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COPYRIGHT NOTICE

Copyright in this work is owned by Cengage
Learning Australia (“the work”). A condition of
purchase of this electronic version of the work is
that you agree to respect the copyright in the work,
abide by the Copyright Act 1968 and specifically
agree not to transfer, sell, assign, misuse, copy or
transmit an electronic or other version of the work
to any third party.

Please note: This product is accompanied by a
licence (single user, network or adoption) governing
the terms and conditions of its use.



This is a legal agreement between the you,
(the “Customer”) and Cengage Learning
Australia Pty Limited (ABN 14 058 280 149)
(the “Licensor”) which provides the terms
and conditions of this non-exclusive licence
and the limited warranty for the Product.
Use of the Product indicates an
acknowledgement that the Customer has
read and agreed to be bound by the terms
and conditions of this Agreement. If you do
not agree to these terms and conditions,
return the Product to the place of purchase
within 15 days of the date of purchase (with
proof of purchase) for a full refund

1. Licence Grant
You do not receive title to the Product.
Copyright in the Product (which
includes all images, photographs, video,
animations, audio, music and text
incorporated in the Product, including
all of the accompanying printed
material) is owned by the Licensor
and/or its suppliers and is protected by
Australian copyright laws. The Licensor
grants you a non-exclusive licence to
use the Product subject to the
restrictions and terms set out in this
Agreement.

2. A Licence allows you to:
Use the Product on your computer. The
Customer represents that they shall in
no way place the Product in the public
domain or in any way compromise our
copyright in the Material. You agree to
take reasonable steps to protect our
copyright.

3.

You may not:

Alter, modify, translate, reverse
engineer, decompile, or adapt the
software or create derivative works
based on the Product. Make further
copies by any means technological,
electronic, digital whatsoever without
the written permission of the Licensor.
Rent or transfer all or any part of your
rights under this Agreement. Remove or
alter any copyright or other proprietary
notice or label attached to the software.

Termination

Any failure to comply with the terms
and conditions of this agreement will
result in the automatic termination of
this licence. Upon termination of this
licence for any reason, the Customer
must destroy or return to the Licensor
all copies of the software and
accompanying documentation.

Warranties

To the extent permitted by law, the
Licensor’s liability for any breach of the
warranty or any term implied by law
into this licence is limited to the lowest
cost of replacing the goods, acquiring
equivalent goods or having the goods
repaired.
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About this book

. Contents
Clear outline of chapter contents

® Strong links to the curriculum
® Prior learning provides a quick check of
understanding for the individualisation of

1.1 Index laws
12 Logarithms
1.3 Real numbers
Chaptor summary
Chapter review

s aln Camiculem statemants
Real numbers
Define rarional and irvationsl numbers and perform

operations with surds and fracronal Indices (10,
by A)
Use the definition of o logurichun muulﬂ:n‘mj

instructional sequence

Investigate: Logarithmic scales
Some of our senses operae on uw
scale This mcans that instead of increasing oF
decreasing like ordinary pumbons, the incrosscs
and decreascs are like logarithms. For example
i common Ingarithm, @ seale of 0, 1,2,3, 4

.. . really means a seale of 1, 10, 100, 1000,
W00, ..., g0 the increases are in powers of
10, Our sere of hearing s logarithunic, s the
sound seale is abo logarithunic. The losscdisens
of a sound is measured in bels (or \L\l\\fhdn

d from 40

Investigare the loudness of ulx.mh

1o 120 dB. Flow much louder is 120 dB than
:: ‘r‘:;,m he pH scal, the Richice scale and the pitch of assical potex. How do the
froquencles of different octives compare?

Are there other logarithmic scales?

Examples are clearly set out with
explanations on the left and expected
student answers in bold on the right
Colour-coded examples make it easy for
teachers to direct students

Green — nearly all students will master
Gold — most students will master

Blue — some students should master
Examples are sequenced in a natural
learning progression that promotes
chunking and effective use of working
memory
Clear examples enable parents to assist
their student with confidence that they are
‘doing it the way the teacher explained it’

e TImportant boxes highlight key terms and
concepts

4pply the laws of kogarithms (10A)

e Parent guide provides vital information for
parents

e Curriculum guide provides a rationale in
words that students will understand

e (Clear sectioning that is consistent with the
exercises

]

Many sections begin with a concrete
investigation, with teacher support
materials provided

e Intriguing aids for students provided

Use the index laws to simplify the following, leaving your answers
s Pxp?
d o7

with positive indices,
e s’ - ,“)
[ e

b 14"+ 1¢*
e %
Solution

& Write the problem.

S
Use index Jaw 1.

- 71?‘

Wark out the answer in index foorm

1l

Example ™8

Simplify each of the following expressions. Write your answers with positive powers.

y Y W’Xa ™ +d ") + (64m™"n®)
Soiution
 Wiite the problen. e a

Use index laws 5 and 4 = f_,“

Example 18

Find the values of cach of the following,
a log, 32

b logs 0.04
Solution
a Write as an exponential equation. x=log, 324+ 2~ 32
What power of 2 gives 327 -3
Write the answer. log,32 -5
Important!
Change of base theorem

l"mb.c#().kmx='£i:’;
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Exercise 1.2  Logarithms
Understanding

datew

| Fnd e feilow g without g s ek e —
a kg0 b log 1000 ¢ bog ‘__ ; \.‘u N
fog VIO [ ko 0001 ¢ Jog VIO h Log
s
i g VIO =

4 b e e the solunoms of
ses of the followang. mnd show that ey are Bie bamoms

3 Use s cabaibinor 1o find the vl

expenential equations S d log 005
s log3s b log 160 c log 16 I‘ ]: s
> , 890 g g @ -
e lyty L
i legt23
3 Given log 3.7 = 07599, find ¢ log 0057

s hyd

e Colour is used pedagogically to enhance

learning

Investigate: Computer numbers

When the first electronic com; 1 J
being buik, John Von Nmma':n ‘;"’“‘;’;"
1957) (see the right-hand side of the
phoco) wnalysee] the probless fmvolved
el dhevelopad smisling fnsights, e
how they should be constructed, He
alwo built his own machine to e on
mathematical problems. He is generally
credited with suggesting that electronic
computters. shoukl use hinary numbers
Fn binary arithmetic, the problem 5 ¢ 3
W wntten as 101 + 11, This can be
machine coded us on-off on plus on-on
Investigate binary numbers and how xh;'\'
we wed in computen. What e octal
atn] hexadecinml ommbenss T

they used?

At

e Initial exercise questions focus on
understanding or fluency and refer directly
back to examples

e (Questions are categorised according to the
four proficiency strands — understanding,
fluency, problem solving and reasoning

¢ Questions and parts are colour coded to be
consistent with the examples

Indices

We use indices (the singular is index) to write repeated multiplication.
A power is written with the hase number in normal size and a small number at the top right

called the index or exp It shows rep d multipli The index shows the number
of times the basc is in the multiplication.
Fdex: - Ll
“ERA AN DY
Power form T Eek bl Fre e
e There is an abundance of carefully

designed investigations proven to aid
deep understanding

Chapter 1 summary

. A n'mnlnmhrphrnumw-; be written = 2 pawer. The mumher mskiplicd is writsen ance
:.| = bave n., bt of times it in s the avltiphcation i« writtes e the sonal index
) op
Tt st the o eight. The extended form of « pawer has the maliplication witicn out
A square bs & prower with linlex 2. a4 cube has index 3.
:1.: e laws ave: that foe sty cuashers o asnd & anad asry inclices rw anel o
FX gt

3 (@ wa™

2L "ty

4 i
Note: v atel e are iobegers and 4 4 0,5 4 0

-

e A comprehensive review set out with
example references and consistent with
exercise layout

e Answers to all questions are given at the

back of the book

9780170194860

e A chapter summary that re-states all
important concepts

Chapter 1 review

i h meices
1 U the index l.-un-mpbfy-vh-n&wm;_h-mnmwwmw et

Understanding P
\ 5955 b e xe =
Soe fxaraie | -
y W { the fullowing B0
Motungist 2 \\t-kT“-uwh“' : b V&S « 0000
Y,
3 Simplify cach of the following and leave your answet fn indes form 5% 1y
§) Jﬂ‘ b x4 s
.
4 Find cach of the following ) ol
Syt s b V35 ol
. ¥




About the series

There are five books in this Years 7 to 10 series,
which has been written specifically for the
Australian Mathematics Curriculum, including
two books for Year 10 (see back cover).

There is also a printed Teacher’s Edition of each
textbook with additional guidance and advice
on implementing the Australian Mathematics
Curriculum in the classroom.

Accompanying each printed textbook is a
digital textbook called the NelsonNetBook

(see opposite page).

SON QMATHS

alian Curriculum

NELSON QMATHS

Teacher's edition

In the outside margins of your textbook you will find numerous icons for resources that can be
accessed through the NelsonNet website or through the NelsonNetBook.

Alternative method

Explains different ways of
solving a maths problem

Moving the decimal

Shows how to tackle
difficult problems

Develops your CAS
calculator skills

Quadratic equations

Curriculum guide

Chapter 6

Explains what you need to
know and be able to do

Allows you to do additional
practice and drill

Extra questions

Exercise 6.1

Gives the ‘big picture’ view
of your maths topic

Provides an illustrated

Maths dictionary .
explanations of all terms

Provides guidance for your
parents to help you

Parent guide

Chapter 6

Prior learning

Chapter 6

Finds out what you already
know and can do

Find the number

Quiz
Expressions
Teacher notes
Restaurant tables

GeoGebra: Exterior
angle of a triangle
TLF learning object

Exploring order of
operations (L6543)

Weblink
Algebra masterclass
Worked solutions
Exercise 6.1

Writing a rule

Makes learning maths
methods and skills fun

Tests and marks your
knowledge of a topic

Gives guidance for your
teacher

Provides a spreadsheet or
GeoGebra activity

Provides interactive ways of
learning about maths™

Fully explains maths
methods and skills

Links to a website that
makes maths relevant

Gives solutions steps for
selected problems

Supplies tasks to be done
digitally or by using a pen

* Your teacher will explain how to access The Learning Federation learning objects.
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Go to www.nelsonnet.com.au il

to log in or find out more.

The first screen you will see on the student et e

B Chopter 1 Stammtcs

website is called ‘Chapter resources’. e | Tmetemes
Click on a chapter and a list of different

resources types will appear.
Click on a resource type and a list of

V Coapter 3 Muasarement

specific resources will pop up.
Clicking on one of those resources will
open a pdf file, start a video, or some

special maths software.
Use the blue tabs on the left of the screen
to access calculator resources and the maths

dictionary.

This is a web-based ebook that you can customise to meet your own learning needs.

The icons with the blue NelsonNet logo are ‘hotspots’. Click on an icon to open that resource.

The tools on the vertical toolbar allow you to personalise pages in a variety of ways, including voice
recordings, drawings and links to favourite websites. They also enable you to zoom in and out.

The tools on the horizontal toolbar allow you to navigate around your ebook and change settings.

\e  CENGAGE Laarming

v -

Administration tools allow your teacher to manage classes and share annotations with you.

EIONIMATHS 104104

L ——
s e e gl s Sy
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Wi e b e i e
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s et g e el e 3 ol e

= ot | s e s, Tho v s
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e ot [ P P idhterd
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Text

Reproduced by permission of the Australian Broadcasting Corporation and ABC Online. © 2009
ABC. All rights reserved.

The publishers would like to thank ACARA for permission to quote the Year 10 and 10A content
descriptions from the Australian Mathematics Curriculum in this book. (Australian Curriculum
(Sydney, 2010): Australian Curriculum, Assessment and Reporting Authority [ACARA]. ACARA
does not endorse Cengage or this product.)

Metric system

Symbols Length Capacity
millimetre — mm 10mm =1cm 1000 mL =1L
centimetre — cm 100cm =1m 1000 L =1 kL
metre — m 1000 m = 1 km 1000 kL = 1 ML
Egg;l:;rizakm Area Mass
milllitre — mL 100 mm? = 1 cm? 1000mg=1g
litre — L 10 000 cm? = 1 m? 1000 g = 1 kg

_ 5 -
Kilolitre — KL 10 000 m“ =1 ha 1000kg =1t

_ 2
megalitre — ML 100 ha = 1 km

milligram — mg

gram — g
kilogram — kg
tonne — t
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Symbols and

abbreviations

therefore
is equal to
is not equal to
~, =, = is approximately equal to
is greater than
is not greater than
is greater than or equal to
is less than
is not less than
is less than or equal to
is proportional to
537214 or 5.37214 shows 5.3721472147214 ...

RUNANIVILCNV QXI5

s TR E

'SZXI\-J?]
o

a4 9 3

®

I 2Cc™mnin

sin 0
tan 0
cos 6
P(AIB)

~ bt

is perpendicular to
percentage

fraction, division ¢ = b or ratio a : b
plus or minus

square root

cube root

nth root

45 degrees

mean of sample, average

mean of population

first quartile

third quartile

standard deviation of population
interquartile range

standard deviation of sample
gradient

y-intercept

pi~ 3.141592653589793238 ...
null set, empty set

subset of

proper subset of

is a member of

is not a member of

union of sets

intersection of sets

it follows that

sine ratio of angle 0

tangent ratio of angle 6

cosine ratio of angle 0
conditional probability of A given B
complementary angles

vertically opposite angles
exterior angle of a triangle
opposite angles in a parallelogram
corresponding angles
co-interior (allied) angles

Greek alphabet

1:100  Scale of 1 to 100

BC before Christ

BCE before the common era

AD Anno Domini

CE common era

QED quod erat demonstrandum

RTP Required to prove

LHS Left-hand side

RHS Right-hand side

log common logarithm

logyx logarithm of x to the base &

> the sum of

AABC  triangle ABC

/ABC  angle ABC

== is congruent to

M, ~ is similar to

A< P A corresponds to P

L right angle

e supplementary angles

G— angles at a point

/. angles in a triangle

VN angles in a quadrilateral

yay angles in an isosceles triangle
s alternate angles

I is parallel to

A, o alpha I, 1iota
B, B beta K, x kappa
T, Y gamma A, & lambda
A, § delta M, p mu
E, ¢ epsilon N, v nu
7, zeta =, &xi
H, n eta O, o omicron
0, 0 theta I1, 7 pi

9780170194860

P, p rho

%, o sigma
T, t tau

Y, v upsilon
@, ¢ phi

X, x chi

Y, psi

Q, ® omega




Number and algebra

Numbers and
powers
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Australian Curriculum stateme

Real numbers

Define rational and irrational numbers and perform
operations with surds and fractional indices. (10A)
Use the definition of a logarithm to establish and
apply the laws of logarithms. (10A)

Patterns and algebra
Simplify algebraic products and quotients using
index laws. (10)




Chapter 1

The modern number system has many different kinds of numbers. These have been invented by
mathematicians over thousands of years to solve problems. Positive numbers are enough for most
Numbers and powers ] . . .
counting and measuring, but we need negative numbers, powers and roots for modern science
and technology. Science and technology use algebra as a basic method of writing relationships.
Weblink To use algebra effectively, you must be able to understand and use all the different kinds of

Scale of the Universe numbers.

MAT10NAVT00001

MAT10NAWB00001

Mathematical literacy
The mathematical words below have special meanings that you will learn in this chapter. It is

important that you learn to spell them and gradually learn what they mean in mathematics.
You may find the glossary or online mathematical dictionary useful for this purpose.

MAT10ASDI00001

base directed number negative integer real number
cardinal number even odd recurring decimal
closed exponent positive integer square

composite index power square root

counter example integer prime surd

counting numbers irrational number rational number terminating decimal
cube logarithm rationalise whole number
cube root natural numbers

KB nclex laws

Important!

Indices

Weblink We use indices (the singular is index) to write repeated multiplication.

A power is written with the base number in normal size and a small number at the top right
called the index or exponent. It shows repeated multiplication. The index shows the number
of times the base is in the multiplication.

Math is fun: Exponents

MAT10NAWBO00001

TLF Learning object Index

Base
Exploring powers of 10 @ — % % % %
(L6548) 4 4 4 4 4

MAT10NAINOO0O1 Power form Extended form

The power shown is said as ‘four to the fifth’, ‘the fifth power of four’ or ‘four to the power
five’. We use the special names square and cube for 2nd and 3rd powers respectively.

We define 2 =1and a” = ai” for any integer # and any base « except zero (a2 # 0).

Example T 1

Find the value of each of the following.
a 7° b 12 cubed c 872 d ¢°

9780170194860
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fortreAustralian Curriculum

Solution
a  Write in extended form.
Calculate the answer.
Werite in extended form.
Calculate the answer.

¢ Write in reciprocal form.

Write in extended form.

Calculate the answer.

Use the rule for &°.

7P=TXTXTXT

= 2401
12 cubed = 12 X 12 X 12
= 1728
_ 1
82=15
B 1
- 8X8
_ 1
64
6°=1

When you have powers of the same base in a problem, you can work out the answer by writing
each part in extended form. This can also be done for problems where the index applies to two
numbers or where there is a power of a power.

Example © 2

Simplify each of the following and leave your answer in index form.

a 5 x5 b 7°+ 7
Solution

a  Write the problem.

Werite each power in extended form.
Werite the answer in index form.

Write the problem as a fraction.

Werite each power in extended form.

Cancel two of the 7s.
Werite the answer in index form.
¢ Write the problem.
Write the power in extended form.
Rearrange the product.
Write the answer in index form.

Werite the problem.

Write the outer power in extended form.

Write each power in extended form.

Write the answer in index form.

9780170194860

c (4 x3)* d &)*
5% x 54
=5X5X5X5X5X5X%X5
=57
. 7°
#*7275
CTXTXTXTXTXT
o X7
=7 X7TX7TX7
=74
4 x 3)*

=(4X3) X (4X3)X(4X3)X(4X3)
=4X4X4X4X3X3X3X3
— 4 x 3¢
(6*)*
=X 6 X6 X6
Z6X6X6X6X6X6X6X6X6X
6X6X6
:()12

10+10A




Chapter 1

You can prove the index laws from the definition of an index.

Index laws

For any bases @ and 4 and any indices 7z and 7:
1 dm X d” _ aern

2 4”7 +a"=a""" (for m > n)

4 (ab)' = a"b"

Note: 77z and 7 are integers and a # 0, b # 0.

The opposite of finding a power is finding a root.

Important!

Roots

The surd symbol v/ is used to show roots. The #th root of a number x is shown as {/x and
is the number y so that y” = x. For example, v/16 = 2 because 2* = 16.

The square root (V) is normally written without the index, so v/25 = 5.

The cube root (V") is the opposite of finding a cube, so (v/216) = 6.

1
We define {/a = a" for any positive integer 7.

It makes sense to write a root as a fractional power, because of the index law that ()" = a™”.
1 1

1 1 1
This works for v16 = 2 as (16*)* = 16" f 16l = 16, and 2* = 16 s0 V16 = 16",

Example T3

Find each of the following. 1 1
ndices squaresaw > H
i a Vi2i b /1024 ¢ 812 d 32

MAT10NAPS00002

Solution
a Think of the square that gives 121. 117 =121
Write the answer. V121 =11
b Try some possibilities. 3 =3X3X3X3X3=243
$ =4X4X4X4x4=1024
Write the answer. /1024 = 4
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¢ Write in surd form. 81% =481
Think of the square that gives 81. 92 =81
Werite the answer. 81’ =9

d Try a possibility. 251: 2X2X2X2X2=32
Write the answer. 32° =2

The power key on your calculator could be shown as (), @EER) or @F&l. The 7th root could
be shown as (). € or €. Many calculators also have square and square root keys shown
as and () In most cases, roots are obtained using the 2nd function key.

The order in which you need to enter powers may vary between calculators.

Example ™ 4

Use a calculator to find:

a 16’ b V127 c 77 d /500 e 5!
Solution
a Enter as 16 (S > ED [ 162 4096 |
Werite the answer. 16> = 4096
b Enter as (il 127 GG [ Vi2z 1.26942767 |

V127 ~ 11.269

c Enteras73° |7‘3

Round and write the answer.

0.00292 |

Round and write the answer.

Enter as 4 500 (D

Round and write the answer.

Enter as 5 1.7 a

Round and write the answer.

9780170194860
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Use the index laws to simplify the following, leaving your answers with positive indices.

Numbers and indices

MAT10NAWKO00001 a 7’ x7° b 14" + 14° c 5 +5"
d 3y e (52)7 £ o711 . g1
Solution
MAT10NAPS00001 a  Write the problem. 7 x7®

Use index law 1. =78
Work out the answer in index form. =71

b Write the problem. 147 =+ 14°
Use index law 2. =14V"8
Work out the answer in index form. =14’

¢ Write the problem. 5% =51
Use index law 2. =510
Work out the answer in index form. =57
Change to a positive index. = 5—17

d Write the problem. 3’y
Use index law 3. 373
Work out the answer in index form. =3P

e Write the problem. (5%
Use index law 3. =52%4
Work out the answer in index form. =58
Change to a positive index. = 5—18

f Write the problem. 7 -7
Use index law 2. =711
Work out the answer in index form. =7°

Simplify using the definition 2° = 1. =

Some expressions need to be simplified using more than one index law. The normal order of
operations still applies, although you may have to insert brackets where they are only implied in
the original expression.
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Simplify each of the following expressions and leave in index form.

Numbers and powers

3 2 2 2\ 3
a (52 x 372 b sz ¢ (Z) - (7_) MAT1ONATI00012
_ (74X 52) 4 5
Solution
a  Write the problem. (52 x 372)*
MAT10NACP00012
Use index law 4. =()*x 37)*
Use index law 3. =58 x3712
. . .. 58
Write the answer with positive powers. =30
3% 32
b Write the problem. 5733
(774X 52)
Move the denominator to the top and
change the sign of the power. =5 X 32X (74%x5%)7
Use index law 4. =5 X32X (747 x (5?7
Use index law 3 to remove the brackets. =5 X32x72x5°
Apply index law 1 to the common bases. =32x53x712
32 X 71
Write the answer as a fraction with positive powers. = 5
A AN
¢ Write the problem. (‘—J + (T)
. 7?7 7
Use index law 3. e - 5
Invert the 2nd fraction as a result of changing the B f i
division sign to a multiplication sign. L7
Use index law 2 on the common base of 7 and 7 i
change base 4 to its lowest prime base. (22 1
8 ¢ 53
Tidy up and use index law 3. 7 2i >
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MAT10NAAE00001

Numbers and powers

MAT10NATI00012

Numbers and powers

MAT10NACPO00012

Index laws

MAT10NAPS00042

10

Example T/

Simplify each of the following and leave in index form.

3% 03
a 30" X 9x157° 277”2
_ (374X 9)
Solution
a  Write the problem. 30 x 9 x 15772
Rewrite the bases as products of
prime factors. =(2X3x%X5*X(3x%X3)X(3x5)?2
Use index law 3 and tidy up where
possible. =2*%x3*x5*x32x32x5?2
Use index law 1 with common bases. =2t x 341272 542
Work out the answer in index form. =2*x3*x5°
2 3% 95
b Write the problem. 7—92
(374 x9)
Move the denominator to the top and
change the sign of the power. =2PXPX(34xP)?2
Use index laws 3 and 4 to remove the
brackets. =277 X9P x38x9°¢
Rewrite the bases as products of prime
factors. =(3X3x3P°x(3x3)’x38x(3%x3)"°
Tidy up where possible inside the brackets. = (3*)> x (32)” X 38 x (32)°¢
Use index law 3. =37 x310x38 %3712
Use index law 1. =3+10+8-12
Work out the answer in index form. =30

The index laws can also be used with algebraic expressions.

Example T8

Simplify each of the following expressions. Write your answers with positive powers.

a (x%)* b @ Xa®+d ¢ @m2nt) = (64mn®)
Solution
a  Write the problem. (x%?)*

Use index laws 3 and 4. = %"
b Write the problem. LXat+d

Use index laws 1 and 2. =4t 7

= 4_8
Write as a fraction with a positive power. = Ls
a
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¢ Write the problem.

Change the 64 to 4’ so that the numbers
have the same base.

Use index laws 1 and 2.
Simplify.

Write as a fraction with positive powers.

Example © 9

Simplify and express with positive indices.
4h° X 31

a Lo
h X 6l

Solution

a  Write the expression.

Simplify numerical part and apply index laws.

Evaluate and simplify.

Werite with a positive exponent.

b Write the expression.
Express bases as products of prime factors.
Apply index laws 3 and 4.

Apply index laws.

Evaluate exponents.

Apply the definitions of powers.

Evaluate and simplify.

Powers with radical signs

b

(4m%n*) = (64m>n°)

= (4m’u*) ~ FPm>n°)
413,243,406

=4 % mn 2
_m

- 42,2

12m

4h~° X 3h?

h3 X 6K

12 _ .
_ -~ Xh( 6+2—-"3-5)

6
=2n°

2

1t

2m—nx3m—nx6n

12

2 X3 X (2X3)"
B (22x3)”
_sznxjmfnxznxsn
- 22m><3m

_ 2(m7n+n72m) X 3(m7n+n7m)

=27x30
1

= x1
zm

1

= 3

The definition of powers can be extended to rational indices by defining:

P
ad

- (&) = (vay

where p is an integer, g is a positive integer and 4 is positive.
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Example 10

Simplify the following using index notation.

a x0 X./x b V84" X /8 x aé
Solution
a Write the expression. 2 X \/x
Apply the definition of a fractional index. =2 X x%
Apply index laws. — P
Evaluate exponents. = x% B
b Write the expression. V84* X /8 a §7

8
Express bases as products of prime factors. = YDA x VB Xa’

Apply the definition of a fractional index.
3 4

Apply index laws 3 and 4.

—8

=2 %27 x,4°

1.3 2, 78
Simplify exponents and apply index laws. = 2(2 d X a(3 ’
Evaluate exponents and simplify. =22Xa?
. . .. 4
Evaluate and write with a positive exponent. = —
a

)

1 1 8
= (2a*)sx ()2 xa’
3

Exercise 1.1 Index laws

Understanding

Extra questions
Exercise 1.1

MAT10NAEQ00001
See Example 1

See Example 2

See Example 2

See Example 3

See Example 4

Work out each of the following.

a & b 47 c 11°

d 772 e 137! f 77

g 1272 h 115° i 5
Simplify each of the following and leave your answer in index form.
a (4x5) b (6x4) c (7x11)?
d 6x7)?® e (11 x13)° f@2x7)
Simplify each of the following and leave your answer in index form.
a (5% b (72 c 67

d (1112)4 e (14)16 f (55)5
Find each of the following.

a /125 b V169 c V16

d 216 e V729 f V256

g /10 000 000 h /289 i /27 000

Use a calculator to find each of the following.

a 1177 b 58 c V79
d 2.9 e V29.73 f 2578
g 677" h 7.897° i v1.05
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See Example 4

See Example 5

See Example 5

Fluency

See Example 3

6 Use a calculator to find each of the following.
a 5" b 6" c 8197
d 7't e 147 £ 377
7 Use the index laws to simplify the following, leaving your answers with positive indices.
a 4 x4 b 7°x7° c 15° x 15
d 6*xeP e 10M x 10" f 9x9x9®
g 14 X 14" x 14! h 3°x3°x3 i 25" x25% x 25%
8 Use the index laws to simplify the following, leaving your answers with positive indices.
a 8+8 b 3¢+3° c 77 +7°
d 1%+ 11" e 67 +6 £ o157 =15
g 147+ 147 h 177 + 17" i 129 +12°
9 Use the index laws to simplify the following, leaving your answers with positive indices.
a (7x5)° b (6x3)° c (9x11)?
d (6x8) e (12 x13)* f 2x7t
10 Use the index laws to simplify the following, leaving your answers with positive indices.
a 7'9%x 7% b 67 X6 c 7°+7°
d @° e 87! f (67 x5
g 77'xgh” h 1172 x7H2x7 i 8x8t+g7?
11 Find each of the following.
1 1 1
a 257 b 125° c 343’
1 1 1
d 243’ e 647 f 64
1 1 1
g 216° h 81* i 625°
12 Use a calculator to find each of the following, correct to 2 decimal places.
1 1 1 1
a 50° b 236’ c 28 d 560’
1 1
e 95° £ 2° g 4% h 3'8
i 16% i st k 1.4%¢ 1 3754

Round all answers to 4 decimal places where appropriate.

13 Express with positive indices.

a a2 b 47°
e y £ (ed®™
i 27" i
14 Express without denominators.
1 b 1
a F 4—3
yZ 4/'8
o1 2x?
[ [

9780170194860
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15

Express as roots (using radical signs).
1 1

a 6 b 2 c
3 7

e 497 £ w3 g
22 1

i om? i wd k

16 Express the following as powers.

17

Problem solving ¢

See Example 6

See Example 7 19

See Example 8 20

Worked solution 21
Exercise 1.1
MAT10NAWS00034

See Example 9

a VEk b V3 c
e Jw £ Ve g
i /28 i k
Evaluate the following.
3
a 16° b 9° c
1 2
e 36§ f 272 g
i 49’ i 36" k
2
m 8’ n ()7 o
2 2
2 .
q (&) , r 2116 ’ s
u (2 %)2 v 4 %X V16 w

0
179
64’

1
4
(76)
1

1_

2572

(0.01)

N

- o

3
Ve
(V16)’

36!
812
6
32
18°
1
(65)2
4
100073

Simplify each of the following expressions and leave them in index form.

a (42 x 1172 b (372 x 7%?

8 x 52 24373 x 52
IR o LR
(54 x 22)° (5-3 x 27-2)

GO

72\
E)

c (52X 16727
572 X772
(5-4%x72)7

(-

Simplify each of the following expressions and leave them in index form.

a 182X 12 X 2772

b 21° X 772 X 4972

C

(X—12y—1

y

c 15X 125 X502 x 1572
579 % 108
(204 X 25%) 72

5% x 2% 37 x5
(5-4 % 163)? S ix15)”
Simplify each of the following expressions. Write your answers with positive powers.
a () b ()
d p"x b + b7 e a ' Xal =47

g Q7m7n)+ 8lm ) h 25p%q7%) = (625p%g )

i

Simplify each of the following expressions and leave them in index form.

a roxr b 4y X3y~
47% x 5774 2m> X =10
1077 N 1226

g 3g72h* x54h7°

12p4g7> X (2pg*)’ N <€2_g4)3

" Grig) 7 x (1894 g

h SEm o X (B2m4)~

46’3g
3e0g0

4

©

f

@

12p° X 6p~2
8p~! X 3p

5k 108

S

8 4w? X 49108

b2

f 614 - 6_6 X C—12

(10247 725*%) + (64r>5%)

20w~ X =63

2 31
c’n®  (8¢2n’)
n=> 420723
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(o]

22 Simplify and express with positive indices. Worked solution
@ R Va b X VB 37 X2V Exercise 1.1

d 62 x2/¢ @ 4¥/1? X 3\/pPwb SYnPn 2 X 2V P nb MAT10NAWS00034
g 7Y 2,6 X /9583 h 8 3/p126178 X3 4/pfloq9 See Example 10

-

23 Simplify and express with positive indices. (LI
@ n+2 ¢ on—=3 b 5% X Skfl c 371 x 2743 Worked solution
22n—5 52k -2 6 Exercise 1.1
@ G2 ontm . 15415 x 212 +1 ¢ 8% -3 x 164~/ MAT10NAWS00034
3Gn—m 35202 % 45213 4/ +2 See Example 9

m Logarithms

Investigate: Calculation using logarithms

Before the invention of cheap electronic calculators in the early 1970s, people performed
calculations like 0.7246 X 315 000 and 1t X (4.65)” using logarithms. The excerpt below shows
part of alogarithm table that was used in this kind of calculation. Students learned to use logarithms
to do multiplications, divisions, powers and roots of numbers with more than 2 significant figures.

COMMON LOGARITHMS 108 %

; Auft23ias6]789
x ° x 3 3 4 L] 7 L

8 4 B3 ADD
50 | -6990 | G9p8 7007 7016 | 7024 7033 Fou2 | 050 Jos9 Jeby | 0 | 1 23 | 445|698
§1 | 7076 | 7084 7093 7101 | 7rro yuil 7126 | 735 N4y Msa f B [ 122 345|667
83 | 7160 | 7168 7177 7185 | 759y 7202 210 | 728 7226 235 | 8 | 122 | 345(667
$3 | *7343 | 7351 7389 7267 | 7275 7284 7292 | 7300 7308 736 | 8 {1 22 | 345|667
54 | 7324 | 7332 7340 7348 | 7396 7364 7373 | 7380 1388 7306 | 8 (122 |345|667
55 | 7404 | 7412 7419 7427 | 7438 7443 74St | 7459 72456 7474 | 8 |1 22| 345|667
56 | 7482 | 7490 7497 7305 | 7513 7520 7528 | 7536 1S3 1ssr H @ v 223451667

A table like this was used to find the logarithm of 5.326 by looking across the 53 line to the
2 column and adding on the number in the ‘differences’ column for 6. So you would work
out 7259 + 5 = 7264. This means that the logarithm of 5.326 is 0.7264. Your calculator
has a (&) or button on it that will give the same answer.

When your grandparents’ generation were your age they were taught to work out 5.326 X
1.497 by using a table to find the logarithms of both numbers, and then add them. Use
your calculator to find the logarithms of 5.326 and 1.497, correct to 4 decimal places,

and add your answers. You should get 0.9016. Your grandparents would then use an
‘antilogarithm’ table to find the answer. You can do this with the or button.
You should get 100°7°*¢ ~ 7.973. Check that 5326 X 1.497 ~ 7.973.

Your grandparents changed every number in a calculation to scientific notation and did the
number parts of the multiplications using logarithms separately from the powers of ten.
Try doing these using logarithms:

2.675 X 1.769 6.973 X 4.748 8.746 X 3.074

Each calculation like these, using logarithms, took between 1 and 5 minutes, depending
how practiced you were.

Find out how to do division using logarithms.
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It is still beneficial to learn about logarithms because they are useful for solving some types of
equations, and the logarithm function itself is an important mathematical tool.

Common logarithms

The common logarithm of the number « is the solution of the equation 10 = 4.
We write the common logarithm of the number 4 as x = log 4 or just x = log a.
The common logarithm is also called the logarithm to the base 10 (or log base 10).

x=logpas 10" =a

Calculators usually have two logarithm buttons, (e and [J). We won’t use in this book,

but we can use the calculator to solve exponential equations of the form y = 2™ using base 10.

Example " 11

a Find the value of log 100 without using a calculator.
b Find the value of log ¥/10 without using a calculator.

Solution
a Express as logo. log 100 = log;, 100
Use x =log,ya < 10 = a. x = log19100 < 10* = 100
Use the fact that 10° = 100. 10* = 102
Equate the indices. x=2
State the result. log 100 =2 .
b Express as log;y and in index form. log v/10 = logyy10°
Use x = log,ga < 10° = a. x= logmlO% < 10* = 10é
Equate the indices. x= %
State the result. logv/10 = %

The laws of common logarithms follow from the laws of indices. The most useful of these laws are
shown below.

Laws of common logarithms
logab = loga + log b log1 =0

log%zloga—logb log10 =1
loga” = nloga log% = —loga
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Example © 12
Use log 5.326 = 0.7264 to find the following.
a log532.6 b log 0.005 326
Solution
a  Write 532.6 in scientific notation. 532.6 = 5.326 X 10°
Change to logarithms. log 532.6 = log (5.326 X 10%)
Use log ab =log a +log b = log 5.326 + log 10*
Use log 5.326 = 0.7264 and log 10? = 2 =0.7264 + 2
Complete the calculation. log 532.6 = 2.7264
b Worite 0.005 326 in scientific notation. 0.005 326 = 5.326 X 10~*
Change to logarithms. log 0.005 326 = log (5.326 X 10°)
Use log ab =log a + log b =log 5.326 + log 10>
Use log 5.326 = 0.7264 and log 10> = 73 =0.7264 — 3
Complete the calculation. log 0.005 326 = ~2.2736
Use your calculator to find the logarithm of 234 and use it to find the logarithms of the
following.
a 234 b 0.000 234 ¢ 2340000 MATIONATIOONT2
Solution
Enter as ({5 234 (& [ log@3w)  2.369215857 | MAT1ONAGPO0012
Write your answer. log 234 ~ 2.3692
a Write 2.34 in terms of 234, 2.34 =234 + 100
Change to logarithms. log 2.34 = log (234 + 10%)
Use logg = loga —logh = log 234 — log 107
Use log 234 = 2.3692 and log 10° = 2 =23692 — 2
Complete the calculation. log 2.34 = 0.3692
b Write 0.000 234 in terms of 234. 0.000 234 = 234 =+ 1 000 000
Change to logarithms. log 0.000 234 = log (234 + 10°)
Use logg =loga — logb. — log 234 — log 10°
Use log 234 = 2.3692 and log 10° = 6 =2.3692 -6
Complete the calculation. log 0.000 234 = ~3.6308
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¢ Write 2 340 000 in terms of 234. 2 340 000 = 234 X 10 000
Change to logarithms. log 2 340 000 = log (234 X 10%)
Use log ab =log a + log b = log 234 + log 10*
Use log 234 = 2.3692 and log 10* = 4 =2.3692 + 4
Complete the calculation. log 2 340 000 = 6.3692

The symbol = is used in maths before a step that logically follows from the last one. It means
‘it follows that” or ‘it implies’.

Example © 14

Given that log 2.8 ~ 0.4472 and log 52.9 ~ 1.7235, find:
a log (2.8 X 52.9) b log (52.9 + 2.8)

Using the 10* button on your calculator, find:

c 2.8 X529 d 529 +28

e Set out 96.56 + 24.76 as it would have been done using logarithms.

Solution

a  Write the expression. log (2.8 X 52.9)
Use log ab = log a + log b =log 2.8 + log 52.9
Use log 2.8 &~ 0.4472 and log 52.9 ~ 1.7235 = 0.4472 + 1.7235
Complete the calculation. =2.1707

b Write the expression. log (52.9 + 2.8)
Use logg = loga —logb =log 52.9 — log 2.8
Use log 2.8 ~ 0.4472 and log 52.9 =~ 1.7235 = 1.7235 — 0.4472
Complete the calculation. =1.2763

¢ Write the expression. 2.8 X 529
log 2.8 ~ 0.4472 = 10°%*"? ~ 2.8 and
log 52.9 ~ 1.7235 = 107’ = 52.9. = (10%#472 x 10%72%%)

0.4472,,1g1.7235

Enter @R 0.4472 1.7235 GEP 10750 -
Write your answer. 2.8 X 52,9 ~ 148.1

d Write the expression. 529 + 2.8
log 2.8 ~ 0.4472 = 10°*7? ~ 2.8 and
log 52.9 &~ 1.7235 = 1072 ~ 52.9. = (10"7%” + 10"*%7)

10172351 g0.uu72

Enter 1.7235 (D) 0.4472 D | e
Write your answer. 529 + 2.8~ 18.9
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e Set out the addition of logs in columns.

Find the log of 96.56 to 4 decimal points.
Find the log of 24.76 to 4 decimal points.

Subtract for division.

Enter as 0.5940 ﬂ

Write the solution.

Investigate: Logarithmic scales

Number Logs

96.56 ~ 1.9848

24.76 ~ 1.3938
0.5940

Antilog 0.5940 ~ 3.9
96.56 + 24.76 ~ 3.9

Some of our senses operate on a logarithmic scale. This means that instead of increasing or
decreasing like ordinary numbers, the increases and decreases are like logarithms. For
example, in common logarithms, a scale of 0, 1, 2, 3, 4 ... really means a scale of 1, 10, 100,
1000, 10 000, ..., so the increases are in powers of 10. Our sense of hearing is logarithmic,
so the sound scale is also logarithmic. The loudness of a sound is measured in bels (or
decibels). Investigate the loudness of sounds from 40 dB to 120 dB. How much louder is

120 dB than 40 dB?

Investigate the pH scale, the Richter scale and the pitch of musical notes. How do the

frequencies of different octaves compare?
Are there other logarithmic scales?
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Example " 15

Find the value of log 47 using a calculator and show that it is the solution of an exponential
equation.

Solution
Use a calculator to calculate log 47. log 47 ~ 1.6721
Use x = log,qa < 10° = a. 1.6721 ~ log 47 & 1072 ~ 47

Use a calculator to check the equation. 1016721 ~ 47

State the result. So log 47 is the solution of the equation 10" = 47.

Example © 16

Show that log ab = log a + log b for any positive numbers a and 4.

Solution

Assign variables to log 2 and log 4. Letloga=xandlogb =y
Use the definition of a common logarithm. 2= 10" and 6 = 10"

Write ab as a product of powers. ab =10 X 10’

Simplify. =107

Use the definition of a common logarithm.  logab=x+y

Replace x and y with log « and log 4. =loga+logh
Write the result. log ab =log a +log b

Common logarithms were once used to simplify calculations by changing the multiplication and
division of large numbers to the addition and subtraction of their logarithms. Nowadays, we use a
calculator instead because it is quicker and more accurate. However, we can still use logarithms to
help solve exponential equations.

Example ™ 17

Numbers and powers

MAT10NATIO0012

Numbers and powers

MAT10NACP00012

Use common logarithms to solve the equation 1.8* = 15.

Solution
Werite the equation to be solved. 1.8 =15
Take the logarithms of both sides. log 1.8° =log 15
Use the property log ” = 7 log a. xlog 1.8 =log 15
log1
Divide by log 1.8. x= l:ggl.SS
1.176
Icul f logs. ~
Calculated values of logs 02553
Evaluate. ~ 4.607
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Common logarithms are not as important as they used to be, as they are no longer used for
calculations with large and small numbers. Logarithms can actually be defined for any base,
not just base 10.

Logarithms

The logarithm to the base 4 of the number x, where 4 and x are positive and 4 # 1, is the
solution of the equation 4’ = x. It is written as y = log;, x and is the power to which 5/ must
be raised to produce the number x.

Example © 18

Find the values of each of the following.

a log, 32 b logs 0.04
Solution
a Write as an exponential equation. x=1log,32 & 2°=32
What power of 2 gives 32? 2’ =32
Werite the answer. log,32=5
b Change 0.04 to a fraction. 0.04 = %
Write as an exponential equation. x = logs 1 &5 = 1
25 25
What power of 5 gives % ? 572 = %
Write the answer. logs 0.04 = 2

The laws of logarithms to other bases are the same as the laws of common logarithms.

Laws of logarithms

For any base 4 # 1.
log, xy = log, x + logy, y log,1=0
log;,% = log, x — log, y log, b =1

log, x” = nlog, x logb% = —logx

9780170194860
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MAT10MGVT10001

Investigate: Logarithms and exponentials

Use your calculator to complete the following table.

5 04 | 02 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
10*

Use graph paper to plot the graph and join the points with a smooth line.

Now use your calculator to complete the following table.
x 0.4 0.6 1 1.6 25 4 6 10 16 25 40
log x

Use graph paper to plot the graph and join the points with a smooth line.

Look at your graphs. What can you say about the graphs of 10* and log x?

Now complete the following tables and plot the graphs. Join the points with a smooth line.

x 3 2 1 0 1 2 3 4 5

2x

x 0.1251 025 | 05 1 2 4 8 16 32
log,

What can you say about the graphs of 2* and log, x?

You can use the laws of logarithms to simplify simple expressions involving logarithms with the

same base.

Example " 19

Simplify each of the following expressions.
a log, 5 — log, 10
Solution

a  Write the expression.

Use the log law logbg = log, x — logy, y.

Simplify.
Use the log law logb% = —logy, x.
Use the log law log, b = 1.
b Write the expression.
Use the log law log,x” = 7 log,x
Simplify.
Use the log law logbg = log, x — log,, y.
Simplify.

Evaluate using 3% = 9.

b 2log; 6 — log; 4

log,5 — log,10

—Toos 2
= log;, 10

=log, §
= —log, 2
=1
2 log; 6 — log; 4
= log; 6> — logs 4

=log; 36 — log; 4
36

4

=logs 9

=2

= log;

¢ logs8+logs3 —logs4
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¢ Write the expression. logs 8 + logs 3 — logs 4
T . 8X3
Simplify using the first two log laws. = logs y
Simplify. =logs 6

Expressions such as logs 6 are easily evaluated using the change of base theorem.

Change of base theorem
log, x

log. b

c

For b, ¢ # 0, log, x =

This is shown by writing logs, x = y so that x = 5”

Taking logs to the base ¢ of both sides gives log.x = log.5”
Using the third log law gives log.x = y log.# = log, x X log.b
Dividing by log,. 4 then gives the required expression.

Example © 20

Evaluate log,12.

Solution

Write the expression. log412
logy 12

Use the change of base theorem. — 080
logio 4

Evaluate with your calculator and round off. ~ 1.792

Exercise 1.2 Logarithms

1 Find the following without using a calculator.

a log 10 b log 1000 c log1

d log0.1 e logv/10 f log 0.001
3

g log v/10 h log 10’ i logv10°

2 Use a calculator to find the values of the following, and show that they are the solutions of
exponential equations.

a log58 b log 160 ¢ log 16
d log 0.05 e log 15 f log 890
g log 67 h log 63 i log62.5
3 Given log 5.7 = 0.7559, find:
a log 57 b log 5700 ¢ log 0.057
9780170194860
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Understanding

Extra questions
Exercise 1.2
MAT10NAEQO00034
See Example 11

Fluency

See Example 15
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4 Given log 2.84 ~ 0.4533, find:
a log28.4 b log 2840 ¢ log0.284
5 Given log 9.735 = 0.9883, find:
a log 97 350 b log 0.9735 ¢ log 0.000 973 5
6 Given log 1.23 ~ 0.0899, find:
a log 123 b log 12 300 ¢ log0.123
See Example 18 7 Find the values of each of the following.
a logs 81 b logs 216 ¢ logs 3125
d log, 0.125 e logs 0.008 f logy 0.003 906 25
g log, 1024 h log, 8 i log, 0.125
See Example 20 8 Evaluate each of the following.
a log; 8 b logs3 ¢ log, 25 d log; 4300 e logggs 0.5
See Example 19 9 Simplify each of the following expressions.
a log; 18 + log; 4.5 b log, 8 —log, 128 ¢ logs 30 + logs 3 — logs 2

d log, 30 + log, 3 — log, 9 e 2logy 6 + 3logy 2 — logs 9

Problem soVing | 19 , yse 4 calculator to complete the following table of values.

B 5 10 15 20 25 30 35 40 45 50
log x
B 55 60 65 70 75 80 85 90 95 100
log x

b Draw a graph of the function y = log x for 5 < x < 100.

¢ Use the fact that y = log;o x & 10" = x and the values in the completed table to draw the
graph of y = 10" for 5 < x < 100.

d Comment on the shapes of the graphs of y = log;o x and y = 10%.

11 a Use a calculator to complete the following table of values.

x 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
log x
x 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0
log x

b Draw a graph of the function y = log x for 0.1 < x < 2.

¢ Use the fact that y = log;o x & 10” = x and the values in the completed table to draw the
graph of y = 10" for 0.1 <y < 2.
d Comment on the shapes of the graphs of y = log;o x and y = 10%.

12 a Use a calculator to complete the following table of values.

B 0.001 1 0.005 /0.01 0.05| 0.1 | 05 175 10 | 50 | 100 | 500 | 1000
log x

b Draw a graph of the function y = log x for 0.001 < x < 1000.

¢ Use the fact that y = log;o x & 10” = x and the values in the completed table to draw the
graph of y = 10" for 0.001 <y < 1000.

d Comment on the shapes of the graphs of y = log;o x and y = 10%.
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13 a Find the values of log 3.5 and log 350.
b Find the relationship between log 3.5, log 350 and log 100.

14 a Find the values of log 18, log 3 and log 6.
b Find the relationship between log 18, log 3 and log 6.

15 Use a graphics calculator to draw the graphs of y = log x and y = 10” on the same axes, and
comment on the shapes of the graphs.

(16) a What are the domain and range of y = 102
b What are the domain and range of y = log x?

Worked solution

Exercise 1.2
17) Use log 4.523 = 0.6554 to find the following: MAT10NAWS00035
(a) log45.23 b log 4523 ¢ log0.04523 (d) log 0.000 0452 300~ SeeExample 12
Worked soluti
Use your calculator to find the logarithm of 317 and use it to find the logarithms of the OIEESOlton
fOHOWing. Exercise 1.2
a 317 b 0.000317 ¢ 317 000 d 00317 e 31700000  MATIONAWS00035

See Example 13

19 Given that log 3.1 ~ 0.4914 and log 54.6 ~ 1.7372, find: .
Worked solution
) . Exercise 1.2
Using the 10* button on your calculator, find: MATIONAWS00035
C 31 X 546 d 546 +3.1 See Example 14
e Setout 116.72 + 23.81 as it would have been done using logarithms.
f Setout 16.34 X 43.67 as it would have been done using logarithms.
20 Use common logarithms to find the solutions of the following exponential equations. See Example 17
a 15°=75 b 15%=5 c 1.04=2 d 085*=0.2
e 145 =4 f 354°=1675 g 267 =285  h 0753 =01
i 0753"=25 j 4?2 -37=0
21 Show that Iogg = loga — logb. Reasoning
22 Show that loga* = xloga. See Example 16

23 Show thatlog10 = 1 and log 1 = 0.
24 Show that Iog% = —loga.
25 Show that log(a X 10)"= 7 + log a.
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Iﬂ Real numbers

Important!

Rational and irrational numbers

Rational numbers can always be expressed as terminating or recurring decimals.

Formally, rational numbers are those that can be expressed as a ratio of integers: i.e. %where
b#0.

An irrational number is not rational. It cannot be written as a terminating or recurring decimal.
An irrational number cannot be expressed as a fraction. A surd is an irrational number that
is a root of a rational number, such as /3.

The rational and irrational numbers completely fill the number line and, together, make the
real numbers.

Example T°21

State whether each of the following numbers is probably rational or irrational.

a 03333 ... b 3.0128 c 1.25638642 ... d 4256565 ...
Solution

a This looks like it is actually 0.3. 0.3333 ... is probably rational.

b This is a terminating decimal. 3.0128 is rational.

¢ This does not recur or terminate. 1.256 386 42 ... is probably irrational.

d This looks like it is actually 4.256. 4.256 565 ... is probably rational.

Investigate: Finding roots

Work in pairs and, with a calculator, try to find a number that squares to give 5, using the
following procedure.
1 You know that 2° = 4 and 32 = 9, and that V4 < v/5 < v/9, so v/3 must be between
2 and 3.
2 Try2.5% = 6.25. It is too big. The square is 1.25 out.
2.1 = 4.41 misses 5 by 0.59.
Try other numbers, including numbers with more than 1 decimal place.
Record each number you try and how far out you are.
3 After 5 minutes, check which pair of people are closest.
Try this investigation with other surds.

9780170194860




forth'jAEuI;t§aolitln%MriAchll-lI1§ 1 D—|_1 D A

Important!

Kinds of numbers

You already know quite a few kinds of numbers. The positive integers, counting or natural
numbers are 1,2,3,4,5,6,7,...and so on. You know that even numbers divide exactly
by 2, and odd numbers don’t. Prime numbers have exactly two different factors, themselves
and 1. Composite numbers have more than two factors.

When we include zero and the negative integers we get the integers. The counting numbers
are sometimes called cardinal numbers and the integers are often called whole numbers.

REAL NUMBERS

Irrationals 5

T

2.71828183...

Rationals Integers

-15
Whole numbers

Natural numbers
1,2,3,4,..

If we multiply two counting numbers, we get another one. Mathematicians say that the counting
numbers are closed for multiplication. Not every subtraction of counting numbers gives a counting
number. We say that the counting numbers are not closed for subtraction.

If you always get another number from the same set from some operation, the set of numbers is
closed for that operation.

To show that something is 7ot true, all you have to do is find one example to show that it doesn’t
work. This is called a counter-example.

An even number can always be written in the form 27, where 7 is an integer. Similarly, any
multiple of 3 can be written as 37 and any number that has a remainder of 4 when divided by 5
can be written as 57 + 4.

Show that integers not divisible by 3 are not closed under addition.

Solution

Try adding non-multiples of 3. 2 + 5 = 7, which is noz divisible by 3.

Try another case. 2 + 4 = 6, which is a multiple of 3.

Use the relevant fact. Since there are 2 numbers not divisible by 3 that add

up to a number divisible by 3, numbers not divisible by
3 are not closed under addition.

9780170194860
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Investigate: Computer numbers

When the first electronic computers were
being built, John Von Newmann (1903—
1957) (on the right-hand side of the
photo) analysed the problems involved
and developed astonishing insights into
how they should be constructed. He

also built his own machine to use on
mathematical problems. He is generally
credited with suggesting that electronic
computers should use binary numbers.
In binary arithmetic, the problem 5 + 3
is written as 101 + 11. This can be
machine coded as on-off-on plus on-on.
Investigate binary numbers and how they
are used in computers. What are octal
and hexadecimal numbers? How are
they used?

To show that something is true, it has to be proven for every possible case.

Example © 23

Show that odd numbers are closed under multiplication.

Solution
An odd number is a multiple of 2, plus 1.  If 2 is odd then 2 = 2% + 1 for some integer 7.

To prove that it is closed, you have to
show that the product of any two odd
numbers is odd. Let 2 and b be any two odd numbers.

Write the odd numbers in a useful form.  Choose integers # and 7 so that 2 = 2n + 1

and b = 2m + 1.
Write the product. aXb=aQm+1)
Expand using the distributive law. =2am+a
Write the last  as 27 + 1. =2am+2n+1
Use the common factor of 2. =2(am +n) +1
State the kind of number it is. 2(am + n) + 1 is an odd number because it is

in the form 2p + 1, where p is an integer.

State the result. Odd numbers are closed under multiplication.
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Example © 24

Simplify these surds.
a \/g b 4\/4—5 ¢ \/m MAT10MGVT10002
Solution
a  Write the surd. V8
Write as a product with a perfect square. =4 X2 e
Work out \/4. _ 2\/5 MAT10NACT00019
b Write the surd. 4/45
Write as a product with a perfect square. =4X/9%x5
Work out v/9. =4 X3 X5
Simplify and write the answer. =125
¢ Write the surd. /108
Use the largest possible perfect square. =36X%X3
Workout v/36. =63

Note that in Example 24 part ¢ you could write v/108 = /4 X /27 = /4 X v/9 X /3 and get the
same answer.
You can also reverse the process and write a simplified surd as an entire surd.

Example © 25

Write 5v/6 as an entire surd.

Solution

Werite the surd. 5v6
Write 5 as v/25. =25 %6
Multiply. =150

Expressions involving surds can be simplified by multiplying or dividing the surds.

9780170194860
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Example © 26

Simplify each of the following.

a V3X V11 b V6 x 10 ¢ 4/5xV15
. V120 445
d V33+y11 e W f ﬁ
Solution
a Write the problem. V3 X V11
Multiply. =33
b Write the problem. V6 X /10
Multiply. =60
Write as a product with a perfect square. =4 x+\15
Simplify. — 215
¢ Werite the problem. 4/5 X /15
Separate v/15. =4 X\53XV53%X3
Use v5 X /5 =5. =4X5X%X3
Simplify. =203
d Werite the problem. V33 + V11
Divide. =3
e Write the problem. %
Divide. =12
Werite as a product with a perfect square. = V4 X3
Simplify. =23
. 445
f Write the problem. 55
- 4X/9%x /5
Simplify 1/45. = Tl
Y4x3x\/5
Work out v/9 and cancel. = “Ex 5,
Simplify. =3orlj

You can add or subtract surds if the number in the surds is the same. It is similar to adding and
subtracting like terms in algebra. If necessary, you can simplify the surds first.
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Example © 27

Simplify the following if pOSSible.
urds
a 3V7+2V7 b 5V12 - V27 ¢ V54 V15

MAT10NAPS00043

Solution
a Treat as 3x + 2x. 3VT+2V7=5V7
b Write the problem. 5v12 — /27
Simplify v/12 and v/27. =5XV4xXV3-V9%x3
=10v3-3V3
Treat as 10x — 3x. =7V3
¢ /15 cannot be simplified, so leave. V5 + /15 cannot be simplified.

You could write Example 27 part ¢ as v/5(1 + v/3) but this is not simpler.

It is not usual to leave an answer with surds on the bottom of a fraction. The fraction should
be rationalised by multiplying the top and bottom of the fraction (which is just the reverse of
cancelling down) by any surds on the bottom of the fraction. This is called rationalising the
denominator.

Example © 28

Simplify the following by rationalising the denominator.

1 b 1 15 d V2 5v2
a —— _ ¢ — — - yv-
V2 V12 V5 V5 3V5
Solution
1
a  Write the problem. 7 Y
Multiply top and bottom by v/2. = % X 7;
Simplify your answer. v2 X /2 = 2 = ?
1
b Write the problem. N7
Multiply top and bottom by v/12. _ b X @
viz o V12
12
12
Simplify your answer using v/12 = 2+/3. = /12\?
Write your answer. = ?
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1
¢ Write the problem. 755
. 15 5
Multiply top and bottom by /5. = x =
155
5
3
Cancel. = 1/:_1\/5
Write your answer. =35
2
d Write the problem. é
. V2 5
Multiply top and bottom by /5. =— X =
ultiply top y 5 s
Werite your answer. It cannot be B V10
simplified further. T 5
5v2
Write the problem. —
e e the proble W
Multiply top and bottom by /5. _5V2 V5
35 V5
_5V10
15
1
*5v1
Cancel. = i\;—ﬁ
1
Write your answer. = Q

Exercise 1.3 Real numbers

Understanding 1 For each of the following, state whether it is a surd.

y a b b V1 c V9 d V21
Extra questions
‘v F Vo 8 V09 h V0
MAT10NAEQO0035 i v/0.04 i Vi21 k V121 1 V250
See Example 24 2 Simplify each of the following.
a V12 b V20 ¢ V36 d V32
e V27 f V28 g V54 h V72
i V% j V120 k V112 I V392
See Example 25 3 Write each of the following as an entire surd.
a 2v6 b 3v5 ¢ 43 d 5v7
e 62 f 83 g 311 h 7V10
i 5V13 i 6/14 k 45 1 310
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10
11
12
13
14

15

16

17

9780170194860

State whether each of the following is probably rational or irrational. Fluency
a 125 b 0.111... c 157183 ... See Example 21
d 2.18181... e 1.12342... f 1356
g 727273 ... h 352222... i 1565
j 0.85666... k 124.387 219.... | 41421412 ...
Simplify the fo]lowing. See Example 26
a V3X42 b V4AX+7 ¢ V53xV6 d V3x/11
e V11x11 f V28X /21 g V10X /20 h v24x /18
Simplify these products.
a 23 X35 b 8V7x6V6 ¢ 4V/13x52 d 3V5x4\/5
e 2V3X7\/3 f 4v5%3V10 g 5V X214 h 4v3 %512
Simplify these quotients.
V24 V240

V333 b — VA5+/15 d “—
a e c /%0
. V20 £ 3738417 o 4v/80 , 836

V5 210 412

15V72

— j 25V120+15y/15

2018 ' Vi
Simplify if possible. See Example 27
a V5+3/5 b 4v3+6V3 ¢ 5V/13 -2V13
d 85 -45 e 12v7-6V7 f 4v10+3v20
g 4V/6+7V5-3\5 h 3v2+6V5-2vV2 4+ 45
Show that integers not divisible by 3 are not closed under subtraction. Problem solving
Show that the set {1, 2, 3} is not closed under addition. See Example 22

Show that the set {71, 0, 1} is not closed under addition.
Show that prime numbers are not closed under either addition or multiplication.
Show that multiples of 5 are not closed under division.

Show that numbers that have a remainder of 2 when divided by 3 are not closed under
addition.

Show that numbers that have a remainder of 2 when divided by 3 are not closed under
subtraction.

Simplify the following.

a V2+8 b V27 -3 c V5+125 d V11 + 44

e 3V12++v27  f 93 -2/48 g 810 — /250 h 9v7 +3v28
Simplify the following.

a 5vV2+6V8+1/32 b 4v27 — V128 + 2

¢ 2v28+ V204 V125 d V40 + V72 - 3+/32 + /250

e 3v45 — 72+ 6v/8 —2v/20 f 4v/63 +3v20 — 2¢/28 +3/80
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Reasoning 18 A square floor tile has an area of 15 cm?. Find an expression for its side length.

SeeExample 25 19 Show that odd numbers are not closed under addition.
20 Show that the set {71, 1} is closed under multiplication.
Worked solution @ Show that the set {1, 0, 1} is closed under multiplication.
@ Show that odd numbers are not closed under subtraction.

MATTONAWS00036 23 Show that even numbers are closed under multiplication.

24 Show that even numbers are not closed under division.

25 A new operation called malition (symbol #) is made up. Two numbers are malited by adding
their product and sum. For example, 3 #4 = (3 X 4) + (3 +4) = 19.
a Are even numbers closed under malition?
b Are odd numbers closed under malition?

¢ Are integers closed under malition?

26 Make up an operation that is closed for prime numbers.

27 Simplify the following.

a 3v20 —3+/50 — 327 — 2v/45 — /72 —\/12
b V3 —2V80—4v2 —2V108 + V125 — 4V2
¢ V20 +4v8 — V12 +4v5 — /50 +2V/75
d 2/80 +2v/216 + 44/108 — 2/5 — 21/216 + 3112
28 Simplify the following.
a 3v216 —3v/20 — 21/32 + /6 4+ 3/80 + /18 +31/24 +31/180
b 2v96 — 4v/2 + /48 4 324 + 4/32 + 412 + 324 + /50
¢ 2V/338 43432 + /54 4 3450 + 41/48 — 4y/150 4 21/32 — 4/300
d 4720 — 41600 — 41/32 — 44/20 + 3+/6 + 3+/450 + 3+/320 — 31/1350

SeeExample 28 29 Simplify the following by rationalising the denominator.

aL bL ci
V5 V8 V2
4> e VB ¢ V6
V3 V2 V2
Ve L OV3 . Ve
& V10 27 ' Vo2

Worked solution @ Find an expression for the length of fencing needed to enclose each of these yards.
Exercise 1.3 a ‘ b

MAT10NAWS00036

96 m2 r 132 m2
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® A repeated multiplication may be written as a power. The number multiplied is written once Qufe
as the base. The number of times it is in the multiplication is written as the small index
(exponent) at the top right. The extended form of a power has the multiplication written out

in full.

e A square is a power with index 2, and a cube has index 3.

Numbers and powers

MAT10NAQZ00001

¢ The index laws are that for any numbers @ and 4 and any indices 7z and #:
1 ”Xd'=a""" 2 &7 +d"=4a""" (for m > n)
3 @) =d" 4 (ab)" = d"b"
Note: 772 and # are integers and a # 0, b # 0.

¢ The definition of powers can be extended to:

A =1landa” = ;In for any integer 7 and any base a except zero (a # 0).
?
a' = {/(a?) = (¢a)’ where p is an integer, ¢ is a positive integer and 4 is positive.

e The nth root of a number x is written using the surd symbol as {/x. It is the new number y
that must be raised to the #th power to give x, so y” = x. The square root, \/x , is written
without the index number. The third root, s called the cube root.

e Logarithms have the following laws:

log;, xy = log,, x + logy, y log,, % =log,x —log,y  log,x” = nlog, x

1_
log,1=0 log, b =1 log; 5 = — log, x
log, x

e The change of base theorem says that log, x = on
0L,

e Logarithms may be used to solve exponential equations arising from exponential functions.

® A recurring decimal is a decimal that has one or more digits that repeat forever. We show that
digits are repeating by putting a bar (or dots) over the repeating digits. A terminating decimal
is a decimal that is not recurring, but comes to an end.

® A rational number can be written as a fraction. It is also a terminating or recurring decimal.

® An irrational number is not rational. It cannot be written as a terminating or recurring
decimal. An irrational number cannot be expressed as a fraction.

e The rational and irrational numbers together make the real numbers and fill the number line.

¢ The positive integers, counting or natural numbers are 1,2, 3,4,5,6,7, ... . Even numbers
divide exactly by 2, and odd numbers don’t. Prime numbers have exactly two different factors:
themselves and 1. Composite numbers have more than two factors.

e A surd is an irrational number that is a root of a rational number, such as /5.

e Surds can be simplified by writing the number as a product of a perfect square and another
number. The reverse process is used to write an entire surd.

¢ Surds can be multiplied or divided to simplify expressions. Surds can be added or subtracted
by treating them as algebraic variables.

e If you always get another number of the same kind from some operation, those numbers are
closed under that operation.

¢ Rationalising the denominator is a process of simplifying fractions that contain surds in their
denominators by multiplying the top and bottom of the fraction by any surds on the bottom of
the fraction. This makes the denominator rational.
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Understanding
See Example 1

See Example 2

See Example 3

Fluency

See Example 3

See Example 6

See Example 7

See Example 8

See Example 10

See Example 21

See Examples 18, 19

See Example 20

10

11

12

13

14

Use the index laws to simplify the following, leaving your answers with positive indices.

a 510 %527 b 611 x ¢ ¢ 5 =57

Work out each of the following.

a V81 b V625 ¢ /10000
Simplify each of the following and leave your answer in index form.

a (3x5)* b (7 x4) c (5x11)

Find each of the following.

a V343 b V225 c V8l

Use the index laws to simplify the following, leaving your answers with positive indices.
a 7 +7 b 23" x 23’ x 237 c (117"

Use a calculator to find each of the following, correct to 2 decimal places.
1

1 1 1
a 40° b 736’ c 39
Simplify each of the following expressions and leave them in index form.

293 % 52 2 -2\ 4
a (7PXx57) b 220 : (@> _(7_>
(573 X 27-2) 11 2
Simplify each of the following expressions and leave them in index form.
-3 %35 -8 % 8
a 163 X 4'73 X 4872 57374 C 5—2072
(374X 15%) (104 % 25%)

Simplify each of the following expressions. Write your answers with positive powers.
a (xy )™ b a2 xa’+a? c (36pig?) + (216p%g2)
Simplify the following.
a x> Xx® b 20&" + 4k’ ¢ (34'%%)
d 614 X 9¢7 14° X 92

125 ¢ 21X 49
Simplify the following.

24p>g X 3p°q~> b 94X 1272 x &

27p-%4" 183
¢ 8173 d 54°
State whether each of the following is probably rational or irrational.
a 0.666 ... b 67.501 ¢ 1.236 067 977 ...
d 4192192 ... e 6.283185307... £ 1.7706
Evaluate each of the following.
a log, 32 b logs 0.04 ¢ logy 50

Simplify log; 21 + log; 98 — log 6.
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15
16

17

18
19

20

21

22

23
24
25
26
27

28

Chapter 1 review

Express 4/7 as an entire surd. See Example 25
Sin’lplify each of the fOHOWiIlg. See Examples 24, 26,
a \/g b \/6_3 c \/8 X \/ﬁ 27

d 2V15 x V24 e 63%/? f 8V6—5V7+4V7-3V6

Show that numbers that have a remainder of 2 when divided by 3 are not closed under Problem solving

multiplication. See Example 22
Simplify 5v/2 + 3/18 — 21/32.

