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Paintings throughout history rely on sfrict mathematical foundations. They paved the way in
perspective and grid structures, highlighting the thought process and infricate construction
behind art. This extreme pointillism illustration has now taken the paintings one step further
remixing and reducing Vermeer's Girl with a Pearl Earring to a simple mathematical colour dot
equation. Girl with a Pearl Earring for the Twitter generation.
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Left: Girl with a Pearl Earring remixed, © Gary Andrew Clarke

00000000

Right: Girl with a Pearl Earring, c.1665-6 (oil on canvas), Jan
Vermeer (1632—~/5) The Bridgeman Art library/Mauritshuis, The Hague
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PREFACE

First published in 2000, New Century Maths

12 Mathematics General 2 HSC course has
been rewritten for the new Mathematics General
syllabus (2012). In this book, teachers will find
those familiar features that have made New
Century Maths a leading mathematics series, such
as clear worked examples, graded exercises,
syllabus codes and references, Investigation,
Technology, SkillCheck pre-chapter exercises,
worked solutions to exercises, Topic overview with
mind maps, glossaries, worksheets and topic fests.

The Mathematics General 2 course is designed for
students who will work or study in fields that require
a good mathematical or statistical background.
We have endeavoured fo produce a practical

fext that captures the spirit of the course, providing
relevant and meaningful examples of mathematics
being used in society and industry. This 3rd edition
also heralds the new interactive NelsonNetBook
version of the text, and the NelsonNet student and
teacher websites of print and multimedia resources.

We thank our families for their continued support
and patience, and Alan Stewart and Anna Pang for
swiftly transforming our manuscript info this fine fext.
Finally, we wish all teachers and students using this
book every success in embracing twentyirst century
mathematics in the classroom and beyond.

was head feacher of
mathematics at Ambarvale High School in
Campbelliown and has taught at Lurea and
Grantham high schools. He was a senior HSC
examiner and has worked on the HSC Advice
line. Klaas has been the lead author of the New
Century Maths 910 series since 1995, including

new editions for the Australian Curriculum in NSW.

teaches at Abbotsleigh School
in Wahroonga and has taught at Meriden and
Tara Anglican schools. Her expertise is in using
modelling, problem solving and ICT for the
effective learning of mathematics, and she has
presented workshops both nafionally and for
MANSW. Sarah is a co-author of the new editions
of New Century Maths 910 for the Australian
Curriculum in NSWV.

has extensive experience
writing units of work designed for distance
education and was Manager at TAFE's distance
education unit, OTEN (Open Training and
Education Network). She has served on the
executive board of MANSW (the Mathematical
Association of NSW), managed its postsecondary
programs and has presented at both MANSW

and TAFE conferences.

has taught at Hurlstone Agricultural,
Ambarvale and Eagle Vale high schools in
southwest Sydney. He has coedited Reflections,
the MANSW journal, and written the General
Mathematics HSC study guides for The Sydney
Morning Herald. Robert has been writing for New
Century Maths since 1995 and now works for
Cengage learing as a series edifor.

wrote and edited many of the
NelsonNet print resources [blackline masters) and
teaches at Bulli High School.

wrote the topic fests.

wrote the worked solutions to
all exercise sets.

NCM 12. Mathematics General 2
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USER’S
GUIDE

AT THE BEGINNING OF
EACH CHAPTER

® FEach chapter begins on a doublepage
spread with a Chapter outline showing
the content of the chapter with syllabus
codes, a list of content descriptions,
and a Terminology word list.

e SkillCheck reviews prerequisite skills and
knowledge for the chapter.

HEALTH AND MEDICINE

US swimmer Michael Phelps won his 18t Olympic gold medal af the 2012 London Games fo
bring his medal ally fo 18 gold, 2 sier and 2 bronze over fhiee Olympic Games. A confribuiing
factor fo his success s his height {193 cm) and arm span [200 cm). His arm span is ofien referred
o as his ‘wingspan', because he flies through the water.

TERMINOLOGY
CHAPTER OUTLINE

biometic data bivariate dota causality
. 801 Scotrplots of body concstn corelation corelation coefficient 1
losage diip rale leastsquares
reesuenes Ife expeciang fine of i finear
FSHel 802  Corelation ¢ < e eeeconey i i il
FSHel 803 leasksquares line of best fi :;Z%:W '“;5“"3\'/‘:'" m': j("“ ©
MM, FSHe2 804  Rotios, rates and percentage - 1 <d pasth } o ‘
oo ? regression scatter plot solufion
FSHe2 805 Concentations song rendine weok
FSHe2 806 Medicine dosage
FSHe3 807 L expeciancy .
FSHe3 808 Scater plots of fe Skillcheck
erpecioney 1 Convert:
a 500gtokg b 3000000 mgtog ¢ 684gomg
F 2 Ify=0.85x+22.5, find the value of:

a ywhenx=180 b xwheny=35.25
Find the gradient of the line that passes through (-1, 5) and (4, 8).
Increase $600 by 5%, then decrease the result by 5%.

I£ 15 out of 130 females smoke, what percentage of females do not smoke? Answer
correct to three significant figures.

©

LIS

o

A1 L salt solution contains water and 50 mL of salt. Find the ratio of:

a salt to water b salt to solution.

8-01 Scatter plots of body measurements

A scatter plot or scattergram is a graph of points on the number plane. Each point represents
the values of two different variables, so scatier plots represent bivariate data (data relating o
two variables). By observing the patiern of the dots in a scatter plof, we can find the direction and
stength of the relationship represented. The closer the dots, the: sironger the relafionship.

b <

‘moderate positive weak negative

@ NCM 12. Mathematics General 2 158N 9780170238977
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A drug solution for a child contains the drug in the concentration 50 pg/mL of solution.
@ How many milligrams of the drug are needed to make 100 mL of the solution?
b How many litres of the solution contain 2 g of the drug?

Solution

a  Concentration = 50 ug/mL
Amount of drug in 100 mL = 100 x 50 pg

=5000 g
=5mg 1 mg =1 000 pg
b Concentration = 50 ug/mL
=0.000 05 g/mL 1g= 1000000 ug
Volume containing 2 g =2 +0.000 05 mL
=40 000 mL
=40L 1L=1000 mL
Exercise 8-05 Concentrations
1 Which of the following is equal to 200 milligrams? Select A, B, € or D. @
A 02g B 200000 g € 0.002kg D 02ug
2 Convert:
a 50mgroug b S0kgtog c 100gtomg
d 650mLtwl e 7Smgtog f 105LwomL

3 Anurse described the concentration of a drug as 5 mg/mL. Describe what this means.

a

Which of these drug concentrations is the strongest (or most concentrated)?

Sclect A, B, € or D.

A 2mg/mL B Img/l0mL C sgL D 0.5mg/10mL
5 Asolution of 400 mL of disinfectant contains 24 g of alcohol. Express the concentration

o

@ How many grams of the drug are needed to make 500 mL of the solution?
b How many litres of the solution would 10 g of the drug make?

7 Assheep solution contains 5 g of cortisone per 20 mL of solution. If 350 sheep need 2.5 g
of cortisone each, how many litres of sheep solution are needed?

8 An antibiotic in a syrup has a concentration of 25 mg/mL. Calculate the:
@ number of millilitres of syrup that contain 200 mg of antibiotic

b number of grams of antibiotic in 1.5 L of syrup.

ing/L.
Asolution for a sick child contains a drug with a concentration of 8 mg/mL. m

15BN 9780170238977 8. Health and medicine @

JUST FOR THE RECORD
Quit for life

“The World Health Organisation estimates that more than 1 billion people in the world
are regular smokers, with 80% of smokers living in low- and middle-income countrics.
Each pack of cigarettes a person smokes reduces his or her life by 28 minutes and the life
expectancy of a typical smoker is reduced by 25 years.

During the 1960s, there was an increase in deaths from lung cancer and cardiovascular
disease. This was attributed to the increase in cigarette smoking. Public health campaigns
(such as grim warnings and images on cigarette packs), public health regulations (such

as bans on smoking in public places) and taxes on tobacco have all had an effect on the
reduction in smoking rates. Australia introduced plain packaging for cigarettes in 2012
with the aim of reducing the number of smokers from around 15% of the population to
10% by 2018.

How does plain packaging of cigarettes deter smoking?

‘ TECHNOLOGY: LIFE EXPECTANCY CALCULATORS

1 Search on the Internet for a life expectancy calculator like the one below.
It calculates life expectancy based on age and country. It does not account
for sex, smoking status, height/weight, education, exercise, medical conditions,
diseases or injuries.
Calculate your Life Expectancy
Select Your Age’ IW_LI

Select Your Country’ [ Ruswwalia 7]

You are expected to live up to the age of 81.72. You have another 63 years to enjoy
life. So live happly.

»

Scarch on the Internct for another life expectancy caleulator that requires you to
answer more questions relating to your lifestyle and family so that it determines a
more accurate life expectancy value. Compare the answer given by this calculator to
the answer given by the calculator you found in Question 1.

©

A caleulator that shows how many years cigarette smoking can take out of your
lifespan can be found at the website www.uwhealth.org, clicking on Health
information, then Interactive tools under General health information, then
How does smoking affect your lifespan?

)

L a o

NCM 12. Mathematics General 2 1SBN 9780170238977

IN EACH CHAPTER

* Imporfant facts and formulas are
highlighted in 0 Summary box.

* GCraded exercises are linked to worked
examples and include multiple-choice
questions, exam-style problems and realistic
applications.

® Worked solutions fo all exercise questions
are provided on the NelsonNet teacher
website.

* Investigations explore the syllabus in
more detail, through group work, discovery
and modelling activities.

e Technology promotes ICT in the
classroom, using spreadsheets, graphics
caleulators and the Infernet.

e Just for the record contains inferesting
facts and applications of the mathematics
learnt in the chapter.

7 The heights and weights of cight teenagers were recorded.
Height (h em) 155 168 162 175 163 178 180 165
‘Weight (w kg) 50 73 55 84 62 76 80 59
@ Drawa scatter plot for the data.
b Describe the pattern of the data.
€ Describe the relationship between the student’s weight and height.
8 A paleontologist measured the thigh bone (femur) and upper arm bone (humerus) of
some fossils. The results are shown in the table.
Femur (f cm) 60 73 56 50 67 62 7 59
‘Humerus (h cm) 70 78 59 40 70 61 7 58

@ Plot the data on a scatter plot.
b Describe the relationship between the lengths of the two bones.

€ Do you think that there is a lincar relationship between femur and humerus lengths
in humans? Justify your answer.

.............................................

: ANCIENT BODY MEASUREMENTS
* In ancient and medieval times, people used parts of J J ’

the body to measure lengths.
A palm or handbreadth was the width of your four ) t

fingers pressed together and is about 7.5 cm.

Ahand span was the distance between thumb and
+ little finger when the fingers are spread and is about | P
225 em. 7
A foot was the length of King Henry T foot, defined as
+ 12 inches or about 30.5 cm. An average person’s foot today is 23.5 cm.

A cubit was the length of the forcarm, from elbow to tip of middle finger. Since people
© from ancient cultures differed in size, the cubit ranged from 44 cm to 52 cm. Today, the
* average adult cubit is 46 cm.

1 Show tha

: a 1 cubit=6palms b 1 cubit=2 spans ©  1span=3 palms

: 2 Noah’ark was described to be 300 cubits long, 50 cubits wide and 30 cubits high.

B Convert these measurements to:

© a spans b palms ¢ feet d  metres

13 Collect measurements for the cubit, foot, palm and span from 10-12 people.

@ Find the average for cach measurement and compare with the values given above.
I b Selectany two measurements, graph them on a scatter plot and determine
whether there is a relationship between them.

NCM 12. Mathematics General 2 ISBN 9780170238977
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Sample HSC problem

“The waist and hip sizes of 15 people were measured and recorded in this table.

wast@em ] 65 % 0 78 75 6 8 6 8 7 0 & 7 95 8
hip O cm) 8 100 108 102 95 88 12 8 102 78 100 105 95 109 101
@ Caleulate, correct to two decimal places, the mean and standard deviation of:

o

i the waist values it the hip values

Given that the correlation coefficient of this data is 0.85, find the equation of the least-
squares line of best it for this data

Use the equation to estimate (to the nearest centimetre):

i the hip of a person who has a waist of 70 em

i the waist of a person whose hip measurement is 100 cm.

Study tip

Keeping it all in perspective 7

There is lfe affr the HSC. Despite
wht many people will el you, s
not the most important fime in your
lfe. Sure, itis one of the furming
poins, but 12 months from now the
HSC will be a distant memory and
you'll be loughing about how much
siress it caused you,

Every yeor when the high achisvers of
the HSC are interviewed by the media, there are stories of hard work ond determination. But
these successfu sudents also kept it al in perspeciive and remembered fo mainfain bolance
in their lives. They didn't neglect their ofher needs: spor, recreation, going o, falking to their
fomilies, watching movies, sening fo music. So don' forge fo have a lfe. Plon fo do noting
once in a while. Breathe, live, exercise, meditate.

When planning your study, be aware that you only have a limited amount of fime. I is not
possible fo do everything, so make the most of the fime you do have and be prepared fo
compromise. Set realisic goals. Spend fime on whas important. Don't overcommit yourself
Be reasonoble and pracical in your expeciations

If you're making up for lost ime or past failures remember this: you cannol change the pasl,
50 don't dwel on it. Whats done is done. You only have confrol of your present and future.
Do the best you can now. Be movaled and confident. Start sudying foday.

CHAPTER REVIEW

Topic overview

This chapter, Health and medicine, examined the measurement, siatistics and algebra behind
body meosurements, medicine dosage and life expecioncy. You investigated the siaisicol
concepls of scateer plos, correlation and the leastsquares line of best f, and applied rates o
caleulate concentrations in medication and medicine dosages. Be sure fhat you understand how
1o use the formulas o find the correlation cosffcient, r, and the equation of he leastsauares
egression line. You should know how to drow lines offit by hand and using fechnology,
inferpret correlation and the siength of associion befween two variables [bivariate dta), and
b able fo calculate drip rotes and chidren’s medicine dosages using different formulas:

Moke a summary of i topic. Use the ouline at the sor ofthe chapler as a guide. An incomplele
mind map has been prinfed below. Use your own words, symiools, diagrams, boses ond
reminders fo complete . Goin  ‘whole picire’ view of the fopic and idenfy any weok areas

HEALTH
AND
/ MEDICINE
squares
line of best
fit

&

Ratios,

rates and

percentage
change

AT THE END OF
EACH CHAPTER

Sample HSC problem demonstrates a
typical HSC question using content learnt
from the chapter.

Study tip provides useful advice for
senior students in revising coursework and
preparing for exams.

