increasing and the graph of
y=2"%= (%) is decreasing.

In general, suppose that a is a positive number different from 1. Since the graphs of y = a* are either
increasing or decreasing (unless a = 1), there is only one value of x for each value of y. Hence, we
know that if a¢ = a9, then ¢ = d.

In the following examples, this fact is used to solve exponential equations. From the above discussion
it can be seen that there is only one solution for x to the equation a* = y, provided that y is positive.
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9E EXPONENTIAL EQUATIONS
i eseeelEwWMEMew
Example 20

Solve each equation for x.

a 2* =32 b 10* = 10000 c 5% =625
a 2 =32 b 10* =10 000 ¢ 5 =625
Since 32 = 2° Since 10 000 = 10* Since 625 = 54
2% = 25 10¢ = 104 5x _ 54
X = 5 x =4 x =4

Example 21

Solve each equation for x.

1 1
a 2x:g b 7x:% c 7r =1
azx:l b7x=L c 7F =1
8 343
e L o3 Since —— = 73 Sfives 7 = 1
Since i 2 343 x =0
2¢ = 23 7 =77
x =3 x=-3

In Example 22, we first write each side of the equation as a power with the same base.

Solve each equation for x.

a 16* =32 b 81* =243 c 256 =32
a 16 = 32 b 81* = 243 c 256 =32
(24)x =32 (34)x — 35 (28)x - 25
7w = 5 4x =5 8x =5
4x =5 ) 5
X = — X = —
5 4 8

X = —

4
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9E EXPONENTIAL EQUATIONS «a

Solve:
a 31 =81 b 65! =366
a 32x—1 =81 b 61 = 36\/6
32x-1 _ 34 1
5 1 61 = 62 x 62
X — =
5
2x =5 61 = 62
= i x—1= >
2 2
7
X = —
2

Consider the exponential equation 2* = 6.

Since 22 = 4 and 23 = 8, x must be between 2 and 3.
From the graph opposite, we can estimate x to be
about 2.5. From a calculator, one obtains 2.58 as

a better approximation. The value of x is

called log, 6, which is = 2.584 962.

We will discuss logarithms in a later section of this chapter.

Example 24

Between which two integers does x lie if:
a 2* =707 b 2* =200?

The graph of y = 2% is increasing.
a 26 =64 and 27 =128 b 27 =128 and 2% = 256

Therefore, x lies between 6 and 7. Therefore, x lies between 7 and 8.
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9E EXPONENTIAL EQUATIONS
S e
‘ Solving exponential equations

For any positive value a, if a¢ = a, then ¢ = d.

Fora > 0 and a # 1, the equation a* = y, where y > 0, can be solved, and there is only
one solution for x.

. Exercise 9E

a 2" =38 b 2 =512 ¢ 3% =043 d 10% = 100

e 11° =1331 £ 20" = 400 g 6 =216 h 10 = 100000

i 5% =125 i 3% =729 k 4% = 256 1 4% = 1024

2 Solve:

a2 = - b 4% = ¢ 5 =1 d 10* = 0.001
16 256

e 105 = —1 £ 7= L g 3= h oov =
100 000 343 243 1024

W 3 Solve:

a 121" =11 b 121F =1331 ¢ 9° =27 d 64 =16
e 25 =125 f 125 =25 g 1000* =100 h 10000* = 1000
4 Solve:
a 27¢ =243 b 4 =128 ¢ 128 =32 d 6257 =125
f
e 1000¢ =10 f (%) =4 g 27" :g h (0.01)* =1000
m 5 Solve:
a 3*2=27 b 5% =125 c 4% 1 =64 d 3231 =128
1
e 257 =8 f 7)" =343 = —— h 33 =271
~7) g 672
ey 6 Identify which two integers x lies between if:
a2*=19 b 5 =30 c 2 =40 d 10* =500
e 3* =90 f 7* =50 g 11" =100 h 13* =200
i 277 =0.1 J 5r=2 k 5=03 I 107" =0.045
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Exponential growth and decay

We begin by looking at two examples.

Exponential growth

The first example is a mathematical model of the number of bacteria in a culture.

Initially, there are 1000 bacteria in a culture. The number of bacteria is doubling every hour.
Therefore:

* after 1 hour there are 1000 X 2 bacteria

e after 2 hours there are 1000 x 2 x 2 = 1000 x 22 bacteria

e after 3 hours there are 1000 x 2% x 2 = 1000 x 2° bacteria.

Following this pattern, there are 1000 x 2’ bacteria after ¢ hours. This can be written as a formula.
Let N be the number of bacteria after ¢ hours. Then:

N =1000 x 2
A graph can be plotted by first producing a table of values.

0 1| 2 3 4 5 | 6
1000 2000 | 4000 8000 | 16000 | 32000 | 64000

60000 -
50000 -
40000 -
30000 1
20000 1
10000 -

N=1000 x 2!

0 12 3 45 6 t(hours)

This is an example of exponential growth.

Exponential decay

Radioactivity is a natural phenomenon in which atoms of one element ‘decay’ to form atoms of
another element by emitting a particle such as an alpha particle.

A sample of a radioactive substance that is widely used in medical radiology initially has a mass of
100 g. The substance decays over time, its quantity halving every hour. Let M grams be the mass
present after ¢ hours.
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9F EXPONENTIAL GROWTH AND DECAY
A e sseNEWMEmewTIawREY

Therefore:

e after 1 hour the mass is 100 X % g

2
e after 2 hours the mass is 100 X % X % =100 x (%) g

, 1y 1 1y
e after 3 hours the mass is 100 x 5 x — =100 x 5 g.

1 t
Following this pattern, there are 100 x (—) grams of the radioactive substance after ¢ hours. So:
t
M =100 1
2

A table is constructed and the graph is plotted.

t 0 1 2 3 4 5 6
M 100 50 25 125 6.25 3.13 1.56

100 4
90 -
80 -
70
60 -
50 M=100 (%)t
40 -
30 -
20 -
10 -

O 1 2 3 4'1 f-IJ '6 t(hours)

This is an example of exponential decay.

Formulas for exponential growth and decay

The two previous examples concern populations or quantities that can be described by a formula of
the form:

P=AXB

In this formula, A and B are positive constants and ¢ is a variable that is usually time measured in
seconds, hours or years, depending on the application.

If t =0,then P = A,so A is the initial amount.
If B =1,then P = A for all values of ¢.

If B > 1, we say that P grows exponentially.

If B < 1, we say that P decays exponentially.

It is possible to estimate both future and past sizes of the population by substituting positive and
negative values for t.
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9F EXPONENTIAL GROWTH AND DECAY ca!

For the rule y = 20 x 3':

a Complete the table of values.

t 0 1 2 3
y

b Plot the graph of y against ¢.
¢ Find the value y, correct to two decimal places, when:
i r=05 ii r=25 iii r=2.8

a Complete the table of values.

t 0 1 2 3
y 20 60 180 540

600 -
500 -
400 -
300 -
200 -
100 -

O 123 7%
¢ Using a calculator:

i When = 0.5, y=34.64 ii When =25, y=311.77
iili When r = 2.8, y = 433.48

D beesr

m 1 For the formula y = 200 x 2"

a Complete the table of values.

t 0 1 2 3 4 5

y

b Plot the graph of y against .
¢ Using your calculator, find the value of y, correct to two decimal places, when:
i 1=06 i =22 iii =35
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1 t
For the formula y = 200 x (5) :

a Complete the table of values.

t 0 1 2 3 4 5
y

b Plot the graph of y against t.
¢ Using your calculator, find the value of y, correct to two decimal places, when:
i 1=06 ii r=32 ili r=406

Y]

For y = 60 x 8, find the value of y when:
i r=0 ii =2 iii =25

b For y = 1000 x (0.1)", find the value of y when:
i =0 i r=1 iii =3 iv =4

On 1 January 2011, the population of the world was estimated to be
7074 000 000 = 7.074 x 10° = A. Assume that the population of the world is increasing at
the rate of 3% per year, so that N = A(1.03)" after ¢ years.

a Estimate what the population of the world will be on 1 January 2016.
b Estimate the population on 1 January 2111.