Find the values of each of the following. See Example 18
a log; 243 b log, 0.015 625 ¢ logy 32

Use log 5.677 = 0.7541 to find the following. See Example 12
a log 56.77 b log 56 770 ¢ log 0.005 677 d log 0.000 005 67

Use your calculator to find the logarithm of 415 and use it to find the logarithms of the See Example 13
following.

a 4150 b 0.000 415 c 41500 000 d 0.000 000 000 415

Given that log 7.5 ~ 0.8751 and log 63.7 ~ 1.8041, find See Example 14
a log (7.5 X 63.7) b log (63.7 + 7.5)

Using the 10* button on your calculator, find:

c 75 X 63.7 d 63775

e Setout 125.36 + 19.87 as it would have been done using logarithms.
f Set out 23.55 X 35.22 as it would have been done using logarithms.

Show that log), x + log;, » = log,, xy Reasoning

Show that log, x” = nlog, x See Example 16

Show that log, 6" = n

Show that even numbers are closed under addition. See Example 23
Simplify the following.

a 4V2+4v3-2v20 -2V72 - 2v/12 + 245

b 2v24+2v2 +2v125 — 224 — 2¢/8 — 31/80

¢ 4V27+3V5 4454 — /15 — 3120 — 96 + 3V75 +2/5

d 250 — /54 — 2/5 +4v/72 + 3216 — /320 + /450 + 2V/1176

A box has a square base, a volume of 51 840 cm’ and a height of 30 cm. Find an expression
for the side length of the box.
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Australian Curriculum statements

Chance

Investigate reports of studies in digital media and elsewhere for
information on their planning and implementation. (10A)

Data representation and interpretation

Determine quartiles and interquartile range. (10)

Construct and interpret box plots and use them to compare data
sets. (10)

Compare shapes of box plots to corresponding histograms and dot
plots. (10)

Use scatter plots to investigate and comment on relationships
between two numerical variables. (10)

Investigate and describe bivariate numerical data where the
independent variable is time. (10)

Evaluate statistical reports in the media and other places by linking
claims to displays, statistics and representative data. (10)

Calculate and interpret the mean and standard deviation of data and
use these to compare data sets. (10A)

Use information technologies to investigate bivariate numerical data
sets. Where appropriate use a straight line to describe the
relationship allowing for variation. (10A)
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Statistics

MAT10SPVT00002

Weblink

Kaggle: Data science
competitions

MAT10SPWB00002

TLF Learning object

Australia’s population
dataset (M007102)

MAT10SPIN00002

Maths dictionary

MAT10ASDI00001

The modern world is an information world. Governments, credit bureaus, banks and marketeers

collect and use information about how we live, where we live, what we buy and what we desire.
You can tap into information at home and elsewhere at any time using the Internet. We use
statistics to collect, display and analyse information.

Statistics is used to work out the needs of particular parts of the Australian population, as well as
what is likely to happen in the future. In medicine, statistics is used to investigate diseases and
their treatment. Governments and other agencies use statistics to decide where to put new

developments, and businesses use them to design ad campaigns and to target consumer groups for

particular shares.

sales of particular products. Investment firms, trusts and fund managers use statistics to decide
what stocks they should buy on the share market and how much they are willing to pay for

- Mathematical literacy

The mathematical words below have special meanings that you will learn in this chapter. It is
important that you learn to spell them and gradually learn what they mean in mathematics.

You may find the glossary or online mathematical dictionary useful for this purpose.

back-to-back
bias
bimodal
bivariate
box-and-whisker
plot
boxplot
categorical
central tendency
class centre
continuous
cumulative
frequency
discrete
extrapolation

fair

first quartile

five number
summary

interpolation

interquartile range

line of best fit

line of regression

lower quartile

mean

mean deviation

median

mode

negative
relationship

negative skew
nominal
non-compliant
numerical
ordinal
outlier
population
positive
relationship
positive skew
quartile
range
relationship
sample
scatter plot

side-by-side
skewed

spread

standard deviation
strong relationship
survey
symmetrical

third quartile

two means method
two-way table
univariate

upper quartile
weak relationship

Calculating and interpreting

data measures

There are many ways to measure numerical data, but fewer methods of measuring categorical data.

Data types

Categorical data places the information in categories such as colour, sex and nationality.
There are two kinds of categorical data.
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Nominal data has no numeric meaning or order.

Ordinal data has a natural order, but does not represent a measurement.

Numerical data consists of numbers. There are two kinds of numerical data.

Continuous data can take any value between the smallest and largest values, so we may need
to show how accurate it is.

Discrete data can only have particular values. In most cases, the values are whole numbers.

Data measures

The mode is the score with the highest frequency. It is the most common score, so it occurs
more often than any other score. Where there are two scores with equal highest frequencies,
we say the distribution is bimodal. The mode can be used for any type of data.
The median is the #7zddle score. To find the median, all scores are arranged in order from
smallest to largest and the middle score is chosen. If there are an even number of scores, then
the average of the middle two scores is used. When there are a large number of scores, the
progressive total of frequencies (the cumulative frequency) is used to work out the median.
The median is the 71 L score. The median can be used for ordinal, discrete or continuous
data. 2
The mean () is the average score. It is calculated by adding all the scores and dividing by
the number of scores. It can be used for discrete or continuous data, but may give unfeasible
values for discrete data.
For numeric data, the range is the difference between the highest and lowest scores. For
categorical data it is the number of different scores.
The quartiles of a frequency distribution divide it into 4 equal sections.
The first quartile (lower quartile) is the score that has a quarter (25%) of the scores below it.
Its symbol is Q1 or Q.
The second quatrtile is the score that has two quarters (50%) of the scores below it. It is
another name for the median. It can be written as Q2 or Q,.
The third quartile (upper quartile) is the score that has three quarters (75 %) of the scores
below it. Its symbol is Q3 or Q;.
The interquartile range (IQR) is the difference between the third and first quartiles. It can
be worked out for ordinal and numeric data.

IQR = 03 — 01
The mode, mean and median are all measures of central tendency, while the range and
interquartile range are measures of spread.

The mathematical symbol X, which means ‘the sum of’ can be used to write the formula for the

mean as ¥ = =X — g—}c, where x stands for a score, # is the number of scores and f stands for a
n

frequency.
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Example 1

The hair colours of a class of Year 10 students in Ireland were as follows.

Dark Brown, Red, Blonde, Dark Brown, Blonde, Celtic Bronze, Black, Blonde, Dark Brown,
Light Brown, Light Brown, Dark Brown, Black, Light Brown, Blonde, Black, Blonde,

Light Brown, Blonde, Blonde, Red, Dark Brown, Dark Brown, Blonde, Light Brown,
Blonde, Strawberry Blonde

Find the mode and range.

Solution
Make a frequency table of the colours. Colour Frequency
Black 3
Blonde 9
Celtic Bronze 1
Dark Brown 6
Light Brown 5
Red 2
Strawberry Blonde 1
Total 27

State the colour with the highest frequency. The mode is Blonde.

How many different colours are there? The range is 7.

A class of Year 10 students were ask to rank takeaway chicken, chips, hamburgers, kebabs
and pizza in order of their preference from 1 to 5, with 1 being the best. The results for
pizza are as follows:

1,2,1,2,1,5,2,2,4,4,4,1,4,1,1,3,4,3,3,3,3,4,2,2,2,3

a Find the median and mode for pizza.

b Which is the best measure of pizza’s popularity?

¢ Is this sample sufficient to make good conclusions?
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Solution
a Arrange the results in order. 1,1,1,1,1,1,2,2,2,2,2,2,2,3,3,3,3, 3,
3,4,4,4,4,4,4,5
There are more 2s than anything else. ~ The mode is second preference.
The middle 2 scores are 2 and 3. Median = % =25
b The data is ordinal. The best measure is the median. Pizza is 2nd
or 3rd in popularity.
¢ Only the pizza results are given. The results are incomplete, and the sample is

quite small.

The preferences in Example 2 are not really numbers. Preferences are ordinal data, so it is not
sensible to calculate a mean.

A table with frequencies can be used to find the mean and median. In that case, the total of all the
scores is the total of the score X frequency column. This is written as Xxf.

The marks of some Year 10 students for an English essay were as follows.
10,16, 12, 13, 10, 13, 10, 18, 11, 15,9, 17,7, 14, 11, 13, 10, 19, 11, 15, 8, 16, 12, 19, 10, 13, 9

Statistics

Find the mean, median, mode and range for the essay marks. MAT10SPTI00002
Solution Score | Frequency Cumulative
| S B R e
Make a frequency table with 5 1 ; 1 MAT10SPCP00002
score X frequency and 3 1 3 5
cumulative frequency columns.
9 2 18 4
Excel worksheet:
10 5 50 9 Finding the mean for
11 3 33 12 grouped data
12 2 24 14 MAT10SPCT00001
13 4 52 18
14 1 14 19 :
moae
16 2 32 23 MAT10SPPS00044
17 1 17 24
18 1 18 25
19 2 38 27
Totals 27 341
10 has the highest frequency. The mode is 10.
There are 27 scores, so the 14th score
has 13 either side of it. The median is 12.
Find the total. xf = 341
There are 27 scores to find the mean of. Mean, x = g—; = % ~ 12.63

The lowest mark is 7 and the highest is 19. Range =19 — 7 = 12
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Strictly speaking, it is only possible to find quartiles exactly when the total frequency is a multiple
of 4. As a result, there is some disagreement among statisticians about how quartiles should be
calculated. Different methods may give slightly different values for the interquartile range.

Finding quartiles

To find the first quartile, find the median of the first half of the scores (below the median).

ntl n+2 th score for # even.

For a frequency table, this is the th score for 7 odd and the

To find the third quartile, find the median of the second half of the scores (above the

3n+3 3n+2
4 4

median). For a frequency table, this is the th score for 7 odd and the th score

for # even.

Example &4

Find the median, quartiles and interquartile range for each of the following sets of scores.
a 13,19, 14,17, 14, 16, 12, 21, 15, 16, 15, 24, 14, 18, 14, 20, 14, 18, 13, 18, 14, 26, 15, 22
b 8, 17,11, 17,11, 15, 10, 12, 11, 13, 12, 12, 7, 14, 7, 17, 8, 20, 12

© xl11712113 11415 161718 19]20]21 22 123 124 25 2627282930
fi1r/1/0 2 0 2/3/2 311 344/ 1 1 3 1 01

d lxl9l10/11 1213 1415 16|17 18]19 20]21 |22 23
S1 2 232 211 1,3/ 2 4 1 0 4 3

Solution
a Put the 24 scores in order and divide 12, 13, 13, 14, 14, 14, 14, 14, 14, 15, 15, 15 |
in two. 16, 16, 17, 18, 18, 18, 19, 20, 21, 22, 24, 26
Find the median. Median, Q2 = b ; 16 =155
Divide the scores before the median
in two. 12, 13, 13, 14, 14, 14 | 14, 14, 14, 15, 15, 15
1 1
Find the first quartile. First quartile, Q1 = 4 —2|— 4 14
Divide the scores after the median
in two. 16, 16, 17, 18, 18, 18 | 19, 20, 21, 22, 24, 26
. . . . . 18 +19
Find the third quartile. Third quartile, Q3 = =185
Find the interquartile range. IQR=03-01=185 - 14=45
Write the results. Median = 15.5, Q1 = 14, Q3 = 18.5,

IQR =45
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b Put the 19 scores in order and divide 7,7,8,8, 10,11, 11, 11, 12, 12, 12, 12, 13, 14,

in two. 15, 17, 17, 17, 20
Find the median. Median, Q2 = 12

Divide the scores before the median

in two. 7,7,8,8,10, 11, 11, 11, 12

Find the first quartile. First quartile, Q1 = 10

Divide the scores after the median

in two. 12, 12, 13, 14, 15, 17, 17, 17, 20

Find the third quartile. Third quartile, Q3 = 15

Find the interquartile range. IQR=03-901=15-10=5

Write the results. Median = 12, 01 =10, 03 = 15,IQR =5

¢ Rearrange the table so that the scores Score x| Frequency f| Cumulative frequenc
. . . x
are listed vertically and include a quency quency

. 11 1 1
cumulative frequency column.
12 1 2
3f = 34, so there are 34 scores. 3 0 P
14 2 4
15 0 4
16 2 6
17 3 9
18 2 11
19 3 14
20 1 15
21 1 16
22 3 19
23 4 23
24 4 27
25 1 28
26 1 29
27 3 32
28 1 33
29 0 33
30 1 34
Total 34
.. 34 +1 .
The median is the = 17.5th score.  The 17th and 18th scores are both 22, so median = 22
2 2
34 is even, so use i :‘r for Q1. Q1 is the 34% = 9th score.
Find Q1. The 9th score is the last 17, so Q1 =17
2 X 2
34 is even, so use Sn:- for Q3. Q3 is the 3x34+2 3: re_ 26th score.
Find Q3. The 26th score is the third 24, so Q3 = 24
Find the interquartile range. IQR=03-01=24-17=7
Write the results. Median = 22, Q1 =17, 03 = 24,IQR =7
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d Rearrange the table so that the scores
are listed vertically and include a
cumulative frequency column.

3f = 41, so there are 34 scores.

41 +1
The median is the + = 21st score.

n+1
4

for Q1.

41 is odd, so use

Find Q1.

3”: > for Q3.

41 is odd, so use

Find Q3.

Find the interquartile range.

Write the results.

Score x | Frequency f| Cumulative frequency

9 1 1
10 2 3
11 2 5
12 3 8
13 2 10
14 2 12
15 11 23
16 1 24
17 3 27
18 2 29
19 4 33
20 1 34
21 0 34
22 4 38
23 3 41
Total 41

The 21st score is the third last 15, so
median = 15

1
4+ = 10.5th score.

Q1 is the

The 10th score is the second 13 and the
11th score is the first 14, so

13+ 14
01= 3; ~ 135

3X41+3

3 is the = 31.5th score.
Q

The 31st and 32nd scores are the middle

19+19
19s,s0 Q3 = —; =19

IQR = Q3 — Q1 =19 — 135 =55

Median = 15, Q1 = 13.5, Q3 = 19,
IQR =5.5
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When you find the mean from a grouped distribution you need to use a value in the group to
represent all values in the group. It is usual to use the class centre; the middle of the group.

Use the table below of 100 m sprint times for a group of Year 10 students to find the
average time.

Time (s) 10-14 | 15-19 | 20-24 | 25-29 | 30-34 | 35-39
Frequency 3 23 18 14 5 2

Solution

Rearrange the table vertically and put in

Time (s) | Centre x Frequenc 5
the true score groups and class centres. quency f| xf

9.5-14.5 12 3 36
Extend the table to include xf. 145-195 17 23 391
Add the frequencies. 19.5-24.5 22 18 396
Add the score X frequency column. 245-295 27 14 378
29.5-345 32 5 160
345-39.5 37 2 74
Totals 65 1435

Calculate the mean. Mean = 1:% ~221s

Examination of the minimum, first quartile, median, and maximum of a set of data can indicate
important information about the distribution.

Important!

Five number summary and distribution shapes

The five numbers; the minimum, first quartile, median, third quartile and maximum

(Q0, Q1, 2, O3, O4) of a frequency distribution are called the five number summary.

A symmetrical distribution is roughly the same shape on either side of the middle. The mean,
median and mode are about the same.

A skewed distribution is spread out more on one side of the median than the other.

A distribution that is skewed to the left is spread out more below the median than above the
median. The mean is below the median and the mode usually above the median.

If the scores are spread more on the right, it is skewed to the right. The mean is above the
median and the mode usually below the median.

Skewed left Symmetrical Skewed right
Median Median Median

IR e L 1
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Some distributions have two high parts. These are called bimodal distributions, although

they don’t always have two actual modes.

Bimodal

You can use the five number summary to see if a distribution is likely to be skewed or symmetrical.
A skewed distribution will have greater distances on one side of the median than the other.

a Find the five number summary for 30, 39, 30, 36, 34, 37, 25, 39, 21, 35, 33, 38, 33, 35,
34,36, 30, 36, 35, 37, 32, 38, 33, 40, 35, 40, 22, 37, 33, 37.

b Comment on the five number summary for a.

¢ Find the five number summary for 7, 15, 10, 17, 7, 15, 5, 17, 10, 20, 8, 13, 7, 15, 6, 17,

10, 15, 8, 12, 6, 14, 12, 14, 12.

d Comment on the five number summary for c.

Solution

a  Write the scores in order.

Divide into 4 parts.

Write the five number summary.

b Look at the position of the median.

Comment on the distribution.

¢ Write the scores in order.
Divide into 4 parts.

Write the five number summary.

d Look at the position of the median.

Comment on the distribution.

21, 22, 25, 30, 30, 30, 32, 33, 33, 33, 33, 34, 34,
35, 35, 35, 35, 36, 36, 36, 37, 37, 37, 37, 38, 38,
39, 39, 40, 40

21, 22, 25, 30, 30, 30, 32, 33, 33, 33, 33, 34, 34,
35, 35 | 35, 35, 36, 36, 36, 37, 37, 37, 37, 38, 38,
39, 39, 40, 40

The five number summary is 21, 33, 35, 37, 40.

35 — 21 = 14 and 40 — 35 = 5, so the bottom
half of the range extends further than the top half.

The distribution is probably skewed to the left.

5,6,6,7,7,7,8, 8, 10, 10, 10, 12, 12, 12, 13,
14, 14, 15, 15, 15, 15, 17, 17, 17, 20

5,6,6,7,7,718, 8, 10, 10, 10, 12, 12, 12, 13,
14, 14, 15, 15 | 15, 15, 17, 17, 17, 20

The five number summary is 5, 7.5, 12, 15, 20.

20 — 12 =8 and 12 — 5 = 7, so the distribution
is fairly balanced either side of the median.

The distribution is probably symmetrical.
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Investigate: Use of technology

You can use digital technology to find the mean, median, mode, range, quartiles and
interquartile range of a set of data. Scientific calculators can usually be used for at least the
mean. Some will calculate all of these measures. Unfortunately, different technologies use
quite different methods for data entry and retrieval of the information. They may also use
different methods of calculation of the quartiles. The following small sets of data can be
used to work out which method your calculator uses to find the quartiles.

Use both data sets to find which method your calculator uses.

Set A: 4,8, SetB:4,8,

12,16,20 12, 16,20, 24 01 03

01 03 01 03 Method| zodd @ zeven | #odd n even
6 18 7 21 1 (n+1)/4 | (n+1)/4  B3n+3)/4 | B3n+3)/4
8 16 8 20 2 (n4+3)/4 | (n+2)/4 | Bn+1)/4 | Bn+2)/4
6 | 18 8 20 3 (n+1)/4 | (n+2)/4 | B3n+3)/4 | 3n+2)/4
4 16 8 20 4 (n+1)/4 | (n+1)/4  B3n+3)/4 | B3n+3)/4
8 16 9 19 5 (n+3)/4 | (n+3)/4 | Bn+1)/4 | Bn+1)/4

In this book, method 3 is used to calculate quartiles.

For typical numerical data, the mean is used as the measure of the centre because it is calculated
using all the data. The range and interquartile range use only a few data points.

Mean deviation and standard deviation

The mean deviation of a set of data is the average of the absolute values of differences of

Slx—3

8 G . 7
The standard deviation of a set of data is the square root of the average of the squares of the
differences of each data item from the mean.

x — %) x?
“=¢Z(n ):¢%z‘@f

The symbol for standard deviation is the Greek letter sigma, o.

each data item from the mean. The formula is

The formula is

The use of the absolute value in the mean deviation makes calculation more difficult, so although
this is intuitively more attractive it is rarely used. Your calculator may use the symbol s instead of
sigma. The second formula is easier to use than the first one.
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Example © 7/

Find the mean and standard deviation of these scores: 4, 7, 3, 5, 4, 8, 3, 10.

Solution
Find the total. Total=4+7+3+5+4+8+3+10=44
Find the mean. x= L _ 4 55
n 8
Method 1
Find the values of (x — ). (x — %) are ~ 1.5, 1.5, "2.5, 0.5, ...
Find the value of 3 (x — %)°. D -7 = (15" +15+ (7257 + ..
=46
—\2
Divide by 8. LX) 46 5
n 8
\2
Find the square root. c= M =575 ~ 24
n
Method 2
Find the total of x°. Sx%P=16+49+9+ 25+ 16 + 64 + 9 + 100
= 288
2
2
Divide by 8. 2 2885
n 8
2
Subtract (%)°. X (%)?=36—5.52 =575
n
sz 2
Find the square root. c= — ()" =575~ 24
n
Werite the answers. The mean is 5.5 and the standard deviation is
about 2.4.

If you are using a frequency table, you need to multiply the values by the frequencies. A frequency
table should be extended to include xf and x?f columns if you use it to work out the mean and
standard deviation. 3f is used instead of 7, Zxf instead of Zx, and Zx*f instead of Zx? in the
formulas.
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Example © 8

Find the mean and standard deviation for the following table of learner driver test scores.

Score 20 | 21 |22 123 2425 26|27 28|29 30

Frequency | 6 ' 1 | 4 4 | 7 | 5 |11 | 16

Solution

Rearrange the table so that the scores are
listed vertically and put in xf and x*f

X
columns.

20
21
22
23
24
25
26

2
>f

Substitute and calculate. = % =

Write the formula for the mean. x=

Write the formula for the standard

S,
o= ,—— (¥
deviation. >f
62 925 2
=\ T~ (263)

Enter as 62925 (2 90 E) 263 (= )

Substitute and calculate.

15

S
6
1
4
4
7
5

11
16

263

6

Score | Frequency | Score X

freq xf

120
21
88
92

168

125

286

432

420

435

180

2367

V(62925+90-26.39)
2.73u34guos

Write the answers.

The mean and median do not make sense for nominal data, even if it is coded by numbers. While
the mean uses all the scores, its value can be dramatically changed by one or two very large or
small scores. The median is not changed much by large or small scores.

You should use the measure of central tendency that suits your purpose. The mode is the 7205t popular
score, the median has half the values on either side and the mean is based on the zozal.

The median should be used for numeric data where a few very large or very small values may distort the

value of the mean.
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Score? X
freq x*f

2400
441
1936
2116
4032
3125
7436
11 664
11760
12 615
5400
62 925

The mean is 26.3 and the standard deviation
is about 2.73.




Example 9

Which measure of central tendency should you use for incomes in each of the following cases?

a  You want to know whether the people in a town can afford to build a public pool.

b You want to know whether many people in a town will be able to afford to buy paintings
for their homes.

¢ You want to know what tax rate is paid by the most people in a town.

Solution

a In this case, it is the income of the whole =~ The mean income should be used because
town that is important. it is about all the people.

b In this case, it is the income of a The median income should be used to
proportion of the people that is work out how many people will have spare
important. money.

¢ The tax rate is determined by the income =~ The mode should be used to work out the
bracket. most common income bracket.

It is important for you to know that people often think something with a number must be true.
A media report that says a survey showed that 64% of Australians were opposed to the use of
nuclear energy could be very significant. However, if the survey was badly done or a very small
sample it would not necessarily be true. The result by itself does not tell you whether you should
take any notice of it. Larger samples are more reliable than smaller samples.
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Example © 10

A current affairs TV program interviewed robbery victims who were upset by the sentences
the courts gave their attackers. They asked people to SMS two numbers to say Yes or No to
mandatory sentences of 5 years for armed robbery. The next night they reported that 70%
of the people who phoned in supported the proposal. Coincidentally, a phone survey of
2000 people spread across the state on the same subject by a polling company reported that
only 38% supported mandatory sentencing, with an uncertainty of 4%. The TV host said
their own survey had received 5320 SMSs, and they had made sure no-one could ring twice.
Explain the differences in the results and suggest which is most likely to be correct.

Solution

Only voters can directly influence The surveys should be directed to people of voting
laws. age, as their views determine elections and laws.
Phone sutveys are not as good as Neither method is particularly good as you do not
interviews or personally delivered really know who is answering a phone call, so you
forms. don’t know if the person is an adult.

Groups with a particular view may A ring-up TV survey is liable to be targeted by
coordinate survey responses if they  pressure groups making organised responses, so it is

can. possible for the results to be very biased.

Polling companies choose a The group of people picked by the polling

representative sample. organisation is probably an unbiased group.

The uncertainty is worked out The 4% uncertainty assumes that the group of

from the size of the sample. people that answered are mostly those picked.

Write a conclusion. Only people who are very interested will ring up the
TV station, so the polling survey is more likely to be
correct.

Exercise 2.1 Calculating and interpreting data measures

1 Find the mode and range for each of the following sets of data. Understanding
a Yellow, Yellow, Black, Green, White, Green, Blue, Black, White, Green, Yellow, Green, _
Yellow, White, Blue, Green, Blue, Orange, Blue, Red, Red, Yellow, Yellow, Red
b Germany, Germany, Greece, Greece, Germany, Greece, Holland, India, Australia, Italy, Exercise 2.1
Australia, Vietnam, Vietnam, Australia, Australia, Germany, New Zealand, Australia, Holland MAT10SPEQO0004

¢ Mountain, Desert, Riverine, Plains, Coastal, Forest, Coastal, Desert, Desert, Desert, See Bxample 1

Coastal, Desert, Desert, Forest, Riverine, Plains, Forest, Desert, Riverine, Mountain,
Forest, Plains, Plains

d Oliver, Jack, Noah, Noah, Ethan, Joshua, Cooper, William, Ethan, William, William,
Lachlan, Oliver, Cooper, Jack, Joshua, Lachlan, Thomas, Noah, Lachlan, Jack, Jack, Noah,
Oliver, Jack, Cooper, Thomas, Lachlan

e Charlotte, Olivia, Isabella, Ruby, Olivia, Ruby, Chloe, Isabella, Olivia, Charlotte, Olivia,
Ruby, Ruby, Chloe, Isabella, Olivia, Chloe, Charlotte
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See Example 2 2 Find the median and mode for each of the following sets of ordinal data.

a 6,52,6,3,4,6,4,3,4,4,3,4,2,2,3,7,2,4,2,4,7,4

b B,C,C,C,E,C,C,E,E,E,A,C,D,B,A,C,C,C,D,D,C,C,D,C,E

c N,A A SAJD,N,A,D,N,N,A,D, A, A,SD,A,A,SD,N, A, A, A, A, A, A, A AN,
N, A, SA,N,N,N,N,A,D,N, A, A
*k do e ek ,'\_j’_ sk el bk

e PG, PG, M, M, X, PG, MAI5+, X, PG, M, M, MA15+, M, G, M, PG, X, PG, M, PG, G,
MA15+, MA15+, X, PG, PG, PG, G, M, M

See Example 3 3 Find the mean, median, mode and range for each of the following sets of data.
a 7,3,2,1,9,10,3,10, 11 b 8 11,8, 16,7,19,9,13,7, 14,8, 10

¢ | Score 314 5/6/7/8 910 1112|1314 1516|1718 19|20
Frequency |1 /3|3 /214|564 3322 2|10 0 2

d | Score 30313233 3435|3637 38|39 40 41 42 43 44 45 46 47 4849

Frequency 6 '3 6|5 |6 13/12/5 5 1|8 244 2 1/1/3 1|1

e | Score 12113 14 /151617 |18 19
Frequency | 4 1918 10 6 |6 |3 | 4

See Example 4 4 Find the median, quartiles and interquartile range for each of the following sets of data.

a 26,28, 22,30, 23,27,23,28,22, 27,19, 27, 26, 28, 21, 28, 21, 27, 25, 27, 24

b 4,6,2,7,5,7,6,10,2,7,3,6,4,7,4,8,5,10,5,8,6,6,2,7,3

c 30,37, 33, 35,30,37,32,41, 31, 38, 33, 35, 34, 35, 34, 35, 33, 35,32, 35

d 14,15, 14, 16, 14, 18, 14, 17, 15, 15, 14, 18, 14, 15, 13, 16, 12, 18, 14, 16, 15, 15, 12, 17,
12,16, 15, 16

e 41,48,41, 46,43, 46,44, 47, 30,45,40,51, 43, 45, 37, 46, 39, 48, 41, 46, 43, 48, 41, 49,
41,48

5 Find the median, quartiles and interquartile range for each of the following sets of data.

a | Score 21314567 81/9/10
Frequency (2 /66|55 1513 |5 2

b |Score 15116 17 11819 20|21 22|23 24|25
Frequency | 1 |1 0 3|39 7 1719 3 1

¢ | Score 34/ 5 6 7 89
Frequency | 18|12 17 12|22

d | Score 34/56/78910 11 1213 14 15 1617 18|19
Frequency

N
o
o
0
—
\l
[©)
\»
\l
co
N
[©)
\l
[©)
Y
NS}
N

e | Score 40 41 42 143 44 45|46 47 48149 50 515253 54|55 |56 57 58|59

Frequency 2 '5 2 8|7 /123 /3 2 /54 2/3/3|3 3 1/2 20
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6 Find the mean and standard deviation of the following sets of data. See Example 7
a 13,15,13,19, 14,19
b 7,9,13,2,6,6,8,12
c 55,48, 41,44,47,53,53,55
d 12,16,12, 16, 14,15, 14
e 97,103,100, 107, 92, 109, 100, 102, 92
7 Find the mean and standard deviation of the following sets of data. See Example 8
a | Score 781910 11|12 |13 | 14
Frequency | 2 |8 |3 | 6 | 5 | 2 13

b | Score 25 126 |27 28 29|30 31 32 33 34 35
Frequency 2 | 5 | 2 4 |10 9 | 7 5 3 | 2 1

¢ | Score 1213 1415 |16 |17 18 | 19| 20
Frequency 2 ' 0 | 5 4 |3 | 5 | 7 10 3

d | Score 213 4/5/6|7 8
Frequency ' 3 |9 1 /2|1 04
e | Score 100 | 101 | 102 | 103 | 104 | 105 | 106 | 107 | 108

Frequency | 2 0 3 0 2 4 5 7 2

8 Find the five number summary for each of the following distributions. Fluency

a 30,31,30,32,28,31,29, 32,27, 33,27, 31, 30, 41, 29, 36, 26 See Example 6
b 12,12,9,18, 6, 15,4, 13, 6, 16, 6, 16,2, 15, 5, 12, 3, 15, 6, 15, 11, 15, 11, 20, 4, 14, 9

¢ 15,20, 14,24, 13, 35, 11, 21, 14, 24, 11, 21, 15, 16, 14, 23, 7, 17, 14, 16, 11, 22

d 8,14,11, 14,9, 16,8, 14,9, 14,9, 13, 13, 16, 11, 14, 8, 13,9, 15, 1

e 55,60,37, 60,50, 61,51, 73,55, 62, 50, 60, 57, 58, 54, 68, 58, 65, 57, 59, 52, 61, 52, 59, 57

9 Find the five number summary for each of the following distributions.

a | Score 30 | 31 | 32 | 33 | 34 | 35 | 36 | 37 | 38 | 39
Frequency | 3 127 (11742 3 1

b | Score 34/ 5678 9 1011 1213 14|15 16
Frequency 1 |0 |7 /8 9 7|7 5 0| 4|3 12 1
¢ | Score 8§ | 9 10 11 |12 |13 | 14 15 16 17 | 18
Frequency | 2 ' 5 | 8 7 |4 | 4 | 8 | 4 |3 |4 4
Score 19 120 |21 122 |23 2425|2627 |28 29

Frequency | 2 | 0 | O 1 1 O/ 1 0 0 1 1

d | Score 101 | 102 | 103 | 104 | 105 | 106 | 107 | 108 | 109
Frequency | 3 3 7 10 7 3 4 2 1

e | Score 23 |24 | 25 2627 | 28 29|30 |31 |32 |33 34|35 |36
Frequency | 1 1 13 916 | 6 11| 5|5 4|5 3 1
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See Example 9

10 Which data measure(s) should be used in each of the following cases?
a  You want to know what you are likely to earn after a few years working in a local furniture

factory.

b A caterer is going to set up a sandwich bar in a local industrial estate. In their first week,
what size of iced coffee should they stock in their drinks fridge?
¢ A security company is doing weekly payrolls in cash on-site for an orchardist to pay his

casual pickers, who earn a variety of amounts.

d A band is ordering tour t-shirts to sell at their concerts. They only want to bother with one size.
e How much can you expect families to spend at a theme park?

11 5 friends were playing Yahtzee. At the end of the game Peter came first with a score of 233,
Simon came second with 186, Paul and Andrew came equal third with 165 and David came
last with 108. Find the ranges of the names, places and scores.

SeeExample 5 12 The age distribution of the population of Queensland in 2003 is shown below. Find the
average age of Queenslanders.
Age 0-9 10-19 20-29 30-39 40-49 50-59
Number | 515990 | 543 501 | 524769 | 563 335 | 558 129 | 477 056
Age 60-69 70-79 80-89 | 90-99 | 100-109
Number | 299 655 | 205 678 | 96896 | 15 456 574

13 The results of a Chemistry class’ titrations of 2 M HCI against 100 mL of 0.5 M NaOH are
shown below. Find the average quantity of HCI used.

HCI (mL) @ 23.6-24 | 24.1-245 | 24.6-25 | 25.1-255 | 25.6-26 | 26.1-26.5
f 2 4 5 7 3

HCI (mL) 26.6-27 | 27.1-27.5  27.6-28 @ 28.1-28.5 | 28.6-29
f 0 1 2 1 2

Problem SOViNg 14 The table shows the mass of fruit from each plant in a new variety of tomatoes.

a  What is the typical weight of fruit?
b How much fruit would you expect from 5000 plants?

¢ Is the sample sufficient to make good conclusions?

Mass of fruit (kg) | Frequency
3 1
4 9
5 11
6 8
7 5
8 7
9 4

10 1
11 3
12 1
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(5 The rally lengths of tennis games in the state titles were as follows. Find the mean, median, Worked solutions
mode and range of the rally lengths. Exercise 2.1

Number of shotsplayed | 1 | 2 | 3 | 4 | 5 | 6 | 7 | 8 |9 MAT10SPWS00037

Frequency 80 | 63 | 95 |42 | 47 |39 24 13 4

a An average game has 6 rallies. How many rally shots would you expect in 5 games?
b An average set has 20 games. How many rally shots would there be in an typical set?

¢ Is this sample sufficient to make good conclusions?

16 A real estate company is doing a report for its shareholders, predicting the year ahead. What
measure of house prices should they use to work out each of the following?
a Earnings from commissions on sales.

b Typical prices of houses they will offer for sale.
¢ Amounts earned by their salespeople, who work on commission.
d Amount earned from their ‘prestige properties’ division.
e Amount earned by their ‘family specialist’ division.
17 The mean, median and mode of the incomes of the 97 employees, including the management at

a large warehouse-type hardware store were $1240, $945 and $830. The lowest wage was $730.
a  What would be the effect of a 10% increase in everyone’s wages?

b What would be the effect of a $100 increase?

¢ Estimate the five number summary for the original wages.

18 The auction prices of some paintings are shown below.

Price ($) | 300-499 @ 500-699 | 700-899 | 900-1099 | 1100-1299 | 1300-1499
Number 1 4 12 14 4 5

a Find the average price.

b How much money would you expect to change hands if 165 paintings were sold?

19 The information below shows the ratings of accommodation in the Brisbane CBD. Explain the Reasoning

typical rating.

XXNXNEN

X EHX
3922
3922
222%%
X pxK
3922
3922

MTT ST

20 Explain the positions of the median, mean and mode when a distribution is skewed to the right.

(21) 20 people have a median height of 170 cm and a mean height of 169.4 cm. They are joined by  [JSPEPTES
a basketball team of 6 players with an average height of 180 cm. Explain what happens to the Exercise 2.1

mean and median.

MAT10SPWS00037
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See Example 10

Worked solutions
Exercise 2.1

MAT10SPWS00037

22

23

Comment on the five number summatries for each of the following distributions.

a 6,16,7,16,6,13,5,17,6,13,9, 13,8, 10,9, 10, 6,20, 7, 12,7, 15, 8, 17

b 164,172,163, 179, 163, 170, 163, 183, 164, 179, 163, 165, 163, 167, 164, 171, 164,
168, 162, 178

c §,13,3,13,10, 10,0, 16,0, 11, 10, 14, 8, 13, 8, 11, 9, 11, 10, 11, 7, 13, 8, 19

d 39,50, 36,48, 41,47,37,51, 41,45, 45, 47, 38, 50, 43, 47, 43, 47, 40, 49, 44, 46,
35,49, 44, 48, 35, 46, 44, 47, 45, 51

e 14,15, 15, 16, 15, 18, 14, 20, 13, 18, 13, 17, 15, 19, 13, 19, 15, 17

The “Top 40’ hits from different radio stations can be different. One radio station compiles its
“Top 40’ hits from a survey of the sales of single CDs in a music store in the city that regularly
sells about 3000 singles each week. A chain of stores in suburban shopping centres sells about
the same number of singles, but gets a different “Top 40’ that a suburban radio station uses.
Explain how the stations can get different “Top 40’s in the same city.

24) Polling companies try to predict the way that voters will react at an election. Different polls

25

commonly get different results, and frequently the results they get are different to actual
election results. There are 150 electorates in Australia of almost equal size. One polling
company does a phone poll of 3000 people chosen at random from the electoral rolls, spread
evenly through Australia. Another does a poll of 100 electorates in urban areas and also uses
3000 people. The polls are done 3 days before the election, and they both predict a victory (by
20 seats and 10 seats respectively) for the party that is actually defeated by 15 seats at the
actual election. Explain how these surveys properly conducted by reputable organisations can
get the result completely wrong.

The Australian Bureau of Statistics regularly checks the earnings of Australians. It has found
that when it uses information from employers or employees it gets different results, even when
it surveys employees of the employers that it surveys. Explain how this could be so.
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fortreAustralian Curriculum

Constructing and interpreting
data displays

Statistical data displays are used for different reasons. Some are best suited to communicating the
data, while others are more suitable for comparison or analysis.

House of Representatives, 1901

Types of data displays —
(Total = 75 seats) Visualising how a
Circle graphs (pie graphs or sector graphs), picture graphs

population reaches 7

(pictograms or pictographs) and divided bar charts give you oifion
an excellent impression of overall relationships between MAT10SPWB00002
different aspects of statistical information. In a circle graph,
the angles of the sectors show the parts of a total amount. In ,_

.. . Graph investigator
a divided bar graph, the lengths of the sections show the (L5903)
parts of the total amount. MAT10SPING0002

House of Representatives, 1901

r (Total = 75 seats) r

€ e g

NSW Qld SA  Tas. Vic. WA

House of Representatives, 1901
(Total = 75 seats)

NSW | Qd | sA | Tus | Vic. | WA |

You can read bar charts, column graphs and line graphs quite accurately, so they are useful
for making predictions or finding precise relationships.

Industrial accidents Industrial accidents

=
=) . §15
0 2003 B 10

2002 S

2001 5

> 0t . - T T >
0 10 20 2001 2002 2003 2004 2005
Accidents Year

Histograms and polygons are used to show frequencies of grouped data. There is no gap
between the columns because the data could be continuous. The score groups (such as 25—
29, 30-34, etc.) are called classes. The actual upper and lower boundaries of a class are called
the upper class limit and lower class limit. You put the points of frequency polygons in the
centres of class groups. It is usual to show frequencies of zero before the first class and after
the last class. Polygons can also be used for discrete data.
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1Q level of Year 10 class 1Q level of Year 10 class

5 25 . 20
g 20 g 20
.15 515
210 g 10
s = 5

0 A= T T ; T 0 YA~ T T 7 r

40 80 120 160 180 40 80 120 160 180

IQ IQ

You use dot plots and stem-and-leaf plots to get a quick idea of the nature of a distribution.
You can make them while you are still collecting data and add new data to them as you go.

Family sizes of Year 10 Students Golden-oldies concert audience ages
° Key: 5|9 =59 years old
(] [
. o 2|5
o o 3129
[ ] [ ] [ ] 4 3 6
o o o o 504599
e ° 00 610247789
[ ] [ ] [ ] [ ) [ ] [ ] [ ]
71367
34567 89 811

A scatter plot (scatter graph) is used to show bivariate Tree trunk dimensions

data, particularly where the variables could be related. 501
For convenience, the scales of a graph or chart usually g 4 | . ®
go up in 1s, 2s, 4s, 55, 10s and so on. £ 30 °
g 204—er
10 ®
i
0

1I0 ZIO 3I0 4I0 5I0 6I0 7I0 SIO
Diameter (cm)
A box-and-whisker plot (boxplot) is used to show the

spread of data. You put a rectangle extending from the Winimum QY Median)Q3
lower quartile to the upper quartile, divided at the S eﬂing istakes out of 20
median. Then draw lines from the quartiles to the ' : ' l — : '
maximum and minimum. You can make these clearer 2 3 4 5 6 7 8 9 10
with short vertical lines. Put the scale underneath.

Back-to-back (side-to-side or parallel) data displays are used to compare different
distributions.

Prices of organic and premium lettuces

Reaction times (Key: 612 = 0.26 s = 216)

Left hand | | Right hand
9966 21366789999
98776554442211 3112222556679
885533224/ 004
71544
66

Organic

Premium
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Example " 11

The table below shows the temperature of a beaker of hot water as measured at 2-minute

intervals by students working in groups.

Time (min) 0 2 4618

10121416 &

Temperature (°C) 60 58 56|54 45

5150 48|47

a Draw a scatter graph of the results.
b Does the temperature fall evenly?

Solution

a The temperature for 8 minutes has
clearly been misread. Discard it as
non-compliant and draw the graph.

b Overall, it looks as if the temperature
falls about 14 °C every 2 minutes.

Example 12

Water temperature

65 A
60 1
55 *

50 ® .
45 -
40 -

Temperature (°C)

2 4 6 8101214 16 18 20
Time (min)

The temperature appears to have fallen

evenly over the time it was measured.

a Draw a box-and-whisker plot of the following data.
26,27,23,27,24,27, 23,28, 24, 27, 22, 27, 26, 27, 25, 28, 26, 26, 26, 26

b Comment on the distribution.

Solution

a  Write the data in order and divide
into 4 parts.

Write the 5 number summary.

Draw the boxplot.

b Ol is further from the median than
3, and the minimum is further
from the median than the maximum.

9780170194860

22,23, 23,24, 24 1 25, 26, 26, 26, 26 | 26, 26, 27,
27,2727, 27,27, 28, 28

The 5 number summary is 22, 24.5, 26, 27, 28

—a [ M

20 21 22 23 24 25 26 27 28 29 30

The distribution is negatively skewed.

Statistics

MAT10SPTIO0002

Statistics

MAT10SPCP00002

Statistics 1

MAT10SPWK00002

Box-and-whisker plots

MAT10SPVT10004

Excel worksheet: Five

number summary

MAT10SPCT00002




Example 13

_ Compare a boxplot to the dot plot and histogram of this data.
Boxplot and dot plot
5,9,6,10,5,6,3,6,5,10,3,9,5,8,5,13,5,12,6, 13,6, 14,5, 8,5, 13,5

MAT10SPCT00002
Solution
Arrange in order and divide into 3,3,5,5,5,5,5,5,5,5,5,6,6,6,6,6,8,8,9,
4 groups. 9,10, 10, 12, 13, 13, 13, 14
Werite the 5 number summary. The 5 number summary is 3, 5, 6, 10, 14
Draw a boxplot. Box-and-whisker

|

N A
AU
g
Ul A
G\_—
-~ 4
oo 4
O -

—

10 11 12 13 14 15

Draw a dot plot. :
[ ]
[}
[ ] [ ]
L] °
[ ] [ ] [ ]
) ] [ ) ° L] ° [ ]
[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]
3 4 5 6 7 8 9 10 11 12 13 14
Draw a histogram. 101
8.
&
2 6
(9]
=}
jon
g 41
- —
2.7
0 N
3 4 5 6 7 8 9 10 11 12 13 14
Score
Compare the shapes. The dot plot and histogram spread out to the

same extent as the boxplot and have their
highest parts between the first quartile and the
median, where the box-and-whisker plot has its
shortest section.

Back-to-back or parallel plots are used when a population divided naturally into two parts, such as
male and female, there are different populations or information is obtained at different times
about the same population.
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Investigate: Trade with Asia

The following graph appeared in the report Australia’s trade with East Asia, published by
the Department of foreign Affairs and Trade.

Australia’s trade in goods and services with East Asia

A$b A$b
200 ~200
150 + -150
100 ~ -100
50 + -50
0 — T T T T T T T 0

2000 2002 2004 2006 2008 2010
Exports = = = = Imports

Based on ABS trade data on DFAT STARS
database and ABS catalogue 5368.0.

In the report it says that:

e The value of total trade in goods and services increased 14.9 per cent to $302.9 billion in 2010
— since 2003, total trade values have increased by an average of 10.2 per cent per annum.

* In comparison, Australia’s total trade with the world rose 9.6 per cent to $552.4 billion.

e FEast Asia accounted for 54.8 per cent of Australia’s total trade in goods and services.

The whole report is available at www.dfat.gov.au. Use the internet to look up the report

and investigate the basis of the statistics that are quoted in the report. You may also need

to investigate the statistics that relate to the report compiled by the ABS.

The graph below of Merchandise Exports also appears in the report.

China —
Japan |—

Republic of Korea

Taiwan
Thailand
Singapore = 2010
Indonesia 02009
Malaysia 02008
Hong Kong (SAR of China)
Vietnam

0 10,000 20,000 30,000 40,000 50,000 60,000 70,000
A$ million

What does it show about changes of Australian exports to Asia?

In both the DFAT and ABS statistics, some data that has been collected is not available. It
says that it is ‘commercial in confidence’ or just ‘confidential in ABS trade statistics’. What
does this mean, and why is some data withheld? Try to find the value of Australian wheat
and gold exports during the last 20 years.
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Example © 14

a Make a back-to-back stem-and-leaf plot of the following information about the Maths

and Science marks of the same Year 10 class.

Maths: 50, 70, 46, 71, 37, 72, 40, 70, 53, 72, 45, 56,
55,55, 35,61, 34, 67,39, 69, 22, 84, 52, 57
Science: 41, 63, 55,59, 42,79, 21,74, 44,77, 48, 92,
46, 81, 54, 56, 24, 66, 28, 86, 53,71, 39, 83
b What can you say about the marks in Maths and Science?
¢ Comment on the means, medians and ranges of the distributions.

Solution

a The lowest mark is 21 and the highest is
92, so make the stems go from 2 to 9. The
units will be the ‘leaves’. Record the
Maths marks on the left and the Science
marks on the right.

b The centres, spreads and shapes of the
plots are about the same.

¢ Find the total of the Maths results.
Find the mean of the Maths results.

Use the plot to find the median.
Find the range.
Find the total of the Science results.

Find the mean of the Science results.

Use the plot to find the median.
Find the range.

Compare the results.

Maths and Science marks

Maths Science
Key: 6I5 = 56 Key: 516 = 56
2 2/148
975439
650412368
7655325534569
971636
2210071479
48136
9|2

The class performed as well in Maths as
they did in Science, although there were
more high scores in Science.

Total = 1312
1312
Math =" ~547
aths mean 24 5
55+ 55

Maths median = =55
Maths range = 84 — 22 = 62

Total = 1382
1382
Science mean = ;—8 ~ 57.6
55 456

Science median = =555

Science range =92 — 21 =71

The medians for Maths and Science were
almost the same, but the Science average
was a little higher and the Science’s range
was greater. Looking more closely at the
distributions, Q3 was higher for Science,
which explains the higher mean.
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A graph may be drawn in a way that emphasises particular features. The temperature of a hospital
patient is normally drawn with a vertical scale between about 36°C and 41°C. Other graphs drawn
with non-zero origins may be misleading. Graphs over short time periods, graphs using missing or
selected data and graphs with uneven scales can also be misleading. Sometimes graphs may be
misleading because of uneven scales or use of 2D or 3D representation, although in these cases it

is likely to be deliberate.

Example 15

The graph below shows the exchange rate between the Australian and US currencies in
the month from 23 February 2012 to 24 March 2012. The graph was in a report from

Exchange-Rates.org.

Australian Dollars (AUD ) to 1 US Dollar (USD)

0.960 /A
A
/ '\ /[
0.950 /N
N~ \I/
0.940 /
0.930 / \/\\/’_’/

DD D Qo A0 AL Ak b
N N N NN N T N R RN R

W s D s s

W

min = 0.92521 (March 1) avg = 0.94263 max = 0.96205 (March 22)

a  What does the graph (apparently) show?
b How could this graph be misleading?

Solution
a What is the trend?

b What is the time period for the
graph?

What is the vertical scale?
What other data could be used?

Summarise the ways it could be
misleading.

9780170194860

The graph shows a fairly steady increase in the value

of the US dollar.
The graph shows only one month

The graph shows only part of the scale

The graph compares the US dollar only to the
Australian dollar.

The graph shows only a short time period, only
compares the value of the US dollar with the
Australian dollar and has a very large vertical scale
that exaggerates changes.




Understanding

Extra questions
Exercise 2.2

MAT10SPEQO00005

See Example 11

See Example 12

Fluency

See Example 13

Problem solving

1

2

6

Exercise 2.2 Constructing and interpreting data displays

Make a stem-and-leaf plot of the following times for drivers to stop at a red light.

42 3.0 19 37 46 26 35 38 41 37 34 31 27 02 21
1.8 43 34 36 22 31 50 26 24 1.9 26 27 28 34 23
Draw a stemplot of the following marks that students said they got for a university entrance exam.
56 40 38 40 72 92 63 8 69 78 66 8 60 72 64
44 60 320 35 36 52 58 46 84 75 57 69 63 46 51
95 66 84 42 54 56 37 62 50 46 50 91 88
Draw scatter plots for each of the following tables.
a x| 7 221512 25| 8 18 5 10
Yy 10 36 18 20|42 |12 28 2 12
b x| 18 | 27 10| 12 15122 30| 5 8 20 | 24
Yy | 32|38 17128 8 [ 68| 5 |17 | 152 | 5 |26
c x 25| 7 | 152522185 9 12 13 |6
Yy | 62|13 27 57 53 46 7|19 18 21 5

Draw box-and-whisker plots for each of the sets of data.

a 26,27,24,28,25,28,24,28, 24,27, 24, 30, 25, 28, 26, 28, 26, 27, 23, 28, 24, 30, 27, 30

b 5,7,58,595,9,7,8,4,8,6,8,4,9,7,10,4,8,7,7,2,9,6,9, 6

¢ 23,76,57,86,53,78, 36, 67,20,79, 34, 61, 11, 80, 57, 67, 32,72, 49, 97, 43, 65, 25, 62, 30

Compare box-and-whisker plots of each of the following sets of data to histograms and dot

plots of the same data.

a 14,19, 13, 18, 14, 15, 12, 16, 14, 15, 15, 21, 10, 19, 15, 19, 11, 17, 13, 16, 11, 18, 11, 17,
14, 15, 13, 21, 15, 15, 15, 17, 14, 16, 10, 17

b 100, 102, 98, 104, 99, 102, 101, 103, 99, 104, 101, 104, 100, 103, 98, 102, 101, 103, 99,
102, 102, 102, 100, 102, 96, 104, 102, 103, 100

¢ 21,28,22,24,21,26,21, 24, 22, 26, 22, 28, 23, 28, 21, 23, 23, 25, 22, 23, 20, 24, 22

The data below shows the numbers of customers and total sales in a music store over a
period of 2 weeks.

Day M T W Th F S
Customers | 41 52 53 59 70 63
Sales ($) 1705 | 2620 | 2525 | 3005 | 3150 | 2555
Day M T W Th F S
Customers | 38 48 56 62 69 65
Sales ($) 1990 | 1880 | 2240 | 3210 | 2755 | 2435

a Draw a column graph of the sales over the two weeks.
b Can you make any conclusion from the graph?

¢ Draw a scatter graph of the customers and sales.

d What can you conclude from the scatter graph?
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Exercise 2.2

(7) The table below shows the minimum and maximum temperatures in a Queensland town Worked solutions
over a period of 2 weeks.

Min. (°C) | 16 | 18 | 20 22 | 18 /19 |20 | 17 | 15 | 18 | 22 |23 19| 17 MAT10NAWS00038
Max. (°C) | 25 | 28 | 34 34 27 31 31 28 27 27 36 34 29 26

a Draw a scatter plot to show the results.
b Does there seem to be a relationship between the minimum and the maximum?
8 The information below shows the times taken to travel to school reported by some Year 10 See Example 14

students in Victoria and Western Australia.
a Use a back-to-back stem-and-leaf plot to compare the results.

b Compare the distributions using the means, medians and ranges.

Victorian students: 15, 18, 50, 40, 1, 15, 10, 22, 10, 5, 35, 10, 45, 20,
15,5, 15, 25, 10, 10, 9, 25, 10, 37, 4, 10, 20, 20
Western Australian students: 30, 10, 15, 20, 20, 10, 3, 5, 10, 20,
2,10, 10,3,36,50, 20, 10,5, 15

9 The information below shows the 2011 weekly running costs of a range of small and medium
cars from the RAC WA, rounded to the nearest dollar.

a Use a back-to-back stemplot (with costs in $5 groups) to compare them.

b Use the means, medians and ranges to compare the distributions.

Small cars $cost/week: 42, 49, 48,51, 47,49, 46, 42, 56, 51, 39, 49, 61, 44, 32,42, 41
Medium cars $cost/week: 52, 51, 60, 54, 57, 60, 40, 60, 52, 45, 55, 56, 62

10 Use a box-and-whisker plot to comment on the following times taken by some Year 10 students
to answer an online questionnaire. The times were automatically recorded by the website.
13,31, 17, 14, 22, 22, 28, 20, 8, 31, 12, 11, 15, 21, 10, 20, 16, 19, 8,

18,21, 16, 22, 16, 18, 26, 11, 26, 18, 10, 23, 17, 6, 12, 24, 19, 16, 19, 27

@ Use a box-and-whisker plot to comment on the following times that people said they spend Worked solutions
watching TV over a week.
4,14,5,13,6,22,5,8,22,3,3,3,10,1,0,8,8,10,15,15,2,1,5,5,11, 1,6, 15,5,
10,2,1,1,2,7,3,4,4,3,18,21,1,8,2,10,3,2,2,8,8,15,23,4,2,2,20,7,5, 21

Exercise 2.2

MAT10NAWS00038
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Reasoning

Worked solutions
Exercise 2.2

MAT10NAWS00038

See Example 15

12

Many websites automatically record data. The online sales recorded each day by such an
Australian hobby shop site was displayed as a box-and-whisker plot each week for the online
manager. Explain whether you think it would provide good feedback.

(13) A customer service toll-free line had some automated and some operator parts. One of the

14

15

automated parts allowed people to state whether they were happy with the service provided.
Customers were asked to ‘stay on line” after their query was answered to answer this survey
question. They could say they were Very happy, Happy, Satisfied, Not satisfied or Very
unhappy. Explain whether a boxplot of the responses on a scale from 1 to 5 would be a good
way to show the results.
The graph below shows the price index for established houses in Melbourne.
2011 Melbourne house prices

176.0
174.0 4
172.0 4
170.0 4
168.0 A
166.0 A
164.0 A
162.0 A
160.0 : : T :

Mar Jun Sep Dec
Data source: ABS Quarter

Price index

a What does the data apparently show?
b How might this graph be misleading?
The graph below shows the proportion of students gaining places at universities in different

parts of Australia. A report says that ‘There are more successful applications in Western
Australia than any other state’. Explain why the graph does not support this statement.

100 Successful applications for university

90 -
80
70
60 |
50 |
40
30
20 |
10 |

Percentage of applicants

O T
NSW/ACT VIC QLD WA SA/NT TAS
State/Territory
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m Analysing data

The first step in analysing data is really to determine whether the data has been collected in a reasonable
way. If the data is poor, then any conclusions or decisions made from it will also be of poor quality.
You should remember the terms below from your work in previous years.

Important!

Data quality

A fair sample is collected from a sample that is like the rest of the population. A biased
sample is not typical of the population. Biased methods and biased questions are likely to
influence results in a particular direction. Fair ones are not likely to influence results in a
particular way.

Non-compliant data is obviously wrong, like someone’s age being 164.

Outliers are data items that are a long way from the rest of the data, but that could be
correct. A simple criterion for an outlier is that it lies beyond 1.5 IQRs below the first
quartile or above the third quartile.

If data is collected in a biased way, contains many non-compliant items or lots of outliers, or is
collected using very small samples, then it is likely to be of poor quality.

Example © 16

A survey of shoppers about their holiday plans is conducted as a competition by leaving survey
forms in fast food outlets, with prizes for the first 3 names drawn. Respondents are asked
questions about their income, family, desired holiday destinations and the kinds of holidays they
prefer. They complete the forms, fill in their name, phone number, email and address on the
back and put the entry in boxes at the shops. Explain why this is likely to give poor quality data.

Solution

Many people will not bother doing it. There will be a non-response bias — only
people who are interested in the prizes will
do the survey.

People are often reluctant to give their

true income, or may not even know it. Responses are unlikely to be accurate.
People are also reluctant to give their Responses are unlikely to be able to be
contact details. checked.

People who really want the prizes may

complete multiple forms. Multiple entries will cause bias.

Only people who buy fast food will be The survey will be biased towards those who
in the shops. often buy fast food.

Summarise the problems. The survey answers are unlikely to be

accurate, and the sample is quite biased in a
number of different ways.
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Clnvestigate: Unintended consequences )

Research using statistics can be used to predict what will happen in the future. This can
lead to actions to change what is anticipated, or to avoid particular results. Unfortunately,
the results of actions are not always what we mean them to be. For example, camels were
imported into Australia to carry materials and supplies for work on the railway line to Alice
Springs. When they were no longer needed, they were released and have since become a
problem in central Australia. Work in groups to consider what the unintended effects of
each of the following actions were or might be.

e Keeping cats as pets in Australia

e Importation of Bufo marinus (Cane toads) from South America to Queensland to control
cane beetles

® The one-child policy in China

® Planting of eucalyptus tree for shade in California and Italy

¢ Closure of phosphate mines in Nauru

e Use of fluorocarbons and chlorofluorocarbons in refrigerators

® Prohibition of the use of alcohol in the United States between 1919 and 1933
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Use the interquartile range to find if any of the following sets of positive data have outliers.
a 25,33, 30,30, 29, 31, 26, 30, 24, 32, 22, 17, 28, 30, 30

b 31,91,55,59,52,82,43,62,30,57,24,96,29,70,34,73,8,80,45,72,53,59, 39, 75,29
c 11,12,9,12,11,13,12, 14,11, 14,7, 13,9,23,9, 18,9, 15, 12, 16

Solution
a Arrange in order. 17, 22, 24, 25, 26, 28, 29, 30, 30, 30, 30, 30, 31, 32, 33
Divide into 4 parts. 17, 22, 24, 25, 26, 28, 29, 30, 30, 30, 30, 30, 31, 32, 33
Find Q1, Q3 and IQR. 01=25,03=30,IQR =5
Find the outlier limits. Lower limit for outliers =25 — 1.5 X 5 = 18.5
Upper limit for outliers = 30 + 1.5 X 5 = 37.5
State the result. 17 is an outlier because it is more than 1.5 times the
IQR below Q1.
b Arrange in order. 8, 24, 29, 29, 30, 31, 34, 39, 43, 45, 52, 53, 55, 57, 59, 59,
62,70, 72,73, 75, 80, 82, 91, 96
Divide into 4 parts. 8, 24, 29, 29, 30, 31 | 34, 39, 43, 45, 52, 53, 55, 57, 59,
59, 62,70, 72 | 73, 75, 80, 82, 91, 96
Find O1, Q3 and IQR. Q1 =325, 03 = 72.5, IQR = 40
Find the outlier limits. Lower limit for outliers = 32.5 — 1.5 X 40 < 0
Upper limit for outliers = 32.5 + 1.5 X 40 = 112.5
State the result. There are no outliers.
¢ Arrange in order 7,9,9,9,9, 11, 11, 11, 12, 12, 12, 12, 13, 13, 14, 14, 15,
16, 18, 23
Divide into 4 parts. 7,9,9,9,9 111,11, 11, 12, 12 12, 12, 13, 13, 14 | 14,
15, 16, 18, 23
Find 01, Q3 and TQR. 01 =10, 03 = 14, IQR = 4
Find the outlier limits. Lower limit for outliers = 10 — 1.5 X 4 = 4
Upper limit for outliers = 14 + 1.5 X 4 =20
State the result. 23 is an outlier because it is more than 1.5 times the
IQR above Q3.

Bivariate data has two values for each item. For example, collecting the ages and heights of
children together makes a bivariate data set. Each child has two values that are tied together.
Bivariate data can have both values categorical, one categorical and one numeric, or both numeric.
When one or both values are categorical, a two-way table is often the best way to analyse

the data.
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Example T 18

The table below shows the results of a survey of Year 10 students about smoking and colds.
It is claimed that this survey shows that smoking causes you to have more colds. Some
information is missing.

Statistics 2
MAT10SPWK00003

Number of colds last year

pomber ol o e
MAT10SPPS00006 Smokers 0 3 6 2
Smoking Non-smokers = 4 8 4 |1 27
Total 4 13 10 | 3 43
a Complete the missing parts of the table.
b Did smokers or non-smokers have more colds?
¢ Calculate the percentages of smokers and non-smokers who had more than 2 colds.
d Does smoking appear to affect health?
e Are the conclusions of this survey likely to be reliable?
f TIs the assertion that ‘smoking causes more colds’ supported by the data?
Solution
a Complete the “Total’ column on
the right. Total smokers = 43 — 27 = 16

Complete the ‘1 cold’ column. Non-smokers with 1 cold = 13 — 3 =10
Check the non-smokers total. 4+10+8+4+1=27vO0K

Complete the ‘Smokers’ row. Smokers with 2 colds = 16 — 11 =5
Complete the 2 colds’ column. 5+ 8 =13
Check the ‘Total’ row. 4+13+13+10+3 =43 vOK

Show the complete table. Number of colds last year

0 1 2 3 | 4 Total
Smokers 0 3 5 6 2| 16
Smoking Non-smokers 4 10 8 4 |1 | 27
Total 4 |13 | 13 | 10 | 3 43
b Work out the numbers who had
more than 2 colds. Smokers with colds = 16 — 0 = 16
Non-smokers with =27 — 4 =23
Write the answer. More non-smokers than smokers had 2 colds.

: 8
¢ Find the percentage of smokers g\ kers with more than 2 colds = — X 100%
with more than 2 colds. 16

=50%
Find the percentage of non- Non-smokers with more than 2 colds = El X 100%
smokers with more than 2 27
colds. ~ 18.5%
Write the answer. 50% of smokers and 18.5% of non-smokers had

more than 2 colds.
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d Use the table and the All the smokers had colds but some non-smokers
percentages. didn’t, as well as a much greater percentage of
smokers having multiple colds, so smoking does
appear to affect health.

e Half the cells have frequencies Conclusions about smoking and getting no colds
less than 5. have too small a sample.

Consider joining parts together. ~ The lowest frequency for ‘more than 2 colds’ and
‘2 or less colds’ is 5 (for non-smokers).

Assess the reliability. The conclusions are actually based on ‘more than 2
colds’ or not, so they do appear to be reasonable.

f The survey is fairly small and A limited survey like this might provide the basis for
only involves Year 10 students.  a larger study. Although it does support the
assertion, it is not large enough to be conclusive.

Scatter plots are the best way to analyse numerical bivariate data. Variables that have a linear
relationship will make a straight line when plotted. Most statistical variables do not make a true
straight line, but may still be related. For example, you know that tall people are usually heavier
than short people, but this is not always true. A person is not necessarily heavier than someone
shorter than them, but they are more likely to be heavier than lighter.

Important!

Scatter plots

If the points on a scatter plot lie between sloping parallel lines, Strong positive
you can say that there is a relationship between the variables. sl
If the lines have a positive slope you say that it is a positive //
relationship. The variables generally change in the same way; ,/ X
when one goes up, so does the other. s
If the lines have a negative slope you say that it is a negative (I8 //
relationship. The variables generally change in the opposite b
way; when one goes up, the other goes down.
The parallel lines are close together for a strong relationship. If Strong negative
they are well separated, you say there is only a weak relationship
lationship.
relationship 1\\
:..\ﬁ\
Weak positive Weak negative 0N
relationship relationship No relationship N ie
o c : N - ° 9 \\. °
/ / L] (] (] \ i ° 1 \\
/.. _ _ o o0 N A _
° o °
/ | v HERDRS .
° / N °
/ \( o0 o0 e 9
° N
X N .
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Statistics 1

MAT10SPWK00002

Excel worksheet: Line
of best fit

MAT10SPCT00003

Example T°19

The information below shows the heights and right foot lengths of some Year 10 students.
Use a scatter plot to comment on the relationship. The data is in the form (height, foot
length), in cm.

(157, 24), (167, 25), (156, 21), (172, 26), (163, 21), (181, 28), (180, 24), (167, 24), (169, 30),
(177, 25), (162, 24), (165, 17), (167, 22), (189, 29), (168, 25), (169, 23), (184, 35), (162, 26),
(170, 24), (142, 21), (169, 26), (167, 26), (186, 23), (178, 24), (160, 21), (166, 25), (169, 23),
(168, 24), (173, 26), (164, 24), (143, 20), (162, 28), (189, 28), (166, 25), (176, 23), (184, 26),
(168, 25), (184, 27), (160, 23), (162, 26), (160, 19), (176, 27), (166, 25)
Solution
Plot the points on graph paper, Year 10 students
choosing the scales so that the points 404
nearly fill the space. 36 .
£
g8 - oret
I e
20 fo =1t
16 : B
140 150 160 170 180 190 200
Height (cm)
Look at the pattern and make a There appears to be a weak relationship
conclusion. between height and the length of the right

foot for Year 10 students.

Strong relationships can be used to predict one variable from the other.

Important!

Prediction from a scatter plot

A line of best fit is a line that shows the general pattern of points 4
on a graph.

Interpolation is the prediction of a value within the range of data.
Extrapolation is the prediction of a value outside the range of
the data.
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Example © 20

Students heated a thin glass tube with one end sealed and the other bent down in an oil -
bath. They measured the length of a bubble of air trapped in the tube at different
temperatures and recorded the following results. Plot the points and predict the length if the
oil could be safely heated to 120°C.