Topic overview concludes the chapter
and includes a mind map exercise.
Revision is a sef of review exercises that
are linked o the relevant exercise sef.
Practice papers after every three
chapters revise the skills and knowledge
of those chapters (the NelsonNet teacher
website also contains a Practice HSC
Exam and three Mini HSC exams).

AT THE END
OF THE BOOK

Instructional glossary describes
mathematical ‘doing” words and HSC-
exam-style keywords and verbs.
Mathematical glossary is ¢
comprehensive dictionary of course
ferminology.

All terms printed in red in this book
appear in the glossary.

Answers and Index are included.
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9 Caleulate, correct to 3 significant figures, the correlation coefficient for each set of
bir 01.

variate data from E:

Waist (cm) 1 s
Neck circumference (em) 25
Height (hem) | 155 168 162
Weight@hp) | 0 73 5s

following measurements for 10-15 people.
height

EagEml o B s
Himens@em] 0 7% 5

o6 6 ® B
003 molE oW

5168 18 180 tes

@ % s %

0 ¢ @ n w»
0 0 4 s

RRELATION OF BODY MEASUREMENTS

s a person’s height correlate with their other body measurements? Make the

arm span (distance between the middle fingertips when arms are outstretched)
head cireumference (measured at the widest point)
hand span (distance between thumb and little finger when hand is outstretched)

3 Isthere a strong or weak correlation?
14 Arethere any outlers?

©'5 Calculate the correlation coefficient correet to 4 decimal places.

: 6 Do you think that your results are typical of the Australian adult population?

7 What conclusions can you draw about the relationships between the two
measurements? Write a paragraph about your findings.

8-03 Least-squares line of best fit

S Lines of fit

Ifwo variables x and y graphed on o scatter plot show a skong
el

on, we car
e of it thiough the points and finding

@ NCM 12. Mathematics General 2

Aline of fit:

seN5760170236977

* represents most or all of the points as closely as possible

« goes through as many points as possible

* has roughly the same number of points above and below it

« is drawn so that the distances of points from the line are as small as possible

The heights and arm spans of

in the table (from Example 1).

Height(hom) | 190 192 19 188 197 187 194 198 195 199

ArmspaGemI 192 194 202 19 20 I8 196 20 197 20
@ Graph the data on a scatter plot and draw a line of fit o represent all data points.

b Find the equation of the line of fit.

€ Use the graph and the equation to estimate the arm span of a male swimmer who is

188 cm tall.

d  Use the graph and the equation to estimate the height of a male swimmer with an

arm span of 195 cm.

e Isit possible to predict the arm span of a female swimmer who s 165 cm tall>

Solution

@ Usea transparent ruler to draw a line:
of fi. Points not on the line should be
roughly equally-spaced from the line.

b The equation of the line i of the
form s=mih + b,

To find the gradient 1, choose two
points from the line, say (192, 194)
and (199, 202).

202194
" 199192
=l
7
= L1428...

~ 114 Rounding fo two decimal place:

ss=L14h+h

T find the vertical intercept , substitute one point on the line, say (199, 202) again.

9730170238577 8. Health and medicine SSHSNOSS

NELSONNET STUDENT
WEBSITE

Margin icons link fo print (PDF) and multimedia
resources found on the NelsonNet student website
www.nelsonnet.com.au. These include:

Worksheet  Skillsheet

Greedy pig Ratios
game

Worksheets that are write-in enabled PDFs
Skillsheets of examples and exercises of
prerequisite skills and knowledge
ExamView quizzes: inferactive and self-
marking.

NELSONNET TEACHER
WEBSITE

The NelsonNet teacher website, also af www.
nelsonnet.com.au, contains:

Teaching program, in Microsoft Word
and PDF formats

Topic tests, in Microsoft Word and PDF
formats

Worked solutions o each exercise sef
Chapter PDFs of the textbook
ExamView exam-writing software and
questionbanks

Resource Finder: search engine for
NelsonNet resources.

NELSONNETBOOK

NelsonNetBook is the digital interactive version
of this book found on NelsonNet.

* To each page of NelsonNetBook you

can add notes, voice and sound bites,

highlighting, weblinks and bookmarks

e Zoom aond Search functions
e Chapters can be customised for different

groups of students.
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FINANCIAL
MATHEMATICS

LOANS AND
ANNUITIES

Since the Global Financial Crisis (GFC) of 2008, people’s ideas and expectations about saving

for the future have changed significantly. Dramatic changes in the share market take longer fo

recover from, and there is a greater risk associated with investing in shares when their outcomes

are so uncertain. Recently, annuities have again become popular, especially for refirees, as

they are low-risk and involve investing money fo provide a series of guaranteed, regular payments

over a set number of years (or even for life). d

CHAPTER OUTLINE

FM4 101 Flot rate loans
1-02  Term payments
1-03  Reducing balance loans
1-04  Compound inferest
1-05  Credit cards
FM5  1-06  Future value of an annuity (FVA|
1-07  Present value of an annuity (PVA)
1-08  loan repayment tables \
1-09  Repaying a home loan




IN THIS CHAPTER YOU WILL:

e apply the simple inferest formula | = P to flat rate loans to calculate interest, repayments and
fotal amount repaid

e apply the simple interest formula to problems involving ferm payments

e use a table to calculate and examine the progress of a reducing balance loan

e use the compound interest formula FV = PV[T + 1" to calculate future value, present value and
compound inferest earned

e calculate the costs involved in credit card purchases, interest and fees

e use a future value table to calculate the future value of an annuity (FVA), the interest earned and

g the contribution per period

e use a present value table fo calculate the present value of an annuity (PVA), the inferest earned
and the confribution per period

e use a present value table to calculate loan repayments and the total amount repaid

e use a loan repayment table to calculate repayments, tofal amount and inferest paid for @
reducing balance loan

e calculate the fees and charges associated with a home loan

e compare different types of home loans using graphs and calculations, including different
payment options




TERMINOLOGY

annuity balance cash advance
compound inferest confribution credit card

deferred payment deposit fee

flat inferest flat rate loan future value

future value of an annuity (FVA) hire purchase inferestfree period
loan repayment table period present value

present value of an annuity (PVA) principal reducing balance loan
repayment term term payments

SkillCheck

1 How many:

e a fortnights in 18 months? b monthsin 25 years?
¢ weeks in 20 years? d quartersin 61 years?
2 Complete each blank.
caioion a 12%pa.= % per quarter b 8% p.a.= % per month
3 Evaluate each expression correct to two decimal places.
a 1000(1 +0.03)* ﬂm
Nt (1+0.008)
percentages 4 Find the simple interest earned when $5000 is invested for 8 years at 6.4% p.a.

(]

If $2500 is invested at 5% p.a. for 3 years, compounded yearly, find correct to the
nearest cent:

a the final amount of the investment
b the compound interest earned.

6 If $3000 is invested at 0.72% per month for 1 year, compounded monthly, find
correct to the nearest cent the compound interest earned.

1-01 Flat rate loans

A flat rate loan is one where simple (flat) interest is charged on the principal (loan amount)
for the term of the loan. Personal loans used for purchasing goods, such as cars or computers,
are examples of flat rate loans and usually have short terms of 1 to 5 years. Fees and charges
apply and can be added to the loan or paid upfront.

Simple inferest

Flat rate loan
repayments:
Spreadsheet
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The simple interest formula
I="Prn
where I = interest
P = principal or initial amount
7 = interest rate per period, expressed as a decimal

n = number of periods.

Billy borrowed $16 500 for 4 years at 9% p.a. flat interest to buy a new motorbike.
a How much interest does Billy have to pay?

b  What amount does he repay altogether?

¢ What s his monthly repayment?

Solution

a P=8%16500,r=0.09,2=4
I =P
=$16 500 x 0.09 x 4
= $5940
Billy pays $5940 in interest.
b Amount to repay = $16 500 + $5940  principal + interest

=$22 440
¢ Monthly repayment = $22 440 + 48 4 years = 4 x 12 months = 48 months
=$467.50

Lauren took out a personal loan for $8200 over 3 years at 12% p.a. flat interest to
buy a jet ski. The bank charges were stamp duty $39.50, loan insurance $67.50 and
establishment fee $130, and Lauren added these charges to the principal.

a Find her fortnightly repayment.
b  Find the interest saved if she paid the charges upfront.

ISBN 9780170238977 1. Loans and annuities @



Solution

a Total amount borrowed = $8200 + $39.50 + $67.50 + $130
=$8437

Interest is paid on the total amount borrowed, including bank charges.
P=$8437,r=0.12,n=3

I=Prn
=$8437x0.12 x 3
=$3037.32
Total amount to repay = $8437 + $3037.32 principal + interest
=$11474.32
Fortnightly repayment = $11 474.32 + 78 3 years = 3 x 26 fortnights
=$147.10666... = 78 fortnights
=$147.11 Always round up for repayments.
b P=$8200,=0.12,n=3
I1=Prn
=$8200x0.12 x 3
=$2952
Interest saved = $3037.32 — $2952

=$85.32

Exercise 1-01 Flat rate loans
1 Jake borrowed $12 000 at 10% p.a. flat interest over 5 years to buy a second-hand car.

a What total amount must he repay?
b What is his monthly repayment?

2 Jack invests $3000 for 1 year and 8 months. The flat rate of interest is calculated at 8%
per annum. What is the total value of the investment at the end of this period? Select the
correct answer A, B, C or D.

A $6400 B $3400 C $3432 D $3420

3 Georgia took a holiday loan of $13 500 at 15% p.a. flat interest to be repaid in
fortnightly repayments over 3 years.

a How much will her holiday cost altogether?
b How much is each fortnightly repayment?
¢ How much would she save if the interest rate was reduced to 14% p.a.?

4 Ziad obtained a $2900 loan at flat interest of 11.2% p.a. to buy a guitar. He paid monthly
repayments over 2 years.

a How much interest did he pay?
b What was the monthly repayment?

¢ How much less would he repay per month if the interest rate was reduced by 0.5%?
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5 Mai bought a new washing machine and dryer and borrowed $2300 to help with the
purchase. If the simple interest rate is 14.6% p.a. and the term of the loan is 18 months,
find her fortnightly repayment. Select A, B, € or D.

A $71.90 B $154.99 C §71.89 D $107.84

6 Santo bought a bed for $2850 and paid it off weekly over 18 months at 18.55% p.a.
flat interest. If the stamp duty of $29, establishment fee of $125 and loan protection
insurance of $45 were included in the amount borrowed, find:

a the amount borrowed
b the weekly repayment, correct to the nearest cent
¢ the amount of interest saved if the charges are paid up front.

7 Natalie borrows $14 500 over 3 years at 13.5% p.a. flat interest to help towards her
wedding. If she adds the $37.50 stamp duty and $115 per year loan insurance to the
amount borrowed, how much does she repay per month?

8 The NCM Bank advertised the following flat interest rates per annum for secured loans.

Amount of loan

Loan security
Greater than $20 000 $20 000 or less

New motor vehicle 9.4% 9.4%
Used motor vehicle 9.9% 10.75%
New or used motorbike, caravan or boat 10.49% 10.75%

Ali borrowed $22 500 over 5 years for a new car.
Bryce borrowed $9000 over 20 months for a second-hand motorbike.
Chloe borrowed $24 000 over 41 years for a new boat.
For each person find:
a the amount of interest charged
b their monthly repayment.
9 The Family Credit Union advertised the following personal loans.

Loan type Terms and conditions Interest rate (p.a.)

New car loan Loan availability—up to $40 000 9.25%
Maximum term—10 years

New computer loan  Loan availability—$2000 to $40 000 7.25%
Maximum term—>5 years

Other types Loan availability—$2000 to $40 000 8.5%

Maximum term—4 years

Calculate the repayment for each personal loan.
a $28400 for a new car to be repaid quarterly over 3 years.
b $32 000 for home improvements to be repaid fortnightly over 4 years.

¢ $2000 for a new computer to be repaid monthly over 18 months.
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‘ TECHNOLOGY: FLAT RATE LOAN REPAYMENTS

1  Create the spreadsheet shown to R "
calculate repayments per period for 2 B £ D
a flat rate loan. Enter appropriate 1] Princpal | $10,000
formulas for cells B6 to B8. , '"te'“ta")"e = ,
2  Show that the monthly repayment Te,,:.o; =
required to pay off a loan of 3 (years) 4
$10 000 in 4 years at 9% p.a. No. of periods
interest is $283.34. 4 per year 12
3 Change the values in your 5
spreadsheet (cells B1 to B4) to 6 _ Total Interest
calculate: Total amount to
a the monthly repayment needed 7 repay
to pay off a $6500 loan in 3 Repayment per
years at 6.5% p.a. interest 3 | penod
b the fortnightly repayment
required to pay off a loan of $4750 in 18 months at 8% p.a. interest.
4  Suppose you want to buy a car for $25 000. Find the current flat interest rate for a
car loan plus any fees and charges. If you can afford to repay $200 per month, would
you be able to pay the car off in 5 years?

1-02 Term payments
A term payments plan is

. Term payments means 'paying o.ff' an expensive item somefimes called hire
womenss OVET time, sometimes after a deposit is made. If the purchase because the
wreedhed - customer does not keep up with the regular payments, FUSfome_fl actually hilfeslfhe

higher interest may be charged or the item may be ”er.';lurrf' Itis complefely
paid off.
repossessed (taken back|.

A refrigerator is advertised for $1200 cash or on terms at 10% deposit and $57 per
month for 2 years. If buying on terms:

a how much more will the refrigerator cost than if it was bought for cash?

b what s the percentage flat rate of interest charged per annum, correct to one
decimal place?
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Solution

a Total cost on terms = 10% x $1200 + $57 x 24 2 years = 24 months
=$1488
Difference between terms and cash = $1488 — $1200
=$288 Interest paid
b  Balance after 10% deposit made = $1200 — 10% x $1200
=$1080
P=%1080,1=%288,n=2
I =Prn
$288 = $1080 x 7 x 2
=$21607
- $288
$2160
=0.13333...
=13.333... %
~13.3%

The flat rate of interest charged is 13.3% p.a.

m ‘Deferred’ means ‘delayed’
With a deferred payment plan, you do not make any

repayments until a later date, such as after three years.

"Two competing retail stores offered different deferred payment plans to customers
wanting to buy a dishwasher for $1350.

alik, BUY NOW
e 300 DAYSY

3

\ ‘t .n -~
NO DEPOSIT — NOTHING TO PAY FOR 2 YEARS!* -
at interest of 2.7% per month charged on *Flat interest of 0.11% per day charged on
|.__Unpaid balances from date of purchase. | outstanding amounts from date of purchase.

‘Unpaid balance’ and ‘outstanding amounts’ both mean the remaining

part of the loan still owing.
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a  Which plan should Peter choose if he wants more time to save up enough to pay off
the dishwasher before any interest is charged?

b Souki chose the Krazy Kitchens plan and had paid $800 when the 300 days were up.
How much does she owe now?