A liquid cools from its original temperature of 95°C to a temperature 7°C in ¢ minutes.
Given that T = 95(0.96)’, find:

a the value of 7 when r = 10
b the value of T when ¢t = 20

The number of finches on an island, N, at time ¢ years after 1 January 2010 is
approximately described by the rule N = 80 000 x (1.008)".

a Identify (from the rule) the annual percentage increase in finches on the island after
1 January 2010.

b How many finches were there on the island on 1 January 20107

¢ How many finches will there be on the island on 1 January 20207

) ) . ) ) 1y
The number of bacteria, N, in a certain culture is halving every hour, so N = A X 5) ,

where ¢ is the time in hours after 2 p.m. on a particular day. Assume that there are initially
1000 bacteria.

a State the value of A.
b Estimate the number of bacteria in the culture when:

i =2 i r=3 iii r=5

ICE-EM MATHEMATICS YEAR 10
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Logarithms

In Section 9D, we saw how to sketch the graph of y = 2*. When we wish to determine the value of y
for particular values of x, for example, 6 = 2*, the concept of a logarithm is used.

Consider the number fact 23 = 8. When making the exponent the subject of this relationship, we
express it as log, 8 = 3.

This is read as either ‘log to the base 2 of 8 is (equal to) 3’ or ‘the log of 8 to the base 2 is

(equal to) 3°.
For example:
e 3% = 243is equivalent to log;243 = 5 e 10? = 100 is equivalent to log;, 100 = 2
1 1 2 2
* 572 = —isequivalent to logs — = —2 » 83 = 4isequivalent to logg 4 = =
25 q g5 25 q 28 3

The logarithm of a number to base a is the index to which a is raised to give that number.
In general, the logarithm can be defined as follows.
Ifa>0anda # land a* = y, then log, y = x.

Logarithms were invented in the seventeenth century to assist in astronomical calculations. They
have a number of important properties, which will be discussed in detail in Chapter 15.

Example 26

Evaluate these logarithms.
a log,32 b log; 81 ¢ log;o 1000 d log,1024

a 2> =32,s0log,32=5 b 3* = 81,50 log;81 = 4
¢ 103 = 1000, s0 log;o 1000 = 3 d 219 = 1024, 50 log, 1024 = 10

Example 27

Evaluate these logarithms.

1 1
a log, — b 1 0.001 ¢ log;— d 1
084 16 08210 083 27 08> 1024

1 1

a 472 = e log4E =-2 b 107 = 0.001, so log;, 0.001 = -3
1 1 |

¢ 33 =—,50logs—=-3 10=——5s0lo ==
27" %0 OBy 1024 °° 927004
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9G LOGARITHMS
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On most calculators, the button labelled ‘log’ calculates log;, x, for any positive number x.

Example 28

Calculate these logarithms correct to four decimal places.
a logj3

b log;, 842

¢ logyp2

d log;,0.0005

log;n3 = 0.4771

log;( 842 = 2.9253
log;p 2 = 0.3010

log;p 0.0005 = -3.3010

e 6 T oo

In general, simple logarithmic equations are best solved by first converting them into their equivalent
exponential form.

Example 29

Find the value of x.

1
a log,32=x b logg o1 = 7 ¢ log,x=5
d log,16 =2 e logzsx = = f log;x=2

a log,32 = x, isequivalentto 2* =32,s0 x =5
1 . . 1

b logg— = x,is equivalent to 8 = —, so x = 2.
64 64

¢ log, x = 5, is equivalent to 2° = x,s0 x = 32.

d log,16 = 2, is equivalent to x> = 16, so x = 4 (since x > 0).

1 L 1
e logyx = —5, is equivalent to 36 2 = x,s0 X = g

f log;x =2,isequivalentto 7> = x,s0 x = 49.
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The logarithm of a number to base a is the index to which a is raised to give this number.

Ifa >0anda # 1and a* = y, thenlog, y = x.

D oo

1 Copy and complete:

a 2° =8 isequivalent to log,8 = ... b 102 = 100 is equivalent to log;, 100 = ...
¢ 7% =49 is equivalent to log;...=... d 3* =.. isequivalentto logs...=...
e 5°=...isequivalentto logs...=... f 7° =...isequivalentto log;...=...
g 25 =...isequivalentto log,...=... h 10* = .. isequivalent to log;y... = ...
i 107 =...isequivalenttology... = ... j 27!''=..isequivalentto log,...=...
2 Evaluate each logarithm.
a log, 4 b log, 64 ¢ log,128 d log, 4096
e log,1 f log,256 g log;n1000 h logs25
3 Evaluate:
a log; 27 b logs625 ¢ log, 64 d logg 64
e logs216 f log,1 g logs 1296 h logy 729
W 4 Evaluate:
a logzl b 10g5l c log3l d logllL
4 5 9 121
e logs é f logy 10124 g log3$ h log; %
S Evaluate:
a log;, 10 b logy1 ¢ log;n 1000 d log;, 100 000
e log,10'%° f log ﬁ g log;,0.0000001 h log,,107"3

6 If a >0, whatis log, a?
7 If a >0, whatis log,1?

ety 8 Use your calculator to evaluate each logarithm correct to four decimal places.

a log;, 789 b log;,0.0003 ¢ log;, 72 000 000
d log;((5.3950 x 1073) e log,n(635x10°%) f log,0.00012345
9 Find the value of x.
i 1 1
a log, 64 = x b log;243 = x ¢ logg,—=x d logjgy——=x
&2 g3 g4 56 g10 1000
1
e logyx =3 f logsx =2 g log,x=-3 h 10g25x=—5
1
i log,16=4 Jj log, 16 =2 k log,125=3 1 logxg = -3
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Simplify:

3\4 5 b 3\4 4 (@’b?)*
a (a’)" Xa (2m~)* X (3m) @by
Evaluate: .
a 472 b 6a° c 10 d (g)

Simplify each expression, writing each pronumeral with a positive index.

124*
b 2 xTa® e d (a')? x (4a?)2
a

a a’xa?

Write each term with positive indices only.

a b3 b 2x7* c 5x73
e e » 2
d 2 € 5 P
4 4a* ~ 5m™!
g x—3 h b—3 1 6m—4
Express each power as a fraction.
a 67 b 473 c 274 d 5! e 1072
Simplify each expression.
a 30 b 54° ¢ (5a)°
d 6+4° e (4+a)N f 2+3p°
(&) 5 '
& \3 h 3 ' b
Simplify each expression, giving your answers with positive indices.
2a%(2b)? b a’b®  a*b’ (2a)* x 8b3
2ab? ab  a’b? 16a*b?
2a°b? N 16(ab)? e 8a® ' 4(a®)* f 3a®
8a’b>  2ab 6a>  (3a)® 6a~!

Write 2~ % 8" in the form 24+%.
221 % 16

Write 27F x 37 x 62% x 32% x 22* as a power of 6.

Simplify each product.
1 1 2 1 2 1
a 23x26x23 b a* xa5xa 10
1 2 1 1 2
¢ 23 x(25)S d (23)2x23x25
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REVIEW EXERCISE

11 Write each number in scientific notation.
a 4200 b 0.0062 ¢ 740000 000 d 0.000 0002
12 Write each number in decimal notation.
a 54x10° b 11.2x10* c 6.8x107 d 9.7x1073
e 1.8x107! f 64x107 g 7.41x10° h 4.02 x 10?
13 Write each number correct to the number of significant figures specified in the brackets.
a 18 (1) b 495 (1) c 416 (2)
d 34200 (2) e 0.00681 (2) f 004921 (3)
g 4752 (2 h 598.7 (2 i 0.006842 (1)
14 Evaluate:
1
a log, 8 b log, 16 ¢ log, 1 d log;1
1 1 1 1
e logs — f log, — log; — h log; —
%8525 %4 64 8 08 %7343
15 Evaluate:
a log 10 b log;, 100 000 ¢ log, 101
1
d log,, — e log,— f log,, 107°
g10 10 10 100 0810
16 Solve each equation for x.
1 1
a 4% = 32x+1 b (3x+2)3 —_ c 3x+1 —
3 81*
d 5% + 52D - e 27 x4 = % f 9x=27*
17 Evaluate:
- z 1 L1 & 6
a 23 x123 x63 b 273 x42x83 c 83 x325
= S _3 3
d 83x16 4 e 16 4 x4 f 72 x77!
18 Simplify, expressing your answers with positive indices.
324\ 27 x? - x?
a b2 X 22 E = | |3
a y y
¢ (3a?)®  (2b)7 (@’b)? x (ab)™!
(2ab*)*  (3a)™ (a'b)~*
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19 Solve for x.

a log,x=5 b logzx =7 ¢ logsx=0
1
d log;x=2 e logjpx=-1 f logsx = )
g log,25=2 h log,81=4 i log,10000 = 4

20 The population of a town is initially 8000. Every year the population increases by 5%.
What is the population of the town after:

a 1 year? b 3 years? ¢ n years?