Temperature (°C) | 9 | 21 | 33 | 45 | 59 | 68 | 84

Length (cm) 224 | 231 | 242 | 247 | 264 | 26.8 | 284 MAT10SPCP00002

MAT10SPTIO0002

Solution

Plot the points and draw a Air bubble length
line of best fit past 120°. 32

29 /

28
27 )/g
26

25 A

24 4
23
NE

7

Length of air bubble (cm)

21

0 10 20 30 40 50 60 70 80 90 100110120130
Temperature (°C)

Read the value from the line If it were possible, the air bubble would have
of best fit. a length of about 31.2 cm at 120°C.

In Example 20 it is possible to find the equation of the line of best fit to summarise the relationship. This
could be used to make predictions instead of reading from the graph. This is very important in Science.
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Example © 21

a Find the equation of the relationship in Example 20.
b At what temperature would the air in the tube have a volume of zero?

Solution
a Extend the line of best fit 1 Air bubble length
through the axis to find the v
length intercept. 31 /
/
The length intercept is 30 //
¢c=215cm . 29 /
Choose two points on the o 28
line of best fit to find the j; 27 /
gradient. T 2% )/‘
rise = 6.8 S 25 7 IS¢
< °
run = 83 % 24
lope 72 68 0.082 = 23
slo =— ~ 0.
P 83
22 V run
21
20
0 10 20 30 40 50 60 70 80 90 100110120 130
Temperature
Usey = mx + c. The equation is L = 0.0827 + 21.5, where T is in
°C and L in cm.
b The air in the tube will have
zero volume when its length
is 0. Substitute L = 0. 0=0.0827 + 21.5
Solve for L. 0.0827 = 215
—215
ivide by 0.082. ="~ 7262
Divide by 0.08 0.082 6
Werite the answer. The volume of air would be zero at about 262 °C.

Of course, the answer in Example 21 is a bit strange. Even if the experiment was accurate, what

would a volume of zero mean anyway?
Instead of drawing a line of best fit by hand, you can use other methods.

Two means method

1 Divide the data into two halves (on the horizontal axis).
2 Find the mean of the points in the lower half.

3 Find the mean of the points in the upper half.

4 Use the two means to calculate a line of best fit.
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Example © 22

Use the two means method to find the equation of a line of best fit for the data below.
(6, 110), (20, 109), (32, 101), (45, 92), (54, 81), (66, 58), (79, 59)

Solution

Draw a scatter plot.

Divide the data in half

with a vertical line.

Choose the points
below the middle.

Find the means of the
x- and y-coordinates.

Choose the points
above the middle.

Find the means of the
x- and y-coordinates.

Find the rise.

Find the run.
Find the slope.

Write the line.
Put in one mean.
Solve for c.

Write the answer.

9780170194860
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X

The points below the centre are (6, 110), (20, 109) and (32, 101).

6+20+32 110+ 109 + 101
3 ’ 3

First mean = < > ~ (193, 106.7)

The points above the centre are (54, 81), (66, 58), (79, 59).

544+66+79 81+58+59
3 ’ 3

Rise = 66 — 106.7 = 40.7

Run = 66.3 — 19.3 = 47

I

47

y=mx+c= 087x+¢

106.7 = 70.87 X 193 + ¢

¢=106.7 + 0.87 X 193 ~ 123

The equation of a line of best fit is y = ~0.87x + 123.

Second mean = ( ) ~ (66.3, 66)

~ 0.87




The line of best fit found by the ‘two means’ method in Example 22 is plotted below on
the graph with the original points.

120
100 -
80
60
40 -
20

0 ]

Y

Vi

0 10 20 30 40 50 60 70 80 90

As can be seen, the line does appear to be a good line of best fit, passing through the middle
of the points.

Investigate: Line of regression

The line of best fit can be calculated directly from the points. For historical reasons, it is
called the line of regression. The total distance of the points from the line of regression is
smaller than from any other line. It is a better fit to the points than that found with the two
means method. It can be found using spreadsheets, graphics calculators, CAS calculators
such as the TInspire and Classpad, and even some scientific calculators.

To find the line of regression of the points (6, 110), (20, 109), (32, 101), (45, 92), (54, 81),
(66, 58) and (79, 59) using EXCEL, they should be entered as a table. Then follow these
instructions:

highlight the values of x and y

click on the graph wizard
and choose a scatter plot
when the graph is drawn,
click on one of the points
on the graph

the spreadsheet will allow
you to add the trendline
choose the first type
(straight line)

click on the options tab
of ‘Add Trendline’

set ‘show equation’

click on OK

you should get a display
as shown on the right.

BRREBBa

110

101

81

59

100

b
=
2
=
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Investigate: Australian biodiversity

Australia is recognised as one of the most
biologically diverse areas of the world.
However, many species have become extinct

in a short time in Australia. Many of these
extinctions are the result of human
disturbance. It is even possible that the
extinction of Australian mega fauna was the
first extinction in Australia caused by humans.
However, the rate of extinction since European
settlement has been very high. Australia has the worst mammal extinction record in the world
— 27 mammals have become extinct in the last 200 years. No other country or continent has

such a tragic record of mammal extinctions.

e Investigate extinctions of mammals in Australia

e TInvestigate extinctions of birds in Australia

¢ Investigate extinctions of plants in Australia

® How are the extinctions and the reduction of biodiversity spread over time?

A strong relationship is not necessarily a straight line.

Example © 23

The table below shows the amount of cement powder used in different mixes for concrete

blocks and the compressive force (in newtons) needed to break the block.

Cement (g/kg) 30 | 80 | 90 | 120 | 150 | 180 | 210
Breaking force (N) | 46 | 76 | 90 | 96 | 106 | 108 | 110

MAT10SPWK00033

a Draw a scatter plot of the information.
b Use the graph to predict the breaking forces needed for 60 g/kg and 250 g/kg cement.

Solution
a Plot the points with the cement axis Concrete strength
extended enough to make the required 120 /(———
predictions. 100 //
Put in a line of best fit. _ /
Z
Z 80 /
. |/
]
<60 /
g
=
5 40
1/
20 /
0 -

0 50 100 150 200 250 300
Cement (g/kg)
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MAT10SPWK00032

MAT10SPAE00002

b Use vertical and horizontal lines to read
the required values from the line of best <

fit.

Write the answers to an appropriate
accuracy.

Concrete strength

120 —
100 /;/‘
80 /

o/
wff
/

0 B
0 50 100 150 200 250 300
Cement (g/kg)

Breaking force (N)

The breaking forces would be about 70 N
for 60 g/kg cement and about 115 N for
250 g/kg cement.

Parallel boxplots are a quick and straightforward way to compare sets of data. The boxplots are
drawn on the same scale, but above each other. You need to label the boxplots so you and other

people can distinguish between them.

Example 24

a  Draw parallel boxplots for the results below of two Year 10 classes in English.
Class 1: 56, 70, 55, 80, 51, 66, 29, 69, 59, 80, 47, 84, 41, 70, 30, 78, 50,

60, 92, 42, 67, 64, 72, 60, 77

Class 2: 43, 53, 33, 65, 44, 53, 33, 64, 37, 67, 47, 52, 15, 67, 23,57, 49

b Compare the results of the classes.

Solution

a Arrange the results of class 1 in
order and divide into 4 parts.

Work out the 5 number summary.

Arrange the results of class 2 in
order and divide into 4 parts.

Work out the 5 number summary.

Use the 5 number summaries to
draw the box-and-whisker-plots
on top of each other.

b The box is further up the scale for
class 1 than class 2.

29, 30, 41, 42, 47, 50 | 51, 55, 56, 59, 60, 60, 64,
66, 67, 69, 70, 70, 72 | 77, 78, 80, 80, 84, 92

The 5 number summary is 29, 50.5, 64, 74.5, 92.

15,23, 33, 33 | 37, 43, 44, 47, 49, 52, 53, 53, 57 |
64, 65, 67, 67

The 5 number summary is 15, 35, 49, 60.5, 67.
Class 1

— [
—] T H

Class 2

0 20 40 60 80 100

Class 1 generally did better than class 2.
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Boxplots provide a good way to compare data from different groups, but the statistics do not use
all the data. You can compare data from different groups using the mean and standard deviation,
which both use all the data. The mean and standard deviation can also be calculated using many
different digital technologies, including scientific calculators. The larger the sample you use,

the closer the mean and standard deviation will be to the mean and standard deviation of the
population. Larger samples are more likely to contain extreme values than smaller samples. Since
they are just as likely to be high values as low values, this is unlikely to make any difference to the
mean. However, it could make a difference to the standard deviation. The standard deviation
value you get from a sample is likely to be less than the value you get using the whole population
because of the inclusion of all extreme values. Mathematicians have worked out a way of
compensating for this effect. Instead of using the formula for the standard deviation of the
population, when you calculate the standard deviation using a sample, you should use the formula
for the sample standard deviation to get a truer estimate of the population standard deviation.

Important!

Sample and population statistics

The statistics for a population are called parameters and have special symbols.

The mean of a population is shown as p to distinguish it from the sample mean .

The number in a population is shown as N and in a sample as 7.

The standard deviation of a population is shown as ¢ or o, and the standard deviation of a
sample is shown as s or 6,,_;. The formulas for the standard deviation of a population and

the estimate of the standard deviation from a sample are

> (x — )’

c=0,= N
and
o [RE=T)
n—1

You should be familiar with how your scientific calculator can be used to calculate the mean and
standard deviation of data. Unless otherwise instructed, you should use your calculator to find the
standard deviation.

Example © 25

The results of students in 3 different classes are shown below. Use means and standard

deviations to compare them.

Maths: 19, 17, 13, 17, 12, 26, 16, 9, 6, 15, 16, 14, 23, 16, 15, 18, 18, 19, 21, 15, 10, 17, 13

Computing: 20, 25, 12,22, 22,15, 10, 13, 12,7, 6,26, 13,7, 6, 17, 23, 12, 16, 19, 8, 6,
12, 16, 23

Music: 17, 19, 21, 16, 17, 6, 19, 16, 18, 21, 20, 18, 17, 16, 17, 22, 26, 20, 14, 26, 16

Solution
The data is from the whole class. Find the population standard deviations.

Use your calculator to find the mean and SD
of the Maths class. For Maths, mean = 15.9, SD ~ 4.3
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Use your calculator for the Computing class.  For Computing, mean ~ 14.7, SD ~ 6.3
Use your calculator for the Music class. For Music, mean ~ 18.2, SD ~ 4.1

Compare the means. The Music class generally performed much
better than the Maths or Computing classes,
and the computing class did the worst.

Compare the standard deviations. The results in the computing class are quite
widely spread, while those in the Music

class are a bit more concentrated than the
Maths class.

Write a general conclusion. The results could reflect the tests used, or
could mean that students taking Music are
more interested than those doing Maths or
Computing.

Investigate: Aboriginal and Torres Strait Islander
age distribution

The table below shows the age distributions of Aboriginal and Torres Strait Islander people
and non-Indigenous Australians.

Indigenous and non-Indigenous populations in Australia by age, 30 June 2006

Age group 04 5-9 10-14 15-19 20-24 25-29 30-34
ATSI 64 426 65 136 64 687 54 943 44 779 36 866 36283
non-ATSI | 1245 656| 1275073 1335467 1360262 | 1427 079 | 1367 064 | 1453 521
Age group  35-39 4044 45-49 50-54 55-59 60-64 65-69
ATSI 34760 30251 25073 19 812 14 423 9 689 6477
non-ATSI | 1490096 | 1502303 1468357 | 1342491 | 1257071 | 979653 | 774942
Age group  70-74 75-79 80-84 |85 and over|  Total

ATSI 4291 2634 1394 1119 517 043
non-ATSI | 626539 | 549915 | 404 354 320994 20 180 837
Source: ABS

e Use the table to find the 5 number summaries of the age distributions for each group.
Your teacher might want you to estimate the positions of the quartiles within the age
groups.

® Draw parallel boxplots of the age distributions.

e Calculate the mean and standard deviation of both sets of results, using the centres of
groups.

e What can you conclude?

e What implications does this have for Government health policy?
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Technology Parallel box plots

You can use an interactive spreadsheet to draw parallel box-and-whisker plots like the one in S

xcel worksheet:
Example 24. You can download the spreadsheet from NelsonNet, or your teacher may have Parallel boxplots
already downloaded it to the school computers for you to use. MAT10SPCTO0004

Parallel box plots

MAT10SPCT00004

Overtype your own data in the green and crimson column, then chick on the "Redraw box plol’ button or on the box plot graph
The lower quarties, upper quartiles and medians will be calculated and the boxpiots drawn

Data 1

Redraw box plot

Boxplot 1

0 5 10 15 20 25 30 35 40 45 50

The mean and standard deviation are commonly used to compare sets of data. These both use
all the data, so most people think they are the best way to compare sets of data. However, a few
very high or very low values will make a big difference to the values of these measures. You can
compare values from different distributions by checking how many standard deviations they
are from the mean.

Example © 26

Most of Andrew’s Maths class was in the same group for English. In Maths he scored 63 and
in English he received 68. The mean and standard deviation of the Maths results were 54
and 12, while those for English were 52 and 20. Which subject did he perform best in?

Solution
Find the distance above the mean for Maths.  Maths difference = 63 — 54 =9

Find the number of standard deviations 9
M Ds =—=0.
above the mean for Maths. aths SDs 12 0.75

Find the distance above the mean for

English. English difference = 68 — 52 = 16
Find the number of standard deviations . 16
above the mean for English. English SDs = 20 08
Write a conclusion. Andrew performed slightly better in English
than in Maths.
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Investigate: Examining media reports

Read the following media report from the ABC.

Indigenous people ‘living longer’

NEW figures released by the
Australian Bureau of Statistics
show Indigenous life expectancy
is longer than previously thought.

The ABS announced today
that the life expectancy gap
between Indigenous and non-
Indigenous people is about 10
years - down from previous
estimates of almost 17 years.

But the new results are not
necessarily a reflection of better
health amongst Indigenous
people.

ABS assistant director of
demography, Matthew Montgo-

May 25,2009 15:00:00

mery, says a new method, which
better accounts for Indigenous
deaths, has been used to compile
the latest figures.

“ABS certainly intends to use
that direct method into the future
because it provides us with a
better estimate,” he said.

“The previous estimates,
really there was some uncertainty,
[because] we had to make quite
a bit of assumptions about the
method.

“The current method allows
us to stand back and let the data
speak for itself.”

The new data shows
Indigenous  life  expectancy
across Australia for men and
women is 67.2 years and 72.9
years respectively - almost 10
years below non-Indigenous life
expectancy.

The Northern Territory has the
worst Indigenous life expectancy
of any state or territory, at just
61.5 years for men and 69.2 years
for women.

NSW recorded the highest life
expectancy for Indigenous men
and women, with 69.9 years and
75 years respectively.

e What is meant by ‘life expectancy’?

® Does the report mean that Aboriginal health has improved?

¢ Find out the life expectancy of all Australians.

e How is life expectancy worked out?

e Does the information in the article support the headline that Indigenous Australians are
living longer?

® Does life expectancy have any commercial value or is it only of interest to governments?

Understanding

Extra questions

Exercise 2.3

MAT10SPEQ00006

Exercise 2.3 Analysing

1 State whether any relationship is indicated by each of the following scatter plots, and if so, the

ta

kind of relationship that is shown.

a

b
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2 Use the interquartile range to determine if any of the following sets of positive data have outliers. Fluency
a 8,12,10,12, 8, 10,9, 20, 8, 12, 10, 12,7, 14, 9, 10,5, 12, 5, 10
b 21,30, 24, 35, 23,27, 26, 33, 26, 28, 24, 26, 23, 27, 24, 27, 26, 27, 16, 34, 21, 26, 22, 27, 20
¢ 21,26,20,26,23,27,25,26,24, 27, 21, 25, 25, 27, 20, 25, 19, 26, 23, 25, 23, 29, 21, 27
d 12,15,13,15,13,19, 12,19, 13, 15, 11, 14, 5, 16, 12, 17, 10, 16, 11
e 46,62,49,51,48,51,45,52,46, 56, 48,51, 50,51, 45, 54, 47, 54, 47, 52, 49, 54, 46, 52,
48,51, 36,51, 49, 54, 44, 50

See Example 17

3 Draw scatter plots for each of the following sets of points and state whether a relationship is
shown. If a relationship is shown, state the nature of the relationship.
a (10,53), (11, 49), (14, 49), (22, 39), (23, 46), (28, 33), (35, 40), (37, 34), (43, 24), (43, 27),
(50, 26), (53, 21), (57, 16)
(6,11), (8, 14), (13, 43), (13, 41), (18, 49), (22, 1), (28, 12), (30, 53), (36, 27), (38, 55),
(41, 22), (50, 3), (50, 22), (59, 17), 34, 9), (17, 35), (37, 21), (41, 9), (39, 52)
(
(

See Example 19

1,10), (9, 22), (15, 23), (21, 20), (24, 38), (24, 26), (26, 51), (30, 28), (37, 45), (37, 55), (45, 36),
46,47), (48,53), (57, 49), (15, 22), (8,32), (17, 17), (1, 12), (30, 30), (30, 36), (29, 27)

4 Draw parallel boxplots of each of the following sets of data.
a Setl1:11,16,9,14,12,13,10,12,7, 16,9, 14,5, 15,12, 14, 11, 12
Set2:8,9,7,11,6,9,9,9,7,16,7,12,8,15,8,15,5,9
b Set 1: 23, 26, 23, 28, 25,29, 24, 25, 25, 25, 25, 26, 22, 26, 23,27, 23,28, 24, 29, 23,25
Set 2:25,26,22, 31,24, 28, 20,27, 25, 32, 16, 25, 21, 27, 24, 27, 24, 29, 20, 28, 25, 29, 23, 26
c Setl:6,10,3,6,4,9,4,7,5,10,5,8,2,8,3,9,5,6,5,9,5,7,4,6,4
Set2:5,9,7,8,3,8,3,9,8,9,7,9,6,8,7,9,7,8,4,9,7,8,6,10,7, 8,6

See Example 24

5 Make scatter plots of the following sets of data and draw lines of best fit. See Examples 20, 23

a ' x 30 35 40 45 50 55 | 60 65 |70 | 75
Yy 5 1354 657 756 65 795

bl x 30|35 40 45 50 55 60 65 70 75
y | 7 454 55| 5 25 2 15| 3 25

c | x| 2 4 6 8 10 | 12 | 14 | 16 | 18 | 20
Yy 21,32 36 38 34 333632 |21 14

6 Find the equations of the lines of best fit in question 5 parts a and b. See Example 21
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See Example 22

Problem solving

See Example 18

7

8

10

Use the two means method to find the equations of lines of best fit for the data sets below.
a (3,111),(9,97), (12, 95), (17, 90), (21, 72), (26, 67), (27, 51), (30, 56)

b (2,15), (10, 21), (13, 21), (17, 30), (19, 31), (22, 48), (25, 45), (33, 53), (35, 63)

The table below shows the numbers of accidents that drivers of different age groups
were involved in. According to the report, it shows that ‘older drivers are safer than younger
drivers’.

Accidents in last 2 years
1 2 3 4 5  Total

17-21 24 14 12
226 16 14 9. 9 60

Agegroup | 2731 | 9 74 2 29
3241 4 2 2 0] 0 8
Overdl 4 2 0 0 0 6
Total | 49 2 27 23

a Complete the missing parts of the table
b Are older or younger drivers involved in more accidents?

¢ Find the percentages of drivers with accidents in each age-group who have had 4 or more
accidents in the last 2 years.

d Do older or younger drivers seem more prone to multiple accidents?

e Is the conclusion supported by the data?

The table below shows the ‘reading ages’ of boys and girls in Year 10.

Reading age

12 1 13 14 15 16 17 | Total
Male 14 | 17 31 24 122
Sex
Female 10 | 17 29
Total 21 41 | 67 240

a Complete the missing parts of the table

b Are there more boys or girls who are good readers in Year 10?
¢ Do boys or gitls appear to be better readers in Year 10?

d Are your conclusions of this survey likely to be reliable?

e Are your conclusions supported by the data?

The data below shows the heights and arms spans of a sample of students in Year 10.

(157, 167), (167, 165), (156, 153), (172, 173), (163, 164), (30, 162), (181, 185), (180, 180),
(167, 167), (169, 169), (190, 88), (177, 176), (162, 156), (165, 165), (167, 160), (189, 189),
(168, 167), (169, 159), (184, 182), (175, 174), (162, 162), (170, 160), (142, 155), (169, 168),
(167, 167), (186, 183), (133, 166), (178, 174), (160, 153), (166, 167), (169, 173), (168, 166),
(173, 172), (164, 166), (143, 153), (162, 155)

a Make a scatter plot.

b Does there appear to be any relationship?
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11

The data below shows the ages and heights of some Australian students on 1/1/2011.

(9, 142), (15, 175), (13, 167), (12, 150), (14, 172), (10, 134), (12, 145), (15, 163), (13, 162),
(11, 134), (11, 138), (14, 157), (12, 144), (14, 171), (12, 155), (9, 144), (14, 165), (12, 168),
(13, 156), (13, 150), (12, 164), (10, 147), (16, 157), (14, 163), (19, 173), (11, 136), (17, 174),
(15, 160), (17, 156), (17, 165), (15, 176), (13, 152), (12, 158), (8, 135), (15, 172), (16, 167),
(16, 168), (11, 149), (13, 158), (12, 150), (10, 146), (18, 175), (13, 159), (16, 150), (17, 186),
(8, 250), (10, 146), (14, 169), (16, 174), (11, 148)

a Make a scatter plot.

b Does there appear to be any relationship?

¢ What would you expect to find if you collected ages and heights for university students?

(12) Two sprinters have the following training times over 100 m (in seconds). Worked solutions
Fred: 123 124 125 123 124 128 131 121 127 125 Exorcice 23

13

14

9780170194860

Sam: 121 120 120 168 121 122 124 121 123 124 MAT10NAWS00039

a Draw parallel box-and-whisker plots for both sprinters on the same scale.
b Compare the sprinters using the means, medians, quartiles and ranges.

¢ Which sprinter should be chosen for the school track-and-field team? Give reasons.

The rents per week, in dollars, of houses in Brisbane, advertised one Saturday morning, were
as follows:
Inner southern suburbs: 275, 340, 385, 330, 290, 235, 345, 300,
400, 265, 235, 250, 310, 300, 340, 330
Inner northern suburbs: 500, 450, 325, 390, 280, 230, 360, 275, 400,
285, 298, 480, 340, 390, 290, 470, 600, 290
a Draw parallel box-and-whisker plots for both areas on the same scale.
b Compare rental costs in inner northern and inner southern suburbs.

¢ Compare the areas using the means, medians, quartiles and ranges.

The marks of some students for Physics and Chemistry are shown below:
Physics: 60, 81,74, 45, 44, 44, 34, 59, 48, 74, 43, 48, 62,
46, 59, 64, 64, 55, 55, 45,71, 59,51, 55, 67
Chemistry: 80, 65, 56, 67, 70, 53, 76, 68, 43, 59, 43, 61, 43,
80, 74, 53,52, 58, 49, 67, 62, 37, 65, 58, 46, 65, 65
a Draw parallel boxplots for the data.
b Compare the results.

¢ Compare the classes using the means, medians, quartiles and ranges.




Worked solutions
Exercise 2.3

MAT10NAWS00039

See Example 23

(15 The germination rate for parsnip seeds stored for different times is shown below.

Time (weeks) 6, 810 12 | 14 16
Germination (%) | 75 | 83 | 71 | 67 | 67 | 55

a Draw a scatter plot to show the results and put in a line of best fit.

b What happens to the germination rate as time goes by?

¢ What would the germination rate be if the seed was stored for only 1 week?
d What would the germination rate be if the seed was stored for 20 weeks?

16 The table below shows the amount of potassium iodide (KI) used up in a reaction and the
time taken for the reaction (with other quantities kept constant).

KI amount (g) = 5 10 15 |20 | 25 | 30 | 35 40 | 45 | 50
Time (s) 195 | 85 52 4 5 1231141 27 15

a Draw a scatter plot of the information and add a line of best fit.
b Use the graph to predict the time of reaction if 70 g of KI is used.

17 The records for the women’s high-jump are shown below.

Year 1932 | 1943 | 1956 | 1958 | 1960 | 1961 | 1974 | 1977 | 1984
Record (m) = 1.65 | 1.71 | 1.75 | 1.80 | 1.85 1.90 | 1.95 | 2.00 | 2.07

a Draw a scatter plot of the information and add a line of best fit.

b Use the graph to predict the record at the Sydney Olympic Games in 2000. Find out
whether this prediction was correct.

18 The birth rate in Australia (births per 1000 people) is shown in the table below.

Year 1860 1870 1880 1890|1900 | 1910|1920 19301940 1950 1960 1970 1980 1990|2000 2010
Rate 42.6 387 353 | 35 |273 /267255 199 179 233 224 206|153 154 13 | 133

See Example 25

a Draw a scatter plot to show the information.
b Use the two means method to find the equation of a line of best fit.
¢ Predict the birth rate in 2050.

d Does the data and graph support a conclusion that Australia’s birth rate is steadily
declining?

19 60 students from each of Years 8, 10 and 12 were asked how much sleep they usually had on a
school night. Their answers were as follows.
Year8:7,8,7,9, 10,9,9, 8, 11,9, 10, 9,9, 10, 7,9, 11, 8, 10, §,8,7,9, 11, 8,7,9, 9, 8, 7, 6,
9,7,6,8,8,7,9,6,9,9, 11, 10, 8, 10, 9, 9, 10, 11, 10, 7, 10, 10, 8,7, 7, 10, 8, 10, 9

Year 10: 7,8,9,9,6,12,9,9,8,7,9,7,7,8,8,7,9,9, 9, 10, 8, 10, 8,9, 7, 10, 6, 10, 8, 8, 7, 8,
7,7,8,8,11,9,10,11,7,8,6,9, 8,9, 10, 5,5, 8,7, 9, 10, 8, 8, 10, 11, 7, 6, 8

Year 12:7,8,8,8,8,7,9,7,9,6,9,9,8,9,8,8,7, 8, 10, 8,8,7,8,10,8,7,9,7,7,7,8,9, 7,
6,7,7,7,9,9,7,10,8,8,6,8,8,8,8,8,11,7,7,10,6,7,8,9,8,9,7

Compare the amounts of sleep of the students using the mean and standard deviation.

20 The times of the top songs over periods of 10 years are shown below.
1950-1959: 2:35, 2:26, 2:26, 2:54, 1:55, 2:22, 2:19, 2:43, 4:06, 2:31
2000-2009: 2:13, 3:33, 3:48, 3:52, 4:14, 3:23, 3:48, 3:48, 3:54, 3:33
Compare the times of old hit songs with recent hit songs using the mean and standard deviation.
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(21) The mean height and standard deviation of female Year 10 students is 164.5 cm and 9.0 cm, Weied selifions
while for male students they are 174.0 and 9.2 cm respectively. Is a female student of height S

155 cm or a male student of height 163 ¢m more unusual?

MAT10NAWS00039
22 Use the figures in question 21 to determine which you would be more likely to find in a Year See Example 26
10 class: a girl over 180 cm or a girl under 145 cm.
. . . . . . . Reasoning
23 Explain why the information in question 8 is not useful in determining whether older or
younger drivers are more accident prone.
24 A marketing firm placed survey forms inside the plastic wrapping of adult board games asking See Example 16

about the kinds of games people liked. The makers of the board game wanted to find out how
to expand their market and appeal to a wider range of people. The survey could be sent back
using a prepaid envelope. Explain whether you think this was a good way to do the survey.

25 To find the kinds of child care holiday programs that children want, students in Year 3 at a
school near the childcare centre were asked to pick from a list of 10 different activities they
would like to do in the holidays. The centre planned to offer local parents a special deal to try
to replace business lost when people went away with their children for the holidays. Explain
whether you think this method was a good way to obtain the information.

26 Explain whether or not the data in question 15 could be used to set a ‘use-by’ date for parsnip
seed.

27 Explain why records like those in question 17 are not very good for predicting future records.

28 Use the results of question 18 to determine when there will be no births in Australia, and
explain the problems with this prediction.
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Chapter 2 summary

Quiz

Statistics

MAT10SPQZ00002

Categorical data separates information into different (named) categories: nominal data has no
numeric meaning or order, ordinal data has a natural order, but does not represent a
measurement.

Numerical data consists of numbers: continuous data can take any value between the smallest
and largest values; discrete data can only have particular values. In most cases, the values are
whole numbers.

The mean () is the average score. It is the total divided by the number of scores.

For grouped frequency distributions, the class centre is used to represent all the scores in a
group to calculate the mean.

The median is the middle score. It is found by arranging all scores in order to choose the
middle score. Cumulative frequency is the progressive total of frequencies and can be used to
work out the median.

The mode is the score with the highest frequency. A bimodal distribution has two scores with
equal highest frequencies.

The mean, median and mode are called measures of central tendency.

The mathematical symbol ¥ means ‘the sum of” and can be used to write the formula for the

__ Xx Xx
meanasx:—zz—

= , where x stands for a score, # is the number of scores and f stands for a

frequency.

The mean is most often used as the typical score. However, if there are a few high or low
scores that would distort the mean, you should use the median. The mode should be used in
cases where the most common score is needed.

The range is the difference between the highest and lowest scores and measures the spread of
the data.

The quartiles of a frequency distribution divide it into 4 equal sections.

The first quartile (lower quartile) is the score that has a quarter (25%) of the scores below it.
Its symbol is Q1 or Q. For a finite distribution of # scores, it is the median of the scores below

n+1 n+2

th score for 7 odd and the th score for # even.

the median, or the

The second quartile is the score that has two quarters (50%) of the scores below it. It is
another name for the median. It can be written as Q2 or Q,.

The third quartile (upper quartile) is the score that has three quarters (75%) of the scores
below it. Its symbol is Q3 or Q3. For a finite distribution of # scores, it is the median of the

n+1 n+2

th score for 7 odd and the th score for 7 even.

scores above the median, or the
The interquartile range (IQR) is the difference between the third and first quartiles.

IQR = Q3 — Q1

The five number summary is the minimum, first quartile, median, third quartile and maximum

(Q0, Q1, Q2, O3, O4) of a frequency distribution.
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Chapter 2 summary

e A symmetrical distribution is roughly the same shape on either side of the middle.

e A distribution is skewed to the left (negatively skewed) if the scores spread out more below
the median than above the median. If the scores are spread more on the right, it is skewed to
the right (positively skewed).

¢ Bimodal distributions have two high parts, although they don’t always have two actual modes.

Symmetrical Skewed left Skewed right Bimodal
Median Median Median

L Lotbe e Ll

¢ The mean deviation of a set of data is the average of the absolute values of differences of each

data item from the mean. The formula is

> lx — x|
—

e The standard deviation (symbol &) of a set of data is the square root of the average of the
squares of the differences of each data item from the mean. The formula is

G_\/Zx_x \/sz _2

¢ A box-and-whisker plot (boxplot) uses the 5 number summary to show how data is
distributed. You extend a rectangle from the lower quartile to the upper quartile, divided at
the median and draw horizontal lines from the quartiles to the maximum and minimum. A
scale is shown under the drawing.

Spelling mistakes out of 20

—L [

2 3 4 5 6 7 8 9 10

e Back-to-back or side-by-side data displays are used to compare different distributions.
e A fair sample is like the whole population. A biased sample is not typical of the population.

¢ Biased methods and biased questions are likely to influence results in a particular direction.
Fair ones are not likely to influence results in a particular way.

¢ Non-compliant data is obviously wrong, like someone’s age being 164.

® An outlier is a score that has a very different value to the rest of a set of data. It can be defined
as being more than 1.5 times the interquartile range below the first quartile or above the third
quartile.

e Data where each item has two measurements that can be represented as variables is called
bivariate data.

e A scatter plot of bivariate data has values that are plotted as coordinates. One variable is on
the horizontal axis and the other one is on the vertical axis. It is used to look for relationships
between variables.

9780170194860




Chapter 2 summary

If the points on a scatter plot lie between sloping parallel lines, you can say that there is a
relationship between the variables. If the lines have a positive slope you say that it is a positive
relationship, but for a negative relationship they slope down. The variables generally change
in the same way in a positive relationship but in opposite ways in a negative relationship.

The parallel lines are close together for a strong relationship but are well separated when the
relationship is weak.

Weak negative ~ Strong negative None Weak positive  Strong positive
‘ N y °® e o 1/ ° 4 Y
lN\ S oo N o | ° /d P /o,o
‘[r.\ O o 9 \ L] / L) 1 J ¢ L
\°® NG 9e | ol® ol ® oo | ® e,
\ﬁ\% A \\ (1] o © [ ) b ¢ ’o. //
N N o | 1 7

A line of best fit is a line that shows the general pattern of points on a graph.

The equation of a line of best fit can be calculated using the means of the top and bottom

halves of the data.

A line of regression is the line that best represents the data in a scatter plot. It is usually
calculated using digital technologies.

Interpolation is the prediction of a value within the range of the data.

Extrapolation is the prediction of a value outside the range of the data.
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Chapter 2 review

1 Find the mode and range of the following set of data. LR

Macaroni, Spaghetti, Fettuccini, Lasagne, Lasagne, Macaroni, Spaghetti, Fusilli, Spaghetti, S
Spaghetti, Macaroni, Fettuccini, Lasagne, Spaghetti, Fettuccini, Macaroni, Lasagne, Macaroni,
Lasagne, Gnocchi, Spaghetti, Fettuccini, Spaghetti, Gnocchi

2 Find the median and mode of the following set of data. See Example 2
Very poor, Very poor, OK, Poor, Very poor, Very good, Very poor, Poor, OK, OK, OK,
Poor, Good, Very poor, Poor, Very poor, Very poor, Poor, Very poor, Good, Good,
Very good, Very good, Very poor, Good, Good, Very good

3 Find the mean, median, mode and range of each of the following sets of data. See Example 3
a 5,13,10, 12, 10, 13, 11, 14, 10, 13,7, 12,7, 13, 10, 13, 8, 12,9, 12,5

b Score 25 26 |27 28 | 29|30 31 32 33 | 34 35| 36| 37
Frequency | 5 1 | 4 1] 3 9 |16 (13|17 |9 |5 |5 | 2

4 Make a stem-and-leaf plot of the times below that Year 10 students say got up on Monday
morning.
7:00, 5:30, 6:30, 7:30, 7:30, 8:00, 8:30, 8:00, 7:45, 7:00, 7:30, 7:00, 7:15, 6:15, 7:30, 7:00, 7:45,
7:30, 6:45, 7:30, 7:30, 7:00, 6:15, 6:30, 8:00, 7:00, 6:00, 8:00, 6:30, 6:30

5 Make scatter plots of the following sets of data. See Example 11

a|lx 152025 3035 40|45 50 55
Yy 45 |39 | 38 | 36 | 34 37 31 29 32

b | x 3|7 11 15|19 23 27|31 |35 39
Y 26 38|68 6780 78|66 52 31 8

6 Find the median, quartiles and interquartile range of each of the following sets of data. See Example 4
a 3,7,4,9,3,9,6,8,7,7,2,10,7,9,7,7,5,7,4, 8

b 'Score 2(3/4/5/6/7/8/9/10(11 121314 |15 16|17 181920
Frequency (2 2/1/0/5 17|73 /549 4|7 /4/4 3 1|3

7 Draw box-and-whisker plots for each of these sets of data. See Example 12
a 8,9,9 12,10,13,14,8,4,5,7,10,7,9,8,7,5,7
b 26,25,24,20,24, 15, 19, 26, 27, 31, 21, 26, 16, 29, 22, 22, 15, 29

8 State whether any relationship is indicated by each of the following scatter plots, and if so, the
kind of relationship that is shown.

a b c
° ° ° : .. bo |, P °
g o o "~ dmg 4
o | le o .
° A pelefo ] °
9 Find the mean and standard deviation of 4, 14, 2, 16, 6, 15, 8, 13. See Example 7
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Fluency

See Example 10

See Example 6

See Example 8

See Example 13

See Example 17

See Example 19

See Example 22

See Example 5

11

12

13

14

16

17

The following table shows the masses of a group of people.

Mass (kg) | 40-49 | 50-59 @ 60-69 | 70-79 @ 80-89 | 90-99 | 100-109 | 110-119
Frequency 4 7 16 14 6 2 1 4

a Draw a histogram of the results.
b Comment on the shape of the distribution.

Find the five number summary for each of the following distributions.
a 45,54, 49,50, 44, 54, 46, 52, 41, 53, 42, 56, 43, 53, 39, 50, 47, 55, 47, 54, 42

b Score 1213 |14 |15 |16 | 17 18 19 | 20
Frequency | 1 | 2 | 7 15|26 12 | 13 | 4 1

Which data measure(s) should be used in each of the following cases?

a A car yard wants to know how much money it will make from selling 15 cars.

b An up-market credit card provider wants to know if plumbers earn enough to be worth
targeting in a marketing campaign.

Compare a box-and-whisker plot of the following set of data to a histogram and dot plot of
the same data.

10,10,7, 11, 6, 11,7, 12, 7, 14, 10, 10, 9, 13, 6, 12, 6, 10, 8,7, 6, 14, 6, 12, 5, 11,8, 14, 5, 11,
6,10, 8,12, 9

Use the interquartile range to find if any of the following sets of positive data have outliers.

a 8, 11,9,11,9,12,9,12,4,11,7, 13,9, 12,9, 13, 10, 11, 10, 14

b 13,27,13,23,19, 23,15, 25, 16, 21, 15, 27, 12, 22, 19, 27, 17, 23, 12, 26, 15, 25, 19,
20,17

Draw scatter plots for each of the following sets of points and state whether a relationship is

shown. If a relationship is shown, state the nature of the relationship.

a (11, 57), (24, 65), (35, 75), (48, 83), (60, 98), (73, 110), (21, 64), (24, 63), (29, 71), (28, 74),
(25, 63), (40, 74), (5, 46), (17, 61), (12, 50), (6, 50), (22, 59), (20, 54), (15, 58)

b (20,75),(19,71), (37, 9), (49, 5), (24, 52), (35, 49), (31, 14), (35, 46), (13, 96), (28, 12),
(34, 29), (4,91), (15, 68), (2, 112), (25, 32), (21, 62), (26, 43), (50, 3), (50, 22), (59, 17),
(34,9), (17, 35), (37, 21), (41, 9), (39, 52)

Draw parallel boxplots of the following sets of data.
Set 1: 8,8,4,9,8,9,5,13,7,9,5,18,7, 11, 3, 12,4, 18,5, 11, 5, 19, 5, 14
Set 2:7, 15, 12, 15, 8, 17, 5, 14, 11, 14, 12, 13, 12, 17, 2, 14, 9, 15, 8, 15, 13, 13, 10, 16, 7, 15

The following table shows the masses of a group of people. Find their average mass.

Mass (kg) | 40-49 | 50-59 @ 60-69 | 70-79 @ 80-89 | 90-99 | 100-109 | 110-119
Frequency 4 7 16 14 6 2 1 4
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Make scatter plots of the following sets of data and draw lines of best fit. See Examples 20, 23

a x 13 25 | 31 | 44 54 | 6.6
Yy | 126 183 | 274 | 383 | 51.1 | 68.1

b x| 1539 6 10.7 | 113 | 124 | 15.8 | 18.8
Yy 43 65 | 101 109 | 14.1 | 187 | 17.6 | 24.7

The numbers of damaged apples in cases of 40 apples were recorded as follows. Problem solving

Number of damaged apples | 0 | 1 |2 |3 4|5
Number of cases 12107 5 4 2

a  What is the typical number of damaged apples in a case?
b How many damaged apples would you expect to get in 74 cases?

Two greyhounds have the following race times over the same meetings (in seconds). See Example 14
Houndog: 53, 59, 61, 51, 59, 53, 58, 44, 47, 48, 73, 73, 70, 66, 60, 60, 50, 71, 37, 64
Chaser: 64, 53, 60, 61, 66, 69, 82, 68, 64, 68, 76, 59, 57, 58,71, 83, 68,77, 64, 76

a Make a back-to-back stemplot for the data.

b Compare the greyhounds using the stemplot.

¢ Compare the greyhounds using the means, medians and ranges and comment on your
results.

The table shows the heights and errors in a spelling test of a group of 15-year-olds. See Example 18

Errors in spelling

1 2 3| 4 | 5 | Total
150-159 0 1 5 1 10
160-169 8 6 2 9 34
Height (cm) = 170-179
180-189 2 3 2 2 11
Over 189 | 2 0 1 1 4
Total 23 | 12 17 | 22 94

a Complete the missing parts of the table.
b Do taller students appear to make more or fewer spelling errors than shorter students?

The following table shows the numbers of new sports utilities sold in Australia. See Examples 19-21

Year 2000 | 2001 | 2002 | 2003 1 2004 | 2005 | 2006 | 2007 | 2008 | 2009 | 2010
Number (°000s) | 113 | 126 | 149 | 163 | 187 | 194 | 185 | 216 | 208 | 205 | 252

a Draw a scatter plot to show the results.

b What kind of relationship is shown, if any?

¢ Putin a line of best fit and predict the number of sales in 2014.
d What is the equation of the line of best fit?
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23 Two classes of students sat the same exam, one first thing in the morning and the other last

thing in the afternoon. Their results are shown below:
Morning class: 3, 15, 10, 12, 14, 15, 15,9, 10,9, 13, 15, 11, 13, 12,

14,13, 13, 14, 15, 17, 14, 5, 13, 8,9, 17, 11, 11, 17
Afternoon dlass: 3, 11, 8, 6,7, 9, 3, 11, 11, 8, 12, 12, 3, 12, 9,

5,5,5,13,5,4, 12, 10, 13, 16, 12, 12, 17,9, 6
a  Make parallel box-and-whisker plots for the classes.
b Does either class appear to have had an advantage from the time of the exam?
¢ Compare the morning and afternoon distributions using the means, medians, quartiles and
ranges and comment.

24 a Use the two means method and the information in question 22 to find the equation that
shows the number of sports utilities sold in Australia.
b Predict the number of sports utilities that will be sold in 2020.

SeeExample25 25 Two students were arguing about whether History or Geography was the ‘hardest’” subject. To
settle the argument, they decided to compare the results of classes in History and Geography.
They obtained these results for recent tests from two classes.
History: 28, 29, 37, 21, 37, 26, 26, 15, 14, 20, 19, 21, 31, 31, 23, 11, 26, 20, 17, 2, 13, 10, 24

Mean 21.7826087

Median 21 Minimum 2

Mode 26 Maximum 37
Range 35 Q1 16

IOR 11 03 27
SD(pop) 8.474804201 SD(sample) 8.665273

Geography: 24, 23, 27, 25, 20, 21, 20, 19, 18, 30, 17, 28, 19, 29,
21, 23,20, 17, 15, 21, 22, 22, 18, 19, 20, 11, 25

Mean 21.25925926

Median 21 Minimum 11

Mode 20 Maximum 30
Range 19 01 19

IOR 4.5 Q3 23.5
SD(pop) 42215724 SD(sample) 4301991

The History test was out of 50 and the Geography test was out of 40. Change the results to
percentages and compare them using mean and standard deviation. Does this settle the
argument?

SeeExample 26 26 The prices of bananas in fruit shops had an average of $4.60/kg with a standard deviation of
$1.05. The prices of oranges had a mean of $3.80/kg with a standard deviation of $0.85. One
fruit shop had bananas and oranges equally priced at $4.15/kg. Was the price of bananas or
the price of oranges more unusual in this shop?

Reasoning 27 Explain the positions of the median and the mean in a negatively skewed distribution.
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A class of 20 Year 10 students has an average mass of 72 kg. The median mass is 68 kg.
3 more students join the class. These 3 have an average mass of 80 kg and a median mass of
78 kg. Explain what will happen to the mean and median for the class.

What are other explanations for the results in question 23?

The 5 number summary of a distribution is 12, 17, 19, 20, 22. Comment on the distribution
and explain how you would estimate the mean.

The graph below shows the results of a survey of students completing Year 12 by the See Example 15
Department of Education, Employment and Workplace Relations.
Prefer University | I I I I I |53

Prefer VET | | | [19

Prefer Work ::] 11
Not Study or Work | |15

Don’t Know _ 2

0% 10% 20% 30% 40% 50% 60%

A media report uses the information under the headline ‘Australian school leavers prefer
University.” Explain if this headline is misleading.

Two market research companies undertake surveys for different local chocolate makers to find
the sizes of Easter eggs that they should make for the next Easter season. One maker rings
1000 people from different areas of the city and asks them to state the mass of chocolate they
would want to have in Easter eggs. The other company takes sample eggs to 100 selected
houses in the suburbs. The first company gets higher weights than the second. Explain which
you think would be the most reliable.

How reliable is the prediction for 2014 in question 22?
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Patterns and algebra

Factorise algebraic expressions by taking out a
common algebraic factor. (10)

Simplify algebraic products and quotients using index
laws. (10)

Apply the four operations to simple algebraic fractions
with numerical denominators. (10)

Substitute values into formulas to determine an
unknown. (10)

Investigate the concept of a polynomial and apply the
factor and remainder theorems to solve problems.

(10A)




Algebra has a long history. As far back as 2000 BcE, the ancient Babylonians developed a form of
algebra. Evidence of equations recorded on clay tablets shows that the Babylonians used algebra to
solve problems.
Like much of our mathematics, algebra came into modern use through the Moslem culture of
Weblink more than a thousand years ago. Muhammad ibn Musa al-Khwarizmi (about 780-850 cE) of the
WA e House of Wisdom’ in Baghdad used the phrase al-jabr to describe some basic operations in the
MAT1ONAWBOoo03  Solution of equations. It has become the word algebra and his name is immortalised in the word
‘algorithm’ that describes the arithmetic methods he detailed in his book Al-Kitab al-mukhtasar fi
hisab al-jabr wa-l-mugabala.
In algebra, unknown quantities are represented by variables. Variables are used in rules or
equations that can then be used to model difficult problems.

Algebra

MAT10NAVT00003
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Ml Mathematical literacy
The mathematical words below have special meanings that you will learn in this chapter. It is

important that you learn to spell them and gradually learn what they mean in mathematics.

MATI0ASDIOO00T 61y may find the glossary or online mathematical dictionary useful for this purpose.

algebraic constant highest common simplify

expression degree factor square of a
algebraic fraction difference of two leading term difference
arithmetic squares like terms square of a sum

expression distributive law lowest common subject
binomial brackets evaluate denominator substitution
coefficient expand perfect square term
collecting like expression polynomial transpose

terms factorise quadratic variable
common factor formula simplification
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ﬂ. Expressions and polynomials

You have already done quite a bit of algebra in previous years. You should already be familiar
with most of the terms below.

Variables, expressions and formulas

A variable is a letter or symbol that stands for a number. A constant is a number.

An expression has variables and/or numbers connected by arithmetic operations like +, +
and powers. An expression with numbers only is an arithmetic expression, while one with
variables is an algebraic expression.

The numbers that are multiplied by the variables are called coefficients, the parts separated
from the rest by + or — are called terms and a number on its own is called a constant term.
In algebra, you usually leave out the multiply symbol X between a constant and a variable or
between variables. So the expression 5x + 8 means 5 X x + 8 and has 2 terms, 5x and the
constant term 8. x is the variable and 5 is its coefficient.

To evaluate an algebraic expression you use substitution. You put in values for the variables
(substitute values) and work out the answer. When x = 73 is substituted into the expression
5x + 8, its value is ~7.

A formula is an equation with a variable on the left and an algebraic expression on the right.
The variable on the left is the subject of the formula. The value of the subject variable is
calculated by evaluating the expression on the right using given values. When the values

A = 12 and h = 8 are substituted into the formula V' = %Ah you get an answer of 32 for the

subject V. This formula can be transposed so that the subject is 4. It then becomes 4 = 3V

1

In mathematics, expressions may be simplified by various methods. Collection of like terms is the
simplest method of simplifying of algebraic expressions.

Example "1

Simplify the following if possible.

a 6pg — 6gt — 2ptgp + 4ig + 8 b #? + 2w’ = 3m” — 4t MATTONATIO0N T3

Solution

a  Write the expression. 6pq — 6qt — 2ptqp + 4tq + 8
Use the commutative law and index notation. = 6pq — 6qt — 2p°qt + dqt + 8 MAT10NACP00013
The only like terms are ~6¢¢ and 44¢. =6pq — 2qt — 2p°qt + 8

b Write the expression. m’ + 2m’ — 3m® — T’
m? means 1772, and 7 is different. = 2m® — 5m’

Collect like terms.
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Simplification can involve the use of the index laws, particularly when an expression involves the

same base in different parts.

Example T2

Simplify each of the following.

a

8eq” X 5¢°q’ b 10#°x° + 15#%*

c 4b%Ar? X 10w

d 18k_3psu3 = 6,%4p_2u e 3x X (3)22)5 X 5x 7 X (23/_3)_3

Solution

a

Write with index 1 for the first e.
Add indices and multiply coefficients.
Simplify.

Write in fraction format, with positive indices.

Cancel coefficients, subtract denominator indices.

Simplify.

Move the negative index to the denominator and
write x" as x.

Write the problem.

Add indices and multiply coefficients. Write
the variables in alphabetical order.

Simplify.
Move the negative index to the denominator and
write 7! as just 7.

Werite in fraction format, with the power of 1
written explicitly.

Cancel coefficients, subtract denominator indices.
Simplify.

Move the negative index to the denominator to
leave with positive indices.

Write the problem.

Simplify the powers of powers.

Add indices and multiply coefficients where

possible. Write the variables in alphabetical order.

Write in fraction format with positive indices
and evaluate 2°.

8e'q? X 584°
—8 X5 XX £

= 4Oe4q5
10#2%°
15n4x4

Zmn2—4x5—4

;15
B 20 251

3
_2x

3n2

46* %> X 108° =4
=4X 10X b+ X p 3t x 24

= 406" ru 2

405"r
)

u

18k p°
6k*p—241

3x X (y4z2)5 X 5x > X (2)/_3)_3

5_10

=3x Xz

X 5x~

3 X 2—3},9

=15 X2—3 —2 14 _10

- 15)'14Z10
82

x 'z

9780170194860



forﬁ!jAEuI;t§aolitln?MriAchll-llji 1 0—|_1 D A

In some cases, you may need to collect like terms in the numerators or denominators when
simplifying multiplications or divisions of expressions.

Example 3

Simplify each of the following.

12x — 4x 11pgr + 9pqr 18wm — 10wm
- x 2 b X
Sxz — X2 (a +24) 24mrw — Ymrw 4v +3v
Solution
a  Write the second part in fraction format (12x — 4x) _ (3a+2a)
and insert brackets. (5xz — x2) 1
Collect like terms. —8x  a
4xz 1
Cancel the numbers and the x. —2x STa
z
Simplify. 104
z
. 11pgr + pgqr 18wm — 10wm
b Write th blem. X
fite the problem 24mrw — Ymrw 4v + 3v
Collect like terms. = 20pqr X Bum
15mrw Tv
4pq 8
Cancel the numbers, 772, w and r. =2 X —
3 Tv
. . 2
Simplify. _32pq
21v

Investigate: Space stations

Astronauts in a space station need to be able to move around in comfort. They work best
under the same gravitational conditions as on Earth. Mathematicians discovered that, if the
space station rotated at the appropriate speed, the gravity of Earth could be simulated on
board. This is the formula that they worked out to let them simulate Earth’s gravity:

42 /5

N=2)

nVr
where N = rotations per minute of
the space station and » = the radius
of the space station in metres.

_‘w “

’as,
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Use the formula to answer these questions.

1 A space station with a radius of 11 m is launched. Calculate the number of rotations per
minute that the space station must make to simulate Earth’s gravity.

2 An American space station has the same gravity on board as Earth’s. It has a radius of
35 m. How many rotations per minute does the space station make?

3 A Russian space lab has a radius of 6.2 m. In orbit it rotates 15 times every minute.
a Would the people on board have trouble moving about? Explain.
b If a problem exists, how could it be corrected?

Research the International Space Station. Does it use artificial gravity? Can you think of
reasons why they wouldn’t use artificial gravity on a space station?

Example T4

_ Substitute the values given in each of the formulas below to find the values of the subject.

Algebra 1
MAT10NATI00013 a s=ut+ Eatz, foru=10,t=3anda =8

b T=+2P+4B,forP=15and B=5.5

Algebra

MAT10NACP00013 Solution 1
a  Write the formula. S=ut+ Eatz
Substitute # = 10, =3 and 2 = 8. =10X3+05X8X10 X 10
Evaluate. =430
b Write the formula. T =+\/2P + 4B
Substitute P = 1.5 and B =5.5. =v2X15+4X55
Evaluate. =5

Example 5

For a right cone, V = 1 #h. Substitute V = 201 cm’, » = 4 cm in the formula and solve the
resulting equation for 4.

Solution

Substitute the values in the formula. 201 = %ZX”
Multiply both sides by 3 161 X h = 603
Use your calculator to divide by (16m). h=11.99%...
Round and write the answer. h~12 cm

If you want to find the value of a variable that is needed to give a particular value for a formula,
you can rearrange the formula first. If you wanted to find multiple values, this would save time
anyway. You use inverse operations like you have to solve equations in previous years. Remember
that they are done in reverse to the usual order of operations.
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Example 76

Make x the subject of each of the following formulas.

a detc=p bg—kd:bc
. MAT10NAVT10005
Solution
a  Write the formula. dc+c=p
Take ¢ from both sides to isolate the x term. dctc—c=p—c
MAT10NATIO0013
Simplify dc=p—c¢
Divide both sides by d to isolate x. dx .
i
Simplify. =L :i ¢ MAT10NACP00013
b Write the formula. % +d=bc
Take d from both sides to isolate the x term. g =bc—d
Multiply both sides by g to isolate x. x = glbc — d)

One of the most important kinds of mathematical functions is the polynomial. What do you think
‘poly — nomial’ means? Polynomials are important because other functions can be approximated

using polynomials, at least over limited domains. While polynomials may have many variables, we
will look only at polynomials with one variable.

Important!

Polynomials
A polynomial is a sum of terms that are each the product of a constant and positive integer
powers of the variables. A polynomial in one variable can be written as

Plx) =a,x, + a,_1%,-1 + ay_2%,—> + ... + axx> + a1x + ao,

where the coefficients a,,, a,_1, @,,_2, . . ., a2, a1, ag are real numbers. In the work on
polynomials this year, we will assume they are integers.

The degree of the polynomial is the highest power 7, and the leading term is the term that
contains the highest power.

A linear function can be considered as a polynomial of degree 1. Polynomials of degree 2 are
called quadratics.
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Algebra 5
MAT10NAWK00034

Algebra
MAT10NATI00013

Algebra
MAT10NACPO00013

Example © 7/

State the leading term and degree of any of the following that are polynomials.
a 3m’ —5m’+m' —5m+2

b 4x* 452 — 4 +2x' -8

c 5=3p+4p’—Tp —p’

Solution
a All terms are products of powers of 7z and 3m’ —5m° +m’ —5m+2isa
constants. polynomial.
Arrange in standard form. =m' +3m’ — 5m° — 5m + 2
State the leading term and degree. The leading term is 7’ and it is of
degree 7.
b 2x~'is not a positive integer power. 45" + 55 —4x* +2x ' — 8isnota
polynomial.
¢ All terms are products of powers of p and
constants. 5-3p+4p°—Tp —pisa
polynomial.
Arrange in standard form. =T —pP 4’ —3p+5
State the leading term and degree. The leading term is ~7p and it is of
degree 5.

As you know, the value of a function is calculated by substituting a number for the variable. This
also applies to polynomials. Some people prefer to write brackets around negative numbers when
they are raised to a power to distinguish between, say, the square of a negative number and the
negative of a square. For many calculators, this is actually necessary to ensure that it is evaluated
correctly.

Example © 8

Ple) = ¢* — 5¢% + 6¢ — 7. Find P(73).

Solution
Write the polynomial with e = ~3. P(3)=(3)*-5X(3)2+6X 3-7

Enter as

[ (O L2 B - Bl <] (1OR) 2]+ <10k -}

[ (3-5x(312+6x-3-7 11 |
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Investigate: Combining polynomials

What happens when you add or subtract polynomials?

® Add the following polynomials.
1 3x" —5x* +7and4x’ +24° —x — 7
2 3% —5x +4x +9and 5%’ —3x* +x° —3x—5
e What kinds of expressions do you get?
e What can you say about the expressions you get when you add polynomials?
e What about subtracting polynomials?

Exercise 3.1 Expressions and polynomials

1 Find the value of A in each of the following formulas if x = 3,y =2 and z = 5. LlEEIsileliL

a A=2x+3y b A=3x—4y c A=5(+2y) Extra questions
d A=302x —2) e A:x2+y2 f AZZZ_yZ Exercise 3.1

g A=3(x+y)? h A=x(y+2)? i A=3xz—2y? MAT10NAEQ00036

SeeE le 4
2 State the leading term and degree of any of the following that are polynomials. oo memee

a 200 -+ 200 +502 + 60— 4+ 98+ 60" +0°

See Example 7

b 42° — 8% — 4z% — 627 — 2+ 82° — 627 — V9
3 3x2 —1

c 7x° — +4

d 6-29+6y° =5y —5+2y* + 8y — 3y

e 2% +4e’ —2\/e

f 7n’ —n4+n’+6n*—6n° — > +4n+4

g 4w —3w+6

h 7+ 9w — Sw* — 8x3 + 2w?

2w’ — 6w —w? — 9w + 9w — 9w+ 9w —3
i 2u—5+ 61’ +5u° — 9ut + 6u’ + 5u°

-

3 Simplify if possible. Fluency
a 72 +4r+3c% - 9r b 12m? —7g — 8m* + 5g See Example 1
¢ 4x? —3x+ 2+ 6x% —5x d 3ac® + 4ce® — Tac* — 4ce
e 7b® —3ab+4 — 10b*> + 5ab — 8 f 3a® 4 2ac — a® — Sac
g A4mn+2m X 3n® —m X n h 3m X 2m+ Sm’> — 4mn + mn
i g2+ 58 +gxX3g—7 i ab X 5ab — 3ab® + Tab
k 3p X 2g X 4r+ p* X 8qr I pXg+gXr+rXp
m 8pg” — 6pg + 4p>q + ¢°p n 2m X3fX4r* —dm X5
0 6y X Sxyz — 3xy2% + x9°2 p 162 +4 X 54+ a* — 6a’

q 4a X3b+ "6a X “4b — ab v Tt— 4P + 6 X 4t — 8 X 6

4 Find the values of the following formulas for the values given.
a M=5c+2dwhenc=2andd =5 b p=4e—3gwhene=8andg=3
¢ a=mBm —4)whenm =5 d d=2s3y —s) whens=6andy =4
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See Example 5

5

Tg—4r

e h

wheng=6andr=9 f

g y=4x" —5x+ 3 whenx =3

072w+5z
4w — 3z

when w =3 and z=2

h s=4dut —t>+5uwhenu=6andr=7

Substitute the given values in each of the following formulas and solve the resulting equation

for the remaining variable.

a A=bh,A=45m’ h=3m
b s=uvt,5=100m, v =8 m/s
¢ V=>bhw,V=450cm’,h=9m,w=10m
d V=mnrh, V=600cm’,r=5cm

. A:(d—i-b)h

L,A=400m?, a=15m,b=23m

{ s=ut+,2a a=98m/s*, s=50m,r=3s

> 2

g E=im? E=12X10"],c=3 X 10° m/s (answer in kg)

h PV=uRT,P=1,V=224,T =293, n =1 (answer in atm-L/mole/K)

See Example 6 6 Transpose the following formulas so that the letter shown in brackets is the subject.
a v=ul2 — 3at) (t) b G=FI—-c2) ()
_ !
c m:?_Z (») d a:utd ()
a_c _ Ja—b
¢ 3=y @ Fo=,/— (@)
o a?=2b+c? ®) h d=Vbc-5 (¢)

See Example 2

7

Simplify each of the following.

a 4a°c%k® X 94° 2k

Shux® X 2hux’

6E°p°r’ X 5kp%r’

b c
d e’ny X 8¢°n? e Scn X denw f 4a’g’n? X 3a°g’n?
o 2ah*k’ X Tah’k? h 54°h°v? X 2a°hy i 9e’p?? X Tept
i 6h%ru X Th*rmu? k 8bhk* X b’°h’ 1 5bg® X 9b°q°t
m 63k%p°17 + 54k%p n 2e’u’v’ + Seu’v o 24a’g? = 2187w’
p 5b%p® = 45b%p’u’ q 15¢%¢% + 10c%°v v 42ab*h + 354°b°H°
s 2477k + 4%k t 12070y’ + 14h%uy? u 12%uv? + 32¢u
v 60a°c’h? + 10a°c’h’ w 72g%nu + 64g° nu x d5miqu’ + 54m*qu
y 54b%c* + 9ben’ z 15¢4%% = 25qv
8 Simplify each of the following.
a 9n'n*u® + 6h*n’u® b 47t + 57w ¢ 27°p°t* + 45¢'0p'0%7
d 24%%° X 147¢° e 4b°¢° X 5b°¢°0° £ 254%u’ + 10ap°u’
o dntpp® X pBpTpl0 b 421192 X 341212)° i 16m'2g7r° + 8mg?r?
i 40R%m w0 = 1008 %u® ko 3b%:*h° X 56 1 24%6%° X 14%b%p®
m 126%4%w” + 3ku’w’® n bR X 167 o 16&%n"% 7 + 2088128}
p 1548g6m9 = 1287¢%m q 24%° X 1a°c*gM v 3700540 = 15.1 1%
s 24b°*n® + 8b%e® t 2le’mu't + 35¢%m%u'? u 28b%m*tT + 356N r®
v 161507 = 2402005 w 4bShE® X 3b 2Rt  5bUgI2 x 4p11y6,12
v %2 X 5¢5p%q* 2 4g%n'2% X 37156
9 Simplify each of the following.
a a ‘b’ X 54°b%g* b 15k %% = 201 k42 ¢ 56am + 8a’ctm?
d 24ce’h™ + “54ceh? e 3an ' X4anp’ £ 5k 2p7r = Skpdr
o 3T+ 27708 h b’ X 9% %4? i 40a°cm’ = 5642 m?
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i 2167t = TR Yy k 4aek X gt 1 8¢+ 204t

m 3b Sh% >+ 2b 2h5k5 n 8b5k’1p’3 = *405*%*31;3 o 8w’ pr* X 9m*pty’

p 2a°c vt X 43630 q 6cg7p’ X 10 v 1202 = 28m gt
s 707kt = T4b ekt 200700t = ShT T ? u 2a% 'm T X 3aem®
v 7e’n X 8e’m'n? w 5¢7°k7% X 7g4k r x 42e7g7m =1 m’
y 20c*g'n’ = 40t z Sg okt X 6gtk T

10 Simplify each of the following.
354 (e _lk) + "154%¢72
6w’ 2 X TP u?) !
—8( —2 3)2 = _24(6_2f_2)_3%_2

a 3a(c2u®) 7 X 4@ ) 2
c

e

g 1Pk X 6 (kw2

i

k

284 (k%) + 124—2% 2y )2
36a (k)7 =30 kD) !
2h ' (p?)? X “Th (pfzqz)
35°(p°r )72 X 8(bpr?) !

“5a %)’ + 2@ 20

15¢ 2(gm) > + ~27(c2g°) 2w
73(a2g3k72)4 X 8(473g2)73k2

—_—— m oot

324% 78, = "104a*n’7°
7 10 11 77q ><13€6 10 —12

48g3h_12m_10u4 = 42g—11h6m—5
70k %n’ty ¢ + 130k %M y"

11 Simplify each of the following
a 127k 8" X —e 28y 1070 b 24m %0 + 20m v 2
¢ 124 2m 802 X Sallu 12 5 d 70:%%7107112710 . 760%”7110 12,4
e 6a el + 244"y f 7g11mr X 5¢ 2 mr My~
g 1540%8:% + 254% 7y 7 h 34_] u 4v9w "X 10w o’
P 210k 2 _30g Zk 3,,-12,-5 42t X T 20100
k ~8b 3h5k_ _201711 W1t 1 "120"%p2%7°x* X “11n*™ 1x_6
m 124%eg° X "134%eq"° n 767°m 5w 10,8 % % Yty !
o 142 217 + “91e k%m0 p 4ctq7rt X 177
q 1262 Y "y X a Pty r 54h 11 0+ 730h(’q*2075x8
s 72n10q_7t8u_9 - 667112 ’ t ~66a ﬂ7r 1 7 + “6a’n’v
u 90¢ m _6p =9 m’p~ q_6 v _13612q_9u_8 + —e Pplg 0
w X
y z

YSONETMES 1T DOES, SOMENMES 1T DoesiT, "
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See Example 3 12 Simplify each of the following.

. u —Tu X v(qu + Squ) S5x —3x % 3w+ w
vu + bvu 10w — 7w  3wx+2wx
. 1072 — 4n % 8tk — 6tk d 3xy 4+ 7xy _ Omx — Tmx
462 4382 7 202 + 52 2x2 +5x2  Tay —2ay
. 9ae —Tae Tezx+ 8ex 15kx? — 13kx? « 13w? + 7w?
wz — 6wz 8gw + bgw 150w + 11uw — 13x2 — 11x2
See Example 8 13 Px) =8x —2x* —x+5,Q(x) = 2x° — 8% — 2x + 7 and R(x) = 5x° — 9x* + 62> + 4.
Fmd each of the following.
a P(1) b P(73) c PB3) d PQ2)
e P(2) f P4) g Q0) h Q@)
i QC3) j 0@Q) k QOC1) I R(2)
m R(4) n R(1) o R(73) p R(4)
T 14 P(x) = 8% —2x° —x+ 5, Q(x) = 2x° — 8% — 2x + 7, R(x) = 5x° — 9x* + 6% + 4x,
S(x) = 4x" — 5x* + 8x* — 6 and T(x) = 9x* — 9%’ 4+ 2x — 2. Find each of the following.
MAT10NAWS00040 @ Plx) + Q(x) b R(x) + Sx) ¢ Tl + Q)
P(x) + R(x) e Slx) + T(x) f Plx) — Ox)
T(x) — R(x) h Sx) — Qx) i P(x) — S(x)
i Ox) — R(x)

Problem solving 15 Find the value the nominated variable in each of the following formulas.

a ufv=u+atandv=12,a=2andt=3
b mifk=ml —ct)and k=28, c=4and =2

Worked solutions

Exercise 3.1

. 1
MAT10NAWS00040 c a lfS = ut +§ﬂf2 and 5= 26, u=3~8 and t=2

d EifI:E_VandI:4.2,V:7andR:25

e hifd—S\/gandd—Manda—S

@gifB: \/2gh and B =20 and h = 20

(u+ov)t

g tifs= ands=15,u=3andv =5

h cifa®?=5b>+c?anda=24and b= 10
_uandv:14,u:6.8,g:9.8 and r=2.5

i wifo="2
ar
j rifp=ghr+Bandp=980,g=9.8,h=15and B=245

Reasoning 16 Explain the difference between a formula and an equation.