Solution

a  Awesome Appliances, because its deferred
payment period of 2 years is longer than

Krazy Kitchens’ period of 300 days. The outstanding amount is
b Outstanding amount = $1350 — $800‘ charged interest from the date
— $550 < of purchase.
I=%$550x%0.0011 x 300 P=$550, r=0.0011 per day,
=$181.50 n = 300 days
Total owing = $550 + $181.50
=$731.50

@ Exercise 1-02 Term payments

1 Del and Barry bought an old cottage for $11 000 for their farm. They paid 10% deposit
and monthly repayments of $360 for 4 years. How much interest did they pay by buying
on terms? Select A, B, C or D.

A $18380 B $17280 C $7380 D $6280

2 Scott purchased an engagement ring for $7560, paying $100 deposit and 7.2% p.a.
interest for 18 months. What was the total amount paid for the ring? Select A, B, € or D.

A $8365.68 B $8265.68 C $7460 D $8056.80

3 David and Sarah bought a second-hand motorhome for $19 500 to travel around
Australia. There were two options for paying for the motor home.

Plan A: 20% deposit and 36 monthly instalments of $595

Plan B: No deposit and monthly instalments over 4 years at 8.9% p.a.
By calculating and comparing, find which plan:

a charges more interest

b has lower monthly instalments.

4  Autocar is a car dealership selling new cars on terms.

Price includes registration costs, stamp duty and delivery for approved
customers. Price shown for base model and includes standard features only.
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Mazda 4-door Toyota Hybrid

$15 790 cash or $500 deposit and $26 990 cash or 10% deposit and

$92 per week over 5 years monthly payments at 11.9% p.a. over
3 years

a How much do you pay for the Toyota
Hybrid on Autocar’s terms?

b How much would you save on the
Peugeot 3-door hatch by paying cash
rather than term payments?

¢ Whatis the flat rate of interest per
annum, correct to one decimal place,

iStockphoto/delectus

charged on the Mazda 4-door if — ' .
making term payments? Peugeot 3-door hatch

d Give a possible reason Autocar charges  $29 990 cash or no deposit and
different rates of interest for different  fortnightly repayments at 8.7% p.a.
cars. over 2 years.

5 The Rosa Finance company had the

following agreement for purchasing [ Rosa -y

finance

Find:

Cash price of yacht $47 500

a the total cost of the yacht, Deposit $6500

including charges and allowing Trade-in allowance on old yacht ~ $5400

.. . Stamp duty $475

for trade-in if paying by cash Registration $1203
b the .monthl}f repayment if Flat interest rate of 15.8% p.a.

paying by hire pur chase Equal monthly repayments over 5 years

(excluding stamp duty and DTS

registration).

6 'Two finance companies offered deferred payment plans and charged interest of 0.2% per
day on outstanding amounts from the purchase date.

Local Loans: 10% deposit then nothing to pay for 12 months
Feelgood Finance: Buy now and pay nothing for 100 days
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a Jayden bought a $1600 desk through Local Loans. Find:
i the amount owing 12 months after purchase
ii the amount owing after 396 days if only the deposit had been paid.

b Adison bought a computer for $1350 using Feelgood Finance. Calculate the amount
if he repaid the debt in full after:

i 90 days
ii 101 days
¢ Write down one positive and one negative feature of each plan.
xample
4

7 Billy Joe bought a drum set for $1600 and
was deciding between buying on terms or
opting for a deferred payment plan.

How much will he pay for the drum set if he:

a buys on terms?
b uses the deferred payment plan and pays

@1 I ~
the amount owing 2 years after purchase?

¢ uses the deferred payment plan, pays $800 Mwmmg F\N

deposit upfront and fees only for 2 years, BUYING ON TERMS
and the rest after 2 years 6 months?

*2% per month inferast charged on outstanding batances from date of purchase

8 Ishmail bought a car navigation system
(GPS) on terms. How much would he save by paying cash?

SATHNAV &ossits
GPS SPEGIAL

$1360

CASH PRICE

or 15% deposit plus 16.8% p.a. interest
on the balance. Fortnightly repayments
over 2 years.

9 Amrika bought outdoor furniture that was priced at $3299. She paid a deposit of $900 and
took out a loan for the balance that was paid off in 24 monthly instalments of $130.18. What
flat interest rate per annum was charged on her loan? Select A, B, € or D.

A 11% B 15% C 28% D 47%
10 Write down one advantage and one disadvantage of:

a paying cash for goods

b buying on terms

¢ using a deferred payment plan.
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1-03 Reducing balance loans

A reducing balance loan is less expensive than a flat rate loan because interest is
calculated on the balance ewing, the remaining amount of the loan still unpaid, rather than
on the original principal borrowed. You pay less interest on a reducing balance loan because
the inferest decreases as the balance owing decreases.

You can save interest and pay off a reducing balance loan more quickly by:

e making repayments more frequently, for example, weekly or forinightly rather than monthly

e making extra payments of any size from time to time, for example, if you receive a bonus or
pay rise at work

e increasing the size of each repayment (even by just a few dollars)

Claire borrowed $395 000 to buy a studio apartment at 8% p.a. reducible interest. She made
monthly payments of $3400. The table shows the progress of the loan for the first 2 months.

Reducing balance loan for Claire’s studio apartment

Amount borrowed $395 000
Interest rate (% p.a.) 8
Monthly repayment (R) $3400
Amount owing
before repayment Balance
Month (n) Principal (P) Interest () P+1) (P+I-R)
1 $395 000 $2633.34 $397 633.34 $394 23334
2 $394 233.34 $2628.23 $396 861.57 $393 461.57
a Show how the interest of $2633.34 for the first month was calculated.
b  Add rows showing the progress of the loan for the next 3 months.
¢ Find the principal at the start of the sixth month.
d  How much has Claire paid off the principal after 5 months?
e Calculate how much interest was paid in the first 5 months.
f  How much interest will Claire pay in 5 months on a loan of $395 000 at a flat

interest rate of 8% p.a.?

Solution

a Amount owing (principal) at the start of the first
month = $395 000
Interest for 1st month = $395 000 x %-08

12
=$2633.3333...
~$2633.34 Round up for loan interest.

Reducing
balance loan
grids

Reducing
balance loan:
Spreadsheet
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b Amount owing

before repayment Balance
Month () Principal (P) Interest (I) P+ (P+I-R)
1 $395 000 $2633.34 $397 633.34 $394 233.34
2 $394 233.34 $2628.23 $396 861.57 $393 461.57
3 $393 461.57 $2623.08 $396 084.65 $392 684.65
4 $392 684.65 $2617.90 $395 302.55 $391 902.55
5 $391 902.55 $2612.69 $394 515.24 $391 115.24

Total: $13 115.24

¢ Principal at start of sixth month is $391 115.24. Same as the balance at the end of
the fifth month.
d  Amount paid off principal after 5 months = $395 000 — $391 115.24

=$3884.76
e Interest paid in first 5 months = $13 115.24 Total of the interest column.
f  Flatinterest for S months = $2633.34 x § (Interest for first month) x 5
=$13 166.70 Higher than reducing balance loan
interest.

@ Exercise 1-03 Reducing balance loans

1 From the table in Example 5 above, what was the amount that had been paid off the
principal after four months? Select A, B, € or D.
A $2617.90 B $392684.65 C $3097.45 D $391902.55

2 a Add four rows to the table in Example 5 to show the progress of the loan for months
6 to 9 (details for the fifth month are shown to start you off).

Amount owing
before repayment Balance

Month () Principal (P) Interest (I) P+ (P+I-R)
5 $391 902.55 $2612.69 $394 515.24 $391 115.24
6
7
8
9

b What is the principal at the start of the ninth month?
¢ What amount had been paid off the principal after nine months?
d What total interest was charged for the first 9 months?

3 Cate borrows $370 000 to buy a house. Interest is charged at 6.4% per annum,
compounded monthly. How much does she owe at the end of the first month, after she
has made a $2100 repayment? Select A, B, € or D.

A $365927 B $369873 C $371962 D $391580
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4 For areducing balance loan of $180 000 at 9% p.a. over 12 years, with fortnightly
repayments of $932.75, find:

a the total amount to repay
b the total interest payable
¢ the equivalent flat rate of interest per annum, correct to one decimal place
d the interest payable on a loan of $180 000 over 12 years at a flat interest rate of
9% p.a.
5 Brooke borrowed $450 000 to purchase her first home. The bank lent her the money at
10% p.a. reducible interest and fortnightly repayments of $1960.

Amount owing Balance
Fortnights () Principal ($P) Interest (I) P+1 (P+I-R)
1 $450 000 $1730.77 $451 730.77 $449 770.77
$449 770.77 $1729.89 $451 500.66 $449 540.66

= IRV I N VR N}

a Copy and complete the table above showing the progress of Brooke’s loan for
the first 6 fortnights.

b How much had she paid off the principal after 6 repayments?
¢ How much interest did she pay in the first 12 weeks?

6 Goran borrows $16 000 for his upcoming wedding, taking out a personal loan that
has the following conditions.

e Extra repayments can be made at no extra cost

e Loan approval fee: $150 (to be paid upfront when loan is established)

¢ Loan administration fee: $30 (charged after each 3 months of the loan)

e Interestrate: 13.9% p.a.

His monthly repayments (R) are $436 over 4 years.

a Calculate the monthly interest rate as a decimal correct to 6 decimal places.

b The table below shows the progress of Goran’s loan. Show that the interest paid in
the second month is $182.42.

Month P 1 P+1 P+I-R
1 $16 000  $185.33  $16185.33 $15 749.33
2 $15 749.33

3

¢ Copy and complete this table.
d After 3 months Goran is charged a fee. What is the fee and how much will it be?

e How much in interest charges will Goran have paid after 3 months?
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7 Kim and Rick borrow $17 800 to finance an overseas holiday. They will repay their loan
over 7 years at a rate of 12.5 % p.a., with fortnightly repayments of $147.

a Calculate the fortnightly interest rate as a decimal correct to 5 decimal places.

b Copy and complete the table below for the first 2 fortnights’ repayments.

Fortnight P I P+1 P+I-R
1
2

¢ How much will Kim and Rick pay in interest after 2 repayments have been made?

d How much is still owing on the loan after two fortnights?

00

TECHNOLOGY: REDUCING BALANCE LOANS ON A SPREADSHEET

The spreadsheet shows the progress of a $200 000 loan at 8% p.a. reducible interest and
monthly repayments of $1500. Enter the labels, values and formulas shown. Fill Down
for columns C, D and E until the amount owing in column E is negative, at row 338.

A B C D E
1 Principal (P) 200000

[e4]

2 Interest rate (% p.a.)

3 Repayment per period (R) |1500

4 No. periods per year 12

5

6

7 Period no. P 1 P+l P+I1-R
8|1 =B1 =B8*SBS2/100/5BS4 |=B8+C8 =D8-SBS3
9 =A8+1 =E8

10 =A9+1 =E9

The details for the first 3 months and the final month of the loan are shown.

7  Period no. P 1 P+l P+I-R

8 1{ $200,000.00( $1,333.33]  $201,333.33] $199,833.33
9 2| 199833.33|$1,332.22| $201,165.56 $199,665.56
10 3| 199665.56| $1,331.10  $200,996.66| $199,496.66
338 331  $101503  $6.77| $1,022.71| -5477.29|

Create a graph, using Insert and Scatter with Lines and Markers to draw a line
graph showing the progress of the loan.
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1 Adjust your spreadsheet to show 250 000

that:
a the complete term of this o 200000
loan is 27 years 7 months '§ 150 000
b the final repayment needed £
to reduce tﬁeyl?;lance to g 100000
zero (and pay off the loan) 50 000
is $1022.71
¢ if the monthly repayment is 0 T3 2 082 N on R -
doubled to $3000, the loan - - T T e e e e
will be repaid in 7 years Number of payments
5 months.

2 a Convert a monthly repayment of $1500 to a fortnightly repayment.
b  Find the interest saved by making fortnightly repayments instead of monthly
repayments.
3 Use the spreadsheet to find:
a the term for a $500 000 home loan at 6.5% p.a. reducible interest and monthly
repayments of $3650
b the total interest on a travel loan of $40 000 at 8.3% p.a. reducible interest and
fortnightly repayments of $680
¢ the final payment on a home improvement loan of $150 000 at 9.35% p.a.
reducible interest and monthly repayments of $1740.

1-04 Compound interest

Compound interest is interest that is added to the principal and reinvested, so the
amount of interest increases. The investor not on|y earns interest on the principo| but also earns Con:epo,nd
"interest on the inferest’.

You should already be familiar with the compound interest formula A= A1 + )7, where A is the
final amount and P is the principal. In the financial world, the principal is called the present
value (PV) and the final amount is called the future value (FV) or compounded value,
so now we can wrife the compound interest formulas as shown on the next page.
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Compound interest formulas
where: FI/ = future value (final amount)
PV = present value (principal, initial value)
n = number of compounding periods
7 = interest rate per compounding period, expressed as a decimal

I = compound interest earned

EXAMPLE 8

$8500 is invested for 4 years at 7.5% p.a., compounded monthly. Calculate the interest
earned.

Solution

Because interest is compounded monthly, 7 and z must be expressed in months:

PV = $8500, 7 = 0';)27" =0.00625 per month, 7 =4 x 12 = 48 months

FV =PI + 7y
= $8500(1 + 0.006 25)*
= $8500(1.006 25)*

=$11463.092...

=~ $11 463.09 Round down for investment interest.
I=FV-PlV Interest = Future value - Present value

=$11463.09 — $8500

=$2963.09

Interest earned = $2963.09
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What present value must be invested for 8 years at 9% p.a. compounded quarterly to
grow to a future value of $10 000?

Solution
0.09 .
FV =$10 000, = = - 0.0225 per quarter, » = 8 X 4 = 32 quarters
FV=PlV(1 + )y
$10 000 = PV (1 + 0.0225)**
$10 000 = PV (1.0225)>

~$10 000

(1.0225)
= $4906.523...
~ $4906.53 Round up for present value.

A present value of $4906.53 must be invested.

Exercise 1-04 Compound interest o
1 Whatis the future value when $27 000 is invested for 16 years at 7% p.a.? Select A, B, C or D.
A $52708 B $30240 C $57240 D $79708

2 A house was purchased in Sydney in 1987 for $86 200. Assume that the value of the
house has increased by 3% per annum since then. Which expression gives the future
value of the house in 2015? Select A, B, € or D.

A 86200(1 +0.03)* B 86200(1+0.3)*
C 86200x28x1.03 D 86200x28x1.3

3 For each investment, calculate:

i the future value (FV)

ii the compound interest (I) earned.

$134 000 for 12 years at 6.5% p.a.

