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6.2 Constructing straight line graphs

The gradient of a linear function

The gradient of a straight-line function, also known as the slope,
determines the change in the y-value for each change in z-value. The
gradient can be found by analysing the equation, by examining the
graph or by finding the change in values if two points are given. The
gradient is typically represented with the pronumeral m.

A positive gradient means that the y-value is increasing as the z-value
increases, and a negative gradient means that the y-value is decreasing
as the z-value increases.

’ a , .
A gradient of 3 means that for every increase of b in the z-value, there

2
is an increase of a in the y-value. For example, a gradient of 3 means

that for every increase of 3 in the z-value, the y-value increases by 2.

z- and y-intercepts

The x-intercept of a linear function is the
point where the graph of the equation
crosses the z-axis. This occurs when y = 0.

The y-intercept of a linear function is the
point where the graph of the equation
crosses the 1-axis. This occurs when > = ()

6.1 OVERVIEW
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1.2 teachON

6.2 Exercise
Q1

State the gradients
ay=2r+1

Gradient =

Gradient =

WORKED SOLUTIO

cy=iz+4

Gradient =
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and Y-intercepts of the following linear equations.

, y-intercept =

- 2o
 y-intercept =
 y-intercept =

No Class @ -

NTERPRET THE SLOPE AND INTERCEPTS OF STRAIGHT LINE GRAPHS

Teacher and student views

— Textbook questions
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RESOURCES
Topic PDF i
Fully worked solutions and

Solutions « sample responses

Digital documents

Digital documents

Video eLessons *

Determining the gradient from a graph
Play, rewind and re-watch this teacher-led video.
Duration: 3:10

Video eLessons

Interactivities
Linear modelling

Play, rewind and re-watch this teacher-led video,
Duration: 5:56

Reliabllity of predictions
Play, rewind and re-watch this teacher-led video.
Duration: 4:45

Interactivities * =5
Teacher-led videos vl

Digital documents Enhanced teacher support resources

Chapter 6 Test A
Student test A, designed in Word for easy editing and
customisation,

Interactive questions with
Chapter 6 Test A and answers A :
Student test A with answers included, designed in immediate feedback

Word for easy editing and customisation.

Chapter 6 Test 8
Student test B, designed in Word for easy editing and
customisation.
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1.1 Overview

11.1 Overview

The word “kinematics™ comes from a Greek
word “kinesis™ meaning motion, and is related
10 other English words such as “cinema”™

Each topic is linked
to Key Knowledge
(and Key Skills) from
the VCE Mathematics
Study Design.

(movies) and “kinesiology™ the study of
human motion. Kinematics is the study of the
motion of a particle without consideration of
the causes of the motion. In this chapter we
will consider rectilinear motion, which is the
motion of a particle moving along a straight-
line path. Associated with the motion of a
particle are certain quantities, these are the

position, velocity, and scceleration which may
depend on time,

KEY CONCEPTS

This topic covers the following point from the VCE Mathematics Study Design:
* use of velocity-time graphs to describe and analyse rectilinear motion
° ion of i i and solution of

equations to rectilinear

motion of a single particle, including the different derivative forms for acceleration a = P

dv_d (I )
v===(24),
dr de \2

Source: VCE Mathematics Sty Design (2023-2027) extracts @ VCAA; repriduced by permission.
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I'he vector cross product [+]
axk=lgllblsin(O) sahsons &= onResources link to targeted
The orientation of the vector cross product is given by the right-handed coordinate system. To determine the O domsmenss o d|g|ta| resources inCluding video
direction of ¢ X b, use your right hand and curl your fingers from a to b, The direction of a X £ is the direction Vidoo stanans 0o .
in which your thumb is pointing . elLessons and weblinks.
Imeractvitien e ]
axd
exp
b~ Tables and images break down
i content, allowing students to

"

understand complex concepts.

Consider taking the cross product of @ and b in the opposite order, b X a. This time you will need to curl your
fingers from b to a. if we consider the triangle POX, then by Pythagoras® theorem:

Interactive glossary terms
help develop and support
mathematical literacy.
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The diagram shows the line L, passing through the points A and B and Py
the hine Ly passing through the poiats A and D, with the angle BAD -
being a right angle.
Taking AC as | unit, the sides in the diagram are labelled with their ol
lengths. The side CB has leagth m, . Because lengths must be positive, .5
the side CD is labelled a5 =i, since my <0, A > Honronta
" » 5
From the iriangle ABC in the diagram, tan 0 = 'T‘ = and from the =
1
triangle ACD in the diagram, tan 8 = —— o
- )

"

Hence, .\

|
—-m,

Pink highlight boxes comymy = =1

summarise key information

and provide tips for VCE S -
Mathematics success. i

* Gradients of perpendicular line

* If two lines with grachients a1, and mi; are perpendicular, then the prodect of their gradients is —1
One gradicnt is the negative reciprocal of the other.

« It follows that if mym, =1, thea the two lises are perpendiculur. This cun be used 1o test for
perpendicularity

-1 21
Faluate -5 3 4
13

THINK WRITE

Worked examples break down the
process of answering questions using
a think/write format.

1. Expand across the first row
mwltiplying cach clement by the

2 2 determinant w

and followiay (B vige patern
2 Multiply ad expand onch 2% 2
determnan
3 State the final result, as the value of
the determinas
0 THING DISPLAY/WRITE A510 | THINK
S P PO | - ] S e

Teacher-led videos that explain
how to approach exam questions,
including VCAA exam questions.

L1
[6 »

Canaiom T e eoaten |
3 2

The vatem of @ wret b revpmc ey o

A

e Online and offline question sets
contain practice questions, exam-style
questions and past VCAA exam
questions with exemplary responses
and marking guides.

e Every question has immediate,
corrective feedback to help students
to overcome misconceptions as they
occur and to study independently —
in class and at home.

ABOUT THIS RESOURCE xi
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End-of-topic exam questions
include relevant past VCE exam
questions and are supported by
teacher-led videos.
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questions are
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the exams.

Students can start
preparing from
lesson one, with
exam questions
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lesson — with
relevant past VCAA
exam questions
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Customisable practice
Mathematical investigations
available to build student
competence and confidence.

Combine units flexibly
with the Jacaranda Supercourse

Build the course you’ve always wanted with the
Jacaranda Supercourse. You can combine all
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move backwards and forwards freely. Or combine
General and Methods Units 1 & 2 for when students
switch courses. The possibilities are endless!
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A wealth of teacher resources

1.2 Unear functicns

’] 2 Linear functions

1.2.1 Functions

Afunction is a set of ordered pairs in which each z-value Is paired to
unique yvalue. A vertical line wil intersect the graph of a function at most
once. This is known as the vertical kne test for a function.

A horizontal line may intersect the graph of a function ance, In which case
the function has a one-to-one correspondence, o the harizontal line may
intersect the graph more than once, in which case the function has a
many-to-one correspondence.

The domain of a function Is the set of r-values In the ordered pairs, and
the range is the set of the y-values of the ordered pairs.

As a mapping, a function s written f: D —» R, [ (x) = ..., where the
ordered pawrs of the function / are formed using each of the =-values in
the domain 1) and pairing them with a unique y-value drawn from the co-
domain set R according to the function rude f (z) = ... Not all of the
available yvalues may be required for 3 particular mapping; this is
dependent on the function rule.

For any polynomial function, the implied or maximal domain is R. For
‘example, the mapping or function notation for the straght line y - 2z is
iR~ R [(z) =2z

Under this mapping, the image of 3, or the value of / at 3, is
£(3) = 2 % 3 = 6, and the ordered pair (3, 6) lies on the line of the

Customise and assign

Downioad 2 POF veesion of this tooffine use.

For each of the foliowing. state:

. whether or ot the relation i a Aunctic

Topie 1 Tust A + answers
Stadent test A wieh anwers Includeond format

Topic 1 Test 8
Snudent test B, n Word foemat for eting and

Enhanced teacher support resources,

including:

e work programs and curriculum grids

¢ teaching advice and additional activities

e quarantined topic tests (with solutions)

e quarantined Mathematical
investigations (with worked solutions
and marking rubrics)

(0 )0 e 00 ]

Select your content

A testmaker enables you to create
custom tests from the complete bank of
thousands of questions (including past
VCAA exam questions).

Reports and results

1 Functions ane graphs. 31 Overview

3 trgorometre fanctiom 13 Composite functions

3 Compenite fumctons. 32 Exercine 1.2 Composie functions
ranstormations and imverses

13 functonsl equatans
4 Exponential ang logareemic
functons ] 33 Enercise 1.3 Functionsl equations
5 Oerercanon 14 Tramstormations

& Surther derentiation snd 14 Exerose 1.4 Transformatons

Data analytics and instant reports
provide data-driven insights into
performance across the entire course.

Show students (and their parents or
carers) their own assessment data in
fine detail. You can filter their results to
identify areas of strength and weakness.
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1.1 Overview

Hey students! Bring these pages to life online ~n )Z;
Watch Engage with Answer questions ,,) 9
videos interactivities and check results /'

Find all this and MORE in jacPLUS (C)

1.1.1 Introduction

Ever since you were a small child, even
before you started school, you have

had the experience of counting. These
simple counting techniques are built
upon to develop very sophisticated ways
of counting, in a field of mathematics
known as combinatorics. Permutations
and combinations allow us to calculate
the number of ways objects belonging to
a finite set can be arranged.

Have you encountered the pigeon-hole
principle before? It is a deceptively
simple statement that can be used to
identify patterns in huge amounts of
data, such as in DNA analysis.

Have you encountered Pascal’s triangle
before? It spans the mathematical
fields of combinations, probability,

the binomial theorem, Fibonacci
numbers and the bell-shaped normal distribution. In developing his triangle, Blaise Pascal (1623—1662) made
a fundamental contribution to the field of combinatorics.

In this topic you will apply combinatorics to determine, for example, the number of ways a team of

5 players can be chosen from a group of 10. Consider its usefulness in developing rosters for staff or flow charts
for projects. Just as Pascal’s triangle spans mathematical fields, combinatorics spans industries as varied as
gambling, internet information transfer and security, communication networks, computer chip architecture,
logistics and DNA modelling. It has applications in any field where different choices mean different efficiencies.

KEY CONCEPTS

This topic covers the following key concepts from the VCE Mathematics Study Design:
e the pigeon-hole principle and its use in solving problems and proving results
e the inclusion-exclusion principle for the union of two sets and the union of three sets
e permutations and combinations and their use in solving problems involving arrangements and
selections with or without repeated elements
e derivation and application of simple combinatorial identities.

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.
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1.2 Counting techniques

LEARNING INTENTION

At the end of this subtopic you should be able to:
e apply the inclusion—exclusion, multiplication and addition principles to determine combinations
and probabilities.

1.2.1 Review of set notation
A set, S, is a collection of objects. The objects in a set are referred to as the elements of the set.

A set can be written in a variety of ways. Consider the following. Let the sample space be the set of numbers
between 1 and 20, thatis {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20}.

Let the set S be the set of even numbers between 1 and 20 inclusive.

S can be:
e written as a list: S={2, 4, 6, 8, 10, 12, 14, 16, 18, 20} (in any order)
e written as arule: S={n:n=2r for1 <r<10}
e shown in a Venn diagram.

15

The complement of S, written as S, is the set of all things not in S. In this example,
S'={1,3,5,7,9, 11, 13, 15, 17, 19}.

The complete set of objects being considered is called the universal set, £. It is represented by the rectangle in
the Venn diagram, and is abbreviated with the Greek letter £ (pronounced ‘ksi’). In this example,
£={1,2,3,4,5,6,7,8,9,10,11,12,13, 14,15, 16,17, 18, 19, 20}.

Now consider a second set, 7, which is the set of numbers that are multiples of 3 between 1 and 20; that is,
T={3, 6,9, 12, 15, 18}. The sets S and T can be combined in various ways.

17 5 19 11
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The union of S and 7 is all the elements in either S or 7 or both. It is shown as follows.

17 5 19 11

SuT={2,3,4,6,8,9,10, 12, 14,15, 16, 18, 20}

The intersection of S and T is all the elements that are in both .S and 7.

17 5 19 11

SNT=1{6,12,18}

1.2.2 The inclusion—-exclusion principle

Continuing the example from subsection 1.2.1, we have the two sets S= {2, 4, 6, 8, 10, 12, 14, 16, 18, 20}
and T=1{3, 6, 9, 12, 15, 18}.

If we calculate the number of elements in the two sets, we obtain n(S) = 10 and n(T) = 6.
In general, for two sets S and 7, n(SUT) = n(S) + n(T) —n(SNT).
This is known as the inclusion—exclusion principle.

n(SUT) is the number of elements in the union of S and 7 (i.e. the number of elements in S or T or both). This is
equal to n(S) (the number of elements in S) plus n(7) (the number of elements in 7) minus n(S N T) (the number
of elements in both S and 7, as these have already been counted in sets S and 7).

For our example above:

n(SUT)=n(S)+n(T)—nSNT)

nS)=10,n(1)=6,n(SNT)=3
So, n(SU T) =13, which can be confirmed by counting all the elements that occur in S, T or both.

If three sets are involved, the inclusion—exclusion principle becomes:

n(SUTUR)=n(S)+n(T)+nR)—nSNT)—n(TNR)—n(SNR)+n(SNTNR)
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The inclusion—exclusion principle
For 2 sets, S and 7"

n(SUT)=n(S)+n(T)—n(SnT)

For 3 sets, S, T'and R:
nSUTUR)=nS)+n(M)+nR)—nSNT)—n(TNR)—n(SNR)+n(SNTNR)

WORKED EXAMPLE 1 Applying the inclusion-exclusion principle

Let R be the set of natural numbers between 15 and 30 inclusive that are divisible by 2.
Let S be the set of natural numbers between 15 and 30 inclusive that are divisible by 3.
Let T be the set of natural numbers between 15 and 30 inclusive that are divisible by 5.
a. Construct a Venn diagram to represent R, S and 7.

b. Use this diagram to evaluate n(RUS U T).

c. Recall the inclusion—exclusion principle to compute n(RU S U 7).

THINK WRITE
a. 1. Ris the set of natural numbers between a.
15 and 30 divisible by 2, so:
R=1{16, 18, 20, ... 30}

2. S is the set of natural numbers between
15 and 30 divisible by 3, so:
S=1{15, 18, 21, 24, 27, 30}
RN S are the numbers that occur in both
S and R, so:
RNS={18, 24, 30}

3. Tis the set of natural numbers between
15 and 30 divisible by 35, so:
T=1{15, 20, 25, 30}
RN T={20, 30}
SNnT={15, 30}
RNSNT={30}
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b. n(RUSUT) is the number of elements b. n(RUSUT)=4+2+1+2+1+1+1
in sets R, S and 7. Count the number of =12
elements within each portion of each circle.

c. 1. Recall the inclusion—exclusion principle c. n(SUTUR) =n(S)+n(T)+nR)—n(SNT)

formula. —n(TNR)—n(SNR)+n(SNTNR)
2. The number of elements in each set can nSUTUR)=6+4+4+8—-2—-2-3+1
be substituted into the formula. = 12
This agrees with the calculation from the Venn diagram
in part b.

1.2.3 Types of counting techniques

Counting techniques allow us to determine the number of ways an activity can occur. This in turn allows us

to calculate the probability of an event. Recall from your earlier probability studies that the theoretical
probability of event A, Pr(A), can be determined by counting the number of elements in A and dividing by

the total number in the sample space, &. Note that this only applies in cases where each outcome in the sample
space is equally likely.

Probability of an event
For an event A in a sample space which contains outcomes which are equally likely:

n(A)
Pr(A)=—
n($)

Different types of counting techniques are employed depending on whether order is important. When order is
important, this is called an arrangement or a permutation; when it is not important, it is called a selection or a
combination. Permutations and combinations are defined more formally in sections 1.3 and 1.5.

1.2.4 The addition and multiplication principles

To count the number of ways in which an activity can occur, first make a list. Let each outcome be represented
by a letter and then systematically list all the possibilities.

Consider the following question:

In driving from Melbourne to Bendigo I can take any one of 4 different roads and in driving from Bendigo to
Mildura there are 3 different roads I can take. How many different routes can I take in driving from Melbourne
to Mildura?

To answer this, let By, B,, B3, B, stand for the 4 roads from Melbourne to Bendigo and M, M,, M5 stand for
the 3 roads from Bendigo to Mildura.
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Use the figure to systematically list the roads:

BIMI’ BIMZ! B1M3

M,
B,M;, B,M,, B,M; A
M b M
BsMy, BsM, ByM; Vv

B4M;, B4M,, B4;M;

Hence, there are 12 different ways I can drive from Melbourne to Mildura.

In the above example it can be argued logically that if there are 4 ways of getting from Melbourne to Bendigo
and 3 ways of getting from Bendigo to Mildura, then there are 4 X 3 ways of getting from Melbourne to Mildura.

This idea is formalised in the multiplication principle.

The multiplication principle should be used when there are operations or events (say, A and B), where one event
is followed by the other — that is, when order is important.

The multiplication principle

If there are n ways of performing operation A and m ways of performing operation B,
then there are n X m ways of performing A and B in the order AB.

A useful technique for solving problems based on the multiplication principle is to use boxes. In the example
above we would write the following.

Ist 2nd

The value in the ‘Ist’ column represents the number of ways the first operation — the trip from Melbourne to
Bendigo — can be performed.

The value in the ‘2nd’ column stands for the number of ways the second operation — the trip from Bendigo to
Mildura — can be performed.

To apply the multiplication principle you multiply the numbers in the lower row of boxes.

WORKED EXAMPLE 2 Applying the multiplication principle (1)

Two letters are to be chosen from the set of 5 letters. A, B, C, D and E, where order is important.
a. Recall how to list all the different ways that this may be done.

b. Use the multiplication principle to calculate the number of ways that this may be done.

c. Determine the probability the first letter will be a C.

THINK WRITE
a. 1. Begin with A in first place and make a list of each a. AB AC AD AE
of the possible pairs.
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2. Make a list of each of the possible pairs with B in BA BC BD BE
the first position.

3. Make a list of each of the possible pairs with C in CA CB CD CE
the first position.

4. Make a list of each of the possible pairs with D in DA DB DC DE
the first position.

5. Make a list of each of the possible pairs with E in EA EB EC ED

the first position.
Note: AB and BA need to be listed separately as
order is important.

b. The multiplication principle could have been used to b. 5 4
determine the number of ordered pairs.
1. Rule up two boxes that represent the pair.

2. Write down the number of letters that may be
selected for the first box. That is, in first place any
of the 5 letters may be used.

3. Write down the number of letters that may be
selected for the second box. That is, in second
place, any of the 4 letters may be used.

Note: One less letter is used to avoid repetition.

4. Evaluate. 5% 4 =20 ways

5. Answer the question. There are 20 ways in which 2 letters may
be selected from a group of 5 where order
is important.

c. 1. Recall the probability formula. The total number c. Pr(A) = nd)
in the set n(§) was determined in part b. ® ;1(()5)
n =
2. Let A be the event that the pair starts with a C. ‘ 1 ‘ ‘
Draw a table showing the requirement imposed by
the first letter to be C.
3. Complete the table. Once the first letter has ‘ 1 ‘ 4 ‘

been completed, there are 4 choices for the
second letter. Use the multiplication principle to

. .. . There are 1 X4 =4 possible combinations
determine the number of combinations starting

i beginning with C.
with €. So. n(A) = 4.
- n(A)
4. Use the probability formula to answer the Pr(A) = —
question. ! Z(g)
" 20
-
5

This is confirmed by examining the
answer to part a.
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WORKED EXAMPLE 3 Applying the multiplication principle (2)

a. Use the multiplication principle to calculate how many ways an arrangement of S numbers can be
chosen from {1, 2, 3, 4, 5, 6}.

b. Determine the probability of the number ending with 4.

THINK WRITE

a. 1. Instead of listing all possibilities, draw 5 boxes to a.

represent the 5 numbers chosen.

Label each box on the top row as Ist, 2nd, 3rd, 4th
and 5th.

Note: The word ‘arrangement’ implies order is
important.

Fill in each of the boxes showing the number of
ways a number may be chosen.

In the 1st box there are 6 choices for the first
number. In the 2nd box there are 5 choices for
the second number as 1 number has already been
used. In the 3rd box there are 4 choices for the
third number as 2 numbers have already been
used. Continue this process until each of the

5 boxes is filled.

Use the multiplication principle as this is an ‘and’
situation.

. Answer the question.

Ist | 2nd | 3rd | 4th | 5th

No. of ways = 6 X5X4x3 X2
=720

An arrangement of 5 numbers may be
chosen 720 ways.

A
b. 1. Recall the probability formula. . Pr(4) = n(A)
The total number of arrangements, n(&), was - n(s)
determined in part a. n(§) =720
2. Let A be the event Fhat the nuIr.lber ends with 4. Ist | 2nd | 3rd | 4th | 5th
Draw a table showing the requirement imposed by 1
the last letter to be 4.
3. Complete the table. Once tbe last number has been Ist | 2nd | 3rd | 4th | 5th
completed, there are 5 choices for the number 5 4 3 5 1
in the first position and 4 choices for the next
number. Continue this process until each of the )
5 columns has been filled. Use the multiplication There' are.S X4X 3 X2 X 1 =120 possible
principle to determine the number of combinations combinations ending with 4.
ending with 4. So, n(A) = 120.
A
4. Use the probability formula to answer the Pr(A) = %
2 n
question. 120
720
1

6
This is confirmed by examining the
answer to part a.
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Now consider a different situation, one in which the two operations do not occur one after the other.

I am going to travel from Melbourne to either Sydney or Adelaide. There are 4 ways of travelling from
Melbourne to Sydney and 3 ways of travelling from Melbourne to Adelaide.

How many different ways can I travel to either Sydney or
Adelaide?

A~
It can be seen from the figure that there are 4 + 3 =7 ways of A ’ 0 S
completing the journey. This idea is summarised in the addition M

principle.
The addition principle should be used when two distinct operations or events occur in which one event is not
followed by another — that is, when the events are mutually exclusive.

The addition principle

If there are n ways of performing operation A and m ways of performing
operation B, then there are n + m ways of performing A or B.

WORKED EXAMPLE 4 Applying the addition principle

One or two letters are to be chosen from the set of 6 letters A, B, C, D, E, F. Assuming order is
important, use the multiplication principle and the addition principle to calculate:

a. the number of ways to choose 2 letters

b. the number of ways to choose 1 or 2 letters.

THINK WRITE
a. 1. Determine the number of ways of choosing a. Number of ways of choosing 1 letter =6
1 letter.
2. Rule up two boxes for the first and second Ist | 2nd
letters. 6 5

3. Determine the number of ways of choosing 2
letters from 6.
In the Ist box there are 6 choices for the first
letter.
In the 2nd box there are 5 choices for the
second letter as 1 letter has already been used.

4. Use the multiplication principle (as this is Number of ways of choosing 2 letters
an ‘and’ situation) to evaluate the number of =6X5
ways of choosing 2 letters from 6. =30

5. Answer the questions. There are 30 ways of choosing 2 letters.

b. 1. Determine the number of ways of choosing b. The number of ways of choosing 1 or 2 letters

1 or 2 letters from 6 letters. Use the addition is 6 + 30 =36.
principle as this is an ‘or’ situation.

2. Answer the question. There are 36 ways of choosing 1 or 2 letters

from 6.
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The multiplication and addition principles can be used to count the number of elements in the union of two or
three sets in the same way as for one set. Remember, the multiplication principle is used with ‘and’ situations,
and the addition principle is used with ‘or’ situations.

WORKED EXAMPLE 5 Application of the addition and multiplication principles

Oscar’s cafe offers a choice of 3 starters, 9 main

courses and 4 desserts.

a. Determine how many choices of 3-course meals
(starter, main, dessert) are available.

b. Determine how many choices of starter and main
course meals are offered.

c. Determine how many choices of meals comprising
a main course and dessert are offered.

d. Determine how many choices of 2- or 3-course
meals are available (assuming that a main course
is always ordered).

e. If one of the starter options is chicken wings and one of the mains is grilled fish, determine the
probability of choosing chicken wings and grilled fish in a 3-course meal.

THINK WRITE

a. 1. Consider each course as separate setsandrule  a. [ g [ M [ D
up 3 boxes to represent each course — starter, 3094
main, dessert. Label each box on the top row
as S, M and D.

2. Determine the number of ways of choosing
each meal: starter = 3, main = 9, dessert =4.

3. Use the multiplication principle (as this is Number of choices = 3 X9 x4
an ‘and’ situation) to evaluate the number of =108
choices of 3-course meals.
4. Answer the question. There are 108 choices of 3-course meals.
b. 1. Rule up 2 boxes to represent each course — b. g M
starter, main. Label each box on the top row 39
as S and M.

2. Determine the number of ways of choosing
each meal: starter = 3, main = 9.

3. Use the multiplication principle (as this is Number of choices = 3 X9
an ‘and’ situation) to evaluate the number of =27
choices of starter and main courses.
4. Answer the question. There are 27 choices of starter and main
course.
c. 1. Rule up 2 boxes to represent each course — c. [MID
main and dessert. Label each box on the top 9 | 4

row as M and D.
2. Determine the number of ways of choosing
each meal: main =9, dessert =4.

3. Use the multiplication principle (as this is Number of choices = 9 X 4
an ‘and’ situation) to evaluate the number of =36
choices of main course and dessert.
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. Answer the question.

. Determine the number of ways of choosing
2- or 3-course meals, assuming that a main
course is always ordered.

Use the addition principle as this is an ‘or’
situation.

. Answer the question.

. Recall the probability formula.
The total number in the set n(§) was
determined in part a.

. Let A be the event that the meal contains
chicken wings and grilled fish.

Draw a table showing the requirement
imposed that the starter and main be these
2 dishes.

. Complete the table — there are 4 dessert
options. Use the multiplication principle to

determine the number of combinations of the

meal.

. Use the probability formula to answer the
question.

There are 36 choices of main course and
dessert.

. The number of ways of choosing 2- or 3-

course meals, assuming that a main course is
always ordered, is:
108 +27+36=171

There are 171 ways of choosing 2- or 3-course
meals, assuming that a main course is always
ordered.

n(A)
. Pr(A) = —
W=0
n() = 108
S M|D

1 1
SIM|D
1 1 4

There are 1 X 1 X4 =4 possible combinations
for the meal.

So, n(A) = 4.
n(A)
Pr(A) = ——
W=E
_ 4

© 108

_ 1

Y

The probability of choosing chicken wings and

grilled fish as part of the 3-course meal is %
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free

1. IlZM Let R be the set of natural numbers between 30 and 45

-=TEo & ]
inclusive that are divisible by 2. S22 sgerde¥ |
Let § be the set of natural numbers between 30 and 45 inclusive that o ;,)“’{ kU
are divisible by 3. & Saa N\ S
Let T be the set of natural numbers between 30 and 45 inclusive that v *sé._-’:-.é B 5

“ e é .” P
are divisible by 5. ! 5
a. Construct a Venn diagram to represent R, S and 7. vv’v‘:%;:
. . ate
b. Use this diagram to evaluate n(RUSUT). _—
c. Recall the inclusion—exclusion principle to compute n(RU S U T). s
. -
. Recall the inclusion—exclusion principle to calculate the number of s :.‘:
cards in a deck of 52 that are either red or even or a 4. =
w':‘"d;\'
. Student Services has the following data on Year 11 students and their <o
E

sport commitments:
e 18 play no sport.
e 16 play netball (and possibly other sports). ~ - e
e 24 play football.
e 20 are involved in a gym program.
e 7 play netball and football.
* 6 play netball and are in the gym program.
e 15 play football and are involved in the gym program.
¢ 5 students do all three activities.
Determine how many students there are in Year 11.

. Il Two letters are to be chosen from A, B and C, where order is important.

a. Recall how to list all the different ways that this may be done.
b. Use the multiplication principle to calculate the number of ways that this may be done.
c. Determine the probability the last letter will be a B.

. List all the different arrangements possible for a group of 2 colours to be chosen from B (blue), G (green),
Y (yellow) and R (red).

. List all the different arrangements possible for a group of 3 letters to be chosen from A, B and C.

. a. [lIEH Use the multiplication principle to calculate how many ways an arrangement of 2 letters can be
chosen from A, B, C, D, E, F and G.

b. Calculate how many ways an arrangement of 3 letters can be chosen from 7 different letters.

c. Calclate how many ways an arrangement of 4 letters can be chosen from 7 different letters.

d. Calculate how many different arrangements of 5 letters can be made from 7 letters.

e. Determine the probability of the letters starting with an E.
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10.

11.

12,

13.

14.

15.

16.

14

. a. A teddy bear’s wardrobe consists of 3 different hats, 4 different shirts and 2 different pairs of pants.

Determine how many different outfits the teddy bear can wear.

b. A surfboard is to have 1 colour on its top and a different colour on its bottom. The 3 possible colours are
red, blue and green. Caclulate how many different ways the surfboard can be coloured.

c. A new phone comes with a choice of 3 cases, 2 different-sized screens and 2 different storage capacities.
With these choices, determine how many different arrangements are possible.

d. Messages can be sent by placing 3 different coloured flags in order on a pole. If the flags come in
4 colours, determine how many different messages can be sent.

a. [l One or two letters are to be chosen in order from the letters A, B, C,
D, E, F and G. Use the multiplication principle and the addition principle
to calculate the number of ways can this be done.

b. Two or three letters are to be chosen in order from the letters A, B, C, D,
E, F and G. Determine how many ways this can be done.

Manish is in a race with 7 other runners. If we are concerned only with the
first, second and third placings, determine how many ways Manish can finish
first or second or third.

A Hani and Mary’s restaurant offers its patrons a choice of 4 entrees,
10 main courses and 5 desserts.

a. Determine how many choices of 3-course meals (entree, main, dessert)
are available.

b. Determine how many choices of entree and main course are offered.

c. Determine how many choices of meals comprising a main course and
dessert are offered.

d. Determine how many choices of 2- or 3-course meals are available (assuming that a main course is
always ordered).

e. Determine the probability of choosing vegetable soup for entree and roast for main in a 3-course meals.

Jake is able to choose his work outfits from the following items of clothing: 3 jackets, 7 shirts, 6 ties, 5 pairs
of trousers, 7 pairs of socks and 3 pairs of shoes.

a. Calculate how many different outfits are possible if he wears one of each of the above items. (He wears
matching socks and matching shoes.)

b. If Jake has the option of wearing a jacket or not, but he must wear one of each of the above items,
determine how many different outfits are possible. Justify your answer.

The local soccer team sells ‘doubles’ at each of their games to raise money. A ‘double’ is a card with 2 digits
on it representing the score at full time. The card with the actual full time score on it wins a prize. If the
digits on the cards run from 00 to 99, determine how many different tickets there are.

Jasmin has a phone that has a 4-digit security code. She remembers that
the first number in the code was 9 and that the others were 3, 4 and 7
but forgets the order of the last 3 digits. Determine how many different
trials she must make to be sure of unlocking the phone.

Julia has a banking app that has two 4-digit codes. She remembers
that she used the digits 1, 3, 5 and 7 on the first code and 2, 4, 6 and
8 on the second code, but she cannot remember the order. Determine
the maximum number of trials she would need to make before she has
opened both codes. (Assume that she can try an unlimited number of
times and once the first code is correct, she can try the second code.)

Determine how many different 4-digit numbers can be made from the
numbers 1, 3, 5 and 7 if the numbers can be repeated (that is 3355 and
7777 are valid).
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17. Determine how many 4-digit numbers can be made from the numbers 1, 3, 5, 7, 9 and 0 if the numbers can
be repeated. (Remember — a number cannot start with 0.)

18. A combination lock has 3 digits each from 0 to 9.

a. Determine how many combinations are possible.

The lock mechanism becomes loose and will open if the digits are within one
either side of the correct digit. For example, if the true combination is 382,
then the lock will open on 271, 272, 371, 493 and so on.

b. Determine how many combinations would unlock the safe.
c. List the possible combinations that would open the lock if the true
combination is 382.

1.2 Exam questions

Question 1 (1 mark)
IEAA={3,4,7,7},B={1,4,59},C={mn=3rfor1 <r<4,reZ}. (AnB)U C equals
A ¢ B. {4} C. {3,6,9} D. {3,4,6,9} E. {3,4,6,9,12}

Question 2 (1 mark)

Michael is buying a sound system for his music studio. He has a choice of 6 pairs of speakers, 4 amplifiers,

3 DJ controllers and 2 turntables. Calculate the number of different systems possible if he chooses one of each
type of component.

Question 3 (1 mark)

Janelle must choose 1 first semester unit from 3 units of geography and 2 units of mathematics and 1 second
semester unit from 2 units of English, 3 units of science and 3 units of IT. Determine how many different 2-units
courses are possible.

More exam questions are available online.

1.3 Factorials and permutations

LEARNING INTENTION

At the end of this subtopic you should be able to:
e calculate permutations using factorials
e calculate the number of arrangements of a group of objects arranged in a circle.

1.3.1 Factorials

The Physical Education department is to display 5 new trophies along a shelf in the school foyer and wishes to
know in how many ways this can be done.

Using the multiplication principle from the previous section, the display may be done in the following way:

Position 1 Position 2 Position 3 Position 4 Position 5
5 4 3 2 1
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That is, there are 5 x4 X3 X2 X 1 =120 ways.
Depending on the number of items we have, this method could become quite time consuming.

In general when we need to multiply each of the integers from a particular number, n, down to 1, we write n!,
which is read as n factorial.

Hence:
6! =6X5%x4%x3%x2x%1
=720
8 =8XTX6X5%X4Xx3Xx2x%1
= 40320

nl=nXm—-—1)Xn—-2)X(n—3)X..X3xX2x1
The number of ways n distinct objects may be arranged is n! (n factorial).

Factorials

nl=nXm—-1)Xm—-2)X(Mm—3)X...x3x2x1
That is, n! is the product of each of the integers from » down to 1.

A special case of the factorial function is 0! = 1.

WORKED EXAMPLE 6 Evaluating factorials

Evaluate the following factorials.

! -1
a. 4! b. 7! . & Lt
5! (n—3)!
THINK WRITE
a. 1. Write 4! in its expanded form and a. 41=4x3x2x1
evaluate. =24

2. Verify the answer obtained using the
factorial function on a calculator.

b. 1. Write 7! in its expanded form and b. 71=7X6X5X4X3%x2x1
evaluate. = 5040

2. Verify the answer obtained using the
factorial function on a calculator.
8l 8 XTX6X5xXx4X3x2x1

c. 1. Write each factorial term in its c. =
expanded form. 5! S5X4x3x%x2x1
2. Cancel down like terms. =8X7X6
3. Evaluate. =336

4. Verify the answer obtained using the
factorial function on a calculator.

(n=D! (n=1Dn-=2)(n=3)(n—4)X..X3XxX2X1

d. 1. Write each factorial term in its d.
expanded form. (n—23)! n—=3)n—4)x..x3x2x1
2. Cancel like terms. =n—-1)n-2)
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TI| THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE

c. On a Calculator page R | From the Advance palette 5 @t i marmue
complete the entry line as % S5 on the Keyboard, complete |Eil2sle2lom ][+ [+ 8
shown. m the entry line as shown by 3 i

. 336
| selecting ! A

Cataiog. || Pt | ue

Adhomen |

[
P s
(=55 |m or

Alg stondard  fieal Fad |

In parts ¢ and d of Worked example 6, there was no need to fully expand each factorial term.

! !
The factorial % could have first been simplified to m;& and then the 5! terms cancelled.

The factorial

—1) - - —3)!
(n= 1) could have first been simplified to (= Din=2)n =3

and then the (n — 3)! terms
(n—73)! (n—73)!

cancelled.

1.3.2 Permutations

The term permutation is often used instead of the term arrangement, and in this section we begin by giving a
formal definition of permutation.

Previously, we learned that if you select 3 letters from 7 where order is important, the number of possible
arrangement is:

1st 2nd 3rd

The number of arrangements = 7 X 6 X 5
=210

TX6X5x4! 7!
41 4
Using more formal terminology we say that in choosing 3 things from 7 things where order is important, the

This value may also be expressed in factorial form: 7 X6 X5 =

number of permutations is 'P; =7 X 6 X 5. The letter P is used to remind us that we are finding permutations.

The number of ways of choosing r things from n distinct things is given by the following rule.

Permutations

"P.=nX(n—-1)X..Xm—-r+1)
_nxX(@n-1DX..x(n—r+1)n-r)!

B (n—r)!

n!
(n—r)!

TOPIC 1 Combinatorics
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The definition of "P, may be extended to the cases of "P, and "P,,.

"P, represents the number of ways of choosing n objects from n distinct things.

"P,=nXnm—-—1)Xn=2)X..X(n=—n+1)
=nXm—1)Xn-2)x..x1
=n!

From the definition:
n!
T (n—n)
n!
T o

"p

n

!
Therefore, equating both sides, we obtain: n! = %

This can occur only if 0! =1.

Special cases of permutations

"P,=n!

"Pp=1

WORKED EXAMPLE 7 Calculating permutations

a. Calculate the number of permutations for °P4 by expressing it in expanded form.
b. Write 8P; as a quotient of factorials and hence evaluate.

THINK WRITE
a. 1. Write down the first 4 terms beginning with 6. a. P, =6x5%x4x3
2. Evaluate. =360
!
b. 1. Recall the rule for permutations. b. "P, = ( n. Y
n—r)!
. . . 8!
2. Substitute the given values of n and r into the = '
permutation formula. g? —3)!
sl
3. Use a calculator to evaluate 8! and 5! = %
4. Evaluate. =336
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TI| THINK

DISPLAY/WRITE
a. On a Calculator page, press F_.
MENU, then select: Cele 5%

5: Probability

2: Permutations.
Complete the entry line as
nPr(6,4).

CASIO | THINK

a. From the Advance palette
on the Keyboard, select
nPr. Complete the entry
line as shown.

DISPLAY/WRITE

© Edit Action (mtarsctive
[ [ sme = [ [TV
e

nPr(6,4)

aso|
i

Cot00 ing f it | | | |
voaimiat it B LTS L

WORKED EXAMPLE 8 Using permutations to calculate probabilities

The netball club needs to appoint a president, secretary and treasurer. From the committee 7 people
have volunteered for these positions. Each of the 7 nominees is happy to fill any one of the 3 positions.
a. Determine how many different ways these positions can be filled.
b. For three years, the same 7 people volunteer for these positions. Determine the probability one of
them is president 3 years in a row.

THINK

a. 1.

Recall the rule for permutations.
Note: Order is important, So use permutations.

. Substitute the given values of n and r into the

permutation formula.

. Use a calculator to evaluate 7! and 4!

. Evaluate.
. Answer the question.

. In three years of the president’s position, each

year this could be awarded to one of the 7 people.

. Let A be the event that the same person fills the

position three years in a row.

WRITE
|
a. "P,.= T
(n—r)!
|
7p, = 7!
T (7=-3)!
7!
T4
_ 5040
24
=210

There are 210 different ways of filling the
positions of president, secretary and treasurer.

>

The total number of ways the president’s
position could be filled is 7 X7 X 7.

(&) =7TxTx7
=343

There are 7 choices of the same person to fill
the positions three years in a row.

n(A)y=7
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n(A)

3. Calculate the probability that the same person PA) =
fills the president’s position three years in a row. n(§)7
T IXTXT
_ L
49

The probability that one of the 7 volunteers,

fills the president’s position three years in a

1
row is —.
49

1.3.3 Arrangements in a circle
Consider this problem: In how many different ways can 7 people be seated, 4 at a time, on a bench?
By now you should quickly see the answer: "P, = 840.

Let us change the problem slightly: in how many different ways can 7 people be seated, 4 at a time, at a
circular table?

The solution must recognise that when people are seated on a bench, each of the following represents a different
arrangement:

ABCD BCDA CDAB DABC

However, when the people are sitting in a circle, each of these represents the same arrangement. It is important
to note that in a circle arrangement we do not consider positions on the circle as different — it does not matter
where the circle starts.

In each case B has A on the left and C on the right.

We conclude that the number 'P, gives 4 times the number of arrangements of 7 people in a circle 4 at a time.
7

P
Therefore, the number of arrangements is 74 =210.

Arrangements in a circle
In general, the number of different ways n objects can be arranged, r at a time, in a circle is:

np,

r
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WORKED EXAMPLE 9 Calculating arrangements in a circle

a.

By recalling the appropriate formula, give an

expression for the number of different arrangements
if, from a group of 8 people, 5 are to be seated at a

round table.

. Evaluate this expression.
. Each table receives one lucky door prize and one lucky
seat prize. Determine the probability of the same

person at one table winning both.

THINK

a.

1. Write down the rule for the number of
arrangements in a circle.

2. Substitute the given values of n and r into the
formula.
3. Answer the question.

. 1. Use a calculator to evaluate ®Ps.

2. Evaluate.
3. Answer the question.

1. There are 2 prizes, and each prize can be won
by any one of the 5 people.

2. Let A be the event that the same person wins
both prizes.

3. Calculate the probability that the same person
wins both.

The number of ways of seating 5 people from

a group of 8 people at a round table is given by

5p
3 5
the expression =

6720

. 8pg = 2=

5
= 1344
The number of ways of seating 5 from a group
of 8 people at a round table is 1344.