Wores) selluifens @ Show that when 2 polynomials of degree 4 are added or subtracted, the result can be a
Exercise 3.1 polynomial of a lower degree.

MAT10NAWS00040
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m Expansion and factorisation

As you saw last year, you use the distributive law to expand brackets.

The distributive law

The product of the sum (or difference) of two numbers with another number is the same as
the sum (or difference) of the products of that number with each separately.
This can be written in symbols as:

aXb+o)=aXb+aXc
and
aXb—-—c=aXb—aXec.

The distributive law can be summarised as: a(b £ ¢) = ab =+ ac.

When you are expanding brackets, you may want to write subtractions as addition of a negative.
This helps you to avoid mistakes with signs.

Example 9
Simplify each of the following.

a 4(a+2) b 2m(4 — 3m) c 3k(4k—7) MAT10NATI00013
Solution
a Write the problem. 4(a+2)
Use the distributive law. =4Xa+4Xx2 MAT10NACP00013
Simplify. =4a+ 8
b Write the subtraction as adding a negative. 2m(4 + “3m)
Use the distributive law. =2m X4+ 2mX 3m
Simplify. =8m + 6m®
Werite in the usual way. = 8m — 6m’®
¢ Write the subtraction as adding a negative. “3k(4k + " 7)
Use the distributive law. = 3k X 4k+ 3k X "7
Simplify. = 12k + 21k
Write with the positive term first. =21k — 12/

You may also need to use the index laws when expanding brackets.
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Example ©°10

Simplify each of the following.

a 6LE(60° — 507 b 5Pz °2b 7 - 92%)
Solution
a  Werite the problem. 60’k (66° — 50°)
Use the distributive law. =60k X 6b° + 6B’k X “50°
Simplify and use the index law. =360 — 306° 1S

= 366"k — 300 kK*

b Write the subtraction as adding a negative. 56°z %267 + 792%)
Use the distributive law. = 50 X 2672+ 56°%7 ¢ X 9z*
Simplify, using the index laws. ="106°" 227% + 455°7 ¢+

Simplify the indices and write the positive
term first. =450’z % — 106’z ©

Investigate: Multiplying polynomials

What happens when you multiply polynomials?

e Multiply the following pairs of polynomials.
1 3x" —5x° + 7 and 4%’ — x
2 3x’ +9and 5x’ — 3x

e What kinds of expressions do you get?

® What can you say about the expressions you get when you multiply polynomials?

Example " 11
P(n) = 9" + 5m — 8m + 4 and Q(n) = 6%° — 61" + 5n. Find P(x) X Q(x).
Solution
Write P with the variable x. P(x) =9x" + 54 — 8x + 4
Write Q with the variable x. Qx) = 65" — 6x* + 5x
Write the product. P(x) X Q(x) = (95" + 5% — 8x + 4 )(6x° — 6x* + 5x)
Expand the first brackets. = 9x7(6x° — 6x + 5x) + 5x° (62" — 6a* + 5x)
— 8x(6x° — 6x* + 5x) + 4(6x° — 6™ + 5x)
Expand the remaining = 54x"7 — 54a"" + 452% + 3020 — 3047 + 252° — 482°
brackets. + 48" — 4027 + 242 — 24x* + 20x
Collect like terms and write in =~ = 54x" — 544" + 302" — 304° + 454 — 234° + 724°
the standard order. — 24x* — 4047 + 20x
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Two brackets multiplied together are called binomial brackets. These can be expanded in several
different ways.

Investigate: Binomial brackets

Simplifying expressions

The Area method MAT10NATC00003
You expand the binomial brackets (37 + 2)(2# + 7) by considering the area of a rectangle Weblink
with a height of 37 + 2) and width 27 + 7). Expanding brackets
Then divide the height and width into their parts to make smaller rectangles as shown below. using the grid method
2n MAT10NAWB00003
| |:> 3n
o]
S !
2n+7 2 B | |2
2n 7

Area= (G3n+2)2n+7)
Totalarea =31 X 2n +3n X7 +2 X2n+2 X7
The areas are the same, so 37 + 2)2n +7) = 62> + 21n + 4n + 14 = 61> + 251 + 14

The Table method

You use a table instead of a rectangle, but still multiply widths and heights. Then you put
the answers in the table as shown below.

2n +7
3n 61” 21n
+2 4n 14

Then add the answers to give 3z + 2)2n + 7) = 6#° + 21n + 4n + 14 = 61° + 251 + 14

The Distributive Law method
You just apply the distributive law twice, so this is a purely algebraic method.

Bn+2)2n+17)
=3n2n+7)+22n+7)
=3nX2n+3uXT+2X2n+2X7
=61 +21n +4n + 14
=610 + 251+ 14

The FOIL method

For this method, you just multiply the terms in each bracket in the order First terms, Outer
terms, Inner terms and Last terms.

For 37 + 2)(2n + 7), you get:

First terms: 372 X 21 = 6n”

Outer terms: 37 X 7 = 21n
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Algebra

MAT10NATIO0013

Algebra
MAT10NACP00013

Inner terms: 2 X 27 = 4n

Last terms: 2 X 7 = 14

Try each method for yourself.

Even though there is no such thing as a negative length, you can use negative lengths on
the sides of the Area model for this investigation.

Your teacher might want you to use one method more than the other, but generally
different people find they prefer different models.

The FOIL method only works with binomial brackets. If there are more than 2 terms in one of the
brackets, this method doesn’t work. The distributive law method is the most general method, and
applies to expansions of all kinds of brackets.

Example T 12

Simplify each of the following by expanding the brackets.

a (x+2)(x+3) b (a+5)a—4) c (k=5)k—4)

Solution

a  Write the problem. (x +2)(x+3)
Expand using your chosen method. = +2x+3x+6
Simplify. = +5x+6

b Write the problem. (a+5)(a—4)
Expand using your chosen method. =4 —4a+5a2-20
Simplify. =L +a-20

¢ Write the problem. (k—5)(k—4)
Expand using your chosen method, being
very careful with signs. =k — 4k — 5k +20
Simplify. = — 9%+ 20

The methods work just as well when there is a second variable. If the variables are not in the same
order in both brackets, you should change the order before starting the expansion.

Example T°13

Simplify each of the following.

a (Bx -+ 2y)dx — 3y) b (4 —50Q2c—3) c Gp — 4m)Bm + 4p)
Solution
a  Write the problem. (Bx + 2y) (4x — 3y)

Expand using your chosen method. =12% — 9xy + 8xy — 6)°

Simplify. =12+ — xy — 67
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b Write the problem.

Change the order in the first bracket.
Expand using your chosen method.

Simplify, and write the positive term first.

Write the problem.

(4 —50)(2c - 3)
=(5¢+4)(2c—3)
=10 + 15¢ + 8¢ — 12
=23¢— 102 — 12

(Bp — 4m)Bm + 4p)

Changing the order in the second bracket is

easier than the first bracket.

Expand using your chosen method.

Simplify.

= (3p — 4m)(4p + 3m)
= 12p° + 9mp — 16mp — 12m°
=12p° — Tmp — 12"

When you are expanding several sets of brackets, you will probably have to collect like terms to
finish the simplification.

Example © 14

Simplify each of the following.

a

34Q2a +5) — 2(a — 8)

b 2ela + 3e — 6h) — h(9a — 4e + 4h) — 5a(7a — 3e + 8h)
c (8 — 9m)(r — 4m) — (9 — m)(6r + m)
d 8w pOh ulp ™ — WPm ™ + 9 p*) — Th P (W p — dn’p> — Shp?)

Solution

a

Write the problem.

Expand the brackets, being
careful with signs.

Simplify.
Write the problem.

Expand the brackets, being
careful with signs.

Simplify.
Write the problem.

Expand the brackets, being
careful with signs.

Simplify.
Write the problem.

Expand the brackets, being

careful with signs and powers.

Simplify.

9780170194860

3424 +5) —2(a— 8)

=642+ 154 — 24 + 16
=642+ 134 + 16

2¢(a + 3¢ — 6h) — h(9a — 4e + 4h)
—54(7a — 3¢ + 8h)

= 2ae + 6¢* —12¢eh — Yah + 4eh — 4° — 354°
+ 152 — 40ah

= 66> — 354° — 4% + 17ae — 49ah —8eh
8 — Im)(r — 4m) — (9 — m) (6r + m)

= 87 — 32mr — Ymr + 36m> — 547 — Imr
+ 6mr + m?

=37m’ — ddmr — 467
8m p(Oh 'm’p ¢ — Pm > + Im p*) —
Th'm 2 (WPm™p — d4m’p > — 5hp*)

=72h""p > — 8WPm Pp +72m %" — TPm™%p
+28h'p 7 + 35m p?

=100h""p > — 15K°m 2p + 35m p* +72m %p’




Investigate: Special expansions

Expand each of the following expressions.

(x+3)x—3), x—4x+4), dx+ DEdx —1), 5x — 1)Sx+ 1) and Bx +7)Bx — 7)
Write a rule for the expansions of (x + y)(x — y) and (x — y)(x + y).

Now expand the following expressions. Note that you can write (x + 1)* = (x + 1)(x + 1).
(x + 12, (x — 3%, (x + 4%, 5x — 3)? and (7x + 5)?

Write rules for the expansions of (x + y)? and (x — 7).

Important!

Special expansions

The special expansion (x 4 y)(x — y) = x° — »” is called the difference of two squares.

The special expansion (x + y)? = x> + 2xy + y* is called the square of a sum.

The special expansion (x — y)? = x> — 2xy + y? is called the square of a difference.

The term perfect square may be used to mean either the square of a sum or the square of a difference.

Example 15

Expand each of the following expressions.

a (m+4)?
MAT10NAVT10006 Solution

a Identify the product.
Apply the pattern.
Simplify.

b Identify the product.
Apply the pattern.
Simplify.

¢ Identify the product.
Apply the pattern.
Simplify.

Example © 16

b (p—4)7 c (r—=06)r+0)

(m + 4)? is a square of a sum
(m+4°=m’+2XmxX4+4

=m’+8m+ 16
(p — 4)? is a square of a difference
(p—42=p>-2Xpxd4+4

=p* -8 +16
(r — 6)(r + 6) is a difference of squares
(r—6)(r+6) =+ —6

=7 —36

Expand each of the following expressions.
Expanding binomials

MAT10NAPS00007 a (3a+500Ba—5¢)

b (4g — 777 c (7y+5)7°
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Solution

a Identify the product. (32 + 5¢) (34 — 5¢) is a difference of squares
Apply the pattern. (3a — 5¢)(Ba + 5¢) = (32)* — (5¢)°
Simplify. =94 — 257

b Identify the product. (4¢ — 7r)* is a square of a difference
Apply the pattern. (4g — 7r)% = (49)° — 2 X 4g X Tr + (7r)?
Simplify. = 164" — 56qr + 49/

¢ Identify the product. (7y + 5)% is a square of a sum
Apply the pattern. (Ty+5°=(TY*+2XTyx5+5°
Simplify. =497 + 70y + 25

Investigate: Higher power special expansions

Polynomials with more than one variable may have terms where the sum of the powers of
the variables is always the same. These polynomials are called homogeneous polynomials.
for example, 3x%y* + 2xy” — 5x’y is homogeneous (of degree 4) because the sum of the
powers of variables in each term is 4.

Consider the products of (x — y) with the homogeneous polynomials in x that consist of all
the possible terms of a particular degree in x and y with coefficients equal to 1.

Make a table of the products as the degree # increases.

n Product Expansion
1 (x—)(x +7) x2—y?
2 (x =) (x? +xy +9?)
3 (x =) (x> + %%y + xy% +9°)

What do you find?

Can you prove it?
Now consider the same type of products with (x + ), but with alternating signs in the
homogeneous polynomial.

n Product Expansion
1 (x +y)(x—7) x?=y?
2 (x +9)(x% = xy +9?)
3 (x +9)(x° = x%y + xy2 =)

What do you find?

Can you prove it?

The opposite of expansion of brackets is factorisation. In the simplest kind of factorisation, you
find a common factor of the terms and use the distributive law in reverse to make brackets.

9780170194860




Important!

Factorisation

Factorisation is the opposite process to multiplying out brackets. In the common factor
method, the highest common factor of the terms is put outside the brackets, leaving the

other factors of each term inside the brackets.

Sometimes the terms containing variables in an expression are all negative. In this case, it is normal
to use a negative common factor. In other cases you should make the common factor positive.

Example © 17

Factorise each of the following.

a 12p + 18 b 28u — 350 + 42 ¢ 24 —30w —36v

Solution
a  Write the problem.

Write each term as a product of the HCF, 6.

Use the distributive law in reverse.

b Write the problem.

Write each term as a product of the HCF, 7.

Use the distributive law in reverse.
¢ Write the problem.

Choose ~6 as the HCF, since all the variable
terms are negative.

Use the distributive law in reverse.

Re-arrange the terms in the brackets to start
with a positive term.

12p + 18
=6X2p+6X3
=6(2p +3)
28u — 35v + 42
T7X4u -7 X50+7X6
=7(4u — 50+ 6)
24 — 30w — 36v

6 X 44+ 6X5w+ 6 X 60
= 6("4+ 5w+ 6v)

= 605w+ 6v —4)

The highest common factor might involve one or more variables, and it could also include powers.

Example ™18

Factorise each of the following.
a 24mnp + 18mp — 2mpq

b 564°h — 8eq’h’ — 168°¢’h?

Solution

a  Write the problem. 24mnp + 18mp — 2mpq
Think of the terms as products of the =2mp X 120+ 2mp X 9 — 2mp X q
HCF, 272p.
Use the distributive law in reverse. =2mp(12n+9 — ¢q)
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b The HCF includes 8, 4* and /’.

Think of the terms as products of the
HCF, 84°h’.

Use the distributive law in reverse.

564°l° — 8eq’h’ — 164’ h*
=840 X T — 84°I° X eq’h* — 84°I’
X 2¢° q3 h
=84 (1 — eq’h* — 284°h)

When you factorise expressions with terms that have negative powers, it is usual to make sure that
all the powers inside the brackets are positive. This means that you will include the most negative

powers of each variable in the highest common factor.

Example © 19

Factorise 9x”y 72> — 12x%y 2z L.

Solution

Write the problem and
think of powers in the HCF.

Think of the terms as products
of the HCF, 3x%y >z .

Use the distributive law in reverse.

Write the negative powers as a denominator.

9x9y75z3 — 12:.:4_;1_2z7l

=3xYy 22 X342 - 3xy O x4y
= 3x4_y*5 13272 — 4y3 )
_3x4(34%2 — 4)

yz

Exercise 3.2 Expansion and factorisation

Understanding
c g2g+3ph Extra questions
f C(SC — 7) Exercise 3.2
i —d@2d+3e) MAT10NAEQO0037
I "5kGc— 2k) See Example 9

See Example 12

1 Simplify each of the following.

a ala+5) b w2 — p)

d z(4z - 3w) e x(3x +2y)

g —m(5m — 3n) h —A2f—5h)

j 4c2c—7) k "31#2n+6)
2 Simplify each of the following.

a (x+4)(x+3) b (1+5)2+b)

d 6+aQ2+a) e (y+1Dly+6)

g (m+5)m~+7) h (@+2)a+6)
3 Factorise each of the following.

a ~70g — 30 b 754 — 40

d 444 — 56 e 72v—81

g 90c—-75 h 91— 117

i 181 — 26 k ~28w — 210

m 486 + 20 n 90g + 63

p 78k + 143 q 60u — 156

s 66v— 77 t 80h + 120

v 33e+ 39 w 77m — 35

y ~Ta—35 z 55k — 10

9780170194860

c (a+4)a+5)
f @+1D@+2)
i n+2)n+4)

See Example 17
28y — 35
130c — 143
“45u — 165
70r + 126
“22x — 12
20p +5
“143x — 55
140z + 154

¥ o R oo = = o6




See Example 13

See Example 15

Fluency

See Example 14

See Example 10

4 Simplify each of the following.

a (a+1)2a+3)
d 2y +3)4y+5)
g Tm—1)Tm+1)
i (4y+3)3y+4)

b Qa+1)a+3)

e 5g+1Tg—-2)
h (Bx —
k (7n+5)Tn —5)

2)5x — 3)

—_— e A

Bx+2)(x+4)

(3a + 2)(6a — 2)
Oy +4)06y +4)
(4 =202 + 40)

5 Complete the simplification of each of the following using special expansions.

(@a+bP=a+2ab+...

a
¢ w—r=uw—2mw+

e (x=3P=x—...4+9
o (g+77° =2+ 14g+..
i B-—n?’= —bn+un

6 Simplify each of the following.
a 3®—3a—06)
d 6Q2m — n+3p)
g (x+5)(x—5)
j (e—9)(k+11)

7 Simplify each of the following.
a 4(x+5)+9x+3)
¢ 103d+5) -7
e ydy —3) — 94 —y)

g 2x(3x% — 2x — 4) + 6x(x* — 2x + 3)
i 3x(5x" — x +2) — 2x(x + 2x + 4)

8 Factorise each of the following.

“144b — 156e — 12
144m — 156¢ + 108
186 —33g—6
“84r —35x — 91
12a — 45h + 3
“104c — 8p — 16
105h + 135y + 135
26h — 4x — 24

40c + 52m + 36

< < D g Tree ool

9 Simplify each of the following.
a 6h™CmQh™ — 9n?)
d 2a7'c(6a® — Tw™®)
o Sa k84 — 5k
i 4T+ 777
m 5km *5(5# +3m7)
p 8°h (e —5p°)
s 922+ k7))
v 5:%7r7 = 2y7)
v 8m 2wt (9n + 4uP)

b (x+y)? —x +.

Ay

d @+2°=4° +4a—|—

£ (m )=...—10m+25

h (6+b) =36+...+5°

i (B8P =K +16k+...
b 7(x — 3y +42) ¢ 4x*+5x+7)
e 3m(m —3n — 2p) f 2g4 —-3g+a)
h (y =7 +3) i (x+12)(x+5)
k (x+6)(x—)5) I Q4+ )09 —n)

b 7Qa+3) +63a—1)

d clc+9) —clc—8)

f hQ2h—3) —h(5+ 2h)

h 9a(a® +2a — 8) + 3a(a® — 4a — 2)

i 6ald —2a+3d%) — 5424 — 7 — 3a)
b 156p — 36u — 36 ¢ 42x+45k+ 18
e 357+ 77m— 28 f 790m — 63e — 72
h 24q + 26w + 30 1 48x — 20e + 24
k 130p — 90 — 110 I ~60w — 44c — 52
n 5p —55r+35 o 84g — 54e + 30
q 120x — 1802 + 195 r 40¢ + 884 — 104
t 110k — 120m2 + 20 u 5y —75r—40
w 420 — 182n — 112 x 40r — 60m — 75
z 16k — 120x — 48
b B3 7x’(6x +52°) ¢ 6Pw8x — 5179
e 3b %005 — 7xY £ 26% Y 4n® — 3b)
h 842666 + 7k i R 4x 4 3)
k 3g72p%8 " +pY 1 7w 2g 6+ Tn)
n Sh %k 27k + 3p7) o 5ETAGw +587)
q Th>r 422 +57) r _44_6y_3(9y_6 +4a77)
t Su@u %+ 1) u 6e’n (v — 8¢7°)
w 8¢t27° +9) x —n P8t +7n?)

28°r 424 + 947)
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10 Simplify each of the following.

a (a—3)4+2a) b 56-2x)03 —x) c
d (k—4)2k—)5) e (2m+1)03 —m) f
g Cp+9(2p—¢q) h @2n —5m)Bm + n) i
i (4x —39)2y — 7x) k (8a —5b)(7b — 2a) |
m (8u + 12¢)(8u — 12¢) n (8g+50)(9g + 4v) o
p (11a — 9x)(7a + 5x) q (11x —27)(15x — 17) r
s (l4x — 13m)(14x — 3m)  t (8x+ 9p)(7x + 15p) u
v (12p — 52)5p + 4z2) w (7y — 13915y + 1r) X
v Qz+ 13u)(7z — 15u) z (14z — 1a)(5z + 3a)

11 Simplify each of the following.
a (a4 by b (x — y)2 c
d (g+3)? e (9—h? f
g (m+11)7 h (10 — b)? i
i (u+9)7? k (8 + ) |

12 Simplify each of the following.
a (a+2)a—2) b (x —3)(x+3) c
d (n+4)n—4) e (7=9(+9) f
g (h+2)(h—2) h 6+ ww->5) i
i+ —p) k (y—g)(g+y) 1

13 Simplify each of the following.

a

b

c
d

o

-~

“Tclbe + 59 — 5x) — glc — 4g — 6x) — 6x(9¢ + Tq — 2x)
Sn(Tn + 4t + 7x) + x(6n — t + 4x) + 84(7n + 8 — 6x)

9¢(5a — Te + 6m) + 3a(5a + le + 5m) + m(4a — e — 6mz)
ulp + 1u — 7y) +5yBp + u — 5y) + pBp — 5u + 4y)

"8yl + 5x + 9y) + 6x(5k — Tx — 9y) + 2k(4k — 9x + 6y)
“2p(8a — 5¢ — 7p) — 2a(Ta — e + 6p) + e(7a + 4e + 8p)
“6aB3a + 2m — 6t) — 4m(5a — 6m + t) — 5t(Ta — 6w + 9¢)
8e(9¢ — 2u + 8y) — 4y(Be — u + 9y) + 3ulde — Tu — 4y)
—1r(5g +4r+u) — 9905q — Tr +u) + u(lqg — 8 — 2u)
“8w(6k — Tw + 72) — 52(dk — 3w — 42) — Tk(8k — 9w — 62)
“90(Tp + 9r + 8v) — 9r(5p + 1r — 4v) + 5p2p + 1r + 6v)
“6u(7b + 2m — 6u) + 3b(3b — 5m + 3u) + 5m(5b — 2m — 8u)
39(9g — 8h — 2x) +3h(7g + 9h + 9x) — 5x(9g — 8h + 3x)
9¢(2e — 3g — 4v) — 9v(9¢ — 5g — 6v) + 6g(be — 5g — 7v)
5p(c+9p +97) — c(9¢c — 1p + 4r) — 8r(dc +p + 77)

“4u(db — 5u + 5v) — v(7b + 8u — 6v) + Tb(b — 4u — 2v)

2e +7h — 2m — 6h(8e + 9h — 3m) — 9e(2e — Th + m)

484 + 5¢ + 8z + a(5a + 2¢ + 2) — 6Gela + 4e + 92)

s 3e(Re —5h — 6g) — 2h(Be +7h — 3q) — 89(Te — 4h — 87)

“2b(9b + 4p + 6y) + 2y(2b + Tp + 4y) — 6p(b — 4p + 8y)
3u(5g + 6u + 5w) + 99(6g — lu — Tw) + Tw(8q + 3u — 5w)
7b(a + 5b + 8u) + 5ulda + 7b — 6u) — ala — 6b + Yu)

9780170194860

B —54)4+a)

GBx + 1)(7 — 2x)

(2x + 39)3x + 2y)
By + x)(—x —y)

(8¢ + 112)(10e + 112)
(14¢ +32)(9c + 12)
(2v + 10)(3v — 4¢)
(2w — 15¢)(11m — 12¢)

(¢t +2)?

(a + 6)°

(f— g

(y — 13)?

(e +5)e—)5)
(g+4)(g—4)
(a+7r)(a—7)
(a —p)a+p)




14

15

N < X g

28a 4+ 5¢ + 5h + 5c(7a + 2c — 9h) — 4ala — 2¢ — Th)
“Sp(7h + 81 — p) + 3h(Oh — 1n + Tp) + Tn(6h — 11 — 7p)
5a(3a +7c— 6n) — c6ba —Tc+Tn) + 2nla — 3¢ + 8n)
ql4g — 5t +7x) + 5x(9g — 5t — 6x) — 6t(7g — 4t + 5x)

Simplify each of the following.

a
c
e
g
i
k
m
o
q
s

u

w

y

(6u — 6y — 7t) + (Tu — 8t)(Tu — 61)
5p — 8n)(6p — 5n) — (p — 61)3p + 2n)
3¢+ 2¢)9c+7g) — (2c — 32)(8¢ + 92)
8¢+ q)2c — q) + (6c +59)Bc — Tq)
8g +1Q2q — 7r) + (1g — 2r)(q — 7r)

b 5y +4g)(7y +3g) — B3y + 4g)(8y + 9g)
d
f
h
J
72+ 2h)9z + h) — Bz + 5h)(5z — 9h) 1
n
p
by
t
Vv
X
VA

(

Bb —2p)(6b + p) — (76 — 9p)(8b — p)

(6t —7a)9t — 7a) — (t — a)(5¢t — 8a)

Gp +50)(Tp — 8v) + (9p + 5v)(6p + v)

(5h + 7y)(Th — 4y) + (6h + 5y)(4h + Ty)

r —7n)Tr+ 4n) — 6r — 8n)(r — 2n)
9h + 7q)(5h + 6g) + 5h + 84)(h + 9¢) (Tv + 41)(4v + 31) — (8v + 30)(Bv + 44)
3m — 29)(8m + 5y) — (Tm + 3y)5m — 2y) (
a— 6b)Ta—b)+ Ba+ 2b)(6a — b) (
7a — 6h)(9a — Th) — (9a + 2h)(7a — 4h) (
2n — 3c)5n — 6¢) + (n + 6¢)(2 — 5¢) (
4h + 9p)(Th + 9p) — Bh — 5p)(Th — 9p) (
8¢+ 3w)(8c + Tw) — Bc + 2w)(6¢ — w) (

)
5x + b)9x — 2b) — 9x — b)(Bx + 7b)
dc — p)(Tc — 9p) — (8¢ — p)lc — 4p)
39— Th)(5g + 9h) + Bg — 5h)(2g + 9h)
49 — a)(9q — 8a) + (59 — 4a)(8q + 7a)
9e +4z2)(7Te + 42) — (7Te + 92)(e — 52)
3u~+2h)(u — 3h) + BGu — 5h)(u — 4h)

o~ o~~~ o~~~ o~ o~ o~ —

Simplify each of the following.

a

g = e o 6 o

=

-

= o T o0 B g = &

7]

8¢ 7 (9gr 2v? — 8¢%w + Tr v 72) — 6r 202 (qg vt + 47 1% + 9r70)

6 A2 + 2 2t — TR ) — 9t R u T 4 4R — 574°)
8k ORGPt — Tht® + 54°1%) + ¢*HTk 3t + 94°1° — 8K°4")

8% C(Tg %t — 6g7 ' + 5%u%) — Tg °r2(7g°1%° + 6g %’ + 9°u°)

u 'y Gruty 0 — U — 2029°) + TruP (4w Ty — 6wy + 9179°)
3T hq* — Wq? — 3b°h°) — 6b W (6b°h’q — bg” + W q°)
207 (6a* v — a0 + 61™°) + 810 (9a %! — 74%7 — 2n"0)
B G 1876 — 8728 + 5m°0) + 88 B 22 — m TP — £°2)
4g%k 24Pk + gPu — RPu) + 5k P37k T — 3k u — gk )
8w N T0Pu 0w + Bu — Y w) — P u B — 26w — 4u’w’)
7w 2q  w'™ — gM 1 + 5t%72) — 14°°Qq"tw ™ — 287 w° + g fw?)
g g+ 657 + 98 — 60 5 — 3708 — 947)
622 (Pn 2P + 2t — T2 — T 2P R — G — 3P

“8a* (90 wy + w Y + 8ay") + wyBatw Yy — 84%wF — 3uwy?)

78 Ge % — 8 0 4 9 HO) + 910 62O 4 5nt 6 — Ten®)

“on P HO T+ Sh T+ 9P + S O T + 208 + 81’1 )
Sn?p(8a ' + Ta*n® + 2m°p™2) + 6a ' (@ mi*p + I’ p* — ap )

9P~ gy = Tp 7 + 547770 — 9 8% = 3¢ + ep’y Y
Oy (8hYy’z — 3h2® — 2y%2%) — 39°2(h®y 2% + 9h' %y +y72)

0! (8N g° + 3n'q" + 5k°?) — 510" ° Bk ng — 8k n’ + Tn"q?)

6B g 29k g — 4kr® — 5473 ) + 99 (K qr + 69 % + 4K g73)

P2 6a’p*’ + ") + 24" 5% — 247X + 5p°%°)

6’ 4a T m Tr + 30 m 0 — T ) — 90 T (4aP i’ + 6m*r® + a%r )
TR WG — 4k w? + T R7) — 4k (7 k w — 3ew? — 4kPw?)
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y 27 7B 0 +4ev + 672 — Tr (9w — 4ty — 3p77070)
7 3% °Ca b u T —Tb T — 747 ) — 96w B3aPh 0wt — 7470 — Th0u0)

“All righ-f_/ Just three more power stars
and | can escape the enchanted forest,
battle +he Wizard Master, and rescve ﬂme .
Princess From the dungeon of efernal Fire!

Lown hishwman

"How will TS ewer ‘(.xppfy fo my real Il'Fe?“

16 Factorise each of the following.
a 20a® — 18ap + 18au b
d 8¢ — 15cw — 10ct e
g 10a® — 10av + 150az h
i 84b% — Thu — 49bh k
m 5k* 4 45kr — 65kv n
p “75n% — 20nt — 55mnp q
s 484” + 88ae + 48ay t
v 1324% — 12ay — 156am  w
v 98u? — 168uv — 126ux z

17 Factorise each of the following.
a ~168¢’°k°q® — 182e%k%° — 196e'k%q” b
¢ 35mn’u’ — 63mnu’ — 70w *n’u®  d
e T28079°2% — 498727 — 350%°%2° f
g 30g%%q” + 14gp°q" — 24¢°%¢° h
i 20a°mp’ + 244" m®p? — 284%m p® j
k 120an°x* + 8a°n'%x — 32a%n’x?
m 77b%°h> + 70be*h’ — 1055%°h’
o
q
s

[a—

n
22h7x*y® — 551°x%* — 66h*x%y’ p
735021210 — 560777 — 2807128 1
T130e°0%x° — 140e*0°x° — 120e”0%x° t
u 52¢°y° — 39¢%x% — 1307x7y® v
w 7t%xz" — 3t%x%2° + 9¢'xz"° X

T16g°xzt — 8g7xz” — 32¢°x2® z

y
18 P(n) = 2n> + 7n and Q) =7y* — y3 + 3y — 6. Find P(x) X Q(x).

9780170194860

126bk + 140by + 2102
1696y + 182bv + 19552
“99¢n — 154cw — 1102
10cr — 12¢p — 12¢2
77xy — 49xz — 56x°
“99¢z — TTem — 1212
30ah — 22az — 284°
“13kw — 3kp — 6k2
15gg — 105gu — 120g°

See Example 18
3ey + 11e? + Teh
70gh + 168g% + 140gz
16at — 120a* — 40ag
“12ev — 24¢? — 108ew
12bu + 2b* + 14bm
“36np — 39n% — 12ng
50ev — 80e° — 110em
4kp — 36k% — 60kx

o e = o == moae

4410°y°2"0 — 14310%92° + 66w y%’
30g%7y% — 28¢°r%° — 18¢%%y
70n%m°u — 110h*m’u’ + 110hm " u*
4a%r°2% — a"r*2? 4+ 34% 72

1106°m%q" — 121bm%q° + 1106°m’ >
66¢°p v’ — 5567p°0" — T7ep™ %t
75¢°r 2% + 120010420 + 15065522
105a%ha” + 7a°h°u® — 284°h%u?

o 26h7q"%4 + 12h°u° + 14h°qu’

507kt + 1245k°1° + 44581
105¢*u%2" — 60eu’z’ + 105¢°4°7°
~88g%7x* — 99g%1x> — 121g%x®
“91p%° — 1046°p°r° — 916%p°F°

See Example 11

123



19 P(n) = 61> —3n + 7 and Q(x) = —x® — x* + 3x. Find P(x) X Q(x).

20 Ple) = 9¢* + 9¢ and Q(k) = “7k* — 5&° — 1. Find P(x) X Q(x).

21 Pz) =7z — 627 + 3 and Q(e) = 5¢° + 5¢° — &' — 9¢’ + 8¢ — 1. Find P(x) X Q(x).
SeeExample 16 22 Simplify each of the following.

a (2a+3) b Gx+ 1) ¢ (5m—2)?
d Gh—7) e (8u—3)? f2—9%7?
g (5+4d7? h (9% —2)? i (2a+5m)?
i (4g + 35 k (7h+ 2k 1 (84 —9g)

23 Simplify each of the following.
a 2b+1)2b-1) b (Gc—2)3c+2) c 5w —3)5m+3)
d (14 2% — 2% e @m+1)(dm 1) f (8g—3)8g+3)
g a—p)Q2a+p) h (c—3d)(c+3d) i (84+2)8d—2)
i (87 —59)(8r+5y) k (7y +4d)(Ty — 4d) I (6—3p)6+3p)

24 Simplify each of the following.
a (a+b—-—4)a+b+4)
c (c—2d+3)c—2d—3)
e m—n+2)m—n-2) a+b+4)—a+b+4)
g Qc+d+3)2c—d-3) 2r —3t+5)2r+ 3¢ —5)

i (2ot (2t i (Cpe2) (G2
x oy x oy a b a b

SeeExample 19 25 Factorise each of the following.

x+y+Dx+y—1)
2x—y+3)2x —y+3)
(

5o oo

—

a 3a'g"t® — 134717 — 134228 b 1654 v — 1350722 + 2104 vy
¢ 98’y — 21c% 0y — 2866u9y d 18m9q_6u2 —8u’q 'u’ + 16m°q u

e B3m P2 +195m 280 + 52m 20 £ 20 g7 —15mp g+ 3024
g 24ehp 7 +10e *hPp 2 —22¢hp 2 h 45hT%qz 4 126K — 36hg" Pt

i 720a%x 7 — 13047 x ¢ — 150a°g" ' x i 22500 %7 +30n 7 + 1051 %%

Problem solving  ping expressions for the areas of the following shapes and simplify your expressions.

a 2p+3 b

Worked solutions

Zp+4 ¢ 6m+5

Exercise 3.2 .

T
]
|
|
|
|
|
|
|
!

X

MAT10NAWS00041 2p-5 a

[@\]

p+6
1 2
Worked solutions @ 4 Expand (ﬂ +2) ’

Exercise 3.2 b Use your result to find the value of the following, without using a calculator.
. 2 .. 2
MAT10NAWS00041 i (3 %) ii (19 %)

Reasoning An annulus is the area enclosed by concentric circles, as shown by the

: shaded area on the right.
WWorked solutions Show that the area is given by A = n(R — (R + 7).
Exercise 3.2

MAT10NAWS00041
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m Algebraic fractions
(mportant!

Algebraic fractions

These are fractions that involve algebraic expressions, rather than only numbers. The
algebraic part may be in the denominator or numerator. Algebraic fractions are added,
subtracted, multiplied and divided in the same way as ordinary fractions.

Remember that when you add and subtract fractions, you must use a common denominator. You
should use the lowest common denominator (LCD).

Example $°20

Simplify each of the following.

a b g2 g m., n P.4q MAT10NAVT10007
£ 2 b £-2 ZxZ d £+2
4T 275 C775 375
Solution
Write the problem and think of - + ~ e, b
a e the problem a of ;4o 176
1 1 3X1 2X1 3Xa 2Xb
Do like =+~ = >—— 4+ =—— with LCD 12, = —
olike 3+ =3%a T axg VI LC 3%4 1 2%6
2
Write over the common denominator. = 3";; b
b Werite the problem and think of % - % % —‘%
L 5x1 2x1 . 5xg 2Xg
-2
Write over the common denominator. = o8 . g
Simplify. . i_ﬁ
¢ Write the problem and think of = X 3 ?X g
Multiply the tops and multiply the bottoms. = 7;1>< ;1
Simplify. . = %
d Write the problem and think of 3 + 5 %) + g
Change to multiplication and turn the fraction you P .5
. .1 . =L x2
are dividing by upside down. 3 ¢
X
Multiply the tops and multiply the bottoms. :I; > >
q
Simplify. _or
3q
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Algebraic fractions

MAT10NAAE00003

Algebra
MAT10NATI00013

Algebra

MAT10NACPO00013

Example T°21

6h+1 4h—7

8+12

Simplify

Solution
Write the problem and think of é + %

1 1 3x1 2x1
Dolike o+ =355 %12

Write over the common denominator.

Expand the brackets.

Collect like terms.

Example ¥522

9m—|—2n_8m—5ﬂ
6 5

Simplify

Solution
Write the problem and think ofé _1

5
. 1 1 5X1 6X1 .

Write over the common denominator.
Expand the brackets.
Collect like terms.

Write the positive term first.

with LCD 24.

6h+1 4h—17
8 12
33X (6h+1) 2X(4h—17)
 3x8 2% 12
~ 3(6h+1)+2(4h—17)
B 24
_ 18h+3 +8h—14
N 24
26k —11
24

Im + 2n B 8m — 5n
6 5
_3X(9m+2n) 6X(8m—5n)
N 5%X6 6X%X5
5(9m + 2n) — 6(8m — 5n)
30
_ 45m + 10n — 48m + 30n
30
“3m + 40n
30
402 — 3m
30

Remember that when you multiply fractions, you multiply the numerators and multiply the
denominators.

Example ¥°23

Simplify o 1— >4 X £l 5_ A
Solution
Write the problem with brackets. (5p —(: 39) % Gp 5_ 1)
Multiply the tops and multiply the bottoms. = OGp + Zq}((; P —4q)

2 p—
Expand the brackets. — W
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Remember that to divide by a fraction, you multiply by its reciprocal.

Example 24

Simplify 2653 + £24,

Solution
Write the problem with brackets. (2k+3) + (k—4)

5 3

2k
Change to multiplication and turn the fraction = ( ;_ 3) X G i 3
you are dividing by upside down.

2k

Multiply the tops and multiply the bottoms. = 35((k7—+43))

6k +9
Expand the brackets. =55 20

You can use index laws when multiplying and dividing algebraic fractions.

Example ¥°25

Simplify each of these: ; .
43 608 p . 8
Y ><6 i 465 3bc2
42 9’
Solution ) "
a  Write the problem 3y X 6’z
425 97
X 6 X x*yPx’ 28
Separate the numeric and variable parts. = %
4X9Xy'2P
445 3-7_8-5
Simplify the numeric part and use index laws for the variables. = %
9,-4.3
Simplify the indices. = %
9.3
Change the negative index to positive on the bottom. = xz—i
Y
3 8 4
b Write the problem. LZ + Lz
46°  3bc
3 b 2
Change to multiplication by the inverse. % X %
X & chc®
Separate the numeric and variable parts. = “7c:
4X8X bt
Simplify the numeric part and use index laws for the 33X bt
variables (remember ¢ = ¢). 32
X 413 —5
Simplify the indices. _dXa b
32
Ly . 3
Change the negative indices to positive on the bottom. =32
a
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Exercise 3.3 Algebraic fractions

Understanding ¢ Simplify each of the following.

- ” . 34+2y b 2g+m . 7m+7¢
xtra questions — 4+ = — 4+ = — 4 —
Exercise 3.3 2¢ 3k 9¢ , 3g 7)7

MAT10NAEQO0009 d 9 2 %710 f 4 5
See Example 20 o S—bXZ h i ﬁ ; i é
6 8 1 24 14 4
47g;77ﬂ k %_% 1 77771_%
9 4 2 7 8 7
p p q q 2a a
41 " 1020 776
om _m 59 _2q L £_¢
8 12 %79 2 3
L 9 Tb e o a  Ta
476 3 712 VI
a_éa 5¢ 5S¢ m;4
Y4 Y43 s
b 1 , % 14
S TIT) 2 9
Fluency 2 Simplify each of the following.
See Example 21 ) 8h—9+9h—5 b g—4+4g—5 . 9k+8+8k+5
7 6 6 10 5 2
h+7 8h—9 4g-7 8¢-9 6b+1 4b—5
rri o orT7 T %877 - w2
4=+ C 9 T 6 T2
4g—1 8g+5 Tn+3 8n—17 . 2a+1 6a-—1
A A k) h
5 T3 3 T T2 T
2a—7 6a—5 I 7b—6g 8b+5g | ate 3a+ 8¢
8 10 8 10 3 9
m2h—9y+4h+y R 87+5t+27+7t R 3g—x 4g+ 9%
2 3 3 4 10 8
4g—Tm Tg—4m 8 —9r 4dg+r Th—5t h+t
5 T3 0 5 T
9g—8x+5g+8x . éc—e+6c—e
5 10 4 6
See Example 22 3 Simplify each of the following.
2r+7 6r—7 b 7r+3 2r—9 6e+1 6e—5
D) 18 4 5 Ty 6
SE—6 8k—7 -1 20-7 n+9 4n+9
d —— - e — f —
6 3 8 4 3 15
7c+4 6¢c+1 Th—1 8h—7 . 5h—9 4h+5
. - p -2 %=/ g noP s
3 8 6 5 2 5
. 9k—2_2k—1 I e+8v 8e+Sv 1 Tc+9t 3c—5t
D) 3 9 6 4 6
2u+3v u—3v k+7t 4k —>5¢ 9¢+7r 8g+9r
m — n — o —

10 6 6 3 5 10
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10+10A

9e+2p 6c—Tp 2c+5p 4c—p . 243t 9e—Tt
8 10 773 10 8 5
p—3q9 2p—3q 9g—2v 4g+%
T2 2 9 6
4 Simplify each of the following.
. 3q—7x7q—4 b e+8><6€+7 . 84—7X4a+3
8 5 7 5 9 5
d Ze—3><3e+7 . 7g—6><5g—2 ¢ 7c+9x50+8
4 12 3 2 9 6
. b*9x4b+9 h 3d+lxdf9 ; 6€+5X9€—1
5 2 9 12 9 6
3b_5><6b_5 k 3p—|—54><7p—|—56] 1 Sb—7cx4b—5c
8 5 3 6 5 4
m3n—4q 8n—gq R Te+6m _ ¢+ 5m R 571—2pxn—8p
12 18 3 4 2 6
6d+7€xd+5€ q 56+6gxc+2g . 5g—3nx9g+771
7 4 6 4 4 8
3p—2q9 _ 6p—Tg 9¢+42u _ 8g+u
S X X
12 2 6 8
5 Simplify each of the following.
L 5n-9 2m-3 =T G5 Ll 87
6 7 27 9 8
d 2a+1  9a—7 . de+3  Tc+4 ¢ 4h+1  Th—4
8 7 8 5 37
- 8u—3 4u-—>5 h 7e+9 8e—3 . 9a—2 Ta—2
S 4T 4 s 7_ 5
S 20-7 345 Sn—6p 9 +5p | 8= Th_ 9c+4h
R 9o 7 29
m9e+4p;5€+3p R e+9n  be+Tn o 9a+7Th  2a—Th
3 07 8 _ 3 78
9a+8e  6bate dg+7v  6g+v . g—9%  8g—Th
PSS R T 6 7
. 3h+5p . 9h—8p . b—3r  8b+5r
5 7 35
6 Simplify each of the following.
. 8bg 2bk8 62°r’  8n . mu®  8u 5H%cT 9 qw?
12k%y2 = 10g% 32 217 407w’ 3w’ 128°w 10c7
7 Simplify each of the following.
a+6k a—2k 4a-5k 2c—k 2c+7k 3c—Fk
C Ty 7 T S T B
7a—8k Sa—4k\ _ 2a+3k 8h—T7p Th+2p\ _ 2h—5p
c - X d - X
3 9 4 2 4 6
% +Tw (k—bw 3k+8w ¢ 4a—3e (a—2e a—2e
s 4 12 8 12 2
Ta—8k Se—4k  2a+3k , 8h=Tp Th+2p  2h—5p
9 3 4 6 4 2
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Problem solving Find the perimeters of the following shapes.

Worked soluti 3m+2 b 2p-5
orked solutions @ D o
Exercise 3.3 2 6

C

2v-3u

cm

v+3u

MAT10NAWS00042 2m+1
cm 2p+3
4 m
4
et 9 Find the areas of the following shapes.
Exercise 3.3
MAT10NAWS00042 4 % b
2t+3 26+1
mi 4 6
5
1 36-2
‘ 5
Reasoning

in which the first error occurs and state the correct answer.

10 The simplifications below may have errors. For each one, if there is an error, identify the line

a 9c]+27+7q+57 b 4b+5h 6b+h
6 8 4 3
8(94 +2r) | 6(7q+5r) 3(4b+5h)  4(6b+ h)
= A — —
2 A ) 12 2 W
72q 4 16r +429 + 5r 125 + 15h — 24b + 4h
- (B) = (B)
_ Hdg+21r 15h — 12b
24 © =10 (©)
c 9h—87x4h+57 d Bk—7u;5k+u
4 5 5 9
(9h — 8r)(4h + 57) 3k—Tu 9
= A =
20 W 5 Sk+u (4)
36h? — 32hr + 45hr — 4072 93k — Tu
= (B) _ 20k Tu) (B)
20 505k + u)
36h2 + 13hr — 4072 27k
— 20 (€) _ 7k —Tu ©)
25k + 5u
TSPRRRN (1) Explain the steps in finding the
Exercise 3.3 area of the shape below.
MAT10NAWS00042
3x—2
cm
4
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Chapter 3 summary

e A variable is a letter or symbol that stands for a number. A constant is a number. Quiz

® An expression has variables and/or numbers connected by arithmetic operations like +, + and el
powers. An expression with numbers only is an arithmetic expression, while one with variables | \\110nAQZ00003
is an algebraic expression.

¢ The numbers in an expression that are multiplied by variables are called coefficients, the parts
separated from the rest by 4+ or — are called terms and a number on its own is called a

Algebra 2

constant term. MAT10NAWKO0007

e To evaluate an algebraic expression you substitute values for the variables and work out
(evaluate) the answer.

e A formula is an equation with a variable on the left and an algebraic expression on the right. e
The variable on the left is the subject of the formula. A formula is transposed using inverse
operations to change the subject of the formula. A formula is evaluated by substituting values
for the variables.

e Algebraic terms with exactly the same variables are called like terms. Like terms can be added
or subtracted to simplify the expression. This is called collecting like terms.

e When you multiply or divide algebraic terms, the coefficients and each different variable are
multiplied or divided separately.

* A polynomial is a sum of terms that are each the product of a constant and positive integer
powers of the variables. A polynomial in one variable can be written as

Plx) = a,x, + a,_1%,_1 + ap_2%, 2+ ...+ ayx + a1x + ag

where the coefficients a,,, a,,_1, a,—>, . . ., a2, a1, ao are real numbers.

e The highest power in a polynomial is called the degree of the polynomial, and the term that
contains the highest power is called the leading term.

e A polynomial of degree 2 is called a quadratic.

¢ The distributive law states that the product of the sum (or difference) of two numbers with
another number is the same as the sum (or difference) of the products of that number with
each one separately. This can be written in symbols as:

aXb+co)=aXb+aXc and aX(b—-c)=aXb—-aXec.

e Expansion of brackets means the removal of brackets using the distributive law. It is also
called simplification.

¢ Binomial products are double brackets like (x 4+ 2)(x — 5). They can be expanded using the
distributive law several times.

* The expansion (x — y)(x + y) = x* — 9 is called the difference of two squares.

e The expansion (x + y)* = x? + 2xy + 97 is called the square of a sum.

e The expansion (x — )2 = x? — 2xy + y? is called the square of a difference.

® The highest common factor of two algebraic terms is the largest expression that will divide
exactly into the given terms.
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Chapter 3 summary

Factorisation is the opposite process to multiplying out brackets. In the common factor
method, the highest common factor of the terms is put outside the brackets, leaving the other
factors of each term inside the brackets.

An algebraic fraction is a fraction that has at least one algebraic expression. They are simplified
in the same way as normal fraction operations. The top line of an algebraic fraction sometimes
factorises to make a factor that will cancel with the denominator.
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Chapter 3 review

1 Simplify if possible. Understanding
a 4p +8p —5p b 3h+t—5h+ 3¢ ¢ 4xy+3x% — 3y — xy — 5x2 See Example 1
2 Sinlplify each of the fOHOWiI‘lg. See Examples 9, 12, 13
a m(m—3) b "2k(4m — 3k) c (x+2)(x+5) d (de—5)(e+3)
3 Factorise: a 3060+ 18 b “9m — 21 See Example 17
4 g=3,b=>5and ¢ = 2. Find the value of D = 4b — 5c. See Example 4
5 Simplify each of the following. See Example 18
9 8w 4 p 146 _ 136 14r 4
L= == — X = d —+—
83 S B IRAY: 5 13
6 State the leading term and degree of any of the following that are polynomials. See Example 7
a 5m®+6m® +5m* —5m® +3m® — Tm b 74’ —6u” +3u*+u
¢ 57+ a0 —5xt -2 +6x?+ 6
7 Simplify each of the following. Fluency
a 54n’tu® + 63ntu’ b 6g°k%’ X Tgk See Example 2
8 Transpose the following formulas so that the letter shown in brackets is the subject. See Example 6
X —u
a A=2nrs (r) b Z= @)
9 Simplify each of the following. See Example 14
a 3(4t+3)+4Q2r+1) b vGv+7) — 4v5v — 6)
¢ 3mp>timt — 3mp + 2pt) d 3k(5 — 4k + 2k%) — 3k(4k? —5 — k)
10 Simplify each of the following. See Example 10
a “8b%c (53¢ + 14b7)
b a(7a+4c—3x) — 9x(8a — ¢ — 4x) — cBa — Tc + 5x)
c (7g+p)Bg+5p) — (8g —5p)5g + 4p)
d 4% 368 % + m® — 8m%) + 28°m (T O % — 247347
11 Simplify each of the following using special expansions. See Example 15
a 4—ad+a b (n+3)
12 Factorise each of the following. See Examples 17, 18
a 42gn + 196gw — 210g° b 63ar'°w® — 1354w’ + 994 w*
c 24’y +88n 0y 0 +40n Y 22
13 Simplify each of the following. See Examples 21-25
3q+87+8q—37’ b S5p+9 3p+1
C T 6 4 5
8 — 9% _ 5b—4v p+1 8 -9
X g W
s 2 45 5
48¢* " 15kn’ ( xtu (Tu—5x 6u—>5x
25K T 8¢ 10 12 6
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Chapter 3 review

14 Simplify each of the following.
a 35K w45 b 5e'h 4% X "8 hr?
c 546_111‘_5u4 y—12 - _636’_4f6 u—loy—7 d —S(gj p—l)B x X —4g—5(p4 X—B)—2
e 9 g2 p 12 X 70 g 10t
SeeExample8 15 P(x) =3x* +5x° + 6x% + 6x + 2 and Q(x) = 8x® — 4x’ — 6x + 4. Find each of the
following.
a P(73) b P@4) ¢ PQ) d Q@) e QC2) f oD
16 P(x) = "9x* —2x° +x% +6x,Q(x) = 9%’ +5x° —6x+3andR(x) =6x> —5x° —9° — 8.
Find each of the following.
a P(x) + R(x) b R(x) — Qx) ¢ Rx) + Ox)
9ev? —4ev? _ 2e%w?v +4e’w?v
10w?2v — w?v Twve — Swve

SeeExample 11 18 P(z2) =72 + 6z + 6 and Q(y) =4y’ — 8* + 9y — 5. Find P(x) X Q(x).

See Example 3 17 Simplify

SeeExample 16 19 Simplify each of the following.

a (7—3g)? b (6y —5) 6y +5) c (5h+ 200
d m+n—6)m+n+6)

Problem solVing 5 Find the value of the nominated variable in each of the following formulas.
a nif PV=nRTand P=1100, V=42 R=702and T = 324
b aifv=5u=3,s=6andv=Vu?+2as
21 Find an expression for the perimeter of this shape.

4y -3 .
5

m

2y—4
6

cm

22 Find expressions for the areas of the shapes below and simplify your expressions.

2m+5n
a b 3

_ m—3n
R 61+ 4m 4
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Chapter 3 review

23 The simplifications below may have errors. For each one, if there is an error, identify the line
in which the first error occurs and state the correct answer.

a dm+n 3m—A4n
6 4
20m+mn) 3(3m—4n)

12 12
_ 10772 4+ 21 — 912 — 12n

12

_m— 107
12

24 Expand (107 + 5)* and use your expansion to find a short cut for the calculation of 15, 252,

352, ...

b 3b—26X4b—36

4 3
_ 3(3&1g 2) 4(4blg 3¢) (A)
_(9- 6c)1(4ljb — 12¢) ®)
2 . 2
_ 1445 21(2:;% 72¢ ©
_12(127 —1 thc — &) D)
_ 125% — 11721% — 6¢? E)

25 Show that when 2 polynomials of degree 4 are added, the result can be a polynomial of any

degree up to and including 4.

26 Show that when polynomials of degrees 7 and 7z are multiplied, the result is a polynomial of

degree # + 2.

9780170194860
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Using units of measurement

Solve problems involving surface area and volume of
right pyramids, right cones, spheres and related
composite solids. (10A).




Measuring length and calculating area and volume are important skills for everyday living. Imagine
that you need to buy new carpet for your bedroom. How much carpet will you need to buy?
Another area problem you may need to deal with is calculating the number of cans of paint to buy
to cover the walls of your room. Suppose that you want to build a garden bed. How much soil will
Weblink you need? How much fertilizer will you need to add to the soil? You could use volume to find out
et how much cement mix it will take to pour a walkway or how much sand is needed to fill a sandbox.
measures Before measuring devices such as rulers were invented, parts of the human body were used to
MAT10MGWB00004 measure distances. This meant that people had ready access to a measuring device that was
accurate enough for most practical uses.
Most ancient civilisations used lengths like a foot (about 30 cm) to measure short distances. They
used something like one marching pace or stride (about 90 cm) for longer distances. Carpenters
and traders measured lengths of timber using the cubit (about 45 cm)—the distance from the
elbow to the tip of the longest finger. Can you imagine how complicated it would be to order the
timber for a building project in cubits?
Today, measuring length and calculations involving measurements have been simplified because
we use units from the metric system to express these quantities.

MAT10MGVT00004

M Mathematical literacy
The mathematical words below have special meanings that you will learn in this chapter. It is

important that you learn to spell them and gradually learn what they mean in mathematics.

MATI0ASDIOO00T Y4y may find the glossary or online mathematical dictionary useful for this purpose.
apex edges net square metre
area face parallelogram square kilometre
base hectare prism surface area
capacity hemisphere pyramid three-dimensional
centimetre Heron’s formula Pythagoras’ triangle
circle hypotenuse theorem trapezium
cone kilometre rectangle two-dimensional
cubic centimetre kite rhombus volume
cubic metre litre slant height vertices
cubic millimetre metre sphere vertex
curved surface area metric system square millimetre
cylinder millimetre square centimetre

m Solving area problems

In the metric system, the standard unit of length is the metre (m). Other common units of length
are shown below.

You often need to change from one unit to another. When changing to a larger unit, divide. When
changing to a smzaller unit, multiply. The arrows in the diagram below show the directions in which
you move the decimal point when changing from one unit to another.

/ 10\/ 100\/—1000\
\XIO / \xmo/ \x 1000 /
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The area of a flat shape measures the size of the region enclosed by the boundary of the shape.
In the metric system, small areas are measured in:

* square millimetres (mm?)—the area of a square 1 mm long and 1 mm wide, or
e square centimetres (cm?)—the area of a square 1 cm long and 1 cm wide.

Larger areas are measured in:
* square metres (m?)—the area of a square 1 m long and 1 m wide.
Very large areas are measured in:

® hectares (ha)—the area of a square 100 m long and 100 m wide, or
e square kilometres (km?)—the area of a square 1 km long and 1 km wide.

Important!

Metric area unit conversions

1 cm? =10 mm X 10 mm = 100 mm?

1 m? =100 cm X 100 cm = 10 000 cm? = 1 000 000 mm?
1ha=100m X 100 m = 10 000 m?

1 km? = 1000 m X 1000 m = 1 000 000 m? = 100 ha

If you are changing to a larger unit, divide. If changing to a smzaller unit, nultiply.
+100 +10000 + 10000 +100
C

mm’ m m ha km?

100 7 %1000 =x10000— = x100—

Example T 1

Convert the measurements to the units shown in brackets.

a 26500 m” (ha) b 3.215 km? (ha)
Solution
a  Write the measurement. 26 500 m®
Changing to a larger unit, so divide. = 26500 - 10 000 ha
=2.65ha
b Write the measurement. 3.215 km?
Changing to a smzaller unit, so mzultiply. =3.215 X 100 ha
=3215ha

For some plane shapes there are rules that can be used to calculate areas. The most common ones
are shown over the page.
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Important!

Teacher notes Area ru|eS
Area rules

MAT1OMGTNO00T2  Rectangle H
+ +w
H L]
/
A=[xw
Triangle 1
|
b
_1
A= 5 bh

X (a + b)h

Find the areas of these shapes.

Area and volume

MAT10MGTI00004
80 cm
MAT10MGCP00004 [
14 m (Answer in m2.)
Solution

a  Write the area rule for a parallelogram.
Substitute the given measurements.

Change both units to metres.

Evaluate.

State the result.

Circle
A=mr?
Parallelogram i
/
A=I[xh
Rhombus Kite
A= %xy = %(product of diagonals)
b
14 cm
21 cm
A=1Xh
=14 m X 80 cm
=14m X 0.8m
=112 m?

The parallelogram has an area of 1.12 m?.
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b Werite the area rule for a triangle. A=1bh
Substitute the given measurements S NPT
and cancel. 2
Evaluate. =147 cm?
State the result. The triangle has an area of 147 cm?,

The height of a triangle must be known to calculate its area. The height of a triangle is not always
given. Pythagoras’ theorem can be used to help calculate areas involving right-angled triangles.

Pythagoras’ theorem

Teacher notes

Proof of Pythagoras’
For a right-angled triangle, the square of the hypotenuse is equal theorem

to the sum of the squares of the other two sides.
For this triangle: 4° = % + ¢2 b

MAT10MGTNO0014

Pythagorean triples (or triads) such as (3, 4, 5), (5, 12, 13) and (7, 24, 25) can sometimes be used
as a ‘short cut’ in calculations with right-angled triangles.

Investigate: Pythagoras’ theorem

Pythagoras’ theorem tells us that in diagram a below:

Area of A + area of B = area of C
| 4 @
C @L

A <<\

1 Diagram b shows a right-angled triangle with an equilateral triangle constructed on each
side. Is it true to say that: area of A + area of B = area of C?

2 Diagram c shows a right-angled triangle with a semicircle constructed on each side.
Is it true to say that: area of A + area of B = area of C?

3 Investigate other demonstrations of Pythagoras’ theorem.
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Lunes

Triangle POR is drawn so that PR is the
diameter of a semicircle and Q lies on the
circumference, as shown here.

Any triangle drawn in this way will be right-angled.

Semicircles are constructed using PQ and OR as

diameters, as shown.
The shaded areas formed are called lunes.

r R

How does the sum of the areas of the lunes compare with the area of APQR?

Example 3

Find the area of each of these triangles.

a b
B 24 cm C
25 cm L‘
A
Solution
a  Apply Pythagoras’ theorem to the
triangle.

Substitute for known sides.
Evaluate.
Reverse the equation.

Subtract 5.76 from both sides.

Take the square root.

Write the rule for the area of a triangle.

Substitute for known values and cancel.

Evaluate.
State the result.

b The height of APQR is OS. QS needs to
be calculated.

Apply Pythagoras’ theorem to APQS.
Substitute for known sides. (PS = %PR)

Evaluate.

BA4? = Cc4* + BC?
252 =4’ + 247
6.25 = CA*> +5.76
CA% +5.76 = 6.25
C4? =625-5.76
=0.49 cm?
CA =0.7cm

A=73bh

N =

— 1 x24'2x07
12

=0.84 cm?
The area of AACB is 8.4 cm?>.

PQ’ = Qs? + p§’?
24% = Qs* + 187
576 = QS + 324
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10+10A

Reverse the equation.

Subtract 5.76 from both sides.

Keep the square root on your calculator.

Write the rule for the area of a triangle.

Substitute for known values and cancel.

Use the value on your calculator.

State the result.

QS” + 324 =576
Q8% =576 — 324
=252
=15.8745 ...

A =1bh

1
2

:%X%18X15.8745...
14

—=285.741 ... cm?
The area of APQR is about 286 cm?.

Some complex shapes are formed by combining simple plane shapes. When finding the areas of
these figures, mark on your diagram how the shape has been formed.

Example &4

Find the areas of the following shaded regions.

b

a

5 @ +f 11 mm

Solution

a The shaded region is a rectangle with a
circular unshaded region.

Begin with the rectangle.
Substitute for / and w.

Evaluate, including units.

Werite the area rule for a circle.
Use D = 2r to substitute for 7.
Keep the value on your calculator.
Find the shaded area.

Use the value on your calculator.

Evaluate.

Round off.

9780170194860

8 cm 12 cm

10 cm

Rectangle area = [/ X w
=18 X 11
=198 mm?
Circle area = mr?
= X 257
=19.634 ... mm?
Shaded area = rectangle area — circle area
=198 mm? — 19.634 ... mm?
=178.365 ... mm”

~ 178 mm?




b There are 7any ways to work out
this area. Here is one.

Name the vertices of the region.

Begin with rectangle ABCD.
Substitute.

Evaluate.

Find the area of AABE.

Find the height, then substitute
and cancel.

Evaluate.
Calculate the shaded region.
Substitute.

Evaluate.

Example ©5

Calculate the area of this figure.

Solution
First find CE using Pythagoras’ theorem.

Evaluate.

DH He

Area of ABCD =1 X w

=12X 10
=120 cm?
A:%bh
1 5
=1 X10° x4
2
=20 cm?

Shaded area = area of ABCD — area of AABE

=120 ecm? — 20 cm?

=100 cm?

132 = CE? + 52
169 = CE2 + 25

Reverse the equation and subtract 25 from

both sides.

Take the square root of both sides.
Now find the area of rectangle ABCE.
Substitute.

Evaluate.

CE? =169 — 25
= 144 m’
CE=12m
Area of ABCE = X w
=11 X 12
=132 m’
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Find the area of ACDE.

Substitute and cancel.
Evaluate.

Calculate the total area.
Substitute.

Evaluate.

A=1bh

= 12 X5 X 12°
= 130 m?
Total area = area of ABCE + area of ACDE
=132m” + 30 m?

= 162 m?

Investigate: Finding areas of irregular shapes

Before you begin this activity, your teacher will have already marked out a large, irregular
shape (like a green on a golf course). The shape will be about 30 m long and 20 m wide.
Work in groups of four or five and do the following.
1 Discuss a method of estimating the area of the shape.
2 Use your method to work out the area. Record your estimate and the method you used.
3 Meet back at the classroom and have all groups write their estimates on the whiteboard.
Each group should discuss the method that they used.

You can use the following method to find the area.
Select a point near the centre of the region and mark out a triangular section like AABC in
the diagram shown here. The area of the triangle is given by this rule:

Area = \/s(s — a)(s — b)(s — ¢) where s =3 (a + b+ ¢)

This is called Heron’s formula. The total area can be found by dividing up the whole

region into triangles and adding all of their areas.

1 Use Heron’s formula to find the area you estimated eatlier.

2 Compare your answer with the initial estimate you made and with the calculations of the
other groups. Comment on what you find.

3 Get alocal contour map and mark out an area such as a forest or other irregular shape.
Find the area of the shape using Heron’s formula. (Don’t forget to look for the scale!)

9780170194860




Extra questions
Exercise 4.1

MAT10MGEQO00038

Understanding

See Example 1

4
Important!

Heron’s formula

For a triangle ABC with sides 4, & and ¢, the area is given by B
A=/s(s—a)(s—b)(s—c), wheres=1(a+b+c)is ¢ a
the semi-perimeter. 4 - c
You can use Heron’s formula to calculate the area of a triangle.

Example © 6

Find the area of this triangle.

7 cm
5 cm
9 cm

Solution

We don’t know the height of the triangle,

so we need to use Heron’s formula.

Calculate s, half the perimeter. s=1(a+b+o)

Substitute for the side lengths. =109+5+7)

Evaluate. =10.5 cm

State Heron’s formula. Area = \/s(s —a)(s — b)(s — )

Substitute for s and the side lengths. =4/10.5(10.5 — 9)(10.5 — 5)(10.5 — 7)

Use a calculator. ~ 17.4 cm?®

Exercise 4.1 Solving area problems

A calculator should be used where appropriate in this exercise. For calculations involving m,
use the 7 key on your calculator and answer correct to 1 decimal place.

1 Convert the measurements below to the units shown in brackets.

a 7.3 ha (m? b 48 000 m? (km?) ¢ 57 ha (km?)
d 0.025 km? (ha) e 0.008 27 ha (m?) f 0.003 42 km? (m?)
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2 Find the area of each of the following.
a Square floor tile of side 12 cm

-

Rectangular birthday card 18 cm by 11 cm
Rectangular table top 1.5 m by 0.9 m
Australian flag 2 m by 1.3 m

Rhombus with diagonals of 1.7 m and 2.8 m

c
d
e Parallelogram of base 12.5 mm and height 5.6 mm
f
¢ Kite with diagonals of 26 cm and 44 cm

3 Find the areas of the following shapes.

a b " c
+ 11.8m 45 cm
1 1 ] L

24‘6 m 73 cm

" N
14 mm
§ S . A
Ny R
QB
%ﬁ F +1.2km
4.8 m
" ]
. (Answer in cm?2.) 750 m
(Answer in m2.) (Answer in km2)
g h i

|<15 mm>|

4 Find the area of each of the following.
a Triangular scarf with base 1.5 m and height 0.8 m

=

Circular lid with a radius of 25 mm
Triangular wall tile with base 25 ¢cm and height 12 cm
Trapezoidal table top with parallel sides 1.2 m and 1.8 m and height 80 cm

a6

Compact disc with a diameter of 12 cm
Circular tablecloth with a radius of 1.5 m
Kite with diagonals of 95 cm and 46 cm

=« - B B ¢ ]

Rhombus shaped rug with diagonals of 3.8 m and 2.1 m
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See Example 2 5 Find the areas of the following shapes.

b ¢ 1.8 m

/ f
70 cm
9 cm ﬁ
32m

I
I
I
I
I
I
'_! (Answer in m2.)

