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PREFACE

This text targets Units Three and Four of the West
Australian course Mathematics Specialist, a course that
is organised into four unifs altogether, the first two for
year eleven and the last two for year twelve.

This West Australian course, Mathematics Specialist,
is based on the Australian Curriculum Senior
Secondary course Specialist Mathematics. VWith

only very slight differences between the Unit Three
confent of these two courses this fext is also suitable
for anyone following Unit Three of the Australian
Curriculum course, Specialist Mathematics. For Unit
Four, the West Australian course omits some topics
that are in the Australian Curriculum, these being the
inverse frigonometric functions, infegration by parts,
exponential random variables, and some applications
involving force. Integration by parts is included in

this text as an extension activity and the companion
volume for Mathematics Methods Unit Four includes
some questions involving exponential random
variables. The inverse frigonometric functions feature
in this fext in one question of a Miscellaneous Exercise.
The applications involving force are not included in
this fext.

The book contains fext, examples and exercises
containing many carefully graded questions.

A student who studies the appropriate text and
relevant examples should make good progress
with the exercise that follows.

Each unit commences with a section entitled
Preliminary work. This section briefly outlines
work of particular relevance fo the unit and that
students should either already have some familiarity
with from the mathematics studied in earlier years, or
for which the brief outline included in the secfion may
be sufficient to bring the understanding of the concept
up fo the necessary level.

AJ Sadler
Mather
Speciali
Student
Units 3
©

A Miscellaneous exercise features af the end
of each chapter and includes questions involving
work from preceding chapters, and from the
Preliminary work section.

A few chapters commence with, or contain,

a 'Situation’ or two for students to consider.
Answers to these situations are generally not included
in the book. Students should be encouraged to discuss
their solutions and answers to these situations.

At times in this series of books | have found it
appropriate fo go a litle beyond the confines of the
syllabus for the unit involved. In this regard, when
considering the absolute value function, and to meet
the syllabus requirement fo ‘use and apply’|x| and
the graph of y =|x|, I include solving equations and
inequalities involving absolute values. With vectors,
when considering whether two moving objects meet,
or whether their paths cross, | also consider the
closest approach situation. In Unit Four, when using
a substitution to infegrate expressions, | do not limit
such considerations o expressions of the form
flglx))g’(x). For integration by numerical methods

| mention the Trapezium rule and Simpson's rule and
when considering differential equations I include
Euler's method. With sampling | include mention

of a significant difference at the 5% level.

| leave it up to the readers, and feachers, to decide
whether to cover these aspects.

Alan Sadler
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"This series of texts has been written based on

my interpretation of the appropriate Mathematics
Specialist syllabus documents as they stand at the time
of writing. It is likely that as time progresses some
points of interpretation will become clarified and
perhaps even some changes could be made to the
original syllabus. I urge teachers of the Mathematics
Specialist course, and students following the course,
to check with the appropriate curriculum authority
to make themselves aware of the latest version of
the syllabus current at the time they are studying
the course.

IMPORTANT
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UNIT THREE PRELIMINARY W' RK

This book assumes that you are already familiar with a number of mathematical ideas from your mathematical
studies in earlier years.

This section outlines the ideas which are of particular relevance to Unit Three of the Marhematics Specialist
course and for which familiarity will be assumed, or for which the brief explanation given here may be sufficient
to bring your understanding of the concept up to the necessary level.

Read this ‘Preliminary work’ section and if anything is not familiar to you, and you don’t understand the brief
mention or explanation given here, you may need to do some further reading to bring your understanding of
those concepts up to an appropriate level for this unit. (If you do understand the work but feel somewhat ‘rusty’
with regards to applying the ideas, some of the chapters afford further opportunities for revision, as do some of
the questions in the miscellaneous exercises at the end of chapters.)

* Chapters in this book will continue some of the topics from this preliminary work by building on the
assumed familiarity with the work.

* The miscellaneous exercises that feature at the end of each chapter may include questions requiring an
understanding of the topics briefly explained here.

®  Much of the content of this preliminary work section is from Units One and Two of the Mathematics
Specialist course. It is assumed that students embarking on this Unit Three of Mathematics Specialist will have
successfully completed these two prior units, will also have successfully completed Units One and Two of
Mathematics Methods and will also be taking Unit Three of Mathematics Methods, probably at the same time
as studying this unit.

Number

In the real number system, R, it is assumed that you are familiar with, and competent in the use of, positive and
negative numbers, recurring decimals, square roots and cube roots and that you are able to choose levels of
accuracy to suit contexts and distinguish between exact values, approximations and estimates.

Numbers expressed with positive, negative and fractional powers should also be familiar to you.

An ability to simplify expressions involving square roots is also assumed.

Shutterstock.com/Stuart Miles
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The absolute value of a number is the distance on the number line that the number is from the origin.

The absolute value of x is written |x| and equals x when x is positive,
and equals —v when « is negative.

Just as | x| is the distance x is from the origin, |x — 4| tells us the distance x is from the number 4.

It is assumed that you are familiar with the idea that in mathematics any rule that takes any input value that it
can cope with and assigns to it a one, and only one, output value is called a function.

Familiarity with the function notation f(x) is also assumed.

It can be useful at times to consider a function as a machine. A box of numbers (the domain) is fed into the
machine, a certain rule is applied to each number, and the resulting output forms a new box of numbers, the range.

In this way f(x) = «* + 3, with domain {1, 2, 3, 4, 5}, could be ‘pictured’ as follows:

Input

L, 2,3 4 5
The
square it and add 3
function machine 4, 7, 12, 19, 28

Output

If we are not given a specific domain, we assume it to be all the real numbers that the function can cope with,
sometimes referred to as the natural domain of the function.

Thus the function f(x) = V& — 3 has a domain of all the real numbers greater than or equal to 3, i.e., {x € R: x> 3}.

For this domain the function can put out all the real numbers greater than or equal to zero. Thus the range of
the function will be all real numbers greater than or equal to 0, i.e., {y € R: y 2 0}.

It is assumed you are particularly familiar with linear and quadratic functions, their characteristic equations and
their graphs, and have some familiarity with the graphs of y =%, y = Vx and y = l
x

It is further assumed that how the graph of y = af[b(x — ¢)] + d changes as the values of 4, b, ¢ and 4 are altered
is something you have previously considered for various functions.

Remember that linear and quadratic functions are members of the larger family of functions called polynomial
functions. These are functions of the form

7

f@)=a,x"+a, 8" "+a, "+ . +ax’ +ax+a

where 7 is a non-negative integer and 4,, 4, |, 4, ,, ... are all numbers, called the coefficients of x”, x" ~ ",

)
x"77, etc.
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The highest power of «x is the order of the polynomial.

Thus linear functions, y = 72x + ¢, are polynomials of order 1,
quadratic functions, y = ax” + bx + ¢, are polynomials of order 2,
cubic functions, y = ax® + ba* + cx + d, are polynomials of order 3, etc.

Though not an idea you would necessarily be familiar with, but one that should seem reasonable, is that of using
the output from one function as the input of a second function. In this way we form a composite function, also
referred to as a function of a function.

Suppose that f(x) = +* and gx)y=x+3.

If we feed the set of numbers {-3,-2,-1, 0, 1, 2, 3} into fand then feed the output into g what numbers will g output?

glx)=x+3 ?

With the domain stated, combining the functions fand g in this way will give a final output of {3, 4, 7, 12}:

3,-2,-1,0,1,2,3y W5 q0,1,49) —&D,  3,47,12)

We write this combined function as glfw)]
or as gof(x) or goflx) for ‘g of fof &’
or as gf ).

Note that though our ‘machine diagram’ above shows the f function’ first we write the combined function as
2f(x). This is to show that the ‘f function’, being closest to the ‘(x)’, operates on the x values first.

It is assumed that you are already familiar with manipulating algebraic expressions, in particular:

* Expanding and simplifying:

For example 4 +3)-3(x+2) expands to 4r+12-3x-6
which simplifies to x+6
x=7)(x+1) expands to o+ 1o —Tx—7
which simplifies to X —6x -7
Qx— 7)2, ie. Qe —7)2x—-17) expands to 4x’ — 28x +49

¢ Factorising:
For example 21+ 7 factorises to 7Gx+ 1)
15apy + 12pyz — 6apq factorises to 3p(Say +4yz — 2aq)
xt—6x—7 factorises to x—=7)x+1)
=9 factorises to (x=3)(x+3)

the last one being an example of the difference of two squares result:

x - y2 factorises to (= y)(x+y)

@ MATHEMATICS SPECIALIST Units 3 & 4 ISBN 9780170395274



* Solving equations

In particular: linear ec.luations., ' sim.ultaneous equations, bt m
quadratic equations, including use of the formula &« = p
exponential equations (e.g. 2" + 3 = 35), “
trigonometrical equations (e.g. sin x = 0.5 for 0 < x < 360°),

)

and in the use of your calculator to solve equations.
e Completing the square
To express x* — 6x + 10, for example, in ‘completed square form’:

create a gap to allow the square of half the coefficient of x to be inserted,

K -6x+10 = &-6x  +10
insert (and subtract) = 2—6x+9+10-9
factorise = (x-3)7+1

* Inequalities

It is assumed that you are familiar with the meaning and use of the symbols <, <, > and 2, can solve simple
linear inequalities and display the solutions as points on a number line. For example:

Given S5x—3 < 7 Given 1-3x < 13
5S¢ < 10 —3x < 12
x < 2 3x =2 -12
x 2 4
_'8'_'6'_'4'_'2'(')'2"2}'6'53 —I8'—I6'—I4'—I2'(I)'2I'4I¥'é'é

Note especially ® in the example above right, how multiplying by —1 ‘reverses’ the inequality

¢ the significance of the open and filled circles.

Quantities which have magnitude and direction are called vectors.
Common examples of vector quantities are:

Displacement, e.g. 5 km south. Velocity, e.g. 5 m/s north.
Force, e.g. 6 Newtons upwards. Acceleration, e.g. 5 m/s” east.

Quantities which have magnitude only are not vectors. Such quantities are called scalars. Common examples of
scalar quantities are:

Distance, e.g. 5 km. Speed, e.g. 5 m/s.
The magnitude of a force, e.g. 6 Newtons. Energy, e.g. 50 joules.
The magnitude of the acceleration, e.g. 5 m/s.

We represent vector quantities diagrammatically by a line segment in the given direction and whose length
represents the magnitude of the vector.

ISBN 9780170395274 Unit Three Preliminary work @



For example, the diagram on the right shows a vector of N

magnitude 5 units and in direction due east. LD

) ) — o | 1 I I ad W—-E
We write this vector as AB or AB. A B s
The order of the letters indicates the direction, i.e. from A to B. p

Vectors are also written using lowercase letters and in such cases
bold type or underlining is used.

For the magnitude of vector a, we write |a| or|a| or simply a.

Vectors are equal if they have the same magnitude and the same direction.

a c
e
d

a=b czd exf
Same magnitude, Same magnitude, Same direction,
same direction. different directions. different magnitudes.

If for some positive scalar &, b = ka, then b is in the same direction as a and % times the magnitude.
If k is negative then b will be in the opposite direction to a and | k| times the magnitude.

"Two vectors are parallel if one is a scalar multiple of the other.
If the scalar multiple is positive the vectors are said to be /ike parallel vectors, i.e. in the samze direction.
If the scalar multiple is negative the vectors are said to be unlike parallel vectors, i.e. in opposite directions.

"To add two vectors means to find the single, or resultant, vector that could
replace the two. We add the vectors using a vector triangle in which the
two vectors to be added follow ‘nose to tail” and form two of the sides of the
triangle. The resultant is then the third side of the triangle with its direction
‘around the triangle’ being in the opposite sense to the other two.

"This vector addition is sometimes referred to as the parallelogram law.

MATHEMATICS SPECIALIST Units 3 & 4 ISBN 9780170395274



"To give meaning to vector subtraction we consider a — b as a + (—b) and then use our technique for adding vectors.

If we add a vector to the negative of itself we obtain the zero vector.
"The zero vector has zero magnitude and an undefined direction.

Given the vector statement /1a = kb we can conclude that some scalar multiple of a has the same magnitude and
direction as some scalar multiple of b. If this is the case then either
a and b are parallel (because one is a scalar multiple of the other),

or h=k=0.
Thus if a and b are not parallel and we have a vector expression of the form
pa+gb = ra+sb (for scalar p, ¢, 7 and s) « equation [1]
ie. (p-ra = (s—q)b,
then p = r and s = g¢q.

Thus in equation [1], with a and b not parallel, we can equate the coefficients of a, and we can equate the
coefficients of b.

Vectors can be expressed in terms of their horizontal and vertical components. b
With i and j representing unit vectors horizontally and vertically respectively, the
vectors a, b, ¢, d and e shown in the diagram can be written:

d
a=2j b =3i :
c=i+2j d=-i+2j
e=2i+j €

Expressed in this component form the vector arithmetic is straightforward:

cte = ([A+2j)+Q2i+j)
= 3i+3j
With p = 4it+b

the magnitude, or modulus, of p is given by
lp| = Va* + b

and 0, see diagram, is found using tan0 = é
a

b units

|

4 units

The vector 4i + bj is sometimes written as an ordered pair (4, b),
or perhaps  <a, b>,

o . a
and sometimes as a column matrix [ b ]
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— — —
In the diagram on the right OP, AB and CD are each 3i +j. Such vectors are !

sometimes referred to as displacement vectors as they give the displacement of P > / D

from O, B from A and D from C respectively. 9

However with O as the origin, only point P has the position vector 3i +j. 3 / B
2 -

Point A has position vector i + 2j,
point B has position vector 4i + 3j,
point C has position vector 4j, 0
point D has position vector 3i + 5j.

—
(38
w ]
]
w

Position vectors give the position of a point relative to the origin. Hence the

position vector of point H on the right is i + 3j. a
44 ° °
If instead we want to give the position of H relative to point E we write: G F
— 37 °n
grg = EH 2
= =3i+2j. 1 .
E
Slmilarly GIe = =21+ 3j, FI'H = 4i + j, EI‘G = 2i— 3j. 0 T T T T —>
1 2 3 4 5
—
It follows that pry, = QP
= —Iotrp P
Ip Q
: rQ
1@ PrQ =TIp— rQ
5 -

Similarly we can talk of yv3, the velocity of A relative to B. This means the velocity of A as seen by an
observer on B.

"To view the situation from the point of view of an observer on B we need to imagine a velocity of —vy is imposed
on the whole system. It will then seem as though B is reduced to rest and the velocity A has in this system
(= vy — vp) will equal the velocity of A as seen by an observer on B. i.e. \vg =v, — 3.

Va Va
!
A Vg AI ~ / VB A
/ \\\ 7
/ N
B y _—-*_9%B AVB B
- /
vy /
y—vg

(All velocities are relative to something. When we write v, we usually mean the velocity of A relative to the earth.)
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We define the scalar product of two vectors a and b to be the magnitude of a multiplied by the magnitude of b
multiplied by the cosine of the angle between a and b. We write this product as a.b and say this as ‘a dot b’. For
this reason the scalar product is also referred to as the ‘dot product’.

Thus  a.b=|a||b|cos®  where 8 is the angle between a and b.

* ‘acos®’ is the projection of a onto b, or the resolved part

-7 2o -7
] . . & o0 -
of a in the direction of b. e Qt%e&@" -
5
. o D a
Similarly we can refer to ‘b cos 6’ as the projection of b /1 /\\
b b

onto a, or the resolved part of b in the direction of a.

e —

Projection
of a onto b.

* Remember that the angle between two vectors refers to the angle between the vectors when they are either
both directed away from a point or both directed towards it.

~
~

NN 120° NI 350
40° 150°

Angle between Angle between Angle between Angle between
the vectors the vectors the vectors the vectors
is 40°. is 150°. is 60°. is 145°.

* It follows, from the definition of the scalar product of two vectors, that if a and b are perpendicular to each
other then a.b = 0.

* It can be shown that the following algebraic properties of the scalar product follow from the definition of a.b.

a.b=b.a a.(Ab) = (Aa).b = A(a.b) a.a=a’
a.bb+c)=a.b+a.c (a+b).c=a.c+b.c

(a+b).c+d)=a.c+a.d+b.c+b.d

* Jtalso follows that:
It a=xi+yj and b = x,1 + y,j then a.b =x2, + y19,

It is assumed that you are familiar with using the above statement to determine the angle between two
vectors, given the vectors in component form.

It is assumed that from your previous study of vectors you are familiar with using the above ideas to prove

various geometrical results.
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You should be familiar with the idea of a complex number as one that is written in the form # + b7 (sometimes
written # + ib) where 2 and b are real and i = V/-1.

For some students the first encounter with 7 representing ~/—1 is when they use their calculator to solve
a quadratic equation that has ‘no real roots’. For example when solving the quadratic equation

¥ +6x+13=0.

If we attempt to solve this equation using a calculator we may be given a message indicating there are no
solutions, or we may be given solutions that involve ’, dependent upon whether our calculator is set to solve
for real solutions or complex solutions. See the displays below.

4 ) 4 3\

solve(x? +6-x+13 =0,x) solve(x? +6-x+13 =0,x)
No Solution {x=-3-2-i,x=-3+2-i}

The complex number # + bi consists of a real part and an imaginary part.

For z=a+bi we say that the real part of z is 4: Re(z) =4
and the imaginary part of z is &: Im(z) = b.

Thus if z=4+5i then Re(z) =4
and Im(z) = 5.

Complex numbers can be added to each other, subtracted from each other, multiplied together, divided by each
other and multiplied or divided by a real number.

This is demonstrated below, and on the next page, for w =2 + 37 and z = 5 — 44. Note that in each case the answer
is given in the form # + b7 and especially note how this is achieved when one complex number is divided by
another on the next page.

w+z = Q+3)+(5-4) w—z = Q+3i)-(5-4)
= 7—1 = 2+3i-5+4
= 3+7
3w—2z = 3Q+3)-205-4%) wz = (2+3i)(5-4)
= 6+9-10+8; = 10-8i+ 15— 127
= —4+17i = 10-8i+15/+12
= 2247
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(2+30)
(5 —4i)

2+3) (5+40)
(5—4i) (5+4i)

10 + 8 + 15 + 1242
25+ 207 — 20i — 167
—2+23;

41
2 23,
"H+H’

2 = -4)5 -4
= 25-20i-20i + 16i*

w8

= 25-20:-20:-16
= 9-40;

w8

Alternatively these answers can be obtained from a calculator.

If 2 = 4 + bi we say that # — bi is the conjugate of z (also referred to as the complex conjugate of z). We use the
symbol Z for the conjugate of z.

Thus, if z = 2+3i then z = 2-3i
if z = 5-7i then z 5+ 74,
if z = -2+8i then z = =-2-38
if z = -3-4 then z = 3+4 etc.

For any complex number z (= # + bi), both the sum z+ 2
= (a+bi)+ (a—b)
= 2a

and the product 2z
= (a+ bi)(a — bi)

= Z+b are real.

_ . . w .
(The fact that the product zZ is real was used to produce a real denominator when — was formed earlier
. %
on this page.)

If two complex numbers, w and z, are equal then

Re(w) = Re(z) and Im(w) = Im(2).

If we write the complex number # + b7 as an ordered pair (, b) this can be used like coordinates to represent the
complex number as a point on a graph. Instead of x and y axes we have real and imaginary axes. Such a graphical
representation is called an Argand diagram and the plane containing the real and imaginary axes is referred to
as the complex plane. The complex number # + #7 can be thought of as the point (#, b) on the Argand diagram
or as the vector from the origin to the point (z, b).
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The Argand diagram on the right shows the complex numbers | Im
Z, 6
2 =6+4i, 5
2y = -7+ 61, ;‘" Z;
Z3 = -6 — 31, 2
and z2,=4-3i. 1
T T T T T T T T T T T T T T RC
-7-6-5-4-3 277 | 234567
-2
73 -3 74
4

Notice that we can then add complex numbers in the complex plane using the ‘nose to tail’ method of
vector addition.

Zy+23 = (=7+6i)+(-6-3i) z1+24 = (6+4)+(4-30)
= -13+3i = 10+:
Im
6_
Z3 5
4_
%)
2y +123 ;: 2 Zy
14 Zy+ 24
T T T T T T T T T T T T T T T T T T T T T T T Re
-12 -1098-7-6-54-3-2-1] 12345678910
-2
-34
_4_
The reader is reminded of the following:
x*+y* = 7 is the equation of a circle centre (0, 0) and radius 7,
(x—p)+(@y—g" = #* isthe equation of a circle centre (p, ¢) and radius 7.
Given the equation: eyt +6y = 10x
Create gaps = 10x+...+y +6y+... = 0
Complete the squares = 10x+25+y +6y+ 9 = 0+25+9
ie. =57 +@+3)? = 34

Thus «” + y* + 6y = 10x is the equation of circle, centre (5, -3) and radius v/34.

By way of practice confirm that the equation 2x* + x + 2y* — 5y = 3 is that of a circle centre (-0.25, 1.25) and

radius # (Hint: Divide through by 2 first.)
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It is assumed that you are familiar with the idea of the gradient, or slpe, of a line and, in particular, that whilst
a straight line has the same gradient everywhere, the gradient of a curve varies as we move along the curve.

"To find the gradient at a particular point, P, on a curve y = f(x) we choose !
some other point, Q, on the curve whose x-coordinate is a little more than fa+h
that of point P.

Suppose P has an x-coordinate of x and Q has an x-coordinate of (x + /). F@)
-

The corresponding y-coordinates of P and Q will then be f(x) and f(x + A).

Thus the gradient of PQ = M

We then bring Q closer and closer to P, i.e. we allow / to tend to zero, and we determine the limiting value of

the gradient of PQ.

as h tends to zero.

i.e. Gradient at P = limit of M

This gives us the instantaneous rate of change of the function at P.
The process of determining the gradient formula or gradient function of a curve is called differentiation.

Writing 4, the small increase, or increment, in the x coordinate, as dx, where ‘d’ is a Greek letter pronounced
‘delta’, and f(x + /) — f(x), the small increment in the y coordinate as &y, we have:

&

Gradient function = lim —=
dxr—0

. e d
This derivative is written as d_y and pronounced ‘dee y by dee «x’.
by

This ‘limiting chord process’ gives the following results:

If  y=a then

If y=« then o 347,
If  y=a then
If y=« then L =5x*,

The general statement is:

If y=ax"  then - =anx""".
dx
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You should also be familiar with the following points:

* Ify=f(x) then the derivative of y with respect to x can be written as %, % or % f(x).

* A shorthand notation using a ‘dash’ may be used for differentiation with respect to «. Thus if y = f(x) we can

write % as f’(x) or simply y" or f”.

o Ify=f(x)+ g(x) then % =f"(x) £ g'(x).

Whenever we are faced with the task of finding the gradient formula, gradient function or derivative of some
‘new’ function, for which we do not already have a rule, for example if we wanted to determine the gradient
function for y = sin «, we simply go back to the basic principle:

Gradient at P(x, f(x)) = }zin(l) w

Sketching graphs

The use of differentiation to determine the gradient
function of a curve can give useful information about the
nature of the graph and assist us in making a sketch of the
graph. Whilst we would not expect to be able to read
values from the sketch of a graph with any great accuracy,
the sketch should still be neatly drawn and should show
the noteworthy features of the graph. In relation to graph
sketching it is assumed that you are already familiar with,
and understand, the following terms:

‘Turning points.
Stationary points.

Local and global maxima and minima.
Horizontal, and non-horizontal, points of inflection.
Intercepts with the axes.

Asymptotes.

Concavity.

Symmetry.
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Antidifferentiation is, as its name suggests, the opposite of differentiation.

Given the derivative, or gradient function, Ey’ antidifferentiation returns us to the function, or primitive.

However there are a many functions that differentiate to 2w, for example:

It y=a then & _ 2x.
dx
If y=2' +1 then @4 _ 2x.
dx
2 dy
If y=a -3 then — =2x. Etc.
dx

Thus we say that the antiderivative of 2« is #* + c where c is some constant. Given further information it may be

possible to determine the value of this constant.

The general statement is: It & _ ax"  then  y= o

dx

Remembered as: ‘Increase the power by one and divide by the new power.’

(Clearly this rule cannot apply for # = —1. Such a situation is beyond the scope of this unit.)

. . 6x°  Tx!
Hence the antiderivative of 6x° +7 is = + S +c
ie 20 + Tx+ ¢

It is also assumed that you are familiar with the fact that antidifferentiation is also known as integration.
Instead of being asked to find the antiderivative of 6x° + 7 we could be asked to integrate 6x* + 7.

Integration uses the symbol j
Hence the fact that the antiderivative of 6 +7 is 28 +Tx+c

could be written as J(éxz +Ndy = 2 +7x+c¢

the ‘dx’ indicating that the antidifferentiation, or integration, is with respect to the variable x.

Our general rule for antidifferentiating #x” could then be written:

ﬂxn+1

n+1

Jﬂx”alxz +c
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It is assumed that you are already familiar with the following trigonometrical identities:
sin?@+cos’® = 1 (Pythagorean identity.)
(Sometimes referred to as the first of the Pythagorean identities.)
sin(A+B) = sinAcosB=*cosAsinB
cos(A £ B)
(From which sin2A4 = 2 sinA cos A and cos2A4 = cos’ A — sin* A.)

cosAcosB F sinAsin B

It is also assumed that you are familiar with the fact that the reciprocals of sin8, cos6 and tan8,

ie. .1 , ! an are given names of their own.
sin®  cos0 tan 6
1 = secH L = cosecH ! = cotB = C,OS 2
cos© sin © tan 6 sin O

sec, cosec and cot being abbreviations for secant, cosecant and cotangent.
Pythagorean identities can be established for these reciprocal functions:
2 _ 2
tan"'0+1 = sec’ 6

l1+cot?’® = cosec’d

It is assumed that you are familiar with the ‘rows and columns’ presentation of information called a matrix.
Whilst the following ideas should all be familiar to you:

the size of a matrix,
a row matrix,
a column matrix,
equal matrices,
addition and subtraction of matrices,
multiplication of a matrix by a scalar,
multiplication of a matrix by a matrix,
square matrices,
the leading diagonal of a square matrix,
multiplicative identity matrices,
and the inverse of a 2 X 2 matrix,

for this unit, two ideas of particular relevance are:

the determinant of a 2 X 2 matrix
and solving simultaneous equations by matrix methods.

You are reminded of these two ideas on the next page.
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* For the 2 x 2 matrix A = { “ z } the quantity (#d — bc) is the determinant of A.
¢
. . x—y = 7
* o solve the simultaneous equations
2x+3y = 4
. . Lo . -1 x 7
First write the equations in matrix form: 3 y = 4

{ 1 }, as shown below.

Then use the multiplicative inverse of {

Given - ¥
y

|
|
[\S)
—
N

It follows that 1|: 3 1}{ 1 -1 %
) y

Hence

| —
|
[\)
—

—
S =
—_ O
]
1
= R
[ I ey O |
1]
| =
1
|
N W
—_
]
1
S 9
1

Thus,x =5 and y =-2.

You are encouraged to use your calculator, computer programs and the internet whenever appropriate during
this unit.

However you should make sure that you can also perform the basic processes without the assistance of such
technology when required to do so.

Note: The illustrations of calculator displays shown in the book may not exactly match the display from your
calculator. The illustrations are not meant to show you exactly what your calculator will necessarily
display but are included more to inform you that at that moment the use of a calculator could well
be appropriate.

ISBN 9780170395274 Unit Three Preliminary work



Complex numbers,
a reminder

* A reminder

e Algebraic fractions

® The remainder theorem
® The factor theorem

® Miscellaneous exercise one



A reminder

As the title suggests, this chapter serves as a reminder of the complex number work you are likely to

have covered in earlier units, and that was mentioned in the complex number part of the Preliminary e
work section. However, as we will see later, the chapter also introduces two further ideas, namely the

factor theorem and the remainder theorem. Before considering these theorems, first allow the chapter

to serve its ‘reminder purpose’ and work through the following exercise involving complex numbers.

Exercise 1A

1 Write each of the following in the form #i where  is real and i = V1.
a 64 b V-8 ¢ -0 d J-63

2 For the complex number z = -5 + 3i state
a  Re(z) b Im)

3 For the complex number z = 12 — 57 state
a Re(2) b Im()

b+Nb - dac

4 Use the fact that if ax® + bx + c = 0 then x = — to determine the exact solutions of

a
the following quadratic equations, giving your answers in the form d + ¢/ where d and e are real

numbers and i = V1.
a -3x+3=0 b »+4x+7=0
¢ 3x-x+1=0 d 52 +8x+4=0

Simplify each of the following expressions.

5 3+7)+Q—1i) 6 (1-2i)-(-2i)

7 2+4i-2-5i 8 6-i+3+4

9 0+i)+(B-2)+¢@l-1i) 10 2(5-20) +2(-5+3i)
11 7(1-3i)+15i 12 5+3(4+2i)

13 Re(5 +2i) + Re(=3 + 4i) 14 Im(-1 - 7i)+ Im(@3 + 2i)
15 (5-2i) (2 +3i) 16 (3 +i) (3 +2i)

17 Q+i)Q2-i) 18 (=2 +7i) (7 -2i)
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Express each of the following in the form # + bi where # and b are real numbers.

19 =% 20 2=%
1+ 2¢ 2+3i
21 2°2 22
3+4: 2—1
23 Ifw=2+3iand z=5 —i determine exactly
a w+z b w-2 ¢ Sw-4z
d e 2 £ 2
Z

24 Ifz=4-"7iand Z is the complex conjugate of z determine

a z b :z2+z ¢ 2z d

INTREN]

25 Given that: z = 5+,

w = b-34
a and b are real numbers,
and z = w,

determine 2 and &.
26 If (u+ 5/)(2 — i) = b where « and b are real numbers, determine # and &.

27 a Use the quadratic formula to prove that if a quadratic equation has any non-real roots then
it must have two and they must be conjugates of each other.

b  Oneroot of & + px+ ¢ = 0, for p and ¢ real, is x = 2 + 37. Find p and 4.
¢  Onerootofa’ +dr+e=0,fordand ereal,isx =3 — 2i. Find d and e.

28 First note the following statements:
* The complex number # + bi can be expressed as the ‘ordered pair’ (4, ).
¢ Each of the parts of this question use this ordered pair representation of a complex number.
Simplify the following, giving answers in ordered pair form.
a G5,1)+3,2)
b (-2,3)-(1,3)
¢ 2,00x@2,1
d G,-1)+(-5,12)

14 -5i

a—4i

=2 +bi.

29 Find all possible real number pairs 4, » such that
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Algebraic fractions

If a fraction has polynomial expressions for both numerator and denominator the fraction may be
either ‘proper’ or ‘improper’.

Proper algebraic fractions have the order of the numerator (the top of the fraction) less than the order

of the denominator (the bottom of the fraction).

X ¥ +3x+4 6’ +20+1
¥’ +3 O H2e+1’ ¥ -6

For example:

Improper algebraic fractions have the order of the numerator equal to or greater than the order of
the denominator.

¥’ +3x+4 2+ 7+ 51 ¥ +3x+4 2+ 6x7 +1

For example: , , 5 , 5
x+4 x° =20 +1 x°+3x -2

x=73

Improper algebraic fractions can, with a bit of ‘algebraic juggling’, be rearranged to an expression
involving a proper fraction.

¥l +3r+4 xx+4)-x+4
For example: _ = ——
x+4 x+4
o ox(x+4)—-(x+4)+8
B x+4
= x-1+
x+4

We could say that (x + 4), goes into &> +3x +4, (x— 1) times, with a remainder of 8 still left over
the x + 4.

a0 + 72t +5x -1 B 22 (x=3)+10x% +5x -1
x-3 a x—3
2 (x-3)+10x(x - 3)+35x — 1
B x—=73
_ x?(x=3)+10x(x — 3) +35(x — 3) + 104
Bl x—3
= xz+10x+35+ﬁ
x—3

We could say that (x — 3), goes into &° + 7a” + 5x — 1, (¥* + 10x + 35) times, with a remainder of 104
still left over the x — 3.
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The remainder theorem

If a polynomial, f(x), is divided by (x — #) until the remainder is a constant (i.e. does not involve x), then
this remainder is f(«). This is the remainder theorem.

Suppose f(x) =% + 3x + 4.

According to the remainder theorem, if we divide & +3x+4 by (x +4), i.e. (v — —4), we should find that
the remainder is /(—4).

Now if f@) = & +3x+4
fH = (3D +4
= 16-12+4
= 8

This is indeed the remainder we obtained when we divided &” + 3x + 4 by (x + 4) on the previous page.
Suppose f(x) =&’ + 7a* + 5x — 1.

According to the remainder theorem, if we divide &+ 7+ 5e—1 by (x — 3), we should find that the
remainder is f(3).

Now if f) = £ +70+5x-1
f3) = GP+73)+53)-1
= 27+63+15—-1
= 104

Again this is the remainder we obtained when we divided x* + 74’ + Sx — 1 by (x — 3) on the
previous page.

"To prove the remainder theorem we express the polynomial f(x) as the product of (x — #) and some
suitable chosen polynomial g(x), with some suitable chosen constant  added,

i.e. flx) = glx)x—a)+k.
Then, dividing f(x) by (x — #) will leave a remainder of 4.

However, if we substitute x = # into flw) = g)x—a)+k
we obtain fa) ga)a—a)+k
ie. fla) = &k

Hence the remainder, £, is equal to f(#), as required.

The factor theorem

From the remainder theorem it follows that for the polynomial f(x), if f(#) = 0 then dividing f(x) by
(v — ) leaves no remainder, i.e. (x — #) must be a factor of f(x).

Remembering some of the logic symbols encountered in Unit One of the Mathematics Specialist course
we can write:

If f(#) = 0 then (x — 4) is a factor of f(x): f@)=0 = (x—a)isa factor of f(x).
If (x — @) is a factor of f(x) then f(s) = 0: (x—a)isafactorof f(x) = f(a)=0.
f@)=0 & (x—a)isa factor of f(x).

This is the factor theorem.
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EXAMPLE 1

a  For f(x) =« — 62° + 1027 + 20 — 15 determine f(1), f(~1), £(3) and f(-3).
b Without using the solve facility of some calculators, solve the following equation.

¥ =61 + 106" + 26— 15=0

Solution
a If flx) = at— 627 + 1047 + 22— 15

) = @O=61) +101) +2(1)-15
= 1-6+10+2-15
= -8
f1) = (D*=6(-1)° + 10(=1)* + 2(-1) - 15

= 1+6+10-2-15
= 0
f3) = 3)*-63) +103) +23)-15
= 81-162+90+6—-15
= 0
fE3) = 3)'—6(3) + 10372 +2(-3)-15
= 81+162+90-6-15
= 312

Hence, f(1) = -8, f(-1) = 0, f(3) = 0 and £(=3) = 312.

b With f(-1) = 0 and £(3) = 0 we know that (x + 1) and (x — 3) are factors of f(x).

f@) = xt—62°+1027 +2x-15
= (x+1)(x—3)(ﬂx2+bx+c)

By inspection (consider the x" term and the constant term, —15), #=1 and ¢ = 5.

fx) (v + D(x = 3)(@* + br +5)
(? = 20 =3)(* + b + 5)

Were we to expand the above expression the coefficient of x* would be (5 — 25 — 3).

Thus 5-26-3 = 10

Giving b = -4

Hence f@) = @+ D@-3)@" —4x+5)

Thus if at— 6 +1067 +20-15 = 0

(x+ D=3 -4x+5) = 0
x+1 = 0 x—3 = 0 or ¥ —4x+5 = 0
x = -1 g = 3 . 4+ /16 — 4(1)(5)

B 2
= 2+

The required solutions are x =—1,x=3,x =2+, x =2 —i.
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Exercise 1B

(In this exercise, when asked to solve an equation, give both real and complex solutions.)

1 Given that (x — 1) is a factor of 2&’ + &% + px + 35, determine p.

2 Given that 2 + 32 = 2x — 16 = (x — a)(bx’ + cx + d), determine 4, b, c and 4 (all € R).

3 a

b
4 a

b

Using the ‘algebraic juggling” approach demonstrated on an earlier page, determine the

remainder when x* — 7x + 3 is divided by (x - 1).

Use the remainder theorem to confirm your answer for part @.

Using the ‘algebraic juggling’ approach demonstrated on an earlier page, determine the

remainder when 2x° + 3x% — 4x + 3 is divided by (x + 1).

Use the remainder theorem to confirm your answer for part @.

5 Find the remainder when &% + 3x — 6 is divided by (x - 2).

6 Find the remainder when «° — 5x% — 8x + 7 is divided by (v + 2).

7 The function f(x) = 20> + ax® + bx — 2 has (2x — 1) as a factor but a remainder of =6 is left when
f(x) is divided by (x + 1). Find # and 4.

8 a
b

10 a

For f(x) = =37 +7x -5 determine f(-1) and f(1).

Without using the solve facility of some calculators, solve the equation:
=37 +7x-5=0

Without using the solve facility of some calculators, solve the equation:

=37+ 77 =50 =0

For f(x) =a* - 52’ — &* + 11x — 30 determine f(=2), f(2), f(=5) and (5).

Without using the solve facility of some calculators, solve the equation:
xt =5 -2 +112-30=0
For f(x) = 200 = + 20— 1 determine f(1) and f(0.5).
Without using the solve facility of some calculators, solve the equation:
2 -’ +20-1=0

11 Without using the solve facility of some calculators, solve the equation:

(P +2x+2)(x* = 2x+5)=0

12 Without using the solve facility of some calculators, solve the equation:

20 =327 +9x - 8=0

13 Without using the solve facility of some calculators, solve the equation:

3xt —3xt =207 + 4 =0
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Miscellaneous exercise one

This miscellaneous exercise may include questions involving the work of this chapter and the
ideas mentioned in the Preliminary work section at the beginning of the book.

1 Simplify each of the following.

a (7+3i)7-30) b G+)5-i)
c (B+2)2-30) d (1-5i)
3-2i ¢ 12
2+1i 3—44

2 Given that 2 =3 — 47 and w = —4 + 5/ determine

a z+w

b :zw

¢z, the conjugate of =

d 2’

e 2w

f zw

g the complex number ¢ such that ~ Re(y) = Re(®)
and  Im(g) = Im(2).

3 Express (1 + i)’ in the form & + bi.
4 Determine Im[(1 — 37)°].

5 Find:
a  Re(—2i)xReQ +4)
b Re[(3-2i)xQ+i)

6 Given that (x — 5) is a factor of ¥* + ga’ — 14x” — 45x — 50, determine g.
7 Given that 2° —a? + 3x + 6 = (v — 2)(ba’ + cx + d), determine a, b, c and d (all real).

8 The function f(x) = x* + 3a° + pa’ + ga — 30 has (x — 3) as a factor but a remainder of —48 is left
when f{(x) is divided by (x — 1). Find p and 4.
9 Ifa=3i—-j,b=2i+4andc=di-9j.
Find
a avector in the same direction as a but twice the magnitude of a,
b avector in the same direction as b but equal in magnitude to a,
¢ the possible values of 4 if ¢ has the same magnitude as 3a,
d ab
e

the angle between a and b, to the nearest degree.

ISBN 9780170395274 1. Complex numbers, a reminder @

O



10 With a as defined in the diagram below, express each of the vectors b, ¢, d, e, fand g in terms of a.

11 With p and q as defined in the diagram below, express each of the vectors r, s, t and u in terms of
pand q.

12 Without using the solve facility of some calculators, solve the equation
& +6x” +4x—40=0.

13 For this question the non-zero vectors p, q, r and s are such that:
p = a( +j), q=2i-"bj, r=ci+dj and s=ei+fj.
Find the possible values of 4, b, ¢, d, e and f given that all of the following statements are true:
* pis perpendicular to q.
* [p[=lal-
* q-3r=23i-5j.

* sisin the same direction as q but equal in magnitude to r.
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Polar form of a
complex number

® Polar form of a complex number
® The abbreviated form for cos® + isin®

e Multiplying and dividing complex numbers
expressed in polar form

e Geometrical interpretation

® Regions in the complex plane

® The cube roots of 1

 Nth roots of a non zero complex number
® De Moivre’s theorem
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The Preliminary work section at the beginning of this book reminded
you of the idea of representing a complex number # + b7 graphically on
an Argand diagram, either as a point (4, b) or as a vector from the origin

to the point (4, b).

If we write |z| for the magnitude of this vector, and if it makes an angle 6

with the positive real axis, see diagram, then:

"This is the polar form of the complex number z.

P

(Some calculators may refer to this as the ‘“77ig’ form.)

a+bi
|z| cos @ +i|z|sin©

|z| (cos O +7sin )

.

N . i i

(,b)

D

Note * The magnitude of the complex number, |z|, is called the modulus of z, written mod z.

(The letter 7 is also used for the modulus of a complex number.)

o Withz=ﬂ+bi,|z|=\mz+b2.

|z| = Va? + b* is the distance the point representing # + bi is from the origin.
It is the magnitude of the vector representing # + bi.

Re

Re

* The angle 6, measured anticlockwise from the positive real axis, is said to be the argument

of the complex number, written arg z.

Argz is usually stated in radians but can be given in degrees.

Argz is not defined for the number (0 + 07).

¢ With 8 in radians we could also refer to (8 £ 2m), (8 £ 4m), (8 £ 6m), etc. as being the

argument of a complex number that makes an angle 6 with the positive real axis. To avoid

this confusion we refer to the value -t < 0 < & (or in degrees —180° < 8 < 180°) as the
principal argument of the complex number. The interval -1 < 8 < 7 is sometimes written
as (—x, mt]. In this form, note carefully the significance of the type of bracket used.
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For the Argand diagram on the right: z) Im 21
z; has modulus 5 and principal argument % s, 3
’?,[:P %Q
In — rads T rads
2, has modulus 6 and principal argument e ’ > Re
3 units
23 has modulus 3 and principal argument — g .

Express the complex number 3 + 47 in the form 7(cos8 + 7sin 0), for — < 8 < 1, and with 6 given
correct to four decimal places.

From the sketch on the right we see that

modz = 3 +4°

5
i
3

and tan O

argz = 0.9273 rads (correct to 4 decimal places)

Thus % 5(c0s0.9273 +isin0.9273)

Alternatively we could use the ability of some o N
calculators to |3+ 4il

()}

* determine mod z and arg z, arg(3 + 4i)

* to convert cartesian coordinates to polar 0.927295218

coordinates direct. toPol([iD

Thus, as before, the complex number 5
[4(0.927295218)]

N /

2=3+4i

has the polar form:

z=5(c0s0.9273 + isin0.9273)

Note ® z=ua+ibisthe rectangular or cartesian form of the complex number z.
This cartesian form is sometimes written as the ordered pair (4, b).
* In the polar form, z =7(cos0 + isin0), 77 and 0 are real and it is usual to have
r20and -t<O <.

This polar form can also be written as an ordered pair (r, 8), with squared brackets [r, 6]
sometimes used to distinguish polar form.
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Exercise 2A

1 Find|z| for each of the following, giving exact answers.

a z=4-3; b z2=12+5
¢ z=3+2 d z2=3-2i
e z=1+5; f z2=5

2 Find the principal argument of each of the following complex numbers, giving exact answers

in radians.

a z=2+2i b z=2-2i
cC z=-2+2 d z2=-2-2i
e z=-2+203 foz2=3-33

3 Express the complex numbers 2, to 2,5, given below, in the form
P % 1 12,8
7(cos0 + 7sinB), with » >0 and -t < 6 < 7.

Br .. 13w ..
z1=3(cos?+151n7) 2, = 3(cos 31 + isin 3m)
St .. 5¢; ..
z;=4 (cos y +isin Tj 24 = 2(cos (—m) + isin (-T))
AIm Im
25 29
o
Z6 & %
o | S ’
X 2 rads
o 1 rad .
3305 Re Zv‘=  units \ Re
10
oﬁi\‘% 5 units 7 rads /‘:0& NG
® 211 — rads Z1
= b4 Zg

4 Express the complex numbers z;3 to 2,4, given below, in the form
7(cos® +7sin @), with 7 >0 and -t <O < T

stating 7 exactly and 6 correct to 4 decimal places (if rounding is necessary).

Im . z2y7,=5+12i 21g=1+7i
219=1-7i 2y0=—7+1
2y, =53 +5i 2y, =4
23 =4 z4=—4

Re 275 =—31 26 =3
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S5 Express 2,; to 23, in the form # + b7, with # and & stated exactly.

( T n) ( Smoo. . Sn)
2y7 = 2| cos—+isin — 274 =4| cos— +isin —
4 4 6 6
(n)..(n) (Zn)..(an
2y9=4| cos| —— |+isin| —— 230=06] cos| —— |+isin| ——
3 3 3 3
231 = 5(cos2m + isin 27) z32=(cos77n+isin77n)

The abbreviated form for cos6 + isin0o

"To save us having to write cos® + 7sin 6 we can use the abbreviation cis 6.
Complex number
conversions

cos® + 1isin0

cis 0
Thus r(cos®+isin@) = rcisH.
e.g. 5(cos2 +isin2) = Scis2.
4cisE = 4(cos£+isin£)
3 3 3

= 2+23i.

Express each of the following in the form 7cis®, with »> 0 and -n < 6 < .

a 3-3; b 3 c 4
Solution
a modB-3i) = +P+(=3)? Im
3
= 32
2
arg(3-3i) = I 1
4 o
MR NI R
3-3 = 3\/§cis(—g) -1
-2
b 3z'=3cisE -3
2

¢ —4=4cisw
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Exercise 2B

1 Express z; to zg shown below in the form 7cis®, with » >0 and -t <0 < 7.

Im Im
2 60° £z 4o
27
2z 30°
25
T T T T T Re T T T Re
12345 12345
2 -30° 5
_45°
}[Z —60°
)
Express each of the following in the form 7cis0, with >0 and -t < 6 < .
2 2(cos£+isin£) 3 7(C055—n+isin5—n)
10 10 8 8
4 9(cos30° +isin30°) 5 3(cos330° +7sin330°)
6 5(cos3—n+isin3—n) 7 4(c058—n+isin8—nj
2 2 3 3
Smy .. Sn ..
8 2| cos -5 +isin -5 9 2(cos(-3m) + isin (-3m))
Simplify:
. T . T . .
10 7c1s§ 11 5015(—5) 12 cisn 13 3cis2n
Express each of the following in the form & + b4, with exact values for # and b.
14 10cis§ 15 4cis%” 16 4Cis(—2?n) 17 12cis(—47nj

Express each of the following in the form 7 cis8, for -t < 0 < w. Give 7 (= 0) as an exact value and,
if rounding is necessary, give 0 correct to 4 decimal places.

18 -7+24i 19 -5+12i 20 1+2i 21 5;

22 Ifz=a+bi we define Z, the complex conjugate of z,as Z =« — bi. Im

a Make a copy of the Argand diagram shown on the right and
include z and .

b If z = rcsa,-n<o<m,
and  w = ncsP,—-n<B<m,
express z and @ in ‘cis form’.
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Find the complex conjugates of the following, giving your answers in polar form, 7cis6°, with 7> 0
and —180 < 6 < 180.

23 2cis30° 24 7cis120°
25 4cis390° 26 10cis(-200°)

Find the complex conjugates of the following, giving answers in polar form, 7 cis8, with > 0 and

<0<

27 2cis =t 28 5cis(—3—n)
2 4

29 5cis0.5 30 50is77n

Multiplying and dividing complex numbers
expressed in polar form

Suppose that  z = 7 cisa and w = rcisP
= ri(cosa+7sinoy) 75(cos P + isin B)

Polar complex
number operations

Then zw = (ryciso)(r,cisP)
= 7rry(coso+ isina)(cos P + isin B)
= 7r;[(cosacosP — sinasin B) + #(sinoicos B + cosousin B)]
= rrylcos(o+ B) + isin (o + B)]
= rrycis(o+ B)

Or, using the ‘square bracket’ notation: 7, o[y, Bl = [ry75, 0 + B]

Thus: When we multiply two complex numbers we multiply the moduli and add the arguments
(adding or subtracting multiples of 27 to ensure — < arg < 7).

The reader is left to confirm that if z = rciso and w = rcisP
z no.
then = = Ldis(o-B).
n
Le: When we divide two complex numbers we divide the moduli and subtract the arguments

(adding or subtracting multiples of 27 to ensure —T < arg < ).

(Question: Is the order of subtraction of the angles important?)
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EXAMPLE 3

If z=5cis %t andw=2 cisg express each of the following in the form 7cis® with 7 > 0 and

-t<O<Tm
a zw b 2
w
Solution
a zw = 5ci33—n-20isE
4 3
- 100is(3—n+£)
4 3
= 10cisl3—Tc
12
= lOcis(—&)
12
C 2 = ZcisO-Scis3—7t
4
= IOCiSS—TE
4

o
| v
Il

(5cis3—n) o (Zcisz)
4 3

5. (31: nj
—cis| ———
2 4 3

= 2.5cis 5_7t
12

lcisE -Sc:is3—1t

4
= 50is(—3—nj
4

Geometrical interpretation

If z =

7 cisa

then wz 77y cis (o + B).

and w =

7, cisP

Thus the effect of multiplying z by w is to rotate z anticlockwise about the origin by an angle 8, and

increase the length of z by a factor |w|.

For example suppose that  z = 3cis80° and w=2cis50°.
It follows that zw = (3cis80°)(2cis50°)
= 6cis130°,

i.e. a 50° anticlockwise rotation of z about the origin with a doubling of length, as shown below.

6 units
Alm A Im A Im
3 units
zw
2 2 units
g 130°
80 50° \
Re Re

Re

Multiplication
in the plane

Division
in the plane
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Exercise 2C

Determine zw for each of the following, giving your answer in the same form as z and w are given.

1 2=2+3, w=5-2i 2 2=3+2i w=—1+2i.

3 z=3cis60°, w=5cis20°. 4 z=3cis120°, w=3cisl50°.
. . LT LT

5 z=3cis30°, w=3cis(-80°). 6 z=5cis—, w=2c1SZ.

7 z :4cis(zj,
4

8 2=2(cos50°+isin50°),

9 z=2(cos170° + isin 170°),

szcis(—3—nj.
4

w = cos60° + 7sin 60°.

w =3(cos150° + 7sin 150°).

.z . . . .
Determine — for each of the following, giving your answer in the same form as z and w are given.

w
10 2=6-3i,
12 z=38cis60°,

14 = =3cis(-150°),

16 z=4ci5(Ej,
4

w=3 -4 11 z=-6+3, w=-3+4.
w =2 cis40°. 13 2=5cis120°, w=cis150°.
w = 3 cis 80°. 15 z:Zciss?n, w=20isz?n.

w=2cis(—3—n).
4

17 z=5 cosg—n+z'sin(3—nj , w=2(cos£+isin£).
4 4 2 2

18 z=2(cos50°+isin50°),

w = 5(cos 50° + isin 50°).

Use the following diagrams to determine the complex number w in the form 7cis6 for

720 and with —180° < 8 < 180°.

19

Im
Zw
~N
U
S
&
z
40°
30°
Re
|z]=1
Units 3 & 4

20 :z»

\@)’L\

7

50°

Im

Re
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A Im
21
z
B2
30° Re
60°
=
o
N
S}
Zw
23 z Im
ﬁ/\ 110°
R \
Re
|zw| = 1
$zw
25 z
z Im w
Py
5/ \ﬁ/\
S5 )
30° 30°
> Re
27 - Im
L
/s
30°
Re
70°
‘E‘ -1
w
z
w

28 Ifz=6cis40° and w = 2 cis 30° determine

b
f

2z

a 3w

e iz w

29 Ifz=8cis Z?E and w =4cis % determine

a zw b wz

]
g

ISBN 9780170395274

22 2z Alm
%
\/ 110
Re
50°
N
\,];\\)
zw
24 zZ ‘Im
%
110°
-
\ > Re
30°
/ea,
>
zw
26 - Im .
/‘? w
/\\2
70°
30° 7/ Re
2=
1=
C W d wz
w 1
9 - h -
P4 Z
w zZ
¢ = d =
zZ w
1 )
9 - h -
P4 w
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Complex plane graphs

We know that we can represent the complex number z = 2 + 7/ as a point (4, b) on an Argand diagram.
If we are then given some condition or rule that z must obey, the set of all such 2’s obeying the rule will
form a set of points on our Argand diagram. For example, any complex number, 2, obeying the rule

|z]=k

will be a distance of k from the origin. The set of all complex numbers, z, obeying this rule, written
{2 |z| = k} and read as ‘the set of all z such that mod z equals k’ would together form a circle, centre at
the origin and radius 4.

We say that the locus of || = & is a circle centre the origin and radius k.

Examples:

{z:|z|=4} {z: |z|S4} {z:‘z‘<4}

Now consider {z: |z — w| = k}. The Preliminary work section at the beginning of this book reminded us
that |x — 4| is the distance the number x is from the number 4. Similarly, for complex numbers z and w,
|z — w]| is the distance between z and w in the complex plane (see the diagrams below).

Vector justification Coordinate justification
AIm

Length = |z —w| Im w=p+ig z—w=(ﬂ—p)+(b—q)z'

lz—w| = a— p)’ + @ - g)°

= distance between z and w.

— Re

Thus the complex numbers, z, for which |z — w| = &, would together form a circle, centre at w and
radius k. We say that the locus of |z — w| =  is a circle centre w and radius k.

For example, the Argand diagram on the right shows the locus of all points Im

in the complex plane for which
|2 — (1+2i)] <3.

ie. it shows the set {z: |z —(1+2i)| <3}

Units 3 & 4 ISBN 9780170395274



Represent {z: |z —2—i| = 3} on an Argand diagram.

If z = x + 4y determine the cartesian equation for the set of points in

{z: |2 —w| = k} is a circle centre w and radius . Im
5 .
Thus {z: |z —(2+7)| = 3} is a circle centre (2 + 7) and radius 3. 1
"This is shown in the diagram on the right. (
NOW |Z_2_Z| = T 1 | T T LA RC
. . . . 2 N 5
Thusif 2z = x+iy lc+iy-2-i] =

|(x=2)+i(y-1)|
@-2+@-1 =

Il
O W W W

Note: As we were reminded in the Preliminary work section at the beginning of this book, cartesian
equations of the form

@=p)’+ (-9’ =a

are those of circles, centre (p, ¢) and radius 2. Hence our answer for part b, above, confirms our
answer for part

Represent {z: |z — 2i| =|z — 4|} on an Argand diagram.

If z = x + 7y determine the cartesian equation for the set of points in

|z — w| is the distance from z to w.
Thus  |z—2i| is the distance from z to 0 + 2,

and |z - 4| is the distance from z to 4 + 0:.

Thus {2: |z — 2i| =|z — 4|} is the set of all points equidistant from 2i
and 4. It is the perpendicular bisector of the line joining 27 and 4.

This is shown in the diagram on the right. /
Now l2=2] = |z-4| ~
Thusif 2z = x+iy le+iy=2i| = |x+iy—4]

d+@y-27 = @-9 +y
Which simplifies to y = 2x-3
The required cartesian equation is y = 2x-3

ISBN 9780170395274 2. Polar form of a complex number



Represent {z: argz = g} on an Argand diagram.

T T . .. 9
Ifargz= 5 then z makes an angle of = with the positive x-axis, | Im

. . T . .
measured anticlockwise. Thus {z: argz = g} is the set of points

oa

Re

forming the ‘half line’ shown in the diagram on the right.

Note that the point 0 + 07 is not included because arg(0 + 07)
is undefined.

Show that the set of all points z in the complex plane that are such that
|z—(8+17)| =2|z—(2+44)|

together form a circle in the complex plane and find the centre and radius of the circle.

Given: |lz—(8+7)| = 2|z-(2+4i)|
Thusif 2z = x+iy |x+iy—(8+i)| = 2|x+z'y—(2+4z')|
@-8'+(-1" = 2[x-2+(-4]]
A —16x+64+y —2y+1 = 2[4’ —dw+4+y —8y+16]

Which simplifies to 0 = 37 +3y"-30y+15
ie. 0 = #2+y —10y+5
Create gaps: o +y =10y + = =5

Complete the square 4y =10y +25 = —5+25

Hence L+@y-5 = 20

A circle, centre (0, 5) and radius 2+/5. phl

Note that points in the complex plane such that

2= (8+1)| = 2|z — (2+ 4)|
are the points for which the distance to the point (8 + 7)
is twice that of the distance to the point (2 + 47).

We would expect two such points to be 4 + 37 and
—4 + 7i (see diagram). The reader should confirm
that, for z =x + 7y, such points do indeed satisty the
equation &” + (y — 5)* = 20. 3
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Exercise 2D

For each of the following sets, choose the appropriate diagram from those labelled A to P below.

1 {2 Im(2) =3}

3 [zargz=-45%

5 {z]z|<3}

7 (z:|z+8|=|z-4i])

2 {z: Re(z) =3}
4 {zargz=135°

6 {z:|z-3+3i|=3)

8 {z:]z+2+3i|=|z-4+i|}

@ A Im Im @ Im @ Im
5 5 \ 5
1 Re Re ] Re Re
— — —_— — —_—t— e —
S 1 s 5o S5 \ 5o
wE I’ wE ]
@ A Im @ Im
5 5
] Re Re ] Re
L B Lo L A S T
-5 ] 5 5 ) ]
-5 -5
Re
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Represent each of the following sets of points diagrammatically as lines or regions in the complex plane
and, with z = x + j#y, determine the cartesian equation of each.

9

11

13
15
17

19

21

23

25

26

27

28

{z: Re(z) =5} 10 {z: Im(z) = -4}

{z: argzzg} 12 {z: argz:—g}

{z: Re(z)+ Im(z) = 6} 14 {z: |z| =6}

{z: |z - 4i] <3} 16 {z:|z-(2+3i)|=4}

{z: |2-2+3i| =4} 18 {z:|z-2|=|z-6|}

{z: |2 - 6i| =|z - 2|} 20 {z:|z-Q2+9)|=|z-@“-5)|}
{z:3<]2| <5} 22 {z: gSargzsg}

{z: Im(z) = 2Re(z) + 1} 24 {z: Im(z) <2 - Re(2)}

For {z: |z +3-3i| = 2} determine:

a the minimum possible value of Im(z),
b the maximum possible value of |Re(z)|,
¢ the minimum possible value of |z|,

d  the maximum possible value of |z],

e

the maximum possible value of |Z|.

For {z: |z— (4 +3i)| = 2} determine:

a the minimum possible value of Im(z),
b the maximum possible value of Re(z),
¢ the maximum possible value of |z],

d the minimum possible value of |z|,

e

the minimum possible value of arg(z), giving your answer in radians correct to
two decimal places,
f the maximum possible value of arg(z), giving your answer in radians correct to

two decimal places.

Show that the set of all points z in the complex plane that are such that

|z = (2+31)] = 2|2 = (5 - 3))]
together form a circle in the complex plane and find the centre and radius of the circle.
Show that the set of all points z in the complex plane that are such that

|z = (10 + 5i)| = 3]z — (2= 3i)|

together form a circle in the complex plane and find the centre and radius of the circle.
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Suppose we are asked to solve the equation © o= 1,

i.e. P$-1 = 0
We could use a calculator to obtain the three solutions: ‘ N
- 1 solve(x® =1,x)
v 1 \/5 i \/5 i
1 \/§ X=1,X=——— S X=——+
X o= —o——i 2 2 2 2
2 2
L, B
and X = ——4-—y
272 L )

Alternatively these three solutions can be obtained algebraically by first using the fact that

S-l=@=-DE+x+1) (The reader should check the truth of
this statement by expanding the right
hand side.)

Then, if ¥©-1 =0
(x=D@*+x+1) = 0
Thus either x—-1 = 0 or Lrr+l = 0
1+ .17 =
giving x =1 or x = 1yl 400
2(1)
2 2
Thus the three cube roots of 1 are: 1,
3.
——+—i
2
1 3.
and -————
2 2
These three cube roots of 1 are shown as 2, 2, and 2; in the . Im
Argand diagram on the right. ? ‘,
‘3.
In ‘cis’ form z;=1cis0 C
2n 60° 1 unit ro—> Re
z;=1cis— 60° 2z
3
.'5&,
S
zy=lcis (— Z_EJ >
3 P
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Notice that the three roots are each of unit length and divide the . AIm
. . . . . . 2
unit circle into three equal size regions. (The reasonableness of this “
should become apparent when you remember the rotational effect %
of complex number multiplication.) .
60° lunit Re
This division into equal size regions can be used to determine other 60° 2y
roots of 1, as the following example shows. o
N
z3
EXAMPLE 8
Find the fifth roots of 1, giving exact answers in the form 7cis® with >0 and -t <6 < 7.
Solution
We must solve 2 =1.
One solution is %=1l and this and the 4 others will divide the unit circle into

five equal-sized regions (see diagram).

Thus the rootsare  z; = 1cis0
o Im | 2
2z, = lcis—
5 2
. 4m n
z; = lecs— 5
5 »o— Re
. 4n 5
zg = lcis - 2,
%5

zs = lcis(—z?n)

Nth roots of a non-zero complex number

If we know one of the roots of a complex number we can locate all the other roots using this idea of
dividing the complex plane into equal size regions. This is demonstrated in the next two examples.

. T a—

Again your calculator may be able to determine the roots of complex numbers directly using its equation
solving capabilities or other programmed routines. Whilst you are encouraged to explore the capability of
your calculator in this regard make sure you understand the methods set out in the following examples and

can use them when required.

MATHEMATICS SPECIALIST Units 3 & 4
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Use your calculator to confirm that (1 + i)® is —8i.

By displaying the sixth roots of —8; on an Argand diagram determine all six roots, expressing each
in the form 7cis8° with 7> 0 and —180 < 6 < 180.

Solution

The display shown on the right confirms that
(1 +4)is —8i. (1+i)°
Placing (1 +7) on an Argand diagram and dividing

the complex plane into six equal size regions
allows the six roots to be determined:

z; = ~2cis45°
z, = 2cis105°
73 = ~2cis165° 2

7 = 2cis(-135°)
zs = 2cis(=75°)
Zg = \/zcis(—15°)

Use your calculator to confirm that (3 + i) is 28 + 96i. Show (3 + 7) and the three other fourth
roots of 28 + 967 on an Argand diagram and express each in the form « + bi.

Solution

The display shown on the right confirms that (3 + )"

is 28 + 961. (3+i)*
28+96-i
Placing (3 +7) on an Argand diagram and dividing

the complex plane into four equal size regions
allows the four roots to be determined:

Z2 = 3+ Im
Z) -
5 = —1+3i

Z3 = _3_1 a ZI=3+i

Z4 = 1 _31 T T T T T T Re

23

24
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Exercise 2E

Find the six solutions to the equation 2° = 1 giving exact answers and all in the form 7cis with
r=20and <0<

Find the eight solutions to the equation 2® = 1 giving exact answers and all in the form 7cis 6°
with 720 and —180 < 6 < 180.

Find the seven solutions to the equation z’ = 1 giving exact answers and all in the form 7cis 8
with7>20and -t < 6 <.

Use your calculator to confirm that (+/3 +7) is —64. By displaying the sixth roots of =64 on an
Argand diagram determine all six roots, expressing each root in the form rcis6 with > 0 and
-T<O<T.

Given that one solution to the equation 2’ = —4 + 47 is z = 1 — 4, display all five solutions on an
Argand diagram and express each in the form 7cis8° with » > 0 and —180 < 6 < 180.

Use your calculator to confirm that (2 + 37)*is =119 — 120i. Show (2 + 37) and the three other
fourth roots of =119 — 1207 on an Argand diagram and express each in the form « + bi.
Without the assistance of a calculator, express a (Q2+i)

and b @+t in the form « + bi.
¢ Display on an Argand diagram the four values of z for which
2t =7 +24i

d  Hence give the solutions to the above equation in the form # + 4.

z; shown in the diagram on the right is one solution to the Im
equation 2’ = &, for complex .
Find # and the other four solutions to the equation, giving 3 i 2
all answers in the form 7cis8° for » > 0 and —180 < 8 < 180. 20° Re
z; shown in the diagram on the right is one solution to the Im ) iwi
. E zZ = 1
equation z* = &, for complex k. ] '
Find 2,, z; and z,, the other three solutions to the equation, 24
giving all answers in the form # + bi. ] R
T T T T T T T T €
4 2 1 2 4
-24
—4
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From
it follows that

and hence

Continuing this idea:

ie.

(7, cis0)(r; cis o)
cisOcisa

(cis6)’

(cis6)’

(cis )"

(cis0)"

(cos 0 + 7sin 0)”

7175 cis (0 + o)

Using de Moivre’s
cis(0 + o) feeren
cis(6 + 0) = cis(20).
cis(0+6+6) = cis(39)
cis@+0+6+0) = cis(40).
cis@+0+0+...) = cis(n0).

cos720 + 7sinn0

This result is called de Moivre’s theorem and, whilst we have obtained it by considering positive
integer values of 7, it can be applied for all rational values of 7.

Thus, with

it follows that

ie.

an alternative statement of de Moivre’s theorem.

P4

zﬂ

(|| cis©)"

|z|cisO

|z|n cis (10)

|z|" cis (10)

In your study of Mathematics Specialist Unit Two you encountered the method of proof by induction.

(If you have forgotten the technique, do a bit of revision to refresh your understanding of it.)

Use the method of proof by induction to prove that

(cos® + 7sin 0)” = cos#O + 7sin #0,

i.e. de Moivre’s theorem, is true for positive integer values of 7.

The next three examples show how de Moivre’s theorem can be used:

* to obtain expressions for cos78 and sin76 in terms of cos® and sin 6 (example 11)

* to find powers of a complex number (example 12)

* to find the nth roots of a complex number (example 13).

ISBN 9780170395274

2. Polar form of a complex number



Use de Moivre’s theorem to express cos46 and sin46 in terms of cos6 and sin 6.