The total number of ways the prizes could be
won is 5 X 5.

(&) =5x5
=25
There are 5 choices of the same person to win
both prizes.
n(A)=>5
P(A) = n(A)
n(§)
_ 5
5%X5
!
5

The probability of the same person winning

both prizes is é
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free
1. Recall the definition of n! and write each of the following in expanded form.

a. 4! b. 5! c. 6! d. 7!
2. [lIZ3A Evaluate the following factorials.
9! 10! 7! 6!
a. — b. — c. — d —
5! 41 3! 0!
3. EXH Simplify the following factorials, in terms of .
! ! —13)! —2)!
QM b, (n+3)! .. (n=3)! a (n—2)!
(n—>5)! (n+1)! n! (n+2)!

Technology active
4. [lZZXA Evaluate the following factorials.
a. 10! b. 14! c. 9! d. 16!

5. Calculate each of the following by expressing it in expanded form.
a. p, b. 7Ps c. 8P,

6. Write each of the following as a quotient of factorials and hence evaluate.
a. ’Pg b. 3P, c. '8P

7. Use your calculator to determine the value of each of the following.
a. 2P b. 390p, c. '8p;

8. IIEA A soccer club will appoint a president and a vice-president. Eight people have volunteered for either
of the two positions.

a. Determine how many different ways these positions can be filled.
b. For three years the same 8 people volunteered for these positions. Determine the probability that one of
them is president for both years.

9. There are 26 players in an online game. Determine how many different results for 1st, 2nd, 3rd and 4th
can occur.

10. A rowing crew consists of 4 rowers who sit in a definite order. Determine how many different crews are
possible if 5 people try out for selection.

11. The school musical needs a producer, director, musical a
director and script coach. Nine people have volunteered
for any of these positions. Determine how many
different ways the positions can be filled. (Note: One
person cannot take on more than 1 position.)
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12. There are 14 swimmers in a race. Determine how many different ways the 1st, 2nd and 3rd positions can
be filled.

13. lIEA a. By recalling the appropriate formula, give an expression for the number of different arrangements
if, from a group of 15 people, 4 are to be seated at a round table.
b. Evaluate this expression.
c. Each table receives a lucky door prize, a lucky seat prize and a best-dressed prize. Determine the
probability of the same person at one table winning all 3 prizes.

14. A round table seats 6 people. From a group of 8 people, give an expression for, and hence calculate, the
number of ways 6 people can be seated at the table.

15. At a dinner party for 10 people all the guests were seated at a circular table. Determine how many different
arrangements were possible.

16. At one stage in the court of Camelot, King Arthur and 12 knights would sit at the round table. If each person
could sit anywhere, determine how many different arrangements were possible.

1.3 Exam questions

Question 1 (1 mark) NS 0TE
I If 2*P, = 1680 then £ is equal to

A. 3 B. 4 C.5 D. 6 E. 7

Question 2 (2 marks)
A child has wooden letters spelling out their name GRACE on their wardrobe. Determine how many names can
be created by rearranging these wooden letters in any combination that is more than 2 letters long.

Question 3 (1 mark) EES G

Determine how many ways the Mathematics, Science, Physics and Chemistry prizes can be awarded from
25 students if no student can win more than one prize.

More exam questions are available online.

1.4 Permutations with restrictions

LEARNING INTENTION

At the end of this subtopic you should be able to:
e calculate permutations for situations involving like objects and restrictions.

1.4.1 Like objects

A 5-letter word is to be made from 3 As and 2 Bs. How many different permutations or arrangements can
be made?

If the 5 letters were all different, it would be easy to calculate the number of arrangements. It would be 5! = 120.
Perhaps you can see that when letters are repeated, the number of different arrangements will be less than 120.
To analyse the situation let us imagine that we can distinguish one A from another. We will write A, A,, A3, B
and B, to represent the 5 letters.
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As we list some of the possible arrangements we notice that some are actually the same, as shown in the table.

AABA3B, A A;B,A3B; | Each of these 12 arrangements is
AA3BAB, A A3B,A,B; | the same — AABAB — if
A,AB|A3B, A,AB,A3B, | A;=A,=A;5 and B, =B,.
ArA3BIA By AyA3B A B

A3AIBIAB,  A3AByAZB

A3ABIAIB,  A3A;ByAB,

B,A|A,B;A;  B;AA,B,A; | Each of these 12 arrangements is
B,A|A3B;A, B;A|A3;B,A, | the same — BAABA —if
B,AAB,A; BAAB,A; | A=A, =Azand B, =B,.
B,AA3B A, BAA3BA,

BA3A|BiA;  BiAZA|ByA,

BA3ABIA]  BiA3ABA,

The number of repetitions is 3! for the A s and 2! for the Bs. Thus, the number of different arrangements in

choosing 5 letters from 3 As and 2 Bs is

31 x 21

Permutations with like objects

The number of different ways of arranging n objects made up of groups of
repeated (identical) objects, n; in the first group, n, in the second group and
SO on, is:

n!

niln,!ns!...n,!

Note: If there are elements of the group that are not duplicated, then they can be considered as a group of 1. It is
not usual to divide by 1!; it is more common to show only those groups that have duplications.

WORKED EXAMPLE 10 Calculating permutations with like objects

Determine how many different permutations of 7 counters can be made from 4 black and 3
white counters.

THINK WRITE
1. Write down the total number of counters.

2. Write down the number of times any of the
coloured counters are repeated.

There are 7 counters in all; therefore, n="17.
There are 3 white counters; therefore, n; = 3. There
are 4 black counters; therefore, n, = 4.

!
3. Write down the rule for arranging groups of °

like things. ny!ny!ng!..n,l
7!
T3 x4
T X6X5Xx4x3x2x1
T3Xx2X1Xx4x3x2x1
T X6X5
S
7. Evaluate. =135
8. Answer the question.

4. Substitute the values of n, n; and n, into the
rule.

5. Expand each of the factorials.

6. Simplify the fraction.

Thirty-five different arrangements can be made from 7
counters, of which 3 are white and 4 are black.
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1.4.2 Restrictions

Sometimes restrictions are introduced so that a smaller number of objects from the original group need to be
considered. This results in limiting the numbers of possible permutations.

WORKED EXAMPLE 11 Calculating permutations with restrictions (1)

A rowing crew of 4 rowers is to be selected, in order
from the first seat to the fourth seat, from 8 candidates.
Determine how many different arrangements are

possible if:
a. there are no restrictions
b. Jason or Kris must row in the first seat

c. Jason must be in the crew but he can row anywhere

in the boat
d. Jason is not in the crew.

THINK WRITE
!
a. 1. Write down the permutation formula. a. "P, = —" '
Note: 4 rowers are to be selected from 8 (n—n!
and the order is important.
!
2. Substitute the given values of n and r into 8P, = il '
the permutation formula. g -4
T
3. Expand the factorials or use a calculator to = BXTX6XS5xAXFXIXL
evaluate 8! and 4!. AxExZx]
=8 X7X6XS5
4. Evaluate. = 1680

5. Answer the question.

b. 1. Apply the multiplication principle since
two events will follow each other; that
1s, Jason will fill the first seat and the
remaining 3 seats will be filled in 7 X 6 X 5

There are 1680 ways of arranging 4 rowers from a
group of 8.

b. No. of arrangements

= no. of ways of filling the first seat X no. of ways
of filling the remaining 3 seats.

ways or Kris will fill the first seat and the = 2,
remaining 3 seats will be filled in 7 X 6 X 5
ways.
EREAKIER
or
(K17]6]5]
2. Substitute the values of n and r into the =2x"P;
formula and evaluate. =2x%210
=420
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3. Answer the question. There are 420 ways of arranging the 4 rowers if
Jason or Kris must row in the first seat.

c. 1. Apply the addition principle, since Jason c. No. of arrangements
must be in either the first, second, third or = no. of arrangements with Jason in seat 1
fourth seat. The remaining 3 seats will be + no. of arrangements with Jason in seat 2
filled in 7 X 6 X 5 ways each time. + no. of arrangements with Jason in seat 3

+ no. of arrangements with Jason in seat 4.

J 17165+ |T7|J |6
6 | J|5|+|T7T|6|5]|]

2. Substitute the values of n and r into the No. of arrangements
formula. =1X"P3+1x"P3+1Xx"P;+1x"P;

= 4 X 7P3
=4x210

3. Evaluate. =840

4. Answer the question. There are 840 ways of arranging the 4 rowers if
Jason must be in the crew of 4.

7!
d. As Jason is not in the crew, there are only d. P, = W

7 candidates. Four rowers are to be chosen

.. 7!
from 7 and order is important. =

3!
T X6X5x4x3x2x1
- 3x2x1
=7X6X5%4
= 840
There are 840 ways of arranging the crew when
Jason is not included.

WORKED EXAMPLE 12 Calculating permutations with restrictions (2)

a. Calculate the number of permutations of the letters in the word COUNTER.
b. Calculate the number of permutations in which the letters C and N appear side by side.
c. Calculate the number of permutations in which the letters C and N appear apart.
d. Determine the probability of the letters C and N appearing side by side.
THINK WRITE
a. 1. Count the number of letters in the given word.  a. There are 7 letters in the word COUNTER.
2. Determine the number of ways the 7 letters The 7 letters may be arranged 7! = 5040 ways.
may be arranged.
3. Answer the question. There are 5040 permutations of letters in the
word COUNTER.
b. 1. Imagine the C and N are ‘tied’ together and b. Let C and N represent 1 unit.
are therefore considered as 1 unit. They may be arranged 2! =2 ways.

Determine the number of ways C and N may
be arranged: CN and NC.
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. Determine the number of ways 6 things can
be arranged.

Note: There are now 6 letters: the ‘CN’ unit
along with O, U, T, E and R.

. Determine the number of permutations in
which the letters C and N appear together.

. Answer the question.

. Determine the total number of arrangements
of the 7 letters.

. Write down the number of arrangements in
which the letters C and N appear together, as
obtained in a.

. Determine the difference between the values
obtained in steps 1 and 2.

Note: The number of arrangements in which
C and N are apart is the total number of
arrangements less the number of times they
are together.

. Answer the question.
. Recall the probability formula.

. State the number of elements in the set &, that
is n(&).

. Determine the number of elements in the

set A, that is the number of arrangements in

which the letters C and N appear side by side.

. Calculate the answer.

Six things may be arranged 6! = 720 ways.

The number of permutations = 2 X 6!
=2x720
= 1440

There are 1440 permutations in which the
letters C and N appear together.

. Total number of arrangements = 7!

= 5040

Arrangements with C and N together = 1440

The number of arrangements = 5040 — 1440
= 3600

The letters C and N appear apart 3600 times.
n(§)

. Pr(A)=——

n(A)
From part a, there are 5040 permutations of
letters in the word COUNTER.
n(§) =5040
From part b, there are 1440 permutations in

which the letters C and N appear side by side.
n(A) = 1440

n(A)

n(&)
1440

5040
2

Pr(A) =

7
The probability of the letters C and N

2
appearing side by side is =
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WORKED EXAMPLE 13 Calculating permutations with restrictions (3)

Consider the two words ‘PARALLEL’ and ‘LINES’.

a. Calculate how many arrangements of the letters of the word LINES have the vowels grouped
together.
b. Calculate how many arrangements of the letters of the word LINES have the vowels separated.

(2]

. Calculate how many arrangements of the letters of the word PARALLEL are possible.

d. Determine the probability that in a randomly chosen arrangement of the word PARALLEL the
letters A are together.

THINK

a. 1.

Group the required letters together.

Arrange the unit of letters together with the
remaining letters.

Use the multiplication principle to allow for
any internal rearrangements.

. State the method of approach to the problem.

State the total number of arrangements.

Calculate the answer.

. Count the letters, stating any identical letters.

n!
—— and state the
nl! n2! 0o
number of distinct arrangements.

Recall the rule

Calculate the answer.

. State the number of elements in the sample

space.

Group the required letters together.

WRITE
a. There are two vowels in the word LINES.

Treat these letters, I and E, as one unit.

Now there are four groups to arrange: (IE),
L, N, S. These arrange in 4! ways.

The unit (IE) can internally rearrange in 2!
ways. Hence, the total number of arrangements
18: 4! X2 =24 %2

=48

. The number of arrangements with the

vowels separated is equal to the total number
of arrangements minus the number of
arrangements with the vowels together.

The five letters of the word LINES can be
arranged in 5! = 120 ways.

From part a, there are 48 arrangements with
the two vowels together. Therefore, there are
120 — 48 =72 arrangements in which the two
vowels are separated.

. The word PARALLEL contains 8 letters of

which there are 2 As and 3 Ls.

There are ' arrangements of the word
PARALLEL.

8l 8 XTX6X5x4x3H
2! x 3! 2 x 3

= 3360
There are 3360 arrangements.

. There are 3360 total arrangements of the word

31

PARALLEL, so n (£) =3360 or 5

For the letters A to be together, treat these two
letters as one unit. This creates seven groups:
(AA),P,R, L, L, E, L, of which three are
identical Ls.

28 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition



. .1
3. Calculate the number of elements in the The seven groups arrange in = ays. As the

event. unit (AA) contains two identical letters, there
are no distinct internal rearrangements of this
unit that need to be taken into account. Hence,

7. .
; is the number of elements in the event.

4. Calculate the required probability. The probability that the As are together
Note: It helps to use factorial notation in the _ number of arrangements with the As together
calculations. a total number of arrangements

70 8!
31 21x3!

7! 21x3!
= —X

3 8x7!
e

8
1

4

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS (C)

Technology active
1. Recall the appropriate formula and calculate the number of different arrangements can be made using the
6 letters of the word NEWTON, assuming:

a. the first N is distinct from the second N
b. there is no distinction between the 2 Ns.

2. Determine how many different permutations can be made using the 11 letters of the word
ABRACADABRA.

3. IlIZMl Determine how many different arrangements of 5 counters can be made using 3 red and
2 blue counters.

4. Determine how many different arrangements of 9 counters can be made using 4 black, 3 red and
2 blue counters.

5. A collection of 12 books is to be arranged on a shelf. The books
consist of 3 copies of Great Expectations, 5 copies of Catcher
in the Rye and 4 copies of Huntin’, Fishin’ and Shootin’.
Determine how many different arrangements of these books
are possible.
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10.

11.

12,

13.

30

. A shelf holding 24 cans of dog food is to be stacked using 9 cans of Yummy and 15 cans of Ruff for Dogs.

Determine how many different ways the shelf can be stocked.

. IEZXM A cricket team of 11 players is to be selected, in batting order, from 15. Writing your answers in

standard form correct to 3 significant figures, determine how many different arrangements are possible if:

a. there are no restrictions

b. Arjun must be in the team at number 1

c. Arjun must be in the team but he can be anywhere from 1 to 11
d. Arjun is not in the team.

. The Student Council needs to fill the positions of president, secretary and treasurer from 6 candidates. Each

candidate can fill only one of the positions. Determine how many ways can this be done if:

a. there are no restrictions

b. Tan must be secretary

c. Tan must have one of the 3 positions
d. Tan is not in any of the positions.

. The starting 5 in a basketball team is to be picked, in order, from the 10 players in the squad. Determine how

many ways can this be done if:

a. there are no restrictions

b. Jamahl needs to be player number 5

c. Jamahl and Anfernee must be in the first 5 players (starting 5)
d. Jamabhl is not in the team.

IZA a. Calculate the number of permutations of the letters in the word MATHS.

b. Calculate the number of permutations in which the letters M and A appear together.
c. Calculate the number of permutations in which the letters M and A appear apart.
d. Determine the probability of the letters M and A appearing apart.

A rowing team of 4 rowers is to be selected in order from
8 rowers.

a. Calculate how many different ways this can be done.

b. Calculate the number of these ways in which 2 rowers, Jane
and Lee, can sit together in the boat.

c. Calculate the number of ways in which the crew can be
formed without using Jane or Lee.

d. Determine how many ways the crew can be formed if it does
not contain Jane.

P
==

A decathlon has 12 runners.

a. Calculate how many ways 1st, 2nd and 3rd can be filled.
b. Calculate how many ways Ist, 2nd and 3rd can be filled if Najim finishes first.

ZEA Consider the words SIMULTANEOUS and EQUATIONS.

a. Calculate how many arrangements of the letters of the word EQUATIONS have the letters Q and U
grouped together.

b. Calculate how many arrangements of the letters of the word EQUATIONS have the letters Q and U
separated.

c. Calculate the number of possible arrangements of the letters of the word SIMULTANEOUS.

d. Determine the probability that in a randomly chosen arrangement of the word SIMULTANEOUS both the
letters U are together.

Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition



14. The clue in a crossword puzzle says that a particular answer is an anagram of STOREY. An anagram is
another word that can be obtained by rearranging the letters of the given word.
a. Determine the number of possible arrangements of the letters of STOREY.
b. The other words in the crossword puzzle indicate that the correct answer is O__T__. Calculate how many
arrangements are now possible and identify the word.

1.4 Exam questions

Question 1 (1 mark)
Determine the total number of arrangements of the letters of the word FACTORIAL, which starts and ends
with A.

Question 2 (1 mark)
I The number of ten—digit mobile phone numbers having at least one of their digits repeated is:
A. 36288 B. 3628800 C. 99963712 D. 36288000 E. 9996371200

Question 3 (2 marks)

Determine how many ways the letters of the word CALCULUS can be arranged in a row
a. If there are no restrictions. (1 mark)
b. If the two C’s are separated. (1 mark)

More exam questions are available online.

1.5 Combinations

LEARNING INTENTION

At the end of this subtopic you should be able to:
e calculate the number of possible combinations in situations where order is not important
e calculate probabilities in situations involving combinations.

1.5.1 When order does not matter

A group of things chosen from a larger group where order is not important is called a combination. In previous
sections we performed calculations of the number of ways a task could be done where order is important —
permutations or arrangements. We now examine situations where order does not matter.

Suppose 5 people have nominated for a committee consisting of 3 members. It does not matter in what order the
candidates are placed on the committee, it matters only whether they are there or not. If order was important we
know there would be P, or 60, ways in which this could be done. Here are the possibilities:

ABC ACB BAC BCA CAB CBA
ABD ADB BAD BDA DAB DBA
ABE AEB BAE BEA EAB ABA
ACE AEC CAE CEA EAC ECA
ACD ADC CAD CDA DAC DCA
ADE AED DAE DEA EAD EDA
BCD BDC CBD CDB DBC DCB
BCE BEC CBE CEB EBC ECB
BDE BED DBE DEB EBD EDB
CDE CED DCE DEC ECD EDC
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The 60 arrangements are different only if we take order into account; that is, ABC is different from CAB and so
on. You will notice in this table that there are 10 distinct committees corresponding to the 10 distinct rows. Each
row merely repeats, in a different order, the committee in the first column. This result (10 distinct committees)
can be arrived at logically:

1. There are °P; ways of choosing or selecting 3 from 5 in order.

2. Each choice of 3 is repeated 3! times.

3. The number of distinct selections or combinations is P5 + 3! = 10.

This leads to the general rule of selecting r objects from n objects.

Combinations

The number of ways of choosing or selecting r objects from n distinct objects,
where order is not important, is given by "C,.:

C is used to represent combinations.

WORKED EXAMPLE 14 Evaluating combinations

Write these combinations as statements involving permutations, then calculate them.
7 20
a. 'C, b. “°C3

THINK WRITE

a. 1. Recall the rule for "C,. a. "C,=—

2. Substitute the given values of n and r into the 'Cy=—=
combination formula.

3. Simplify the fraction. =27

4. Evaluate. =

b. 1. Write down the rule for "C,. b. "C,=—
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201)
2. Substitute the values of n and r into the 0c,=—3

formula. 3!

()
3. Simplify the fraction. = %

20!

17
200 1

X_
171" 31
20 x 19 x 18 X 17!

17" X 3 X2 X1

_ 20 x 19 x 18

3 x2x1
6840

6
= 1140

4. Evaluate.

WORKED EXAMPLE 15 Applying combinations

Apply the concept of ”C, to calculate the number
ways a basketball team of 5 players be selected from
a squad of 9 if the order in which they are selected
does

not matter.

THINK WRITE
HP
1. Recall the rule for "C,. "C,= —"
Note: Since order does not matter, use the "C, rule. r
9
P
2. Substitute the values of n and r into the formula. °Cs = 5—'5
(3)
3. Simplify the fraction. = %
= % =51
9L
TRAET
9!
415

9 X8 XTx6X)5!
4 xXx3x2x1XxS5!
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4. Evaluate.

_9X8XTX6

T 4x3x2x1
3024

24
=126

The formula we use to determine the number of ways of selecting r objects from n distinct objects, where order
is not important, is useful but needs to be simplified.

A (=)

Alternative form of the combinations formula

()
T Hm-r \r

0 <r <n where r and n are non-negative integers.

The formula for "C,. is exactly that for the binomial coefficients used in the binomial theorem, which is explored
with reference to Pascal’s triangle in section 1.7.

WORKED EXAMPLE 16 Evaluating combinations (2)

Determine the value of the following.

10
a. 12C5 b. <2>

THINK WRITE
!
a. 1. Recall the formula for "C,. a. "C,= L
(n—nr)!r!
. . . 12 12!
2. Substitute the given values of n and r into the Cs = PP,
combination formula. (B '_ S
T
12 x 11 x 1 !
3. Simplify the fraction. _ e X X10Xx9X8 X7
7V X5Xx4x3%x2x%x1
12 x 11 x M x 8 x §
SX 4% X3 X2xI
4. Evaluate. =12x11%x3x%x2
=792
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b. 1. Recall the rule for <’;> b. <n> ="C,

n!
(=
. . . 10 10!
2. Substitute the given values of n and r into the ==
N 2 (10 — 2)! 2!
combination formula. 10!
812
1 !
3. Simplify the fraction. = 10X 9 x 8
8l X2 x 1
_10x9
2x1
4. Evaluate. = 2
2
=45

1.5.2 Probability calculations

The combination formula is always used in selection problems. Most calculators have a "C, key to assist with
the evaluation when the figures become large.

Both the multiplication and addition principles apply and are used in the same way as for permutations.

A
The calculation of probabilities from the rule Pr(A) = % requires that the same counting technique is used
n

for the numerator and denominator. We have seen for permutations that it can assist calculation to express
numerator and denominator in terms of factorials and then simplify. Similarly for combinations, express the
numerator and denominator in terms of the appropriate combinatoric coefficients and then carry out

the calculations.

WORKED EXAMPLE 17 Calculating probabilities using combinations

A committee of 5 students is to be chosen from 7 boys and 4 girls. Use "C, and the multiplication and
addition principles to answer the following.
a. Calculate how many committees can be formed.

b. Calculate how many of the committees contain exactly 2 boys and 3 girls.

c. Calculate how many committees have at least 3 girls.

d. Determine the probability of the oldest and youngest students both being on the committee in

part a.

THINK WRITE

a. 1. As there is no restriction, choose the a. There are 11 students in total from whom 5 students
committee from the total number of are to be chosen. This can be done in ''C5 ways.
students.

TOPIC 1 Combinatorics 35



n!

2. Use the formula "C,= ——  to

r! X(n—r)!
calculate the answer.

b. 1. Select the committee to satisfy the given

restriction.

. Use the multiplication principle to form
the total number of committees.

Note: The upper numbers on the
combinatoric coefficients sum to the total
available, 7+ 4 = 11, while the lower
numbers sum to the number that must be
on the committee, 2+ 3 = 5.

. Calculate the answer.

. List the possible committees that satisfy
the given restriction.

. Write the number of committees in terms
of combinatoric coefficients.

. Use the addition principle to state the
total number of committees.

. Calculate the answer.

. State the number in the sample space.

. Form the number of ways the given event
can occur.

e, = 1!
TS5 x (11 = 5)!
1
5! x 6!
11 X10X9Xx8x7x 6
51 x 6f
11 X 10 X 9 X 8 X 7
SX4x3x2x1
=462
There are 462 possible committees.

. The 2 boys can be chosen from the 7 boys available

in ’C, ways. The 3 girls can be chosen from the
4 girls available in *C5 ways.

The total number of committees that contain two
boys and three girls is ’C, X *C;.

7!

21 x5!
7
=1X0.,
21
=21x4
=84
There are 84 committees possible with the given
restriction.

7C2X4C3: X4

. As there are 4 girls available, at least 3 girls means

either 3 or 4 girls. The committees of 5 students that
satisfy this restriction have either 3 girls and 2 boys,
or they have 4 girls and 1 boy.

3 girls and 2 boys are chosen in *C; X ’C, ways.
4 girls and 1 boy are chosen in *C, x ’C; ways.
The number of committees with at least three girls is
CyxTC, +4C, x7Cy.
4Cyx7C, +4C, x7C; =84+ 1x7
=91
There are 91 committees with at least 3 girls.

. The total number of committees of 5 students is

11C5 =462 from part a.

Each committee must have 5 students. If the oldest
and youngest students are placed on the committee,
then 3 more students need to be selected from the
remaining 9 students to form the committee of 5.
This can be done in °C; ways.
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3. State the probability in terms of
combinatoric coefficients.

Let A be the event the oldest and the youngest
students are on the committee.
A
pr(4) = 1)
n(§)
_ G
- “C5
9! it

P =6 " xe
51 % 6

9!

T 31 x 6! 11!
1 51

= — X —
31 7 11 x 10
5 x4

~ 110
2

T
The probability of the committee containing the

4. Calculate the answer.

.2
youngest and the oldest students is T

WORKED EXAMPLE 18 Identifying patterns in combination calculations

Evaluate the following using your calculator and comment on your results.

a. °C; b. °Cg c. 15C;s d. 5Cyy e. 2¢,; f. 2Cs
THINK WRITE
a-f. Use your calculator to evaluate the listed a. °C; =84
combinations. b. °C; =84
c. C5=3003
d. ISCIO == 3003
e. 2C;=792
T 12C5 =792
Comment on your results. S0 ?C; =°C¢, 5Cs =15C; and
12C7 — 12C5
12 —12
It appears that when, for example, “C, = “C,
p+qg=12.
Tl | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
a. On a Calculator page, press _ a. From the Advance palette  [& @ st mariion
MENU, then select: = on the Keyboard, select i T2 [ T[T
. ncr(9,2) &4 [nCr(8,3) [4]
5: Probability : nCr. Complete the entry | 84
3: Combinations. line as shown. i
Complete the entry line as
nCr(9,3).
Q
Cot00. Ling| int | | | nPr | nCr
NNy
o EMICNCA )
Alg
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For each of the preceding examples, it can be seen that "C, ="C,_,. This may be derived algebraically:

nPn—r

(n—r)!

n!
[n—(h—n1

(n—r)

(%)
(n—r)!
n! 1

X —_—
r! (n—r)!

"Cor =

Drawing on our understanding of combinations, we have:
e "C,="C,_;, as choosing r objects must leave behind (n — r) objects and vice versa
e "Cy=1="C,, as there is only one way to choose none or all of the n objects
e "C, =n, as there are n ways of choosing 1 object from a group of n objects.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free
1. [IIZ Write each of the following as statements in terms of permutations.

a. 8C3 b. 19C2 C. IC] d. SCO
2. Write each of the following using the notation "C,.
8 9 8 10
P P P P
—2 b. — c. 2 d. —2
2! 3! 0! 41

3. lIEHE Apply the concept of "C,. to calculate the number of ways three types of ice-cream can be chosen in
any order from a supermarket freezer if the freezer contains the following number of types of ice-cream.

a. 3 types b. 6 types c. 10 types d. 12 types

4. A mixed netball team must have 3 women and 4 men in the side. If the squad has 6 women and 5 men
wanting to play, determine how many different teams are possible.

5. A quinella is a bet made on a horse race that pays a win if the punter selects the first 2 horses in any order.
Determine how many different quinellas are possible in a race that has the following number of horses in it.

a. 8 horses b. 16 horses
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Technology active

6. A cricket team of 11 players is to be chosen from a squad of 15 players. Determine how many ways can this
be done.

7. A basketball team of 5 players is to be chosen from a squad of 10 players. Determine how many ways can
this be done.

8. IlIZAl Determine the value of each of the following.
a. 12C4 b. “Cl C. 12C]2

21 100 17
() () (5)
9. From a pack of 52 cards, a hand of 5 cards is dealt.

a. Calculate how many different hands there are.

b. Determine how many of these hands contain only red cards.

c. Determine how many of these hands contain only black cards.

d. Determine how many of these hands contain at least one red and at least one black card.

10. A committee of 5 students is to be chosen from 6 boys and 8 girls. Use "C, and the multiplication
principle to answer the following.

a. Calculate how many committees can be formed.

b. Calculate how many of the committees contain exactly 2 boys and 3 girls.

c. Calculate how many committees have at least 4 boys.

d. Determine the probability of neither the oldest nor the youngest student being on the committee.

11. A music collection contains 32 albums. Determine how many ways 5 albums can be chosen from the
collection.

Questions 12—14 refer to the following information.

The Maryborough Tennis Championships involve 16 players. The organisers plan to use 3 courts and assume
that each match will last on average 2 hours and that no more than 4 matches will be played on any court
per day.
12. In a ‘round robin’ each player plays every other player once.
a. If the organisers use a round robin format, determine how many games will be played in all.
b. Determine how long the tournament lasts.
13. The organisers split the 16 players into two pools of 8 players each. After a ‘round robin’ within each pool, a
final is played between the winners of each pool.
a. Determine how many matches are played in the tournament.
b. Determine how long the tournament lasts.
14. A ‘knock out’ format is one in which the loser of every match drops out and the winners proceed to the next
round until there is only one winner left.
a. If the game starts with 16 players, determine how many matches are needed before a winner is obtained.

b. Determine how long the tournament lasts.

15. Lotto is a gambling game played by choosing 6 numbers from 45. Gamblers try to match their choice with
those numbers chosen at the official draw. No number can be drawn more than once and the order in which
the numbers are selected does not matter.

a. Calculate how many different selections of 6 numbers can be made from 45.
b. Suppose the first numbers drawn at the official draw are 42, 3 and 18. Determine how many selections of
6 numbers will contain these 3 numbers.

Note: This question ignores supplementary numbers. Lotto is discussed further in the next section.
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16. a. lIEE Calculate the value of:

i. 12C; and 1?C, i. 1°Cg and °C; iii. 1°C, and '°C, iv. 3C5 and 8C;
b. Describe what you notice in your results for part a. Give your answer as a general statement such as ‘The
value of "C, is...".

1.5 Exam questions

Question 1 (1 mark)
& Four marbles are to be selected from a bag containing six green and three purple marbles. Determine how

many different ways this can be done if there are to be two purple marbles in the selection.
°)C,x’C
A. °C, x3C, B. °C, xC, C. °C, +3C, D. °C, +7C, E. #
Question 2 (1 mark)
At Marina’s café, sandwiches can be made with cos lettuce, carrot, avocado, capsicum, tomato and red onion.

Determine how many different sandwiches are possible.

Question 3 (2 marks)
A rugby union squad has 12 forwards and 10 backs in training. A team consists of 8 forwards and 7 backs.
Determine how many different teams can be chosen from the squad.

More exam questions are available online.

1.6 Applications of permutations and combinations

LEARNING INTENTION

At the end of this subtopic you should be able to:
e apply your knowledge of permutations and combinations to solve problems in real world scenarios.

1.6.1 Permutations and combinations in the real world

Counting techniques, particularly those involving permutations and combinations, can be applied in gambling,
logistics and various forms of market research. In this section we investigate when to use permutations and when
to use combinations as well as examining problems associated with these techniques.

Permutations are used to count when order is important. Some examples are:
e the number of ways the positions of president, secretary and treasurer can be filled
e the number of ways a team can be chosen from a squad in distinctly different positions
e the number of ways the first three positions of a race can be filled.

Combinations are used to count when order is not important. Some examples are:
¢ the number of ways a committee can be chosen
e the number of ways a team can be chosen from a squad
e the number of ways a hand of 5 cards can be dealt from a deck.

These relatively simple applications of permutations and combinations are explored in the worked examples that
follow. However, it is important to be mindful that the modern world relies on combinatorial algorithms. These
algorithms are important for any system that benefits from finding the fastest ways to operate. Examples include
communication networks, molecular biology, enhancing security and protecting privacy in internet information
transfer, data base queries and data mining, computer chip design, simulations and scheduling.
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WORKED EXAMPLE 19 Applications of permutations and combinations (1)

a. Ten points are marked on a page and no three of these points are in a straight line. Determine how
many triangles can be drawn joining these points.
b. Determine how many different 3-digit numbers can be made using the digits 1, 3, 5, 7 and 9
without repetition.

THINK

a.

1.

Note: A triangle is made by choosing

3 points. It does not matter in what order the
points are chosen, so "C, is used.

Recall the rule for "C,.

Substitute the given values of n and r into the
combination formula.

Simplify the fraction.

Evaluate.

Answer the question.

Verify the answer obtained by using the
combination function on a calculator.

. Note: Order is important here.

Recall the rule for "P,.

Substitute the given values of n and r into the
permutation formula.

Evaluate.

Answer the question.

Verity the answer obtained by using the
permutation function on a calculator.

WRITE
!
a. "C,= —
(n—r)'r!
¢, = 10!
T (10=3)! 3!
_ 10!
C 73
_10x9x8x7!
T'x3x2x1
_10x 9 xR?
Ix2Ax1
=10x3x4
=120
120 triangles may be drawn by joining
3 points.
b. "P, = "
(n—n)!
5p, = 5!
(5-3)
5!
T2
_ 5X4x3x2
2
=5X4X3
=60
Sixty 3-digit numbers can be made without

repetition from a group of 5 numbers.
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WORKED EXAMPLE 20 Applications of permutations and combinations (2)

Jade and Kelly are 2 of the 10 members of a basketball squad. Calculate how many ways can a team
of 5 be chosen if:

a. both Jade and Kelly are in the 5
b. neither Jade nor Kelly is in the 5
c. Jade is in the 5 but Kelly is not.

THINK

a.

1.

Note: Order is not important, so "C,. is used.
Recall the rule for "C,.

Note: If Jade and Kelly are included, then
there are 3 positions to be filled from the
remaining 8 players.

Substitute the given values of n and r into the
combination formula.

Simplify the fraction.

Evaluate.

Answer the question.

. Note: Order is not important, so "C, is used.

Recall the rule for "C,.

Note: If Jade and Kelly are not included, then
there are 5 positions to be filled from

8 players.

Substitute the given values of n and r into the
combination formula.

Simplify the fraction.

Evaluate.

Answer the question.

WRITE

n!
a. 'C,.=

(n=nr)'r!
g 8!

Ci=——
(8—3)! 3!
8!

513

_ 8XTX6X5

CS5Ix3x2x1
_8XTX8

T 3x2x1

=8 X7
=56

If Jade and Kelly are included, then there are
56 ways to fill the remaining 3 positions.
|
b. "C,= —
(n=n'r
|

50, = 8!

T (8=5)!5!

8!

315!

_ 8XTX6X3!

T 3x2x1x5!
_8XT7X§

T 3x2x1
=8X%X7
=56

If Jade and Kelly are not included, then there
are 56 ways to fill the 5 positions.
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. Note: Order is not important, so "C, is used.
Recall the rule for "C,.

2. Note: If Jade is included and Kelly is not,
then there are 4 positions to be filled from
8 players.
Substitute the given values of n and r into the
combination formula.

3. Simplify the fraction.

4. Evaluate.

5. Answer the question.

6. Verify each of the answers obtained by using
the combination function on a calculator.

e — n!

T =r
. 8!

Ch=——
(8 —4)! 41
8!

T4

_ 8XTX6X5X4
T 4Ax3x2x1x4!
_ BXTX& XS5

T OAx3xZx1
=T7TX2X5

=70

If Jade is included and Kelly is not, then there
are 70 ways to fill the 4 positions.

1.6.2 Lotto systems

An interesting application of combinations as a technique of counting is a game that Australians spend many
millions of dollars on each week — lotteries. There are many varieties of lottery games in Australia. To play
Saturday Gold Lotto in Queensland, a player selects 6 numbers from 45 numbers. The official draw chooses
6 numbers and 2 supplementary numbers. Depending on how the player’s choice of 6 numbers matches the

official draw, prizes are awarded in different divisions.

Division 1: 6 winning numbers
Division 2: 5 winning numbers and one of the supplementary numbers
Division 3: 5 winning numbers
Division 4: 4 winning numbers
Division 5: 3 winning numbers and one of the supplementary numbers

If the official draw was:

Winning numbers Supplementaries
13 42 6 8 20 12 2 34
A player who chose:
8 34 13 12 20 45
would win a Division 4 prize and a player who chose:
8 34 13 12 22 45

would win a Division 5 prize.
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A player may have 7 lucky numbers — 4, 7, 12, 21, 30, 38 and 45 — and may wish to include all possible
combinations of these 7 numbers in a 6 numbers lotto entry.

This can be done as follows:

12 21 30 38
12 21 30 45
12 21 38 45
12 30 38 45
21 30 38 45
12 21 30 38 45
12 21 30 38 45

U N T
N N9

The player does not have to fill out 7 separate entries to enter all combinations of these 7 numbers 6 at a time.
Instead, they can complete a ‘System 7’ entry by marking 7 numbers on the entry form.

A System 9 consists of all entries of 6 numbers from the chosen 9 numbers.

WORKED EXAMPLE 21 Calculating winning combinations in a lottery

Use the information on lottery systems given above.

A player uses a System 8 entry with the numbers 4, 7, 9, 12, 22, 29, 32 and 36.

The official draw for this game was 4, 8, 12, 15, 22, 36 with supplementaries 20 and 29.
a. Determine how many single entries are equivalent to a System 8.

b. List 3 of the player’s entries that would have won Division 4.

c. Determine how many of the player’s entries would have won Division 4.

THINK WRITE
!
a. 1. Note: Order is not important, so "C, is used. a. '"C,= %
Recall the rule for "C,. (n—nlrl
. . . 8!
2. Note: A System 8 consists of all entries consisting of 8C = A
6 numbers chosen from 8. Substitute the given values (88'_ o)t 6l
of n and r into the combination formula. = 2'_6'
!
3. Simplify the fraction. = ERatRC]
2X7x6!
Ry
2x1
4. Evaluate. =4x7
=28
5. Answer the question. A System 8 is equivalent to 28

single entries.

6. Verify each of the answers obtained by using the
combination function on a calculator.

b. Note: Division 4 requires 4 winning numbers. The b. Some of the possibilities are:
player’s winning numbers are 4, 12, 22 and 36. Any 4 12 22 36 7 9
of the other 4 numbers can fill the remaining 2 places. 4 12 22 36 7 29
List 3 of the player’s entries that would have won 4 12 22 36 7 32
Division 4.
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n!

c. 1. Note: Order is not important, so "C, is used. c. 'C,= PR——
Recall the rule for "C,. n—ntnr
!

2. Note: To win Division 4 the numbers 4, 12, 22 and 0, = %
36 must be included in the entry. The other 2 spaces (t,_ 2t 2!
can be filled with any of the other 4 numbers in any = ﬁ
order. C
Substitute the given values of n and r into the
combination formula.

4 1!

3. Simplify the fraction. = dx 3l

Zx1x2!
A3
Zx1
4. Evaluate. =2x%3
=6
5. Answer the question. Six of the player’s entries

would have won Division 4.
6. Verify each of the answers obtained by using the
combination function on a calculator.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS (C)

Technology active
1. I3 Determine how many ways there are:

a. to draw a line segment between 2 points on a page with 10 points on it

b. to make a 4-digit number using the digits 2, 4, 6, 8 and 1 without repetition
c. to choose a committee of 4 people from 10 people

d. for a party of 15 people to shake hands with one another.

2. Determine how many ways there are:

a. for 10 horses to fill 1st, 2nd and 3rd positions

b. to choose a team of 3 cyclists from a squad of 5

c. to choose 1st, 2nd and 3rd speakers for a debating team from 6 candidates

d. for 20 students to seat themselves in a row of 20 desks, write your answer in standard form correct to
2 significant figures.

TOPIC 1 Combinatorics 45



10.

46

. The French flag is known as a tricolour flag because it is

. In a taste test a market research company has asked people

. A cross-country team of 4 runners is to be chosen from a squad of

. IlIZZA Use the information on lotteries given in section 1.6.2.

composed of 3 bands of colour. Determine how many different
tricolour flags can be made from the colours red, white, blue
and green if each colour can be used only once in one of the 3
bands and order is important.

to taste 4 samples of coffee and try to identify each as one of
four brands. Subjects are told that no 2 samples are the same
brand. Determine how many different ways the samples can be
matched to the brands.

. EZX A volleyball team of 6 players is to be chosen from a squad of 10 players. Calculate how many ways

can this be done if:

a. there are no restrictions

b. Stephanie is to be in the team

c. Stephanie is not in the team

d. two players, Stephanie and Alison, are not both in the team together.

9 runners. Determine how many ways this can be done if:

a. there are no restrictions

b. Cecily is to be one of the 4

c. Cecily and Michael are in the team

d. either Cecily or Michael but not both are in the team.