$5000 for 5 years at 9% p.a. compounded monthly

$14 000 for 8 years at 8% p.a. compounded quarterly

$18 200 for 12 years at 8.3% p.a. compounded half-yearly

® o A T Q

$34 300 for 20 years at 7.8% p.a. compounded weekly.
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@ 4 What present value must be invested to grow to $50 000 at:
a 7.5% p.a. for 4 years?

b 9.2% p.a. compounded monthly for 8 years?

¢ 10% p.a. compounded quarterly for 2 years?

5 [Ifa present value of $5000 is invested for 4 years, which is the best interest rate?
Select A, B, C or D.

A 6% p.a. compound interest B 6.2% p.a. simple interest
C 5.8% p.a. compounded quarterly D 5.2% p.a. compounded monthly

6 A lottery prize of $250 000 is invested in a 13-month term deposit at 10% p.a.
compounded monthly. How much is the investment worth at the end of the 13 months?

7 Jarryd’s inheritance grew to a future value of $31 737.48 when it was invested at 8% p.a.
for 6 years. What was the present value of his inheritance?

8 Michaela opened an account with $1000 and forgot about the account for 20 years.
Interest of 5% p.a. was paid every six months. Had her money doubled in 20 years?
Show all working to justify your answer.

00

TECHNOLOGY: INVESTMENTS COMPOUNDED MONTHLY, WEEKLY
AND QUARTERLY

In this activity, we will use a spreadsheet to compare the amount of compound interest

earned on a present value of $1500 for different compounding periods. Given an interest

rate of 4.8% p.a. over 2 years, we will calculate the total interest if compounded monthly

(columns A to D), weekly (columns G to J) and quarterly (columns L to O).

1  Enter the following information into a new spreadsheet, but in cells B6, H6 and
MG respectively, enter the formulas =-B4/12, -B4/52 and =B4/4 to calculate the

interest rates shown there. Note that cell B4 contains the value 0.048 in percentage
format.

A 8 c D E|'F G H | J K L ™M N o
Compound Interest Comparison

Bow e

investment $1.500
Interest rate 4 80%
Months in 2 weeksin2 Quarters
) years 9 years 104 In 2 years 8
Weekly| Quarterly
Monthly! Interest Interest|
6 __Interest Rate 0.004 Rate| 0.000923077) Rate, 0.012
Compounded Compound [Compound
monthly for 2 ed Weekly ed
7 years PV v | for 2years PV v i Quarterly | PV v i
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2 For interest compounded monthly, enter the following formulas in row 8
($BS$6 is an absolute cell reference and fixes the cell value so it will not change when
Fill Down is used).

Compounded monthly for 2
7 years PV Fv 1
8 1 -B3 -B8*(1+5856) -C8-B8

3 Incell A9, enter the formula =A8+1 and Fill Down to row 31 (24 months). In cell
B9 enter =€8 and Fill Down to row 31. Select cells C8 and D8 and Fill Down to
row 31.

4 In cell C32, type Total Interest Earned and in cell D32, enter =sum(D8:D31).

5 For interest compounded weekly, enter the following formulas in
row 8.

Compounded Weekly
for 2 years PV FV 1
1 =B3 =H8*(1+$H$6)  |=I8-H8

6 In cell G9, enter =G8+1 and Fill Down to row 111 (for 104 weeks). In cell H9
enter =18 and Fill Down to row 111. Select cells I8 and J8 and Fill Down to
row 111.

7 Incell 1112, type Total Interest Earned and in cell J112, enter =sum(J8:J111).
8 For interest compounded quarterly, enter the following formulas in

row 8.
Compounded
Quarterly for 2
years PV FV I
1 =83 =M8*(1+5M3$6) =N8-M8

9 Incell LY, enter =L8+1 and Fill Down to row 15 (for 8 quarters). In cell M9 enter
=N8 and Fill Down to row 15. Select cells N8 and O8 and Fill Down to row 15.

10 In cell N16, type Total Interest Earned and in cell O16, enter -sum(08:015).

11 Compare your answers in cells D32, J112 and O16. Which compounding period
earned the most interest? Why?
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1-05 Credit cards

Using a credit card is like taking out a shortferm loan. You use the card to purchase items and
swement pay for them later when you receive a monthly statement. The interest charged can be flat or

Credit card

compound and is charged daily on each item from the date of purchase.

Features of credit cards

More convenient than carrying cash, useful
for purchasing items online, by phone or

Monthly statement provides record of spending.
Many have an interestfree period of 55 days fo repay the amount owing in full, otherwise
inferest is calculated from the date of each purchase.
Inferestfree period does not apply to cash advances (withdrawals) made on the card,
which are charged a higher inferest rate
than purchases.

A high credit limit such as $5000 can be both an advantage and a disadvantage.

FIRSTBANK

3141 5926 5358 9793

0000
MONTH/YEAR MONTH/YEAR

R/ *=07/13
M WILLARD D

@ NCM 12. Mathematics General 2
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Mitchell’s credit card has a flat interest rate of 14% p.a. and no interest-free period. He
uses the card to make the following purchases for the period 1 August to 31 August.

2 August Phone recharge $85
16 August Jeans $99
29 August Movies $22

If Mitchell pays his account in full on 3 September, how much does he pay?

Solution

We need to calculate the interest for each purchase separately.

. 0.14
Daily interest rate = —— 1 year = 365 days

365
Purchase amount  No. of days’ interest* (from Interest
date of purchase to 3 Sep.)
e Ao $85 x 1437 — §1.04328...
365
$99 31-16+3=18

$99 x %145 18— $0.68350...
365

b $1-29+3=5 522 0145 = 50.04219...
Total = $206 Total = $1.76897...
=$1.77
"Total purchases = $206 Do not round interest values
Toreall raveniese = G777 until we calculate the total.
Total payment = $206 + $1.77
=$207.77
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Miss Spent’s credit card has an interest-free period of 55 days, with interest on purchases
compounded daily if the amount owing is not paid in full by the due date. Her monthly
statement is shown below.

Statement Period 14 December 2014 to 13 January 2015
Account No 2483 0222 1223 6517

Credit Limit $5000

Available Credit $3824.38

FIRSTBANK

Miss Spent
16 Dollar Lane
Decimal Point 2178

Account Summary

$816.97
$500.00CR
$791.00
$67.65
$1175.62
$60.00

7 February 2015

Balance from previous statement
Payment and other credits
Purchases, cash advances

Inferest and other charges
Closing Balance

Minimum payment required
Due date

Your Transaction Record

Date Reference Details Amount

15 Dec 2014
15 Dec 2014
18 Dec 2014
21 Dec 2014
21 Dec 2014
31 Dec 2014
2 Jan 2015

7 Jan 2015

12 Jan 2015

3146532

4367549
3020542
3020542
5746380

2345698
6348921

Payment-Thank you

Interest

‘Fresh at the Bay’ Restaurant
ATM Withdrawal

ATM Fee

Ballet tickets

Annual Fee

Fabulous Fashions

Sam'’s Hair and Beauty

$500.00CR
$8.65
$85.60
$100.00
$4.00
$265.50
$55.00
$256.50
$83.40

Annual compound interest rate 22.484%
Daily compound interest rate 0.0616%

a Show how the closing balance of $1175.62 was calculated.

b  Whatis the credit limit on this card?

¢ For this period, what was the total amount of:

i cash advances?

ii purchases?

iii interest and other charges?

d  How much was paid by Miss Spent since the previous statement and on what date?

e  When does the interest-free period start and end?

f  What interest will be charged if this account is paid in full on 6 February?

NCM 12. Mathematics General 2
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Solution

b

Closing balance = $816.97 — $500 + $791 + $67.65

=$1175.62
$5000
i Cash advances = $100 ATM withdrawals.
il Purchases = $791 — $100
=$691

ili Interest and other charges = $67.65

$500 on 15 December 2014.

From 14 December 2014 to 7 February 2015. The start of the statement period
until the due date.

As 6 February falls within the interest-free period, interest is only charged on the

cash advance, from 21 December to 6 February (47 days).

Using the compound interest formula on P = $100, 7= 0.000 616, 7 = 47:

A=3$100(1 +0.000 616)*

=$102.9366...
Interest = $102.9366... — $100
=$2.9366...
=$2.94

Exercise 1-05 Credit cards

Roberto is charged 0.04% compound interest per day on his credit card purchase of
$1200. Find the amount of interest owing after 30 days. Select A, B, € or D.

A $14.40 B $14.48 C $4.80 D $12.00
Karin has a credit card that charges simple interest of 22.5% p.a. and has no interest-

free period. She bought shoes for $235 on 21 December and paid her account on
30 December. Find the amount she paid. Select A, B, € or D.

A $235 B $287.88 C $236.30 D $1.30 a0
xample
Eamon has a credit card with no interest-free period and a simple interest rate of

0.0453% per day. The purchases below were made in November. If Eamon pays his
account in full on 1 December, how much does he pay?

4 November Swim trunks $45.95
18 November Swim goggles $88.00
25 November Wetsuit $275.00

ISBN 9780170238977 1. Loans and annuities @ @



4 NCM Bank credit cards have no interest-free period. For the credit card statement

below, find for the due date:

a the number of days interest charged on the football tickets

b the total amount due.

Miss Alannah Sheppard NCM BANK

Due date: 1 April Credit card statement

Previous balance Payment Total purchases Interest
$876.15 $876.15 e e
Date Purchases Amount

15 March Coffee maker $465.95

20 March Football tickets $139.37

28 March Car tyres $446.79

Annual simple interest rate: 17%

A credit card has an interest-free period of 55 days. One monthly statement is shown.

Statement period: Account number 543210
1 June 2016 to 30 June 2016 Balance from previous statement $3256.43
Payment and other credits $3000.00

Mr C Evans Purchases $2195.48
1 Mountain Avenue Interest and other charges $3.84
"Tournay 2126 Closing balance $2455.75
Annual compound interest rate Minimum payment required $212
18.25%
Daily compound interest rate Due date 25 July 2016
0.05%
Date Purchases Amount
15 June 2016 Payment — thank you $3000.00 CR
15 June 2016 Interest $3.84
18 June 2016 Bike repairs $1346.58
27 June 2016 Cycling outfit $665.50
27 June 2016 Bicycle helmet $183.40

a Show how the closing balance of $2455.75 was calculated.

b How much was paid by Mr Evans and on what date?

¢ When does the interest-free period start and end?

d What compound interest will be charged on the three purchases if this account is

paid in full on:
i 20 July? il 30July?

e NCM 12. Mathematics General 2
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6 'This is the July statement for Claire’s credit card account.

STATEMENT
Ms C. Howe M
Statement date: 28 August 2016 Credit limit: $5000
Previous balance Payments Purchases Interest
$305.60 $305.60 $886.50 ?
Date Purchases Amount Closing balance
25 July Gengage Car $886.50 ?
nsurance
Annual percentage rate: 21% Daily percentage rate: 0.0575%

Note: Simple interest is charged on amounts from (and including) the purchase date up
to (and including) the statement date (shown at the top of the statement).

Minimum payment due: $50 or 5% of closing balance, whichever is larger.

What is the minimum payment due on this account?
A $16.43 B $40.83 C $45.22 D $50

7 David and Sarah bought a dining table and chairs for $2100 on 11 July using a credit card.
Simple interest was charged at a rate of 20.35% per annum for purchases on the credit card.
No other purchases were made on this credit card account. There was no interest-free period.
The period over which interest was charged included the purchase date and the payment date.
What amount was paid when Sarah paid the account in full on 19 August?

A $2135.12 B $2137.47 C $2145.66 D $2146.83

INVESTIGATION

COMPARING CREDIT CARDS

The best credit card is the one that matches your spending and repayment habits. If you
plan to use the card for small or regular purchases and pay the total amount each month,
choose a card with an interest-free period and a low annual fee. If, however, you plan to
use the card to purchase many items and only pay off part of the debt each month, a low
interest rate is better.

The rates, fees and interest-free days of five credit cards are shown in the table on the
next page.

@00 0000000000000 00000 0 o0
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Annuity grids

Annuity
Spreadsheet

Annuities
Graphics
calculator

Card

. ANZ First Visa
- ANZ Low rate

MasterCard

Commonwealth

. Student MasterCard

St George

Vertigo MasterCard

Westpac No annual fee

. MasterCard

Interest rate p.a.

on purchases
19.39%
13.14%

19.99%

13.24%

14.49%

Interest rate p.a. on  Annual

cash advances fee
20.99% $30
21.49% $58
21.49% $0
21.49% $55
19.59% $0

westpac.com.au, commbank.com.au, anz.com, stgeorge.com.au, November 2012

Interest-free
days

44
55
55

55

55

Select the best credit card for each person, giving reasons for your choice.

a Cody uses his credit card frequently but always pays off the total amount due on time.

b Erin likes to spend big on her card, and only makes the minimum payment each month.

. ¢ Mikhail often uses his card to make cash advances.

1-06 Future value of an annuity (FVA)

An annuity is a financial plan involving regular equal contributions (payments) to

an account earning compound inferest. Each contribution is made at the end of each
compounding period. Superannuation is an example of an annuity, in which part of your
pay is deposited regularly info a fund to provide future finance for your refirement years.

The table shows the progress of an annuity over 5 years with a contribution of $600 per
year made at the end of each year and an interest rate of 8% p.a.

Year

2
3
4
5

Balance at start
of year, P

$0

$600
$1248

B
$2703.67

Interest, 1
$0
$48
$99.84
C
$216.29

Contribution at Balance at end
end of year, ofyear,P+I+a
$600 $600
$600 $1248
$600 A
$600 $2703.67
$600 $3519.96

a Find, to the nearest cent, the value of A, B and C, showing all calculations.
b  What will be the balance at the end of the 6th year?

¢ If the contribution is doubled to $1200, what is the balance at the end of the
4th year?
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Solution
Balance at end of 3rd year: A = $1248 + $99.84 + $600 = $1947.84

Balance at start of 4th year: B = $1947.84 (same as A)

Interest earned in 4th year: € =0.08 x $1947.84 = $155.83

Check: Balance at end of 4th year = $1947.84 + $155.83 + $600

Balance at end of 6th year = $3519.96 + 0.08 x $3519.96 + $600
= $4401.56

=$2703.67

Balance at end of 4th year when contribution is $600: $2703.67 (from table)
Balance at end of 4th year when contribution is $1200 = $2703.67 x 2

Future value table

= $5407.34

An annuity earns more interest and grows faster than a principal that is simply invested info an
account, because you keep making regular, equal payments into the account.

We know that future value is the final amount of an investment.

The future value of an annuity (FVA) is the total value of the investment at the end of
the term, after the final contribution is made. It is the sum of all contributions plus interest.

The table below gives the future value (in dollars] of an annuity with a contribution of $1 per
period. The values are rounded to four decimal places.