Solution
By de Moivre’s theorem

cos40 +isin40 = (cos6 +isin0)* [1]
The right hand side of this statement expands to give:
(cos0)* + 4(cos0)’ (i sin 6) + 6(cos 0)*(7sin 0)° + 4(cos 0)(isinB)® + (isin )"
= cos'0— 6cos’Osin’6 + sin* O + i(4 cos’ Osin O — 4 cos Osin’ O)
Equating real parts of equation [1] gives:
cos40 = cos'®—6cos’Bsin’O +sin*o
and equating imaginary parts of equation [1] gives:

sin4d = 4cos’0sin® —4cosOsin’ O

Use de Moivre’s theorem to determine (2 + 24/31)*, giving your answer in exact polar form.

Solution
First change 2 + 24/37 to ‘cis form’.

2428i = 4cis§
4
Thus Q2+23) = (4cis§)
4 . 47 . D
= 4%*cis = (from de Moivre’s theorem)

256cis(—2—nj
3

The next example uses the fact that whilst we normally write the polar form of a complex number, z, as
rcis®, with r> 0 and — < 6 < &, we could write z as z = rcis (6 + 2kmn), for r > 0 and k an integer.
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Use de Moivre’s theorem to determine the three cube roots of (4+/3 + 44), giving your answer in
exact polar form.

Im
|z| =
43+4i = 8cis (g + an) for integer 4. z‘ 0=
14
0 I
. ; R
Thus we require z such that | = €
2 = SCis(E + 2kn)
6
1
(T 3
B = |:8CIS(— + 2kn):|
6
s . (T 2km .,
= 3Bcis T + = (by de Moivre’s theorem)
: ( T an)
= 2cs| —+—

18 3

If k=0 we have: 2cis (%) (Sometimes referred to as the principal root.)
k=1 gives: 2cis (13_15)
18
k=2 gives: 2cis[ﬂ) i.e.Zcis(—&j.
18 18
. (T . (3m . 11n

Thus the three cube roots of 4+/3 + 4i are 2 cis 8 ) 2cis ET) and 2 cis| — )

Wondering what happens if we continue the above process by letting k = 3, 4, etc.? Are there more
than three cube roots? If you are not sure what will happen try it and see.

. . . T
The complex number z is such that z =7cis®, with7>0and 0 <0 < >
Express Z =% 2
Im 4
in the form #cisp where 2> 0 and -t < B < . 2
>
| 7sin®
. g : Re
If z = rcisb . ' rsin®
= 7cos0 +irsind 7 ]
then Z = 7rcos®—irsind :
. . 7cos 6
= rcis(-0). (See diagram.) EE—
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If z = rcisO Im
= 7c0s0 + irsin®

> Re

then -z = —rcos®—irsind 7sin@
= rcis(-n+0) (See diagram.) : rcosee J i
o | 7 CcOoS
= rcis(6-m) 7sin® |
|
|

Or, using the fact that —1 can be written as 1 cisT:
-2

-z = —-1Xz
(1cism) X (rcis0)
rcis (T + 0)

But (m + 6) will be outside the —& to T requirement, so subtract 27 to give

-z = rcis(n+0-—2n)
= rcis(0 —m), as before.
If z = rcis6
22 = (rcis®)’
= /2cis(20) (by de Moivre’s theorem).

Exercise 2F

Prove that de Moivre’s theorem, (cos 0 + 7sin8)” = cosn0 + isinz0, is true for n = —1.

T .. T . .
If 2 = cos 5 +isin 5 determine z* in exact polar form.

5

. T . .
Ifz=2cis r determine z” in exact polar form.

T .. T . .
Ifz= 3(005 3 +isin g] determine 2’ in exact polar form.

Use de Moivre’s theorem to express cos 26 and sin 26 in terms of sin 6 and cos®.

Use de Moivre’s theorem to express cos 30 and sin 360 in terms of sin 6 and cos 8.

Hence determine cos 30 in terms of cos 0.

Use de Moivre’s theorem to express cos 50 and sin 56 in terms of sin® and cos 6.

Units 3 & 4
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10

12

13

14

15

16

Use de Moivre’s theorem to determine (1 +7)°, giving your answer in exact polar form.
gving'y' p
Use de Moivre’s theorem to determine (+/3 +)°, giving your answer in exact polar form.
Use de Moivre’s theorem to determine (=3 +3+/37)*, giving your answer in exact polar form.
gving'y p

Use de Moivre’s theorem to determine the three cube roots of (4 — 4+/37), giving your answers
in exact polar form.

Use de Moivre’s theorem to solve the equation z* = 16, giving your answers in exact polar form.

Use de Moivre’s theorem to solve the equation z* = —8/2 + 8v/2i, giving your answers in exact
polar form.

Use de Moivre’s theorem to solve the equation z* + 4 = 0, giving your answers in exact polar form.

V2 +iJ6 X
2 ’ 2

Express z; and z, in exact polar form, where 2z, =

nd z,

6.3
21 %)

Z34

Hence simplify given that z; = 2 cis g

The complex number z is such that z =7cis6, with7>0and 0 <0 < g

Express each of the following in the form #cisff where 2 >0 and -t < < 7.

a -z
b 1L
z

1

c R
zZ

1

d -~

zZ

Abraham de Moivre (1667-1754)
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This miscellaneous exercise may include questions involving the work of this chapter, the
work of any previous chapters, and the ideas mentioned in the Preliminary work section at
the beginning of the book.

1 If the complex numbers z and w are such that z = 3-4
and w 243
express each of the following in the form a + bi.

a z+w b z-w c zw
d 2 e = f =
w z
2 The diagram on the right shows the A D B E
parallelogram OABC with OA = a 2

H
and oC = c
D is a point on AB such that AD:DB =1:3.

0 Y@

E is a point on AB produced such that AB:BE =2:1.
Express each of the following in terms of a and/or c.

— — — —
a AB b AD ¢ DB d DE

—> —> —> —>
e OB f OD g CE h OE

3 Express exactly a -3-3Y3  inpolar form,

b Scis (— %) in cartesian form.

4 Express each of the following in the form (s, ) where (4, b) represents the complex number # + 4i.
a Zcis(z) b Scisn C 4cis(—3—n)
2 4

5 Ifz=1+iand w=-1+iexpress z, w, zw and 2 in polar form.
w

6 With cis6 defined as cos6 + isin®, where i = V1, prove that:
a cis0=1 b cisocisp=cis(o+ )

7 (Without the assistance of your calculator.)
a For f(x) = 4x’ — 18x* + 22x — 12, determine £(-3) and £(3).

b Determine all values for x, real and complex, for which f(x) = 0.
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Functions

® One-+o-one and many-to-one

e Combining functions

e Using the output from one function

as the input of another

® Domain and range of functions
of the form fo g(x)

e |nverse functions

e Graphical relationship between
a function and its inverse

e Condition for the inverse to exist
as a function

e The absolute value function
e The absolute value of x as v x?2

* Solving equations involving
absolute values

e Solving inequalities involving
absolute values

® The graph of y = ﬁ
x

fix)

for f(x) an
glx " Fd ane

* The graph of y =
glx) polynomials

* Absolute value — extension activity

* Rational functions — extension activity

® Miscellaneous exercise three



One-to-one and many-to-one

As the Preliminary work suggested, you should already be familiar with the idea that in mathematics,

a rule that takes one element from one set and assigns to it one, and only one, element from a second

set, is called a function. You should also be familiar with the associated terms domain, natural domain
and range.

From your earlier studies you may also be familiar with the idea that a function may be one-to-one,
or many-to-one. These terms, and a few others, are explained below.

In the function diagram shown on the right the domain is the
set {a, b, c}.

We say that each element from the first set, the domain, maps
onto an element of the second set, the co-domain, {4, ¢, f, g}.
Those elements of the co-domain that the elements of the first
set map onto, form the range, in this case {d, ¢, g}.

With each element of the domain mapped onto a different
element of the range this function is said to be one-to-one.

Contrast the above situation with that shown in the new
diagram on the right.

Now more than one element of the domain map onto the
same element of the range. In this case # — d and b — d.

We call such functions many-to-one.

One-to-many relationships can occur, as shown on the right,
but under the requirement that a function takes one element
from the domain and assigns to it one, and only one, element
of the range, a one-to-many relationship would 7ot be called
a function.

Whilst the diagrams above show letters as the elements of the domain and range the functions we will deal
with in this chapter will have domains and ranges consisting only of real numbers, i.e. numbers from R, the
set of real numbers.

Functions whose values are real numbers, are sometimes referred to as real-valued functions.
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You should also be familiar with the fact that our requirement that a function takes one element
from the domain and assigns to it one and only one element from the range, means that the graph
of a function must be such that:

If a vertical line is moved from the left of the domain
to the right it must never cut the graph in more than one place.

This is called the vertical line test.

-
— T U

Ny y Ny

N oo <
jx /)x

A function Not a function A function Not a function

2

We could use a similar horizontal line test to determine whether a function is a one-to-one function
or not. Thus of the two graphs shown above that show functions, only the first would pass the
horizontal line test.

e
/ x

A one-to-one function A many-to-one function

To be a one-to-one function the graph needs to pass both the vertical line test (to be a function), and
the horizontal line test (to be one-to-one).

Combining functions
We can use the basic operations of +, —, X and + to combine functions.

For example, if f(x) =x + 1 and g(x) =x — 1 then

f@+gk) = @+)+@-1) fl)—gl) = (@+1)-(@-1)
= 2x = 2
f)xgk) = (@+1D-1) f@)+gl) = (@+1D+@-1)
= &' -1 = xrl
x—1
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However we do have to be careful when considering the domain and range of each of these new
functions formed by combining f(x) and g(x). The functions f(x) and g(x) defined on the previous

page each have domain R and range R but this does not mean that the functions formed by combining
f(x) and g(x) will necessarily have domain R and range R.

For example:

*  f(x) — g(x) = 2 and therefore has range {y € R: y = 2}.

® Reading ‘e’ as ‘is a member of’, and ":’ as ‘such that’, then {y € R: y = 2} can be read as:
y is a member of the set of real numbers such that y equals 2.

® We could use any letter to define the range and the domain but we will tend to use x when defining
a domain and y when defining a range.

* flv)xg) = «* — 1 and therefore has range {y e R: y > —1}. i.e:

o f@ _xtl is undefined for x = 1.
gw)  x-

Thus f(x) does not exist as a function unless we restrict the domain of g(x) to {x € R: x # 1}.
g(x

With this restriction in place f ((x)) does exist and has domain {x € R: x # 1} and range {y € R: y # 1}.

g(x

. x+1 .

The display of y = 1 shown on the right suggests ' A

x—

agreement with these facts. The function seems
to have x = 1 as a vertical asymptote and y =1 as g
a horizontal asymptote suggesting that the function

can cope with x values close to 1, but not 1 itself, L
and it can output values close to 1, but not 1 itself.

1 1 1 I}
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Using the output from one function as the input
of another

The section in the Preliminary work on function mentioned the idea of using the output from one
function as the input of a second function.

N ouT IN o
-3 =2 -1 Fla) = g@)=x+3
0 1 2 3 (7

With the domain stated, combining the functions f'and g in this way will give a final output of {3, 4, 7, 12}:

ut

As the Preliminary work mentioned:

We write this combined function as glfw)]
oras  gof(v) or gof(x) for‘goffofa’
oras  gf(x),

and, though our ‘machine diagram’ above shows the ‘/ function’ first, we write the combined function
as gf(x), to show that the ‘f function’, being closest to the ‘(x)’, operates on the x values first.

With f(x) = 2x - 3, g(x) = (x + 1)? and with an initial domain of {0, 1, 2, 3, 4}, determine the range of

a gf),
b faW),
¢ ggx).
Solution

a {0,1,2,3,4 9, 3-11,35 —2 5 (0,4,16,36)
The range is {0, 4, 16, 36}.

b {01,234 —&2,  {1,491625} —Lf& 5 (1,515 29,47}
The range is {-1, 5, 15, 29, 47}.

¢ {0,1,2,3,4 —2% 11491625 —£D 5 (425 100,289,676}
The range is {4, 25, 100, 289, 676}.
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Given that f(x) = 3x — 2, g(x) = 2x + 1 and /i(x) = «” express each of the following functions in
a similar way (i.e. in terms of x).

a geof b fof ¢ fohlx) d /of)
Solution
a gof(w) = glfwl b foftx) = flfw]
= gBx-2] = fBx-2]
= 2Bx-2)+1 = 3Gx-2)-2
= 6x-3 = 9x-8
¢ fohlx) = flhx)] d hoflx) = h[f(x)]
= fla’] = h[3x-2]
= 3x°-2 = (x-2)

Domain and range of functions of the form f- g(x)

If we are not told a specific domain for a composite function we assume it to be the natural or implied
domain, i.e. all the real numbers for which the composite function is defined. However care needs to be
taken because the natural domain of fg(x)] may not simply be the natural domain of g(x).

State the natural domain and the corresponding range of each of the following functions given that
1
fx)=x-5 andg(x)=m. a gofl), b fog).

Solution
a First identify the natural domain and range of f(x) and g(x).

R— | f)=x-5 | >R freRiw#l}— g(x)=L1 —>{yeR:y=0}
X —

For g(x) to cope with the output from f(x) we must ensure that the output does not include 1.
Hence we must exclude 6 from the domain of f{(x).

Thus g o f(x) has natural domain {x € R: x # 6} and range {y € R: y # 0}.
b  First identify the natural domain and range of g(x) and f(x).

freRix=1} - g(x):L1 —>{yeR:y=0} R— | fw=x-5 | >R
o=

/(%) can cope with the output from g(x) but note that 0 will not be in this output. Thus -5 will
not be in the output from f{(x).

Thus fo g(x) has natural domain {x € R: x # 1} and range {y € R: y # -5}.
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The displays below confirm these domains and ranges ’
for the composite functions g o f(x) and f o g(x), with

f(x) and g(x) as defined on the right.

Le, gof(w has natural domain
and range

fogx) has natural domain

and range

y1=g(f(x))
L] y2 =f(g(x))
Ly3: O
O y4: O
Oy5: 0O
[Jy6: 0
Oy7:O0

\_

Define f(x)=x—-5
done
1
{xe R: w6} Define gx) x-=1
fy e R:y#0). done
freRiaz1}
{yeR:y#-5}
L] y1=g(f(x)
y2 =f(g(x))
L] ys:
] y4:
L y5: O
L] yeé:
Oy7:O

We could have approached the previous example by expressing each composite function in terms
of x and determining the domain and range of the resulting expression:

a goftx) = glx-3)
1

T =51
~ 1

 (x-6)

Domain {x e R: x # 6}
Range fyeR:y=0}

b fogw

Domain

Range

fre Rix =1}
{yeR:y=-5}

However this approach must be used with caution. In some cases the fact that the final expression
has come from a combination of functions means that the domain and range will not be the same
as the final expression considered in isolation. The next example, in which

f@=+x,g@)=«" and  gof(x)= g(Wrx)

:x’

is of this type.

MATHEMATICS SPECIALIST Units 3 & 4
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Determine the natural domain and the corresponding range of g o f(x) given that

flx) = Jx and glw) = .

Solution

First identify the natural domain and range of f(x) and g(x).

reRx20} > | f@)=x

> {yeR:y20)

R—

gl) =

S{yeR: y=0)

g(x) can cope with the output from f{(x) but note that the output from g(x) consists of only the

non-negative numbers.

Thus g o f(x) has natural domain {x € R: x > 0} and range {y € R: y > 0}.

The display below confirms this domain and range of g o f(x) with f(x)
and glx) = «,

Jx

2

(and real values only).

O y1=+x

[ y2 = (y1(x))?
1 y3:
] ya:
[ y5:
] yé:
O y7:

oOoooo

Real

N

Note that for real values, this domain and range is not what we would have obtained had we wrongly
considered g o f(x) to be the same as /(x) = x which has domain R and range R.

ISBN 9780170395274
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Given that f(x) = 2x and g(x) = /o — 2 explain why f[g(x)] is a function for the natural domain of
g(x) whereas g[f(x)] is not a function for the natural domain of f(x).

Solution

xeRix22} = | go)=+x-2 — {yeR:y =0} R—> | fw=2x | >R

f(x) can cope with the all the numbers in the range of g(x) because the range of g(x) is contained
within the domain of f(x).
"Thus fg(x)] is a function for the natural domain of g(x).

R— | f)=2x | >R reRx22) = | gw)=r-2 | > {yeR:y=0}

There are some numbers in the range of f(x) that g(x) will not be able to cope with. In this case the
range of f(x) contains elements that are outside the domain of g(x).
Thus g[f(x)] is not a function for the natural domain of f(x).

Note: g[f(x)] is a function if we restrict the domain of f(x) to give an output that g(x) can cope with.

Thus the natural domain of g[f(x)] is {x € R: & > 1} with corresponding range {y € R: y > 0}.

Exercise 3A

1 With f(x) =« + 1, g(x) = 2o — 3 and with an initial domain of {0, 1, 2, 3, 4}, determine the range of

a gf),
b fi),
¢ ggW).
2 With f(x)=x+3, glv) = (v - 1), h(x) =, and with {1, 2, 3} as the initial domain, determine the
range of
a gf),
b fah),
¢ Igf).
3 If f(x) =x+ 5 and g(x) =x — 5 determine the natural domain and range of each of the following.
@ b g ¢ f@+ g
d fe)-g0) e f()-gw) [
g(x)
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4 Given that f(x) =3x + 2, g(x) = 2 and h(x) = Vx, express each of the following functions in terms
x

of some or all of f; g and /.
2 b V3x+2 ¢ 542
3x+2 x
2 2
d 3Jr+2 e — fo=
Jx x
g 9r+8 h % i 27x+26

5 Given that f(x) = 2x — 3, g(x) =4x + 1 and h(x) = «” + 1, express each of the following functions in
a similar way (i.e. in terms of x), simplifying where possible.

a fof b gog® ¢ hoh)
d fogl) e gof £ foh@)
g fef h  gon( i hogl)

6 Given that f(x) =2x+ 5, g(x) =3x+ 1 and h(x) =1+ 3, express each of the following functions in
x

a similar way (i.e. in terms of x), simplifying where possible.

a fof(x) b gogk ¢ hoh(x)
d fog) e gof(w f foh
g hoflw) h goh(x) i hoglw

For each of questions 7 to 12, g[f(x)] is not a function for the natural domain of f(x). State the minimal
restriction necessary on the natural domain of f(x) for g[f(x)] to be defined for this domain.

7 fwW=x-4, gx)=+x 8 fW=4-x gw)=+x
9 f(n)=4-4% glx)=+/x 10 f(x)=4-|»|, g&)=x
11 fw)y=x+3, gx)=~+x-35 12 fx)=x-6, glx)=vx+3

13 1ff() =+ + 3 and gx) = - find:
X

a f0) b f3) e d f) e gf(l)
f  the natural domain and corresponding range of f

g the natural domain and corresponding range of g

h  the natural domain and corresponding range of gf(x)

(Check your answer using a graphic calculator with Y1 =X*+3 and Y2 =1+Y1.)

the natural domain and corresponding range of fg(x)
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14 Iff(x) =25 —»" and g(v) = Jx find:
a f6) b -5 < @ d fz4 e gf®

the natural domain and corresponding range of f

f
g the natural domain and corresponding range of g
h  the natural domain and corresponding range of gf(x)

the natural domain and corresponding range of fg(x)

15 State the natural domain and the corresponding range of each of the following functions given

that f(x) =x + 2 and g(x) = %
¥ —

a gof b fog)

16 State the natural domain and the corresponding range of each of the following functions given

that f(x) = Jx and gx)=2x-1.
a geof) b fogl)

17 State the natural domain and the corresponding range of each of the following functions given

that f(x) = iz and g(x) = Jr.
x

a gofx) b fog)

18 Given that f(x) =x + 3 and g(x) = Jx explain why f[g(x)] is a function for the natural domain of
g(x) whereas g[f(x)] is not a function for the natural domain of f(x).

19 Given that f(x) =« + 3 and g(x) = ! : explain why f[g(x)] is a function for the natural domain

x —
of g(x) whereas g[f(x)] is not a function for the natural domain of f(x).

20 State the natural domain and the corresponding range of each of the following functions given

that f(¥) =+* — 9 and g(x) = l

X

a gof b fog)
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Inverse functions
If a function f(x) maps the domain {z, &, ¢} onto the range {g, /, 7} such that

fla)y=g Jb)=h flo=i
then the inverse function, f (), will map {d, e, f} back to {a, b, ¢} such that
flg=a flim=b =
f@) @
Domain of Range of Domain of Range of
f) fl) C) @
Thus  the range of f(x) is the domain of f ()

and

To determine the inverse of a function we can

* construct the function as a sequence of steps and then reverse the process: see method one

in the next example,

the domain of f(x) is the range of f ().

or * rearrange the function rule: see method two in the next example.

Find the inverse of the function f(x) = 2x + 3.

Solution

Method One: Reversing the flow chart
Write the function as a flow chart with input x and output 2x + 3.

X =

X 2

%

+3 — 2x+3

Reverse the flow chart, writing the inverse of each operation.

F

For an input of x this reversed flo

x—3

2

+2

e

+2

e

Thus f~(x) = "’%3

-3 | «

-3 «— 5

[Check: £(5)=13,f'(13)=5.]

w chart will output the inverse function.

Inverse functions
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Method Two: Rearranging the formula

If y = 2x+3 ( )
y-3 = 2 solve(y = 2x+ 3, x)
and so 4= T 2 2
. . y=3
Thus given y we can output x using x = =——
f_l(x) — x =3 \. J
2
EXAMPLE 7
Find the inverse of the function f(x) = 1+ 3%
x
Solution
Method One: Reversing the flow chart
Write the function as a flow chart with input x and output 1 + 3+
x
1
b - [ +3 | » | Invert | - | +1 | — +1
x+3
Reverse the flow chart, writing the inverse of each operation.
— | =3 | « | Invert | « | -1 | «
For an input of «x this reversed flow chart will output the inverse function.
L—3 — | =3 | « |Invert | « | -1 | « x
=1
Thus £ (x) = Ll 3. [Check: f2)=12,F7'(1.2)=2]]
x—
Method Two: Rearranging the formula
It y = 1+ 1 a )
3+u 1
solve[y=1+ ,xj
then y—-1 = — 3+x
3+ { 3.y 4 }
X=—= 4+ ——
3+ = —— y-1 y-1
-1
1
X = F — 3 Y )
Thus given y we can output x using x = 1 3
i@ = —=-3
w=1
MATHEMATICS SPECIALIST Units 3 & 4 ISBN 9780170395274



Graphical relationship between a function and
its inverse
Consider some function f(x) and its inverse function £ (x).

For every point (s, b) that exists on the graph of y = f(x) there will exist a point (b, #) on the graph of
y=f".
Thus the graph of y = £ ~'(x) will be that of y = f(x) reflected in the line y = x.

"This is illustrated below for the functions of the previous two examples:

— 1 1
Foy=2043,f @ =23 and g =l+—— ¢l =—— 3,

2 3+x x—1

YA

g: S

6 /% P

s /v /

41 ’\/ ////

1 ,—x=3

g - _)/—/V

i
456787 x

Condition for the inverse to exist as a function

Under our requirement that a function F® 2

maps each element of the domain onto e one a many-to-one
netion function

one and only one element of the range

. . —_—

it follows that only one-to-one functions T
can have inverses that are functions. , "

One-to-one functions

Thus for f(x) to have an inverse thatis a
function, the graph of y = f(x) must pass
the horizontal line test.

/

B

-1
. . X, -1
If the graph of the function is such that N Or{g_t(o_)one g W
. . . one—to—many:
any horizontal line placed on the graph function ot a function
cuts the function no more than once, -

o . . /
the function will be one-to-one and will —_—
therefore have an inverse function. -

T
B ———
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EXAMPLE 8

Iff@) = —

for £ !(x) and state its domain and range.

5 state whether the inverse function, f “!(w), exists. If it does exist, determine a formula

Solution

First view the graph of the function. f

f(x) passes the horizontal line test and is therefore
one-to-one for its natural domain {x € R: x # -2},
and has range {y € R: y # 0}.

Thus £~ (x) exists and has domain given by .
{x € R: x # 0} and range {y € R: y = -2}. 7

If y= L then x=l—2 \ . )
22 y
f_l(x)=l—2. Domain {x € R: x # 0}
x

and range {y € R: y # -2}.

Some calculators can display the inverse relationship automatically. See if your calculator can, and if so use
it o confirm the domain and range for the above example.

However care needs to be taken in interpreting the display as being the inverse function. Some calculators
display the inverse relationship and this may not itself be a function.

If f(x) = Vx — 5 determine whether the inverse function, f° “!(v), exists. If it does exist, determine
a formula for ~!(x) and state its domain and range.

Solution - _

First view the graph of the function.

f(x) passes the horizontal line test and is therefore
one-to-one for its natural domain, {x € R: x > 5}
and has range {y € R: y 2 0}.

Thus £~ (x) exists and has domain given by
{x € R: x> 0} and range {y € R: y > 5}.

It

y = ~Nx=5 then x = y*+5
f_l(x) = a2 +5. Domain {x € R: ¥ > 0} and range {y € R: y > 5}.

If a function is not one-to-one we can restrict the domain of the function to one in which the function
is one-to-one and then an inverse function can exist.
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The function f(x) is defined by f(x) = (x — 1%
a Explain why f(x) cannot have an inverse function for its natural domain.

b  State a suitable restriction for the domain of f(x) so that, with this restriction applied, f(x) can
have an inverse function.

¢ Determine this inverse function and state its domain and range.

Solution

a First view the graph of the function. f )
f(x) has natural domain R and range {y € R: y 2 0}.
The function is not one-to-one for this domain.

eg. f0)=1 and  f(2)=1. T T 7 —T

Thus f(x) cannot have an inverse function for its
natural domain.

b If we restrict the domain of f(x) to x 2 1, or x < 1, the function is one-to-one. Thus either of
these would be suitable restrictions on the domain.

c If y = (@@-1)7 then i\/} = x-1
: x = li\/;

Thus the inverse function £ (x) will be either 1+ Jx or 1-x.

For fl) = (- 12, with domain {x € R: x 2 1} range {; eR:y2>0}

flw = m with domain {x € R: x > 0} range {y € R: y > 1}
For the given range it follows that 22? must be 1+ v/x not 1—x.

(This also follows if we consider the reflection of f(x), x> 1, in y =x.)

Thus f—l(x) = 1+Jx with domain {x € R: x 2 0} range {y e R: y 2 1}

Alternatively:
For f@) = (@-1),  with domain {x € R: x <1} range {y € R: y > 0}
i@ = 1-x with domain {x € R: x > 0} range {y € R: y < 1}.
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Composition

of functions

Exercise 3B

1 Which of the following functions have inverse functions on their natural domains?

a fx)=x b fx)=2x+3 ¢ fl)=5x-3
d f)=4+ e f(x)=Qx-1) f f=+"+4
g f=" h = P =
x x-3 x
Find an expression for the inverse function of each of the following and state its domain and range.
2 fx)=a-2 3 flx)=2x-5 4 f(x)=5x+2
1 1 1
5 fw=——1 6 f)=—73 7 fo)=1—
1 2
sf(x):“m ‘ﬂ"f(x)—3——1 10 f(x):4+2x_1
11 f(v)=+x 12 f0)=Jr+1 13 f(x)=2x-

Given that f(x) =2x + 5, g(x) =3x + 1 and i(x) =1+ 2 express each of the following functions in this
form (i.e. as expressions in terms of x). o

14 (x) 15 ¢ ') 16 i'(x)
17 fof @) 18 o f(x) 19 foi'()
20 (fog) ') 21 g of W) 22 fog ')

23 For each of the following state whether the graph shown is a function.
For those that are functions state whether they are one-to-one or not.

For those that are one-to-one functions copy the diagram and add the graph of the inverse function.

b

y

L

C

y

\ T T

/| R :
d y e y f y
‘\' 1
2-5 2-/
IR T T EPZaERNEY
' . :
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Each of questions 24 to 27 shows the graph of a function.

For each one, state a suitable restriction to the domain of f(x) so f ' (x) exists as a function (do not
restrict the domain any more than is necessary) and state the inverse function together with its

domain and range.

24 f(x)=x"+3

©,3)

-3 4 3
25 f(x)=(x +3)
T T T T (_3:,0) i T 2| x
26 f(x)=(x-3)"+2 yA
10
5]
] G.2)
T T T T T | T Tx‘
| 5
27 f(x):\/4—x2 y
3_
1_
3 2 1 N
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The absolute value function
Consider the function f(x) shown on the right.

| ()]
Wherever f(x) > 0 then | f (x)| = f(w)

So, any part of the graph of f(x) that lies above the x-axis will
also feature on the graph of | f(x)|.

Suppose we want to graph y

Any part lying below the x-axis indicates that f(x) is negative
for these x values. Taking the absolute value will make these
values positive, i.e. taking the absolute value of f(x) will
reflect, in the x-axis, any parts of f(x) lying below the x-axis.

Hence the graph of y =| f(x)| will be as shown on the right. y
4
3
1 y=|f)
S 432|125 4 e
-2

Similar considerations of the graphs of y = x and y = x* — 4,
for example, allow us to draw the graphs of y =|x| and

y:|x2 — 4/, as shown below. ]

y y

4 4

3 %//'& 3

2 2

. | y:xz—4
I I I I A

_2_

_3_

_4_

y y

4_

N

34 ﬁ,,\* 34

24 24 ,

o o y:‘x —4‘
43240 123 ax 4320123 3%

_2- _2_

_3- _3_

4 41
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The absolute value of x as +/ x2

Earlier in this chapter, when considering using the output from one function as the input of another
function, we considered the composite function g[f(x)] for f(x) = Jx and g(w) = .

We found that g[f(x)] has natural domain {x € R: x 2 0} and range {y € R: y > 0}.
Now let us instead consider f[g(x)], for these same two functions.

First identify the natural domain and range of g(x) and f(x).

R— | g®)=+" | 5>{yeRy>0} freRx>0l> | fy=vx | 5>{yeRy>0}

f(x) can cope with the output from g(x) but note that the output from f(x) consists of only the
non negative numbers.

Thus fg(x)] has natural domain R and range {y € R: y > 0}.
Formulating an algebraic rule for f{g(x)]: fleg@)] f (7]
e

_ { x for x>0
E3

—-x for «<0.

If fx) = Jx +3 and g(w) = (x + 1), draw the graph of f[g(x)].

Solution

flg@)]

flle+1)7

Jx+1)7 +3 ( )

le+1]+3

—
1
=
+
—
~
N

S.»:)N
ooooo.
<
3
+
w

UOodoasit
SSSESSS

y=|x+1+3
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Solving equations involving absolute values

The Preliminary work section at the beginning of this book reminded us that the absolute value of
a number , written | x|, is the distance the number is from the origin. For example:

|5| is the distance from the point 5 to the origin, i.e. 5. 5 units

54321012345

|-3| is the distance from the point —3 to the origin, i.e. 3. 3 units

54321012345

Similarly |x — 4| tells us the distance x is from the point 4.
For example:

|(5) = (3)| is the distance from the point 5 to the point 3, i.e. 2. 2 units

VAR ESERY
|(5)+ (3)|, i.e.|(5) = (=3)], is the distance from the point 5 to 8 units
the point —3.1i.e. 8. !

1
54321012345

Note o If x| = a(@20), then x is # units from the origin.
Thus either X = a
or x = -a
o If lx] = |y then x and y are equidistant from the origin.
Thus either x =y
or x = -y

Asked to solve equations like |x + 2| =5or ‘x - 2‘ = ‘x + 6| , without the assistance of a calculator,
we could proceed in a number of ways:

¢ Algebraically
¢ Using the number line

* Graphically

Whilst the syllabus for this unit does not specifically mention solving equations involving absolute value
functions, the topic is included here to further an understanding of the graphs of absolute value functions
and to meet the syllabus requirement of being able to use and apply the absolute value of a real number.
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Determine the values of « for which |x + 2| =5.

Solution
Algebraically

Either x+2=5 or x+2=-5
0 =3 or x=-7

The required values are x =—7 and x = 3.
Using the number line
lx+2|=5
ie |x—(—2)| =5
Thus x is 5 units from —2.
X './ 5 ~_ 5 ~

hd

S10-9-8-7-6-5-4-3-2-1012345678910

The required values are x = -7 and « = 3.

Graphically
Given the graphs of y=|x+2|
and y=35

the intersection of these lines is where |x + 2| =5

The required values are x = -7 and « = 3.

The values determined above can be confirmed using
the ability of some calculators to solve equations involving SO|Ve(|X+ 2| =9,X)
absolute values. {x=-7,x=3}
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Solve|x—2| =|x+6|.

Solution

Algebraically

Either x—=2) = (x+6) or x—=2) = —(x+6)

-2 =6 or x—2 = —x—-6
No solution or x = -2

The only solution is x = —2.
Alternatively, squaring both sides of the equation:

(x=2" = (x+6)

X -4x+4 = £ +122+36
—16x = 32
L@ x = -2
Check: Ifx=-2 then |x - 2| = 4
and |xr+6] = 4,  asrequired. (See note below.)

Note: The final check is necessary because squaring both sides of an equation can introduce
‘false’ solutions.

For example consider the equation — x« = 2.
Squaring gives o = 4
which has solutions ¥ = 2.

However -2 is clearly not a solution to the equation x = 2.

Thus if the technique of ‘squaring both sides’ is used the validity of the solutions must

be checked.
Using the number line
lx=2] = |x+6]
ie. le=2] = |x—(-06).

The distance from « to the point 2 is the same as from « to the point —6.
Thus x must be midway between —6 and 2.
The only solution is x = 2.

Graphically

Considering the graphs of y = |a=2
and y = |x+6]
the intersection of these lines is where |x—2| = |x+6]

The only solution is « = —2.

* Again the solution obtained above can be confirmed
using the solve facility of some calculators.
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Some equations involving absolute values, e.g. |x — 2| = 2x — 7, can be difficult to interpret from the

idea of distances on a number line. These equations can also need special care if an algebraic approach
is used. Indeed if we have to demonstrate our ability to solve such equations without simply using the
solve facility on a calculator, the graphical approach is probably the one least likely to cause errors.

It may not be the quickest method but you will probably reduce the number of errors you are likely
to make. In the next example, algebraic and graphical approaches are shown.

Determine the values of x for which [x - 2| =2x - 7.

Solution
Algebraically
*  We could proceed as in example 13 and then check that the apparent solutions are valid:
x—2 = 2x-7 or -x-2) =
5 = x or x =
Check: |5-2| = 205-7 3-2| =
The only solution is x = 5.
*  We could square both sides:
(=2)°
x—4x+4
0
ie. x* —8x+15
Giving x = 3 or g
Check:  [3-2| = 203)-7 |5-2|

The only solution is x = 5.

20 -7

3

23)-7

= Qu-7)

= 4o’ —28x+49
307 — 24x + 45

= 0

=5

= 25-7

*  Alternatively we could consider intervals of the number line separately:

Ifa>2: x—=2 = 2x-7 Ifa<2: —(x=2) = 2x-7
This is consistent with x 2 2 "This is inconsistent with x < 2
x = 5 x # 3
The only solution is x = 5.
Graphically
. y=2x-7
Consider the graphsof ~ y = |x-2|
and y = 2x-7
and determine their point of intersection. el
The only solution is x = 5. — ———— e~
-5 ] 5 ¥
_5_:
A

ISBN 9780170395274
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Absolute values

Solving inequadlities involving absolute values
Check that you understand each of the following ideas.
o If|x| <¢,¢> 0, then the distance from x to the origin is less than ¢,

—c<x<c Q Q

— 0 +c

y

o If|x| >¢ ¢ >0, then the distance from « to the origin is greater than ¢,

M ~4—O0 o>
eitherx < —corx>c¢ -
— 0 +c

o If|x—a| <¢ c>0, then the distance from x to the point # is less than c,

—<(x—a)<c
ie. a—c<x<a+c < . -
a—c a a+c

As we did when solving equations involving absolute values, we will consider three ways of solving
inequalities involving absolute values (other than using the solve facility of some calculators):

¢ Algebraic

¢ Using the number line

*  Graphical

The following examples demonstrate these methods of solution.

You are encouraged to also explore the capability of your calculator to solve inequalities involving
absolute values.

Determine the values of x for which |x| > 4.

Solution
Algebraically

If || >4 then either x>4 or x < —4.

Thus the values of x are as shown: e e ———

This would be written: x<—-4x>4
or, using set notation: freRiv<—4tu{reR:a>4}
where the symbol U means the two sets are united to give the complete set of values.

Using the number line

If |x|>4  thenxis more than 4 units from the origin.

Thus once again the values of x are: -
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Graphically
View the graphs of 4

y=|x| and  y=4 \ - yy

and determine the values of x for which the graph of
y=|x| lies ‘above’ that of y = 4.

Again the values of x are:

Determine the values of x for which |x — 2| < 5.

Solution
Algebraically
If|x—2|£5 then -5 < x-2 £ 5
: -5+2 < 5 < 542
i.e. -3 < 5 < 7

Using the number line

If |x — 2| < S then the distance from « to 2 is less than or equal to 5 units.

: 5 5
Thus the values of x are as shown P N

i.e.—3 < <7, as before. -~ T T

Graphically
Consider the graphsof ~ y = |x—2| y
and y = 5 10}

] =|x-2
and determine the values of x for which the graph \ ] y=le 22l
of y =|x — 2| lies ‘below’ that of y = 5. ] y=> ‘
Thus again -3 <x <7. i\ i

] A/

_iol T T T _|5 T T T T : T T T T ; T T T T 1|() e
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EXAMPLE 17

Show the graphs of ~ y=|2x—4|
and  y=|x-3]
on the same set of axes.

Hence determine the values of x for which |2x — 4| > |x - 5].

Solution
The graphs of y=[2x—4| ~
and y=|x=3]| y=|2x-4|
are shown on the right.
Looking for where the graph of ~ y=|2x —4|
is ‘above’ the graph of y=lx-5| y=|x-5|
we see that the inequality is true for:
x < -1 and for x 2 3. . G,2)
_|5 T T T T ] T T T g T T T T 1|() x
Exercise 3C

1 (Use an x-axis from =5 to 5.)

On graph paper, or squared paper, draw the graph of y =|x +1|.
2 (Use an x-axis from -3 to 6.)

On graph paper, or squared paper, draw the graph of y =|2x - 2|.
3 (Use an x-axis from =3 to 7.)

On graph paper, or squared paper, draw the graphs of y =|x — 2| and y =3 +|x - 2|.
4 (Use an x-axis from -2 to 4.)

On graph paper, or squared paper, draw the graph of y = ‘(x -2 - 1| .
5 The graph of y = f(«) is shown on the right. y

Draw the graph of y =| f(x)|. I

Y =@
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6 (Use an x-axis from -3 to 5.)

For this question draw all three graphs on the same set of axes.

a Draw the graph of y =|«|.
b Draw the graph of y =|x - 3.
¢ Hence draw the graph of y =|x| +|x - 3].

7 ‘The graph of y = f(«x) is shown on the right.
Draw the graph of each of the following.
a y=[f(x)
b y=f(x|)

8 The graph of y = f(x) is shown on the right.
Draw the graph of each of the following.
a y=[f()
b y=f(x]

4_
34

4 35 1 2/ 4+

y=f)

9 How will the graph of y = g(|x|) relate to the graph of y = g(x)?

10 For this question f(x) = 2+ v and g(x) = (v + 1)%.

a Explain why f{g(x)] is defined for all real x, and state the corresponding range.

b  Obtain an expression for f{g(x)] in terms of x.

¢ Draw the graph of the composite function fg(x)].

11 For this question f(x) =1- Jx and g(x) = (x— 2)%.

a Explain why fg(x)] is defined for all real x, and state the corresponding range.

b  Obtain an expression for f[g(x)] in terms of x.

¢ Draw the graph of the composite function fg(x)].

ISBN 9780170395274
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12 Use the diagram on the right to solve each of
the following equations: 107 y=[10-2x|
a [10-2x|=4 ] y=lx=2|
b |x - 2| =4
¢ [10-2x|=]x-2]
y=4
T T T T T T T T T T 7
=5 . 5 10

13 (Use an x-axis from —8 to 8 and a y-axis from —1 to 9.)
Draw the graphs of y=5, y=|«l,
y=3-0.5x and y=[2x+3|.
Hence solve the following equations.
a [2x+3|=5
b 3-05v=|x|
¢ 3-05r=|2x+3
d |x|=]2x+]3]

14 (Use an x-axis from —5 to 6 and a y-axis from —1 to 11.)
For this question draw the graphs for parts @, b and € on the same set of axes.
a Draw the graph of y =|x + 2|.
b Draw the graph of y =|x —3|.
¢ Hence draw the graph of y =|x + 2| +|x - 3.

d Hence determine the values of x for which |x + 2| + |x - 3| <09.

Use any appropriate method, other than simply using the solve facility of a calculator, to determine the
values of x for which:

15 |x+6|:1 16 |x—3|:—5 17 |x—10|:|x—6|
18 |x+5|=|2x-14] 19 |x-3|=2«x 20 |x+5|+]x-1]=7
21 |x+5|+|x-3|=8 22 |x-8|=[2-x|-6 23 |x-3|2|x+3]
24 |2x-5|=-5 25 |x-11]=|x+ 3] 26 |x+4|>x+2
27 The diagram on the right shows . o o ,
all values of x for which h b 0 3 -
|2x+5|*ﬂ

where %’ is one of <, <, >, or 2, and # and & are constants.

Determine which of these symbols * represents and find the values of # and &.
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28 The diagram on the right shows .

all values of «x for which -2 -1 0 1 2 3 4 5 6 7 8
|x - 3| * | x— tl|
where “ is one of <, <, >, or 2, and # is a constant.

Determine which of these symbols * represents and find the value of 4.

29 The diagram on the right shows o o

all values of x for which 5 4 -3 -2 -1 0 1 2 3 4 5
|2x + 5] *|x + 4]
where “’ is one of <, <, >, or 2, and # is a constant.

Determine which of these symbols * represents and find the value of 4.

10.52—1].

alx —b| + ¢, for constant 4, b and c.

30 The graph below left shows the function y

The graph below right shows the function  y

¥y y

AN

x N

/

Given that the two graphs, if drawn on the same axes, would coincide for 2 < x < 8, and nowhere
else, determine #, b and c.

The graph of y = ﬁ

The graph on the right shows the quadratic function y
y = Kt —2x-3 31
= (+ D@-23). ]

The points marked A and B are the x-axis intercepts,
point C is the y-axis intercept and point D is the

minimum point of the function. :

*  Write down the coordinates of the points A, B,
Cand D.

* Before turning to the next page, try to sketch the
graph of
1
(v +1)(x =3)
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The equation and graph of y = f(x) can tell us a lot about the graph of y = ——

fla)
* Values of x for which f(x) = 0 will be values for which ! will be undefined.
x
*  Values of x for which f(x) is positive (or negative) also give positive (or negative) values for f(l 3
x
® The x-coordinate of any local minimum (or local maximum) point on y = f(x) will be the
x-coordinate of a local maximum (or local minimum) point on y = %
x
How does your sketch of
Ny
_ 1
I D -3)
compare with the graph on the right?
With the quadratic (x + 1)(x — 3)
equalling zero when x=-1 _——— — .
and when x=3 -3 -2 4 5 X

it follows that

1

Y A D (x—-3)

will be undefined for x=-1
and for x=3,
as shown in the graph.

We say thaty = is not continuous atx =—1 and atx = 3.

1
(x+1D(x-3)

VT G -3)

Notice from the graph that as we travel along the curve approaching x = -1 from the left hand side the

function heads off towards very large positive numbers.
We say that as « tends towards —1 from the left, y tends to positive infinity.

We write: Asx—-1" then  y— oo,

If instead we approach x = —1 from the right hand side, the function heads off towards very large

negative numbers.

Le. Asx—>-1"  then y— —oo.
Similarly Asx — 37 then y— -
and asx — 37 then  y — +oo.
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With access to a graphic calculator we can very quickly display the graph of a function. However
there are often features of the graph that should be obvious to us as soon as we see the equation of
the function.

For example, we should not need to view the graph of y = to realise that:

* The function is undefined for x = 1. (x = 1 will be a vertical asymptote.)

Indeed, as «x approaches 1 from ‘the greater than 1 side’
(imagine substituting x = 1.01, x = 1.001, x = 1.0001 etc) then y — +eo.

Asx — 1" then y — +eo.

and, as x approaches 1 from ‘the less than 1 side’
(imagine substituting x = 0.99, x = 0.999, x = 0.9999 etc) then y — —oo.

Asx — 1" theny — — co.

* There is no x value that gives y = 0 but, asx — +oo then y — 0°
and asx — —eotheny — 0~

These facts can be confirmed on the graph of y
| 10—: i
r= x—1 5_: i
a I
shown on the right. ] i
e 1
1\,
1 i r= x—1
~104 !

f(x)
g(x)

The examples that follow involve sketching graphs of rational functions where both numerator and
denominator are polynomials. Such functions are usually sketched by first considering some or all of

The graph of y = for f(x) and g(x) polynomials

* intercepts with the axes,

* behaviour as x — oo,

* vertical asymptotes,

® turning points,

and any other relevant information apparent from the equation, for example symmetry.

Also, if the order of f(x) > the order of g(x), i.e. if the algebraic fraction is improper, we may also
consider rearranging the expression to ‘break down’ the improper fraction.
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Note * The behaviour of f(x) as ¥ — oo can be determined by considering the ‘dominant powers’

g(®)
of f(x) and g(x).

98]
K
[ S}

302 + 20 =5

For example, consider y = .
P ) 20 -x+6

Asx > deo, y —

)

(x#0)

NS RUSE )

The reader should check the correctness of this by viewing the graph of the function on
a calculator.
. ) ) . ) .
¢ Using calculus to determine any turning points on the graph of y = o) will generally
g(x
require use of the quotient rule for differentiation. It is assumed that you will have recently
encountered this rule in your concurrent study of Unit Three of Mathematics Methods.

EXAMPLE 18

Make a sketch of the function with equation y = x4

x—2"

Solution

The given fraction is improper so we could consider breaking it down:

_ =%  p=2=2
Y x—2 x—2
2

x—2

It x=4, y

0. Cuts x-axis at (4, 0).

If «x=0, y=2.  Cutsy-axisat(0,2).

As  x — too, y—)ﬁ,i.e.l. Indeed, fromy =1~ 2’35x%+°°’y_>1_’
- _

and, asx — —eo, y — 1™
If x=2, yisundefined.  x=2 isa vertical asymptote. Indeed, as ¥ — 27, y — —o,

andasx — 27, y —> +oo.
If y= x4 , using the quotient rule LA BV (xz_ 20

= dx (x=2)
= % = 0
(x=2)

There are no stationary points (and the gradient is always positive).

With this information (and even without the information bracketed above) a sketch can be
completed. See the next page.
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(] Al
| |
| |
©0,2] i ©,2) i
- } y=1 / } y=1
I T 77777777777777 T [ ?; =
| @0) x i 4,0 e
1 1
. . . 2x -1
Make a sketch of the function with equation y = .
x(x+4)
Solution
If x=0.5, y=0. Cuts x-axis at (0.5, 0).
It w=0), y is undefined. 7= is a vertical asymptote.
Indeed, as x — 0%, (consider, for example, x = 0.01) y — oo,
andasw — 07, (consider, for example, x =—0.01) y — +oo.
If «x=-4 y is undefined. x=-4  isavertical asymptote.

Indeed, as x — —4", (consider, for example, x =—3.9) y — +oo,
and asx — —4~, (consider, for example, x =—4.1) y — —co.

2% '.e.g. As x —> 400,y — 0. Asx — —0,y — 0.
x

As  x—oteo,  yo —,i
x

-1 . . e dy “2(x = 2)(x+1)
= ; th tient rule, and 1 ! e G A
y x4 using the quotient rule, and simplifying, gives e 2t d)

There are stationary points when x = —1 and when &« = 2.

If

Whenx=-1,y=1. When x =2,y =0.25. Stationary points exist at (-1, 1) and (2, 0.25).

The nature of each of these can be determined by considering the gradients either side of x = -1
and x = 2, or the sketch can be completed using the facts already determined.

i Y ; y
| |
bt ol
I|I i Stationary points I|I i
< } o1 8 }
LD (2,029) LD ) 025)
l . o i
~— ! (0.5, 0) i i 05.0) -
i i
| |
{ y |

Note: From the shape of the graph there must also be a point of inflection (not horizontal) to the
right of the local maximum.
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2_
Sketch the graph of the function y = ol 14
x—
Solution
2_
Note that y = ¥ 4
x—1
(e 2)(x-2)
x—1
If e =2, y=0.
It w==2 y=0.
If «x=0, y=4.
As  x — *oo, y—>x+1.

Asx — 4oo,y > (x+ 1)

If «x=1, y is undefined.

Asx — 17,y — —oo.

If e , using the quotient rule %

¥ —2x+4

and

x’—4

x—1

x(x—=1D)+x—-4
x—1

x(x—1)+(x—1)—3

x—1

x—1

C xalo—
x—1

Cuts x-axis at (2, 0).

Cuts x-axis at (=2, 0).

Cauts y-axis at (0, 4).

The line y =« + 1 will be an oblique asymptote.

Asx — —o0,y — (x+ 1)".

x =1 is a vertical asymptote.

Asx — 17,y — +oo.

(= DQ2x) = (=’ = H (D)

(x-1)
2 —-2x+4
(x—1)

0 has no real solutions.

Hence no stationary points.

Placing this information on a graph, below left, the sketch can be completed, below right.

4
i
| R
| 2
| X 7
L
0,9 | N7
7
A
2,0 11 X
)z L 2,0 x
7/ |
z |
7, I
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x+3

Sketch the graph of the function y = P
x

Solution

The immediate reaction may be to simply ‘cancel the (x + 3)s’, to give y = 1.

However, if we do this, we must remember that the initial function is undefined for x = -3.

x+3
Th =
e x+3 7
= 1, X # =3
_ 843
The function is sketched on the right. Y= y=1
The open circle shows a point of discontinuity. 3,1
The function is not defined for x = -3. >

2 —
Sketch the graph of the function y = ¥ =4 .
x(x—2)
Solution
2 —
Note that y = ¥ 4
x(x—2)
_ (x=2(x+2)
a x(x—2)
= M 5052 2,
&
= 1+2 x#2
5%

Tigs el s s affly =i el § 52,
X

translated 1 unit T, with x # 2.

Also note thatifx =-2,y=0.

Cuts x-axis at (-2, 0).
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2
Make a sketch of the function y = szz-l-l .
o
Solution , )
Notethat y = Z 2%+l and y = Xraetl
x—2 w=2
(x +1)?  x(x-2)+4(x-2)+9
x—2 - x—2
= x+4+ 4
w=2
It == y=0. Cuts (or perhaps touches) x-axis at (—1, 0).
It x=0, y=-0.5. Cuts y-axis at (0, -0.5).
As x> too, y—ox+4. The line y = x + 4 will be an oblique asymptote.
Asx =400,y > (x+4)". Asx— -0,y > (x+4)".
It m=2, yisundefined.  x =2 is a vertical asymptote.
Asx — 27,y — oo, Asx — 27,y — —oo.
2 _ (a2
If = sz“, using the quotient rule 4 (x=2@x+?) (x2 + 20 + ()
x— dx (x-2)
B x’—4x-5
(v =2y
(x=5)(x+1)
(v =2y

There are stationary points at (—1, 0) and at (5, 12). Their nature can be determined as shown
below (or the sketch can be completed from the facts already determined).

Gradient either side of x = —1 Gradient either side of x =5

x=-1.1 x=-1 x=-0.9 =410 H=5 x=5.1
x=5 —ve —ve —ve —ve Zero +ve
x+1 —ve zero +ve +ve +ve +ve
(x=5)(x+1)
— +ve zero —ve —ve Z€ro +ve
(x=2)
/ T \ \ _ /
Local maximum point at (-1, 0) and a local minimum point at (5, 12).
y i \ minimum y i
| |
WS il -
J o ook
G612 G612
} ///// Y } /////
I
-7 I
e |
(1,0 | i
- MK ) 0 I
7 -0 i
- maximum : !
a ¥ \ |
: :
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Exercise 3D

For what values of x will the following functions have vertical asymptotes?

What values of y cannot be obtained from each of the following functions if x can take all real values

2 5 5 x+3
z 2 - S N 4 -
x ) 3y (x=3)2x-1) x =3

Cx—1

for which the function is defined?

X X

3 1 x—1

For each of the following, complete statements of the form:

As x — +oo then y — 77?77
and  asx — —ootheny — 7?77.

oyely M0yl e RRES a2y
13 Fory= " 1 3 COPY and complete:
Asx — 3" theny —» 777 and asx — 3~ theny — 777?
14 Fory= I _1 — copy and complete:
Asx — 1" theny — 777? and asx — 17 theny — 777?
15 Fory= xsx-; ! copy and complete:
Asx — 0" theny — 777? and asx — 0" theny — 777?
16 Given that the equations of each of the following sketch graphs are in the equations box below,

select the appropriate equation.

VN I S

i ‘
‘ [
!

| |
| |
! |
I |
1 1
3 v -3 3 ¥ -
i \
! !
| |
| |
! !
| |

Equations Box

1 1 1 1 1 1
610 T ee-3 TT6-n YT Gr06-n -3 T3
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17 Sketchbothy=(x+2)(x—2)andy=

1
(x+2)(x - 2)

on the same set of axes.

Once completed, check the correctness of your sketch by viewing the graphs of the functions on

a graphic calculator.

18 The graph of y = f(x) is shown on the right.
1
f)

Produce a sketch of y =

19 The graph of y = g(x) is shown on the right.

Produce a sketch of y = L .
g(x)

N
/('a, 0)

@, 0

/'(a, 0) \./'(i, 0 x

Without the assistance of a graphic calculator, make sketches of the graphs of the following functions.

2oy=x+3
=
2(x—4)
22 y=—"—~
S—
24),:M
x(x +6)
26 y=—~
7 xt -1
2
28 y:x +3x
x—1
30 y-

x = 3x% + 3w

2x -4

21 y=
Y x+2
_ x> -9
x(x+3)

o 1-x
y_x(x+3)
27y:(x—4)(x—l)

x—2
2
-3x-4
29 ,_ X TOX7T
J x =207 =3
3
31 y=2=
Y x =2

MATHEMATICS SPECIALIST Units 3 & 4

ISBN 9780170395274



Absolute value — extension activity
How would you construct the graph of |x| +|y| = 8? y

One approach is to consider each of the four quadrants in turn:
2nd Ist

Quadrant | Quadrant

3rd 4th
Quadrant | Quadrant

In the first quadrant x > 0 and y > 0 so we draw « + y = 8 in this quadrant:

In the second quadrantx < 0 and y > 0 so we draw —x + y =8 in

this quadrant: /

Continuing in this way we would draw —x — y = 8 in the third
quadrant and x — y = 8 in the fourth quadrant, to give the graph
of |x| +]y| =8.

8—|x| for y=0

Alternatively we could consider |x|+|y| =8 asy = .
8+[x| for y<O

Produce graphs of each of the following:
* lxf=lyl=8
° 3|y —2|y| =24

2|x|+]y| =10

|y =4-|x)

. |x|2+|y|=4|x| |x|2+|y’=4x

o Jyl=lxl + 2] -8 Iy <[ + 208
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Rational functions — extension activity

- ~ y
The graph of f(x) = ;(Z +22) is shown on the right. i L .
x(x+2)
Notice that there seems to be a horizontal band, \\./

shown shaded in the diagram, in which the
function does not appear.

Using calculus, or a graphic calculator, to
determine the coordinates of the turning points
we can say that the range of f(x) includes y < 0.5

and also y 2 4.5, but excludes 0.5 <y <4.5.

An alternative approach for determining this range of values y can take uses a quadratic equation
approach and is shown below.

Let y = 30 -2
x(x+2)
Then for x # 0 and x = -2 yx(x+2) = 3x-2
yxz +2ye = 3x-2
yt+Qy=3x+2 = 0 1]

If y = 0 equation [1] reduces to —3x + 2 =0, giving x = %, the x-axis intercept.

If y # 0 equation [1] is a quadratic equation.

ax” + bx + ¢ has real solutions if P —4ac > 0.
Thus from [1], for real x, Q2y- 3)° - 4n2) = 0
49" =20y +9 = 0

Qy-92y-1) = 0

y<0.5 0.5<y<4.5 y>4.5

2y-9 —ve —ve +ve
2y -1 —ve +ve +ve
(2y - 9)(2y - 1) +ve —ve +ve

Thus for real x we must have y < 0.5 or y > 4.5 which agrees with the values mentioned earlier,
found using calculus or a graphic calculator.

Before the availability of graphic calculators, the above method was used to give useful information
about the range of a function. Whilst it is not suggested we would use it very often now when we
can view the graph on a calculator so easily, do attempt the following by the above method and
then check that your answers agree with the display from a graphic calculator.

_9Q2x-1) 2 20 +2 3 - 8x+7
Y e+ 12) I T a1 VT 3wt (x +2)
-4 310 3x+2
4 -7 5 - > 6 y-— 2t
Y a5 Y =2 =3) V= 0 v 5 +10)
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Miscellaneous exercise three

This miscellaneous exercise may include questions involving the work of this chapter, the
work of any previous chapters, and the ideas mentioned in the Preliminary work section at
the beginning of the book.

1 Without the assistance of your calculator find all values of «, real and complex, for which:
O+ 70+ 190 +13=0

2 The graph on the right shows the function ‘ y ‘
1 | |
T ey I 0
a  State the values of # and 5. i i
b By considering the coordinates of the i i -
turning point of i = i
y=@ =1 +3) i i
find the coordinates of point C, the local | |
maximum point.
3 The graph on the right shows some function y = f(x). Y
Produce sketches of the graphs of each of the following:
a y=-fW b y=f) \
¢ y=[f() d y=f(x)
~ -
4 Sketch the graph of
a y=|x—a|,a>0,
b y=|2x-4a|,a>0.
Hence determine the values of x for which |2x — 4| <|x — 4].
5 The graph on the right shows the function A
f@=@-27-1 5 Y
for a restricted domain.
a State the domain and range of f(x) shown in the diagram. 2
With the domain of f(x) as shown in the graph: 14
b state the domain and range of £ (x), . . I(S’ Y .
¢ show f(») and f(x) on a single sketch, -1 ! i/ 47
d find an algebraic expression for f ' (x). . @,-1
ISBN 9780170395274 3. Functions @@ ®



6 Find the values of the scalars p and ¢ in each of the following cases given that a and b are
non-parallel, non-zero vectors.

a pa=gb b (p-3)a=4b
¢ (p+2a=(@-1b d pa+2b=3a—¢b
e pa+qa+pb-2gb=3a+6b f pa+2a-2pb=b+5¢sb-qa

7 Ifa=2i+4jandb=5i-3jexpress each of the following in the form pa + gb, where p and ¢ are
suitably chosen scalars.

a -9i+2lj b 4i-18
¢ -7i+12 d  -34i+23

8 a Determine, in exact cartesian form, the complex number z for which:

1 -3+ 243

z  3+53i

b  Write the z of part @ in exact polar form.

9 Simplify ;n giving an exact answer in the form # + 7.
4 cis (— j

10 The four complex numbers z, p, ¢ and w shown on the AIm
Argand diagram on the right all have the same magnitude v
and p is perpendicular to z, ¢ is perpendicular to p, and w 2
is perpendicular to 4.

> Re
Express p, ¢ and w in terms of z.

w

11 Ifz=2cis (g) and w = 1cis (g) express each of the following in the form 7 cis® with 7 > 0 and

—-T<O<T.
z

a zw b = c o
w

d 2’ e o £ 2

12 Express (=3 +1) in the form 7cis® with 7> 0 and -t < 6 < .
Hence use de Moivre’s theorem to simplify (—/3 +7)'2.
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Vector equation
of a line In the
x-y plane

* Interception/collision
* Vector equation of a straight line in the x-y plane
® Point of intersection of two straight lines

e Scalar product form of the equation of a straight line
in the x-y plane

® Vector equations of curves in the x-y plane
* Vector equations of circles in the x-y plane
* Closest approach

* Distance from a point to a line

¢ Miscellaneous exercise four



In this chapter we are considering two-dimensional vectors and lines, hence the mention of ‘in the x—y plane’
in the chapter title. The next chapter will consider similar concepts in three-dimensional space.

Situation

Shutterstock.com,/tonton

"Two ships, A and B, have the following position vectors, r, and velocity vectors, v, at 7 a.m. one morning.
(1861 + 44j) km. vy = (8i+12j)km/h.

(228i + 58j) km. Vi (-16i + 4j) km/h.

At the same time a third vessel, C, has position and velocity vectors as follows.

re = (215i+101j) km. ve = (-12i-16j) km/h.

Ty

Iy

Prove that if A and B continue with their stated velocities they will collide and find the time of collision
and the position vector of its location.

At the moment of impact between A and B, vessel C, responding to a distress call, immediately changes
direction and heads to the scene of the collision at one-and-a-half times its previous speed. How many
minutes after the collision occurred does vessel C arrive on the scene?

ISBN 9780170395274 4. Vector equation of a line in the x-y plane ®©©®



Interception/collision

Suppose that an object is at a point A, position vector a, s
and is moving along the path shown dashed in the diagram, |
with velocity v.

After a further 7 units of time the object will be at a point R,
position vector r, where

r=a+tv [1]

r, the position vector of the object at time ¢, is a function of time. Substituting a particular value of
into equation [1] will give the position vector of the object at that time. Being a function of time we
could write the position vector as r(?).

Did you use this idea to solve the situation on the previous page? Example 1 is similar to that situation
and the method of solution uses the above idea. (This approach is not the only way of solving the
situation and you may well have used a different method.)

At noon, boats P and Q have position vectors (r) and velocity vectors (v) as follows:

rp = —85ikm. vp = (6i+ 8j)km/h.
ro = (=95i+40j) km. vo = (10i-8j) km/h.
a  Prove that if P and Q continue with these velocities they will collide and find the time of
collision and the position vector of its location.
b How far from the scene of the collision is the nearest coastal heliport, position vector
—56i + 68j, the helicopter base from which help will arrive?
Solution
a  Position vector of P, # hours past noon: rp(t) = —85i+#(6i+ 8j)
= (6r—-85)i+ 8y
Position vector of Q, ¢ hours past noon: ro(t) = -95i+40j +#(10i - 8j)
= (10t-95)i + (40 — 8p)j
The ships will collide if, for some value of #, p(f) = 1)
ie. (6t—-85)i+8 = (10r—95)i+ (40— 8r)j
Equating the i components 6t—85 = 10t-95
t = 2.5
Equating the j components 8 = 40-8¢
t = 2.5

Thus when 7 = 2.5 the position vectors of P and Q have the same i components azd the same
j components. i.e. P and Q are in the same place at 2.30 p.m.

Atthistime rp = rg
= —70i+20j

P and Q will collide at 2.30 p.m. at position vector (=70i + 20j) km.

MATHEMATICS SPECIALIST Units 3 & 4
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b The vector from the location of the collision, to the heliport
will be CH (see diagram).

CH = CO+OH
= (=70i +20j) + (=56i + 68j)
= 14i+48]

ICH| = +14%+48 km

= 50 km.

The scene of the collision is 50 km from the coastal heliport.

Local heliport
H

Location of
collision

In the Preliminary work it was mentioned that the vector 4i + #j is sometimes written as the ordered pair

. . (a
(a,b) and sometimes as a column matrix ( b)'

The latter notation is used in the working of the next example.

EXAMPLE 2

The position vectors (r) and velocity vectors (v) of two ships A and B at certain times on a

particular day were as follows:

At9.00 a.m. ry = (30i+ 50j)km. vy = (12i-3j) km/h.
At9.30 a.m. rg = (48i+30j)km. vy = (8i+2j)km/h.

Show that if the two ships continue with these velocity vectors they will not collide.

Solution
Atthours past 9 am.  ry(t) = ( ) ( )
30+12¢
(50 3t )
rp(t) = ( ) (Sj
(4 +8e
29+t

Position vectors of A and B will have same i component when
i.e. when

Position vectors of A and B will have same j component when
i.e. when

(t=0.5)

30+ 12¢
t

503z
t

44 + 8t
3.5

29 + 2
4.2

The same i component of position vector occurs at 12.30 p.m. but the same j component occurs

at 1.12 p.m. Thus A and B do not collide.
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Exercise 4A

1 At the times stated, the position vectors (r) and velocity vectors (v) of bodies A, B, C, D, E and F

are as follows:

ry, = (5i+4j)km N
rg = (6i-8j)km Vg =
re = (2i+3j)km ve =
rp = (91-10j) km vp =
rp = (16i+7j) km vp =
rp = (2i+3j)km vp =

after 8 a.m. (Assume each velocity continues unchanged.)

(10i — j) km/h
(2i + 8j) km/h
(~4i + 3j) km/h
(10i + 6j) km/h
(~4i + 3j) km/h
(12i - 8j) km/h

at

at

8 a.m.
8 a.m.
8 a.m.
7 a.m.

9 a.m.

8.30 a.m.

In each case write, in the form f(#)i + g(2)j, an expression for the position vector of the body ¢ hours

2 A ship has a position vector (7i + 10j) km at 5 a.m. and is moving with velocity vector (3i + 4j) km/h.
If the ship continues with this velocity what will be its position vector at

a 6am.? b 7am.?

d  What is the speed of the ship?

e At 8a.m, how far is the ship from a lighthouse, position vector (211 + 20j) km?

¢ 9am.?

3 With respect to an origin O a boat has position vector (91 + 36j) km at 10 a.m. and is moving with
velocity (2i + 12j) km/h. Assuming that the boat had been travelling at that velocity for some hours

what was its position vector at 9 a.m.?
How far was the boat from O at

a 9am.? b 8am.?

4 At 3 p.m. one day two ships A and B have position vectors, r km, and velocity vectors, v km/h,

as follows:

21i+7j
25i-6j

YN

Iy

Va
VB

10i + 5j
7i+ 10j

Assuming both ships maintain these velocities, how far apart will the ships be at

a 3pm.? b 4pm?

¢ Spm.?