A player uses a System 8 entry with the numbers 9, 12, 14, 17, 27, 34, 37 and 41. The official draw for this
game was 9, 13, 17, 20, 27, 41 with supplementaries 25 and 34.

a. Determine how many single entries are equivalent to a System 8.
b. List 3 of the player’s entries that would have won Division 4.
c. Determine how many of the player’s entries would have won Division 4.

. Use the information on lotteries given in section 1.6.2.

A player uses a System 9 entry with the numbers 7, 10, 12, 15, 25, 32, 35, 37 and 41. The official draw for
this game was 7, 11, 15, 18, 25, 39 with supplementaries 23 and 32.

a. Determine how many single entries are equivalent to a System 9.
b. List 3 of the player’s entries that would have won Division 5.
c. Determine how many of the player’s entries would have won Division 5.

. In the gambling game roulette, if a gambler puts $1 on the winning number he will win $35. Suppose a

gambler wishes to place five $1 bets on 5 different numbers in one spin of the roulette wheel. If there are
36 numbers in all, determine how many ways the five bets can be placed.

A soccer team of 11 players is to be chosen from a squad of 17. If one of the squad is selected as goalkeeper
and any of the remaining players can be selected in any of the positions, determine how many ways can this
be done if:

a. there are no other restrictions

b. Karl is to be chosen

c. Karl and Andrew refuse to play in the same team
d. Karl and Andrew are either both in or both out.
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Questions 11 and 12 refer to the following information.

Keno is a popular game in clubs and pubs around Australia. In each round a machine randomly generates 20
winning numbers from 1 to 80. In one entry a player can select up to 15 numbers.
11. Suppose a player selects an entry of 6 numbers.

a. Determine how many ways an entry of 6 numbers can contain 6 winning numbers.
Suppose an entry of 6 numbers has exactly 3 winning numbers in it.
b. Determine how many ways the 3 winning numbers can be chosen.
c. Determine how many ways the 3 losing numbers can be chosen.
d. Determine how many entries of 6 numbers contain 3 winning numbers and 3 losing numbers.

12. Suppose a player selects an entry of 20 numbers.

a. Determine how many ways an entry of 20 numbers can contain 20 winning numbers.
b. Suppose an entry of 20 numbers has exactly 14 winning numbers in it.

i. Determine how many ways the 14 winning numbers can be chosen.

ii. Determine how many ways the 6 losing numbers can be chosen.
iii. Determine how many entries of 20 numbers contain 14 winning numbers and 6 losing numbers.
v. Determine how many entries of 20 numbers contain no winning numbers.

1.6 Exam questions

Question 1 (1 mark)
To win a racing quinella you have to select the first two runners across the finishing line in any order. At $0.50 a
bet, determine how much it would cost to cover all quinella possibilities in a 24-horse race.

Question 2 (1 mark)
Determine how many 4-digit numbers that are divisible by 10 can be formed from the numbers 3, 5, 7, 8, 9, 0
such that no number repeats.

Question 3 (1 mark)

The official version of Oz Lotto requires you to select seven numbers from a total of 45 numbers. A standard
game consists of 7 randomly chosen numbers and costs $1.45. Determine how much it would cost you to ensure
that you won first prize.

More exam questions are available online.

1.7 Pascal’s triangle and the pigeon-hole principle

LEARNING INTENTION

At the end of this subtopic you should be able to:
e evaluate combinations by using Pascal’s triangle
e calculate numbers in Pascal’s triangle using combinations
e use the pigeon-hole principle to evaluate statements about shared properties.

1.7.1 Pascal’s triangle

Combinations are useful in other areas of mathematics, such as probability and binomial expansions. If we
analyse the "C, values closely, we notice that they produce the elements of any row in Pascal’s triangle or each
of the coefficients of a particular binomial expansion.
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The triangle shown was named after the French mathematician Blaise Pascal. He was honoured for his

application of the triangle to his studies in the area of probability.

Each new row in Pascal’s triangle is obtained by first placing a 1 at the beginning and end of the row and then

adding adjacent entries from the previous row.

Oth position

Ju—

This 5 is in the
Ist position in
the 5th row.

The next entry here is 21.
It is the sum of the 2 numbers
above it — 6 and 15.

Each element in Pascal’s triangle can be calculated using combinations. For example, 10 is the 2nd element in
the 5th row of Pascal’s triangle; that is, °C, = 10 (assuming 1 is the zeroth (Oth) element). Hence, the triangle

. . n .
can be written using <r> or "C, notation.

n=0: 1

n=1: 1 1

n=2: 1 2 1 2C,
n=3 | 3 3 1 3C,
n=4 1 4 6 4 1 “Co ‘c
n=>5 1 5 10 10 5 1 3C, 3C,

Note that the first and last number in each row is always 1.
Each coefficient is obtained by adding the two coefficients immediately above it.

The binomial expansion can therefore be generalised using combinations.

5C5

Pascal’s triangle shows that the rth element of the nth row of Pascal’s triangle is given by "C,. It is assumed that

the 1 at the beginning of each row is the Oth element.

This gives Pascal’s identity as follows.

Pascal’s identity

"C,=""'C,_;+"7'C, for 0<r<n

The relationship between Pascal’s triangle and combinations can be extended to the binomial theorem. This
theorem gives a rule for expanding an expression such as (a + b)". Expanding expressions such as this may

48 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition



become quite difficult and time consuming using the usual methods of algebra. Consider the coefficients of the
binomial expansion.

x+y)’ =1 /1\
(x+y) =x+y 1\ /1
(+y)? =2+ 2y +)2 1\ /2\ /1
(x+y)’ =2 + 32+ 307+ 1\ /3\ /3\ /l
(c+ ) =2+ 4%y + 62y + dxy® + 1 4 6 4 1
y Y+ 627y +4xy’ +y \5/ \10/ \10/ \5/ 1

(x +y)5 = x° + 5x*y + 10x3y? + 10x%y° + Sxy* +y°
The coefficients in the binomial expansion are equal to the numbers in Pascal’s triangle.

These relationships are summarised in the following table.

G+’ =1 Coefficient: 1 °Cy

Gty) =x+y Coefficients: 1 1 'Cy, 'Cy |

(x+y)° =22+ 2xy +? Coefficients: 121 °Cy,°C1,°C,

O +x)° =y +3xy + 302 + 43 Coefficients: 133 1 3Co,°Cy,°Cy, *Cs

43" =x* +4x%y + 6572 + 4xy’ + Coefficients: 1464 1 1C,*C1,1G,, 0G5, MG
(x+y)" =2 +5x*y + 102y + 10x%)° + 5xy* + 7 | Coefficients: 15101051 |°Cy,°Cy,°Cy,°C3,°Cy,°Cs

The binomial expansion can therefore be generated using combinations.

Generating the binomial expansion using combinations
(x+y)" ="Coxn +"Cix" Iy +"Cpx" 22 + ... +"C X"y + ... +"C,)"
=x"+"Cx" ly +"Coyx" 2y + ... +"C X" Y + . Y

WORKED EXAMPLE 22 Identifying numbers in Pascal’s triangle

Refer to Pascal’s triangle above and answer the following questions.

a. Determine the number in the 4th position in the 6th row.

b. Complete the 7th row in Pascal’s triangle.

c. The numbers 7 and 21 occur side by side in the 7th row. Determine what element in the 8th row
occurs below and in between these numbers.

THINK WRITE

a. 1. Locate the 6th row and the 4th position. a. 6throw=1 6 15 20 15 6 1
Note: Remember the Oth row is 1 and the first row
is 1 1. In the 6th row the 1 on the left is in the

Oth position.
2. Answer the question. The number in the 4th position in the
6th row is 15.
b. 1. Write down the elements of the 6th row. b. 6throw=1 6 15 20 15 6 1
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2. Obtain the 7th row.
a. Place the number 1 at the beginning of the row.

b. Add the first 2 adjacent numbers from the 6th row 6throw = 1 15 20 15 1
(1 and 6). \./\/\/\/\/ \l
c. Place this value next to the 1 on the new row and Jthrow=1 7 21 35 35 21 1

align the value so that it is in the middle of the
2 numbers (directly above) that created it.

d. Repeat this process with the next 2 adjacent
numbers from the 6th row (6 and 15).

e. Once the sums of all adjacent pairs from the sixth
row have been added, place a 1 at the end of the
row.

3. Answer the question. The 7th row is
1 7 21 35 35 21 7 1.
c. 1. Add the numbers 7 and 21 in order to obtain the -
element in the 8th row that occurs below and in \ /
between these numbers.

2. Answer the question. The element in the 8th row that occurs
below and in between 7 and 21 is 28.

WORKED EXAMPLE 23 Identifying numbers in Pascal’s triangle using combinations

Use combinations to calculate the number in the Sth position in the 9th row of Pascal’s triangle.

THINK WRITE
1. Write down the combination rule. "C,
2. Substitute the values for 7 and r into the rule. °Cs =126

Note: The row is represented by n=9.
The position is represented by r = 5.

3. Evaluate using a calculator.

4. Answer the question. The value of the number in the 5th position in the
9th row is 126.

WORKED EXAMPLE 24 Expanding a binomial using combinations (1)

Use the binomial theorem to expand (a + 2)4.

THINK WRITE
1. Recall the rule for the binomial theorem. G+y)' =x"+"Cx" Iyl + . +CHTTY + .Y
2. Substitute the values for a, b and n into the (a+2)=a* +4C,a%2" +4Ca?2% +4Cya'2* +2¢

rule: x=a,y=2 and n=4.
3. Simplify. =a*+4Xa®* X2+ 6xa*X4+4xax8+16
=a*+8a® +24a* + 32a+ 16
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WORKED EXAMPLE 25 Expanding a binomial using combinations (2)

Determine the 4th term in the expansion of (x + y)7.

THINK WRITE

1. Recall that the rule for the 4th term can be rth term = "C,x"~"y"
obtained from the binomial theorem:
(x+y) =x"+"Cx" Iyl + LCx Y LY
Write down the rule for the rth term.

2. Substitute the values for n and r into the rule: = TCx"~4H*
n="7and r=4.
3. Simplify. =35x3

Note: The Oth term corresponds to the first
element of the expansion.

4. Answer the question. The 4th term is equal to 35xy*.

1.7.2 Pigeon-hole principle

The pigeon-hole principle is a useful principle which can be used to make statements about the number of
things within a set which share a particular property.

The pigeon-hole principle

If there are (n + 1) pigeons to be placed in n pigeon-holes, then there is at least one
pigeon-hole with at least two pigeons in it.

Notes:
¢ Note the precise use of language in this statement, in particular the importance of the phrase ‘at least’.
e Some may view the pigeon-hole principle as an obvious statement, but used cleverly it is a powerful
problem-solving tool.

WORKED EXAMPLE 26 Applying the pigeon-hole principle (1)

Show that in a group of 13 people there are at least 2 whose birthday falls in the same month.

THINK WRITE
1. Think of each person as a pigeon and each There are 12 months and 13 people.
month as a pigeon-hole.
2. If there are 13 pigeons to be placed in Using the pigeon-hole principle: 13 people to be
12 holes, at least one hole must contain at least assigned to 12 months.
two pigeons. At least one month must contain at least two people.

That is, at least two people have birthdays falling in
the same month.

Generalised pigeon-hole principle

If there are (nk + 1) pigeons to be placed in n pigeon-holes, then there is at least one
pigeon-hole with at least (k + 1) pigeons in it.
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WORKED EXAMPLE 27 Applying the pigeon-hole principle (2)

Show that in a group of 37 people there are at least 4 whose birthdays lie in the same month.

THINK WRITE
1. Think of each person as a pigeon and each There are 12 months and 37 people.
month as a pigeon-hole.
2. Recall the generalised pigeon-hole principle.  Using the generalised pigeon-hole principle,
37 people are to be assigned to 12 months.
3. (nk+ 1) pigeons to be allocated to n holes; The value of nis 12 and k is 3. So at least one
n=12—-k=3 month has at least (k+ 1) or 4 people in it.
That is, at least 4 people have birthdays falling in
the same month.

WORKED EXAMPLE 28 Applying the pigeon-hole principle (3)

On resuming school after the Christmas vacation, many
of the 22 teachers of Eastern High School exchanged
handshakes. Mr Yisit, the Social Science teacher, said,
‘Isn’t that unusual — with all the handshaking, no two
people shook hands the same number of times.’

Not wanting to spoil the fun, the Mathematics teacher,
Mrs Pigeon, said respectfully, ‘I am afraid you must have
counted incorrectly. What you say is not possible.’

Explain how Mrs Pigeon can make this statement.

THINK WRITE

1. Think of the possible number of handshakes  For each person there are 22 possible numbers of
by a person as a pigeon-hole. handshakes; that is, 0 to 21.

2. If two or more people have 0 handshakes, 1 person with 0 handshakes:
the problem is solved. Consider the cases If there is 1 person with 0 handshakes, there can be no
where there is 1 person with 0 handshakes person with 21 handshakes. Thus, there are 21 people
or 0 persons with 0 handshakes. to be assigned to 20 pigeon-holes.

Therefore, there must be at least one pigeon-hole with
at least two people in it.
0 people with 0 handshakes:
If there is no person with 0 handshakes, there are
22 people to be assigned to 21 pigeon-holes.
Therefore, there must be at least one pigeon-hole
with at least two people in it (at least two people have
made the same number of handshakes).

3. Conclude using a sentence. Thus, there are at least two people who have made the
same number of handshakes.
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Students, these questions are even better in jacPLUS

Find all this and MORE in jacPLUS C)

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Technology free

1.

2.

Write the first 8 rows in Pascal’s triangle.

A Refer to Pascal’s triangle in section 1.7.1 and answer the following questions.

a. Determine the number in the 4th position in the 8th row.

b. Complete the 9th row in Pascal’s triangle.

c. If 9 and 36 occur side by side in the 9th row, determine what element in the 10th row occurs below and in
between these numbers.

Technology active

3.

10.

. 2 In a cricket team consisting of 11 players, show that

. A squad of 10 netballers is asked to nominate when they

=31 Use combinations to:

a. calculate the number in the 7th position of the 8th row of Pascal’s triangle
b. calculate the number in the 9th position of the 12th row of Pascal’s triangle
c. generate the 10th row of Pascal’s triangle.

. IlEZZA Use the binomial theorem to expand:

a. (x+ y)2 b. (n+ m)3 c. (a+ 3)4

. lZH a. Determine the 4th term in the expansion of (x + 2)°.

b. Determine the 3rd term in the expansion of (p + q)g.
c. Determine the 7th term in the expansion of (x + 2)9.

. a. In Pascal’s triangle, calculate the sum of all elements in the:

i. Oth row ii. 1strow iii. 2nd row
iv. 3rd row v. 4th row vi. 5th row.
b. i. Describe what you notice in your results from part a.
ii. Complete the statement: “The sum of the elements in the nth row of Pascal’s triangle is...”

. Use your statement result from question 6 to deduce a simple way of calculating:

0Cy+°C, 4+ +°C, +°C; +°C, + °C5 + °Cq

there are at least 2 whose phone numbers have the same last
digit.

can attend training. They can choose Tuesday only, Thursday
only, or Tuesday and Thursday. Show that there is at least one
group of at least 3 players who agree with one of these options.

J&L lollies come in five great colours — green, red, brown,
yellow and blue. Determine how many J&Ls I need to select to
be sure I have 6 of the same colour.
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11. The new model WBM roadster comes in burgundy, blue or yellow with white or black trim. That is, the
vehicle can be burgundy with white or burgundy with black and so on. Determine how many vehicles need
to be chosen to ensure at least 3 have the same colour combination.

12. Explain whether it is possible to show that in a group of 13
people, there are at least 2 whose birthdays fall in February.

13. IHZEA Nineteen netball teams entered the annual state
championships. However, it rained frequently and not all games
were completed. No team played the same team more than
once. Mrs Organisit complained that the carnival was ruined
and that no two teams had played the same number of games.
Show that she is incorrect in at least part of her statement and
that at least two teams played the same number of games.

14. Prove that in any group of 6 people either at least 3 are mutual friends or at least 3 are strangers.

1.7 Exam questions

Question 1 (1 mark)
T On one evening in Australia, 1.4 million people watched the national news. We can be certain that at least x
people from the same state/territory watched the news. Determine the maximum value of x.

A. 139999

B. 174999

C. 175000

D. 200000

E. 233333

Question 2 (1 mark)
There are 21—30 people swimming at the local pool. The pool has 10 lanes. Show that there is at least 1 lane
with 3 or more people in it.

Question 3 (2 marks)

In an all-boys school of 393 students, every students must wear the school uniform comprising of the following
options: short-sleeve shirt, long-sleeve shirt, jumper, shorts and pants. A students must wear

1 type of shirt, shorts or pants and has the option of wearing the jumper.

Show that there are at least 50 students wearing the exact same uniform.

More exam questions are available online.
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1.8 Review
1.8.1 Summary

doc-37044

Hey students! Now that it's time to revise this topic, go online to:

Access the Review your Watch teacher-led Practise exam
topic summary results videos questions

Find all this and MORE in jacPLUS C)

Technology free: short answer

1. a. State the inclusion—exclusion principle for 3 sets, R, S and 7.
b. Use the inclusion—exclusion principle to calculate the number of cards in a deck of 52 cards that are either
red, a jack or a court card (king, queen or jack).

2. a. State the multiplication principle.
b. One or two letters are to be chosen from the letters A, B, C, D, E and F. Determine how many different
ways can this be done without replacement, if order is important.

3. a. State the definition of "P,.
b. Without a calculator, compute the value of '°P;.
n!

(n—r!

4. A free-style snowboard competition has 15 entrants. Determine how many ways the first, second and third
places can be filled. You may wish to use technology to answer this question.

c. Prove that "P, =

5. a. Suppose 5 people are to be seated. Explain why there are fewer ways of seating 5 people at a circular
table compared with seating the group on a straight bench.
b. Determine how many ways can 5 people be seated at a round table.

6. The main cricket ground in Brisbane is called the Gabba. It is short for Woolloongabba. Determine how
many different arrangements of letters can be made from the word WOOLLOONGABBA. You may wish
to use technology to answer the question.

7. Apply the concept of "C, to calculate the number of ways 12 different ingredients can be chosen from a box
of 30 different ingredients. Describe what you can conclude about the ingredients left behind. Do not use
algebra to explain this.

8. A committee of 5 men and 5 women is to be chosen from 8 men and 9 women. Determine how many ways
this can be done.
Technology active: multiple choice

9. I There are 12 people on the committee at the local football club. Determine how many ways can a
president and a secretary be chosen from this committee.

A 2 B. 23 C. 132 D. 144 E. 12!

10. [T A TV station runs a cricket competition called Classic Catches. Six catches, A to F, are chosen and
viewers are asked to rank them in the same order as the judges. The number of ways in which the six catches
can be ranked is

Al B. 6 C. 30 D. 120 E. 720
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11.

12.

13.

14.

15.

16.

17.

18.

56

T Identify which one of the following permutations cannot be calculated.
A. 1000p, B. 'P, c. 8pg D. P, E. ‘Pg

T The result of 100! is greater than 94!.
Identify which of the following gives the best comparison between these two numbers.

A. 100! is 6 more than 94!

B. 100! is 6 times bigger than 94!

C. 100! is about 10 000 more than 94!
D. 100! is %P times bigger than 94!

E. 100! is about 1 000 000 more than 94!

T If the answer is 10, identify which of the following options best matches this answer.

A. The number of ways Ist and 2nd can occur in a race with 5 entrants

B. The number of distinct arrangements of the letters in NANNA

C. The number of permutations of the letters in POCKET where P and O are together
D. 1P, =P,

E. The number of ways to select the top 3 horses in a 6 horse race

I If the answer is 240, identify which of the following options best matches this answer.

A. The number of ways 1st and 2nd can occur in a race with 5 entrants

B. The number of distinct arrangements of the letters in NANNA

C. The number of permutations of the letters in POCKET where P and O are apart
D. 9P, + 4P,

E. The number of ways to select the top 3 horses in a 6 horse race

T At a party there are 40 guests and they decide to have a toast. Each guest ‘clinks’ glasses with every
other guest. Determine how many clinks there are in all.

A. 39
B. 40
C. 40!
D. 780
E. 2048

I On a bookshelf there are 15 books — 7 geography books and 8 law books. Abena selects 5 books from
the shelf — 2 geography books and 3 law books. Determine how many different ways she can make this
selection.

A 15C,x15C, B. 15C; x 15C, c.7C, x8C, D. 7C, +3C, E. 5C, x5C;

T A netball team consists of 7 different positions: goal defence, goal keeper, wing defence, centre, wing
attack, goal attack and goal shooter. The number of ways a squad of 10 players can be allocated to these
positions is:
A. 10!
B. 7!
10!
c. 1o
!
D. 1P,
E. 1°C,

I3 163 is a term in the binomial expansion of:
A (x+2)° B. (x+4)° c. (x+2) D. (x+4)* E. (x+16)°

Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition



Technology active: extended response

19. a. A school uses identification (ID) cards that consist of two letters from A to D followed by 3 digits chosen
from O to 9. Each digit may be repeated but letters cannot be repeated. If the school receives about 800
new students each year, determine how many years it will take for the school to run out of unique ID
numbers.
b. For a scene in a movie, five boy—girl couples are needed. If they are to be selected from 10 boys and 12
girls, determine how many ways can this be done. (Assume the order of the couples does not matter.)

20. A plane is covered in points at 1-unit spacing. Each point on the plane is coloured red, blue or white. Show
there are three points of the same colour at a maximum distance 2\/5 from each other.

1.8 Exam questions

Question 1 (2 marks)

Determine how many ways the letters of the word DIFFERENTIAL can be arranged in a row
a. if there are no restrictions. (1 mark)
b. if the F’s are separated. (1 mark)

Question 2 (1 mark) EENES0TE
™ Old MacDonald had a farm E-1-E-1-O.

The number of different arrangements of the letters E-I-E-I-O in a straight line is
A. 5!
B. 5
!
c.2
2!
S!
212!
E. 5! 2! 2!

D.

Question 3 (2 marks)
A netball team of 7 players is to be chosen from a squad of 11 players. Suppose and member can play any
position. Determine how many ways this can be done
a. if each player is chosen to play a particular position. (1 mark)
b. If players have no particular position. (1 mark)

Question 4 (3 marks)
Determine how many ways five men and five women can be arranged in a row if

a. there are no restrictions. (1 mark)
b. the men and women occupy alternate positions. (1 mark)
c. all the men are next to each other. (1 mark)

Question 5 (3 marks)
In the expansion of (ax + b)4 two of the terms are —540x> and —1500x. Determine the possible values of a and b.

More exam questions are available online.

Hey teachers! Create custom assignments for this topic

— Create and assign Access quarantined e — Track your
"o L

unique tests and exams tests and assessments 4y  students’ results

Find all this and MORE in jacPLUS (C)
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Answers

Topic 1 Combinatorics
1.2 Counting techniques

1.2 Exercise

1. a.
¢ R

32 34 38 44

(NN

b.n(RUSUT) =12

c.n(RUSUT) =12
2. n(red, even or 4) =36
3. 55 students

4.a.AB BA CA
AC BC CB

b. 6

1
c. =
3
5.BG GB YB RB
BY GY YG RG

BR GR YR RY

6. ACB BAC CAB
ABC BCA CBA
1
7242 5210 840 d.2520 e
8.a.24 b6 .12 d.24
9. a. 49 b. 252
10. 126
1
11.2.200 b.40 .50  d.290 e —
40
12. a. 13230
b. 17 640

Jake may wear 13 230 outfits with a jacket or 4410 outfits
without a jacket. Therefore, he has a total of 17 640
outfits to choose from. The assumption made with this
problem is that no item of clothing is exactly the same;

that is, none of the 7 shirts are exactly the same.

13. 100
14. 6
15. 48
16. 256
17. 1080
18. a. 1000

b. 27

C.

271 371 471
272 372 472
273 373 473
281 381 481
282 382 482
283 383 483
291 391 491
292 392 492
293 393 493

1.2 Exam questions

Note: Mark allocations are available with fully worked
solutions online.
1. E

2. 144

3. 40

1.3 Factorials and permutations

1.3 Exercise
1.a.4X3%x2x1
b. 5X4X3%x2x1
c. 6X5X4X3X2x1
d. 7X6X5%x4%x3%x2x1
2. a. 3024 b. 151200 c. 840 d. 720
a.nn—1Dn—-2)(n—-3)(n—4)
b. (m+3)(n+2)
1
d. !
n+2)(n+Dnr—1)
4. a. 3628 800 b. 87 178 291 200
c. 362 880 d. 20922 789 888 000
5.a.8X7=56
b. 7X6X5%x4x3=2520
c. 8XTX6X5X4Xx3x2=40320
6. a.2=60480 b.ﬂzzo c.E=1028160
3! 3! 13!
7.a.27907200  b. 639200 c. 1028 160
8. a. 56 b. l
8
9. 358 800
10. 120
11. 3024
12. 2184
15P4 1
13. a. — b. 8190 c. —
4 16
14. 3360
15. 362 880
16. 479001 600
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1.3 Exam questions

Note: Mark allocations are available with fully worked
solutions online.
1. B

2. 300
3. 303 600

1.4 Permutations with restrictions

1.4 Exercise
6

6 Ps
1. a. P6 =720 b. 7:360
. 83160
10
1260
. 27720
. 1307 504
a. 5.45%x10'° .3.63%x10°
c. 4.00%x 10" . 1.45% 10"
a. 120 b. 20 c. 60 d. 60

9.a.30240  b. 3024 c. 6720 d. 15120

No o s N
o

®
o

3
10. a. 120 b. 48 c. 72 d. 3
11. a. 1680 b. 180 c. 360 d. 840
12. a. 1320 b. 110
13. a. 80 640 b. 282 240
1
c. 119750440 d. g
14. a. 720 b. 24, OYSTER

1.4 Exam questions

Note: Mark allocations are available with fully worked
solutions online.
1. 5040

2. E
3. a. 5040 b. 3780

1.5 Combinations

1.5 Exercise

1. a. :1!3 b. % c. lli'l d. 501!0
2.a.3C, b. °C;4 c. 8¢, d. '%¢c,
3. a1 b. 20 c. 120 d. 220
4. 100
5. a. 28 b. 120
6. 1365
7. 252
8. a. 495 b. 11 c. 1
d. 54 264 e. 100 f. 680
9. a. 2 598 960 b. 65 780
c. 65780 d. 2467 400
36
10. a. 2002 b. 840 c. 126 d. -9—1-

11.
12.

13.
14.
15.
16.

2
a

a.

a.

a

a.

b

01376
. 120

57
15
. 8 145 060

i. 220, 220
ii. 10, 10

. The value of "C, is the same as "C,_

1.5 Exam questions

b. 10 days

b. 4 days 6 hours
b. 1 day 4 hours
b. 11480

ii. 6435, 6435
iv. 56, 56

e

Note: Mark allocations are available with fully worked
solutions online.
1. A

2. 63
3. 59400

1.6 Applications of permutations and
combinations

1.6 Exercise

1. a.45 b. 120
2. a. 720 b. 10
3.24

4. 24

5.a.210 b. 126
6. a. 126 b. 56
7.a. 28

11.
12.

c. 210 d. 105
c. 120 d.2.4%x10'®
c. 84 d. 140
c. 21 d. 70

b. Any combination with 9, 17, 21 and 41.
Sample responses include: 9 17 27 41 12 14

9 17 27 41 12 37
.6
. 84

9 17 27 41 12 34

b. Any combination with 7, 15, 25 and 32.
Sample responses include: 7 15 25 32 10 12

C

.3
10.

a

a

a.
b.

715 25 32 10 35
.10

76 992

. 8008  b. 5005

38760  b. 1140

1

i. 38760
iii. 1940475213 600

1.6 Exam questions

7 15 25 32 10 37

c. 5005 d. 4004
c. 34220  d.39010800

ii. 50063860
iv. 4191 844505 805 495

Note: Mark allocations are available with fully worked
solutions online.
1. $138

2. 60
3. $65 800 449
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1.7 Pascal’s triangles and the pigeon-hole
principle

1.7 Exercise

1. See table at the bottom of the page*

2.a.70
b.1 9 36 84 126 126 84 36 9 1
c. 45
3.a. 8
b. 220
.. 10C0 10Cl 10C2 10C3 10C4 10C5 10C6 10C7 10C8 10C9 10C10

1 10 45 120 210 252 210 120 45 10 1
X 2y 4y

1.7 Exam questions

Note: Mark allocations are available with fully worked
solutions online.
1. C
2, 3. Sample responses can be found in the worked solutions in
the online resources

1.8 Review

1.8 Exercise
Technology free: short answer
1.a. nRUSUTD) =nR) +n(S)+n()—nRNS)—
nRNT)—n(SNT)+n(RNSNT)
b. n (red, court card or jack) =32

4. a
b. 13+ 3n%m 4+ 3nm® +m’ 2. a. If there are n ways of performing operation A and m
. &+ 12d° + 54a* + 108a + 81 ways 01{ periorm%ng oAperi;il(;n'B,}:hen(;herzgre nXm
5. a. 80x b. 56p°¢° o, 4608:2 ways of performing A and B in the order AB.
b. 64 ways
6.a.i 1 ii. 2 iii. 4 P is th b ; £ choosi bi £
v. 8 v 16 vi. 32 3. a. "P, is the number of ways of choosing r objects rs'm n
b. i. The sum of the elements in each row of Pascal’s distinct things, when order is important. "P, = (n—r)
triangle is a power of 2: 10
b. '"P; =720
Row Sum . .
0 c. Sample responses can be found in the worked solutions
0 27 =1 in the online resources.
1 2l=2 4. 15p, = 2730
2 22 =4 5. a. When people are sitting in a circle, we cannot tell the
5 difference between arrangements such as between
3 =8 {A,B,C,D,E} and {C, D, E, A, B}. In a circle, these
4 2=16 represent the same arrangement. Therefore, there are
5 fewer ways to arrange people in a circle than in a
5 2°=32 . ;
straight line.
ii. The sum of the elements in the nth row of Pascal’s b. 24
triangle is 2". 6. 32432400
7.2°=64 7.30C,, = 0Cy_;, = C,g = 86493 225.
8, 9. Sample responses can be found in the worked solutions Each separate time we choose r things from 7 distinct
in the online resources. things, we also leave n — r objects. (We can interchange
10. 26 taking and leaving.) Hence, "C, ="C,_,.
11. 13 8. 7056
12-14. Sample responses can be found in the worked solutions Technology active: multiple choice
in the online resources. 9.C
10. E
1. E
*1.  Row
0 1
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 6 4 1
5 1 5 10 10 5 1
6 1 6 15 20 15 6 1
7 1 7 21 35 35 21 7 1
8 1 8 28 56 70 56 28 8 1
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12,

13.

14.

15.

16.

17.

18. D

Technology active: extended response
19. a. 15 years b. 199584

20. Sample responses can be found in the worked solutions in
the online resources.

1.8 Exam questions

Note: Mark allocations are available with fully worked
solutions online.
1. a. 59 875200 b. 49 896 000

2.D
3. a. 1663200 b. 330

4. a. 3628 800 b. 28 800 c. 86400
5.a=-3, b=5 or a=3, b=-5







LEARNING SEQUENCE

2.1 Overview

2.2 Describing sequences

2.3 Arithmetic sequences

2.4 Arithmetic series

2.5 Geometric sequences .

2.6 Geometric series

2.7 Applications of sequences and series
2.8 Review

Fully worked solutions for this topic are available online.




2.1 Overview

Hey students! Bring these pages to life online

Watch Engage with Answer questions
videos interactivities and check results

Find all this and MORE in jacPLUS C)

2.1.1 Introduction

Sequences of numbers play an important part in our everyday
life. For example, the following sequence:

2.25,2.37, 2.58, 2.57, 2.63, ...

gives the end-of-day trading price (for 5 consecutive days) of
a share in an electronics company. It looks like the price is on
the rise, but is it possible to accurately predict the future price
per share of the company?

The following sequence is more predictable:

10000, 9000, 8100, ...

This is the estimated number of radioactive decays of a medical compound each minute after administration to a
patient. The compound is used to diagnose tumours. In the first minute, 10 000 radioactive decays are predicted;
during the second minute, 9000, and so on. Can you predict the next number in the sequence? You’re correct if
you said 7290. Each successive term here is 90% of, or 0.90 times, the previous term.

Sequences are strings of numbers. They can be finite in number or infinite. Number sequences may follow an
easily recognisable pattern or they may not. A great deal of recent mathematical work has gone into deciding
whether certain strings follow a pattern (in which case subsequent terms could be predicted) or whether they
are random (in which case subsequent terms cannot be predicted). This work forms the basis of chaos theory,
speech recognition software for computers, weather prediction and stock market forecasting, to name but a few
uses. The list is almost endless. The image above is a visual representation of a sequence of numbers called a
Mandelbrot set.

KEY CONCEPTS

This topic covers the following key concepts from the VCE Mathematics Study Design:
e definitions of sequences and series, arithmetic and geometric sequences and their partial sums
e the limiting behaviour as n — oo of the terms ¢, in a geometric sequence and dependence on the value
of the common ratio
e sequences generated by recursion
e solution of first order linear recurrence relations of the form ¢, | = at,, + b, a#0, with constant
coefficients and their application to financial problems and population modelling.

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.
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2.2 Describing sequences

LEARNING INTENTION

At the end of this subtopic you should be able to:
¢ define sequences by listing them sequentially, using a functional definition or using a
recursive definition
e examine the behaviour of logistic sequences as n increases.

2.2.1 Describing sequences
Sequences that follow a pattern can be described in a number of different ways. They may be listed in sequential

order; they may be described as a functional definition; or they may be described in an iterative definition.

Listing in sequential order

Consider the sequence of numbers #: {5, 7, 9, ...}. The numbers in sequential order are firstly 5 then 7 and 9,
with the indication that there are more numbers to follow. The symbol # is the name of the sequence, and the
first three terms in the sequence shown are t; =5,1, =7 and t; =9. The fourth term, z,4, if the pattern were to
continue, would be the number 11. In general, 7, is the nth term in the sequence. In this example, the next term
is simply the previous term with 2 added to it, with the first term being the number 5.

Another possible sequence is 7: {5, 10, 20, 40, ...}. In this case it appears that the next term is twice the previous
term. The fifth term here, if the pattern continued, would be #5 = 80. It can be difficult to determine whether or
not a pattern exists in some sequences. Can you find the next term in the following sequence?

£4{1,1,2,3,58,..}

Here the next term is the sum of the previous two terms, hence the next term would be 5 + 8 =13, and so
on. This sequence is called the Fibonacci sequence and is named after its discoverer Leonardo Fibonacci,
a thirteenth century mathematician.

Here is another sequence; can you find the next term here?
r {7, 11, 16, 22, 29, ...}

In this sequence the difference between successive terms increases by 1 for each pair. The first difference is 4,
the next difference is 5 and so on. The sixth term is thus 37, which is 8 more than 29.

Functional definition
A functional definition of a sequence of numbers is expressed in the form: 7, = f(n).
An example could be: t,=2n—"7, n€f{l, 2, 3,4, ...}

Using this definition the nth term can be readily calculated. For this example t{ =2X 1 —7= -5,
tp=2X2—-7=-3,13=2X3—7=—1 and so on. We can readily calculate the 100th term,
too =2 X 100 —7 =193, simply by substituting the value n = 100 into the expression for #,,.

Look at the following example:
d,=49n*, ne{l, 2,3, ...}

For this example, in which the sequence is given the name d,d; =4.9x 1> =4.9, and d, =4.9 x 2> = 19.6.
Listing the sequence would yield d: {4.9, 19.6, 44.1, 78.4, ...}. The 10th term would be 4.9 X 10% = 490.
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Recursive definition

A sequence can be generated by the repeated use of an instruction. This is known as recursion. Term 7 is
represented by 7,,; the next term after this one is represented by #,,, |, while the term before 7, is #,_,. For these
sequences, the first term must be stated.

Look at the following example:
tn+1 = 3fn - 2, L= 6.

The first term, #;, is 6 (this is given in the definition), so the next term, f,, is 3 X 6 —2 =16, and the following
term is 3 X 16 —2 =46. In each and all cases, the next term is found by multiplying the previous term by 3 and
then subtracting 2. We could write the sequence out as a table:

n b Comment

1 =6 Given in the definition

2 t, =31 -2 Using ¢, to find the next term, #,
=3x6-2
=16

3 t =3, —2 Using ¢, to find the next term, #;
=3x16-2
=46

4 ty =3t —2 Using 15 to find the next term, #4
=3x46-2
=136

An example of this sequence using notation found in a spreadsheet would be:
A1 =6 (the first term is equal to 6)
A2 =3X Al —2 (the next term is 3 times the previous term minus 2).

You could then apply the Fill Down option in the Edit menu of the spreadsheet from cell A2 downwards to
generate as many terms in the sequence as required. This would result in the next cell down being three times the
previous cell, less 2. The recursive definition finds a natural use in a spreadsheet environment and consequently
is used often. A drawback is that you cannot find the nth term directly as in the functional definition, but an
advantage is that more complicated systems can be successfully modelled using recursive descriptions.

WORKED EXAMPLE 1 Determining terms in sequences

7
a. Determine the next three terms in the sequence: { 14,7, 5, cee }

b. Determine the 4th, 8th and 12th terms in the following sequence: e, =n* —3n,n € {1,2,3, ...}.
c. Determine the second, third and fifth terms for the following sequence: k,, .1 =2k, + 1, k; = —0.50.

THINK WRITE
7

a. In this example the sequence is listed and a simple a. The next three terms are T

pattern is evident. From inspection, the next term is half
the previous term and so the sequence would be
777 7

14979 T T T
2 4 8 16

EEN N
[c=NIEN]

El 3
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b. 1. This is an example of a functional definition. b. e,=n’>—3n
The nth term of the sequence is found simply by
substitution into the expression e, =n”> — 3n.

2. Determine the fourth term by substituting n = 4. es =4*—3x4
=4
3. Determine the eighth term by substituting n = 8. eg =8 —3x8
=40
4. Determine the 12th term by substituting n = 12. e, =122-3x12
=108
c. 1. This is an example of a recursive definition. We can  c¢. k,, | = 2k, + 1,
find the second, third and fifth terms for the sequence k, = —0.50
k,+1 =2k, + 1,k =—0.50 by recursion.
2. Substitute k; = —0.50 into the formula to k, =2x-0.50+1
determine k,. =0
3. Continue the process until the value of k5 is found. ky =2X0+1
=1
=
=
4. Write the answer. Thus k, =0,k3 =1 and k5 =7.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free

. . 33
1. II3M a. Determine the next three terms in the sequence: {3, LR } .

b. Determine the second, fourth and sixth terms in the following sequence: f, =4 x 3" =2, n€{l, 2, 3, ...}.
c. Determine the second, third and fifth terms for the following sequence: k,,, | =k, +2, k; = =5.

2. a. Determine the next three terms in the sequence: {2, -5,8,—11, 14,...}.
b. Determine the 4th, 8th and 12th terms in the following sequence: t, =n> —n+41,n€{l, 2, 3, ...}.

c. Determine the second, third and fourth terms for the following sequence: &, ; = — (an) -2,k =3.

TOPIC 2 Sequences and series 67



3. For each of the following sequences, write a rule for obtaining the next term in the sequence and hence
evaluate the next three terms.

a. {1,4,7,..} b. {1,0,—1,-2, ...} c. {1,4,16,64, ...} d. {2,5,9,14,20, ...}

4. For each of the following sequences, write a rule for obtaining the next term in the sequence and hence
evaluate the next three terms.

a. {3,4,7,11,18, ...} b. {2a—5b,a—2b, b,—a+4b, ...}
c. {1,0,—1,0,1, ...} d. {1.0, 1.1,1.11, ...}
5. Determine the first, fifth and tenth terms in the following sequences.
a.t,=2n—5nefl,2,3,...} b t,= —— €{1,2,3, ...}
n+1
c.t, = 17— 3."7n,nefl,2,3,...} d. t,=5X% <%> ,nef{l,2,3, ..}
6. Determine the first, fifth and tenth terms in the following sequences.
3—=n)
a. tn:5><<%> ,nei{l,2,3, ..} b.t, = (-1)"+ n,ne {1,2,3, ...}
c.t, =32""ne{l,2,3,...} d.t, =a+ (n— Dd,ne {1,2,3, ...}

Technology active
7. Using technology, determine the third, eighth and tenth terms in the following sequences.
a. b,y =—2t,,t,=-3 b. t,,,=t,—7,t;=14
c. tyy =—t,+2,4,=3 d. t,p =t,+(=1)"t,,6;,=3
8. For the sequences in question 7, use technology to generate their graphs. Place the term number on the
horizontal axis and the value of the term on the vertical axis.
9. Study the pattern in each of the following sequences and where possible write the next two terms in the
sequence, describing the pattern that you use.
a. 5,6,8,11, ... b. 4,9,12,13,12,9, ... c. 9,8,9,0, ...
10. Study the pattern in each of the following sequences and where possible write the next two terms in the
sequence, describing the pattern that you use.

a. 6,12,12,6,1%,... b. 5,8,13,21, ... c. 1,3,7,15, ...