Challenge exercise

a If2Y = x, what is 15 x 2¥*3, in terms of x?
b If 3* = 2, find 37*.

¢ If4Y = x, what is 42, in terms of x?

\/a_s .
(Vo)

t
3 Find the value of x if t* = 3|—.
\/J?

1

[

2 Find the value of x if a* =

2
4 Find the value of x if 4 = 2%,

=
5 a Evaluate 28 + 2!! + 2" for n between 1 and 8.

b Find the value of n > 8 such that 28 + 2!! + 27 is a perfect square.

6 a Prove that the index laws hold for negative integer exponents. (Use the laws for
positive integer exponents.)

For example, the product-of-powers result can be proved in the following way for
negative integer exponents.

Consider a~?a~? where p and g are positive integers.
1 1

a_pa_q = — X —
al al
1
alal

1

= —tq (Index law 1 for positive integers)
a

= q Ptd
— a_P“'(_CI)
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CHALLENGE EXERCISE

b Prove that the index laws hold for fractional exponents.
1 1 1.1
- N 7+7 . .
For example, a» X am = an m can be proved in the following way.
rr om
an xgm = gnm X gnhm
— nmy am X nm/an
="a™ x a" (Index law 1)

= nm}am+n

mtn P qa P a
= g nm The result can easily be extended to a» x am = an m.
1.1
_+_
=qnh m

7 Solve each pair of equations for x and .

a 25" = 1257, 16" + 8 =2 x 4% b 3V—1=09% 47 x 64* = 128
¢ 105 =105 x 100*, 49Y = 7 x 7* d o = @71 p*HY = p3x
8 Simplify:
2 1 1 2 2

a3 +2a3b3 + b3 —¢3
11 1
a3 + b3 —c3

b x2+x7% - }
x+x1-32
9 Expand:

2 21 Ly !
a (3a3 —2a 3b2 -b 2)(a3 —Zb)
3 i 1 3\ 1 1
b (a4 +a2b?2 + a4b + b2)(a4 — b2)

11 1
10 Without using a calculator, list the numbers 22, 33 and 55 in order from greatest to least.

11 The areas of the side, front and bottom faces of a rectangular prism are 2x, Y and xy.
) . 2
Find the volume of the prism in terms of x and y.

53x+1 _ 53x—1 + 24
24 x 53* +120

12 Simplify

13 Find the sum of the digits of 102%%% — 2008.
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Review

Chapter 1: Consumer arithmetic

1 The sum of $10 000 is borrowed for 5 years at 9% p.a. simple interest. How much interest
is paid?

2 The sum of $7500 is borrowed at 7.5% p.a. simple interest and $1687.50 is paid in interest.
For how many years has the money been borrowed?

3 The sum of $5600 is borrowed for 4 years and $1948.80 is paid in interest. Calculate the
(per annum) rate of simple interest charged.

4 A department store is offering a 40% discount on all items in the store. Calculate the
discounted price on the following items:

a ajacket with a marked price of $399
b a dress with a marked price of $120

5 A pair of shoes marked at $220 is sold for $176. What percentage discount has been
allowed?

6 A music store is offering a 45% discount during a sale.

Calculate the original marked price of:
a a DVD that has a sale price of $13.20
b a boxed set of DVDs that has a sale price of $66

7 Calculate the missing entries.

Original value New value Percentage change

a 120 10% decrease
b 90 15% increase
c 60 40% decrease
d 26 30% increase
e 500 375

f 140 350

g 203 20% decrease

8 Find the single percentage change that is equivalent to:
a a 20% increase followed by a 20% decrease
b a 10% increase followed by a 5% increase
¢ an 8% decrease followed by a 4% increase

d a 10% decrease followed by a 10% decrease

9 Due to market demands, the cost of petrol increases by 2%, 5% and 4% in three successive
months. By what percentage has the cost of petrol increased over the three-month period?

CHAPTER 10 REVIEW AND PROBLEM-SOLVING
ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



10A REVIEW
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10

11

12

A quantity is increased by 10%. What further percentage change, applied to the increased
value, is required to produce these changes?

a Increase of 32% b Increase of 15.5%
¢ Decrease of 12% d Decrease of 6.5%

Calculate the amount that an investment of $30 000 will be worth if it is invested at
6.5% p.a. for 10 years compounded annually.

Calculate the amount that an investment of $12 000 will be worth if it is invested at 8% p.a.
for 6 years compounded:

a annually b quarterly (assume 2% per quarter) ¢ monthly (assume %% per month)

Chapter 2: Review of surds

1

1

Simplify by collecting like surds:

a 242 +3J3 -3 +3.2 b 5J5-3+2J5+7
Simplify:
a 18 b /128 ¢ 472 d 3427
Simplify:
a /50 - 3.8 b 312 + 475 ¢ 147 + 243
d 463 — 24/28 e 3445 + /72 + 6:/8 =20 f%+\/5
a
Expand and simplify:
a VE(v6 -2) b (5++2)(v2 -3)
2
¢ (32 - V5)(32 +5) d (V3-12)
Simplify:
2
a /8 x+8 b (Va - b)(Va +b) ¢ (Va ++/b)
Rationalise the denominator and simplify:
227 . 23 + 32 3 +5
N J6 NG
dS\B—l 5V12 + 2410 fzf—\/§
J5 ¢ J5 33
Express with a rational denominator in simplest form:
5+ 42 N B +2 242 +1 d3\/ﬁ+2
* -2 33 - 242 © V6 -2 265 + 2
Chapter 3: Algebra review
Simplify:
a 6mn> — Tm+3mn* +4m b 2x x 3y — 6x? — 6xy + 3x X 2x
213 352 3 3 3.2 5 4.2
c4ab+3az_6ab - 5ab2 d6pq+2pq _14pq+12pq
2ab 3ab? Pq q° 2p%q 3p?
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2 Expand and collect like terms for each expression.

a3a+2)+2a-1 b 5(b+3)-3(b-2)

¢ 2x(x+5)+4x(x-3) d3y(y—-1)—-4yQ2y-5)

e 2x+1)(x+5) f 2a+7)3a-2)

g Qy+3)(y+2) - -Dy+3) h (b+5)@3b+1) - (2b-3)b-2)
3 Expand and collect like terms for each expression.

a 3(x+3)2x+5) b 2(2a +1)(3a — 4)

c 2Q2y+D(y+2)+3(y-2)2y+3) d5Sb+2)2b+1)-3(b-1)b-3)
4 Expand and collect like terms for each expression.

a%(a+2)+%(a—l) b5(§+é)—3(§—%)

c %x(x+5)+ix(x—3) d%y(%y—l)—%y[Zy—%j

e (Gee)lerd) (Greaflere2)-(-3)b+3)
S Solve:

a2x-7=10 b5-3y=15

¢ Sx+3=2x-8 d7y+5=5y-3

e:h;2:8 f§%52+2:3%;2

g 4(x—3)=3x+4 p2x-5_x-2_,

3 5
i3@x—$:z@x+3j j xS 2T
2 5 2

6 A gardener has 60 m of garden edging, which she uses to set out a rectangular garden with
width 5 m less than the length. Let x metres be the length of the garden.

a Find, in terms of x, the width of the garden.
b Hence, form an equation and solve it to find the length and width of the garden.

7 In an effort to catch a bus, I walked for 10 minutes and ran for 5 minutes. I know I can run
4 times as fast as I can walk. What was my running speed, in km/h, if I travelled a total of
3 km to catch the bus?