A
A
Ve
38 m
i \

a

o

4.2 cm

(Answer in cm?2.)

Fluency 6 Find the areas of the following shapes.
D b |
51.6 0 / s g5 mm
IS4
o
d e D f
3
P,
96 m

we6Y

7 Work out the missing measurements, then find the areas of these shapes.

C

a —H H b
&

113 em!

6 cm

29 cm

8.5 cm
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8 Find the areas of these triangles. Worked solutions
25.2 mm Exercise 4.1
\N

® b c
MAT10MGWS00010
See Example 3
10.5 cm

8.4 cm

9 Find the areas of the following compound shapes. Worked solutions
Exercise 4.1

@ b O] ¢
MAT10MGWS00010
See Example 3
[y
L] ~—12cm —

850 m

910 m

10 Find the areas of the following shapes.
~—429 mm—

181m
|

4444++4444

d -—49mm— e

-~—22 mm—

29 mm
11 Find the areas of the following shaded regions. Worked solutions
i b Exercise 4.1

MAT10MGWS00010

See Example 5

-+ 123 m
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12 Find the areas of the following shapes.

a b
\)\ >
.Ti %
2
1.4 cm
[]
1cm 32cm
2cm 2.8 cm 56 mm 22 cm
SeeExample6 13 Use Heron’s formula to find the area of each triangle, correct to 1 decimal place.

. 4 cm b 5 cm € 7 cm
7 cm
Jem 11 em 3cm; : 6 cm

Problem soing ' 14 A circular plate has an area of 707 cm?. What is its radius?
15 A square piece of metal has an area of 110.25 cm?. What are its dimensions?
16 Here is a diagram of a full-sized tennis court.

Doubles line

\ 23.7m

Singles line — H H

T 109 m
6.4 m 4.1 m +

Singles line —
Doubles line —

a  What area (shaded) does a player have to serve into?

b Find the total area for play in a singles match.
¢ Find the extra area that is available for a doubles match.
17 The minute hand of a clock is 10 cm long. It is 3 cm longer than the hour hand. In one full

revolution, how much more of the face is covered by the minute hand than by the hour hand?

18 Find the shaded area shown here.

—Sem—t - - -t
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19 Prove that the shaded area of the semicircle shown here is
equal to the area of the smaller circle.

m Surface area

In the previous section of this chapter we found the areas of a range of two-dimensional (2D)
shapes. Two-dimensional shapes are flat and have length and width but no depth. Three-
dimensional (3D) shapes occupy space and have length, width and depth.

Solids are 3D figures. The faces of a 3D shape are its separate outside surfaces. The lines where
the faces meet are called edges and the corners where the edges meet are called vertices. The
cross-section and/or the faces are used to name 3D shapes.

Important!

3D shapes

The faces of a 3D shape separate the inside from
the outside.

The lines where faces meet are called edges.

The corners where edges meet are called vertices
(the singular form is vertex).

Vertex Face

Edge
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Teacher notes
Naming 3D shapes

MAT10MGTN00013

Weblink
K-6 Geometric Shapes

MAT10MGWBO00004

Making hedrons

MAT10MGWKO00038

Important!

Classifying 3D Shapes

A prism has constant polygonal cross-sections in one direction. All the cross-sections parallel
to one face (the base) are the same shape and size as the base.

A pyramid has a base that is a polygon. The other faces are triangles that all meet at a vertex
called the apex. The cross-sections parallel to the base are different sizes, so it is not a prism.
The axis of a prism or pyramid is a line passing through the centres of all the cross-sections
parallel to its base. The height of a prism or pyramid is measured at right angles (90°) to the
base. Slant prisms and pyramids have the axis at an angle to the height. The axis 75 the height
for right prisms and pyramids.

A parallelepiped is a slant parallelogram-based prism. Its faces are all parallelograms.

A cylinder is like a prism with a circular base. A cone is like a pyramid with a circular base.
A sphere is a ball shape. A hemisphere is half a sphere.

Base

Trapezoidal prism Square pyramid Rectangular pyramid Hexagonal pyramid

Cylinder Cone Parallelopiped Slant triangular
pyramid
Height
Height
Slant cylinder Slant cone Sphere Hemisphere

Other 3D shapes made from polygons are called hedrons. Hedrons must have flat faces.
They are named using Greek words for the number of faces: tetra = 4, hexa = 6, octa = 8,
deca =10, dodeca =12 and icosa = 20.

There are just five Platonic solids. These are regular hedrons in which every face is the same
and every vertex is the same.
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bIPIQ

Regular Cube or regular Regular Regular Regular
tetrahedron hexahedron octahedron dodecahedron icosahedron

Example ™7

Name the following shapes.

@D

Solution

a This is like a prism but has a circular base. Cylinder.

b This is a pyramid with a triangular base. Triangular pyramid
It is also a hedron with 4 faces. or tetrahedron.

¢ This is a prism with a base that is a pentagon.  Pentagonal prism

d This is a hedron with 14 faces. 14-sided hedron.

Some people would call Example 7d a truncated cube. It is not regular because it has a mixture of
different shaped faces.

The net of a 3D shape is the 2D shape that can be unfolded from the 3D shape, or folded up to
make the 3D shape.

d
7
/7
Rectangular prism
Net
~—
) =)
Triangular prism Net
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Example T8

Draw nets of the following shapes.

a b

Solution

a This solid is a cube. All the faces are squares.

Imagine unfolding the cube. %‘

b 3 triangles meet at the top and bottom
vertices, but 4 meet at the others. It is
an irregular hexahedron.

Imagine unfolding the hexahedron. The faces are all equilateral triangles.

¢ - X

The area of a 3D shape is known as the surface area.

Surface area
The surface area of a 3D shape is the total area of all its faces.

The net of a 3D shape is useful in finding its surface area.
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Example 9

Find the surface area of each of the following shapes.

a

Solution

a First draw a net of the shape.
Werite in the dimensions you know.
Number the faces.
There are 6 rectangular faces altogether.
Rectangle 1 = rectangle 3
Rectangle 2 = rectangle 4
Rectangle 5 = rectangle 6

Find the area of face 1 or 3.

Substitute for / and w.

Find the area of face 2 or 4.

Substitute for / and w.

Find the area of face 5 or 6.

Substitute for / and w.

Write the rule for surface area (SA).
Use the fact that some rectangles are equal.
Substitute areas previously calculated.

Evaluate.

9780170194860

Worksheet

Area and volume 1

MAT10MGWKO00010

Puzzle sheet

Surface area

MAT10MGPS00009

8 cm

1l
6 T T 1
i : :6 P

10 cm (1) (2] (3) (4]

Facel=[/Xw
=10cm X 6 cm
= 60 cm?

Face2 =[IX w
=10cm X 1.5 cm
= 15 cm?

Face5 =IX w
=6cm X 1.5 cm
=9 cm?

SA = sum of the areas of all faces

=2 X face 1 + 2 X face 2 + 2 X face 5
=(2X60+2X15+2X9) cm?
= 168 cm”®




b First draw a net of the shape.

Write in the dimensions you know. (1] 8 cm
Number the faces.
There are only 3 faces: a rectangle and (2] 5 em
C
2 equal-sized circles. D
©
Find the area of the circles. Face 1 = nr?
Substitute for known values. =n X (4 cm)?
Ener s GHED DD gy  [~F>7

50.26548246
Round, but store the full value in A. Face 1 ~ 50.3 cm?
Find the area of the rectangle. Face2 =/X w
Substitute for / and w. Here, / is the =nD X 5 cm
circumference of the circle. =n X 8cm X 5cm
Enter as ED Dgy [~ocs

125.6637061
Round, but store the full value in B. Face 2 ~ 125.7 cm?
Werite the rule for surface area (SA). SA = sum of the areas of all faces
Use the fact that 2 faces are equal. =2 X face 1 + face 2
Substitute for areas previously calculated. ~ 2 X 50.3 + 125.7 cm?
2xA+B

EnterasZABa

226.1946711

Round to the nearest cm?. ~ 226 cm?

It is usually more convenient to use a rule for working out the surface area of a cylinder. The
curved area of a cylinder, without the top and bottom, is called the curved surface area (CSA).
From the previous example, you can see that the curved surface area is calculated as follows:

CSA =X w \ | {

=nDXh
— X 2r X I h —) w

e l l |
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Curved surface area of a cylinder
Curved surface area (CSA) of a cylinder = 27k

Example © 10

A cylinder is 12 cm high and has a radius of 7 cm. Find the surface area of the cylinder if it
has a base but no lid.

Solution
First draw a net of the shape. T
Werite in the dimensions you know. 4 em
There are only 2 faces: the CSA of the
cylinder and a circular end.
CSA 12 cm
l

Write in the rule for the curved surface area.  CSA = 2nrh
Substitute known information. =2XnX7cmX12cm
Enter as 2 d < ¥ 6 N W

527.7875658
Round, but store the full value in A. CSA =~ 527.8 cm”
Calculate the area of the base. Area of base = nr?
Substitute known information. =1 X (7 cm)?

B nx7°—B
Enter as ! o 153.93804
Round, but store the full value in B. Area of base ~ 153.9 cm?
Find the surface area (SA). SA = CSA + area of base
Substitute calculated values. ~ 527.8 cm” + 153.9 cm?
A+B

Enteras A B a 681.7256058
Round to the nearest cm?. ~ 682 cm?

A net may be used to form an open solid or a closed solid. A sealed tissue box is an example of a
closed solid. A can with the lid removed is an example of an open solid. The surface area of an
open solid usually refers only to the outer surface.
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Example " 11

Calculate the surface area of each of the following solids.

a

D .

28 em 23 em
Open box
Solution
a Draw the net for the open box.

Werite in the dimensions you know.
Number the faces.

There are 5 rectangular faces altogether.
Rectangle 1 = rectangle 3

Rectangle 4 = rectangle 5

Find the area of face 1 or 3.

Substitute for / and w.

Find the area of face 4 or 5.

Substitute for / and w.

Find the area of face 2.

Substitute for / and w.

Write the rule for surface area (SA).

Use the fact that some rectangles are equal.

Substitute areas previously calculated.

Evaluate.

/<—O.8 m -

43 m

Closed half-cylinder

e + 23 cm

Facel1=IX w
=23cm X 16 cm
= 368 cm’

Face4 =X w
=28cm X 16 cm
= 448 cm’

Face2 =I/X w
=28cm X 23 cm
= 644 cm?

SA = sum of the areas of all faces
=2 X face 1 + face 2 + 2 X face 4
= (2 X 368 + 644 + 2 X 448) cm?

= 2276 cm?
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b First draw a net of the shape.

Werite in the dimensions you know.
Number the faces.

2 equal-sized semicircles.

|
|
|
: e 443 m
|
|
|

Faces 1 and 3 are the semicircular ends

of the half-cylinder.

Face 2 is the curved surface area (CSA) 0.8 m
of the half-cylinder.

Face 4 is the top of the half-cylinder.

There are 4 faces: 2 rectangles and T 6

Find the area of the semicircles. Face 1 = 1ns?

Cancel and substitute for known values. =
Here r =1 X0.8=04

Enter as 0.5 0.4 6 D ExmxD PR

0.2513274123

Face 1 = 0.251 327 ... m?

Write the rule for the curved surface area

of the half-cylinder. Face 2 =1 X 2nrh
Cancel. = nrh
Substitute known information. =X 04mX43m

Enter as 0.4 4.3 6 nx0.Ux4.3—>B

5.403539364

Face 2 = 5.403 53 ... m°

Find the area of the remaining rectangle. Faced =/ X w

Substitute for / and w. Here, /is the

diameter of the semicircle and w is the =08mx43m
height of the half-cylinder. Face4 = 3.44 m’
Werite the rule for surface area (SA). SA = sum of the areas of all faces
Use the fact that 2 faces are equal. = 2 X face 1 + face 2 + face 4
2xA+B+3.44
Enter as 2 A B 3.44 SR—
~9.35 m?

For part b of the previous example it should be noted that the areas of faces 1, 2 and 3 were not
rounded before the calculation of the surface area. This ensures that the final answer is more
accurate than it would have been if these values had been rounded.
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Many solids are formed by combining two or more different solids.

Example © 12

Calculate the surface area of each of the following solids correct to one decimal place.

a

f
12 cm
4

|<—24 cm —|

Solution

a This solid consists of a half-cylinder
mounted on a rectangular prism.

The surface area of the shape will
include the 3 faces of the half-cylinder
and 5 faces of the rectangular prism.

Calculate the curved surface of the half-

cylinder. CSA is the curved surface of a
cylinder.

Substitute the rule for CSA.

Substitute for known values. The
diameter is 24 cm.

Cancel and evaluate.

The other two faces are semicircles.

Substitute for known values.
Evaluate.

Now calculate the area of the 5
rectangular faces of the prism.

Evaluate.
Calculate the surface area.
Evaluate.

Round off and state the result.

b

I
30 mm :

N

Curved surface of half-cylinder

X2r X 12X 19

=716.283 ... cm?

Area of semicircular faces
2

= nr
=n X 12 X 12
=452.389 ... cm2

Area of rectangular faces
= (24 X 19) +2 X (12 X 24)
+2 X (19 X 12)

= 1488 cm?
SA =716.283 ... + 452.389 ... + 1488
=2656.67 ... cm>

The surface area of the solid is
approximately 2656.7 cm?.
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b This solid consists of a closed cylinder
with a portion removed.

Calculate the portion of the cylinder that
has been removed.

The surface area of the solid consists of
3 of the CSA for a full cylinder, two ends
that are each 2 of a full circle and two

equal rectangular faces.

Calculate the curved surface of the solid.

Substitute the rule for CSA.

Substitute for known values. The
diameter is 30 mm.

Cancel and evaluate.

The two end faces are three-quarter
circles.

Substitute for known values and cancel.

Evaluate.

Now calculate the area of the
rectangular faces of the solid.

Evaluate.
Calculate the surface area.
Evaluate.

Round off and state the result.

A pyramid is a solid made up of a
base and triangular faces that meet

at an apex, which is also called the
vertex of the pyramid. The slant
height is the perpendicular distance
from the vertex down a face, as shown
in the diagram below. A cone is a
solid with a circular base and an apex.
The height, 4, of the cone is
measured perpendicular to the base
and the slant height is the distance
from the edge of the base to the apex
along the face of the cone.

9780170194860

V

Pyramid

. _90° _ 1
Portion removed = 33 = 3

Curved surface of solid

_3

=2CSA

= % X 2nrh

=3 % 2lnx15x38"
24

= 2686.06 ... mm?>

Area of end faces = 2 X % X 12

=3 XnX15X15

=1060.28 ... mm?

Area of rectangular faces = 2 X (15 X 38)
= 1140 mm?
SA = 2686.06 ...+ 1060.28 ... + 1140
= 4886.34 ... mm?

The surface area of the solid is
approximately 4886.3 mm?.

Apex
/ \

Slant height —

g -

Height

Cone




Investigate: Surface areas of pyramids and cones

You will need cardboard, scissors, tape, a protractor, a compass and a ruler.

Pyramids

1 First, make a square pyramid using the
dimensions shown here. 10 em 10 cm

10 cm

2 Next, construct a pyramid using only equilateral triangles.

3 Now use the pyramids you have made to answer the following.
a What are the differences between a triangular pyramid and a square pyramid?
b How are these two types of pyramid similar?
¢ What would you call a pyramid with a six-sided base?

Cones

1 Draw a circle with a radius of 7 cm. Mark in two radii, A
OA and OB, so that ZAOB is 90°, as shown. Cut out the B
90° sector and put it to one side. Join up the cut edges
with some tape to form a cone. - B

2 Repeat this procedure, but this time take out a larger sector. How are the two cones
different? How are they similar?

3 Make a list of household objects that have a conical shape. (They may only be part of a
cone.)

4 Find out what the Venturi effect has to do with cones.

5 What are the advantages and disadvantages of making paper cups in a conical shape?

When you work out the surface area of a square pyramid, you need to know the length of the base
and the slant height.

Four triangles
Slant
height are the same

> —>

ﬁength
of base

Slant height
e
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Example " 13

Find the surface area of this square pyramid.

MAT10MGVT10008

Solution

The base is a square. Area of base = /°

Substitute for /. =8 mm X 8 mm

Evaluate. = 64 mm?

Each side is a triangle. Area of side = 1bh

Substitute for 4 and 4. =1 X8X 12 mm?

Evaluate. = 48 mm?

Write a rule for the surface area. Surface area = area of base + 4 X area of side
Substitute. = 64 mm? + 4 X 48 mm?
Evaluate. = 256 mm?

If the slant height of a pyramid is not given, then it needs to be calculated before the surface area
can be found.

Example © 14

Calculate the surface area of this square-based pyramid.

Solution

Draw in the slant height and label the
diagram.

9780170194860




Make a sketch of the triangle formed by the
height of the pyramid and the slant height.

AB = height of the pyramid
BC = half the length of the base
AC = slant height of the pyramid

Use Pythagoras’ theorem to calculate
the slant height.

Substitute for known values.

Evaluate.

Take square roots of both sides.

Calculate the area of the triangular faces. In
this case, the 4 triangular faces are equal.

Use the rule for the area of a triangle.

Substitute for known values, cancel and
evaluate.

Calculate the area of the base.

Substitute for known values.

Calculate the surface area.
Substitute.

Evaluate.

20 cm

B 15 cm C

AC? = AB? + BC?

=20%+ 152
=400 + 225
AC? =625
AC =25

Area of faces =4 X area of AAYZ

=4X 1bh
=4 ><é><30><25
= 1500 cm®
Area of base =/ X w
=30 X30
= 900 cm’
SA = area of triangular faces + area of base
= 1500 + 900
= 2400 cm”

The net of a cone consists of the curved surface and the circular base as shown here. The base is a
circle with radius r. The curved surface is the sector of a circle with radius, s, and arc length AB.
The length of AB must be the same as the circumference of the base, i.e. 2nr.

S~/

= — -

Slant height becomes / '

— radius of sector of large circle. “
\:\ o |
I
—) \
r

Curved surface ™~ B~
of cone

Circumference of base
becomes arc length of large circle. )\ /
27y
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We can develop a formula for the area of a cone using this information.

Area of sector AOB arc length AB
Area of large circle  circumference of large circle
Area of sectorAOB _ 2nr _r
Tcsz 27s s
2

Area of sector AOB = g X s

= Trs

The total surface area of the cone is the area of the base and the area of the sector ABC.

Important!

Surface area of a cone
Surface area of a cone = m? + mrs

where 7 = radius of the base of the cone and y Area = Trs

s = slant height of the cone

Area = 1tr?

Example " 15

Find the surface area of this cone.

Area and volume 5

MAT10MGWKO00036

Solution

Write the rule for surface area. SA = s + mr?

Substitute known values. =n X 10cm X 18 cm + 7 X (10 cm)?
Evaluate. =565.486 ... cm” + 314.159 ... cm?
Round to the nearest cm?. ~ 880 cm?

As was the case with a pyramid, if the slant height of a cone is not given, then it needs to be
calculated before the surface area can be found.
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Calculate the surface area of this cone.

Solution

Make a sketch of the triangle formed by the Q
height of the cone and the slant height.

QP = height of the pyramid

. 10.4 cm
PR = radius of the base
OR = slant height of the cone (s)
P 78cm R
Use Pythagoras’ theorem to calculate the
slant height. QR? = QP” + PR’
Substitute for known values. =10.42% +7.82
Evaluate. = 108.16 + 60.84
=169
Take square roots of both sides. OR =13 cm
Use the rule for the area of the cone. Surface area of cone
2
=Tr° + nrs
Substitute for known values. —n X782 +nX78x13
Evaluate. =509.691 ... cm?
Round to 1 decimal place. ~ 509.7 cm?

Investigate: Surface area of a sphere

Work in groups of four or five students. Each group will need an orange, some paper
towels and a knife to cut the orange in half.

Finding a rule for the surface area of a sphere can be done using some sophisticated
mathematics. It can also be approximated using some basic reasoning.

e Squeeze and mould your orange to make it shaped like a sphere as much as possible.
e Cut your orange in half. The circle formed by the edge of the orange is called the great
circle of the orange. This is the circle with the same radius as the radius of the sphere.

e Trace a great circle of your orange on a paper towel.
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e Discuss with the members of your group how many of these great circles you think you
can cover with pieces of your orange’s peel.

e Trace four more great circles on your paper towels.

e Now carefully tear off pieces of the orange peel, each about to 4 or 5 cm?.

e Use the pieces of peel you have torn off to cover as many circles as possible. Place the
pieces, one at a time, in the great circle you drew. Be careful not to overlap pieces or
leave gaps. You may need to tear off some smaller pieces to entirely cover each circle
without gaps or overlaps.

e Record the number of great circles covered by the orange peel.

Work as a group to use your results to answer the following questions. Make sure that you
record your answers and can explain your conclusions because each group member needs
to be prepared to explain your group’s thinking to the whole class.
1 Worite a mathematical expression for the area covered for each great circle. What does

7 in your expression stand for?
2 How many circles did you cover in all?
Based on your results, write a rule or equation that gives the surface area of your orange.
4 Do you think your equation will work for finding the surface area of any sphere? Explain

»

your reasoning.

Now summarise your group’s findings and conclusions.
Your teacher will ask all groups to share their findings and conclusions in turn.
Don’t forget to clean up!

From the previous investigation, you should have seen that the surface area of a sphere is 4772

A hemisphere is half a sphere and may be either open or closed. An open hemisphere has no
circular base while a closed hemisphere does. You can also use the formula for the surface area of
a sphere to calculate the surface of a hemisphere — with or without a base.

SA of an open hemisphere =1 SA of a sphere
=1 X 4nr?
=2mr?

SA of a closed hemisphere = SA of an open hemisphere + area of circular base
= 2mr? + mr?

=3m?
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Surface area of a sphere

SA of a sphere SA of a closed hemisphere SA of an open hemisphere
— 4172 = 3772 = 2mr?

&

Example 17

Calculate the surface areas of each of the following.

Surface area of a cone

and sphere a b
<~— 42 cm—
MAT10MGVT10009
Worksheet ﬁ
Area and volume 6
MAT10MGWK00037 Closed hemisphere

Solution

a Write the rule for the SA of a sphere. SA = 4mr?
Substitute for 7. =4 X m X 17°
Evaluate. =3631.68 ...
Round off. ~3631.7 cm”

b Write the rule for the SA of a sphere. SA = 3m?
Substitute for 7. Diameter = 42 cm. =3 X xx21°
Evaluate. =4156.32...
Round off. ~ 4156.3 cm”
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Exercise 4.2 Surface area

A calculator should be used where appropriate in this exercise. For calculations involving mt, use Understanding

the 7 key on your calculator and answer correct to 1 decimal place. ,
Extra questions
1 Name the following shapes. Exercise 4.2

MAT10MGEQO00039

=Y @ A

<y

a b c

2 Identify the shapes whose nets are shown below.

d O e f
O

3 Draw nets for the following shapes. See Example 8

SN
P DG

Q
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See Example 9 4 Draw nets of the following shapes, including all necessary measurements.

a b c
I !
I 18 cm \
; : = 1.1m
/'________ 4 | 4 L’» ——————— R
e B z
. 21 em .- . 42m 15 m
25 cm
d e f
5
%
10 cm =
qcﬂg\ ’,—’ 6cm
20 cm 8 cm

5 Draw nets of the following shapes, including all necessary measurements.

a b

14 mm

m 22 mm 37 cm

32 mm

20 cm

25 cm

22 cm
16 cm
SeeExamples 9,11 6 Draw nets of the following shapes, including all necessary measurements.
a b c |§—C>IF
T - N<21 mm-|
Llm [ 42 mm

[«~—3.6 m—I

: I\ \/ Zi cm
|

Closed cylinder Open half-cylinder Cylinder (open both ends)
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7 Draw nets of the following shapes, including all necessary measurements.

9 Use the nets you drew in question 4 to find the surface area of each shape. Fluency
10 Use the nets you drew in question 5 to find the surface area of each shape. See Example 9
11 Use the nets you drew in question 6 to find the surface area of each shape.

12 Use the nets you drew in question 7 to find the surface area of each shape.
13 Use the nets you drew in question 8 to find the surface area of each shape.
14 Calculate the surface area of rectangular prisms with the following dimensions.
a length 12 cm, width 8 cm, height 17 cm b length 24 mm, width 19 mm, height 11 mm
¢ length 2.3 m, width 1.3 m, height 0.9 m  d length 35 cm, width 17 cm, height 42 cm
e length 1.7 m, width 46 cm, height 1.4 m f length 22 cm, width 76 mm, height 19 cm
15 Calculate the curved surface area of the cylinders with the following dimensions. Give your See Example 10
answers correct to two decimal places.
a radius 7 cm, height 11 cm b diameter 32 mm, height 42 mm
¢ radius 1.7 m, height 3.3 m d radius 5.7 cm, height 12.4 cm
e diameter 63 cm, height 2.3 m f radius 85 mm, height 22.7 cm
16 Calculate the surface area of the closed cylinders with the following dimensions. Give your Worked solutions
answers correct to two decimal places. )
] . ) . Exercise 4.2
(a) re?chus 15 cm, helght' 22 cm b rad?us 2.8 m, he1ght 31m MATIOMGWS00044
¢ diameter 61 mm, height 8 mm d radius 41 cm, height 86 cm
e radius 92 cm, height 1.7 m f diameter 33 mm, height 7.9 cm See Example 11
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17 Calculate the surface area of each of the following solids.

a b c

25 mm
10 cm

17 cm 2.6m
22 cm 24 mm

23 m

1.1m

o

13 mm

7 mm
d e f
‘ 24 cm
r 8.5 cm
I
26 cm T : +
===k == 6.8 cm
} 9.4 cm
lom 8 cm 73 m -

5.1 cm

et 18 Calculate the surface area of each of the following solids.
Exercise 4.2 a b 4.1 m @ 17 mm

MAT10MGWS00044
27 mmi 24 m
32m 19 mm

.
36 cm 54m 32 mm

19 Calculate the surface area of each of the following solids.

a  Closed cylinder b Cylinder, open both ends
)
I
I
38 em T :
18 mm !
' \
33 mm
~—25cm—
¢ Closed half-cylinder d  Open half-cylinder,

one end open

~— 16 cm—
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20 Calculate the surface area of each of the following pyramids.
a square base measuring 20 cm by 20 cm and a slant height of 24 cm

b square base measuring 25 mm by 25 mm and a slant height of 38 mm

¢ rectangular base measuring 2.2 m by 4.1 m and a slant height of 3 m

21 Calculate the surface area of each of the following cones.

a radius 7 cm, slant height 24 cm b diameter 9 mm, slant height 12 mm
¢ diameter 5 m, slant height 6 m d radius 6.8 cm, slant height 17.2 cm

22 Calculate the surface area of each of the following.

a sphere with a radius of 5 cm b sphere with a diameter of 28 mm
¢ open hemisphere with a radius of 3.2 m d closed hemisphere with a diameter of 43 cm
e open hemisphere with a diameter of 1.9 m f closed hemisphere with a diameter of 63 mm

23 Find the surface area of each of these square pyramids. See Example 13
a b c
20 cm 14 mm 83 m
15 ecm 11 mm 7.2m

24 Here are two regular tetrahedrons. In each solid, each face is the same. Find the surface area

of each solid.

a b

7c

32 mm
8 cm
36 mm
25 This is a square pyramid. S mm

a Use Pythagoras’ theorem to find the slant

height of the pyramid, x. X
b Find the surface area of the pyramid.

{Z

26 Find the surface areas of these cones. See Example 15

b ¢ 2dmm

2 m — 7

-
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SeeExample 14 27 Calculate the surface area of each of the following pyramids.

b

......

17 cm

17 cm

50 mm 45m

SeeExample 16 28 Calculate the surface area of each of the following cones.

‘«- 4.2 cm —»‘

36 mm
SeeExample 17 29 Find the surface area of each of these spheres.
a b c
' ‘ i
30 Find the surface areas of these hemispheres.
a b c
| 1 |
18 mm 25m 6.3 cm
Closed Open Closed
Problem solving 31 Sketch the following shapes.
a Cube b Right trapezoidal prism ¢ Slant rectangular prism
d Slant cone e Right square pyramid f Slant rectangular pyramid
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32 Draw nets for the following shapes. See Example 7
a I b c £ 7
[ /4
33 Identify the shapes whose nets are shown below.

AN
VAVAVAN
Y
IVAVAVAVAVANEEE

\AAAN/N
VVVVV

(64) The surfaces of each of the following solids need to be coated with a special paint. In each Worked solutions
case, calculate the total area that will be coated. .

B4

MAT10MGWS00044

See Example 12
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35 This pile of hay bales has to be covered to
protect it from the weather. What area of
tarpaulin is needed?

36 This truck carries liquid oxygen in two identical
spherical containers. Find the total surface area of
the spheres.

37 An in-ground swimming pool is in the shape of a trapezoidal prism as shown below.

11.2m

1.4 m

34m

a Calculate the length of the sloping bottom edge of the pool.
b Calculate the surface area of the inside of the pool.

¢ Find the cost of coating the inside of the pool with paint that comes in 4 L tins if the tins

cost $125 and each litre of paint covers 8 m?.

38 This lampshade needs to be re-covered. Find the area of material
required if 5% wastage must be allowed for seams and overlaps.

39 This figure is called a frustum. Tt is formed when a cone is cut
parallel to its base. Find the surface area of the frustum shown here.
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40

41

42

43

44

45

9780170194860

This container is used to transport goods by sea. Reasoning

It has to be painted all over.

a Find the area to be painted. 6
.O0m
b Find the cost of painting the container if a

contractor quotes $57/m? for materials and
labour.

24 m
55m

This water tanker is used to help compact 45m

new road base. The water tank on the truck

needs repainting. 14m

a Find the area to be painted (including l
the ends). c

b Find the number of litres of paint needed if the
coverage is 9 m?/L.

A rectangular sheet of steel has to be bent and

welded to form this pipe.

a Find the dimensions of the smallest sheet of 65 m
steel that could be used.

1.2 m

b Find the cost of constructing the pipe if 1.35 m? must be allowed for overlap and materials
and labour cost $75/m?.

This roller is used to roll a cricket pitch 20 m long and 2m
2 m wide. How many revolutions will the roller make

in rolling the pitch?

Here is a cone that has been sliced in half. 7
Find the surface area of the figure.

24 mm

This water funnel is to be constructed
of copper sheeting. What area of
sheeting will be required, if 5%

extra must be allowed for seams 40 mm (,'
and overlap?




TLF Learning object

Turn up the volume
(R11505)

MAT10MGIN00004

TLF Learning object

Inside a cubic metre
(L164)

MAT10MGIN00004

m Volumes of shapes

The volume of an object is the amount of space that it occupies. Volume is measured in cubic
units. The units we usually use for volume are cubic millimetres (mm?), cubic centimetres (cm’)
and cubic metres (m?). Capacity is another word for volume but it usually refers to the amount of
space inside a container. Capacity can be measured using volume units, but it is usually measured
in litres (L). Multiples of litres are shown below.

Important!

Volume and capacity units

1 millilitre (mL) = 1 cm’

1 litre (L) = 1000 mL = 1000 cm’

1 kilolitre (kL) = 1000 L = 1 m’

1 megalitre (ML) = 1000 kL = 1000 m’

You can use the following when converting units. If you are changing to a /zrger unit, divide. If
changing to a smzaller unit, multiply.

- + 1000 ~ /+ 1000 ~ / + 1000 \
L

mL (cm?) kL (m?) ML

\X 1000 — \X 1000 — S x 1000 —

Example T 18

Convert the following measurements to the units shown in brackets.

a 34mL (cm’) b 1.405 m’ (L)

¢ 750m’ (ML) d 0.004 55 kL (cm”)

Solution

a  Write the measurement. 34 mL
These are equal units. =34 cm’

b Write the measurement. 1.405 m’
Changing to a smzaller unit, so nultiply. = 1.405 X 1000 L
Evaluate. =1405L

¢ Write the measurement. 750 m’

Since 1 m” = 1 kL, change to kL first. =750 kL
Changing to a larger unit, so divide. =750 +~ 1000 ML
Evaluate. =0.75 ML
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d Write the measurement. 0.004 55 kL.
Changing to a swzaller unit, so multiply. = 0.004 55 X 1000 L
Evaluate. =455L
Changing to a swzaller unit, so mzultiply. =4.55 X 1000 mL
Evaluate. = 4550 mL
Uselcm’ =1mlL. = 4550 cm’

Investigate: Volume formulas

You will need centicubes, an open cylindrical container (such as a jam tin), light cardboard,
scissors, a compass, some tape, some sand and a ruler.
Work in groups of three to five.

Prisms

1 A centicube has an edge length of 1 cm, so the volume is 1 cm” and
the area of each face is 1 cm?. Use some centicubes to form a shape @
with a polygon base, similar to the one shown here.

2 Use more centicubes to make copies of this shape and place them
one on top of the other to form a prism, as shown here.

3 Find the volume of the prism by counting the centicubes and
write down the result.

4 Work out the area of the polygon base and the height of the prism and record these.

5 Draw the prism you have formed without marking in the centicubes, as shown here. Mark
in the area of the base and the height.

6 Complete this rule for the volume of the prism.
Volume=... X ...
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Cones

1 Measure the radius, 7, and height, 4, of the cylinder.

2 Measure d as shown on the diagram on the right or work it out
using Pythagoras’ theorem. The measurement d is the radius of part
of a circle that will form the curved surface of a cone.

3 Draw a circle with radius d on cardboard.

4 Measure or calculate the circumference of the cylinder. This will be the length of the arc
needed to form the cone.

5 Mark this distance around the edge of the circle you have drawn.
Now cut out the sector, adding a small tab for taping.

6 Form the cone by taping it up. Check to see that the cone fits neatly into the cylinder.

7 Now fill the cone with sand and empty it into the cylinder. How many times do you need
to do this to fill the cylinder?

8 The formula for the volume of a cylinder is V = nr2h.

9 Use this information to work out a formula for the volume of a cone.
Compare your formula with others in the class.

Square-based pyramids

Try using the same procedure to find a formula for the volume of a square-based pyramid.
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The volumes of common shapes can be worked out using formulas.

Volume formulas

Prism

Volume = area of base x height

V =ah
Pyramid
Volume = % area of base x height
v="1anorv=4
Sphere

Volume = 4773

3

9780170194860

Cylinder

h

Volume = area of base x height
V =mr?h

Cone

Volume = % area of base x height

2
1.2 _mrch
V—;’IT?'hOI‘V— 3

Hemisphere

2

Volume = = 3




Example ™19

Find the volume of each of these prisms.

a b
4jcmliiiiglllll..lb»
2.6m
82 cm 17 em
1.9m 34m

Solution
a The base is a rectangle. A=IXw

Substitute the values. =17 X 8.2

Evaluate. =139.4 cm?

Write the rule for the volume of a prism. V"= Ah

Substitute the values. =139.4 cm? X 43 cm

Evaluate. = 599.42 cm’

Write the answer. The volume is about 600 cm”.
b The base is a triangle. A=1bh

Substitute the values. =1X19X%X26

Evaluate. =247 m?

Write the rule for volume of a prism. V=dh

Substitute the values. =247m? X34 m

Evaluate. =8.398 m’

Round to 2 significant figures.

Investigate: Cubes
Task 1

The volume is about 8.4 m”’.

You will need about 80 identical cubic blocks, such as centicubes, to complete this task.
We can consider each cube as having a length of 1 unit.

1 Use the blocks to make up larger cubes with edges of 2 units,
3 units and so on. Sketch each of the larger cubes.

S~~~

L7
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2 For each cube, with edge x units, separate the cube into x sets of blocks. This needs to
be done so that there are an odd number of blocks in each set and so that the odd numbers
are consecutive. Record the results in a table similar to the one shown below.

Edge length, x Number of unit cubes Consecutive odd sum
1 1’=1 1

2 2°=38 345

3 37 =27 7+ +..

4

3 Extend the table and describe any patterns that you see.

Task 2

Here is another activity you can undertake using identical blocks (centicubes). You will also
need some paint that washes off. As an alternative, you could use a good sketch.
1 Build or sketch a cube made up of 8 identical blocks (edge length 2 blocks). Colour the
outer faces of the cube a different colour from the remaining faces of the blocks.
2 How many of the blocks have:
a three faces coloured differently?
b two faces coloured differently?
¢ one face coloured differently?
d all faces unchanged (no faces coloured differently)?
3 Build and colour cubes with edge lengths of 3, 4, 5, etc. blocks, and repeat observations
a to d. Record your results in a table similar to the one shown below.

a b c d

Number of faces coloured differently

Edge | Total

length | blocks 3 2 1 0
2 8 8 0 0 0
3 27 8 12
4 64 8
5

4 What patterns can you see in the numbers in columns a, b, ¢ and d?
5 Divide each of the numbers in column ¢ by 6. What do you see?

Task 3
1 Use the cubes formed in Task 1 to complete the following table.
Edge length, x 1 2 3 4
Volume, V" 1 8 27
Surface area, 4 6 24
V:A 0.16 03

2 Draw a graph of volume (V) (horizontal axis) against 10 X V : A (vertical axis).
3 What do you conclude?
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Technology Maximum volume

A sheet of cardboard measures 30 cm by 20 cm.
SR 1y equal sized squares are cut from each corner, the cardboard can be folded and fastened to form

MAT10MGPS00046 an open box.

T
L — Height

Width

20 cm
=

30 cm Length

Let’s see how the volume of the box changes as the size of the cut out corner varies.
1 Set up a spreadsheet as shown here.

LZi v Jx
A | B | ¢ [ 0 | E T F T 6 ]
Volume of box

X Length Width Height Volume

s

2 The cells A4, A5, A6, ... will contain the various lengths of the sides of the square corners
that are cut out as shown in the diagram above. Enter 0 in cell A4. What is the greatest
value of x? Why?

3 Enter ‘=A4+1" in cell A5 and then copy the formula into cells A6 to A14.

4 Cells B4 to B14 will contain the various lengths of the box. Work out the formula that
should be entered into cell B4. Copy the formula into cells B5 to B14.

5 Cells C4 to C14 will contain the various widths of the box. Work out the formula that
should be entered into cell C4. Copy the formula into cells C5 to C14.

6 Cells D4 to D14 will contain the various heights of the box. What measurement is the same
as the height of the box? Enter a formula into cell D4 and copy it into cells D5 to D14.

7 Cells E4 to E14 will contain the volumes of the box. Enter a formula into cell E4 and copy
it into cells E5 to E14.

8 What are the dimensions of the box with the largest volume?

Example 20

Find the volume of each of these solids to the nearest whole number.
Excel worksheet:

Volume of a box a b
MAT10MGCT00007 m
g
o
Ne

5 mm
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Solution

a  Write the prism formula.
Substitute the values.
Evaluate.

Write the answer.

b Write the cylinder formula.
Substitute » = 10 mm and # = 5 mm.
Use your calculator for .

Round off.

Write the answer.

Example = 21

Find the volume of each of these solids.

a b c
27_m
N
‘<— 38 mm—*
Solution

a  Write the pyramid formula.

The base is a rectangle.

Substitute / =20 cm, 2w = 8 cm and & = 15 cm.

Evaluate.
Write the answer.

b Write the cone formula.

Substitute the values. D = 38 mm.
Evaluate.
Round off and write the answer.

¢ Write the hemisphere formula.

Substitute the values.

Evaluate.

Round off and write the answer.

V=4h
=38 cm? X 6 cm
=228 em’
The volume is 228 cm’.
V=mnr’h
=x X (10 mm)? X 5 mm
=1570.79 ...

~ 1571 mm’

The volume is about 1571 mm”.

Area and volume 2

-— MAT10MGWK00011
12.2 cm
_1
vV =134h
=%xlexh
:% X 20X 8 X 15 ecm’
= 800 cm’
The volume is 800 cm’.
V= % nr?h

=1Xnx18x27
=9160.88 ... mm’

The volume is about 9161 mm”.
vV =2m’
= % XX 12.23

=3803.10 ... cm’

The volume is about 3803 cm”.

It is possible to calculate the volume of solids that are formed by combining two or more different

solids.
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Example & 22

Calculate the volume of each of the following solids correct to one decimal place.

120°

17 cm

Solution

a This solid consists of a cylinder with a
120° sector removed. This means that
the remaining part is a 240° sector.

Calculate the area of the cross-section.

Cancel.

Substitute for 7.

Evaluate.

Use the rule for the volume of prism.
Substitute.

Evaluate.

Round off and state the result.

b The cross-section is a triangle with a
circle removed.

Draw a diagram to represent the
cross-section.

Use Pythagoras’ theorem to calculate the
height of the triangle.

Substitute for known values.
Evaluate.

Reverse the equation.

Area of cross-section

240° o
“3600
02
:;4;203 X T X 7'2
= % X X 82
=134.041 ... cm?
V= Ah
=134.041... X 17 cm’
=2278.70 ... cm’

The volume of the solid is approximately
2278.7 em’.

B

9 mm

2.4 cm

BC? = BA? + 4AC?
42 = B4? +2.42
16 = BA? +5.76
BA? +5.76 = 16
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Subtract 6.25 from both sides. BA® = 10.24

Take the square root of both sides. BA =32cm
Calculate the area of the triangle. A=1bh

Substitute for known values. =1x24x%x32
Evaluate. = 3.84 cm?
Calculate the area of the circle. A =nr?

Substitute using » = 0.9 cm. =7 X 0.452
Evaluate. =0.63617 ... cm?
Calculate the area of the cross-section. Area of cross-section

= area of triangle — area of circle

Substitute for the areas. =3.84 — 0.63617 ... cm?

Evaluate. =3.2038... cm?

Calculate the volume of the solid. V= Ah

Substitute. =3.2038... X 3.7 ecm’

Evaluate. =11.8541...cm’

Round off and state the result. The Voh;me of the solid is approximately
11.9 cm”.

Exercise 4.3 Volumes of shapes

A calculator should be used where appropriate in this exercise. For calculations involving t, use Understanding
the 7 key on your calculator and answer correct to 1 decimal place. :
1 Convert each of the following to the unit indicated.
a 2400 mL to L b 32Ltocm’ ¢ 75LtomL e
d 730mLtoL e 41 cm’ tomL f 82m’toL MATIOMGEQ00040
g 432mLto cm’ h 324Ltom’ i 2320cm’toL See Example 18
2 Convert each of the following to the unit indicated.
a 5400 mL to kL b 0.027 m’ to cm’ ¢ 4300 cm’ to kL
d 354 ML to m’ e 0.025m’toL f 0.84 kL tocm’

3 The following table relates to the dimensions of a range of rectangular prisms. Complete the

table.

Length Width Height Volume
a 15 cm 12 cm 8 cm
b 4m 3 m .. 120 m’
c i, 11 mm 22 mm 4114 mm’
d 26.4 cm 17.5 cm 14.4 cm
e 6.7 m 1.5m 32.16 m’
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Fluency

See Example 19

See Examples 19, 20

8

9

Find the volume of:
a a cube with a side of 3 cm

b a rectangular prism measuring 4 cm by 8 cm by 6 cm
¢ arectangular prism measuring 1.2 m by 0.9 m by 0.6 m
d  a rectangular prism measuring 33 ¢cm by 12 cm by 50 cm

e arectangular block of cheese measuring 13 cm by 8 cm by 3 cm.

Find the volumes of cylinders with the following dimensions.

a radius 17 cm, height 22 cm b diameter 20 mm, height 15 mm
¢ diameter 2.4 m, height 1.9 m d radius 8.3 cm, height 5.2 cm

e radius 0.75 m, height 3.6 m f diameter 14 mm, height 37 mm
Find the volume of:

a a conical pile of sugar with a height of 3.4 m and a radius of 4.8 m

b asquare based pyramid with a base measuring 13 cm by 13 cm and a height of 11 cm

¢ a rectangular based pyramid with a base measuring 2.1 m by 1.7 m and a height of 3.3 m
d  a conical funnel with a height of 26 cm and a diameter of 18 cm

e arectangular based pyramid with a base measuring 42 mm by 21 mm and a height of 11 mm.

Find the volume of:
a a tennis ball with a radius of 3.5 cm

b a golf ball with a diameter of 43 mm
¢ a basketball with a radius of 12.7 cm
d aspherical meteorological balloon with a diameter of 2.7 m

e half an orange with a diameter of 9 cm.

Find the volumes of the following prisms.
b
: 6 cm ¢ E
[ee]
9.5 cm 1.9m —
18 cm 5.9 cm
61 em 3.7 cm
22m
Find the volumes of the following solids.
a b A=104 cm? c A=1.04 m?
~—~—
~——a~——x
g
|9}
N
9 mm -
B 82 cm
A=26mm (Answer in m>.)

1.4 m

15 cm

27 cm
12 mm
18 cm 4 mm
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10 Find the volume of each of the following.

a b
o o .
2l 21 cml
35 cm
11 Find the volumes of the following solids. Worked solutions
@ 12 cm b 8 m c Exercise 4.3
. 19cem  MATIOMGWS00012
' Yy 4aan)
g 7 m
S A s 11m 3.8 cm
8 cm 4m
12 Find the volumes of the fo]lowing solids.
a
9 cm
\
[-— 31 mm — —_28em
o —\
2 3 mm
A LT 7 4 mm \I
2 81n
43 cm
|<— 88 cm —

13 Flnd the volumes of the following solids. Wisn'esd selvifiens
a b @ Exercise 4.3

‘ MAT10MGWS00012
7 cm N
\ See Example 21
143 m
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14 Find the volume of each of the following cones.

Ab<

Worked it 15 Find the volume of each of the followmg

I
| '

Exermse 4.3

MAT10MGWS00012 -
See Example 21 T
23 m

Problem solvin . i . . . .
€ 16 Each of the following solids is made of plastic and manufactured using an infusion moulding
See Example 22 process. Calculate the volume of plastic in each. All dimensions are shown in centimetres.

38 mm —|

{

12 cm
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18 Find the volume of each of the following solids.

13 cm

‘ s % 3 o

15 cm
19 Calculate the volume of each of the following cones.

a b ; c
TR

29 cm
I~ | 35 em \
18 cm x
\/
20 Calculate the volume of each of the following solids.
|—29 mm—|
a c
— 1.8m — '

L2 :
1 \ /

" . Se__-? ‘ £
I

// _____________ o
7
g
’ g
/ A
/
53 mm
21 This metal block has had a circular hole drilled through it. 15 cm

Calculate the volume of metal remaining in the block.
11 cm

e
9 cm
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Reasoning

22

23

24

25

For each net shown below:

i draw the cone ii calculate the volume
a b
@ 23 m
SE
4
S
1 74 i

The engine capacity of a motor vehicle is the total capacity of the /\
Bore 78 mm

cylinders in the engine. Calculate the engine capacity of a
four-cylinder car if each cylinder has a bore (diameter) of
78 mm and a stroke (length) of 85 mm. Answer in cm”’.

Stroke
85 mm

This cubic block has holes that pass all the way through it.

>
Each holeis 1 cm X 1 cm X 3 cm. Find the total surface area \Cﬁmj

(internal and external) of the block. \/c& 3 cm
g Q
£ I
1 cm 3 cm
3 cm

Each @ represents 1 cm”.

What is the greatest number of these solids:

that can be fitted into the solid on the right?

7
L]
(The shapes must be wholly contained within the solid, but may form part of the solid’s
surface.)
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26

27

28

29

30

9780170194860

a Find the volume of this swimming pool in 50 m

cubic metres. Im

b What is the capacity of the pool in kilolitres?

¢ The pool is filled using a pipe with a cross-
sectional area of 0.02 m?. How long will this 24 m
take if the water flows through the pipe at 2 m
per second?

Tennis balls with a radius of 3.5 cm are packed into a rectangular carton for shipment to a
sports store. The carton has a base measuring 35 cm by 70 cm and is 70 cm high. The balls are
packed in layers in the carton.

a  What is the maximum number of tennis balls that will fit in each layer?

b When the carton is full, how many tennis balls will it hold?

¢ What percentage of space in the carton is occupied by the tennis balls?

The planets in our solar system can be considered to be spherical. The Earth has a diameter of

approximately 12 742 km.

a Jupiter has a diameter of approximately 142 981 km. How many times would the volume of
the Earth fit into the volume of Jupiter?

b If the volume of the Earth is 17.823 times the volume of Mercury, what is Mercury’s
diameter?

This is a tent used for the fumigation of imported goods S
suspected of carrying pests from overseas. 3m L
a Calculate the volume of the tent. X< S _ﬁ

- “sm

b The gas used for fumigation is dense and it pushes
out the air through special vents when the tent is
prepared for use. If the gas can be delivered at the 3m
rate of 0.035 m’/s, how long will the tent take to g }
fill?

This grain hopper is used to store wheat.

a  What volume of wheat is the hopper able to hold?

b A quarter of the wheat is released from the full hopper
into a railway wagon. How far will the level of the grain
fall?

¢ The outside of the hopper has to be painted. It needs
two coats of paint. How much will the painting cost if a
contractor will do the job for $17/m??




31

32

33

34

35

This grain silo is made up of a cylinder and two identical S T

shallow cones. ey 1.7m

a How many cubic metres of barley can this silo hold? A
b Some barley is removed from the full silo and the level
of grain drops by 1 m. What percentage of the grain has 58m 6.2m
been removed?

¢ A farmer wishes to build a silo to these dimensions.
How many square metres of sheet metal are required if 17m

5% must be allowed for overlaps and wastage? 1

The Great Pyramid in Egypt has been
reduced in size from its original dimensions
by weather and a number of other causes.
It is known that it originally had a volume
of 2.57 million m” and a square base of side
length 230 m.

a  What was its original height?

b Its volume has been reduced by about
6% over the years. Assuming that the
base is still 230 m square, what s its
height now?

The (Aztec) Great Pyramid of Cholula in Mexico is 66 m tall, with a base that covers 20.25 ha.
Compare its volume with that of the Great Pyramid in Egypt (see question 32). Which is the
larger, and what is the difference in their volumes?

A floating pontoon is held in place by a concrete ‘anchor’
in the shape of a truncated cone (frustum), as shown here.
The density of concrete is known to be 2400 kg/m”. If
the pontoon requires an anchor of mass 80 t to keep it

in place, will the concrete ‘anchor’ described here be
sufficient?

This sphere fits snugly inside the cylinder.

volume of sphere

Find the ratio

volume of cylinder’
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Chapter 4 summary

e The metric system has the metre (m) as its standard unit of length. Other units of length are Quiz
the kilometre (km), the centimetre (cm) and the millimetre (mm). If you are changing to a Area and volume

larger unit, divide. If changing to a smaller unit, multiply.

MAT10MGQZ00004

® The area of a flat shape is the size of the region enclosed by its boundary. The units of area in
the metric system are the square millimetre (mm?), the square centimetre (cm?), the square
metre (m?), the hectare (ha) and the square kilometre (km?). If you are changing to a larger
unit, dzvide. If changing to a smaller unit, nultiply.

e There are rules that can be used to calculate the areas of some plane shapes.

Area of rectangle = length X width or A = lw

Area of circle = 1 X radius® or A = nr?
Area of triangle =1 X base X height or A =1 bh
Area of parallelogram = base X height or A = bh
Area of trapezium = average of parallel sides X height or A =1 (a + b)h
Area of rhombus or kite = 1 (product of diagonals)

¢ Pythagoras’ theorem can be used to help calculate the lengths of b
sides in right-angled triangles. Pythagoras’ theorem states that,
for a right-angled triangle, the square of the hypotenuse is equal ¢
to the sum of the squares of the other two sides. For this triangle:

i =b*+
e Heron’s formula can be used to calculate the area of a triangle using the lengths of its three
sides. Heron’s formula for a triangle with sides 4, 4 and c is:
Area = \/s(s — a)(s — b)(s — c), where s =1 (a + b+ ¢)

¢ Two-dimensional (2D) shapes are flat and have length and width but no depth. Three-
dimensional (3D) shapes occupy space and have length, width and depth. The faces of a 3D
shape separate the interior from the exterior. The lines where faces meet are called edges and
the corners where edges meet are called vertices (singular vertex).

® The net of a 3D shape is the 2D shape that can be folded to form the 3D shape.

e The surface area (SA) of a 3D shape is the total area of all its faces.

® The curved surface area (CSA) of a cylinder = 2mt7h.

* A pyramid is a solid made up of a base and triangular faces that meet at an apex, which is also
called the vertex of the pyramid. The height, #, of a pyramid is the perpendicular distance
from the apex to the base. The slant height, s, of a pyramid is the height of the triangular face
measured along the face.

® A cone is a solid with a circular base and an apex. The height, %, of the cone is measured
perpendicular to the base and the slant height, s, is the distance from the edge of the base to
the apex along the face of the cone. The surface area of a cone is given by 17° 4+ mrs where
r is the radius of the cone.

e The surface area of a sphere = 4m7°. A hemisphere is half a sphere. The surface area of a
closed hemisphere = 3n7? and the surface area of an open hemisphere = 2772,
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Chapter 4 summary

¢ The volume of an object is the amount of space that it occupies. Capacity is another word for
volume but it usually refers to the amount of space inside a container. The units we usually use
for volume are the cubic millimetre (mm?), cubic centimetre (cm?) and cubic metre (m’).
Capacity can be measured using volume units, but it is usually measured in litres (L). If you
are changing to a larger unit, divide. If you are changing to a smaller unit, multiply.

¢ The volumes of common shapes can be worked out using formulas.
Volume of prism = area of base X height or V = Ah

Volume of cylinder = area of base X height or V = nr?h
Volume of pyramid = 1 X area of base X height or V =1 Ah
Volume of cone =1 X area of base X height or V' = 1nr?
Volume of sphere = {7’

3

Volume of hemisphere = 3 nr
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Chapter 4 review

Understanding

1 Convert the measurements below to the units shown in brackets.

a 56700 m? (kInz) b 3.87 ha (mz) See Example 1
¢ 57 ha (km?) d 0.025 km? (ha)

2 Find the area of each of the following.

a square of side 17 cm

a rectangle measuring 24 mm by 15 mm

a parallelogram with a base of 21.4 m and a height of 15.8 m
a thombus with diagonals of 28 cm and 16 cm

a kite with diagonals of 51 mm and 13 mm

o o6 g

3 Find the area of this figure. ‘ See Example 2

17 mm

4 Identify the shapes shown below. See Example 7

a b / c ”
— ‘ =
5 Identify the shapes whose nets are shown below. See Example 8

a b

6 Draw a net for this shape, including any dimensions shown. See Examples 9, 10

a b c I36mm
_ N+~
9cr:n ’ ~

12 mm
\

[+—28 cm—|

26 mm > mm Closed cylinder Open half-cylinder

7 Convert each of the following to the unit indicated. See Example 18

a 2.75LtomL b 543m’toL ¢ 271 mL to cm’
d 3600 mL to kL e 0.049 m’ to cm’ f 2800 cm’ to kL
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Chapter 4 review

Fluency

See Example 2, 6

See Example 9

10

11

12

13

Find the areas of the following shapes.
a b

22.8 cm 8.2 mm

Work out the missing measurements, then find
the areas of this shape. = +

48em | R 5

74 cm

Find the area of this shape.

Find the areas of the following shapes.
a b

'

Use Pythagoras’ theorem and the triangle on the right to:
a complete 72 = ...+ ... ”

b findpif m =5 and g =4.8.

q
Find the area of these triangles. 25 cm
1.8 m
22 cm
41 cm
3m

Calculate the surface area of the solid shown in question 6a.

Calculate the surface area of the solid shown in question 6b.
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17

18

19

20

21

22

Chapter 4 review

Calculate the surface area of the solid shown in question 6¢.

Calculate the surface area for each of these solids.

a b 25 mm c 1.5 m

1.6 m
|
L SR ZA L s fortiamy
’ 15 cm - 23 m

P e .- AV 33m

15 mm

a Draw a net for this shape, including any dimensions shown. /\
20 cm

b Calculate the surface area.

9 cm
Calculate the curved surface area of the cylinders with the following dimensions. Give your See Example 10
answers correct to two decimal places.
a radius 12 cm, height 9 cm b diameter 18 mm, height 11 mm

Calculate the surface area of the closed cylinders with the following dimensions. Give your
answers correct to two decimal places.

a diameter 9 cm, height 14 cm b radius 1.6 m, height 2.5 m
Calculate the surface area of each the following solids. See Examples 9, 11
a  Closed cylinder b Closed half-cylinder

— 53 cm —

Calculate the surface area of each of the following.

a square based pyramid measuring 12 cm by 12 ¢cm with a slant height of 14 cm
b cone with diameter 18 mm, slant height 14 mm

¢ sphere with a radius of 1.7 m

d closed hemisphere with a diameter of 26 cm
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Chapter 4 review

See Examples 14, 16, 23 Calculate the surface area of each of the following.

17

See Example 20

See Example 19

24

27

a

45 cm N
2.8 m
34 cm
34 cm N S

c 38 cm

L

Closed hemi-sphere

Find the volume of:

a cube with a side of 3 cm

a rectangular prism measuring 4 cm by 8 cm by 6 cm

a cylinder with a radius 17 ¢m, height 22 mm

a cone with a height of 3.4 m and a radius of 4.8 m

a rectangular based pyramid with a base measuring 2.1 m by 1.7 m and a height of 3.3 m
a sphere with a diameter of 3.5 cm

-0 o6 o

Find the volume of this prism.

A=22 cm?
3.5 cm
Find the volume of this object. 12 cm
9 cm
5 cm

Find the volume of a box measuring 1.3 m by 2.2 m by 0.8 m.
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Chapter 4 review

28 Find the volumes of the following solids. See Example 21
a b
T K
24 m i
i) ) A
\
N & 18 cm
F— 62m — F=3lem —|
d e

22m\ 41 m

29 Identify the shapes whose nets are shown below.

(D

Problem solving

30 Draw nets for the following shapes.

31 A circular disc has an area of 908 mm?. What is its radius?
32 A circle has a diameter of 16 m. What is the perimeter of a 60° sector?

33 The surfaces of this solid need to be painted. 52 m | See Example 12
Calculate the total area that will be painted. !

4.7 m 11
11
5 S sl g
-7 J_
- \1.8m
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Chapter 4 review

SeeExample22 34 Each of the following solids is made of plastic and manufactured using an infusion moulding
process. Calculate the volume of plastic in each. All dimensions are shown in centimetres.

a b
15
11
34 ’
9 l 35
[«—13 —~—21 —-—13 —|
35 Find the volume of each of the following solids.
a b
1 1 ‘ S
1 \
1 1 \
1 \
I | 15 cm 1
- = === _D 1 ]
: | ! 44 m /
[ : \ )/ 24 cm
sl ~ 4
I = ~ — - 1
~—3.4m 4{ =
52m
13 cm
10 cm
36 Calculate the volume of this cone. A
4.8 cm —
-
3.1 cm

1
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38

39

Chapter 4 review

Reasoning

This water tanker is able to carry a maximum 45m
load of 5 tonnes up a steep hill. Will it be
able to make it up the hill if the tanker is
full of water? (1 cm”’ of water has a mass
of 1g)

A newly constructed in-ground swimming pool is shown here‘/|
125 m

1.2m

34 m

a The interior surface of the swimming pool requires one coat of a special sealant which costs
$78.50/L. If each litre of the sealant covers 8 m?, calculate the cost of the sealant required
to complete the job.

b Calculate the volume of the swimming pool.

¢ A hose with a flow rate of 225 L per minute is used to fill the pool. How long will this take
if the swimming pool is filled to a depth 15 cm from the top?

A shed has the dimensions shown here. The roof of the shed

drains into a rainwater tank with a diameter of 3.5 m.

If 8 mm of rain falls, by how much (to the nearest 35m
millimetre) does the level of water in the tank rise? 7 m

N
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Australian Curriculum statements

Linear and non-linear relationships

Solve problems involving parallel and perpendicular
lines. (10)

Explore the connection between algebraic and
graphical representations of relations such as simple
quadratics, circles and exponentials using digital
technology as appropriate. (10)

Describe, interpret and sketch parabolas, hyperbolas,
circles and exponential functions and their
transformations. (10A)
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Coordinate geometry

MAT10NAVT00005

Conic sections

Circle—"
AN
Ellipse

Parabola

ff

We can use maps and street directories to describe and locate places we want to find. It is also
important to be able to describe and locate positions in mathematics. Many cars are now fitted
with global positioning systems to locate places. These systems rely on mathematical descriptions
of positions and satellite technology.
In mathematics, positions are described using coordinates. You are already familiar with using
Cartesian coordinates to plot and describe the position of points on the Cartesian plane. René
Descartes (1596-1650) is credited with developing the Cartesian system, which still forms the
foundation for graphing many centuries after his death.
Coordinates are also used in maps and they have important uses in science. The use of coordinates
is essential in the study of vectors. They form the basis for much of the physics of movement.
Without coordinates, it would be very difficult to study speed, acceleration, force and mechanics.
Pierre de Fermat, who knew Descartes, greatly extended this work and discovered the shapes and
equations of many different curves, including the curves that are obtained by cutting a slice
through a cone — the conic sections.

M Mathematical literacy

Maths dictionary

MAT10ASDI00001

asymptote
branch
Cartesian
coordinates
Cartesian plane
circle
distance formula
exponential
function
falling
gradient
gradient—intercept
form

gradient—point
form
hyperbola
intercepts
linear equation
linear function
linear model
line of best fit
maximum
midpoint
minimum
model
origin

parabola

parallel lines

perpendicular lines

quadrants

quadratic function

rectangular
coordinates

rising

roots

slope

standard form

trendline

turning point

The mathematical words below have special meanings that you will learn in this chapter. It is
important that you learn to spell them and gradually learn what they mean in mathematics.
You may find the glossary or online mathematical dictionary useful for this purpose.

vertex

X-axis
x-coordinate
x-intercept
y-axis
y-intercept
y-coordinate
Zeros
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H. Distances and midpoints in the plane

You have already seen that points can be plotted Cartesian coordinate system

on a number lattice known as the Cartesian v A

plane. 2nd quadrant 3 {» 1st quadrant
.. . . el

This is done using numbers on the x-axis and . ordinate  y-coordinaie 51F

y-axis called coordinates. The x-coordinate is ~

always first. A series of points may be plotted to A3, e 19 Origin )
give a shape, or to show the graph of a function. - e
The diagram on the right shows the main 4 3 2 19 1 2 3 4«

. . 14
features of the Cartesian coordinate system.

3rd quadrant 27 4th quadrant

~
Y

Cartesian coordinates are also called rectangular coordinates. YA

We can calculate the distance between two points on the 14 4 B (6, 14)

Cartesian plane using Pythagoras’ rule.

Suppose there are two points A(1, 2) and B(6, 14). 127

Once these have been plotted, extra lines need to be drawn 10 A

in to form the right-angled triangle ABC shown on the right. g

In AABC: l4-2=12
AC=6—-1=5 6
BC=14-2=12 47

Using Pythagoras’ theorem:

AB? = AC? + BC? L S R S

2 4 6 x
AB? =5 4 12?
So AB = /52 +122
=V169
=13
Now suppose A = (xy, y1) and B = (x>, 3»), as shownin 7 4
the diagram on the right. Blxy, )
AC = X2 — X1
BC =y —n ¥2= 91
AB* = AC* + BC?
AB? = (%2 — x1)? + (92 — 91)?
( ; 1) ’ 1) /le,yl) o — x Csz,yﬂ
AB = \/(x2 —x1)2 + (32 — 1) 2

This is known as the distance formula.

9780170194860




Distance, midpoint and
gradient formulas

MAT10NAVT00010

Finding coordinates for
given segment lengths

MAT10NAPS00048

The distance between two points (x1, y1)

Important!

Distance formula

and (x,, y) is given by
d=/(x2 —x1)2 + (52— 31)?

A

Example 1

Find the distance between points (3, 7) and (74, 10).

Solution
Identify the two points. Let (x1, 1) = (3, 7) and (x2, y2) = (74, 10).
Write the distance formula. d=\/(x2—x1)2+ (9, — 3,)?
Substitute for x1, y1, x> and 5. =+/(4-3)2+ (10— 7)2
Evaluate the brackets. = (7)%+(3)?
= /58
Evaluate and round off. ~ 7.62 units

Example T2

If two points X(73, 2) and Y(y, ~1) are v/34 units apart, find y.

Solution
State the distance formula. d=/(x2—%1)2+ (0, —3)?
Let (x5, 1) = (73,2) and (xz, 2) = (y, " 1). V3d=/(y— 32+ (1-2)?
Square both sides of the equation. 34=(+3)?%+9
Subtract 9 from both sides and reverse the
equation. (y+3)?2=25
Take square roots. y+3=45
y=-3%5
y=2o0r—38
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We can calculate the midpoint of two points using averages. The x-coordinate of the midpoint will
be the average of the x-coordinates, and the y-coordinate will be the average of the y-coordinates.

Midpoint
The midpoint, M, of two points (x;, y1) and (x5, y»)
is given by

X1 +x2 +y2)

M:(z’z

A

Example © 3

Find the midpoint of (3, 6) and (75, 8).

Solution
Identify the two points. Let (x1, 1) = (3, 6) and (x5, y,) = (75, 8).
Write the midpoint formula. M= <x1-2|-xz’ J’1‘2*‘J’2>
Calculate the x-coordinate of M. Xy = (xl * xz) = 3+ =1

2 2
Calculate the y-coordinate of M. = <J%) = ? =7
State the result. The midpoint of (3, 6) and (75, 8) is (71, 7).

Example &4
The midpoint of A and Bis (3, 4). If A = (5, 1), find B.
Solution
Identify the two points. Let A = (x1, 1) = (5, 1) and B = (x3, 75).
Write the midpoint formula. M= (’# , J%)
1

Substitute for x;, y1, x» and y». = (5 ;xz , %)
Use the fact that M = (3, ~4). 3= 5_;—362
Muliply both sides by 2. 3x2-21% 4
Cancel and reverse the equation. 5+x=6
Solve for x. x=1
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Use the fact that M = (3, ~4). 4 3
1
Multiply both sides by 2. 4X2= % X2
Cancel and reverse the equation. 1+y,="8
Solve for y,. y2="9
State the result. Bis (1, 79).

An important property of a segment or line is its steepness. This is called the slope or gradient. Tt
measures how much the segment or line goes up for each step along the x-axis. We can work out
the gradient using the rise (vertical distance) and run (horizontal distance) of a line between two
points.

Important!