11. Write the iterative definition for each of the following sequences.

a. {7,5,3,1,-1, ...} b. {12,6,3,1.5, ...} c. {12,12.6,13.2, ...}
12. Write the iterative definition for each of the following sequences.

a. {2,11,56,281, ...} b. {4,—-12,36, ...} c. {2,4,16,256, ...}

2.2 Exam questions

Question 1 (1 mark)
Specify a rule for the sequence 2, 5, 10, 17, 26...

Question 2 (1 mark)
Determine the next three terms in the sequence a®, —a, 1, ...

Question 3 (1 mark)
(n+1)>°

n

Write down the first five terms in the sequence ¢, =

More exam questions are available online.
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2.3 Arithmetic sequences

LEARNING INTENTION

At the end of this subtopic you should be able to:
e identify and define arithmetic sequences
e plot graphs of arithmetic sequences.

2.3.1 Identifying and defining arithmetic sequences

At aracetrack a new prototype racing car unfortunately develops an oil leak. Each second, a drop of oil hits
the road. The driver of the car puts her foot on the accelerator and the car increases speed at a steady rate as
it hurtles down the straight. The diagram below shows the pattern of oil drops on the road with the distances
between the drops labelled.

’( 10 metres ’( 26 metres ’( 42 metres

o*o ° + ° ° + .
4 4

L 18 metres L 34 metres

The sequence of distances travelled in metres each second
is {10, 18,26,34,42, ...}. The first term in the sequence,
t1,1s 10, and as you can see, each subsequent term is

8 more than the previous term. This type of sequence is
given a special name — an arithmetic sequence.

Definition of an arithmetic sequence

An arithmetic sequence is a sequence where
there is a common difference between any
two successive terms.

The difference between successive terms in an arithmetic sequence is called the common difference, d. They
can be increasing (if d > 0), decreasing (if d < 0) or constant (if d =0). The first term in an arithmetic is denoted
by a.

Some examples of arithmetic sequences are given below.

Arithmetic sequence First term Common difference
{5, 7,9, 11, 13, ...} a=>5 d=2

{30, 20, 10, 0, —10, ...} a=30 d=-10

{4, 4, 4, 4, 4, ...} a=4 d=0

{=77, —66, =55, —44, =33, ...} a=-71 d=11

{3.1, 54, 7.7, 10, 12.3, ...} a=3.1 d=23

The common difference and the first term provide enough information to define any particular arithmetic
sequence. We can therefore describe any arithmetic sequence using a functional definition.
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As the term number, 7, increases by 1, the value of the term increases by the common difference, d, and when
n =1, the value of the term is a. The functional definition for an arithmetic sequence is therefore:
t,=a+(n—1)d, neN. This definition can also be written as t, = (a —d) + nd, n € N. This functional
definition is sometimes called the rule for the nth term as the value of the nth term can be easily determined by
substituting the value of n into the formula.

Looking at the sequence {5, 7, 9, 11, 13, ...} we have a =5 and d = 2. Substituting these values into the
functional definition gives a rule of t, = (5§ —2) + n X 2, n € N which simplifies to t, =2n+3, n€N.

Arithmetic sequences

Arithmetic sequences are defined by the formulas:

thb=a+m—-1)d,neN
t,=(@—d)+nd,neN

Where a is the value of the first term and d is the common difference.

WORKED EXAMPLE 2 Identifying and defining arithmetic sequences

State which of the following are arithmetic sequences by calculating the difference between successive
terms. For those that are arithmetic, determine the next term in the sequence, ¢4, and consequently
determine the functional definition for the nth term for the sequence, ¢,.

a. t: {4,9,15,...} b. t: {-2,1,4,...}
THINK WRITE
a. 1. To check that a sequence is arithmetic, see if a a. 9—-4=5
common difference exists. 15-9=6
2. There is no common difference as 5 # 6. Since there is no common difference the
sequence is not arithmetic.
b. 1. To check that a sequence is arithmetic, see if a b.1--2=3
common difference exists. 4—-1=3
2. The common difference is 3. The sequence is arithmetic with the
common difference d = 3.
3. The next term in the sequence, #,, can be calculated ty=13+3
by adding 3 to the previous term, z5. =443
=7
4. To determine the functional definition, write the t,=a+m—-1)xd
formula for the nth term of the arithmetic sequence. =(a—d)+nd
5. Identify the values of a and d. a=-2andd=3
6. Substitute = —2 and d = 3 into the formula and t,=(—2-3)+nx3
simplify. t,=3n-5
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The common difference and first term of an arithmetic sequence can be determined from any two terms, 7,

and 1,,. First, determine the common difference by calculating the difference between the term values and
la— 1

then dividing by the difference in the term numbers. The formula d = describes this process. Once the

a —
common difference is known, the first term can be determined by solving the rule for the nth term for a.

WORKED EXAMPLE 3 Determining missing terms in an arithmetic sequence

Determine the missing terms in the arithmetic sequence {41, e, 55, f, ...}.

THINK WRITE
3 —t
1. The terms #; =41 and #; = 55 are known. Use the d=->—1
formula to determine the common difference. 53 5__1 A1
2
_
2
=/
2. Use the common difference to determine the missing e=t f=1
terms. =t +d =t;+d
=414+7 =55+7
=48 =62

WORKED EXAMPLE 4 Determining the rule for an arithmetic sequence from two terms

Determine 16th and nth terms in the arithmetic sequence with 4th term 15 and 8th term 37.

THINK WRITE
tg—1y
1. The terms #, = 15 and g =37 are known. =
Use the formula to determine the common difference. 387__41 5
T4
22
4
=55
2. Solve the formula #, = a + (n — 1) d for a using the t,=a+m—1)xd
known value of #4. th=a+@—1)xd
15=a+3x%x5.5
IS5=a+16.5
a=-—1.5
3. State the rule for the nth term. t,=(a—d)+nd
=(—1.5-5.5)+nx%x5.5
=55n—-17
4. To calculate the 16th term, substitute n = 16 into the e =55%X16—-7
formula established in the previous step. =88—-7
=81

TOPIC 2 Sequences and series 71



2.3.2 Graphing an arithmetic sequence

WORKED EXAMPLE 5 Graphing arithmetic sequences

Consider the arithmetic sequence 2,4, 6,8, 10,...

a. Draw up a table showing the term number with its value.

b. Graph the values in the table.

c. From your graph, determine the value of the tenth term in the sequence.

THINK WRITE/DRAW
a. Draw up a table to show the term a.
number and value.

Term number 11213415
Term value 21416810

b. The value of the term depends on the term b. T
number, so ‘value’ is graphed on the y-axis. 2 10 ®(5,10)
Draw up a suitable scale on both axes, plot ERRE .
the points. E 0 °
& 4 °
21 *1,2
i
Term number
c. 1. To determine a later value in the sequence i\
draw a straight line through the points that 244
were plotted in part b. and see where this el t10 =20
line intersects the vertical line representing ig_ _______________________ !
term number 10. Identify the term value of 16 i
this point. % 14 i
£ o |
E 10 (5, 10) 1n= 10
8 i
67 |
47 i
24 1,2 E
I T T T T T T T I I I T T I 7
00 1234567 89101112131415"
Term number
2. Write the answer. c. The tenth number in this sequence is 20
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free
For this exercise you may use a scientific calculator to aid in calculations.

1. Il State which of the following are arithmetic sequences by calculating the difference between successive
terms. For those that are arithmetic, determine the next term in the sequence, #,, and consequently determine
the functional definition for the nth term for the sequence, 7,.

a. {3,6,12, ...} b. 1 {-3,0,3, ...}
2. State which of the following are arithmetic sequences by calculating the difference between successive

terms. For those that are arithmetic, determine the next term in the sequence, #,, and consequently determine
the functional definition for the nth term for the sequence, ¢,,.

a. . {4,7,11, ...} b. t: {-2,-6,—10, ...}

3. Determine the term given in brackets for each of the following arithmetic sequences.
a. {4,9,14, .. .}, (t,)) b. {—2,10,22, ...}, (ts3)
c. {—27,—12,3, ...}, (t100) d. {2,—11,-24, ...}, (t20n5)

4. Determine the functional definition for the nth term of the arithmetic sequence:

a. where the first term is 5 and the common difference is —3
. . 1
b. where the first term is 2.5 and the common difference is 5

c. where the first term is —3 and the common difference is 3
d. where the first term is 2x and the common difference is 5x.

5. IlIEH Determine the missing terms in this arithmetic sequence: {16, m, 27, n}.
6. Determine missing terms in this arithmetic sequence: {33, x, 61, y}.

7. 2 Calculate the fourth term and nth term in the arithmetic sequence whose first term is 6 and whose
seventh term is —10.

8. Calculate the eighth and nth terms in an arithmetic sequence with the third term 3.44 and the 12th term 5.42.
9. Determine the nth term in the arithmetic sequence where the first term is 6 and the third term is 10.

10. Determine the nth term in the arithmetic sequence where the first term is 3 and the third term is 13.

. If 1, =100 and #,5 = 175, determine the first term, the common difference and hence the nth term for the

arithmetic sequence.

-1 3 . .
12. If 1= BN and 13 = 7 determine the first term, the common difference and hence the nth term for the

arithmetic sequence.
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13. For the arithmetic sequence {22, m,n, 37, ...}, determine the values for m and n.

14. The first three terms in an arithmetic sequence are 37,32 and 27, and the kth term is —3. Determine the
value for k.

15. Determine the value of x such that the following forms an arithmetic progression: ..., x,3x+4,10x—7, ...

16. [IEA Consider the arithmetic sequence 4,8, 12,16, 20, ...

a. Draw up a table showing the term number with its value.
b. Graph the values in the table.
c. From your graph, determine the value of the tenth term in the sequence.

17. Consider the arithmetic sequence 10, 13,16, 19,22, ...

a. Draw up a table showing the term number with its value.
b. Graph the values in the table.
c. From your graph, determine the value of the tenth term in the sequence.

18. For the following arithmetic sequences, determine the recursive definition and use technology to generate the
first 50 numbers in the sequence.

a. t,:3,7,11, ...}
b. t,: {=3,0,3, ...}

{2 11 9 }
C.ti=,—, =, ...
7 147

19. For the following arithmetic sequences, determine the recursive definition and use technology to generate the
first 50 numbers in the sequence.

{3 39 }
a. t,:]=,=,=, ...
42 4
{1 -3 —13 }
bt -, —, —, ...
4 2 4
c.ty 2r+3, 4+ 1, 6m—1,...}

. . . . .3 .
20. The ratio between the first term and the second term in an arithmetic sequence is R The ratio between the

. . 4
second term and the third term is g

a. Calculate the ratio of the third term to the fourth term.
b. Determine the ratio of the nth and the (n + 1)th term in the sequence.

2.3 Exam questions

Question 1 (2 marks)
Determine the common difference of the arithmetic sequence given by ¢, = (n + 1 —n(+3)+4, neN.

Question 2 (1 mark)
In an arithmetic sequence, t,4 = 5¢; and the common difference is 4. Determine the value of the first term.

Question 3 (2 marks)
D, g, 1, s are four consecutive terms in an arithmetic sequence. Show that gr —ps =2 (r — s)z.

More exam questions are available online.
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2.4 Arithmetic series

LEARNING INTENTION

At the end of this subtopic you should be able to:
e calculate the sum of terms in arithmetic sequences.

2.4.1 Definition of a series

In many cases we are interested, not only in the values of terms in a sequence, and the sequence’s long term
behaviour, but also in the sum of the terms in a sequence. For an example, we return to the oil drops on the

racetrack from the start of the previous section on arithmetic sequences. The distance covered by the car each
second illustrated the concept of an arithmetic sequence.

The total distance covered by the car is the sum of the individual distances covered each second. So after one
second the car has travelled 10 m, after two seconds the car has travelled 10 + 18 m =28 m, after three seconds
the car has travelled a total distance of 10 + 18 + 26 m = 54 m, and so on.

I0m 18m 26‘m 34‘m 42 m

o+ ° Y ° Y ° ° Y .
I ! : ! i

L S — ! ] |

D E— L | |

i . > 88 m !

< > 130 m

Definition of a series

A series, S,,, is the sum of a sequence of n terms ¢; +#, +#;3+...+¢,.

Thus:

S2=tl+t2
S3 =[1+t2+t3
Sn=t1+t2+l3+... +tn_2+tn_1+tn

2.4.2 Arithmetic series

Since arithmetic sequences have a first term of #; = a and a common difference of d, we can express the sum of
their terms neatly. An arithmetic series with n terms S, is defined as follows.

Sn=t1+[2+t3+"'+tn—2+tn—l+tn
=a+@+d)+(@a+2d)+..+ (a+n—3)d) + (a+ (n-2)d) + (a+(n—1)d)

If we denote the last term (#,) in the arithmetic sequence by /, we can express the series as follows:

S,=a+@+d)y+@+2d)+..+(-2d)+(—-d)+1
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Writing the series in reverse order:
S, =l+(-d+(-2d)+..+(@+2d)+(a+d)+a
Notice that if we add these two expressions for S, the result is the sum of n groups of (a + /).

28, =@+D+@+D+@+D+.. (ntimes)
=n(a+])

Dividing both sides of this equation by 2 gives an expression for the arithmetic series S,,.

n
S,=—=(a+1
5 (a+1D)
Recall that / is the n™ term of the arithmetic sequence, I =a + (n — 1) d, so this expression for the series S, can
n
also be expressed as S, = 3 [2a+(n—1)d].

These expressions allow us to calculate the sum of an arithmetic sequence without having to add up all of the
individual terms.

Arithmetic series
The sum of the first n terms in an arithmetic series is given by:

n n
Sp=—(@+DorS,=—2a+m—1)d
S @+ 5 [2a+@ =14

Where a is the first term of the arithmetic sequence, / is the last term of the
arithmetic sequence and d is the common difference.

It is worthwhile also to note that S, | =S, +#,, . This tells us that the next term in the series S, is the present
sum, S, plus the next term in the sequence, ¢, . This result is useful in spreadsheets where one column gives
the sequence and an adjacent column is used to give the series.

WORKED EXAMPLE 6 Calculating the sum of an arithmetic sequence

Calculate the sum of the first 20 terms in the sequence 7,,: {12, 25, 38,...}.

THINK WRITE

1. Write the formula for the sum of the first n terms in the §p= z (2a +(n— l)d)
arithmetic sequence. 2

2. Identify the variables. a=12,d=25-12,n=20
=13
. . 20
3. Substitute values of a, d and n into the formula and S0 =—@2X%x12+19x%x13)
evaluate. 2
S20 = 2710
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Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free

1.

A Calculate the sum of the first 20 terms in the sequence 7, : {1,3,5, ...}.

2. Calculate the sum of the first 50 terms in the sequence ¢, =3n+7,n€{l1,2,3, ...}

3. a. Calculate the sum of the first 50 positive integers.

b. Calculate the sum of the first 100 positive integers.

4. a. Calculate the sum of all the half-integers between 0 and 100.

1 .1 .1 .1
Note: The sequence of half-integers is {—, 1-,2—,3—,.. }
22 2 2

b. Compare your answer with that for question 3b.

5. Calculate the sum of the first 12 terms of an arithmetic sequence in which the second term is 8 and

13th term is 41.

6. A sequence of numbers is defined by 7,: {15,9,3,-3, ...}.

a. Calculate the sum of the first 13, 16 and 19 terms in the sequence.
b. Calculate the sum of all the terms between and including #,, and 5.

7. A sequence of numbers is defined by ¢, =2n—7, n €{1,2,3, ...}. Calculate:

a. the sum of the first 20 terms
b. the sum of all the terms between and including #,; and #,,
c. the average of the first 40 terms. Hint: You need to calculate the sum first.

8. Determine the equation that gives the sum of the first n positive integers.

9. a. Show that the sum of the first n odd positive integers is equal to the perfect square n-.

2

b. Show that the sum of the first n even positive integers is equal to n* + n.

Technology active

10. A sequence is 5,7,9, 11, ... Determine how many consecutive terms need to be added to obtain a sum
of 357.
11. Consider the sum of the first n positive integers. Determine the value of n when the sum will first exceed

1000.

12. The first term in an arithmetic sequence is 5, and the sum of the first 20 terms is 1240. Determine the

common difference, d.

13. The sum of the first four terms of an arithmetic sequence is 58, and the sum of the next four terms is twice

that number. Determine the sum of the following four terms.

14. The sum of a series is given by S, =4n? + 3n. Use the result that #,, | = S,,,; — S, to prove that the sequence

of numbers, 7,,, whose series is S, = 4n* + 3n is arithmetic. Determine both the functional and recursive
equations for the sequence, t,.
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2.4 Exam questions

Question 1 (2 marks)
Calculate the sum of all natural numbers between 1 and 100 that are divisible by three.

Question 2 (2 marks)
Calculate the sum of the first 15 terms of the sequence 5, 9, 13, 17, ...

Question 3 (2 marks)
Consider the sequence t,, = pn + g. Calculate the sum of the first 24 terms in the sequence by first showing that
the sequence is arithmetic.

More exam questions are available online.

2.5 Geometric sequences

LEARNING INTENTION

At the end of this subtopic you should be able to:
e identify and define geometric sequences
e plot graphs of geometric sequences.

2.5.1 Geometric sequences

A farmer is breeding worms that he hopes to sell to local
shire councils to decompose waste at rubbish dumps. Worms
reproduce readily and the farmer expects a 10% increase

per week in the mass of worms that he is farming. A 10%
increase per week would mean that the mass of worms

1
would increase by a constant factor of <1 + %) =1.1.

He starts off with 10kg of worms. By the beginning
of the second week he will expect 10X 1.1 =11kg of
worms, by the start of the third week he would expect
11x1.1=10x (1.1)2 =12.1 kg of worms, and so on.
This is an example of a geometric sequence.

Definition of a geometric sequence

A geometric sequence is a sequence where each term is obtained by
multiplying the preceding term by a certain constant factor.

The multiplicative factor between successive terms in a geometric sequence is called the common ratio, r, and

it can be determined by dividing any two successive terms: r = 2L The first term of a geometric sequence is
t

n

denoted by a.

All geometric sequences can therefore be written in terms of a and r as follows: {a, ar, ar*, ar, ..., ar™ _1)}.
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Some examples of geometric sequences are given below.

Geometric sequence First term Common ratio
{10, 11, 12.1, 13.31, 14.641, ...} a=10 r=1.1

{1, 2, 4, 8, 16, ...} a=1 r=2

{15, 15, 15, 15, 15, ...} a=15 r=1

{128, 64, 32, 16, 8, ...} a=128 r=%

{3, =6, 12, =24, 48, ...} a=3 d=-2

Geometric sequences
The nth term of a geometric sequence is given by:

t, =ar™V

where a is the first term of the sequence, and r is the common ratio, given by:

lh+1
L,

WORKED EXAMPLE 7 Determining whether a sequence is geometric

State whether the sequence #,,: {2, 6, 18,...} is geometric by calculating the ratio of successive terms.
If it is geometric, determine the next term in the sequence, 74, and the nth term for the sequence, ,.

THINK WRITE
.t t 6
1. Calculate the ratio —=. 22
I 2
=3
Lt 18
. Calculate the ratio —.. ty = —
t 6
=3
. . . hHh K .
. Compare the ratios and make your conclusion. Since — = — =3, the sequence is
L n

. Because the sequence is geometric, determine the
fourth term by multiplying the preceding (third) term
by the common ratio.

5. Write the general formula for the nth term.

. Identify the values of a and r.

. Substitute the values of @ and r into the general
formula.

. Check the value for #,.

geometric with the common ratio r = 3.

t4=t3><r
=18x%x3
=54
t,=ar"!
G=257=23
t,=2x3""!

1, =2%x31=2x27=54
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The expression for the nth term of a geometric sequence can be used to determine the values of a and r for
geometric sequences when we are given two terms in the sequence.

To determine these values, substitute the known values from the given terms into the expression for the nth term
to form equations which can be solved simultaneously.

WORKED EXAMPLE 8 Determining the rule for a geometric sequence

Determine the nth term and the tenth term in the geometric sequence where the first term is 3 and the
third term is 12.
THINK WRITE

1. Write the general formula for the nth term in the t,=ar"™!
geometric sequence.

2. State the value of a (the first term in the sequence) a=3; ;=12
and the value of the third term.

3. Substitute all known values into the general formula. 12 =3 x>~/

=3xr?
. 12
4. Solve for r (note that there are two possible P=—=
solutions). 3
=4
7= i\/é_l
==+2
5. Substitute the values of a and r into the general Sot,=3%x2""" ort,=3x(=2)""

equation. Because there are two possible values for r,
you must show both expressions for the nth term of
the sequence.

6. Determine the tenth term by substituting n=10into When, n=10, ;5 = 3x2'°~! (using r=2)
each of the two expressions for the nth term. — 3% 20
= 1536
or ftjp=3X (—2)10_l (using r=—2)
=3 x(-2)’ =-1536

WORKED EXAMPLE 9 Determining the rule for a geometric sequence given two terms

The fifth term in a geometric sequence is 14 and the seventh term is 0.56. Determine the common
ratio, r, the first term, a, and the nth term for the sequence.

THINK WRITE
1.  Write the general rule for the nth term of a geometric t,=ar"!
sequence.
2. Use the information about the fifth term to form an Whenn=>5, t,=14
equation. Label it [1]. l4=axr!
l4=axr* [1]
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3. Similarly, use information about the seventh term to Whenn=7,1,=0.56
form an equation. Label it [2]. 0.56=axr’"!

0.56=axr® (2]

2 6 0.
4. Solve the equations simultaneously: divide equation [2] % gives - 0-50

4
by equation [1] to eliminate a. ar 14

5. Solve for r. r? =0.04
r=%4/0.04
==*0.2
6. Because there are two solutions, we have to perform Ifr=0.2

two sets of computations. Consider the positive value  Substitute » into [1]:
of r first. Substitute the value of r into either of the two a X (0.2)4 =14

equations, say equation [1], and solve for a. 0.0016a = 14
a=14+0.0016
= 8750
7. Substitute the values of r and a into the general The nth term is:

equation to determine the expression for the nth term. 7, = 8750 X 0.2)"!

8. Now consider the negative value of r. Substitute Ifr=-0.2
the value of 7 into either of the two equations, say Substitute 7 into [1]
equation [1], and solve for a. (Note that the value of a= (—0.2)4 =14
a is the same for both values of 7.) 0.0016a = 14
a=14-+0.0016

= 8750

9. Substitute the values of r and a into the general formula The nth term is:
to determine the second expression for the nth term of 7, = 8750 X (=0.2)"™!
the sequence.
10. State the possible solutions. The first term is a = 8750.
The common ratio is r =% 0.2.

The two possible rules for the nth term are:
1, =8750% (0.2)""" or 1, = 8750 X (—0.2)""!

2.5.2 Graphs of geometric sequences

Unlike graphs of arithmetic sequences, which are always linear, the shape of the graph of a geometric sequence
depends on the value of the common ratio, r.

Graphs of geometric sequences with 0<r< 1

When 0 < r < 1, the points in the sequence get closer to the origin as the term number increases. Sequences that
get closer and closer to a particular value as the term number increases are said to converge to that particular
value. These graphs are curved and get flatter as the term number increases.
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1
The graph of the geometric sequence with a =128 and r= 2 is shown below.

tnll
140 —

120
100
80
60 ®

40 3

20_ ® ° ° t8=1
S B B e s B B S
0 n

1 23 456 7 8

o1, =128

Graphs of geometric sequences with r> 1

When r> 1, the points lie on a curve that increases in magnitude as the term number increases. Sequences like
this, which do not converge to any particular value are said to diverge.

The graph of the geometric sequence with a = —1 and r=2 is shown below.

o 123456738,
__5_*_‘_I._I_I_I_I_>
20 hi=~1 *

—40
—60_ o
—80
~100
~120

~140
t,Y

n

to=—128

Graphs of geometric sequences with r<0
When r < 0 the values of the terms continually flip from positive to negative as the term number increases. The
graphs of these sequences therefore oscillate on either side of the horizontal axis.

When —1 < r <0, the sequence converges to 0 as the term number increases.

. . 1.
For example, the graph of the geometric sequence with a =128 and r = ) is shown below.

tnl\
150 =128

100
50_ f8=—1

50+ 123 56 78"
~100 -
~150 -

A
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When r < —1 the sequence gets further away from the horizontal axis as the term number increases (diverges).

For example, the graph of the geometric seque

Iy

150
100
50
0
~50 -
—100 —

nce with a =1 and r = —2 is shown below.

3

[ ]
t1=1 °
123 1 5 878"
1g=—128
[

—-150 —
\

Graphs of geometric sequences with r=1 and r=—1

When r=1, the sequence is constant and so th
For example, the graph of the geometric seque

1

n

6 -
5 4
4
3 -
24
14

\

f1=5

e graph of the sequence horizontal.

nce with a =5 and r=1 is shown below.

t8=5
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0

When r = —1, the sequence oscillates between

For example, the graph of the geometric seque

\

_t1=3
®
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the negative and positive of the first term, a.

nce with a =3 and r = —1 is shown below.
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WORKED EXAMPLE 10 Graphing a geometric sequence

Consider the geometric sequence 2, 4, 8, 1

6, 32,...

a. Draw up a table showing the term number and its value.

b. Graph the entries in the table.
c. Comment on the shape of the graph.

THINK

a. Draw up a table showing the term number and its a.

corresponding value.

WRITE/DRAW
Term number| 1 2 4 5
Term value 2 4 16 | 32
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b. The value of the term depends on the term b. LA
number, so “Term value’ is graphed on the y-axis. 327 *(.32)
Draw a set of axes with suitable scales and plot
the points.

16 o4, 16)

8 ©(3,8)

4 e(2,4)
21 °1,2

T 1T 1T T
0 123456

Term number

3Y

c. Comment on the shape of the curve. c. The points lie on a smooth curve which increases
rapidly. Because of this rapid increase in value, it
would be difficult to use the graph to predict future
values in the sequence with any accuracy.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free

1. State whether the sequence is geometric by calculating the ratio of successive terms for
t,: {3,6,12, . . .}. If the sequence is geometric, determine the next term in the sequence, f,, and the
nth term for the sequence, t,,.

2. State whether the sequence is geometric by calculating the ratio of successive terms for

t,: {—3,1,_—1, .. }
3

If the sequence is geometric, determine next term in the sequence, 74, and the nth term for the sequence, 7,.

3. For each of the following:

i. show that the sequence is geometric
ii. determine the nth term and consequently the sixth and tenth terms.

a. t: {5,10,20, ...} b. #: {2,5,12.5, ...} c. t: {1,-3,9, ...} d. . {2,-4, 8, ...}
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4. For each of the following:

i. show that the sequence is geometric
ii. determine the nth term and consequently the sixth and tenth terms.

a. t: {l, 1,2, } b. t: {l,i,i, } c. t: {x, 3x*, 9x7, } d. r: {l,z,i, }
2 312 48 x x2 X3

5. [lIZH Determine the nth term and the tenth term in the geometric sequence where the first term is 2 and the
third term is 18.

6. Determine the nth term and the tenth term in the geometric sequence where the first term is 1 and the third
term is 4.

7. Determine the nth term and the tenth term in the geometric sequence where:

a. the first term is 5 and the fourth term is 40
b. the first term is —1 and the second term is 2

1
c. the first term is 9 and the third term is 8_1 (State why there are two possible answers.)

. . . .3
8. Calculate the fourth term in the geometric sequence where the first term is 6 and the seventh term is vy

Technology active

9. Determine the nth term in the geometric sequence where the first term is 3 and the fourth term is 6\/5.

10. IEA The third term in a geometric sequence is 100 and the fifth term is 400. Determine the common
ratio, r, the first term, a, and the nth term for the sequence.

11. The fourth term in a geometric sequence is 48 and the eighth term is 768. Determine the common ratio, r,
the first term, a, and the nth term for the sequence.

12. For the geometric sequence t: {3, m,n, 192, ...}, determine the values for m and n.

13. Consider the geometric sequence : {16, m, 81, n, ...}. Determine the values of m and n, if it is known that
both are positive numbers.

14. For the geometric sequence t: {a, 15, b,0.0375, ...}, determine the values of @ and b, given that they are
positive numbers.

1 27 .
15. If t, = 5 and 15 = E determine the first term, a, the common factor, r, and hence the nth term for the

geometric sequence.

16. Determine the value of x such that the following sequence forms a geometric progression: x — 1, 3x + 4, 6x + 8.

. o . 1
17. Determine the three missing terms in the sequence: 8, , , '3 such that the sequence of

numbers is geometric.

18. IIEA Consider the geometric sequence 1,3,9,27,81, ...

a. Draw up a table showing the term number and its value.
b. Graph the entries in the table.
c. Comment on the shape of the graph.

19. Consider the geometric sequence —20, 10, —5,2.5,—1.25, ...

a. Draw up a table showing the term number and its value.
b. Graph the entries in the table.
c. Comment on the shape of the graph.
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20. The difference between the first term and the second term in a geometric sequence is 6. The difference
between the second term and the third term is 3.

a. Calculate the difference between the third term and the fourth term.
b. Determine the nth term in the sequence.

21. The first two terms in a geometric sequence are 120 and 24, and the kth term is 0.0384. Determine the
value for k.

2.5 Exam questions

Question 1 (1 mark)

. n n? .
I For the geometric sequence m, ——, e the common ration and the tenth term are
m m
n n n n’ n n’ n n’ n*> n'8
A. T8 B. T8 C. AT D. RN E. AT
m m m m m m m- m m m

Question 2 (1 mark)
Insert one term between 2 and 8 to form a geometric sequence.

Question 3 (2 marks)
Determine the number which forms a geometric sequence when added to each of the numbers 11, 17, 25.

More exam questions are available online.

2.6 Geometric series

LEARNING INTENTION

At the end of this subtopic you should be able to:
e calculate the sum of terms in geometric sequences
e calculate the sum to infinity of geometric sequences which have |r| < 1.

2.6.1 Geometric series

When we add up or sum the terms in a sequence we get the series for that sequence. If we look at the geometric
sequence {2, 6, 18, 54, ...}, where the first term ¢; = a =2 and the common ratio is 3, we can quickly calculate
the first few terms in the series of this sequence.

S =1,=2
S,=t;+,=2+6=8
Si=ti+t,+5,=2+6+18=26
Sy=ti+t+5+1,=2+6+18+54=80

In general the sum of the first n terms is:

Sn=t1+t2+t3+...+tn_2+tn_1+tn
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For a geometric sequence the first term is a, the second term is ar, the third term is ar* and so on up to the nth
term, which is a”"~!. Thus:

S,=a+ar+ar*+...+ar" 3 +ar~*+ar”! [1]
If we multiply equation [1] by r we get:

rS,=ar+ar*+ar +...+ar""* +ar*"' +ar’ 2]

Note that on the right-hand side of equations [1] and [2] all but two terms are common, namely the first term
in equation [1], a, and the last term in equation [2], ar". If we take the difference between equation [2] and
equation [1] we get:

rS,—=S,=ar"—a (2] —[1]
(r=10S,=a(—-1)
S, = M; r#1 (rcannotequal 1)

r—1

We now have an equation that allows us to calculate the sum of the first n terms of a geometric sequence.

Geometric series

The sum of the first n terms of a geometric sequence is given by:

r—1
S,,=u;r9él
r—1

where a is the first term of the sequence and r is the common ratio.

WORKED EXAMPLE 11 Calculating the sum of terms in geometric sequences

Calculate the sum of the first five terms (S5) of these geometric sequences.
a. t,: {1,4,16,...}
b. t,=22)" L, ne{1,2,3,...}

1 -1
C. lyy1 = Ztn’tl = —

2
THINK WRITE
. a(r"—1)
a. 1. Write the general formula for the sum of the first n a. §,=
terms of the geometric sequence. r—1
2. Write the sequence. t,: {1,4,16, ...}
. . . 4
3. Identify the variables: a is the first term; r can be a= g r= I =4;n=>5

established by calculating the ratio; n is known from
the question.
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14 -1

4. Substitute the values of a, r and » into the formula and S5 = i
evaluate. 10241
3
=341
b. 1. Write the sequence. b. 1, = 202", nef1,2,3, ...}
2. Compare the given rule with the general formula for a=2r=2;n=5
the nth term of the geometric sequence 7, = ar"~! and
identify values of a and r; the value of n is known from
the question.
. . 2(2°—1)
3. Substitute values of a, 7 and n into the general formula s =
for the sum and evaluate. 21
=62
. 1 —1
c. 1. Write the sequence. B ) = Ztn, t = o
. . . . 1 —1
2. This is an iterative formula, so the coefficient of , r=—;a=—;n=>5
is r;a =ty; n is known from the question. E .
—1 [(1y°
| | =[]
3. Substitute values of a, 7 and n into the general formula S5 = .
for the sum and evaluate. o
—1 1
o xlEm
- =3
4
=341
512

2.6.2 The infinite sum of a geometric sequence where r< 1

When the constant ratio, r, is less than 1 and greater than —1, that is, {r: — 1 <r< 1}, each successive term in the
sequence gets closer to zero. This can readily be shown with the following two examples.

g: {2,—1,1,_—1, } wherea=2and r= —
2 4 2

1 1 1

h: {40, -, —, ...t wherea=40andr=—
2 160 80

In both the examples, successive terms approach zero as n increases. In the second case the approach is more
rapid than in the first, and the first sequence alternates positive and negative. A simple investigation whereby the
first few terms are plotted will quickly reveal that for geometric sequences with the size or magnitude of r < 1,
the series eventually settles down to a near constant value. We say that the series converges to a value S, which
is the sum to infinity of all terms in the geometric sequence. We can find the value S, by recognising that as
n— oo the term " — 0, provided r is between —1 and 1. We write this technically as —1 <r< 1 or|r| < 1.

The symbol || means the magnitude or size of r. Using our equation for the sum of the first » terms:

"]
5= Dy

r—1
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Taking —1 as a common factor from the numerator and denominator:

Ca(l—1")

Sn
1—r

Asn— oo, ' = 0 and hence 1 — 7" — 1. Thus the top line or numerator will equal a when n — oo:
Seo = 1L; <1

We now have an equation that allows us to calculate the sum to infinity, S, of a geometric sequence.

The sum to infinity of a geometric sequence

The sum to infinity, S, of a geometric sequence is given by:

a
SEN= srl <1
Il

where a is the first term of the sequence and r is the common ratio whose magnitude is less than one.

WORKED EXAMPLE 12 Calculating the sum to infinity of geometric sequences

a. Calculate the sum to infinity for the sequence #,: {10,1,0.1,...}.
b. Determine the fourth term in the geometric sequence whose first term is 6 and whose sum to

infinity is 10.
THINK WRITE
a. 1. Write the formula for the nth term of the geometric ~ a. 7, = ar"~!
sequence.
2. From the question we know that the first term, a, is a=10, r=0.1
10 and r=0.1.
3. Write the formula for the sum to infinity. Seo = ] a ; | <1
—-r
. . 10
4. Substitute a =10 and »=0.1 into the formula and Seo = 101
evaluate. 10 _ 100
09 9
=11 !
9
b. 1. Write the formula for the sum to infinity. b. S, = IL; |rl <1
—-r
2. From the question we know that the infinite sum is a=06; S, =10
equal to 10 and that the first term, a, is 6.
3. Substitute known values into the formula. 10= ] 6
—-r
4. Solve for r. 10(1-r)=6
10—-10r==6
r=04
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5. Write the general formula for the nth term. t,=ar""!

6. To determine the fourth term substitute a =6,n=4 ty =6X% (0.4)3
and r = 0.4 into the formula and evaluate. =0.384

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology active
1. IIEHA Calculate the sum of the first five terms (Ss) of these geometric sequences.
a. t,: {1,2,4, ..}
b. 1,=3(=2)""",nef{l,2,3,...}

C. tn+1 = Zt,,,tl = —

2. Calculate the sum of the first five terms (S5) of these geometric sequences.
a. t,: {1,3,9,.. .}

b. 1, =—4(1.2)""", n€{1,2,3, ..}
C.lpp1=Zlpli = =2
2 3
3. Consider the following geometric sequences and determine the terms indicated.

a. The first term is 440 and the 12th term is 880. Determine Sg.
b. The fifth term is 1 and the eighth term is 8. Determine S, S}, S»o-

. - . 1 . .
4. Determine what minimum number of terms of the series 2 + 3 + 45 + ... must be taken to give a sum in

excess of 100.

11
5. IlIIEA a. Calculate the sum to infinity for the sequence 7, : {1 -, = }

2 2 b 4 2.
b. Determine the fourth term in the geometric sequence whose first term is 4 and whose sum to infinity is 6.
o 2 4
6. a. Calculate the sum to infinity for the sequence z,, : 11, FERTR €

b. Determine the fourth term in the geometric sequence whose first term is 1 and whose sum to infinity is 5

o . 11 P .
7. For the infinite geometric sequence {1, VT .}, Calculate the sum to infinity. Consequently, determine

what proportion each of the first three terms contributes to this sum as a percentage.
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n—1
8. A sequence of numbers is defined by 7, =3 <%) ,nefl,2,3, ...}

a. Calculate the sum of the first 20 terms.
b. Calculate the sum of all the terms between and including #,; and 7.
c. Calculate the sum to infinity, S,.

9. A sequence of numbers is defined by 7,,: {9,-3,1, ...}.
a. Calculate the sum of the first nine terms.

b. Calculate the sum of all the terms between and including #,, and #,5.
c. Calculate the sum to infinity, S, .

10. The first term of a geometric sequence is 5 and the fourth term is 0.078 125. Calculate the sum to infinity.

11. The sum of the first four terms of a geometric sequence is 30 and the sum to infinity is 32. Determine the
first three terms of the sequence if the common ratio is positive.

12. For the geometric sequence \/g + \/5, \/g — \/5, ..., determine the common ratio, r, and the sum of the
infinite series, S,.

18. If 14+3x+9x% + ... = % determine the value of x.

14. If the common ratio for a geometric sequence is 0.99 and the sum to infinity is 100, determine the value of
the first and second terms in the sequence.

15. a. Show that x" — 1 has a factor (x — 1) forn €{1, 2, 3,4, 5}.
b. Is there a pattern in the results? Make an educated guess
about the way that you could factorise x" — 1.

16. A student stands at one side of a road 10 metres wide, and
walks halfway across. The student then walks half of the
remaining distance across the road, then half the remaining
distance again and so on.

a. Comment on whether the student will ever make it past
the other side of the road.
b. Comment on if the width of the road affects your answer.

2.6 Exam questions

Question 1 (1 mark)
Calculate the sum of the first 10 terms of the geometric series —2, +4, —8, +15, =32, ...

Question 2 (1 mark) [ LEA
The sum of the first 12 terms of a geometric sequence is 12 285. If the first term is 3, determine the
common ratio.

Question 3 (3 marks)
For a particular geometric sequence S,, =5S,,. Show that r = {1/4_1

More exam questions are available online.
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2.7 Applications of sequences and series

LEARNING INTENTION

At the end of this subtopic you should be able to:

e apply your knowledge of sequences and series to real-life problems.

2.7.1 Solving real-life problems using sequences and series

This section consists of a mixture of problems where the work covered in the first five exercises is applied to a
variety of situations.

The following general guidelines can assist you in solving the problems.

1.
2.

5.

Read the question carefully.

Decide whether the information suggests an arithmetic or geometric sequence. Check to see if there is
a constant difference between successive terms or a constant ratio. If there is neither, look for a simple
number pattern such as the difference between successive terms changing in a regular way.

. Write the information from the problem using appropriate notation. For example, if you are told that

the fifth term is 12, write 5 = 12. If the sequence is arithmetic, you then have an equation to work with,
namely: a + 4d = 12. If you know the sequence is geometric, then ar* = 12.

. Define what you have to calculate and write an appropriate formula or formulas. For example, if you have

to find the tenth number in a sequence that you know is geometric, you have an equation: t,, = ar’. This can
be calculated if a and r are known or can be established.
Use algebra to determine what is required in the problem.

WORKED EXAMPLE 13 Applications of geometric sequences

In 1970 the cost of 1 megabyte of computer memory was $2025. In 1980 the cost for the same amount
of memory had reduced to $45, and by 1990 the cost had dropped to $1.

a. Assuming the pattern continues through the years, determine the cost of 1 megabyte of memory in
the year 2000.
b. Calculate how much memory, in megabytes, you could buy for $10 in the year 2010 based on
the trend.
THINK WRITE
a. 1. Present the given information in a table. a.
Year 1970 | 1980 | 1990 | 2000 | 2010
Cost ($) | 2025 | 45 1 ? ?
2. Study the table. The information suggests a 45 +2025= % and 1 -45= % so the

geometric sequence for the cost at each ten-

) ) 3 i three terms form a geometric sequence with
year interval. Verify this by checking for a

constant ratio between successive terms. common ratio r = 45
3. To calculate the cost in the year 2000, Ly =tXr
determine the fourth term in the sequence
by multiplying the preceding (third) term by fa=1X 45
the common ratio. 1
45
=0.022...
4. Interpret the result and clearly answer the In the year 2000 you would have paid about 2 cents
question. for a megabyte of memory.
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b. 1. If the cost of 1 megabyte can be found in
the year 2010, then the amount of memory
purchased for $10 can be determined. To
calculate the predicted cost in the year 2010,
the fifth term in the sequence needs to be
determined.