5 At 8 a.m. one morning two ships A and B have position vectors, r km, and velocity vectors, v kim/h,

as follows:

T

—Si+ 13§

Va
VB

7i- 2
“3i+2j

Assuming both ships maintain these velocities, how far apart will the ships be at
a 9am.? b 10am.?

MATHEMATICS SPECIALIST Units 3 & 4
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6 At 8 a.m. one morning two ships A and B have position vectors, r km, and velocity vectors, v km/h,

as follows:
ry, = 28i-35j Vi —8i +4j

a Obtain an expression in the form f(#)i + g(2)j for the position vector of each ship 7 hours
after 8 a.m.

b  When will the ships be 25 km apart?

For each of the following determine whether the ships A and B will collide if they continue with the
velocities given below. For those that do collide, find when this occurs and the position vector of the
scene of the collision.

7 r, = (12i+61j)km vy = (7i-8j) km/h at 8.00 a.m.
rg = (57i-29j)km vg = (-2i+10j) km/h at 8.00 a.m.
8 r, = (-11i-8j)km vy = (7i—j)km/h at 8.00 a.m.
rg = (2i—4j)km vg = (4i+5j)km/h at 8.00 a.m.
9 r, = (24i-25)km vy = (=3i+4j) km/h at 8.00 a.m.
rg = (-9i+33j)km vg = (2i-75j) km/h at 9.00 a.m.
10 r, = (-6i+44j)km vy = (4i-6j)km/h at 9.30 a.m.
rg = (2i-18j)km vg = (2i+7j)km/h at 9.00 a.m.
11 r, = (-1li+4)km vy = (10i-4j) km/h at noon.
rg = (3i-5j)km vg = (7i+5j) km/h at 12.30 p.m.

12 At 8 a.m. boats P, Q and R have position vectors (r) and velocity vectors (v) as follows:

rp = (=23i+3j)km. vp = (18i+4j) km/h.
ro = (7i+30j) km. vo = (12i- 10j) km/h.
rg = (32i-30j)km. vg = i+ 14j) km/h.

a Prove that if the boats continue with these velocities two of them will collide, stating which
two it will be, the time of collision and the position vector of its location.

b How far will the third boat be from the scene of the collision at the moment it occurs?

Shutterstock.com/MAGNIFIER
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Vector equation of a straight line in the x-y plane

Suppose a ship is at the point with position vector (2i + 5j) km and is moving with a constant velocity

of (4i +j) km/h.
At a time 7 hours later the ship will be at the point with position vector r where
r= 21+ 5j) + (4 +j).
Let us now remove the context of a moving ship and simply consider the line through point A, position
vector 2i + 5j, and parallel to the vector 41 +j.

Consider points B, C and D on this line and let point O be the origin (see diagram).

— —  —
B has position vector OB = OA+AB y Io
= Qi+5)+14i+j) i B
= 6i+06j T 1
C has position vector (YZ = (YA+A_C) /Df y
= Qi+5))+24i+j) 1 o
= 10i+7j e
—> —  —>
D has position vector OD = OA+AD i
= Qi+5)+ 0@ +)) Tt T T T T T =
= 45j .

The position vector of every point on the line through A, position vector 2i + 5j, and parallel to the
vector 4i +j can be expressed in the form:

2i+5j+M4i+j)  for asuitable choice of the scalar, A.

For point A, A =0, forB, A=1, for C, A=2, for D, A =-0.5.
"To generalise: Every point on the line through A, position vector a,
and parallel to the vector b has a position vector that A
can be expressed in the form: /b'
r=a+Ab a
The equation: r=a+Ab
is the vector equation of the line parallel to b and

through the point with position vector a.

Every point on the line has a position vector that can be expressed in the form a + Ab for some suitable
value A, and furthermore, any point not lying on the line cannot be expressed in this form.
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EXAMPLE 3

a  Find the vector equation of the line passing through the point A, position vector 2i + 3j,
parallel to the vector 4i — 6;j.

b Determine whether or not each of the following points lie on the line:

B, position vector 10i — 9j. C, position vector 8i — 5j.

Solution

a  The line through A, position vector a, and parallel to b has vector equation:
r = a+A\b. o

Thus the line through A, position vector 2i + 3j, and parallel to 4i — 6j
has vector equation

r = 2i+3j+ M- 6j).
ie. r = Q2+40Mi+ 3 -6V
b If B, position vector 10i — 9j, lies on r = (2+4Mi+ (3 - 6N
there must exist some A for which 10i-95 = Q+4Mi+ (3 -6)L)
i.e. 10 = 2+4A and -9 = 3-6A
A= 2 and A= 2
Thus a suitable value of A does exist.
Point B does lie on r = 2i + 3j + A(4i — 6j).
If C, position vector 8i — 5j, lies on r = Q2+4Mi+( -6))
there must exist some A for which 8i—5 = Q2+4Mi+(G-6N)
ie. 8 = 2+40 and =5 = 3-6A
A= 3 and A = —
2 3

Point C does not lie on r = 2i + 3j + A(4i — 6j).

It is important to realise that with the usual convention of i being a unit vector in the positive
x direction and j a unit vector in the positive y direction, there is no conflict between:

* the vector equation of a straight line, r = a+A\b
and  ® the cartesian equation of a straight line, y = mx+c
The position vector, r, of any point on the line will obey therule r = a+Ab.
"The cartesian coordinates (x, y) of any point on the line will obey y = mux+c.

This consistency between the vector equation of a line and the cartesian equation of the same line
is demonstrated on the next page.
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Consider the line L shown on the right. y

"This line passes through A, position vector 2i + 2j .
and is parallel to the vector 2i —j. \

Thus the vector equation of the line can be written:

A
r = 2i+2j+AM2i-j) 24
= 2+20Mi+Q2-N)j
Now consider some general point P, cartesian H
coordinates (x, y), lying on this line. The position L
vector of P will be xi + yj. ; 7 ! ] T -
But point P lies on the lineand so  xi+yj = Q+20)i+@2 -V
Thus x = 242\ [1]
and y = 2-% 2]
Eliminating A from [1] and [2] gives y = - % x+3.

"This equation is exactly as we would expect for a line passing through (0, 3) and with gradient —0.5.

Thus, as stated, there is no conflict between the vector equation r = a+Ab
and the cartesian equation y = mx+c.

Note ¢ You may find it convenient for this work to write the vector #i + 4j in the matrix form ( ) )

* FEquations [1] and [2] above are called the parametric equations of the line and A is
called the parameter. It acts as a sort of ‘go-between’ linking x and y. It is the ‘interpreter’
through which they relate to each other.

¢ Letters other than A may be used for the parameter. Indeed if time is involved it makes
sense to use ¢ rather than A.

*  We said that line L passed through A, position vector 2i + 2j and was parallel to
2i —j and wrote the vector equation as:

r = 2i+2j+A2i-j). (3]
We could equally well have said that the line passed through the point with position
vector 4i + j and was parallel to 2i —j. We would then have written the vector equation as:

r = 4i+j+AQ2i-j). (4]
Though these equations may appear different both [3] and [4] define the same line. The

position vector obtained by substituting a specific value of A into [3] would be obtained
by substituting (A — 1) into [4].

e.g. Substituting A =2 into equation [3] gives the position vector 6i. This same position
vector is obtained when A = 1 is substituted into [4].

Thus in some questions, when comparing your vector equation of a line with the one given
in the answers, do not automatically assume that your answer, because it looks different, is
wrong. It may simply be a different way, and equally acceptable way, of defining the same line.
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EXAMPLE 4

Find a the vector equation, b the parametric equations and ¢ the cartesian equation,

of the line through the point with position vector (_i), parallel to (?)

Solution
o 3 2 . 3+20
a Thevector equationis r = (_4)+7L(5) ie r = (—4+57»)'
B et . . % b 3+20
b Considering the general point, position vector (y) (y) = (_ 44 5%)
. . x=3+2A
Thus the parametric equations are { y=—4+5)
o . y+4
¢ Eliminating A gives: g = 342 —
ie. 2y = 5x-23.
The cartesian equation is 2y = Sx — 23.
Alternatively the cartesian equation could be found as follows:
If the line is parallel to 2i + 5j it must have gradient %
Therefore the equation is of the form  y = 2.5x+¢
But line passes through (3,—4), thus -4 = 2.53)+¢ ie. c=-11.5 2
The cartesian equation is y = 2.5x — 11.5.
EXAMPLE 5
Find the vector equation of the line passing through the point A,
position vector 3i + 7j, and B, position vector 8i + 2j. A
Solution
ﬁ .
The line is parallel to AB. &
— — — x
Now AB = AO+OB 2 B
—  — @i+ 4
= -OA+OB
= -(i+7j)+Bi+2j) o)
= 5i-35j

The line is parallel to 5i — 5j and passes through point A, position vector 3i + 7j. Thus the vector
equation of the lineis  r=3i+7j+A(51i - 5j).
ie. r=@+5Mi+ (750
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In the previous example, instead of being given a vector parallel to the line and the position vector of
a point on the line, we were given the position vectors of two points lying on the line.

The general situation is shown on the right with points A and B lying on the
line, position vectors a and b respectively. A

— —
The line is parallel to AB, and AB = -a+b a
= b-a b

Thus the line passes through point A, position vector a, and is paralleltob—a.

The vector equation of the line through points A and B, position vectors a and b respectively is therefore:
r = a+AMb-a)
The answer to the previous example could have been obtained by direct substitution of a = 3i + 7j and
b = 8i + 2j into the above formula.
The equation: r=a+Ab-a)

is the vector equation of the line through points A and B, position vectors a and b respectively.

Exercise 4B

For questions 1 to 6 find the vector equation of the line parallel to b and through the point with
position vector a.

1 a=2i+3j, b=5i-j. 2 a=3i-2j, b=i+j.
3 a=5i+3j, b=-2j 4 a=5j, b =3i - 10j.

SEERH ewlth o)

For questions 7 to 12 find the vector equation of the line passing through the point with position
vector a and the point with position vector b.

7 a=5i+3j, b=2i-j. 8 a=6i+7j, b=-5i+2j.

o(9) e[} o) el
na(l) () IS
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13

14

15

16

17

18

19

20

Points A, B and C lie on the line r = 2i + 3j + A(i — 4j) and have position vectors given by A = -1,
A =1and A =2 respectively.

— — — —
Find a AB, b |BC|, ¢ AB:BC.

Find @ the vector equation, b the parametric equations and ¢ the cartesian equation of the line
passing through the point A, position vector 5i — j, and parallel to 7i + 2j.

Find @ the vector equation, b the parametric equations and ¢ the cartesian equation of the line

passing through the point A, position vector (_21), and parallel to (_jj

Find a the vector equation, b the parametric equations and ¢ the cartesian equation of the line

passing through point A, position vector ((3)), and parallel to (_;)

Find a the vector equation and b the cartesian equation of the line with parametric equations
x=2-3Ay=-5+2A\

Points D, E and F lie on the line r = (_21) + k(_;) and have position vectors given by L =—1, A =2

and A = 3 respectively.

— — —
Find a EF, b ED, ¢ |DE|,
— — —_ — — —
d DE:FEF, e DE:FE, f |DE|:|FE|.
Find the vector equation of the line passing through the point A, which has position vector 7i — 2j,

and which is parallel to the vector —2i + 6j.
Determine whether each of the following points lie on the line.
B, position vector i + 16j. C, position vector 2i + 13j.

D, position vector 8i — 7j. E, position vector —2i + 5j.

Find the vector equation of the line passing through the point F, position vector ( 4), and which

-9
is parallel to the vector [_21)

Determine whether each of the following points lie on the line.

G, position vector (g) H, position vector (_?) L, position vector (_g)
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21

22

23

24

25

26

27

28

29

30

All of the points A to F, with position vectors as given below, lie on the line

()

A, position vector —31i + 4j. B, position vector bi + 23j.
C, position vector <9, ¢>. D, position vector <d, —21>.
o 12 o f
E, position vector . F, position vector rf

e

Determine the values of , b, ¢, d, ¢ and f.

Find the vector equation of the line passing through the point with position vector 5i — 6j and
parallel to the line r = (2 + Vi + (3 — V)j.

Find the vector equation of the line passing through the point with position vector (?) and

2+37L)

parallel to the line r = ( 14

A ship travels with constant velocity (6i — 10j) km/h and passes through the point with position
vector (2i + 12j) km. Find the cartesian equation of the path of the ship.

The line r = 2i + 8j + A(i — 2j) cuts the x-axis at A and the y-axis at B. Find the position vectors of

A and B.

4

Find the position vector of A and the value of c.

The line r= (_S) +A (_21) cuts the x-axis at A and passes through B, position vector (161).

Points A, B, C and D are collinear and have position vectors 2i + 3j, bi + 7j, 51 — 4j, and —2i + dj
respectively. Find the vector equation of the line through the four points and the values of 4 and d.

"The vector equations r = G) +A (i) andr= (Z,) + u(i) represent the same straight line.

Find the values of ¢ and 4.

The vector equations r =i - 3j + A31 + 4j) and r = ei + 5j + u(@i + fj) represent the same straight
line. Find the values of e and 1.

Three sets of parametric equations are given below. Which is the ‘odd set out’ and why?

x=1+2\ x=2A-2 x=8+2A
(1] {y=x+3 2] {y=1+7» [3] {y=6+7\,
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Use the concept of the scalar product of two vectors for each of the following questions.
(See the Preliminary work section if you need to refresh your memory of this concept.)

31 Prove that the lines L; and L, are perpendicular given that:

L, has equation r = (i) + k(_;) and L, has equation r = (_i) + u(g)

32 Line L, has vector equation r = [_21) + k[;) Find the vector equation of the line perpendicular

to L, and passing through the point A, position vector (j)

33 Find to the nearest degree the acute angle between the lines L; and L, if L; has equation

r= (§j+ k(_ij and L, has equation r = (_21) + u(i)

Point of intersection of two straight lines

Consider the two lines

L o)) Le = (§n(3)

The lines are straight, and not parallel. (How do we know they are not parallel?) Therefore they must
intersect somewhere.

The point common to both lines will be such that

) )=l

7+7h=16+3u
17-2A=3+2u

Solving simultaneously gives A=3andu=4

HEH
(33 e

Lines L, and L, intersect at the point with position vector 28i + 11j.

WithA=3line L, gives r

Il
VR
)
— o0
N—

With u =4 line L, gives r

Il
VO
— D
— o0
N—

The next two examples show this same approach applied to determining whether two moving objects
collide, a situation encountered at the beginning of this chapter.
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At time ¢ = 0 seconds the position vectors (r m) and velocity vectors (v m/s) of two particles A and B
are as follows: ry, = 4i+20j vy = i-j

rg = Si+4 vg = i+2j
Determine whether, in the subsequent motion, the paths of the particles cross (or meet). If they do,
determine the position vector of this point and determine if a collision between the particles is involved.

Solution 4 {
At time 7, ; > 0, particle A will have position vector r = ( 5 O) +4 (_ 1).
. : . . 5 1
At time 1,, t, > 0, particle B will have position vector o= 4t )

For th iti tors to b l: 4+t ! 5+t1
or these position vectors to be equal: 50 /78| 41025
. 441, =5+1,
ie.
20—t =4+121,

Solving simultaneously gives #; = 6 and , = 5.
20 1 14

(e e e )

Thus particles A and B each pass through the point with position vector 10i + 14j, but at different
times, both greater than zero.

With ¢, = 6 particle A has position vector r = (4)+6(_1j ie. r = (10).

With #, = 5 particle B has position vector  r

Thus in the subsequent motion the paths of the particles cross at the point with position vector
10i + 14j but a collision is not involved.

EXAMPLE 7

At time 7 = 0 seconds the position vectors (r m) and velocity vectors (v m/s) of two particles A and B
are as given below:

9 + 55j vy = -i-3j
24i — 5j vy = -2i+j

LY

Iy
Determine whether, in the subsequent motion, the paths of the particles cross (or meet). If they do,
determine the position vector of this point and determine if a collision between the particles is involved.

Solution 9 1
At time 7, t; > 0, particle A will have position vector = ( 5 5) +4 (_3).

24 +r -2
-5 2L 1)
MATHEMATICS SPECIALIST Units 3 & 4 ISBN 9780170395274
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For these position vectors to be equal: (5?) +1 (:;) = (ii) +1; (_21)

i.e.,

9—t,=24-21,
55=-3t;=-5+1,

Solving simultaneously gives #; = 15 and #, = 15.

In the subsequent motion, i.e. # > 0, the paths of the particles meet.

(@) e = ()
(2] e e ()

Thus particles A and B are each at the point with position vector —6i + 10j at time 7 = 15 seconds.
A collision is involved.

With 7, = 15 particle A has position vector r

With t, = 15 particle B has position vector r

Exercise 4C

1 Find the position vector of the point of intersection of lines L; and L,, vector equations,

L: r = 14i—j+AGi-4)) Ly r = 9i—4j+pu(4i+6)

2 Find the position vector of the point of intersection of lines L.; and L,, vector equations,

o= () = (Yl

3 Find the position vector of the point of intersection of lines L; and L,, vector equations,

e () o= (ol

For each of questions 4, 5 and 6 the given information shows the position vectors (r m) and velocity
vectors (v m/s) of two particles A and B at time 7 = 0 seconds.

In each case determine whether, in the subsequent motion, the paths of the particles cross (or meet),
and, if they do, determine the position vector of this point and determine if a collision between the
particles is involved, explaining your answer.

4 r, = 16i vy = 3i+2j
rg = —-i+06j vg = 2i-3j
rg = 37i-20j vg = -2i+5j
6 r, = i+19 A = 2i-j
rg = 3i+8j vg = 3i+j
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Scalar product form of the equation of a straight
line in the x-y plane

* If we are given vector a, the position vector of one point lying on
a straight line, and vector b, a vector parallel to the line, then the A
line is uniquely defined. This enabled us to write the equation of ] -
the line as

r = a+Ab.

* [f we are given the position vectors of two points lying on the line,
the line is again uniquely defined. A

"This enabled us to write the equation of the line in the form 1 /a

r = a+Ac-—a).

* A straight line in the i—j plane (or x—y plane) may also be uniquely \
defined by stating vector a, the position vector of one point lying A \
on the line, and vector n, a vector in the i—j plane and perpendicular | r
to the line. lx

If r is the position vector of a general point lying on the line then
(r — a) is parallel to the line.

Thus (r—-a).n = 0
ie. rn—a.n = 0
giving r.n = a.n

With a and n known, a.n is a constant and the equation can be written r.n =c.

Any point having a position vector that satisfies the equation r.n = ¢ will lie on the line.

In this chapter, where we are only considering coordinates and vectors in two-dimensional space then:

r.n=a.n (or r.n =) is the vector equation of a line passing through the point with position
vector a and perpendicular to the vector n.

r.n=a.n (or r.n=¢) is the scalar product form of the vector equation of the line. It may also be
referred to as the normal form of the vector equation of the line. Here the word normal is used
because of its geometrical meaning of ‘perpendicular’ rather than its common meaning of ‘usual’.

However, as we will see in the next chapter, if we are considering three-dimensional space, this scalar
product form defines a plane, not a line.
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EXAMPLE 8

Find a the vector equation in scalar product form,
and b the cartesian equation,

of a line perpendicular to 5i — j and passing through point A, position vector 2i + 3j.

Solution
a  The vector equation of a line passing through the point with position vector a and
perpendicular to the vector n is:

r.m = a.n

Thus the vector equation of a line passing through the point with a position vector of 2i + 3j
and perpendicular to 5i —j is:

r.(5i—j) i+ 3j).(5i—j)
@)+ )
7

The vector equation of a line perpendicular to 5i —j and passing through point A, position
vector 2i+ 3j,isr.(5i—j) =7.

b Ifa general point on the line has position vector r = xi + yj then:

@i+y).Gi-j) = 7
Thus @S+ = 7
ie. Sx—y = 7

The cartesian equation of a line perpendicular to 5i —j and passing through point A, position
vector 2i+3j,is Sx —y =7 (l.e.y =Sx — 7).

Find the cartesian equation of the line perpendicular to the vector 4i — 3j and passing through
point A (1, 4).

Solution
The normal form of the vector equation is: r.(4i-3j) = (@(+4j).4i-3j)
= (D@ +HE3)
= -8
Writing r as xi + yj we have (i+y).(4-3j) = -8
@H+E3) = -8
4x—-3y = -8
The required cartesian equation is 4x — 3y = —8.
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Exercise 4D

1 Find the normal form (i.e. scalar product form) of the vector equation of the line perpendicular
to 3i+ 4j and passing through point A, position vector 2i + 3j.

2 Find the normal form (i.e scalar product form) of the vector equation of the line perpendicular
to 51 —j and passing through point A, position vector —i + 7j.

3 For each of the points A to F given below state whether or not the point lies on the line

r.(i+2j)=12.

Point A, position vector 6j. Point B, position vector 6i + 3j.
Point C, position vector 10i. Point D, position vector 3i + 6j.
Point E, position vector —4i + 8j. Point F, position vector 14i —j.

4 FEach of the points U to Z given below lies on the line with vector equation:

)0

Point U, position vector #i + 2j. Point V, position vector —10i + vj.
Point W, position vector wi — 4. Point X, position vector xi — 2j.
Point Y, position vector 5i + yj. Point Z, position vector zi + 6j.

Determine #, v, w, x, y and z.

5 Aline is perpendicular to the vector 5i + 2j and passes through point A, position vector i + j.
Find a the vector equation of the line in scalar product form,

b  the cartesian equation of the line.

6 Aline is perpendicular to the vector 2i + 5j and passes through point A, position vector 2i —j.
Find a the vector equation of the line in scalar product form,

b the cartesian equation of the line.
7 Prove thatr=2i+3j+ A —4j) and r.(8i + 2j) = 5 are parallel lines.

8 Find the cartesian equation of the line perpendicular to the vector 8i + 5j and passing through the
point (-1, 3).

9 Prove that lines L; and L, are perpendicular given that:
L, has equation: r = 5i+2j+A3i-2j).
—4.

L, has equation: r.(6i — 4j)
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Vector equations of curves in the x-y plane

Earlier in this chapter we saw that the vector equation r=2i+2j+12i-j)
. . x=242%
leads to the parametric equations
y=2-A
and, by eliminating A, the cartesian equation y=- % x+3,

the vector equation, the parametric equation and the cartesian equation all representing the same
straight line.

Curves can be similarly represented as vector equations and parametric equations, and, by eliminating
the parameter, the cartesian equations we are already familiar with.

For example, the vector equation r=(t+2)i+ 30
. . x=t+2
leads to the parametric equations 342
_)[ =
and, by eliminating ¢, the cartesian equation y=3@x-2)"

Some calculators can display the graphs of functions defined parametrically.

( 3\ 4 \
xt1=t+2
yt1=3 -t

xt2:
O yt2:

xt3:
O yt3:

Vector equations of circles in the x-y plane

With a bit of thought, and especially considering the work of an earlier chapter with regard to regions
in the complex plane, you should be able to predict the form of the vector equation of a circle.

The vector equation of a circle will be a rule involving r, the position vector of a point on the circle,
that will be true for the position vectors of all points lying on the circle, and not true for the position
vectors of any points not lying on the circle.

Consider some general point R lying on a circle, centre at the origin and
radius a, and let the position vector of R be r. For R to lie on the circle

it must be the case that .

B
uF
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The vector equation |r| = z is the vector equation of the circle centre (0, 0), radius 4.

If the point R has the general cartesian coordinates (x, y) then r = xi + yj.
Thus lvi+yj| = 4, ie Xty = a

This is the cartesian equation of a circle centre (0, 0) and radius 4.
Note: We can write the equation of a circle centre at (0, 0) and radius a in parametric form as:

x =acos0
y=asin®’

The reader should confirm that using the trigonometric identity

sin’0 + cos’ 0 = 1

to eliminate the parameter 6, gives the cartesian equation &” + y* = 2°.

Consider a circle, again with radius #, but now with its centre not at (0, 0),
but instead at the point with position vector d (= pi + ¢j ).

Consider some general point R, position vector r, lying on the circle.
We require a rule that will be true for the position vectors of all points , —
lying on the circle and not true for points not lying on the circle. 0| >

_
If D is the centre of the circle then, for R to lie on the circle, we must have |DR | = 4.
ie. r-d = 4

"This is the vector equation of a circle of radius # and with its centre at the point with position vector d.
If the point R has the general cartesian coordinates (x, y) then r = xi + yj.

If the centre of the circle has coordinates (p, ¢) then d = pi + ¢j.

Thus |(xi+yj)—(pi+qj)| = g
((x=pi+(y-gj| = «
ie. @-pP+@y-q° = &

"This is the cartesian equation of a circle centre (p, ¢) and radius # (as the Preliminary work section, and
chapter two, reminded us).

Note: We can write the equation of a circle centre at (p, ¢) and radius # in parametric form as:
x=p+acosb
y=g¢g+asin®
Again the reader should confirm that using the trigonometric identity
sin’ @ + cos’ 0 = 1

gives the appropriate cartesian equation.
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Remember:  If we expand x—p)+(—¢q° = a* weobtain:
xz—pr+p2+y2—2qy+qz = 4
ie. x +y2 —2px—2qy = i —-pt -4
ie. &' +y' =2px—2gy = (aconstant)
In this expanded form the cartesian equation of a circle is characterised by:
o the coefficient of x” being the same as the coefficient of y*,

e the only terms being those in &%, y*, x, y and a constant (and of these any two of the
last three could be zero).

a  Find the vector equation of the circle centre (0, 0) and radius 5 units.

b For each of the points A, B and C given below determine whether they lie inside, on or outside
the circle centre (0, 0) and radius 5 units.

Point A, position vector 3i — 4j. Point B, position vector 2i + 3j. Point C, position vector 4i — 7j.
Solution
a  The circle centre (0, 0) and radius # units has vector equation |r| = 4.

Thus the circle centre (0, 0) and radius 5 units has vector equation |r| = 5.
b To lie on the circle, r must be such that |r| =5.

To lie inside the circle, r must be such that |r| <5.

To lie outside the circle, r must be such that ]r| > 5.

ForpointA  [r| = [3i-4j|

= 5. Thus A lies on the circle.
For point B |r| = |2i+3j|

= J13 Thus B lies inside the circle.
For point C lr] = [|[4i-7]]

= /65 Thus C lies outside the circle.

Find the vector equation of the circle centre C, position vector 2i + 3j, and radius 5 units.
Determine whether the point A, position vector 5i —j, lies inside, on or outside the circle.

Solution
The vector equation of a circle of radius # and with its centre at the point with position vector d is:
[r-d| = 4.

Thus the vector equation of a circle of radius 5 and with its centre at the point with position vector

2i+ 3j is: lr—Qi+3j)| = 5.
For point A lr—Qi+3j)] = |Gi—j)—(Q2i+3j)
- B4
= 5 Point A lies on the circle.
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(As in the Preliminary work, but now with mention of the vector equation.)
Find the centre, radius and vector equation of the circle with cartesian equation

&F 4+ 5%+ 6y=10x.

Solution

Given xF+yt + 6y
ie. xF — 10x +y* + 6y
Create gaps: xF — 10x +y* + 6y
Complete the squares: xF —10x+25+y" +6y+9
Hence (=5 + (y+3)

0+25+9
34

The given circle has its centre at (5, -3) and a radius of V34 units.

The vector equation of the circle is|r — (5i - 3j)| = J34.

Find the position vectors of the points where the straight line r = (_g) + 7»( ;) meets the circle

=5\2.

~(3)

Solution

If point A, position vector ry, lies on both the line and the circle then

cn()er(]) e

Substituting the first expression into the second gives:

(2)G))
()

Thus (A -8 + 21— 1)’

Solving: A = 1 or A=
=5
IfA=1, ry, = ( 4)

If}\.=3, I'A

Il

|
0 W
~—

542.

54/2.

50
3.

7

s

4 \

solve((A — 8)? + (21 — 1) = 50, &)
A=11=3}

. J

These are the position vectors of the two points common to the line and circle, i.e. the points

where the line meets the circle.
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Exercise 4E

Find the cartesian equations for each of the following parametric equations.

{x=4+t b

X

~ | =

y=2 y

Find the cartesian equations for each of the following vector equations.
a r=03-ni+@+2) b r=(t—l)i+%j
C r=(t—1)i+(t2+4)j d r=Q2+cos0)i+(l+2sin0)j

Vector equations of the form r = (2cos0)i + (/sin0)j define ellipses.

Determine the parametric equations and the cartesian equation of the ellipse with vector equation
r=(2cos0)i+ (3 sin0)j.

Use a graphic calculator capable of displaying the graphs of functions defined parametrically

to view the ellipse.

Vector equations of the form r = (#sec8)i + (b tan 0)j define hyperbolas.

Determine the parametric equations and the cartesian equation of the hyperbola with vector
equation r = (-3 sec0)i + (2 tan 0)j.

Use a graphic calculator capable of displaying the graphs of functions defined parametrically
to view the hyperbola.

Considering only the x—y plane, which of the following equations represent circles?

A r=2i B: |r|=6
C: r=6i+3j D: |r—(5i-4j)| =24
E: «*+y +4x-8y=5 F: o + 8wy +y" +6y=34

a Find the vector equation of the circle with centre (0, 0) and radius 25 units.

b  For each of the points A to D given below, determine whether the point lies inside, on,
or outside the circle.

Point A, position vector 191 — 18;j. Point B, position vector —20i + 15j.
Point C, position vector 14i + 17j. Point D, position vector —24i — 7j.

Find the cartesian equation of a circle with vector equation |r| = 65.

If each of the following points lie on this circle determine # and # given that # is positive and
b is negative.

Point A (52, a). Point B (4, 25).

Find the vector equation of the circle centre C, position vector —7i + 4j, and radius 4+/5 units.
Determine whether the point A, position vector i + 8j, lies inside, on or outside the circle.
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9 Find the vector equation of each of the following circles.
a Centre (1,-5) and radius 9. b Centre (-3, 4) and radius 10.
¢ Centre (-12, 3) and radius 24/3. d Centre (-13,-2) and radius 4.

10 Find the cartesian equation of each of the following circles, giving your answers in the form
4y rderey=c.
a Centre has position vector 2i + 3j. Radius 5.
b  Centre has position vector —4i + 2j.  Radius /7.
¢ Centre has position vector 4 — 3j. Radius 7.

11 Find the radius and position vector of the centre of each of the following circles.

a |r-(6i+3)|=5 b |r-2i+3j=6

¢ |@x-3)i+(y+4)y| =3 d |r|=20

e 1622 +167=25 f -2+ +3°=49
g x2+y2—6x—18y+65=0 h x2+y2+20x—2y=20

12 Find the distance between the centres of the two circles given below:
r—@i-j)|=6 and [r-6i-11j|=7.

13 The circle |r -(Q2i- 5])| = 5 has centre A and the circle |r —-(5i+ 2))| =3 has centre B.
Find the vector equation of the straight line through A and B.

14 Point A is the centre of the circle |r — (3i — 2j)| = 3 and point B is the centre of the circle
|r = (9i+6j)| = 7. Find |AB|.
Determine whether the circles have two points in common, just one point in common or
no points in common and justify your answer.

15 Point A is the centre of the circle |r — (3i — j)| = 3 and point B is the centre of the circle
—
|r— (13i+j)| = 7. Find |AB|.
Determine whether the circles have two points in common, just one point in common or no points
in common and justify your answer.

16 Find the position vectors of the points where the straight line r = (_12) + 7»(_2) meets the circle

3

17 r=10i—9j + A(4i — 5j) is a tangent to the circle |r +7i - 2j| = J41. Find the position vector of the
point of contact.
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Closest approach

If two moving particles, each following straight line paths, are not on ‘collision course’ there will be

a moment in time during the motion when they are closer to each other than at any other time (unless

they are both travelling at the same velocity and thus constantly maintain the same distance apart).
The distance of closest approach can be determined in a number of ways, as the next example shows.

(If the closest approach occurs for # < 0, then for 7 > 0, the particles are moving further apart.)

EXAMPLE 14

Suppose that at time ¢ = 0 two particles, A and B have the following position vectors (r metres) and
velocity vectors (v metres/second):

r, = 10i+30j Vi 51+ 9j

rg = 40i+40j vg = —7i
If the particles continue with these velocities what will be the minimum distance they are apart in
the subsequent motion?

Solution
Solution using calculus (or by viewing graph)

Attime z,7> 0, ry, = 10i+30j+#(5i+9j) Vi vp

= (10+5»i+ (30 + %) ~

and rg = 40i+40j + #(-7i) A
= (40 - 7p)i +40j
( ) ) IS S
The ‘separation vector’ from B to A at time ¢ will be: //-Qf /béxx
ry—tp = (=30+120)i +(~10 + 92)j

If |ty — 13| =d, d = 0, then we require d to be a minimum. ,’,//
But 4 = (53041287 + (=10 + 99 ©

225# =900t + 1000

Viewing the graph of the quadratic function
y = 225x* —900x + 1000

on a calculator, or using calculus techniques, we can determine that the minimum value of y,
i.e. d*, occurs when x, i.e. t, is equal to 2. With 4 > 0 this will also be when 4 is minimised.
For this value of # we have d,;, = 10.

‘min

"The least distance between the particles in the subsequent motion is 10 metres (and occurs when # = 2).
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Solution using relative velocities and trigonometry

From the diag_r)am on the right o I
AB = —(10i+ 30j) + (40i + 40j)
= 30i+ 10j A 7
If we subtract v from the velocity of each particle we view the /S /,;é;
situation as seen by an observer on particle B. PR
g R
AYB = VAT VB // ///
(5i+9j) — (-7i) i
= 12i+9j . -
Showing this information in the second diagram we see that the o
minimum distance between A and B in the subsequent motion & <%
is given by CB. ’
CB
N in@-06 = —
ow sin(¢ - 6) AR
CB = ABsin(¢-6) SN
! + 7 X
= 30?410 sin (¢ - 0) IS
But tan® = 10 and tan¢ = 2 /,//
30 12 a

O
By determining 6 and ¢ and hence (¢ — 6) we obtain CB = 10 km.

The least distance between the particles in the subsequent motion is 10 metres.

Solution using relative velocity and scalar product

Consider triangle ABC from the previous diagram. €
Suppose the closest approach occurs at time ¢, > 0. /’/v\\
—> — ) i B
CB = CA +AB el
= —[t(12i+ 9§)] + 30i + 10j A ?
= (30-12p»i+ (10 - %)
—
CB is perpendicular to 12i + 9j. Thus  (12i+9j).[30-12i+(10-92)j] = O
1230-126)+9(10-91) = 0
giving t = 2

— —
When =2, CB=6i - 8jand so CB = 10.

The least distance between the particles in the subsequent motion is 10 metres (and occurs
when t =2).

MATHEMATICS SPECIALIST Units 3 & 4 ISBN 9780170395274



Distance from a point to a line

EXAMPLE 15

Find the perpendicular distance from the point A, position vector 34i + 12j, to the line L, vector
equation r = 10i + 145 + A(51 + 2j).

Solution
Suppose that the perpendicular from A to the line L meets the line at P.
Suppose also that at P the value of A is A;.

- P
Then OP 10i + 145 + A (51 + 2j) Y
— — — p=
Now AP = AO+OP
= —(34i+12j)+ 10i+ 145 + A (51 +2j)
= (A —-29i+ (2N +2)

Line L is parallel to 5i + 2j and so (5i + 2j). AP 0
55M-29)+2Q2M+2) = O
giving M o= 4

H
Hence AP = —4i + 10j and so |A—P>| = 2329.
The perpendicular distance from the point A to the line L is 2+/29 units.

Exercise 4F

1 The sketch on the right shows a ship travelling with constant
velocity (10i + 5j) km/h.

The path of the ship will take it past a fixed offshore drilling
platform P.

At 8 a.m. the situation is as shown in the sketch with the platform
having a position vector of (251 + 15j) relative to the ship. How
close does the ship come to the drilling platform and when does
this closest approach occur?

2 At time 7 =0 seconds particles A and B are moving with velocities

(_1(2)) m/s and (:é) m/s respectively, the position vector of B

relative to A being (_112) m.

Assuming A and B maintain these velocities find the least distance
of separation between the particles in the subsequent motion and
the value of 7 for which it occurs.
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3 With respect to the location of a mouse, a snake lies in wait at (5i + 6j) m. The mouse moves in
a direction parallel to the vector i + 2j. The snake, being vectorially astute (!), makes its move when
the mouse is at the point on its path that is closest to the snake. If this closest distance is x m then:

If x<1 the snake is certain to catch the mouse.
If I<x<2 the snake is more likely to catch the mouse than miss it.
If x=2 the mouse is more likely to escape.

Calculate the value of x and state what is likely to happen.

4 Particles A and B have constant velocities of (31 + 4j) cm/s and —3i cm/s respectively. When
t =0 seconds B’s position relative to A is (40i + 5j) cm. Find the least distance between the
particles during the subsequent motion and the value of ¢ for which it occurs.

5 At 3 a.m. one day the position vectors (r km) and velocity vectors (v km/h) of two ships A and B

are as follows:
30 10
= (o) = ()
54 -8
n = () w = ()

If the ships continue with these velocities what will be the minimum distance they are apart in the
subsequent motion?

6 Attime 7 =0 seconds the position vectors (r m) and velocity vectors (v m/s) of two particles A and
B are as given below:

20i - 10j Va 4+ 5j

161 + 23 vg = 6i-3j

If the particles continue with these velocities what will be the minimum distance they are apart
in the subsequent motion?

Ty

Iy

7 Find the perpendicular distance from the point A, position vector 14i — 3j, to the line L, vector
equation r = =51 + 22j + A(51 - 2j).

8 Find the perpendicular distance from the point A, position vector (1 1), to the line L, vector

18
ti -(° +A ;
equationr=| , 4]

9 Find the perpendicular distance from the point A, position vector (_;), to the line L, vector

tionr = -3 +A 2
equationr=| S

MATHEMATICS SPECIALIST Units 3 & 4 ISBN 9780170395274



Miscellaneous exercise four

This miscellaneous exercise may include questions involving the work of this chapter,
the work of any previous chapters, and the ideas mentioned in the Preliminary work section
at the beginning of the book.

1 Prove that the lines L; and L, are perpendicular given that

L, has equation r=2i+7j+M10i + 4j)
and L, has equation r=3i-4+u-2i+5j).
2 Write the equations of each of the absolute value functions shown below.
a ) b y
10 10+

T
-10 =5 1 5% -5 8 5 10~

|
“n
I
w
]

3 Find the radius and the cartesian coordinates of the centre of each of the following circles.

a |r-(7i-j|=5 b |r-7i-j|=6

c £ +y' =18 d @-17+@+8)7’=75

e &4y +2x=14y+50 f P+ 100+ =151+ 14y

y

4 The graph of y = f(x) is shown on the right. ]

Produce sketch graphs of each of the following: 5{

a y=+@ b y=fw

¢ y=lf) d y=/(s)

T 5\/510
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6 Given that f(x) =1-

30 — 112 + 25x = 25 = (ax — b)(x* + cx + 5) for real integers 4, b and ¢. Determine #, b and c.

Showing full algebraic reasoning, find all values of «, real and complex, for which
307 — 112 +25x - 25 =0.

Check your answers to b using a calculator.

determine

1
V4 -

a f(=21), b fIfB)

Viewing the graph of f(x) on your calculator if you wish, determine

C
e

the domain of f; d the range of f.

State the domain and range of f " and find its rule.

[T, o g
Express the complex number 2z = 2cis (g) in cartesian form, 2 + ib.

Express the complex number w = —1— /37 in polar form, 7cis®, with 7> 0 and -t < 6 < .

Express zw in both polar and cartesian form.

z . .
Express — in both polar and cartesian form.
w

8 For each of the following determine whether the given straight line cuts the circle in two places,
touches it tangentially or does not touch or cut it at all. For those parts in which the line and the
circle do meet give the position vector(s) of the point(s) of contact.

a
b

C

The line r =—-10i + 24j + A(51 +j) and the circle |r —(34i+ 12j)| = 24/130.
The line r =—i + 5j + A3i — ) and the circle |r—(3i+j)| = /5.
The line r =—i + 7j + A1 + 3j) and the circle |r —(4i+ 2])| = 24/10.

9 Without simply using de Moivre’s theorem, prove that if cis® = cos 6 + isin 6 then

10 a

b

1
—— =cis(-0).
cis© cis (=6)

If z = cos 8 + 7sin 6 use de Moivre’s theorem to prove that:

2 + zik = 2 cos (k0)

If k=1 then it follows that z + L =2cos0
z

Use this fact and the result from @ to prove:
_ cos (39): 3cos0O i costoo €O (40) + Zcos (20)+3

i cos’0
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Vectors in three
dimensions

* Three-dimensional vectors

* The angle between two lines

® Vector product (cross product)

* Vector equation of a line

® Vector equation of a plane

e Given three points that lie in the plane
* Interception/collision

® Vector equation of a sphere

e Distance from a point fo a line revisited

¢ Miscellaneous exercise five



The section on vectors in the Preliminary work section only involved vectors in
two dimensions, as did the vector work of chapter 4. The unit vectors i and j
were used to express such two-dimensional vectors in component form.

We take i and j to be unit vectors in the direction of the positive x- and
y-axes as shown on the right.

"To consider vectors in three dimensions we need a third unit vector, k,
perpendicular to i and j and acting along a z-axis. The positive direction
of this z-axis will either be into, or out of, the page.

"To determine which of these directions to choose we use the ‘right

hand screw’ convention. If we imagine a normal screw at the origin,
perpendicular to the x-y plane, being screwed from «x to y then the direction
in which the screw will move gives the positive direction of the z-axis.

Alternatively, with your right hand, point your first finger (index finger)

in the positive direction of the x-axis and your middle finger in the positive
direction of the y-axis. Your thumb then gives the positive direction of

the z-axis.

Thus with i and j as shown the third unit vector, k, will be as illustrated
on the right, i.e. out of the page.

If we draw x and y axes differently then these right hand
rules again allow the direction of the positive z-axis to
be determined.

The vector ideas we have developed for vectors in two dimensions can simply be extended to
three dimensions.

For example if a = 2i+3j—-4k and b = 5i-2j+7k  then:

a+b = Qi+3j—4k) +(5i-2j+7k) a-b = Qi+3j—4k) - (5i-2j+7k)
= 7i+j+3k = 3i+5j-11k
2a = 2Qi+3j-4k) a.b = (i+3j-4k).(5i-2j+7k)
= 4i+6j-8k = @06)+ )=+ H(T)
= -24

Which of the following will be |a|:
J? +3) +(—4) or JP +6) +(-4)2

Attempt the situation on the next page.
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It was the year 2100 and, as coincidence would have it, that was also the time of day. Space travel was
commonplace. The person-made space station located at (0, 0, 0) was the space traffic control point.
The locations of other space stations, planets and space vehicles were then given with respect to (0, 0, 0).

Victor Lim was on space traffic control duty on space station (0, 0, 0) and was in radio contact with
three Space Buses A, B and C.

Space Bus A was piloted by Captain Hector.
Space Bus B was piloted by Captain Over.
Space Bus C was piloted by Captain Rover.

‘What’s my vector, Victor? Over.” said Hector.
“You’re at 1000i — 1500j + 3000k, Hector’ replied Victor. “What’s your velocity? Over.
‘Do you want it as a vector, Victor? Over.

‘Yes, please. A vector, Hector. Over.” said Victor, wondering how else Captain Hector thought he would
give his velocity.

‘It’s 25001 + 3000j — 2000k, over.’

No sooner had Victor checked that the voice input device had correctly assimilated and confirmed
the data contained in the conversation than the radio again crackled into life. It was Space Bus B and
Captain Over.

‘Hi Victor, it’s Over, over?’

‘What’s over? Over.” replied Victor.

‘Nothing’s over, Victor, it’s me Captain Over. I'm just confirming my velocity vector, Victor.

It’s —2700i — 900j — 1800k, can you confirm my position vector, Victor? Over.

‘It’s 22001 + 300j + 6600k, Over. Over.

“Thank you, said Over. ‘Over.’

‘Is that you, Rover? Over.’

‘Yes,” said Rover. ‘My velocity vector is 3600i + 1800j — 450k, Victor. What’s my position vector? Over.
‘It’s 100i — 600j + 6150k. Over.

“Thanks Victor. Over.’

Questions

Assume that all of the above vectors describe the situation at 2100 hours.
Assume also that distances are in kilometres and velocities in km/h.

1 How far was Hector from Victor at 2100 hours?

2 How far was Hector from Over at 2100 hours?

3 What was Rover’s speed at 2100 hours?

4 On what vector from Hector is Rover at 2100 hours?
5

Show that unless Over and/or Rover change course they will collide and find the time this would
occur and the position vector of the location.

o

What is the closest distance Hector comes to Victor and when does this closest distance occur?
(Give distance to the nearest kilometre and time to the nearest minute.)

7 When is Hector closest to Over? (Answer to the nearest minute and assume it was not Over that
changed course to avoid collision with Rover.)
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The previous situation rather ‘threw you in the deep end’ with regard to vectors in three dimensions.
However the techniques involved are the same as we used for similar situations involving two
dimensions, we simply extend these ideas to involve the third dimension. Well done if you managed
the situation but do not be too worried if you found it challenging, as it was not an easy situation.

Whether you managed the previous situation or not, read through the following examples as they show
how the two-dimensional vector ideas you are already familiar with can be extended to three dimensions.
Note especially examples 2 and 4 which use the column matrix form of representing a vector.

a
In this form of representation the vector ai + bj + ck is written | b |.
c

You may find this column matrix a particularly useful form of representation when three dimensions
are involved.

Ifa=14i-5j+2kand b=1i+2j+ 3k find

a+b 2a-b |a| a unit vector parallel to a.

a+b = (14i-5j+2k) +({+2j+3k)
= 15i-3j+5k

2a-b = 2(14i-5j+2k) - (i+2j+3k)
= (28i-10j+4k) — (i +2j + 3k)
= 27i-12j+k

la| = |14i-S5j+2K|
= a4 + (=5 + 2
= 15

A unit vector parallel to a is %(14i —-5j+2k).

iStock.com/mapichai
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1 6
Point A has position vector | 5 | and point B has position vector | 5 |.
4 -6

Find the position vector of the point P that divides AB internally in the ratio 2:3.

If P divides AB in the ratio 2:3 then ﬁ : lﬁ) =2:3, as shown in the
diagram on the right.

—> — —
OP = OA+AP
=2 ) ==
= OA+-AB
5
1 1 6 5
N
But OA = |5 and AB = |5+ 5| = 0
4 4 -6 -10
1 5 3
— 2
op = 5+§ 0 = |5
4 -10 0

3
"The point that divides AB internally in the ratio 2:3 has position vector | 5 |.
0

In two dimensions two lines that are not parallel must cut each other
somewhere. This is not the case in three dimensions where two
non-parallel lines may be such that they have no point in common.
"This is the case with the lines EA and BC in the square based
pyramid ABCDE shown on the right. EA and BC do not intersect.
They are said to be skew lines. Skew lines do not intersect and are
not parallel.

We can still refer to the angle between skew lines but in this case
we mean the angle between one of the skew lines and another line
drawn parallel to the second skew line and intersecting the first.

Thus the angle between the skew lines EA and BC would be
ZEAD because AD is parallel to BC and does meet EA.

Units 3 & 4
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The diagram shows a rectangular prism ABCDEFGH. H G

AB =6 cm,BC=4cmand CG =3 cm. . i F 3 em
Use vector techniques to find, in degrees and correct to Qi ,,,,,,,, T
one decimal place: yd 4 em
Z/FDB, A 6 cm B
the acute angle between the skew lines DB and HE.
Consider x, y and z-axes as shown on the right. ¥
Then DF = 6i+3j+4k
- H €
and DB = 6i+4k. T
— — E F
DF.DB = (6)(6)+(3)(0)+®H#) D
= 52 C X
- 52 = 62432 +4262 + 0% +4% cos LFDB A B
giving ZFDB = 22.6° .
— —>
DB.HE = (6i+4k).(4k)
= 16
16 = ~6°+4%(4)cos® where 0 is the required angle.
8 = 563°

The acute angle between the skew lines DB and HE is approximately 56.3°.

Ifa=2i+j-kb=3i-2j+4k,c=i-2j+kand d=9i+ 5j + 2k express d in the form Aa + ub + nc.

9 2 3 1
51 = Al 1l{+u|-2|+n|-2
2 -1 4 1
4 )\
Hence 9 = 2A+3u+n 9=2L+3u+n
5 = A=2u-2n 5=A-2u-2n
2 = —A+4u+n 2=-A+4p+nA, 1w, M
Solving simultaneously, with the assistance of
a calculator, gives {A=3n=2n=-3}
A=3,u=2andn=-3.
Thus d = 3a+2b-3c \ J

Note: Chapter Six, Systems of linear equations, will consider the solution of three equations in three
unknowns in more detail. For now, use your calculator to solve the equations simultaneously.
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Exercise 5A

1 Copy each of the following and indicate on your drawing the direction of the positive z-axis.

a b | c
: X
2 Jfa=2i+6j+3kandb=3i+8j-kfind
a a+b b a-b ¢ 2a+b d 2@a+b)
e a.b f b.a g |a h |a+Db]
-1 2
3 Ifc=| 4|andd=| 0 | find
3 4
a c+d b c-d ¢ 2c+d d 2(c+d
e c.d f d.c g |c| h |c+d|
4 Ife=<l1,4,-3>and f=<-1,2,0> find
a e—f b e-2f ¢ 2e+f d e+f
e e.f f  (2e).03f) g (e-f).(e-f) h |e—f]

5 A, B and C have position vectors 2i + 3j — 4k, 3i + 2j + k and —-5i — j + k respectively.
Express the following in the form ai + bj + ck.

— — — —
a AB b BC ¢ CA d AC
3 4 2 4
6 Itp=|2|,q=|-1|, r={0|ands=]| 1| find
1 3 1 3
a ptq b q+r ¢ (p+9.(q+1

7 Ifu=3i-2j+c6kandv=2i+14j+ 5k find
a |u b |v| c u.wv
d the angle between u and v.

8 Points A and B have position vectors i +j — k and 2i —j + 2k respectively, with respect to an
origin O. Find the size of ZAOB correct to the nearest degree.
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9 Find the angle between p = —i + 2j + k and q = —i +j — 2k, giving your answer correct to the
nearest degree.

2 3
10 Find the angle between s =| 1|and t=| 0 |, correct to the nearest degree.
-1 3

11 Ifr=2i-3j+6kands=3i+4kfind
a  aunit vector in the same direction as r,
b  avector in the same direction as r but equal in magnitude to s,
¢ avector in the same direction as s but equal in magnitude to r,

d the angle between r and s (to the nearest degree).

12 For each of the following, state whether the given pair of vectors are parallel, perpendicular or
neither of these.

a 2i-3j+kand4i-6j+2k b 3i+2j-kandi-j+3k
¢ <1,3,-2>and<-2,3, 1> d <1,2,3>and<3,3,-3>
3 5 -2 1 3 6
e 2 |and | -7 f 6 | and | -3 g |1|and| 2
-1 1 8 4 5 —4

13 Find the magnitude of the resultant of the three forces
F =Gi+10j+5k)N, F,=Gi+5j+5k)N and F;=(-2i+3j-kN.

H
14 Point A has position vector 2i + 3j — 4k and BA = —i + 3j + 4k. Find the position vector of B.

7 3
15 Find vectorsa and bsuch thata+b=|1|anda-b=| 3|.
2 4
2 4 7 3
16 Ifa=|{3|,b=|6|,c=| ¢|andd=|—4 | find P, ¢ and 7 given that:
1 P -2 r b is parallel to a,

c is perpendicular to a,

d is perpendicular to b.

17 A particle has an initial position vector of (-4i — 4j + 11k) m with respect to an origin O.
The particle moves with constant velocity of (2i + 4j — 2k) m/s. What will be the position
vector of the particle after a 1 second?

b 2 seconds?
¢ How far will the particle be from O after 3 seconds?

d  After how many seconds will the particle be 15 metres from O?
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18

19

20

21

22

23

24

25

26

Points A, B and C have position vectors 7i + 5j, 31 +j — 4k and 2i — Sk respectively.
Prove that A, B and C are collinear.

3 -2
Points A and B have position vectors | 4 | and | 9 | respectively. Find the position vector of the
4 -1

point that divides AB internally in the ratio 2:3.

Points A and B have position vectors 3i + 2j — k and 4i — j + k respectively. Find the position vector
of the point P ifAB = BP .

A and B have position vectors 5i — 2j + 3k and 9i + 6j — 9k respectively. Find the position vector of
the point P ifAP : AB =3:4.

Points A, B and C have position vectors 2i + 3j + 2k, 3k and 4i — 3j + 2k respectively.
Prove that AABC is right-angled.

Find the acute angles that the vector a = 2i + 3j — k makes with the x-, y- and z-axes.
(Hint: Consider a.1i.)

Ifa=i-2j+3k,b=2i+j-kand c=4i-j+ 3k express each of the following in the form
Aa+ub +nc.

d="7i-5j+ 10k, e=1i-5j+8k, f=2j-2k

A rectangular block ABCDEFGH is placed with DC i

along the x-axis, DA along the z-axis and DH along i

the y-axis (see diagram). IHL »C

AB =10 cm, BC=4 cm and AE =3 cm. ‘ } F

Iison HE and HI =1 cm. 3 5 SERE R S S -
cm|  7r C x

"The unit vectors i, j and k are along the x-, y- and AL dem

z-axes respectively. /’ 10 cm B

— — —
a Find DC,DB and DI in the form ai + 4j + ck.
b  Use vector techniques to determine ZIDB to the nearest degree.
The right pyramid ABCDE is shown on the right
with the coordinates of the vertices as indicated.

Use vector techniques to determine

a ZOAE,
b the acute angle between the skew lines AE
and DB.

e I N )
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-3\ (3 2
27 Points A, B and C have position vectors | 1|, | 3 |and| 1 | respectively.
2) 3 6

— — —
a Find AB, BC and AC.
b Prove that AABC is isosceles.
— —
¢ Find AC.AC
d Find the angles of the triangle.
28 The diagram below left shows a cube OABCDEFG with

—> —> —>
OA =1i + 0j + 0k, OC =0i + 1j + 0k, OD = 0i + 0j + 1k.
! G ) G
i i
I I
1 F 1
D} '
B B
0 0
AT N

Prove that OBGE is a regular tetrahedron. (A regular tetrahedron has four congruent equilateral
triangular faces.)
29 The diagram, right, shows a rectangular prism OABCDEFG with E F

— — —
OA =a, OC =c, and OD =d.
Prove that the diagonals OF, AG, BD and CE intersect at their mid-points.

30 The diagram, right, shows a tetrahedron OABC with

— — —

OA =a, OB =b, and OC =c.

The tetrahedron has three pairs of opposite edges:
OC and BA, OB and CA, OA and CB.

Prove that if any two of these pairs involve perpendicular sides, a
e.g. OC perpendicular to BA and OB perpendicular to CA,

then the third pair also involves perpendicular sides, i.e. OA

is perpendicular to CB.
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The point was made in the book for Unit One of the Mathematics Specialist course that the idea of
forming a product of two vectors may initially seem rather confusing. How do we multiply together
quantities which have magnitude and direction? Whilst we could define what we mean by vector
multiplication in all sorts of ways there are two methods of performing vector multiplication that prove
to be useful. One method of vector multiplication gives an answer that is a scalar. This is the scalar
product, a concept we are already familiar with. A second method gives an answer that is a vector.

We call this the vector product, a concept that we will consider now.

For vectors a and b the vector product is written a X b, is also referred to as the cross product and is a vector
perpendicular to both a and b. We say that a x b is a vector normal to the plane containing a and b.

Suppose, for example, that a = 2i+3j-75k,

and b = i-2j+3k
Using a calculator axb = -i-11j-7k ’ )
The working below confirms that this vector is perpendicular p § 21
to both a and b: crossP( = | _3 )
(2i+3j-5k).(-i-11j-7k) = -2-33+35 1
=0 11
(i-2j+3k).(-i-11j-7k) = -1+22-21 -7
— 0 \ J

"The vector product of two vectors can be determined from the i-j-k components as follows.

It a = ait+tajt+ak
then ax b = (azb3 - a3b2)i - (alb3 - 33b1)j + (albz - azbl)k
"This formula may appear complicated but if we write 2 S to represent ad — be (which you may
c
recognise as the determinant of the 2 x 2 matrix) then:
i j k
a4 2 a3 4 4 a a2 Ay
by b, b; by b, b; by b, b;
a4 a4 dp 43 a A
b, by - by by " by b,
ax b = (32b3 - a3b2)i - (alb3 - a3b1)i + (alb2 - azbl)k
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With c=4i-j+3k  and d=-i+2j—-k  determine ¢ x d and confirm that your
answer is indeed a vector that is perpendicular to both ¢ and d.

4 -1 3
—1 2 -1
cxd = (1-6)i-(-4+3)j+@B-1k
= =Si+j+7k
c.(-5i+j+7k) = (@i-j+3k).(-5i+j+7k)
= —20-1+21
= 0 —5i+j + 7k is perpendicular to c.
d.(-5i+j+7k) = (-i+2j—k).(-5i+j+7k)
= 5+2-7
= 0 —5i+j + 7k is perpendicular to d.

Note ® 'The syllabus for this unit, at the time of writing, says that students studying the unit should
be able to ‘use the cross product to determine a vector mormal to a given plane’. Whilst we will
concentrate on such use in this book it is also worth noting that just as the scalar product,
in addition to being determinable from the i-j-k components, also has the meaning

a.b = |a||b|cos, where 8 is the angle between a and b,
then so, not proved here,
laxb| = |al|b|sin®, where 6 is the angle between a and b.

If 1 is a unit vector (i.e. a vector of unit length) in the direction of a x b then this could
be written

axb = |a||b|sin6n.
* The previous dot point means that we can interpret |a x b|

as being the area of a parallelogram that has a and b as
adjacent sides.

* 'There are two possible directions for a vector perpendicular
to the plane containing vector a and b, as the vectors n; [ y
and n, indicate in the diagram on the right. To determine
which of these is the direction of a X b we again use the
right hand screw rule. If we rotate a normal screw from
a to b, the direction the screw would move tells us the
direction of a x b. In this case the direction of n;.

b x a would be in the direction of n,.
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Exercise 5B

1 The fact that|a x b| =|a||b|sin 6 means that two parallel vectors should have a cross product equal

to the zero vector.

Prove that the method for determining the cross product of two vectors from their i-j-k
components also gives the zero vector if the two vectors are parallel.

2 Witha=2i+3j—kandb=-i+3j+k determine the vector product a x b and confirm that your
answer is indeed a vector that is perpendicular to both a and b.

3 With ¢=5i+kandd=1i+j+k determine the vector product ¢ X d and confirm that your answer

is indeed a vector that is perpendicular to both ¢ and d.

4 With p=i+3j-2kand q=-i+ 6j — 4k determine the vector product p X q and confirm that
your answer is indeed a vector that is perpendicular to both p and q.

5 Without applying the formula, but just by applying some thought, what would you expecta x b
toequalifa=iand b=j?

Now apply the formula for determining the cross product of two vectors from their i-j-k
components to determine i Xj .

6 a Ifa=—i+2j—kandb=-3i+2j—kdetermine ax b and hence|a x b|.
b  Use the scalar product to determine, 6, the angle between the two vectors, and hence
determine |a x b| using the fact that |a x b| =|a||b|sin6.
7 Determine a unit vector normal to the plane containing the vectors:

p=2i-3j+k and q=i+2j-3k

1 -2 0
8 The three points A, B and C, have position vectors | 1|, | 1| and| 2 | respectively.
1 3 1

Find a unit vector perpendicular to the plane containing A, B and C.

The vector equation of a line must be some rule that the position vector
of all points on the line obey whilst all points not on the line do not obey.
This can be done in three dimensions, just as it could in two dimensions,

by the rule

r=a+Ab
where a is the position vector of one point on the line, S
b is a vector parallel to the line e
and A is some scalar. P

However, whilst in two dimensions we also had the scalar product form of the vector equation of
a straight line, r.n = ¢ (= a.n) as mentioned in the previous chapter, this is not the case in three

dimensions. This is because, in three dimensions, there are many lines that pass through the point with

position vector a and are perpendicular to vector n. These lines together form the plane perpendicular
to n and containing the point with position vector a, as we will see when we consider the vector
equation of a plane.
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A line passes through the point with position vector 2i —j + 3k and is parallel to i +j + k.
Find the vector equation of the line,
the parametric equations of the line.

A line through A, position vector a, parallel to b, has equation r = a + Ab.

Thus the given line has vector equation  r = 2i—j+3k+AG{+j+k).
If r=xi+yj+zk  then dM+yj+zk = 2i—j+3k+Ai+j+k).
x=2+A
Thus the parametric equations are: y=—1+2A
z2=3+1A

Note: Eliminating A from the parametric equations give the set of equations:
x=2 = y+1 = z-3.
ai+ bj + ck + A(pi + gj + 7k)

"To generalise, the vector equation r

. - -b -
will give: GAmL = 22f

p q r
These are the cartesian equations of a line through (4, b, ¢) and parallel to the vector pi + ¢j + 7k.
This is mentioned here for the sake of completeness. The set of cartesian equations for a line

in three-dimensional space is not specifically mentioned in the syllabus for this unit.

7 2 0 1
Show that the lines Li: r=| 3|+A| 4 and L,y r=|-1|+u| 0] intersect and
-2 -1 14 -3

find the position vector of this point of intersection.

If the lines intersect there must exist values of A and p for which

7 2 0 1
31+ 4| = -1{+u| O
=2 -1 -14 -3
ie. 7+20 = LW, (1]
3440 = -1, 2
and -2-A = 14-3u [3]
Solving [1] and [2] gives A= -1 and L o= 5,
values which are consistent with equation [3]: -2+1 = 14-15
5
Hence L; and L, intersect at the point with position vector | —1 |.
-1
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The vector equation of a plane needs to be a rule y
that the position vector of all points lying in the

plane obey, and that all points not in the plane —=
do not obey. b e
R
One way this can be achieved is to give the A et
4
general position vector, r, in terms of a, the P s
. . i
position vector of one point in the plane, b r

and two other non-parallel vectors, b and c,
that are parallel to the plane.

Le. r=a+Ab+uc x

The plane containing a point with position vector a and parallel to the non-parallel vectors b and ¢
has equationr=a + Ab + Lc .

3 2 1
For example, the plane containing point A, position vector | 2 | and parallel to| 3 [and | §
-1 1 4
3 2 1
has equation: r = 20+A 3 [+u| 5|
-1 1 4
Alternatively the plane can be defined by giving a, y N
the position vector of one point in the plane, and
n, a vector that is perpendicular to the plane.
It then follows that
r—a R
(r-ay.n = 0 LA 7
i.e. r.n = a.n E J ,//
ie. rmn = ¢ |
a T

Thus, in three dimensions, r.n = ¢ is the equation
of a plane.

The plane containing a point with position vector a and perpendicular to the vector n has equation
(r—-a).n=0.

Knowing a and n this becomes r.n = ¢, where c=a.n.
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1 1

For example, the plane containing point A, position vector | 4 | and perpendicular to | -1 | has

the equation: r.|-1

ie.

Writing r as | y | this becomes y .-

ie.

2 3

Il
N
|

X X 1

Il
w

Z 2z 3

x—y+3z = 3

This is the cartesian equation of the plane. Notice that the coefficients of v, y and z, i.e. (1, -1, 3)
allow us to quickly determine a vector perpendicular to the plane, i.e. the vector i —j + 3k.

Line L has vector equation: r = 7i+3j+5k+A(GBi—j+2k)
Plane IT has vector equation: r.(5i+3j-6k) = 14

Show that point A, position vector i + 5j + k, lies on L and in TT.
Show that line L lies in the plane IT.

If A lies on L there must exist some A for which
i+5j+k = 7i+3j+5k+A(3i-j+2k)

ie.1=7+3\A=-2), 5=3-AR=-2) and 1=5+2\A=-2).
Hence such a value of A does exist and so point A lies on L.
Also i+5j+k .(Gi+3j-6k) = 5+15-6

= 14

The position vector of A satisfies the equation of I1. Point A lies in IT.

If two points on L lie in IT then the line must lie in the plane. We already know A is on the line
and in the plane. With A = 0 we have 7i + 3j + 5k, the position vector of another point on the line.

Also (7i+3j+5k) . (5i+3j-6k) = 14
Thus we have two points on L that lie in the plane IT. The line L lies in IT.
Alternatively ®  show thatr=7i+ 3j+ Sk+ A (3i —j + 2Kk) satisfies r.(5i + 3j — 6k) = 14 for all A
or * show that L is also perpendicular to 5i + 3j — 6k, and hence, with one point
known to be in common, L lies in IT.
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Find, in the form r = a + Ab + ¢, the vector equation of the plane containing the line with vector

-1 2 -1
equationr=| 3 [+A| 4 |and the point| 5 |.
5 =l 3
2 2
The given line is parallel to| 4 | and so the plane must be parallel to | 4 |.
-1 -1
-1
Putting A = 0 gives the point| 3 | as a point on the line, and hence in the plane. Thus
5
-1 -1 0
51— 3|,1.e| 2|, mustbe avector parallel to the plane.
3 5 =2
-1 2 0
The required equation can be written: r = S51+A] 4 |+u| 2
3 -1 —2

Find the position vector of the point where the line
r = 2i+3j-k+A(i+4-2k
meets the plane r.3i+j+k) = 1.

The position vector of the point where the line meets the plane will ‘fit’ both the equation of the
line and that of the plane. If this position vector is a then
a = 2i+3j-k+A(i+4-2k

and a.(3i+j+k) = 1
2+A -3

Thus 3440 || 1| =1

-1-2A 1
o —6-3A+3+4A-1-2A = 1
Solving gives A = =5
Hence a = 2i+3j-k-5G1+4-2k

= -3i-17j+9%

The line meets the plane at the point with position vector —3i — 17j + 9k.