Future value interest factors

(Future value of an annuity with a contribution of $1 at the end of each period)

Period
1%
1 1.0000
2 2.0100
3 3.0301
4 4.0604
5 5.1010
6 6.1520
7 7.2135
8 8.2857
9 9.3685
10 10.4622
11 11.5668
12 12.6825

2%
1.0000
2.0200
3.0604
4.1216
5.2040
6.3081
7.4343
8.5830
9.7546

10.9497
12.1687
13.4121

3%
1.0000
2.0300
3.0909
4.1836
5.3091
6.4684
7.6625
8.8923

10.1591
11.4639
12.8078
14.1920

Interest rate per period

4%
1.0000
2.0400
3.1216
4.2465
5.4163
6.6330
7.8983
9.2142

10.5828
12.0061
13.4864
15.0258

5%
1.0000
2.0500
3.1525
4.3101
5.5256
6.8019
8.1420
9.5491

11.0266
12.5779
14.2068
15.9171

6%
1.0000
2.0600
3.1836
4.3746
5.6371
6.9753
8.3938
9.8975

11.4913
13.1808
14.9716
16.8699

8%
1.0000
2.0800
3.2464
4.5061
5.8666
7.3359
8.9228

10.6366
12.4876
14.4866
16.6455
18.9771

10%
1.0000
2.1000
3.3100
4.6410
6.1051
7.7156
9.4872
11.4359
13.5795
15.9374
18.5312
21.3843

12%
1.0000
2.1200
3.3744
4.7793
6.3528
8.1152
10.0890
12.2997
14.7757
17.5487
20.6546
24.1331
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Dominic opens an account that earns interest of 12% p.a. compounded monthly. He
contributes $100 at the end of each month for one year.

a Use the table on page 29 to calculate the future value of Dominic’s annuity.

b How much interest will he earn on his investment?

Solution

a Interest rate per month=12% + 12 =1%
No. of months =12
Future value of $1 per month for 12 months = $12.6825 From table.

Future value of $100 per month for 12 months = $12.6825 x 100
=$1268.25

b Interest earned = $1268.25 — 12 x $100 Future value - total contributions
=$68.25

Use the table on page 29 to find the contribution per period of an annuity that will give a
future value of:

a $15 000 if the annuity earns 6% p.a. for 3 years
b $2600 if the annuity earns 10% p.a. compounded half-yearly for 4 years.

Solution

a FI/=8$15 000, Interest rate = 6% p.a., No. of periods = 3 years
Future value of $1 per month at 6% for 3 years = $3.1836 From table.

Let $2 be the contribution amount that will give a future value of $15 000.

Future value of $2 per month at 6% for 3 years = $3.1836 x «
=$15 000

So 4 =$15 000 + $3.1836
=4711.647...
=4711.65 Round up for contribution.

The contribution will be $4711.65 per year.

As with the compound interest

b FI'=$2600, Interest rate = 10% + 2 =5% formula, the interest rate and
(per half-year), No. of periods = 4 x 2 = 8 half-years number of periods must be

expressed with the same time units.

Future value of $1 per half-year at 5% per
half-year for 8 half-years = $9.5491 From table.
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$2600 = $9.5491 x «

So 2 =$2600 + $9.5491
=272.276...
=~272.28

The contribution will be $272.28 per half-year.

Exercise 1-06 Future value of an annuity
1 The table shows the progress of an annuity with a contribution of $5000 per year made @
at the end of each year for 5 years.
Balance at start Interest, Contribution, Balance at end of year,
Year of year, P I a P+I+a

1 $0 $0 $5000 $5 000

2 $5 000 $400 $5000 $10 400

3 $10 400 $832 $5000 $16 232

4 $16 232 X $5000 $22 530.56

5

a What is the annual interest rate?

b How much interest (X) was earned in the 4th year?

¢ Complete the table to find the amount of the annuity at the end of 5 years.
2 Use the table on page 29 to find the future value of an annuity (FVA) with a contribution of: @

a $8000 per year for 5 years at 10% p.a.
b $600 per quarter for 9 months at 8% p.a. compounded quarterly

0

$5400 per half-year for 5 years at 6% p.a. compounded half-yearly
d  $900 per month for 10 months at 12% p.a. compounded monthly.

3 Cesar’s Truck Repairs has a plant replacement fund and deposits $5000 on 30 June and
31 December each year. If the account earns interest of 8% p.a. compounded half-yearly,
how much will be in the account at the end of 5 years?

4 ‘Tom deposits $660 at the end of each month for 12 months into an account earning
12% p.a. compounded monthly. Immediately after making the last payment, he
withdraws all his money to buy a boat that costs $9300. Does he have enough in his

account to buy the boat? -
5 Find the contribution per period (#) of an annuity whose future value (FV) is:

a $10000, at 8% p.a. for 3 years

b $10 000, at 8% p.a. compounded quarterly for 3 years

¢ $26500, at 10% p.a. compounded half-yearly for 6 years

d $9800, at 1% per month for 3 months.

6 Katarina would like to buy a house in 4.5 years time and requires a deposit of $40 000.
What contribution should she make every six months into an account earning interest of
6% p.a. compounded half-yearly to reach this amount?
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7 Darren deposits an amount at the end of each year into a superannuation fund paying
8% p.a. If he plans to have $400 000 after 11 years, what is his regular deposit?

8 John and Nancy start a trust fund for their grandaughter, Samantha, on her 8th birthday
to finance her university education. What amount should they deposit each birthday in
an account earning 10% p.a. so that she will have $50 000 on her 18th birthday?

9 Selina invested $7600 at 8% p.a. compounded quarterly for 3 years.
a What is the final amount of her investment? Answer to the nearest dollar.

b Would she have achieved a better financial result if she had chosen an annuity of
$760 per quarter for 3 years at the same interest rate? Justify your answer.

10 The shop owners in a small shopping centre estimate that $50 000 will be needed in
2 years time to repaint and retile the common areas. They plan to make regular
payments in to a sinking fund earning 8% p.a. compounded quarterly.

a How much must be deposited into the sinking fund at the end of each quarter?
b How much interest will the sinking fund earn?

¢ How much would be in the sinking fund if they deposited $4000 per quarter for
2 years at the same interest rate?

11 Bianca is saving to go on holidays. She wants $6000 in twelve months so she can go on
a cruise. How much must she invest at the end of each quarter at 4% p.a. compounded
quarterly to achieve this?

12 The Ahmeds plan to buy a house in 3 years time and will need a deposit of $60 000.
If they deposit $4000 at the end of each quarter into an account earning 16% p.a.
compounded quarterly, will they have the deposit in 3 years time?

. Tp———

A FORMULA FOR THE FUTURE VALUE OF AN ANNUITY

The values in the future value table are calculated using a special formula for the future
value of an annuity:

FVA=a {w}
,
where: 2 = contribution per period, paid at the end of the period
7 = interest rate per compounding period, expressed as a decimal
n = number of compounding periods

This formula is NOT part of the Mathematics General 2 course and does not have to be learnt.
Note that there are some similarities between this formula and the compound interest formula.

1  Brad and Kara open an account earning interest of 10% p.a. They deposit $10 000
at the end of each year for 4 years.

© © 06 0006000000000 00000000000000000000 0 00

a  Use the future value table to show that the future value of their annuity is $46 410.
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¢ Show that they will earn $6410 in interest.

2  According to the future value table, the future value of an annuity with a
contribution of $1 per period, at an interest rate of 3% per period over 7 years is
$7.6625. Use the FI/4 formula to show that this value is correct.

3 A sinking fund is an annuity where the future value has been decided and you
pay regular contributions into the fund to reach this target. For example, in an

apartment block, each unit owner pays into a sinking fund so money is available for

maintenance and repairs.

The owners of a block of units estimate that $20 000 will be needed in 4 years

time to repaint the building. They open a sinking fund with interest of 6% p.a.
compounded quarterly. Use the FIZ4 formula to show that $1115.31 must be
deposited each quarter into the sinking fund to reach this target.

JUST FOR THE RECORD
Who wants to be a millionaire?

Did you know that if you open an account at age 20
and save $100 per week at an interest rate of 10% p.a.

compounded weekly, you will be a millionaire just after
your 50th birthday?

How long will it take you to become a millionaire if
you start saving $100 per week now at the current
interest rate?

1-07 Present value of an annuity (PVA)

We know that present value means the principal or initial amount of an investment.

The present value of an annuity (PVA) is the single sum of money (or principal) you
could invest today at the same compound inferest rate as the annuity, to produce the same
future value over the same period of time.

Present value table

The table below gives the present value (in dollars) of an annuity with a contribution of
$1 per period. The values are rounded to four decimal places.

b  Use the FV4 formula to show that the future value of their annuity is $46 410.

iStockphoto/pictafolio

Annuities
Graphics
calculator

Loan
repayments:
Graphics
calculator
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Present value interest factors

(Present value of an annuity with a contribution of $1 at the end of each period)

Interest rate per period

Period
1% 2% 3% 4% 5% 6% 8% 10% 12%
1 0.9901 0.9804 0.9709  0.9615 0.9524 0.9434 0.9259 0.9091 0.8929
2 1.9704 1.9416  1.9135 1.8861 1.8594 1.8334 1.7833 1.7355 1.6901
3 2.941 2.8839  2.8286  2.7751 2.7232 2.6730 2.5771 2.4869 2.4018
4 3.9020 3.8077  3.7171 3.6299 3.5460 3.4651 3.3121 3.1699 3.0373
5 4.8534 4.7135  4.5797 44518 43295 42124 3.9927 3.7908 3.6048
6 5.7955 5.6014 54172 52421 5.0757 409173 4.6229 43553 4.1114
7 6.7282 64720  6.2303  6.0021 5.7864 5.5824 5.2064 4.8684 4.5638
8 7.6517 73255 7.0197 6.7327 6.4632 6.2098 5.7466 5.3349 4.9676
9 8.5660 8.1622  7.7861 7.4353  7.1078 6.8017  6.2469 5.7590 5.3282
10 9.4713 8.9826  8.5302 8.1109 7.7217 7.3601 6.7101 6.1446 5.6502
11 10.3676 9.7868  9.2526  8.7605 83064 7.8869  7.1390 6.4951 5.9377
12 11.2551  10.5753  9.9540 9.3851 8.8633 8.3838 7.5361 6.8137 6.1944

Patrick is saving for a holiday and deposits $1200 into an account at the end of every 6
months for 5 years. The account pays 8% p.a. compounded half-yearly. Use the above
table to find the single amount he could invest now to produce the same result at the
same interest rate over the same period.

Solution

Interest rate per half-year =8% + 2 =4%
No. of half-years =5 x 2 =10

Present value of $1 per half-year at 4% for 10 half-years = 8.1109 From table.
Present value of $1200 per half-year at 4% for 10 half-years = $8.1109 x 1200
= $9733.08

Patrick could invest a single principal of $9733.08 instead to achieve the same result
as the annuity.

Loan repayments

A series of loan repayments is an annuity where the amount borrowed is the present value
of the series of repayments and the repayments are the contributions. For reducing balance
loans, the present value table can be used to calculate the size of the loan repayments.
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Andrea borrowed $3000 at 12% p.a. repayable quarterly over 2 years to pay for a holiday
to celebrate the end of university.

a How much will she repay per quarter?

b How much interest will Andrea pay over the 2-year loan?

Solution

a PI7=8$3000, Interest rate = 12% + 4 = 3% per quarter
No. of periods = 2 X 4 = 8 quarters

Present value of $1 per quarter at 3% for 8 quarters = $7.0197  From table.

Let $2 be the contribution (repayment) that will give a present
value of $3000.

Present value of $z per half-year at 3% for

8 quarters = $7.0197 x 4

= $3000
So a=$3000 + $7.0197
=423.368...
=423.37 Round up for contribution.
The repayment will be $423.37 per quarter.
b  Interest paid =8 x $427.37 — $3000 Total repayments - principal
=$418.96
Exercise 1-07 Present value of an annuity
1  Use the table on page 34 to find the present value of an annuity (PVA4) with a @

contribution of:
a $760 per year for 10 years at 4% p.a.
b $400 per month for 8 months at 24% p.a. compounded monthly

(o]

$1600 per half-year at 16% p.a. compounded half-yearly for 51 years
d $1140 per year at 6% p.a. for 4 years.

2 Mr and Mrs Murphy are saving for new electrical appliances for their kitchen renovation
and deposit $800 into an account at the end of every 6 months for 2 years. The account
pays 6% p.a. compounded half-yearly. Find the single amount they could invest now to
produce the same result at the same interest rate over the same period.

3 What s the present value of an annuity in which $1000 is invested at the end of each year
for 5 years and interest of 8% p.a. is paid annually? Select A, B, C or D.
A $11574 B $3993 C $8620 D $357

4 Angela deposits $200 at the end of each quarter for 2 years into an account earning

16% p.a. compounded quarterly. What single sum of money invested now at the same
rate would achieve the same financial result?
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5 Lulu invests $500 every 6 months in an account earning 6% p.a. compounded half-
yearly. Find, correct to the nearest cent, how much Lulu:

a will have at the end of 5 years, using the future value table on page 29
- b could invest now to grow to the same amount after 5 years at the same interest rate.
6 Find the regular repayment (#) for a loan with principal:
a $7400, at 2% per month for 9 months
b $38000, at 4% per quarter for 2 years
¢ $29500, at 16% p.a. compounded half-yearly over 31 years.

7  Ajay plans to borrow $20 000 from the credit union at 8% p.a. to landscape his backyard.
He wants to repay it in equal quarterly repayments over 3 years.

a How much does Ajay repay each quarter?
b Calculate the total amount Ajay will repay to the credit union over the 3 years.

8 Jacqui is saving for her wedding and reception. She borrowed $16 000 at 12% p.a.
repayable quarterly over 3 years.

a How much will she repay per quarter?
b How much interest will Jacqui pay over the 3-year loan?

9 James has just turned 17 and plans to buy a car when he turns 20. He has a part-time job
and wants to deposit the same amount each quarter into an account earning 12% p.a.
compounded quarterly. What amount:

a should he deposit at the end of each quarter to have $12 000 in 3 years time?

b could be invested now to grow to $12 000 in 3 years at 12% p.a. compounded
quarterly?

10 Jennifer borrows $25 000 and pays it back in regular instalments at the end of each half-
year for 5 years. If interest is 20% p.a. compounded half-yearly, find:

a the amount of each instalment
b how much she repays altogether.

11 Peter used his Lotto winnings to buy an annuity from the Goodbuy Insurance
Company. The annuity of $10 000 per year for 9 years is at an interest rate of 10% p.a.
compounded annually. How much was Peter’s Lotto win?

12 Callum is a DJ and took out a loan to buy some new stereo equipment. If he paid
back the loan at $225 per month over 10 months and the interest rate was 12% p.a.
compounded monthly:

a how much did he pay back altogether?

b how much did he borrow?
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. INVESTIGATION it s o saicda o b

- A FORMULA FOR THE PRESENT VALUE OF AN ANNUITY

- The values in the future value table are calculated using a special formula for the future
- value of an annuity:

PVA= a{—(” il 1}
r(1+7)"
where: 2 = contribution per period, paid at the end of the period
7 = interest rate per compounding period, expressed as a decimal
n = number of compounding periods

This formula is NOT part of the Mathematics General 2 course and does not have to be
* learned.