8 A completely filled car radiator with capacity 8 L contains a mixture of 40% antifreeze (by
volume). If the radiator is partly drained and refilled with pure antifreeze, how many litres
should be drained from the radiator so as to have a mixture of 70% antifreeze?

9 Solve each inequality.
al3x-7>5 b42x-3)>2x—-1 c , — S
x+5 3x+1 e4(2—x) 22

>4 —2>=2 f 43-x)<3-3(4-
3 3 3 3 (3—-x) (4 -x)

10 The power used by a furnace, P watts, is related to the resistance of the wiring, R ohms, and
the current, I amps, according to the formula P = RI?. Find the power used by a furnace

x—1 x—2<2

d

with wire resistance of 2.5 x 10~! ohms that draws a current of 6.2 x 103 amps.
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1
11 Given the relationship s = ut + Eat2 :

298

a calculate s when u = 20.8, r = 1.5 and a = 9.8

b rearrange the formula to make a the subject

12 The formula for the time of swing, T seconds, of a pendulum is 7 = 21 \/E , where p
8

metres is the length of the pendulum and g is a constant related to gravity.

a Make g the subject of this formula.

b The time of swing is found to be 3 seconds when the length of the pendulum is 2.24 m.
What is the value of g (correct to one decimal place)?

13 Make x the subject of each formula.

aax+b=c

d x+b=tx+c

n—p
X

g m=
14 Expand:
a (x+5)(x-5)

d (5x+2y)(5x —2y)
15 Factorise:

a x2-36
16 Factorise:

a x> —18x

e 28x2 — 63y?
17 Factorise:

a x> +5x+6

d x>2-6x+5

g x2-3x-10
18 Factorise:

a2x’+7x+6

d 2x> -5x+2

g 3x2-Tx-6
19 Factorise:

a 4x>+8x+3

d 4x> —-16x +15

g 4x? —4x-15

ICE-EM Mathematics 10 3ed
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b alx+b)=c
X
e |[—=a
y
ax—zkb_x+1=0
a b

b (x+2)(x-2)

(o)

b a* - 64 ¢ 812 -1

b 3x2 —18x ¢ 18b2 —50
1

f 5442 — 242 g sz -y

b x2+8x+12
e x2—9x+18
h x2-2x-8

b 3x2+19x+6
e 3x2-13x+10
h 5x2 -6x-38

b 6x2+13x+6
e 6x2—19x+10
h 6x2—-11x-10
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+b
ax _ 4

c
LI
X 'y c
y—3+1=x—2
2 3

(Ba +1)(3a - 1)

o3
4 3y 4 3y

d9xz—4y2

d 1262 -27

3., 12,

_x — —

4 25y
x2=3x+2
f x2-5x-6
x2 —4x-21

5x2 +19x + 12

f 7x2—23x+18

2x2 — 11x =21

4x2 +19x + 12

f 10x2 -27x+18

8x2 —2x—-15
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20 Factorise:

a 2x2—8x—42 b 5x% +25x + 30 ¢ 4x2-12x-16
d 3x2+12x-15 e 6x2+9x—15 f 8x2+20x+8
g 10x? —55x - 30 h —x2 +10x —24 i —6x2—-14x-38
21 Express with a common denominator:
Tx—1 3x-4 2 3 1 4
a + b + c -
5 7 x+1 x+2 x+2 x-3
5 B 1 e 4 3 3 ¢ 3 B 2
2x2 +3x 2x%2+4+5x+3 x2+x x2-1 x2 -9 342x—x2
22 Simplify:
x2+4x+3 x2 -4 xX2+7x+6 x2-x-6
X b X
24+x-6 xT+5x+4 x24+x=-2 2x2-5x-3
x2+3x—4;x2+x—2 3x2 - 3x L 9-9x
¢ ¥2+4x x+2 d2x2+3x+1.2x2+7x+3

Chapter 4: Lines and linear equations

1 Find the distance between each pair of points.

a (6,4),(0,0) b (3,2),(5,4) ¢ (-3,2),(2,95 d (4,-3),(-1,2)
2 Find the midpoint of the interval AB, where:

a A= (6,4)and B = (0, 0) b A=(@3,2)and B=(5,4)

¢ A=(-3,2)and B=(2,5) d A=(—4,-3)and B =(-1,2)
3 Find the gradient of the line that passes through each pair of points.

a (6,4),(0,0) b (3,2),(5,4) ¢ (-3,2),(2,5) d (—4,-3),(-1,2)
4 Write the gradient and y-intercept of each line.

ay=2x-1 by=x+3 c y=—x+7

dx+y=4 e 2x+3y=1 f 3x—-4y=2
S Find the gradient of a line that is:

i parallel il perpendicular

to the line with equation:

a y=3x+2 b y=1-2x cy=%X+2 dy=—%x+2
6 Sketch the graph of each equation, and mark the intercepts.

a y=2x+1 b y=3-2x ¢ 2x+3y=6 d3x-4y=12

e y=-2x f y=4x g y=-4 h x=3

7 Find the equation of the line with:
a a gradient of 3 passing through (0, 2) b a gradient of 2 passing through (0, 1)

1
¢ a gradient of —1 passing through (0, —3) d a gradient of 5 passing through (0, 4)
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10

11

12

Find the equation of the line passing through the points:

a (2,0)and (0, 3) b (2,2)and (0, 1) ¢ (1,3)and (2, 3)
d (5, 3) and (5, -2) e (1,1)and (2, 3) f (-2,3)and (2, -1)
Solve each pair of simultaneous equations for x and y.
ay=x+1 by=2x-1 cx+y=1
x+2y=38 2x +5y =17 3x+2y =28
d2x-3y=-1 e Sx +3y=15 f 2x -3y =-10
6x + 6y =7 3x +2y =8 3x+2y=7
Find the values of a and b in the diagram shown.
3a+2b
7 O
2a-b 4
m ]
13
ABCD is a parallelogram, as shown opposite, where a > 2. y
a If a = 5, find the length of BC. B@.3) Cla,3)
b Find, in terms of a:
A, 1)
i thelength BC b
0 X

ii the coordinates of the point D
¢ i Find the gradient of the line AC in terms of a.

il Find the gradient of the line BD in terms of a.

iii Show that when a = 5, the gradient of the line BD is —2.
d For a = 5, find:

i the gradient of the line AC

ii the equation of the line AC

iii algebraically, the coordinates of the intersection point of the line AC with the line BD,
given that the equation of the line BDis y = —2x + 7

e i Find the length of AC in terms of a.

il Find the exact value of a (as a surd in simplest form) so that AC = 7.

Water was leaking from a tank at a constant rate. The
graph shows the volume of water (V litres) remaining in

V (litres)
the tank after # hours.
. c . 31000
a How many litres of water were initially in the tank?
b How many litres were leaking from the tank per hour? 15000 (400, 15000)
¢ Write a rule for finding the number of litres remaining (V) i

after ¢ hours. 400  t(hours)

d When would the tank be empty if the leaking continued
at this rate?
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13 The graph shown represents the trips of two cars, A and B, ~ d(km)

. 21,160
along the Hume Highway. (23,160)

(0, 160) —
The vertical axis is the d axis, where d km is the distance CarA

from Melbourne along the Hume Highway. The horizontal

.. . . . (0, 100)
axis is the ¢ axis, where ¢ hours is the time of travel. Assume

that both cars started their trip at 9 a.m.

a Describe these aspects of each car’s trip. N
(0,20)

CarB

i  Where did it start?
[ I

. o 1o
ii Where did it finish? 1 % 0

t (hours)

iii What was the time taken?

iv. What was the average speed?

b Find the equation of the graph of each car’s trip (in terms of d and 7).

¢ Find the time at which they passed each other, giving your answer to the nearest minute.