Note that whilst the matrix form of vector representation was used for a while in the working of the
previous example the final answer was given in the format used in the question, i.e. in the form i + 4j + ck.
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A plane can also be uniquely defined by giving Y
three non-collinear points that lie in the plane.

Hence, given three such points we should be able

to determine the equation of the plane.

A plane contains three points, position vectors ~ —2i—2j +k,
10i - 6j - 3k,
and  -9i+5j+4k
Find the vector equation of the plane in the form
ax+by+cz=d
r.n=c

r=a+Ab+c

The coordinates (-2, -2, 1), (10, -6, —3) and (-9, 5, 4) must each ‘fit’ the equation ax + by + cz = d.

2a-2b+c=d
Hence 10a—6b-3c=d
—Oa+5b+4c=d
With the assistance of a calculator we solve for q )
a, b and ¢ to obtain each in terms of 4: —2a-2b+c=d
5 { 7 10a-6b-3c=d
ﬂ=§d, b=—§d, €=§d- —9a+5b+4c=d |ab,c
Hence the equation is of the form {a - 2_d b= __d c= E}
) 1 7 5 5 5
—dv——dy+—-dz = d.
5 5 5 \ y

Dividing by 4 and multiplying by 5 the equation can be written as
x—y+7z = 5
From our answer to @ the vector 2i —j + 7k is perpendicular to the plane.

Hence the required equation is

r.Qi-j+7%) = 5
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Note

Alternatively we could use the cross product to determine a vector perpendicular to the plane,
as shown below.
With points with position vectors —2i — 2j + k, 10i — 6j — 3k and —9i + 5j + 4k lying in the
plane it follows that

(10i - 6j — 3k) — (-2i - 2j + k) and (10i - 6j — 3k) — (-9i + 5j + 4k)
ie. 12i — 45 -4k and 19i-11j-7k
must be parallel to the plane.

N\
J

Thus a vector perpendicular to the plane will be
Bi-j-k) x(19-11j-7k) 3 19
= —4i+2j-14k crossP( -1 |,| -11 |)
= 2Qi-j+7Kk). 1 =7
i.e. 2i—j + 7k is perpendicular to the plane. -4
2
14
G J
The required equationis  r.Qi—j+7k) = (-2i-2j+k).Q2i—j+7k)
giving r.2i—-j+7k) = 5, asbefore.

We determined above that the vectors 12i — 4j — 4k and 19i — 11j — 7k are parallel to the plane.
Hence the required equation can be written

r o= —2i-2j+k+A(12i—4j—4k) +p(19i— 11— 7k)

*  We could equally well have written the answer to part ¢ as:
r = 10i-6j—-3k+A(12i—4j —4k) + u(19i - 11j - 7k)
or even (needs thought):
r = 10i-6j-3k+AGi—j—-k)+u-19+11j+ 7k)
or even (needs more thought):
r = -9i+5j+4k+M7i-7j-3k)+u-3i+j+k).
Whilst these equations may appear different they all define the same plane, the plane with
cartesian equation 2x —y + 7z = 5.
¢ Justification that our answer to part ¢, i.e.
r = 2i-2j+k+A(12i-4-4k)+n (191 - 11j - 7k)
is equivalent to the cartesian equation 2x — y + 7z = 5 follows:

Substituting r = xi + yj + zk leads us to the equations:

x = —2+120+19u [1]
y = —2-4r-1lu 2]
2 = 1-4r-Tu 3]
2] - [3] gives yoz=-3—4u ie. u=_3_4y+z
. . l1—x -3z
[1] + 3 x [3] gives x+3z=1-2u 1.e. W= >

3-y+z l-x-3z
4 2
which simplifies to 2x —y + 7z = 5, as required.

Hence
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When we restricted our attention to two dimensions we found the vector equation of a line a useful
approach when solving interception/collision questions.

When solving such questions we tended to replace A in the equation r = a + Ab by ¢, for time.

"This approach can also be used for these questions when three-dimensional space is involved, as the
next example shows.

At time 7 = 0 the position vectors (r m) and velocity vectors (v m/s) of two particles A and B are as
given below:

5 2 -10 3
ry = -3 VA = 1 rg = 27 Vg = -1
7 4 -8 5

Show that if the particles continue with these velocities they will collide and find the time of
collision and the position vector of its location.

At time 7 seconds the position vectors of A and B will be r,(#) and ry(?) with:

5 2 -10 3
ry = |-3[+z|1 and rgt) = 27 |+¢t| -1].
7) 4 -8 5

For collision to occur there must be some value of  for which

5 2 -10 3
3|+t 1| = 27 |+t -1].
7 4 -8 5
Le. 542t = -10+3¢ Solving gives ¢t =15.
3+t = 27—t Solving gives t = 15.
and 7+4t = -8+5t Solving gives t = 15.
35
The particles will collide when # = 15 at the point with position vector | 12 |.
67
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Exercise 5C

1 Aline passes through the point with position vector ~ 3i+2j -k
and is parallel to ~ 2i —j + 2k.

Find a the vector equation of the line,

b  the parametric equations of the line.

2 A line passes through point A, position vector 4i + 2j + 3k, and point B, position vector 3i +j + k.
Find a the vector equation of the line,

b the parametric equations of the line.

3 Write a vector equation for the plane that is perpendicular to the vector 3i —j + Sk and that
contains the point A, position vector 2i — 3j + 2k.

4 Write a vector equation for the plane that contains the point A, position vector | 1|, and that
-3
5
is perpendicular to the vector | 1 |.
3

5 Write a vector equation for the plane that contains the point A, 2i + 3j — 2k, and that is parallel
to the vectors 2i +j and 3i — 4j + 6k.

-3
6 Write a vector equation for the plane that contains the point A, | 2 |, and that is parallel to the
2 1 -1
vectors | O |and | -3 |.
-3 2

7 The point with position vector i + 7j + 5k lies on the line with vector equation
r=2i+b—k+A-3i+j+2k).

Determine the values of the constants # and b.

3
8 Write the cartesian equation of the plane with vector equation r.| 2 [=21.
-1

9 State the vector equation r.n = ¢ for the plane with cartesian equation

20 =3y+7z=35

10 Prove that the line r=2i+ 8j — 3k + M(—6i — 4j + 2k) is perpendicular to the plane
r.Gi+2j-k)=c
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10 4 0 -1
11 Show that the lines L r=| 5|+A| 1 and L,y r=| 8|+u|-3|intersectand
-2 -2 -6 5

find the position vector of this point of intersection.
12 Show that the lines L;: r i-2j+3k+A-i+3j+2k)

and Ly r 3i+ 13j — 15k + pu (—i + 4k)
intersect and find the position vector of this point of intersection.

13 Line L, has equation: r = 13i+j+8k+AQ2i—j+3k).
Line L, has equation: r 12i + 2j + 6k + u(5i + 3j — 8k).
Line L; has equation: r =5i+2j-3k+BRi+j-k).

a Prove thatlines L; and L, do not intersect.

b  Prove that lines L; and L; intersect, find the position vector of the point of intersection and
determine the angle between the lines.

14 Line L has vector equation: r = i-2j+5k+A(5i+3j-2k)
Plane IT has vector equation: r.(-i+3j+2k) = 3

a Show that point A, position vector —4i — 5j + 7k, lies on L.

b  Show that point B, position vector 10i + 3j + 2k, does not lie on L.
¢ Show that points A and B both lie in the plane IT.

d Show that line L lies in the plane IT.

15 At time 7 =0 the position vectors (r m) and velocity vectors (v m/sec) of two particles A and B are

as follows:
-10 5 -3 4
I‘A = 20 VA = _10 I‘B = _8 VB = _6
-12 6 2 4

Show that if the particles continue with these velocities they will collide and find the time of
collision and the position vector of its location.

16 Find, in the form r =a + Ab + ¢, the vector equation of the plane containing the line

2 1 1
r=|2 (+A| -3 |and the point | 2 |.
1 -5 0

Find the cartesian equation of this plane.

Hence express the equation of the plane in the form r.n=c.
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17

18

19

20

21

Find the position vector of the point where the line
r = 2i+13j+k+A-+3j-2k)
meets the plane r.Ci-j-k)=11
Relative to a tracking station situated in space, the position vectors (r km) and velocity vectors
(v km/h) of a spacecraft and of a piece of space debris at time # = 0 hours were as given below.
Fyepis = 12001 +3000j + 900k, Vaeis = 2000i — 3600j + 1000k.
Foccenc = 57501 — 132505 + 3370k, = 600i + 1400j + 240k.

Prove that if these velocities are maintained the spacecraft and the space debris will collide, and
find the value of 7 for which this collision occurs.

Vspacecraft

A military fighter plane A wishes to intercept a supply plane B for mid-air refuelling. When the
fighter pilot receives instructions to immediately change course and intercept B his position vector
is (801 + 400j + 3k) km. At that time B has position vector (150i + 470j + 2k) km and is maintaining
a constant velocity of (3001 + 180j) km/h.

If the interception occurs 10 minutes later find the constant velocity maintained by the fighter
during these ten minutes. (Ignore the final slow down necessary for smooth interception.)

Shutterstock.com/LeonP

Plane IT; has equation r.|-2| = 12.

Plane IT, has equation r.| 2| = 15

a Prove that IT; and II, are parallel planes.
b  Find the distance the planes are apart.

At time 7 = 0 (seconds) the position vectors (r m) and velocity vectors (v m/s) of two particles A
and B are as follows:

30 5 2 8
ry, = —37 VA = 8 g = 40 vy = 0
-30 3 26 -2

Assuming that the particles continue with these velocities find the minimum separation distance
between the particles in the subsequent motion and the value of # for which it occurs.
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If we extend our understanding of the equation of a circle in the x-y plane to three-dimensional space
we obtain the equation of a sphere.

In three dimensions all points situated a distance # from some fixed point will form a sphere of radius 4,
centre at the fixed point.

The vector equation of a sphere centre (0, 0, 0) and radius # is:
x| =a.
Writing r as xi + yj + zk we obtain the cartesian equation:

Lyt +2l =4k

If the radius of the sphere is # and the centre has position vector d then the equation of the sphere is:
|r—d| =a.
Writing r as xi + yj + zk and d as pi + ¢j + 7k we obtain the cartesian equation:

@=p)+@-g+G@-r'=d.

Find the centre, radius and vector equation of the sphere with Cartesian equation

Ay +27=6-2x+4y+ 10z

Given Ly vzt = 6-2x+4y+10z
ie. 2+ y —dy+25 10z = 6

Create gaps: L+2  +y -4 +25-10z =6

Complete the squares: A2+ 1+y —dy+4+22—102+25 = 6+1+4+25
Hence @+’ +@H-2"+@Ez-5° = 36

The sphere has its centre at (-1, 2, 5),
a radius of 6 units
and vector equation |r — (—i + 2j + 5k)| = 6.
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Find the position vectors of the points where the line r =1 —j + 2k + A(2i + 9j) cuts the sphere
lr—(G+2j-k)|=7.

If point A lies on the line and the sphere then ry, = i—-j+2k+AQ2i+9))

and |rA—(i+2j—k)| = 7
Thus li-j+2k+AQ2i+9)-(i+2j-k)| = 7
ie. |22+ (9N -3)j+3k| = 7
40 +81M =540 +9+9 = 49
giving 850 =540 —-31 = 0
Thus A= 1 or A= —%

Substituting these values into the equation of the given line gives the required position vectors as

3i+8j+2kand 8—15(23i —364j +170k).

Exercise 5D

Find the centre and radius of each of the following spheres.

1 |r|=16 2 »' 4y +27 =100

3 |r-(+j+k)|=25 4 |r-2i+3j-4k|=18

5 -3 +@+1)Y+(E-2"=10 6 (x+4'+(y-1)Y+22=25
7 &4y —8y+16+2"=50 8 K +y+2i-2x+6y=15

9 K +y +2—6y+22=111 10 &+ +27 +8x— 2y +22=7

For questions 11 to 18 state whether the given point lies inside, on or outside the sphere.

11 |r|=5, (2,-3,9. 12 |r|=7, (-2,3,6).
13 |r|=16, (7,12,9). 14 |r-(i+j-k)| =8, (3,1,0).
15 [r-Qi-j+3k)|=5, 3,5,2). 16 |r—(7i+10j+2k)| =13, (2,-2,2).

17 - 1>+ +3) +2@-2"=36, (5,-6,-1). 18 &’ +)y +2"—4x-3y—2=61, (-1,0,8).
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19 A, B and C have position vectors i + 5j + 2k, —4i + bj — 3k and 2i + j + ck, respectively.
All three points lie on the sphere |r — (i +j - 3k)| = 5\2.

Find the values of #, b and ¢ given that they are all positive constants.

-2 -2
20 Find the position vectors of points where the line r=| 16 [+A| 5 | cuts the sphere
-1 -2
1
r—| =11 =52.
3

21 Find the position vectors of points where the line r = 14i — 9k + A(4i + j — 9k) cuts the sphere
[r—(4i+j+3k)|=7.

22 Prove that the line r =-2i — j — 11k + A(3i + 4k) touches but does not cut the sphere
|r -Gi-j+ 4k)| =5. (i.e. Prove the line is a tangent to the sphere.)

Find the position vector of the point of contact.

9 -1 -2
23 Prove that the line r =| 18 |+ A| —4 | is a tangent to the sphere |r—| 1 | =7 and find
20 -3

the position vector of the point of contact.

iStock.com/pawopa3336
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This section uses the fact that |a X b| =|q| |b| sin 6.

At the time of writing, this application of the vector product is not specifically mentioned in the syllabus so it
could be argued that such consideration is beyond the requirements of the unit. | include the use of the fact
here to find the distance from a point to a line. The inclusion is for completeness, for interest, and in case
that at some later stage it is made explicit that the inclusion of the cross product in the syllabus is to be taken
as including the use of the above fact.

In the previous chapter, when considering vectors in the i-j plane, we used the q
scalar product to determine the distance from point A to a line L. -~

P
—
The method used the fact that ~ q.AP = 0. (See diagram, right.) Y
Wha
We can similarly use a scalar product approach to find the distance from a point ~ _}-5#% A
to a line in three-dimensional space, as Method one of the next example shows.
However, now that we have met the concept of a vector product of two vectors, 5

and in particular that|a x b| =|a||b|sin 6, we could also use a vector product
approach to find the distance from a point to a line, as Method two of the next
example shows.

Find the distance from the point A, position vector 3i —j + 2k, to a line passing through points B
and C, position vectors 2i + 3j —k and i — j + k respectively.

Method one: A scalar product approach

A sketch of the situation is shown on the right. (This sketch
does not need any accurate portrayal of relative positions.
It simply allows us to formulate our method.)

We require the distance d shown in the diagram.

— —
We will use the fact that BC.AD = 0.

. 2) (1 -1
BC = —| 3|+|-1| = |4
-1 1 2
R 3
ﬁ
AD = —|-1|+| 3|+ABC
2 -1
-1-A
= | 4-4n
342\
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Thus —41.| 4-4r =0
2 -3+2A
Solving gives A= 1
=7
H
Thus AD = 0
-1
and hence d = /5 units of length.

Method two: A vector product approach
H
Required distance = |CA|sin®
—  —> —
= (|BC||CA|sin®) + |BC|
—  — —
= |BCxCA| + |BC]|

R
Now BC = -i-4j+2k
H
and CA = 2i+0j+k

— —>
Thus BCxCA = —4i+5j+8k
— —> —>
IBCxCA|+ [BC| = +105++21

= 5, as in Method one.

Exercise 5E

For each of the following find the distance the given point is from the given line, in each case calculating
the distance twice, once using a scalar product approach and once using a vector product approach.

1 Given point: Point A, position vector i +j + k.
Given line: Line through points B, position vector 2i —j + 2k,

and C, position vector 3i+j—k.

2 Given point: Point A, position vector 4i — 2j + 3k.
Given line: Line through points B, position vector 2i +j — 3k,

and C, position vector  3i—j + 2k.

3 Given point: Point A, position vector i + 2j + k.
Given line: Line r =2i + 3k + A(i— 3j + 4k).
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This miscellaneous exercise may include questions involving the work of this chapter,
the work of any previous chapters, and the ideas mentioned in the Preliminary work section
at the beginning of the book.

1 Suppose f(x) = 3x — 2 and g(x) = £(|x|).
Find a f(3) b f-3) c g3
d g3 e 05 )
g Draw the graphs of y = f(x) and y = g(x).

2 AB is a diameter of a circle, lying in the i-j plane, with its centre at point P.
If point A has coordinates (1, 2) and B has coordinates (9, —4) find
a the coordinates of point P,
b the radius of the circle,

¢ the vector equation of the circle.

3 Find the radius and the cartesian coordinates of the centre of the following circles, each lying in
the i-j plane.

a |r-Gi-2j)|=7 b |r-2i-7j|=11
¢ (@-3)+@p+27=16. d @+1)’+@+7)7=20.
e x2+y2—8x=4y+5. f x2+6x+y2—14j/:42,

4 Find to the nearest degree the acute angle between the lines L; and L, if L; has equation
r=2i+j+AGi-j)and L, has equation r = 3i —j + u(2i + 3j).

3 Find the range of each of the following for domain R.
a fx)=4+ b fux)=x+"+3 C f@W=@+3)
d f)=|al e fw=lvl+3 £ f@=le+
6 What restriction is there on the possible values of # if
+2x+y —10y+a=0

is the equation of a circle?

7 Iff(x)= 3 and g(x) = 2x — 1 find the functions fo g(x) and g o f(x) in terms of x and state the
x

natural domain and range of each.

8 Repeat the previous question but now for f(x) = vx +3 and g(v) = «* + 1.

Units 3 & 4 ISBN 9780170395274



9 Ifz=38 cis(%) , and Z is the complex conjugate of z, determine each of the following, giving your
answers in the form 7 cis® for » >0 and -t <0 < 7.

a 23 b z2+z C 7Z—32 d zz e z:+-2

10 For {z: |z — (4 + 4i)| = 3} determine
a the minimum possible value of Im(z).
b the maximum possible value of Re(z).
¢ the minimum possible value of |z|.

d the maximum possible value of |z|.

e

the maximum possible value of |Z|.
11 (Without the assistance of a calculator.)
Ifz= 3cis(%tj and w =2 cis(— Z?TE) express each of the following in the form

7cisO for r>0and -t <O <.

a 2z b 3w c zw d

SRS

f —w g z

=
1
d
x|
g
(=
1
g

12 (Without the assistance of a calculator.)

Display the three solutions to the equation z° = 2 on an Argand diagram and express each in the
play q ; g g P

form rcis@ with » >0 and -t < 6 <.

13 (Without the assistance of a calculator.)

If z = —1++/3/ and Z is the complex conjugate of z express
1 1Y
(Z'F:j and (Z—:)
z Z

14 For each of the following conditions show diagrammatically the set of all points lying in the
complex plane and obeying the condition.

in the form 7cis8 for -t <0 < .

a z+z=4 b |z-i|=2 c OSarg(z—Z)SZ?TE

15 The line r = 2i + 3j — k) + A(—i + 3j + k) passes through A (where A = 1) and B (where A =5).
Find the position vector of point C where AC:BA=-1:4
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16 Each part of this question gives the vector equations of two lines.

For each part determine whether the lines are  parallel lines,
or intersecting lines,
or skew lines.

a r o= 3i+j-2k+AGi-2j+k)
and r = 5j+2k+u(6i-4j+2k)

b r = 2i+3j+10k+A(-i+3j+k)
and r = -5i+3j-5k+ui+j+2k)

c r = -i+5j+AM-i+j+k)
and r = 2j—-T7k+uG+2k)

d r = 7i+2j-3k+Mi+j-k)

and r = Si+6j+w-H-j+k)

17 Attdme 7= 0 seconds the position vectors, r, and velocity vectors, v, of a tanker and a submarine
are as follows. (The i—j plane is the surface of the sea.)

Inker = (11501 + 827j) m
Toup (13451 + 970j) m

Vimker = (10i—2j) m/s

(51— 13j — 4k) m/s

VSub

If both vessels maintain these velocities, show that the tanker passes directly over the submarine,
find the value of # when this occurs and find the depth of the submarine at the time.

18 Use vector methods to prove that in the parallelogram OABC the line drawn from O to the
mid-point of AB cuts AC at the point of trisection of AC that is nearer to A.

19 A defensive missile battery launches a ground-to-air missile A to intercept an incoming enemy
missile B. At the moment of A’ launch the position vectors of A and B (in metres), relative to
the defensive command headquarters were:

600 2200

ry, = 0 and rz = |4000

0 600

-196 -240

A and B maintain the velocities (in m/s): v, = 213 and vy = 100
18 0

Prove that A will noz intercept B and find ‘how much it misses by’.

Suppose instead that the computer on missile A detects that it is off target and, 20 seconds into
its flight, A changes its velocity and interception occurs after a further 15 seconds. Find, in the
form ai + bj + ¢k, the constant velocity that A must maintain during this final 15 seconds for the
interception to occur.
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Systems of
linear equations

e Systems of equations

e A systematic algebraic approach for solving
systems of linear equations using a matrix form
of presentation (and otherwise)

¢ Calculators and row echelon form
e Systems of linear equations having no solution

e Systems of linear equations having infinitely
many solutions

® Miscellaneous exercise six



One of the examples of the previous chapter involved setting up f )

a ‘system’ of three equations in three unknowns and then using 9=20+3u+n
a calculator to ‘solve the system’: S5=A-2u-2n
2=-A+4
9 = 2A+3u+7m A+dpemih i
5 = A-2u-2n {r=3u=2mn=-3}
2 = —A+4p+m

. J

Attempt the next two situations, which again each involve setting up and then solving, a system of three
equations in three unknowns. However, in each case try to solve the system without using the equation
solving ability of your calculator.

Situation One

A total of $15000 is invested in three different investment schemes, A, B and C, for two years. At the
end of the first year the total value of the investment package is $15430. At the end of the second year
the total value is $16317. The performance of each scheme in each year is shown below.

Scheme Initial After After
1 year 2 years
A $x 10% increase 5% increase
- -
B $ 5% increase 10% increase
Y N N
C Sz 5% decrease 5% increase
- -

, ,

Write three equations involving «, y and z and hence determine the initial investment made into each
of the schemes.

Situation Two

A dog food manufacturer makes three types of dog food mix. Each type is sold in bags containing 5 kg
with the ratio of meat:rice: vegetables being as follows:

Mix A Meaty Lumps 5:3:2
Mix B Balanced Lumps 1:1:3
Mix C Vegetarian Luntps 0:3:2

The manufacturer orders 3350 kg of meat, 4850 kg of vegetables and 4300 kg of rice for a particular
production run. The run involves no weight loss for any of the ingredients and all the quantities
ordered are exactly used up. If the run produces x bags of Mix A, y bags of Mix B and z bags of Mix C
write three equations that apply and solve them to find «, y and z.
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Systems of equations

Systems of equations

Did you manage to solve the systems of linear equations obtained from the previous situations by
applying the elimination technique you are probably familiar with as a means of solving two equations
in two unknowns? In this method we use the equations ‘against each other’ to eliminate one of the
variables.

For example, for a system involving two linear equations:

x+ y = 11 [1]
3x+2y = 26 2]
Equation [1] x 3 3x+3y = 33
Equation [2] 3x+2y = 26
Subtraction eliminates x: y =7
Substitution back into Equation [1] gives x+7 = 11
: x = 4

"This same elimination technique can be used for 3 equations involving three unknowns, as shown below.

x+2y-3z = 9 (1]
Consider the three equations: 2v— y+ z = 0 [2]
SBx+4y-22z = 12 [3]
Equation [1] x 2 2x+4y—-6z = 18
Equation [2] 2x— y+ 2z = 0
Subtraction eliminates x: Sy—=7z = 18 (4]
Equation [1] x 3 3x+6y—-92 = 27
Equation [3] SBx+4y-2z = 12
Addition eliminates x: 10y—-11z = 39 (5]
Equation [4] x 2 10y-14z = 36
Equation [5] 10y-11z = 39
Subtraction eliminates y: -3z = -3
z =1
Substitution back into equation [4] gives y =5
Substitution back into equation [1] gives x = 2

Thusx=2,y=5andz=1.

Thus by using the equations ‘against each other’ to systematically eliminate variables until we are left
with one equation in one unknown, systems of three equations involving three unknowns can be solved,
provided of course that a solution exists.

Alternatively we could use the ability of some calculators to solve systems of equations like this.
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A systematic algebraic approach for solving
systems of linear equations using a matrix form
of presentation (and otherwise)

Whilst many calculators allow us to input equations in the same way as we write them, this is not the case
for all calculators. The display below left shows how one calculator requires the system of equations
x+2y-3z = 9
2v— y+ 2z = 0
SBx+4y-22 = 12

to be input. The solution to the system can then be displayed, as shown below right.

( ) 4 3\

anX + bnY + CnZ =dn anX + bnY + CnZ =dn
a b c d

2 2 1 1 0 Y| [ 5]

3 -3 4 -2 12 4 1
1 5
[soLv [DEL/ [CLR |EDIT REPT
g J . J

Notice that this calculator only requires us to enter the coefficients of the variables, and the constant
term, of each equation, e.g. 1, 2, -3 and 9 for the equation x + 2y — 3z =9.

Our method of manipulating the equations to eliminate variables could also be set out in this way:

x+2y-3z2 = 9 1 2 3 9 | < Rowl (r)
Writing 2x— y+ 2z = 0 as 2 -1 1 0 | « Row2(r,)
SBx+4y-22 = 12 -3 4 -2 12 | < Row3(ry)

We then manipulate these rows in the same way as we would manipulate the equations. This means we can
¢ multply any row by a number,

e add or subtract rows,

¢ interchange one row with another.

r 1 2 3 9

r, 2 -1 1 0

ry 3 4 2 12

I, 1 2 3 9]

r, —2ry 0 =5 7 -18 «— new (r,)

r; +3r; . 0 10 -11 39 | < new (r3)

r, 1 2 3 9]

r, 0 -5 7 -18

r; + 2r, .0 0 3 3] «— new (13)

Row 3 now tells us that 3z = 3, thus z = 1.
Using this in row 2 —Sy+7 = -18, thus y = 5.
And from row 1 x+10-3 = 9, thus x = 2.
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x+2y-3z 9
Note * For the system 2r— y+ z = 0 the matrix of coefficients, or
=3x+4y-2z = 12

1 2 3
coefficient matrix is 2 -1 1
-3 4 2

This coefficient matrix has 3 rows and 3 columns.

From the coverage of Matrices in Mathematics Specialist Unit Two the reader should be aware
that the above system of equations could be expressed in ‘matrix form’, and the inverse of
the coefficient matrix used to determine a solution (as the Preliminary Work section at the
beginning of this book reminded us). However, that is not the method explored here.

¢ If we enlarge the matrix to include the right hand side of 1 2 3 9
each equation we have the augmented matrix: 2 -1 1 0

(The word augment means to increase or enlarge.) L 3 4 -2 12

This augmented matrix has 3 rows and 4 columns.

® The augmented matrix is sometimes shown with a vertical 1 2 3109
line separating the two parts of the matrix, as shown on 2 -1 10
the right. -3 4 212

* Jo solve the system of equations we manipulate the rows until the
coefficient matrix shows only zeros below the leading diagonal.

i.e. until the augmented matrix is of the form: # # 0 #
,,,,, hoo# o #
0 # o #

Notice the zeros below the ‘dotted line step formation’ in the above matrix. In this form the
augmented matrix is said to be in row echelon form, the word echelon coming from its military
use for a battle formation sometimes used by soldiers or warships. (A matrix is in echelon form
when any rows in which all elements are zero occur at the bottom of the matrix and, as we move
down the other rows, the first non zero elements in successive rows move right.)

The following matrices are all in echelon form:

3 5 3 -4 1 2 3 1 3 2 3 1 -3
0 -2 0 2 3 0 2 =3 5 0 0 1 2
0 0 5 0 0 2 -10 0 0 0 0

* By interpreting the operations we might carry out in the elimination method, as operations
on the rows of the augmented matrix, we obtain the following elementary row operations
that we can use:

— Interchanging rows.
— Multiplying a row by a non-zero constant.
— Adding a multiple of one row to a multiple of another row.
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The following steps could be followed to systematically reduce the augmented matrix to echelon form
for a system of three equations in three unknowns:

1. Combine suitable multiples of first and second rows to make the first element of the second row zero.
2. Combine suitable multiples of first and third rows to make the first element of the third row zero.
3. Use new 2nd and 3rd rows to reduce 2nd element of row 3 to zero.

(Steps 1 and 2 can be easier if row 1 starts with a 1. Thus if some other row starts with a 1 move this
row to row 1.)

The examples that follow run through the procedures involved using the matrix form of presentation.
However, at the time of writing, the syllabus for this unit requires you to be able to use elementary
techniques of elimination to solve systems of linear equations. Whether you use the augmented matrix
approach, or you manipulate the equations themselves, is not stipulated. Thus whilst the augmented
matrix approach is not specifically mentioned in the syllabus it is included here as a possible style of
presentation for solving systems of linear equations. Adopt it if you wish.

Calculators and row echelon form

Some calculators are able to reduce a matrix to echelon form. Indeed S # #

some are able to reduce a matrix beyond the row echelon form shown 0 | # # 0 #

on the right to the reduced row echelon form shown below it. 0 0 # #

"This second form makes the determination of the solutions just _1 0 0 i #

a matter of reading the final column. 0 1 0 | #
L0 01 #

Some calculator programs (and internet sites) reduce an augmented matrix to echelon form displaying
each row operation performed as it goes! However these steps may not be the same steps you would choose
to follow if doing the row operations yourself because the calculator may follow a certain procedure
everytime and might not be programmed to see ‘shortcuts’ that could exist.

You are cerfainly encouraged to explore the capability of your calculator and the internet in this regard but

also make sure that you can demonstrate your own ability to solve systems of equations systematically
without such assistance.

Note * The process of reducing the augmented matrix to echelon form, and the similar process
of manipulating the equations to eliminate variables, is called Gaussian elimination.

® Because there are often different ways of combining the elementary row operations
to reduce an augmented matrix to row echelon form, this echelon form is not unique.
However the reduced form shown above is unique.
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m Solution using augmented matrix

2+ y-2z = 11
Solve the system of linear equations , shown right. x+2y-3z = 17
—3x— y+4z = 21

Solution

First write the Augmented matrix:

r, 2 1 2 11
r, 1 2 =3 17
ry 3 -1 4 -21

Switch rows 1 and 2 to make first element of first row a 1:

I, 1 2 3 17 < newr;
r 2 1 -2 11 < newr,
I3 -3 -1 4 -21

Combine suitable multiples of first and second rows to make the first element of the second row
zero (and similarly use the first and third rows to make the first element of the third row a zero).

r, 1 2 -3 17 ]
r, —2r; 0 -3 4 -23 < newr,
r; + 31, 0 5 =5 30 | — newrj

Use new 2nd and 3rd rows to reduce 2nd element of row 3 to zero.

I 1 2 =3 17

r, 0 -3 4 -23

3r; + 51, . 0 0 5 =25 | — new r3

Row 3 now tells us that 5z = =25, thus z = -5.
Using this in row 2 —3y-20 = -23, thus y = 1.
And from row 1 x+2+15 = 17, thus « = 0.

Thusx=0,y=1and 2 =-5.

Alternatively, if you prefer to deal with the equations themselves, rather than manipulate the
augmented matrix, you could follow similar steps to arrive at the same solution. This alternative form
of presentation is shown on the next page as ‘Example 1 repeated’. In the examples that appear later
in this chapter each example is shown solved using an augmented matrix approach and then repeated
without using the augmented matrix. Each form of presentation involves the systematic elimination
of variables until one equation in one unknown is reached.
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e+ y-2z = 11
Solve the system of linear equations, shown right. x+2y-3z = 17
SBx— y+4z = -21
Solution o+ y-2z = 11 [1]
Given the three equations: x+2y-3z = 17 [2]
3x+ y+4z = =21 [3]
Use equations [1] and [2] to eliminate x.
Equation [1] v+ y—2z = 11
Equation [2] x 2 2x+4y -6z = 34
Subtraction eliminates x: 3y+4z = -23 [4]
Use equations [2] and [3] to eliminate wx.
Equation [2] x 3 3x+6y-9z2 = 51
Equation [3] 3=y z =D
Addition eliminates x: Sy=5z = 30 [5]
Equation [4] x 5 -15y+20z = -115
Equation [5] x 3 15y —15z = 90
Addition eliminates y: S5z = =25
%z = =9
Substitution back into equation [4] gives y =1
Substitution back into equation [1] gives =
Thusx =0,y =1 and z =-S5, as before.
3 N ISV Augmented matrix approach
2+ y+z = 1
Solve the system of linear equations, shown right. 2y+z = 1
3x+ y—-2z =
Solution
First write the Augmented matrix:
I, 2 01 1 1]
I, 0 11
13 3 1 -1 8 |
r, 2 01 1 1]
I, 0 1 1
2r; — 31y . 0 -1 -5 13 | — new r3
r, 2 01 1 1]
r, 0 2 1 1
2r;+ 1, 0 0 -9 27 | < new ry
From which we can determine thatz=-3,y=2 and x = 1.
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2+ y+z = 1
Solve the following system of linear equations. 2y+z 1
3+ y—z = 8

Solution 2+ y+z =1 (1]

Given the three equations: 2y+z =1 (2]
3x+y—-2z = 8 3]

Use equations [1] and [3] to eliminate x.

Equation [1] x 3 6x+3y+3z = 3

Equation [3] x 2 6x+2y—2z = 16

Subtraction eliminates x: y+5z2 = -13 [4]

Use equations [2] and [4] to eliminate x.

Equation (2] 2y+ =z = 1

Equation [4] x 2 2y+10z = =26

Subtraction eliminates y: 9z = 27

- z = -3

Substitution back into equation [4] gives y = 2

Substitution back into equation [1] gives x = 1

Thus z=-3,y=2 and x = 1, as before.

It should be remembered that the purpose of reducing the augmented matrix to echelon form is

to give one row in our matrix in which two of the variables have been eliminated. In some cases the
numbers involved may enable this situation to be obtained quickly without reducing to echelon form.
For example, consider the following augmented matrix:

r 1 2 3013

I, 2 5 9 33

I3 0 2 3 4 |

r, 1 2 3 13

r, —2ry 0 1 3 7 —newr,
I‘3 L 0 2 _3 _4 a

Rather than aim for echelon form we could use ‘new r; = r; + r,’ to produce a second zero in a row of
the coefficient matrix.

r 1 2 313
I, 0 1 3 7
r;+1, 0 3 0 3 — new 13

Thus 3y=3 and hence y=1,2=2 and x = 5.

MATHEMATICS SPECIALIST Units 3 & 4 ISBN 9780170395274



Exercise 6A

Each of the following shows an augmented matrix that has been reduced to echelon form by
elementary row operations. In each case the original augmented matrix was for a system of 3 equations
with the coefficients of the three variables «x, y and z forming the first three columns respectively.

Find «, y and 2 in each case.

1

Write the augmented matrix for each of the following systems of equations.

7

9

11

Using an augmented matrix approach, or otherwise, solve each of the following systems of equations
without the assistance of the solve facility of a calculator. Whichever method of presentation
you choose, how you are combining rows or equations needs to be clearly stated. Le. include in your

1
0
0

(=]

X +
3x +
Sx +

0
1
0

3x
x

4y
y
2y

3x
x

2y

+

+

+
+

2
_31
2 |

2y
4y

3z
2z
Z

2y
2z
zZ

27
2
12

10
8

18
11
12

8
8
-1

1 0
0 1
0 0
1
0 3
0
2 1
0 3
0

8 -
2x

10 2x
4 +
v+ y

12 ~ + 3y
v+ y

—x

working explanation like r; — 2r;, or Equation [1] x 2, etc.

(If you prefer to manipulate the equations rather than use the augmented matrix approach it is

+
+

5y
3y

3z
Z
6z

5z
7z

suggested that you at least do some of the questions using the matrix approach.)

13

15

x + 3y
2v + Sy
x + 2y + z
y + 3z
3v + 3y + =z

34
59

7
7
14

14

16

2x
4x

x + 0y
x + 2y
22+ 3y

+
+

3y
9y

z
4z
3z

20

ISBN 9780170395274

6. Systems of linear equations @000 ®®

(=3



17

19

21

23

x + 4z = -1 18 x + 2y - z = 3
2 + y + 3z = 8 v+ 3y + 2z = -1
Se + y = 35 3w + 7y - 22 = 6
2 + y = 11 20 2x + 4 - 3z = 1
x + 2y - 2z =15 2 + 5y - 22 = 5§
3 + 9 + z = 16 3 + 7y - 3z = 7
3x + 4 + 5z = 14 22 2 + z =
Se + 7y + 62 = 13 2 + 3y + 32 = 3
x + y + z = 3 S + y + 3z = 10
x + y + 2z = 6 24 w + x - y + 3z = -1
3x + 2y + 2z = 7 x + 2y - 3z = -2
Sv + 4 + 4z = 19 w4+ 2x + 2y + z = 0
2w + 3x + 2y + 72 = 4

Solve each of the following without simply using the solve facility on a calculator.

25

26

27

A manufacturer of lawn mowers makes two types, the standard and the deluxe. To send 270 standard
models and 220 deluxe models overseas, the manufacturer uses two types of container. Each type A
container can hold 5 standard models and 2 deluxe models when full, whilst each type B container
can hold 3 standard models and 4 deluxe models when full, no other arrangements quite use all

the available space. By supposing that the manufacturer uses x type A containers and y type B
containers write two equations that apply if the machines are sent with all the containers full.
Hence determine x and y.

A vet is called to the zoo to treat a large animal. To sedate the animal the vet decides to powder
up a number of tablets and give the resulting ‘super-tablet’ to the animal in its feed. To make this
super-tablet the vet uses a combination of three tablets, P, Q and R, using p Ps, ¢ Qs and » Rs.

Each P tablet has 250 mgofX, 10mgof, and 50 mg of Z.
Each Q tablet has 500 mg of X, Smgof, and 100 mg of Z.
Each R tablet has 200 mg of X, 20 mg of Y, and 100 mg of Z.

The super-tablet the vet makes contains 8 g of X, 470 mg of Y and 2.8 g of Z. Write three
equations that apply and hence find how many of each tablet the vet used.

When making x kg of fertiliser A, y kg of fertiliser B and z kg of fertiliser C, a company uses
610 kg of compound P, 180 kg of compound Q and 210 kg of compound R.

1 kg of fertiliser A contains 0.5 kg P, 0.1 kg Q, and 0.4 kg R.
1 kg of fertiliser B contains 03kgP, 0.5 kg Q, and 0.2 kg R.
1 kg of fertiliser C contains 0.8kg P, 0.1kg Q, and 0.1kgR.

a Write 3 equations involving x, y and 2 for the above information.

b  Solve the equations to determine x, y and z.
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Systems of linear equations having no solution

If we solve two equations in two unknowns, for example: ),

5 L y=-2x+5
2v+y =5 — ;\4\-
x+y =3 ;
the solution gives the coordinates of the point of intersection of the two 14 1
lines, in this case (2, 1). This is the only solution the system of equations has. ", 55 113 \i‘\;{\é x
We say thatx =2, y = 1 is the unique solution. 21

Suppose instead we are asked to solve

2x+y =5 Equation [1]
x+y =3 Equation [2]
Equation [1] — Equation [2] gives Ox+0y = 2.

It is not possible to find values for x and y that satisfy this last equation.

The equations 2x +y = 5 and 2x + y = 3 contradict each other. We say the equations are inconsistent.
It is not possible to find a solution to this system of equations. This contrasts with the systems met
earlier in this chapter which all had unique solutions.

Graphically, 2x +y=5 (i.e.y=—2x+5) and 2x +y =3 (l.e.y = —2x + 3), N

represent parallel lines. They have no points in common and so the y=-2x+ 3\§\

system of equations has no solution. 3

We would obtain the same conclusion, i.e. that there is no solution, 27 y=-2x+5

if we use the augmented matrix approach: o

£, [2 1 5} EEEEERRAE

w
2

-2
I, 2 1 3
r 2 1 5
r,—1; 0 0 -2 —newr,
"This last line is telling us that Ox + 0y = -2 so again we conclude ‘no solution’.

Similarly, with a system of three equations involving three unknowns, if our working leads to the claim
that Ox + Oy + 0z = 4, for # # 0, we again conclude ‘no solution’.

For example, consider the system: x + 3y + z = 2
x + 2y + 42 = 0
¢ + Ty - 2z =1
The augmented matrix is ! 3 1 2 ]
12 410

2 7 -1 1]

which can be reduced to 13 1 2 ]
0 -1 3i-=2

0 0 05|

The last line is claiming that Ox + Oy + 0z = 4, for # # 0, and hence we conclude ‘no solution’. The initial
equations are inconsistent.

ISBN 9780170395274 6. Systems of linear equations @000 ®®
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We know from the previous chapter that an equation of the form ax + by + ¢z = d is the equation of

a plane (i.e. a flat surface). Thus, if we have a system of three such equations which has ‘no solution’
it means that the three equations represent planes that have no point(s) common to all three planes.
"Two of the planes could be parallel for example. The various possibilities are shown below.

Three parallel planes One plane listed
twice and one other
parallel plane
Two equations defining
the same plane.
Example: Example:
x=2y+3z=5 x=2y+3z= 5
—x+2y—-32=8 x=2y+3z= 8
2x—4y+62=7 2x—4y+62=10

Augmented matrix
can be reduced to:

Augmented matrix
can be reduced to:

1 -2 3 5 1 -2 3 5
0 0 0 13 0o 0 0 3
0 0 0 -3 0 0 O

Ox + 0y + 0z =13!! Ox + Oy + 0z = 3!!

Ox + Oy + 0z =-3!!

No solution. No solution.

Note that equations of the form:

Two parallel planes
and one other plane

A

Example:
x=2y+3z2= 5
x+4y—-22= 3
2x—4y+6z=11

Augmented matrix
can be reduced to:

1 -2 3 5
0 6 =5 =2
0 0 0 1
Ox + 0y + 0z =1!!

No solution.

ax+by+cz=d
W(ax + by + cz =e),

define the same plane if d = ¢ and separate parallel planes if d # e.

Intersecting pairs
of planes form
parallel lines

<

Example:
x+ y—z=1
x=2y—z=-2

—x+5Sy+z=7

Augmented matrix
can be reduced to:

1 1 -1 1
0 1 0 1
0 0 0 1
Ox + 0y +0z=1!!

No solution.

for some constant [t (# 0),

MATHEMATICS SPECIALIST Units 3 & 4
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Systems of linear equations having infinitely
many solutions

v+ y = 3

Consider the following system of 2 equations in 2 unknowns: { 4+ 2y

The 2 equations define one line because 4x + 2y = 6is 22x +y = 3).

The coordinates of each and every point on the line 2x + y = 3 provide a solution to the system.
The system of equations is insufficient to give a unique solution and instead has an infinite number
of solutions.

The augmented matrix for the system is r 2 1 3
I, 4 2 6
which reduces to r; 2 1 3
r, —2r, 0 0 0 —newr,

"The last line states that Ox + Oy = 0, which is true for all values of x and y. Solutions come from row 1,
2x +y =3, for which there are infinite solutions.

In three dimensions infinite solutions will occur when the three planes meet in a line or a plane as

shown below.

The same plane
listed three times

Three equations
defining the same plane.

Example:
x=2y+3z= 5
2x—4y+62=10
—x+2y—-3z2=-5

Augmented matrix
can be reduced to:

1 -2 3 5
0 0 0 O
0 0 0 O
Ox+0y+0z=0

is uninformative.
Solutions from 1st row.
Infinite solutions.

One plane listed twice and
one other non-parallel plane

Two equations

defining the

same plane.

Example:
x=2y+3z= 5
2x—4y+62=10
x+3y+32=7

Augmented matrix
can be reduced to:

1 -2 3 5
0o 5 0 2
0 0 0
Ox+0y+0z=0

is uninformative.

Solutions from 1st and 2nd rows.

Infinite solutions.

Three planes meeting

in a common line

Example:
x+ y—-2z=-1
x+3y+ 2= 0

“2x—4y+ z= 1

Augmented matrix
can be reduced to:

1 1 -2 -1
0 2 3 1
0 0 0 O
Ox+0y+0z=0

is uninformative.

Solutions from 1st and 2nd rows.

Infinite solutions.
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Note:

In the last situation, the three planes meeting in a common line, each of the original equations
is a linear combination of the other two:

De+y-2z=-1)+CDx+3y+2=0)=(2xr-4y+2=1)

"This means that any one of the equations is not telling us any more about the three variables
than could be obtained from the other two equations. Thus we really only have two pieces
of information about the three unknowns and, provided these pieces of information are not
contradictory, we have infinite solutions.

However this linear combination is not always obvious.

If the linear combination holds for the «, y and z parts of the equation but not the constant
terms, then the ‘two pieces of information’ we have are contradictory and we have the
‘no solution situation’ of intersecting pairs of planes forming three parallel lines seen earlier.

For example for the system x+ y—-z = 1
x=2y—-2z = =2
—x+5y+z = 7

given as an example of that situation on an earlier page

MDxe+y-—2=)+2)x—-2y—2=-2) = (—x+5y+z2=95)
#z (x+5y+z2=7)

the linear combination differing from the third equation only in the constant term.

Determine whether the system shown on the right has a unique x—2y+3z = 5
solution, no solution or an infinite number of solutions. If there —x+2y-3z 4
is a unique solution, find it. 20 SNy —
Solution

Noticing that the first two equations define separate parallel planes and /I

the third equation is not parallel to the other two, we have the situation
shown on the right. Thus there is no solution.

Alternatively, had the parallel nature of two of the planes escaped our

notice, manipulation of the augmented matrix would yield the same
conclusion, as shown below.

r 1 -2 3 5

I, -1 2 3 4

I3 | 2 —1 4 |

r, 1 2 3 5]

r, +1; 0 0 0 9 —newr,
r; — 21 0 5 -7 -6 | < new r3
Row 2 is suggesting that Ox + 0y +0z=9.

No values for x, y and z can satisfy this equation so again we conclude that the sysyem has no solution.
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Determine whether the system shown on the right has a x—2y+3z = 5
unique solution, no solution or an infinite number of —x+2y-3z = 4
solutions. If there is a unique solution, find it. 2x+ y— 2 = 4
Solution

As before, noticing that the first two equations define separate parallel /I

planes and the third equation is not parallel to the other two, we have
the no solution situation shown on the right.

Alternatively, had the parallel nature of two of the planes escaped our
notice, manipulation of the equations would yield the same conclusion:

x=2y+3z =5 [1]
Given the three equations: —x+2y-3z = 4 [2]
2+ y— 2z = 4 [3]
Use equations [1] and [2] to eliminate x.
Equation [1] x=2y+3z = 5
Equation [2] —x+2y-3z = 4
Addition eliminates « (and y and z!!) Ox+0y+0z = 9 i.e.0 =9Il

No values for x, y and z can satisfy this equation so again we conclude that the system of equations

i)

How does your calculator respond when asked to solve a system of equations for which there is no solution?
How does it respond when asked to solve systems for which there are infinite solutions?

m Augmented matrix approach

has no solution.

For what value(s) of p will the system of equations shown x=2y+ z = -3

on the right have a unique solution? —x+3y+ z = -2
3x—-Sy+pz = 7

Solution

The augmented matrix for the given system is:

ry 1 2 1 3

I, -1 3 1 -2

I3 . 3 =5 p 7

r, 1 2 1 -3 ]

r,+r14 0 1 2 =5 < newr,

r; — 31, .0 1 p-3 16 | — new 3

I, 1 21 =3 ]

I, 0 1 2 =5 < newr,

r;—1; .0 0 p-5 21 | < new 13

Thus a unique solution exists provided p — 5 # 0, i.e provided p # 5.
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For what value(s) of p will the system of equations shown x=2y+ z = -3
on the right have a unique solution? —x+3y+ z = -2
3x—Sy+pz = 7
Solution
x—2y+ 2z = 3 [1]
Given the three equations: —x+3y+ z = -2 [2]
3x=Sy+pz = 7 [3]
Use equations [1] and [2] to eliminate x.
Equation [1] x—=2y+ z = 3
Equation [2] —x+3y+ z = -2
Addition eliminates «. y+2z = -5 (4]
Use equations [1] and [3] to eliminate x.
Equation [1] x 3 3x—6y+3z = -9
Equation [3] 3e—Sy+pz = 7
Subtraction eliminates x. <»+@-pz = -16 (5]
Use equations [4] and [5] to eliminate y.
Equation [4] Y+ 2z = =5
Equation [5] -»+@B-pz = -16
Addition eliminates y. G-pz = -21

"This last equation gives a solution provided 5 — p # 0, otherwise 0z = —21!
A unique solution exists provided 5 — p # 0, i.e provided p # 5.

Alternatively, with no parallel or coincident planes involved, example 4 could be solved by
considering linear combinations, as shown below. However, it is anticipated that for most students,
eliminating the variables by one or other of the methods of presentation just demonstrated would
be the preferred method of solution for questions of this type.

* If there exists a linear combination of the first two equations, equal to the third equation,
we really only have two pieces of information about three unknowns. Hence we would have
infinite solutions.

* If there exists a linear combination of the first two equations that differs from the third equation
only in the last column we have contradictory statements. Hence we would have no solution.

Consider 4 x [1]+ 1 x [2]: 4x-2y+ 2 = -3+
(The 4 and the 1 being obtained by I(—x+3y+ z = =2)
solving 1A — 1y = 3 with —2A + 3u=-5.) 3x—5y+5z = -14
Compare this with [3]: 3x—5Sy+pz = 7
If p = 5 we have a contradiction: 3x—5y+5z = -14

and 3x-5y+5z = 7

"This is avoided, and a unique solution will be obtained, if p # 5.

Thus, as before, a unique solution exists provided p # 5.

MATHEMATICS SPECIALIST Units 3 & 4 ISBN 9780170395274



9 VIR Augmented matrix approach

Determine the possible values of p and q if the system of x— y+2z = 1
equations shown on the right has 20—5y+5z = 9
3x+3y+pz = q

a no solution,
b infinite solutions,

¢ aunique solution.

Solution

Using the augmented matrix:

r, 1 -1 2 1

r, 2 =5 5 9

I3 | 3 3 p

r, 1 a1 2 1]

r, — 2r; 0 -3 1 7 —newr,
r; — 3ry . 0 6 p-6 q-3 | < New 13
r, 1 a1 2 1]

I 0 -3 1 7

r3 +2r, . 0 0 p—-4 q+11 | < new ry
Thus the system has

a no solution if p=4and q # —11 (as we then have Ox + Oy + 0z = non zero)

b infinite solutions if p =4 and q =—11 (as we then have Ox + Oy + 0z = 0)

¢ aunique solution if p # 4.

Again these same answers could be obtained by considering what linear combination of the first
two equations could give the third equation:

Solving 1A+ 2p =3 with —1A - 5pu =3 gives A=7 and p = -2.

Thus we try (7) (1st row) + (-2) (2nd row): ha -1 2 1) +
22 -5 5 9)
3 3 4 -11

Comparing this with the third row: 3 3 p q
we again conclude that the system has

a no solution if p=4 and q # —11, as then we would have contradictory equations. (Inconsistent.)
b infinite solutions if p =4 and q =—11, as then we have a repeat equation. (Insufficient.)

¢ aunique solution if p # 4.
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Determine the possible values of p and q if the system of x— y+2z
equations shown on the right has 20— 5y + 5z
3x+ 3y +pz
a no solution,
b infinite solutions,
¢ aunique solution.
Solution
x— y+2z = 1 [1]
Given the three equations: 2x-5y+52 = 9 2]
3x+3y+pz = q [3]
Use equations [1] and [2] to eliminate .
Equation [1] x 2 0—=2y+4z = 2
Equation [2] 20=5y+5z = 9
Subtraction eliminates x. 39— z = -7 [4]
Use equations [1] and [3] to eliminate x.
Equation [1] x 3 3e—=3y+6z = 3
Equation [3] 3x+3y+pz = q
Subtraction eliminates x. —6y+(6-pz = 3-q [5]
Use equations [4] and [5] to eliminate y.
Equation [4] x 2 6y -2z = -14
Equation [5] —6y+(6-pz = 3-q
Addition eliminates y. @4-pz = -11-q
Ifp=4and q=-11 we have 0z # 0. No solution.
Ifp=4andq=-11 we have 0z=0. Infinite solutions.
If p # 4 we have ‘non zero 2z equalling some number’.  Unique solution.
Thus

a nosolutionifp=4and q#-11,
b  infinite solutions if p=4 and q =-11,

¢ aunique solution if p # 4.
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Exercise 6B

Determine the value of k in each of the following systems of equations given that each system has
no solution.

1 x + 2y + 2z = 3 2 x + 3y + 2z = 4
y + 4z = 1 -+ 3z = 1
kz = 5 k-2z = 3
3 x — 2y + P2 = 4 4 x + 3y + 2z =
y + 3z = 1 y + kz = 2
5 2x + y 4+ 42 = 2 6 x + 2y + z = 3
3y + ka2 = 4 y - 3z = k
2y + =z = 3 -2y + 6z = 4
7 k-2z = 4 8 y + 3z = 2
y o+ 2z = -3 k+Dz = 5
x + 2y + 3z = 5 x + 3y - z =
9 x + 2y + ke = 1 10 =~ + 3y - 6z = 3
v — 3y + z = x + y + z = 0
3x =y + 42 = 3 3 + S5y + (k+Dz = 2
11 2 + y + ke = -1 12 ~» + y + 3z = 4
x + 4 + 2z = -7 - + 5 + ((k+Dz = 6
3 = 2y + 4z = 1 v — oy 4+ z = 5

Determine the value of k in each of the following systems of equations given that each system has
infinite solutions.

13 x + 3y - 22 = 5 14 x + 2y - z = 1
y — 2z = 4 z = 2
kz = 0 Qk+ 1)z =
15 « - 3y + Sz = 5 16 2kz = 0
-+ 2z = 8 3y + 22 = 5§
k'-dz = k+2 x — y + 3z = 5
17 2y + z = 2 18 x - 2y + 32 = -1
ky = 0 vy — 4 + 62 = 2
¥ + 3y + 4z = 2 - + 2y + kz = 1
19 » - y + z = 3 20 «~ + 3y - 2z = 4
v + 3y + ke = 2 x o+ Sy + (k-2)z 3
4 + 1y - S5z = 0 v + (k+1ly - 7z = 9
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. rtpy=5
21 For the system of equations {Zx 13y=q

a for the system to have infinite solutions,
b for the system to have no solution,
¢ for the system to have a unique solution.
22 For the system of equations {px t4y=6
9x+6y=q
a for the system to have infinite solutions,

b for the system to have no solution,

¢ for the system to have a unique solution.

determine the values of p and q

determine the values of p and q

For questions 23 and 24 determine the values of p and q for which the system of equations has

infinite solutions.

23 x + 2y + z = 3 24 x + 3y -
x + 3y - 22 = 7 v+ 8y -
3w + 49 + pz = ¢ x - 3y +

z = 2
2z = q
pz = -1

For questions 25 and 26 determine the value(s) of p for which the system of equations has

a unique solution.

23 x - 2y + =z = 2 24 5x + 2y -
x + y + z = 7 2v +
- + 5y + pz = 4 3¢+ 0y 4+

27 Determine whether the system shown on the right has a unique
solution, no solution or infinite solutions and, if there is a unique
solution, determine that solution.

z = 2
)/ =
pz = 1

x+3y— 2= 95
- +3y+ z
2x + 6y -2z

I
—
S v

28 State the possible values of k and m if the system of equations shown below has

a  aunique solution, b no solution, ¢ infinite solutions.
x+2y+z=4, y—3z=1, Qk-1ly=m+1.

29 Determine whether the system shown on the right has a unique x— y+2z =12
solution, no solution or infinite solutions for each of the following —x—2y+ z =
cases and, if there is a unique solution, determine that solution. 8x+7y+pz = q
a p=1,q=10, b p=1,q9=21, ¢ p=7,q=45.

30 Determine the possible values of k and m if the system on the right has x— y= m
a  aunique solution, x+ky-3z =7

- y-32= 3

b no solution,

¢ infinite solutions.
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Miscellaneous exercise six

This miscellaneous exercise may include questions involving the work of this chapter,
the work of any previous chapters, and the ideas mentioned in the Preliminary work section
at the beginning of the book.

1 Use vectors to prove that the medians of a triangle intersect at a point two-thirds of the way along
each median, measured from the end of the median that is a vertex of the triangle.
(A median of a triangle is a straight line drawn from a vertex of the triangle to the midpoint of the
opposite side.)

2 a Given that|x — 4| =5 —|x + 3| has exactly two solutions find the range of values # can take.

b  Given that|x — 4| = 5 —|x + 3| has more than two solutions find the range of values # can take.

3 The diagram on the right shows y

y = |x—al for x>0 and y >0,
P, B y=|x—a| y=0.5x—b|
and y = [0.5x-54| forx=0andy=0,
dividing the graph into seven regions (labelled
A to G in the diagram).

a Find the coordinates of P, and P,,
in terms of # and/or b.

b Isa>borish>a?
¢ Find the coordinates of P, and P (in terms of # and/or 5).
d Find the coordinates of P; and P; (in terms of # and/or b).

State the regions A, B, C, etc. which together form each of the following sets of points for
x20andy20:

e {(y:y<|r-a|andy<|0.5x—b|}
f {(xy):y>|x—a|andy>|0.5x - b|}
g {(xy):y<|r-a|andy>|0.5x-b[}
h {(y):y>|x—a| andy <|0.54 - 4|}

4 Represent the set of points {z: |z —3—i| <3} as a shaded region on an Argand diagram.

5 Express a —5(/3+i)in the form rcis@ with >0 and -t < 6 < m,
b 6cis(%) in the form « + bi.
6 With z =x + iy and 3|z — 5| = 2|z + 5i| prove that
@-9+@-4)>=72.

7 Ifz=1- a express z in the form 7cis® with -t < 6 <,

14 - .
b express z'* in cartesian form.
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8 Find the position vector of the point where lines L; and L, intersect where

L, has equation r = 2i+2k+AM2i+3j-2k)
and L, has equation r = =2i+j+6k+n-2i—j+2k).

9 The diagram on the right shows the complex numbers z and w as Im
vectors on an Argand diagram. z

a Make a copy of the diagram and include on your diagram z
and @, the complex conjugates of z and w.

b  With the aid of a diagram, prove that Re

z2tw=z+w

¢ Similarly use a diagrammatic approach to show that zw = zw.

10 z; shown in the diagram on the right is one solution to the Im
equation z* = k. 1
SO

Find % and 2,, z; and z,, the other three solutions to the equation, S
40°

giving all answers in the form 7 cis 6° for » > 0 and —180 < 6 < 180.

> Re

11 a State the natural domain, and corresponding range of the function

flx)= +4

x—3

b  Find an expression for f(x), the inverse of f(x) and state the domain and range of £~ (x).

12 Use de Moivre’s theorem to express cos40 and sin46 in terms of cos8 and sin 6.

2 2
13 Two planes have equations r.] 3 |=-14 and r.| -3 | =42
6 6

Prove that the two planes are parallel and find the distance between them.

2 5
14 Find the shortest distance from the liner=| 3 |+A| 2 |to the origin.
=l 1

15 Prove that the system of equations given below has either no solution or infinite solutions and find
the value of p that gives infinite solutions.

pz—3y=1+x x+3y=3+2z 20+ 6y—62=5
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Vector calculus

* Differentiating vector functions
® Integrating vector functions
e Some particular types of motion

® Miscellaneous exercise seven



This chapter assumes that due fo the probably concurrent study of Unit Three of the Mathematics Methods
course, the reader is now familiar with the application of calculus to questions involving motion, and with
differentiating and integrating frigonometrical functions and the exponential function, €*.

In earlier chapters we encountered the idea of expressing the position vector of a moving object

in terms of time, t.

For example, suppose that at some moment in time a ship is at N

a point with position vector (2i + 8j) km and is moving with velocity

(4i - 3j) km/h (see diagram). If this motion continues, then # hours

later the position vector of the ship will be

(2i+8j) +1(4i-3j) 5

(2 +41)i + (8 - 31)j H
<

r

The position vector of the ship is given in terms of the scalar variable, 7. N

Each value of # will output one and only one r.
We have a vector function given in terms of the scalar variable 7.
Being a function of time we write the position vector as r(z).

Considering some general point P, cartesian coordinates (x, y), lying on the path of this ship

r = xi+yj
= (2+49i+(8-32)
Thus x = 2+4 . .
and y = 8-3 < The parametric equations of the path.
Eliminating ¢ gives 4y = -3x+38 < The cartesian equation of the path.

Similarly, inclusion of a component in the k direction can define a path in three-dimensional space.

Given r(z), the position vector of an object as a function of time, we can consider differentiating this
function to give the rate of change of r with respect to time.

Differentiating vector functions
If r = fOi+g@®)j+h@k

U . . . .
the derivative e determined by differentiating each component with respect to z.

L= L0+ g0+ k)
= ii+d—gj+d—hk
dt - dt’  dt

Derivatives of vectors

ISBN 9780170395274 7. Vector calculus ®000000



For example, if r = 29i+QGr-1)j-2k
then I ehie 3j
dt

.. odr . .
Note ® The derivative, —, is the rate of change of r with respect to r.
t

* As ¢ varies the position vector r(¢) traces out a path. At any point on this path the vector

dr L . .
= has the same direction as that of the tangent drawn at that point, as explained below.
t

dr £t + 8t) — () 4

— = lim——F——= B

dt -0 ot

—
= lim — see diagram. NE
5t—0 Ot & S o N
o S i
As 8t — 0 the direction of AB will tend A
towards that of the tangent at A.
()

=)

*  Whilst the position vector can be given in terms of any variable,

eg r = 3uli+24 and thus ? = 6ui+2j,
7

if () is the position vector of an object at time ¢ then % will be the velocity of the object at
2

. dr . . .
time ¢, and F its acceleration at time ¢.
T

A particle moves such that at time # seconds, 7 > 0, its position vector is r metres where
r = 2sin3si+ 27 -3t +4)j.

Find expressions for the velocity and acceleration of the particle at time z.

Solution

r = 2sin3zi+ 27 - 3t +4)
dr

vV = —
dt

v = 6cos3ti+ (4t-3)j
dv

a = —
dt

a = -18sin3ti+4j

The particle has velocity v m/s and acceleration a m/s at time # where

v = 6cos3ti+ (41 —3)j and a = -18sin3zi+4j.
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EXAMPLE 2

A particle moves such that at time # seconds, # 2 0, its position vector is r m where

r=2¢1+ 2t - 3)j.

Position, velocity
and acceleration

Find  a the velocity of the particle when # =2,
b the speed of the particle when 7 =2,
¢ the angle that the velocity vector makes with the positive x direction when 7 =2,
d  the acceleration of the particle when ¢ = 2.
Solution
a r = 2¢i+@2t-3)j
dr
vV = —
dt
= 4ti+2j
When ¢ =2 v = 8i+2j

The particle has velocity (8i + 2j) m/s when 7 = 2.

V82 +2?
217
The speed of the particle when # = 2 is 24/17 m/s.

b Whent=2 |v|

¢ Whent=2 v = 8i+2j
Thus if 6 is the required angle, see diagram, /%
0
tan e = E I T T T T T T T T
8
6 = 14.04°, correct to two decimal places.

When 7 =2 the velocity vector makes an angle of approximately 14° with the positive
x direction. (Alternatively this answer could be obtained using the scalar product v.i.)

d v = 4i+2j
av
a = —
dt
= 4

The particle has an acceleration of 4i m/s* when 7 = 2.
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Integrating vector functions

To integrate a vector function we integrate each component.
Infegrals of

vector functions If

r = flwi+gw)j+h(wk
[raau = (j f(u)du)i+(j g(u) du)j+( | h(u)du)k
For example, if r = 2ui+ (64’ + 1)j

W + c)i+ Qi + u+ cy)j

eru

In particular if r(¢), v() and a(?) represent the position vector, velocity vector and acceleration vector
at time ¢ then

w'i+ Qu’ +u)j + ¢ where ¢ =i+ ¢)j

r@r) = jv(t)dt and v() = Ja(t)dt

A particle is initially at rest at a point with position vector 2j m and # seconds later its acceleration
is a m/s’ where a = 8 cos 2¢i + 2j.

Find  a an expression for the velocity of the particle at time ¢,
b the value of 7 (# > 0) when the particle is first travelling parallel to the y-axis,
¢ an expression for the position vector of the particle at time 7.

Solution
a  We know that a = 8cos2ri+2j
v = J- (8cos 2ti + 2j) dt
= 4sin2ti+2tj+c
When t=0,v=0.Thus c = 0i+0j
: v = 4sin2ti+2tj

The velocity of the particle at time 7 is (4sin 2¢i + 2¢j) m/s.

b To be travelling parallel to the y-axis the i component of the velocity vector must be zero.

This occurs when 4sin2t = 0.
2t = 0O,m,2m, ...
t = 0, E, T, ...
2

For # > 0, the particle is travelling parallel to the y-axis, for the first time, when 7 = g

c r = j(4sinzti+ 2tj) dt
= 2cos2ri+tj+d
When ¢ =0, r=2j. Thus 2j = -2i+d
Giving d = 2i+2j
and so r = (2-2cos2t)i+ @ +2)j

The position vector of the particle at time 7 is (2 — 2 cos 20)i + (* + 2)j m.

MATHEMATICS SPECIALIST Units 3 & 4 ISBN 9780170395274




Exercise 7A

A particle moves such that at time # seconds, # > 0, its position vector is r metres where
r = 271+ 3t + 1)j.

a Find the initial position vector of the particle.

Use calculus to determine

b the velocity of the particle when ¢ =3,

¢ the speed of the particle when =3,

d the acceleration of the particle when # = 3.

A particle moves such that its acceleration, a m/s?, at time ¢ seconds, ¢ > 0, is given by
a = Ori.
Initially, i.e. when ¢ = 0, the particle is at point A, position vector (2i — j) m, and is moving with
velocity (-4i + 6j) m/s.
Find a the speed of the particle when # =2,
b  the distance the particle is from A when # = 2.