Gradient

If P(xy, y1) and Q(x», y») are points on a straight line:
y Q(X2; yz)

Rise
=2 =1

e the rise from P to Q is the y-distance
92 — y1; and
e the run from P to Q is the x-distance

P(x,
8 = 8o G, 31) Run =x, — x

-

0
We use the symbol 7z to represent gradient (slope). %
The gradient of the line PQ has the symbol 7zp¢ and is worked out using the formula

. rise Y2 — 91
Gradient = — or mpog = ———
run X2 — X1

Lines that rise from left to right are described as rising and have a positive gradient (m > 0).
Falling lines fall from left to right and have a negative gradient (m < 0).

Y Rising line y Falling line
m <0
/m >0 wng downwards)
- (sloping upwards)
=0 < = Oi 3
y
For a horizontal or flat line, the vertical rise is 0. V4
. 0
So, gradient = — = 0.
run
This means a horizontal line has a zero gradient. « > 2ero.
gradient
* 0 Zc
v
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For a vertical line, the run is 0. V4
) rise }

So, gradient = o

But division by zero is undefined.

A vertical line has an undefined gradient. Some people < >

say that a vertical line has an infinite gradient, but this

is imprecise.

Example ©5
Work out the gradient of the line through (1, 3) and (4, 9). : —
Gradient, midpoint and

MAT10NAWKO00014

undefined
' gradient

Sketch a diagram. y

. rise

Gradient = — 8-
run

So we need to work out the vertical and horizontal 6 Rise

distances. 5+

My 1253 45%

Calculate the rise. Rise=9-3=6

Calculate the run. Run=4-1=3

Write the rule for gradient, substitute for Gradient — "iﬁ _ 6 —>
known values and evaluate. tun 3

State the result. The gradient of the line is 2.

You may also wish to calculate the gradient without sketching a diagram.

Example © 6

Work out the gradient of the segment joining (72, 5) and (7, ~4).

Solution
Identify the points. Let (72, 5) = (x1, 1) and (7, 4) = (x3, 3,).
Werite the rule for gradient m=22"N
X2 — X

. “4-5
Substitute for known values. S
Evaluate. _ 9 -1

9

State the result. The gradient of the segment is 1.
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When parallel lines are graphed, they have the same slope.

Parallel lines y
The gradients of parallel lines are equal.
If AB I CD, a5 = mep. «
Rise
Run A
« /{ Rise
~ Run X
5]

The rules for calculating lengths, midpoints and gradients can be useful in problem solving.

Example © 7

Show that the following points are collinear: A(1, 2), B("2, 4), C("5, 6)

Solution

Collinear points lie on the same line. This means

that the gradients of AB and BC will be equal.
4-2

Calculate the gradient of AB. map = =5 = 2
Calculate the gradient of BC. mpc = _;’% =2
State the result. A(1,2),B("2,4) and C("5, 6) are

collinear as m 5 = mp.

Example T8

Determine if the triangle whose vertices are A(2, 3), B("4, 2) and C(3, ~5) is scalene,
isosceles or equilateral.

Solution

Sketch a diagram.

You need to compare the lengths of the
sides of the triangle.

wl  cB.s)
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State the distance formula. d=/(x2—x)2+ (3, —3)?

Calculate the length of AB using

A2, 3) = (x1, y1) and B(74, 2) = (x5, y2).
Calculate the length of BC using

B(74, 2) = (x1, y1) and C(3, 75) = (x2, y2).
Calculate the length of AC using

A(2,3) = (x1, y1) and C3, 75) = (x2, y2).
All sides of AABC are of different lengths. ~ AABC is scalene.

Example © 9

Show that the points (2, 3), (4, "1), (1, “2) and ("1, 2) are the vertices of a parallelogram.

AB=./("4-2)2+(2-3)2=37

BC=./3-"4)2+(5-2)2=.98

AC=/(3-2)2+(5-3)2=165

Solution
Draw a diagram first. YA p
Label the vertices P, Q, R, S as shown here.
To show that PQRS is a parallelogram, we S 2
need to show that opposite sides are parallel.
So we need to show that 17
PO I SR and SP Il RQ. - .
J O T T T |
This means that we need to work out the 1 1 2 3 4 x
gradient of each side. ~14 0
.
v R
Werite the gradient formula. m=22"N
X2 — X1
1-3
Calculate 7zpg,. mpy =——— =2
2-2
Calculate 7zgr. msp =11 = 2
State the result. mpy = mgg, 50 PQ Il SR.
3-2 1
Calculate mzgp. mgp = ———— = =
-1 3
1-"2 1

Calculate 7z .

State the result.

Write the conclusion.

9780170194860
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mgp — mRQ_, so SP " RQ.

PQRS is a parallelogram because opposite
sides are parallel.




In the previous example we could also show that PORS is a parallelogram by using the fact that
the diagonals of a parallelogram bisect each other. We would do this by showing that the
midpoints of PR and SQ are the same.

Exercise 5.1 Distances and midpoints in the plane

Understanding 1 Classify the segments shown below as either rising, falling or neither.
Extra questions y\< /d
Exercise 5.1 Y
MAT10NAEQO0041
2
6943 27T
=
L |
4
a
2 Without using a sketch, state the quadrant of the Cartesian plane that each of the following
points lie in.
a (1,7) b (74,2) c (79, 714) d (79, 15)
e (74,79) f (12,71) g (74,11) h (3, 13)
3 Use the diagram on the right to find the coordinates of the B V4 G
midpoint of the line segment: I ; i !
a GF b BG ¢ CF d EF N A
e GE f BD ¢ BC h BF ol
_4_3_2_1_1_1 1 2 3 4x
E
oC 2 OF
A
Fluency Find the distance between these points.
See Example 1 a (3, 6) and (5y 8) b (72, 4) and (4, 0)
¢ (7, 4 and (75, 1) d (8, 6)and (77, 13)
e (73,75) and (6, 4) f (6,2)and (73, 77)
g (4,1)and (72, 74) h (73,5)and ("1, 77)
i 6,1)and (3, 7) i (5,75)and (3, 8)

See Example 3

Find the midpoint of these points.

a (3,72),and (7, 4) b (1,5)and (73, 4)
¢ (4,5 and (74,7) d (3, 7 3)and (72,4)
e (73,6)and (77,4) f (73,9)and 4, 6)
g (77,0) and (0, 5) h (0,0) and (9, ~4)

i (73,79)and (76, 77) j (4,2)and (73,78)
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6
7

8

10

Find the gradient of each line shown in question 1. See Example 5

Find the slope of the line through each of these pairs of points.

a (3,5)and (5, 11) b (1,6)and (4, 0) ¢ (71, 3)and (2, 3)

d (3, 6)and (4, 1) e (4,2)and (74, 1) f (0,3)and (5, 77)

g (73,4)and (3, 72) h (6,6) and (7,7) i (72,3)and (76,3)

j (4,00and (0, 3)  k (74,7 5)and ("4,6) 1 (2,4)and (4, 1)

For the intervals joining each of these pairs of points find: Worked solutions
i the length (leave in surd form if necessary) Exercise 5.1

ii the midpoint MAT10NAWS00046
iii the gradient See Examples 1, 3, 5
(a) (1,3) and (6,7) b (4,4)and (7,1) ¢ (3,1 and (75,6

d (8,2)and (75,3) e (77,5) and (0, 2) f (1,9 and (78,2)

g (9, 6)and (75, 8) h (11,2) and (6, "3) i (75, 1) and ("4, 7)

j (3, 1)and (78,2) k (75,0)and (0, 4) I (76,1)and (6, 1)

Determine whether or not the following sets of points are collinear. See Example 7

a A(5,6),B("4, 6)and C("1, "2) b X(71,1), Y(73, 3)and Z("6, 79)

¢ P(75,71),0(10,4) and R("2, 0) d J(12,9), K(0, "1) and L(76, ~6)

e W(3,1),R(0, 2)and S("3, 75) f F(2,6),G2,0)and H#4, ~3)

Find a given that: AT EI S

a Pla, a) is v/32 from the origin.

b M(10, 4) and N(7, ) are 5 units apart.

¢ Rla,3)and T(2, 1) are v/20 units apart.

d Ala, ~2) is equidistant from B(72, 75) and C(75, ~4).
e D(72,0)and E(a, “3) are v/18 units apart.

See Example 2

11 Find b given that the line joining:

a D("2,71) and F(3, b) is parallel to a line with gradient 2

b Q(4, b) and T(b, 3) is parallel to a line with gradient {.
@ The midpoint of ABis (73, 3). If A is (2, 9), find B.
13 The midpoint of PQ is (8, 7). If Pis (5, 10), find Q. RelcEs
14 The midpoint of RT is ("4, =5). If T'is ("10, 3), find R. MATIONAWS00046
15 A pentagon ABCDE has vertices (3, 4), (7, ~1), (8, 74), (3, “2) and (73, 5). Find the lengths of See Example 4

its sides.
16 A quadrilateral has vertices (1, ~1), (2, 2), (5, 2) and (2, ~3). Find the lengths of its sides and

the lengths of its diagonals.
17 Name the shape formed by points (71, 1), (3, 3), (1, 1) and (73, ~3).

SeeE le 8

18 Show that points (72, 73), (2, 4) and (5, 1) are the vertices of an isosceles triangle. s

@ A triangle has vertices (72, 3), (1, 1) and ("1, ~2).

9780170194860

Worked solutions

a Find the lengths of its sides. b What type of triangle is it?

Exercise 5.1

MAT10NAWS00046




20 Points M(3, 4), N(5, 72), O(4, 75) and P("2, 1) are the vertices of a quadrilateral.
a Find the midpoints of the sides of MNOP.

b What type of quadrilateral is formed when the midpoints of MNOP are joined? Give
reasons for your answer.

21 A quadrilateral has vertices G(71, 1), H(2, 3), I(3, "1) and J(0, ~3).
a Find the midpoints of the diagonals. b What type of quadrilateral is GHIJ?

SeeExample9 22 A quadrilateral has vertices (3, 1), (1, 73), (73, "5) and ("1, "1).
a Find the lengths of its sides. b What type of quadrilateral is it?

23 Show that points (72, 0), (2, 2), (3, "1) and ("1, ~3) are the vertices of a parallelogram..

Reasoning 24 Calculate the area of AXYZ shown on the right.

(1,74) "

Y

T

25 The diagonals of a parallelogram bisect each other. ABCD is a parallelogram where
A=("1,71),B=(3,0) and C = (1, “3) and AC is a diagonal. Use midpoints to find point D

26 The vertices of a quadrilateral are D(1, 5), E(3, ~2), F("2, ~5) and G(™4, 2). What type of
quadrilateral is DEFG? (Give reasons for your answer.)

27 Points (71, 0), (0, “2) and (4, 1) are three vertices of a parallelogram. Use midpoints to find
the three possible positions of the fourth vertex.

28 The vertices of a quadrilateral are P(3, “4), Q("3, “2), R("7, 4) and S(5, 6). What type of
quadrilateral is formed when the midpoints of the sides are joined? Explain your answer.

29 A3, 4), B(1, 3)and C("2, 1) are the vertices of a triangle.
a Find the midpoints D and E of AB and AC respectively.
b Show that DE Il BC.
¢ Show that DE = 1BC.
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m Straight-line graphs

Linear functions have graphs that are straight lines. The equation of a linear function is called a
linear equation. When you draw the graph of a linear equation, you really only need two points,
but it is a good idea to plot a third one as a check.

Important!

Linear equations

The equation of a straight line (a linear equation) in the Cartesian system may have an

x term, a y term and a number.

The following are all examples of linear equations.
2—3y+7=0 y:23—x—5 dy=9 3x=11-5y x:%

Equations involving higher powers of variables (e.g. x%, y°) or roots of variables
(e.g. v/, ¢/7) are not linear equations, nor are equations with variables forming part of the

denominator of a fraction (e.g. 25_x’ %)

The graph of a linear function will always cut at least one of the Cartesian axes.

Intercepts

The intercepts of a straight line are the points where y
it crosses the axes of the Cartesian plane.

The x-intercept is where the line crosses the x-axis PHAIEEREEpiE

and the y-intercept is where it crosses the y-axis.

x-intercept

boooN?

The term ‘intercept’ is also used to refer to the distance from the origin to the intersection of the
line and the axis. The x-intercept is the value of x when y = 0. The y-intercept is the value of y
when x = 0.
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Example T 10

Draw y = 3x — 4 for "2 < x <5 and use the graph to find the intercepts.

Coordinate geometry

MAT10NATIO0014 Solution
Since y = 3x — 4 is a linear equation, we will find
three points. y=3x—4
Construct a table of values for x and y using any x| 2115
MAT10NACP00014 three x values from ~2 to 5. y

Now calculate the corresponding y values.

x y=3x—4 (x,2) x| 2 1
T2 13X 2—-4="6-4="10 | (72,710) Yy | 710 "1 | 11
1 3X1—-4=3-4="1 (1,71)
5 | 3X5—-4=15—-4=11 (5,11)
Plot the points and draw the straight line. Yy
124
Find where the line cuts the axes. 0
You need to measure the x-intercept. g
6_
H y=3x—4
2 .
- —
4 6 x
State the result. The x-intercept is about (1.3, 0).

The y-intercept is (0, 4).

In the previous example, the exact value of the x-intercept can be calculated as follows.

For the x-intercept, y = 0. 0=3x—4
Reverse the equation. 3x—4=0
Add 4 to both sides. 3x=4
Divide both sides by 3. x = ;—1 =15

So, the x-intercept is (1 1 0).

It is usually easier to rearrange an equation into the form ‘y = . . .” before you calculate the y
values that correspond to given x values.
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Example " 11
Find the intercepts of 2x + 3y — 8 = 0.

Solution
Write the equation.
Let y = 0 to find the x-intercept.

Solve for x.

State the result.
Let x = 0 to find the y-intercept.

Solve for y.

State the result.

2x+3y—-8=0
2x+3X0-8=0
2x =8

x=4

The x-intercept is (4, 0).
2X0+3y—8=0
3y=8

8 2

To work out whether a point is on a line or not, we can graph the equation of the line and check.

However, we won’t always have time to draw a graph, so we need a faster way. We can substitute
the x- and y-coordinates of the point into the equation. If they work (satisfy the equation), the
point is on the line. If they don’t satisfy the equation, the point is not on the line.

Example T 12

Is A("1, 2) on the line 3x — 2y +7 = 0?

Solution

Werite the equation.

3x—2y+7=0

Substitute the coordinates of A("1, 2) into the

LHS of the equation and evaluate.

This is the same as the RHS (0), so the
coordinates satisfy the equation.

3X1-2X2+47
— 3447
—7+7

=0

A(1,2) is on line 3x — 2y + 7 = 0.

An equation has an ‘equals’ sign. You have seen that when we plot the graph of an equation, we
get a line that shows all the points that satisfy the equation.
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Matching inequations

with their graphs

MAT10NAWKO00017

Coordinate geometry

MAT10NATIO0014

Coordinate geometry

MAT10NACP00014

Excel worksheet:
Drawing linear graphs
MAT10NACT00009
TLF Learning object

Grapher (L3531)
MAT10NAINO0005

Important!

Inequations

An inequation has a <, >, < or > symbol instead of an equals sign. When we try to show
the points that satisfy the inequation, we get an entire area of the plane instead of just a line.
This is usually shown by shading on one side of the boundary line—the side that satisfies the
inequation.

For inequations involving < or >, a solid line is drawn to show that the points on the line
are included.

For inequations involving < or >, a dashed line is drawn to show that the points on the line
are not included.

Example © 13

Draw the graph of y < x — 2.

Solution
First you need to draw the graph of y = x — 2.

Use a solid line because we want to include the
points on the line.

Now choose a point either above or below the line
you have drawn, say (2, —1).

Substitute the x and y values into the inequation.
When x =2 and y = —1:
P<x—2=-1<2-2

-1<0

This is true, so the chosen point lies in the region
y<x—2.

Shade in that region.

Investigate: Equations of lines

1 Draw graphs of the lines represented by the following equations.
a y=2x+5 b y=-x-3 c y= 3x+4
d y=3x-1 e y=1x-3 fy=3x+1

2 Work out the gradient and y-intercept for each.
3 Compare the values of the gradient and y-intercept with the equations for the lines.
4 What do you notice? Does this always work? Can you explain why?
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Suppose that a straight line has a slope of 2 and y-intercept (0, 1), so ¢ = 1. We can draw the
graph of the line as shown below with the point (x, y) somewhere on the line.
Let (x1, y1) = (0, 1) and (x5, y-) = (x, ¥).

Y A
Here s —=22"1 5 (x,y)
X2 — X1 4
y—1
2= i
x—0 3
2_
-1
So Y =2 I—E
x /0.0
y—1:29€ - T T T T
2t /0L 1 23 4x

In the above investigation, you should have seen that the equation of a straight line can be written
using its gradient and y-intercept. The gradient (slope) is the coefficient of the x term and the
y-intercept is the constant term. We usually use 7z as the symbol for gradient and ¢ as the symbol
for the y-intercept. This can be shown to be true in all cases as follows.

In general, suppose that a straight line has slope 7z and y-intercept (0, ¢). We can draw a graph of
the general case using the point (x, y) and the other information as shown below.

rise  y—c vk
Here m=—=
run x—0 (x,7)
So y_C:m Rise =y —-c¢
X
Yy — ¢ = mx (0, ¢)
n Run=x-0
= X C - .
’ Ov X

This is called the gradient—intercept form of the equation of a line.
Another way of writing the equation of a line, called the standard form, is with no fractions and all
terms on one side. The standard form of the equation y =2x + 1is 2x —y + 1 =0.

Important!

Forms of the equation of a line

The gradient—intercept (or slope—intercept) form of the equation of a straight line is
y=mx+c
where 7 is the gradient and c is the y-intercept.
The standard (or general) form of the equation of a straight line is
ax+by+c=0
where @, b and ¢ are constants (numbers).
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Example 14

Write the standard form equation of the line with:
Equations in gradient . . _ X -3 .
- a gradient 7 and y-intercept ~2 b gradient "3 and y-intercept (0, 5).

MAT10NAPS00011 Solution

a  Write the equation in gradient—intercept form. y=mx+c
We know that 7z =7 and ¢ = 2. y=7x+"2
Simplify. y=T7x—-2
To write the equation in standard form,
subtract 7x from and add 2 to both sides. y—7x+2=0

b Write the equation in gradient—intercept form. y=mx+c
We know that 7 = "3 and ¢ = 5. y= 3x+5

Multiply all terms by 4 (the denominator of the x term). yX4="2xxX4+5%x4

Simplify. 4y = 3x 1+ 20
To write the equation in standard form, add 3x to and
subtract 20 from both sides. 4y +3x—20=0

Example 195

What are the gradient and the y-intercept of each of these lines?
The gradient-intercept

formula a y:_4x+9 b 3x+2y—6=0
MATTONAVT10011 Solution
a  Write the equation. y= 4x+9

Coordinate geometry Compare with the gradient—intercept form. y=mx+c

MATI10NATI00014 You can see that 77 = "4 and ¢ = 9. Gradient = ~4 and y-intercept = (0, 9).

b We first need to write the equation in
gradient—intercept form.

MAT10NACPOG014 Write the equation. 3x+2y—6=0
Subtract 3x from and add 6 to both sides. 2y=6—3«x
2y 6
Divide throughout by 2 (the coefficient of ). ?y =3 3;
Simplify. y=3- %x
Write the equation with the x term first. y =_%x +3
Compare with the gradient—intercept form. y=mx+c
You can see that 7z = 3 and ¢ = 3. Gradient = 3 and y-intercept = (0, 3).
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We can also work out the equation of a line using the gradient and one point on the line.
Suppose that a straight line has slope 7z = ~3 and passes through the point (72, 4). The equation
uses (x, y) for points on the line.

Let (x1, y1) = (72, 4) and (x5, y2) = (x, y).

Here :riﬁz—yz -n
run X2 — X1
L, y—4
B_x—*Z
—4
So Y =
x— "2 >
y—4="3(x—"2) T;

In standard form, this equation is written as 3x +y + 2 = 0.
In general, suppose that a straight line has slope 7z and ~ y )
passes through the point (x1, y;). The equation uses (x,9)
(x, ) for points on the line.

7rise7y—y1

Here = = Rise =y —y,
run X — X (%1, 71)
So y_ylzm Run=x—-x
X — X1 0 _
y—y1 = m(x —x1) X

This is called the gradient—point form of the equation of a line.

Gradient—point form of the equation of a line

The gradient—point form of the equation of a line is given by
y —y1=mlx — x1)

where 72 is the gradient and (x;, v;) is a point on the line.

Example T°16

Work out the standard form equation of a straight line with slope % that passes through the

point (72, 1).

Solution

Werite the gradient—point equation of a line.
Substitute using (x1, y;) = (72, 1) and 7z = %
Simplify.

Multiply throughout by 3.

Expand both sides.

Rearrange into standard form.

9780170194860

MAT10NAVT10012
y—y1 = mlx — x1)
y-1=3(x-"2)
y—1=32(x+2)
3 - 1) =2(x+2)

3y—-3=2x+4
3y—-2x—-7=0
2x—3y+7=0




It is also possible to calculate the equation of a line if you know two points through which it passes.

Example 17

Find the equation of a line passing through (1, 3) and (4, ~3).

MAT10NATI00014 Solution
Identify the coordinates. Let (x1, y1) = (1, 3) and (x3, 32) = (4, 73).
First find the gradient. m= ’%
MAT10NACP00014 3-3 "6 _
e s S
Now you know the gradient and a point
through which the line passes.
Werite the gradient—point formula. y—y1 =mlx — xp)
Substitute using (x;, y1) = (1, 3) and 7z = 2. y—3="2(x-1)
Expand. y—3= 2x+2
Rearrange into standard form. 2x+y—5=0

In Example 17, you could have used point (4, ~3) instead of (1, 3) to obtain the equation of the line.

Parallel and perpendicular lines

The gradients of parallel and perpendicular lines are closely related.
ST Suppose two lines AB and DE are parallel. Then the angles they make with the x-axis are the same,

MATIONATC00005 ¢ shown in this diagram.

If we draw in the extra lines BC and EF, we can work out y 4
the gradients. B
AABC Il ADEF E

. BC _EF

© AC ~ DF

() 0
BC EF - >
=__ —— 0 A C D F

But 7AB aAc and MDE DF ‘ / / X
So mAB = 1MDE
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Suppose two lines AB and BC are perpendicular. Then they make a right angle at the intersection
B, as shown here.

y i
First calculate the gradient of AB.
B(0,12)
Y2—nNn
map = ———
X2 — X1
120
S 0-79
—4
3
Now calculate the gradient of BC.
Y2 =N CA(9,0) C(16,0) x
mpe = ——
X2 — X1 \
L 0-12
S 16-0

SOWABXMBC:%‘ X %: -1
It is possible to show that this result applies to all pairs of lines that are perpendicular.

Important!

. . Teacher notes
Parallel and perpendicular lines .‘
Perpendicular lines

The gradients 7z, and 7z, of parallel lines are the same. MAT10NATNO0002
For parallel lines: 7z, = 2,

The gradients 7z, and 7z, of perpendicular lines have a product of ~1. They are negative

reciprocals.

For perpendicular lines: 7z, X 2, = ~1
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Example T°18

Show that 2x — y + 8 = 0 and 4x = 2y + 5 are parallel.
Parallel and
Solution

MAT10NAWKO00015 . .
If we can show that the gradients are the same, the lines must be parallel. Therefore, we

need to find the gradient of each line. This can be done by writing the equations of the
lines in gradient—intercept form.

Write the equation of the first line. 2x—y+8=0

Rearrange into the form y = mx + c. y=2x+38

Compare with y = #x + ¢ to find the gradient. Gradient of 2x — y + 8 =01is 2.
Write the equation of the second line. dx=2y+5

Rearrange into the form y = m2x + c. y=2x—-23

Compare with y = »x + ¢ to find the gradient. Gradient of 4x =2y + 5 is 2.
The gradients of the two lines are equal. The lines are parallel.

Tt is not possible to calculate the gradient of a line parallel to the y-axis. Lines parallel to the x-axis
have a slope of 0. The equations of these lines can be written as long as you know any point on the
lines.

Important!

Lines parallel to the axes

The horizontal line parallel to the x-axis through (a, 5) Y4
is y=0b. (a, b)
The vertical line parallel to the y-axis through (4, 5)
s x =a.

Example T 19

Werite the equation of:
a the vertical line through (74, 7) b the horizontal line through (72, 6).

Solution

a The y value can be anything but the x
value must be ~4. Write the equation. The equation is x = 4.

b The x value can be anything but the y
value must be 6. Write the equation. The equation is y = 6.
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Example 20

Find the equation of the line through (72, 5) that is:
a parallel to2x +3y —4 =0 b perpendicular to 2x + 3y — 4 = 0.

Gradients of parallel
and perpendicular lines

Solution

a  Write the equation.

Rearrange into gradient—intercept form.

Compare with y = mx + c.

A parallel line will have the same gradient, 7.

Werite the gradient—point equation of the line.

We know that 7z = “3 and (x;, y1) = (72, 5).

Multiply throughout by 3.
Expand both sides.
Rearrange into standard form.

b Write the rule for perpendicular lines.
Substitute the gradient of 2x + 3y — 4 = 0.

Multiply both sides by 3.

MAT10NAPS00012
2x+3y—4=0
y=+13
n=3

y—y1=mlx — x1)
y=5="3(x-"2)
3 —5) = "2(x+2)
3y —15="2x—4
2x+3y—11=0

my X my="1
—5 B
_3

mz—i

A line perpendicular to 2x + 3y — 4 = 0 will have the

gradient 772,.

Werite the gradient—point equation of the line.

We know 72 =3 and (x1, y1) = (72, 5).

Multiply throughout by 2.
Expand both sides.

Rearrange into standard form.

9780170194860

y—y1=mlx — x1)
y=5=3(x-"2)
2(y — 5) =3(x +2)

2y —10=3x+6
3x—2y+16=0




Example 21

Plot the points A(3, 6), B(73, 2) and C(1, ~4) and show that ZABC = 90°.

Solution
Plot the points.
Join AB and BC.

Werite the rule for gradient.

For AB, let (x1, y1) = (3, 6) and (x2, y2) = (73, 2).
For BC, let (xy, y1) = (73, 2) and (x, y2) = (1, 74).

Find the product of the gradients.

Soml X nip; = 1.

awtetan St

m=22"N1

X2 — X1

_2-6 4 ,
TMETT3T3 T 5 0

_4-2 "6 4
=
mag X mpe =2 X3

=1

AB and BC are perpendicular,

so ZABC = 90°.

.8

The work you have done on gradients, distance and midpoints can be used to investigate more

complicated problems.
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You will usually find it very helpful to draw a diagram first.

Example ¥°22

Points K(10, ~3), L(8, 8) and M(4, 5) are plotted and joined. Show that AKLM is right-

angled and find its area.

Solution
Draw a diagram first.

Tt looks as though there is a right angle at M.

We need to show that ML and MK are
perpendicular.

This means that we need to find the gradients
of ML (m2p51) and MK (172psx) and to calculate
the value of 2y, X k.

Write the gradient formula.

Calculate 72y
Calculate 7zyx.

Find the product of 72y and mzyk.

State the result.

Ly
8 L
7
64
54 M
44
34
2_
14
0 —— 1 ———
11 1234567 89\10x
-
-3 K
4

Y

m=22"N
X2 — X1

3
myp = —— = —
ML 3

K04 6 3
3 74 _
mMLXmMK:—X—: 1

4 3

ML is perpendicular to MK, so AKLM is
right-angled.

To find the area of AKLM we need to use the distance formula to find the lengths of ML

and MK.
Write the distance formula.

Calculate the length of ML.

Calculate the length of MK.

9780170194860

d= \/(xZ —x1)? + (9, —3)?
ML =+/(8—4)2+(8-5)2
=V16+9

= 5 units

MK = /(10 —4)2 4 (73 —5)2
= /36 + 64

= 10 units




Write the rule for the area of a triangle. Area =1bh

Substitute the values of ML and MK. = % X5X%10
= 25 square units

State the result. The area of AKLM is 25 square units.

We can model real patterns and relationships using algebraic equations, tables of values or graphs.
Often, models will provide only approximations of real-life situations. However, this will usually
be close enough for most practical purposes. Relationships that can be represented by functions of
the form y = mx + ¢ are called linear models.

Example ¥°23

The height, 4 cm, of a seedling is given by & = 24 + 10, where d is the number of days since
it was planted.
a Complete a table of values for the function for 0 < 4 < 8.
b Use the table to draw a graph of the height function.
¢ What type of function is the height function?
d Compare the height function with the gradient—intercept form of a linear function
(y = mx + ¢) and explain what the values 2 and 10 represent.

Solution

a  Draw up the table of values fordand 2 h=2d + 10
using any three values of d from 0 to 8.

d 158
h
Calculate the corresponding values of 4.
d h=2d+ 10 (d, h) d| 1 5 8
1 2X14+10=12 | (1,12) h | 12 | 20 | 26
5 2X54+10=20 | (5,20)
8 | 2X8+10=26 | (8,26)
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b Plot the points and join them. Label the Seedling growth
axes and add a title for the graph. iy
304
Rl h=2d+10
= 20+
)
2015+
[}
T 10-
5 -
O 1234567809104
Days since planting
¢ The graph is a straight line. The function & = 2d + 10 is linear.
d Write the height function. h=2d+10
Write the gradient—intercept form. y=mx+c
Compare the variables. yohandx —d
For the height function, the height (4) The horizontal axis shows the
depends on the number of days after independent variable and the vertical
planting (d), so d is the independent axis shows the dependent variable.
variable and 7 is the dependent variable.
Compatre the x-coefficients and the In the height function, 2 is the gradient
constant terms. of the graph and 10 is the intercept on

the vertical (/) axis, i.e. the height
when the seedling was planted (d = 0).

In the previous example, the gradient of the graph for the height function was positive.
This means that the value of /& (height) increases as d (the number of days) increases.

Example 24

A small business buys $20 000 worth of computer equipment. For tax purposes, the value,
$V, of the equipment decreases (depreciates) over time according to the equation:

V' =20 000 — 40007

where ¢ is the number of years since purchase.

a Complete a table of values for the function for 0 < 7 < 6.

b Use the table to draw a graph of the value function.

¢ When will the computer equipment be worthless for tax purposes?
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Solution

a  Draw up the table of values for # and V
using any three values of # from 0 to 6.

Calculate the corresponding values of V.

t | V'=20000 — 4000z (z, V)

1 20000 — 4000 X 1 (1, 16 000)
=16 000

3 | 20 000 — 4000 X 3 (3, 8000)
= 8000

6 | 20000 — 4000 X 6 (6, 74000)
= 4000

b Plot the points and join them. Label the
axes and add a title for the graph.

¢ Find the value of # when V = 0.

State the result.

V=20 000 — 4000z

t 1 3|6

~
—_
0
[®X

V| 16000 | 8000 | 4000

Computer equipment
depreciation

Vi
24000
20000
16000
12000 %

8000
4000

0
4000
-8000 Years since purchast
Y

=20000 —4000#

Value ($)

t =5 years

The equipment will be worthless for tax
purposes after 5 years.

In real-life situations, observed data usually does not exactly fit the linear model y = 72x + c.
When real data is graphed, we may need to draw a line of best fit for the plotted points in order

to see the relationship.

Important!

Line of best fit
The line of best fit for data points:

e represents most of the points as closely as possible
¢ should have approximately the same number of points above the line as below
e is drawn so that the perpendicular distances between the points and the line are as small

as possible.

The line of best fit may be used to make predictions of values of variables. Interpolation is the prediction
of values within the range of data. Extrapolation is the prediction of values outside the range of data.
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Example © 25

Samantha’s height was measured over a period of 8 years. The table below shows the data.

Technology worksheet

Excel worksheet: Line

Age, a (years) 1|3 4 6 7 8 of best fit
Height, 2 (em) | 75 | 98 | 102 | 119 | 120 | 131 MAT10NACT00003

Plot the data and draw in a line of best fit.

Use the graph to estimate Samantha’s height when she was born.

Find the equation of the line of best fit.

Use the equation of the line of best fit to estimate Samantha’s height when she turns 12.
Use the equation to estimate Samantha’s height when she turns 30 and comment on the result.

[ I = PO e N © il )

Solution

a Draw up a set of axes and plot the points. Label the axes and add a title for the graph.
Use a transparent ruler to draw in the line of best fit.

h Samantha’s growth
140

130

120 7

110

100

\

=
1=

920

80

70

0 1 2 3 4 5 6 7 8 9 10
Age (years)
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b Find the point where the line of best fit

cuts the vertical axis. Use the scale to
calculate the value of # when ¢ = 0.

Write the result.

This is a linear function, so it can be
written in the form y = mx + ¢, where 2 is
the gradient and c is the intercept on the
vertical axis.

For this height function, the independent
variable is age (2) and the dependent
variable is height (/).

We can read the intercept on the vertical
(h) axis from the graph.

We need to find two points on the line of
best fit to calculate its gradient. Locate two
points on the line.

Write the rule for the gradient.

Substitute using the chosen points.

Evaluate. The graph is rising, so the
gradient is positive.

Write the equation based on y = m2x + c.
Substitute 2 = 12.
Evaluate.

State the result.

Substitute ¢ = 30.
Evaluate.

State the result and comment on it.

h~71cmwhena=0

Samantha’s height was about 71 cm when
she was born.

yeohandx o a

Vertical axis intercept = (0, 71)

(3, 94) and (8, 131) are on the line.
gradient = fise
run
131-94
- 8-3
5
5
=74
h=74a+171
h=74X12+71
=159.8 cm

Samantha will be about 160 cm high when
she turns 12.

h=74X30+71
=293 cm

The graph predicts that Samantha will

be about 293 cm high when she turns 30.
This is not possible. The answer obtained
using the formula shows that there are
limitations to how useful models of this
kind can be. We all stop growing after a
certain age but the formula doesn’t take
this into account.
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Technology Lines of best fit

Let’s see how Excel can be used to insert a line of best fit for plotted data.
The population of a small town is recorded as follows.

1999
700

2000
740

2001
790

2002
910

2003
950

2004
1080

2005
1080

2006
1100

2007
1250

Year

Population

Enter the information from the table into a spreadsheet. Type ‘Year’ into cell Al and ‘Population’
into cell A2. Then enter the years from the first row of the table into cells B1 to J1 and the
population values into cells B2 to J2.

Select cells Bl to J2, then under the ‘Insert’ tab, click on ‘Scatter’ and select ‘Scatter with smooth
lines and markers’.

/ﬂ’l Bookl - Microsoft Excel
™3y =
v Home Insert | Pagelayout Farmulas Data Review View
‘jf_x || Blawpan Ta ¥ tine - i Area ~ o
@ Shapes ~ D Pie I_:~_.~ Scatter ~ =)
| PivotTable Table  Picture Column - - ink
[ ) T2\ smartart v Spear~ | Scatter
Tables Mustrations Chad |, 28
; - S = = % £
d9-C BoRMaTE ) *eead L 3
a v S | 2000 _-
1 of 24 - Clipboard > x] [ Y LR
FEFCTNTE  FEraTT 3 Innn 200!

Now place the cursor on one of the data points and press the right-hand button (‘right click’) on
the mouse. Select the Add Trendline option. A trendline is actually a line of best fit.

Population
1400
1200 )—*..I/L
1000
e M Delete
500 c:ﬂ Reset to Match Style = sapulation
.. Change Series Chart Type...
3
s % Sglect Data...
200 R
o ! . Add Data Labels
1998 2000 2002 Add Trendling.. k
3 Eormat Data Senies...

Select ‘Linear’ and then click on ‘Close’.

Format Trendline

“Trendine Optons'| | Trend|ine Options
Line Color TrendRegression Type
Line Style P
Shadow
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The trendline will then be inserted as shown below.

Population

1200 #
1000
800
=== 2opulation

Linesr (Populstion)

T 1

1998 2000 2002 2004 2006 2008

If you right-click on the trendline and select the Format Trendline option, you will be able to
experiment with the look of the trendline.

Understanding

1 The graphs below are not drawn to scale.

Extra questions a y b y [« Vi f
Exercise 5.2 /

MAT10NAEQ00042 5/
0 X
0 X
0

>

- >

(5,75)

5
(1,5) / -
5

g Y h y i ,
5,5)
X 0 X
|5 ) 0 x
\
v
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Choose the most appropriate equation for each one from the following list.

i y=x+5 i y=>5 i x=5
vy=5-—x v y=>5x viy=x-5
vily="5 vili y =5x + 5 X y=x

X x=5 Xi y=—x xiiy="1x—5

2 Draw each of the following and state the intercepts from the graph if possible.
y=2x—3for 3<x<6 b y=3for 4<x<4

x=1for 3<x<3 d y=2x+1for 5<x<5
y=-x+2for 6<x<6 f y=2x—3for 6<x<3
y=3x—1for 2<x<3 h x="3for 3<x<3

y=3x+4for 4<x<2 j y=-—x—3for 6<x<6

=g 0 600D

3 Work out whether each of the points is on the given line.

a 3x+2y+8=0 (4,2 (3,4) (—2,1) 2, 77) (4, 0)

b y=x—3 (71,2) (1, 72) (3,0) (72,5) (73, 76)
c y=2x+6 (0, ~6) 2,8) (1, 14) (72,2) (3, 12)

d y="3x+2 (1,1) (1,3) 3,77) 0, 2) (4,14)
e 3x—y—6=0 ("4, 6) (0, ~3) (2, 0) (10, 712) ("4, "18)

4 Without drawing a graph, find the intercepts for each of the following.
a 3x—2y+6=0 b 4x—-3y=12 c x+3y—-4=0
d 2x+2y+5=0 e 6x—2y+3=0 f 5x+3y=15

5 Find the equation of the line parallel to the x-axis that passes through each point.

a (72,4) b (3,5) c (2,71) d (0,5)
e (4,0) £ (71,74 g (6,1) h (74,7)
i (7,73) j (78,78) k (3,3) I (5,1
6 Find the equation of the line parallel to the y-axis that passes through each point.
a (72,4) b (3,5) c (2,71) d (0,5)
e (4,0 £ (3,74 g (6,1) h (74,7)
i (7,73) j (78,78) k (3,3) I 6,1

7 For each of the following functions, draw the line, then:
i choose two points and calculate the gradient

ii find the intercepts if possible.

a y=3x—2 b y=x+4 c y="2x+3
d x="1 e y= ix+1 f 2y=3x—-4
g 2y=4x+1 h 3y="2x-3 i 5y="T7x+8
j 4x—y+8=0 k x+3y—-4=0 [ 4x—-3y=0
8 Draw a graph for each of the following.
a y>x+1 b y<x-3 c y>x+4
d y>2x-3 e y<3x+1 f y>5—x
9 Draw a graph for each of the following.
a x+2y>5 b 2x<3y-38 c x+ty+3<0
d 3x>4y+6 e x—2y+4<0 f 5x <4y
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See Example 10

See Example 12

See Example 11

See Example 19

Fluency

See Example 13




10 Write in gradient—intercept form the equation of the line with:

a gradient 2 and y-intercept (0, 4) b slope ~3 and y-intercept (0, 1)

¢ y-intercept 6 and slope 5 d gradient 3 and y-intercept 2

e y-intercept (0, ~3) and slope 0 f slope 4 and y-intercept 0.
SeeExample 14 11 Write in standard form the equation of the line with:

a gradient 4 and y-intercept 1 b gradient § and y-intercept (0, ~2)

¢ y-intercept ~1 and slope ~§ d y-intercept (0, 2) and gradient 3

e gradient 3{ and y-intercept 4 f y-intercept and slope ~13.

SeeExample 15 12 Without drawing a graph, work out the gradient and y-intercept of each line.

a y=2x+5 b y=5—3x c y=-x+1

d y=4-7x e y=x+2 fy="8

g x—2y+1=0 h 7x+y—14=0 i x=3y+6=0
j 3y —8= 4x k 7x=3y

SeeExample 16 13 Find the equation, in both gradient—intercept and standard form, of the line:
a with gradient 2, passing through (2, 5) b through (71, 4) with slope ~1
¢ through (73, 72) with slope 1 d with gradient ~4, passing through ("1, "4)

e through (4, 3) with gradient ~3 f through (73, ~4) with slope {

Whried sslliiions Find the equation of the line passing through (2, 3) and (2, "1).
Exercise 5.2 15 Find the equation of the line with slope ~2 that passes through (0, 4), in both gradient—
MAT10NAWS00047 intercept and standard forms.

16 Work out the general and slope-intercept forms of the equation of the line with:
x-intercept 2 and y-intercept 1 b x-intercept ~3 and y-intercept 4
x-intercept 4 and y-intercept ~2 x-intercept ~ 1 and y-intercept 4
x-intercept (3, 0) and y-intercept (0, ~8) intercepts (75, 0) and (0, ~3)
intercepts (0, ~1) and (5, 0) intercepts (0, 6) and (74, 0)
both intercepts ~4 both intercepts 2.

=g 006D

- o

17 A line passes through (0, 4) and (2, 8).
a  What is the slope of the line? b What is the y-intercept?
¢ Write its equation in standard form.

SeeExample 17 18 Find the equation of the line through each of these pairs of points, in both general and slope—
intercept forms.

a (4,6)and (5, 3) B,Dand (73,75) ¢ (0,3)and (2,7)
d (71, 73)and (74, 6) e (3 4) and (6, ~8) f (72,5)and (2,1)
g (2,1)and (73, *4) h (4,2) and (6, 10) i (3, 4)and (75,1)
j (72,76)and ("4, 2 k (3,6)and (72, 4) I (6, 71)and (4, 5)
19 Use the most appropriate method to find the general form of the equation of each line.
a Gradient 2 and y-intercept ~4 b Slope ~% and passing through (4, 73)
¢ Passing through (5, 1) and (74, 75) d Passing through (2, 1) and (2, 8)
e Slope 4 and intercept (0, 2) f Slope “2 and intercept (5, 0)
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20 State whether each of the following pairs of gradients, 7z; and 7z, represent lines that are
parallel, perpendicular or neither parallel nor perpendicular.
a m=2andm="1 b ;=04 and m, =2 ¢ my=2andm =2
d mm =%and m, =4 e m=1landm, ="1 £ =%and mr =0.125

21 For each line with gradient 7z, shown below, find the gradient 72, of the line perpendicular to it.

a m =3 b mlz_l% c m =02
a _

d 7721:73.1 e m = f m = %

b
22 Find b given that the line joining:
a Z("1,3) and K(2, b) is perpendicular to a line with gradient 3

b M(75, b) and P(b, 2) is perpendicular to a line with gradient %

23 Without drawing graphs, work out whether the following pairs of lines are parallel. Worked solutions
(a)2x+3y+8=0and6y=5—-4x b 2x—y—-4=0andy=2x+6 Exercise 5.2
¢ 5y—2x=3and2y—5x+6=0 d 3y=4x—9andy—3x+4=10 MAT10NAWS00047
e y=4-2ixand2y+5x—-2=0  3y+5x=9and5y —3x+6=0 See Example 18
24 Find the equations of the lines through: Worked solutions

a (5, 74) that are parallel and perpendicular to y = 4x + 7 Exercise 5.2
b (72, 5) that are parallel and perpendicular to y = 2x — 4 MAT10NAWS00047
See Example 20
@ (72, 5) that are parallel and perpendicular to 3x +2y +5 =0
d (71, 75) that are parallel and perpendicular to x — 4y +3 = 0.
25 Show that 2x + 3y + 8 = 0 and 6y = 5 — 4x are parallel.
26 Show that 4x + 5y — 6 = 0 and 10x = 8y — 5 are perpendicular.

27 Show that A(3, 2), B("5, ~3) and C(7, ~2) form Problem solving

a right-angled triangle and find its area. See Example 22

Ae

il

5432 M 1234567«
2 Ce

oB _3-

28 Show that K(74, 4), L(76, 1), M(3, ~5) and N(5, ~2)

are the vertices of a rectangle and find its area. 1%

TWNy e

oL

S5 use 123455
21 Ne
-3
-4
5 oM
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See Example 21

See Example 22

See Examples 23, 24

29 Show that H("1,0), I("2, 3), J(1, 4) and K(2, 1) are the vertices

y
of a square. 49 ]
Ie 3
2
1 K
32710 12 3¢%

30 J=(3,71),K=(1,0) and L = (1, “4). Show that ZJKL = 90°.
APMOQ has vertices at P(0, 3), M(3, 1) and Q("4, ~3). Show that it is a right-angled triangle.

The vertices of a quadrilateral are P(T6, 5), Q("2, 4), R("5, 1) and S(2, ~3). What type of
quadrilateral is PORS? (Give reasons for your answer.)

31
32

33

34

35

The volume, V, in litres, of petrol remaining in a portable generator is given by:

V=8§-3

where £ is the number of hours after the generator starts with a full tank.

a

o

o 6

8

Construct a table of values for the function for 0 < /& < 6.

Use the table to draw a graph of the function.

What type of function is it?

Use the graph to find when there is 3 L of petrol left in the generator.
How many litres of petrol are left in the generator after 2 hours?
What does the value of the function at 4 = 0 represent?

What does the value of the function where the graph crosses the /-axis represent?

The cost, C, in dollars, of hiring a clown for a birthday party is given by:

C =50+ 40h

where 4 is the number of hours for which the clown is hired.

a
b
c

d

(]

f

Draw a graph of the function for 0 < & < 8.
What type of function is it?
Use the graph to find the cost of hiring the clown for 3 hours.

For how long could the clown be hired with $200 if the time may be charged in fractions of
an hour?

What does the value 50 in the function C = 50 + 40/ represent?
What does the value 40 in the function C = 50 + 40/ represent?

A minibus can carry 20 passengers and a coach can carry 70 passengers. A total of 250 pupils are to
be taken on an excursion. Write the number of minibuses used as x and the number of coaches as y.

a

b

(g}

[=T

How many pupils can be carried on x minibuses and y coaches?

Write an equation for the number of minibuses and the number of coaches that could be
used to carry 250 pupils.

Draw the graph for this equation.
What are the exact values of x and y that can be used for 250 pupils?

e Are any other possibilities suggested by the graph?

-

On the same graph, draw lines to show the equations for 150 pupils and 400 pupils.
What do you notice about the graphs?
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36 A coffee wholesaler spends a maximum of
$20 000 a week on coffee. He can buy
coffee from Africa for $15/kg and coffee
from Papua New Guinea for $9/kg.

a  Write an equation for the number of
kilograms of coffee from Africa (2) and
the number of kilograms of coffee from
Papua New Guinea (p) that he can buy
for $20 000.

b Construct a table of values for 2 and
p and use it to draw a graph of the
equation.

¢ If the supply of Papua New Guinea coffee one week is restricted to 800 kg, use the graph
to work out how much African coffee the wholesaler can buy.

37 A movie theatre is filled to capacity with 600 people. When the movie finishes, people start
leaving at the rate of 80 people per minute.
a Express P, the number of people in the theatre, as a function of #, the number of minutes
after the movie ends.
b Draw a graph of the function.

¢ Use the graph to find how long after the movie ends the theatre will still be half-full.

38 Find the equation of the line that is the perpendicular bisector of the segment joining the Reasoning
points K(6, 10) and L(718, 4).
39 The heights and weights of a group of people considered to be close to the ‘ideal’ weight for See Example 25

their height are measured and recorded as follows.

Height, & (cm) | 140 | 147 | 153 | 159 | 163 | 173 | 179 | 182 | 187 | 193
Weight, w (kg) | 47 48 56 | 55 @ 63 66 | 68 75 74 | 80

a Plot the data and draw in the line of best fit—the ‘ideal’ height-for-weight line.
b Use the graph to interpolate the ‘ideal’ weight for a person who is 170 cm tall.
Use the graph to extrapolate the ‘ideal” height of a person who weighs 85 kg.

(o]

o

Find the equation of the line of best fit.
Use the equation of the line of best fit to check the answers you found in parts b and c.

o

40 The air temperature, T, in °C, at various heights above sea level is recorded as follows.

Height, & (m) 0 | 1400 | 2500 | 4400 | 6000 | 6900 | 9400
Air temperature, 7' (°C) | 15 9 =7 14 | 720 | 732 | 743
a Plot the data and draw in the line of best fit.
b Use the graph to find the likely air temperature at 5000 m above sea level.

Use the graph to find the likely height above sea level if the air temperature is ~55°C.

[¢]

o

Find the equation of the line of best fit.

e Use the equation of the line of best fit to find the likely air temperature at 8000 m above sea
level.

f  Use the equation of the line of best fit to find the likely height above sea level if the air
temperature is ~ 60°C.
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m Modelling curves

So far, the work of this chapter has focused on linear functions and their equations. We will now
look at some nonlinear functions. You have previously looked at a class of functions called
quadratics. Quadratic functions have the form y = ax? + bx + ¢ and the graph of a quadratic
function is called a parabola.

When you draw the graph of a linear function, a minimum of two points is required. When
drawing the graphs of nonlinear functions more points are required in order to represent it on the

Cartesian plane.

Investigate: Graphing quadratics

1 Copy and complete the table of values for y = x?.

x| 37271705 02 0[02|05|1 2|3
J

2 Draw x- and y-axes on a sheet of grid paper. Use the scale 1 cm : 1 unit for both axes
and label the x-axis from ~4 to 4 and the y-axis from ~1 to 10.

3 Plot each of the points from the table of values on the grid paper.

4 Join the points with a smooth curve.

5 Describe the shape of the graph.

Parabolas

In the previous investigation you drew a basic
parabola — the graph of the function y = x%. The
main features of this parabola are described below.

e It is symmetrical and the y-axis is the axis of
symmetry. The left and right sides are mirror
images of each other.

¢ The point (0, 0) is called the turning point or
vertex of this parabola.

e The ‘U’ shape of this parabola is described as

being concave upwards. 4 2 0% 2 4 %
Turning point

Axis of

symmetry

\
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The graph of the parabola y = ax?

For the graph of y = ax?, the value of « (the coefficient of x?) determines whether the Investigating
. parabolas 1
parabola is:

Excel worksheet:

) MAT10NACTO00010

e ‘wide’ or ‘narrow’

e concave upwards or downwards.
Excel worksheet:

As the size of a increases, the graph of the parabola becomes ‘narrower’ and as the size of Power functions

a decreases, the graph ‘widens’. When a > 0, the parabola is concave upwards and when MAT10NACT00020
a < 0, the parabola is concave downwards (it is reflected in the x-axis). The parabolas below
illustrate this.

The general form of a quadratic function is
y = ax® + bx + ¢. The graph of the quadratic

TLF Learning object

X YA Eaglecat: Parabola
y = 2x* — 4x + 6 as shown on the right can be used to 4 (L10095)
ﬂlustr'ate the main features of the graphs of quadratic 3 MAT1ONAINGOOO5
functions. 5 X
. R 2x"—A4x—6 Weblink
e Parabolas are symmetrical. T I el
— arapbola
e The zeros ~1 and 3 are where the graph crosses the >
x-axis. The zeros are also known as the roots of / 4 x MATTONAWBO00005

the graph. Not all parabolas have zeros. The root is
the value of x that makes y = 0.

e The y-intercept (0, ~6) is where the graph crosses
the y-axis. All parabolas have a y-intercept.

¢ The turning point or vertex of this parabola is a
minimum (at 1, ~8).

e The turning point of a parabola must be a minimum Turning
or a maximum. A minimum is the point where the Y point
gradient of the parabola changes from negative to
positive. A maximum is the point where the gradient
of the parabola changes from positive to negative.

TLF Learning object

Graphing functions
(R11253)

MAT10NAIN00005
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Example © 26

Draw the graph of y = x> + 2x + 6 for "3 < x < 2 and identify its main features.

Coordinate geometry

MAT10NATI00014 Solution

Draw up a table of values for 3 < x <2
and calculate the corresponding y values.

Coordinate geometry

MAT10NACP00014

Plot the points and join them with a
smooth curve. Continue the curve so that it
is symmetrical.

Look at the graph to identify the main
features.

State the result.

y=x"+2x+6

x | 3 2 71 0 1 2
s 9. 4 1 0|1 4
+2x | 6| 4 2 0|2 4
+6 6 6 666 6
y 9. 6 5 6 9 14

)

=

o/
N | gl /

“Vfy=a2+H24+6

37271012 3x

There is a turning point at ("1, 5). The
turning point is a minimum.

The y-intercept is (0, 6).

There are no zeros.

Minimum at ("1, 5) and y-intercept at (0, 6).

You can also use spreadsheets to investigate nonlinear functions such as quadratics.

Example = 27

A square sheet of metal is 6 m long. It has a square of side x m cut from each corner so that

it can be formed into a box as shown.

I

6m

X m

(6-2x) m

The volume of the box is given by V = x(6 — 2x)*.
Draw a graph of the volume of the box and use the graph to estimate its volume when x = 1.8 m.
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Solution
Draw up a table of values for V=x(6 — 2x)?
0 < x < 3 and calculate the
corresponding v values. x 0 05 115 225 3
(6-2x)* 0 25 16 9 4,1 0
V 0 125 16 135 8 25 |0
Plot the points and join them with Vi(m’®) 4
a smooth curve. 161
, 14
Locate 1.8 on the x-axis. 124
Draw a line vertically up until it 104
reaches the graph. 8-
Draw a line horizontally across to 6
the V-axis and read the value. g'
0 ¢
051 15225 335x(m)
State the result. The volume of the box is about 10.4 m’

when x = 1.8 m.

The equation of the volume of the box in Example 27 is V = x(6 — 2x)?. If this equation is
expanded, it becomes V = 36x — 24x? + 4x°.
This equation is a model that is a cubic function because the highest power of x is 3.

Circles

A circle is a curve in which the distance from the centre to the circumference (the radius) is always
the same.

Suppose a circle has a radius of 4 and a centre at C("1, 2), as shown here. If we use P(x, y) for a
point on the circumference, we can use the distance formula to find the equation of a circle.

PC=/(x—"1)2+ (y —2)2
But PC=4

So Vix—"1)2+(—-2)2=4 P(x, y)
Squaring, we get: !

x+ 12+ —-27=16
This is the equation of a circle with a radius of 4 and a 1 73 4x

centre at ("1, 2).
We can generalise this to state the equation of any circle.
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Important!

Equation of a circle y 4
The equation of a circle with centre (x;, y;) and radius A\
is given by: 4
7 1S glVen N (x . X1)2 + (y - yl)Z _ r2 (xl? yl) Q‘/
The equation of a circle with centre (0, 0) and radius ™ v
r is given by: 2. .2 = \ \'/
x“F+y =7
Example 28
A circle has centre (3, ~2) and radius 5.
R a Find the equation of the circle.
MATIONAPS00047 b Sketch the circle.
¢ Determine whether point (6, 2) is on the circle.
d Determine whether point (72, 1) is on the circle.
Solution
a  Write the general equation of a circle. (x—x)?+ (@ —yp)? =+
Substitute using (x, y;) = (3, "2) and » = 5. (x—-3)7+(@p-"22*=5°
Simplify. (x—3)72+@p+2?2=25
b Work out the coordinates needed. With radius 5 the circle will reach down
to (3, 7),upto (3, 3), back to (72, 2)
and across to (8, 2).
Draw the axes, mark the centre and extreme Y
. . (3,3)
points and sketch the circle.
) x
(72,72) °(3,72) (8,72)
‘ 3,77
¢ If (6, 2) lies on the circle, x = 6 and y = 2
will satisfy the equation of the circle.
Write the equation of the circle. (x—3)2+(@p+22=25
Substitute using (x, y) = (6, 2) in the LHS. LHS = (6 — 3)*+ (2 + 2)?
Evaluate. =9+16
=25
LHS = RHS, so state the result. (6,2) lies on (x — 3)* + (y +2)* = 25.
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d Write the equation of the circle. (x—372+@p+2?2=25
Substitute using (x, y) = (72, 1) in the LHS. LHS=(2-3)2+(1+2)?
Evaluate. =25+9

=34
LHS = RHS, so state the result. (72, 1) does not lie on the circle.

Hyperbolas

Equation of a hyperbola

The equation of a rectangular hyperbola is y = %, where 4 is a constant and a # 0.

We can use the graphs of the hyperbolas y = % and y = _% shown below to examine the major
features of hyperbolas.

Y

Yy =-x
The graphs have similar features that are described below.

e The graph has two parts called branches.

® The graph never intersects the x-axis or y-axis, so there is no x-intercept or y-intercept.

e The graph has two axes of symmetry: y = x and y = —x.

® As x becomes very large, y gets close to 0 and the graph gets very close to the x-axis.
This means that the x-axis is an asymptote.

® As x gets very close to 0, y becomes very large and the graph gets very close to the y-axis.
This means that the y-axis is also an asymptote.

e When 4 is positive, the branches of the hyperbola are in the 1st and 3rd quadrants of the
Cartesian plane. When 4 is negative, the branches of the hyperbola are in the 2nd and 4th
quadrants.
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Example © 29

The equation of a hyperbola is y = %

a Draw a graph of the hyperbola for 74 < x < 4.
b Determine whether point (1.6, 6) is on a branch of the hyperbola, above it or below it.

Solution

a Complete a table of values using values of

x between “4 and 4.

As 8 > 0, the branches of the hyperbola
are in the 1st and 3rd quadrants.

Plot the points and join them with a
smooth curve.

b If (1.6, 6) lies on the hyperbola,

x = 1.6 and y = 6 will satisfy y = %
Substitute using x = 1.6 in the RHS.
Evaluate.

Substitute using y = 6 in the LHS.
LHS # RHS, so state the result.

Compare (1.6, 6) and (1.6, 5).

State the result.

Exponential functions

_ 8
RHS = A

1
-5
LHS =6

: 8
(1.6, 6) does not lie on y = =
(1.6, 6) is above (1.6, 5)

(1.6, 6) is above y = 8

x

Functions that have the general form y = 4” are known as exponential functions.
The graph of y = 2* is shown on the right. We can use it to list

the features of the graph of an exponential function as follows. , (;) i
¢ The slope of the graph is always positive. g
e The graph intersects the y-axis at x = 0. ‘-
e There is no axis of symmetry. | ) = 2%
e As x gets smaller, y gets close to the x-axis and the graph 4
becomes flat. The x-axis is an asymptote. _/ﬁ
e As x gets larger, y gets much larger and the graph <5 0] 1 3 3 !

becomes very steep.

9780170194860



forﬁ!jAEuI;t§a(l)itln%MriAchll-llji 1 O—|_1 D A

Example T30

Weblink
a Draw a graph of the exponential function y = 3* for 72 < x < 2. - . . =
b Use the graph to estimate, correct to one decimal place, the value of x for which 3* = 4. . mo;tdzgponam
Solutlon MAT10NAWB00005
a  Complete a table of values, using your calculator,
for values of x between ~2 and 2.
x 2 1 0|12
y=3"0111... | 0333... | 1|3 |9
Plot the points and join them with a smooth
curve.
b Locate the point on the graph where y = 4.
Find the corresponding x value. When y = 4, x = 1.3.
State the result. 3* =4 whenx =~ 1.3.
It is obvious that the graph of y = 3 + 2 will be the same general shape as the graph of y = 3*
but it will be moved up by 2 units, so the asymptote will be y = 2 instead of y = 0. An exponential
function can be sketched by finding a few points and using the general shape.
Example ¥°31
Sketch the graph of y = 4% + 1
Solution MAT10NAAEQ0005
Find the values for 71,0 and 1 as a . -1 0 l1
guide. y=4"+1 125 2|5
State the asymptote. The asymptote will be y = 1.
State the general shape. The shape will be like, say, y = 2%, but steeper.
Show the important points, the y
asymptote and sketch the graph. i 1 185
3: y=4%+1
2£0,2
125 [ 777
S T3
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Consider the function y = 0.5%. This exponential function is closely related to y = 2.
0.5=1=27"500.5"= 27" The values of y = 0.5" = 2™ are related to those of y = 2*

as shown in the table below. You can check the table on your calculator.

x 3 2 10 1 2
y=2" | 1=0125 1=025 l=05 1 2 4
y=2"" 8 2 4 1 l=05 l1=025 l=o0125

Both graphs are shown on the same set of axes below.

The graph of y = 27 is the reflection of y = 2* in the y-axis. Its features are shown below.

Y

y =2

y=05%=27

T3 aol BRE

¢ The slope of the graph is always negative.
¢ The graph intersects the y-axis at x = 0.

e There is no axis of symmetry.

® As x gets larger, y gets close to the x-axis and the graph becomes flat. The x-axis is an

asymptote.

® As x gets smaller, y gets much larger and the graph becomes very steep.

An exponential function with a base less than 1 (a negative exponent) can also be sketched using

the general shape and a few points.

Example © 32

Sketch the graph of y = 0.25* — 2.

Solution

Find the values for “1,0and 1 as a
guide.

State the asymptote.

State the general shape.

x 10 1
y=025*—2 2 1 175

The asymptote will be y = ~2.
The shape will be like, say, y = 27, but steeper.
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Show the important points, the
asymptote and sketch the graph.

In this section you have seen how the graph of a parabola and other functions can be stretched,
translated and reflected. This is known as transforming the graph of a function. Some of the
important transformations are summarised below.

Transforming the graph of a function
Compared with the graph of a function, y = f(x):

e the graph of y = f(x) + cis a vertical translation. If ¢ > 0, the translation is up and
if ¢ < 0, the translation is down.

e the graph of y = —f(x) is a reflection in the x-axis. The zeros of y = —f(x) are the same as
the zeros of y = f(x).

e the graph of y = f(—x) is a reflection in the y-axis.

e the graph of y = £f(x) is a vertical stretch or compression. The value of £ is the stretch or
compression factor. If £ > 0, the graph is stretched and if £ < 0, the graph is
compressed. The zeros of y = £f(x) are the same as the zeros of y = f(x).

Example © 33

The graph of y = f(x) is shown below.

4_
2_\ /f(x)

‘/z 10 1" *

Use this graph to sketch graphs of the following functions.

a y=Ffx +3 b y=—f(x)
c y=2f(x) d y=Ff(—x)
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a First sketch y = f(x).

Solution

The graph of y = f(x) + 3 is a vertical
translation 3 units up compared with the
graph of y = f(x).

Sketch the translation.

Sketch a graph of y = f(x).

The graph of y = —f(x) is a reflection of
the graph of y = f(x) in the x-axis.

Sketch the reflection. 7 ()
- , Vi VS
2 1 2 3\ %
Sketch a graph of y = f(x). VA
The graph of y = 2f(x) is a vertical =
stretch of y = f(x). The stretch factor 2/ (x)
is 2. IS
Sketch the graph of y = 2/(x). f(x)
L 4o 3 X
-]
v
Sketch a graph of y = f(x). VA
The graph of y = f(—x) is a reflection of 5
y = f(x) in the y-axis. fx) 9
Sketch the reflection. ;_

X

Y
1\/3\

/
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Exercise 5.3 Modelling curves

Your teacher may ask you to use a graphics calculator for some of these questions.
1 For each of the following equations, state whether the graph is a straight line, a parabola, a Understanding

hyperbola, a circle, exponential or none of these. ,
Extra questions

a y:% b y="3 ¢ x2+y2=49 Exercise 5.3
- .2 _ 4 MAT10NAEQO0043

d x=17 e y=3x f Y= 5

g y=5" h x*+9°=36 i y=4dx—2

i y=2x"+5 k3x—2y—15=0 1 y=x>+2x+12

my=x n y=23" 0 y=22—4x

2 Match each of these equations with a parabola from those shown below.

a y=1+ X2 b y=10 - X2 c y= -6 Matching parabolas
d y= -10 — x2 e y= X2 f y = 6 — X2 with their equations
g y=x>+6 h y=-x*+1 i y=x>-10 MAT10NAWK00016
i y:—xz ky:—xz—é 1 y:X2+1O

A \,/ (0,0) (0,710)
[V —F~ /N /)

E F . G
)
X

)
ML A //x
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Fluency

3 Match each of these equations with a graph from those shown below.

a y=2% b y:_% c X¥*+y*=9
d y=2—x? e y=—x f y=x>+4
g y:}—lc h x*+y*=16 iy=3x7
j y=4~ ky:x2—6 1 y:%
A B C
(5,5)
* (1,4)
‘(O,_6) Ol X
E F G
y y Ny
2,8)
(3,3)
B 0,4) A (2;4)
Ol X 0‘ X
I 71 J
(2,12)
h 0 X
Y

L ’2.0,2)
— /N
0 X

For each pair of parabolas described below, which one will be ‘wider’ when compared to the

other?

b y=—x?ory=2x
d y=2x*ory=1x

f y=025x%ory = 4x°

a y=x"ory=4x’
c y=x"ory=1x
e y:73x20ry:%x2

a Sketch the graphs of the following parabolas on the same set of axes.

i y=x7 i y=(x+2)?

i y=(x — 2)?

b Describe how the value of 4 effects the graph of the parabola whose equation is y = (x + a)°.
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6 a Draw graphs of the following quadratics for 4 < x < 4 on the same set of axes.

i y=x7 i y=x"+3 i y=x"+ "2

b For each of the parabolas in part a:
i what is the equation of the axis of symmetry?
ii what are the coordinates of the vertex?

iii what is the minimum value?

¢ Describe how the constant « changes the graph of the parabola with the equation y = x* + 4.

7 Write down the equation of the circle with: Worked solutions
a centre (4, 5) and radius 3 (b) centre (72, 4) and radius 8
¢ centre (3, ~6) and radius 5 d centre (0, 0) and radius 9 MAT1ONAWS00048
e centre (73, ~5) and radius 2 See Example 28

8 For circles with the following equations, find: Worked solutions
i the coordinates of the centre i the length of the radius
a x> +9°=16 b x2+y*=1 MAT10NAWS00048

@(x+2)2+(y—7)2=25 d x+5°+@(p+3)°=9
e (x—6°+(+9)°=121 [ x—4°+0-8)°=64
- (x+3)°+ (y +2)* =100 h (x-i— 1002 + (y — 4)> =225

9 Sketch each of the following circles on suitable axes.
a X*+@+47=16 b (x—3)*+9> =36 c -
d x=3°4+(p-37%=49 e x+1°+@p+5?=25  x—8°+(+8?=64
10 Consider the exponential function y = 2%, See Example 30
a Draw the graph of y = 2* for 73 < x < 3.

b Use the graph to estimate, correct to one decimal place, the value of:

i 2° i 2! iii 2°° iv 21
¢ Use the graph to estimate, correct to one decimal place, the value of x if:
i 2°=1 ii 2°=4 iii 2¥=7 iv 2*=0.8

11 Consider the exponential function y = 3*.
a Draw the graph of y =3 for 72 < x < 2.

b Use the graph to estimate, correct to one decimal place, the value of:

i 3¢ i 3'° iii 3%¢ iv 3%
¢ Use the graph to estimate, correct to one decimal place, the value of x if:
i 3¥=3 ii 3¥=5 iii 3* =04 v 3*=27
12 Sketch each of the following on suitable axes. See Example 31
a y=3"-2 b y=2"+3 c y=4"-1
d y=2"-3 e y=3"+4 fy=5"+1
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Worked solutions
Exercise 5.3

MAT10NAWS00048

See Example 26

See Example 32

See Example 29

13

14

15

18

19

Draw a graph of each of the following quadratic functions. For each graph:
i show the zeros (if possible), the y-intercept and the turning point

ii identify the turning point as a maximum or minimum.