Chapter 5: Quadratic equations

1

ICE-EM Mathematics 10 3ed

Solve:
ax>=16
d4x2-25=0
Solve:
ad4x?—-6x=0
d 18x% = 9x

g 14x —2x> =0
Solve:
aa’?-a-12=0
dn’?-3n-4=0
Solve:
a2x?2-19x+35=0
d 12y? +21 = -32y
g 2x2-5x+12=0
Solve:
ab>-6b+9=0

d 3b> —24b+48 =0
Factorise, using surds:
ax?-5

b (x+2)> -8

¢ 2(x—-32-10

ISBN 978-1-108-40434-1

b 7x% =28
e 4x2-1=0

b 27x2+9x =0
e 8x = 28x2
1
h—-x2-6x=0
2

b2+8+15=0
e x2—-8x+16=0

b9f>-36f+11=0
e 3x2-2x-1=0
h 3x%2 = 18x - 27

b x2+10x+25=0
e 4x?+12x+9=0

c 2x2-98=0

f 12x2-75=0

c 5x2-3x=0

f 3x2-15x=0

i 24x% = —6x
cm?+4m—-21=0
f b2 —6b =27

¢ 3x2-23x+8=0
f 12x2+8x =15

c 2x

2+4x+2=0

f 3y2-30y+75=0
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10

11

12

13

14

Solve each equation by completing the square.

ay +2y—-4=0 ba’>-4a-2=0
5

cx2—2x=5 dx2-7x+2=0

e 2+l L f 2x>-—x=4

Y 2y 16

g n>=5n+4 h 16x> +8x =1

Solve:
2 1m2

a5d2-10=0 bZL_ -0 cu_lzzo
3 5

dy>-8y+3=0 el=m>-m f 3n+3=n?

In a right-angled triangle, the hypotenuse is 8 cm longer than the shortest side, and the third
side of the triangle is 7 cm longer than the short side. Let x cm be the shortest side length.

a Express the other two side lengths in terms of x.

b Hence, form an equation and solve it to find the side lengths of the triangle.

The height, & metres above sea level, to which a rocket has risen ¢ seconds after launching
from sea level is given by h = ut — 4.9t>, where u metres per second is the launch velocity.

a Calculate the height above sea level 4 seconds after the launch of a rocket with a launch
velocity of 115 m/s.

b If the launch velocity can be a maximum of 500 m/s, calculate the longest possible time
of flight, to the nearest second.

(Hint: At the end of a flight, the height above sea level is O m.)

A sheet of cardboard 24 cm long and 17 cm wide has squares of side length x cm cut from
each corner so that it can be folded to form an open box with base area of 228 cm?.

a Express the length and width of the base in terms of x.
b Write an expression involving x and solve it for x.

¢ Find the dimensions of the box.

A square lawn is surrounded by a concrete path 2 m wide. If the lawn Path

has sides of length x metres, find, in terms of x:

a the area of the lawn Lawn

b the area of the concrete path

The area of the concrete path is 1% times that of the lawn. xm

¢ Write an equation that can be used to find x.

d Solve this equation to find the dimensions of the lawn.

For the quadratic equation x> + bx + 4 = 0, find the values of b for which the equation has:

a one solution b two solutions ¢ no solutions

For the quadratic equation ax? — 4x + 3 = 0, find the values of a for which the equation has:

a one solution b two solutions ¢ no solutions
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Chapter 6: Surface area and volume

1 For a rectangular prism measuring 30 cm X 20 cm X 10 cm, calculate:
a the surface area

b the volume

2 A rectangular prism has a surface area of 550 cm?. If its length is 15 cm and its width is
10 cm, calculate the height of the rectangular prism.

3 A rectangular prism has a volume of 660 cm?. If its length is 12 cm and its width is 11 cm,
calculate the height of the rectangular prism.

4 The cross-section ABCD of the prism shown is an isosceles trapezium with AB = 8 cm,
DC =14cm, AD = BC = 5cm and AE = 20 cm. P

Calculate:
a the area of ABCD A
b the surface area of the prism -

¢ the volume of the prism D C

5 A cylindrical water tank stands on its circular base. It has a diameter of 2 m and a height
of 1.5m.
a Calculate the volume of the tank, to the nearest litre.

b Calculate the depth of water in the tank, to the nearest centimetre, when it contains
2000 litres of water.

6 Find answers to these questions in cm? and cm?.
a A square-based pyramid has base side length 10 cm and perpendicular height 12 cm.
Calculate:
i the surface area ii the volume
b A cone has a radius of 6 cm and a slant height of 10 cm.
Calculate:

i the surface area ii the volume

7 In the pyramid VABCD shown, VB is perpendicular to rectangle
ABCD, AB =12m, BC =8m and VB = 5m.

a Calculate the surface area of the pyramid in m?

decimal place.

, correct to one

D ' C
b Calculate the volume of the pyramid.

8 The curved surface area of a cone is 801 cm? and the area of the circular base is 167 cm?.

a Calculate the radius of the cone.
b Calculate the exact perpendicular height of the cone.

¢ Calculate the volume of the cone, correct to the nearest cm?>.
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9 A storage tank is constructed as a cylinder with a hemisphere at each end of
the cylinder. The radius of the cylinder is 1.5 m and the overall length of the
tank is 6 m.

Calculate:

a the surface area of the tank in m?

b the volume of the tank U

10 Fill in the missing entries in the table below.

Length scale factor | Area scale factor | Volume scale factor
3
15

36

125
729

- a6 o

Chapter 7: The parabola

1 Find the x-intercepts of the graph for each equation.
ay=x>+4x+3 by=2x2-1lx-6
cy=(x+4)?-3 dy=3x-27-6
2 Express each equation in the form y = a(x — h)?> + k, and hence state the coordinates of the
vertex of each graph.
ay=x>+6x+3 by=x>-4x+2
cy=2x>+6x+1 dy=3x2+8x+2
3 a A parabola has x-intercepts —1 and 4, and y-intercept 8. Find the equation of the
parabola.

b A parabola has x-intercepts 3 and 5, and passes through the point (1, 8). Find the equation
of the parabola.

4 a A parabola has vertex (3, —2) and y-intercept 16. Find the equation of the parabola.

b A parabola has vertex (2, 5) and passes through the point (1, 2). Find the equation of the
parabola.

5 Write the equation of the parabola obtained when the graph of y = x? is:
a stretched by a factor of 3 from the x-axis and translated 2 units to the right
b reflected in the x-axis and then translated 1 unit to the left and 3 units up

¢ translated 5 units to the right and 4 units down
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6 Sketch the graph, labelling the vertex, axes of symmetry and the intercepts.

ay=x>-6x+5 by=-x>-x+6 cy=4-x2
dy=(x+3)? e y=(x-17%-4 f y=x>-2
gy=(x-37+2 hy=2-(x+1)? i y=x2+5x-3
j y=10-6x>—11x ky=4x>+7x+6 1 y=2x>-x-7

7 For the graph with equation y = 3x? — 2x — 1, find the coordinates of the:

a vertex b x-intercepts

8 A gardener is planning to establish a vegetable garden. The garden will have a wooden
border and two wooden dividers to form three partitions, as shown in the diagram. Twenty-
four metres of timber is used for the border and the dividers. Let x m be the length of the
dividers and two of the sides of the garden, as indicated in the diagram.

a Express the other side length of the garden in terms of x.
xm

b Let A m? be the area of the garden. Write an equation for the area
of the garden in terms of x.

¢ Find the length and width of the garden in order for the area to be a maximum.
9 a By expressing the quadratic equation y = x? + 2x — 7 in the form y = a(x — h)? + k,
find the coordinates of the turning point.
b Find the points of intersection with the axes of the graph of y = x? + 2x — 7.
¢ Sketch the graph of y = x? + 2x — 7, marking on your sketch the points found in a and b.

d Solve x2 + 2x — 7 < 0 for x.

10 a Sketch the graph of y = 4x? — 8x + 1, labelling clearly the coordinates of the turning
point and the points of intersection with the axes.

b Solve 4x2 —8x + 1 < 0 for x.
11 Solve for x:

axZ+x<30 b xZ +5x > -6 c x2+4x+60<0

Chapter 8: Review of congruence and similarity

1 Find the value of the pronumerals.

a
25

2 A vertical stick of length 30 cm casts a shadow of length 5 cm. Find the length of the
shadow cast by a 1 metre ruler placed in the same position at the same time of day.
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3 a In the figure shown, PQ Il BC. b In the figure shown, PM L RS and
i Prove that AAPQ is similar to AABC. PR = PS. Prove that APMR = APMS.