Ifr=2¢i+(z—1)j find

dr
=, b —|r|.
7 x|

The vector functions r(f) m, v() m/s and a(r) m/s’ are respectively the position, velocity and
acceleration vectors of a particle at time # seconds.

Given that v() = ﬁi +2j and r(0) = 3i + 3j, determine
t+

a (), b a(l), ¢ ()

A particle moves such that at time # seconds, its position vector is r metres where
r = (& = 5t+ Di+ (1 - 141+ 2)j.
a Find the value of # at the instant the particle is travelling parallel to the x-axis.

b Find the value of # at the instant the particle is travelling parallel to the y-axis.

The vector functions r(f) m, v() m/s and a(r) m/s’ are respectively the position, velocity and
acceleration vectors of a particle at time ¢ seconds.

Given that v(?) = 2i + ¢""'j and 1(0) = 10j, determine
a v(10), b a(10), ¢ (10).
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7 A particle moves such that at time # seconds its position vector is r m where
r=(8¢—12)i + 7.
Find how far the particle is from the origin when # = 3,
the velocity of the particle when # =3,
the speed of the particle when 7 =3,

Q 0~ T Q

the angle that the velocity vector makes with the positive x direction when 7 = 3.
(Give your answer to the nearest degree.)

8 The vector functions r(#) m, v(f) m/s and a(?) m/s’ are respectively the position, velocity and
acceleration vectors of a particle at time 7 seconds (¢ 2 0).

Given thatr =i + 2 — 1)j determine
a the speed of the particle when =2,
b the acceleration vector when =3,
¢ the scalar product v.a when ¢ =2,
d

the angle between v and a when 7 = 2 giving your answer in degrees correct to one
decimal place.

9 A particle moves such that at time # seconds, 7 > 0, its velocity is v m/s where
v=2ri+ (3¢ - 1)j - 3k
Find the initial speed of the particle,

a

b the speed of the particle when 7 =2,

¢ the acceleration of the particle when 7 = 2,
d

the position vector of the particle when 7 =5 given that when # = 2 the particle has
position vector (=41 + 10j) m.

10 The position vector of a particle at time # seconds is r m where r is given by
r=( - 6r—16)i+ .
For what value of t, £ > 0, is
a the particle on the y-axis?
b the particle moving parallel to the y-axis?
¢ the velocity of the particle perpendicular to the acceleration of the particle?

11 A position vector of a particle at time # seconds is r m where r is given by
r=3i+2tj+ @ —4r+ 10)k.
Find the position, velocity and acceleration of the particle at the instant that the particle is at its
minimum distance from the x-y plane.
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12 With i and j horizontal and vertical unit vectors respectively, a body moves with a constant
acceleration of 2j m/s’. Initially, when 7 = 0, the position vector of the body is (i + 20j) m and
its velocity vector is (21 — 8j) m/s.

Find a the velocity of the body at time # seconds,

b the position vector of the body at time # seconds,

¢ the distance the body is from the origin when ¢ =3,
d the speed of the body when =2,
e

the value of # when the body has its minimum height and determine this
minimum height,

-

the cartesian equation of the path of the body.

13 A particle moves with its acceleration, a m/s” at time 7 seconds given by
a=costi+2j.
Initially, i.e. when ¢ = 0, the particle has position vector (4i — 6j) m and velocity vector j m/s.
Find a the value(s) of #, 7 2 0, when the particle crosses the x-axis,

b the value(s) of ¢, > 0, when the particle crosses the y-axis.

14 An object starts from rest at the origin and moves such that its acceleration # seconds later
is a m/s’, where a is given by

a=—4sin2ti+2j + 'k

Find the position vector of the object when ¢ = m.

15 A body moves such that its position vector, r m, at time ¢ seconds is given by
r = 2sin 3¢i + 2 cos 3tj.
a Find the value of ¢, £ 2 0, when the body crosses the x-axis for the first time.
b  Obtain expressions for the velocity and acceleration at time z.

¢ Prove that for all values of ¢ the velocity is perpendicular to the acceleration.

16 An object is initially at a point A, position vector (2i + 8j) m, and moving with velocity —4i m/s.
The object moves such that 7 seconds later its acceleration is a m/s”, with
a=2sin(0.5¢)i — 2 cos (0.51)j.

. . . . . T
How far is the object from the point B, position vector 2i, when 7 = g?

iStock.com/MattoMatteo
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Some particular types of motion

m Particle projected from a point on a horizontal plane.

A particle is projected from a point on a horizontal plane, at 30° above the horizontal and with an
initial speed of 50 m/s. The particle will experience constant downward acceleration, due to the
earth’s gravitational pull, of g m/s”.

With horizontal and vertical unit vectors i and j as shown, y
and taking g as 10, determine:

50 m/s
a  the acceleration of the particle in i-j form,
) 30°
b the initial velocity of the particle in i-j form, : -
¢ the velocity of the particle ¢ seconds after projection,
d  the time taken for the particle to reach its highest point.
Solution
a  Acceleration of the particle = —10j m/s’.
b Initial velocity of the particle = (50co0s30° + 50sin30°%) m/s
= (25\3i+25j) m/s

¢ We know that a = -10j where a m/s” is the acceleration.

Thus v = —10j+c where v m/s is the velocity.

When ¢ =0, v = 253i+25j o e= 2531+ 25j

Thus v = 25J3i+(25-101)j
The velocity of the particle 7 seconds after projection is [25+/31 + (25 — 10z)j] m/s.

d At the highest point the vertical component of the velocity must be zero.
ie. 25-10¢ = O
giving t = 2.5.

The particle is at its highest point 2.5 seconds after projection

Readers with some knowledge of basic physics may recognise that part € of the above example could be
solved using the formula, v=u + at. However remember that this formula is one of a group that apply to
constant acceleration situations. The calculus techniques we are developing here apply to variable
acceleration as well.
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Exercise 7B
Rectilinear motion with constant acceleration

1 At time 7= 0 a particle is at the origin and moving with velocity #i m/s.

If the particle travels under the influence of a constant acceleration #i m/s” find expressions for
the velocity and position vector of the particle 7 seconds later.

Particle projected from a point on a horizontal plane

2 An object is projected from a point O on a horizontal surface with an initial velocity of
(141 + 35j) m/s where i and j are horizontal and vertical unit vectors respectively.

The object experiences constant downward acceleration of —9.8j m/s”.

Find an expression for the position vector of the object, with respect to point O, ¢ seconds into

its flight.
How far is the object from O when ¢ = 5?

Determine the cartesian equation of the path.
(Note: Your answer should be a quadratic, thus showing that the flight path is parabolic).

3 A particle is projected with an initial speed of 80 m/s at 60° y
above the horizontal from a point O on a horizontal surface. 80 m/s
The particle experiences constant downward acceleration
of g m/s?. “0°
With horizontal and vertical unit vectors i and j as shown, )
(0] 1 X

and taking g as 10, determine

a the acceleration of the particle in i-j form,
the initial velocity of the particle in i-j form,
the position vector of the particle, with respect to O, ¢ seconds after projection,

the time taken for the particle to return to the horizontal surface.

® o 0 T

the horizontal distance from projection to landing.

4 A golfer hits the ball from a point A towards some point B,
on the same level as A and 120 m away. The ball has initial
speed 42 m/s, at an angle 6 above the horizontal. The
horizontal and vertical unit vectors are i and j respectively
and the ball experiences constant acceleration of —9.8j m/s’.

a Find an expression for the position vector of the ball
with respect to A, in terms of 7, the time of flight, and 6.

b Determine the two possible values of 8 that will cause
the ball to land at B.

(Give your answers in degrees and rounded to one
decimal place.)

iStock.com,/MichaelSvoboda
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5 A particle is projected with an initial speed of # m/s at an angle 8° above the horizontal from
a point O on a horizontal surface.

The particle experiences constant downward acceleration of g m/s’.

With the unit vectors i and j as shown, determine the

following (leaving #, © and g in your answers) ! u /s
a the velocity of the particle, in i-j form, # seconds
after projection, j 6°
b the position vector of the particle, in i-j form, 07 x

t seconds after projection,
¢ the time taken for the particle to return to the horizontal surface,
d the horizontal distance from O to the point of landing back on the horizontal surface,

e the value of 6 that would make the distance of part d a maximum.

Circular motion with constant angular speed

6 Consider a particle initially at the point (2, 0) and moving around

¥
. . . 0.5 rad/s
a circle of radius 2 m with constant angular speed 0.5 rad/s. The \
position vector of the particle, ¢ seconds later, is r(f) m where /L

a The velocity and acceleration vectors of the particle at time
t seconds are v(f) m/s and a(f) m/s” respectively. Find v(z) and a(z).

r(t) = 2 cos (0.58)i + 2 sin (0.52)j. 0.5¢
/é x

Show that |v(¢)| is independent of 7 and determine its value.
Determine v.a and interpret the result.

Show that a(t) = —kr(¢) for % a scalar constant and determine its value.

o o 6 T

What does the result a(t) = —kr(¢) mean in terms of the direction of a?

7 (All units use metres and seconds.)
A particle moves in a circle, centre (0, 0).
The motion is such that r(0), the position vector when 7 = 0, is 5j.
The velocity at time # is given by

Sm TN, Sm. (m. ).
v(t)=——-cos| —t |i——sin| —¢ |j
2 2 2 2

a Determine r(?) the position vector of the particle at time .
b Determine r(3).

¢ Sketch the path of the particle, indicating on your sketch the location and direction of motion
of the particle at#=0,7=1and at 7 =3.

j: v(t) dt

of the particle from =0 to = 3.

3
d Find jo v(t) dr,

3
and J |v(2)| dt and interpret each answer in terms of the motion
0
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Elliptical motion

8 An object moves such that its position vector, r() m, at time ¢ seconds is given by
r(t) =-2 sin(Et)i + 3cos(£tj j-
6 6

a Produce a sketch of the motion for 0 <#< 12 and indicate on your sketch the location and
direction of motion of the objectat#=0,t=3 and t=9.

b  With r = xi + yj, determine the cartesian equation of the path of the object.
¢ Find the angle between the direction of the vector i and the direction of motion of the object
when 7 = 8. (Answer in radians correct to 2 decimal places)
d  If the acceleration of the object at time # seconds is a(f) m/s’ show that
a(t) = —kr(?)
for k a positive scalar constant. Explain what this result means in terms of the direction of the
acceleration and determine k.

Projectile up an inclined plane

9 A particle is projected directly up a plane that is inclined
at 30° to the horizontal. The particle is projected with
speed 49 m/s at 30° to the plane. If we take the unit vector
i to be directly up the plane and the unit vector j to be
perpendicular to the plane (see diagram) then the
acceleration due to gravity will be

(-9.85in30° i — 9.8 cos 30° j) m/s”.
Taking the point of projection as (0, 0) obtain an expression for r(z), the position vector of the
particle in the form #i + 4j, t seconds after projection, and hence show that the particle will hit

the plane 10V3 seconds after projection.

Motion of a point on the rim of a rolling wheel

10 As the large wheel shown on the right rolls along the x-axis
the point Q at the centre of the wheel will move horizontally.
P is a point on the rim of the wheel and initially, i.e. when
t =0, point P lies at the origin. Suppose that the forward speed
and the radius of the wheel are such that the velocity of P at
time ¢ seconds later is v m/s where

v=(1 —cost)i+sintj

(Notice that writing this as (i) + (—cos #i + sin#j) makes the
separate translational and rotational components more obvious.)

a Determine the position vector of P at time # seconds.
b Find the diameter of the wheel.

¢ Find the position vector and the velocity of P when

. . L . 3n
1 =0, nmt=—, m t=m, v t=—.
2 2
d  View the path of P on a graphic calculator.
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Miscellaneous exercise seven

This miscellaneous exercise may include questions involving the work of this chapter, the
work of any previous chapters, and the ideas mentioned in the Preliminary work section at the

beginning of the book.

1 Express (=3 +1i) in the form rcis® with 7> 0 and -t < 6 < 7.

2 Express the complex number 6 cis(%) in the form # + bi.

x+4 for x<0
3 Iff(x) = x> for 0<x<3 determine f'(x), the inverse of f(x).
322 for x23

4 For which of the following functions is the graph as shown y
on the right? 107
2 ]
@) =a? ¥
) =|x| ]
o[ -+ for x<0 PSR M S
x for x>0 o]

S5 Iff(x)=3++x+1 determine a formula for f° “(x), the inverse of (), and state its domain and range.

6 Vectors p and q are as shown in the diagram on the right. 2 5 7
7’ | 7 |
a Write p in the form ai + 4j + ck. l 7
I ' I
b Write q in the form ai + 4j + ck.  — R 1 l
| | |
¢ Find, to the nearest degree, the angle between 2 i i i
p and q. e F Sommoooe poss=cg
- I 7
d Find, to the nearest degree, the acute angle < »
. ! 7
between p and the x-axis. - 1
i J 2.3 4 Yy
e Find, to the nearest degree, the acute angle ] 4
o P I
between q and the y-axis. 2o -\ !
3,0 2T\
| // | 7’
I p I p
X LQ,,,, 7777[17:

7 Find a unit vector parallel to the resultant of (i + 5j — 4k) and (i — 3j + 3k).

2 3
8 Without the assistance of a calculator find ax b givena=| 3 |andb=| -2
-2 2
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9 State the domain and range of g(f(x)) if f(x) = 5Jx and glw) =4 —x.

10 Find the initial velocity, initial speed and initial acceleration of a particle given that its position
vector ¢ seconds into the motion is r metres where

r=(6t+ i+ (@ + 2 + 81)j.

11 On squared paper, and with an x-axis from  —10 to 10
and a y-axis from 0 to 20,
accurately draw y = |x=3]
and y = |x+53|.

Hence draw y = |o=5+|x+5]|

For what values of «x is |x—5| +|x+5| <14?

12 Ifz=a+iband Z is the complex conjugate of z find

a z+3z, b z-z C 2z, d z+z
1 —4
13 Point A has position vector | 6 |and point B has position vector 1
-7 3

Find the position vector of the point P that divides AB internally in the ratio 4:1.

14 1f f(x) = «* and g(x) = Vx — 9 find the functions fo g (x) and g o f(¥) in terms of x and state the
natural domain and range of each.

15 Iff(x) =+’ and g(x) = V9 — x find the functions fo g (x) and g o f(¥) in terms of x and state the

natural domain and range of each.

16 For each of the following conditions show diagrammatically the set of all points 2 lying in the
complex plane and obeying the condition.

a Rez>Imz.
b |z| <3.
¢ Both 3S|z| <5 and

+la

d argz-(2 +z)):g.

17 Show that the set of all points z in the complex plane that are such that
|z—1| = 2|z -]
together form a circle in the complex plane and find the centre and radius of the circle.
-8

18 Find a unit vector perpendicular to| 4
1
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19 For {2: |z — 12— 5i| = 4} determine

a the minimum possible value of Im(z).
the maximum possible value of |Re(z)|.
the maximum possible value of |z].

the minimum possible value of |z|.

- 0 o 6 U

decimal places.

the minimum possible value of arg(z), giving your answer in radians correct to three decimal places.

the maximum possible value of arg (z), giving your answer in radians correct to three

20 Determine whether or not the lines L; and L, intersect and, if they do, determine the position

vector of their point of intersection given that
r=3i+2j-k+A4i+j+3k
r =2i+j+k+pGi+j+2k).

L, has equation
and L, has equation

21 The graph on the right shows the curves

[x[=a
lr|=b (&> a)
and x| =c6

with 4, b and ¢ all positive integers.

Find 4, b and ¢ and the (|r|, 6) coordinates -8
(called polar coordinates) of points A and B,
the points where two curves intersect.

22 Find the position vector of the point where the line L. meets the plane IT given that L has equation

-1 2 2
r= -10 [+A| 3 and  II has equation r.| 4 [=5.
4 -1 -1

23 The four sets of points given below all represent the same straight line in the complex plane.

{z: |z2=G+50)| =|z- T -d)|}
{z: |2—15| =|z = (c + di)|}
Find the values of 4, b, ¢, d, e and f. (Hint: Use an Argand diagram.)

-6
24 Express the vector 5 | in the form Aa + ub + nc where
-3
2 1
a=| 3 |, b = 4 and c =
1 -1

Units 3 & 4

{z:|z—(1+8i)| =|z— (a+bi)|}

{z: |z=7+14i| =|z + e+ fil}
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25 Points A, B, C, D and E have position vectors

26

27

28
29

30

31

ry = -i+6j—8k,
rB = 3i+4k,
rc = 7i+€k,
rp = —i+dj-Sk,
rp = 4i+j+ek

Find the position vector of point F, the midpoint of AB.

A sphere has its centre at point F and all of the five points A, B, C, D and E lie on the surface of
the sphere. Determine the values of ¢, 4 and e given that they are all non-negative constants.

Find, in radians and correct to two decimal places, the acute angle between the lines L;
and L, given that

L, has equation r = -2i+3j+8k+A3{-2k)
and L, has equation r = 5i+6j-3k+uRi+3j-k).

Prove that L; and L, intersect and find the position vector of point P, the point of intersection.
Find, in scalar product form, the vector equation of the plane containing point P and
perpendicular to the line joining point A, position vector 2i — j + 3k, to point B, position
vector 3i+j + k.

Use the idea of proof by contradiction to prove that the lines

and

L;: r = 2i+3j-k+A4i-2j+3k)
L,: r 8i+ui+j-3k)

do not intersect.

Express cos46 in terms of cos 8.

z; shown in the diagram on the right is one solution to
the equation z* = &.

Find z,, z; and z,, the other three solutions to the equation, p =

giving all answers in cartesian form in terms of # and 5.

Solve each of the following systems of equations without the assistance of a calculator.
Your method should clearly indicate the steps you take to eliminate variables.

x+2y+ z2=7 b 2x+3y+5z=4
x+3y+22=11 x+2z=1
20+ 5y+52=26 3+ y+7z2=3

For 0 < ¢ < m, an object moves such that its position vector, r(¢), is given by

r= 25ec(t—£)i+4tan(t—£)j.
2 2

With r = «i + yj, find the Cartesian equation of the path of the object for 0 <z <.
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32 A glider is following a straight line flight path
to touch down at (0i + 0j + Ok) m. The vector
equation of this straight line is r = A(10i + 4j + 3k)
and the ground is the i-j plane.
Inidally the glider has an altitude of 180 m (with
respect to the touchdown point) and it touches
down 15 seconds later.
Find the velocity of the glider during the
15 seconds (assume this velocity is constant) and
the distance the glider travels in this time (to the
nearest ten metres).

33 Prove that the only requirement necessary for the system of equations shown below to have
a unique solution is that p must not equal 6.
x + y + (p-3)2z =1
2+ 4y + 4z = 3
- + y + (7-2p)z q
a Ifpdoesequal 6, find the value(s) of q for the system to have

i infinite solutions, i no solutions.

b Ifp=>7 find the unique solution in terms of q.

¢ If p=06and q takes the value that gives infinite solutions, find the particular solution for
which x = 1.

34 An object moves such that its position vector r m, at time ¢ s, is such that the velocity vector, £ m/s,
is given by
r = 4cos2ti+3j =0).
a When ¢ =0 the object has position vector (2i —j) m, with respect to an origin, O.
Find the position vector of the object when 7 = 7.

b  Find the speed and position vector of the object at the first time, # > 0, for which the velocity
of the object is perpendicular to the acceleration of the object.

35 Prove that the following system of three equations in three unknowns
x+2y+z = 3

—x+(p-2)y+(@-1z = 0
x+@+2y+(+)z = 5

must have ps # qr for there to be a unique solution.

36 Find the shortest distance from the line

-3 3
r=| =7 |[+A| 4
8 -5

to the point with position vector

bon
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37 An object is projected from a point (0, 0), on horizontal ground, with an initial speed of # m/s at
an angle 6 above the horizontal. Use as your starting point the fact that this object will experience
a constant acceleration of —gj m/s” and then use calculus to determine

a an expression for the position vector of the object # seconds after projection,

b the possible values of 8 if an object projected with speed 50 m/s is to pass through a point
with position vector (100i + 40j) metres. Use g = 10 and give your answers in degrees correct
to one decimal place.

38 Given the system of equations: x+2y+ z = 2
x—=3y+2z2 = 10
0+ 3y+ 2z = 2
x+5y+4z = 8
a student writes the augmented matrix: 1 2 1 i 2
1 =3 2 10
2 1 | 2
1 4 | 8 |
and correctly reduces it to: 1 2 1 2
0 -5 1 . 8
0 0 6 | 18
.0 0 0 i 0
"Thus reducing the initial four equations to: x+2y+ 2z = 2
Ox—5Sy+ z = 8
Ox+0y+6z = 18
Ox+0y+0z = 0

Noticing the last of these equations the student concludes that the initial system has no solutions.
Was the student correct in this conclusion? Explain your answer and, if you disagree with the
student’s conclusion, state clearly what you think the conclusion should be.

39 A golfer hits a ball from point T, giving it an initial velocity (30i + 24j) m/s where i and j are
horizontal and vertical unit vectors respectively.

The ball lands at a point L. where L has a position vector relative to T of (1351 + ¢j) m.
Throughout its flight the ball is subject to an acceleration of ~10j m/s?, due to gravity.

Find an expression for the velocity of the ball # seconds into its flight.

Find an expression for the position vector of the ball, relative to point I, # seconds into its flight.
What time passes from the ball leaving T to it reaching the highest point in its path?

What time passes from the ball leaving T to it reaching L?

What is the greatest height reached by the ball?

Find the value of c.

= 0 o o T 0
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40 An earlier chapter asked you to use proof by induction to prove de Moivre’s theorem

41

42

43

44

(cos® + 7sin )" = cos (n6) + isin (nh),
for positive integer values of 7.
Now suppose that 7 is a negative integer, i.e. 7 = —k for k a positive integer.
Prove that

(cos® + isin0)" = cos (nB) + isin (nh),

for 7 a negative integer.

With the complex numbers
z) = \/gCiS(%E) Z; = Zcis(g) and Z3 = SCis(zTn],

-3
and without the assistance of a calculator, simplify [—IJ .

%223
Determine, with justification, whether the system of equations shown below has a unique solution,
no solution or infinite solutions and, if there is a unique solution, determine that solution.
x+3y— z = 3
—x=3y+ z
2x+6y—2z = 6

Il
w

For the system of equations: 3x+2y+ z = 4
x— y+2z = 3
3x+7y+pz = q

a determine the value(s) of p and q for there to be infinite solutions,

b  determine the value(s) of p and q for there to be no solutions.

x=m
¢ Ifp=kand q=Fk+7 and the system has a unique solution of { y=# , find m, n, p and q.
z=13

If we take the origin as the point where the post supporting my mailbox meets the ground, then

-1
my movement-activated light is situated at a point with position vector | 8 | m.

5

The light is set to switch on if a person, or sufficiently large animal, comes within 6 metres of

the light.

A ‘sufficiently large’ dog walks up the sloping verge at the front of the house and follows the line
with vector equation

If the dog continues along this line does it cause the light to switch on? (Justify your answer.)
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UNIT FOUR PRELIMINARY W' RK

Having reached this stage of the book it is naturally assumed that you are already familiar with the work of the
previous chapters (as well as Units One and Two of the Mathematics Specialist course and Units One and Two of
the Mathematics Methods course). It is also assumed that you are familiar with the content of Unit Three of the
Mathematics Methods course.

In particular, for this unit, familiarity with the following concepts will be assumed:

* Second and higher-order derivatives.

* The product, quotient and chain rules.

* Applications to curve sketching.

* Rates of change.

e Application to rectilinear motion.

* Optimisation.

e Small changes and marginal rates of change.
* Differentiation of ¢* and ¢/",

e Differentiation of trigonometric functions.

e Antdifferentiating algebraic and trigonometric functions.
e Antidifferentiating expressions involving ¢* and ¢/®.
* The fundamental theorem of calculus.

* Indefinite and definite integrals.

* Area under and between curves.

e Application to rectilinear motion.

e Total change from rate of change.

It will also be assumed that the statistical concepts of the measures of central tendency (mean and median) and of
dispersion (range and standard deviation) are familiar concepts.
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From your study of earlier Mathematics Specialist units, and of units from Marthematics Methods, it is assumed that
you are already familiar with the following trigonometrical identities:

sin’0 + cos’ 0

from which it follows that tan’0 + 1
and 1+cot’0

sin(4 = B)
from which it follows that sin2A
cos (A + B)
from which it follows that cos2A
tan(4 = B)
from which it follows that tan 24

1

sec’ 0
cosec’ 0

sinA cosB *+ cosAsin B

2sinA cos A

cosAcos BFsinAsinB
cos’ A — sin* A
1-2sin’A

2cos’A -1

tan A+ tan B
l¥Ftan Atan B

2tan A
1-tan’ A4

And the following rules for the products of sines and cosines:

sinAcosB = %[sin(A + B) + sin(A = B)]
cosAsinB = %[sin(/l +B)-sin(A4- B)]
cosAcosB = %[COS(A + B) + cos(A — B)]

sinAsin B = %[cos(/l —B)—cos(A+ B)]

sinP+sinQ=25in( s(
sinP—sinQ=Zcos(PerQ)sm(P_Q)
COSP+COSQ=ZCOS(P;Q)COS(P_Q)

cosP—cost—Zsin(P;Q)sin P—Q)

[\

P+Q] P—Q)
2

CO!

2

2

2
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Limit of a sum

It is assumed that your familiarity with the fundamental theorem of calculus means that you understand that we
can write the limit of a sum

x=b
i s

b
as the definite integral I f(x)dx,

and that this definite integral can be evaluated using antidifferentiation.

Use of technology

As with the previous unit you are encouraged to use your calculator, computer programs and the internet
whenever appropriate during this unit.

However, whilst familiarity with these technologies is assumed, you should make sure that you can also perform
the basic processes without the assistance of such technology when required to do so.

The illustrations of calculator displays shown in the book may not exactly match the
display from your calculator. The illustrations are not meant fo show you exactly
what your calculator will necessarily display but are included more to inform you
that at that moment the use of a calculator could well be appropriate.

Shuttestock.com,/Peshkova
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Differentiation
techniques and
applications

e Explicitly defined and implicitly defined functions
* Differentiation of implicitly defined functions

e Differentiation of parametrically defined functions
* Related rates

e Small changes

* Marginal rates of change

® Logarithmic differentiation

* Miscellaneous exercise eight



Explicitly defined and implicitly defined functions

When a function is expressed in the form y = f(x), the relationship that exists between the two variables
is clearly defined with one variable isolated on one side of the equation and all other terms, containing
only the other variable, on the other side. For example:

_x-3

= , y=20 + 74 = 3x+4.
x+5

y=2x+3, y

In this form, the functions are defined explicitly.

Consider instead a function defined by the equation xy +y — 4x = —2. In this form the relationship
between x and y is implied, but is not explicitly set out. The function is said to be defined implicitly.

Differentiation of implicitly defined functions

Suppose we want to find the gradient at a particular point on the graph of an implicitly defined function. T
For example, suppose we want to determine the gradient of

xy+y—4x=-2
at the point (5, 3).

For this particular example we could rearrange the given expression into an explicitly defined form and
then differentiate as usual:

it vy 4y - = =2 e 2
d(4x-2
then Y+ 1) = 4w-2 &[ :+1j|x=5
_ 4x-2 1
) x+1 5
Hence & _ (x+1)(4)—(42x—z)(1)
dx (x+1) \ )
dy _ (6)(4)—(8)(1)
At (5,3 & _ (OH-18)D)
t(5,3) . =
Yy _1
dx 6

However it is possible to differentiate the implicitly defined function
xy+y—4x=-2

directly, without first isolating y, as shown on the next page.
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Given: xy+y—4x = =2
Differentiate with respect to x: i( )+i( )—i(4x) = i(_z)
P ' e T T T
d d dy
yo @) k()4
dy dy
D+r+x—+—=—-4 =0
@) ¥t
dy dy
At (5,3 345—+—>=-4 =0
t(5,3) FRR»
o
dx
L = l, as before.
dx 6

"This second method may not be any quicker than the first but in some cases the task of isolating y may
be difficult and perhaps even impossible. This would deny the use of the first method but the second
method would still work.

This second method is further demonstrated in the examples that follow.

In these examples note especially the use of the rearrangement
%f(}’) = %f(y);ix—y (i.e. the chain rule).

Note also that whilst the implicitly defined equations may represent a relationship that is not

a function, Z—y can still be determined.
%

Find :le_y in terms of x and y if y* + Sx = 62%.

Solution
Given: ¥+ 5x = 6x%y
Differentiate with respect to «: i( 2)+i(5x) = i(6x2 )
3 ' e T T w0
d 2 d_)/ d 2 2 d
= —+5 = y—(6x")+6x" —
dy(wdx g, EE e =)
dy 2 dy
2y—=—+5 = 12xy+6x" =
;ix—y(zy—éxz) = 12xy-5
Thus b _ 13
dx 2y —6x
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Alternatively, using a calculator:

e a

impDiff(y? + 5x = 6x2y, X, y)

,_-(12.x-y-5)
2.3 %2 -y)

EXAMPLE 2

Determine the gradient of the curve 3y” + 4x = ? + 2xy — 8 at the point (5, 3).

Solution

Given:

39" + 4w = & + 22y — 8

. . . d 5, d d, 5. d d
Differentiate with t to & —GByH+—¢@lx) = — +—Qxy)—-—(8
ifferentiate with respect to x dx(y) dx( x) dx(x) dx( xy) dx()
d . 5. dy d d
—Q@y)=+4 = 2x+y—(2x)+2x—
5 e x4y (2x) + 20— (y)
6y%+4 = 2x+2y+2x;zx—y
At (5, 3) 18d—y+4 = 10+6+10ﬂ
dx dx
g 2
dx 2
At (5, 3) the curve has gradient%.
( )
impDif(3-y?> +4-x=x2+2-X-y—8,X,y)| x=5
y+3
3-y-5
y+3 _
3.y-517=°
3
2
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2
Ify* + x =&’ — y + 6 determine & and d_g/
point (1, 2). v dv
Solution
Given ¥+
Differentiate with respect to x: 4 ( yz )+ 4 ()
dx dx

d o dy

LHY 41

dy(y)l
dy
2y—=+1
ycix+

dy
—(2y+1
dx(y )

S s &

At the point (1, 2)

2

d—%/ is the second derivative of y with respect to x.
dx

2
Thus Zx—Z

Investigate the ability of
your calculator to determine

the second derivative of
implicitly defined functions.

At the point (1, 2)

X —y+6
d d d
E(x3)—a(3’)+a(6)

3x2—ﬂ
dx
dy
347 - =
™

3’ — 1

307 -1

2y+1

31)° -1
202)+1
2

5

il
dx \ dx
d 3% -1
de\ 2y+1

[Z.y
2y +1)6x — Ga’ = 1)22L
2y +1)6x - (Bx ) I

Qy+1)°

3x? —
2y + D6x — Gx® =120~
2y +1)6x — (Bx )2er1

1

Qy+1)
6x(2y +1)* = 2(3x* - 1)?
Qy+1)
6(D(5)° - 2(2)°
O
142
125

in terms of x and y and evaluate each of these for the

MATHEMATICS SPECIALIST Units 3 & 4
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Exercise 8A

Without first rearranging the equation, differentiate each of the following with respect to « to find %
in terms of x and y.

1 xy+8xr=10-2y 2 xy+y—4x=32"-5 3 ) —2xr=34Y

4 ' =2y + 5x 5 5y =a’ + 20y -3 6 x+3y" =5+x"+2uy
7 & +y =% 8 X +)y' =9 9 « +y =%y

10 &' +y’ =9xy+x+y 11 sinx+cosy=10 12 3 +x’cosy=10xy
13 Determine the gradient of 6x + xy + 20 + 2y = 0 at the point (-3, 2).

14
15
16

17

18

19

20

21

22

23

24

25

26

Determine the gradient of 6y +xy = 10 + 3x at the point (2, 2).
Determine the gradient of 5 + & = xy +y* at the point (1, -3).

Determine the gradient of y* + 3xy = 4x at the point (1, —4).
Find the equation of the tangent to x* + L= 2y at the point (1, 1).
x

Determine the gradient of 5x* + \/E =5 +y* at the point (4, 9).
2

If b _ «”y find an expression for d—g, in terms of x and y.
dx dx
Determine the coordinates of the points on the graph of &* + 4y” — 2x + 6y = 17 where the tangent

to the curve is horizontal.

Determine the coordinates of the points on the graph of &% + y* — 4x + 6y + 12 = 0 where the
tangent to the curve is vertical.

2
Ify —y’ =a’ +x — 2 determine & and d—}z/
point (1, 0). dx

in terms of x and y and evaluate each of these for the

Find the equation of the tangent to the curve x> = 2siny at the point (l, %) .

2
If y* + cosx = 3y + 1 determine % and % in terms of x and y.

2
If 2siny — &% = 2x + 1 determine & and d—)z/ in terms of x and y and evaluate each of these for the

n dx dx
point (—2, g) . \

The graph on the right shows the ellipse with equation
327 +y2 =9

Find the coordinates of any points on the ellipse where

the gradient is —1. '
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Differentiation of parametrically defined functions

This topic is not specifically mentioned in the syllabus for this unit but I include it here because it is only
bringing together the idea of defining a function parametrically, as encountered in Unit Three of Mathematics
Specialist, with our ability to use the chain rule.

Consider the parametric equations x=3t+1 and y=t.

In this case we can eliminate # to express y directly in terms of x.

From the first equation: t= xT—l
T . (x—1)°
Substituting into the second equation: Y=g
From which b _ M
dx 9

If we require the gradient at a particular point on the curve, say where ¢ = 1, i.e. the point (4, 1), then

&y _2

de 3
However, use of the chain rule allows this derivative to be determined without first having to eliminate
the parameter. (Particularly useful for those cases in which expressing y directly in terms of « is difficult
or even impossible.)

If x=3t+1 and y=2
then ﬁ =3 and d_y =2t.
dt dt
Now use the chain rule: d_y = ﬂﬁ
dx  dt dx
1
=(2t)| =
(5]
Ifr=1 d_y = E as before.
de 3
dt 1

Note: * The above example used the fact that: o (;i?t). B
We cannot simply assume this result to be true by the rules of fractions because - is not
a fraction (it is the limit of a fraction). Instead the result can be justified as follows:
Using the chain rule: % % = % [1]

Now suppose that z = x. Differentiation gives % =1.

Equation [1] then becomes %% =1and so % = @ as required.
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* Aswas mentioned in Unit Three of Mathematics Specialist, some graphic calculators can
accept and display relationships defined parametrically. Use such a calculator to display
the graph defined parametrically as:

x =sint
y=2cos3t °
Exercise 8B

1 Ifx=3sin2¢andy =2cos 5t find, in terms of 7,

de b & c ﬂ

dt dt dx
2 Ifx=sin’ # and y = cos 37 find, in terms of 7,

de b il c ﬂ

dt dt dx

Find & in terms of the parameter # for each of the following.

X
3 x=2+3ty=". 4 x=7,y=2+3¢ 5 x=57,y=1"+2t.
1 t 2
6 x=31+6ty=—-:. 7 x=F—1y=@-1)" 8 x=——,y=—"-.
3 J t+1 g y=¢-D * t—1 ) t+1

9 Determine the gradient at the point where 7 = —1, for the curve that is defined parametrically by
2 3
x=t+2,y=t.

10 Determine the gradient at the point where ¢ = 2, for the curve that is defined parametrically by

1 2
x=——,y=t"+1.
t+1 Y

dy

11 Determine the coordinates, (x, y), of any points where o 0 on the curve defined parametrically
byw=2¢+3t,y=1 —12¢.

N\

12 The diagram on the right shows the curve defined _
parametrically as:

x =4sint, y=2sin2t, for 0 <t<2m.
dy

a Find an expression for o in terms of z. '

b Find the coordinates and the gradient at the

. T
point where = —. L
6

¢ Find the exact values of # (for 0 <t < 27) for which % =0.

2
13 Ify:t+gandx:2t—lﬁnd a d—yintermsoft, b d—g’intermsoft.
t t dx dx
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Related rates

Suppose we know the rate of change of one variable, say x, with respect to some second variable, say 7.
If we also know the relationship between x and some third variable, say y, then we are able to determine
the rate of change of y, with respect to z.

Related rates

ie. Knowing % and y as a function of x, we can determine %

For example:

Suppose % =5 and y = 5% +2x-3.
% can be obtained as follows: If y = 5x% +2x—3
then b _ 10x + 2.
dx
By the chain rule b _ Hx
dt dx dt
= (10x+2)5
= 50x+ 10
Al : Do Z(5a? 4203
ternative setting out 1 7 (Sx”+2x-3)
By the chain rule = 4 Gx? +2x-3) de
dx dt
= (10x +2)5
= 500+ 10

If A = 3w’ and d_w =35 find ﬁ when w = 2.
dt dt

Solution
If A=3v" then dd = 1(371)2)
dt dt
d 2 dw
= 2 )&
pSClon
= (6w)(5)
=30w
= 60 when w = 2.

Thus when w =2, tfl_f is 60.
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EXAMPLE 5

Ify* = 1.5 + 2.5 and do _ 12, find & when y=2.
dt dt

Solution ; ;
If =152 +2.5 th =) = =151 +25
y=15w en L0 = Z5w+29)
d 3 d}’ d 3 dw
— - = — (1.5 +2.5—
dy(y )dt dw( w )dt
dy 2
= = (4.5 12
Yo = @se)12)
d_y B 27w°
dt y
Now when y =2
4 = 1.52°+2.5
giving w = 1.
Thus when y=2, w=1 and d_y:2_7
dt 2

Thus when y =2, Zy is 13.5.

t

The length of each side of a square is increased at a rate of 2 mm/s. Find the rate of increase in the
area of the square when the side length is 10 cm.

Solution

Note: When the question does not specifically state what the rate is with respect to, as in this
question, we assume it to be with respect to zimze.

Draw a diagram showing the situation at some general time #:
In the diagram shown, x cm is the side length at time # seconds.
dx‘ X cm
Thus we are given that % 0.2 J
If the area at time #is 4 cm?® then A=« —— xcm —
Differentiating with respect to #: a _ 4 (%)
dt dt
_d 5 dx
Cdy ) dt
= (2x)(0.2)
=4 when x = 10.
When the side length is 10 cm, the area of the square is increasing at 4 cm?/s.
ISBN 9780170395274 8. Differentiation techniques and applications ®O 00000 ®



EXAMPLE 7

A particle moves in a straight line such that its velocity, v m/s, depends upon the particle’s
displacement, x m, from some fixed point O according to the rule

v=3x+4

Find the velocity and acceleration of the particle when x = 1.

Solution
When x=1 v = 3(1)+4
7
When «x = 1, the velocity is 7 m/s.
The acceleration is & = 4 Bx+4)
dt dt
d dx
dx( ¥+ ) dt
= @)
= (3)(7) when x = 1.
=21

When x = 1 the acceleration is 21 m/s’.

EXAMPLE 8

The diagram shows a ladder AB, of length 5 metres, with its foot on
horizontal ground and its top leaning against a vertical wall. B

End A slips along the floor, directly away from the wall, at a speed of
0.05 m/s. How fast is end B moving down the wall at the instant that 5m
it passes through the point that is 4 m above the ground?

Solution

A ]
~
Draw a diagram showing the situation at some general time #: 5
With x and y as in the diagram &% +y* = 25. ’ ‘
d d
Thus E(x2+y2) = Z(ZS) 5m ym
dy J
2x—+2y—= =10 A
5 Y 0.05 m/s T
G o
Y dt
From & +y* = 25, when y = 4, x = 3. (x = =3 not possible in this situation).
Thus when y =4 4% = (=3)(0.05)
b -0.0375
dt

When B is 4 m above the ground it is moving down the wall at 0.0375 m/s.
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EXAMPLE 9

A person who is 1.75 m tall walks directly away from b

a light source positioned 5.25 m above ground. e \1\'5_12/ s
If the person walks at a steady 1.5 m/s find 0 s \"\\\
a  how fast the length of the person’s shadow o i e

is changing,
b how fast the tip of the person’s shadow is moving across the ground.

Solution
a  Draw a diagram showing the situation at some Sl LS
general time #: <2 “\\\_\IBS
With x and y as in the diagram we are given = 175 m ;“‘\\\
dx 15 and . dy Rl
E— D an WCI'CqulI'CZ. } rm } ym
By similar triangles 325 xty
1.75 y
Which simplifies to y = «
Differentiate with respect to #: %(2 y) = %(x)
d d dx
ST = =
ly dt dt
b e
dt dt
Thus with L3 =1.5, & = 0.75
dt dt

The length of the person’s shadow is changing at 0.75 m/s.

b The rate of change of y found in @ will not be the rate at which the tip of the shadow is moving
across the ground because we are measuring y from a moving point, the position of the person.
The person is moving at 1.5 m/s and the shadow is lengthening at 0.75 m/s. Thus the tip of
the shadow is moving at (1.5 + 0.75) m/s.

Thus the tip of the shadow is moving across the ground at 2.25 m/s.
Alternatively we could consider the motion of L

the tip of the shadow by considering a variable el LSmss
that is measured from some fixed point. In the 5.25m e
diagram on the right, z m is the distance from the LS e .
base of the lamp post to the tip of the shadow. | xm
f zm

We are given de _ 1.5 and we require @
dt dt

5.25 %
By simil iangles —— = .
y similar triangles T P
Which simplifiesto 2z = 3w
Hence % = 1.5 ﬁ
dt dt

= 1.5(.5) = 225 asbefore.
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Exercise 8C

1 Ify:3x2+4xand@ =5,ﬁndd—y when x = 6.
dt dt
2 IfA=8p’ and @ _ 0.25, find a when p=0.5.
dt dt
3 If X=sin2pand @ _ 2, find X when p = uy
dt dt 6

4 1fT=2T“\/Z find

a a1 given that a_bL and L =100,
dt dt w

b @giventhatgzénandL=4.
dt dt

5 IfA:sinz(Sx)andﬁ:0.1,ﬁndﬁwhenx:£.
dt dt 36

6 IfP:47‘2+3and£:14,ﬁndﬂwhenr:7.
dt dt

7 Ify2=3x3+1andﬁ=O.1,ﬁndd—ywheny=5.
dt dt

8 Ifx2+y2=400,x203nd%=6,ﬁnd%wheny=12.

9 The isosceles triangle on the right has two sides of length 10 cm and

ZCAB is increasing at 0.01 radians/second, from an initial g radians.

Find the rate of change in the area of AABC at the instant when

x=—.

3

10 The isosceles triangle on the right has sides AC and AB of equal
length and each increasing at 0.1 cm/s from an initial 5 cm.

Find the rate of change in the area of AABC at the instant when
AC=AB =10 cm.

11 The right triangle shown on the right has sides AB and BC able
to vary in length, AC is constantly 10 cm long and ZABC is
always a right angle. Initially AB is of length 4 cm and increases
at a constant rate of 0.1 cm/s.

Find the rate of change in the length of BC, 20 seconds after
the increasing in the length of AB commenced.

C
N S
x rads
A 10 cm B
C
S
£
45°
A B
x cm
C
\/QO& ycm
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12 The length of each side of a square is increased at a rate of 0.01 cm/s. Find the rate at which the
area of the square is increasing when the side length is 8 cm.

13 The length of a particular rectangle is three times its width and this ratio is maintained as the
width is increased at 1 mm/s. Find the rate of increase in the area of the rectangle when the width
is 10 cm.

14 A regular hexagon is enlarged such that the regular hexagonal shape is maintained with the length
of each side increasing at 1 cm/minute. Find the rate of increase in the area of the hexagon at the
instant when the length of each side is 20 cm.

15 Find a formula for the rate of increase in the volume of a sphere when the radius of the sphere,
7 cm, is increasing at a constant rate of 0.1 cm/s.

a  What s the rate of change of volume when » = 5?

b  What is the radius of the sphere when the rate of change of the volume of the sphere is
40m cm*/s?

16 A cube is being increased in size such that the length of each edge is increasing at 0.1 cm/s.
Find the rate at which @  the surface area,

b the volume,

of the cube is increasing when the side length is 10 cm.

17 Experts monitoring an oil spill from a crippled oil tanker
model the oil slick as a circular disc of radius » metres
and thickness 5 cm.

The tanker spills oil into this slick at a rate of 5 m*/ min.
If the thickness of the oil remains at 5 cm find the rate
of change in the radius of the slick, in cm/min (correct
to nearest cm), when this radiusis @ 20 metres,

b 40 metres,

AAP Image/AP/John Gaps lll

¢ 100 metres.

18 A closed right Circulzar cylinder has base radius 7 cm and height 57 cm. 2rcm
If 7 is increasing at — mm/s, find expressions in terms of 7 for T
T
a the rate of change in the volume of the cylinder, S em
b  the rate of change in the total external surface area of the cylinder.

19 Oil drips onto a surface and forms a circular film of increasing radius. The oil drips onto the
surface at a rate of 1 cm’/s. Considering the circular film to be of thickness 0.02 cm, find
the rate of change in the radius of the film at the instant when this radius is

a Scm, b 10cm.

(Give answers in cm/s and correct to one decimal place.)
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20 A particle moves in a straight line such that its velocity, v m/s, depends upon displacement, x m,
from some fixed point O according to the rule

v=22"-3
Find a anexpression in terms of x for the acceleration of the particle,

b the velocity and acceleration of the particle when x = 2.

21 At what rate is the area of an equilateral triangle increasing when each side is of length 20 cm and
each is increasing at a rate of 0.2 cm/s?

22 A large advertising balloon is initially flat and has air pumped into it at a constant rate of
0.5 m*/s, causing it to adopt a spherical shape of increasing radius.

a Find the rate of increase in the radius of the balloon, to the nearest cm/s, when this radius is
i 1 metre, ii 2 metres.

b  Find the rate of increase in the radius of the balloon, to the nearest mm/s, twenty seconds
after inflation commences.

23 The diagram shows a conical pile of sand with vertical height equal Ol
to twice the radius of the base.

Sand is being added to the pile at a rate of 0.25 m’/minute with the
ratio between height and base radius being approximately maintained.

Find a the rate of change in the base radius of the cone, when h=2r
this radius is 2 m. J
b the rate of change in the perpendicular height of the
cone when this height is 2 m.
F—7cm —

24 ‘The cone shown on the right is such that the vertical section
through the vertex is an equilateral triangle ABC.

The volume of the cone is increased at a constant rate
of VV'em®/s with the equilateral nature of the triangular
section maintained. When the base radius is 20 cm the
rate of change of this radius is 0.5 cm/s. Find V' correct
to three significant figures.

25 A closed cylindrical can of constant base radius 5 cm, has
its height increased at 0.1 cm/s, from an initial 10 cm.
Find the rate of change of @  the external surface area,

and b the capacity of the can,

20 seconds after the height increase commenced.
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26 A closed cylindrical can of constant height 10 cm, has its
base radius increased at 0.1 cm/s, from an initial 5 cm.
Find the rate of change of @  the external surface area,

and b the capacity of the can,

20 seconds after the radius increase commenced.

27 The diagram shows a ladder AB, of length 5.2 metres, with its foot
on horizontal ground and its top leaning against a vertical wall. B
End A slips along the floor, directly away from the wall, at a speed
of 0.1 m/s. How fast is end B moving down the wall at the instant 52m
that it passes through the point that is 4.8 m above the ground?

-

28 The diagram shows a hemispherical container of radius 2 metres. 2m
When the depth of the liquid in the container is 4 metres (see

2
diagram), the volume of the liquid, /"m’, is given by V' = % (6 —h).

. . . . h
If the liquid is being pumped out of this container at a constant rate of i I "

0.25 m*/min, find the rate at which / is falling at the instant that /1 = 1.
(Answer to nearest mm/min.)

29 The diagram shows a person of height 1.8 m
walking towards a lamp post at 1.4 m/s. The light T
on the lamp post is 6 m above the ground. B

6 m

a At what rate is the length of the person’s ,/
shadow changing?

b At what speed is the tip of the person’s
shadow moving across the ground?

30 The diagram shows a person of height 1.5 m -

walking away from a lamp post at 2 m/s. -
The light on the lamp post is 4.5 m above ,,/’q

- 1.5m
the ground. T

4.5m

a At what rate is the length of the person’s
shadow changing?

b At what speed is the tip of the person’s

shadow moving across the ground?
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31 The diagram shows a hemispherical container of radius 2 metres.
Water is in the container to a depth of # metres (see diagram).
Water is removed from the container such that the depth of the
water remaining is falling at a constant rate of 0.5 cm/s. Find
the rate of change of the radius of the water surface at the
instant when the depth is 1 m.

32 The diagram shows a model aeroplane, A, being flown in A 15m/s
a straight line, at a constant speed of 15 m/s and constant -
height 20 m. The plane is radio-controlled by an enthusiast
situated at point B (see diagram). 20m

Find the rate at which the distance AB is increasing at the
instant that BC (see diagram) is 48 m.

33 The diagram shows a loose balloon rising vertically at T 5 m/s
a constant 5 m/s, and being observed from point A on el
the ground, 60 metres from the point on the ground 7 i
from which the balloon was released. - i

Find the rate of change in the distance from A to the -
balloon at the instant that the balloon is at a height - O
of 80 metres. 60 m

iStock.com/anskuw

34 In the diagram, point L is the location of a rotating :
. . . . Spot of light ¢P

spotlight situated on the top of a police car. L is 8 metres travelling

from a straight wall and the light rotates at 2 revolutions along wall. \ »

per second (i.e. 4 =47 rad/s). ¥ Tx
dt ) d 1

Find the speed with which the spot from the light is moving L 8 m

along the wall as it passes through point P which is 5 metres

from the point on the wall that is closest to the light.
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Small changes

A concept that you should be familiar with from your study _

of Unit Three of Mathematics Methods, and briefly revised Th bol 5 is a Greok |
here, is that if x, the change in «, is ‘small’ then, &y, the e gmzal Ila @ Cies et.ter
. L pronounced delta. The capital
corresponding small change in y is given by the small : o
. of this letter is written A.
changes or incremental formula: . :
In this calculus context 8x is

ﬂ ~ ﬂ ie. Sy ~ ﬂﬁx sometimes written as Ax.
o dx dx
EXAMPLE 10

If f(x) = 2" use differentiation to find the approximate change in the value of the function when x
changes from 10 to 10.1.

Solution ;

If  y=24° then Ey = 61 and so % ~ 6

Le. 8y ~ 627 S

In this case x = 10 and dx = 0.1, thus 8y~ 6x10? x 0.1 = 60

When « changes from 10 to 10.1 the change in f(x) is approximately 60.

(Comparing this with £10.1) - £(10) =2 x 10.1° = 2 x 10°
= 60.602 shows the approximation reasonable.)

Marginal rates of change

For a company manufacturing x units of a particular commodity there are three important functions of
x that will interest the firm.

* The cost function, C(x). This is the total cost of producing x units of the commodity.

* The revenue function, R(x). The total income the firm receives by selling x units.

* The profit function, P(x). The total profit from the sale of x units. P(x) = R(x) — C(x).

(Clearly R(x), C(x) and P(x) only have meaning for x > 0 and for many commodities it is also the case
that these functions only make sense for integer values of x.)

If 8w is some small change in x and 8C is the corresponding small change in the cost function then

Ez£.Thusif8x=l,then Ezg
dv O dx 1

Hence % is the approximate change in C when «x changes by 1.

a is called the marginal cost. Similarly % marginal revenue and % marginal profit.

The marginal cost, C’(x), gives us the instantaneous cost per unit when the xth unit is being
produced.

"This is not the average cost per unit at that stage of the production. The average cost per unit can be

. o .. C
obtained by dividing the total cost by the number of units, i.e. ﬂ
x
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A manufacturer produces x items of a certain product. The cost function C(x) is given in dollars by:
3
Clx) = f—o ~ 3042 + 3000x + 5000

Evaluate C’ (160) and explain what information your answer gives.

Solution 2
Marginal cost = 1o~ 60x + 3000 C ’(160) = $1080 per unit.

When the production level reaches 160 units it will then cost approximately $1080 to produce one
more unit.

Exercise 8D

1 Iff(x) =’ — 5x use differentiation to find the approximate change in the value of the function
when x changes from 5 to 5.01.

Compare your answer to f(5.01) — f(5).

2 If f(x) = sin 3x use differentiation to find the approximate change in the value of the function when

x changes from g to g+ 0.01. Compare your answer to f(g + 0.0l) - f(gj

3 Iff(x) = 2sin’ Sx use differentiation to find the approximate change in the value of the function

when «x changes from g to §+ 0.001. Compare your answer to | (g + 0.00IJ -f (g)

4 The cost function, $C, for producing x units of a product is given by
C = 5000 +20+/x.
Determine an expression for the marginal cost and hence calculate the marginal cost for
a x=25, b x=100, ¢ x=400.
5 The cost, $C, of producing x tonnes of a particular product is given by

3
C=15000+750x—15x2+f—0

Determine an expression for the marginal cost and hence calculate the marginal cost for
a x=30, b x=60, ¢ x=100.

6 The cost function for a particular item is given by $C where C =450 + 0.5x” and x is the number
of such items produced.

Find the marginal cost for x = 10 and explain what this tells you about the cost of producing one
more item at this level of production.

7 'The length of one edge of a cube was measured as 5 cm when it was in fact 2 mm more than this.
Use differentiation to find the approximate error that using the value of 5 cm would cause in

a the surface area of the cube (in cm?),

b the volume of the cube (in cm?).
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Logarithmic differentiation

We conclude this chapter on differentiation techniques and applications by considering a technique
sometimes referred to as logarithmic differentiation. This assumes that through your study of Unit
Four of Mathematics Methods you have encountered, and are familiar with, the idea of a logarithm, the
natural logarithm In , the laws of logarithms and that di (In f(x)) = % If this is not the case
x x

then leave this section for now and return to it when you have covered these aspects in Unit Four of
Mathematics Methods.

In order to differentiate some functions it can be useful to consider the logarithm of the expression
to be differentiated. Taking logarithms, usually natural logarithms, gives a function defined implicitly,
which we can then differentiate. The next example demonstrates its use.

EXAMPLE 12
. dy . x
Determine = given thaty = 3"
dx
Solution
If y=3" then Iny = In(39)
=uxln3
Differentiating with respect to «: i(ln ) = i(xln 3)
d dy d
—(ny)=—= = —(xIn3
G0l = ey
Le. 14 = In3
y dx
% = yln3
dy _ s
Therefore — = 3"In3
dx

Exercise 8E

1 Show that using logarithmic differentiation to determine % for y = x’Qx + 1)’ gives the same

answer as using the product rule.

3

2 Show that using logarithmic differentiation to determine %y fory= gives the same answer

x?+1
as using the quotient rule.

3 Use logarithmic differentiation to differentiate

a x b c x5 d S+l

3x—1
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Miscellaneous exercise eight

This miscellaneous exercise may include questions involving the work of this chapter and the
ideas mentioned in the Preliminary work section at the beginning of this unit.

1 Find expressions for % for each of the following.

=2x+1 b y=sin3(2x+1)
3-2x
c 3y+y =5x+7 d x=F+3t-6y=1"+1

2 Find the equation of the tangent to x° + y* = 25 at the point (3, 4).

dzy

3 Find an expression for e in terms of y only, given that

a y+1=uxay. b y-5=u.

4 A rocket is launched vertically from point A, see diagram.
From a point 200 metres from A, and on the same level as A,
the rocket’s angle of elevation, 6, is recorded.

For the first 25 seconds from launching, the propellant in the hm
rocket is such that the rate of change of 6 with respect to time

is i rad/s.
20

0 A |
Find the velocity and acceleration of the rocket when 8 is F——200m —
a I b T
6 3
Jy -3
5 a Ify=Qx+3) thenx= \/;2 .
d? 2
Use the first equation to determine ;g, and the second to determine e
5
2 2 3
Hence show that d—)zl =— d—f (d_y) .
dx dy” \ dx

b  Prove that for any y = f(x), provided the necessary derivatives exist,

ﬂ__dz_x[d_yf
d? dyz de )’
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Integration
techniques and
applications

* Integration by substitution (or change of variable)

e Definite integrals and the change of variable method
* Use of trigonometric identities to assist integration

® Integration to give logarithmic functions

* More about partial fractions

* Volumes of revolution

* Rotation about the y-axis

e Numerical integration

e Extension: Integration by parts

® Miscellaneous exercise nine



Integration by substitution (or change of variable)

Asked to determine J48x(3x2 —1)’ dx, and noticing that 48x(3x? — 1)’ is of the form f”(x) [f(x)]", except Integration

by substitution
for some scalar multiple, we could try

y = G-1)"
in which case % = @G’ - 1)’ (6x)

= 24x (32’ -1)
262 - D +e

Thus j48x(3x2 —1)} d

Alternatively we could make a suitable substitution, in this case # = 3x* — 1, to change the variable
involved from x to u, as follows.

du
If =3’ -1 th — =6
uw=3x en — x
2 3 2 3 dx
Thus J48x(3x e = j48x(3x S
du
= J.48xu3 1 du We do not express the 48x in
6x terms of u because we can see
- '[8”3 du the 48x and the 6x cancelling.
= 2ut+¢
= 26251+ as before.

In the example above, this method of substitution, or change of variable, holds no great advantage over
our initial ‘trial and adjustment’ method, provided of course that we do notice the suitability of trialling
(3x* - 1)*. However we will meet situations for which an initial sensible trial may not be at all obvious
but making a suitable substitution does yield a solution. The next two examples are of this type.

Shutterstock.com,/Natursports
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Use the substitution z = 2x — 3 to determine JS6x(2x -3 du.

Solution
If uw=2x-3 then @ = 2
e
5 5 dx
Thus jsax(zac 3 dy = j 56x(2x -3 X du
du

J.Sé[u—”jus 1du
2 2

J (14u® + 420 ) du

20" + 7ul + ¢

WQu+7)+¢
Qx-3)C@x+1)+¢

6x
Use the substitution # = x — 2 to determine J— dx.
Jx =2

Solution
If u=x-—2 then %zl. a )
6- X
Thus | 0% g = j du I[ X‘ZJdX
! x—2 - du 4-x-2(x+4)
_ 6(u+2)
= j (1)
1 L
= j(6u2+12u 2)du S >

3 1
4u? +24u? +¢

1
4u?(u+6)+c

4 r-2(x+4)+¢
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Note ® In the previous examples, the final answers are given in terms of the variable given in the
question (x in the previous examples), not in terms of the variable introduced to aid the
integration (z in the previous examples).

* The replacement of ‘dx’ by ;ﬁ du in these examples can be thought of as being reasonable
.

by thinking of the ‘du’s cancelling. However this is not really the case because o isnota
. .. . . . U
fraction, it is the limit of a fraction.

A more formal proof of the fact that if f(x) = g(#) then

Jf(x)dx - Jg(u)%du

is not included here.

Exercise 9A

Determine the following integrals using the suggested substitution.

1 j6ox(x2 _3) dx, n=a-3 2 jsoxa_zxf d, u=1-2x

3 j12x(3x+1)5 d, a=3x+1 4 J6x(2x2 ~1)° du, u=24 -1

5 lex(3x2+l)5dx, w=3x+1 6 J3x(x—2)5abc, n=x—2

7 JZOx(3—x)3dx, u=3—x 8 J4x(5—2x)5dx, u=5-2x

9 JZOx(2x+3)3dx, h=2x+3 10 ijdx, u=3x+1

11 j%m n=322+5 12 jm u=1-2x

13 JS sin’ 2x cos 2 dx, u=sin2x 14 J.27 cos’ 3a sin 3x d, u=cos3x

15 J6xsin(x2+4)dx, u=x"+4 16 J(4x+3)(2x+l)sdx, u=2x+1
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Exercise 9B

Determine the following integrals using any appropriate method.

1 J.(x+sin 3x)dx

3 Jsin 8x dx

(4]

Ixi/;xdx

N

Istin (x? = 3)dx
9 [15edi+3v dx

jéx(zx+7)5dx
13 j(3x2 ~2)dx
15 j(cosx +sin 2x) dx

17 dex

19jm

2

J' 24xsin (x° + 3) dx

W +5)

23]\/;

25 J.4x(2x —1) dx

27 |

6x Ir
Val =3

29 j 8x2 (2w — 1)’ dv

2 Ide

4 J (cos x + sin x)(cos x — sin x) dx

6 j4xsin(x2)dx

8 J.24\/1+3xdx

10 Isin42x0052xdx

12 j6(2x+7)5dx

14 j 4x(x% = 2) dv

16 jéx(sx—zydx
6

18 [ 22—

J.\/1+2x

20 I(x2+x+1)8(2x+1)dx

22 j (2x +1)3x =5 dx

24 _[ 4(2x - 1) dx

26 Icos36xsin6xdx

28 Jsin 2x cos 2x dx

MATHEMATICS SPECIALIST Units 3 & 4

ISBN 9780170395274



Definite integrals and the change of variable method

If the change of variable method is used to evaluate definite integrals, care needs to be taken with the
upper and lower limits, as shown in the next example.

Use the substitution # = 2x + 1 to determine

J’“ 8x d
0 \2x+1

Solution
Ifu = 2x+1 then % = 2
Thus = du
J. V2x +1 J \/2x+ du
= J”=9 4(u_1)l i ( \
- 1\/; 12 J4 8x dx
P s o Foxrt
_ 2_9, 2
.[1 (2u? —2u 2) du 8
3 o 3
= 1
- {%—4%5]
3 i
_ 262 \ y,
3

Shutterstock.com/Martin Prague
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Exercise 9C

Determine the following definite integrals using the suggested substitution and showing full algebraic
reasoning. Confirm each answer using a graphic calculator.

1
1 j16(2x+1)3dx, w=2x+1
0
1
2 J' 162(2% + 1) dx, u=2x+1
0
1
2—’5”(“5)4495, u=x+5
0
T
4 IZIZSinsxcosxcix, u=sinx
0
6 3
5 _[2 s, w=5x+6
5
6 L x+3ldx, u=x-1
e
7 The graph on the right is that of the function y
p— 4 8-
N 6

Performing any integration using the substitution 44(0,4)

u =2x+ 1, determine the area under the curve from R y= _4
24 2x+1

x=0tox=4.

8 The graph on the right is that of the function
y = 6x(x — 3)%.
Performing any integration using the substitution

u=x— 3, determine the area enclosed by the
curve and the x-axis.
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Use of trigonometric identities to assist integration

Some integrations are best performed by first rearranging the function to be integrated using some of
the trigonometric identities we were reminded of in the Preliminary work section at the beginning of
this unit. The examples that follow demonstrate such use.

Trigonometric identities

In particular, note carefully the techniques for finding the antiderivatives of
sin”x and cos” x

as demonstrated in example 4, for when # is odd, and the technique ensures that
some terms of the form f”(x) [f(x)]k arise,

and in example 5, for when # is even, and the technique uses the
trigonometric identity cos2x=2cos’x — 1,
2 1+ cos2x
rearranged as cos’a = ———

Find the antiderivative of sin’ x.

Solution
sin’ x = (sinx)(sin* x)
= (sinx)(1 — cos® x)?
= (sinx)(1 — 2 cos’ x + cos*x)
= sinx — 2 sinxcos’ x + sinxcos x
To find the antiderivative, try y=cosx + cos’ x + cos’ x
d . . .
then Y — sinx -3 costasiny — 5 cos*asin
dx
. 2 1
Thus if y=—cosx + 3 cos® x — 3 cos’ x
. d : . .
then, as required, Ey = sinx — 2 sinxcos’x + sinxcos” .

. e 1
The required antiderivative is —cos x + B cos’ x — 5 cos’ x +c.

Does your calculator give this answer when asked for J sin’x dx?

If it gives an answer that looks different to that shown above are they in fact equivalent? Investigate.
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Find the antiderivative of cos"x.

Solution
cos’x = (cos? x)2
B ( 1+ cos2x )2
2
1 2cos2x cos’2x
=—+ +
4 4 4
_l c052x+1+cos4x
4 2 8
3 cos2x cos4x
=—+—+
8 2 8

sin 2x N sin 4x

The required antiderivative is 3 X+
8 4 32

Again check to see if this is what your calculator gives when asked for Icos4x dx.

Use the fact that sinAcosB = %[sin (A+ B)+sin(A - B)]
to determine J.sin S5x cos 3x dx
Solution

sin Sxcos3x = 1 [sin (5x + 3x) + sin (S — 3x)]

— N

== sin (8x) + %Sin (2x)
Thus Isinchos3xdx = J‘%sin (8x)dx+'[%sin(2x)dx

= —%cos(Sx) - icos(Zx) +c
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Before proceeding to the next example recall first the derivative of tanx:

y=tanx
_sinx

cosxy

dy _ (cosx)(cos x) — (sin x)(—sin x)
dx cos’ x

B cos” x +sin’ x

COS2 X

1

COS2 X

= Sesz .

By the quotient rule

Thus 4 (tanx) = sec’x .
dx

EXAMPLE 7
Determine J. tan’ x dx.

Solution

The technique with this integration is to use the identity ~ tan’x + 1 = sec’x

Jtanzxdx = j(seczx—l)dx

J-seczxdx—J‘ldx

(@ ey = 99 9 ¢

Exercise 9D

1 Use the fact that cosAcosB = %[cos (A+ B)+cos(A- B)]
to determine J. cos Sx cos 4 dx.
2 Use the fact that sinAsin B = %[cos (A—-B)—cos(A+ B)]
to determine J sin 7x sin x dx.
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Find the antiderivative of each of the following.
(Note: Not all of the expressions need rearranging.)