. Joel deposits $400 at the end of each month for 6 months in an account earning 12% p.a.
- compounded monthly. Show that the sum of money that Joel could invest now to achieve
- the same future value as the annuity is $2318.20, using:

. a the present value table b the PVA formula

: INVEsTIGATION IR R

SUPERANNUATION PAYMENTS

- With superannuation, you make regular contributions 7o an annuity during your
working life to provide funds for your retirement. When you retire, you can receive your
* superannuation as a lump sum or reinvest it into another annuity that pays you in regular
. instalments. When receiving payments frozz an annuity, the present value is the lump

. sum that must be invested to provide those regular payments over time.

Suppose that when you retire you want to receive annual payments of $50 000 for 30 years.
* What lump sum do you need to invest now to provide this? Find an online calculator like the
. one below to compute what you need to have a lump sum of $471 345.72.

Annual Payout at end of year: $ 150,000.00
Growth Rate: 10 %
Years to Pay Out: 30

Present Value (=Starting Principal): $ 1471,345.72
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1-08 Loan repayment tables

Show that if Kevin contributes $100 per week for 15 years to a superannuation fund
earning 10.4% p.a. compounded weekly, he will have $187 571 when he retires.

Kevin uses his lump sum to purchase an annuity at 12% p.a. compounded monthly,
giving him a series of equal payments each month for 20 years. How much is each

payment?

Published loan repayment tables allow us to easily calculate repayments for reducing

Loan

eamens Dalance loans.

table

EXAMPLE 17

This table gives the monthly repayments for a reducing balance loan of $1000 for various

terms and interest rates.

Interest rate
(% p.a.)

5

o) | @ | =1 | e

10

Monthly repayments per $1000 borrowed

5
$18.87
$19.33
$19.80
$20.28
$20.76
$21.25

10
$10.61
$11.10
$11.61
$12.13
$12.67
$13.22

Term (years)

15 20
$7.91 $6.60
$8.44 §7.16
$8.99 $7.75
$9.56 $8.36
$10.14 $9.00
$10.75 $9.65

25
$5.85
$6.44
$7.07
$7.72
$8.39
$9.09

30
$5.37
$6.00
$6.65
$7.34
$8.05
$8.78

The Dixons borrowed $570 000 at 7% p.a. reducible interest for a term of 20 years.
Use the table to find:

b
C
d
20 years.
Solution
a

their monthly repayment

the total amount repaid

the interest paid

how much more interest they would pay if the loan was over 25 years instead of

Term = 20 years, interest rate = 7% p.a.
Monthly repayment for $1000 = $7.75

Monthly repayment for $570 000 = $7.75 x 570
=$4417.50

From table.
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b  Total amount repaid = $4417.50 x 12 x 20 Monthly repayments over

=$1 060 200 20 years.

Interest = $1 060 200 — $570 000 Total amount repaid - principal.
=$490 200

Term = 25 years, interest rate = 7% p.a.
Monthly repayment for $1000 = $7.07
Monthly repayment for $570 000 = §7.07 x 570

=$4029.90
Total amount repaid = $4029.90 x 12 x 25 Monthly repayments over
=$1208 970 25 years.
Interest paid = $1 208 970 — $570 000 Total amount repaid - principal.
=$638970
Difference in interest paid = $638 970 — $490 200
=$148 770

Exercise 1-08 Loan repayment tables

Use the table from the previous page to answer questions 1, 2 and 3.

©

1 Find the monthly repayment on a $450 000 loan at 9% p.a. for 15 years. Select A, B, €
or D.
A $5701.50 B $4563 C $4837.50 D $4050
2 Find the interest paid on a $500 000 loan at 6% p.a. over 30 years. Select A, B, € or D.
A $580 000 B $277 600 C $1 080000 D $777 600
3 For each reducing balance loan shown below, calculate:
i  the monthly repayment
ii the total amount repaid
iii the total interest paid
a $380 000 at 7% over 15 years b $925 000 at 9% over 25 years
¢ $1230000 at 6% over 20 years d $697 000 at 10% over 10 years
4  This table gives the monthly loan repayments required to pay off various loans in
10 years.
Monthly loan repayments—10-year term
Principal Interest rate
borrowed 6% p.a. 7% p-a. 8% p.a. 10% p.a.
$5000 $55.52 $58.06 $60.67 $66.08
$20 000 $222.05 $232.22 $242.66 $262.31
$50 000 $555.11 $580.55 $606.64 $660.76
$100 000 $1110.21 $1161.09 $1213.28 $1321.51
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For each loan with 10-year terms, calculate the amount of interest paid.

a $20000 at 8% p.a. b $100 000 at 6% p.a.
¢ $5000 at 7% p.a. d $50000at 10% p.a.
5 a Ifloan ¢ interest rate from question 4 dropped by 1%, how much less would the
monthly repayment be?

b How much more interest would you pay if loan @’ interest rate increased by 2%?

6 The table below shows monthly repayments for loans over terms from 15 to 20 years.

Monthly loan repayments
Term of loan (years)
Principal
15 16 17 18 19 20
$50 000 $492.37 $477.25 $464.15 $452.73 $442.73 $433.92
$60 000 $590.85 $572.70 $556.98 $543.28 $531.27 $520.70
$70 000 $689.32 $668.15 $649.81 $633.83 $619.82 $607.48
$80 000 $787.80 $763.60 $742.64 $724.37 $708.36 $694.26
$90 000 $886.27 $859.05 $835.47 $814.92 $796.91 $781.05
$100 000 $984.74 $954.50 $928.30 $905.46 $885.45 $867.83

a How much would you repay per year on a loan of:
i $60 000 for 19 years?
ii  $80 000 for 17 years?

b Give two ways of finding the monthly repayment for a loan of $180 000 for
16 years.

¢ What s the interest saved by borrowing $300 000 over 15 years instead of 20 years?

7 The table shows the monthly and fortnightly repayments for some reducing balance
loans over different terms.

Repayment amounts

1 year 18 months 2 years
Loan amount monthly  fortnightly = monthly  fortnightly = monthly fortnightly
$10 000 $885 $408 $606 $280 $467 $215
$20 000 $1770 $815 $1213 $559 $935 $430
$30 000 $2655 $1223 $1819 $838 $1402 $646
$40 000 $3540 $1630 $1869 $1117 $2425 $861

a What s the total amount to repay if you have a loan of $30 000 over 2 years with
monthly repayments?

b How much interest do you save if you choose fortnightly repayments for the loan in
part a?

¢ Jamal took a $40 000 loan over 1 year while Nadine took a $40 000 loan over
2 years. If each made monthly repayments, what was the difference in the total
amount repaid?
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1-09 Repaying a home loan

EXAMPLE 18

Tanya applied for a $495 000 home loan to purchase a city apartment. There are a
number of additional costs associated with taking out the loan.

Registration of mortgage $102 This fee makes the interest
Registration of transfer $204 rate on Tanya'’s loan stay

) the same, unlike a variable
Home loan establishment fee $6OO interest rate where the rate
Rate lock (fixed interest rate) fee $750 G T iy
Late payment charge $20 per late payment
Loan service fee $10 per month

a Tanya must also pay stamp duty (state government tax) of $29 240. If she is not
locking her interest rate, what is the total amount in charges she must pay upfront?

b  Calculate, correct to one decimal place, Tanya’s upfront charges as a percentage of
her home loan.

¢ After paying the upfront charges, how much did Tanya pay in fees in the first year if
she did not make any late repayments?

Solution

a Upfront charges = $29 240 + $102 + $204 + $600

=$30 146
$30—146 x 100% = 6.0901...
$495 000
~6.1%
¢ Loan service fee = $10 x 12
=$120

Jennifer takes out a personal loan to install a swimming pool costing $48 700 at her
house. She has two options:

* Option 1: Fortnightly repayments of $882.65 at 12.6% p.a. reducible interest
* Option 2: Monthly repayments of $1632.10 at 12.6% p.a. reducible interest
The two graphs below show the progress of the loan under each option.
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a Approxirnately how many Option 1 Fortnightly Repayments

o 60 000
years and months will it take ’
for Jennifer to repay the loan $50000 L
if she makes her repayments: g $40 000 o
i fortn1ghtly> g $30 000
=3
1] Inonthly: :C% $20 000
b  How much time would $10 000 S
she save by paying off the 5
loan fortnightly instead of i 1 0 30 40 50 i
rnonthlyp Repayments
¢ Calculate the total of
e . Option 2 Monthly Repayments
Jennifer’s repayments if $60 000
she pays them: 0000t
i fortnightly £ $40 000
<]
ii monthly g $30000
=]
d How much interest would £ $20 000
she save by paying off the LR
. . $0
loan fortnightly instead of 0 ! o 5 2% 55 0 35
monthl}ﬁ Repayments
Solution

a Reading from the graphs:
i Approximately 64 fortnights = 64 x 2 weeks
=128 weeks
=128 + 52 years
=2.4615... years
=2 years + 0.461... X 12 months
=2 years + 5.5384... months
~ 2 years 6 months
ii Approximately 36 months = 36 + 12 years
= 3 years
b Time saved paying fortnightly = 3 years — 2 years and 6 months
= 6 months

¢ i 'Total fortnightly repayments = $882.65 x 64
=$56 489 The difference in interest paid

is the same as the difference
in total repayments.

ii Total monthly repayments = $1632.10 x 36

=$58 764.96
d Interest saved paying fortnightly = $58 764.96 — $56 489
=$2275.96
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Exercise 1-09 Repaying a home loan

Questions 1 to 3 refer to this table of United Banking loan interest rates and fees.

Home loan Car loan Personal loan
Interest rate: 6.8% p.a. Interest rate: 10.25% p.a.  |Interest rate: 14.50% p.a.
Registration of mortgage: $102 |loan establishment fee: loan approval fee: $150
Registration of transfer: $204 $205 Rate lock fee: $750
loan establishment fee: $600  |Early termination fee: late payment charge: $20
Rate lock fee: $750 e $750 if original loan is | Loan service fee: $30 per
late payment charge: $20 $12 000 or less quarter
loan service fee: $10 per o 6.25% of original loan if
month over $12 000

late payment charge: $40

1 Alia borrowed $9000 to buy a second-hand car.
a What interest rate was she charged?
b What does she pay to establish the loan?
¢ What will she be charged if she terminates the loan early?
2 Vaesna establishes a home loan of $500 000.
a What interest rate is he charged?
b What is the total amount in charges that Vaesna must pay upfront?

¢ He made late home loan repayments 2 months in a row. How much did his late
payment and service charges amount to?

3 Elizabeth borrows $4700 to fill her new studio apartment with furniture and electrical

goods.
a What interest rate is she charged?

b How much did she pay when her loan was approved?

¢ In the first year of her loan she made one late payment and had to pay administration

charges. How much did Elizabeth pay?

Example
18

Example
19

4 'The gr 3Ph below shows a home Monthly repayments on a home loan of $350 000
loan of $350 000 repaid with $400 000
monthly repayments. $350 000
a Estimate from the graph $300 000 e
how many years and 5 $250000 ~
: £ $200 000
montbs it took to pay - N
off this loan. & $150 000 \
b Estimate how many years $100000 e
and months it took for the $50000 \
home loan to reduce to 0
0 50 100 150 200 250 300
$250 000. Months
¢ How much money was
still owing after 20 years?
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d If the loan was repaid with Weekly repayments on a home loan of $350 000

monthly repayments of $2490,  $400000 e
how much was repaid in total? $350 000 T
. $300 000 { ‘.\.‘\ T
e Calculate how much interest ¢ '/ NG
was paid. £ sa00 000 Feeepeeeeb e R
f The graph here shows the § $150 000 — s gt ot ,
same loan of $350 000 repaid $100 000 HEEH T~ :
with weekly repayments. $50 000 : S R
Estimate how many years and 0 ‘ ‘
. . 0 200 400 600 800 1000 1200
months it took to pay off this Weeks
loan.
g Estimate how many years and months it took for the home loan to reduce to $300 000.
h How much of the loan was still owing after 15 years?
i If the loan was repaid with weekly repayments of $580, how much was repaid in total?
i Calculate how much interest was paid.
k How much time would be saved by paying off the loan weekly instead of monthly?
I How n.luch interest would be saved Repaying a $400 000 loan
by paying off the loan weekly $450 000 T
inscad of monthly? sooomJet i
5 'The graph shows the progress of a $350 000 -FHHHHESIO TR
$400 000 loan over a term of 25 years. £ $300 000 -
. =
a Find, to the nearest $10 000, the < 250000 +
principal owing after: -5 $200 000
R
i S years ii 15 years & $150 000
b In what year was: $100 000 =
i a principal of $300 000 owing? 350000 s |
oo . . . 0.||||’|||||||||“|;||;
ii the principal half-paid off? 0 5 0 5 50 »s
6 The graph shows the progress of a Years elapsed
$200 000 loan at 6.7% p.a.
;edu(:lblehllnteredstf over 3}(l)tlyears $200 000 HE B EEHE HEEHE S
epmymente, S swsoom e
pAymEnt. $160 000 -
a How much sooner canyou - Monthly repayments |
. 2 $140 000 O R
repay the loan by making E $120 000 . : \
fortightly repayments? . 100 000 | Fomthely regfayment N N
b After how many years was g $30 000 H N A
a principal of $100 000 - EE R R R L ;\\: H —\:\ HH
owing if repayments were 860 000 o E e \ H \ FHE
made: $40 000 :.::'i.‘:ﬂi':,\':.\f
i monthly? 820000 P A N
oo . 0 i B B I i e e R e S o B 8 S R A B N
i fortmighdy? 0o 5 10 15 20 25 30
Years elapsed
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How much of the amount borrowed was still owing after:

10 years with fortnightly repayments?

20 years with monthly repayments?

7 The blue graph below shows the progress of the Hayes family’s home loan, at monthly
repayments of $1497.

Loan amount

= 0 o 6 T Q

$300 000

$250 000

Vi
J
I

$200 000 =

$150 000 -

$100 000

$50 000

$0

0 50 100 150 200 250 300 350 400

No. of repayments

What amount did the Hayes family borrow?

How much will they owe after 150 months?

How many years and months will it take to pay off the loan?
In total, how much will they repay?

Calculate how much interest they will pay.

After 15 years (180 months) into the loan, the family made one extra payment of $10 000
off the loan. It changed the length of the loan, as shown by the red graph and the ‘dip’ at

180 months. How many years and months will it take to pay off the loan now?
How much will the Hayes family repay now, including the $10 000?

How much interest will they pay now?