P
ii Find the value of x.
A
2cm
> Q
P15 cm
i
R S
3cm M
B ; cm C
4 a i State, in abbreviated form, why AABC is similar to ADEF'. E
ii Calculate x.
xcm
120° 50
b 4 cm F
C 50cm A
20 120°
3cm

b In the diagram, AB and CD are diameters of the circle with
centre O, and AE and BF are perpendicular to CD. State,
in abbreviated form, why AAEO = ABFO.

5 Complete the proof that, in the figure shown, ADAE is isosceles.

Given: In AABC, AB = AC, D is on the ray from B
through A, DF L BC and DF intersects AC at E.

Prove: ADAE is isosceles.

B FC
6 a Prove that ADEC is similar to AABC. A
b Calculate x.
¢ Use trigonometry to calculate o, correct to two decimal 6.cm E
places. 4.cm
= o
8cm

306

ICE-EM MATHEMATICS YEAR 10
ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.




10A REVIEW

7 In order to calculate the distance across a straight canal, some P T -
. . O >
scouts place markers Q, L, M and N in the positions shown. P
is a pumping station and 7 is a large tree.
a Name all pairs of similar triangles in the diagram and give M
the abbreviated reason why they are similar. Q—l O >

b The scouts measure QL to be 60 m, LM to be 40 m and MN
to be 50 m. Calculate the distance across the canal.

8 In the diagram, PQ Il ST and QR = SR. Prove that triangles

L
N
P
PQOR and TSR are congruent.
R
-
ﬁ

9 In the diagram, AB = BC and BM |l CN. Prove that CN = 2BM.

10 In this diagram, AABC is isosceles. AB = AC and BE = CD.

A
Prove that EC = DB.
E D

1
11 ABCD is a trapezium with AB Il DC and AB = —DC. A > B
The diagonals of this trapezium intersect at O.

a Prove that AABO is similar to ACDO.
b Hence, prove that 3AC = 40C. D

12 Find the formula, with x as its subject, that can be used to calculate
the value of x if a, b, ¢ and d are known. d/ a
X
D S
C
b
E
A
B

13 In the diagram, AB = BC, BE = BD, BA intersects DE at right
angles and BE intersects AC at right angles.

a Prove that ADFB = AEFB.
b Prove that AABD = ACBE.
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14 ABCD is a parallelogram with the size of ZBAD < 90°. E is on the ray CB such that
A ABE is isosceles with AB = AE. F is on the ray CD such that A ADF is isosceles with
AD = AF.

a Prove that A ABE is similar to A ADF.
b Prove that DE = BF.

15 ABCis atriangle, M is a point in the interval AB such that AB = 3AM, and N is a point in
the interval AC such that AC = 3AN.

a Prove that BC Il MN.
b If BN and CM intersect at P, prove that BP = 3PN.

Chapter 9: Indices, exponentials and logarithms - part 1

1 Simplify each expression, writing your answers with positive powers.

a (@3)? x a2 b (2x2y)3 x 3xy? ¢ (ﬁ) x b3
b
23 23 4,2 2.3
da34xa2 e8x3y f3x3y X6—);y
a’b ab 4x°y 9x’y y
12xy? . 6x3y h ab? . a’b! i x2y? " x73y?
2y e 32 B33 oy T 2yl

2 Express each number in scientific notation.

a 3200 b 576 000 ¢ 0.000 267 d 0.025
3 Evaluate each expression, giving your answers to four significant figures and in scientific
notation.
2 -2
a 3267 10° x 2.76 x 102 p 2207 x 107> 278 x 10
3.4 x 10*
c 2.34 x 1076 x 1.76 x 10~ d 1.267 x 10719 x 2.543 x 1072
6.32 x 107 1.27 x 10™* + 3.276 x 1073
4 Evaluate:
a V27 b 381 c {16 d 32 e 3243 f o4
S Evaluate:
2 3 2 3 3 2
a 83 b 164 c 273 d 42 e 92 f 1253
6 Simplify:
2\’ 4 6 %bg b%
a(bg) X b2 b L ¢ 3L |
b? b ab®>  a’b’
: : : ) xla)
Ja ¢ 274 g [2a' nlai) % (i
b0 b? 2ab’
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Sketch the graph of each equation.

ay=2" b y=3" cy=5" dy=-5
Solve for x. .

a 243" = b 625* =25 c (é) =81

d 10 000" = 1000 e (0.0001)* = 1000 f (0.001)* =0.000 01
Solve for x.

a 773 =49 b 5°7% = 625 ¢ 423 =32

d 16251 = 303-2x e 55-7% = 053+2x £ 104-3% = 1005-2*

A biologist discovers that the number of organisms present in a Petri dish increases by 8%
each minute. If there are initially 5000 organisms present in the dish, find the number of
organisms in the dish:

a after 1 minute b after 2 minutes ¢ after x minutes d after 20 minutes
The population of a town is initially 4200, and each year the population decreases by 2%.
a What is the population of the town after:
i 1year? ii 2 years? iii x years?
b On a single set of axes, sketch the graphs of:
i y=4200x0.98" i y=3200

¢ Use your calculator and your answer to part b to find the minimum number of years it
will take for the population of the town to drop below 3200.

Evaluate:
a log, 16 b log; 49 ¢ logys 5 d log,s 125

ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Miscellaneous questions

Two trains travel between towns A and B. They leave at the same time, with one train
travelling from A to B and the other from B to A. They arrive at their destination one hour
and four hours, respectively, after passing one another. The slower train travels at 35 km/h.

a How far does the slower train travel after they pass?

b If the faster train travels at x km/h, how far, in terms of x, does the faster train travel after
they pass?

¢ Hence, find the number of hours, in terms of x, each train has travelled before they pass.

d Hence, find the speed of the faster train.
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2 a A car left town A and travelled at a constant speed towards town B, 150 km away. Half an
hour later, an express train left A travelling at a constant speed towards B, and overtook
the car 90 km from A. The speed of the car was 80 km/h. Find:

1 the time for which the car had been travelling before it was overtaken by the train
ii the time for which the train had been travelling before it overtook the car
iii the speed of the train

b A car left town A and travelled at a constant speed to town B, which is d km away.
At a time n hours later, an express train left A travelling at a constant speed to
B and overtook the car m km from B. The speed of the car was v km/h.
Find formulas for:

i the distance from town A to the point where the train passes the car

ii the time, T hours, for which the car was travelling before it was overtaken by the train
in terms of d, m and v

iii the time, ¢ hours, for which the train was travelling before it overtook the car in terms
of d, m, v and n

iv the speed of the train, w km/h, in terms of d, m, v and n
v the speed of the car, v km/h, in terms of d, m, n and w
¢ Given that d = 150, m = 90, n = 0.5 and w = 108, find the speed of the car.

3 Two cyclists are riding on the same road between Distance
two points, A and B, which are 60 km apart. Cyclist X from A (km)
starts first and is riding from B to A. Cyclist Y starts
20 minutes later and is riding from A to B. The
distance—time graph opposite shows all the information.

Find:

a how long it takes each cyclist to ride between A and B Travel time ¢ (hours)
b the average speed of each cyclist on the ride

¢ how far from A they pass each other

4 In a triathlon event, two competitors, Alan and Shen, are keen rivals. The event consists
of an 800 m swim, a 50 km bicycle ride and a 20 km run. Alan can swim at 2 km/h, cycle
at 35 km/h and run at 10 km/h (all average speeds). Shen can swim at 2.4 km/h, cycle at
30 km/h and run at 12 km/h (all average speeds). Assume no time is lost when transitioning
between legs.

a Find the distance between Shen and Alan when Alan has completed the swim.

b Find which of the two competitors finishes first, and the difference between their times,
to the nearest minute.
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5 Lindy is speeding in her car along a straight road at a constant speed of 20 m/s (72 km/h).
She passes a stationary police motorcyclist, John. Three seconds later, John starts in pursuit.
He accelerates for 6 seconds until he reaches his maximum speed, which he maintains until
he overtakes Lindy. Let ¢ seconds be the time elapsed since Lindy passed John.