3 sin*xcosx 4 6sin’ xcosx

5 sin’x 6 cos’x

7 cos’x 8 cos’x

9 sin‘y (Hint: cos24 =1 -2sin’A.) 10 8sin*x
11 cos’x +sin’x 12 cos’x —sin’x
13 sin’x + cos’x 14 2sinxcosx
15 sin’xcos’x 16 cos’xsin’x
17 tan’3x 18 1 +rtan’x
19 sin. ol sin. ol 20 sec’xtan‘x

l-sinx 1+sinx

21 The graph shown below shows the function y = x + cos’x — sin’«, for -t < x < 3.

YA
10 A

Determine the area under the curve y = x + cos’ x — sin?x from x = 0 to x = 2.
22 A particle moves such that its velocity vector, v m/s, at time ¢ seconds is given by
4sin’ ri + tan’ #

vV =

'
0<t<—).
(0<r<2)

Find a an expression for the position vector of the particle, r() metres, at time # seconds given

that when 7= 0, r = 3i +j.

. . T
b the position vector of the particle when ¢ = e
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Integration to give logarithmic functions

It is assumed that from your study of Marhematics Methods Unit Four you are now familiar with the idea
of logarithmic functions. In particular you will have encountered, or soon will encounter, the fact that:

. 1
Integration of b

Any algebraic fraction for which the numerator is the derivative of the denominator will
integrate to give a natural logarithmic function.

J‘%dlenx+c. %dlenf(x)+c.

In the real number system the logarithmic function Inx is only defined for x > 0. Thus the integral
above left only has meaning for x > 0 and above right only for f(x) > 0. In the treatment of logarithmic
functions in Mathematics Methods Unit Four, consideration of integrals of the form

£,
f)

are restricted to f(x) > 0. However, the companion text for that unit, does say:

Suppose we were asked to determine jl dx for x < 0.
x

Writing the answer as Inx + ¢ would present a problem because we would then be faced with the
logarithm of a negative number.

C . . . . 1 -1 .
However, this situation is avoidable if, for x < 0, we were to write J.— dx as | — dx, for which the
x —x

answer is In(-x) + ¢.

Thus we could say that for x>0, Jl de =Inx +¢,
x

and forx <0, J‘ldxzj._—ldlen(—x)+c.

x —x

Combining these two statements using the absolute value gives

J.ldx:ln|x|+a x#0.

¥

* In Mathematics Methods Unit Four this point was mentioned to explain why your calculator may,

when asked to determine J.l dx, display an answer that includes the absolute value.
x

* In this Mathematics Specialist unit we will use the more general results:

J-ldx=ln|x|+c. x#0.
x
];;((;)) dx = ln|f(x)| +c. fx)=0.
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EXAMPLE 8

Find each of the following integrals.

14 b | 6,
20 —1 x°+1
Solution

a Noticing that the numerator is a scalar multiple of the derivative of the denominator, we
expect the answer to involve In|2x —1|.

14
20 —1

de =7In|2x 1| +c. (See first note below.)

b Noticing that the numerator is a scalar multiple of the derivative of the denominator we
expect the answer to involve ln‘x2 + 1’ .

2

'[ Ox ] dx = BIn‘xz + 1’ +c. (See second note below.)
& qr

Note * Using logarithmic laws we could write the answer to part a as follows:
7In|2x -1 +¢ 7In(2|x - 0.5) +¢
7In2+7In|x—0.5|+¢

71In|x - 0.5+ a constant.

e With (¥* + 1) positive for all x the answer to part b could be written simply as 3 In(x” + 1) +.

Find each of the following definite integrals.

3 7
a [La b | L.
2 x 3l
Solution
31 3 21 -2
a L;dx—[ln|x|:|2 b L;dx = [Inf«|T*
=In3 —1In2 =In2 -1In3
=Inl.5 =-Inl.5
Note ® That the part b answer above is the negative of the part @ answer y

should come as no surprise when we consider the graph of y = l L‘
x
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b ’
* Definite integrals of the form J. % dx are undefined if, for some value of x in the
a X

interval # <x < b, f(x) = 0.

For example:

2 5
1 dx is undefined. I % dx is undefined.
-lx 2 (x" =20 -3)

How does your calculator respond when asked to find these definite integrals?

EXAMPLE 10

Find each of the following integrals.

a Z—x dx
x+1
Solution

J‘ 20 +5
x(x+1)

dx

a  First rearrange the improper fraction:

Thus

b  First express

We write

Hence

from which

Thus A =5

20 2Ax+1)-2
x+1 x4+l

=2x—21n|x+1|+c.

in what we call partial fractions, as shown below.

2x+5 A B

x(x+1) T x +m
_ A(x+1)+ Bx
- x(x+1)
2x+5=A(x+ 1)+ Bx
2=A+8B and 5=A.

and B=-3.
5 5
J‘xz(zindx:hdx_jﬁdx

=5In|x|-3In|x+1|+ec.

ISBN 9780170395274
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More about partial fractions

When expressing an algebraic fraction as partial fractions (as in part b of the previous example) the

Partial fractions

procedure, and the expression we use, depends on the nature of the initial fraction.

o If the fraction is improper, i.e. if the order of the numerator is equal to or greater than the order
of the denominator, rearrange the fraction. (As in part a of the previous example.)

Integral calculus

e  Denominator has linear factors.

4x -3
(x+3)2x+1)°

For example

Tt = 2% 45

For example —.
(x—D)(x" +1)

Denominator with a repeated linear factor.

203« +3x - 10)
(x+3)(x-17%

For example

Cx+D
We do not need a ———— term because

x—1)

Some calculators can express fractions in terms of partial
fractions, as the display on the right suggests.

"Try to obtain these same results yourself,
algebraically, using the methods outlined above.

Thus de=—ln|2x+1|+3ln|x+3|+c.
(x+3)(2x +1)
2_
jwdx =In(x? + 1)+ 5In|w—1] +c.
(x=D(x"+1)

2(3x% + 3 — 10)

(x+3)(x—1)°

J

Denominator with a quadratic factor (that does not factorise).

Now that the only fractions are ‘proper’ consider the nature of the denominator:

de = In|x + 3]+ 5Tnjx — 1] + —2
X

(x=1)

A4 B
(x+3) Qx+1)
A +Bx+C
(k=1 (2*+1)°
4 ., B C
(x+3) (=1 (x-17>"
Cx+D Cx-1)+C+D |
(x-1°  (x-1)
__C ,C+D
(=1 (x-1)7

Ve

expand(

expand[

expand[

+c.

(x+3)2x + 1)’

2(3x? +3x - 10)

4x-3 j

X
3
x+)

.
)

(x -1

-2
(2-x+1)

7x2-2x +5

(x—1)(x +1)
2-X
X% +1

(x+3)(x—1)
1 5
XxX+3 x-1
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Exercise 9E

Determine the following integrals.

1 J%dx 2 J(3xz—%)dx 3 j

x’ + 6
x+2
4 [n2cds 5 [F 6 [
20 -3 x’ +4x+ 1
7 dx 8 9
.[ X .[ 20 -3 -[ x+3
J‘ Sx+3 1 J‘ I J‘Sx 2x2+18
x(x+1) (x+2)(x=3) (x = D(x” +6)
2 _ 2 10 2
J‘ 7 +223x 4 d 14 J‘Sx 10« Bde 15 J‘Sx 44x+2§
(x+D(x"+x-1) (x+D(x—1) Qx4+ 1(x—-3)
16 The graph on the right shows y
L —
y= x and y= ilx . e
x—2 x°+2 y= )
Prove algebraically that the small region
enclosed by these curves has an area of \
(—5 + % In 6) square units.

11x
22 +2

b

a

Shutterstock.com,/PROSTOR
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Volumes of revolution

Suppose that we take the area under y = f(x), fromx =4 to x = b,
and rotate it about the x-axis one complete revolution (see diagram).

Solids of revolution

How could we determine the volume of the solid so formed?

The answer is to approach the problem in the same way as we did
when considering area: divide the shape up into a large number of
pieces each of thickness dx.

One such piece is shown in the diagram on the right.

"This will be, approximately, a circular disc of thickness dx and
radius y. Hence its volume =~ 1y’ .

x=b
Thus, total volume = lim 2 ny’ 8w
dr—0
xX=a

jbnyzdx

a

Ny

y=f)

Find the volume of the solid formed when the area enclosed by the curve y = +%, the x-axis and the

line x = 3 is rotated through one revolution about the x-axis.

Solution

The solid involved can be seen in the diagram:

)
Required volume = J. Ty~ dx

Il
—
a
~~
]

L)
N—

L)
&

I
§-l>
&

Ji

N

(Does your calculator have any built-in routines for such a calculation? Investigate.)

Rotation about the y-axis

To determine the volume of an object formed by rotating an area made
with the y-axis, about the y-axis, we again consider a small circular disc,
this time of thickness &y and radius «, see diagram.

y=b
Required vol = 1 28
equired volume 8y1£n)0 ; e’ Oy

Lb e’ dy

J y=f@
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Exercise 9F

For some of the questions in this exercise, evaluate the definite integrals using your calculator and for
others show full algebraic reasoning to determine exact answers.

10

11

12

Find the volume of the solid formed when the area enclosed by y = &, the x-axis and the line x = 2
is rotated through one revolution about the x-axis.

Find the volume of the solid formed when the area enclosed by y = 3x, the x-axis and the line
x =1 is rotated through one revolution about the x-axis.

Find the volume of the solid formed when the area between the curve y = vx and the x-axis from
x=1tox=41is rotated through one revolution about the x-axis.

Find the volume of the solid formed when the area enclosed by the x-axis, the straight line
y=2x+ 1 and the lines v = 2 and x = 3 is rotated through one revolution about the x-axis.

Find the volume of the solid formed by rotating about the x-axis through one revolution, the area

1 .
between the curve y = — and the x-axis from
x
a x=1ltox=2, b x=2tox=3.

Find the volume of the solid formed when the area between y = «” + 1 and the x-axis from x = -1
to & = 2 is rotated through one revolution about the x-axis.

Use integration to determine the volume of the cone formed by rotating the area enclosed by the
line y = 0.5, the x-axis and the line x = 6 through one revolution about the x-axis.

Show that your answer is consistent with the volume of a right cone of perpendicular height /2 and
2

base radius 7 being
Find the volume of the solid formed when the area enclosed by y = /sinx and the x-axis for
0 < x < mis rotated through one revolution about the x-axis.

Find the volume of the solid formed when the area enclosed by y = sinx, and the x-axis for
0 <x < mis rotated through one revolution about the x-axis.

Find the volume of the solid formed by rotating the area enclosed between y = x> and y = x
through one revolution about the x-axis.

Find the volume of the solid formed by rotating the area enclosed between the curves y = 0.125x
and y = Jx through one revolution about the x-axis.

Find the volume of the solid formed when the area enclosed between the curves
y=3cosxand y = cosx, from x = —g to x = g,

is rotated through one revolution about the x-axis.
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13 By considering the rotation of the area enclosed between y = Vr? — x? O e

and the x-axis use calculus to determine the formula for the volume
of a sphere of radius 7.

14 The diagram on the right shows a straight line passing through A
(0, 0) and (h, 7). By considering the rotation of the area between (h,7)
this line and the x-axis for 0 < x </ determine the formula for the
volume of a right cone of perpendicular height /2 and base radius 7.

=y

(0,0)

15 Find the volume of the solid formed when the area lying in the first quadrant and enclosed
by y = &, the line y = 2 and the y-axis, is rotated through one revolution about the y-axis.

16 Use calculus to determine the exact volume of the solid formed when the area between y = 2+/5
and the y-axis, from y = 1 to y = 2, is rotated through 360° about the y-axis.

Check your answer using the fact that a right cone of perpendicular height / and base radius 7 has

. mw’h
a volume given by T

17 The diagram on the right shows the cross-section of y
a bowl made by rotating about the y-axis that part of the
curve y =’ — 3 that lies between the x-axis and the line
y = 12. Neglecting the thickness of the material determine
the capacity of the bowl if on each axis 1 unit represents
1 centimetre.

B e -

18 A machine component is modelled on computer by rotating for one revolution about the x-axis
the area in the first quadrant enclosed by the x-axis for 0<x <1, y=+x, y=+r—1 andx=4.
Determine the volume of the solid so formed.

19 The team designing the nose cone of a small space probe are considering two possibilities.

g sin & . T .
In one possibility the area between y = and the x-axis, from x = 0 to x = —, is rotated

one revolution about the x-axis to give the desired shape.
o [ x . T
The other possibility rotates the area between y = T and the x-axis fromx=0to x = 5
T

one revolution about the x-axis to give the desired shape.

If one unit on each axis is 1 metre determine the exact volume of each design.
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20 A ‘paraboloid’ is formed by revolving a parabola, y = kx*, about its axis of symmetry. The
paraboloid is bounded by a plane cutting the axis of symmetry perpendicularly at the point
(0, 20). The intersection of this plane and the paraboloid is a circle of radius 4 units.

21

22

Determine the volume of the paraboloid.

Area made with the wv-axis, rotated about the y-axis

By considering the rotation of a small rectangle
of thickness dx, height y and located a distance x
from the y-axis, find a formula involving a
definite integral for the volume of the solid
formed by rotating the shaded area shown in
the diagram one revolution about the y-axis.

Hence determine the volume of the solids

obtained by rotating each of the following
shaded areas about the y-axis.

1 2 ¥

Area made with the y-axis, rotated about the x-axis

By considering the rotation of a small rectangle of
thickness 9y, length x and located a distance y from
the x-axis, find a formula involving a definite integral
for the volume of the solid formed by rotating the
shaded area shown in the diagram one revolution
about the x-axis.

Hence determine the volume of the solids obtained by
rotating each of the following shaded areas about the
x-axis.
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Trapezoidal rule

Numerical integration

Although, at this stage of the course, we are now able to integrate many functions using suitable

substitutions, partial fractions or just with our knowledge of antidifferentiation, it would be quite
wrong to assume that we are now able to algebraically integrate any function we might be given.
Consider, for example,

In x dx, e’ sin x dx, ¢ dy.
J J J

The first two of these can in fact be reasonably easily integrated using a method called integration

by parts, which features as an extension activity at the end of this chapter. However not all functions

can be algebraically integrated and the third example above is one such case. Faced with the task of
determining a definte integral for such a function, we can fall back on the basic definition of integration
as the limit of a sum and obtain an approximate answer numerically. Hence the title of this section,
numerical integration.

2 ( )\
Asked to evaluate J & dx, for example, our calculator uses J‘Z 2
0 e” dx
such a numerical method to determine an answer. 16.45262777
b
Suppose we want to determine J f(x)dx, and f(x) y b A b 5 o)
a e e e e I A A
is not easily integrated algebraically. \/
We could divide the area under y = f(x), fromx =2 <~ /
to x = b, into a number of equal width trapezoidal
strips and sum the areas. Yoo 2 Y5 D4
"The diagram on the right shows 4 such strips. s -
= 2
Area = h[)’onf)’1+)’1;)’2+J’2J2FJ’3+)’3;}’4} P A ~

1
= Eh[)’o +2y1+ 2y, + 23+ y4]

For the general case, with 7 strips, this trapezoidal approach gives the trapezium rule, or
trapezoidal rule:

b 1
[ Frde = Shp+ 20420+ 4 25,004 ,]

b—a

n

where Yo=flp)=fl@),  y,=flx,)=fC) and  h=

Another method is to model the top of each strip as being parabolic in shape. Using an even number of
such strips this gives Simpson’s rule:

b 1
L fx)de = gh[yo +4y+ 2y, + 43+ 2y + o+ 2y, 4yt )]
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Applying the trapezium rule, with 7 = 4, to estimate J.

2
J’ ¢ dy z%><O.5><[y0+2y1+2y2+2y3+y4]
0

= 20.64

Using Simpson’s rule:

2
.[0 exz dx z%XO.S X [yo+ 4y + 2y, +4y3 + 4]

=17.35

Neither of the above estimates are particularly close to the calculator value given on the previous page,
but then we have only used four strips. If instead we considered twenty strips, and used a computer
spreadsheet to assist us:

2

0

. 0?
withy, =e", yy=¢",

2
e* dx:

2

0.5

2 22

1 1.5
Y2=¢€e,)3=€e ;) =€

]l A B D E F H |
1 X

2 a 0 0 0 1

3 b 2 1 0.1 1.01005017

4 |n 20 2 0.2 1.04081077

5 h 0.1 3 0.3| 1.09417428

6 4 0.4| 1.17351087

7 5 0.5| 1.28402542

8 6 0.6 1.43332941

9 7 0.7| 1.63231622

10 8 0.8| 1.89648088

11 9 0.9| 2.24790799

12 10 1 2.71828183

13 11 1.1 3.35348465

14 12 1.2 4.22069582

15 13 1.3 5.41948071

16 14 1.4| 7.09932707

17 15 1.5 9.48773584

18 16 1.6 12.9358173

19 17 1.7 17.9933096

20 18 1.8| 25.5337217

21 19 1.9 36.9660528 By Trapezium Rule | 16.6339588
22 20 2 54.59815 By Simpson's Rule | 16.4552084

Use a computer spreadsheet to estimate definite integrals, using the trapezium rule and Simpson’s rule, for

other functions. Then compare your approximation to that given by your calculator.

Are there any online calculators for the trapezium rule (trapezoidal rule) and Simpson’s rule? Investigate.

The trapezium rule and Simpson’s rule are not the only rules available for numerical integration. Do some

research on the internet to investigate the midpoint rule, the Newton-Cotes rules and others.

ISBN 9780170395274

9. Integration techniques and applications 0000000 ®®

@)



Extension: Integration by parts

According to the product rule a (w)=v du +u ﬂ
dx de  dx
. . du dv
Integrating with respect to x: w= |v—dx+ |u—dx
dx dx
Rearranging gives I u % de = uv — I v % dx
"This is the formula for integration by parts.
Use integration by parts to determine Ixex dx.
Solution
Let u=x and do_ ¢
dx
then du_ 1 and v=e¢"
dx
Using u@dx=uv—".v%4x
dx dx

jxex dx = xe* — Jex(l)dx

=xe* —e +¢

answer have been different had we used v = ¢* + £?

Exercise

Use integration by parts to determine each of the following integrals.

1 J-xsinxdx 2 Ixcosxdx 3 j3xsin2xdx
5 sz In x dx 6 Jx(x+2)5cix 7 Idex
9 sz sin & dx 10 J.szexzdx

Now try the following ‘sneaky’ ones, again using integration by parts.

11 jln x dx (Yes it can be done by parts.) 12 J.ex sin x dx

. dv .
Note that when determining v from L said v = ¢". What about the constant? Would our

4 jxe” dx

8 szex dx

13 Je”costdx

MATHEMATICS SPECIALIST Units 3 & 4
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Miscellaneous exercise nine

This miscellaneous exercise may include questions involving the work of this chapter, the work
of any previous chapters in this unit, and the ideas mentioned in the Preliminary work section
at the beginning of this unit.

For each of questions 1 to 8 find an expression for Z—y
x
1 y=Qx+1)° 2 y=4cos3x+ 3sindw
. 4 5
3 y:sm 5% 4 :1+251nx
x 1+ cosx
_ _sinZv 6 Sxy+2y =377
1+sin 22 I
7 x=37-5t,y=3-47 8 xcosy=ysinx

9 Find the constants # and & given that for {x € R: x # +1}
a b Tx =5
+ = :
=1 x+1 x2-1

z_sdx.

x° -

Hence find an expression for .[ 7

10 Determine each of the following indefinite integrals.

a j4cossxdx b J.Zx(3 +x2) dy c j(z- 3%) %3 dx
d Isins 2x cos 2x dx e J.sinz 2 dx f jcos3 2 dx

2 2
g Isin32xdx h J.6sin2xcosxclx i Iécostsinxdx

11 Find the equation of the tangent to
a &’ +ay=1+)" at the point (2, 3).
b &'+’ =35 at the point (2, 3).

12 Find the volume of the solid formed by rotating the area enclosed between the curve y = % and
x

the x-axis, from « = 1 to x = 4, through one revolution about the x-axis.
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13 The length of a particular rectangle is four times its width and this ratio is maintained as the
width is increased at 2 mm/s. Find the rate of increase in the area of the rectangle when
the width is 15 cm.

14 The area of the quarter circle shown shaded on the right is given
5
by J V25— %% d.
0

Use the substitution x = 5 sinz to evaluate this definite integral
exactly and show that your answer is consistent with the area of
a circle of radius  being 7. L

T

Y e

y=v25-u

15 Showing full algebraic reasoning, determine the following definite integral giving your answer
as an exact value.

Iz 3a? +5x -1
7 X
L (x+2)(x+1)

16 The diagram shows a funnel in the shape of an upturned cone
of height 20 cm and ‘base’ radius 5 cm.

If water flows out of the funnel at 5 cm®/s, how fast is the Il S
water level falling at the instant that the water in the cone
has a depth of 10 cm? depth of

water in cone

17 The diagram shows a person of height 1.95 m standing
24 metres due east of a lamp post that holds a light that
is 4.2 m above the ground.

If the person runs at 5 m/s, find how fast the length of
the person’s shadow is changing 2 seconds later if the
direction in which the person runs is

a due east,
b due west,

¢ due north.
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Differential
equations

e Differential equations

e Differential equations of the form

dA -
E_kA' or x =kx

* The logistic model for growth

e Can we get some idea of what the relationship
between x and y will look like from the differential
equation directly, without integrating?

e Slope fields
e Euler’'s method

¢ Miscellaneous exercise ten



Situation One

(You should manage this situation if you recall the work on growth and decay from Mathematics

Methods Unit Three.)

Anaesthetic is administered to a patient. The patient’s body ‘uses up’ this anaesthetic such that if P mg

is in the patient’s body at time 7 then

dP

dt

—0.022P mg/min.

A top-up dose is required when the amount in the patient’s body falls to 60% of the initial amount

administered.

What time after the initial amount is administered, to the nearest minute, is the top-up dose necessary?

Situation Two

If we were given that

we can obtain

Further, if we are told that when
we can determine that

Hence

However, suppose we are given

and that when

Shutterstock.com/Dmitry Kalinovsky

%=3x2+4x—1

y=a+22 —x+ec.

x =1,
c=3.

y=35

y=x3+2x2—x+3.

o = 3x2y,

y=1

can you now find an expression for y in terms of x?

y>0,

x=1

ISBN 9780170395274
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As suggested on the previous page, you should have managed the first situation from your work on
growth and decay in Mathematics Methods Unit Three.

With the second situation, did the fact that having differentiated y with respect to « and still having
y in the answer make you think that y could be an exponential function (because they differentiate to
expressions involving themselves)?

Differential equations

: . o dy dp dv &’ .
simple diferenicl ANy equation that involves one or more derivatives, e.g. 9049 Ly etc, is called

) ) ) 2
a differential equation. dv - dtdp de

equations

The highest order of derivative featured gives the order of the differential equation.

For example, & _ 2043 is a first order differential equation.

"To solve a differential equation we must find a relationship between the variables involved, that satisfies
the differential equation, but that does not contain any derivatives.

dy

"To solve ol 2x+3 we integrate both sides with respect to x.
"This gives y=a'+3x+¢

Integrating both sides will allow us to solve any differential equation that is of the form

dy _
i) = gl

(or that can be expressed in that form).

For example, to solve y % =4xr+1 we integrate both sides with respect to «:
jy%dx - j(4x+1)4x

ie. jydyzj(4x+1)dx

2
L ol vxte
2
Note ® The reader should confirm that differentiating this equation with respect to « does give
the original differential equation.

*  With the “+ ¢’ involved we have found the family of solutions to the differential equation.
We call this the general solution. Given more information that allows ‘¢’ to be determined,
we can find a particular solution, as the next example will show.

MATHEMATICS SPECIALIST Units 3 & 4 ISBN 9780170395274



* Though we have integrated each side of the equation it is 7of necessary for our answer
to include two constants, as shown below.

jydyzj(4x+1)dx
2
y?+01=2x2+x+cz

2
%:2x2+x+c where c=¢, — ¢;.

* In going from y% =4x+1 to jy dy = I(4x +1)dx  we are separating

the variables.

The process can be remembered by thinking of % as a fraction and rearranging to

‘put the ys with the dy and the xs with the dx’, and then integrating.

e Some calculators are able to solve differential f Y
equations. Explore the capability of your deSolve(y -y’ =4 x ! 1xy )2
calculator in this regard. y =4-x+2-x+cf

(If solving a second (or higher) order deSolve(y” =6 x, x, ¥)

differential equation, e.g. y” = 6x the y=x3+c2 x+c3
general solution will involve more than

one constant. Hence, when using a calculator
to solve a differential equation the calculator

might number the constants cl, c2, ...) N )
Solve b _ M, given that whenx =1,y =2.
dx 2y—-1
Solution
We are given: &y _3x(x+2)
dx 2y-1

Separating the variables and integrating:

J(Zy—l)dy:'[(3x2+6x)dx
yz—y=x3+3x2+c
When x =1, y =2, thus 22-2=1+31)Y+¢

2=4+¢
and so =2

Y —y=x+32" -2
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Exercise 10A

Find general solutions for each of the following differential equations.

dy dy dy dy 5
1 Doge-s 2 Yo¢ 3 8y L —4x-1 4 3,2 -2
de i Yax = Yar
d . d dy (Bx+1) dy  x(2-3x)
5 1407y 2 =1 6 4x’sin2y =5 7 22277 g L1
e TR de  2y-3 de  4y-5
9 x2ﬂ=—1 10 (yz+l)5ﬂ=i
dx cosy dx 2y

11 Solve % = 6x, given that whenx =-1,y=4.
2 d_)/ .
12 Solve 6x i 5, given that when x = 0.5,y = 1.

13 Solve (2+cosy)% =2x + 3, given that when x = l,y:g.

oAt +2)
dx 2y+3

14 Solv , given that whenw =1,y =2.

15 Let us suppose that an object is moving such that its speed, v metres/second (v > 0), when distance
s metres from an origin (s = 0), is such that
v do_ 657,
ds
If v=6 when s =2, find v when s = 3.

16 A particular curve is such that % = 7
y

The curve passes through the point (%, 2).

a IfpointA, (r, ), 2> 0, lies on the curve find 4.

b If point B, (g, b), b> 0, lies on the curve find 4 and the gradient of the curve at point B.

17 An experiment involves pumping air into a hollow rubber sphere using a machine that responds
to the increasing pressure in the sphere by decreasing the amount of air it delivers. Indeed, if the
sphere has an initial volume of 20 cm’, then its volume, I cm?, # seconds later is such that

v _s
W
a Find the volume of the sphere when 7 = 20.

b If pumping ceases when /=40 find the value of # when this occurs.
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Differential equations of the form d—A = kA, or x= kx

dt

Differential equations

Situation One at the beginning of this chapter involved an equation of the above form, i.e. and exponenticls
ap = -0.022P.
dt

If, as the situation suggested, you remembered your work on growth and decay from Unit Three of

Mathematics Methods you would have recalled that:
It i—f = kP then P = Py¢"’, where P is the value of P when £= 0.

However we can now solve differential equations of this type by separating the variables rather than
by simply quoting a known solution. The following example demonstrates this separation of variables
for such differential equations.

Figures indicate that a particular country’s instantaneous growth rate is always approximately
5% of the population at that time.

a How long does it take the population to double?
b  If the population now is 2000000 in how many years will it be 8000 000?

Solution
a If the population after 7 years is P then we are told that % = 0.05P.

i

Separating the variables J% dpP I0.0S dt

InP = 0.05t+¢ (No need for absolute value as P > 0).

Hence P = QO0te
— 60.05165
Le. P = Pyt (where Py = ¢")
Taking ‘now’ as # = 0 then P, is the current population.
If the population is 2P, in 7T years then 2Py =~ Py"T
ie. 2 ek

Solving by taking natural logarithms, as shown below, or by calculator.
In2 = 0.0571ne
In2
0.05
~ 14
The population will double in approximately 14 years.

T:

b From a it follows that if the population now is 2000000 it will be 4000000 in 14 years and
8000000 in a further 14 years.

The population will be 8000000 in approximately 28 years.
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Exercise 10B

For questions 1,2 and 3 give answers to the nearest whole number.

(The above statement is made to enable you to check your answers, thus confirming correct method.
However you might like to consider what more appropriate rounding would be for each of these
questions, given the data supplied.)

1 Ifi—A =1.54,A>0,and A = 100 when # =0, find A when
t

a =1, b =5

2 If[fi—P =0.25P, P> 0, and P = 5000 when ¢t =0, find P when
t

a =5, b =25

3 If‘fi_Q =-0.01Q, Q >0, and Q = 100000 when ¢ =0, find Q when
A
a =20, b =50

4 A particular radioactive isotope decays continuously at a rate of 8% per year. Five kilograms of this
isotope are produced in a particular industrial process. How much remains undecayed after 25 years?

5 A particular radioactive isotope decays continuously at a rate of 2% per year. Twenty kilograms of
this isotope are produced in a particular industrial process. How much remains undecayed after
50 years?

6 Find the half-life of a radioactive element that decays according to the rule:

% =-0.00044, where A is the amount present after # years.

(The half-life of a radioactive element is the time taken for the amount present to halve.)

7 Cesium-137, a radioactive form of the metal Cesium, decays such that the mass M(z) kg present

after ¢ years satisfies the rule Z—]\f =—kM.

The half-life of a radioactive element is the time taken for the amount present to halve, and for
Cesium-137 this is 30 years.

If 1 kg of Cesium-137 is produced in a certain industrial process how much of this remains
radioactive after

a 30 years? b 60 years? ¢ 40 years?
8 The radioactive Uranium isotope U-234 decays such that the mass M(z) kg present after 7 years

satisfies the rule ‘;—Af =—kM.

The half-life of a radioactive element is the time taken for the amount present to halve, and for
U-234 this is 250000 years.

What percentage of an original amount of U-234 remains after 5000 years?
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9

10

11

12

13

Worldwide numbers of a particular endangered species of animal fell from 325000 to 56000 in the
space of 8 years. If we take this decline to be such that the instantaneous rate of decline was always
approximately p% per annum, find p.

All living plants and animals are thought to maintain a constant level of radiocarbon in their bodies.
When the plant or animal dies the radiocarbon is no longer absorbed with the intake of air and
food and so the radiocarbon levels in the plant or animal declines according to the rule:
ic
dt

where C(z) is the mass of radiocarbon 7 years after death.

—kC

The half-life of radiocarbon is 5700 years. If the level of radiocarbon in an animal bone fragment
is found to be 60% of the level maintained by the live animal, estimate the number of years ago
that the animal died.

Following a nuclear leakage an area is designated unsafe for humans due to the level of
radioactivity caused by an element, with a half-life 30 years, decaying according to the rule

am _
dt

where M(z) is the mass of the radioactive element present at time # years.

—kM

The level of radioactivity is found to be 15 times the level considered ‘safe’. For how many
years after this measurement was taken should the area be considered unsafe?

Suppose you wish to determine how long it will take to double the value of an investment if
the interest rate is p% per annum, compounded continuously. According to the ‘rule of 72’
an approximate answer can be obtained by dividing 72 by p.

A more accurate answer would be obtained if a ‘rule of 69.3” was used.

a Justify the above statements mathematically.

b If the ‘rule of 69.3’ gives a more accurate answer than the ‘rule of 72’ why is it that it is
the latter rule that tends to be used?

If a hot item is placed in an environment that has a temperature of 28°C and left to cool, the
temperature (7°C) of the item # minutes later satisfies the equation

aT

— =—k(T-28)

dt
where £ is a positive constant.
Some time after initial placement the temperature of the item was found to be 135°C and,
ten minutes later, it was found to be 91°C.

The temperature of the item was known to be 240°C when initially placed in the cooling
environment. How long before the 135°C temperature was recorded was the item placed in
the 28°C environment?

How might the above concept be used by a forensic team to estimate a time of death if they
are called to the scene of a recent suspicious death?
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The logistic model for growth
Let us consider further the differential equation P

4ap = kP, with £ >0,
dt

and its solution P = Pye", shown graphed on the right.

Whilst this model might apply for some growth situations, in many
cases the exponential increase might not continue indefinitely in this
way. The increase in a population, be it human, animal, bacterial, etc.,
may well be influenced by other factors such as food supply, available
space, predators, etc. For some situations it may be more likely that
the initial growth rate will, after a while, decrease and the population
may start to head towards some steady, maintainable level. For such
situations the unbroken line in the second graph might be a better
model to use.

Such a model can be described algebraically by a differential equation

of the form:
dt

Or, using y and ¢ for our variables and # and 4 as the constants: _
i =ay - byz, with 2> 0and 4> 0. The reader should confirm that
dt differentiating this general solution

with respect fo t does indeed give

"This is called the logistic equation. It has the general solution
a differential equation of the

a . :
= — where ¢ is some constant. required form.
b+ ce
. a a
Note thatwith  y= — ast — oo theny — —.
b+ ce b

Hence the levelling-out or limiting population, also called the carrying capacity, is %.

For this reason the logistic equation general solution

K

1+ Ce™™
because, in this form, K is the levelling-out population.

is sometimes written as y=

"To give the required growth model we require C > 0 because
then, as # — oo, the population will approach the limiting
value K ‘from below’.

The reader should view the graphs of y = 500e™% (uninhibited growth)
5000

and =
1+ 9702

(logistic model)

(use 0 <x <30 and 0 <y < 6000) and see if a ‘levelling off’ is achieved.
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Currently (i.e. # = 0), N, the number of inmates in a particular prison suffering, or having previously
suffered, from a particular form of influenza, is 40.

dN _N N°
The value of N is expected to grow such that — = — — —— with # measured in days.

dt 4 8000’
a The logistic growth model with differential equation % = ay — by” has the limiting value of y
as %. Find the limiting value of N according to this model.

b  Find N(?), a formula for N as a function of z.

Solution
1 1
a C ing the gi ion to #y — by’ we have s =~ and b= ——.
gz 02 Fhion eqpression © gy — by we e e = 2 an 00
Hence the limiting value of N is 2000.
2 —
b We are given N _ N N _ Q000=-NMN
dt 4 8000 8000
Separating the variables __ 8000 dN = J. dt
(2000- N)N
Using our understanding of partial fractions we can write this as:
1 1
e dt 1
J. ( N 2000-N J J. =
The limiting value of N is 2000, and N is +ve, so both denominators will be positive.
InN-In(2000-N) = 0.25t+c
ln(i) = 0.25t+¢
2000 - N
_N A "% (where 4 = ¢°)
’ 2000 - N
When t =0, N=40. Hence 4 = ok
Substituting for 4 and re-arranging gives: N = 2000
g N (e 1+ 49,7025
Alternatively, had we not noticed that the denominators would be positive:
From [1]: In|N|-1n|2000-N| = 0.25t+c
Hence ln‘—‘ = 025t+c
2000 - N
and so ‘7‘ = AP (with 4 = ¢).
2000 - N
Either N ALP or N —A P!
2000 - N 2000 - N
In both cases, with N'=40 when 7= 0, we obtain _N = €L O3t
2000 - N 49
This rearrangesto N = % as before.
1+49¢™
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Alternatively we could write:

From [1]: In|N|-1n|2000- N| = 0.25t+c
Hence ln‘L’ = 0.25t+c¢
2000 - N
N 0.25¢ : c
and so 000N +A4 e (with A = ¢°).

= Co¥ (with C = +A).
Using N =40 when 7 = 0 to determine C, substituting for C and rearranging gives:

2000

= W as bCfOI'C.

The logistic model has applications in a number of areas, as the previous example and some of
the questions of the next exercise show.

Exercise 10C

1 When a new technological device is introduced to a country the number of people having the
device can grow according to a logistic model. Let us suppose that N, the number of people, in
millions, having the device, # months after the monitoring of such numbers began, was such that

‘zﬂ =0.45N-0.015N2.
t

When monitoring commenced 500000 people had the device (i.e. N=0.5).
Use the fact that a differential equation of the form

%:ﬂy_byz, withz>0and &> 0,

has the general solution y = where ¢ is some constant, to determine

b+ ce

—at )

a the value of ¢ for the take up of device situation,

b the number of people with the device 10 months after the monitoring began.

2 A researcher investigates how quickly a rumour spreads amongst an island community of 150000
people. When the research commences it is thought that 300 of the 150000 know the rumour.
One day later 920 know it.

Applying a logistic model to this situation, if y is the number of people from the community of
150000 who know the rumour, ¢ days after research commenced:

y=L_, with K= 150000.
1+ Ce™™

How many people does the model predict will know the rumour 5 days after the research began
(to the nearest 100 people)?
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3 Using separation of variables and partial fractions find the particular growth solution, y = f(x),
to the logistic growth model with differential equation

4y _yB00-y)
dx 500
given that 0 <y <300 and when « =0, y = 100.

4 A scientist monitored the length, L cm, of a particular animal from birth, when it was
51 centimetres long, to being fully grown 25 years later. The scientist found that the length

of the animal could be well modelled by a logistic growth model with the differential equation:
AL L 1001y
dt 500

where ¢ is the time in years since birth.

a For the logistic growth model with differential equation % = ay — by” the limiting value of

yis %. Find the limiting value of L and explain its meaning.

b  Using separation of variables and partial fractions find L(z).
¢ According to the model what was the length of the animal on its 10th birthday?

5 A particular species of lizard is only found to exist naturally on a particular island nature reserve.

Because of favourable breeding conditions and the elimination of feral predators, researchers
believe that the current (# = 0) population of 160 of these lizards is likely to increase such that P,
the population ¢ years from now will follow a logistic growth model with differential equation:
apr = 1 pP- _1 p?
dt 5 12500
a  Use the technique of separating the variables and partial fractions to determine an expression
for P in terms of 7 for this logistic growth model, giving your answer in the form
K
1+ Ce
b According to this model what is the long-term population limit for this species on this island?

¢ Determine an estimate for the number of lizards of this species on the island in 10 years’ time.

iStock.com/bennymarty

6 N, the number of fungal units present in a laboratory tray at time ¢ hours, rises from its initial
(# = 0) value of 200, when counting commenced, such that the rate of change of N is given by

N =08N|1- N .
dt 20000

Approximately how many fungal units would be in the tray 8 hours after counting commenced?
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Can we get some idea of what the relationship
between x and y will look like from the differential
equation directly, without integrating?

Whilst there are a number of methods for solving differential equations, other than separating the
variables, not all differential equations are solvable algebraically.

In such cases we might be able to use the differential equation to learn what the graph of the
relationship looks like. To help us understand this approach we will initially consider it for differential
equations that we could algebraically integrate.

Consider the differential equation L/ 2.

dx
By integrating we know this has the general solution y = 2x +c.
Could we make this general solution apparent without integrating?

One way is to draw the slope field of the differential equation, also called the direction field or
gradient field.

Slope fields

A slope field of a differential equation shows the derivative at a given point as a line segment drawn
at that point, with the gradient of the line segment equal to the derivative at that point.

For the differential equation % =2 the gradient is always equal to 2 so we would expect the

slope field to show line segments all having a gradient of 2.

"This is indeed the case in the diagrams shown, which show the @ Edit Zoom Analysis
slope field for this differential equation, as a graph below and b ] S AR |
on a calculator display on the right. NI,
PSSR S A A 1 I T AN A A S
y YN 4|7 / I,
VARV ARV B R A Lk 3 sl g I/
A A A A A A A A |
Pl A G el A A A O |
LA 1 7 7
S S i Y S /o
AV VS VA A A £ o L / ’
VARV B A A Py Ly
LA+ 1 r 7 R A A A A Vi f 7/ !
F A L B R L | i PG g
P B | / / L
—f—F— A > AR =5 /) Vil
A4ttt 7 4 : :
A B A A A A AN
VAR A A DA A A A S A ook . i f f 77
VARV " B A A @

Can you see how the lines of the slope field suggest the family of curves that form the general solution,
Le.y=2x+c?
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Now consider the differential equation % =2(x-1).

What would we expect the slope field to look like?
Well: ¢ Ifx=1we would expect the gradient to be

* Ifx>1we would expect the gradient to be
as x becomes ‘larger positive’.

e Ifx <1 we would expect the gradient to be
as x becomes ‘larger negative’.

ZEro.

positive and becoming ‘larger positive’

negative and becoming ‘larger negative’

These expected features are indeed evident on the slope field diagram below.

In the slope field diagram on the right, the gradient
lines are ‘centred’ on their x-value. Some applications
will draw them with their ‘start’ on the xvalue. In that
case all of the lines shown here would move a little.
This need not cause a problem, just be aware that
some slope fields may be presented differently.

Again can you see how the lines of the slope field
suggest the family of curves that form the general
solution, i.e.y = (v — 1)* + ¢?

On a calculator capable of displaying slope fields, view
the slope field of the differential equation y’ = 2(x — 1).

Are there any programs on internet sites capable of
displaying slope fields? Investigate.

Exercise 10D

y
T T TR SN A B A
T T U WU (N A A A
T T U (N A A A
T T T TR S N A B
T T T W WU (N A A A
T T UV (RN A A B
T T S A A B A
T T U WU (N A A A
e ; -
L T TR T U SN A A |
T T T W WU (N A A A
T T UV (RN A A B
T T S A A B A
T T U WU (N A A A
T T U (N A A A
T T T TR S N A B
I T TR TR SRR VI (N A A B B

For each of the following differential equations think what the slope field will look like and use your
thoughts to make a rough sketch of what you think it will be like.

Then turn the page where all eight slope fields are drawn, plus two extras, and match up each equation

with a slope field shown.
A
dx
dy
3 —=4-2
dx

5 Zx—y =@+1)G -x)

7 Dy
dx

2 d—y+2=0
dx
4 Zx—y=x(x—3)
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calculator or internet facility.
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Euler’s method

We will consider here a numerical method for finding an approximate graphical solution to a
differential equation, given some initial conditions. A numerical method would be of most use when
solving differential equations that are not easily solved agebraically, and whose slope fields may not be
easy to draw. However we will apply the method to a differential equation we could solve algebraically,
so that we can see how accurate our solution obtained numerically is.

First recall the small changes formula, or incremental formula, first encountered in Mathematics
Methods Unit Three, and revised earlier in this book.

dy, the small change in y, caused by dx, the small change in «x, can be approximately determined using

dy
Oy = % dx.
Y

Consider the differential equation % =2x — 4 for x 2 0, and suppose that whenx =0,y =1.

We know that the solution is y = & —4xe+1 7
which is shown graphed on the right, for « > 0.

Let us now try to obtain this graph by applying a numerical method 5
to the differential equation.

Starting at our known point (0, 1) we will increase the x-coordinate
by 8x. Then, using the incremental formula to determine dy, the -
approximate change in y, we will have a new point (x + dx, y + dy). . 5
We then repeat the process with this new point to give the next
point, and so on. Plotting the points will give us an approximate
graphical solution to the differential equation. —5]

Let us choose 8x = 1, and so Oy = % D
=Qx—-4)(1)

Now create a table starting at (0, 1) and increasing by éx = 1 each step.

(Next point)

x Y dx dy=(2cr-4)(1) x+dx y+3dy
From 1st point 0 1 1 2000-4=—4 1 -3
From 2nd point 1 -3 1 2()-4=-2 2 -5
From 3rd point 2 =5 1 2Q2)-4=0 3 -5
From 4th point 3 -5 1 4 -3
From 5th point 4 -3 1 4 S 1
From 6th point 5 1 1 6 7
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"The approximate graphical solution is shown on the right. y

Not a very good approximation to what we know the accurate answer should
be, you may say. Well, you would be correct but then we were using dx = 1. 5
If we make our incremental increase in x smaller, our incremental formula 1
will give a better approximation.

The process is repeated below for dx = 0.25 and, as can be seen, the 1@
approximation is now much improved. NN

x Y ox 3y =(2r - 4)(0.25) x+o6x y+dy |

0 1 0.25 -1 0.25 0 ] \
025 0 0.25 ~0.875 0.5 —0875 B

0.5 -0.875  0.25 -0.75 0.75 -1.625

0.75 -1.625 0.25 —-0.625 1 -2.25

1 -2.25 0.25 -0.5 1.25 =275

1.25  =2.75 0.25 -0.375 1.5 -3.125

1.5 -3.125 025 -0.25 1.75  =3.375

1.75  =3.375 0.25 -0.125 2 -3.5

2 -3.5 0.25 0 225 3.5

225 =35 0.25 0.125 2.5 -3.375

2.5 -3.375 0.25 0.25 2.75 =3.125

2.75  =3.125 0.25 0.375 3 -2.75

3 =2.75 0.25 0.5 325 -2.25 y

3.25 =225 0.25 0.625 3.5 -1.625 b

35 1625 025 0.75 375 -0.875 |

3.75  -0.875 0.25 0.875 4 0

4 0 0.25 1 4.25 1

4.25 1 0.25 1.125 4.5 2.125

4.5 2125  0.25 1.25 4.75 3.375

4.75 3375  0.25 1.375 5 4.75

5 4.75 0.25 1.5 5.25 6.25 ]

5.25 6.25 0.25 1.625 5.5 7.875 5]

5.5 7.875  0.25 1.75 5.75 9.625

5.75 9.625  0.25 1.875 6 11.5

The numerical method used above is known as Euler’s method.

A computer speadsheet can be very useful when constructing tables like the one above.
Some interactive websites display the process.

Produce graphs and tables like those just shown but now for the differential equation

& =6—2x,with y=-5 whenx =0.
dx

Consider 0 < x < 6 and use dx = 1 and then dx =0.25.
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Miscellaneous exercise ten

This miscellaneous exercise may include questions involving the work of this chapter, the work
of any previous chapters in this unit, and the ideas mentioned in the Preliminary work section
at the beginning of the unit.

1 The three slope fields shown below are for the differential equations

dy b _ & Y y1

dx de y dx

Sy . dy .
By considering locations where o 0 match each equation to a slope field.

Slope field A Slope field B Slope field C

Y y Y

Polrasq T RN RVEVAVAPAE sN~~<st -,
A T e | rrrrr A4 /772 =N NNNSN~4+ — -~ 7 7/
/AR AR ARV (A A I 4 /7 7 =N\ \N\NNN~a4+ -~~~/ s/ /
VA A AR A A e A [ Y A N U \NNNSNF -~/ 7 1 ]
777777777777 N EAVAVEE S NN VAN NSNT T
rr |‘|‘|‘|‘|‘x |’|’l"|’| P'\l\l"x ===== aaaaax
2 AV SN B =4 v g IR AVADZE NN
VUV U AN S U A A NN
TR T ST SR AN B R VAV EE T NENENEN
R B T e U B B AP P SN
bur s o N kT AP ¢ SN

2 In enzymology (the study of enzymes), an important differential equation is the Michaelis-Menten
equation, which takes the form:

ds Vs .
— = ———— where s and ¢ are variables (s > 0) and /" and K are constants.
dt K+s

Use the method of separation of variables to obtain the general solution

s+ Kln s =-Vt+ ¢, where ¢ is some constant.

3 If % = ¢*" use the incremental formula % = ;i_y to find the approximate change in y when «
b

changes from 2.001 to 2.002.

2.002

Compare your answer with a calculator evaluation of e
2.001

4 Find an expression for :lix_y for each of the following:
a y=2sinx b y=sin2x ¢ y=sin(sinx)
y=2x+3 e y=(2x+3)3 f 2xy+y3—15=3sinx
5—3w
g Y+3’=yhwx h S5Sx+3InQy+1)=3xy
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11

Solve 2y Z—y = ¢**, given that when x = 0,y = 3.
x

Find the equations of the tangents to the curve
Y+ 5ay+47 =15

at the points on the curve where x = 1.

The area lying in the first quadrant and bounded by the y-axis, the straight lines y =2 and y =4
and the curve y = &7 is rotated one revolution about the y-axis.

Find the volume of the solid so formed.

Using the suggested substitution, or otherwise, determine each of the following indefinite integrals
algebraically.

a jx(3x2—5)7alx w=32-5 b Jx(x—5)7dx w=x—>5

c ij—— n=x"—3 d Ile\/Sx—de 5o S

e _[sxsin(xz_smx p=at—5 f Iex(1+ex)4dx a=1+¢"
g uw=x—3 J- 2x+13 u=x+2
(x+2)

Find a formula for the rate of increase in the volume of a sphere when the radius, 7 cm, is
increasing at a constant rate of 0.25 cm/s.

a What s the rate of change of volume when 7= 10?
b  What is the radius of the sphere when the rate of change of volume is 256 cm?/s?

A balloon is released from a point A on horizontal ground B
and rises vertically. e : I
-7 \

From a point B, 600 metres from A and on the same e
horizontal level as A, the angle of elevation of the #
balloon, 0 radians, is monitored. -

If the balloon rises at a steady 10 m/s find the rate of B
change of 0, in rad/s, when the balloon is 800 metres
above the ground.

600 m

The diagram shows a funnel in the shape of an upturned —
cone of height 18 cm and ‘base’ radius 8 cm.

If water is flowing in at 16 cm®/s and out at 4 cm?/s, how
fast is the water level rising at the instant that the water

in the cone has a depth of 6 cm? Drgpica of
water 1 cone

Water level I -—-
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12 Show that if ¥ = #sinu then
[
a’ -t

where ¢ is some constant.

13 Suppose that the function A(?) gives the total worldwide reserve of a particular natural resource at
time 7 years. If this resource is being used at an instantaneous rate of R tonnes/year, A will decrease

and soR:—%.
dt

If R itself is continuously increasing at 8% per year then % =0.08R,

ie.  R=Ry""® where R, is the rate of use, in tonnes/year, when z = 0.
Thus the rate of change of world reserves of this commodity is given by:

dA

e O

dt

If our current instantaneous rate of use is 5000000 tonnes per year, find
a the amount we will use during the next ten years,

b in how many years the resource will be exhausted if current world reserves are
200000000 tonnes and no new reserves are discovered.

14 One of the worked examples in an earlier ’ )
chapter determined that the antiderivative J.((cos(x))“)dx
4 .
of cos’x is sin(x) - (cos(x))®  3-sin(x)-cos(x) 3-x
. . + +—=
3 sin2x  sin4x 4 8 8
—Xx+ + +c.
8 4 32
However, as the display above right suggests,
the answer could be \ J

sinxcos’ ¥ 3sinxcosx 3w
+ +=.
4 8 8
Show that, with the exception of the fact that the calculator display does not show the constant,
these two expressions are the same.
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Simple
harmonic motion

e Revision of rectilinear motion

e A particular type of rectilinear motion:
Simple harmonic motion

e Solving the differential equation x = —k?x

¢ Miscellaneous exercise eleven



Revision of rectilinear motion

Before investigating simple harmonic motion, the title of this chapter, let us first refresh our knowledge

of general motion in a straight line, and also extend that knowledge a little.

From your previous study of Units Two and Three of Mathematics Methods you should be familiar with

the following:

Differentiate with respect to time
Displacement Velocity Acceleration

Antidifferentiate with respect to time

A particle is initially at an origin O. It is projected away from O and moves in a straight line such

that its displacement from O, # seconds later, is x metres where x = #(10 — 7).

Find a the speed the particle when =12,
b the value of # when the particle comes to rest and the distance from the origin at
that time,
¢ the distance the particle travels from z=3 to ¢ = 6.
Solution
a If x=10t-# then v=10-2¢
Thus when 7= 12 v=-14m/s
The speed when 7 =12 is 14 m/s.
b With v=10-2¢ then the particle being at rest means 10 — 27 =0, i.e.z=5.
When t=75, x=5(10-75) 1.e.x=25.
The particle is at rest when 7 =5 and it is then 25 m from O.
¢ When t=3 the particle is 21 m from O and when 7 = 6 it is 24 m from O.

However the distance travelled in this time is not simply (24 — 21) m. Our answer to b
indicates that the particle stopped when =5, atx =25 m.

From ¢ =3 to ¢ = 6 the particle travels fromAtoC =TT Sezs=
i A B C

to B (see diagram). A B C
21 22 23 24 25

The particle travels 5 m from 7= 3 to = 6.

ISBN 9780170395274
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A particle travels along a straight line with its velocity at time # seconds given by v m/s where

v=6t 3.

The initial displacement of the particle from a point O on the line is 5 metres.
Find the displacement of the particle from O when = 5.

Solution

x=fvm=fmﬁ_nm

=2 —3t+c

We know that initially, i.e. when 7 =0, x = 5.

5=2(0)-3(0) +¢
x=28-3t+5

Thus

i.e.c=35.

.. When =5, x = 240.

When ¢ =5 the displacement from O is 240 metres.

The previous two examples involved functions given in terms of #, the time. This may not always be
the case. We could, for example, be given the velocity, v, in terms of the displacement, x, (as we saw in
chapter 8). The next examples involve such situations, but first note the following useful rearrangement.

Acceleration =

Hence, acceleration =

dv

dt

dv dx dx

—_— But — =v.

dx dt dt

v @ This could also be written as i (1 v’ )
dx dx \ 2

In the examples that follow assume that x m, v m/s and 2 m/s* represent displacement, velocity and

acceleration respectively.

If v = 3« find the acceleration when x = 2.

Solution

Cdt dv dt
dv

=0—

dx

=(3x) (3)
=Ox

Thus when x =2, 2= 18. When x = 2 the acceleration is 18 m/s’.

Repeat the previous example but instead write i 3x, integrate using separation of variables to
t

find an expression for x and then differentiate twice to find the acceleration.

MATHEMATICS SPECIALIST Units 3 & 4
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a=2x+4,and whenx=1,v=2.Find v, v > 0, when x = 3.

Solution

Thus

Separating the variables and integrating:

When x=1,v =2, thus
Therefore
When x =3

yo o _dods

dt  dx dt

v

T v

v@=2x+4
dx

Jvdv =j(2x+ 4)dx

2
L P rdete
2

c=-3

2
Lo 43
2

v=06 (v=0).

a= g, v > 0, and initially, i.e. when =0, x =8 and v = 3.
v

a Findv,v> 0, when = 10.

Solution

a This part involves 7 and v.

Write @ZE
dt v
J.vdv =J.2dt
2
Z =2t+c¢
2

When t=0,v =3 and so c =4.5.
v =4t+9
Thus when t=10,v=7.

Exercise 11A

b Find v, v > 0, when x = 10.

b This part involves x and v.

Write vﬁzE
dx v
Jvzdv =Ide
3
L —ow+d
3

Whenx=8,v=3 andsod=-7.
v’ = 6x—21
Thus when x = 10, v = 3/39.

Questions 1 to 8 all involve rectilinear motion with x metres, v m/s and 2 m/s” the displacement,
velocity and acceleration of a body respectively, relative to an origin O, at time # seconds.

1 Ifv=6tV16+¢° find @ the acceleration when =0,
b the displacement when 7 =3 if when =0, x=8.

ISBN 9780170395274
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2
2 4= @ Find the velocity when ¢ = 0 given that when =1, v =2 m/s.

3 Ifx=5+2costfind a thevelocity when 7= g, b the acceleration when 7= %
4 T1fv=4sin2z find a the acceleration when = g,

b the displacement when ¢ = g given that for t =0, x = 3.

S Ifz=4sintcost and when ¢ = 0, the displacement is 5 m and the velocity is 3 m/s, find

a the velocity when 7 = g, b the displacement when ¢ = g

6 Ifv=>5+4° find the acceleration when x = 1.
7 Ifa=3x>+1and when x =0, v =2, find the velocity, v > 0, when x = 3.

8 Ifu=7",v>0,and when =2, x=0and v=0.1, find
a ovwhenz=10, b vwhenx=2.

9 The displacement of a body from an origin O, at time 7 seconds, is x metres, where
t+1
x= , t>0.
2t +3
Find a expressions for the velocity and acceleration of the body in terms of 7,

b the displacement, velocity and acceleration of the body when 7= 1.

10 An object projected vertically upwards from a point above ground level is  metres above ground
level  seconds later, where /= 42 + 29t — 5 (¢ > 0). For what value of #, and at what speed, does
the object hit the ground?

11 A particle is initially at an origin O. It is projected away from O and moves in a straight line such
that its displacement from O, # seconds later, is x metres, where
x=1t16-1).
a the speed of the particle when ¢ = 20,
b the value of # when the particle comes to rest and the distance from the origin at that time,
¢ the distance the particle travels fromt=1to =35,
d the distance the particle travels from =5 to t = 10.

Find

12 A body is initially at an origin, O. At that instant the velocity of the body is 35 m/s. The
acceleration, 7 seconds later, is 6(z — 4) m/s”. Find the velocity of the body when it is next at O.

13 A particle passes through an origin O at time 7= 0 and travels along a straight line such that its

velocity ¢ seconds later, is v m/s where

v=2sin2t

Determine @  the maximum velocity of the particle during the motion,
b  an expression for the acceleration of the particle at time #,
¢ the maximum acceleration of the particle during the motion,
d  an expression for the displacement of the particle at time ¢,
e

the maximum displacement of the particle during the motion.
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14 A particle moves in a straight line such that its velocity, v m/s, depends upon displacement, x m,
from some fixed point O according to the rule
v=3x+2

Determine @ an expression in terms of x for the acceleration of the particle,

b the velocity and acceleration of the particle when x = 4.

15 A particle is initially (i.e. = 0) at an origin (i.e. ¥ = 0) and moving with a velocity of 4 m/s. The
particle moves such that its acceleration at any time is a function of its velocity at that time, with
acceleration = —(1 + v%) m/s”.

Find the exact distance the particle moves in reducing its velocity to one-quarter of its initial velocity.

A particular type of rectilinear motion:
Simple harmonic motion

Suppose that an object moves along a straight line with its acceleration proportional to its displacement
from some fixed point, O, on the line, and always directed towards O. As the object gets further away
from O it will experience an increasing ‘pull’ back towards O. This will cause the object to oscillate
about O as shown below:

P
R fomme - <~ -
C 0 accel vel B
<——— amplitude amplitude ———

In the diagram the fixed point, or mean position, is O. The object is shown at some point P,
displacement x from O, and is travelling away from O with velocity v. The acceleration is towards

O and will cause the object to slow down. If it just reaches point B we call OB the amplitude of the
motion. The acceleration will then cause the object to travel back through O and to just reach C, then
returning through O to just reach B again, and so on.

This oscillatory motion is called simple harmonic motion.

With the acceleration proportional to the displacement then
x
— is proportional to x.
dt
In mathematics we write this: X ocx
Introducing & as the constant of proportionality we have
2

X=—kx

A squared constant is used to make later integration more straightforward and the negative sign is
because the acceleration is always directed towards O.

If a body moves such that §=—Fx

then the body is moving with simple harmonic motion (SHM).
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Solving the differential equation x = —k*x

As we have already seen in the previous chapter:
. . o dy dp d’x .
* Any equation that involves one or more derivatives, e.g. A i etc, is called a
t t
differential equation.
* To solve a differential equation we must find a relationship between the variables involved, that

satisfies the differential equation, but that does not contain any derivatives.

Thus, to solve # = —k’x we need to find a relationship between x and 7, not involving derivatives.

From ¥ = —kw
it follows that do —Kx.
dt
Hence, by the chain rule dode —kx.
dx dt
But de v and so v o —kx.
dt dx
Separating the variables Jv dv = —J kP dx
v’ kv’
- = - +c
2
But if ‘2’ is the amplitude then when x =4, v =0.
2,2
Hence 0 = - - ¢
ka?
ie. c = —
2
Thus v = K@ -xP)

where # is the amplitude of the motion.

= a® -’

"Taking the positive square root v
ie. de kN - «?
dt
. . dx
Separating the variables ——dx = J/e dt
2_ 2
a”—x
Using the substitution x = asinu, from which - acosi,
i

[rau = [kar

ie. u = kt+ao (ovis the integration const.)
x = asin(kt+ o)
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Hence, as we might have expected, the motion is periodic. Wherever the object is at some time #; it will

. . 2 . L. 2
be there again at time #; + ?n The time period is %

The constant o (the Greek letter, ‘alpha’) is the phase angle and depends on the position of the object
when timing commences, i.e. when 7= 0.

P
fommm oo <~——> -
C 0 accel vel B
<— amplitude amplitude ———

The following points follow from the displacement equation & =asin (kz + o).

* Suppose timing commences when the object is at O (see diagram above for O).
Thenx=0whenz=0.  Thus 0=asino allowing us to have o. = 0.
In such cases x =asinkt

* Suppose timing commences when the object is at B (see diagram above for B).

Thenx=awhent=0.  Thus a=asino.  allowing us to have o = g
. T
In such cases x = asin (kt + E)
=acoskt
* The velocity is given by: v= & =akcos(kt+ o)

Thus the extreme values of v are £ #k and they occur when cos (k + o) = £1. At such points
x (= asin (kt + o)) will be zero. Thus the extreme velocities occur as the object passes through O.

Earlier we found that v =k - 2) which also shows that the extreme
values of v are +kz and occur when x = 0.

Summary

* For a body moving with SHM about x =0, i o= —kw

* A solution to this equation is x = asin(kt+ o).

¢ If timing commences at O (see diagram above) «x = asinkz.

e If timing commences at B (see diagram above) x = acoskr.

* The motion is periodic with period 7, where T = 27“

* The amplitude of the motion is|4].

* The velocity, v, at time ¢ is given by v = akcos(kt+ o)
It also follows that v o= B2
and v = |ka|.
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From earlier work involving trigonometric functions we know that many trigonometrical expressions
can be written in other ways.

. . T
For example we can write sin® as cos (9 - 5),
we can write sin(@+ o) as sinBcoso + cosOsino etc.
Hence it may come as no surprise that x=asin(kt + o) is not the only way of expressing
. d’x
the solution to — = i
dt
Show that x =acos (kt + B)
and x = Ccoskt + Dsinkt
. . d*x
each satisfy the equation — = —kx.
dt
Note: Earlier, when solving i =—kx
we obtained the equation v =k (@ - ).
Then ‘taking the positive square root’, i.e. v=k\a? - x*
. dx
we wrote this as i kN a? - x?
t

separated the variables and integrated using the substitution

X =asinu.

Repeat this process but instead use the negative square root, separate the variables and
integrate using the substitution

Determine the period of the simple harmonic motion defined by the equation

X =a4CoSsu.

& =-16 «.
Solution
Comparing ¥ =-16x with i =k« gives k=4
Using = n = n
k 4
-
5

The period of the simple harmonic motion is % seconds.
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EXAMPLE 7

A body moves such that its displacement from an origin O at time # seconds is x metres, where

x =4sin2t.

a Prove that the motion is simple harmonic.

b Determine the period and amplitude of the motion.

¢ How far does the body move in the first second?

Solution
a To prove SHM we must show that § =—kx.
We are given that x =4sin2¢t
Therefore x =8cos2t
and & =-16sin2t
=—4x
"This is of the form ¥ =—kx.

The motion is simple harmonic.

b From a, or by comparing x = 4sin 2¢ with x =

The time period, 7, is given by T

asin kt, we see that k= 2.

_m

k

=T

The time period is T seconds.

Comparing «x = 4sin 2t with « = asin kr gives a = 4.

The amplitude of the motion is 4 metres.

= — B+
¢ When t=0 x=0. ‘E *1 *1
When t=1  x=4sin2 ; fm L
= 3.64 (to 2 decimal places). : o
n e fommemeae ~—e--{
But when t=— x=4. ©
4 3.64m

Thus the distance travelled in the first second is 4 + (4 — 3.64) = 4.36 m.
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EXAMPLE 8

A body moves with SHM about some mean position O. The amplitude of the motion is 0.5 metres,

the period is 21 seconds and when # = 0 the body is at O.

Find a the two possible expressions of the form x = #sin (kz) for the displacement of the body
from O at time ¢,

b the speed of the body when # = uy \ 50 .
Solution 3 0
a The amplitude is 0.5 m and when ¢ = 0 the body is at O. 0.5 m 0.5m

Therefore x==0.5sinkz
(The £ is necessary because at = 0 motion may be to the right or to the left. We are not told
whether the displacement is positive or negative for small positive z.)

The period is 27, therefore 2% =n givingk=1.

The displacement of the body from O at time # is x m where x =+ 0.5 sinz.

b If x=%0.5sint then x =+0.5cost
When t= g & =025
When t= 3 the body has speed 0.25 m/s.

A body moves with SHM about some mean position O. The amplitude of the motion is 2 metres,
the period is % seconds and when # = 0 the displacement of the body from O is 1 metre and the

velocity is positive.
Find a an expression for the displacement of the body from O at time ¢, giving your answer
in the form x = #sin (kz + o) for 0 < o < T,
b the greatest speed attained by the body,
¢ the greatest acceleration of the body.

Solution
a The amplitude is 2 m therefore x =2 sin (kt + Q). x=1
P 2w ) ——
The period is —, therefore — == ie. k=10 t=0
5 k5 [ i o——|
Thus x=2sin (10t + o) o
When =0, x =1, therefore 1=2sina Zm Zm
ivin a=LZor om
giving 6 6
If x=23in(10t+§) v=20cos(10t+g)
. . St Sm
and if x=2sin 10t+? v =20cos 10t+?

Only the first of these velocities is positive when ¢ = 0. n
The displacement from O at time # is x m where x = 2 sin(lOt + g)
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b If szsin(10t+g) ihn fc=20cos(10t+g)

and so Xpax = 20
The maximum speed is 20 m/s.
(Alternatively, obtain this same answer using v,,,,, = |ka]|.)
¢ Now i =—kx so, in this case, ¥ =-100x
and so F e = —100(=2)
=200

The greatest acceleration of the body is 200 m/s”.

Exercise 11B
1 With x metres representing the displacement of a body at time # seconds, determine the amplitude
and period of SHM with
a x=5sin2t, b x=4sin5, ¢ x=2cos4t.

2 With x metres representing the displacement of a body at time ¢ seconds, determine the period
of the simple harmonic motion defined by the equation

a i =-4x, b i=-x ¢ ¥=-25x.
3 A particle moves with simple harmonic motion about some mean position O and when timing

commences the particle is at O. Write an equation for x, the displacement of the particle from O
in metres, ¢ seconds later, given that the motion has

a amplitude 1 m, period 47 seconds and an initial positive velocity,
b amplitude 1 m, period 4n seconds and an initial negative velocity,
¢ amplitude 3 m and period © seconds and an initial positive velocity,

d amplitude 0.5 m and period 2 seconds and an initial negative velocity.