2. Take the reciprocal of 75 to get the amount of

memory per dollar.

3. Calculate the amount of memory that can
be purchased for $10.

. f5=t4><l"

1 1
_X_
45 45

1
= —— of adollar per megabyte

The amount of memory per dollar is
2025 megabytes.

So $10 would buy 10 X 2025

= 20250 megabytes.

Expressing recurring decimals as fractions using sequences

It is possible to express any recurring decimal as a fraction by breaking it up into a sequence of repeated sections
added together. The following worked example demonstrates this process.

WORKED EXAMPLE 14 Expressing a recurring decimal as a fraction

Express the recurring decimal 0.131 313 13 ... as a proper fraction.

THINK
1. Express the given number as a geometric series.

2. State the values of a and r.

3. Calculate the sum to infinity, S,.
Write the formula for the sum to infinity.

4. Substitute values of a and r into the formula and
simplify.

WRITE
0.131313...=0.13+0.0013 +0.000013.....
a:O.lSandr:w:0.0l
0.13

Seo = —

1—r
5. = 0.13

1-0.01

_013
“0.99

13

5. Multiply both numerator and denominator by 100to S = o

get rid of the decimal point.

2.7.2 Linear recurrence relations

Linear recurrence relations are sequences of the form ¢, = at,, + b, a #0, these are also known as difference
equations and two special cases of these have already been studied.

Case (1): When a =1 the recurrence relation becomes ¢, | =t, + b or, equivalently, #,, | — ¢, =d, which is an

arithmetic progression with common difference d.

1
Case (2): when b =0 it becomes ¢, = at, or, equivalently, 2+ — . which is a geometric progression with

common ratio r.

n

Applications of linear recurrence relations to financial problems

These two special types linear recurrence relations have applications to financial problems, being straight line

flat depreciation and compound interest.
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WORKED EXAMPLE 15 Linear recurrence relations — special cases

a. A car has an initial value of $20 000 and depreciates each year by $2000. Write a recurrence
relation for the value of the car, C,, at the end of the nth year and determine the value of the car
after 9 years.

b. Sam invests $2000 into an account that pays compound interest at 5% per annum, interest paid
annually. Let V,, be the value of the investment at the end of the nth year. Determine the value of
the investment after 4 years.

THINK WRITE
a. 1. Write down the first term. a. The value of the car, at the end of the first year is
C; =20000 — 2000 =$18 000
2. Each year the car depreciates by $2000. C,:1=C,—2000
3. This is an arithmetic sequence or arithmetic C,=a+m—1)d, a=18000, d=-2000
progression. C,=18000-2000(n—1), C,=18000
4. Determine the value of the car after 9 years. Cy=18000—-2000(9 —1)
Cy =18000 — 8 x 2000
Cy =$2000

Note: After the 10" year the value of the car The sequence C,,; = C, — 2000 is only valid for

is zero, as we can’t have negative values. n=1{1,2,3,4,5,6,7,8,9,10}
b. 1. Determine the value at the end of the first V1 =2000 x (1 F i) =$2100
100
year
2. At the end of each year, the value increases Vg1 =14+ o V.,
. 100
by 5%, of the previous year.
Vn+l = 1OSVn
3. This is a geometric sequence or progression. V,=ar"!, a=2100, r=1.05
V,=2100x1.05""!, Vv, =2100
4. Calculate the value after 4 years. V,=2100x 1.05° =$2431.01

General linear recurrence relations
The general linear recurrence relation is of the form ¢, , =at, + b, t;=u, a#{0,1}, b#0.Itis not an

arithmetic sequence or a geometric sequence.

Since the recurrence relation states a rule for how to move from term to term, we can determine the values of the
terms of the sequence systematically by computing each term in order.

Financial applications of linear recurrence relations

One application of linear recurrence relations is in financial situations such as investments and loan repayments.
. . . . L r
In both of these cases, a is dependent on the interest rate, %, per time period and is given by a =1+ ——. The

value of b relates to the amount that is being added to the investment or paid off the loan at each time period. In
the case of an investment, money is usually added to the balance each month or year, so b is positive, and in the
case of a loan repayment, each payment reduces the balance of the loan, so b is negative.
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WORKED EXAMPLE 16 Modelling financial situations using linear recurrence relations

Nigel is saving money for a car and opens a savings account which pays 4% interest per month. He
opens the account with a balance of $5000 and plans to deposit $200 into the account at the start of

each month.

a. Write a recurrence relation to model the balance of the account at the start of each month.
b. The car that Nigel is planning on purchasing costs $8000. Calculate how long it will take for Nigel

to be able to purchase the car.

THINK

a. 1. Determine the values of a and b. Note that
since Nigel is depositing money into the
account each month, b will be positive.

2. State the value of the account at the start of
the first month.

3. Using these values, write the recurrence
relation that models the balance of the
account at the start of each month.

b. 1. Use the recurrence relation to calculate the
balance at the start of the second month.

2. Use the recurrence relation to calculate the
balance at the start of the third month.

3. Continue using the recurrence relation to
determine the balance at the end of the next
months, stopping once the balance reaches
$8000.

4. State the answer.

WRITE

4
a.a=1+—=1.04
100

b=200
t, = 5000

t,e1 = 1.041, + 200, #, = 5000

. t, = 1.04¢, + 200

= 1.04 x 5000 + 200
= $5400

= 1.04 X 5400 + 200
= $5816

t, = 1.04t, + 200
= 1.04 X 5816 + 200
= $6248.64

ts = 1.041, + 200
= 1.04 X 6248.64 + 200
= $6698.59

ts = 1.04t5 + 200
= 1.04 X 6698.59 + 200
= $7166.53

= 1.04 x7166.53 4+ 200
= $7653.19

= 1.04 X 7653.19 4+ 200
= $8159.32

Nigel will be able to purchase the car at the
start of the 8th month.
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Modelling population growth or decline using linear recurrence relations

Another application of linear recurrence relations is population modelling based on a constant growth rate, k%,
(proportional to the current population) and a constant number joining or leaving the population at regular time
intervals.

. o k L
In this case, a relates to the growth rate and is givenby a=1 + 100’ and b corresponds to the number joining or

leaving the population at each time period.

WORKED EXAMPLE 17 Modelling population growth using linear recurrence relations

The number of people P, in millions in a city at the
start of the nth year is given by P,,.; = 1.2P, —I. At the
start of the first year there were one million people.

a. If the population of the city is maintained at one
million people, determine the value of /.

b. If /= 0.02, determine the number of people in the
city at the start of the fourth year.

c. When [ = 0.02, the population at the start of the
nth year is given by: P, =0.9 x (1.2)" ! +0.1.
Verify that this formula works by calculating the
population of the city at the start of the fourth year,
and comparing it to your answer from part b.

THINK WRITE
a.  To maintain a constant population of P, =1, a. P, =1
the number of people leaving each year, /, P,=12P —1
must equal the increase in population due to —12—1
the 20% growth rate. For P, =P;:
1=12-1
[=02

b. 1. Use the recurrence relation to calculate the b. P,,,=12P,—-0.02, P =1

population at the start of the second year. P,=1.2P, —0.02
P,=12%x1-0.02

There are 1.18 million people at the start of the
second year.

2. Use the recurrence relation to calculate the P;=1.2P,—0.02
population at the start of the third year. Py=12x1.180—0.02
P3;=1.396
There are 1.396 million people at the start of
the third year.
3. Use the recurrence relation to calculate the P,=1.2P;—-0.02
population at the start of the fourth year. P,=12x1.396—0.02
P,=1.6552

There are 1.6552 million people at the start of
the fourth year.

96 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition



c. 1. Use the formula P, =0.9 % (1.2)"~" +0.1 c. P, =09x%(1.2)"""+0.1

to calculate the population at the start of the P, =09%(1.2)° +0.1
fourth year. — 1.6552
2. Compare this to the answer calculated in The results are exactly the same.
part b. The population of the city at the start of the

fourth year is 1.6552 million.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology active

1. IIZEH In 1970 the Smith family purchased a small house for $60 000. Over the following years, the value of
their property rose steadily. In 1975 the value of the house was $69 000 and in 1980 it reached $79350.

a. Assuming that the pattern continues through the years, calculate (to the nearest dollar) the value of the
Smiths’” house in i 1985 and ii 1995.

b. Determine by what factor the value of the house will have increased by the year 2015, compared to the
original value.

2. An accountant working with a company commenced on a salary of $58 000 and has received a $4200
increase each year.

a. Determine how much she earned in her 15th year of employment.
b. Determine how much she has earned from the company altogether in those 15 years.

3. A chemist has been working with the same company for 15 years. She commenced on a salary of $28 000
and has received a 4% increase each year.

a. State what type of sequence of numbers her annual income follows.

b. Determine how much she earned in his 15th year of employment.

c. Calculate how much she has earned from the company altogether.

d. Determine her increase in salary at the end of i her 1st and ii her 14th year of employment.

4. A biologist is growing a tissue culture in a Petri dish. The
initial mass of the culture was 20 milligrams. By the end
of the first day the culture had a mass of 28 milligrams.

a. Assuming that the daily growth is arithmetic, determine
the mass of the culture after the second, third, tenth and
nth day.

b. Determine on what day the mass of the culture will first
exceed 200 milligrams if its growth is arithmetic.

c. Assuming that the daily growth is geometric, determine
the mass of the culture after the second, third, tenth and
nth day.

d. Determine on what day the mass of the culture will
first exceed 200 milligrams if its growth is geometric.
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10.

11.

12.

13.

98

. Logs of wood can be stacked so that there is one more log on each descending layer than on the previous

layer. The top row has 6 logs and there are 20 rows.

a. Calculate how many logs are in the stack altogether.
b. The logs are to be separated into two equal piles. They are separated by removing logs from the top of the
pile. Determine how many rows down the workers will take away before they remove half the stack.

. Kind-hearted Kate has 200 movie tickets to give away to people at the shopping centre. She gives the first

person one ticket, the next person two tickets, the third person four tickets and so on following a geometric
progression until she can no longer give the nth person 2"~! tickets. Determine how many tickets the last
lucky person received and calculate how many tickets Kate had left.

. The King of Persia, so the story goes, offered Xanadu any reward to secure the safety of his kingdom. As his

reward, Xanadu requested a chessboard with one grain of rice on the first square, two grains on the second,
four on the third and so on until the 64th square had its share of rice deposited.

a. Determine the total number of grains of rice that the king needed to supply.
b. If each grain of rice weighs 0.10 grams, calculate how many kilograms of rice this represents. (Note:
There are 1000 grams in 1 kilogram.)

. As legend has it, the King of Constantinople offered Xanadu’s cousin Yittrius any reward to secure the

safety of his city. This Yittrius accepted: she requested a chessboard with one grain of rice on the first
square, three grains of rice on the second square, five grains of rice on the third square and so on until the
64th square had its share of rice deposited.

a. Determine the total number of grains of rice that the king needed to supply.
b. If each grain of rice weighs 0.10 grams, calculate how many kilograms of rice this represents. Write your
answer correct to 2 decimal places. (Note: There are 1000 grams in 1 kilogram.)

. A hiker walks 36 km on the first day and % that distance on the second. Every day thereafter she walks %

of the distance she walked on the day before. Determine if the will hiker cover the distance of 100 km to
complete the walk. If so, calculate which day she will complete the walk.

IZZ Express the recurring decimal 0.1111 ... as a proper fraction.
Express the recurring decimal 0.575757 ... as a proper fraction.

Determine the fraction equivalent of the following recurring decimal numbers by writing the decimal
number as a sum of infinite terms.

a. 0.333333333...
.2.343434 ...
.3.142142142...
.21.2121...

. 16.666. ..

O O 0 T

A circular board is divided into a series of concentric circles of radius 1 cm,
2 c¢m, 3 cm and 4 cm as shown in the diagram.

a. Determine the areas of each of the successive shaded regions and show
that they form an arithmetic progression.

b. A dart is fired at the board at random and hits the board. Determine the 4cm
probability of striking each of the four regions of the board.
(Note: The probability of striking a region = area of region =+ total area.) 3cm
1 cm
2cm
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14. A bullet is fired vertically up into the air. In the first second it has an average speed of 180 m/s; that is, it
travels 180 m up into the air during the first second. Each second its average speed diminishes by 12 m/s.
Thus during the 2nd second the bullet has an average speed only 168 m/s and accordingly travels 168 m
further up into the air.

a. Determine an equation for the average speed of the bullet for the nth second that it is in the air.
b. Determine the time when the average speed of the bullet is equal to zero.
c. Determine the maximum height of the bullet above where it was fired.

15. Coffee cools according to Newton’s Law of Cooling, in
which the temperature of coffee above room temperature
drops by a constant fraction each unit of time. The table
below shows the temperature of a cup of coffee in a room
at 20°C each minute after it was made.

Time (min) Temp. (°C)
1 80.0 »
»
74.0
3 68.6

Remember to subtract the room temperature from the temperature of the coffee before you do your
calculations.

The person who made the coffee will drink it only if it has a temperature in excess of 50°C. Calculate the
minimum time after the cup of coffee has been made before it becomes undrinkable.

16. Two arithmetic sequences, ¢, and u,,, are multiplied together. That is, each term is multiplied by the other to

form a new term.

t,=2n-3,ne{l, 2,3,...} and
u, =3n,neil, 2,3,...}
Show that the new sequence of numbers #; X uy, t, X i, t3 X us, ... is an arithmetic series and hence

determine the arithmetic sequence for that new series.
(Hint: For a sequence a, with a series A,,,a,=A, —A,_;.)

17. IIEHEN a. A machine has an initial value of $30 000 and depreciates each year by $3000. Write a recurrence

relation for the value of the machine, M,,, at the end of the nth year and determine the value of the machine
after 6 years.

b. Peter invests $3000 into an account that pays compound interest at 3% per annum, interest paid annually.

Let V, be the value of the investment at the end of the nth year. Determine the value of the investment
after 8 years.

18. I3 Indah is saving money for her retirement and opens a savings account which pays 6% interest per

year. She opens the account in 2023 with a balance of $60 000 and plans to deposit $3500 into the account at

the start of each year (starting in 2024).

a. Write a recurrence relation to model the balance of the account at the start of each month.

b. Indah is planning on retiring once she has saved $100 000. Determine the year in which Indah will retire.

19. Arturo is taking out a loan of $1200 to buy a new laptop. The bank is charging 3% interest per month and

Arturo is paying the loan off with monthly payments of $200, which are taken off the balance after interest is

applied. Determine how many months it will take Arturo to pay off the loan.
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20. The number of fish F, in a trout farm at the start of the nth month is given by F, .| =1.1F, —c. At
the start of the first month there were 1000 fish.

a. If the number of fish is to be maintained at 1000, determine the value of c.

b. If ¢ =90, determine the number of fish in the trout farm at the start of the fourth month.

c. When ¢ =90, the number of fish in the trout farm at the start of the nth month is given by
F,=100x%(1.1)""" +900. Verify that this formula works by calculating the number of fish in the trout
farm at the start of the fourth month, and comparing it to your answer from part b.

2.7 Exam questions

Question 1 (2 marks)
Using compound interest, calculate the future value of $1000 invested for 10 years 8% per annum.

Question 2 (2 marks)

The planet Angloopa has a population of 6.6 billion nargs in the year 2094 AP. If the population of nargs
increases at a rate of 10% per Angloopa year (approx. 1.75 Earth years), determine during which year, AP, the
population will have tripled.

Question 3 (3 marks)

The number of koalas K, on a plantation at the start of the nth year is given by K, ; =0.98K,, — 5 and at the
start of the first year there were 200 koalas. (Nofe: round all decimal answers down to the nearest integer when
stating answers.)

a. Determine the number of koalas on the plantation at the start of the fourth year. (1 mark)
b. The number of koalas at the start of the nth year is given by the formula K,, =450 x 0.98"~! —250. Use
this formula to determine the year in which the number of koalas falls below100. (2 marks)

More exam questions are available online.
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2.8 Review

2.8.1 Summary

Hey students! Now that it's time to revise this topic, go online to:

Access the Review your Watch teacher-led Practise exam
topic summary results videos questions

Find all this and MORE in jacPLUS C)

Technology free: short answer

1. Write the recursive definition for each of the following sequences.
a. {7, 11, 19, 35, 67, ...}
b. {-2, 5, 26, 677, ...}

2. For the arithmetic sequence where 73 = 10 and 75 =478, determine:

a. the functional rule for the nth term in the sequence
b. the recursive rule for the sequence.

3. A car at a racetrack starts from rest and travels 0.5 m in the 1st second and 1.0 m in the 2nd second, following
an arithmetic progression in the distances covered each subsequent second.

a. Determine how far it will travel during the 10th second.

b. After 10 seconds of motion, calculate how far it will have travelled in total.

c. To the nearest whole second, determine how long will it take to travel 1000 m (1 km). Note: you may use a
scientific calculator in this question.

4. At Bugas Heights a radiation leak in a waste disposal tank potentially exposes staff to a 1000 milli-rem dose
on the first day of the accident, an 800 milli-rem dose on the second day after the accident and a
640 milli-rem dose on the third day after the accident. Note: you may use a scientific calculator in
this question.

a. Assuming a geometric sequence, determine the amount of potential exposure dose on the 10th day.
b. Calculate the total potential exposure dose in the first 5 days.

5. Calculate the sum of each of the following expressions.

1 1 1
al+-+—+—
4 16 064
2 4 8
b.1—=+-——.
39 27
6. Determine the fraction equivalent to each of the following recurring decimals.
a. 0.222222

b. 2.454 545 454

Technology active: multiple choice
7. I Consider the sequence ., | =21, +4;1; = 12 . The second term in the sequence is
A. 10 B. 6 C. 28 D. 4 E. 8

8. 1A A series is listed as 3, 10, 21, 36, ... The next term in the series is
A. 51 B. 52 C.53 D. 54 E. 55
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9. Il The 23rd term in the sequence of numbers {7, 3, —1, ...} is

A. —88 B. —81 C. 74 D. —83 E. 90
10. [l Consider the arithmetic sequence {52, a, 41, b}. The numerical value of the expression a — 3b is
A. =60 B. —64 c. —671 D. =71 e 721
2 2 2

11. IIA Consider the arithmetic sequence {x — 2y, 3x —4y, 4x— 7y, ...}. An expression for y in terms of x is

A.y=x B. y=—x C.y=-2x D.y=2x E.y=-3x

12. I A car is accelerating such that in the 1st second it travels 2.0 metres, in the 2nd second it travels
3.5 metres, in the 3rd second it travels 5.0 metres, and so on for a total of 15 seconds. The total distance
travelled by the car is

A. 630m B. 93.75m C. 187.5m D. 375m E. 315m

13. I The sum of the first four terms in an arithmetic sequence is 70. The sum of the first six terms is 63. The
sixth term of the sequence is equal to

A —14 B. =7 c.0 D. 7 E. 14

14. I For a geometric sequence, the fourth term is 5 and the seventh term is —625. The second term in the
sequence is

A =25 B. —1.25 C. 0.25 D. —0.25 E. 0.20

15. I The sum of an infinite geometric sequence is 5.6 with the common ratio equal to 0.20. The sum of the
first four terms of the geometric sequence is closest to

A. 5.0 B.5.2 C.54 D. 5.6 E. 5.8

16. I The sum of the first 10 terms of a geometric sequence is 400. The next term in the sequence is 3 times
the previous term. The first term in the sequence is
17 g. 200 c. 190 p. 290 g 10
731 1473 7381 781 387

Technology active: extended response
17. Consider a square of side length 2 units.
a. Determine the perimeter of the square.
b. Each of the four midpoints form the vertices of a new square inscribed within the original square.
Determine the perimeter of this new square.
c. Repeat the process to determine the perimeter of a third square inscribed within the second.
d. Give an expression for the perimeter of the nth square.

18. Consider the following iterative definitions.
3 1

a. tn+1:tn_Zﬂ ==

8

b. t,., =at,, t; =b*

.ty =32—-15,1,=05

If each of these definitions is used to generate a sequence of numbers:

i. decide whether the sequence is arithmetic, geometric or neither
ii. determine its fourth term.
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19. Two gymnasiums in the same area of country Victoria offer yearly memberships, with an increase each year

20.

due to the increasing cost of staff.

Year Cost of membership each year ($)
Looking Good Gym Feel Fit Gym

2019 550 550

2020 575 566.50

2021 600 583.50

2022 625 601

2023 650 619.03

a. Assume that 2019 is year 1.

i. Write down the cost of a membership at Looking Good Gym in year n.

ii. Assuming that Feel Fit Gym follows a geometric progression, write down the cost of a membership in
year n.

iii Write down the amount of money, correct to 2 decimal places, that each gym would charge in the
15th year.

iv. Calculate which year the cost of Feel Fit Gym will first be greater than Looking Good Gym.

v. Given that you pay membership for 25 years, calculate which gymnasium would be cheaper and by
how much.

b. A third gymnasium, Bodywork, is also in the area and its membership costs follow the iterative formula
C,+1=1.04C,, where C; =c.

i. If the initial membership in 2019 is the same as for the other two clubs, write down the value of c.
ii. Write down the costs of membership at Bodywork for the first four years, rounding answers to
2 decimal places.

On an island in the Pacific Ocean the population of a species of
insect (species A) is increasing geometrically with a population
of 10000 in 1990 and an annual growth rate of 12.0%. Another
species of insect (species B) is also increasing its population, but
it is increasing arithmetically with numbers 15000 in 1990 and an
annual increment of 1000 per annum.
a. Using technology, determine the difference in the numbers of
the two species during the last decade of the twentieth century
(that is, up to 1999).

b. Determine in what year the first species will be greater in number than the second species, assuming that
growth rates remain fixed.

A scientist has a mathematical model that indicates the species can cohabit provided that they have equal

numbers in the year 2000.

c. If the growth rate in species A is to remain unchanged, calculate what the annual increment in species B
would need to be to achieve this.

d. If the annual increment in species B is to remain unchanged, calculate what the growth rate in species A
would need to be to achieve this.
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2.8 Exam questions

Question 1 (1 mark)
A pendulum starts its swing through an angle of 60° from one extreme to the other.

Each oscillation of the pendulum swings out an angle which is 60% of the preceding oscillation. Determine the
angle that the pendulum swings through in its 10th oscillation.

Question 2 (2 marks)
Two friends, Thanh and Maria, start work at Blogg Brothers Emporium. Initially they are paid the same annual
salary of $25 000.

Thanh’s salary increases at the end of each year at the flat rate of $1250 per annum while Maria’s salary
increases at the end of each year at 4% per annum.

Determine who earns the greater salary at the end of the sixth year.

Question 3 (2 marks)
The nth term of a geometric series is 6(0.25)". Calculate the sum to infinity.

Question 4 (2 marks)
A ball drops from a height of 10 metres. After bouncing, it reaches 70% of its original height. Assuming a
geometric sequence, determine on which bounce the ball passes a rebound height of 1 metre for the last time.

Question 5 (3 marks)
The sum of three consecutive terms of an arithmetic series is 36 and the sum of the next three terms is 45. If the
first term is a, calculate the sum of the first 12 terms in terms of a.

More exam questions are available online.

Hey teachers! Create custom assignments for this topic

i? Create and assign 3 Access quarantined *_- Track your
10

unique tests and exams tests and assessments 4y  students’ results

Find all this and MORE in jacPLUS (C)
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Answers

Topic 2 Sequences and series
2.2 Describing sequences

2.2 Exercise

1.

a.

o 0 T 9 O T o

[V

3 3 3

= i, b. 4, 36, 324 c.-3,—-1,3
8 16 32

. —17,20,-23

. 53,97,173

. —11,-123,-15131

. Add 3 (to the previous term); 10, 13, 16.

. Subtract 1 (from the previous term); —3, —4, —5.

. Multiply by 4;256, 1024, 4096.

. The difference between the terms increases by 1 for each

pair; 27, 35, 44.

. Add the preceding two terms; 29, 47, 76.

b. Add 3b —a; —2a + 7b, —3a + 10b, —4a + 13b.

® o o T p

. Many possible answers — assume the sequence repeats;

0,—-1,0.

. Append 1 to the decimal expansion of the preceding

term; 1.111, 1.1111, 1.11111.

1 5 10
. —3,5,15 b. =, =, —
26" 11
5 5 5
.13.3,—-1.5,-20 d =, —, —
27 327 1024
5
. 2,20,640 b.0,4,11
3 243 59049
=, T d.a,a+4d, a+9d
27 327 1024
. —12, 384, 1536
. 0,—35,—-49
.3,—1,—1
.0,0,0
tl'l
20004
1500 .
o 1000
E
= 500-
E .
e N o
0 2 4 6e8 10 12"
~500-
L ]
~1000-
Y

Term number

10.

11.

12.

. a.

a.

O T 9 0 T o9 O

. 1

.1

Y

L
=
=
o
» -
o
[ele]
_
=
_
I~
=

20 °

Term value

-50 °

Term number

Term value

O\~

"

(=]
® o
o~
o0 =4
=
S

Term number

Term value
—_
wn
1

o PP
0 2 4 6 8 10 12"
Term number

15, 20; the difference between subsequent terms increases
by 1.

. There are many possible answers. A possible pattern is

the addition of 5, then 3, then 1, then — 1. The next two
terms are 4, —3. Here the difference between successive
terms follows an arithmetic sequence.

. Many possible answers as there is no obvious pattern. It

could be the start of a telephone number.
Each successive term is multiplied by an increasing

1 1\t 1\°
factor of —, starting with | — =2,then|{ -] =1,
2 2 2

3 3

1\ 1
and then <— followed by —=; —, —.
2 4716 256

. 34, 55; each subsequent term is the sum of the preceding

two terms.

. 31, 63; terms are 1 less than powers of 2.
.t

+1=tn_2’t1=7
=t +2,t,=12

n

n

Lty =1,+0.6,1 =12

n

a=tX5+1,1=2

n

1 = _3[;1’[1 =4
2
" tn+1 =(tn) ’tl =2
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2.2 Exam questions b.

n k L
Note: Mark allocations are available with the fully worked 207 o
solutions online. -
— 2 o 159
1.t,=n"+1, n€eN E >
e pha e g 104 e
a a® B E
27 64 125 216 5
Pt o1 1 3 i % o
2.3 Arithmetic sequences Term number
2.3 Exercise e o =37 s
18. a. ¢ =t +4;t, =
1. a. Not arithmetic & b1 = b !
. L b.t,, =t,+3;t;,=-3
b. Arithmetic, difference =3¢, = 6,1, = —6+3n
. . 1 2
2. a. Not arithmetic Ctyy =t + =31, ==
b. Arithmetic, difference = —4;1, = — 14,1, =2 — 4n F
3.a. 104 b. 682 19. a. [n+1:tn+Z; IIZZ
c. 1458 d. —26310 7 {
4.a.t,=8-3n,n=1,2,3, ... b-ln+1=tn_z;t1=z
n
b.tn=2+z,n=1,2,3,... Cotyy1 =1, +2T —2;1, =2 +3
20 5 b n+2
= — = .a. < ¢ C—
c.t, 6+3n,n=1,2,3,... 6 w3
d. t,==3x+5nx,n=1,2,3, ...
5.m=21.5, n=32.5 2.3 Exam questions
6.x=47,y=175 Note: Mark allocations are available with the fully worked
S 26 8 Y solutions online.
T3 3 1.d=-1
8.4.54,t,=2.784+0.22n 2.a=5
9.1, =4+2n,n=1,2,3,... 3. Sample responses can be found in the worked solutions in the
10.1,=5n—2,n=1,2,3,... online resources.
11. =35; 15,1, =150 =50, n=1, 2, 3... . . .
. " ) : 2.4 Arithmetic series
1
12 —41, E, tn:—4§+ﬁn,n:1, 2,3... 2.4 Exercise
13. m=27,n=232 1. 400
14. 9 2. 4175
15. 3 3. a. 1275 b. 5050
16- 2. Term number 1 2 | 3 4 5 4. a. 5000
1
Term value 4 8 | 12 16 20 b. Each of the 100 terms is 3 less than its corresponding
b. t term in question 3b. There are 100 terms, so the answer
20.“ ° to this question is 50 less than in question 3b.
R 5. 258
o 1 6. a. —273, —480, —741
3 104 i b. —324
£ * 7. a. 280 b. 1080 c. 34
D -
B S . nn+1)
8. —
T T T T T l= 2
0 1 2 3 4 5 6" ; con i
9. Sample responses can be found in the worked solutions in
Term number the online resources.
c. =40 10. 17
172 Term number 1 2 3 4 5 11. 45
Term value 10| 13 ] 16 19 | 22 12.6
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13.
14. The iterative equation is ¢, =t, + 8,¢; = 7. The functional

174

equationist, =8n—1,n=1, 2, 3, ...

2.4 Exam questions

Note: Mark allocations are available with the fully worked

solutions online.
1. 1683

2. 495
3. 12 (25p +2q)

2.5 Geometric sequences

2.5 Exercise

1.

10.

11

13.

14.

15.

Geometric, ratio = 2;7, = 24;1, =3 x 2"~

. Geometric, ratio = —l; ty==;t,= (=3)*™"
3 9
a. t, =5%x2""" 1, =160, t,, = 2560
b. 1, =2X2.5"", 1, =195.31,1,, = 7629.39
c. b, =1x(=3)"" 1, =—243,1,, = —19683
d. 1, =2x(=2)"", g = —64,1,, = — 1024

1
cat, = x 2" 1o =16, 1,5 = 256

1 (1 >"“ 1 1
b.7, ==X\ - ylg = sl =
37 \4 3072 786432

e 1, =xx (3, 1= 24326, 1,y = 19.683x%8

1 /2\""! 32 512
dtf,=-X| - ’tﬁ:_ﬁ’z]O:T
X X X X

. There are two possible answers because the ratio could be
—3 or 3. The nth term is 7, =2x 3" or t, =2 x (=3)""",

t1o = %39366.

. There are two possible answers because the ratio could
be —2 or 2. The nth term is 7, = 2"~ or 1, = (=2)"~",

fo=%512.

. a. The nth term is 7, = 5 x 2", 1,, = 2560.

b. The nth term is 7, = —1 X (=2)"~", #,p = 512.

c. There are two possible answers because the ratio could

1
be —— or —. The nth term is , = 3%~ or
27 27

—1
3x2l7)
=25 r=+2,1 =25x2"1orr, =25x(=2)"""
La=%6,r=%2,1, =6x2""ort, = —6x(=2)"""
12,

m=12,n=48
729
m=36,n=—
4
a=300,b=0.75
1 3
==, r==, =32
3 2

8

11 1 1
17. 2, =, =, or—2, —
2 2

8

y —

18. a.

Term number 1 2 3 4

Term value

Tn A
80
754
70
6571
60
55
50
454
40
35
30
25
20
15
10

5 °

Term value

Term number

c. The points lie on a smooth curve which increases rapidly.
Because of this rapid increase in value, it would be
difficult to use the graph to predict future values in the
sequence with any accuracy.

19. a. Term

number

Term value

b. Term value A
3

1 2 3 4 5

—20 | 10 | =5 | 25 | —1.25

T T T T T e T T
—1O 123 4 5 ¢ 7 Termnumber

c. The points are oscillating and converge on a point.

~104
20 e
-304
Y
3
20. a. =
2
21. k=6

24
b. —
on

2.5 Exam questions

Note: Mark allocations are available with the fully worked

solutions online.
1. C

2. The missing term is 4 or —4

3.7
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2.6 Geometric series

2.6 Exercise

1. a. 31 b. 33 c. 46.5
31
2. a. 121 b. —29.8 c. ——
24
1 15 15
3. a. 3108 b. —,63—,66 535—
16 16 16
4.9
5.a.2 b. —
27
8
6.a.3 b. ——
27

4
. 5; 75%, 18.75%,4.6875%

1\ 20
.a. 6 [1 - <5> ] =5.999 994278

b. 5.722%107°
c. 6

27 -1\’
ca.— 1= —) | =6.750 343
4 3

b. —3.425x 107

3
c. 6=
4
2
10. 6=
3
11. 16, 8,4
(\/§+ \/5) (4\/§+ 3\/5)
12. 4 —4/15, =
(Vis-3) 3
1
13. —=
6
14. 1, 0.99
15. Sample responses can be found in the worked solutions in
the online resources.
16. a. Mathematically, the student will never make it past the

other side of the road. After each attempt, the distance
remaining is halved, and this result is the extra distance
walked at the next attempt. Thus the distance travelled
across the road approaches but never reaches 10 metres.

b. As shown in part a, the extra distance travelled at each
attempt is equal to half the remaining distance from
the previous attempt. Given that there will always be
an amount remaining to travel, only half this amount can
be achieved on the next attempt, regardless of the width
of the road.

2.7 Applications of sequences and series

2.7 Exercise

1.

10.

11.

12,

13.

14,

15.
16.

17.
18.

19.
20.

[

e 0 T o

a.i. $91253
b. 3.518 times
. $116 800
. Geometric
. $48487
. $560 660
. i $1120

i. $1865
. 36 mg, 44 mg, 100 mg, 20 + 8n mg
. 23rd day
. 39mg, 55mg, 579 mg, 28 X (1.4)"~! or 20 x 1.4"
. Seventh day
. 310

. The workers must remove 12 full rows and 17 logs from
the 13th row.

i. $120681

b. $1 311000

T o O 0 T o

. The last person received 64 tickets and Kate had 73 left.
. a. 1.8 10" grains of rice

b. 1.8 x 10" kg

. a. 4096 grains of rice

b. 0.41 kg

. Yes, seventh day

1 b 34 232

3 799 7 99
7 700 2 50
—_—=— e 16==—
33 33 3 3

a. 7,37, 57, 771 — arithmetic progression with a = 77 and

d=2rm

1 3 5 7

T16716°16° 16

a. 192 — 12nm/s

b. During the 16th second

c. 1440 m

After 7 minutes the coffee has cooled to below 50°C.

The sequence for the arithmetic series ¢,u,, is 12n — 15,
n €{1,2,3,...}

142 3139

999 — 999

a. $12000 b. $3800.31

a. V,,, =1.06V, + 3500, V; =$60000

b. 2028

6 months

a. ¢c=100 b. 1033 c. 1033

2.6 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.
1. 682

2.r=2

3. Sample responses can be found in the worked solutions in the

online resources.

2.7 Exam questions

Note: Mark allocations are available with the fully worked
solutions online.

1. $2158.92

2. 2105

3.a. 173 b. 13th year
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2.8 Review

2.8 Exercise
Technology free: short answer
loat, =2, —3t,=17

[

b.

a
b.
a

T

L1 = (’n)z +1n==2

. Functional rule: 7, = 156n — 458

Recursive: £, =1, + 156;1, = —302

.5m b.27.5m c. 63s
. 134.2 milli-rem
. 3361.6 milli-rem

b.

[, 3 RO}

5
b.2—
11

ol Wl

Technology active: multiple choice

7.

8.

9.
10.
11.
12.
13.
14.
15.
16.

OmOmw QW »> wm

D

@)

Technology active: extended response
17. a. 8

18.

19.

b.
c.

a.

a.

42

4

(L)

i. Arithmetic

ii. 1y = —2-
8
. i. Geometric
ii. 1, = a’b?
. i. Neither
ii. 1, =—1.39453125
i. L, =525+ 25n
ii. F, =550%1.03"""
iii. Looking Good Gym: $900.00
Feel Fit Gym: $831.92
iv. 2047
v. Feel Fit would be cheaper by $1197.40
. i.c=550
i. 2019: $550
2020: $572
2021: $594.88
2022: $618.68

20. a.

Pop A Pop B
growth annual
rate increment

Year n =1.12 =1000 Difference
1990 1 10000 15000 5000
1991 2 11200 16 000 4800
1992 | 3 | 12544 | 17000 4456
1993 4 14049 18000 3951
1994 5 15735 19000 3265
1995 6 17623 20000 2377
1996 7 19738 21000 1262
1997 8 22107 22000 —107
1998 9 24760 23000 —1760
1999 10 27731 24000 —3731
2000 11 31058 25000 —6058
2001 12 34785 26 000 —8785

b. During 1997

c. Annual increment of 1606 insects.
d. Annual growth rate of 9.596%

2.8 Exam questions

Note: Mark allocations are available with the fully worked

solutions online.
1. 0.60°

. Thanh

2

. On the 6th bounce.
. 12a + 66
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3 Logic and algorithms

LEARNING SEQUENCE

3.1 Overview ..

3.2 Statements (propositions), connectives and truth tables
3.3 Valid and invalid arguments

3.4 Boolean algebra and digital logic ...

3.5 Sets and Boolean algebra

3.6 Algorithms and pseudocode

3.7 Review

Fully worked solutions for this topic are available online.




3.1 Overview

Hey students! Bring these pages to life online A qu
Watch Engage with Answer questions ',) 9
videos interactivities and check results /'

3.1.1 Introduction

Older than calculus (17th century CE), algebra (9th century CE) and even geometry (300 years BCE) is the
study of logic. Some of the material described in this topic was developed by Aristotle, one of the most famous
of the ancient Greek philosophers, yet it is still used today by people as diverse as mathematicians, lawyers,
engineers and computer scientists. All of our modern digital technology owes its birth to the application of the
principles of logic; every meaningful computer program ever written has relied on the principles you will learn
in this topic.

Furthermore, logic can be seen as the study of argument. You will be able to analyse logically the arguments
of teachers, politicians and advertisers to determine if they should convince you of their ideas, programs and
products.

KEY CONCEPTS

This topic covers the following key concepts from the VCE Mathematics Study Design:

e propositions, connectives, truth values, truth tables and Karnaugh maps

e Boolean algebra

e tautologies, validity and proof patterns and the application of these to proofs in natural language and
laws and properties of Boolean algebra, the algebra of sets and propositions

e logic gates and circuits, and simplification of circuits

e definition of an algorithm and the fundamental constructs needed to describe algorithms: sequence,
decision (selection, choice, if ... then ... blocks) and repetition (iteration and loops)

e construction and implementation of basic algorithms incorporating the fundamental constructs using
pseudocode.

Source: VCE Mathematics Study Design (2023-2027) extracts © VCAA; reproduced by permission.
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3.2 Statements (propositions), connectives and truth
tables

LEARNING INTENTION

At the end of this subtopic you should be able to:
e create truth tables to determine the truth of compound statements.

3.2.1 Statements

A statement is a sentence that is either true or false. For
example, “This book is about mathematics’ is a true (T)
statement, whereas ‘The capital of Australia is Perth’ is a
false (F) statement.

Some sentences are not statements at all. ‘Go to the store’

is an instruction; ‘How old are you?’ is a question; ‘See

you later!” is an exclamation, and ‘You should see the latest
Spielberg movie’ is a suggestion. ‘“The bus is the best way to
get to work’ is an opinion.

To determine whether a sentence is a statement, put the
expression ‘It is true that ..." (or ‘It is false that ...”) at the front of the sentence. If it still makes sense, then it
is a statement.

Beware of some ‘near-statements’ such as ‘I am tall’ or ‘She is rich’ because these are relative sentences; they
require more information to be complete. They can be turned into statements by saying ‘I am tall compared to
Ismaya’ or ‘She is rich compared to Cooper’.

In some textbooks, statements are called propositions.

WORKED EXAMPLE 1 Classifying statements

Classify the following sentences as either statements, instructions, suggestions, questions, opinions,
exclamations or ‘near-statements’. If they are statements, indicate whether they are true, false or
indeterminate without further information.

. Germany won World War II.

. Would you like to read my new book?

. The most money that Mary can earn in one day is $400.

When it rains, I wear rubber boots.

Hello!

. You will need to purchase a calculator in order to survive Year 11 Mathematics.

Do not run in the hallways.

. You should read this book.

. I am short.

SQ .0 20 T O

THINK WRITE

a. Put the phrase ‘It is true that ...” in front of the a. This is a (false) statement.
sentence. If the new sentence makes sense, it is
classed as a statement.
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b. Put the phrase ‘It is true that ...” in front of the
sentence. If the new sentence makes sense, it is
classed as a statement.

c. Put the phrase ‘It is true that ...” in front of the
sentence. If the new sentence makes sense, it is
classed as a statement.

d. Put the phrase ‘It is true that ..." in front of the
sentence. If the new sentence makes sense, it is
classed as a statement.

e. Put the phrase ‘It is true that ...” in front of the
sentence. If the new sentence makes sense, it is
classed as a statement.

f. Put the phrase ‘It is true that ...” in front of the
sentence. If the new sentence makes sense, it is
classed as a statement.

g. Put the phrase ‘It is true that ..." in front of the
sentence. If the new sentence makes sense, it is
classed as a statement.

h. Put the phrase ‘It is true that ... in front of the
sentence. If the new sentence makes sense, it is
classed as a statement.

i. Put the phrase ‘It is true that ...” in front of the
sentence. If the new sentence makes sense, it is
classed as a statement.

. This is a question.

. This is a statement. We cannot at this time determine

if it is true or false without further information.

. This is a (presumably true) statement.

. This is an exclamation.

. This is a (true) statement.

. This is an instruction.