John’s speed, v m/s, at any time until he reaches his maximum speed at t = 9, is given by
v=>5t—-3)for3<t<0O.

a Find John’s maximum speed.

b Copy this set of axes.
\V (m/s)

30

20 —

10 —

| | | | |
0 3 6 9 12 15 1(9)
i Sketch the speed—time graph for Lindy.
ii On the same set of axes, sketch John’s speed—time graph for 3 <t < 9.

iii On the same set of axes, sketch John’s speed—time graph for r = 9.

¢ Find the value of # when John and Lindy are travelling at equal speeds.

d What is John’s acceleration (rate of change of speed) for 3 <t < 9?

e Given that the distance travelled by an object is equal to the area under its speed—time
graph (above the z-axis), find:

i the distance travelled by Lindy in the first 9 seconds

ii an expression for the distance travelled by Lindy after ¢ seconds

f Find:
i the distance travelled by John by the time he reaches his maximum speed
ii the total distance travelled by John when t = 12
iii an expression for the total distance travelled by John, 7 seconds after Lindy passed
him, for r > 9
g i Use your answers to parts e and f to find the value of  when John draws level with
Lindy.

ii How far has John travelled by the time he draws level with Lindy?
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6 Consider the lines shown in the diagram.

a Find the gradient of: b Find the equation of:
i AB ii CD i AB ii CD
¢ Find the coordinates of E, the point of y /
intersection of the line AB and the line CD. B(0,2)
d Find the area of quadrilateral ABCD. / g O)/
e Find the area of ADBE. A(=6,0) Y

f If A and D remain fixed but B = (0, 2b) and
C = (3b, 0), find the coordinates of E, the
point of intersection of the line AB and the

line CD, D(0,-4)
commenting on the special cases when b = 0,
b=2and b = -2

7 A surveyor has drawn lines on a map to represent straight roads between towns positioned
at 0, A, P, Q, T and R, as shown. Cartesian axes have been drawn so that equations can be
assigned to roads. Distances are measured in kilometres.

The road through towns O and A has equation y =~/2x, A
while the road through towns P and Q has equation T
y =/2x — 20. The road through towns A, Q and R has o

. -1 o .
equation y = —2x + 25. The direction due north is shown T X

on the diagram.

Express all answers in parts a to d as exact values in P
surd form.

a Find the distance from town O to town P (OP).
b Find the distances:
i oT ii OR
¢ Find the coordinates of town Q at the intersection of the road from A to R with the road
from P to Q.
d A new road is to be built through towns positioned at P and R.
i Find the coordinates of P and R.
ii Find the gradient of the line from P to R.
iii Find the equation of the line that runs through P and R.

8 The cone shown in this diagram has an open circular top of radius
r cm and depth 4 cm. The radius of the cone is equal to one-third of
. . h
the height; that is, r = —.
3 hcm

a Express, in terms of r:

i h iV iii A
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10B MISCELLANEOUS QUESTIONS u«a

b If the cone holds 50 cm? of water, find:
i the depth of water in the cone, correct to three significant figures
ii the curved surface area of the cone covered by water, correct to three significant figures
9 Using the diagram shown: A B
a prove that AAGB is similar to ACGF
b name two triangles similar to AEFD F

¢ given that DF : FC = 2 : 1, and using your answers to
parts a and b, find:

i AB:DF ii EF:EB f
10 a In the right-angled triangle ABC, there is a square BDEF, @

as shown.
i What is the abbreviated reason for AEFC to be similar E —m F 9em

to AABC?

x(cm
ii Hence, find x. O
B

iii Hence, find the area of the square BDEF as a fraction of 2 CL;

the area of AABC.

b In this diagram, square BDEF is inside AABC, as shown. C
If BC = xcm, EF = ycm and AB = 2BC: E P
i find the relationship between x and y
-

il hence, find the area of the square BDEF as a fraction of the A D B

area of AABC

11 a Find the exact value of x in the following diagrams.
i ii
3\V3cm xcm
3V2 cm 3V3 cm
O O
x cm 3V2 cm
iii iv
xcm xcm
\2+1cm Vx+1cm
] ]
2-1cm Vx—1cm

b Find the relationship between x and y, with y as the subject of the formula.

\x +\y cm
2yxy cm

=y em
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10B MISCELLANEOUS QUESTIONS

12 A triangular region of land (A ACD) is divided up into two areas, b
Block 1 and Block 2, to make way for residential development. .
Details regarding the plan are provided in the given diagram. Block|2
a Prove that AABE is similar to AACD. 5 30m
mil 10
b By letting AB = x metres, write, in terms of x: "
Block 1 W

i thelength AC A Street B ,_c

ii an equation linking x with the lengths EB, AC and CD
¢ Solve the equation in part b ii to find the length AB.

The subdivider now considers moving the position of the fence BE with the given
information: AC = 30m, BE = AB and BE L AC. (The length DC remains at 30 m and
AC 1L CD.)

d Given that AB = x metres, find, in terms of x:
i the area of Block 1
ii the area of Block 2

e If the subdivider requires that the area of Block 1 is to be the C - 5P

same as the area of Block 2: Deck ¢

i write an equation in x to represent this situation

ii find the length AB (x metres) as a surd in simplest form B . Fr rowse

13 A builder has been contracted to construct a deck for a y
family on the corner of their house, as shown. The contract l
requirements are that BF = DE and BC = CD, the total A B
length of railing is BF + BC + CD + DE = 30 metres and that
the deck has the maximum possible area. If BF = x m and
Am? = area of the deck:
@) C x

a construct a formula relating A and x with A the subject

b hence, find the maximum possible area of the deck

14 A weather rocket is fired so that it follows a parabolic path, just
over weather balloons A and B, as shown. It has been fired to follow the path with

. 1 1 .
equation y = gx — S—xz, where x and y are measured in kilometres.

a Find how far the rocket travels horizontally from O to point C.

b Find H kilometres, the maximum height reached by the rocket.
Given that A and B are both at a height of 200 metres:

¢ find the coordinates of A and B, expressing your answer correct to two decimal places

d hence, find the horizontal distance, AB, between the balloons, correct to two decimal
places
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10B MISCELLANEOUS QUESTIONS ”‘

15 Gipps Road and Bells Road are two non-intersecting roads in the country. The government
wishes to build a road running North—South that connects these two roads. They employ
you to work out where to build this connecting road in order to minimise its length. The
path of Gipps Road is given by the equation y = x> — 4x + 9, while the path of Bells Road
is given by the equation y = 2x — 2. In this model the positive direction of the x-axis
runs due East while the positive direction of the y-axis runs due North. All lengths are in
kilometres.

a Sketch a graph of Bells Road. Clearly mark in the x- and y-intercepts.

b i By completing the square, write the equation for Gipps Road in the form
y=(x—h)?+k.
ii What will be the y-value for Gipps Road when x = 0?

iii Hence, on the same set of axes used to sketch Bells Road, sketch the graph for the
path of Gipps Road. Clearly label the turning point and y-intercept.

¢ Find the distance between the two points on the roads where x = 0.
d When x = q, find, in terms of a, the y-value of:
i Bells Road ii Gipps Road

e Hence, show that the North—South distance, d km, between the two roads when x = ais
givenby d = a®> — 6a + 11.

f On a new set of axes, sketch a graph of d against a. Clearly label the turning point.

g Hence, report back to the government on how long and how far East of the origin the
North—South connection road should be built in order to minimise its length.

16 a Show, by completing the square, that y = 3x? + 6x — 7 can be written in the form
y = 3(x +1)? - 10.

A two-dimensional Space Invaders-type game involves a coordinate system whereby
the x- and y-axes are centrally located on the screen and a space station is located at
P(—1, -12). An enemy spacecraft approaches and attacks the space station while flying
on the path described by y = 3x% + 6x — 7.

b Use the result from part a to complete the following.
i  Write the coordinates of the turning point of the path of the spacecraft.

ii Find the exact coordinates of where the path of the spacecraft cuts the x-axis, leaving
your answer in surd form.

¢ Sketch a graph showing the path of the spacecraft and the position of the space station, P.
Label the turning point and the x- and y-intercepts for the path of the spacecraft.

d If one unit represents 100 km, find the distance between the spacecraft and the space
station when they are closest to each other.