4 A particle moves with simple harmonic motion about some mean position O and when timing
commences the particle is at its maximum displacement from O. Write an equation for «, the
displacement of the particle from O in metres, ¢ seconds later given that the motion has

a amplitude 2 m and period © seconds,
b amplitude 1.5 m and period 0.57 seconds,
¢ amplitude 0.5 m and period 0.5 seconds.

5 A body moves with simple harmonic motion about some mean position O. The amplitude of the
motion is 2.5 metres, the period is T seconds and initially (i.e. when # = 0) the body is at O.

Find a the two possible expressions of the form x = asin kz for the displacement of the body
from O at time ¢,

b the speed of the body when 7= g

6 With x metres representing the displacement of a body at time 7 seconds, determine the amplitude
and period of SHM with:

a x=5cos5t+3sin5t b x=3cos2t+ 7sin2¢
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. . .. . . . T
7 Abody moves such that its displacement from an origin O at time # seconds is x m, where x = 4 sin 0
a Prove that the motion is simple harmonic.
b Determine the period and amplitude of the motion.

¢ How far does the body move in the first two seconds (to the nearest cm)?
8 A body moves such that its displacement from an origin O at time ¢ seconds is x m,

. Tt
where x = Zsm?.

a Prove that the motion is simple harmonic.
b Determine the period and amplitude of the motion.
¢ Exactly how far does the body move in the first two seconds?

9 A body moves such that its displacement from an origin O at time 7 seconds is x m,

where x = 3sin(2t + g)

a Prove that the motion is simple harmonic.
b Determine the period and amplitude of the motion.
¢ How far does the body move in the first second (to the nearest cm)?
10 A body moves with simple harmonic motion about some mean position O. The amplitude of the

motion is 4 metres, the period is 2 seconds and initially (i.e. when # = 0) the displacement of the
body from O is 2 metres and the velocity is negative.

Find a an expression for the displacement of the body from O at time 7 seconds giving your
answer in the form x = #sin (kt + o) for 0 < o < 7.

b the speed of the body when = %

11 A body moves with simple harmonic motion about some mean position O.
The amplitude of the motion is 2 metres, the period Z?n seconds and when ¢ = 0 (i.e. initially) the

displacement of the body from O is +/2 m and the velocity is positive.

Find a an expression for the displacement of the body from O at time ¢ sec giving your
answer in the form x = asin (kt + o) for 0 < o < 7,

b the greatest speed attained by the body,
¢ the greatest acceleration of the body.
12 A body moves with SHM with equation & = —4x, where x m is the displacement of the body from
a fixed point O at time # seconds. Initially, i.e. when 7= 0, the body is at O and has a positive velocity.

If the amplitude of the motion is 0.6 m determine

a the displacement of the body from O when 7=

)

wla o3

b the displacement of the body from O when ¢ =

)

¢ thevalue of # ( 2 0) when the body is a distance of 0.3 m from O for

i the first time, ii  the second time, iii the third time.
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13 A body moves with SHM with equation & = —t’x, where x m is the displacement of the body
from a fixed point O at time 7 seconds. Initially, i.e. when ¢ = 0, the body is at O and has
a negative velocity.

If the amplitude of the motion is 3 m determine

a the displacement of the body from O when 7= %,
b the velocity of the body when ¢ = %,
¢ the speed of the body when 7 = %,

d  the value of  ( > 0) when the body next has the speed it had at # = %

14 The five points A, B, C, D and E lie in that order on a straight line such that
AB=BE =3m and BC=CD=DE.

A particle performs SHM along this line, with time period 7 seconds, point B as the mean position
and points A and E as the extreme positions.

How long, to the nearest 0.01 second, does it take for the particle to travel
a fromAtoC? b from CtoD? ¢ fromD to E?

d Determine the two possible times that could elapse from the particle leaving D until it next
returns to D (again to nearest 0.01 second).

15 A body moves with simple harmonic motion such that its displacement from the mean position O
at time # seconds is ¥ m, where x = 2 sin4z. For how long in each cycle of the motion is the particle
at least 1.5 m from O? (Answer to the nearest hundredth of a second.)

16 A body moves with SHM with equation ¥ = —4x, where x m is the displacement of the body from
a fixed point O at time 7 seconds. If v m/s is the velocity of the body at time # find an expression
for & in terms of ¢ given that

a whenr=0,x=0andv=4, b whent=0,x=4andv=0.

17 The diagram on the right shows a mass hanging from a spring.
The mass is pulled down 2 cm below its equilibrium level and released
from rest. The mass performs SHM about the equilibrium level such
that if » metres is the displacement of the mass from the equilibrium
level t seconds after release, then ¥ = —64x«.

Find a the amplitude of the motion,

b the period of the motion,

777777777 Equilibrium
level

¢ the time from release to the mass reaching the
equilibrium position for the first time, x

d  the speed of the mass as it passes through the
equilibrium level,

e the time from release to the mass first reaching a speed equal to half of the maximum
speed it attains during the motion.
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18 An object moves such that its displacement, x metres, from some fixed point O, at time ¢ seconds,
is given by x = —4+/3 sin 2 — 4 cos 2t.

a How far is the object from O when 7 =0?
b  Prove that for this motion # = —#’x and determine the value of .

¢ How far does the object move in the first 1.5 seconds (to the nearest cm)?

19 A particle moves such that its displacement, x m, from some fixed point O at time ¢ seconds is
given by
x=3+4sinnt
a  Show that this satisfies p = —&°p where p =x— 3 and k is a constant.

b By completing part @ you have shown that the motion is simple harmonic. What is the period
and amplitude of the motion?

¢ If point B is the mean position of the SHM, how far is B from O?
d  What s the greatest distance that the particle is from O during the SHM?

20 A particle moves such that its displacement, x m, from some fixed point O at time # seconds is
given by
x=5—-3cos2t
a  Show that this satisfies § = —k*s where s = x — 5 and k is a constant.

b By completing part @ you have shown that the motion is simple harmonic. What is the period
and amplitude of the motion?

¢ Ifpoint P is the mean position of the SHM, how far is P from O?
d  What s the least distance that the particle is from O during the SHM?

21 An object moves along the x-axis with its velocity, v m/s, at time ¢ seconds given by:

1
V= — COSt.

4

Determine @  the distance travelled by the object from # =0 to 7 = 1, giving your answer
to the nearest centimetre.

b the distance travelled by the object from 7 =0 to ¢ = 2, giving your answer
to the nearest centimetre.

22 A particle moves with SHM about some mean position O with its displacement from O at time
t seconds being » m and its velocity at that instant being v m/s.

If x =20 when v =30 and x = 24 when v = 14 find the period and amplitude of the motion.

23 A particle moves with SHM about some mean position O with its displacement from O at time
t seconds being x m and its velocity at that instant being v m/s.

Ifx=0.6 when v=0.75 and x = 0.39 when v = 1.56 find the period and amplitude of the motion.
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Miscellaneous exercise eleven

This miscellaneous exercise may include questions involving the work of this chapter, the work
of any previous chapters in this unit, and the ideas mentioned in the Preliminary work section
at the beginning of this unit.

1 Determine % for each of the following:
a Iny=34 b 4xy+y —15x=4sin2«
2 Clearly showing your use of calculus, find the half-life of a radioactive element that decays

according to the rule % =-0.024, where A is the amount present after # years.

3 A particle passes through an origin O at time 7 = 0 and travels along a straight line such that its
velocity ¢ seconds later is v m/s, where
v =3sin’z
Determine the minimum velocity of the particle during the motion,

a

b  an expression for the acceleration of the particle at time #,

¢ the smallest value of ¢ (¢ = 0) for which the acceleration is at its maximum value,
d

an expression for the displacement of the particle at time ¢,

e the displacement of the particle when 7 = g

4 A particle moves in a straight line such that its velocity, v m/s, depends upon displacement, x m,
from some fixed point O according to the rule

v="3x" -2
Determine @ an expression in terms of x for the acceleration of the particle,

b the velocity and acceleration of the particle when x = 1.

5 Find the equation of a curve having a gradient at the general point (x, y) on the curve equal

to ;_xz and passing through the point (2, 1).
y

6 A kite is being controlled from point A on horizontal ground $ 1.2 m/sec
using 50 metres of string.

The string makes a straight line from A to the kite.

The kite is rising vertically at 1.2 m/s and the fixed length of
string means that point B on the ground, directly below the
kite, approaches A.

=
B

If 6 radians is the angle of elevation of the kite from point A

--— - >

at time ¢ seconds find % and the rate at which B approaches

A when the kite is 40 metres above the ground.
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7

10

12

Find the volume of the solid formed by rotating the area enclosed between the curve y = 44/x and
the x-axis from & = 3 to x = 5 through one revolution about the x-axis.

Find the area bounded by y = cos’ x and the x-axis from x = 0 to x = g

a Find, exactly, the area of the region lying in the first quadrant y

and enclosed by: e -

the curve y= Z(xz + 1), Quadrant Quadrant
the x-axis, the y-axis and the line x = 2.
X

b Find, exactly, the volume of the solid of revolution formed

by rotating the region described in part @ through 360° Quzfii ant Qu:(tj}; ant

about the x-axis.

¢ Find, exactly, the volume of the solid of revolution formed
by rotating the region described in part @ through 360°
about the y-axis.

A particle travels along a straight line with its acceleration at time # seconds equal to (67 + 4) m/s”.
"The particle has an initial positive velocity and travels 32 m in the third second. Find the velocity
of the body when #=1.

In each of the following x m is the displacement of an object from some fixed origin O at time

t seconds. Prove that each object is executing simple harmonic motion, and in each case find the
period of the motion, the value of x when 7 = 0 and the distance from the mean position to the
point O.

a «x=2sin4t, b x=5cos3t,
€ x=2cos2t+4sin2t, d x=1+3sin5z

Particles A and B are each executing simple harmonic motion.
The displacement, x metres, from the respective mean positions, at time ¢ seconds is given by
x =csink;t for particle A
and x=dsink,t for particle B, (¢, k, d and £, all positive constants).
A graph for each motion is shown below.
Particle A Particle B
Velocity (m/s) Acceleration (m/s?)

2_A/(o, 1.5)
12

Velocity (m/s)

- \ (0,-1.5)

=il

Find ¢, d, k,, k, and the time period for each particle.
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Sample means

e Sampling

e Distribution of sample means

® Increasing the number of samples
* Increasing the sample size

® The central limit theorem

e Sample size

e Samples with means that are unusually high
or unusually low

* Inferring population parameters from sample statistics

® So do most 95% confidence intervals really contain
the population mean? Let's check

® Choosing the sample size

¢ Miscellaneous exercise twelve



Shutterstock.com/Shulevskyy Volodymyr

For the purposes of this chapter it is anticipated that, from your study of Mathematics Methods, you are
now familiar with the idea of probability distributions and the binomial, uniform and normal distributions
in particular.

In some cases it is simply too expensive, too inconvenient or just unwise to obtain information about
a particular set by testing all of the elements that make up the set.

For example, if a doctor wishes to check on the
progress of a human pregnancy they may carry

out an amniocentesis on the mother. This process
involves the doctor in taking, and having analysed,

a sample of the amniotic fluid (the fluid surrounding
the baby) from the mother. In this case, a sample of
the amniotic fluid should be taken, not all of it!

If a commercial cherry
grower wants to test how
nice his cherries are he
might taste a few — he
would not eat them all!

Judgements can then be made about the population as a whole based on what we find from the sample.
In this chapter we will consider making judgements about what the mean of a population might be

(be it mean height, mean weight, mean sugar content or whatever) from the mean of that quantity
found in a sample that we take.

If you are also studying Mathematics Methods Unit Four at this time it is likely that you are considering,
or are soon to consider, the idea of predicting a population proportion based on a sample proportion.
"This prediction of a population characteristic follows very similar ideas whether we are predicting

a population proportion, as in Mathematics Methods, or predicting a population mean, as in this unit

of Mathematics Specialist.

Numerical characteristics about an entire population, for example, the proportion of Australians who
are left-handed, or the mean length of the crocodiles in an area, are called population parameters.
Predicting a value for a population parameter, based on the equivalent sample statistic, is often why
we collect data from a sample.

The bigger our sample the more confident we can be that information from the sample reflects the
same information about the population.
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We might consider taking a number of samples to assess whether our one sample is typical of others
and to ‘get a feel for’ the variability that may exist between samples.

If we wanted information about Australian school children we might use a sample involving, say,
500 Australian school children, and use the information from this sample to suggest information
about the entire population of Australian school children.

If our sample of 500 Australian school children is a random sample then it is constructed in such
a way that each Australian school child has an equal chance of being in the sample of 500.

Suppose we want to investigate the mean value obtained P (X=x)
when a normal six-sided die is rolled many times.

We know from the symmetry of the situation that each
of the numbers

1, 2, 3, 4, 5, 6

O\ =

has an equal chance of occurring on each roll.

The mean or expected value, i.e. the long term average, 2 3 4 5 6 i
of this uniform distribution is 3.5 (and the standard

deviation is \/% or, to two decimal places, 1.71).

Suppose we were to investigate this situation by sampling just 4 rolls of a normal die.
Question: ~ Would the mean of the 4 rolls necessarily be 3.5?

Answer: Whilst the mean could be 3.5 it does not have to be 3.5.
i.e. the mean is not necessarily equal to 3.5.

One such sample of 4 rolls of a normal die gave
4, 6, 3, 2. Mean = 3.75
Suppose we again roll the die 4 times.
Question: ~ Would the mean of the 4 rolls again be 3.75?
Answer: Not necessarily.
The next sample of 4 rolls of a normal die gave
6, 1, 2, 1. Mean = 2.5

If we were to continue rolling the die 4 times and were to calculate the mean score each time, we would
expect some variation to occur in these mean scores, i.e., we would expect a distribution of sample
means, the first two of which were 3.75 and 2.5.
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Suppose we continue the process to obtain 30 samples of 4 rolls, i.e. 30 samples of ‘sample size’ 4:

4 6 3 2 mean 3.75 6 6 4 1 mean 4.25
6 1 2 1 2.5 3 1 1 4 2.25
1 5 4 5 3.75 4 3 5 1 3.25
2 5 1 2 2.5 6 1 1 4 3

6 5 3 6 5 5 4 3 4 4

4 1 3 2 2.5 1 5 3 5 3.5
6 2 6 6 5 1 1 3 3 2

6 6 2 4 4.5 3 5 6 6 5

2 2 1 4 2.25 6 6 2 1 3.75
4 4 1 2 2.75 2 6 3 4 3.75
3 5 5 4 4.25 6 1 4 2 3.25
1 2 1 3 1.75 5 5 4 3 4.25
2 6 5 4 4.25 1 6 1 5 3.25
1 2 3 4 2.5 5 4 4 2 3.75
2 2 2 2 2 5 4 1 2 3

For these 30 samples of 4 rolls, our distribution of sample means is as follows:

Mean 175 2 225 25 275 3 325 35 375 4 425 45 475 5
Frequency I 2 2 4 1 2 3 1 5 1 4 1 0 3

Mean of sample means (2 decimal places): 3.38
Standard deviation of sample means (2 decimal places):  ¢,=0.93,0,_,=0.95.

Grouping the data:

Mean (x) 1<x <2 2<x <3 3<x<4 4<x<5 5<x <6

Frequency 1 9 11

Note: ¢ Whilst dice-rolling involves a uniform distribution of outcomes the distribution of sample
means does not display this same uniformity. Most of our means are close to the population
mean of 3.5.

® The standard deviation of a sampling distribution of mean values is sometimes referred
to as the standard error of the mean.

Suppose we increase the number of samples of 4 rolls of the die from 30 to, say 100, or even 200, to get
more sample means.

How do you think the mean and the standard deviation of the sample means would compare to the
3.38 (mean)
and 0.93 (standard deviation)
values obtained above for 30 samples?
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The following statistics were obtained for 100 and 200 samples of 4 rolls:

For 100 samples of four rolls: Mean of sample means 3.523

Standard deviation of sample means 6, 1=0.847, ©,=0.843
For 200 samples of four rolls: Mean of sample means 3.518

Standard deviation of sample means 6, ;=0.836, c,=0.834

Do these figures support what you thought would be the case?

Suppose we increase the sample size from samples involving 4 rolls of the die to samples involving
10 rolls of the die, or perhaps 35 rolls of the die or even 100 rolls of the die.

How would you expect this increased sample size to affect the
mean and the standard deviation of the sample means?

The sample means for 30 samples each involving 10 rolls (i.e. sample size 10) were:

4.1 4.1 3 3.7 2.9 4 3.8 3.9 2.6 3.8
3.9 4.2 3.8 3.6 3.8 2.9 2.9 3.5 3.5 44
3.9 34 3.7 3.8 3.2 4.1 3.2 3.4 3.2 2.7

Mean of sample means: 3.567

Standard deviation of sample means: c,_1=0477, o,=0.469

n—1
The sample means for 30 samples each involving 35 rolls (i.e. sample size 35) were:

4.057 3371 3.114  3.571 3.228 3429 4086 3.227 3457 34
3.757 3.2 3.457  3.029 3171  3.657 2.886 3.286 3.086  3.057
3.771  3.629 3457 3.6 3343 3.086  3.743  3.029 3,571  3.629

Mean of sample means: 3.413
Standard deviation of sample means: c,_1=0303, o©,=0.298

The sample means for 30 samples each involving 100 rolls (i.e. sample size 100) were:

3.31 3.45 3.66 3.54 3.43 3.71 3.32 3.48 3.36 3.42
3.25 3.52 3.35 3.44 3.53 3.54 3.5 3.53 3.34 3.64
3.57 3.29 3.41 3.89 3.54 3.23 3.47 3.64 3.2 3.68

Mean of sample means: 3.475
Standard deviation of sample means: c,_;=0.157, 6,=0.155

Notice that the mean of the sample means is quite close to 3.5, the mean of the uniform distribution
from which the samples were drawn. Also note that in each case the standard deviation of the sample
means is less than 1.71, the standard deviation of the uniform distribution from which the samples were
drawn, and that as the sample size increased the standard deviation decreased. The greater the sample
size, the less variation there is in the sample means.
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The previous paragraph made two important claims, based on the results of the previous pages:

* The sample means are quite close to the mean of the distribution from which the samples were
drawn, in this case 3.5.

* The greater the sample size, the less variation there is in the sample means, i.e. as the sample size
increased the standard deviation of the sample means decreased.

Let us take this second statement even further and suggest that for a sample size of z the standard

deviation of the sample means is close to 7 where o is the standard deviation of the population.
n

In this dice rolling situation 6 =1.7078, correct to 4 decimal places, so this further suggestion would
mean that:

For a sample size of 4 the standard deviation would be approximately 0.85.
For a sample size of 10 the standard deviation would be approximately 0.54.
For a sample size of 35 the standard deviation would be approximately 0.29.
For a sample size of 100 the standard deviation would be approximately 0.17.

Compare these theoretical figures for the standard deviations with those actually obtained as shown
on the previous page.

Okay, now it’s time that you checked the above claims based on data you obtain, rather than data
presented to you.

In a moment you will roll four dice (or one die four times), find the mean of the four scores
obtained, and note the result. Repeating this a further 99 times will give you 100 mean values,
each from samples of size 4.

You can then check if your results agree with the above statements, i.e. is the mean of your
100 sample means close to 3.5, the mean of the distribution from which the samples are drawn,
1.7078

N

?

and is your standard deviation of the 100 means close to

Then you can check for sample sizes of 20, 50, ...

But first let us consider how best to proceed with this data collection.

One way would be to physically roll four dice, note the
four scores, find the mean, record the result and then repeat
the process until you have 100 sample means recorded.

Alternatively you could simulate such an activity using the
random number generator of some calculators, spreadsheets
or internet sites, as the next page explains.
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Some calculators can randomly generate a list consisting ’ )
of a specified number of integers in a given range, as randList(4,1,6)
the first line of the display shown on the right suggests.
The second line then calculates the mean of these

four numbers.

{5,5,4,1}
sum(ans) / 4
3.75
sum(randList(4,1,6)) / 4
Alternatively generate four numbers and find their mean 2.5
‘in one go’, as the third line suggests. L )

Twenty mean values generated in this way are shown below:

4 4 3 225 375 275 475 35 325 225
3.25 3 425 3.5 325 375 475 3 2.5 325

These same twenty mean values presented as a frequency table:

Value 225 25 275 3 325 35 375 4 425 45 475
Frequency 2 1 1 3 4 2 2 2 1 0 2

Analysing these values with a calculator gives x=34,0,=0.7,0,_,=0.718.

Alternatively, using a computer spreadsheet:
RANDBETWEEN(1,6)

A B C D E F G H | J K L M N O P Q R S T U
5 5 6 5 6 2 6 4 2 4 3 5 3 3 6 4 3 2 4 5
3 2 1 4 1 6 5 6 4 4 3 3 4 5 5 1 5 4 3 6
3 3 3 5 5 6 5 3 1 4 5 2 6 3 6 1 3 1 2 4
1 3 1 3 2 1 4 2 5 4 4 3 1 5 2 4 3 3 3 5
Mean 3/3.25/2.75|4.25| 3.5/3.75 5|3.75 3 413.75/3.25| 3.5 4,475 25| 35| 25 3 5

Mean |2.25| 2.5|2.75 3.25| 3.5|3.75 41425 45|4.75
Count 0 2 1 3 2 3 3 2 1 0 1

w

Mean of sample means 3.6
Standard deviation ¢ n|0.73| n-1|0.75

Calculators and spreadsheets can be instructed to display and analyse lists of random numbers, and
their mean values, in a number of ways. There are also interactive websites that will display sample
means. The reader is encouraged to investigate the capability of their own calculator, spreadsheets
and the internet in this regard.

Now carry out the activity mentioned on the previous page:

* Find the mean score obtained for rolling four normal dice (simulated), and repeat this activity to
give 100 such sample means (i.e. obtain 100 sample means for sample size 4), recording the sample
means in a frequency table. Analyse your results and see if the sample means have a mean close to

3.5 and a standard deviation close to # , in this case for n =4.
n

* Repeat the activity but now obtaining 100 sample means for sample size 20.

* Repeat the activity but now obtaining 100 sample means for sample size 50.
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The graph below shows the distribution of sample means for one particular set of 100 samples
of sample size 50. (The graph involves grouped data but the summary statistics shown have been
calculated from the original 100 sample means.)

A Frequency mean 3.49

20 19 19 o, = 02474

] G, =0.2487
15 1

1 112 )
10 9

] 8

] 6

5] 4

] 3 3

] 1 1 1 1

1 T 1 1

2.7 28 29 3.0 3.1 3.2 33 3.4 3.5 3.6 3.7 3.8 39 40 4.1 4.2

Sample mean

The graph below shows the distribution of sample means for one particular set of 100 samples
of sample size 100. (The graph involves grouped data but the summary statistics shown have been
calculated from the original 100 sample means.)

s Frequency mean 3.51
] c,=0.1757
1 c,_1=0.1766
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Sample mean

According to the central limit theorem, as the sample size, 7, increases:
* the distribution of sample means approaches a normal distribution
* the mean of the sample means, ¥, approaches the population mean

¢ the standard deviation of the sample means approaches % where ¢ is the standard
deviation of the population "

We have seen that the above statements seem to be the case when the samples are drawn from
a uniform distribution. Will they also be the case if the samples are drawn from other distributions,
for example, the normal distribution itself?

Some calculators and spreadsheets can generate random numbers from normal distributions. Investigate
sample means from such a distribution. Do the three bold statements above still seem to be the case?
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The central limit theorem applies irrespective of the type of distribution the samples are drawn from.
However, note the following points regarding the sample size needed for the ‘approximation to normal’
to be valid.

¢ If the population from which our samples are drawn is not normally distributed then, as an
approximate ‘rule of thumb’, we assume that for # > 30 the sample means can be well-modelled
by a normal distribution.

¢ If the population from which our samples are drawn is normally distributed we can assume that
the sample means will be normally distributed for all z.

Note: For the repeated rolling of a normal die we expect a long term mean of 3.5 and standard
deviation 1.71.

A computer is used to simulate the rolling of a normal fair six-sided die 100 times and to calculate
and record the mean of these 100 scores.

The computer carries out this process 250 times.
How would you expect the 250 mean scores to be distributed?

How would you expect the 250 mean scores to be distributed if instead the repeated
simulation involved 200 rolls of the die?

We are sampling from a population with mean 3.5 and standard deviation 1.71.
The sample size is 100.
From the central limit theorem the sample means will be approximately normally distributed

with a mean of 3.5 and a standard deviation of 1—71 =0.171.
V100

The sample size is 200.
From the central limit theorem the sample means will be approximately normally distributed

with a mean of 3.5 and a standard deviation of i =0.121.
4200

Knowing that the sample means form a distribution that is approximately normal allows us to use
our understanding of the normal distribution:

* to determine the likelihood of the mean of a particular sample lying in a given interval

and  ® to thereby gain some indication of whether a particular sample mean seems unexpectedly
high or unexpectedly low.
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A random variable X is known to have a mean of 65
and a standard deviation of 8.

A random sample involves 100 measurements of X.

What is the probability that the mean of such a sample is less than 64?

From the central limit theorem we can assume that the distribution of sample means will be
. . . 8 .
approximately normal with mean 65 and standard deviation 7100 i.e. the sample means are

normally distributed with a mean of 65 and a standard deviation of 0.8.

Using a calculator, if Y ~ N(65,0.8)
P(Y<64) = 0.1056

62.6 63.4 44.2 65 65.8 66.6 67.4
64

The probability that the mean of such a sample is less than 64 is approximately 0.11.

A random variable X is normally distributed with a mean of 27.6
and a standard deviation of 3.6.

A random sample involves 16 measurements of X.

What is the probability that the mean of such a sample is less than 27?

Whilst the sample size is small the sample means will be normally distributed because the
population from which the sample is drawn is normally distributed. Thus the sample means

will be normally distributed with mean 27.6 and standard deviation ﬁ, ie., N(27.6,0.9%).

Ji6

Using a calculator, if Y ~ N@Q7.6,0.9%)
P(Y<27) = 02525

249 258 26'.71 27.6 285 294 303
27

The probability that the mean of such a sample is less than 27 is approximately 0.25.
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1
From your studies of Mathematics Methods Unit Four you should be i

familiar with the standard normal distribution being a normal |

distribution with mean 0 and standard deviation 1, i.e. Z ~ N(0, 1%), 3 5 4 0 1 2 3
and with its associated ‘z scores’.

Solving  P(Z<k) 0.975
gives k= 1.960

Thus for a normal distribution 95% of the distribution lies within
1.96 standard deviations of the mean.

—-1.960 1.960

With the sample means belonging to a normal distribution, if a sample mean is found to lie further
than 1.96 standard deviations from the mean of this distribution we may wonder if the sample is
unusual in some way. (In such a case a possible course of action might be to carry out further sampling.)

When a sample mean is outside of this 95% interval we say that this particular sample mean is
significantly different from the expected mean at the 5% level.

We say there is: a significant difference at the 5% level.

Le., the fact that the mean of our sample is at one of the extremes, where we would expect only 5%
of the sample means to lie, is significantly unusual.

A company manufacturing breakfast cereal claims that the weight of cereal in packets of a particular
brand of their cereal, each claiming to contain 500 grams of the cereal, is normally distributed with
mean 504.3 grams and standard deviation 2.1 grams.

An independent survey samples such packets of cereal to check this claim.

In each of the following cases, determine whether the sample mean is significantly different to the
expected sample mean at the 5% level.

sample size 30, sample mean 504.9 g,

sample size 100, sample mean 504.9 g.

We would expect the sample means to be normally distributed with mean 504.3 g and standard

2.1
deviation — g¢. Hence 95% of the sample means will lie between
30 g p

2.1 2.1
5043 -196x — and 5043 +1.96 x — 2.5%
e N |
i.e.between  503.55 and 505.05. 5 _? VR 15 !
With our sample mean of 504.9 g lying within this interval ~1.960 1.960

there is not a significant difference at the 5% level.
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We would expect the sample means to be normally distributed with mean 504.3 g and standard

2.1
deviation —— g. Hence 95% of the sample means will lie between
Ji00 © s

5043 - 1.96 % 2L and 5043 + 1.96 x =1 2.5%

100 /100 ‘
i.e. between 503.89 and 504.71. 3 _12 210 1 ?ﬁ 3

With our sample mean of 504.9 g lying outside of this -1.960 1.960
interval there is a significant difference at the 5% level.

e Alternatively, rather than setting up the 95% interval, the above example could be answered
by comparing P(mean > 504.9 g) to 2.5% or by seeing how many standard deviations 504.9 g
is from 504.3 g.

* The values for the central 95% interval can be determined directly from some calculators.
Explore the ability of your calculator in this regard.

Exercise 12A

1 Note: For the repeated rolling of a normal die we expect a long-term mean of 3.5 and standard
deviation 1.71.

A computer is used to simulate the rolling of a normal fair six-sided die 50 times and to calculate
and record the mean of these 50 scores.

The computer carries out this task 200 times.
How would you expect the 200 mean scores to be distributed?

How would the distribution of means differ if instead the repeated simulation involved 150 rolls
of the die each time?

2 If we define the random variable X as the number obtained from
the spinner on the right, the probability distribution for X is as
shown below.

X 1 2 3
P(X=x) 0.125 0375 0.5

Use your calculator to confirm that the mean and standard deviation of
this distribution are respectively 2.375 and 0.696 (to three decimal places).

The spinner is spun 60 times and the mean of the 60 numbers obtained is determined.
If this process were repeated a large number of times how would the mean values be distributed?

How would the distribution compare with the previous case if instead the process involved
repeatedly calculating the mean of 100 spins?
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3 If we define the random variable X as the number obtained when two normal dice are rolled
and the numbers on the uppermost faces are added together, X has the probability distribution
shown below:

X 2 3 4 5 6 7 8 9 10 11 12
e . . o+ 1 s 151111
36 18 12 9 36 6 36 9 12 18 36

Use your calculator to confirm that the mean and standard
deviation of this distribution are respectively 7 and 2.415
(to three decimal places).

A computer is used to simulate the rolling of two normal

dice 36 times, each time recording the sum of the two numbers
obtained, and then calculating the mean of the 36 numbers.
The computer carries this simulation of 36 rolls of the two
dice 100 times.

How would you expect the 100 mean scores to be distributed?

How would the distribution of the 100 means compare with
the previous case if instead each simulation involved 120 rolls
of the two dice rather than 36?

4 A random variable X is known to have a mean of 2145
and a standard deviation of 132.

A random sample involves 50 measurements of X.

What is the probability that the mean of such a sample is less than 2175?

5 A random variable X is known to have a mean of 16.8
and a standard deviation of 3.2.

A random sample involves 64 measurements of X.

What is the probability that the mean of such a sample is more than 17.5?

6 A random variable X is known to have a mean of 145
and a standard deviation of 20.

A random sample involves 100 measurements of X.

What is the probability that the mean of such a sample lies between 144 and 150?
7 A random variable, X is such that X ~ N(5, 1).

The random variable Y is the mean of 25 random measurements of X.
a What will be the distribution of ¥?
b Find P(Y'>5.5).

8 A random variable, X, is such that X ~ Bin(50, 0.6).
The random variable ¥ is the mean of 50 random measurements of X.
What will be the distribution of ¥?
Note: Bin (7, p) has mean 7zp and standard deviation \/@ where q=(1 - p).
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9 For a particular brand of breakfast cereal the weight of cereal in packets that claim to contain
500 grams is actually normally distributed with a mean of 508 g and standard deviation 3 g.

a  What percentage of packets will contain less than 500 g?
b  What percentage of packets will contain more than 510 g?

¢ Arandom sample of 10 packets is selected and the weight of cereal in each packet is measured.
What is the probability that the mean of these ten weights is 508 grams when rounded to the
nearest gram?

10 A company claims that the weights of its 1 kg bags of tomatoes are normally distributed with mean
1.015 kg and standard deviation 0.006 kg.

Assuming that the company’s claim is true:
a What s the probability of a randomly-chosen bag containing less than 1 kg?
b  What s the probability of a randomly-chosen bag containing more than 1.02 kg?

¢ If five bags are randomly selected what is the probability that the mean weight of the five bags
will be between 1.01 kg and 1.02 kg?

11 Scientists feel confident that the population of adult male lizards of a particular species have
lengths that are normally distributed with a mean of 17.4 ¢cm and standard deviation 2.1 cm.

A sample of ten adult male lizards of this species are caught and their lengths measured.
The mean length of this sample of ten is found to be 19.4 cm.

Comment upon this result.

12 A continuous random variable X is uniformly distributed
on the interval 84 — 90. 1
a Find P(88 < X < 90). 6 | i
84 90
b  Use the fact that a continuous random variable,
uniformly distributed between the values # and b, 1
has a standard deviation of b-a to determine the b i i
V12 : :
standard deviation of X. - '
a

¢ The random variable Z is the mean of 48 randomly chosen values of X. Find P(Z > 87.5).

13 For a large sample of given size the population of sample means
is normally distributed. If we take a sample of this size and find
that the mean of the sample lies further than 1.96 standard
deviations from the mean of this normal distribution we say
that there is # significant difference at the 5% level.

-1.960 1.960

A continuous random variable X has mean 513 and standard
deviation 26. Values of X are randomly sampled. For each of the following
determine, with reasoning, whether there is a significant difference at the 5% level.

a First sample taken: Sample size 64, sample mean 505.

b Second sample taken: Sample size 100,  sample mean 510.
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Population
parameters

If we wish to use a sample to estimate the mean of the population from which the sample was drawn
we could simply assume the population mean to be the same as the sample mean. However, we do have
a problem with doing this because we would expect there to be some variation in sample means. If we
used a different sample, drawn from the same population, we would have a different sample mean and
therefore a different estimate of the population mean. However, from the central limit theorem, we
know that sample means from large samples will be normally distributed, or approximately normally
distributed. Hence we can use our understanding of the normal distribution to give a range of values
that we can, with a particular level of confidence, expect the population mean to lie within.

First let us revisit the standard normal distribution, i.e. Z ~ N(0, 1%), with its associated ‘z scores’ and
establish some important numbers relating to the 90%, 95% and 99% confidence levels (one of which
we used when considering samples with means that were unusually high or unusually low).

For a 90% confidence interval

Solving P(Z<k) 0.95
gives k= 1.6449

90% of the scores from a normal distribution lie within

L. —1.645 1.645
1.645 standard deviations of the mean.
For a 95% confidence interval

Solving P(Z<k) = 0975
gives E o= 1.9600

95% of the scores from a normal distribution lie within
1.960 standard deviations of the mean.

For a 99% confidence interval

Solving  P(Z<k) 0.995
gives k = 2.5758

99% of the scores from a normal distribution lie within
2.576 standard deviations of the mean.

Shutterstock.com/ Denis Cristo
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From the central limit theorem we know that the mean of our single sample comes from a distribution
of sample means that approximate a normal distribution with a mean equal to the mean of the
population. Hence we can be 90% confident that our sample mean is within 1.645 standard deviations
of the population mean, (1.645 being the critical score for the 90% confidence interval). Therefore:

We can be 90% confident that the population mean is within
1.645 standard deviations of the sample mean.

(If A is within 1.645 units of some fixed value B then B is within 1.645 units of A.)
Similarly:

We can be 95 % confident that the population mean is within
1.960 standard deviations of the sample mean.

and

We can be 99% confident that the population mean is within
2.576 standard deviations of the sample mean.

If 6 is the population standard deviation then the standard deviation referred to in each of the three

previous italicised statements is .
Jn

If we do not know the population standard deviation we can use the standard deviation of our sample

as an estimate of the population standard deviation. Remember that calculators usually give two

standard deviation values, 6, and G, _ , or 6, and s,., the second of these being a little larger than

the first. It is this second one, 6, _ | or s, (called the sample standard deviation) that is used as an estimate

for the population standard deviation as its slightly larger value allows for the fact that the variation

in the sample slightly underestimates the variation in the population as a whole.

Thus, to infer the mean, |, and standard deviation, G, of a population from the mean, ¥, and sample
standard deviation, s,., of a sample:

9 Ox

* assume that the standard deviation of the population, o, is equal to s, (i.e G, _ ), the sample standard
deviation.

* use the fact that our sample mean comes from a normal distribution with mean p and standard

.. 9 L. .
deviation N to say that p lies in the interval
n

Tk < < ekl

7 N

where k is the appropriate number of standard deviations for the required confidence interval,

i.e., to 3 decimal places, k= 1.645 for a 90% confidence interval
k= 1.960 for a 95% confidence interval
and k= 2.576 for a 99% confidence interval.
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A random sample of 50 ‘top-grade’ ripe plums of a particular species has a mean weight of
125 grams and a sample standard deviation of 12 grams.

Determine the 95% confidence interval for the mean weight of the population.

Not knowing the standard deviation of the population we use the sample standard deviation as an
estimate of the population standard deviation, i.e. 12 grams.

Thus if p is the population mean, for the 95% confidence interval we use

-k < p < ekl

Jn Jn
with ¥ =125 grams, ¥ =1.960, ¢ = 12 grams and » = 50.
Thus 121.67g < p < 12833 g
The 95% confidence interval for the population mean is 121.7 g to 128.3 g.

Note ® Itcould be argued that any rounding should be such that it does not decrease the interval.
The final statement of the answer in the previous example would then be stated as
121.6 g<p<1284g.

The answers in this text will ignore this technicality and will give answers rounded in the
usual way.

* Some calculators can determine confidence intervals, as the display below suggests.

4 ) ( )
C-Level | 0.95 | Lower | 121.67383 |
|12 | Upper | 128.32617 |
x[125 | X [125 |
n [50 | n |50 |

\ J . J

® The 95% (or 90% or 99%) confidence interval tells us that if we were to construct
confidence intervals in this way then we would expect 95% (or 90% or 99%) of them
to contain the population mean.

* If we are told the standard deviation of the population we would use that, not the sample
standard deviation, in our calculation of confidence intervals for the mean of the population.
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A sample of thirty-six 20 kg bags of cement has a mean weight of 20.095 kg and sample standard
deviation 42 grams. Find the 99% confidence interval for the mean weight of the population.

Not knowing the standard deviation of the population we use the sample standard deviation as an

estimate of the population standard deviation, i.e. we use 42 grams.

Thus if W is the population mean, for the 99% confidence interval we use

E—ki% < o< §+k5%
with x =20.095 kg, k=2.576,

6=0.042 kg and  n=36.
Thus 20.077kg < wn < 20.113 kg

The 99% confidence interval for the population
mean | is
20.077 kg < u <20.113 kg.

Ve

zInterval 0:042,20.095,36,0.99

"Title" "z Interval"
"CLower" 20.076969
"CUpper" 20.113031

"x" 20.095
"ME" 0.01803081
" n " 36

"c" 0.042

The lengths of ten adult moths of a certain species were determined and the mean length was
found to be 5.2 cm, sample standard deviation 0.3 cm. Given that the lengths of the adults of
this species of moth are normally distributed determine the 95% confidence interval for , the
mean length of this population of adult moths, and explain what your answer means.

Though our sample size of just ten is small the sample means will be normally distributed because

the population from which the sample is taken is normally distributed.

Not knowing the standard deviation of the population we will use the sample standard deviation,

i.e. 0.3 cm.

Thus if u cm is the population mean, for the 95% confidence interval we use

Tk < pu < Trbl

no Jn

with x =5.2 cm, k=1.96,
06=0.3 cm and n=10.
Thus 5014cm < p £ 5386cm

The 95% confidence interval for the population mean
length is
5.01 cm to 5.39 cm.

We can be 95% confident that the mean lengths of

adult moths of this species lies between 5.01 cm and 5.39 cm (because 95% of the 95% confidence

r

zlInterval O_.3,5.2,10,0.95

"Title" "z Interval”
"CLower" 5.0140615
"CUpper" 5.3859385
"x" 5.2
"ME" 0.18593851
"n" 10
"o" 0.3

\.

J/

intervals constructed in this way would contain the population mean).
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Exercise 12B

If we use a given sample of size 7z > 30, mean ¥ and sample standard deviation s, to determine
confidence intervals for the population mean, which has the smaller width — the 90% confidence
interval or the 95% confidence interval?

If we use a given sample of size 7z > 30, mean ¥ and sample standard deviation s, to determine
confidence intervals for the population mean, which has the smaller width — the 95% confidence
interval or the 99% confidence interval?

"Two different sized samples, taken from the same population, have the same mean value. The
population standard deviation is known.

If the sample mean and population standard deviation are used to determine the 95% confidence
interval for the mean of the population, which sample will give the narrower confidence interval —
the bigger size sample or the smaller size sample?

Find the 90% confidence interval for the mean of the population given that a sample of size 100
taken from this population had a mean of 573 ¢cm and a sample standard deviation of 48 cm.
(Give interval boundaries to the nearest centimetre.)

Find the 95% confidence interval for the mean of the population given that a sample of size 50
taken from this population had a mean of 26.14 kg and a sample standard deviation of 3.67 kg.
(Give interval boundaries to the nearest 0.01 kg.)

Find the 99% confidence interval for the mean of the population given that a sample of size 80
taken from this population had a mean of 17.2 cm and a sample variance of 5.76 cm.

The lengths of ten 12-month-old baby girls were recorded and the mean length was found to
be 74.6 cm, sample standard deviation 1.4 cm. Given that the lengths of 12-month-old baby
girls are normally distributed determine the 95% confidence interval for y, the mean length
of 12-month-old baby girls. Explain what your confidence interval means.

A random sample of 40 three-month-old seedlings of
a particular plant type had a mean height of 17.8 cm,
sample standard deviation 2.4 cm.

Determine a 90% confidence interval for the mean height
of three-month-old seedlings of this plant type and explain
what this confidence interval means.

A random sample of 200 birds of a particular species had
a mean wing span of length 18.3 cm, sample standard
deviation 2.7 cm.

Use this information to determine a 95% confidence
interval for the mean wing span for the entire population
of birds of this species.

Had the same mean and sample standard deviation come
from a random sample of 300 birds of this species instead,
what would the 95% confidence interval be now?
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The following statement was made a few pages earlier:

The 95% (or 90% or 99%) confidence interval tells us that if we were
to construct confidence intervals in this way then we would expect 95 %
(01 90% or 99%) of them to contain the population mean.

Let’s check this using a situation for which we know what the population mean is.

If we could roll a die an infinite number of times, and find the mean score obtained we know that in

theory the mean would be 3.5 and standard deviation 1.7078. Suppose we did not know these figures.
Would the 95% confidence intervals, constructed from samples that we take, contain the population

mean as we claim?

Using a computer or calculator spreadsheet simulate
100 such rolls and determine the mean and the
standard deviation.

The display on the right shows a sample mean for such
a simulation as 3.25 and sample standard deviation, s,,
as 1.7019.

Thus to estimate the population mean, Y, using the
95% confidence interval, we use

Tk << ekl

Jn Jn
with ¥ =3.25, k=196, 6 = 1.7019 and » = 100.
Thus 2916 < p < 3.584

We can be 95% confident that the population mean lies

between 2.916 and 3.584, i.e. in the interval 3.25 + 0.334.

( )\
C-Level | 0.95 |
G [1.7019 |
X |3.25 |
n | 100 |

g J/

A B
1 2
2 5
3 3
4 1
5 1
6 6
=int(rand()*6+1)
x =325
Yx =325
>x?=1343
o, = 1.6933694
s, = 1.7019003
n =100

Ve

\_

Lower | 2.9164337

Upper | 3.5835663

X |3.25

n | 100

J/

The known population mean does indeed lie in the 95% confidence interval obtained from this sample.

Note: The population mean of 3.5 and standard deviation of 1.7078 gives a 95% interval of

3.5 £0.3347, but we would not normally know these figures.

Use a spreadsheet to produce 50 such samples of 100 rolls of a die and see how many of the
50 produce 95% confidence intervals that do contain 3.5, our known population mean.
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The fact that, with a particular level of confidence, we can say the population mean, L, lies in the interval

x—k— < nu £ x+k—
n Jn
can be used to determine the required sample size, 7, needed to give us a confidence interval of
a desired width for the particular confidence level.

A random sample is to be taken from a random variable with population standard deviation of
5 units.

If we want to be 95% confident that the mean of the sample is within 1.7 units of the population
mean how large should the sample be?

Writing the sample mean as ¥ and the population mean as 1 we have, for the 95% confidence interval

F-o196x2 < p < F+196x—>=

Jn Jn

Thus we require 1.96 x i

n
Solving gives n = 33.2

1.7

We need to be within 1.7 units so we need to round 7 up. Hence the sample size needs to be 34.

An earlier sample of 1 litre bottles of a particular type of fruit drink suggests that the amount of
fruit juice in each litre of the fruit drink is distributed with a mean of 153 millilitres and standard
deviation 6.4 millilitres.

A new sample is to be carried out for which we want to be 99% confident that the mean of the
sample is within 2 millilitres of the population mean. How large should the sample be?

Writing the sample mean as ¥ and the population mean as t we have, for the 99% confidence interval

(o} o
x—=2576x— < < X+2576x —
B " Jn

Thus we require 2576 x—= = 2

Solving gives 67.95

N
Il

We want to be within 2 millilitres so we need to round 7 up. Hence the sample size needs to be 68.
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Exercise 12C

A random sample is to be taken from a random variable with population standard deviation of
8 units.

If we want to be 95% confident that the mean of the sample is within 1.5 units of the population
mean how large should the sample be?

A random sample is to be taken from a random variable with population standard deviation of
18.7 units.

If we want to be 99% confident that the mean of the sample is within 2.5 units of the population
mean how large should the sample be?

A random sample is to be taken from a random variable with a normally distributed population,
standard deviation 7.3 units.

If we want to be 95% confident that the mean of the sample is within 3 units of the population
mean how large should the sample be?

A random sample of 30 measurements of a random variable is taken in order to have some idea
of the standard deviation of the variable.

The sample standard deviation of this sample was found to be 8.4 units.

If we assume that this standard deviation is also the standard deviation of the random variable,
find the sample size needed for a second sample if we want to be 90% confident that the mean
of this second sample is within 2 units of the population mean.

A previous sample involving measuring the lengths of 30 adult snakes of a particular species found
that the lengths were distributed with a mean of 28.4 cm and sample standard deviation 3.6 cm.

A new sample is to be taken for which the investigators want to be 95% confident that the mean
length of this second sample is within 0.5 cm of the population mean.

Assuming the standard deviation of the lengths of the population is the same as the sample standard
deviation of the lengths in the first sample, what should be the size of this second sample?

A drink dispenser is programmed to
dispense quantities with a mean volume
of 250 mL, standard deviation 3 mL.

With age, dispensers of this type are
known to start dispensing amounts that
no longer have a mean volume of 250 mL,
though the standard deviation tends to
remain at 3 mL.

A fresh sample of dispensed amounts
is to be checked to allow an estimate to
be made of the mean volume dispensed.

If we want to be 95% confident that the
mean volume being dispensed is within

1 mL of our sample mean, how many
‘dispenses’ should we include in our sample?

ISBN 9780170395274 12. Sample means
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This miscellaneous exercise may include questions involving the work of this chapter, the work
of any previous chapters in this unit, and the ideas mentioned in the Preliminary work section
at the beginning of this unit.

1 Find an expression for % for each of the following cost functions.

a C)=300+7x b C)=500+4x+s
x 2 1000
€ Cl)= 75 — 124" +800x+ 1000 d Cw=60+4Vx -
X

2 Find an expression for % as a function of x given that x* + 2x%y +y° = 10.
3 Ify*=x"—4xy—7 find
&y

a an expression for o b the gradient at the point (2, 1).

4 The three slope fields shown below have their associated differential equations included in the
following list. Choose the correct equation for each slope field.

4 _, dy dy

— =12y — =y —_ =y

dx dx dx

dy «x-3 dy dy

9 Y -2 -3) D w-3y-2)

dx  y-2 dx dx

Slope field A Slope field B Slope field C

y y Y

RN A A VAN NSNS s I I I T A
A B AR VAN N S I A
VAV R AR VAN NN TR SN
VAV ARV RV AV, VAN NNT S m e — — = = = — =
A A AV EE B A A A \' VAN NN+~ 1 | A 772 = N\
T T T 7T |||||x ‘I\I\ll\l‘ ’|’|‘|I|I|,x ::::; |I’||"\lx
2NN SN ANt T S A =3
NV SRR VAN N S I R A
VU v g VAN NN I A A
TR T S R W VAN NN I B A
TR B R VAN NSNS s Lol 45 =

5 Clearly showing your use of the technique of expressing an algebraic fraction as partial fractions,
determine:

J’3x3+6x2—4x—8
(x+1)(x%=2)

6 Find an expression in terms of £ (not left as a definite integral) for the exact area between the x-axis
and the curve y = 3 sin’xcosx from x = 0 to x = k where

a 0<ik<Zl b fci<n
2 2
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7 A particle moves such that its velocity, v m/s, is a function of its displacement from some fixed
point O, x metres, according to the rule v =3 + 0.1x, x> 0.

When timing commenced, i.e. when ¢ =0, x = 20.
Find a the acceleration of the particle when x = 2,
b xwhent=5.

8 If ‘;—A =6 and A=4whent=0,find @ Aintermsofz,
t

b the exact value of 4 when r=0.5.

¢ Use % to find the approximate change in 4 when # changes from 0 to 0.01.

9 A savings account is opened with an initial deposit of $10000.

The account attracts interest at a rate of 10% per annum compounded continuously.

Thus if the value of the account is $P then % =0.1P.

Assuming no further deposits are made,

a how long will it take for the initial value of the account to double?

b how long will it take for the value of the account to become $40000?
¢ how long will it take for the value of the account to become $80000?

10 A sample of 64 observations is randomly selected from a population and is found to have a mean
of 53.24 and a sample standard deviation of 5.12.

a Find the range of values, with 53.24 at its centre, in which we can have 90% confidence that
the mean of the population will lie (i.e. find the 90% confidence interval).

b Find the 95% confidence interval for the mean of the population.

¢ Find the 99% confidence interval for the mean of the population.

11 The mean lifetime of a random sample of 40 ‘triple A’ batteries of a particular brand is found
to be 223 hours, sample standard deviation 18 hours.

Find the 95% confidence interval for the mean lifetime of all ‘triple A’ batteries of this brand
giving the interval boundaries to the nearest 0.1 hour.

What does this confidence interval tell us?

12 a The displacement, x metres, of an object from an origin O is given by
x =Acoskt,
where A and k are constants.
Prove that the object is moving with SHM and that it is initially at an extreme position.
b The depth of water in a harbour, above and below the mean depth, is an example of simple
harmonic motion. In a particular harbour the low tide depth of 3 metres is recorded at 7 a.m.

one morning and the next high tide is expected to record a depth of 15 metres at 1.20 p.m.
later that same day.

A particular container ship requires a depth of at least 5 metres for safe entry into the harbour, for
unloading at the dock side and for leaving. Determine, to the nearest 5 minutes, the times between
7 a.m. and 9 p.m. that day, between which it is safe for the ship to engage in these activities.
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13 If Zx—y = xe" use the incremental formula to determine the approximate change in y when x changes

from 1.25 to 1.26.

14 The diagram, not drawn to scale, shows a lamppost, AB, of height 9 metres, situated on one side
of a straight road.

The road is of width 12 metres and line CD (see diagram) represents a person of height 1.8 metres
walking at 2 metres/second along the other side of the road from the lamp. The light at B causes
the person to have a shadow shown as CE.

Find the rate at which the length of the shadow is changing at the instant when AC is of length
20 metres.

15 An aircraft is following a flightpath that will take it directly S . 500
over a searchlight at A (see diagram).

The speed of the aircraft is 200 m/s and it maintains a

800
steady altitude of 800 metres. "

At what rate must the searchlight be rotating at the instant
when the aircraft is 1 km from A, measured horizontally, B
if it is to keep the aircraft in the light beam?

1 km A

iStock.com/ Starkblast
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16 A processing company processes a particular ore in one-tonne ‘batches’. Previous statistics from
the company indicate that the amounts of a particular element extracted from the one tonne
batches are normally distributed with a mean of 78 kg and standard deviation 12 kg.

a  What s the probability of more than 100 kg of the particular element being extracted from
a randomly selected one tonne batch?

b  What is the probability of between 70 kg and 90 kg of the particular element being extracted
from a randomly selected one tonne batch?

¢ If4 separate batches are sampled and the amount of the element extracted from each is noted,
what is the probability that the mean of these four amounts will be less than 75 kg?

17 The shape of the interior of a particular flower vase is the same as that formed by rotating about
the y-axis the area in the first quadrant that is enclosed between the x-axis, the y-axis, y = x* — 4
and y = (h > 0). With one centimetre to one unit on each axis determine the value of 4, to the
nearest centimetre, if the capacity of the vase is 2.5 L.

If water were poured into this vase at a constant rate of 5 cm*/second, find the rate at which the
water level is rising when the depth of water in the vase is 6 cm.

18 At 1.30 p.m. a police doctor arrives at a house where a suspicious death has occurred. Upon
arrival the doctor takes the temperature of the corpse and finds it to be 28.6°C. By 2.30 p.m.
the temperature of the corpse is 27.7°C.

The house is air-conditioned so the room temperature may be assumed to have been 22°C
all day.

According to Newton’s law of cooling, if the temperature of an object exceeds that of its
surroundings by 7°C then the rate of change of T'is proportional to T itself. If normal body
temperature is 37°C estimate the time at which the suspicious death occurred.

19 a Letus suppose that the standard deviation of /, the time, in hours, of ‘non-stop operation
before requiring recharging’, of a particular electrical component made by company A is
80 hours.

The engineers from a space program wish to estimate the mean value of /1 by sampling
a number of these components and running them non-stop until recharging is required,
before deciding whether to use them in their space vehicle.

The engineers want to be 95% confident that the mean value of / for their sample is within
20 hours of the population mean.

How large should their sample be?

b A second company, company B, also makes the component and they claim that for their
components, /1 is normally distributed with a mean of 1850 hours and standard deviation
65 hours.

The space program engineers sample 100 of these company B components and find that for
their sample the sample standard deviation of / is indeed very close to 65 hours but the mean
for the sample is 1800 hours.

Comment on this result including in your comment mention of the 95% confidence interval.

3 2 B
20 Without the assistance of your calculator, determine-[ o' zx - 242 22 dx.
x —Tx—

ISBN 9780170395274 12. Sample means



21

22

23

In the planning for a fish farming business, mathematical modelling is carried out to assess N, the
likely number of fish, over a particular minimum size, in each breeding pond, # months after the
initial 250 fish are placed in the pond.
It is felt that, with no removal of fish, the rate of change of N will be such that
AN _IN_ N
dt 5 15625

a Clearly showing your use of the technique of separating the variables, and partial fractions,

(i-e. a logistic model), for 0 < N < 6250.

. k .
find, in the form ————, a formula for N in terms of 7.
+ ce

b  Show that your part @ answer does give the limiting value for N as 6250.
¢ According to this model what, to the nearest ten, will be the value of N when
i t=6? i r=12?

In chapter 9, one example determined the antiderivative of sin’ x as:

—COS.X‘+§COS3X—§COSS.X'+C.

However, as the displays below suggest, one calculator claims that the answer is

—sin*x 4sin’x 8
cos x - -—
5 15 15

and another claims the answer is

—(150cos x + 3cos 5x — 25 cos 3x)

240
j((sin(X))s) dx jm(sin(x))s dx
~(sin(x))* _4-(sin(x))* 8 ] c0s(x) —(150-cos(x) + 3-cos(5- x) — 25-cos(3- x))
5 15 15 240

Show that, with the exception of the fact that the calculator displays do not show the constant,
the three expressions are the same.

The parts of this question give answers that involve inverse trigonometrical functions, e.g. sin"' «,

also written as arcsinx. (This inverse function should not be confused with , which is better

written as (sinx) ™', or cosecx.)

s x

Determine the following indefinite integrals using the suggested substitution.

1 . 1 .
a Iﬁaﬁx, X =Ss1miu b Jﬁd&é’, x=1Ssinu
1 3
C ———dx, x==sinu d Vi-x*dv, x=sinu
J\/9—495Z 2 J.

e J\/4—xz dx, x=2sinu f J\/4—x2 dx, x=2cosu

Units 3 & 4 ISBN 9780170395274









ANSWERS

UNIT THREE

A WO -

11
14
17

20

23

24

25
27
28

29

PAGE 3
a 8i b 227 ¢ JVioi d 37
a -5 b 3
a 12 b -5
a %+73i,%—73i b —2+3, -2-3
l @i,l—@i d -0.8 +0.47,-0.8 — 0.47
6 [ 6 6
5+ 61 6 2 7 10—
9+3; 9 8-2; 10 2;
7 — 61 12 17+6i 13 2
-5 15 16+11; 16 7+9;
5 18 53; 19 -08-1.4;
2l LUK 22 2404
13 13 25 25
a 7+2i b 3+4; ¢ -10+19;
d 3+13 e 24-10i f L+,
26 26
a 4+7i b 8
¢ 65 d 3.2,
65 65
a=-34andb=5 26 s=10and b =25
b p=—44=13 ¢ d=—6¢=13
a (2,3 b (-3,0)
¢ 42 (-5 -]
169 169

a=6andb=050ra=1andb=3

0 U b W —

10
11

12 «

13

o U h W

p:
a
a

4

PAGE 8
-38 2 4=2,b=1,c=5,d=8
-3 b -3
8 b 8
6 -5 7 a=1,b=3

a f(-1)=-16,f(1)=0.

b

x=1,0=1+24x=1—2:.

¢ x=0,x=1,x=1+24,0x=1-24.

a f(-2)=0,fQ2)=-36, f(-5) = 1140, (5) = 0.
b x=-2,x=5x=1+2,x=1-2i.

a f(1)=2,f(0.5)=0.

b

x=0.5, %=1, x.=1.

x=—l+ix=-1-4,x=1-2i,x=1+2i.

ge=ll,w=0,0=

1, &
4

a 58

d -24-10;
a -1+

d 7-24i
g ¢g=—4+4
-4 -4

18

a o6

0

_1e3VT 12347

4
3+3i N 3-3i
3 7 3
PAGE 9
b 26 ¢ 12-5i
4 7. 1 2.
e —-——i f ——+=i
55 5°5
b 8+31i 3+44
e 8-31i f 8-31i
b 8
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7 a=-1,b=2,c=-3,d=6 n -
216 = Sﬁ(cos(—4)+isin(—4))

8 p=g=-11
9 a 6i-2 b V2(i+2) ¢ d=%3 217 = 13(cos 1.1760 + isin 1.1760)

d 2 e 82° 213 = 53/2(cos1.4289 + isin 1.4289)
10 b=—85 §=12€; d=0-15251 219 = 542 (cos (~1.4289) + i sin (~1.4289))
e=-0-n - E="tod 250 = 5v/2(c08 2.9997 + i sin 2.9997)

11 r=p+q s=0.5p+q t=p+2q
u=-1.5p-q z21=10(cos§+isin§)
12 x=2,x=—4+2i,x=—4-2i
13 4==%2 b=2 c=- 222:4(cos£+isinﬁ)
d=1 e=5 f=-3 2 L
253 =4(cos0 + isin 0)
PAGE 15 254 =4(cosT + 7sin )
1as5 b 13 ¢ 13 3( [n)+..(n)J
Zy5 = COoS| —— sm| ——
d Vi3 e J26 f s » 2 2
b b1 3n 276 = 3(cos0 + 7sin 0)
2 a — b —— < — 2
4 4 4 5 Z27 = \/E + \/EZ, Zzg = —2\/§ + 21,
4 " o T P 2y9=2— 23, 230 =-3 = 33,
4 3 3 23, =5+ 0i, 23,=0—i
T T
3 z;=3|cos—+isin—
b3} (cos 5 isin 6) PAGE 17
2, = 3(cosT + 7sin ) 1 2 =3cis™ - 5cisz—n
! 3 ’ 3

( 37:) - ( 37:)
23 =4| cos| —— |+isin| ——
4 4 ( 511) ( n)
23 =4cis| —— z4=5cis| ——
24 =2(COST + sinT) 6 2

25 =6(cos 1 +7sin 1)

z6=5(c053—n+isin3—nj
4 * % —SCis37t Ty = 3CiS( 3“)
7= - g = ==T

4 4

Smy .. St
2, = S(COS(—?j +zsm(—zjj
2

zs =4cis0 z6:5cis§

2cis & 3 7ci55—7c 4 9cis”
P o P 10 8 6
23=5 cos(—5j+zsm(—5) )
5 3cis(—£) 6 SCis(—Ej 7 4cist
29 = 6(cos2 +isin2) 6 2 3
Z10 = HcosT + isin) 8 2cist 9 2cisn 10 7;
ool sl 1) 3
2y, =5| cos| —— |+isin| —— )
4 4 11 -5 12 -1 13 3
( ( n) . ( n)j 14 5V2+5V2i 15 2+243i
21, ="7| cos| —— |+isin| ——
6 6 16 —2-2.3 17 —6+63
a ansﬁ(cosgﬂsin%) 18 25cis(1.8546) 19 13cis(1.9656)

0 . T
214= 5(c0s2.2143 + isin2.2143) 20 f5cis(1.1071) 21 Scisy

215 = VA1(cos (=2.2455) + i sin (-2.2455))
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22

23
2

(<)

29

F

N

0

14

17

18
19
22
25
28

29

b z=rcis(-o)

Im

g

w =7,cis(—P)

> Re

X1}

3 15cis80°

10 1.2+0.6:

2 cis (-30°) 24 7cis(-120°)
10cis(-160°) 27 Zd{—gj 28

. . T
5cis(=0.5) 30 Scis >

PAGE 20

16 +11: 2 -7+4
9¢is (-90°) 5 9cis(=50°) 6
scg(—g) 8 2(cos110° +isin 110°)
6(cos (—40°) + 7 sin (—40°))

1.2 +0.67

cis130°

Z.S(COSE + z'sinzj
4 4

0.4(cos0 + 7sin 0)

2 cis40°
2cis120°
cis120°

a
C
e

12 cis40°
12 cis 70°
6¢is130°

%cis (-10°)

32cis [_7_11)
12

12
15

20
23
26

4cis20°

. T
CIS —

5

3cis 100°

cis 160°

2 cis 80°
b
d
f

13 Scis(-30°)

16 2cisw

21 2cis(-90°)
24 2 cis(-140°)
27 2cis(-100°)

6¢is30°
12 cis 70°
2cis120°

1
— cis (—40°
5 cis ( )

32cis [_7_11)
12
2cis(—£j
12
4cis(—3—n)
4

25 4cis(-30°)

SCisg—TC
4

IOcis7—7r
12

PAGE 25
1 D 2 A 3 E
4 H 5 K 6 L
7 M 8 P
9 _Im
5
Re
_I5 E
_5_:
=l
10 _Im
5
Re
TTT ] T
-5 1 5
=5
y=-4
11 _Im
5
{1 /F
1/\3 Re
T T yT T
-5 1 5
_5_:
y=Bx,x>0
12 AIm
5
] Re
_'_'_'_|_'_'_'_'_-
-5 INZW 5
1 \3
-5
y=—\/§x,x>0
13 _Irn
X
5]
Re
s s )
_5_:
x+y=6
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14 _Im

15 _Im

16 _Im

Re

-2 +(y+3)Y=16
18 _Im

19

20

Im
Re

9Sx2+y2S25

B

s

Sy<x\/§ x>0

MATHEMATICS SPECIALIST Units 3 & 4
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24 > Im
\\\5 _:
j\ Re
- Y
_5 : \\§
_5_: \\\
- \\
y+x<2

(Note the use of the dashed line in question 24
because the question involved < rather than <.)

25 a 1

d 3/2+2
26 a 1

d 3

b s c 3W2-2
e 3W2+2
b 6 c 7

e 0.23 rads f 1.06 rads

27 Points z = x + iy satisfy the equation
(= 6)* + (y + 5)* = 20, i.e. a circle, centre (6, -5),

radius 24/5.

28 Points z = x + 7y satisfy the equation
(x= 1"+ (y+ 4)? = 18, i.e. a circle, centre (1, —4),

radius 3v2.

PAGE 3

1 1cisOGe. 1), 1cis(§), 1cis(%“), Lcism, 1cis(—§),

Icis(—z—n).
3

0

2 1lcis0, 1cis45°, 1¢is90°, 1cis135°, 1 cis 180°,
1cis(—135°), 1cis(=90°), 1 cis (—45°).