. This is a suggestion.

i. This is a near-statement because it requires

additional information to be complete. It can be
turned into a statement by saying ‘I am shorter
than Karen’.

3.2.2 Connectives and truth tables

Two (or more) statements can be combined into compound statements using a connective. For example, the
statement ‘The book is new and about mathematics’ is a compound of the single statements ‘The book is new’

and ‘The book is about mathematics’.

Notice the connective, ‘and’, that is used to join the two statements. Two main connectives — ‘and’ and ‘or’ —
are used in compound sentences. Other connectives are ‘not’, ‘if ... then ...” and ‘if and only if ...".

The truth of a compound statement is determined by the truth of the separate single statements. These separate

single statements are sometimes called atomic sentences.

Considering this example, there are four cases:

Case 1: ‘The book is new’ is true. ‘The book is about mathematics’ is true.

Case 2: ‘The book is new’ is true. “The book is about mathematics’ is false.

Case 3: ‘The book is new’ is false. ‘The book is about mathematics’ is true.

Case 4: ‘The book is new’ is false. ‘The book is about mathematics’ is false.

This list can be summarised using a truth table.

Let p = “The book is new’ and

q = ‘The book is about mathematics’.
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What about the third column? This represents the truth value of the compound statement ‘p and ¢’. To
determine this truth value we need to examine the logical definition of the connective ‘and’. For the compound
statement to be true, both single statements must be true. If either is false, then the whole statement is false.
Therefore, we can complete the truth table for ‘and’ (using the common symbol A to represent ‘and’).

PAg

sl eI A i
TR

| ™| | 3] >

Similarly, the truth table for ‘or’, using the symbol V, is shown. The implication here is that it takes only one (or
both) of the statements to be true for a statement such as ‘Mary went to the store or the library’ to be true. If she
went to the store, then certainly she went to the store or the library. Similarly, if she went to the library in this
example, the statement would be true.

p q pvq
T T T
T F T
F T T
F F F

There are some compound statements where it is not
possible for both statements to be true at the same time.
For example: ‘John is 15 or 16 years old’. Clearly, in
this case John cannot be both 15 and 16. This is an
example of ‘exclusive or’.

Also be careful not to confuse the logical use of ‘and’
with the common English usage. For example, the
sentence ‘Boys and girls are allowed in the swimming
pool after 6 pm’ is made up of the compound sentences
‘Boys are allowed ..." and ‘Girls are allowed ...". In
reality, what is being said is that either boys or girls or
both are allowed, so logically the sentence should be
‘Both boys and girls are allowed in the swimming pool
after 6 pm’.

In some textbooks ‘and’ is called the conjunction and ‘or’ is called the disjunction.

WORKED EXAMPLE 2 Creating a truth table for a statement

Determine the truth table for the compound statement:
‘The suspect wore black shoes or was a female wearing a skirt.’
THINK WRITE

1. Identify and label the individual statements. p = ‘The suspect wore black shoes.’
q = ‘The suspect was female.’
r = ‘The suspect wore a skirt.’
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2. Form a compound statement. Clearly p is separate from  p or (g and r)
g and r. pVI(gAT)
Note: Use brackets to indicate the separation.

3. Create a truth table. Because there are three statements plglr] @ar [ pvgar
and each can have two values (T or F), there are TIT|T T T
2 X2 X2 =38 rows in the table. The (g A r) column is
. T|T|F F T
completed by looking at the ¢ and r columns.
4. The last column is completed by looking at just the p TIFIT F T
column and at the (g A r) column. T F|F F T
F|T|T T T
F|T|F F F
F|F|T F F
F|F|F F F

As can be observed in the last column above, p ‘dominates’ the table. Regardless of the truth of ¢ and r, the
entire statement is true if p is true (rows 1-4). Otherwise, if p is false then both ¢ and » must be true (row 5).

Negation

Another connective is the negation, or ‘not’, which is denoted by the symbol —. This is merely the opposite of
the original statement. For example, if p = ‘It is raining’, then —p = ‘It is not raining’.

Be careful when negating English sentences. For example, the negation of ‘I am over 21’ isn’t ‘T am under 21°,
but ‘I am not over 21°. Can you see the difference?

WORKED EXAMPLE 3 Completing a truth table

Complete the truth table for the compound statement p vV —p.

THINK WRITE
Set up a truth table. Since there is only one statement here
(p), we need only two rows, either p is true or p is false.

p|7p pPVP
T| F T
F| T T

Note: The compound statement in Worked example 3 is always true! An English sentence equivalent to this
statement could be ‘I will be there on Monday or I will not be there on Monday’.

Karnaugh maps
Karnaugh maps are an alternate way of displaying the information in a truth table.

Instead of using columns to represent each proposition, Karnaugh maps display the propositions in a table, with
one proposition along the top row and the other along the left column.

For example, consider an empty truth table for two propositions:

oS
o T 3R
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The empty Karnaugh map for two propositions looks like:

p
q T F

T

F

The left column corresponds to p being true, and the right column corresponds to p being false. Similarly, the top
row corresponds to g being true, and the bottom row corresponds to g being false.

The true/false values that fill the cells in the Karnaugh map correspond to the values in the third column of a
truth table.

For example, consider the propositions p, g and p V —q.

The truth table and Karnaugh map for these propositions are shown below.

\Y 14
P q pvV—q ; . .
T T T
T F T T T F
F T F . . T
F F T

Note that these are equivalent; the third column of the truth table corresponds to the values in the cells of the
Karnaugh map.

Equivalent statements

Two statements are equivalent if their truth tables are identical. Each row of the truth tables must match. If there
is even one difference, then the statements are not equivalent. The symbol « is used to indicate equivalence, as
in p < ¢. This is read as ‘p is true if and only if ¢ is true’.

Note that the equivalence operators, p < ¢, have a truth table of their own, » q pog
as shown. T T T
This clearly demonstrates that p <> ¢ is true when the truth value of p equals T F F
the truth value of g; that is, if both p and ¢ are true or if both p and ¢ are F T F
false. F F T

WORKED EXAMPLE 4 Completing a truth table

By completing truth tables, show that —(p A g) < (—p Vv —¢q).

THINK WRITE
S ble B ey g [ a0 [~0r0] (pvo0)
? ’ T| T| F | F T F F
T F|F|T F T T
F|T| T|F F T T
F|F | T/|T F T T

2. Complete the =p and =g columns by negating
p and g separately.
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Complete the (p A g) column.

4. Negate the (p A g¢) column.

Write the column for (=p V —g) using columns

3 and 4.
Observe that the final two columns are equal in Since their truth tables are identical, the two
every row. statements are equivalent.

Students, these questions are even better in jacPLUS

Find all this and MORE in jacPLUS C)

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Technology free

1. IIZM Classify the following sentences as statements
(propositions), instructions, suggestions, exclamations, opinions

(0)

they are true, false or indeterminate without further information.

a.
b.
c.

d.
e.

r ‘near-statements’. If they are statements, then indicate whether

That was the best Hollywood movie this year.

That movie had the most Oscar nominations this year.
When the power fails, candles are a good source of light
and heat.

Why did you use that candle?

Mary is tall for her age.

2. Break up the following compound statements into individual single statements.

0 Q - 0 Q0 T o

3. Convert the following pairs of simple sentences into a compound
sentence. Be sure to use ‘and’ and ‘or’ carefully.

a.

®”O 2 0 T

118

. The car has 4 seats and air conditioning.

. The Departments of Finance and Defence were both over budget last year.

. Bob, Carol, Ted and Alice went to the hotel.

. To be a best-seller a novel must be interesting and relevant to the reader.

. Either Sam or Nancy will win the trophy.

. You can choose from ice-cream or fruit for dessert. We have vanilla or strawberry ice-cream.
. There are some statements which cannot be proved to be true or false.

. Most of my friends studied Mathematics, Physics, Engineering or Law and Arts.

John rode his bicycle to school. Mary rode her bicycle to

school.

. The book you want is in row 3. The book you want is in row 4.

. The weather is cold. The weather is cloudy.

. Many people read novels. Many people read history.

. In a recent poll, 45% preferred jazz. In a recent poll, 35%
preferred classical music.

. Two is an even number. Two is a prime number.
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10.

11.

12.

13.

14.

. As you saw in Worked example 4, if there is a compound statement with two single statements, p and ¢, then

there are 2 X 2 =4 rows in the truth table. List all the different rows for compound statements made up of:
a. 3 single statements b. 4 single statements c. 5 single statements.

You should be able to develop a pattern of completing the Ts and Fs in a logical sequence.

. I Write the following compound sentences in symbolic form (p, g, r), and determine the truth table.

a. John, Zia and David passed General Mathematics.

b. Either Alice and Renzo, or Carla, will have to do the dishes. (Note the use of commas.)

c. The committee requires two new members. One must be a female, the other must be either a student or a
professor.

. Il Complete the truth tables for the following compound statements.
a. pAg b. " pA—g c. pAQ AT
. Complete the truth tables for the following compound statements.
a. pVvVg b. 7pV g c. pvgVr
. Let p= ‘Itisraining’, ¢ = ‘Ibring my umbrella’. Write a sentence for the following compound statements.
a. pAq b. pVg c. \pAgq
. Let p= ‘Peter likes football’, and ¢ = ‘Quentin likes football’. Write a sentence for the following compound
statements.
a. pAq b. pVg c. pATgq
IIZA By completing truth tables, show that = (p V ¢) < (=p A q).
Determine whether the compound statement = (p V g) is equivalent to —p V —g.
Determine whether the following compound statement pairs are equivalent.
a. (pAgQVp b. (pV@)V-p
PV AP pyvp

Determine if the brackets in an expression alter the truth table by comparing (p Ag) Vr withp A(gV r).

Repeat question 13 with the following statement pairs.

a. i. Compare (p Ag)Arwithp A(gAr).
ii. Compare (pVq)VrwithpVv(gVr).

b. Based on the results of questions 13 and 14, state what you might conclude about the effect of brackets on
a compound expression.

3.2 Exam questions

Question 1 (1 mark) [ EG=d
Complete the truth table for the compound statement p A —p.

Question 2 (1 mark)
I p and g, or p and r can be written as

A. pAQApPAY
B. pAqQ)V(pAT)
C.(pvVg)A(pVr)
D. pvg)V(pVr)
E. pAg) - (pAT)
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Question 3 (2 marks)
Determine the missing connectives between p, ¢ and r in the last column of the following truth table.

~
~

p?

el s e A R N R
I I T T R A T IS
IR T I I I T I R
Sl T e R e TR T I

More exam questions are available online.

3.3 Valid and invalid arguments

LEARNING INTENTION

At the end of this subtopic you should be able to:
e determine the validity of arguments by looking at the premises and seeing whether the conclusion
follows logically from them.

The purpose of the logical connectives ‘and’, ‘or’ and ‘not’ is to form statements, true or false, in order

to evaluate the truth, or otherwise, of something called an argument. An argument is a set of one or more
propositions (statements). Before we can evaluate arguments, we need one more connective: the implication (or
conditional) statement.

3.3.1 Implication

Consider the following ‘classical’ statement: ‘If it is raining, then I
bring my umbrella.” This is the combination of the two statements ‘It
is raining’ and ‘I bring my umbrella’, connected by two words: ‘if” and
‘then’. Each of the two statements has individual truth values; either
could be true or false. The first statement is called the antecedent, the
second is called the consequent, and in symbolic form this is written
asp—gq.

This is called implication because the first statement implies the
second; it is also called conditional, because the outcome of the second
statement is conditional on the first.

How can we determine the truth table of p — ¢? This is not as simple as
employing a mere definition.

Referring to our example, consider the question ‘Under what conditions would p — ¢ be a lie?’
1. If it is indeed raining and I bring my umbrella then, clearly p — g is true.
2. If it is raining and I don’t bring my umbrella, then I lied to you! Thus, p — ¢ is false.
3. What if it is not raining? I have told you nothing about what I would do in that case. I might either bring my
umbrella, or I might not. In either case you cannot say I lied to you, so p — ¢ is true.
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p q p—q
T T T
T F F
F T T
F F T

The truth table can be constructed to summarise this situation.

This leads us immediately to ask the question: Is p — ¢ the same as g — p?

WORKED EXAMPLE 5 Using a truth table to determine equivalence

Using a truth table, determine whether (p — q) < (¢ — p).

THINK WRITE

1. tShe; ;fdacgluutll;;a‘lble for p, g and p — ¢q. p — ¢ is shown in pl gl pogq g—p
T|T T T
T|F F T
F|T T F
F|F T T

2. Exchange the roles of p and g to determine the truth table
for g — p. This is shown in the last column.

3. Clearly, they are not equivalent.

This is a most important result; it is a result that people who think they are arguing logically often mistake for a
valid statement. In this example, ‘If I bring my umbrella, then it is raining’ says a very different thing from the
original statement and is called its converse. It seems to be making the argument that my bringing the umbrella
can control the weather!

3.3.2 Converse, contrapositive and inverse

As we have just seen, there are alternative forms of p — ¢, such as the converse. These and their relationships
with p — ¢ are shown in the table.

Relationships top — ¢
Name Symbol Relationship top — ¢
Implication pP—>q (assumed) True
Converse q-p False
Contrapositive g — —p True
Inverse —-p - —q False

Often the contrapositive is a more realistic way of stating an implication than the original statement is. Be
careful, however, not to use the converse or inverse as they are (generally) false when p — ¢ is true.
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3.3.3 Arguments

An argument is a series of statements divided into two parts — the premises and the conclusion. The premises
are a series of statements intended to justify the conclusion. For example, consider the following argument:

A terrier is a breed of dog. Premise
Rover is a terrier. Premise
Therefore, Rover is a dog. Conclusion

Generally, an argument will have only one conclusion and (usually) two premises.

Conclusion and premise indicators

To help identify the conclusion, look for words or phrases such as: therefore, accordingly, hence, thus,
consequently, it must be so, so, it follows that, implies that.

What follows one of these conclusion indicators is the conclusion; by default everything else is a premise. There
are also premise indicators: because, given that, since, seeing that, may be inferred from, owing to, for, in that.

In a formal argument, the conclusion comes after the premises.

WORKED EXAMPLE 6 Identifying premises and conclusions

Identify the premises and conclusions for each of the following arguments.
a. A Commodore is a model of a Holden car.
My car is a white Commodore.
Therefore, my car is a Holden.
b. Military defence depends upon adequate government funding.
Adequate government funding depends on a healthy economy.
A healthy economy depends upon an intelligent fiscal policy.
Military defence depends upon an intelligent fiscal policy.
c. Pregnant mothers should not smoke.
Cigarettes can harm the foetus.

THINK WRITE

a. Examine each sentence looking a. A Commodore is a model of a Holden car.  Premise
for the conclusion indicators, My car is a white Commodore. Premise
or examine the sequence of the Therefore, my car is a Holden. Conclusion
sentences.

b. Note how the sequence of b. Military defence depends upon adequate Premise
statements connects one with government funding.
the next. The last is therefore the Adequate government funding depends on a Premise
conclusion. healthy economy.

A healthy economy depends upon an Premise

intelligent fiscal policy.

Military defence depends upon an intelligent Conclusion
fiscal policy.

c. In this case the sentences have c. Pregnant mothers should not smoke. Conclusion
been reversed. This is a common Cigarettes can harm the foetus. Premise
mistake.

In some textbooks, statements are called propositions and arguments are called inferences.
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3.3.4 Categorical propositions and the deductive argument

The standard argument consists of two premises and a conclusion:

All dogs are mammals. Premise
Rover is a dog. Premise
Therefore, Rover is a mammal. Conclusion

Note: Observe the use of the key word ‘All’. Beware of arguments that use the key word ‘some’, as in ‘Some
journalists are hard-working’. This is a weaker form of argument, the study of which is beyond the scope of
this course.

The first premise is called a categorical statement or proposition, and this form of argument can be called
the classical deductive argument. However, as we shall see, there are many cases where we will not have a
valid deductive argument, even if everything looks correct; these situations are called fallacies. As an example,
consider the following argument:

All dogs are mammals. Premise
Rover is a mammal. Premise
Therefore, Rover is a dog. Conclusion

Clearly, no one should be convinced by this argument. Both premises might be true, but the conclusion does not
follow logically from them, and we would say that this is an invalid argument. This is an example of a formal,
or structural, fallacy.

Some categorical propositions can be turned into implications. For instance, the statement ‘All dogs are
mammals’ can be written as ‘If it is a dog, then it is a mammal’. This says exactly the same thing.

Beware of statements such as ‘If it is sunny tomorrow, I will go to the beach’. This is not the same as saying ‘On
all sunny days I will go to the beach’. The key word here is ‘tomorrow’ — this restricts the statement so that the
key word ‘all’ cannot be used. However, the implication can still be used in a valid argument:

If it is sunny tomorrow, I will go to the beach.
After checking the weather tomorrow:

It is sunny.

I will go to the beach.

This is certainly a valid argument. At this point, we can define a
symbolic form for this kind of deductive argument.

Symbolic form of an argument

The symbolic form of an argument is:

Premise 1
Premise 1

Conclusion

Note: There may be more than 2 premises; in general, all premises are above the
horizontal line and the conclusion is below it.
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Putting the argument from above into this form we have:

P—4q
p

q

In this case, p is ‘It is sunny tomorrow’ and ¢ is ‘I go to the beach tomorrow’. Given the premises p — ¢ and p
are true, it follows that ¢ is true. This argument is therefore valid. Note that this is only one form of (potentially)
valid argument.

WORKED EXAMPLE 7 Determining whether arguments are valid

Determine whether the following arguments are valid.

a. All mathematics books are interesting. b. If I study hard, I will pass Physics.
This is a book about mathematics. I passed Physics.
Therefore, this book is interesting. I must have studied hard.
c. Some history books are boring. d. If I don’t study, I will fail Physics.
This book is about history. I didn’t study.
Therefore, this book is boring. I will fail Physics.
THINK WRITE
a. 1. Change the first statement to: ‘If ... then ...” a. If it is a mathematics book, then it is interesting.
2. (a) Assign each statement a symbol. p = Itis a mathematics book.
q = It is interesting.
(b) Put the argument into symbolic form. pP—q
P
q
(c) Determine whether the conclusion follows If p is true and p — ¢ is true, then g must also
logically from the premises. be true.
3. Determine whether it is a valid form. Yes, this is a valid form for an argument.
b. 1. (a) Assign each statement a symbol. b. p = I study hard.
q = 1 will pass Physics.
(b) Put the argument into symbolic form. p—q
9
p
(c) Determine whether the conclusion follows If g is true and p — ¢ is true, p is not necessarily
logically from the premises. true.
2. Determine whether it is a valid form. No, this is not a valid form for an argument.
c. Consider the first statement. Note the use of c. The use of the word ‘some’ means that the
the word ‘some’. statement cannot be put into this form.
Thus, the entire argument is not valid.
d. 1. (a) Assign each statement a symbol. d. p=1Idon’t study.
q = 1 will fail Physics.
(b) Put the argument into symbolic form. p—q
P
q
(c) Determine whether the conclusion follows If p is true and p — ¢ is true, then g must also
logically from the premises. be true.
2. Determine whether it is a valid form. Yes, this is a valid form for an argument.
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Note: Even if the statements are expressed in negative form: ‘I don’t study’ ... ‘I will fail Physics’, it is still
possible to have a valid argument. Can you devise a ‘positive’ argument that is the equivalent to the one in part d
of Worked example 7?7

Valid and sound arguments

It is important to note that an argument may be valid even if the truth of the component statements cannot be
established. Consider the following (nonsense) argument:

All fribbles are granches.
A hommie is a fribble.
Therefore, a hommie is a granch.

We certainly cannot establish the truth of the two premises (let alone know what fribbles, granches or hommies
are), but presuming they are true, the argument is valid. Furthermore, consider the argument:

If it is a dog, then it can do algebra.
Rover is a dog.
Therefore, Rover can do algebra.

This is a valid form of argument, but one (or more) of the premises is (are) false. Despite it’s validity, this
argument is unlikely to convince anyone of the mathematical ability of dogs.

In cases such as this one, where the logic of the argument is valid but one or more of the premises are false we
say that the argument is valid, but not sound. A sound argument is a valid argument which has premises that
are true.

3.3.5 Valid forms of argument

There are many valid forms of argument. We shall limit our discussion to the most important ones, five of which
are tabulated below.

Argument form and name Example
p—q If Mary is elected, then she must be honest.
P Mary was elected.

q Mary must be honest.

Modus ponens This is our standard form.

pVyq Either John or Jemma was born in Canada.
-p John was not born in Canada.

q Jemma was born in Canada.

Disjunctive syllogism Note that the roles of p and ¢ can be interchanged here.

pP—q If it is raining, I will bring my umbrella.
q—r If I bring my umbrella,then I will not get wet.
p—r If it is raining I will not get wet.

Hypothetical syllogism Many statements (p, g, r, ...) can be linked together this way to form a

valid argument.

p—q If I study hard, I will pass Physics.
g I did not pass Physics.
-p I did not study hard.

Modus tollens This is a valid form of a negative argument.
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P=qATr—s If we holiday in France, we will have to practise speaking French, and if
DAY we holiday in Germany, we will have to practise German.

N We will holiday in France and Germany.
Constructive dilemma

We will have to practise speaking French and German.

There are several other forms more complex than these that are beyond the scope of this course.

3.3.6 Proving the validity of an argument form

It may not be satisfactory to merely declare that the five arguments in the previous table are automatically valid.
There is a way to mathematically establish their validity using a truth table. The procedure is as follows.

Proving the validity of an argument

Step 1. Set up a single truth table for all the premises and for the conclusion.
Step 2. Examine the row (or rows) in the table where all the premises are true.

Step 3. If the conclusion is true in each of the cases in step 2, then the argument is
valid. Otherwise it is invalid.

WORKED EXAMPLE 8 Establish the validity of arguments (1)

Establish the validity of the modus ponens argument, namely:

P—q
p

q

THINK WRITE
1. Set up a truth table for each of the premises,
namely p and p — ¢, and the conclusion q.
Note that p and ¢ are set up first in the usual

way, and p — ¢ is completed from them.

i S
| T R
T

T
T
2. Determine the rows where all the premises The premises are all true in the 1st row only.
are true.
3. Compare with the conclusion column (g). The conclusion is also true, so the argument is valid.
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WORKED EXAMPLE 9 Establish the validity of arguments (2)

Show that the following argument is invalid.

THINK WRITE

1. Set up a truth table for each of the premises,
. p |9 pP—q
namely ¢ and p — ¢, and the conclusion p.
. T|T T
Note that p and g are set up first in the usual T F F
way, and p — ¢ is completed from them.
Y. P—=4q p F T T
F | F T
2. Determine the rows where all the premises The premises are all true in the 1st row and 3rd row.
are true.
3. Compare with the conclusion column (p). The conclusion is true in the 1st row but false in the

3rd, so the argument is invalid.

The argument shown in Worked example 9 is a common error in logical argument and is called affirming the
consequent.

In conclusion, if an argument fits exactly one of the five given forms, then it is immediately assumed to be valid;
otherwise it must be established to be valid using truth tables.

3.3.7 Tautologies

In logic, a tautology is a formula or assertion involving propositions that is true in every possible interpretation.

Tautologies involving 2 propositions

WORKED EXAMPLE 10 Showing a tautology involving 2 propositions

Use a truth table to show that = (p A ¢) < (—p V —¢q) is a tautology.
This is one of De Morgan’s laws.

THINK WRITE

1. Set up the truth table. Since there are two
propositions, we need four rows. PlaipAgm@AD P79 TPV Y ((Z Ag):—»)

2. In the third column complete true and false for P
PAG. T|T| T F F|F F T

3. In the fourth, fifth and sixth columns negate T|F| F T FIT T T
pAq, p and g respectively. F|T| F T T|F T T

4. In the seventh column complete true and false | F|F| F T T|T T T

for =p V —g.

5. In the last (eighth) column form
T(pAg) < (TpVg).
Since the fourth and seventh columns are the
same, the last column contains only true values
T; it is proved.
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Tautologies involving 3 propositions

WORKED EXAMPLE 11 Showing a tautology involving 3 propositions

Use a truth table to show that (p — q) A (¢ —r) — (p — r) is a tautology.
Showing this is equivalent to establishing the law of hypothetical syllogism.

THINK WRITE
1. Set up the truth table. Since there are three - ~rlp>g)Alp— 0 -9 A
propositions, we need 2° = 8 rows. piarpr—q949=r DPAP=T 9
(g—n (g->n->p@-r)
2. In the fourth column form p — g¢.
3. In the fifth column form g — r. TTT| T T T T T
4. In the sixth column form (p — g) A (g = 7). TTF T F F F T
T|F|T| F T F T T
5. In the seventh column form p — r.
T|F|F| F T F F T
6. In the last column form (p = g¢) A(g— 1) —
. . . .. FIT|T| T T T T T
(p — r). Since it contains only true values it is
proved. F|T|F| T F F T T
FIF|T| T T T T T
FIF|F| T T T T T

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free
1. IEEA Using truth tables, determine whether (p — g) < (-g = —p).

2. Establish the truth table for the inverse; namely, show that (p — ¢) is not equivalent to (—p — —¢g).

3. Let p= ‘Itis bread’ and g = ‘It is made with flour’. Write out the implication, converse, contrapositive and
inverse in sentences.

4. IEA Identify the premises and conclusion in the following arguments.

a. All cats are fluffy.

My pet is a cat.

My pet is flufty.
b. Two is the only even prime number.

Prime numbers are divisible by themselves and 1.

All even numbers are divisible by themselves and by 2.
c. Growing apples depends on good water.

Growing apples depends on good irrigation.

Good water depends on good irrigation.
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10.

11.

12,

. IlEA Determine which of the following are valid arguments.

a. If you are a mathematician, you can do algebra. b. All footballers are fit.
You are a mathematician. David is not a footballer.
You can do algebra. David is not fit.

c. If it is a native Australian mammal, then it is a marsupial.
A wombat is a native Australian mammal.
A wombat is a marsupial.

d. Some TV shows are boring. e. All musicians can read music.
Neighbours is a TV show. Louise can read music.
Neighbours is boring. Louise is a musician.

. Look again at the arguments in question 5 which were not valid. If possible, turn them into valid arguments.

Assume that the first statement in each argument is always correct.

. IlEA Establish the validity of the disjunctive syllogism argument, namely: pV g

_4
q

. Establish the validity of the three remaining valid forms of argument, namely:

a. hypothetical syllogism: p—q b. modus tollens: pP—q
q-r q

p—r -p
c. constructive dilemma: P—=gAFr—=s

PAT

gAs

. The following are valid arguments. Determine which of the five forms of argument were used.

a. Either you clean up your room or you will not watch any television tonight. You did not clean up
your room.
Therefore you will not watch any television tonight.

b. If you help your mother with the dishes, I will take you to the football game tomorrow. I didn’t take you
to the football game.
Therefore you didn’t help your mother with the dishes.

c. If you study statistics, then you will understand what standard deviation means. You studied statistics.
Therefore you will understand what standard deviation means.

IEA Determine the validity of the following argument: p — ¢
-p
-q

Show that the following is an example of the argument in question 10 above.
If elected with a majority, my government will introduce new tax laws.

My government was not elected with a majority.

Therefore, my government will not introduce new tax laws.

A common argument is of the form:

If you work hard, then you will become rich.
You don’t work hard.

Therefore, you will not become rich.

a. Put this argument in symbolic form.
b. Show that it is an invalid form of argument. (This is called ‘denying the antecedent’.)
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13. Determine the validity of the following arguments.

a.p—q b. =p Ag c. p—>q
r—-nq r—-q p
p—>r r q

14. Determine the validity of the following arguments.

a. All dogs have five legs. b. All dogs have five legs.
All five-legged creatures are called chickens. All chickens have five legs.
Therefore, all dogs are chickens. Therefore, all dogs are chickens.

15. Determine the validity of the following arguments.

a. If you deposit money in the bank, then you will earn interest.
You didn’t earn any interest.
Therefore, you didn’t deposit any money in the bank.
b. If I wanted an easy course to study, [ would choose Human Development and if I wanted an interesting
course to study, I would choose General Mathematics.
I can choose an easy course, and an interesting one.
Therefore, I will study Human Development and General Mathematics.

16. IEIA Use a truth table to show that = (p V ¢) < (—p A 7¢q) is a tautology.
17. Use a truth table to show that (p A g) — p is a tautology.
18. Use a truth table to show that [(p = q)A —|q] — —p is a tautology; that is, establish the law of modus tollens.

19. [IIZEM Use a truth table to show that [(p Vq)V r] - [p VgV r)] is a tautology. This is showing the
associative law for V.

20. Use a truth table to show that [p V(gA r)] - [(p Vg)A(pV r)] is a tautology. This is showing the
distributive law.

3.3 Exam questions

Question 1 (2 marks)
Examine the validity of the following argument.

The supplement of an obtuse angle is an acute angle.
Angle A is not obtuse.
Hence, the supplement of angle A is not acute.

Question 2 (2 marks)
Use a truth table to determine whether (p — g) <> (ng = —p).

Question 3 (2 marks)

Use tautology to verify the validity or otherwise of the following modus tollens argument.
P—=Tq
9
p

More exam questions are available online.

130 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition



3.4 Boolean algebra and digital logic

LEARNING INTENTION

At the end of this subtopic you should be able to:
e convert between Boolean expressions, truth tables and logic circuits
e determine a truth table for a given logic circuit
e draw a logic circuit for a given Boolean expression.

3.4.1 Boolean algebra
In ordinary algebra we use the letters x, y to denote any real numbers, x,y € R.

In Boolean algebra, we use the letters A, B to denote the values of O or 1 only, A, B €{0, 1}. Note that a Boolean
variable must be either O or 1, it cannot be both at the same time. Since this is a new type of algebra, we need
to define new operations for Boolean variables. There are only three Boolean operations: NOT, AND and OR.
These operations are denoted as NOTA=A’, AANDB=A « B, and A OR B=A + B. They are defined as shown
by the truth tables below.

NOT AND OR
A A’ A B A-B A B A+B
0 1 0 0 0 0 0 0
0 0 1 0 0 1 1
1 0 0 1 0 1
1 1 1 1 1 1

Note that the plus sign works very differently in Boolean algebra than it does for addition in regular algebra. For
example, in Boolean algebra 1 4+ 1 = 1. Be careful not to confuse the Boolean + with the + used for addition.

Laws of Boolean algebra

Idempotent laws A-A=A
A+A=A
Complement laws A-A"=0
A+A'=1
Identity laws A-1=1
A-0=0
A+0=A
A+1=1
Commutative laws A-B=B-A
A+B=B+A
Associative laws (A+B)+C=A+B+0C)
(A-B)-C=A-(B-0)
Distributive laws A-B+C)=A-B+A-C
A+(B-C)=(A+B)-(A+0)
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WORKED EXAMPLE 12 Using truth tables to verify Boolean expressions

Use a truth table to show that A + A -B =A.

THINK WRITE
1. Draw up the truth table. We need four rows: in A B A-B A+A-B
the first two columns the values of A and B; in 0 0 0 0
column three, A AND B.
0 1 0 0
1 0 0 1
1 1 1 1

2. Since the first and last columns are identical, A+A-B=A
the result follows.
This result is known as the first absorption law.

WORKED EXAMPLE 13 Using the laws of Boolean algebra to simplify Boolean
expressions

Using the laws of Boolean algebra, simplify each of the following Boolean expressions.

a.A*B+A-B’ b.A*B-C-(A+B'+C)
THINK WRITE
a. 1. Use the first distributive law. a. A-B+A-B'=A-(B+B)
2. Use the second complement and =A-1
identity laws. =A
b. 1. Use the distributive laws. b. A-B-C-(A+B'+0C)
=A-B-C-A+A-B-C-B'+A-B-C-C
2. Use the idempotent, complement and =A-B-C+0+A-B-C
commutative laws. =A-B-C

3.4.2 Digital truth values

The contribution of logic and Boolean algebra to the design of digital computers is immense. All digital circuits
rely on the application of the basic principles we have learned in this topic. Computer software is constructed
using logic gates based on some of the rules of logic laid down by Aristotle.

Digital circuits consist of electrical current flowing through wires that connect the various components. The
computer recognises the presence of current as “True’ and the absence of current as ‘False’.

Furthermore, it is the accepted convention that we denote the presence of current by 1 and the absence by 0.
(In some systems the value of 1 is given to positive current and 0 to negative current.) Thus, we have the basic
conversion rule that we will apply here as shown in the table below.

Logical value Digital value Spoken value
False 0 Off
True 1 On

The so-called ‘on—off” values come from the notion of a switch: if the current flows through, the switch is on;
otherwise it is off, just like a light switch.
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3.4.3 Gates

A gate is an electrical component that controls the flow of current in some
way. It is similar to a gate on a farm, which sometimes lets the sheep through
and sometimes doesn’t. The simplest possible gate is the switch itself. It has two

states, on and off, as shown in the figures. When drawing a switch on a diagram it /

is conventional to show the ‘off” position. By combining switches in certain o
configurations, we can create simple logic circuits.

WORKED EXAMPLE 14 Truth tables for switches

Consider the pair of switches arranged (in parallel) as shown in the
figure. Assume there is electricity at P. Determine which positions of the
two switches, x and y, will allow a current to flow through.

L 4
On

Off

7
P— ./y 0

THINK WRITE
1. List the possible positions for each switch. Switch x can

be either off or on (0 or 1) independently of y, so there are

2 X 2 =4 possible positions.

2. Consider x =0, y=0. There will be no current at Q.
Otherwise, if x =1 there will be a current at Q. Similarly,
if y=1 there will be a current at Q. If bothx=1and y=1
there will be a current at Q.
Note: We can consider this as the ‘truth table’ for this
circuit. Because of the similarity of this truth table to the
Boolean operator ‘+’ (‘or’), we can symbolise this circuit as

O=x+y.

—— = o

— ==
—_— O = | O|=

In theory, a computer could be constructed from nothing more than thousands (millions, billions ...) of
switches. However, the design of a logic circuit would be a long, time-consuming process. Furthermore, it is
not clear ‘who’ turns the switches on or off. Hence, more complex logic gates were constructed as ‘black box’
components that could be combined quickly to perform relatively complex operations.

A logic gate consists of one or two inputs and one output. The inputs are ‘wires’ that are either off (0) or on (1).
Similarly, the output is either O or 1. Inputs require a continuous source of electric current in order to remain at
either O or 1.

The following table shows the gates we will use. Note that inputs are always on the left; output is always on
the right.

Name Symbol Truth table Comments
NOT Input Output Equivalent to
Boolean ‘not’
0 1
1 0

S

OR Input A Input B Output Equivalent to
0 0 0 Boolean ‘or’

=

—| =] o
—| | =
N I
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NOR A Input A Input B Output
B 0 0 1

—| D
—_ o =
SO O

Equivalent to
Boolean ‘or’
followed by ‘not’
Note that the shape
is the same as the
OR gate, with the
open pink circle
representing NOT
in this symbol.

AND

A —— Input A Input B Output

B—

—_—| | D
—_— O =
—| o

Equivalent to
Boolean ‘and’

NAND A—o } Input A Input B Output

B— 0 0 1
0 1 1
1 0 1
1 1 0

Equivalent to
Boolean ‘and’
followed by ‘not’
Note that the shape
is the same as the
AND gate, with the
open pink circle
representing NOT
in this symbol.

NAND and NOR gates, although they lack equivalent Boolean expressions, are
convenient ways of combining AND or OR with NOT. For example, a NAND gate
is equivalent to the combination shown.

>

Very sophisticated circuits can be constructed from combinations of these five gates, and the truth table of the

output for all possible inputs can be determined.

WORKED EXAMPLE 15 Truth tables for gates

Determine the truth table for the output Q in terms of the a—
inputs a, b and c.

b —
©
THINK WRITE
1. Working from left to right, determine the truth table for  , ___
the output d in terms of inputs a and b. d
b —
@©
2. Use the truth table for an AND gate. . b d
0 0 0
0 1 0
1 0 0
1 1 1
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3. Now consider the output d to be the input to the OR gate,
combined with ¢ to determine the truth table at Q.
Note that the first four rows correspond to step 2 for the
case of ¢ =0, and the second four rows correspond to
step 2 for the case of c=1.

— = oo~~~ lO|lOo| 8
— O =[O = O =IO S
— | o|lo|ol—|OlC|OC| N

el et s k=l k=1 k=1 k=1 ]
el k=1 == =)

An alternative approach is to start with all inputs (a, b and c) and lay out a ‘blank’ truth table for these three
inputs. Add columns for each gate as required.

a b c a b c d 0
0 0 0 0 0 0 0 0
0 0 1 0 0 1 0 1
0 1 0 0 1 0 0 0
A ‘blank’ truth table for 0 1 1 The completed 0 1 1 0 1
three inputs. 1 0 0 truth table. 1 0 0 0 0
1 0 1 1 0 1 0 1
1 1 0 1 1 0 1 1
1 1 1 1 1 1 1 1

It should be clear that this truth table is equivalent to the one in step 3 of Worked example 15, with the rows in
different order. Furthermore, this circuit of an AND and an OR gate is logically equivalent to the statement
(a Ab)Vc, or in Boolean algebra terms (a - b) + c.

3.4.4 Simplifying logic circuits

In some cases an apparently complex circuit can be reduced to a simpler one.

WORKED EXAMPLE 16 Simplifying logic circuits
Determine a circuit equivalent to the one shown. 4 | >
) @ | :
_DQ_,_ ¢

b

THINK WRITE

1. Determine the truth table of the circuit. Start
by determining the output at c¢. Note that the
inputs to the AND gate are ‘inverted’ by the
two NOT gates.

el k=l k=1 ]
—_— o= S
o|lo|Oo|I= B

Boolean expression = (a’ - b")
>
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2. Complete the truth table by determining the a b c | 0
output at Q. This is just the negation of c. 0 0 | 0
0 1 0 1
1 0] O 1
1 1 0 1
3. Write out the Boolean expression for Q by O=c (butc=ad -b")
working backwards from Q. — (b)Y
4. Simplify, using the rules for Boolean algebra. O =da"" +b" 2nd De Morgan’s law
=a+b ‘double’ negative

5. Create the equivalent circuit. In this case it is a
single OR gate.

a

The original, more complicated circuit might have been used because of availability or cost of components.
Otherwise, it would be advantageous to use the circuit in step 5.

Often, one has to design or draw a logic circuit given a Boolean expression.

WORKED EXAMPLE 17 Drawing a logic circuit for a Boolean expression

Draw the logic circuit for the Boolean expression Q =(a +b") - (a +c¢’).

THINK WRITE
1. Determine the number of ‘independent’ inputs. There are three inputs: a, b and c.
2. Reduce the original Boolean expression to simpler Letu=b"andv=¢
component parts. This last expression is as simple as O=(a+u)-(a+v)
possible. Letw=a+u
Letx=a+v
O=w-x
3. Begin with the last, ‘simplest’ expression. This is an AND W
gate with w and x as inputs, Q as output. 0
X

4. (a) Using w=a+ u, add an OR gate with a and u as #
inputs, w as output. :D_\L
(b) Using x=a + v, add an OR gate with a and v as @ B } 0
inputs, x as output. a
Note that input a has been ‘duplicated’ for each OR . :D_'_

gate.

136 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition



5. (a) Using u=>5" and v=¢', add two NOT gates to

6. Draw the completed circuit with inputs as specified in the

complete the circuit.
(b) The two a inputs must be connected.

Boolean expression.

Students, these questions are even better in jacPLUS

Find all this and MORE in jacPLUS @

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Technology free

1.

2.

. Consider the three switches arranged as shown. /
a. Assuming that there is electricity at P, determine when there is current at Q, P | j * v o Q
7 @——

EZA Use a truth table to show that A+A’-B=A+B.

a. Use a truth table to show that (A-B)' =A’+ B’.
b. Use a truth table to show that (A + B)'=A’-B’.

. IlZEH Using the laws of Boolean algebra, simplify each of the following Boolean expressions.

a.A’"-B'"+A"-B
b.A-B-C'"-(A’+B+0C)

. Using the laws of Boolean algebra, simplify each of the following Boolean expressions.

a.A-B+A-B'+A’-B
b.A"-B-C-(A+B +0C)

. Using the laws of Boolean algebra, simplify each of the following Boolean expressions.

a. A+B)-(A+B)
b. (A’+B')-(A+B’)

. Using the laws of Boolean algebra, simplify each of the following Boolean expressions.

a.A-B+A -B+A-B' +A'-B
b. A+B)-(A’+B)-(A+B")- (A’ +B')

. IlE2 Consider the pair of switches arranged (in series) as shown. Assuming
P Q—A o—o/y o—0

that there is electricity at P, determine when there is current at Q for various
positions of the switches x and y.

for various positions of the switches x, y and z.
b. Write a Boolean expression equivalent to this circuit.
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to two switches, x and y. The light is ‘on’ whenever there is a direct connection

9. Consider the circuit shown which represents a light fixture in a hallway connected _&/.—_/._|
X Q y

between P and Q.

a. Determine the truth table for this circuit.
b. State what an application for this would be.

0

10. Modify the circuit in question 9 so that the light comes on only when either (or both) of the two switches is

in the ‘on’ position.
11. IEHE Determine the truth table for the output
a

b
c

Q, in terms of the inputs a, b and c for the circuit shown.