A second spacecraft flies on the path y = 5x + 3.

e Show that the x-coordinates of the intersection points of the paths of the two spacecraft
can be found by solving 3x? + x — 10 = 0.

f Solve the equation in part e and hence state the coordinates of the intersection points of
the paths of the two spacecraft.
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17

The cross-section through the centre of a diamond cut at The Perfect

Diamond Company is of the shape shown in the diagram. Region Ais ° e

semicircular and region B is an isosceles triangle. The semicircle has 9 7 (lam
radius r mm and the isosceles triangle has height 4 mm, slant height mm
s mm and slant angle 0, as shown. A
a Use trigonometric ratios to find a formula for:

i hinterms of r and 0 ii s interms of r and 6
b Find a formula for the area of:

i region A interms of r and © ii region B in terms of r and 0

The Perfect Diamond Company’s secret is to make sure that the cross-sectional areas of
regions A and B are equal.

¢ Show that this leads to an equation that can be simplified to tan 6 = g .

d Solve the equation in part ¢ to find the value of 0 for diamonds cut at The Perfect
Diamond Company. Round off your answer to the nearest tenth of a degree.

e Find, to two decimal places, the total area of the cross-section through the centre of a
diamond if the radius, r, is 2 mm.
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Problem-solving

A line with gradient —2 passes through the point (r, —3). A second line, perpendicular to the
first, meets this line at the point (a, b). The second line passes through the point (6, r). Find
a and b in terms of r.

Find all the ordered pairs of integers such that x> — y*> = 140.

a The sum of the lengths of the shorter sides of a right-angled triangle is 34. Find the length
of the hypotenuse of the triangle if the area is:

i 30cm? ii 32cm?
b The area of a rectangle is 12 cm? and its perimeter is 14 cm. What is the length of the
diagonal of the rectangle?

A circle (shown shaded) just fits inside a 2 m X 3 m rectangle.
What is the radius, in metres, of the largest circle that will also
fit inside the rectangle but will not intersect with the shaded
circle?
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10C PROBLEM-SOLVING u«a

5 a The rectangle ABCD is rotated about the side AB. Find D c
the volume of the solid defined by this rotation.
2cm
A 4 cm B
. . . . C
b Triangle ABC is rotated about the side AB. Find the
volume of the solid defined by this rotation.
2cm
A 4cm B

¢ A circle of radius 2 cm is rotated about a diameter. Find the volume of the solid defined
by this rotation.

d A regular hexagon with side length 2 cm is rotated about the A
diagonal AB. Find the volume of the solid produced.

6 Prove, using coordinates, that the line intervals joining the midpoints of successive sides
of any quadrilateral form a parallelogram.

7 If Pis any point in the plane of a rectangle ABCD, prove that
(PA)? + (PC)* = (PB)* + (PD)*.

8 AABCis equilateral, X ison AB and AX : XB=1:2.Yison BC
and BY : YC=1:2.ZisonCAand CZ : ZA =1: 2. AY, BZ and
CX intersect at P, Q and R. Prove that the area of APQR is
one-seventh of the area of AABC.

9 ABCD is a parallelogram and P is any point on BC B cC P
produced. Prove that: AR?> = RQ X RP.
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10C PROBLEM-SOLVING

10 AABC is an isosceles triangle. L is a point on BC produced so A

that there are points N and M on AB and AC, respectively, so that N

NM = ML. Find the ratio BN : CM.

M
B c ¢

11 On square ABCD, an equilateral triangle ABE is D C

constructed internally and an equilateral triangle BCF E

is constructed externally. Prove that the points D, E

and F are collinear. F

A B

12 A sphere has radius 5 cm. A cone has height 10 cm and its base has radius 5 cm.

The sphere and the cone sit on a horizontal surface. Find the height of the horizontal
plane above the surface that gives circular cross-sections of the sphere and the cone of
equal area.

13 ABCDEF is a regular hexagon. X is the midpoint of AB. XE
and XD are drawn to meet F'C at Y and Z, respectively.

Find the ratio: F 4 z C

Area of quadrilateral YZDE': Area of AFYX

14 The solid shown is a regular octahedron. The distance between Vi
the vertices V; and V, is 20 cm. Find the sum of the lengths of
the edges of the octahedron.

20 cm

318

ICE-EM MATHEMATICS YEAR 10
ICE-EM Mathematics 10 3ed  ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017  Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.




GHAPTERl‘

Number and Algebra

Circles, hyperbolas and
~_ simultaneous equations

—

A circle with centre O and radius r is the set of all points whose distance from
the centre O is equal to r.

In this chapter, we study circles using the techniques of coordinate geometry.

We also introduce rectangular hyperbolas, and describe methods for finding the
coordinates of the points of intersection of hyperbolas, parabolas and circles
with straight lines.
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1 1 Cartesian equation of a circle

Circles with centre the origin

Consider a circle in the coordinate plane with centre the origin and radius r. Throughout this chapter,
we will always assume that r > 0.

X2 +y2 =72 P(x, y)

If P(x, y) is a point on the circle, then its distance from the origin is . By Pythagoras’ theorem, this
gives x2 + y> = r2.

Conversely, if a point P(x, y) satisfies the equation x?> + y?> = 2, then its distance from O(0, 0)

is \/x2 + y2 = r, so it lies on the circle with centre the origin and radius r.

Example 1

Sketch the graphs of the circles with the following equations.

a x>2+y?2=9 b x>+y>=14

a Centre is (0,0) and radius is 3. b Centre is (0,0) and radius is /14
y y
3 g | ¥ +y2=14

. R
_3QJ3 x 13 ome

-3 iz
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11A CARTESIAN EQUATION OF A CIRCLE ‘a
Example 2

Sketch the graph of the circle x> + y> = 25 and verify that the points (3, 4), (-3, 4), (=3,—4)
and (4,—3) lie on the circle.

The circle has centre the origin and radius 5.

To verify that a point lies on the circle, we substitute the

: . 3,4
coordinates into x> + y? = 25. =)

The point (=3, 4) lies on the circle, since (-3)* + 4> = 25. 3, -a)

y
The point (3, 4) lies on the circle, since 3% + 42 = 25. C

The point (—3,—4) lies on the circle, since (=3)? + (—4)> = 25.
The point (4,—3) lies on the circle, since (4)* + (=3)> = 25.

Circles with centre not the origin

Now take a circle in the coordinate plane with centre at the point C(h, k) and radius r.

If P(x,y) is a point on the circle, then by the distance formula:
(x=h?+(y-k?=r?

P(x, y)

C(h, k)

OJ )

Conversely, if a point P(x, y) satisfies the equation (x — h)?> + (y — k)?> = r?, then its distance from
(h, k)isr, soitlies on a circle with centre C(h, k) and radius r.

We call (x — h)? + (y — k)* = r? the standard form for the equation of a circle.

‘ Circles

e The circle with centre O(0,0) and radius r has equation:
X242 = 2

e The standard form for the equation of the circle with centre (k, k) and radius r is:

(x=h)? +(y —k)? = r?
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11A CARTESIAN EQUATION OF A CIRCLE
A e semesersctes

Sketch the graph of each circle, showing any intercepts.
a (x-32+(y+2?2=4
b (x+1)?+(y-3)?=25

a The circle has centre (3, —2) and radius 2, and hence the circle touches the x-axis. That
is, it meets the x-axis but does not cross it.

The circle does not meet the y-axis.

b The circle has centre (—1,3) and radius 5.

Put y = 0 into the equation to find where the circle cuts the x-axis.
(x+D*+(0-3)?%=25
(x+1%2+9=25
x+D? =16
x+1=4 orx+1=-4

x=3 or x=-5

Put x = 0 into the equation to find where the circle cuts the y-axis.
O+D*+(y—-3?=25 y
1+ (y—3)? =25 =2l
(y —3)% = 24 Sl >
y—3:2\/6 ory—3:—2\/6 5.0l
y=3+2J6 or y=3-2/6

3-2V6

Note: The circle (x — 3)? + (y + 2)? = 4 is a translation of the circle x> + y*> = 4, three units to the
right and two units down.

The circle (x + 1)? + (y — 3)> = 25 is t