@y:x2—4x—5 b y=—-x>—x+12
c y=x>—6x+5 d y=3x"+24x + 36
e y=2x"—14x+20 f y="2x4+4x+6
g y=—x"+2x—1 h y=x*—6x+9

i y=2x"—4x+2 i y=3x"+6x+21

Each of the parabolas described below has an equation in the form y = x* + cory = —x* + c.
Use the description to write the equation of the parabola in each case.
a avertex at (0, 0) and concave upwards

o

a maximum at (0, 0) and concave downwards

the axis of symmetry is x = 0 and there is a minimum at y = "2

o 6

concave downwards and a vertex at (0, 3)

e avertex at (0, 3) and concave upwards
. . . . o
f  the y-axis is the axis of symmetry and there is a maximum at y = 5

g aturning point at (0, ~6) and concave downwards

Which, if any, of the following points lie on each of the circles in question 7?

A4, 8) BB, 72) C(6,4) D(1, 4) E(5,75)
Sketch each of the following on suitable axes.

a y=02"-2 b y=05"+3 c y=04"-1
dy=2"-1 e y=5"4+2 f y=37"4+1

Sketch the graphs of the following hyperbolas on separate sets of axes. Label one point on
each branch of the hyperbolas that you draw.

2 - 8
a y=*% by:% cy=x dy:%
_ 1 £ _ 720 _ 16 h _ 12
e y= ¢ y= 5 g8 V=% Y=%x

Consider the branch of the hyperbola y = % in the first quadrant. Determine if each of the

following points is on, above or below the hyperbola.

a (3,4) b (1,10) c (0.6,24)

d (1.6,7.5) e (25,5)

Consider the branch of the hyperbola y = % in the fourth quadrant. Determine if each of the
following points is on, above or below the hyperbola.

a (3.8, 76) b (1.6, 712.5) c (3.2, 7625

d (1.2,716) e (2.6,78)
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20

21

22

23

24

9780170194860

a Copy and complete the following table for the equation y = ﬁ

x| 10 122832456

Jy

b Use the points to draw a graph of y = ﬁ

¢ What type of curve is y = p i 3?

d What are the equations of the asymptotes of the graph of y = P 1 3 ?

a Sketch the graphs of the following hyperbolas on the same set of axes. Problem solving
i oy=2 i y= 2

b Describe how the two graphs are related.

a Sketch the graphs of the following hyperbolas on the same set of axes.

i y=1 iy=14+3  iy=142

b Describe how the constant  changes the graph of the hyperbola with the equation
y=%+m

An object is dropped from the top of a tall building. The height (%) in metres of the object at
any time (#) seconds is given by:
h =105 — 4.8¢°
a Draw a graph of the equation for 0 < ¢ <5.
b How tall is the building?
¢ How far has the object fallen after 2 seconds?
d How long does it take for the object to hit the ground?

The distance (d) that a car travels after the brakes are applied at various speeds (s) is given by:

_ 352
500
where d is in metres and s is in km/h.

Draw a graph of the equation for 0 < s < 100 and use it to answer the following questions.
a How far does the car travel after the brakes are applied at a speed of 38 km/h?

b How far does the car travel after the brakes are applied at a speed of 75 km/h?
¢ What was the speed of the car if it took 30 m to stop after the brakes were applied?




See Example 33

25

26

27

28

29

The equation (x — 15)% + (y + 8)% = 289 is a circle.
a Is the origin on, inside or outside the circle?

b Is the point (4, 1) on, inside or outside the circle?
¢ Is the point (1, 4) on, inside or outside the circle?

d How can you easily tell whether a point is inside or outside a given circle?

The distance, d metres, that a ball falls from its starting position after # seconds is
A
=3
Draw a graph of the equation for 0 < # < 4, using intervals of 0.5 s, and use it to answer the
following questions.
a How far has the ball fallen after 2.4 s?
b How far has the ball fallen after 3.8 s?

¢ When is the ball 6 m from its starting position?
Consider the function y = x%(2 — x).

a Draw a graph of the function for "1 < x <2.5.
b What is the maximum value of y for 0 < x < 2?

¢ What is the x value that gives the maximum calculated in part b?

The graph of f(x) = x* — 2x — 3 is shown on the right.
Use this graph to sketch graphs of the following functions. Fx)
a y=/x)+4 b y=2f(x)
¢y =2/ d y=fl=x)
e y=—flx
1 2 4 X
Y
The graph of y = f(x) is shown on the right. by
Use this graph to sketch graphs of the following 6
functions. 44
a y=f(lx)—4 b y=—f(x ﬁ:\ fx)
c y=3f(x) d y=3/(x) - . T >
- 0
e y= f(_ x) 1 o 1 2 3 X
4]
o]
\
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30 A square DEFG is drawn inside a larger square PORS that has a Reasoning
) . ) D
side length of 1 unit, as shown here. I 0,
a If PD = QF = RF = $G = x units, show that e

DQ = (1 — x) units

f— t ——

b Show that the area of the smaller square is given by

A=2x>—2x+1 S

~ ™

¢ Draw a graph of this equation.

d Use your graph to find the value of x at which the area of the smaller square is a minimum.
What is the minimum area of the smaller square?

31 A special fabric is used as a fire retardant. A manufacturer is asked to produce rectangular
sheets of the fabric with an area of 24 m?,
a  Write an equation for the area of a sheet, using x for the length and y for the width of the
sheet.
b Draw a graph of this equation.

¢ Use the graph to determine the width of the sheet when the length is 6.5 m.

32 A group of environmentalists set up a project to track the size of the population of possums in
a native forest. The size of the population is given by:
P =50 X 1.06"
where 7 is the number of months after the project was established.
a  What was the population of possums when the project started?
b How many possums were present after 12 months?

How many possums were present after 30 months?

[¢]

o

Draw a graph of P against # for 0 < 7 < 50.
How long did it take for the population to reach 500?

o
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33

34

A population of cockroaches is discovered in a warehouse. The size of the population is
given by:
C =200 X% 1.12"

where 7 is the number of weeks after the cockroaches were discovered.
a How many cockroaches were in the warehouse when they were discovered?

b How many cockroaches were present after 10 weeks?
¢ How many cockroaches were present after 20 weeks?
d Draw a graph of C against 7 for 0 < » < 30.

e How long did it take for the population to reach 3000?

A hobby farmer wants to build a rectangular enclosure for chickens. He has enough material
to build an enclosure with a perimeter of 30 m.
a If the length of the enclosure is / and the width is 2, complete the expression:

[=...—...
b Write an equation for A in terms of w.
¢ Draw a graph of A against w for 0 < w < 30.
d What are the dimensions of the enclosure that will allow a maximum area?
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Chapter 5 summary

e On the Cartesian plane, points are identified by their x-coordinate and y-coordinate. Quiz
The x-axis and y-axis cross at right angles at the origin to form four quadrants. Cartesian .
Coordinate geometry

(rectangular) coordinates are shown in round brackets with the x-coordinate first.

MAT10NAQZ00005

e The graph of a function, f(x), is shown by substituting x values into the function and plotting
(x, f(x)) on the Cartesian plane. A table of values is often used.

¢ A linear function has a graph that is a straight line. The rule for a linear function is called a
linear equation. In the Cartesian system a linear equation may have an x term, a y term and a
number (constant).

e The distance between two points (x;, 1) and (x, y,) is given by the distance formula:

d = +/(x2 = x1)? + (92 — 31)?
X1 +x2 y1+ yz)
2 2
¢ The points where the graph of a function crosses the axes are called the intercepts. (The term
‘intercept’ can also refer to the distance from the origin to the point where the graph cuts the axis.)

¢ The midpoint, M, of two points (x1, y;) and (x5, y,) is M = (

e The gradient (slope) of a straight line has the symbol 7z and is given by the formula:

. rise ” — Y1
Gradient = m— —=— 2277

un  x; — X

where (x1, y1) and (x5, y») are points on the line.

e  Upward-sloping (rising) lines have a positive gradient and downward-sloping (falling) lines
have a negative gradient. Parallel lines have the same gradient.

e The standard form of the equation for a straight line is ax + by + ¢ = 0. It has no fractions
and all the terms are on one side of the equals sign.

e The gradient—intercept form is y = 72x + ¢, where 7 is the gradient and ¢ is the y-intercept.

¢ The equation of a horizontal line through (4, 5), parallel to the x-axis, is y = 5. The equation of
a vertical line through (4, 5), parallel to the y-axis, is x = 4.

e The gradient—point form of the equation of a line is y — y; = m(x — x1), where 7 is the
gradient and (x;, y;) is a point on the line.

® An inequation has a <, >, < or > symbol. The graph of an inequation is a region (area) of the
Cartesian plane. A solid boundary line is drawn for inequations involving < or > and a dashed
line is drawn for inequations involving < or >.

e Lines with gradients 7z, and 72, are perpendicular if 7z, X 72, = 1 and are parallel if 7z, = 2,.

® A model is a representation of real-life patterns and relationships. A relationship that can be
represented by a function of the form y = x + ¢ is called a linear model.

e For real-life data, we may need to draw a line of best fit (trendline) for the plotted points in
order to see the relationship.

* A quadratic function has the form y = ax? + bx + ¢ and forms a graph that has a shape called
a parabola. A parabola is symmetrical about the turning point or vertex, which may be a

maximum or minimum. The zeros or roots of a quadratic are where the graph cuts the x-axis.
* The equation of a circle with centre (x;, y;) and radius 7 is (x — x1)* + (y — y1)* = *.
¢ The equation of a rectangular hyperbola is y = f—cwhere a is a constant and « # 0. A hyperbola
has two parts called branches.

¢ Functions that have the general form y = 4” are called exponential functions.
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Chapter b review

Understanding 1 Use the graphs below to calculate the gradient of each of the segments.

2 The graphs below are not drawn to scale.
a Y
- 27 \}\2

= % ‘\

(°1,3)

A 253

/

Choose the most appropriate equation for each one from the following list.
Ay="ix+1 B y=3x Cy=3ix-1 Dy=—x+2
3 Drawy= "1for 73 <x <3.
4 Drawy=3x —4for 2<x<2.

5 State whether each of the following is a linear equation.

a 3y=7-5x b g+2y=8 c y=%+4 d y=x"-4

(=2

See Example 10 Draw the line y = 2x — 3 for 3 < x < 3 and find the intercepts.

~

See Example 19 Determine whether (5, 6) is on the line y = 2x — 3.

8 Find the equation of the line parallel to the x-axis passing through (74, 7).
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9

10
11
12
13
14
15

16
17

18

19

Chapter 5 review

The graphs below are not drawn to scale.
Match the equation with the graph for quadratic, circular, hyperbolic and exponential functions.

a 7 b y c

/(1,3) 2,2)
VX

= TV -

Choose the most appropriate equation for each one from the following list.

S

i y:ii i y=x>—9 il y =37

iv x> +9°=16 v y=—x*+4 Viy:%

Find the distance between points ("2, 4) and (3, ~8). Fluency
See Example 1

Find the midpoint of the line joining (72, 4) and (3, ~8). See Example 3

Find the slope of the line passing through (72, 4) and (1, 72). See Examples 5, 6

Find the equation of the line with a gradient of 3 and y-intercept (0,7 1). See Example 14

Without drawing a graph, find the gradient and y-intercept of the line x — 2y + 4 = 0. See Example 15

A line with gradient 3 passes through the point (72, 5). Find the equation of the line in See Example 16

gradient—intercept and standard forms.

Find the equation of the line passing through (72, 3) with gradient ~2, in standard form.

A line passes through the points (2, 71) and (74, 5). Find the equation of the line in See Example 17

gradient—intercept and standard forms.

Without drawing a graph, determine whether 3x — 4y +2 =0 and 8x + 6y + 1 =0 are
parallel, perpendicular or neither.

State whether each of the following pairs of gradients, 772, and 7z,, represent lines that are

parallel, perpendicular or neither.

a m1:3andmz:% b m1:0.25andm2:% ¢ m =2andwn =705
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Chapter 5 review

See Example 20

See Example 28

See Example 30

See Example 13

See Example 26

See Example 29
Problem solving

See Example 4
See Example 9

See Examples 23, 24

See Examples 23, 24

20

21
22

23
24

25
26

32

33

For each line with gradient 7z, shown below, find the gradient 7z, of the line perpendicular to it.
a m =4 bm1:2% c m =04
Find the equation of a line parallel to y = 3x + 4, passing through ("1, ~5).

Find the equations of the lines parallel and perpendicular to y = 3x + 4, passing through
(71, 75), in standard form.

Find the equation of a circle with radius 4 and centre ("1, 3).

a Sketch the graph of the exponential function y = 4* for 2 < x < 2.
b Use the graph to estimate, correct to one decimal place, the value of 4%
¢ Use the graph to estimate, correct to one decimal place, the value of x if 4* = 6.

Graph the inequation y < 2x — 1.

a Draw the graph of y = x> — x — 6 and use it to identify the main features of the parabola.
b Identify the turning point as a maximum or minimum.

Sketch the graph of the hyperbola with equation y = % and label one point on the graph.

The midpoint of ABis (4, "1). If A = (6, ~3), find point B.
Show that the points (5, “4), (74, "1), (76, 6) and (3, 3) are the vertices of a parallelogram.
Show that the points (6, 1), (4, 4), (5, “2) and (73, ~5) are the vertices of a rectangle.

The speed of a car after passing a checkpoint is given by the function § = 10 + 3T, where S is
the speed in m/s and T is the time in seconds after passing the checkpoint.

a  Draw a graph of the function for 0 < T < 10.

b Use the graph to find when the speed of the car will reach 30 m/s.

¢ Use the graph to find the speed of the car after 4 seconds.

The owner of a fast-food outlet has a total of $200 to spend on hamburger patties and

frankfurters for hot dogs each day. Each hamburger patty costs $1.60, while each frankfurter

costs 60c.

a  Write an equation for the number of hamburger patties (4) and frankfurters ( #) that the
owner could buy.

b Complete a table of values for / and £ and use it to draw a graph of the equation.

¢ If the owner knows that she usually sells 70 hamburgers a day, how many frankfurters

should she buy?

A hobby farmer wants to fence off a rectangular pen for

chickens using an existing fence as one boundary for

the pen, as shown. She has only 16 m of fencing

material and wants to use it all to form the pen.

a If the side of the chicken pen is x metres long, form an
equation for the area, A, of the pen.

b Draw a graph of the area.

¢ What is the maximum area of the pen?

d Find the dimensions of the pen that give the maximum area.

Existing fence

Ss—=s--.

==
11
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Chapter 5 review

34 The graph of f(x) = 2 — x — x7 is shown below. See Example 31

Use this graph to sketch graphs of the following functions.

a y=flx)+3 b y=3f(x) c y=—f(x) d y=Ff(—x)
35 The hearing ability, 4, measured in hearing units, of people of various ages, 4, was measured Reasoning
as follows. See Example 25
Age, a (years) 8 24 43 |51 62|77

Hearing ability, h | 96 | 69 | 64 | 49 | 32 | 28

a Plot the points and draw a line of best fit for the data.

b Find the equation of the line of best fit.

¢ Use the equation of the line of best fit to calculate the likely hearing ability of a 30-year-old.
d At what age would you expect a person’s hearing ability to reach 20 hearing units?
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Statistics and probability

Probability
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6.1 Probabilities of single events

6.2 Probabilities of combined events
6.3 Conditional probability

Chapter summary

Australian Curriculum stateme
Chance

Describe the results of two- and three-step chance
experiments, both with and without replacements,
assign probabilities to outcomes and determine
probabilities of events. Investigate the concept of
independence. (10)

Use the language of ‘if ... then, ‘given’, ‘of’, ‘knowing

Chapter review

Prior learning
Chapter 6

MAT10SPPL0O0017

Parent guide
Chapter 6
MAT10SPPG00017
Curriculum guide
Chapter 6
MAT10SPCU00017

9780170194860

that’ to investigate conditional statements and identify
common mistakes in interpreting such language. (10)
Investigate reports of studies in digital media and
elsewhere for information on their planning and
implementation. (10A)




Radioactive materials are an important part of our modern world. They are used in medicine to
treat cancer and to trace blood in its journey around the body to treat cardiovascular diseases. The

theory of radioactivity uses mathematical probability theory. Indeed, much of modern physics
relies on probability to explain the atomic and subatomic theories about matter. While it is certain
that uranium will decay to give other elements, it is chance that determines which atoms of the
CLAEEEA ranium decay. The probabilities are worked out using energy states within the uranium nucleus.
i (.l culation of the statistics from the probabilities produces the theory of atomic decay. Probability

probability ) ) ) o ) ) )
and statistics are both important to understanding the certainties of physics, as well as their uses in
MAT10SPWBO00006 .
our society as a whole.

MAT10SPVT00006
Weblink

M Mathematical literacy
The mathematical words below have special meanings that you will learn in this chapter. It is

important that you learn to spell them and gradually learn what they mean in mathematics. You

MATI0ASDI0000T may find the glossary or online mathematical dictionary useful for this purpose.
and experimental multiplication simplified tree
assuming probability principle diagram
certain favourable mutually exclusive theoretical
complement outcome null set probability
conditional frequency or tree diagram

probability given outcome trial

dependent if ... then probability two-way table
element impossible relative frequency union
event independent sample point universal set
expected frequency intersection sample space Venn diagram

ﬂ. Probabilities of single events

You already know how to calculate probabilities from frequencies. You should also know that
although you can use probability to predict the proportion of times something will happen in the
long run, it will not tell you what will definitely happen next. The probability of tossing a tail the
next time you toss a normal coin is always 0.5. It doesn’t matter if you have tossed 20 heads in a
row, the probability is still 0.5. While there is natural variation, the greater the number of trials,
the closer the theoretical and experimental probabilities will be.
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Investigate: Lotto simulation

Australia, like many countries, has various
Lotto games where you choose 4 or more

Teacher notes
Lotto simulation

numbers up to 36, 40, 50, 70 or 80. They MATI0SPTNO00O3
are marketed as Powerball, Gold Lotto,

Lotto Strike, Keno, Oz Lotto, Australian
Soccer Pools, Intralot, Super 66, Cash 3 and MAT10SPTI00006
so on. If some or all of your numbers ‘come

up’, you win a prize. Most people who play

these games do so in the hope of winning
the major prize or jackpot. The probability MAT10SPCPO0006

of winning the major prize varies with the
format but it is usually less than 0.000 001.
The game below, Class Lotto, only uses ten

numbers.

Rules for Class Lotto

Each person in the class chooses 4 numbers from 0 to 9 to put on their entry form.
You need to put the game number on your form before it is collected.

The entry forms are collected and the draw is done.

Your teacher will use a ten-sided die or a computer to pick the winning numbers.
The winner (if there is one) is the person whose numbers come up.

MR W N e

Class Lotto entry form Game number:
Name:

Circle four numbers:
0 1 2 3 4 5 6 7 8 9

e Play the game until someone in the class wins.

® Then keep going until someone wins again.

® Would you need to go this long again until you got another winner?

e Try it out to see how long it takes.

e What is the experimental probability of winning Class Lotto?

e Compare the experimental probability with the theoretical probability (your teacher will
tell you what it is).

The probability of winning Class Lotto is about 5000 to 20 000 times as good as winning any of
the commercial games. This means that, in the long run, you would win Class Lotto at least 5000
times before you won a commercial lotto game.
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Important!

Probability

Experimental probability uses real data to work out chances or likelihoods. Each item of
data is called a trial. Theoretical probability is based on a list that contains all the possible
outcomes. The list is called the sample space. Every outcome in the sample space is listed
exactly as many times as it is possible for it to occur. A single outcome is called an element or
sample point.

An event is a collection of outcomes, whether they come from trials or a sample space. This
set could have any number of elements, from none up to the total number.

The outcomes in an event for which you are calculating the probability are called favourable
outcomes. The number of elements in an event is written as #(event) or is the frequency of
the event.

The probability of an event is a number from 0 to 1, written as P(event) and worked out
using the formulas below, provided that all elements of the sample space have an equal
chance of occurring.

Frequency of event Number of favourable outcomes
P(event) = =

Total Frequency Number of trials
n(event)

P =— -
or P(event) n(sample space)

Experimental probabilities are also called relative frequencies. Probabilities can be written
as fractions, decimals or percentages. An event which has a probability of 0 can never
happen and is said to be impossible. An event with a probability of 1 always happens and is
said to be certain.

A probability measures the expected proportion of the time an event will occur.

Expected frequency is the product of the probability and the future number of attempts.
An event E is composed of elements in the sample space. The complement is the event
consisting of the rest of the sample space, and is shown as E’ or E. The sum of the
probability of an event and its complement is 1, so P(E) + P(E’) = 1, P(E') =1 — P(E)

and P(E) =1 — P(E).
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Example ™1

The masses of 100 g chocolate bars were measured as they came off the production line.
The results (in grams) were as follows.

100 99 99 103 100 100 101
102 102 100 101 100 101 101
102 929 99 98 100

a  What is the probability of a bar being underweight?
b How many underweight bars would you expect to get in a carton of 2000 bars?
¢ How many bars would you need to buy to end up with 30 overweight bars?

Solution
a Check the numbers. There are 19 bars, 5 underweight and
8 overweight.f o
Write the formula. Probablity = avoura ? outcomes
trials
Substitute values. = % ~ 0.263
b Multiply by the number of trials. Expected frequency = 119 X 2000 ~ 526
Werite the answer. There would be about 526 underweight
bars from 2000.
¢ Write an equation for the number 30 — 8 y
of trials needed. 19 d
X1
Solve to find 2. t= 30 g ? ~ 71
Werite the answer in a sentence. You would need about 71 bars to find 30

overweight ones.
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Example T2

Peter, Louisa, Jessica, David and Hannah play ‘eenie, meenie, minie, mo’ to decide which
Single event A sit in the f 1l id
probabilties two will sit in the front on a roller coaster ride.
MAT10SPWK00018

a List the sample space for the front seats.

b What is the probability that two girls will be at the front?
¢ What is the probability that there will be at least one boy at the front?

Solution

a  Use the first letters of their names to list
the sample space. It doesn’t matter who
is first.

b There are 3 combinations with 2 girls:
LJ, LH and JH.
Write the answer.

¢ ‘At least one boy’ is the complement
of ‘two girls’.

Write the answer.

Sample space = {PL, PJ, PD, PH, L],
LD, LH, JD, JH, DH}

P(two girls) = % =03 =30%

The probability of two gitls in front is 30%.
P(at least one boy in front) = 1 — 0.3 = 0.7

The probability of at least one boy being
at the front is 70%.
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Investigate: Archery targets

An archery target is divided into 5 colours with a
thin line in the middle of each colour. Points are
given for arrows that land in each zone as shown
in the diagram on the right. The inner ring in the
middle of the 10 part of the yellow circle is only
used for tie-breaks and still scores 10. The whole
target is 122 cm or 80 cm in diameter.

MAT10SPWK00039

If you hit the target, what is the probability of scoring 6?

® Assuming the target is 80 cm in diameter, what is the area of the whole target?
What are the diameter and radius of the 6 point circle?

What is the area of the 6 point circle?

What is the probability of scoring 6?

What are the probabilities of the other scores, assuming that you do hit the target?

In the investigation above, there are an infinite number of places where an arrow can land on a
target. It is still sensible to work out probability in situations like this where there are an infinite
number of possible events, so you cannot list a sample space. Mathematically defining probability for
infinite sets is quite difficult. However, you can still calculate probability as a razz0. You need to be
able to find the fraction of the favourable events to all the events using area or some other method.
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Example © 3

Ten-cent coins (diameter 23.6 mm) are thrown onto a small table that has been divided into
squares of side length 4 cm. If the coin lands completely inside a square, you get 50c back.
a  What is the probability you win?

b Your friends say you’ll probably lose. Are they right?

Solution

a Draw a square and show some places where the
coin could land and be completely inside.

It is immediately clear that the centre of the
circle is restricted to a much smaller square.

Draw a diagram showing the square where the ﬁ N\

coin’s centre could land. [ / \ 11.8 mms

For the coin to be completely inside the square,
its centre must land within a smaller square that
is 40 — 2 X 11.8 mm wide.

Calculate the area that the centre can land

in to be completely inside. Area inside = 16.4 X 16.4 mm®
= 269 mm’
Calculate the area of the whole square. Area of square = 40 X 40
= 1600 mm?

Find the probability of landing completely .. 269

P(inside) = ——
inside as the ratio of the areas. (inside) 1600

~ 0.168

Werite the answer. The probability of winning is about 17 %.

b To make money, you'd have to win 1 in 5 times. 17% < 20%, so your friend is right.

If coins landed too close to the edge of the table in Example 3, they would fall off. However, in
sideshow alley games like this, it wouldn’t make any difference to the probability.

Probabilities are used in betting, but they are given as odds. Of course, the odds used by bookmakers,
TAB, casinos, poker machines, keno games and so on are 7ot fair. They need to make money from the
people who bet to pay for venues, equipment, staff, and other costs and to provide a profit.
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Odds

Odds are given as a ratio. Odds of 7 : 72 mean that for every 7z dollars you bet, you get 7 dollars
plus the amount of your bet if you win. For odds on, the ratio is given in the reverse order.

Example © 4

For each of the following bets, calculate the amount you would get back if you won.

a $Hat6:1 b $4at3:2 ¢ $8at2:1o0n
Solution
a Calculate the amount won. Amount won = $5 X 1~ $30

Calculate the amount received. Amount back for win = $30 + $5 = $35
b Calculate the amount won. Amount won = $4 X = = $6

Calculate the amount received. Amount back for win = $6 + $4 = $10
¢ Calculate the amount won, remembering 1

that odds on means the ratio is reversed. Amount won = $8 X 2 $4

Calculate the amount received. Amount back for win = $4 + $8 = $12

Fair odds are based on probability. That is, in the long run you would expect to come out even,
neither winning nor losing. Consider the case of a spinner with 15 equal sectors where you won

if it landed on either of 2 sectors. Then the probability of winning would be &. You would expect

to win about 2 times out of every 15 times you played. If you did play 15 times and won twice,
then you would get back your $1 bet each time, so you would need to win another $13 to come
out even. In other words, you would need to win $6.50 each time you won to break even. The
odds would be the ratio 6.5 : 1 = 13 : 2. Notice that 2 is the denominator in the probability and
13 = denominator — numerator. Using this as a rule will obviously always produce fair odds.

Important!

Fair odds

For a situation where your probability of winning is the fraction ZZ)/’ the fair odds are (g — p) : p.

Example © 5

What are the fair odds for betting on a situation where you have a 12% chance of winning? _

) Fair odds
Solution 1z 3 MAT10SPPS00049
Write 12% as a fraction. 12% = 100~ 25
Find the difference between the
denominator and the numerator. 25 -3=22
Write the odds. The fair odds are 22 : 3.
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Exercise 6.1 Probabllities of single events

Understanding 1 How much would you get back if you won each of the following bets?

See Example 4 a $15at5:1 b $20at2:1on c $10at4:1
d $30at4:3on e $40at5:4

2 What are the fair odds for each of the following situations?
a The probability of winning is 0.3. b The probability of winning is 10%.

See Example 5

¢ The probability of winning is 7. d The probability of wining is Z.
e The probability of winning is 25%.
Fluency 3 In June, Brisbane has an average of 8.7, Sydney 12.5, Melbourne 15.4, Adelaide 14.9, Perth
15.1, Dar.win 0.6 and ITI'obart 14.5. rainy c?ays. ' .
. a  What is the probability of a rainy day in June in each capital?
e b If June is typical of the winter, how many rainy days would you expect in Melbourne over
MAT10SPEQ00044 winter?
¢ How many days in Brisbane in winter would you expect to be rain-free?
See Example 1 4 Inaparticular oyster bed off the Western Australian coast, a diver found 7 pearls in 58 oysters.
a  What was the probability of finding a pearl in an oyster?
b What was the probability of not getting a pearl?
¢ How many pearls would you expect to find in 400 oysters from this bed?
d How many oysters would you have to open to get 400 pearls?
5 There are 52 cards in a normal pack. ‘Cutting’ the pack selects one card, which is then replaced.
a What is the probability of cutting a heart?
b What is 7(jack)?
¢ What is P(jack)?
d What is the probability of cutting a picture card?
e What is the probability of cutting an ace?
f What is the probability of cutting a number card?
g If the cards were cut 60 times, how many court cards (K, Q, J) would you expect to get?
See Example 2 6 Esmeralda has 3 sun-caps (red, yellow
and blue) and 2 colours of zinc cream
(pink and yellow) for her face.
a Show the sample space of
combinations of caps and cream,
with zinc cream first.
b What is the probability that
Esmeralda has a matching sun-cap
and zinc cream, if she puts on both
at random?
See Example 3 7 A game has a table divided into 5 cm squares for throwing Australian 20 cent coins. You win a
dollar if you land the coin completely inside a square. Australian 20 cent coins are 28.5 mm in
diameter.
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a  What is the probability of winning?

b Is the game set up for the operator to win?

8 Find the probability for each of the following fair odds.

a 4:1on b 10:1 c 6:1 d 3:20n e 7:5
(9) Insurance companies use records of deaths to Problem solving

work out the rates for life insurance. The table Age at death Number of deaths Worked solution
on the right shows the numbers of deaths expected Males = Females -
from 50 000 Australian men and 50 000 Australian | 20 32 13 exercise 6.1
women at certain ages in 1 year. 30 41 19 MAT10SPWS00049
a What is the probability that a 30-year-old 40 67 39

man will die in the next year? 50 161 94
b From 53 000 40-year-old men, how many 60 348 205

would you expect to die in the next year? Source: From ABS mortality tables

¢ Work out a recommended premium for
$100 000 life insurance coverage for a 50-year-old
man for 1 year, assuming that 40% of the premium is taken by costs.

d Work out the premium for a 60-year-old woman on the same basis.

e A leading insurance company quotes a premium of $23.44 per month on the internet for
$200 000 cover on a 40-year-old female non-smoker. Use the probability of death from the
table to decide whether this is a reasonable premium.

f  Another insurer quotes $79.05 per fortnight on an internet calculator for $200 000 cover
for a 60-year-old male non-smoking electrician. Use the probability of death from the table
to decide whether this is a reasonable premium.

10 A drawer contains 3 green socks and 2 yellow socks. Two socks are taken out at random.
a List the sample space using the abbreviations G1, G2, G3, Y1 and Y2 for the socks.
b Which event is more likely: getting matching-colour socks or unmatched socks?
¢ What is the probability of getting 2 green socks?
d What is the probability of getting 2 yellow socks?
e What are the fair odds for matching colours?

@ A dartboard is 451 mm in diameter, and the scoring area has a
diameter of 340 mm. The inner bull has a diameter of 12.7 mm
and the outer bull has a diameter of 31.8 mm. The outside of the
treble ring has a diameter of 214 mm and the double and treble
rings are both of width 9 mm. Beginners generally struggle to
consistently hit the dartboard. Assuming that you hit the board:
a  What is the probability of scoring?

Worked solution
Exercise 6.1

MAT10SPWS00049

b What is the probability of getting a triple? e el
¢ What is the probability of getting a double 3? B
d What are the fair odds for a double? MAT10SPWS00049

@ In question 7, explain why it doesn’t matter how big the table is. What about if you could have Reasoning

another go if your coin fell off? Explain your answer.
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Performance of
diagnostic tests
(R12187)

MAT10SPINO0O0OO6

m Probabilities of combined events

Many probability questions are concerned with combined events. The simplest ways of
considering combined events are by using two-way tables, tree diagrams and Venn diagrams.

Use of probability diagrams

You will find two-way tables most useful for situations with two dimensions. Situations with
two variables are of this kind.

Tree diagrams are most useful for situations in stages. If one part occurs before another, or
you can consider it like that, then a tree diagram is a useful way to visualise the problem.
You would obviously use Venn diagrams when a situation can be thought of in terms of
combinations of sets. They are particularly useful for situations involving ‘and/or’
combinations.

Example T 6

The measured reaction times and the Reaction time (seconds)

time (%n hours) students s.ald they spent TV hours | 0.2-0.29  0.3-039 0.4+
watching TV on school nights are

recorded in the table below. st ;; égz g?
a  What is the probability that a > 15 11 29 24

student who watches more than
15 hours of TV on school nights
has a reaction time under
0.3 seconds?
b What is the probability that a
student who watches less than
6 hours of TV on school nights
has a reaction time under
0.3 seconds?
¢ Compare the probabilities of reaction
times under 0.3 seconds of students
who watch less than 6 hours of TV on
school nights with those who watch more than 15 hours of TV on school nights.
d Do these results support the idea that parents should restrict their children’s

TV watching?
Solution
a  Write the number of trials. n(watch more than 15 hours of TV) = 64
11
Find the probability. P(< 0.3 s with more than 15 hrs) = " 0.1719
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b Write the number of trials. n(watch less than 6 hours of TV) = 204
Find the probability. P(< 0.3 s with less than 6 hrs) = % ~ 0.1814

¢ 17% and 18% are neatly the same.  There is little difference between the reaction
times under 0.3 seconds of students who watch
less than 6 hours and those who watch more than
15 hours of TV on school nights.

d Reaction times are not affected. If you are only concerned about reaction times,
the results do not support restrictions, but most
parents would have other concerns.

Tree diagrams can be extended to cope with three stage events.

Example 7

Three coins are tossed together.
a Use a tree diagram to show the sample space.

. .1 . MAT10SPVT10013
b What is the probability of getting at least 2 heads?

SOIUtlon Combined events: Tree
a It makes no difference whether the Fir'St Sec‘?nd Thi.l'd diagrams
coins are tossed at the same time or com com C?in_ _— MAT10SPPS00015
one after the other. You can draw H < o
the tree diagram as if they are H I'=HH]I -
tossed in succession. . < H=HTH
aa MAT10SPTI0O0006
There are 8 elements in the sample T =HTI
space. H=THH
H <
H=TTH MAT10SPCP00006
T <
T=TTT

n(at least 2 heads)
n(sample space)

Include 2 heads and 3 heads. = % =1-905

b Write the formula. P(at least 2 heads) =

[¥]]

When people say ‘2 heads’ in situations like Example 7, they usually mean ‘exactly 2 heads’. This
is different to ‘at least 2 heads’, and different again to 2 heads in a row’. You can see from the tree
diagram above that P(exactly 2 heads) = 3 and P(2 heads in a row) = 1. It is not really necessary to
show the elements of the sample space on the end of the tree diagram, so the HHH, HHT, HTH,
etc. can be omitted on the end of the tree diagram.

When there are more than a few possibilities, you will find the size of a tree diagram becomes quite

large. You can combine branches, provided you keep track of the number of branches at each node.
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Selections without
replacement

MAT10SPPS00050

Important!

Simplified tree diagrams

A simplified tree diagram shows repeated branches on a normal tree diagram as single branches.
You write a fraction in the combined branch. The numerator shows the number of repeated
branches that have been combined. The denominator shows the total number of branches.

Example T8

Three cards are dealt from a normal 52-card pack after it is shuffled. Use a simplified tree
diagram to find the probability that they are all picture cards (jacks, queens or kings).

Solution

For the first card, combine the 12 picture
card branches and the 40 other card
branches from the 52 cards at the node.

This is a non-replacement question, so the
second card is chosen from 51 cards.

On the picture branch, 11 are picture cards
and there are still 40 non-pictures.

On the other branch there are still 12
picture cards but only 39 others.

There are 50 cards left to pick from.

On the first node there are 10 picture cards
and 40 others left.

On the second node there are 11 picture
cards and 39 others left.

On the third node there are also 11 picture
cards and 39 others left.

On the last node there are 12 picture cards
and 38 others left.

You want the P-P-P combined branches.
These really have 12 X 11 X 10 branches
from the total of 52 X 51 X 50 branches
altogether in an unsimplified diagram.

Work out the answer.

Round and write the answer.

Lr
2o
<%P
3o
<;8P

50
39
510 &
38
50 O
) 12X 11X 10
P(} plctures) = m
= % ~ 0.009955

The probability of getting 3 picture
cards is just under 1%.
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It does make a difference whether the cards are replaced or not. In Example 8, the probabilities in
the second stage are affected by the result at the first stage, but in Example 7 the first stage does
not affect the second.

Dependent and independent events

Two events are independent if the probability of one is 7ot affected by the occurrence of the other.
Dependent events are not independent.

Investigate: Babies’ names

Teacher notes
In NSW, the probability that a newborn baby will be named Michael is obviously Qldv. NSW

independent of the probability that a newborn in Queensland whose parents are not MAT10SPTNO000A
known to the parents of the NSW couple will be named Michael. Suppose that on a

particular day 25 babies are born at a NSW hospital and 23 are born in a Queensland

hospital. Three of the NSW babies are named Michael and 2 of the Queensland babies are

named Michael. What is the probability that if one baby from each of NSW and

Queensland is chosen at random they will both be named Michael?

¢ In how many ways can you choose a baby named Michael from Queensland?

e For each of the ways that a baby named Michael is chosen from Queensland, how many
ways can a baby named Michael be chosen from NSW?
* How many ways altogether does this mean that babies named Michael can be chosen from

both Queensland and NSW?

e For each of the ways that a baby named Michael is chosen from Queensland, how many
ways can a baby 7ot named Michael be chosen from NSW?

® How many ways altogether does this mean that a baby named Michael can be chosen from
Queensland and one not named Michael can be chosen from NSW?
® In how many ways can you choose a baby #0f named Michael from Queensland?

e For each of the ways that a baby 7o named Michael is chosen from Queensland, how
many ways can a baby named Michael be chosen from NSW?

* How many ways altogether does this mean that a baby #of named Michael can be chosen
from Queensland and one named Michael can be chosen from NSW?

e For each of the ways that a baby 7o named Michael is chosen from Queensland, how
many ways can a baby 7ot named Michael be chosen from NSW?

® How many ways altogether does this mean that a baby #0# named Michael can be chosen
from Queensland and one 70f named Michael can be chosen from NSW?
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Combined events:
Two-way tables

MAT10SPPS00014

e Complete the two-way table below.

New South Wales
Michael | Not Michael Total
Michael
Queensland "0 N ichael
Totals 575
Work out the following.

e The probability of a baby named Michael being chosen from Queensland.
¢ The probability of a baby named Michael being chosen from NSW.
e The probability of a baby named Michael being chosen from Queensland and a baby

named Micahel being chosen from NSW.

® The product of the probability of a baby named Michael being chosen from Queensland

and the probability of a baby named Michael being chosen from NSW.

What do you find?

From the investigation above, it is clear that the probability of a combination of independent
events can easily be calculated from the individual probabilities.

Probability of a combination of independent events

The probability of two independent events A and B both occurring is the product of their
individual probabilities.

For independent events A and B, P(A and B) = P(A) X P(B).

Example T°9

Two dice are rolled together. What is the probability they both land on 1?

Solution

The results for the dice

are independent. P(1stis 1 and 2nd is 1) = P(1stis 1) X P(2nd is 1)
1 1

Substitute the values. =2 X5

Calculate the answer. — 3%,
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The commonly used English words ‘and’ and ‘or’ are often used as if they mean the same thing. In
mathematics the difference between them is very important.

The meanings of ‘and’, ‘or’

In mathematics, ‘... and ..."” means both, but ‘... or ..." means at least one.

‘and’ corresponds to the intersection of sets, while ‘or’ corresponds to the union of sets.
The intersection of two sets A and B, A N B, is the set that contains the elements in both

A and B.

The union of two sets A and B, A U B, is the set that contains the elements in at least one of
A orB.

Example © 10

a Draw a Venn diagram to show the numbers from 1 to 15 inclusive. Show set
A = {odd numbers} and B = {prime numbers}. Use your diagram to find the following

probabilities for a number from 1 to 15. MAT10SPVT10014
b It is odd and prime. ¢ Itis odd or prime. d Tt is even or prime.
Solution
a Show all the numbers in the universal
. 4 6 8
set (the numbers from 1 to 15) in the rectangle.
Put the numbers in the appropriate parts of the 10 12
Venn diagram. Remember that 2 is the first 14
prime number.
ANB
b Write the formula using set notation. P(odd and prime) = ;1((4U))
n
Substitute values (there are 5 in the 5
intersection). 15 3
AUB
¢ Write the formula. P(odd or prime) = %
Substitute val _2 s
ubstitute values. =135
AUB
d Write the formula. P(even or prime) = ( )
»(U)
12
Substitute values. 5= 4
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The link between and, or, intersection and union allows you to work out a formula for

combinations of probabilities.

Probability of a combination involving and/or

The probability of the combined event (A or B) is given by the formula below.
P(A or B) = P(A) + P(B) — P(A and B)

This is easily shown with a Venn diagram of events A and B with a sample space (universal set)

having # members.

Suppose there are 77z elements in A N B, p elements in A that are not in B and ¢ elements in B that

are not in A. Show all the numbers in the diagram.

Obviously n(AUB)=p +m + ¢

_n(AUB) m+p+gq
Then P(A or B) = W0y »
Now add 0 to the top line in the form 7z — 2.
m+p+q+m—m

Then you get P(A or B) =

P(A or B) = (m+p) + (;z+m) —m _n(A) +n(Bl— nANB) _ n(j) +n(uB) _n(AuﬂB)
But " p(a), ") p) and “AOB) _ p(a and B, o

P(A or B) = P(A) + P(B) — P(A and B)

Example " 11

When they were children, 20% of
adults had measles, 30% had
chickenpox and 12% had both.
What is the probability that an adult
chosen at random had childhood

measles or chickenpox?

Solution
Write the formula.
Substitute values.

Write the answer.

QED

P(A or B) = P(A) + P(B) — P(A and B)
=02+03 —-0.12=0.38
The probability is 38%.
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Exercise 6.2 Probabilities of combined events

Understanding

1 Two normal coins are tossed together. What is the probability that they are both heads?

2 Two weighted coins are tossed together. They have a 60% chance of landing with heads up. Extra questions
What is the probability that they are both heads? Exercice 6.2
3 What is the probability that 3 normal coins tossed together will all be heads? MAT10SPEQ00017
4 What is the probability that 4 normal coins tossed together will all be heads? See Example 9
5 If 3 normal dice are tossed, what is the probability of getting a total of 18?
6 Three dice have the dot for the ‘one’ drilled out and lead inserted so that the chance of getting
a six increases to 25 %.
a  What is the probability that when two dice are tossed you get a double six?
b What is the probability that when all three dice are tossed the total is 18?
7 A number is chosen at random from the numbers 1 to 50. What is the probability that it is a See Example 11

multiple of 3 or 4?

8 A card is chosen at random from a normal pack. What is the probability that it is a number
card (not A, K, Q, ]) or a heart?

9 A bag contains 2 yellow and 3 black marbles. Two marbles are drawn at random, with Fluency

replacement. See Example 6
a Use a tree diagram to show the sample space.

Find the probability that the marbles are:
b both yellow ¢ both black d different colours.

10 Repeat question 9 without replacement.

11 Two red, two blue and two yellow marbles are placed in a jar. Two marbles are then chosen at
random.
a If the first is replaced before the second is chosen, what is the probability that:
i they will be the same colour?

ii they will be different colours?

iii at least one marble will be yellow?

b If there is no replacement, what is the probability that:
i they will be the same colour?

ii they will be different colours?

iii at least one marble will be blue?

12 a Draw a Venn diagram to show the names of the days of the week and months of the year. See Example 10
Let A = {Names containing the letter ‘t’}, B = {Names starting with ‘m’} and C = {Names
with at least two vowels}.

Use your diagram to find the following probabilities for the name of a day of the week or
month of the year.

b It has at least two vowels and a ‘t’.
¢ It has at least two vowels or a ‘t’.

It starts with ‘m’ and has a ‘t’
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See Example 7

See Example 8

13

14

15

16

17

It starts with ‘m’ or has a ‘t’.

It starts with ‘m’ and has at least two vowels.

It starts with ‘m’ or has at least two vowels.

St Mmoo

It does not have ‘t” or start with ‘m’

It does not have at least two vowels or start with ‘m’.

-

j Tt does not have at least two vowels or a ‘t".

A family is selected at random from families having 3 children.
a Use a tree diagram to show the sample space for the genders of the children.

b What is the probability that 2 of the children are girls?
¢ What is the probability that at least 2 of the children are girls?
d What is the probability that all of the children are boys?

A caterer prepares 4 salad, 3 ham

and 5 fish paste sandwiches

for mixed plates. A guest takes

2 sandwiches at random from

a plate no one else has touched yet.

a Use a simplified tree diagram to
show the sample space.

b What is the probability that they
are both ham sandwiches?

What is the probability that they are both salad sandwiches?

What is the probability that they are both fish paste sandwiches?

What is the probability that one is ham and the other is a salad sandwich?
What is the probability that one is ham and the other is a fish paste sandwich?
What is the probability that one is fish paste and the other is a salad sandwich?
What is the probability that they are both the same kind of sandwich?

What is the probability that they are different kinds of sandwich?

a6

0o Mmoo

-

A card is cut from a normal 52-card pack and the suit is noted. The card is replaced and the
process is twice repeated.
a Draw a simplified tree diagram to show the sample space for spades.

b Find the probability that all 3 cards are spades.
¢ Find the probability of getting at most 1 spade.

A multiple-choice test has 4 questions, each having 5 responses. Only one of the responses is
correct in each question.
a Draw a simplified tree diagram to show correct and incorrect responses.

b Find the probability of getting all 4 questions correct by chance.

¢ Find the probability of getting at least 2 questions correct by chance.

d TIf 50 people did the test, how many would you expect to pass by chance?

A university English literature library has 15 000 books: 2000 of them are about Shakespeare’s
works, 5000 of them are about plays and 1300 are about Shakespeare’s plays. A book is

selected at random by a silverfish.
a  What is the probability that it is about Shakespeare’s plays?
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18

19

20

21

9780170194860

b What is the probability that it is about Shakespeare or plays?
¢ What is the probability that it is about neither Shakespeare nor plays?
A collection of ‘silver’ coins consists of three 20-cent, ten 10-cent, five 5-cent and twelve

50-cent coins. Two coins are chosen at random.
a Use a simplified tree diagram to show the sample space.

o

What is the probability of getting two coins that are the same?
What is the probability of getting different coins?

What is the probability of getting a 50-cent coin?

What is the probability of getting a 20-cent coin?

What is the probability of getting a 50-cent and a 20-cent coin?
What is the probability of getting a 20-cent coin or a 50 cent coin?

oUge o oL 6

What is the probability of getting a 20-cent coin or a 50 cent coin, but not both?
What is the probability of ending up with more than 25 cents?

o e

j  What is the probability of ending up with less than 25 cents?
Three coins are tossed. Find the fair odds for 3 heads, 2 heads, 2 tails and 3 tails.

The table below shows the results of a survey of Year 10 students about smoking and colds. Problem solving

Number of colds last year
0 1 2 3 | 4 | Total

Smokers 0 3 5 6 |2 16
Smoking = Non-smokers 4 ' 10 | 8 4 1 27
Total | 4 | 13 | 13 | 10 | 3 43

a What is the probability that a smoker had more than 2 colds?

b What is the probability that a non-smoker had more than 2 colds?

¢ Compare the probabilities that smokers and non-smokers have a lot of colds.

d Do you thank the sample size is sufficient to make conclusions about smoking and colds?

e Do the results support the conclusion that smokers get more colds than others?

The table below shows the numbers of accidents in which drivers of different age groups were
involved.

Accidents in last 2 years

1 2 3 4 5 | Total
17-21 16 |24 21 14 12 87
226 16|14 12 9 9 60
27-31 9 7 7 4 2| 29
Age group 35 49 4 2 2 0 o0 8
Overdl 4 2 0 0 0 6
Total 49 49 | 42 27 | 23 190

a What is the probability that a driver under 27 had exactly one accident in the last 2 years?
b What is the probability that a driver aged 27 or more had exactly one accident in the last 2 years?
¢ Compare the probabilities of younger and older drivers having accidents.

d TIs the conclusion ‘Younger drivers have more accidents’ supported by the data?




TSP 22 The table below shows the age-specific deaths of the Indigenous (ATSI) and non-Indigenous
S (non-ATSI) populations of Australia in 2008.

MAT10SPWS00050 %s 0 1-14 | 15-24 | 25-34 | 35-44  45-54 55-64 65+ years | Total

ATSI 105 | 47 124 170 266 366 405 848 2331

Non-ATSI | 792 | 310 782 1183 | 2112 | 4598 | 8925 80 287 98 989

Source: Source: ABS

In the following, assume that the 2008 figures apply to all years.

a  What is the probability of an Indigenous person living to 65?

b What is the probability of a non-Indigenous person living to 65?

¢ Compare the likelihood of Indigenous and non-Indigenous people living to age 65 and
comment on the result.

d Do the figures in this table support the claim that Indigenous Australians are more likely to
die young than other Australians?

23 Two multiple choice questions have answers labelled A, B, C and D. Only one answer is
correct in each question.
a  Work out the probabilities of getting 0, 1 or 2 questions right by just guessing (say A is the
answer to both questions).

b From 100 people doing the test, how many would you expect to guess each of 0, 1 or 2
questions correctly?

Wz salliifen What is the probability that a number made up of the digits 4, 7, 8 and 3, each used once
S only, is more than 4500?

MAT10SPWS00050 25 Two cards are dealt from a well-shuffled pack.
a  What is the probability that both cards will be clubs?

b What is the probability that both cards will be the same suit?

¢ What is the probability that the cards will be different suits?

d What is the probability that at least one card will be a spade?

e From 400 such trials, how many times would you expect to get the same suit?

26 David and Peter regularly play tennis. Over a long period, David has won 40% f the games
they play. What is the probability of him winning at least 2 of the next three games they play?

27 In the game of poker, a flush is all 5 cards of the same suit.
a  What is the chance of being dealt a flush in hearts?

b What is the probability of being dealt a flush?
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28 In the game ‘shooting dice’ two dice are used and the total of the dice determines the results.
The player with the dice is called the shooter. On the shooter’s first roll of a round, if they roll
a7 or 11, they win the round. If they roll a 2, 3 or 12 they lose the round. If they roll anything
else this is the ‘point’. Then they keep rolling until they get the point again or they get a seven.
If they get a 7 they lose the round (‘seven- out’) and the next player becomes the shooter. If
they get the same number again (the point) they win the round. The same shooter keeps
rolling until they ‘seven out’.

a  What are the fair odds for the shooter to win immediately?

b What are the fair odds for the shooter to lose immediately?
¢ What is the probability of a point?

@ Twenty people are trapped in a lift: 8 have blue eyes and 9 have brown eyes; 5 have blond hair e Mie
and 7 have black hair; 1 person has red hair and the rest are brunettes. The red-haired person
has green eyes, there are 2 blue-eyed blonds and 2 hazel-eyed brunettes. Three black-haired
people have blue eyes. One person is chosen at random to climb up the shaft to get help. Find

each of the following probabilities.
a It is someone with blue eyes and blond hair.

MAT10SPWS00050

b It is someone with blue eyes or blond hair.
¢ It is someone with black hair and brown eyes.
d It is someone with black hair or brown eyes.

e It is someone with brunette hair or brown eyes.

30 A stack of timber at a yard has planks of lengths 3.6, 3.9,4.2, 4.5, 4.8 and 5.1 m, with ends Reasoning
facing outwards. There are 10 planks of each length. Find the probability of selecting 3 lengths
greater than 4.5 m long by chance and explain your reasoning.

31 There are 20 bags of sugar on a shelf and 4 of them have breaks in the bags, so the sugar leaks.
Explain how to find the probability of getting 3 good bags by chance.

32 In a production line, the rotor, bearings and case
are put together to make an electric motor. The rotor
incorporates the commutator and the case has the
field coils. The tolerance of manufacture of the parts
means that the probability that the rotor will not fit
the case properly is 3 %, the probability that the
bearings will not fit the case properly is 2% and the
rotor will not fit the bearings properly is 1%. The
motor will still work if any of these things happen,
but it will be a ‘lemon’ and shake when it runs and
will wear out very quickly. Explain why the
probability of getting a lemon is not 6%.
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[38l Conditional probability

Investigate: Probability of two events both occurring

Weblink
You can use simplified tree diagrams to find the probability of two particular items selected

Conditional probabilit . . .
S from a group of items, whether the items are replaced or not. Consider the case of two

and independent 3 ) )
events marbles being chosen from a collection of 3 red and 2 green marbles. This can be done

MAT10SPWB00006 with or without replacement.

e Use a tree diagram to calculate the probability of the first marble being red and the second
marble being green if the first is replaced before the second is drawn.

e Use a tree diagram to calculate the probability of the first marble being red and the second
marble being green if the first is #o# replaced before the second is drawn.

e What is the probability of the first marble being red?

e For replacement, what is the probability of the second marble being green?

e Compare this with the probability of the first marble being green.

e For non-replacement, what is the probability of the second marble being green?
e How is this different from the probability of the first marble being green?

In many practical situations, you will know that events are not independent. It is important to be
able to deal with situations where we have dependent events. Conditional probability allows you
to calculate probabilities for dependent events.

Conditional probability

The conditional probability of event A given event B, written as P(A|B), is the probability
that A occurs, assuming that B occurs. In P(A|B), the sample space is restricted to event B.

The words given, assuming, knowing, if ... then, provided, are often used in conditional
probability.
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In draw poker, you are dealt 5 cards and get to throw some away and obtain new ones before
you see who has the highest hand. The discards are usually shuffled back into the pack before
the new cards are dealt out to the players who discarded. If you are dealt 4 hearts and a spade
and discard the spade, what is the probability of getting another heart to make a flush?

Solution

How many cards are left in the restricted  There are 48 unknown cards that could be in
sample space? the reshuffled pack.

How many of the remaining cards are

favourable? There are 9 hearts left in the unknown cards.
Find the conditional probability. P(5th heart|4 hearts) = 4% = =0.1875
Write the answer. There is an 18.75% chance of making a flush.

The table below shows the results of a survey of the times taken by Year 10 students to get

to school and the transport they used.

a  What is the probability that a student who walks takes less than 15 minutes to get to
school?

b Consider the sample and methods and comment on the reliability of the results.

04  5-9 10-14 15-19 | 20-29 | 30-39  40-59 60+

min | min | min min min min min min

Bike 0 0 2 1 0 0 0 0
Bus 2 1 7 4 16 22 14 5
Car 11 25 13 10 11 6 4 1
Other 0 1 0 1 1 1 0 2
Train/tram 0 0 1 2 1 2 6 0
Walk 11 5 3 2 5 1 0 0

Source: Census at school

Solution

a  What is the conditional probability? We want P(less than 15| walk).

Focus on the important line of the table.

04  5-9  10-14 15-19  20-29 30-39  40-59 60+

min | min | min min min min min min
Bike 0 0 2 1 0 0 0 0
Bus 2 1 7 4 16 22 14 5
Car 11 25 13 10 11 6 4 1
Other 0 1 0 1 1 1 0 2
Train/tram 0 0 1 2 1 2 6 0
Walk 11 5 3 2 5 1 0 0
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What is the restricted sample space?
How many of these take less than
15 minutes?

Find the probability.

Write the answer.

b The sample is not random, as only
students in some schools complete the
survey. However, thousands of students
throughout Australia do the survey.

Walking =11 +5+3+2+5+1=27

n(under 15) =11 +5+3 =19

1
P(under 15 min|walking) :% ~ 0.7037

A Year 10 student who walks to school has a
probability of about 70% of getting there in
under 15 minutes.

The results may be unreliable, but could give
a reasonable indication.

Common errors in calculation of conditional probability include doing the problem backwards,
not restricting the sample space correctly and using all of event A instead of just the part that is

inside event B for the calculation of P(A|B).

Example T°14

A student incorrectly used the table in Example 13 and calculated that the probability that
someone who travelled by bus took at least an hour to get to school was 0.625. What is the
correct answer and what did the student do incorrectly?

Solution
What is the conditional probability?

What is the restricted sample space?

How many of these take 60+ minutes?
Find the probability.

Write 0.625 as a fraction.

What did the student do?

Write the answer.

We want P(60+|bus).

Bus=2+1+7+4+16+22+14+5
=71

n(60+) =5
P(60+ |bus) :731 ~ 0.07042

0.625 =3

The student used 60+ as the sample space.

The correct probability is about 0.07; the
student actually found the probability that
someone who took at least an hour
travelled by bus.

As shown in Example 14, it is very important when calculating conditional probabilities to be clear
about the restricted sample space and what part of this is favourable.

Conditional probability is easily related to the probabilities of A, B and A N B using a Venn
diagram. Using the same setup we used previously, assume that a sample space has « elements,
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there are 7z elements in A N B, p elements in A that are not in B and ¢ elements that are in B but
not in A. The Venn diagram of this situation is shown below.

U

u

Full sample space Restricted sample space

For this situation, P(A|B) can be viewed as a probability with the sample space restricted to the set
B, since we are assuming that B occurs. This is shown on the right of the main Venn diagram

above. The number of elements in the restricted set A is now 7z, so P(A|B) = mi—i—q
We can multiply this by 1 in the form 1 = Z, giving the following.
u
P(AB) =
m+q
m u
= X —
m+q u
o
~u(m+q)
m u
=2 X
u m—+q
m _m+q
u u
But P(A and B) = 2 and P(B) = 4.
u u
This means that we have P(A|B) = P(A and B) + P(B) or P(A|B) = %E?B)
It doesn’t make any difference whether you consider P(A|B) or P(B|A), the analysis is still the
same, so P(B|A) = P(Ap?iz()iB). This also leads to a mathematical definition of independence,

since you can rewrite the formula as

P(A and B) = P(A|B) X P(B) or P(A and B) = P(B|A) X P(A)

Important!

Conditional probability and independence

The events A and B are independent if and only if P(A|B) = P(A). It follows that P(B|A) = P(B).
For dependent events A and B, the conditional probability of A given B is given by the formula
P(A|B) = %a;lB) This is also expressed as P(A and B) = P(A|B) X P(B) for practical use.
Many situations involving the use of tree diagrams can be dealt with using conditional probability

instead. When you want the probability of two events both occurring, you can use the conditional
probability formula for P(A and B).
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Example " 15

What is the probability of being dealt two aces in a row from a shuffled pack of cards?

Solution

Werite the desired probability as

an ‘and’ statement. P(2 aces) = P(2nd card is an ace and 1st card is an ace)
Use the conditional probability = P(2nd card is an ace|lst card an ace) X
formula. P(1st is an ace)

There are 4 aces in a pack of ) L

52 cards. P(1st card is an ace) = -0

After an ace is taken out there 3

are 3 aces left out of 51 cards. P(2nd card is an ace|lst card an ace) = 51 i
Use the formula. P(2 aces) = 5 X & =57 ~ 0.004 255

Werite the answer. The probability of being dealt 2 aces in a row from a

normal pack of cards is about 0.43%.

The rules for finding the probabilities of both of two events, P(A and B), are basically the same for
independent and conditional probability. The probabilities are multiplied.

Important!

Multiplication principle for probability

The probability of two events both occurring, P(A and B) is the product of two probabilities.
For independent events it is the simple product of the each of the probabilities. For
dependent events, the probability of one is multiplied by the conditional probability of the
other occurring.

The principle can be applied to multiple events.

Example © 16

A bag contains 3 red, 2 green and 5 blue marbles. What is the probability that, when three
marbles are shaken out, the first is red, the second green and the third blue?

Solution
For the first marble, there are 3 red out of 10 P(1st R) 3
marbles. 10

2
If the first is red, there are 2 green out of 9 marbles. P(GR) = 5
If the first two are red and green, there are 5 blue out 5
of 8 marbles left. P(B|G and R) = 8
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Use the probability formula for (G and R) and B. P(B and (R and G))
= P(B|R and G) X P(R and G)
Use the probability formula for G and R and B. = P(B|R and G) X P(G|R) X P(R)
. 5 2 _ 3
Substitute values. =3 X 5 X 0~ o
Write the answer. The required probability is 5.

If you draw part of a simplified tree diagram for Example 13, you get the following.

8 R
2 1
5 G S G
5
3 8 ’
0 R ,
5 R
2 5 2
10 5 B 50
4
5 B
X2 X
You can see that for red-green-blue you get P(R-G-B) = 130><79><58
How would you work out the probability of getting red, green and blue marbles by taking out
3X5X2
three marbles without regard to order? From the above, you can see that P(R-B-G) = W

Altogether, there would be 6 different ways of taking out red, green and blue marbles without
regard to order: RGB, RBG, GRB, GBR, BRG and BGR. In each case, the numeratoris 3 X 5 X 2
and the denominator is 10 X 9 X 8, so the overall probability is 6 X 5; = 1. Of course, this only
applies when the different ways of picking the 3 marbles have the same probabilities.

Example ™ 17

Another bag contains 4 red, 3 green and 3 blue marbles. What is the probability that when
three marbles are shaken out there is one of each colour?

Solution

Find the probability of red-green-blue. P(RGB) = % X % X % =%

Find the probability of green-blue-red. P(GBR) = % X % X % =%

Use symmetry. RGB, GBR, RBG, GRB, BRG and BGR
all have probability 55.

Calculate the required probability. P(one of each colour) = 6 X % &

State the answer. The probability they are all different is 0.3.
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A drawer contains unpaired socks. There are 5 grey, 4 white and 3 black socks. If you picked
out a pair in the dark, what is the probability that they do not make a pair?

Solution
. . . . 5 4
Find the probability of a grey pair. P(grey pair) = 7 X T 3
. . . . . . 4 3
Find the probability of a white pair. P(white pair) = - X -1
. N . 3.2,
Find the probability of a black pair. P(black pair) = 3 ﬁ =3
Find the probability of a pair. P(pair) = 5+ 5+ % (1,2
Use the complement. P(no pair) =1 -2 =4 ~ 0.7121
Write the answer. The probability that they are not a pair

is about 71%.

In Example 18 it would be a mistake to assume that the probability of grey-white, P(GW) = 3
would be the same as WG, WB, BW, BG and GB and simply multiply that by 6.
In Example 16, the different orders correspond to the 180 ways of getting red, green and blue

1
marbles from the 720 branches on a full tree diagram. The overall probability would be % L

You could get the same answer by adding the probabilities of RGB, RBG, GRB, GBR, BRG and
BGR. These 6 methods of getting red, green and blue marbles without regard to order are
completely separate. In Example 18 the probability of getting a matched pair is obviously the sum
of the ways of getting white, grey and black pairs because they correspond to the 38 branches for

8
pairs in the 132 branches in the full tree diagram. The overall probability is ELRST

132 o
Important!

Addition principle for probability

The probability of an event made up from two separate events is the total of the probabilities
of both events.

ANB=® = P(AorB) =P(A) + PB)

This can be extended to multiple events.

Notice that since the intersection of the sets must be null to use the addition principle, it only
applies to mutually exclusive sets, and is really the formula P(A U B) = P(A) + P(B) — P(A N B)
for ANB=0.

The addition principle can be used in many areas of probability.
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Example © 19

A high school has an enrolment of 720 pupils. Ninety pupils came from primary school A,
while two-fifths of the pupils came from primary school B. What is the probability that a
pupil came from one of the primary schools A or B?

Solution
Find the probability of coming from school A.  P(A) = % =1
Write the probability of coming from school B.  P(B) =2

Clearly, coming from A or B are mutually
exclusive, so they can be added.

Werite the answer. The probability of a student being from
either primary school is 52.5%.

Example © 20

A lot of the nice coloured sticks in a pick-up-sticks set have been used for other things, so
there are only 8 black, 5 white and 7 grey sticks left. When they were dropped on a table,
two sticks are not tangled with the others, so were put aside. What is the probability that

they were different colours?

Solution
The sticks could be BW,
WB, GW, WG, GB or BG. 8 5
Find P(BW) first. PBY) = oo X =4
Use symmetry. P(BW or WB) =2X 5 =1
7 5
) =— X =42
Now find P(GW) P(GW) 20 X197
Use symmetry. P(GW or WG) =2 X 716 =%
8 7
Now find P(BG) or P(GB). P(BG or GB) =2 X % X 9= g—g
State the condition for the BW, WB, GW, WG, BG and GB are mutually exclusive
addition rule. events, so the addition rule applies.
Find the required
probability. P(different colours) = {5 + % + 28 = 31 ~ 0.6895
State the answer. The probability they were different colours is about 69%.

In problems like Example 20, you must take care when finding all the possibilities and be sure that
they are really mutually exclusive.
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Understanding

Extra questions
Exercise 6.3

MAT10SPEQ00046

See Example 12

Exercise 6.3 Conditional probability

1 Two normal dice are thrown and their total is calculated.

a

o

o 6

e
f
g

h

a

o 6

=l =R B ¢

o e

J

a

e e o 6 g

-

A box of coloured crayons has 4 red, 2 black,
4 yellow, 2 blue, 3 green and 5 purple
crayons left in it. Students are allowed to

use 2 crayons at a time, so a student takes

2 crayons at random.

Given that their total is 7, what is the probability that one of the dice shows 2?
Given that one of the dice shows 2, what is the probability that the total is 7?
Given that their total is 8, what is the probability of a double?

Given a double, what is the probability of getting a total of 8?

Given a double, what is the probability that the total is 10?

Given a total of 10, what is the probability of a double?

- Given that their total is 5, what is the probability that one of the dice shows 3?

Given that one of the dice shows 3, what is the probability that the total is 5?

Given that one crayon is black, what is the
probability that the other crayon is black?
If one crayon is yellow, what is the
probability that the other is purple?

Having a red crayon, what is the probability that the other is also red?

Assuming that one crayon is green, what is the probability that the other is black?

What is the probability that the second crayon is yellow if you know that the first is red?
Providing that the first crayon is purple, what is the probability that the other is yellow?
If one crayon is green, what is the probability that the other is red?

If one is red, what is the probability that the other is green?

If one is black, what is the probability that the other is blue?

If one is purple, what is the probability that the other is also purple?

Instead of taking 2 crayons, the student in question 2 took 3 crayons.

If two of the crayons are green, what is the probability that the other is yellow?

If two of the crayons are yellow and green, what is the probability that the other is green?
If 2 of the crayons are yellow, what is the probability that the other is also yellow?