12. Determine the truth table for the output Q, in terms of the inputs @, b and c for the circuit shown.

oI T

13. lIEA Consider the circuit shown.

a. Determine the truth table for the output Q, in terms of the inputs a, b and c.
b. Hence, show that this circuit is equivalent to the one in question 12.

b —

>
Do

14. For the circuit shown, determine the truth table for the output Q, in terms of the inputs a, b, ¢ and d.

SEBS

15. Consider the following circuit which shows an
protect a safe.
If there is a ‘1’ at R, the alarm rings.
If there is a ‘1’ at Q, the safe can be unlocked.

a. Determine the truth table for this circuit.

b. Hence, describe the operation of this circuit.

alarm system used to
—./Sl . a :)—
b

16. a. Use De Morgan’s laws to show that a-b=(a’' +b')’.
b. Hence, construct a logic circuit equivalent to an AND gate.

17. Show how a single NAND gate can be the equivalent of a NOT gate.

18. IEEA Determine the logic circuit for the Bool

ean expression Q=a-(b+c)'.
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19. The designer of the circuit in question 18 does not have any NOT gates available.
Re-design the circuit using NOR and/or NAND gates to replace any NOT gates.

20. Design a logic circuit for the Boolean expression Q =a-b + a’ - ¢, without using any NOT gates.

3.4 Exam questions

Question 1 (2 marks)
Using the laws of Boolean algebra, show that A +A - B=A.

Question 2 (2 marks)
Determine the Boolean equations for this electrical circuit.

o . o o
a b
i C (F)
T Fridge
o . o o
¢ d

Question 3 (3 marks)
Use truth tables to show that the second logic circuit is a simplified version of the first logic circuit.

More exam questions are available online.

3.5 Sets and Boolean algebra

LEARNING INTENTION

At the end of this subtopic you should be able to:
e use Boolean symbols, set symbols and logic symbols to prove that logical statements are equivalent.

3.5.1 Sets and their properties
As covered in Topic 1, a set is a collection of objects (or members) that have something in common.

Sets can be finite, containing a fixed number of members, such as the set A ={1,2,3,4,5,6,7,8,9, 10} with 10
members, or infinite, such as the set of positive integers, N={1,2,3,...}.

Implicit in sets is the concept that there are objects in the set and objects not in the set. If an object x is in set A,
we write x € A, and if object y is not in set A, we write y € A.
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Remember that sets can be displayed visually using a Venn diagram, as
shown. The area inside the circle represents the set with its members
A={2,4,6,8}. The white area outside the circle represents all objects not in
the set. In future we will not generally show the members in the set, but state
its ‘rule’. What could be the rule for the set in this figure?

The rectangle itself represents the universal set, the set of all possible
members (some are in A, some are not), and is denoted by the symbol £.

In this example the universal set could be all the integers.

As in arithmetic, there are a series of operations and properties that enable us to manipulate sets. Consider two

sets, A and B, and the possible operations on them.

Intersection: The area in common between two sets is P
known as the intersection and is shown here
in blue.

Symbol: ANB
‘A intersection B’ or ‘in both A and B’

Union: The area in either A or B is the union and is : A 3
shown here in blue.

Symbol: AUB
‘A union B’ or ‘in either A or B or both’

Negation: The area not in A is the negation or p
complement and is shown here in blue.

Symbol: A
‘Complement of A’ or ‘A-prime’ or ‘notin A’

Given these operations, we can now look at the rules of sets, comparing them to the rules of arithmetic. For
some laws we will need three sets.

Name Symbolic form Description Corresponding arithmetic
Commutative | 1.AUB=BUA Order of a single a+b=b+a
Law operation is not
2.ANB=BNA important. aXb=bxXa
Identity sets 1LAUG=A The null set (@) has no a+0=a
effect on ‘union’; the
universal set has no effect
2.AnE=A on ‘intersection’. axl=a

140 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition




If A,BCS, then
AUBCS
ANBCS

a set will create a result
that still belongs to the
same class of sets ().

Complements | 1.AUA'=§ Inverse a+(—a)=0
2.ANA'=Q a><1=1,a7é0
a
Associative .LAUBUCO)=AUB)UC The placement of a+b+c)y=(@+b)+c
Law brackets has no effect on
the final result when the
2ANMBNCO)=ANB)NC operations are the same. axX(bxc)=(axb)Xc
Distributive I.LANBUC)=(ANB)UANC) | Bracketed expressions aX(b+c)=axb+aXc
Law 2.AUBNC)=(AUB)N(AUC) | can be expanded when (Note that only the first
different operations are of these laws applies to
involved. arithmetic.)
Closure Consider sets A, B and S. Performing operations on | If @ and b are real numbers,

then:

a+ b is a real number

a X b is a real number.
Note: Closure also
applies to addition and
multiplication of integers,
rational numbers and
complex numbers.

It is important to note that union (U) acts similarly to addition, and intersection (N) is similar to multiplication,
except in the complements, where their roles are reversed.

Although the commutative laws are self-evident, the remaining laws can be demonstrated using Venn diagrams.
Closure is a concept that, for now, will have to be taken for granted. For example, closure applies for integers

with the operations of addition and multiplication. It does not apply for division, for example % as the result

(0.5) is not an integer, even though 1 and 2 are.

3.5.2 Boolean algebra

By replacing the set symbols with Boolean ones, we get the laws of Boolean algebra, which are exactly the same

as those for sets.

Set name Set symbol Boolean name Boolean symbol
Intersection N and
Union U or +
Complement ! not !
Universal set £ ‘everything’ I
Null set %) ‘nothing’ 0
Thus the set laws can be restated as Boolean laws:
Name Set law Boolean law
Commutative Law 1.AUB=BUA A+B=B+A
2.ANB=BNA A-B=B-
Identity [LAUQ=A A+0=A
2.AnE=A A-I=A
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Complements 1LAUA'=§ A+A =]
L 2ANA" =@ A-A'=0
Associative Law ILAUBUC)=(AUB)UC A+B+0O)=A+B)+C
22ANBNCO)=ANBNC A-(B-C)=(A-B)-C
Distributive Law 1LAUBNC)=(AUB)NAUCQC) A+(B-CO)=(A+B)-(A+0C)
22.ANBUC)=(ANBUMANCQC) A-B+C)=(A-B)+(A-0)
| Closure Whatever applies to sets also applies to Boolean algebra.

Only the first distributive law may require some explanation. Do not confuse the Boolean ‘+’ sign with addition!

WORKED EXAMPLE 18 Using Venn diagrams to establish the distributive law

Establish the distributive law, namely A U (BN C) = (A UB) n (A U C), using Venn diagrams.

THINK WRITE
1. Consider the left-hand side term (B N C), which is the ‘
intersection of B and C.

2. Now, create the union with A, namely AU (BN C). In
this figure, the red shading shows the ‘new’ area added.
The final result is the region that has either colour.

3. Now, consider the first ‘term’ of the right-hand side,
namely (A U B).
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4. Now, consider the second term of the right-hand side,
¢
namely (AU C).

5. Now, consider the intersection of the two regions in
steps 3 and 4, which produces the region
(AUB)N (AU Q). The purple area is the resultant
region.

6. Compare the two results. Clearly the area in step 2 equals the area in
step 5; thus, AU(BNC)=(AUB)N(AUC).

3.5.3 De Morgan’s laws and additional results

There are two further important results in Boolean algebra involving the negation of the union and intersection
operations. These rules, called De Morgan’s laws, can be proved using the results from Boolean algebra, or can
be demonstrated using Venn diagrams.

De Morgan’s First Law states:

(A+B)=A"-FB
De Morgan’s Second Law states:
(A-BY=A"+P

These laws can be interpreted as saying that ‘the complement of union is intersection’ and ‘the complement of
intersection is union’.

WORKED EXAMPLE 19 Proving the first of De Morgan’s laws

Prove the first of De Morgan’s laws, namely that the complement of the union of two sets is the
intersection of their complements using:

a. the rules of Boolean algebra

b. Venn diagrams.

TOPIC 3 Logic and algorithms 143



THINK WRITE
a. 1. State the requirements of proof in Boolean algebra terms. a. If (A+ B)' =A’ - B’, then the two
Since (A + B)' is the complement of (A + B), then A" - B’ complement laws must be satisfied.
must satisfy both the complement laws. Therefore, we must show that:
(A+B)+(A'-B)=I
st Complement Law [1]
(A+B)-(A'"-B')=0
2nd Complement Law [2]

2. Simplify the left side of equation [1]. 1st Complement Law
(a) This is as a result of the First Distributive Law. LHS=A+B)+(A'-B’)
=(A+B+A")-(A+B+B)
(b) This is as a result of the First Commutative Law. =(A+A"+B)-(A+B+B')
(c) This is as a result of the First Complement Law. ={U+B)-(A+1))

Note: The term (I + B) represents the union of B with /,
which is ‘everything’. Similarly, the term (A + /) represents
the union of A with /, which is ‘everything’.

3. Complete the simplification. =11
=/
= RHS QED
4. Simplify the left side of equation [2]. 2nd Complement Law
(a) This is as a result of the Second Commutative Law. LHS=(A+B)-(A"-B)

=(A'-B)-(A+B)

(b) This is as a result of the Second Distributive Law. =A"-B'"-A+A"-B'-B

(c) This is as a result of the Second Commutative Law. =A"-A-B'+A'"-B'-B
Note: The term A’ - A is the intersection of A and its
complement, which is ‘nothing” or O. Similarly,

B'-B=0.

5. Complete the simplification. Note that the intersection =0-B'+A"-0
and the union of O with any set must be O, since there is =0+0
nothing in O. =0

= RHS QED

b. 1. Draw a Venn diagram representing the left-hand side of the b. (4 y By’

equation, that is (AU B)'. ¢ A B

(a) Draw a rectangle with two large, partly intersecting
circles. Label one of the circles as A and the other as B.

(b) Identify the portion required.
Note: AU B represents the portion inside the two
circles. Therefore, its complement (A U B)' is
represented by the portion outside the two circles.

(c) Shade the required portion.
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2. Draw a Venn diagram representing the right-hand side of
the equation, that is A’ N B’.
(a) Draw a rectangle with two large, partly intersecting
circles. Label one of the circles as A and the other as B.

(b) Identify the portion required.
Note: A’, the complement of A, represents the portion
outside the two circles and the non-intersecting part
of circle B, B’, the complement of B, represents the
portion outside the two circles and the non-intersecting
part of circle A. A’ N B’ is represented by the common
shaded portion, that is the portion outside the two
circles.

(c) Shade the required portion. £

3. Comment on the Venn diagrams obtained.

¢

A B
£ A

Q
¢ : B | B
AnB

=

The Venn diagrams obtained are
identical; therefore, De Morgan’s First
Law, (AUB)' =A'NB’, holds true.

The results in Worked example 19 establish the first of De Morgan’s laws. The second law can be proved in a

similar fashion.

Based on the rules for Boolean algebra, some important additional results can be tabulated.

Set rule Boolean rule Explanation

AUA=A A+A=A The union of any set with itself must still be itself.

ANA=A A-A=A The intersection of any set with itself must still be itself.

Aué=¢ A+I=1 The union of any set with ‘everything’ must be ‘everything’, I.

ANng=¢ A-0=0 The intersection of any set with ‘nothing’ must be ‘nothing’, O.

AN(AUB)=A | A-(A+B)=A | Consider that the only part of (A + B) that intersects with A must be just
A itself.

AUANB)=A | A+(A-B)=A | Consider the fact that A - B is within A if BC A, oris A if A’ C B, so that
its union with A must be just A itself.
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These results are easily established with Venn diagrams and are left as an exercise.

At this point it is worth noting that the key operations of sets and Boolean algebra are intimately related to those
of deductive logic. These can be summarised by adding columns to an earlier table.

Logic Logic
Set name Set symbol name symbol Boolean name Boolean symbol
Intersection N and A and
Union U or \ or +
Complement ! not - not !
Universal set £ ‘everything’ 1
Null set ] ‘nothing’ (0]

There are no logical equivalents to ‘everything’ or ‘nothing’.

Let us use the rules of Boolean algebra to prove an earlier result.

WORKED EXAMPLE 20 Showing that a pair of logical statements are equivalent

The following pair of logical statements are equivalent:

eve Vv —p
pVp
Establish this fact using Boolean algebra.
THINK WRITE
1. Write the first logic statement and equate VgV -p=P+Q)+ P
it with its corresponding statement using
Boolean algebra.
2. Simplify the right-hand side of the equation. =({P+P)+Q IstCommutative Law
=I1+0 Identity Law
—//
3. Write the second logic statement and equate ~ p V -p=P+ P’ Complements
it with its corresponding statement using
Boolean algebra.
4. Simplify the right-hand side of the equation. =1
5. Comment on the results obtained. The two statements are both equal to / and therefore
equivalent to each other. QED
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Students, these questions are even better in jacPLUS

Find all this and MORE in jacPLUS (C)

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Technology free

1.

IIEE Demonstrate the 2nd Associative Law, namely:
AN(BNC)=(ANB)N C using Venn diagrams.

. Demonstrate the 2nd Distributive Law, namely:

ANBUCO)=ANB)UMANC)orA-(B+C)=A-B+A-C using Venn diagrams.

. Write the following sets using the notation A ={...}.

. A = the set of all even positive integers less than 20

. B = the set of all positive integers divisible by 4

. C = the set of all even prime numbers

. D = the set of court cards in a deck of playing cards

. E = the set of integers, less than 0, which are square numbers
f. F = the set of integers less than 10

® Q 0 T 9

. State which of the sets in question 3 are finite.

. Demonstrate, using a Venn diagram, the intersection of the following two sets:

A = the set of two-digit positive odd numbers
B = the set of two-digit square numbers.
List the members of the intersection on the diagram.

. Demonstrate, using a Venn diagram, the intersection of the following two sets:

A = the set of two-digit positive even numbers
B = the set of two-digit palindromes (numbers which are the same backwards and forwards).
List the members of the intersection on the diagram.

. Demonstrate on a Venn diagram the regions defined by:

a. ANB b.A'NB’ c. A An(BNC).

. The laws of sets can be demonstrated with specific sets.

LetA={1,2,3,4,5,6,7,8,9, 10}, B={2, 4, 6, 8, 10}, C={l1, 4, 9}.
Consider the 1st Distributive Law: AU(BNC)=AUB)N (AU Q).

a. Determine the set represented by the expression (BN C).

. Determine the set represented by AU (BN C).

. Determine the set represented by (A U B).

. Determine the set represented by(A U C).

. Determine the set represented by (A U B) N (A U C) and show that this is the same set as that in the answer
to part b.

O o 0 T

CLetA={1,2,3,4,5678,9, 10}, B={2, 4, 6, 8, 10}, C={1, 4, 9}.

a. Determine the set represented by the expression (BU C).

. Determine the set represented by AN (BU C).

. Determine the set represented by (A N C).

. Determine the set represented by (A N B).

. Determine the set represented by (A N B) U (A N C) and show that this is the same set as that in the answer
to part b.

O o 0 T
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10. [ Using the rules for Boolean algebra, prove the 2nd of De Morgan’s Laws: (A-B) =A’ + B’

11. Simplify the following logical expressions, using the rules of Boolean algebra.

a.A+A"-B+A-B b. A+B+A")+B c. A+A"-B d.A-B-(A+0O)
12. lEEA Using Venn diagrams, show that the following statements are true.
a. AUB)NA=A b. AUB)NB' =A c. AUBNA'=AUB
13. [lIIZZA Determine, using Boolean algebra, if the following two statements are equivalent.
PAQ AP
PATP
14. Prove the following using Boolean algebra.
a.A+B+A'+B' =1 b. A+B)-A'"-B' =0
c. A+B)-(A+B)=A d.A-B+C-(A'+B)=A-B+C

15. A conditional circuit: Up until now, we have not seen a digital equivalent, or even a Boolean equivalent, of
the important logical expression a — b. The truth table for the conditional statement is shown.

a b a—b
0 0 1
0 1 1
1 0 0
1 1 1

a. From the following list of statements, determine which one has the same truth table as a — b.
i.a-b i.a - b ii. ' +b iv. (a+b)-a-b b

. Design a logic circuit equivalent to a — b.

. Design a logic circuit equivalent to b — a.

. Determine a Boolean statement equivalent to (a — b) - a.

O Q O T

. Determine a Boolean statement equivalent to the modus ponens argument, namely:

a—b
a

b
and simplify, as much as possible, using the result from part d.

f. Design a circuit equivalent to the Boolean statement from part e, and show that the output is always 1.
Thus, you have established the validity of the modus ponens argument.

3.5 Exam questions

Question 1 (3 marks)
Determine using Boolean algebra if (p A ¢) V —¢ and p V =g are equivalent.

Question 2 (1 mark)

= ifé={1,2,3,4,56,7,8,9} B={1,3,5,7,9}, C={3,5,7,8}, (BN C)U B’ equals
A. {2,4,6,8} B. @ c. {2,3,4,5,6,7,8}
D. {6} E. {2,3,4,5,6,7,8,8}

Question 3 (4 marks)
IfA={p,q,r}, B=1{p,q,r,s}, I={p,q,r,s,t,u,v}, verify De Morgan’s Law (A + B)' =A’ - B'.

More exam questions are available online.
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3.6 Algorithms and pseudocode

LEARNING INTENTION

At the end of this subtopic you should be able to:
¢ understand how algorithms can be used to solve problems
e write pseudocode to perform simple calculations and tasks.

3.6.1 What is an algorithm?

An algorithm is a set of rules or instructions used

to solve a particular problem. In mathematics this
may be a set of processes or calculations to solve

a particular problem such as the method we use to
solve a long division problem, but algorithms occur
everywhere in day to day life. For example, the recipe
for baking a cake can be thought of as an algorithm.

Complex problems are better solved using computers,
but to we need to instruct the computer on what to

do by writing computer programs. To make sure the
computer can understand the program it must be
written in a specific computer language. There are
many computer languages around, with names such
as Python, Java, C++, Lua and some older languages such as Pascal, Fortran, Cobol and Basic. In this topic we
will not delve into any particular language. Instead, we will use pseudocode which avoids the specific rules and
notations used in each of these computer languages.

3.6.2 What is a pseudocode?

Pseudocode is a plain English language description of the steps in solving an algorithm. Pseudocode often uses
some of the conventions of programming language, but is intended for human reading rather than machine
reading, and is independent of the particular syntax, that is the rules and requirements of a specific programming
language.

3.6.3 Writing pseudocode

While there is no agreed conventions or standards for writing pseudocode, throughout this topic we will follow
the following conventions:

¢ Pseudocodes will start with the word ‘begin’ and finish with the word ‘end’.

¢ All statements will be written on a single line and will be carried out in sequential order.

e We will not be concerned with punctuation or whether the words are upper or lowercase. Punctuation will
be used solely for the purpose of making the pseudocode readable.

e Variable names cannot contain spaces, or any of the key words used in the pseudocode language (such as
numeric or display).

e We will choose names that are appropriate (for example, we can use the variable ‘length’ to represent
the length).

e We will need to define our variables used in the code as follows: the word ‘numeric’ indicates that a
variable will be used as a real number, the word ‘char’ indicates that a variable will be used to represent
characters such as letters of the alphabet or names (in programming languages these are called strings). For
example, the following line shows how to define three numeric variables in a pseudocode:
numeric length, width, height.
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Once a variable is defined we can assign a value to it. To prompt the user to assign a value to a variable we
will use the word ‘input’ followed by the variable name.

‘When we store a value to a variable, we will use the notation x = 3. What we mean here is that the
variable named x now has the value of 3. Note that since there is no set language for pseudocode, there are
alternative notations for variable storage. Examples include, x < 3 and x:=3.

The left-hand side is the variable name and the right-hand side is the new value of the variable. The right-
hand side can be an expression involving variables that have had values assigned to them, for example via

input statements or previous assignments.

The word ‘display’ will be used to display an output to the user. Outputs will usually contain some text
(written in quotation marks in the pseudocode) and some output variables (usually these are defined in
terms of variables that have been assigned values via the ‘input’).

Structure of pseudocode

begin
statement 1
statement 2

end

WORKED EXAMPLE 21 Calculating the perimeter and area of a rectangle

Write a pseudocode to calculate the perimeter and area of a rectangle.

THINK

1.

Start the code with begin.

Determine which input variables and which output
variables are needed.

In this situation we need input variables length and
width and output variables perimeter and area. These
are all numeric variables, so write them out on the
second line, separated by commas as shown.

We need the user to input the values of the input
variables. Use the ’display’ to give some context to the
user about which variable they are inputting.

Perform the required calculations. Calculate the
perimeter and area of the rectangle from the inputs.
Note we use * to indicate multiplication.

We need to output the results of our calculated output
values.

End the code with end.

WRITE
begin
numeric length, width, perimeter, area

display ‘Enter the length’

input length

display ‘Enter the width’

input width

perimeter = 2 * length + 2 * width
area = length * width

display ‘The perimeter of the rectangle is’,
perimeter
display ‘The area of the rectangle is’, area

end

The complete pseudocode is below, note the indentation to make the blocks of code easier to read.
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begin
numeric length, width, perimeter, area
display ‘Enter the length’
input length
display ‘Enter the width’
input width
perimeter = 2 * length + 2 * width
area = length * width
display ‘The perimeter of the rectangle is’, perimeter
display ‘The area of the rectangle is’, area

end

3.6.4 Selection or conditional constructs

For Worked example 21, the statements are executed line by line in order. Often in programming or pseudocode
we need to decide which set of statements or blocks of statements are selected or repeated. One way of
achieving this will depend on whether a statement which is a proposition which evaluates to a Boolean
expression of ‘true’ or ‘false’. This is done using the if.. (Boolean expression).. then.. endif construct

Selection constructs
if (Boolean expression) then

{some lines of code which will be executed if the Boolean expression in the above line is true}
endif

Note: If the Boolean expression is false, the lines of code are not executed and the pseudocode moves
onto the following lines.

WORKED EXAMPLE 22 Determining the greatest of two numbers

Werite a pseudocode to determine which of two numbers is greater.

THINK WRITE
1. Start the code with begin. begin
Only two input variables are need in this problem, no numeric numl, num?2
other output variables. We will call them num1 and
num?2.
2. Display and prompt for the two input variables. display ‘Enter the first number’
input num1
display ‘Enter the second number’
input num?2
3. Use the if statement to decide if the first number is the if (num1 > num?2) then
largest of the two numbers. display ‘The first number’, numl, ‘is
the largest’
endif
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4. Use the if statement to decide if the second number is if (num2 > numl) then

the largest of the two numbers. display “The second number’, num?2,
‘is the largest’
endif
5. If neither of the above two conditions are met, test to if (num1 == num?2) then
check if the two numbers are equal. Note the two equal display ‘The two numbers are equal’
signs which are used to test if the values are equal, not endif
to assign the value of numl1 to the value of num?2.
6. End the code with end. end

The complete pseudocode is below.
begin
numeric numl, num2
display ‘Enter the first number’
input numl
display ‘Enter the second number’
input num?2
if (num1 > num?2) then
display ‘The first number’, numl, ‘is the largest’
endif
if (num?2 > num?2) then
display ‘The second number’, num2, ‘is the largest’
endif
if (num1 == num?2) then
display ‘“The two numbers are equal’
endif

end

3.6.5 Extended if then elseif

Sometimes there will be more than one case to consider, or the cases are mutually exclusive, that is if one occurs
then the other can’t, in these situations we use the if.. then.. elseif.. else.. endif constructs. Also, we can combine
Boolean expressions using ‘and’, ‘or’ to get true or false values.

if then elseif
if (Boolean expression) then

{execute these lines of pseudocode if the above Boolean expression is true}
elseif (Boolean expression)

{execute these lines of pseudocode if the above Boolean expression is true}
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elseif (Boolean expression)

{execute these lines of pseudocode if the above Boolean expression is true}

else

{execute these lines of pseudocode if none of the above Boolean expressions were true}

endif

Note that pseudocode is not necessarily unique; there are many ways to write code and to achieve the same
outputs. For example, the pseudocode for Worked example 22 could also be have written as:

begin
numeric numl, num2
display ‘Enter the first number’
input numl
display ‘Enter the second number’
input num?2
if (num1 == num?2) then
display ‘The numbers are equal’
elseif (num1 > num?2) then
display ‘The first number’, numl, ‘is the largest’
else
display ‘The second number’, num2, ‘is the largest’
endif

end

WORKED EXAMPLE 23 Determining the maximum of three numbers

Werite a pseudocode to determine the maximum of three numbers.

THINK

1. Start the code with begin.
Three input variables are needed in this problem, and
one output variable to store the information about
which variable is the maximum. We will call the
input variables num1, num2 and num3 and the output
variable maxx. (Sometimes in programming languages
the word max is a reserved word and cannot be used as
a variable name.)

2. Display and prompt for the three input variables.

WRITE
begin
numeric numl, num2, num3, maxx

display ‘Enter the first number’
input num1

display ‘Enter the second number’
input num?2

display ‘Enter the third number’
input num3
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Use the if statement to decide the maximum of the first
two numbers and assign the variable maxx to one of
these.

Use the if statement to decide if the third number is
greater than the maximum of the other two numbers.
Output the largest of the three numbers.

End the code with end.

if (num1 < num?2) then
maxx = num2
else
maxx = numl
endif
if (num3 > maxx) then
maxx = num3
endif
display ‘The maximum of the three numbers
18’, maxx
end

The complete pseudocode is below.

begin

end

numeric numl, num2, num3, maxx
display ‘Enter the first number’
input numl
display ‘Enter the second number’
input num?2
display ‘Enter the third number’
input num3
if (num1 < num?2) then

maxx = num?2
else

maxx = numl
endif
if (num3 > maxx) then

maxx = num3
endif

display ‘The maximum of the three numbers is’, maxx

WORKED EXAMPLE 24 Displaying different messages based on the time

Write a pseudocode to take the time from a 24 clock
and output ‘Good morning’ between 12 am and

12 pm, ‘Good afternoon’ between 12 pm and 6 pm,
‘Have a good night’ between 6 pm and 10 pm, or
‘Time to go to bed’ between 10 pm and 12 am.
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THINK
1. Start the code with begin.

Only one input is needed in this problem, the current

time.
2. Display and prompt for the time.

3. Use the if statement to decide whether the time is

between 12 am and 12 pm.

4. Use the elseif statement to decide whether the time is

between 12 pm and 6 pm.

5. Use the elseif statement to decide whether the time is

between 6 pm and 10 pm.

6. Use the elseif statement to decide whether the time is

between 10 pm and 12 am.

7. If none of the above conditions are met, the time
must be invalid. End the if..then..elseif block with

endif.
8. End the code with end.

WRITE
begin
numeric time

display ‘Using a 24-hour clock, enter the time as

a decimal. For example, 13:27 = 13.27°

input time

if ((time > 0) and (time < 12)) then
display ‘Good morning’

elseif ((time > 12) and (time < 18)) then
display ‘Good afternoon’

elseif ((time > 18) and (time < 22)) then
display ‘Have a good night’

elseif ((time >22) and (time < 24)) then
display “Time to go to bed’

else
display ‘Invalid time’

endif

end

The complete pseudocode is below.
begin

numeric time

display ‘Using a 24-hour clock, enter the time as a decimal. For example, 13:27 = 13.27

input time

if ((time > 0) and (time < 12)) then
display ‘Good morning’

elseif ((time > 12) and (time < 18)) then
display ‘Good afternoon’

elseif ((time > 18) and (time < 22)) then

elseif ((time > 22) and (time < 24)) then
display ‘Have a good night’
display ‘Time to go to bed’

else
display ‘Invalid time’

endif

end
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3.6.6 Programming using CAS calculators

CAS calculators are capable of creating and running programs such as the ones we have been modelling
throughout this topic. The language and methodology differs depending on the CAS calculator used; however,
they all use similar steps to these we have been using in the pseudocodes throughout this topic. The following
Worked example is a repeat of the previous one, using the TI-Nspire and CASIO ClassPad CAS calculators.

WORKED EXAMPLE 25 Determine the maximum of three numbers using CAS

Write a program on your CAS calculator to determine the maximum of three numbers.

Tl | THINK DISPLAY/WRITE CASIO | THINK DISPLAY/WRITE
1. S)pen anew EI—I}\llsplre9 A B 1 Add Colcuimtor - 1. Opelr'l thf: Pr;)grazln . Vewo
ocument and choose 9: i 2 Add Graphs application tound on the ey =
Program Editor and 1: New... g i :gg i second page of the Menu.
preadsheet = —
to open a new program. ) 5 Add Data & Statistics o — " —
p prog =18
[} 7 Add Vernier DataQuest™ fam— o
A Add 2 Open. =
@ ke 3 Import... — m
4 View...
— -
2. Type in a name for the 2. Select Edit in the toolbar o @
program, call it ‘maxof3’ and then choose New File. | ey 7 1@]t]
and tab and press OK. New fofdontle | }
e 7
Parameter:
Library Access:
[Program Loader @&
3. Some of the code is already |3 3. Type in a name for the -
present. Press MENU option & program. This example Type:[ Programchormal) [+1
3: Define Variables and 1: o > Define will be called ‘maxof3’. - I
Name: maxof3
Local. 11 5 Transfers 3 Delete Variable Tap OK.
% 6 110 4 Func...EndFunc
124 7 Mode S Prgm...EndPrgm
= 8 Hub 6 Lock »
(39 Draw ’ [ Cancel ‘

4. Type in the variable names ,7_ 4. Define the variables to o et ol O =
u_- EStatistiesc) ¥y

we will use. Notice the * maxof3 23 use by first selecting Misc ; utitiald )
. maxofd o
keywords are coloured. g maxof3()- > Variable > Local and | ——c
rgm - : . Sequence »
Local num 1,mum 2ymum3,masxx then typing in the variable ot
il MoveVar String(1)
N names. CopyVar String(2)
e Rerame Satup(1) ’
EndPrgm DelVar Senp(2) ’
Cloar.a.z Setup(3) ’
Lock Setwp(d) »
1| Unlock 6/7]8/8l0
~GRtTyPe et
ajar] v
Li diflglh La
¢zl x 1e] b njmj,|.f
ERES Space
[Program Editor -
© Edit Ctrl 1/0 Misc X
BIDIG|A|X|®|SE-

maxof3 N
Il.oca.l numl, num2, num3, maxv

156 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition



5. To obtain the input press
MENU option 6: I/0 and 3:
Request.

6. Complete and repeat for the
1/0O (input output) for the
other variables as shown.

7. To obtain other constructs
to change the flow of the
program, press MENU
option 4: Control and 3:
If...Then...Else...Endif.

8. Repeat for If... Then...EndIf
and type in the rest of the
code as shown. Notice again
the colour coding and the
automatic indentation.

9. For the output press MENU
option 6: I/O and 1: Disp.

& 2 Check Syntax & Q‘{-‘D;S e
= 3 Define Variables > D P t
1 4 Control el
{é S Transfers 4 RequestSty
12 7 Mode 3 hen
=8 Hub 5 getny
(39 Draw 7 Get
8 GetStr
9 Send

A RefreshProbeVars

* maxof3

Define mmno-

Prgm

Local num I smum 2,num 3 maxx

Request "Enter the first number ", qum7
Request "Enter the second number " num2
Request "Enter the third number " ium3

A

Endbrgm

Actions

41 » YA
# 2 Check Syntax ¢1 If

=3

1

Define Variable: 2 _If...Then...EndIf

tl S Transfers 4 Elself...Then
% 6 10 5 For...EndFor
124 7 Mode 6 While..EndWhile
= 8 Hub 7 Loop..EndLoop
(39 Draw 8 Try..Else...EndTry
() 9 ClrErr
EndPrgm A PassErmr
~
* maxof3 1212
Request "Enter the second number ",qum2 &

Request " Enter the third number “,num3
It (mum3 < num2) Then
maxx:=num2

Else

maxx:=num1i

EndIf

It (mum 3 >maxx) Then

maxx:=num3

End1q -
4 1 Actions ’

& 2 Check Syntax &

= 3 Define Variables ’

1e 4 Control £ Dt

1} S Transfers o Request

I 4 RequestStr

1257 Mode 2 T::::

=8 Hub geoney
B3 9 Draw 7 Get

If (ium 3 >maxx) Then 8 GetStr
maxxc:=num3 9 Send

Endlf A RefreshProbeVars

. To enable the numbers

to be entered by the user,
select the Input command
in the I/O sub-menu and
complete the coding as
shown.

. To obtain other command

constructs to change the
flow of the program, use
the options available in
the Ctrl menu. In this
example the items of
If...Then...IfEnd will
be used.

. Type in the code as

shown. Note the use of
the colon to enter multiple
commands on the same
line.

. For the output display

select the menu 1/O.
Commonly used options
include ClrText (clears any
previous output from the
screen) and Print (prints
text and results of the
program).

. Complete the program as

shown. This example will
print a statement, the three
numbers that were used
and then the maximum of
these numbers.

TOPIC 3

O Edit Ctrl Misc X
»
IrputStr Output '
InputFunc | Display M=
GetXey [ Draw o
GetPen Skatch »
Cluar ’
Communication  *
Color »

maxof) N
Local numi, num2, nem3, maxv

=F iﬁﬁwﬁ-

Editor @

O Edit 1/0 Misc

e |L50 | oou | tan
BRI
[Program Editor L]

T s | B |

[Program Editee -
o edit cvl [0 Misc X
H|D 5w ':3\'»
Output I
manoty Display
Draw

If numl<nur sketch
num2Imaxy

Clesr ’
num 1 Smaxv i
frEnd Communication | I
I num3>mallor Y
num3dmaxv.

WEnd

Printhatural

© €t cul 10 Mic
[ nmlmam

lad —l.l-z I-’ maxv

u _l(_l- Thea

Smaxy
3ymaxv: Then

Ei"ﬂ’i

T e

fiEes |
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10. Complete the program as
shown.

11. To check the syntax press
MENU option 2: Check

Syntax & Store and 1: Check

Syntax & Store

(or the shortcut key

Ctrl + B).

Provided there are no errors,
that is, the code is syntax
free, you will get a message
stating

‘maxof3’ stored
successfully.

12. To run the program press
MENU option 2: Check
Check Syntax & Store and 3:
Run (or the shortcut key

Ctrl + R).

Press enter, then enter in
some values, tab to OK,
press enter and repeat for the

other variables.

13. The outputs are shown on a
Calculator page.

You can also save the
document and use the TI-
Nspire calculator to check
your code for many of the
other worked examples and
pseudocode that you can
write, remembering there
will be subtle changes.

* maxof3 1313

If num I<num2 Then
maxx:=num2
Else
maxx:=rnuml k
EndIf
If num3>maxx Then
maxx:=num3
Endlf
Disp "The maximum of the 3 number is " maxx
EndPrgm -

Defin2 Check Syntax
Contt3 Run
Transfers

1o

Mode

= 8 Hub

Draw

(Ctri+R)

EndIf
Disp "The maximum of the 3 number is ‘.max:d

[EndPrgm -

mxoflﬂ'

Enter the first number (5]

-
maxoﬁo

Enter the first number 5
Enter the second number 7
Enter the third number 2

The maximum of the 3 numberis 7

Done

10. The program will test the
syntax when Edit > Save
File > Save is selected. If
no errors are detected, the
program will save. If not,
an error screen will appear.

11. To run the program, select

the E icon to open the
Program Loader screen.
Select the program to load
by tapping the Name:
down arrow button and
selecting ‘maxof3’.

Tap E] or Run > Run
Program.

12. Enter a value when
prompted. Tap OK.
Repeat this process for the

other prompts.

13. The outputs are shown on
the screen.

You can use the ClassPad
calculator to check your
code for many of the other
worked examples and
pseudocode that you can
write, remembering there

will be subtle changes.

File

[o[E@ce omse X
R oe o

| | SelectAll
Search ,
M1 Clear AN vl [ x|
Math2 | o8 | o |y loggll] VO
Mathd | Yl s0ved
™ ol Bl e i
900 raoMs, (= | () | O
Var + - . - {

abc

@ | xt

sin | cos | tan
- [ % % ws e

[Program Editor L)

o Edit

Ctrl 1/0 Misc X

maxof3

H num3>maxv: Then (4]
num3Smaxy

HEnd

CleText

Print “"The maxmum of the 3
numbers™

Print {puml, num2, num3)

Print "s"

Print maxv

Space
[Program Editor @

a [«

O Edit A

ARE0EEE
Folder:| main v
Name:| maxof3 [v
Parameter:]

[Program Loader L

O Edit A

Enter the first number
|

5

Cx] (o]

[Program Loader @
O Edit X
5 o
Folder:| main v
Name: maxofd |
Done

|5 maxmum of the 3 sumbers
(5,7,2)

~F

158 Jacaranda Maths Quest 11 Specialist Mathematics VCE Units 1 & 2 Second Edition



3.6.7 Case constructs

Often the ‘if then else’ constructs can become quite complicated. An alternative approach is case constructs.
A case construct tests specific cases for a variable and once it comes across one case that is true it executes the
following lines of code and then breaks out of the case construct without testing the remaining cases.

Case constructs
begin
Case 1
display ‘For case 1’
break
Case 2
display ‘For case 2’
break

default

display ‘Out of range’

break
endcase

end

The case command is not available on the TI-Nspire CAS programming.

WORKED EXAMPLE 26 Writing a pseudocode using a case command

Write pseudocode to list the day of the week, with
Monday being 1 and Sunday being 7, and the day
number entered as input.

THINK
1. Start the code with begin.
Only one input variable is needed in the problem, no
output variables. We will call it daycode.

2. Display and prompt for the daycode.

3. As 1 represents Monday, use the case statement to
display the corresponding week day name and break
out of the case.

4. As 2 represents Tuesday, use the case statement to
display the corresponding week day name.

WRITE
begin
numeric daycode

display ‘Enter the day code’
input daycode
begin
case 1
display ‘Monday’
break
case 2
display ‘Tuesday’
break
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5. Repeat for the other days of the week. case 3
display ‘Wednesday’
break
case 4
display ‘Thursday’
break
case 5
display ‘Friday’
break
case 6
display ‘Saturday’
break
case 7
display ‘Sunday’
break
6. Generate an error message if the daycode is invalid. default
The message ‘Value not valid’” will be displayed if display ‘Value not valid’
the number entered is not an integer between 1 and 7 break
inclusive.
7. End the cases. endcase
8. End the code with end. end

3.6.8 Repetition constructs

When a block of statements needs to be repeated a fixed known number of times we use the for loop. These
repetition constructs are also known as iterations. A for loop has the form:

for (index variable name = initial value, final value, increment value)

The index variable name that is commonly used for this variable is 7, j or counter, the initial value is usually 1,
and the incremental value again if usually 1, and if omitted will be assumed to be 1. Note that again we will use
indentation and finish the block with endfor to indicate all of these statements within this loop will executed and
repeated.

Repetition
for (index variable name = initial value, final value, increment value)
statement 1

statement 2

endfor
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WORKED EXAMPLE 27 Creating a list of numbers and their squares (1)

Werite a pseudocode using a for loop to print out the first 10 natural numbers and their squares.

THINK WRITE

1. Start the code with begin. begin
No input variables are needed in the problem, only numeric counter, squaredvalue
output variables which are the counter, and the value
squared.

2. We need a heading indicating what will be displayed.  display ‘Number Square’

3. Write the for loop. for (counter = 1, 10)

4. We need to calculate and display the output, and end squaredvalue = counter * counter
the for loop. display counter, squaredvalue

endfor
5. End the code with end. end

The complete pseudocode is below

begin
display ‘Number Square’
numeric counter, valuesquared
for (counter = 1, 10)

square = counter * counter
display counter, square

endfor

end

Note that the output from this code will be:

Number, Square

1 1

4

9

16

25

36

49

64

81

100

O 0 9 A K Bk W

—_
)
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In the Worked example above the statements are executed a fixed number of times that is known in advance.
We could have an input to determine the number of times the loop would be executed. Sometimes we may need
to make decisions made when a variable value has changed.

Now in mathematics a statement such as x =x 4+ 1 is meaningless and has no solution, but in coding it is

often used. What it is really saying, is increment or increase the value of x by 1. Using this we can use the
while (Boolean expression is true).. endwhile construct as a loop which is pre-tested at the beginning of the
block. When the conditional Boolean expression is true, repeat the block of statements, up to the end... while,
but when the condition is false, the block of statements are not executed. Within the block of code we need

to change a value so that the Boolean expression which is tested every time must eventually become false,
otherwise the loop and the code will never terminate. Note that if the condition of the while loop is initially
false, then the while loop will not be executed at all.

Repetition

while (Boolean expression)
statement 1
statement 2

endwhile

Often code can be written in many ways, in the next example we repeat the last example using the while..
endwhile block.

WORKED EXAMPLE 28 Creating a list of numbers and their squares (2)

Write a pseudocode using a while loop to print out the first 10 natural numbers and their squares.

THINK WRITE
1. Start the code with begin. begin
No input variables are needed in the problem, only =~ numeric counter, squaredvalue
output variables which are the counter, and the value
squared.
2. We need to initialise the value of counter, before the counter = |
while loop starts.