How much time was saved on the loan after paying the extra $10 000?

How much interest was saved on the loan after paying the extra $10 000?
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. INVESTIGATION B it aatc o sl o

- CHANGING VARIABLES ON HOME LOANS

Enter your loan details View your results

. Amount: Monthly repayments: $2895.06

5[300000 Total interest payable: $394 815.58
Interest Rate:
== [1000 %[l [IPrincipal

Loan Term SZ00K

E?I:l: g $560K

Repayment Frequency: 2 $420K
| Monthly . L‘J é $280K
Repayment Type: =

| Principal & Interest + I

Use the Internet to find an online loan calculator to see the effect of:

* higher or lower interest rates on total interest paid

e repaying fortnightly or weekly rather than monthly

* changing the term of the loan on the size of the repayments

* increasing the size of the repayment on the time for the loan to be repaid

The graph above shows the progress of a reducing balance loan over time, with total
amount owing (principal + interest) shown in yellow and the amount of principal owing
- shown in blue.

. Suppose you borrowed $400 000 to buy an apartment at 8% p.a. reducible interest to be
. repaid monthly over 25 years. Use your loan calculator to find:

‘@ thesize of each monthly repayment
b how increasing the monthly payment by $50 affects the term of the loan

¢ how much sooner you would repay the loan if you made repayments fortnightly
instead of monthly

d  how much sooner you would repay the loan if you made an extra payment of
$10 000 after 10 years

e the amount paid in stamp duty (use a stamp duty calculator).
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Sample HSC problem

This table is used to calculate monthly loan repayments on reducing balance loans.

Monthly repayments per $1000 borrowed

Interest rate Term (years)
(o) 5 10 15 20 25
5 $18.87 $10.61 $7.91 $6.60 $5.85
5.5 $19.10 $10.85 $8.17 $6.88 $6.14
6 $19.33 $11.10 $8.44 $7.16 $6.44
6.5 $19.57 $11.35 $8.71 $7.46 $6.75

ames borrowed $320 000 at 5.5% p.a. for 10 years.
p y

b
c
d

What is his monthly loan repayment?
What total amount does he repay?
How much interest does he pay?

What is the equivalent flat interest rate per annum?

Study tip

Switch off your phone and computer

It is very easy fo achieve nothing in three hours of ‘study time’ if much of it is spent on fidying
up your desk, chatting with friends on the phone or social networks, having excessive fridge
and TV breaks, or playing games on the computer. If you are serious about studying, you
need fo program info your study routine blocks of time when you cannot be inferrupted by
phone calls, messages or friendly visits. This is especially important when you have a big
fask af hand, such as preparing for an exam or completing a major assignment. Establish an
arrangement with your family so that they know not fo disturb you during your study fime.

Put your phone and other digital devices away. Don't study in front of the TV or computer.
Time passes very quickly if you do. Either study or watch TV or use the computer, but don't
fry to multitask. You can listen to music or have the radio on as long as it doesn't affect your
concentration. As for those fun things you want to do? Do them during a study break as @
reward for completing a significant amount of work.
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CHAPTER REVIEW

Topic overview

This chapter, 'loans and annuities’, examined the financial mathematics of credit, loans and
annuities. You should be able to calculate the inferest and repayments involved in flat rate
loans, term payments, reducing balance loans and credit cards, and use tables and graphs to
frack the progress of a reducing balance loan. You used tables to calculate future and present
values of annuities, and loan repayments. You should understand the financial jargon of this
fopic, and be able to make informed decisions on different loan and investment options.

Make a summary of this fopic. Use the outline at the start of this chapter as a guide.
An incomplete mind map has been printed below. Use your own words, symbols, diagrams,
boxes and reminders. Gain a ‘whole picture’ view of the topic and identify any weak areas.

Loan
repayment

tables

Flat rate
loans

LOANS AND

ANNUITIES Credit
\ cards
Term
payments
7 Compound
interest:

Reducing
balance
loans
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Revision

Exercise
1 Casey bought a motorcycle for $15 000 and paid 10% deposit. He took a flat rate loan
out at 12% p.a. for the remainder plus the additional charges of $100 delivery, $35 stamp
duty, $250 registration, third-party insurance and $80 per year loan insurance. If he
repaid monthly instalments over 4 years, find:

a the total amount borrowed

b the amount of interest charged

¢ the monthly instalment.
2 Scott bought a new dishwasher and refrigerator and borrowed $1900 to help with the
purchase. If the flat interest rate is 12.7% p.a. and the term of the loan is 2 years, find his
monthly repayment. Select A, B, € or D.
A $198.55 B $178.44 C $99.28 D §89.22
3  Juliet bought a new bedroom suite from Fancy Furniture Discounts. The cash price was
$8000 but Juliet chose to buy on terms paying 10% deposit plus fortnightly repayments
of $238 for 18 months.
a How much did she actually pay for the bedroom suite?
b How much interest did she pay?
¢ What was the flat rate of interest charged (correct to one decimal place) per annum?

Exercise

4 Su-Yin wants to buy new kitchen appliances for $10 000. If she chose to buy on terms, 1-02
how much per month would she pay on the following hire purchase terms?

Hire purchase terms
10% deposit and 14.6% p.a flat interest on the balance.
Equal monthly instalments over 4 years.
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Exercise
1-03

Exercise

1-04

Exercise

1-04

Exercise

1-05

Exercise

1-06

Exercise

1-06

5 Thomas borrowed $18 000 for a new bathroom at 9% p.a. reducible interest. He made
monthly payments of $420.

a Draw up a table showing the progress of the loan in the first 4 months, with columns
as shown below, where R = $420.

Month P 1 P+1 P+I-R
1 $18 000
2
3
4

b How much had Thomas paid off the principal after his fourth payment?
¢ How much interest did he pay in the first four months?

d How much interest did he save in the first four months compared with a flat interest
rate of 9% p.a.?

6 Beatrice invested $9500 for 6 months at 4.75% p.a. compounded monthly. How much
interest did she earn? Select A, B, C or D.

A $2491.66 B $227.87 C $3050.12 D $109.12

7 Eddie invested his inheritance in an account earning 8% p.a. compounded monthly. His
investment grew to $10 000 in 8 years. How much did he inherit?

Minjee has a credit card with no interest-free period. Her monthly statement for October

is shown.
Ms Minjee Lee GOLF BANK
Payment due: 1 November 2014 Credit Card statement
Previous balance Payment Total purchases Interest
$1325.68 $1325.68 o e
Date Purchases Amount
15 October Golf lesson $325.50
20 October Golf shoes $295.00
28 October Massage $137.00
Annual simple interest rate: 16.38%
Daily percentage rate: 0.0449%

If Minjee pays her account in full on 5 November, how much interest does she pay?
Use the future value of an annuity (FVA) table on page 29 to answer questions 9 and 10.
9 Alaska puts $5000 in an account at the end of each year for 12 years.

a Whatis the future value of her annuity if the interest rate is 8% p.a?

b How much interest will she earn?

10 Irven contributes $16 000 per quarter for 1 year into an annuity that earns interest at
12% p.a. compounded quarterly. Calculate the future value of Irven’s annuity.

Use the present value of an annuity (PVA) table on page 34 to answer questions 11 and 12.
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11 Greta deposits $2000 at the end of each month for 9 months into an account earning
12% p.a. compounded monthly. What single amount could she invest now to produce

the same financial result over the same period at the same interest rate?

12 Find the regular repayment (#) for a loan with principal:

a $13 500, at 2% per month for 6 months
b $45 000, at 6% per quarter for 21 years

13 This table gives the monthly car loan repayments for different loan amounts and terms.

Loan
amount

$10 000
$12 000
$14 000
$16 000
$18 000
$20 000

Consider a loan of $20 000 over 4 years. Use the table to calculate:
a the monthly repayment
b the total amount repaid

Monthly car loan repayments

18
$619
$743
$867
$991

$1114
$1238

¢ the total interest paid

14 The graph below shows the progress of Ante’s home loan, in which he made monthly

repayments of $3000.
Reducing balance loan monthly repayments
$400 000 i
$350 000 e
£ $300000 P
£ $250 000 H
o
= $200 000
= X
£ 3150000 \\
$100 000 ,,\\\ _
$50 000 aaistan
0 ‘ \
0 24 48 72 96 120 144 168 192 216 240 264
No. of repayments
a How much money did Ante borrow?
b What was the amount owing after 10 years?
¢ How many years and months did Ante take to pay off the loan?
d What was the time taken for the loan to be half-paid?

Term of loan (months)

24
$480
$576
$672
$768
$864
$960

36
$342

$410
$478
$547
$615
$684

48
$273
$328
$383
$437
$492
$547

Exercise

1-07

Exercise

1-07

Exercise

1-08

Exercise
1-09
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ALGEBRA AND
MODELLING

4 EQUATIONS AND
! LINEAR FUNCTIONS

Many relationships in real life, where one quantity or variable directly affects another, can be
described by a table of values, a graph or an algebraic formula. For example, the tfemperature

of air varies with the height above sea level and the time between seeing lighining and hearing
thunder varies directly with the distance from the storm. VWhen the relationships are modelled using
a linear function, the gradient and yintercept have special significance.

CHAPTER OUTLINE

AMT, AM3 2-01  Algebraic expressions
202 Algebraic fractions
AM3 203 Index laws
2-04  Solving equations

2-05  Formulas and equations
2-06  Changing the subject of a

formula
AM4 2-07  Llinear functions

2-08  Direct linear variation

2-09 Intersection of lines

2-10

Simultaneous equations



IN THIS CHAPTER YOU WILL:

simplify algebraic expressions, including those involving expanding, algebraic fractions and the
index laws

solve equations, including those involving algebraic fractions

solve equations affter substituting into a formula

change the subject of a formula

graph linear functions and use them to model and solve practical problems

inferpret the practical meaning of the gradient and vertical intercept in linear models

solve and graph problems involving direct linear variation y = kx

solve simultaneous equations graphically by identifying points of infersection, and solve problems
involving break-even points

solve simultaneous equations algebraically using the substitution and elimination methods




TERMINOLOGY

break-even point
constant term

elimination method
gradient

index notation

point of infersection
simultaneous equations

coefficient
dependent variable
expand

independent variable
like terms

power

subject of a formula

constant of variation
direct linear variation
formula

index laws

linear function
proportional
substitution method

varies vertical intercept y-intercept
SkillCheck
1 Simplify each expression.
e a 4m+7-3m+9 b 6nx Smn c lzzoﬂ d 2x+54-6a+x
2 Expand each expression. 4
s a 32r-5) b -6(+7) ¢ -28-%
reviow 3 Evaluate c +c-2if:
a c=7 b =-3 ¢ ¢=10
4 Solve each equation.
a 3x+17=38 b 84-4=3d-9 ¢ 20-2w=-16
5 For the linear function y = 3x + 1, what is:
a the dependent variable? b the gradient?
¢ the y-intercept? d the value of x when y = -14?
6 Graphy=3x+1andy=5 -« on the same number plane and write the coordinates
of their point of intersection.
7 Find the linear function for this table of values.
x 1 2 3 4 5
y | =2 1 4 7 10
8 Find the gradient and equation of each line below.
° ! ® N

(2,3)

/
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2-01 Algebraic expressions

An algebraic expression is made up of terms involving variables and numerals. For
example, 81 + 5t — 1 has three terms: 8¢, 52 and —1.

Simplify each expression.

a 15m—2d—-8m+6d b 3d+84-3-d ¢ 18mp’ +45m’p
Solution
a 15m—-2d-8m+6d=15m—8m —2d+ 6d Collecting like terms 15m
=Tm +4d and -8m, -2d and 6d.
b 3d+84-3-d=84*+3d-d-3
=8d*+2d-3
¢ 18mp?+a5mip=—h
45m” p
_18 il ‘D_1 Dividing the numbers
45 m' p and variables separately.
2 1 _p
==-X—X
S m 1
_2r
Sm

* When adding or subtracting algebraic terms, only ‘like terms’ can be added or
subtracted

*  When multiplying or dividing algebraic terms, multiply or divide the numbers and
variables separately.

*  When expanding an algebraic expression with brackets, multiply each term inside
the brackets by the term outside.

alb+c)=ab+ ac
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Expand and simplify each expression.

a 36m+7)=20m+)5) b #(4r-10)- “4r-10)
Solution
a 36m+7)=2wF+5)=18m+21 - 2m* - 10 Expanding.
=—=2m*+ 18m + 11 Collecting like terms 21 and -10.
b 74r-10)- (4r—10)=4—10r —4r+ 10 ~(4r - 10) means -1(4r - 10).
=472 — 147+ 10

@ Exercise 2-01 Algebraic expressions

1 Simplify each expression.

a x+2x7+ 50—} b 4m+7+18m-5
¢ 3bd+4d+d*-5d d 6c-6-c+20
e 2r+r+2ri-r f Ttu+t2-82+1tu
g 3¢+9+c+é h Sp+4p-9p+7p
i 2xy+3yz+4xy—8yz i Tk+11y-20+3k-6
k 16/-3jk— 5/ - 4jk I 8u?+6-10-5u
2 Simplify each expression.
a 3wt x2mn b -5px(-6p) ¢ (212
d 16w° + 8wy e 1042x% f 18k%y
2 3ky
g 4+10p h 6rx(37) i (%)
i Suxu k Su+u I &jz
14d°e
3 Expand and simplify each expression.
@ a 3k+4)+4k+4) b 2@+1)-2d-1) ¢ 5(r+3)+4@+10)
d 8(m+5)-3(m-75) e 2(a+6)+@-1) f 3Qr+1)-(4t+8)
g x(x+7)-5x-3) h 542 —u) +u6u +3) i 4@m+1)-33m-2)
i 8G5-2N+rG3r+1) k 62d-3)+@2d-3) I fG5F+5)+5(F+5)

4 Which of the following is the simplified expression for 42wz + 7) — 5Q2m + 3)?
Select A, B, C or D.

A 2m+43 B -2m+25 C 2m+13 D -2m+23
422
5 Which of the following is the simplified expression for 244 bbz ? Select A, B, C or D.
N2 Y ¢ p i
2 2 2b 2
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6 Which of the following is the simplified expression for 10x(x — 1) + x(5x + 4)?
Select A, B, C or D.

A 15x°+5 B 15x-6« C 15x— 14« D 15x%+6x
7 Simplify each expression.
-3b% x % b (—4ab) € Sx+4z—4x+6
day+y—ay+y e 8kp’+12k f 4dexSd’
g _‘l}(t)zm h 6r+2r—4p-5r i 6wzx%
i B8mu+4w’-u>-8r k 8a2y><%y2 I Gy

2-02 Algebraic fractions

Operations with algebraic fractions follow the same rules as numerical fractions.

When adding and subtracting fractions, first convert them so that they have the same
denominators.

Simplify each expression.