If 2 of the crayons are red, what is the probability that the other is also red?

If 2 of the crayons are red and yellow, what is that the probability that the other is yellow?
If 2 of the crayons are red and yellow, what is that the probability that the other is red?

If 2 of the crayons are red, what is the probability that the other is yellow?

If 2 of the crayons are yellow, what is the probability that the other is red?

If one crayon is red, what is the probability that the other two are blue?

If one crayon is blue, what is the probability that the other two are red?

9780170194860



forth'jAEuI;t§aolitln%MriAchll-lI1§ 1 D—|_1 D A

4 Two cards are dealt from a normal shuffled pack. Find the probabilities that they are both: See Example 15
a kings b the same value ¢ picture cards d number cards
e non-number cards f spades g the same suit

5 A bag contains 4 black, 2 yellow, 3 white and 6 red marbles. Three marbles are taken out at See Example 16
random. Find each of the following probabilities for the order of the marbles.
a Red, yellow, black b Yellow, yellow, black ¢ Black, yellow, yellow
d Yellow, black, yellow e Black, black, yellow f Yellow, black, black
g Black, yellow, black h White, white, white i Black, black, black

j Red, red, red

6 A bag contains 6 black, 3 white and 6 red marbles. Three marbles are taken out at random. See Example 17
Find the probability that they are different colours.

7 If only two marbles are shaken out of the bag in question 6, what is the probability that they See Example 20
are different colours?

8 If three marbles are shaken out of the bag in question 5, what is the probability that they are
different colours?

9 Find the probability of drawing one card to an inside straight in draw poker. That is, if you L

have something like 7, 8, 10, ] and discard a 4, what is the probability of drawing a 9 to get a
straight?

10 In draw poker, what is the probability of drawing to an outside straight? That is, if you keep 8,
9, 10, J, what is the probability of drawing either a 7 or a queen to get a straight?

11 Using the table from Example 13, find each of the following probabilities. See Example 13
a The probability that a student who went to school by car took less than 5 minutes to get
there.

b The probability that a student who took less than 5 minutes to get to school went by car.

¢ The probability that a student who went by train or tram took at least 40 minutes to get to
school.

d The probability that a student who took at least 40 minutes to get to school went by train
or tram.

e The probability that a student who took the bus took less than 10 minutes to get to school.
f The probability that a student who took less than 10 minutes to get to school went by bus.
¢ The probability that a student who walked to school took less than 15 minutes to get there.
h  The probability that a student who took less than 15 minutes to get to school walked there.

i The probability that a student who caught the bus took at least half an hour to get to
school.

i The probability that a student who took at least half an hour to get to school went by bus.

12 At a dinner party, knives and forks from 3 different party sets jumbled in a drawer were used See Example 18
to set the table. The first set had 5 knives but only 3 forks left, the second had 3 forks and 6
knives and the last one had 4 knives and 4 forks left. Find the probability that if you set them
out at random, the first place would not have matching knives and forks.

13 A Holden car club had a rally run from the Melbourne CBD to the Dandenongs with 40 cars. See Example 19
60% of the cars were Holdens, and another 8 had the club badge on the grill of the car. What
was the probability that a car in the rally was a Holden or had the club badge on the car?
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Problem solving

Worked solution
Exercise 6.3

You are dealt a draw poker hand of A A K7 3. You could try for 2 pairs by keeping the aces
and king to get AA KK xor A AKxx. You could also try for 3 aces (A A A xy) by
throwing the king as well. Which is more likely?

15 The table below shows the results of a large survey of students’ eye and hair colours.

MAT10SPWS00051
Hair colour
Black | Brown @ Red | Blond
Brown 68 119 26 7
Blue 20 74 17 94
Eye colowr “p a0 | 15 54 | 14 10
Green 5 29 14 16

Find the probability that someone with black hair has brown eyes.

o

Find the probability that someone with blond hair has blue eyes.
Find the probability that someone with red hair has green eyes.

[g]

o

Use your results to comment on the stereotypes that people with black hair have brown
eyes, blond-haired people have blue eyes and redheads have green eyes.

(e) People with brown eyes are said to have black hair. Use probability to comment on this
stereotype.

f The data was taken from an internet site. Comment on the method and sample size.

Wt | 16 When you fly from Brisbane to Alice Springs, you can go direct, through Sydney, through
Cairns, through Melbourne or through Melbourne and Adelaide. Coming back, there is the
same choice of routes. If you book for particular times of arrival and departure, the routes
booked are essentially random as nearly all flights to and from Alice arrive and depart about
the middle of the day.
What is the probability that if you book for about midday to travel to Alice Springs one day
and come back 5 days later, your flights will not be over the same route?

MAT10SPWS00051

17 Students went to a skating rink for a sports afternoon. Unfortunately the school there in the
morning had put the skating boots back by just throwing them into the store. There were 20
pairs of sizes 5 to 9, and 10 pairs each of sizes 10 to 12, 3 and 4. Work out the probability that
when your teacher gave out the boots at random, you got a matching pair — even if they were
the wrong size.

Reasoning A student incorrectly worked out that the probability of getting a total of 4 from rolling two

See Example 14 dice when one of the dice showed a 3 was ;. Find the correct answer and explain what the

: student did wrong.
Worked solution
SN 19 Using the table in question 15, a student worked out that the probability of someone with

brown hair having blue eyes was 55, Another student said it was 27 and a third said it was 7.

MAT10SPWS00051 . . . .
The teacher said they were all wrong. Find the correct answer and explain their errors.

20 A student incorrectly claimed that the probability of getting a matching pair when 2 cards are
dealt from a ‘fruit pack’ with 10 apple, 10 orange, 8 banana, 6 peach and 6 pear picture cards
was %. Explain the correct answer and what the student did wrong.
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Chapter 6 summary

e Experimental probability uses real data to work out probability. Each item of data is called a Quiz
trial. Probability

¢ Theoretical probability is based on a list containing all the possible outcomes called the sample
space. Every outcome in the sample space is listed exactly as many times as it occurs. A single
outcome is called an element or sample point.

MAT10SPQZ00006

® An event is a collection of outcomes, whether they come from trials or a sample space. The
outcomes in an event for which you are calculating the probability are called favourable
outcomes. The number of elements in an event is written as z(event) and is the frequency of
the outcome.

e The probability of an event is a number from 0 to 1, written as P(event) worked out using the
formulas below.

Frequency of event Number of favourable outcomes
P(event) = =

Total Frequency Number of trials

or P(event) = __nlevent)

n(sample space)

e Experimental probabilities are also called relative frequencies.

e Probabilities can be written as fractions, decimals or percentages. An event which has a
probability of 0 can never happen and is called impossible. An event with a probability of 1
always happens and is called certain.

e Expected frequency is the product of the probability and the number of attempts made in the
future.

e For any event E, the complement of the event is shown as E’ or E. The sum of the
probability of an event and its complement is 1. P(E) + P(E') =1, so P(E') =1 — P(E) and
P(E) =1 — P(E)).

¢ Two-way tables are most useful for situations with two variables. Tree diagrams are most
useful for events in stages. Venn diagrams are most useful for combinations of sets, particularly
and/or situations.

o A simplified tree diagram shows repeated branches on a normal tree diagram as single
branches, with a fraction showing the number of branches that have been combined, out of the
total number at that join.

e Two events are independent if the probability of one is 7ot affected by the occurrence of the
other. For independent events A and B, P(A and B) = P(A) X P(B).

e Dependent events are not independent.

e The intersection of two sets A and B, A N B, is the set that contains the elements in both A and B.

¢ The union of two sets A and B, A U B, is the set that contains the elements in at least one of A or B.

¢ In mathematics, ‘... and ...” means both, but ‘... or ..." means at least one. ‘and’ corresponds to
the intersection of sets, while ‘or’ corresponds to the union.

e The probabilities of (A or B) and (A and B) are related by P(A or B) = P(A) + P(B) — P(A and B).

® The conditional probability of event A given event B, written as P(A|B), is the probability that
A occurs, assuming that B occurs. In P(A|B), the sample space is restricted to event B.

e The words given, assuming, knowing, if ... then, provided, are often used in conditional
probability.
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Chapter 6 summary

e Events A and B are independent if and only if P(A|B) = P(A). It follows that P(B|A) = P(B).

¢ For dependent events A and B, the conditional probability of A given B is given the formula
P(A|B) = %g)i]%). This is also expressed as P(A and B) = P(A|B) X P(B) for practical use.

¢ The probability of P(A and B) is the product of two probabilities. For independent events it is
the simple product of the each of the probabilities. For dependent events, the probability of
one is multiplied by the conditional probability of the other occurring. This is called the
multiplication principle.

¢  For mutually exclusive events A and B, P(A or B) = P(A) + P(B). This is called the addition
principle. In symbols, AN B = @ = P(A or B) = P(A) + P(B)
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Chapter 6 review

1 When a cricket bat is spun up into the air, it has equal chances of landing with the flat side up Understanding

or down. What is the probability that if a cricket bat is spun up three times, it will land flat See Example 9
side down all three times?

2 40% of the milk sold in a supermarket is ordinary white homogenised milk.
a Find the probability that two customers buying milk have bought ordinary white milk.
b What is the probability that they have both bought other kinds of milk?
¢ What is the probability that one has ordinary milk and the other doesn’t?

3 In the card game Pontoon, an ace counts as 1 or 11, picture cards count as 10 and number See Example 12
cards count as their number value. You get your cards 1 at a time, and after the first 2 can
decide whether to keep going or not. You try to get as close to a total of 21 as possible
without busting. Busting means going over 21 and if you bust you lose. Pontoon means
getting a total of 21 with only 2 cards and you then win automatically, otherwise your total has
to be bigger than the dealer’s total to win.

a If your first card is a king, what is the probability of getting pontoon?

b If your first card is an ace, what is the probability of getting pontoon?

¢ If the first two cards you get are a 7 and a 10, what is the probability of getting 20 or 21 on
your third card?

d If the first two cards you are dealt are a 6 and a king, what is the probability of busting on
your third card?

e If the first two cards you get are both 9s, what is the probability of busting on your third
card?

f What is the largest number to have less than a 50% chance of busting from on your third
card?

If you made a bet of $28 at 7 : 2 on, how much would you get if you won? See Example 4
What are the fair odds for rolling a 6 on a normal die? See Example 5

A number is chosen from 1 to 25. What is the probability that it is divisible by 2 or 3? See Example 11

~N S M A

There are 3 raspberry, 4 lime and 5 pineapple iceblocks left in the fridge. Two iceblocks are See Example 15
taken out at random. Find each of the following probabilities for the iceblocks.

a They are both raspberry. b They are both lime.
¢ They are both pineapple. d They are different flavours.

8 A sports bag contains 5 basketballs, 2 volleyballs and 4 netballs. Three balls are tipped out. See Example 16
Find the probabilities for each of the following orders of balls tipped out.

a Basketball, volleyball, netball b Volleyball, basketball, basketball
¢ Netball, netball, volleyball d Basketball, netball, basketball

9 A box has a mixture of 20 Zener diodes, 20 ordinary resistors and 10 accurate gold-banded See Example 17
resistors, which are all about the same size. What is the probability that if 3 are taken out, they
are all different?
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Chapter 6 review

See Example 20

Fluency

See Example 1

See Example 6

See Example 10

See Example 2

See Example 7

10

11

12

13

14
15

16

17

Daniel has collected golf balls from a water trap. He has 4 Bridgestone, 6 Nike, 4 Titleist, 8
Callaway and 6 Top Flite balls. He doesn’t bother picking any particular brands when he sells
them.

a If a customer buys 2 balls, what is the probability that they are different brands?

b If a customer buys 3 balls, what is the probability that they are all different brands?

Two classes of Year 10 students were asked about the money they received last week. 14 said
they didn’t get any, 10 said they got pocket money, 18 said they got paid for work and the
other 12 said they got money from something else.

a  What was the probability of a Year 10 student doing paid work?

b What was the probability of not working?

¢ If you asked another 120 students, how many would you expect to get pocket money?

The two classes in question 11 had 24 boys and 30 girls. If you choose a student at random,
what is the probability that the student is female?

A box of fluoro lamps has two 9 W and two 15 W lamps in it. Two lamps are taken out in the
dark because both lamps in the room have blown.
a Use a tree diagram to show the sample space.

Find the probabilities of each of the following.
b The lamps are both 9W. ¢ The lamps are different.

Repeat question 13 if the first lamp is replaced before the second is taken out.

a Draw a Venn diagram to show the years from 2005 to 2025. Let A = {leap years} and

B = {Years that include the digit 1}. Use your diagram to find the following probabilities
for an arbitrary year.

Tt is a leap year.

It includes the digit 1.

It is a leap year that includes the digit 1.

It is a leap year or it includes the digit 1.

It does not include the digit 1 but is a leap year.

-0 o6 o

In her pencil case, Tingting has 2 blue, 2 red and one black biros. She takes out 2 biros

without looking.

a  Show the sample space for the biros taken out, using B1 and B2 for blue and just B for
black.

b What is the probability that she gets a red and a blue biro?

If a couple have blood types A and O, then their children can also have blood types A or O.
Such a couple have 4 children.

a Use a tree diagram to show the sample space for the blood types of the children.

b What is the probability that 3 of the children have blood type A?

¢ What is the probability that at least 2 of the children have blood type A?

d What is the probability that they are all of type O?
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18 A bag contains 3 black, 5 red and 6 green counters. Two counters are shaken from the bag. See Example 8
a Draw a simplified tree diagram to show the sample space.

Find the probability that both counters are red.

Find the probability of getting a red counter and then a black counter.

Find the probability that the first is red and the second is green.

Find the probability that one is red and the other is green.

What is the probability that the counters are different?

0 o 6 T

19 The table below shows where Year 10 students said they got money from last week. See Example 13

Year 10 money source

Pocket
Work = None | Money | Chores = Gift Other
Female 9 6 6 2 1 20
Male 8 5 4 1 1 3

a  What is the probability that a boy got money from work?

b What is the probability that a student who received pocket money was female?
¢ What is the probability that a student received no money?

d What is the probability that a girl received no money?

20 A draughts board has squares that are 3 cm in length and pieces that are 2 cm in diameter. In See Example 3
a game, you throw a draughts piece onto the board but if it goes completely off the board,
you do it again. What is the probability that it crosses the line between 2 or more squares?

21 A shop specialising in sports shoes has 21 kinds of cross-trainers, 15 kinds of sprinting
runners, 12 kinds of long distance runners, 16 kinds of soccer boots, 12 kinds of rugby boots,
18 kinds of Aussie Rules boots, 6 kinds of bowling shoes and 60 other kinds of sports shoes.
A pair of shoes is chosen at random.
a  What is the probability that they are football boots?
b What is the probability that they are suitable for running or bowling?

22 A Year 10 class has 10 Australian-born students, 7 from Asia, 4 from Europe and 5 from
Africa. Two students are chosen at random to represent the class.
a Use a simplified tree diagram to show the sample space.
b What is the probability that the students are both Asians?
¢ What is the probability that they are from different continents?
d What is the probability that they are European and African?
e What is the probability that they are European or African?

23 A class set of school Atlases had first, second and third editions. There were 4 first editions,
10 second editions and 11 third editions in the set. Assuming that the editions were mixed up,
what is the probability that two students sitting next to each other got different editions?
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SeeExample 19 24 An exhibition of paintings has 25 Australian artists and 15 overseas artists in the exhibition.
There are 8 paintings by 21st century artists and 2 of these are Australian. 15 of the artists
exhibited are 20th century and the rest are 19th century impressionists. All of the 19th
century artists worked in France for most of their life and of the 20th century artists, all but 4
of the 10 Australians also worked in France for a while. Three of the 20th century artists were
French and 2 were Americans working in France. Neither of the 21st century Australians have
been overseas and of the foreign artists, 3 are Americans who have never left the USA. The
other 21st century artists are French or have worked in France.

If you picked an artist at random, what is the probability that the artist has or had worked in
France?
Problem solving 25 Students in a typical Year 10 class said that they got up at the following times yesterday
morning.
7:30, 7:00, 6:30, 5:30, 7:30, 7:00, 7:30, 8:00, 6:30, 7:30, 7:00, 7:30, 7:00, 6:30, 8:00, 8:30, 7:30,
7:30, 7:00, 7:30, 6:00, 6:30, 6:30, 7:00, 7:00, 7:30, 6:30, 6:30, 8:00, 8:00
One student is chosen at random.
a  What is the probability that the student got up at 7:00 a.m.?
b From 200 Year 10 students, how many would you expect to get up at 8:00 a.m.?
¢ How many students would you need to ask to find 40 who got up before 7:00 a.m.?
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Chapter 6 review

The table below shows the heights and errors in spelling of a group of 16-year-olds.

Errors in spelling

1 /2 3 4 5

150-159 0 1/3 5 1

160-169 8 1 6/9]129

Height (cm) 170-179 | 11 2 6 7 9
180-189 2 3 |2 2 2

Over189 | 2 0 0 1 1

a What is the probability that a student shorter than 170 cm made more than 2 errors?
b What is the probability that a student at least 170 cm tall made more than 2 errors?
¢ Compare the probability of spelling errors of shorter and taller students.

A box of car fuses has 4 ten-amp and 2 five-amp fuses left in it. Two fuses are shaken out of
the box.

a List the sample space for the 2 fuses taken out.

b What is the probability that they will both be the same current rating?

A test has 3 true-false questions and 2 multiple choice questions with options A, B, C, D and

E. Only one answer is correct for each question.

a  What is the probability of guessing all 5 questions correctly?

b What is the probability of guessing 2 of the true-false questions and 1 of the multiple
choice correctly?

¢ What is the probability of guessing 1 of the true-false and both multiple choice questions
correctly?

d What is the probability of getting them all wrong?

What is the probability that a 3-digit number using the digits 4, 3 and 2 is greater than 320?

The table below shows the results of a large survey of Year 10 students who received money
in the fifth week of Term 2.

Year 10 money and source

Pocket
Work = Money @ Chores | Gift | Other
$1-$9 1 2 2 0 4
$10-$19 1 11 3 0 1
$20-$49 10 13 6 3 8
$50-$99 24 10 2 2 4
$100-$199 20 0 3 1
$200-+ 11 1 0 0 3

Note: 46 of the students surveyed received no money from any source.

a  What is the probability that a student who worked got less than $100?

b What is the probability that a student who got less than $100 worked for it?

¢ What is the probability that a student who got money from a gift received less than $100?
d Compare the probability of getting more than $99 from gifts or working.
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31 Rebecca, Simone and Tamsin regularly play badminton. Rebecca beats Simone 60% of the
time and Tamsin 70% of the time. Simone beats Tamsin 60% of the time. They play each
other twice in an afternoon. What is the probability that Tamsin wins more than half her
4 games, assuming that they all play to their usual standard?

32 A beginner at pool can generally hit the ball he is aiming for so that its centre goes within
10 cm of the where he wants it to, as long the white ball is less than 30 cm from the coloured
ball and the coloured ball is less than 40 cm from the point at which it is being aimed. On a
particular table the balls are 60 mm in diameter and the pockets have an effective width of
90 mm. Provided that the ball is not hit too hard, and overlaps the edge of the pocket by less
than 10 mm, it will go in. What is the probability that the beginner will sink a ball he is aiming
for if the white and the coloured ball are within 30 cm and 40 c¢m as outlined?

33 A class of Year 10 students are asked about their intentions in studying Science in Year 11. Of
the 24 students asked, 14 say they are going to do Biology, 10 are going to take Chemistry,
and 8 are going to do Physics. There are 2 students who are going to take all three subjects.
There are 2 students doing only Physics and another 2 taking only Chemistry. There is one
student not taking Chemistry who is doing both Physics and Biology. Find each of the
following probabilities if you select a student at random.

a The student is taking none of the three subjects.
b The student is doing only Biology.

¢ The student is taking Chemistry and Physics.

d The student is doing Biology or Physics.

34 A local flower show had prizes for roses, dahlias, bromeliads, orchids and cacti. The best in
show prize is selected from all the species. There were 20 rose categories, 16 dahlia categories,
12 bromeliad categories, 18 orchid categories and 10 cactus categories. Best in show had 1st,
2nd and 3rd prizes, chosen from the first prize winners in all 76 categories.
a  What is the probability that they were all roses?
b What is the probability that the first two prizes were orchids and the third was a rose?
¢ What is the probability that the prizes were awarded in order as orchid, dahlia, dahlia?
d Given that the first prize was a Dahlia, what is the probability that the 2nd and 3rd were
both bromeliads?
e Given that the first was a rose, what is the probability that the 2nd and 3rd were both
orchids?
Reasoning 35 1In aschool library, DVDs recorded from Educational broadcasts have call numbers on the
edges facing out from the shelves, so you normally look up the call number on the computer
to access a recording. On a rainy day, one of the sports teachers is looking for a recording
about basketball or netball and knows which shelf these are on, so doesn’t bother looking up
the call number. There are actually 8 basketball recordings, 6 netball recordings, 12 football
recordings, 9 cricket recordings and 20 recordings of other sports on that shelf. If they have
been jumbled up, explain the probability that the first 3 recordings picked out by the teacher
are basketball or netball.
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36 A student said that you could get 4 heads, 3 heads and a tail, 2 heads and 2 tails, 1 tail and
3 heads or 4 tails from tossing 4 coins, so the probability of getting 4 heads is 20%. Explain
what is wrong with this reasoning and find the correct answer.

37 Another student said that the probability that if two dice were tossed and one of the dice

. . . 6
showed a 4, the chances of getting a total of 7 from throwing two dice was B 50% because

there were 6 ways of getting a total of 7, 6 ways the first dice could show 4, and 6 ways the
second die could show 4. Explain the correct answer and what is wrong with this reasoning.

38 Using the table in question 30, someone said that a student who got pocket money had a
probability of 40% of getting at least $10 but less than $20. What is the correct answer and
what is wrong with this reasoning?

39 In question 20, explain the difference it would make to the probability if you had to rethrow
the piece when it landed partly off the board. Remember that a draughts board has 8 squares
each way.

40 In question 32, a class member said there was an 80% chance that a student intending to take
Chemistry also intended to do Physics. Explain if this was correct, and if not, what is the right
answer?
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Contents Australian Curriculum statements

7.1 Algebraic patterns and groups

7.2 Quadratic exp.ress l1ons ) Expand binomial products and factorise monic quadratic
7.3 Other expressions a nd functions expressions using a variety of strategies. (10)

Cha pter summary Investigate the concept of a polynomial and apply the factor
Cha pter r eview and remainder theorems to solve problems. (10A)

Patterns and algebra

Linear and non-linear relationships

Explore the connection between algebraic and graphical
representations of relations such as simple quadratics, circles
Chapter 7 and exponentials using digital technology as appropriate. (10)

MAT10NAPL00018 Describe, interpret and sketch parabolas, hyperbolas, circles

Parent guide and exponential functions and their transformations. (10A)
Apply understanding of polynomials to sketch a range of
Chapter 7 pply g of poly g

MAT10NAPGO0018 curves and describe the features of these curves from their

equation. (10A)
Curriculum guide Factorise monic and non-monic quadratic expressions and
Chapter 7 solve a wide range of quadratic equations derived from a

MAT10NACU00018 variety of contexts. (10A)
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Advanced algebra and
functions

MAT10NAVT00007

Changing the format of algebraic expressions allows you to see connections that are otherwise
hidden. This is one of the key skills of algebra. Expansion and factorisation are the main methods
used, apart from simplification of terms. These are essential in solving nonlinear equations and in
many other aspects of mathematics in your senior years. Expansion and factorisation do not have
many direct applications, but they are essential enabling skills that allow you to do lots of other
things.

Ml Mathematical literacy

o The mathematical words below have special meanings that you will learn in this chapter. It is
Maths dictionary

MAT10ASDI00001

Weblink

Algebra help

MAT10NAWB00007

important that you learn to spell them and gradually learn what they mean in mathematics. You
may find the glossary or online mathematical dictionary useful for this purpose.

coefficient double zero monic quadratic sketch
common factor dummy variable non-monic quadratic square of a difference
cross method expansion parabola square of a sum
decomposition expression perfect square synthetic division
method factor polynomial term
degree factor theorem quadratic trinomial
difference of two factorise quotient triple zero
squares grouping factorisation remainder turning point
dividend integer remainder theorem Zeros
division identity leading term single zero

m Algebraic patterns and groups

You have already learnt some special expansions that allow you to quickly simplify some
expressions. They can be used for factorisation as well as for simplification.

Special expansions

The special expansion (x + y)(x — y) = x* — y? is called the difference of two squares.
The special expansion (x + y)* = x* + 2xy + y? is called the square of a sum.

(x — 9)? = x? — 2xy + y? is called the square of a difference.

The last two expressions are sometimes just called petfect squares.

When you use the difference of two squares it doesn’t matter whether you put the subtraction
bracket or the addition bracket first.
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Example T1
Factorise each of the following expressions.
Difference of two

Solut|on MAT10NAPS00019
a  Write the problem. p2—16
Write in the difference of two squares pattern. = p? — 4°
Use the difference of two squares. =@p@t+4@p-—4
b Write the problem. 4x% — 9y?
Werite in the difference of two squares pattern. = (2x)* — (3_y)2
Use the difference of two squares. = (2x — 3y)(2x + 3y)
¢ Write the problem. 25 — (m+n)?
Write in the difference of two squares pattern. = 5% — (m + »)?
Use the difference of two squares. =B -m+a)]l5+ (m+a)l
Simplify the internal brackets. =6-m—n)5+m+an)

For perfect squares, remember that you must have double the product of the terms that are
squared in the centre. Remember also that the sign of this term determines whether it is a sum or a
difference.

Example T2

Factorise each of the following expressions.

Perfect squares

a m®+2mn + n® b p?—2p+1 MAT10NAPS00020

¢ 9¢% — beg + g? d 4x% +20x + 25

Solution

a  Write the problem. m? + 2mn + n? functions
Werite as (first)? + 2 X first X second + (second)? =m?+2XmX n+n? MATIONATIO00TS
Use x° + 2xy + y2 =(x+ y)z. = (m + n)?

b Write the problem. pi-2p+1
Write as (first)? + 2 X first X second + (second)? =p?-2XpxX1+1° MATIONAGPO0OTS
Use x* — 2xy + 9% = (x — )~ =(@p-1)7?

¢ Werite the problem. 9c% — 6cg + g°
Write as (first)? 4+ 2 X first X second + (second)? =(Bd?—2X3cXg+g’

Use x2 — 2xy + y2 = (x — y)z. = (3¢ — g)2

d Write the problem. 4x% +20x + 25
Werite as (first)? & 2 X first X second + (second)? =(2x)°+2X2xX5+5°
Use x* 4+ 2xy + 9% = (x + )% = (2x +5)?
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Investigate: Graphs of perfect squares

You have already seen that the graphs of y = x? and y = —x? are parabolas. What about
the graphs of perfect squares?

For the function y = x* — 6x + 9, do the following.

e Factorise x* — 6x + 9.

e Complete the table of values below.

x| 2,710 1 2|34 56|78
J

¢ Plot the points and join with a smooth curve.
e What shape is formed?

e Compare the graph to that of y = x?.

e Werite a conclusion.

Repeat the steps above for the functions y = x? + 4x + 4, y = 2x — x> — 1 and
y=—x*—4x — 4.
What can you conclude about the graphs of perfect squares?

Graphs of perfect squares

The graph of the perfect square y = (x — 4)? is a parabola with its turning point at (a, 0).
It is shifted « units to the right compared to y = x°.

The graph of the perfect square y = (x + a)? is a parabola with its turning point at (—a, 0).
It is shifted « units to the left compared to y = x?.

y=—x°y=—(x —a)and y = —(x + )? are upside down (reflected in the x-axis)
compared to y = x°.

Example T3

Use factorisation to help sketch the graph of y = —8x — x* — 16.

Solution
Write the function in the perfect square order.  y = —8x — x> — 16
= —(«* + 8x + 16)
Factorise the function. = —(x+4)?
State the relationship to y = x?. 9 = —(x + 4)* is shifted 4 units to the left

and upside down compared to y = x°. Its
turning point is (~4, 0).
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Sketch the graph, including the y-intercept
at (0, 716).

»=

(4,0)

(0,716)

In some cases you can group terms together to make a common factor that is a group. This is
called grouping factorisation and is common when there are 4 terms.

Example T4

Factorise each of the following expressions.

a mx — nx+3m—3n b 54° — 4ab + 4b — 5a

Solution

a  Write the problem. mx — nx + 3m — 3n
Factorise the first and last pairs of terms. =x(m — n) +3(m — n)
Use (72 — 1) as a common factor. =x+3)m—n)

b Write the problem. 5a% — 4ab + 4b — 5a
Make a common factor of (54 — 4b) with the pairs. = a(54 — 4b) — 1(5a — 4b)
Use (5@ — 4b) as a common factor. =(a—1)(5a2 — 4b)

You should check that both parts in Example 4 can also be done by rearranging the terms. You
can rearrange part a as 7x + 372 — nx — 3#n to get the common factor (x + 3). You can rearrange
part b as 54% — 54 — 4ab + 4b to get the common factor (2 — 1). It doesn’t matter which way
around you do it, so you can pick whichever way that seems easier to you.

Exercise 7.1 Algebraic patterns and groups

1 Copy and complete each of the following factorisations. Understanding
a xz—yzz(x-i-y)( ...... ) b 16—d’>=@+al..... ) :
c 64—bP=(..... )(8 — b) d w?—49=@w+7)(..... )
e pP—g®=0(..... Yp —q) f a>=25=0(..... )a —5) EETEES Tl
g 2 —8l=(..... )(c—9) h x> —121=0(..... ) — 11) MAT10NAEQ00019
i 36— dz =6+d(..... ) ] 100 — 7722 =10+ m)(. ..... ) See Example 1
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See Example 2

See Example 4

Fluency

Worked solutions
Exercise 7.1

MAT10NAWS00019

Worked solutions
Exercise 7.1

MAT10NAWS00019

316

8

9

Copy and complete each of the following factorisations.

a m2 4 2mn+n?=0(..+n? b x2—2xy+y2:(x—...)2

c a®+tdatd=0(..+27 d w’+6w+9=w+...\

e W2 —2hk+ k2 =( .. —k? f p2—10b+25=(0b-...0

g P+ 12n+36=m+...)° h m? = 12m+36=(m—...)>
i —14x+49=(x—...7° i B2+ 18k +81=(k+...)7

Factorise each of the following.

a a’—m’ b x*—1 c *-9 d y? —16
e 25 —w?’ f 49 —4? g b%—100 h g*2-81
i 169 —n® i x®—64

Factorise each of the following.

a a’+2ab + b* b m? = 2mn + n?

c h>—6h+9 d x? +20x + 100

e p?+10p+25 f g% —12g+36

g x? — 14x + 49 h h?+6h+9

i 25— 10m + #? i pP+8p+1l6

k 9—6x+x? I y2+ 18y + 81

Factorise each of the following.
a 6b+ab+ 6m+ am

“5a —ac+5b+ be

ab —3b+ a’ — 34”

ax +ay + bx + by

ad +bd — ap — bp

“Tg—dg+Ty+dy
m2+m7¢+mq+ﬂq
m? +2m> — bm — 3
xy —xz+ay — az

= ol T

=g 0o 6

Factorise each of the following.

a 4a® — 257 b 16x? — 9y? ¢ 49m? — 16n*
d 942 — 64b° e 4x? — 121y? f 36x% — 2592
o 144m? — 2517 h 64p? — 4947 i 8la® — 16b%

Factorise each of the following.

a 4x? —4x+1 b 9x?+6x+1

c 16g° —8g+1 d 44% — 4ab + b?

e 9’ +6pg+q° £ 25x% — 10xy + y?
g x?+ 16bx + 64b2 h b% + 22bc + 1212
i a®— 18ab + 81b° i a® — 16ab + 64b*
k 9% + Ghk + k? 1 16g%+8g+1

m 4m? — dmn + n? n 16p + 8pg + ¢°
o 25x% —10x + 1 p 49y — 56y + 16

Factorise each of the following.
a (2a)* + 124 + 32
¢ (m)? = 24m + 32
(e) 25k* — 40k + 16
o 4m? — 24m + 36
i 164® — 40a + 25

b (3x)* — 30x + 57

d 92+ 12n+4

f 44 — 284+ 49

h 81x? + 36x + 4

i 64m? + 112m + 49

Factorise each of the following.

@nyz—yz—Zx-i-l b wn?+1—n—mn

¢ hx+gx+jx+hz+ g+ d ad—ac+cg+of —df—dg
e a® —b*+3a—3b f 4x? +x—16x —4
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g ac+4d+ ad + 4c h x%y+3xy — 4x — 12
i a’h—1—a+ab i 62’ — 124> —4a+ 8
10 Factorise each of the following.
a (@—37-1 b (a+b>-9 c x—77-16
d 4—Q2m-3) e 4—(4a—17) f (x—37-25
36(x — 17 =25(x+2? h 64la+ 17 -9@ -3 i 46x—57—4902x—3)’
i (x—9)7 = (x+2y)? k (a+ 5?2 —(a—2b)7

11 Use factorisation to help sketch the graphs of each of the following.

a y=x>—2x+1 b y=—x?—6x—9 c y=x>+2x+1
d y=x*+6x+9 e y=x>—8x+16 [ y=x*+8x+16
@ylex—x2—25 h y=2x—x?—1

12 An annulus is the shape left when a circle is cut out of the
centre of another circle, as shown in the diagram. Find a
formula for the area of the annulus in terms of d; and &5
shown on the diagram. (Hzu¢: Start with the areas of the
circles in terms of the radii.)

13 This diagram shows two squares whose sides are @ metres
and b metres.

What is the area of the larger square?

a
b What is the area of the smaller square? P

¢ Werite an expression for the area of the shaded region.

d Factorise the expression you wrote in part c.

e Ifa =37 mand b =137 m, use both of the expressions
you wrote to find the area of the shaded region. Which calculation was easier?

14 Show that the volume of concrete used to make a concrete pipe of outer diameter D, inner
diameter d and length L is given by V = {nL(D + d)(D — d).

m Quadratic expressions

Quadratic functions have the format y = ax? + bx + ¢ and their graphs are parabolas.

Important!

Quadratic expression

A quadratic expression in the variable x has the format ax? + bx + ¢, where 4, b and ¢ are
real numbers. Quadratic expressions are often just called quadratics. They are also called
trinomials since they have three terms. A quadrilateral where @ = 1, x? + bx + ¢, is called a
monic quadratic.

A quadratic is actually a polynomial of order 2.
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Problem solving

See Example 3

Reasoning




You have already seen that quadratics are produced by the expansion of binomial brackets, such as
(@a+5)a—4)=a’+a—20o0r 5c —4)(2c — 3) = 10c? — 23¢ + 12. It is not immediately clear
how you can do the reverse, factorisation of quadratics.

Example 5

Complete each of the following factorisations and check by expansion.

a pP+8+15=0p+3)p+..) b m?+m—6=m+3)m—..)
MAT10NAVT10016 c X2 —Tx+6=(—1Dkx—...) d d?>—6a—16=@—8a+...

Solution
a  Write the partial answer. p+3p+...)

15 =3 X 5,s0try 5. =@p+3)p+5)

Expand the brackets. =plp+5)+3p+5)

Keep going. =p*+5p+3p+15

Simplify. =p>+8 + 150K

Write the whole answer. PP+8+15=(p+3)p+5)
b Write the partial answer. (m+3)m—...)

T6=3X 2,s0try 2. =(m+3)m—2)

Expand the brackets. =m(m —2) +3(m—2)

Keep going. =m’>—2m+3m—6

Simplify. =m?+m—6vOK

Write the whole answer. m?>+m—6=(m+3)(m—2)
¢ Write the partial answer. x—1Dx—...)

6="1X "6,s0try 6. =(@x—1)(x—06)

Expand the brackets. =x(x —6) — 1(x — 6)

Keep going. =x*—6x—x+6

Simplify. =x?—7x+6vOK

Werite the whole answer. 2 —Tx+6=(x—1)(x—6)
d Write the partial answer. (z—8)(a+...)

T16 = "8 X 2, s0 try 2. =(a—8)(a+2)

Expand the brackets. =ala+2) —8a+2)

Keep going. =a’+22— 82— 16

Simplify. =a? - 6a—16 VOK

Write the whole answer. 22— 6a—16=(a—8)(a+2)
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Investigate: Factorisation of quadratics |

Teacher notes

You may have seen previously that you can model expansion of binomial brackets with

. Factorisati f
squares to represent x~ and oblongs of the same length to represent x. By colouring them ceionseon S

quadratics |
on the back, you can also show —x? and —x. You can represent numbers as small squares
R . . MAT10NATN00005
of the same width as the oblongs to represent 1. You show (x — 2)(x + 4) using this
method as below. The area method is shown beside it. Weblink

| O0odd X + 4 Factorising with
X

concrete materials

2
e x X 4x MAT10NAWBO00007

(L x T rrl “2| 2 8
L )] ]

The expansion of (x — 2)(x + 4) is x* 4+ 2x — 8, as can be seen from either model.
How can you start with the expansion and end up with the model, using the squares and

oblongs?

Looking at the first 2 terms of x% + 2x — 8, x* + 2x = x(x + 2). O
Make a model of x(x + 2) = x? + 2x.

This gives you the x? term and somze of the xs. |E X’
It doesn’t give any units.

To improve the model you add zero in the form x — x, | I
with the positive x on the top and the

negative x down the side. o [

| I 0 A
Inside the lines you now have x? — x + 3x
To make the model correct you need to put a unit on the top, a negative unit down the side
and some units inside the lines.
Now count the units down the side, on the top and inside the lines.
Does the number of units inside the lines match the number of units in the problem?

x| x 100000

5 Units table:

o el Side Top Inside | OK?
[ | EER 1 3 3 X

Add another zero in the form x — x, putting the negative x down the side and the positive
x on the top.

You now have x? — 2x + 4x inside the lines.

Put in extra units to make the expansion work.

x L 10000
X 2 el el Units table:
Side Top Inside | OK?
] EEEN 1 3 3 X
[ | EEEN 2 4 8 v

Count the units down the side, on the top and inside the lines.
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Does it match?

Yes!

The factorisation is, unsurprisingly, x? + 2x — 8 = x? — 2x + 4x — 8 = (x — 2)(x + 4)
Obviously, any quadratic with signs like the one above can be done in the same way. The
signs in a quadratic can be distributed in any of 4 ways: ax? + bx — ¢, ax® — bx + ¢,

ax® + bx + corax® — bx — c.

Let’s look at factorising x* — x — 12.

Start with a model of x% — x = x(x — 1).

In this case, you need to add zero again, but will have to put
the negative on the top and the positive down the side.

This will make x? — 2x + x inside the lines. You will also need to put in extra units to
make the model work. Draw up a table of the units.
Do the units match the units in the quadratic?

x| [ ] |

5 1 Units table:
Miox I Side Top Inside | OK?
U [ ] | 1 2 2 X

No, so keep going by adding another zero.
X EEE
A 2 (e Units table:
Side Top Inside | OK?

] NN 1 2 2 X
U EEN 2 3 6 X

You now have x? — 3x + 2x inside the lines. What about the units? Do they match the
quadratic?
No, you need ~12.

Go again.
x EEEN
, : : Units table:
|| x* |EEdEE Side Top | Inside | OK?
O—=—mmmm | E A
[l EEEN 3 4 12 v
O EEEN

You now have x* — 4x + 3x inside the lines. Do the units match the quadratic?
Yes! There are ~12.
The factorisation is x* — x — 12 = x? — 4x + 3x — 12 = (x — 4)(x + 3)

Now let’s look at x? + 5x + 6.
Make a model of x? + 5x = x(x + 5) x> 100000

This gives the x term and a// of the xs.
You need some units. Adding x — x will | LR R

make the units inside the lines all negative.
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Move one of the xs from the top to the side instead of adding zero.
Put in the units to make the model work.

x L0 |;L
{ \ Units table:
L Side Top Inside | OK?
oiC=1000 1 4 4 X

Do the units match the 6 in the quadratic?
No, so move another one.

] o s
. { I .\ Units table:
Side Top Inside | OK?
C=zZ1000 i 4 |4 X
%DDD 2 3 6 v

Do the units match the 6 in the quadratic? Yes!

The factorisation is x” + 5x + 6 = x> + 2x + 3x + 6 = (x + 2)(x + 3).

Try working through the model for x* — 8x + 12. You need to remember that when the units
are negative in both on the top and down the side, they will be posztive inside the lines.
Starting with x? — 8x = x(x — 8) you will have to move —x from the top to the side.

You should end up with the last line of the units table being "2 76 12 v .
What is the factorisation?

Your teacher will probably want you to do some more models before you go on.

In the investigation above, you will have noticed that the last column and row numbers in the
units table always add up to the coefficient of x and 7zultiply to give the constant. The column
number is the number in the first bracket and the row number is the number in the second
bracket. If there is a factorisation, this always works when x? has a coefficient of 1.

The numbers # and v that give x? + bx + ¢ = (x + #)(x + v) are such that zo = cand u + v = c.

Example ©7°6

Factorise each of the following.

a a®+7a+12 b x*+9x +8

Solution

a  Write the problem. aA2+7a+12
You want two numbers with product 12 and
sum 7. 2X6=12but2+6+#7
Try some other numbers. 3X4=12and3 +4=7vOK
Rewrite the expression using 34 and 4a4. A2+ 7a+12=a’+3a+4a+12
Factorise each pair. =ala+3)+4(a+3)
Use (¢ + 3) as the common factor. =(a+3)(a+4)
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b Write the problem. 22 +9x+8

You want two numbers with product 8 and

sum 9. 2X4=8but2+4+#9

Try some other numbers. 1Xx8=8and1+8=9vOK
Rewrite the expression using 1x and 8x. 2+ 9x+8=x"+x+8+8
Factorise each pair. =xx+1)+8(x+1)
Use (x + 1) as the common factor. =x+1)(x+8)

When you rewrite the middle term in the quadratic, it is always easier to write the smallest term
first. If one term is negative and the other is positive, the smallest is the negative term.

Example 7

Factorise each of the following.

Excel worksheet:

Factorising trinomials a2 x2+x—6 b 4?2 —=24—15 c yz —6y+8
MAT10NACT00011 .
Solution
a  Write the problem. Z+x—6
Ad d algeb d
You want two numbers with product ~6 and
MAT10NATIO0015 sum 1. 2X3="6bu2+"3="1
Swap signs to change the sign of 1. “2X3="6and 2+3=1v0OK
Rewrite the expression with the negative first.  x*>+x —6=x> —2x+3x — 6
Advanced algebra and
Factorise each pair. =x(x—2) +3(x—2)
MAT10NACP00015 Use (x — 2) as the common factor. =(x—2)(x+3)
b Write the problem. a’?—2a—-15
You want two numbers with product 15 and
sum 2. 5X3="15and 5+3="2vOK
Rewrite the expression with the negative first. 2% — 22 — 15 =a®> — 52+ 3a — 15
Factorise each pair. =ala—5) +3a-5)
Use (@ — 5) as the common factor. =(a—5)(a+3)
¢ Write the problem. 9> —6y+8
You want two numbers with product 8 and 2X 4= "8and 2+ 4= 6vOK
sum 6.

Rewrite the expression with the smallest first. ~ y°> — 6y + 8=y —4y — 2y + 8
Factorise each pair, being careful with signs. =yy—4) —2(p—4)
Use (y — 4) as the common factor. =@p-40-2)

You will have noticed that once you have found the right two numbers, then with quadratics like
those in Examples 6 and 7 you can go straight to the answer.
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Investigate: Graphs of quadratics

In the last section of the text, you looked at sketching perfect squares. How can you use

s .. help sketch dratics? Excel worksheet:
actorisation to help s 2etc quadratics: Investigating parabolas

For the function y = x“ — 5x — 6, do the following. 2

e Tactorise x* — 5x — 6. MAT10NACT00012
e Complete the table of values below.

y MAT10NATC00007
. .. . TLF Learning object
e Plot the points and join with a smooth curve. e (L35
1 rapher
e What shape is formed?
MAT10NAIN00007

e Compare the graph to that of y = x?.
e Where is the turning point? TLF Learning object
e What are the zeros (x-intercepts)? Graphing functions

e Write a conclusion. (R11253)

MAT10NAIN00007

Repeat the steps above for the functions y = x? + x + 6,y = 2x — x* — 8and y = —x* — 5x — 4.
What can you conclude about the graphs of quadratics?

Graphs of quadratics
The graph of the quadratic f(x) = (x + @)(x + b) is a parabola with its turning point at

(_‘Z 2_ b f (_‘Z 2_ b) ) It is shifted 4 —; b units to the left and # (_d 2_ b) units up or down
according to the sign compared to y = x°.

a+b
If—2

is negative, then the graph is shifted to the right. If the whole function is negative

(i.e., the coefficient of x? is negative) the graph is upside down compared to y = x?. The
zeros of the function, where it passes through the x-axis, are at (—4, 0) and (-5, 0).
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Example © 8

Use factorisation to help sketch the graph of y = —6x — x? — 5.

Solution

Rearrange the function to write as a
quadratic.

Usel X5=5and 1+ 5 = 6 to factorise
the quadratic.

Use the characteristics of the factorised
function to state important points.

Sketch the graph.

y=—6x—x>-5
= —(x?+6x+5)

=—(x+1kx+5)

The graph is shifted L+5 _ 3 units to the left.
It has its turning point‘at (73, 4) and zeros at
(75, 0) and ("1, 0). The y-intercept is at (0, ~5).

(73’ 4) JA

<Y

(5,0) (1,0

(0,75)
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What happens with quadratics where the coefficient of x? is not 1 (non-monic quadrilaterals)?

Teacher notes

Investigate: Factorisation of quadratics Il

Factorisation of
quadratics Il

You can use the previous model to factorise quadratics where the coefficient of x is not 1,
but it is a little more tedious. Let’s try factorising 2x* — 5x — 3.
Looking at the first 2 terms of 2x? — 5x — 3, 2x% — 5x = x(2x — 5).

Make a model of x(2x — 5) = 2x? — 5x. xC*¥ L mEEEN

This gives you the x” terms and all the xs.
It doesn’t give any units. x| «? 2 |EdEd B

Move one of the units from the top to the side.
You have to put some units inside the lines to make the model work.
But these will be positive as “1 X 71 = 1.

x [ x 1l o3

/ , 11E Units table:
) * T’V b Side | Top | Inside | OK?
= 1 - [eminm I o 4 |x

There are now too many —xs. To make the units inside the lines negative, change the sign
of the unit at the side.

xCx JL *x HEEE

Units table:
x2 x2 Side Top Inside | OK?
-1 4 4 x

)| ] ] ] 1 4 E X

Now there aren’t enough negative xs and there are too many negative units. If you move
more to the side, it gets worse.
Try swapping an x from the top to the side.

xCx /HEEE

|E x? Units table:
Side Top Inside | OK?
xl a2 | P B B B 1 4 4
1 4 4

O  EEEE 1 4 “

MAT10NATN00006

> X X

Now there are too many —xs azd too many ~ 1s.
Try taking one of the units off the top.

e | ]

X2 Units table:
Column | Row | Inside | OK?

X
|E
-1 4 4
x| x2 |4 A S 1 4 4
1 4 4
O

Cx /NN 1 3 3

XX X
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That works!

But the units table by itself would not have shown you the steps to get to this.
To get the correct model, you do need to use a bit of trial and error.

The factorisation is 2x — 6x + x — 3 = 2x + 1)(x — 3).

Your teacher may want you to try some more models.

While 2x + 3)3x — 4) = 6x? + x — 12, factorising 6x° + x — 12 is difficult.
Assume that ax” + bx + ¢ factorises to give (72x + 7)(px + q).

(mx + n)(px + q) = mpx? + magx + npx + ng = mpx? + (mg + np)x + nq
s0 ax? + bx + ¢ = mpx? + (mq + np)x + ng

This means that ¢ = »zp, ¢ = ng and b = g + np.

Cross method

To use the cross method you arrange numbers that might
be 72, n, p and g in a square as shown on the right.

The correct arrangement for 6x? + x — 12 is

shown beside it on the far right.

The end products give 2 and c.

The cross products give b.

Decomposition method
We can multiply 4 and ¢ to get ac = mp X ng = mpng = mq X np.
Write s = g and ¢ = np.

Then st =acand s + £ = b,
soax’ +bx+c=ax’+sx+tx+c For 6x? +x — 12,ac= 72 and b = 1.
will be the expansion of (7zx + #)(px + g). "8 X9="72and 8+9=1,s0

For the decomposition method, you need to find two s= 8and/=9,sousex="8x+ 9%

numbers s and # that multiply to give ac and add to give 4. 5 5
6x° +x—12=6x"—8x+9x — 12

= 2x(3x — 4) +3(3x — 4)
=(2x+3)3x—4)

Then you decompose bx into sx + #x to factorise the
quadratic using grouping.

Factorise 6p? + 17p + 10.

Solution

Cross method

Make a cross with numbers arranged 2 5 2 2
vertically that multiply to give 6 and 10 and >< 2%2 X 2x5
try the cross products. +3 %5 +3%2

0
N
Il
—_
O
>
o
U
Il
—_
[e)}
*x

Try2 X 3 and 5 X 2 first.
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Try them with the 5 and 2 switched over. 6 5
X X 2. 6x2

Try6 X 1and 5 X 2 J J+1X5

It gives the right answer for 4. 1 2 =17/

Werite the answer. 6p> +17p +10 = (6p + 5)(p + 2)

Decomposition method

What numbers do you need? ac =6 X 10 = 60 and b = 17, so you
need to find # and v so that uv = 60
and u + v = 17.

Try some out until you find the right ones. 6 X 10 =60but 6 + 10 # 17 X
5X12=60and5+12=17 v

Write the quadratic using 5 and 12. 6p> +17p +10 = 6p* + 5p + 12p + 10
Factorise each pair. =p6p +5) +2(6p + 5)
Use (6p + 5) as the common factor. =(6p+5)(p+2)

The decomposition method is the exact reverse of the expansion of brackets, while the cross
method uses more obvious trial and error to find the correct factorisation. The quadratic

4x? + 7x + 2 does not factorise. It is harder to see that a quadratic will not factorise from the
cross method than from decomposition. Your teacher may have a preference as to which method
you use, or may leave it up to you. If you use the decomposition method, it is easiest to put the
smallest of u and v first, just as with the simpler quadratics.

Example © 10

Factorise each of the following.

a 6x2—x—12 b 3x2—11x+ 10 c 4x®—3x—7
. MAT10NAVT10017
Solution

Cross method
Advanced algebra and

a Make a cross with numbers that multiply > G2 3 functions
to give 6 and ~12. X MAT1ONATI00015
Work out the cross products and write
the answers underneath the cross, moving 3~ 26 4 y
across as you try new ones. o
Werite the answer. 6x> —x—12=(02x —3)3x + 4) MAT10NACPO0015
b Make a cross with numbers that multiply 3 2 -5

negative so the numbers that give 10 have

to give 3 and 10. The cross product is l :>< l

to both be negative. 1 = 2
v
Write the answer. 382 —1lx + 10 = Bx — 5)(x — 2)
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¢ Make a cross with numbers that multiply

to give 4 and ~7. Try different numbers
and do the cross products as before.

2 X 2 doesn’t work. Try 4 X 1 on a new
cross.

Write the answer.

Decomposition method

a  What numbers do you need?

Try some out.

Write the quadratic using ~9 and 8.
Factorise each pair.

Use (2x — 3) as the common factor.

What numbers do you need?

They must both be negative.

Write the quadratic using ~6 and 5.
Factorise each pair (watch signs).
Use (x — 2) as the common factor.

What numbers do you need?

Try them out. Whoops, swap signs.

Werite the quadratic using ~7 and 4.

Factorise each pair, using 1 as the
common factor for the second bracket.

Use (4x — 7) as the common factor.

2 r T & 4

<]

7

2 4 ¥ ¥ F 1

1
2 A2 A7 A7 3V

4 —3x —T7T=(4x—T)(x+ 1)

ac=6X 12= "T72and b = "1, so you
need to find # and » so that uv = ~72
andu +v="1.

8X 9="72and8+ 9="1V

6x° —x — 12 =6x" — 9x + 8x — 12
=3x(2x — 3) +4(2x — 3)
=@2x—3)(3x+4)

ac=3 X 10=30and b = 11, so you
need to find # and v so that uv = —30
and z +v = "11.

“3X710=30but 3+ 710 # 11X

“6X 5=30and 6+ 5="11V
322 — 11x + 10 = 322 — 6x — 5x + 10

=3x(x—2) —5(x—2)
=(x—2)3x—5)

ac=4X 7= 28and b= 3, s0you
need to find # and v so that v = 28
andu +v="3.

7X 4="28but7+ 4+ 3X

“7X4="28and 7+4="3V
46 —3x — T =4x® — Tx +4x— 7

=x(4x—7) +1(4x —7)
=@x—-7)(x+1)

You can factorise quadratic expressions with two variables in exactly the same way as you have
been factorising quadratic functions with one variable.
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Example T 11

Factorise each of the following.
a v?—3vw — 10w?
Solution

a  Write the problem.

You want numbers with product ~10
and sum 3.

Write the answer.
b Cross method

Make a cross with numbers that multiply
to give 4 and ~21.

Work out the cross products and write
the answers underneath the cross, moving
across as you try new ones.

Werite the answer.
Decomposition method

What numbers do you need?

Try some out.

Write the quadratic using ~6 and 14.

Factorise each pair.

Use (2p — 3¢) as the common factor.

b 4p® + 8pg — 214>
P Pq q MAT10NAAEO0007

v2 — 30w — 10w?
2X5="10 but 2+5=3

5X2="10 and 5+2="3 v OK
v2 = 30w — 10w’ = (v — 5w) (v + 2w)

jx

¥ ye—y

3
8 v

4p> + 8pg — 2147 = (2p + 79)(2p — 3¢9)

ac=4 X 21 = 84 and b = 8, so you
need to find # and v so that v = ~84
andu +v=8.

T7X12="84 but 7+12+£8X

“6X14= "84 and 6+14=8"
4p® + 8pg — 2147

= 4p — 6pq + 14pg — 214>

=2p(2p — 3q) +79(2p — 39)

=(2p—39)(2p + 79

Exercise 7.2 Quadratic expressions

1 Complete each of the following factorisations and check by expansion.

b x> +6x+5=(x+..)x+1)

d m*+10m+9=m~+1)m+...)
f02-Tb+12=0b~-..)0b-4

h 2 =2x—8=(x+2)x—...)
a*+84—-20=(a—..)a+ 10)

A?+5a+4=0@+4Na+..)
Y ATy +H10=0+2)p+..)
pP=5p+a=0p—-Dp—...)
a?—33—-4=@0G—..)a+1)
Y F+y—12=@G-3)@+...) j

=g 0 60

2 Factorise each of the following.

a g>+8g+12 b h*+5h+6
e 2+7t+6 f 22+ 11z +30
i a®+11la +28 i w?+ 12w+ 35

9780170194860
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Extra questions
Exercise 7.2
MAT10NAEQ00020

See Example 5

See Example 6
d x> +5x+6
h ¥ +7y+12

c B2+ 13k+42
o 12+ 15+ 54




If you are going to use the ‘cross’ method, answer question 3.

3 a Which ‘cross’ diagram will give the factors of 2x? + 17x + 8?
A 2x><+4 B 2x><+8 szxﬂ sz)<:2
x 2 x "1 X 8 X 4

b Which ‘cross’ diagram will give the factors of 6x% + 7x — 5?

A B _ C D _
3x 15 3x 5 6x M1 3x 1
X X XX X
2x 1 2x 1 X 5 2x

¢ Which ‘cross’ diagram will give the factors of 4x? — 16x + 7?

A4x 7 BZx *7 C4x ! D2x 71

XX X

X "1 2 'l X 2x
d Which ‘cross’ diagram will give the factors of 12x% — 17x + 6?

A2x 3 B3x 6 Céx 6 D4x 3

X X X

6x 2 4x 1 X 1 3x 2
e Which ‘cross’ diagram will give the factors of 8x? — 2x — I5?
A 4x 73 B 8 73 C2x 73 D x_ M1

X X X X

2x 5 x 5 4x 5 8 15
If you are going to use the decomposition method, answer questions 4 and 5.

4 Find two numbers that:

a multiply to give 15 and add to give 8 b multiply to give “27 and add to give ~6
¢ multiply to give ~40 and add to give ~3 d add to give 12 and multiply to give 32

e add to give 5 and multiply to give ~36 f multiply to give 64 and add to give "16
¢ add to give 2 and multiply to give ~15 h add to give “3 and multiply to give ~54.

5 Each quadratic below has been ‘decomposed’. Complete the factorisations.

a 2x(x—1)+7(x—1) b 3a2a+3) —2(2a +3)
¢ 4x(3x —5) +30B8x —5) d 5y(y —4) +6(y—4)
e 7xQ2x+1)+32x+1) f 3xBx—1) —168x—1)
g Salda+3) —2(4a +3) h 5xQ2x —7)+ Q2x —7)
i 6ala—3)—(a—23) j 4x(2x —9)+3Q2x —9)
Fluency 6 Factorise each of the following.

See Examples 6, 7 a a’+4a+3 b x>+ 9x+8 c y2+7y+6
d m?+5m+6 e x2+6x+8 f p2+9 +20
g p2+10p+16 h g2+8g+15 i x?+10x +24
i x4+ 1B3x+30 k a®+ 14a + 40 1 m? +17m+ 42
m x? —3x+2 n a’>—4a+3 0 92 —=5y+6
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p x> —10x+9
s x?—10x + 21
v a?— 182 +32

7 Factorise each of the following.

a b>—b—6
d y?—y—42
g n?—2n—15
i x%=3x—-10
mp?+5p—6
p 2 +c—20
s a’+4a—12
v pP+dp—32

8 Factorise each of the following.

a e — lden + 4517
d b+ 3bv — 10802
g 22— 10zm — 11m?
i g +2g 9%’
m 22 — 11zu — 604>
p p2—2pr—3s?

s h®—3hz — 10877
v 12— 6tp —27p?

9 Factorise each of the following.

a 2x>+9x+9
d 3m? +14m+8
g 5x*+22x+38
i 467+ 13b+3
m 6a° + 7a+2

p 6x% +23x + 20
s 129?435y +25
v 3272 +52r+ 15

10 Factorise each of the following.

a 2x2—9x—5
d 2m? —m—1
g 2x* —5x—3
i 5x?—9x—2

m 24> —7a — 4
p 4x®+ 15x — 4
s 3x2+8x—3
v 6r°+23r—4

11 Factorise each of the following.
a 5x”+39x — 8
d 5x°+7x—6
g 7f% —54f+35
i 20p% — 13y — 84

9780170194860
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=D 0 o

y2 —7y+10
w? — 11w + 18
y? — 16y + 15

a®>—a—20

> —2c-3

m® —Tm—8
y? — 4y — 12
k2 +3k — 4
x? +3x — 40
b*+6b—17
a®+ 24— 35

w? + 8wt — 1054
2+ 3pe — 4e?

y2 + 6yn — 55n°
h? + 21hw + 98w?
x% + 19xz + 8427
x2 — 14xv + 4802
¢ — 23¢p + 130p?
g” + 10gg — 2447

24% +9a + 10
3x2 4 20x + 12
5¢2 + 14c+ 9
5p° +7p +2
6x% + 13x +2
1212° + 297 + 14
16002 + 24w + 9
124> + 224 + 8

54° —a—4
3x2 —2x — 1
21 —3h—2
M —17n —2
7x2 + 13x — 2
5x2 4 14x — 3
40° + 11w — 3
2x% + 7x — 4

342 — 10a — 8
392+ 19y + 6
1142 — 89 + 8
24x% + 110x + 121

-

a? —10a + 16

u g’ —1la+ 24
x b? —12b+ 35

o = o == mmoe o e = o == moae ¥ e = o == moae

¥ g = 0 == mo

— e

x> —x—12
a®>—24—38
a® —3a—10
b* — 6b — 27
a>+a-6

y2+5y—6
k? + 6k — 16
x? + 5x — 36

See Example 11

P 8ag + 15g2

¢ — 8cm — 33m”

g+ 7ge — 7867

22 + 2929 + 21047

g% + 3qn — 28n?

k2 + 4kp + 3p?

22 — 6zr — 40#?

k* — 14km + 24m*

See Example 9
2x% + 13x + 15
3624+ 13h + 12
4x% 4+ 12x + 9
5h? + 11h + 2
3924+ 8y +4
8x% + 18x + 9
15x% + 28x + 12
42x% + 73x + 28

See Example 10

2x2 —7x — 15

6b> —5b—1

6y? — 11y — 2

10x%2 — 19x — 2

10y + 19y — 2

2b% +5b—3

5x2 + 19x — 4

24> +9a -5

7b% — 16b — 15

5x2 — 24x + 27

124 + 324 — 35
6d> —d—77




m 2x° +x — 10 n 30m% — 31m — 44 0 6x2—13x—5
p 6¢2+7c—20 q 9x?+6x+1 v 184° +21a — 4
s 12p% +20p — 25 t 15x% 4+ 7x—2 u 842 —10a—3
v Tx% —27x—4 w 9%+ 351 — 4 x 6x2+x—77

12 Factorise each of the following.

a 272° + 12zn — 321°

d 507 — 340k — 99k

g 98x% + 189xu + 55u°

i 3007 — 2290m + 301>

m 112b% + 150bh + 27h?

p 1041° — 67na — 104*

s 180x% — 153xp — 14p?

v 3x% + 41xb — 14b

27b% + 60bg + 28g>
40b% + 94bn + 5517
72p% — 198pn + 12117 48x% — 46xg — 77¢°
24m* — 110mh + 75h* 4522 — 572m — 4m?

¢ 84p? — 16pe — 5¢2
f
i
1
639% — 34ya — 804° o 24m?* — 52mr + 24r*
r
u
X

15m% + 2mp — 8p?

143u” + 87ug — 90g” 110e? — 4leu — 126u°
195¢% — 92tc — 7¢° 3617 — T2k + 1142
99z% — 170z + 39717 8% + 27tp + 9

g ~.a 5 00 o

Problem solving @ How many integer values of 4 are there for which x? + bx + 6 can be factorised using integer

?
Worked solutions values:
Exercise 7.2 14 How many integer values of 4 are there for which x* 4 bx — 12 can be factorised using integer

p
MAT10NAWS00020 values:
SeeExample8 15 Use factorisation to help sketch the graph of each of the following.

a y=x>—-2x—-3 b y=—x>—4x—-3 c y=x>+6x+8
d y=x>—6x+38 e y=x+4x+3 f y=x?—5x+4
g y=5x—x>—6 h y=x>—x-6

Reasoning @ How many whole number values of ¢ between 1 and 100 can you find so that x* — x — ¢ can

be factorised using whole numbers?

Worked solutions

17 How many whole number values of ¢ between 1 and 100 can you find so that x* + 2x — ¢ can
be factorised using whole numbers?

Exercise 7.2

MAT10NAWS00020

18 How many integer values of a can you find, strictly between 100 and 200, so that ax” + x — 6
can be factorised using integers?

YRR (19) For what values of ¢ are there an odd number of values of 4 for which x? + bx + ¢ can be
S factorised using integer values?

MAT10NAWS00020

m Other expressions and functions

All the expressions and functions you have looked at so far in this chapter have had just two
factors. In most cases, each factor has been a group so you have ended up with binomial brackets.
Combinations of the types you have already looked at may give more than two factors or enable
you to factorise expression with higher powers.

Common factors should always be removed before any other factorisation is done.
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Example 12

Factorise each of the following.

a 31— 48 b 2m’n — 8mn’ ¢ S5x’ —30x% + 45x
Solution
a  Write the expression. 3.2 — 48
Take out the common factor. =32 - 16)
Use the difference of two squares. =3(—4)(t+4)
b Write the expression. 2m’n — 8mn’
Take out the common factor. = 2mn(m? — 4n?)
Use the difference of two squares. = 2mn(m + 2n) (m — 2n)
¢ Write the expression. 5x° — 30x% + 45x
Take out the common factor. =5x(x* — 6x +9)
Use perfect squares. =5x(x — 3)?

Quadratics will not always be given in the usual order, so check any three-term expressions to see
if they are quadratics.

Example 13

Express each of the following as products of the simplest possible factors.

Advanced algebra and
a 6x% —30x + 24 b 5+ 64> — 134 ¢ 8ab® —20ab — 124
Solution MAT10NATIO0015
a  Write the expression. 6x% — 30x + 24
Take out the common factor. =6(x* —5x+6)
Use 3X 2=6and 3+72="5 MAT10NACP00015
to factorise the quadratic. =6(x —3)(x—2)
b Write the expression. 5+ 6a° — 13a
Put in the normal quadratic order. =6a° —132+5
Factorise as a quadratic. =Q2a—-1)(32-5)
¢ Write the expression. 8ab> — 20ab — 124
Take out the common factor. = 4a(2b — 5b — 3)
Factorise as a quadratic. =4a(b—3)(2b+ 1)

Occasionally, you can rewrite powers as squares. You may be able to substitute a dummy variable

for an expression to simplify a factorisation. In this case, remember to substitute the original
expression back in and simplify.
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Example 14

Factorise each of the following.

a (e—3)0°—25 b a*—16
¢ xt—5x% =36 d 26—-17+506-1) +2
Solution
a  Write the expression. (e—3)%-25
Use the dummy variable p = (e — 3). =p2-25
Factorise as a difference of squares. =@p-5@pE+5)

Substitute the dummy variable p = (e — 3).
Simplify the internal brackets.
Complete the simplification.
b Write the expression.
Express as a difference of squares.
Factorise as a difference of squares.
Factorise (¢° — 4) as a difference of squares.
¢ Write the expression.
Express as a quadratic in x°.

Use 9 X4 =36and "9+ 4 = 5 to factorise
the quadratic.

Factorise (x2 — 9) as a difference of squares.
d Write the expression.

Use the dummy variable p = (b — 1).

Factorise as a quadratic.

Substitute the dummy variable p = (b — 1).

Simplify the internal brackets.

Complete the simplification.

=[(e —3) —51[(e — 3) + 5]

=(—3—-5)e—3+5)

=(e—8)(e+2)
a*—16
_ (ﬂ2)2 _ 42

=@ +4* -4

=2+ Da+2)(a-2)

xt—5x% - 36
= x%)?—5x*— 36

=(x2-9)(x*+4)

=(x-3)x+3)*+4)
26— 12 +5(6—-1)+2

=2 +5p+2
=2+ Dp+2)

=[R20G6-1+11[(G-1) +