3 lciSO,lcis(z—n), 1cis(4—n), lcis(é—n], 1cis(_2_“j,
7 7 7 7

Icis(—ﬂj, lcis(
7

oy
™),

4 Im P
I £
6 ZCiS(EJ
6

2 cis(ﬂ)
6
V2 cis99°

\/Zcisl71°..,\

Re

2cis(j)
6

2cis(_—n)
2

A Im

V2cis27°

Re

V2 cis(-117°)

V2 cis(-45°)

»

o

12

13

14

Im
4
3420 ] 2R
LU L T T T T Re
-4 g 4
i 3-2;
“2-3i _4]
a 3+4i b -7+24i
candd
Im
4_
-1+2; 7
| 2+
L) L |7R6
-4 ] 4
22— |
1 1-2
_4_

k=32cis100°. The other solutions
2cis 164°, 2 cis(=52°), 2 cis (=124°)
—4+2i,-2—4i,4-2i
PAGE 34
(211:) . (215)
cos| — |+isin| —
3 3
32Ci5(5—n)
6
243 cos(—f)ﬂsin(—ﬁj
3 3

are 2cis92°,

€020 = cos’ 6 — sin’ 0, sin20 =2sinOcosO

cos30=cos’0 -3 cosesinze,
$in30 = 3 cos’ Osin — sinSG,
0830 =4cos’ 6 — 3 cos 0

c0s 50 =cos’ 0 — 10cos’ 0 sin’ 0 + 5 cos O sin46,
sin50 =5 cos'@sin® — 10 cos’ Osin’ O + sin’ O

8cis(—£) 9 32cis(5—nj

2 6

2cis(—£), Zcis(s—nj, Zcis(—7—n)
9 9 9

10 ¢* cis(z?nj

ZCiS(EJ, ZCiS(S—nj, Zcis(—7—n), 2cis[—3—n)

8 8 8 8

2cis(3—n), Zcis(&), 2cis(—13—n), 2st(_5_nj
16 16 16 16
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5 a 4-9 b 16x+5
L . [T
15 ZIZ‘/E”S(E)’ZZZ*/E“S(gj"E ¢ x'+247+2 d 8x-1
' 1 e 8x—11 f 2271
16 a rcis(n-6) b —cis(-9) g 4P—12x+10 h 445
| | i 1607 +8x+2
¢ —cis(n—0) d —cis(n-26) 342
r 7 6 a 4x+15 b 9x+4 c
x+2
PAGE 36
d 6v+7 e 6x+16 f 7+i
1 a 5-i b 1-7i c 18+i ¥
6 17 6 17 2% +7 h 6 . 3(x+1)
—7 —24; —_—_L L 4+ — 1
d -7-24 0 f e 9 5.5 - 3t 1
1 3 7 {xe R:ix>4} 8 (reR:x<4)
2 ac b -c ¢ =c
4 9 keR:-2<x<2} 10 {xe R:4<x<4}
5 1 11 xeR:x=>2}) 12 xe R:x>3}
d Zc € atc fatze 13 a 12 b 12 ¢ 05
1 d 4 e 025
9 a+5c h a+Zec f Domain R, Range {y € R:y >3}
) g Domain {x € R: x # 0}, Range {y € R: y # 0}
3 a 6cis(——nj b —4/3-4i 1
3 h Domain R, Range {ye R: 0<y< g}
4 a (0,2 b (-5,0) ¢ (-22,-22) .
1 Domain {xr € R: x # 0}, Range {y € R: y > 3}
5 ﬁcis(ﬁ),ﬁcis(s—n),ZCisn,cis(—Ej 14 a 0 b 0 c 2
4 4 2
d 21 e 3
/Gl )= O =0 f Domain R, Range {y € R: y <25}
b x=3,x=i+£i,x=i—£i g Domain {x € R: x>0}, Range {y € R: y >0}
+ 4 + 4 h Domain {re R: -5 <x <5}, Range {y e R:0<y <5}
i  Domain {x € R: x>0}, Range {y € R: y <25
PAGE 46 . { : gely ) :
15 a Domain {x € R: x# 1}, Range {y € R: y # 0}
1 a {-1,1,357 b {-2,0,2,4,6 b Domain {x € R: x # 3}, Range {y € R: y = 2}
¢ {9,-5,-1,3,7} 16 a Domain {xr € R: x>0}, Range {y € R:y 21}
2 a {9,16,25} b {3,52,679 b Domain {x € R: x>0.5}, Range {y € R: y > 0}
¢ {729,4096, 15625} 17 a Domain {x € R: x # 0}, Range {y € R: y > 0}
3 a DomainR Range R b Domain {x € R: x> 0}, Range {y € R: y > 0}
b Domain R Range R 20 a Domain {x € R: x # 3},
¢ Domain R Range R R B 1 = 0
d DomainR Range {y € R: y = 10} ange {y e Riy<-glulye Riy>0)
e Domain R Range {y € R: y >-25} where U means the two sets are united to give
f Domain{re R:x=5) Range {y € R:y # 1} thecor.npleterange.
4 a gf b f(x) b Domain {x € R: x # 0}, Range {y € R: y > -9}
e gh(x) f hg) ] . ;
a, 7C) b
g /1@ h Jih() S .
5 x + 2, Domain R, Range
i) ¢
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10

11
12

13

14

17

20

23

xT”, Domain R, Range R

x—2

5

, Domain R, Range R

1 +4, Domain x # 0, Range y # 4
&

L 3, Domain x # 0, Range y # -3
x
1+ 5x

5

L 2, Domain x # 1, Range y # -2
x—

, Domain x # 0, Range y # 2.5

%+ 1, Domain x # 3, Range y # 1
=5

1 1
+=,
B=4 2

%, Domain x > 0, Range y > 0

Domain x # 4, Range y # 0.5

«* — 1, Domain x > 0, Range y > -1

2
r e 3, Domain x > 0, Range y > 1.5
x—5 15 x—1 16 2
2 3 x—1
x 18 « 19 & +5
x—1
B=17 21 B=17 29 20 +13
6 6 3
a A function y )
one-to-one / 7
A
b Not a function
¢ A function, not one-to-one
d Not a function
e Not a function
f A function, y
one-to-one 7]
21 ///
7 R

24

25

26

27

For f(») restricted to & > 0 then £ (x) = Vx -3,
domain x > 3 and range y 2 0.

(Or restrict f(x) to < 0 then £ (x) = —/x =3,
domain «x > 3 and range y < 0.)

For f(x) restricted to x > =3 then £ !(x) = =3+ /x,
domain x > 0 and range y > -3

(Or restrict f(x) to x <=3 then f'(x) = -3 — Jx,
domain x > 0 and range y < -3)

For f(x) restricted to x 2 3 thenf_l(x) =3++x-2,
domain «x > 2 and range y 2 3

(Or restrict f(x) to ¥ < 3 then f '(x) =3 — Jx - 2,
domain x > 2 and range y < 3)

For f(») restricted to 0 <x < 2 then ' (x) = V4 — %2,
domain 0 <x <2 and range 0 <y <2

(Or restrict f(x) to =2 <a < 0 then f () = —V4 — 2%,
domain 0 <x <2 and range -2 <y <0.)

PAGE 64
YA
5-
. y=lr+1]
_|5 T T T T | T T T T é x
y
104
1 y=l2x-2]
_|3 T T ] T T T T T 6'?
J y=3+|x-2|

ISBN 9780170395274
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y=‘(x—1)2—1‘

-2 | X
YA
4_
v y=1f)
_|5 T T T T | T T T T T ’|7 x
—4
y =|af +]x = 3]
¥ =l
1 y=|e=3|
_|3 T T | T T T % ¥
a y
4_
1 r=lf)
-
_|4 T T T | T T T 4|- ¥
4
b y
4_
1 y=r0x
_|4 T T 4 T T 4|. x
4

y=|fD
T T T T T 6'}
_5-
b 7
5_
1 y=f(x)
_|6 T T T T T é}

9 In the Ist and 4th quadrants (see the diagram below)
the graph of y = g(|x|) will be the same as that of
y =g
However, in the 2nd and 3rd quadrants the graph of
y = g(x|) will be those parts of y = g(x) that lie in the
Ist and 4th quadrants, reflected in the y-axis.

YA
2nd Ist
quadrant quadrant
3rd 4th
quadrant quadrant

10 a The function g(¥) = (x + 1)* has domain R and
range {y € R: y>0}.
The function f(x) =2 + Jx has domain
{x € R: x>0} and range {y € R: y > 2}.

Thus g(x) is defined for all real x and the output
from g(x) consists of numbers that are all within
the domain of f(x). Thus f[g(x)] is defined for all

real x.

R—|gw)=@+1)}|>yeRy20
S| f@W=2+VJx |[syeRiy=2

Thus fg(x)] has domain R and range
{ye Riy=2}.

MATHEMATICS SPECIALIST Units 3 & 4
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b f[g(x)]:2+\¢(x+1)2 14 a,bandec.

y =|o+2|+|x—3
=2+|x+1] i y=le2ftle=3|
c YA
8_
y=fle@]
4 =2+x+1] \/
_I ' ' I I I I I I : X T T T T T | T T T T T T
5 4 5 s 1 A
11 a The function g(x) = (x — 2)* has domain R and <r<§

range {y € R: y > 0}. TrErs .

The function f(x) = 1 — x has domain U2 ae—has=s U NG soluidons

fre R:x 20} and range {y e R: y<1}. 17 «=8 18 x=3,x=19

Thus g(x) is defined for all real x and the output 19 x=1 20 x=-55x=15

from g(x) consists of numbers that are all within 21 -5<x<3 22 x>8

theldomain of f(x). Thus f[g(x)] is defined for all 23 <1 24 R

e 25 <3 26 R

R—|g@)=@x-2)|-oyeRiy20 27 >,a=11,b=-8 28 <=7

29 <=1 30 #=-0.5,b=8,c=3
S| f)=1-Jx |>yeRiy<1

Thus f[g(x)] has domain R and PAGE 75

range {y € R:y<1}. 1 x=0 2 x=1
b fle@]=1-x-27 = 1-|x-2] 3 x=3andx=0.5 4 =3

5 Cannot have y=0. 6 Cannot havey=2
< gy
3 7 Cannot have y =0. 8 Cannothavey=1
i 9 As x—>+oo, theny— 0"

x—> —oo, theny— 0"

10 As x—+w, theny—1"
x —> —oo, theny— 1"
11 As x>+, theny—5*
x—> —oo, theny— 5"
12 As x— -+, theny—3"
12 a x=3,x=7 b x=-2,x=6 & — —oo, theny— 3"
¢ x=4x=8 13 As x—3", theny— +eo
13 Graph not shown here. x—37, theny——e
a x=—4ux=1 b x=-6,x=2 14 As x> 1", theny— —eo
4, 0 d 3’ { x— 1, theny— +eo
C =—4,x= =3, x=-
R e 15 As 20" theny— oo
x— 07, theny — +eo
16 a y=— ' Lo
(x=3) (x+3)(x—-3)
¢ o]
I3
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28 Miscellaneous exercise three PAGE 79

1 x=-1,0=-3-2i,x=-3+2i
2 4=-3,b=1,C has coordinates (-1, -0.25).

3 x=—f(x)

4 y
Ly | T /N
= 0 |\ G )
29 7
4 %= fl—x)
i 1 y
} 67_
@1 ( 9)
} P
/@0 x
(-1,-1.25) i \/ x
y=|f(x)|
30 y y‘
Horizontal \
inflection
x
x y=fl«])
7

31

Horizontal
inflection
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5 a f(x): Domain2 <x <4, Range-1<y<3
b /' (x): Domain -1 <x<3,Range 2<y<4
¢ Sketch of f(x) and f ' (x) shown below.

J 3,9 7
310, 3) @)
L2y 7]
1.2) 1 y=f@)
60
a1 1 2 A4 ox
///—1'
o @,-1)
d fl@=2+Vx+1for-1<x<3
6 a p=¢=0 b p=3,¢4=0
¢ p=-2,¢9=1 d p=3,49=-2
e p=449=-1 f p=-3,9=1
7 a 3a-3b b -3a+2b
c Ea—Zb d l2.—7b
2 2
8 a 1-3i b ZCis(—g)
9 §+i% 10 p=iz,g=—2,w=—iz
11 a 2ci55—n b 2cs~ ¢ lcisZ
12 12 3
d 8ci53—n e lcis|-Z f Sl2cist
4 2 4
ST

12 Zcis?, 22 (= 4096)

PAGE 86
ry() = [(5 + 10)i + (4 — 1)j] km,
rp(®) = [(6 + 20)i + (87 — 8)j] km

re(®) =[2 - 49i+ 3 + 31)j] km,
rp®) = [(19 + 100)i + (62 — 4)j] km
rp(®) =[20—40)i+ @4+ 30)j] km, > 1,
rp() = [(12¢ - 4i+ (7 - 81)j] km, 22> 0.5
2 a (10i+ 14j) km b (13i+ 18j) km

¢ (19i+26j) km d 5km/h

e 29 km
3 (7i+24j) km a 25km b 13km
4 a Ji8kn b 65km ¢ Vi3 km
5 a 13km b 17km

6

10
11
12

10

12

13
14

15

16

17

a r,(»)=028-8ni+ (4t-Y9),

rp(t) = 61i + (24 + 21)j
b At 10a.m.and again at 10:30 a.m.
Collision. 1 p.m., (47i + 21j) km.
No collision.
Collision. 3 p.m., (3i + 3j km.
Collision. 2 p.m., (12i + 17j) km.
No collision.
a QandR,10:30 a.m., (37i + 5j) km
b 17 km.

PAGE 92

r=Q2+5Vi+3-Nj
r=5i+3-2M)j

2 r=GB+NMi+(A-2)j
4 r=3Ai+(5-10)0)j

re 2+ A

=3+40
r=5i+3j)+A=3i-4)
ie.r=(G-30i+ (3 -4

o(4)

1= (6i + 7j) + M=11i - 5j)
fe. r=(6-11N)i+ (7 - SN)j

-6 8 -6+ 8\
r= + A ie. r=

5 () 55
_ 1 -4 _ 1-4A
P= 3 j+?»( 4 ] i.e. r—( 3440 ]
(1 2 1+
r= 4]+7\,[ —SJ i.e. r—[4_5kj
P= > +A =5 ie. r= 5-6A

0 -4 —4A

2i - 8j b V17 units ¢ 2:1

a

a r=0G5+70i+Q2r-1)
b x=5+70y=2A-1
C

Ty=2x-17
2-3)
= =2 - =-1
ar —1+47»j b x 3,y + 40
¢ 4x+3y=95
7\
_ b x=7ky=3-8\
ar 3_87\1] X y
¢ Bx+7y=21
[ o2-3 _
a r= —5+27»j b 2x+3y+11=0

@ MATHEMATICS SPECIALIST Units 3 & 4
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(-]

19

20

21
22

23

25
27

28
30

32

0o hWOWN=—=

-1 3
a [ 3) b [_9) c 310
d 3:1 e 3:-1 f 3:1

r=(7-2Mi+ (6A—2)j. B and C lie on the line,
D and E do not.

-9+ 2\
a=-9,b=21,c=-17,d=-12,e=11,f=15
r=0G+Mi-(6+MN)j

rz[ 4-4 J H and I lie on the line, G does not.

6+ 3\
= 24 =46
r [5—47»] Sx+3y=4
6i, 12j 26 -3i,-7
r:(2+37»)i+(3—7k)j,g,ﬂ
73
8, 19 29 7,%

Set (1). The other two both give the Cartesian
equation 2y = x + 4 but (1) gives 2y =x + 5.

r=[ ‘; ]w( ‘§ ] 33 77°

PAGE 97

2 (1) (3]

Paths of particles do not cross in the subsequent motion.
(If A was moving with the given velocity prior to =0
then, when ¢ = —3 particle A was at 7i — 6j and particle
B reaches that point when 7 = 4.)

—i+11j

In the subsequent motion the paths of the particles
do meet with both particles reaching the point with
position vector 25i + 10j when # = 6. A collision is
involved.

In the subsequent motion the paths of the particles do
cross with particle A reaching the point with position
vector 151 + 12j when 7 =7, particle B being there
when ¢ =4. A collision is not involved.

PAGE 100
r.(3i+4j)=18
r.(5i—j)=-12

Points A, B, E and F lie on the line, C and D do not.
u=2,v=10,w=11,x=8,y=0,2=—4

a r.(5i+2j)=7 b Sx+2y=7

a r.Q2i+5j)=-1 b 2x+5y=-1
8x+Sy="7

0

10

12
13
14

15

16

PAGE 105

a y=2x-38 b y= 1
x
c Yy =4x d y=@"+1)4 220
1
a y=10-2 b y=
J g Yt
12
c y:x2+2x+5 d (x—2)2+[y—) =1
P . . x =2cos6
tr ul 3
arametric equations y=3sin®
Cartesian equation: ~ 9x% + 4% =36
. . { x =-3secO
Parametric equations:
y=2tan6
Cartesian equation: ~ 4a” — 9)* = 36
B,D, E.
a |f|=25

b A lies outside, B lies on, C lies inside, D lies on.
& +y*=65% a=39,b=—-60.
|t + 71— 4j| = 4/5. A lies on.

a |r-i+5j|=9 b |r+3i-4j| =10

¢ |r+12i-3j|=23 d |[r+13i+2j|=4

a +y-de-6y=12 b 2’ +y +8xr—4y=-13
¢ +y -8xr+6y=24

a 5, 6i+3j b 6, 2i-3j ¢ 3,3i-4
d 20,0i+0f e 1.250i+0j £ 7,2i-3j
g 53i+9 h 11,-10i +j

13

r=Q2+3Mi+ (5 +7N)j

10. The circles have just one point in common
because the distance between the centres equals the
sum of the radii.

24/26. The circles have no points in common because
the distance between the centres exceeds the sum of
the radii.

=) 17 2i+6j
12 9
PAGE 109
V5 km at 10:36 a.m. 2 25 m,2.25

Approximately 1.8 metres. The snake probably
catches the mouse.

5V13 em, 5 5 3J13 km
\/ﬁ m 7 3429 units
5 units 9 442 units
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Miscellaneous exercise four

2

3

Q 0 A Q

PAGE 111
y=|v+3| b y=|x-3
y=|3x—6| d y=|2x+4|
57(7,_1) b 67 (7’ 1)

342, (0, 0) d 53,(1,-8)
10, (-1,7) f 15,57
Y
T T T T T T T T 1|0 x
Y
5]
_iol T T T _5 T T T T -/ T T T T T T 1|0 x
5
Y
5 ]
_iol T T T _|5 T T T T ] T T T T T T T T T 1|0 x
5

2

a=3,b=5c=-2 b

e

10 *

R
3

0.8 b 05

freR:x<4} d {(yeR:y<1}

fla)=4- ———, domain {x eR: ¥ < 1},

(1-x)

range {y e R: y < 4}.

B+i b 2cis(—2?n)

4cis(—£j,—4z' d cis[s—n), —£+li
2 6 2 2

Line cuts circle in two places,

position vectors 20i + 30j and 40i + 34j.

Line neither touches not cuts the circle.

Line is a tangent to the circle,
point of contact —2i + 4j.

Exercise 5A PAGE 120

1 a y b :

C

Q@ o » @

y

.

Si+14j +2k b
7i+20j + 5k d
51 f si1
7 h 15

-i-2j+4k
10i + 28 + 4k

MATHEMATICS SPECIALIST Units 3 & 4
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1 -3 0 2
3 a 4 b 4 | ¢ 8 | d 8 27
7 =il 10 14
e 10 f 10 g V26 h 66
4 a <2,2,-3> b <30-3>
¢ <1,10,-6> d <0,6-3>
e 7 f 42
g 17 h V17 2
5 a i-j+5k b -8i- 3 4
¢ Ti+4j -5k d —7i-4j +5k 6
7 6
6 a 1 b | -1 c 57
4 4 7
7 a7 b 15 c 38 3
d 85.6°(to 1 dp)
8 101° 9 80° 10 73°
11 a %(2i—3j+6k) b ;(Zi—3j+6k) !
¢ LGi+ak) d 31°
5 2
12 a Parallel b Neither
¢ Neither d Perpendicular 3
e Perpendicular f Neither
g Perpendicular 4
13 21N
14 3i-8k 5
5 2
15 a=| 2 |,b=| -1 6
-1 3
16 p=2,=-4,r=6 7
17 a 2i+% b 4j+7k ¢ 93 m d 45 8
1 9
19 | ¢
2 11
20 5i-4j+3k
21 8i+4j -6k 12
23 To1dp: 57.7° 36.7°, 74.5° '3
24 d=a-b+2c,e=a-2b+c,f=-2a-b+c 15
— — —
25 a DC=10i, DB=10i +4k, DI =3j +k
b 83°
26 Toldp: a 60.8° b 73.0°

— 6 — -1 — 5
a AB=| 2 |, BC=| 2 |, AC=| 0
1 3 4

c 41

d To nearest degree: ZA=134°, /B=/C=73°

PAGE 126
axb=6i—j+9% 3 cxd=-i-4+5k
pxq=06j+9%k 5 ixj=k
a axb=2j+4k [axb|=25
b |axb|=2/5
1
B
1

Ny

s

(i+j+k) [or NG

(i+j+k)]

(2i+2j+3k) (2i+2j+3k)]

[or — ——
Ny

PAGE 134
r=3i+2j -k+AQ2i-j+2k)
x=3+2Ny=2-Az=-1+2A
r=4i+2j+3k+A3{+j +2k)
=4+ N y=2+ A, z2=3 -2\
r.3i—j+5k) =19

a
b
a
b

r=2i+3j-2k+M2i+j)+unGi-4j+ 6k)
-3 2 1
0 [+p| -3
-1 -3 2
a==7,b=4
3x+2y—2=21
r.Qi-3j+7k)=5
-2
Point of intersection has position vector | 2
4
Point of intersection has position vector
—4 + 13j + 13k.
b 3i+6j -7k, 90°
Collision occurs when # = 7, at point with position
25
-50
30

vector
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16 Can be written in many ways.

17
18
19
20
21

W NOULDAOWN-—

NU»O =09

0

21

22

One possibility is r =

Cartesian equation:

Scalar product form:

9i - 8j + 15k
3.25

1 1 1
2 |+A] O |+p| -3
0 1 =5
x+2y—z=95
r. =9

(720i + 600j — 6k) km/h

b The planes are 9 units apart.

Minimum separation distance is 7 metres and it occurs

when 7= 10.
PAGE 138
Centre (0, 0, 0), radius 16
Centre (0, 0, 0), radius 10
Centre (1, 1, 1), radius 25
Centre (2,-3,4), radius 18
Centre (3,-1,2), radius J10
Centre (-4, 1,0), radius 5
Centre (0, 4, 0), radius 5v2
Centre (1,-3,0), radius 5
Centre (0,3,-1), radius 11
Centre (-4, 1,-1), radius 5
Outside 12 On
Outside 14 Inside
Outside 16 On
Inside 18 On
2 6
a=4b=6,c=4 20 6 |and| -4
3 7
10i —j and 6i — 2j + 9k
4
7i—-j+k 23 -2
5
PAGE 141
NI, I g uE
7 15 26

(]

6
7

©o

b f(-3)=-11
e f65)=13

PAGE 142

g Graphofy=f(x),i.e.y=3x-2

a f(3)=7
d g(=3)=7
y
10

I
-10

Graph of y = f(|x|), i.e.y=3|x|-2

Y
10}
;-
L T
-10 -5 \ 5107
_5_:
104
a P has coordinates (5, —1).
b The circle has a radius of 5 units.
¢ The vector equation of the circle is |r —(5i- ])’ =5
a 7,3,-2) b 11,2,7)
c 4,(3,-2) d 25,(¢1,-7)
e 5,42 f 10,(-3,7)
75°
a {yeR:y=0} b {yeRy>3}

¢ {yeRiy=0}
e {yeR:iy=3}
a<26

d {yeR:y>0}
f {(yeR:y=0}

fogl)= ;, Domain {x € R: x # 0.5},
2x—1

Range {y € R:y # 0}

goflw)= S 1, Domain {x € R: x # 0},
&

Range {y e R:y #-1}

foglx)= Va? +4, Domain R, Range {y € R:y > 2}

gof(x)=x+4, Domain {r € R:x>-3},

Range {y e R:y > 1}

MATHEMATICS SPECIALIST Units 3 & 4
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e B i 17 13,52m
9 a 8‘“(‘3) b 83cis0 ¢ SC‘S(E) 19 ~56 m, (-192i+216j + 16k) m/s
d 64cisO e 1cis(§) PAGE 155
10 a 1 b 7 ¢ 442 -3 1 x=3,y=-2,z=5 2 x=4,y=7,2=-2
d 442+3 e 4J2+3 3 x=-1y=52=1 4 x=1,y=4,2=-3
5 x=3,y=4,2=6 6 x=1,y=-2,2=-3
11 a 6cis 2 b 6cis _2n 6cis| = r r
7 3 6 2 [3 210 g |15 1
. P n 1 4 8 2 3 2
d 15cs|=| e 3cis|-=—| f 2cis|= - -
Cls(z) Cls( 3) Cls(z) 143 18 20 3 14
o = - 9 31 2 11 10 4 1 -1 0
g 3Cis(__j h 6cis(——j i 6cis(——) S 21 12 21 6 26
6 6 6 L L
72c1s[—£ (32 0 8 13 =5 2
11 0 2 8 12 2 1 7 37
0 2 -1 -1 -1 0 1 3
3c1s - -
13 x=7,y=9 14 x=5,y=-2
15 x=3,y=1,2=2 16 x=4,y=3,2=-1
17 x=7,y=0,z2=-2 18 x=3,y=-1,2=-2
i 19 x=5,y=1,2=-8 20 x=3,y=1,z=3
SCIS 3“5(6) 21 x=2,y=-3,z=4 22 x=3,y=1,z=-2

4 23 x=-5,y=11,2=0 24 w=1,x=-3,y=2,z=1
13 5_. z_n e
S8 37 ) Sa eS| 3 25 Sx+3y=270,x+2y=110,2=30,y=40
14 o ; 26 5p+10g+4r=160,2p+q+4r=94,p+2¢+2r=>56
m
5 4 P tablets, 6 Q tablets and 20 R tablets.
i 27 a S5x+3y+82=6100,x + Sy +z = 1800,
9 4x + 2y +2=2100
— Re b x=300,y=200,z=500
B 5
! PAGE 165
b I
P 10 2 2 3 05
i 4 3 5 15 6 k=2
] 7 2 8 -1 9 3
7 Re
T 10 -5 11 3 12 ¢
. 13 0 14 -0.5 15 =2
. Im 16 0 17 0
\; 18 Infinite solutions for all values of k. Thus k can take
y any value.
'R\ 19 -1 20 3
13 Re
'_ TV T T 1T 2] a p=15,q=10 b p=15,q¢10
g ¢ p# 1.5 no restriction on q.
15 9]+k 22 a p=6,q=9 b p=6,q¢9
b The lines are skew. € p¥6,noestriction on g.

16 a 'The lines are parallel.

¢ Thelinesintersect. ~ d The lines are parallel.

ISBN 9780170395274
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23 p=9,q=1 24 p=-1,q=5
25 p=-1 26 p=+5
27 Infinite solutions
28 a k#0.5,no restriction on m
b k=05 m=#-1 ¢ k=05m=-1
29 a no solution b infinite solutions
¢ unique solution:x=3,y=-1,2=4
30 a k#2,no restriction on m
b k=2m#-> ¢ k=2, m=—2
3 3
PAGE 167
2 a 8<ua<?2 b —Sor2
3 a P, (0,0),P,(0,b) b 4>h
¢ P,(a,0),P,(25,0)
d P;(Za—zb,Zb—a),Ps(zﬂ;er,ZbT_ﬂ)
e AEG f C
g BF h D
4 A Im
5_
. °
T T T T T T T T Jr T T Re
-3 i 8
_3_
. Sm .
5 a IOCIST b —3V2+3/2i
7 a z:ﬁcis(—%) b 128
8 s5i+45j-k
9 a Im
P4
w
Re
w

b Im W _ -2
P
//
Z// z+w
7/
7/
/
4
N Re
AN
AY
N
N ol
z N z+w
AN

z+ w is the reflection of (z + w) in the real axis.
But, from the diagram, Z + @ is a reflection of
(z + w) in the real axis.

Hence z+w =2 + w.

¢ Justification not shown here. Compare your
answer to those of others in your class.

10 16c¢is160°, 2 cis 130°, 2 cis (=50°), 2 cis (—140°)
11 a Domain {x € R: x> 3}, Range (y € R: y > 4}.
b = % + 3, Domain {x € R: x > 4},
(x—4)
Range (y € R:y >3}
12 cos40 = cos'0 — 6cos’ 0 sin’ 0 + sin* 6,
sin40 = 4 cos’ Bsin® — 4 cosOsin’ O
13 The planes are 8 units apart.
14 The shortest distance from the line to the origin
. N26 .
is == units.
15 10
PAGE 175
1 ajm b (54i+3j)m/s
¢ 15V13 m/s d 36im/s’
2 a 10m/s b 12m
3a 5 b L
4 a -0.25i+2j b 0.25i
c 2.5i+5j
5 a7 b 25
6 a 2i+g b 0.1¢
¢ 20i+ 10¢j
7 a I5m b (8i+6j) m/s
¢ 10m/s d 37°
8 a 4/13m/s b (18i+ 4j) m/s’
c 176 d 153°

MATHEMATICS SPECIALIST Units 3 & 4
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9 a J10 m/s b V46 m/s e With k> 0, the acceleration is always directed
¢ Qi+ 12) m/s d (17i+ 124 - 9K) towards (0, 0), the centre of the circle.
i j) m/s i j — 9k) m
10 a 8 b 3 c 1S 7 a —55in(§t)i+5cos(gt)j
11 (3i+4j+6k)m, 2j m/s, 2k m/s’ .
12 a [2i+Qr-8)j] m/s o
b [Qt+ )i+ -8 +20)j] m c 20
¢ J74m
d 2J/5m/s t=1$ ?t=3
e 4,4m
f 4y=+"-18x+97
13 a2 d (Gi-Sj)m. Thisis the vector from r(0) to r(3).
b Does not cross the y-axis. It is the displacement vector
14 [22ni+7n’j+ (" —n— Dkl m forr=0tor=3.
] T 542 m. This is the magnitude of the
5a 6 5 displacement from =0 to # = 3.
T . .
b (6cos3ti— 6sin3tj) m/s, (—18sin3#i — 18cos37j) m/s’ - This is the distance travelled from
16 $m t=0tot=3,
i.e. three quarters of the circumference.
PAGE 179 8 a t=0
1 velocity = (u + at)i m/s,
position vector = (ut + 1 at’ )i m
2 -9
2 [14ti+ (35t —4.94)j] m, 87.5 m,y = AN
N 2740
3 a -10jm/s
b (40i +4043j) m/s b 02 s 4
¢ [40ti + (403t - 5¢%)j] m 9 + ‘z =36
¢ 1.20 rads
d 843 d Acceleration is always towards (0, 0). £ = n_Z
e 3203 m 4 D MP=as
4 a [42tcosbi+ (42¢sin6 — 4.9£)j] m 9 %t(wﬁ i+ %t(lo N
b 20.9° 69.1° o .
5 a [#cosB°i+ (usin®° — gr)j] m/s 10 a (-sing)i+ (1 - cosy)]
1 b 2m
b [utcosec’i+(utsine°_5gﬂ)i]m ¢ i r=0i+0j v =0i + 0j
nsin 6 i r=05t-i+j, v=i+j
c . seconds i r=mi+2j, v=2i+0j
R iv r=(15n+ i+, v=i-j
d ——— metres
g PAGE 182
e 45 s
6 a v(r)=—sin(0.50i + cos (0.57)j, 1 ZCis?n 2 3V2+3V2
a(f) = 0.5 cos (0.50)i — 0.5 sin (0.50)f
b 1 4x for x <0
=il
¢ 0, velocity always perpendicular to acceleration. 3 W= Vx for O<w<9
d 025 x +3 for x2>29
ISBN 9780170395274 Answers



4 All of them.
5 () =(-3)-1,Domain {x € R: x> 3},
Range {y € R: y>-1}.
6 a p=2i+3j-2k
b q=-2i+4+3k
¢ 85° (to nearest degree)
d 61° (to nearest degree)
e 42° (to nearest degree)

2
- ZaaZy Ly 8 | -10
3173073 13

9 Domain {x € R: 0 <x < 0.64},
Range {y e R: 0<y<2}.
10 (6 + 8j) m/s, 10 m/s, 2j m/s*

11 (Graph not shown here — check with a graphic
calculator display.) =7 <x <7

12 a 2 b 2 c £+
-0 2ab
at+ b’ lﬂ2+172
-3
13 2
1

14 fog(x)=x—9, Domain {x € R: x 29},
Range {y € R: y > 0}.
goflv) = Va? =9, Domain {x € R: |x =3},
Range {y € R: y 2 0}.

15 fog(x)=9—x, Domain {x € R: x <9},
Range {y € R: y>0}.

gof(x)=v9—«?, Domain {x € R: -3 <x <3},
Range {ye R: 0 <y<3}.

16 a Im <
5 e
7/
7’
N 7/
7’
. d
7/
7/
- 7/
/7
7/
B 7/
y Re
T T T T T ’ T T T T T
S 5
7/
7’
, i
7’
< =
e
7/
7’ -
7/
7/
d =
V4

(Note the use of the dashed line to imply

the line itself is not included.)

b Im
5 .
/_\ Re
/ 5
C Im
6 -
Re
6

17 Points z = x + iy satisty the equation

o)
3) "V T3) T

L ( 1 4) .22
i.e.a circle, centre | —=, — | radius —.
373 3
18 Many possible answers, for example L -1

y p s p \/ﬁ )
1 1
5 4 |, but all must be of the form

-8

1 a

b | with-8z+4b+c=0.

Nal +b% + ¢

MATHEMATICS SPECIALIST Units 3 & 4
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19

20
21

22

23
24
25
26

28
29
30

31

32
33

34

36

a l b 16 c 17
d 9 e 0.082 f 0.708
L, and L, do not intersect.
ﬂ=3,17=5,C:3,A(3,1),B(5, %)

5
r=| -1

1
a=9,b=-4,c=7,d=12,e=9,f=-10
—a+2b-3c

rp=1+3j-2k,¢c=0,d=9,e=4

a 1.07 radians

b 3i+3j-2k

¢ r.(i+2j-2k)=13
8cos'0 — 8cos? 0 + 1
—b+ai,—a—bi,b—ai

Full method should be shown, leading to
a x=3,y=0,z=4 b x=3y=1,2=-1
4a* —y* =16 (Forx > 2.)

(~40i — 16j — 12k) m/s, 670 m

a i q=0 ii q#0
b x=2q+0.5,y=05,z=—q
C aczl,yzi,zz—l

8 8

a 2i+Gn-1)
b 3 m/s, [4i+(0.75n - 1)jl m

The shortest distance from the line to the given point
is 3 units.

37

38

39

41

42

43

44

2
a |:utcosei + (msine _ gt_))} m
2
b 34.9°or 76.9°

Student’s conclusion is incorrect. The last equation,
Ox + Oy + 0z = 0, is true for all values of x, y and z,
perhaps suggesting infinite solutions. However,
looking to the other lines we still have three other
equations involving three unknowns so a unique
solution may still be possible. Indeed from these we
obtain x =1, y=-1 and z = 3 (and of course these
values also fit Ox + Oy + 0z = 0). The conclusion the
student should have made is that the system has a
unique solution of x =1,y =-1 and z = 3.

a [30i+(24-10)jjm/s b [302i+(24t—5t2)j]m

c 24s d 45s
e 28.8m f 6.75
-6:/6

If looking for «, y and z values that satisfy all of the
equations, the first equation, x + 3y — z = 3, and
second equation, —x —3y+z=3 (le.x + 3y —z=-3)
are contradictory. Hence no solution. The two
equations represent distinct parallel planes, hence
no points in common.

a p=—4,q=-1

b p=—4,q=-1

¢ m=-1,n=2,p=-2,q=5

No. Closest distance to light is ~/42 m which is
greater than 6 m.
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ANSWERS
UNIT FOUR

11

13
15

17

19
21

22

23
24

PAGE 199
_y+8 2 6x—y+4
x+2 x+1
2(1+ 3xy) 6xy+5
2_ 2 4 3
y" =% 2y —x7)
2x+2y-3 6 2x+2y-1
2(5y—x) 23y —x)
9-2x 8 2x
2y 9-2y
9y —-2x 10 9y +1-2x
2y—9x 2y—-9x -1
cosx 2(xcos y—5y)
sin y 10x +x” sin y
8 14 0.125
-1.2 16 -32
489
= 18 —
I 212
2xy +a'y 20 (1,1.5),1,-3)
(17 _3)a (3> _3)
b _ 2“12.At(1,0),@:3.
dv  1-3y dx
2 _2.2)2 2
d—)z/=2(1 3y%) +62y§2x+1) At (1, 0),
dx 1-3y9)
6y=4S3r+n-43
dy _ sinx ﬁ_(Zy—chosx—Zsinzx
de  2y-3" dx? 2y-3)

4y _
dx?

25

26

2.

13

d_y:x__l—l‘At(_z’ E), d—y:—&.
dx  cosy 6) dx 3
dz_y_coszy+(x+1)zsiny
dx? cos’ y .
P
a2 X) 22108
6) dx 9
NERENE NN
—, —|and| -——, - —/
2 2 2 2
PAGE 201
a 6cos2t b —10sin5: ¢ -250%*
3cos 2t
a 2sintcost b -3sin3¢ C _3§1n3t
sin 2t
2t a 3 5 2(t+1)
2t 15¢2
1 t-1 2 -1
6(t +1)° t (t+1)°
-1.5 10 36
(14,-16), (2, 16)
cos 2t 1
a b 27\/§5 5
cost ( ) NE)
¢ T I Smo7m
4’ 47 47 4
22 10£
a ) 2o
2t +1 27 +1)

@ MATHEMATICS SPECIALIST Units 3 & 4
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PAGE 206

1 200 2 15 32
4 a 05 b 36
5 0.15 6 025 7 0.36
1
8 -8 9 025cm’/s 10 —=cm’/s
7
11 Decreasing at 0.075 cm/s
12 0.16 cm®/s 13 6cm’/s
14 603 cm?/min
15 04w’ cm’/s a 10mem’s b 10cm
16 a 12 cm’s b 30cm’/s
17 a 80 cm/min b 40 cm/min
¢ 16 cm/min
18 a 37 cm’/s b 4.87cm%/s
19 a 1.6cm/s b 0.8 cm/s
20 a 4x(2+’ -3)m/s’ b 5m/s, 40 m/s?
21 23 cem¥s
22 a i 4cm/s ii 1cm/s
b 22 mm/s
23 a Lm/min b L m/min
32n 4n
24 1090
25 a mem’/s b 2.5mcm’/s
26 a 4.8tcm’/s b 14w cm’/s
27 % cm/s 28 27 mm/min
29 a shorteningat0.6m/s b 2m/s
30 a lengtheningatlm/s b 3 m/s
1 180
31 ——— e/ 32 — m/s(=13.8m/
;i cm/s T m/s (= s)
891
PAGE 212
1 0.7,£(5.01) - f(5) = 0.701 501
2 0.015, f( +001j f(g) =0.0146 (to 4 decimal
places)
3 0.01125, f( +0001) f(gj =0.0112659
(to 7 decimal places)
10
4 —
Jx

a $2 per unit b $1 per unit

¢ $0.50 per unit

0

13

15

750 — 30x + 37
10

a $120 per tonne
¢ $750 per tonne

b $30 per tonne

$10 per unit. It will cost approximately $10 to produce

the 11th item.
a 12cm’

PAGE 213

a x*(1+Inx)

COS X

b 15cm’

b 2x*(1 +Inx)

(cosx — xsinx Inx)

c
X
d -3
Gx+1D(3x -1y
PAGE 214
8 )
— b 6sin” 2x+ 1)cosQx+ 1)
(B3-2x)
5 — 6xy 41’
3%+ y%) 2t +3
4y==-3x+25
a 2 2y’°5-7")
2y’ +5y
430 m/sec T, —= \/_ m/s* T.

b 40 m/sec T, 4\/§ m/s> T.

PAGE 219

5% =3)0+¢

%(3x+1)6(18x—1)+c 4 i(sz

%(3302 +1) +¢

—(4x+3)CB -2 +¢

2 —(1-2x)%1+8x)+¢
—DC e

6 %(x—2)6(3x+1)+c

8 —%(5—2x)6(12x+5)+c

3

%(2x+3)4(8x—3)+£ 10 %(3x+1)5(9x-2)+c

23xr+5+¢

%sin6 2x+¢

“3cos(@® +4) +¢

12 —(x+1)V1-2x +¢
14 —%c0583x+c

16 %(2“1)6(24“19)“

ISBN 9780170395274
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PAGE 220

1 lacz —lcos3x+5
2 3

2 2x+c¢
1

3 ——cos8x+c
8

4 %sin2x+c (or %(cosx+sinx)2+cj

5 3

5 §x§+§x§+c 6 —2cos(x’)+c
, 16 !
7 —4cos(x"—3)+c 8 ?(1+3x)2 +c

3
9 §(1+3x)2(9x—2)+c 10 %Sin52x+c

1M L7002 -7+
28
1 6 3
12 E(2x+7) +c 13 ¥ -2x+¢
1. s 1
14 —(Gx"-2°+¢ 15 sinv— =cos2x+c¢
12 2
16 %(3x—2)8(12x+1)+c
17 l.9c2+c 18 6J1+2x +¢

2

19 2(x-DV1+2x +¢ 20 é(x2+x+l)9+c

4
21 —12cos(x? +3)+¢ 22 %(x—5)§(8x+37)+c
6
23 %(\/;+5)6+c 24 (2x3—1) +e

A e 6
25 42(Zx D°(12x+1)+¢

4
26 _c0;46x +c 27 6NxP-3+c
.2
28 _cos4x+€ L Sin 2x+€
29 %(Zx —1)%(84a? +12x + 1) +¢
PAGE 222

1 160 2 1136

3 125 4 2

5 9.28 6 12%

7 8 square units 8 72.9 square units

10

13

14

15

17

19
21
22

11
12
13

PAGE 225

1 . 1.
—sm9x+§smx+c

18

isinéx—isin&x+c

12 16

lsin’—x +c 4 Esin4x +c
5 2

1 U
—COS.X'+§COS X +c 6 smx—gsm X +c

2.5 1.
slnx—gsm x+§sln X +c

x sin2x x  sin2x
—+—— +¢ e

2 4 2 4

3x —2sin2x + isin4x +c

x+c 12 %sin2x+c

sin2x «x
+= 4o
2

1
—Ccosx + gcos3 X+

cos 2x ) )
———— + ¢ (or sin” x + ¢ or —coS” x + ¢)

1

——cos3x+lcossx+c 16 lsin3 2
3 5 3

1.
x——=sin’ x +¢
5

%tan3x—x+c 18 tanx+c¢

1
tanx —x + ¢ 20 Etansx+f
21 square units
a r=03+2t-sin27)i+ (1 -7+ tanr)j

b r(E)=(2 +E)i+(z _E)j
4 2 4

PAGE 231

7ln|x|+¢ 2 x3—4ln|x|+c

4In (P +6)+c¢ 4 —%ln|c052x|+c

x+21n|x|+c 6 x—21n|x+2|+c

2x = 3In|x|+c¢ 8 §+%ln|2x—3|+c

2
%+x—21n|x+3|+c 10 3ln|x|+2Infx+1|+c
31n|x+2|+ln|x—3|+c

3In|x — 1) + In(x® +6) +¢

51n|x+1|+ln‘x2+x—l‘+c

MATHEMATICS SPECIALIST Units 3 & 4
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14

15

12

15

18
20
21

22

3ln|x+1|+21n|x—1|+i+c
x—1

21n|2x+1|+21n|x—3|+i+c
x—3

PAGE 233
2T, units’ 2 A units’ 3 L units®
5 5 2
109w 0. 3
units
a T units b I units’
2 6
% units’® 7 187 units’ 8 2m units’
2
T nits? 10 20 units’ 11 Za units’
2 15 5
2.3 4 3 1
4n units 13 5 o 14 B weh
.3 n .3 3
2T units 16 I units 17 108n cm
2 2
L units® 19 = m’, Tl
2 16 16

1607 units’

b
an xy dx ISTTE units’ b 199m units’
a
b .3 T .3
an xy dy a 27 units b — units
a
PAGE 239
6Q2x + 1)? 2 —12sin3x+ 12 cos4x
sin® x(4x cos x — sin x) 2+sinx +2cosx
x? (1+cosx)*
2cos2x 6x -5y
(1+ sin 2x)? Sx +6y2
—12¢ COS y — yCOS X
6t -5 sinx + xsin y

ﬂ=1,17=6,ln|x—1|+61n|x+l|+c
a lsin8x+c

2

1 246
b g(3+x) +c

4
< 2—38(x+3)3(41—12x)+c

11
12

15

17

13
14
15
16

17

O h ON -

d iSin6 2x+¢
12

1 1.
e —x-——sinx+c¢
2 2

X
24
2

f ZSing—gsin

g %cos3 2x—%c052x+c

h —4cos’x+¢

i —4cos’x+6cosx+c

a y=175x-0.5 b 9y+4xr=35
(n In 4) units® 13 24 cm’/s
—0.5+1In3 16 icm/sec
Sm
a Em/s b Em/s c im/s
3 3 3
PAGE 246
3
y=4" —Sx+c 2 y=4x2+c
2
4 =24 —x+c 4 l———+c
2 5%
7y2=—l+c 6 2cosZy=i+c
x x

Y -3y=4 +x+c 8 2 —Sy=a'-2+¢

siny=—1+c 10 P+ 1)°=3x"+¢
%
13 5
=37 +1 12 y=—-—
I ™

2y +siny=a’ +3x+71—3
Y +3y=at+4u? +5
When s=3,v =47

a z=1

1
b b=13+3, gradient -———.
2J3+43

a When ¢ =20 the volume is 30 cm?.

b Pumping ceases when ¢ = 48.

PAGE 248
a 448 b 180804
a 17452 b 2590064
a 81873 b 60653
Approximately 680 grams.
Approximately 7.36 kg.
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N O

11
12

13

N

~1733 years

a 0.5kg b 0.25kg
98.6% 9 -~22%
Approximately 4200 years.

¢ 0397kg

Approximately 117 years.

b Easier to divide into 72 mentally as it is an integer
with many factors.

12.9 minutes, i.e. approximately 13 minutes.
Compare your answer regarding the forensic
possibilities of this idea with that of others in your class.

PAGE 252

a 0.885
b Approximately 18.122 million.
Approximately 53 500.

Various ways of writing the answer, two of which are
shown below.

150¢%0% 300

V1505806 ~ 14 2006%

a According to the model, the limiting value of L
is 200.

"This means that when fully grown the length of
the animal is 2 metres (or as near as makes no
difference.)

b Various ways of writing the answer, three of which
are shown below.

_10200e™*

149 + 51%%

~ 10200

514149704
200

1+2.9216¢7%4°

the last of these being in the IL_ form.
+

t
e ai

¢ Approximately 189.8 cm

o po_ 2500

1+14.625¢7%%
b 2500
¢ Approximately 839
Approximately 17175

PAGE 255

Ey =1, Graph F. 2 % +2=0, Graph]J.
LI 4-2x,Graph D. 4 b _ x(x —3), Graph L.
dx dx

Ey = (x+ 1)(3 - «), Graph E.
& = Jx, Graph G.
dx

9 _ 2%, Graph H.

dx
d—y=£,GraphC.
dx 2
y
\ \ 2 / /
\ N 1 / /
A R A
/ / -1 AN \
/ /-2 \ \
PAGE 260
%:y—x, slope field B.
D _ % ope field C.
de
£ —1, slope field A.
dx_y , slop .
& = 0.055
a 2cosx b 2sinxcosx
. 19
¢ cos(sinx).cosx —
(5-3x)
e 6(2x+3) f M
2x+3y
20t -y (5-3y)(1+2y)
x(nx—6y) 32xy +x—2)
2=+ 17
yz—%x—? [at the point (1, -7)]

and y= —ix+? [at the point (1, 2)].

3
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7 67 units®

2 o8
8 a Bx"=5) e
48
o8
b (8x+5)(x—9) ve
72
c 8Jxl-3+¢
4 3
d —Gxe-2)2015x+4)+¢
75
e —4cos(x® —5)+c¢
xN\5
g Ate)
5
8
g g\/x—3(x+6)+c
S5+4x
-+
2x +2)°
9 m’cm’/s a 100mem’/s b 16cm
10 0.006 rad/s
11 ﬁcm/s
16m
13 a -~76.6 million tonnes b ~17.9 years
PAGE 267
1 a 24w/ b 130m
2 03m/s
3 a -1m/s b 0m/s’
4 a 4w/’ b 7m
5 a 45m/s b 5+4_1t_£
34
6 12m/s
7 8m/s
8 a 05 b 0.1¢
9 1 7 /s, — 3 :
(2t +3) (2t +3)
b 0.4m,0.04 m/s,—0.032 m/s’
10 7,41 m/s
11 a 24m/s b 8 64m
¢ 40m d 3m
12 -10m/s
13 a 2m/s b (4cos2r) m/s’
¢ 4m/s d (1-cos2)m
e 2m

14 a (9r+6) m/s’ b
15 0.51n(8.5) metres
PAGE 275
1 a 5m,nseconds b
¢ 2 m,0.57 seconds
2 a nseconds b
¢ 0.4w seconds
3 a x=sin0.5¢ b
€ x=3sin2t d
4 a x=2cos2t b
¢ x=0.5cos4nt
5 a x=+2.5sin2¢t b
6 a 34 m,04rs b
7 b 20seconds,4m c
8 b 6seconds,2 m C
9 b mseconds,3 m C
10 a x=4sin(1tt+%t) b
11 a x=25in(5t+§) b
¢ 50m/s’
12 a ﬁ m b
10
. T
c i — ii
12
13 a —ﬂ m b
2
C 3_71' m/s d
2
14 a 0.96 seconds
b 0.19 seconds
¢ 0.42 seconds
d 0.84 seconds, 2.30 seconds
15 0.72 seconds
16 a x=2sin2t b
17 a 2cm b
¢ L seconds d
16
e = seconds
48
18 a 4m b
¢ 1498 m

14 m/s, 42 m/s*

4 m, 0.47 seconds
21 seconds

x=-sin0.5¢
x=—0.5sinmt
x=1.5cos4t

2.5m/s

V58 m, s
235m

4-+3)m
2.76 m

41t m/s

10 m/s

x=4cos2t

T
— seconds
4

16 cm/s
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19 b 2seconds,4m ¢ 3m
d 7m
20 b nseconds,3m ¢ Sm
d 2m
21 a 021m b 027m
22 g seconds,25 m
2

23 ?ﬂ: seconds, 0.65 m

PAGE 279
- 2
1 a 6y b 15 4y+8¢fs i
4x+5y
2 Approx 34.7 years
3 a 0m/ss b (3sin27) m/s’
c g d (1.5:-0.75sin2f) m
2n-33
———m
8
4 a 6x(3x°-2)m/s’ b 1m/s, 6m/s
5 y’=+-3
6 0.04rad/s, 1.6 m/s
7 128 units’ 8 %unitsz
9 a ? units’ b units’
¢ 247 units’
10 10 m/s
11 a % seconds, 0,0 m b ZTR seconds, 5,0 m
2n
¢ mseconds,2,0m d 5 seconds, 1, 1 m

12 ¢=5,d=6,k =2,k =0.5 Time period for A is
1 seconds and for B is 47 seconds.

PAGE 293

1 The sample means will be approximately normally
distributed with a mean of 3.5 and a standard
1.71

Nelk

If instead a sample size of 150 were used the

deviation of 0.24 (i.e.

distribution would still be approximately normal with

a mean of 3.5 but with a smaller standard deviation
1.71

7150

than before, now 0.14 (i.e.

2

n

10
11

12

The sample means will be approximately normally
distributed with a mean of 2.375 and a standard
0.696

J60

If instead a sample size of 100 were used the
distribution would still be approximately normal with

a mean of 2.375 but with a smaller standard deviation
0.696

7100

The 100 sample means will be approximately

normally distributed with a mean of 7 and a standard

deviation of 0.40 (i.e. ils).

36
If instead a sample size of 120 were involved the
sample means would still be approximately normally
distributed with mean of 7 but with a smaller standard

deviation of 0.09 (i.e.

than before, now 0.07 (i.e.

2415
deviation than before, now 0.22 (i.e. —=).
( V120 )
0.946 5 0.040 6 0.685

a Y will be normally distributed with mean 5 and
standard deviation 0.2 i.e. ¥ ~ N(5, 0.2%).

b 0.006

Y~ N30, 0.24), i.e. normally distributed with mean
30 and standard deviation \/074

a 04% b 25% c 0402

a 0.006 b 0.202 c 0938

We would expect the mean length of samples of ten

adult male lizards of this species to be normally
distributed with mean 17.4 and standard deviation

2.1
—— cm, i.e a standard deviation of approximatel
J10 PP y

0.664 cm. Thus a sample mean of 19.4 cm is just over
three standard deviations above the mean. Whilst not
impossible this is very unlikely. We would expect less
than 0.13% of such samples to have a mean length
this high. Hence, whilst it is possible that the sample
of ten could be a ‘freakish’ sample we would be wise to
consider other possible reasons for the surprising
sample mean. Was the sample really a random sample?
Perhaps the lizards were caught in a region where
larger than normal lizards of this species were found.
Perhaps the scientists’ confidence in the assumption
of a normal distribution or in the given population
mean and standard deviation was misplaced. Were all
of the lizards in the sample really adult males of this
species? Etc.

a % b 3 ¢ 0.023
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13 a Sample means are normally distributed with mean PAGE 303
513, standard deviation ? 1 110 2 372
1.96 standard deviations either side of 513 gives U 28 (Ol leyen samp lelless than ?O as sample is
. taken from a normally distributed variable so sample
interval of 506.63 — 519.37. . L
) T means will be normally distributed.)
505 is not in this interval. 4 43 5 200 6 35
Significant difference at the 5% level.
b Sample means are normally distributed with PAGE 304
.. 26
mean 513, standard deviation 1 1 a 7 b 4+2x
2
1.96 standard deviations either side of 513 c X 244800 d 2 + w
gives interval of 507.90 — 518.10 4 Vr o o«
510 is in this interval. g _¥Gr+4y)
There is not a significant difference at the 2x? +3y°
5% level. 3_
3al 33/ b .
x+y 3
PAGE 300 4 Slope field A, y" =y. Slope field B, y’ = «.
1 The 90% confidence interval has the smaller width. Slope field C, y" = (x — 3)(y — 2).
(If you want to be more confid.ent of catching the 5 3x+lnfv+1]+ ln‘xz B 2‘ ‘e
population mean you need a bigger net.)
. o 2 . i 2
2 The 95% confidence interval has the smaller width. 6 a sin’kunits’ b (2-sin’ &) units
3 The bigger size sample will give the narrower 95% 7 a 032w/ b 50V -30
confidence interval. 8 a 37+1 b 3e+1 c 0.06
4 565cm<p<581cm 9 a 6.93 years b 13.86years ¢ 20.79 years
5 2512kg<u<27.16kg 10 a 52.19 < population mean < 54.29
6 1651cm<p<17.89 cm b 51.99 < population mean < 54.49
7 Note that we can assume that the sample mean is ¢ 51.59 < population mean < 54.89
from a normal distribution of sample means because, 10 2174 bems (o 2256 hems
though the sample is small, the population the sample e
. . L o We can be 95% confident that the mean life time of
is taken from is normally distributed. The 95% . . . . .
ottt el e 5.5 @n S M E 7547 @ the population of triple A batteries of this brand will
. - lie between 217.4 hours and 228.6 hours (because
We can be 95% confident that the mean length of 95% of such 95% confidence intervals will contain
;? 2n70nth((l;ld babyggsiljs lifeshbe;vsve/en 73f.~7d3 cm and the population mean).
.47 cm (because 95% of the 95% confidence
intervals constructed in this way will contain the 122 BAlam w6 pim. L) B35
population mean). 14 0.4 m/s 15 h rad/sec
8 17.18cm<u<18.42cm 41
We can be 90% confident that the mean length of 16 a 0.0334 b 0.5889 c 03085
three month old seedlings of the particular plant type 1
will lie between 17.18 cm and 18.42 em (because 90% 2 Mmoo el
of the 90% confidence intervals constructed in this ) ) )
way will contain the population mean). 18 About 5 minutes to 8 that morning. (The mathematics

suggests 7.54 a.m.)

9 1793 em <pu<18.67 cm, 17.99 cm < n < 18.61 cm
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19 a 62 (or more).

b If we use the standard deviation of the population
as 65 we could be 95% confident that the
population mean lies in the interval 1787 hours to
1813 hours (i.e. 1800 * 13). The claimed mean of
1850 hours is well outside this range and casts very
serious doubt about the legitimacy of the claimed
mean value.

20 2x+ln|x+1|+3ln|x+2|—ln|x—3|+c

6250
21 a = 174,05
b Ast— oo, e® - 0andso N— 6250.
¢ i 1970 i 5220
23 a sinlx+c
b sin_l(£)+c
5

1. _I(ij
€ —sin" | — |+¢
2 3
d %sin_lx+%x\/1—x2 +c
e 25in‘1(§j+%x\/4—x2 +c

f % 4 — o? —2cos’1(§)+c

MATHEMATICS SPECIALIST Units 3 & 4

ISBN 9780170395274



INDEX

abbreviated form for cos® + isin6 16
absolute value functions 56-67
extension activity 77
absolute values ix, 56-67
extension activity 77
solving equations involving 58-61
solving inequalities involving 624

of x as \/x—z 57

addition, complex numbers xvi, xviii
addition, vectors xii, xviii
algebraic expressions x
algebraic fractions 5
amplitude (simple harmonic motion) 269
angle between two lines 118-19
angle between vectors xv
antidifferentiation xxi, 191, 193
argand diagrams xvii—xviii, 13-14
cube roots of one 27-8
and regions in the complex plane 22-6
argument of a complex number 13
addition and subtraction 18
augmented matrix approach 150-3, 158-61, 163

Cartesian equations 105-6
of a circle 102-3
of a curve 101
of a straight line 89-90
of the plane 129
Cartesian form of a complex number 14
central limit theorem 289
chain rule 200, 202
change of variable method 217-21
and definite integrals 221-2
circles
equations of xviii
vector equations 101-4, 105-6
circular motion with constant angular speed 180
cis0 16-17
closest approach 107-10
co-domain 39
coefficient matrix 150

coefficients ix, 149
collision see interception/collision
column matrix xiii
combining functions 40-1
completing the square xi
complex conjugate of z xvii, 17-18
complex numbers xvi—xviii, 3—4
de Moivre’s theorem 31-35
nth root of a non zero complex number 28-31
in polar form 13-35
multiplying and dividing 18-21
complex plane xvii
locus of points 22
regions in 22-6
composite functions x, 42-8
confidence intervals 296-301
and sample size 302
conjugate of a complex number xvii, 17-18
cross product see vector product
cube roots of one 27-8
cubic functions x

De Moivre’s theorem 31-5
definite integrals 193
and change of variable method 221-2
derivatives xix—xx, xxi
determinant xxiii, 124
difference of two squares x
differential equations 243-59, 270
Euler’s method for finding approximate graphical solutions
258-9
finding relationships between x and y without integrating 254-9

of the form Lfl—A =kA, or & =kx 247-9
t

general solution 244
logistic model for growth 250-3
particular solution 244-5
slope fields 254-7

differentiation xix—xx, 191
implicitly defined functions 195-9
logarithmic 213
parametrically defined functions 200-1
rates of change 202-12
techniques and applications 195-213
vector functions 171-3
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direction fields 254
displacement equation, x = zsin(kt + o) 2701
displacement vectors xiv
distance from a point to a line

in two dimensions 109-10

in three dimensions 1401
distribution of sample means 284-5, 289
dividing

complex numbers xvii

complex numbers expressed in polar form 18, 19, 20-1
domain ix, 39, 41

functions of the form fo g(x) 43-8

inverse functions 49

natural 39, 43
dot product xv

elementary row operations 150
ellipses, vector equations 105
elliptical motion 181
equation of a circle xviii, 101-4
equation of the plane 128-30, 158
given three points that lie in the plane 131-2
Euler’s method 258-9
expanding algebraic expressions x
explicitly defined functions 195

factor theorem 6
factorising algebraic expressions x
fractions (algebraic)
improper 5, 69
partial 229-30
proper 5
function of a function x
functions ix-x, 39-78
absolute value 56-7, 77
combining 40-1
composite x, 42-8
graphical relationship between a function and its inverse 51
horizontal line test 40
inverse 49-55
many-to-one 39, 40, 51
one-to-one 39,40, 51
rational 69-76, 78
using the output from one function as the input of another
x, 42-3
vertical line test 40

Gaussian elimination 151
gradient xix

gradient fields 254

gradient formula xix, xx
gradient function xix, xx, xxi

graphs

sketching xx
1

y=—— 679

f)

y= f(x) for f(x) and g(x) polynomials 69-76
x

g(x)

horizontal line test 40
horizontal and vertical components (vectors) xiii
hyperbolas, vector equations 105

implicitly defined functions 195

differentiation 195-8

improper algebraic fractions 5, 69
inconsistent equations 157
incremental formula 211, 258
infinitely many solutions

(systems of linear equations) 159-60, 163-6

instantaneous rate of change xix
integration xxi, 191, 193

by parts 238

by substitution (change of variable) 217-21
definite integrals and change of variable 221-2
numerical 236-7

techniques and applications 217-38

to give logarithmic functions 227-9

using partial fractions 229-31

using trigonometric identities 223-6
vector functions 174-7
volumes of revolution 232-5

interception/collision

three dimensions 133, 135-6
x—y plane 83, 84-7

inverse functions 49-50

conditions for the inverse to exist as a function 51-5
graphical relationship between a function and its inverse 51
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limit of a sum 193

linear equations, systems of 147-66

linear functions x

linear inequalities xi

locus of points in a complex plane 22
logarithmic differentiation 213

logarithmic functions, integration to give 227-9
logistic equation 250

logistic model for growth 250-3

magnitude of a complex number 13

magnitude of a vector xiii

many-to-one functions 39, 40, 51

marginal rates of change 211-12

matrices xxii—xxiii

matrix of coefficients 150

mean 283

mean of sample means 285, 289

modulus of a complex number 13, 14
multiplication/division 18

modulus of a vector xiii

motion
circular, with constant angular speed 180
elliptical 181
point on the rim of a rolling wheel 181
particle projected from a point on a horizontal plane 178, 179-80
projectile up an inclined plane 181
rectilinear, with constant acceleration 179

multiplying
complex numbers xvi—xvii
complex numbers in polar form 18, 19, 20-1
geometrical interpretation 19

natural domain ix, 39, 43

90% confidence interval 296, 297

95% confidence interval 296, 297, 301

99% confidence interval 296, 297

no solutions (systems of linear equations) 157-8, 160-1, 1636
normal distribution 283, 289, 290

nth root of a non zero complex number 28-31

number viii

numerical integration 236-7

one-to-many relationships 39, 51
one-to-one functions 39, 40, 51

order of the differential equation 244
order of the polynomial x

ordered pair (complex numbers) xvii, 14
ordered pair (vectors) xiii

parallel vectors xii
parallelogram law xii
parametric equations 90, 101, 105, 127

parametrically defined functions, differentiation 2001

partial fractions 229-30
period (simple harmonic motion) 271
point of intersection of two straight lines 95-7
polar form of a complex number 13-35
abbreviated form for cos6 + isin6 16-17
complex conjugates 17-18
multiplying and dividing 18, 19, 20-1
polynomial functions ix—x
population 283
population mean 283, 289
and confidence intervals 296-301
and sample mean 296, 297
estimating and sample size 302-3
population parameters 283
inferring from sample statistics 296-300
population standard deviation 297
position vectors Xiv
primitives xxi
principal argument of a complex number 13-14
projectile up an inclined plane 181
projection of a onto b (vectors) xv
proper algebraic fractions 5
Pythagorean identities xxii

quadratic functions x

ISBN 9780170395274
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random sample 284
range ix, 39, 41
functions of the form fo g(x) 43-8
inverse functions 49
rates of change
instantaneous xix
marginal 211-2
related 202-10
small changes 211
rational functions 69-76, 78
real valued functions 39
reciprocal trigonometric functions xxii
rectangular form a complex number 14
rectilinear motion 265-9
with constant acceleration 179
regions in the complex plane 22-6
related rates 202-210
relative velocity xiv, 108
remainder theorem 6
resolved part of a in the direction of b xv
resultant xii
rotation about the x-axis 232, 233-5
rotation about the y-axis 232, 234, 235
row echelon form 150, 151

sample means
distribution of 284-5, 289
increasing the number of samples 285-6
increasing the sample size 286-7
and population mean 296, 297
significant difference at the 5% level 292
that are unusually high or unusually low 292-3
sample size
and central limit theorem 289-91
and confidence intervals 302-3
choosing 302-3
increasing 2867
sample standard deviation 297
sample statistic 283
inferring population parameters from 296-300
sampling 2834
scalar multiples xii, xiii
scalar product xv, 95, 124, 140
scalar product and vector equation of a plane 128-9
scalar product form of the equation of a straight line in the x—y
plane 98-100
scalars xi
separating the variables 245, 247

simple harmonic motion (SHM) 269-78
displacement equation «x = #sin(kt + o) 270, 271
solving the differential equation & =—&%x 270

time period Z?Tt 271

Simpson’s rule 236

sketching graphs xx
1
=—— 679
T

y= % for f(x) and g(x) polynomials 69-76
skew lines 118-9
slope fields 254-7
small changes formula 211, 258
solving equations xi
involving absolute values 58-61
solving inequalities, involving absolute values 624
spheres, vector equations 137-9
standard deviation of sample means 285, 289
standard error of the mean 285
standard normal distribution 292, 296
statistics 191
substitution, integration by 217-21
subtraction, complex numbers xvi
systems of linear equations 147-66
having infinitely many solutions 159-60, 1636
having no solutions 157-8, 160-1, 163-6
having a unique solution 157, 161-2, 1634, 166
solving with/without an augmented matrix 149-56, 1604

three dimensional vectors 115-41
time period (simple harmonic motion) 271
trapezium rule 236
trapezoidal rule 236
trigonometric identities xxii, 192
in integration 223-6

unique solution (system of linear equations) 157, 161-2, 163-4, 166
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vector addition xii, xviii
vector calculus 171-81
differentiating vector functions 171-3
integrating vector functions 174
types of motion 178-81
vector equation of a line in the x—y plane 88-95
closest approach 107-8
distance from a point to a line 109-10
interception/collision 83, 84-7
point of intersection of two straight lines 95-7
scalar product form 98-100
vector equation of a line (three dimensions) 126-7, 134-6
vector equation of the plane 128-30, 134-6
vector equations
of circles in the x—y plane 101-4, 105-6
of curves in the x—y plane 101, 105
of ellipses 105
of hyperbolas 105
of spheres 137-9
vector functions 171
differentiating 171-3
integrating 174
vector normal to a plane 124
vector product 124-6, 141
vector subtraction xiii
vector triangle xii
vectors in two dimensions xi—xv
horizontal and vertical components xiii
vectors in three dimensions 115-41
angle between two lines 118-9
distance from a point to a line 140-1
interception/collision 133, 135-6
vector equation of a line 126-7, 134-6
vector equation of a plane 128-32, 134-6
vector equation of a sphere 137-9
velocity of A relative to B xiv
vertical line test 40
volumes of revolution 232-5

‘2’ scores 292, 296
zero vector xiii
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