3. We need a heading indicating what will be displayed. display ‘Number Square’

4. Write the while loop. while (counter <=10)
5. We need to calculate and display the output, and squaredvalue = counter * counter
increment the value of counter. display counter, squarevalue
counter = counter + 1
6. End the while loop. endwhile
7. End the code with end. end

The complete pseudocode is below and the output is the same as from Worked example 27.

The statements inside the while loop are executed and tested, as soon as the variable counter becomes greater
than 10, the condition is false, and the loop is terminated.
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begin

numeric counter, squaredvalue

counter = 1

display ‘Number Square’

while (counter <=10)
squaredvalue = counter * counter
display counter, squarevalue
counter = counter + 1

endwhile

end

3.6.9 Using functions

Often when writing pseudocode we may need to use other built in mathematical functions and mathematical
notations, some of these are described in this section.

For example, we will assume the value of pi (77) is built in and has the value 3.14159.

When raising number to powers with indices, we write for example x". In pseudocode we can write this as x**n,
and for square roots \/)_c we can write sqrt(x). Often we may need the Boolean expression ‘not equal to’, for
which we will use !=.

Operations on integers are useful as well, for example mod (14, 3) =2, so that mod gives the remainder of the
division. Other functions to obtain random numbers include randInt(1, n), which gives a random integer between
1 and n inclusive. We will also assume the values sin(x) and cos(x) etc are available and can be used when
required.

While the above notes are only an introduction to writing pseudocode, the core of writing pseudocode (and
programming in general) is the ability to represent the algorithms using constructs such as ‘sequence’, ‘if ...
then ... else’, ‘case’, ‘for loop’ and ‘while’. These constructs are also called keywords and are used to describe
the control flow of the algorithm. Note that variable names cannot contain any of these special words.

Students, these questions are even better in jacPLUS

Receive immediate Access Track your
feedback and access additional results and
sample responses questions progress

Find all this and MORE in jacPLUS C)

Technology free
1. K22 Write a pseudocode to calculate the area and circumference of a circle.

2. Write a pseudocode to calculate the area and perimeter of a square.

3. Write a pseudocode to calculate the average of two numbers.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

. Write a pseudocode to calculate the volume of a cone.
. Write a pseudocode to calculate the area of a parallelogram.

. EZ2 Write a pseudocode to output a ‘pass’ if a student scores 50% or more on a test, or a ‘fail” if a student

scores less than 50% on the test, both the students mark and total marks for the test will need to be given as
inputs.

. IEZZ0 Write a pseudocode to determine the minimum of three numbers.
. Write a pseudocode to determine whether a number is even or odd.

. 23l Write a pseudocode to give the grades of students results, that is output ‘A’ for marks 80% or greater,

‘B’ for marks 70-79, ‘C’ for marks 60-69, ‘D for marks 50-59 and ‘E’ for marks less than 50. Assume the
value entered is a percentage rounded to the nearest whole number.

Write a pseudocode to input your age in years and if you are less than 12 years old, output ‘Only a child’, if
your age is between 13 and 19, output ‘Just a teenager’, if your age is 20 to 29, output ‘In your twenties’, if
your age is 30 to 39, output ‘In your thirties’, if your age is 40 to 49, output ‘In your forties’, if your age is
50 to 59, output ‘In your fifties’, if your age is 60 to 99, output ‘You can retire’, otherwise output ‘Wow
over 100’.

=23 Write a pseudocode to list the months of the year according to the number value (assume that January
corresponds to 1 and December corresponds to 12).

Write a pseudocode to decide if a letter of the alphabet is a vowel.

Write a pseudocode to add, subtract, multiply or divide two numbers entered, when prompted for the
operation, if 1 is addition, 2 is subtraction, 3 is multiplication and 4 is division.

Write a pseudocode using for loops to print out the first 10 natural numbers and their square roots.

Write a pseudocode using for loops to sum all the numbers from 1 up to 100 inclusive.
Write a pseudocode using for loops to sum all the odd numbers from 1 up to n, when n is entered as input.

The factorial for a positive number or integer, which is denoted by n, denoted or represented as n!, is the
product of all the positive numbers preceding, for example

51=5X%4x3x2x1=120. Write a pseudocode to determine the value of the factorial of an input when
entered.

The Fibonacci sequence of numbers is given by 1, 1, 2, 3, 5, 8, 13, ... where each number is the sum of
the two previous numbers, the first term being 1, the second term being 1 and so on. Write a pseudocode
to output all the Fibonacci numbers, up to the nth value where the value of » is to be inputted.

IZZA Write a pseudocode using while loops to print out the first 10 natural numbers and their square roots.
Write a pseudocode using while loops to sum all the numbers from 1 up to 100 inclusive.
Write a pseudocode using while loops to sum all the odd numbers from 1 up to n, when 7 is entered as input.

Write a pseudocode using while loops to determine the value of a factorial.
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23. Write a pseudocode using while loops to determine the mean of a list of numbers which are inputted, the
inputs continue until the number —1 is entered, this is a trigger to stop inputting numbers.

24. ‘Guess the number game’. Write a pseudocode to generate a random number between 1 and 100 inclusive,
and let a user try to guess the number, outputs are “Too high’, or ‘Too low’ or ‘Correct number’, depending
on the guess. Guesses continue until the correct number is guessed, the code then states the total number of
guesses needed to guess the number.

25. Write a pseudocode to sort three numbers in ascending order.

3.6 Exam questions

Question 1 (2 marks)
Write a pseudocode to determine the volume of a cylinder.

Question 2 (5 marks)
The following equation shows how to convert from degrees Fahrenheit to degrees Celsius:
C=5/9 (F-32).

a. Write pseudocode to convert a temperature entered as Fahrenheit to its Celsius equivalent. (2 marks)
Cold Hot
0 OC OF ‘OC

160 — — 60 160 — |— 60
140 = =50 10—= %0
120 = =40 120—= = 40
100 = =30 100—= E=30
80 = = 20 80 —= = 20
60 —= =10 s0o—= Ml = 10
40—= = 40—= E o
S = 10 20—= =10
0= = 20 o= [l =20
290 = = 30 20—= =30

b. Write pseudocode to tabulate temperatures in Celsius to their Fahrenheit equivalence for values of Celsius
from O to 40 in steps of 2 degrees. (3 marks)

Question 3 (4 marks)
Write a pseudocode to solve a quadratic equation, where the coefficient of the quadratic term is non-zero.

More exam questions are available online.
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3.

7 Review

3.7.1 Summary

doc-37046

Hey students! Now that it's time to revise this topic, go online to:

Find all this and MORE in jacPLUS (C]

Access the Review your Watch teacher-led Practise exam
topic summary results videos questions

Technology free: short answer

1.

6.

7.

Write the following compound statements in symbolic form.

a. Melpomeni and Jacques purchased new bicycles.
b. Either it is cold or it is warm and sunny.
c. The dinner was late, expensive and poorly cooked.

. Determine the truth table for (p A g¢) V (mp A —g).

. Write the converse, contrapositive and inverse of the following statement:

If a politician is intelligent, she sends her children to good schools.

. Establish the validity of the following argument:

If the bicycle is not red then it is an Italian bicycle.
If a bicycle is not an Italian bicycle then it is green.
My bicycle is red.

Therefore the bicycle is not Italian.

. Let A = the set of all positive prime numbers less than 100.

Let B = the set of all positive two-digit numbers with the digit 1 in them.
Let C = the set of all positive two-digit numbers whose sum of digits is equal to 7.
List the following sets:

a.ANB b. AUMBNCO) c.AnBn C
Prove, using the rules of Boolean algebra, that (A+A’-B)-(B+ B-C)=B.

Design a logic circuit equivalent to the Boolean expression Q=[A-(B' - C")]+[A- (B-O)].

Technology active: multiple choice

8.

I The sentences ‘The capital of Australia is Canberra’, ‘Australia is P -
part of the Southern Hemisphere’ and ‘Australia’s population is over 20 |
million’ are examples of

A. Statements

B. Instructions

C. Suggestions

D. Exclamations
E. Near-statements
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9. 1A If there is a compound statement with 6 single statements; p, g, r, s, ¢ and v, then the number of rows
there will be in the truth table is

A. 6 B. 8 C. 12 D. 36 E. 64
10. [T The truth table shown represents

o 1S
o T H R
|| ] 1 e

A.pAg B.pVvg C.pVg D. . pVvgqg E.pA—g
11. [T The sentence ‘I like either ham or steak with eggs for breakfast’ can be symbolised as
A. hVv(sVe) B. hA(sAe) C. hA(sVe) D. hV(sAe) E.h—>(sAe)

12. I The inverse statement to: ‘If I buy a new coat then I am happy’ is

A. If I don’t buy a new coat then I am not happy.
B. If I am not happy then I won’t buy a new coat.
C. If I am happy then I will buy a new coat.

D. If I don’t buy a new coat then I am happy.

E. If I am happy then I won’t buy a new coat.

13. I The following argument is an example of which valid form?
If I study hard I will pass my exams.
I did not pass my exams.
I did not study hard.

A. Modus ponens B. Disjunctive syllogism C. Hypothetical syllogism
D. Modus tollens E. Constructive dilemma.

14. I The shaded area in the figure shown represents

A. AUB
B. A’UB
C.AUB
D.ANB
E. AUB)

15. I If I = the ‘universal set’, O = the ‘empty set” and A = any set, then A - [ is

A A B. I C. 0
D. A’ E. none of these
16. I The Boolean expression equivalent to the circuit shown is a4 —
A.Q=(a-b)+(c-d) B. O0=(a-b)-(c+d) b —
C. 0=[(a+b)-c+d] D. 0=[(a-b)+cl+d ¢ 0

E. OQ=a-[b+(c+d)]

17. I The Boolean equivalent to the circuit shown is

X
A (x+y)+z B. (x+y)-z C.x-(y+2)
D.x-(y-2) E.x-(y+2) 3 ::l_%
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Technology active: extended response

18.

19.

20.

In addition to the valid forms of argument introduced in this topic, there are
several others, including the destructive dilemma. Consider the following
argument.

If we want to reduce greenhouse gases, we should use more nuclear power,
and if we wish to reduce nuclear accidents we should use conventional power.

We will either not use nuclear power or not use conventional power.

Therefore, we will either not reduce greenhouse gases or we will not reduce
the risk of nuclear accidents.

a. Put each statement into symbolic form.

b. Set up the truth table for the three statements.

c. Determine if the argument is valid by determining the rows in the truth table
where all premises are true and comparing them with the conclusion.

d. Use this technique to determine the validity of the following argument.

a—b
b—c
-d—a
-c

d

e. Write an example of an argument in this form.

Consider the logic circuit shown. It consists of two inputs, a and b, and four

outputs, Q, R, S and T. a > ﬁD— 0
R

. Determine the outputs when a =b=0. [ C D_

. Determine the outputs when a =0 and b = 1.

. Repeat for the remaining possible values of a and b.

. Show that Q=1 only when a=5b=0. _:D—T

. Describe the pattern for this circuit, which is called a 2-bit decoder.

. The circuit has two NOT gates and four AND gates for the 2-bit decoding of a and b. Determine how
many gates would be required for a 3-bit, 4-bit and n-bit decoder.

:

- ® O 0 T o

In the USA they still use the imperial
measurement system, that is feet and inches.

If we hear a basketball player is 6 feet 4
inches, we may wish to know what this is
in centimetres.

Given the conversions 1 inch =2.54 cm and
12 inches = 1 foot. Write pseudocode for
each of the following.

a. To convert a height given in feet and
inches into centimetres.

b. To convert a height given in
centimetres to feet and inches.

c. To tabulate heights from 4 feet 6 inches to 6 feet 8 inches into centimetres using step sizes of two inches.
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3.7 Exam questions

Question 1 (1 mark)
T Consider the following valid argument.

If John plays for us on Saturday, then we will win.

If we win on Saturday, then we will come in first place on the ladder.

If we come in first place on the ladder, then we play our first final at home.
Therefore, if John plays for us on Saturday, then we play our first final at home.

This is an example of

A. modus ponens B. disjunctive syllogism C. hypothetical syllogism
D. modus tollens E. constructive dilemma

Question 2 (1 mark)
I3 Premise: All argans are flimps. Premise: All flimps are doinks.

The conclusion is

A. all doinks are flimps. B. all doinks are argans. C. all argans are doinks.
D. all flimps are argans. E. doinks are a subset of argans.

Question 3 (1 mark)
T Consider the following logic circuit

The Boolean equivalent to this circuit is:

a-+o)) ) '—D_l>O_Q
Lad+ @) j>—

A
B
C.(@+b) (d+<¢")
D
E

. Both A and B are equivalent to the circuit
. A, B and C are all equivalent to the circuit

Question 4 (2 marks)
Use truth tables to determine whether (p = ¢g) < (¢ = —p).

Question 5 (8 marks)
By considering the elements in the various sets below, verify each of the following statements.

£={1,2,3,4,5,6,7,8,9,10,11, 12, 13, 14, 15}
A={1,2,3,4,5}

B={4,5,6,7,8,9}

C=1{5,8,9,10,11}

a. AUB) =A'nB (2 marks)
b. ANB) =A'"UB’ (2 marks)
c. AUBINC=ANCO)UBNO) (2 marks)
d. ANBNC) =A"UB'UC’ (2 marks)

More exam questions are available online.

Hey teachers! Create custom assignments for this topic

5 Create and assign Access quarantined ok your
| - - ,
v ° unique tests and exams tests and assessments 4 5  students’ results

Find all this and MORE in jacPLUS @
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An Swe rS e. In a recent poll 80% preferred jazz or classical music.
f. Two is an even prime number.

TOpiC 3 Log iC and a|gorith ms Two is the only even prime number (alternative answer).
- . 4. a.
3.2 Statements (propositions), connectives and P g |r | 8ways
truth tables T T T
T|T]|F
.2 Exerci
3 gpse TTFIT
1. a. Opinion T F F
b. Indeterminate without further information F I T T
c. True statement P T v
d. Question E : =l .
e. Near-statement
2. a. The car has 4 seats. F F F
The car has air conditioning. b. 7 2 = : 7 P = s
b. The Department of Finance was over budget last year. T T IT T F T IT |T
The Department of Defence was over budget last year. f
c. Bob went to the hotel. LT AT UTRE E ) )
Carol went to the hotel. T T |F T F T |F T
Ted went to the hotel. T T |F |F F I F F
Alice went to the hotel. T F T T F F T T |
d. To be a best-seller a novel must be interesting to the T |FE|T | F FIFIT |F
reader. :
To be a best-seller a novel must be relevant to the reader. T |F F T F F F T
e. Sam will win the trophy. T |F |F |F |F |F |F [F |

Nancy will win the trophy. 16 ways
. You can choose vanilla 1ce-<.:ream for dessert. c. See the table at the bottom of the page. *
You can choose strawberry ice-cream for dessert. 5 a 2 -

You can choose fruit for dessert. p = John passed. P | q
g. There are some statements that cannot be proved to be q = Ziapassed.

true. r = David passed.
There are some statements that cannot be proved to be

false.

DPAGAT
T

PANGAT

3 _
h. Most of my friends studied Mathematics. 2" =8 rows

Most of my friends studied Physics.
Most of my friends studied Engineering.
Most of my friends studied Law.

Most of my friends studied Arts.

3. a. John and Mary rode their bicycles to school.

oyl i3 333
sl A R N s e R e R
es i el e N s LR e R sl B
o|=™|™|™|(T™ | ™™

b. The book you want is in row 3 or 4.
c. The weather is cold and cloudy.

d. Many people read novels or history.

*
>
)

CIEIGIGIGIEIGIGE
CIEIGIGIGIEIGIGES
I I I I I I I
I ICIEIE I IS IS
o1l e e -
I %l% =] 3 HtiJ
~ﬁ+1A%41rm ﬁum>m‘a
I I I IS I I
I ICICIE I IS I
I ICIE I IE TSI
m| | | m| | | e
CIGIGIGIGIEIGIGES
|| m| w3
M IEIEIEICIEIER
I I ICIE IS I TSI
m| || m| | e e
I I
LI IE I
oo 21| 1 e -
m.H ) erm va H'ﬁ

32 ways
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Alice does the dishes.

Renzo does the dishes.
r = Carla does the dishes.

female member

student

r = professor

p
q

P
q

b.
c




' p g4 pvg
T T F
T F T
F T T
F | F T
“'p | ¢  r @pvovr
T T T T
T T F T
T | F | T T
T F F T
F T T T
F T F T
F F T T
F F F F
8. a. It is raining and I bring my umbrella.
b. It is raining or I bring my umbrella.
c. It is not raining and I bring my umbrella.
9. a. Peter and Quentin like football.
b. Peter or Quentin like football.
c. Peter likes football and Quentin does not like football.
Y p | g | ~ove | (pA-g |
| T T F F '
T F F F
F T F F
F F T T
" p | ¢ | -ve  -pvg
T T F F
T F F T
F T F T
F F T T
Not equivalent
22 p g (A9 —p @AQV-p @ve @V AP
T | T | T F T T F
T F F F F T F
F T F T T T T
F F F T T F F
Not equivalent
“p 4 Vo -p PVOV-Pp . evp)
T T T F T T
T F T F T T
F T T T T T
F F F T T T
Equivalent
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-
(]

I I I I
I I I I I I
T TR T R T

F F

Not equivalent

I I I I T
I I I T
s ResElssE M sl e s B e s Mol
w1

Equivalent

s Bl R R Rl sl e s R R
el e A e R e e A e
I R
CICIEIEIEIEIEIE!

F

Equivalent
b. Brackets have no effect on expressions with a single V or A operator, but they do have an effect if they are mixed up together.

3.2 Exam questions

Note: Mark allocations are available with the fully worked solutions online.
1.




3.3 Valid and invalid arguments

3.3 Exercise
1.

p qg | p | g @-9 (=g — —p)
T T F F T T
T F F T F F
F T T F T T
F F T T T T
Equivalent.
2 g | q @E-9 (=p -9
T T @ F F T T
T F F T F T
F | T T F T F
'F | F | T | T T T

Not equivalent.

3. Implication: If it is bread then it is made with flour.
Converse: If it is made with flour then it is bread.
Contrapositive: If it is not made with flour then it is not bread.
Inverse: If it is not bread then it is not made with flour.
4. a. Premise: All cats are fluffy.
Premise: My pet is a cat.
Conclusion: My pet is fluffy.
b. Premise: All even numbers are divisible by themselves and 2.
Premise: Prime numbers are divisible by themselves and 1.
Conclusion: Two is the only even prime number.

c. Premise: Growing apples depends on good water.
Premise: Good water depends on good irrigation.
Conclusion: Growing apples depends on good irrigation.
5. a and c are valid.
6. b. All footballers are fit. d. Cannot be made into a valid argument.
David is not fit.
David is not a footballer.
e. All musicians can read music.
Louise is a musician.
Louise can read music.

p q pVq 4
T T T F
T F T F
R T T T
F F F T

Conclusion is true whenever all premises are true (3rd row), thus a valid argument.
8. a.

p—q q—r p—or J
T T T

=
=

ool e ol Mool ieol Ml I I

ool Il Mol B B s M e sl R

el Hieoll o | BLr N ipoll Me sl (Il !

GG
I
IR
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Conclusion is true whenever all premises are true (1st, Sth, 7th and 8th rows), thus a valid argument.

b p q p—q -q P
T T T F F
T F F T F
F T T F T
F F T T T
Conclusion is true whenever all premises are true (4th row), thus a valid argument.
Sl p q r s p—q r—s P—ogAr—s PAr gAs
T T T T T T T T T
T T T F T F F T F
T T F T T T T F T
T T F F T T T F F
T F T T F T F T F
T F T F F F F T F
T F F T F T F F F
T F F F F T F F F
F T T T T T T F T
F T T F T F F F F
F T F T T T T F T
F T F F T T T F F
F F T T T T T F F
F F T F T F F F F
F F F T T T T F F
F F F F T T T F F
Conclusion is true whenever all premises are true (1st row), thus a valid argument.
9. a. Disjunctive syllogism
b. Modus tollens
c. Modus ponens
10.
p q p—q P | 9
T T T F F
T F F F T
F T T T F
F F T T T

Since premises are both true in row 3 and 4, but conclusion is false in row 3 then this is not a valid argument.

M1.p—>gq
=B
q
p = If elected with a majority
q = My government will introduce new tax laws
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1<

Premises are both true in rows 3 and 4, but conclusion is false in row 3 therefore this is not a valid argument.

I I I
I I I I
= | = =T

Hl3| 3|33 3T
el e Bl el el Bl e

I I IGHE T EIE

Valid argument.

CIE I TR IR IR =
o w3 =S| | | 8] s
I I I R
S| 3| | = | |
I TR

sy

Invalid argument.

IR I

F

Invalid argument.

Valid - hypothetical syllogism
. Invalid

Valid — modus tollens
. Valid - constructive dilemma







3.3 Exam questions

Note: Mark allocations are available with the fully worked

solutions online.
1. The argument is valid.

2. The statements are equivalent.

3. Sample responses can be found in the worked solutions in the

online resources.

3.4 Boolean algebra and digital logic

3.4 Exercise
“A B|A AB|A+A’-B A+B
olo| 1] o o | o
ol1] 1| 1 1 1
1|00 o 1 1
1]1]0]| o 1 1
Z2la|B|a-B @By |a" | B [a +B
0/o0| o 1 Tl 1
0]1] o 1 10 1
1ol o 1 01 1
11| 1 0 0.0 0
“A|BA+B “+B) A |B B
0/0, o 1 RN
01 1 0 Lo o
1o 1 0 0| 1 0
TIFTR 1 0 0olo]| o
3.a A b.A-B-C'
4.2 A+B b.A"-B-C
5.a. A b. B’
6.a. 1 b. 0
7. 5 y Q
0o o0 o
o | 1 | o
1 o0 o
S N
8. a P y = Q
ol o o o
| O S
ol 1|0 o
o | 1 | 1|1
0o o | o
T o] 1 1
1] 1] 0| 1
T | 1] 1|1
b O=(xy)+z

ol B K= =)
—|lol~|ol=
=l oo =0

b. Used where there are 2 people who can activate the light
separately.

10. /
y ©
P—p—0 y O——

9

S
A

11.

a b c Output
0 0 0 0
0 0 1 1
Lol 1o 1
0 1 1 1
1 0 0 1
1 0 1 1
1 1 0 1
1 1 1 1
120 b c Output
0 0 0 1
0 0 1 1
0 1 0 1
0 1 1 1
1 0 0 1
1 0 1 0
1 1 0 0
1 1 1 0
13- a. [ ’ b c Output
0 | 0 0 1
(%0 B 1 1
0 | 1 0 1
0o [ 1 1 1
1| oo 1
1 0 1 0
1 1 0 0
1T 1 |1 0

b. Same truth table as question 12
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il b c d Output

o o] ol o 0
0| o o | 1 0
ol o] 1] o 1
0 | o | 1 1 0
0 1 | o] o 0
0 1 | o | 1 0
0 1 1 0 1
0 1 1 1 0
1 | o 0o o 1
1 | o] o1 1
i el il s 1
1 | o | 1 1 1
1 1 | o] o 0
1 1 [ o[ 1 0
1 1 1 | o 1
1 1 1 1 0

Balfs1 [ 2] a b ¢ 0] R

ol o] ool 1] o] o

0 1 0 1 [ o] o o

1 |0 1 o | 1o 1

1 1 1 A 0

b. When S1 =0, the system is disabled; the safe can’t be
opened.
When S1 =1 and S2 = 0, the alarm rings.
When S1 =1 and S2 = 1, the safe can be opened.
16. a. Sample responses can be found in the worked solutions
in the online resources.

17. Sample responses can be found in the worked solutions in
the online resources.

18. a
e
C

19. a

3.4 Exam questions

Note: Mark allocations are available with the fully worked

solutions online.

1. Sample responses can be found in the worked solutions in the
online resources.

2. F=(a-b)+(c-d)

3. Sample responses can be found in the worked solutions in the
online resources.

3.5 Sets and Boolean algebra

3.5 Exercise
1. Sample responses can be found in the worked solutions in
the online resources.

2. Sample responses can be found in the worked solutions in
the online resources.

3.a.A=1{2,4,6,8,10,12,14,16, 18}
b. B=1{4,8,12,16,...}
c. C={2}
d. D = {Jack, Queen, King}
eeE=9
£.F={9,8,7,6, ..}

4.A,C,D, E

e,
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8.

10.

11.

12.

13.

14.

15.

()
aY

a. {4}

b.{1,2,3,4,5,6,7,8,9, 10}

c.{1,2,3,4,5,6,7,8,9, 10}

d. {1,2,3,4,5,6,7,8,9, 10}

e. {1,2,3,4,5,6,7,8,9, 10}

a. (BuC)={1,2,4,6,8,9, 10}

b. AN(BUC)=1{1,2,4,6,8,9, 10}

c. ANC)={1,4,9}

d. (ANnB)=1{2,4,6,8,10}

e. ANB)UANC)={1,2,4,6,8,9, 10}

Part 1: Show that (A-B)+ (A’ +B')=1.

A-B)+A +BY=A+A"+B)-B+A"+B)
=(I+B)-A'+D
=0
=1/ QED

Part 2: Show that (A-B)- (4" + B')=0.

(A-B)-(A'+B)=A-B-A'+A-B-B

=0-B+A-0
=0+0
=0 QED
a.A+B
b. [
c.A+B
d.A-B

Sample responses can be found in the worked solutions in
the online resources.

PAQAP=(P-Q)-P'=(P-P)-0=0-0=0

pA-p=P-P'=0 QED
a.A+B+A" +B =A4+A 4+ B+B =1+1=1
.(A+B)-A"-B=A-A'""B+B-A"-B
=0-B+0-A'=0+0=0
.(A+B)-A+B)Y=(A+B)-A+(A+B)-B
=A+A=A
d.A-B+C-A" +B)=A-B+C-(A-B)
=A-B+C

o

(2]

a.iii. ' +b

T

d.a-b

e.(a-b) +b

g1

b 0

a b (a-b)’ (@a-b) +b
o | 0o | 1 1
0 1 1 1
1 0 1 1
1 1 0 1

3.5 Exam questions
Note: Mark allocations are available with the fully worked

solutions online.
1. They are equivalent.

2. C

3. Sample responses can be found in the worked solutions in the

online resources.

3.6 Algorithms and pseudocode

3.6 Exercise

1. begin
numeric radius, circumference, area
display ‘Enter the radius’
input radius
circumference =2 * Pi * r
area=Pi*r*r
display ‘The circumference of the circle is’,
circumference
display ‘The area of the circle is’, area
end
2. begin
numeric length, area, perimeter
display ‘Enter the length’
input length
perimeter = 4 * length
area = length * length
display ‘The perimeter of the square is’, perimeter
display ‘The area of the square is’, area
end
3. begin
numeric numl, num?2, avg
display ‘Enter the first number’
input num1
display ‘Enter the second number’
input num?2
avg = (numl + num2) /2
display ‘The average of the two numbers is’, avg
end
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4. begin

numeric height, radius, volume

display ‘Enter the height of the cone’

input height

display ‘Enter the radius of the cone’

input radius

volume =Pi *r*r*h/3

display ‘The volume of the cone is’, volume
end

5. begin

numeric length, base, height, area
display ‘Enter the base length of the parallelogram’
input base
display ‘Enter the height of the parallelogram’
input height
area = base * height
display ‘The area of the parallelogram is’, area
end

6. begin

numeric mark, totalmarks, grade
display ‘Enter the total marks of the test’
input totalmarks
display ‘Enter the mark obtained on the test’
input mark
grade = mark / totalmarks * 100
if (grade >= 50) then
display ‘Pass’
endif
if (grade < 50) then
display ‘Fail’
endif
end

7. begin

numeric numl, num2, num3, minx
display ‘Enter the first number’
input num1
display ‘Enter the second number’
input num2
display ‘Enter the third number’
input num3
if (num1 < num?2) then

minx = numl
else

minx = num2
endif
if (num3 < minx) then

minx = num3
endif
display ‘The minimum of the three numbers is’, minx

end

8. begin

numeric num

display ‘Enter an integer’

input num

if (mod(num?2) == 0 ) then
display ‘The number is even’

else
display ‘The number is odd’

endif

end

9. begin
numeric grade
display ‘Enter your grade’
input grade
if (grade >= 80) then
display ‘The resultis A’
elseif (grade >= 70) then
display ‘The result is B’
elseif (grade >= 60) then
display ‘The result is C’
elseif (grade >= 50) then
display ‘The result is D’
else
display ‘The result is E’
endif
end
10. begin
numeric age
display ‘Enter your age in years’
input age
if (age <= 12) then
display ‘Only a child’
elseif (age <= 19) then
display ‘Just a teenager’
elseif (age <= 29) then
display ‘In your twenties’
elseif (age <= 39) then
display ‘In your thirties’
elseif (age <= 49) then
display ‘In your forties’
elseif (age <= 59) then
display ‘In your fifties’
elseif (age <=99) then
display ‘You can retire’
else
display ‘“Wow over 100’
endif
end
11. begin
numeric monthcode
disp ‘Enter a number 1-12 to represent the month of the
year’
input monthcode
disp ‘The month is’
case 1
display ‘January’
break
case 2
display ‘February’
break
case 3
display ‘March’
break
case 4
display ‘April’
break
case 5
display ‘May’
break
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12.

13.

case 6
display ‘June’
break

case 7
display ‘July’
break

case 8
display ‘August’
break

case 9
display ‘September
break

case 10
display ‘October’
break

case 11
display ‘November’
break

case 12
display ‘December’
break

default
display ‘Not a valid month value’
break

]

end
begin
char letter
disp ‘Enter a letter’
input letter
case ‘A’ or ‘@’
display ‘Yes it is a vowel’
break
case ‘E’ or ‘e’
display ‘Yes it is a vowel’
break
case ‘I’ or 1’
display ‘Yes it is a vowel’
break
case ‘O’ or ‘0’
display ‘Yes it is a vowel’
break
case ‘U’ or ‘w’
display ‘Yes it is a vowel’
break
default
display ‘Not a vowel’
break
end
begin
numeric numl, num?2, sum, difference, product,
quotient, operation
disp ‘Enter two numbers’
input num1, num2
disp ‘Enter a number 1 for addition of the two numbers’
disp ‘Enter a number 2 for subtraction of the two
numbers’
disp ‘Enter a number 3 for the product of the two
numbers’
disp ‘Enter a number 4 for the quotient of the two
numbers’
input operation

14.

15.

16.

17.

case 1
sum = numl + num?2
display ‘The sum of the two numbers is’, sum
break
case 2
difference = num1 - num2
display ‘The difference of the two numbers is’,
difference
break
case 3
product = num1 * num?2
display ‘The product of the two numbers is’, product
break
case 4
quotient = numl / num?2
display 'The quotient of the two numbers is’,
quotient
break
default
display ‘Not a valid operation code’
break
end
begin
numeric counter,
disp ‘Value Square Root’
for (counter = 1, 10)
begin
display counter, sqrt(counter)
endfor
end
begin
numeric counter, number, sum
sum =0
for (counter = 1, 100)
sum = sum + counter
endfor
disp ‘The sum of the first 100 numbers is’, sum
end

begin
numeric counter, number, finalvalue, sum
sum =0

disp ‘Enter a number’
input finalvalue
for (counter = 1, finalvalue, 2)
sum = sum + counter
endfor
disp ‘The sum of the odd numbers from 1 to’,
finalvalue, ‘is’, sum

end

begin
numeric counter, number, fact
fact=1

disp ‘Enter a number’
input number
for (counter = 1, number)
fact = fact * counter
endfor
disp ‘The value of”, number, ‘factorial is’, fact
end
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18. begin

numeric nextfib, lastfib, beforefib

lastfib =1

beforefib = 1

disp lastfib, beforefib

disp ‘Enter a number’

input number

for (counter = 1, number)
nextfib = lastfib + beforefib
disp nextfib
beforefib = lastfib
lastfib = nextfib

endfor
end
19. begin
numeric counter
counter = 1

display ‘Number Square Root’
while (counter <= 10)
display counter, sqrt(counter)
counter = counter + 1
endwhile
end
20. begin
numeric counter, number, sum
sum =0
counter =0
while (counter <= 100)
sum = sum + counter
counter = counter + 1
endwhile

disp ‘The sum of the first 100 numbers is’, sum

end
21. begin

numeric counter, number, finalvalue, sum

sum = 1

disp ‘Enter a number’

input finalvalue

counter = 1

while (counter <= finalvalue)
sum = sum + counter
counter = counter + 2

endwhile

disp ‘The sum of the odd numbers from 1 to’,

finalvalue, ‘is’, sum

end
22. begin
numeric counter, number, fact
fact=1
counter = 1

disp ‘Enter a number’

input number

while (counter <= number)
fact = fact * counter
counter = counter + 1

endwhile

disp ‘The value of’, number, ‘factorial is’, fact

end

23. begin
numeric counter, number, sum, average
sum =0
number = 0
counter =0
while (number !=-1)
disp ‘Enter a number’
input number
sum = sum + number
counter = counter + 1
endwhile
average = (sum + 1) / (counter - 1)
disp ‘The average of all the number is’, average
end
24. begin
numeric tries, guess, randnum
tries =0
guess =0
randnum = randInt(1,100)
while (guess !=randnum)
disp ‘Enter a number’
input guess
tries = tries + 1
if (guess > randnum) then
disp ‘Too high’
endif
if (guess < randnum) then
disp ‘Too low’
endif
endwhile
disp ‘Yes correct number you guessed it in’, tries,
‘guesses’
end
25. begin
numeric x1, x2, x3
disp ‘Enter three numbers’
input x1, x2, x3
if (x1 <x2) and (x2 < x3) and (x1 < x3) then
disp x1, x2, x3
endif
if (x1 <x2) and (x3 < x2) and (x1 < x3) then
disp x1, x3, x2
endif
if (x2 < x1) and (x2 < x3) and (x1 < x3) then
disp x2, x1, x3
endif
if (x2 < x1) and (x2 < x3) and (x3 < x1) then
disp x2, x3, x1
endif
if (x1 <x2) and (x3 < x2) and (x3 < x1) then
disp x3, x1, x2
endif
if (x2 <x1) and (x3 < x2) and (x3 < x1) then
disp x3, x2, x1
endif
end
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3.6 Exam questions

Note: Mark allocations are available with the fully worked solutions online.
1. begin

numeric radius, height, volume

display ‘Enter the radius’

input radius

display ‘Enter the height’

input height

volume =pi *r **2 * h

display ‘The volume of the cylinder is’, volume

end
2. a. begin
numeric c, f
display ‘Enter the temperature in Fahrenheit’
input f
c=5/9%*(f-32)
display ‘The equivalent temperature in Centigrade is’, ¢
end
b. begin
numeric ¢, f
display ‘Centigrade Fahrenheit’
for (c =0, 40, 2)
f=32+9%c/5
display c, f
endfor
end
3. begin

numeric a, b, ¢, delta, x1, x2
display ‘Enter the values of a, b and ¢’

inputa, b, ¢
delta=b*b-4*a*c
if (delta > 0) then

x1 = (-b + sqrt(delta)) / (2 * a)
x2 = (-b - sqrt(delta)) / (2 * a)
disp ‘There are two solutions’ x1, ‘and’, x2
elseif (delta == 0 ) then
xl=-b/(2*a)
display ‘There is one solution’ x1
else
display ‘There are no real solutions’
endif
end

3.7 Review

3.7 Exercise
Technology free: short answer

1.a. mAj
b.cVWAS)
c.lAeAp
“p g | @A | (wA-g @AV (—pA—g)
T T F T
T F F F F
F T F F F
F F F T T

3. Converse: If she sends her children to good schools, the politician is intelligent.
Contrapositive: If she doesn’t send her children to good schools, the politician is not intelligent.
Inverse: If a politician isn’t intelligent she doesn’t send her children to good schools.
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ol 1 g -r—1 -l—g r =l
T T T T T T F *
T T F T T T F *
T F T T T T T
T F F T F T T
F T T T T F F
F T F T T F F
F F T F T F T
F F F F F F T

The conclusion (column 7) is false when the premises (columns 4, 5, 6) are all true (*). Invalid argument.

5.a. {11,13,17,19,31,41,61,71,91}

b.{2,3,5,7,11,13,16,17,23,29,31,37,41,43,47,53,59,61,67,71,73,79, 83, 89,91,97}

c. {61}
6. (A+A"-B)-(B+B-0)
A+A"-B)-(B-I+B-C) {B-1=B}
A+A -B) -B(I+ C) {Distributive Law}
=(A+A"-B)-B-1I {I+c==n
=A-B-I+A'-B-B-I {Distributive Law}
=A-B+A'-B {B-1=B,B-B =B}

=
=

=(A+A")-B {Distributive Law}
=I-B A+A' =1
=B QED

C =

Technology active: multiple choice

8. A

9.
10.
11.
12,
13.
14.
15.
16.
17.

O » Q0 >» 00Mm

os]

Technology active: extended response
18.a. S1 = (g—n) Ala— o)
S2=-nV-c
S3=-gV-a
Premises (S1, S2) are all true in rows 4, 12, 13, 15, 16
Conclusion (S3) is true in rows 3,4, 7, 8,9, 10, 11, 12, 13, 14, 15, 16

Conclusion is true when premises are true, so this is a valid argument.
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b g n a c g—n a—c S1 S2=-nV -c S3=-gV-a
T T T T T T T F F
T T T F T F F T F
T T F T T T T F T
T T F F T T T T T
T F T T F T F T F
T F T F F F F T F
T F F T F T F T T
T F F F F T F T T
F T T T T T T F T
F T T F T F F T T
F T F T T T T F T
F T F F T T T T T
F F T T T T T T T
F F T F T F F T T
F F F T T T T T T
F F F F T T T T T

c. Premises S1 and S2 are all true in rows 4, 12, 13, 15 and 16. Conclusion is true when premises are true. Therefore a valid
argument.

S
S

GGG ICIEIGIGIEIEIEIEI N

—-d—a

[
il
&

e Bl ol s R L N Bl Mool s R L e o B s B I B B A

el sl Mol Mool LR I Bl e ol e sl ool e s R L R I R R
el Ll sl el e o N N Mol Bl e o B Bl el B B s B R oo B L B

e R T - T A IR AR R T AR I TR R

I IR T T TR I R R )

I I IS T T TR LI R I
I I I I T I I T R T T

T
—

Argument is valid because conclusion is true when all premises are true (row 15).
e. Sample responses can be found in the worked solutions in the online resources.

19. a-d. b . 0 R S T
0 0 1 0 0 0
0 1 0 1 0 0
1 0 0 0 1 0
1 1 0 0 0 1

e. This circuit ‘decodes’ or distinguishes the inputs, which are 00,01, 10 and 11.

Only one of the outputs = 1 for each of the 4 possible inputs
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f. 3-bit: 3 NOT, 8 AND
4-bit: 4 NOT and 16 AND
n-bit: n NOT and 2" AND
20. a. begin
numeric feet, inches, cms
disp ‘Enter the height feet then inches’
input feet, inches
cms = (12 * feet + inches) * 2.54
disp ‘That height is’, cms, ‘cm’
end
b. begin
numeric feet, inches, cms
disp ‘Enter the height in cm’
input cms
inches = cms / 2.54
feet = inches div 12
inches = inches mod 12
disp ‘That height is’, feet, ‘feet’, inches, ‘inches’
end
c. begin
numeric counter, feet, inches, cms
disp ‘feet inches cms’

inches = 4
feet=4
counter =0

while (counter <= 12)
counter = counter + 1
inches = inches + 2
if (inches == 12) then

begin
inches =0
feet = feet + 1
endif

cms = (12 * feet + inches) * 2.54
disp feet, inches, cm

endwhile

end

3.7 Exam questions

Note: Mark allocations are available with the fully worked solutions online.
1. C

2.C

3.E

4. They are not equivalent.

5. Sample responses can be found in the worked solutions in the online resources.
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4 Proof and number

LEARNING SEQUENCE

4.1 OVOrVIOWES "’ o ... . W A
4.2 Number systems and mathematical statements

4.3 Direct and indirect methods of proof ...,
4.4 Proofs with rational and irrational numbers ...

4.5 Proof by mathematical induction ......

4.6 Proof of divisibility using induction

4.7 Review

Fully worked solutions for this topic are available online.
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4.1 Overview

Hey students! Bring these pages to life online

Watch
videos

Engage with
interactivities

Answer questions
and check results

Find all this and MORE in jacPLUS (C)

In your study of mathematics, you have already used a number of
rules, for example, Pythagoras’s theorem. Mathematicians like to be
certain that a rule is always true before they use it. They use proofs

to demonstrate this. Once something is proven, it is certain to be

true and it will always be true. Proofs make mathematics different

to the sciences, because they are not like theories. (A theory is the
best current explanation for our observations, and may be replaced by
a better theory sometime in the future.)

In Greece during the fifth century BCE, philosophers developed the
idea of proving that a mathematical statement or proposition was
true. To do this they needed to agree on the definitions of some basic
terms. Also, to have starting points for their arguments, they needed
to agree that some basic statements, called axioms, were true. Once a
statement was proven true using a rigorous logic