Algebraic
fractions

k k Ix  2x 4d 3d
a —+- b —-= € —+—
8 3 10 3 504
Solution
a E ﬁ = sxk k + SXK k Common denominator is 8 x 3 = 24
8 3 3x8 8x3
3k 8k
_+_
=24 24
1k
=24
b 7x _2x _3x7x 10X2x
10 3 30 30
2l 20x
=30 30
x
=
ISBN 9780170238977 2. Equations and linear functions @@ @



C

4d 3d_4x4d 5x3d
5 4 20 20

16d 15d
=t —
20 20
_3ud
T 20

When multiplying fractions, cancel any common factors, then multiply numerators and
multiply denominators.

When dividing by a fraction %’ multiply by its reciprocal b
a

Simplify each expression.

4dg  m kw kd
a = Ni5: b s -
Sm12g 8 6
Solution
' : kw kd _kw 6
a ﬁ& s ﬂ % i b il Multiply by the reciprocal.
Sm 12g Sm 3}‘2,&’ 8 6 8 kd
) e 8
T 8 %d
_3w
4d
Exercise 2-02 Algebraic fractions
@ 1 Simplify each expression.
4.4 b 2_2 ¢ _®
6 2 35 7 3
d X7 e 4.7 T ELES
5 8 302 4 12
Ta  4a 9x  2x . 8k k
g —— h —-=— i ——=
9 5 10 3 5 3
i Te_2x Kk v | LT
9 5 3.5 4 12
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2 Simplify each expression.

d m 2k 3 4h h
—X— b it = ¢ —+—
5 3 5 w 5 10
d Deh 2h e Ph.2p § o 3«
4 3g 5 3 15 8y
g 3m—”+—12mp h @XA}—[? i 10m+5—m
10k 5 12 3ad 2
. Swm 8w 10abc 6 8k 32k
i —x—— k —x— | ==
6 15mmn 3 5bc 5 15d

2-03 Index laws

Index notation is the use of powers fo write repeated multiplication of a number.

For example, in 5°=5x 5x 5, 5 is called the base and 3 is called the index, power
or exponent.

Index laws and properties
When multiplying terms with powers that have the same base, add the powers:
dm X ﬂ” — dm+n

When dividing terms with powers that have the same base, subtract the powers:

e
—=a" g =g""
”ll
When raising a term with a power to another power, multiply the powers:
@)y = a"*" = g""
Any number raised to a power of zero is equal to 1:

=1

Simplify each expression.

Example
4

a Swx4w’ b 12k +4p c  QGmw’)
1 25k%d
d 8/ x =13 == f 40+7
Ses 15kd’
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Solution

a Swx4w =5x4xw xw

= 2071)3 +7
=20w'"

31 AL6
b 1245+ 4= 2K
Iﬂ/k-
=3k0-2

=3kt
¢ QGmy =32x(m’)
=9 xm**?

= 9m'°

You can raise each part of the
term to the power separately

A

d 8)/5><%y3=8><%><y5><y3

=4y
25k'd 25 K d
€ ——=—"X—X—
15kd* 15 k d&°
St
== X—X—
S L

_sk

3d°

f 4°+7=4x1+7
=11

Simplify each expression.
a X’

d 3p*x2p

g 24d°+8d°
i 6d*x5d’
m 5’ xb+b°
2 Simplify each expression.

S A T U

a 3w’ X 2mn

d 5»+4

3u
~10u" x —
9 wx=

~ - o T

i 4 =10

m Suxu’ n

Exercise 2-03 Index laws

y+y

(4b%)?

(g3w2)5
28y*w? + Tyw?
(ﬂ3)4 X (ﬂS)Z

== A

@)

150 + 3x
Qm’y
(4kp?)
(x2y3)4 +y7

(=2r%)°
L6w’y? + 8wy
18k*y

Sy

(3x2y 5)3
14m’e’

1072¢*

NCM 12. Mathematics General 2

ISBN 9780170238977



p 12m° - (3mP)’ q
s 7-84°

3  Which of the following is

Aﬂ B
5r

15w°23 + 18wz’ r 3x°x % X’
84°n* .
W (V) (4‘g0)2 X 3g3

the simplified expression for 154—k x 1072? Select A, B, C or D.
r

8kr” C 8k D 28kr

2-04 Solving equations

An equation contfains an algebraic expression and an equals (=] sign, for example,

Equations

6 -2y =3y+16. An equation is solved when a value of the variable (for example, y) is code puzzle

found that makes the equation

To solve an equation:

frue.

Solving
equations by
balancing

* keep the equation balanced by doing the same operation to both sides

® aim to have the variable

(for example, x) on one side of the equation and a number on

the other side, for example, x = 6.

Solve each equation.

a 3(4k-7)=23 n
c g i =—4 d .i =7
3 Sy
Solution
a 3(4k-7)=23
12k-21=23 Expand the LHS first.
12k -21+21=23 +21 Add 21 to both sides.
12k =44
ik = ﬁ Divide both sides by 12.
12 12
k=3%
Checking:

LHS =3(4[32]-7)=3(72)=23=RHS

ISBN 9780170238977
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b Y _5=3m+8

4
"
Z—5+5=3m+8+5 Add 5 to both sides.
m
—=3m+13
m m
2 x4=3mx4+13x4 Multiply both sides (each term) by 4.
m=12m+ 52
m—12m=12m - 12m + 52 Subtract 12m from both sides.
—11lm=52
ﬂ: 5_2 Divide both sides by -11.
-11  -11
m=-44
2d d
C —_— = —8
3 5
[ 2d d S . .
15| — |+15] = |=15 (—8) Multiply each term (both sides) by
3 5 15 (a common multiple of 3 and 5).
10d + 3d =-120
13d=-120
ﬁ = ﬂ Divide both sides by 13.
13 13
d=-9%
d i =7
2y
4 . .
5—->< 5y=7x5y Multiply both sides by 5y.
4 =35y
35y=4 Swap sides so that y is on the left.
ﬂ = i Divide both sides by 35.
35 35
4
7735
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Exercise 2-04 Solving equations
1 Which of the following is the solution to the equation 6(2 — 3w) = -24? Select A, B, € or D.

A v=-6 B w=-2 C w=2 D w=6
2 Solve each equation.
a 4m+12=23 b 15-7k=6 ¢ Sw-8=2w
k d—6

d 26+8g=15 e Z+5:3 f ?:2
g 3p-49=-27 h 4v+d=x—11 i 124=8+8d
i Zi5=4m-7 k 12-x=242 | Z:%_g

2 5 35
m 1—1:4 n 243=2_1 o i—E:Z

25 2 5 5 3

3 In which line was an error made in solving this equation?
8c+16=c-12 Line 1

9+ 16=-12 Line 2
9c=-28 Line 3
c=ﬁ Line 4
9
1 .
c=-3—- Line 5
9
Select A, B, C or D.
A Line?2 B Line3 C Line4 D Lines
4 Solve each equation.
Sh=2_ 1 b L4 ¢ 4Qk+1)=0
2 7
d 7_3 e 2% _y f 8(4-20=-16
10 8
. 2a-8
g 10y-8=46-2y h 5@+5)=2Qd+18) R
4 3 8
i ~=5 k 10== I Z+4=7
I3 2% x
m 3=5+l n i—13:3 o 421_2
m h y

5 Which of the following is the solution to the equation %+ % =10>? Select A, B, € or D.

Example
6

3 3 4 20
A p=9- B p=-— C p=-— D p=—
p=97 P=y P=1s P=39
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2-05 Formulas and equations

Sometimes, affer we substitute values into a formula, the result is an equation that must be solved.

EXAMPLE 7

The mean, M, of three numbers «, y and z is given by the formula M = i

. If three

numbers have a mean of 22 and two of the numbers are 25 and 26, what is the third number?

Solution
Here M =22, x=25 and y = 26.
‘M=x+)’+z
3
- 25+26+z
3
27— S1+2
3
S51+=z -
3
i
3
51 +2z=66
S1+2z-51=66-51
z=15

The third number is 15.

@ Exercise 2-05 Formulas and equations

1 The formula for converting Fahrenheit (°F) temperatures to Celsius (°C) is C = 2 (F-32).
o (e} 9
Convert 38°C to °F.

2 The number of days fresh milk will keep if stored at 7°C is D = % If a carton of

fresh milk lasted 4 days, at what temperature was it stored?

3 The volume of a cylinder is I’ = t7°h, where 7 is the base radius and 4 is its height. If a
cylinder has a volume of 904.78 cm’ and a radius of 8 cm, find its height to the nearest

centimetre.

4 The formula for converting speeds from & km/h to M metres per second is M = % ;

Convert 12 m/s to km/h.

5 The distance 4 km that an observer can see to the horizon from a height of 2 m is given
by d = 8\/§ . Which of the following heights allows you to see the horizon at a distance

of 100 km? Select A, B, C or D.
A 358m B 390m C 625m D 781 m
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6 The simple interest earned when $P is invested at a rate of 7 per period for z periods is
I= Prn, where r is a decimal. For how long must a principal of $2300 be invested at 6.5%
p-a. to earn simple interest of $1196?

7 The average speed, S, of a moving objectis S = é, where d is the distance travelled and
t is the time taken. 4

a Find the distance travelled by a car in 3 hours if its average speed is 90.2 km/h.

b Find the time taken (to the nearest minute) for a cyclist to travel 250 km if his
average speed is 17.5 km/h. p
8 Young’ rule for calculating the medicine dosage for infants is D = y+—, where y is the
y
age of the infant in years and A is the adult dosage. How old is Libby if her medicine
dosage is 0.6 mL and the adult dosage is 15 mL?

9 The formula for converting Australian dollars ($A) to New Zealand dollars ($NZ) is
NZ =1.2362A. Convert the following $NZ amounts to $A, correct to the nearest cent.

a $NZ20 b $NZ38 ¢ $NZ100
10 The body mass index (BMI) of an adult is B = %, where 7z is the mass in kilograms and

h is the height in metres. If Kate is 1.76 m tall and has a BMI of 24.2, calculate her mass
to the nearest kg.

11 The blood alcohol content (BAC) of a person who consumes alcoholic drinks is
BAC =0.0012n4 where # is the number of drinks taken and « is the amount of alcohol

in each drink. If Mark drank 4 glasses of wine, each containing 150 mL, and registered a
BAC level of 0.0792:

a how many millilitres of alcohol were present in each glass?
b what percentage of the wine was alcohol?

12 The area of a trapezium is given by the formula acm
A=1(a+b)h, where 2 and b are the lengths of the
parallel sides and 7 is the distance between them. 11em
If the area of the trapezium is 176 cm?, find the
length of the side marked a.

18 cm

13 The volume (in cubic centimetres) of wood in a tree is V'=0.4724d’h + 9.86, where d is
the diameter of the trunk and 4 is the height of the lowest branch. All dimensions are in
centimetres. Calculate, correct to the nearest cm, the height of the lowest branch in a
tree whose trunk diameter is 55 cm and whose volume is 400 000 cm’.

14 The air temperature, 7°C, outside an aeroplane is given by the formula 7'= 15 — 0.0064,
where £ is the height of the plane in metres above sea level. Calculate, correct to the
nearest metre, the height of a plane if the outside temperature is —-39°C.

15 The density p kg/m’ of a substance can be calculated using the formula p = % , where

m is its mass (in kg) and V'is its volume (m’*). Calculate correct to two significant figures
the volume of a cork block if its density is 240 kg/m*® and its mass is 20 kg.
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1

16 A formula used to find the total resistance in an electrical circuit is RL = z + Ri . Find
the value of R, if R is 15 and R, is 20. wotal 1 2

total
.. F . .. .
17 Newton’s second law of motion is 2 = — , where 4 is the acceleration in m/s?, F' is the

m
force in newtons, N, and 7z is the mass in kg. What is the mass of an object if a force of
40 N results in an acceleration of 18 m/s??

18 The surface area of a rectangular prism of length /, width w and height / is S = 2/w + 2/h
+ 2wh. If a rectangular prism with surface area 132 cm? has length 7 cm and width 3 cm,
find its height.

JUST FOR THE RECORD

The tallest building in the world

In 2010, the Burj Khalifa Tower in Dubai, in the United Arab
Emirates, became the world tallest building at 830 m high
with a record-breaking 163 floors.

Some other tall landmarks are:

CN Tower, Toronto 553 m
Taipei 101 tower, Taipei 508 m i
Petronas Towers, Kuala Lumpur 452 m °§a
Empire State Building, New York 381 m “\z
Q1 Tower, Gold Coast 321 m f‘g
Eiffel Tower, Paris 320 m §
Sydney Tower 305 m
Leaning Tower of Pisa 55m

Use the formula d = 8\/§ to calculate the distance that can be seen to the horizon from
the top of the Burj Khalifa Tower.

2-06 Changing the subject of a formula

In the formula v=u+ af, vis called the subject of the formula because it is on the [HS.
To change the subject of a formula to another variable, use the same rules as for solving an
equation. The answer is not a number but an algebraic expression (another formula).
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EXAMPLE 7

If a moving object has initial speed # m/s and acceleration # m/s?, its final speed v m/s is
given by the formula v = # + 2. Change the subject of this formula to:

a u
Solution
a v=u+at
uU+at=7v
U=v-—at
b v=u+at
uUu+at=7v
atr=v—u
v—1u

a

EXAMPLE 8

b :

Swap sides so new subject u appears on the LHS.

Subtract af from both sides.

Swap sides so new subject t appears on the LHS.
Subtract u from both sides.
Divide both sides by a.

The volume of a cone is given by the formula V' = 1’k
a Make A the subject of the formula.
b Make r the subject of the formula.

Solution
l 2
a V =—mrh
3
1:
—-wrh=V
3
wrth =3V
e
(o
1
b V ==1rh
3m
-rth=V
mwh=3V
4
nth
r==% i
17

Swap sides so new subject h appears on the LHS.

Multiply both sides by 3 to remove the fraction.

Divide both sides by 1tr2

Swap sides so r appears on the LHS.

Multiply both sides by 3.
Divide both sides by mh.

Take the square root of both sides.

ISBN 9780170238977
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Exercise 2-06 Changing the subject of a formula

Example
8 6

7

Make x the subject of each formula.

a y=2v+4 b T=3x-7 c d:%“
d p=18-x e k=4x+r f C:n+§
g S=10bx h V:‘”T‘s i 2212 -

If an object travels a distance, d, in time, 7, its average speed, S, is given by the formula S = ? .
Change the subject of the formula:
a td b tt

The angle sum of a shape with # sides is A°, where A = 180(n — 2).

a Use the formula to find the angle sum of a shape with 12 sides.

b Make 7 the subject of the formula.

¢ If the angle sum of a polygon is 1260°, how many sides does it have?

The volume of a pyramid has the formula } = %Ah, where A is the area of the base and
h is the perpendicular height. Which of the following is the correct formula for 4?

Select A, B, C or D.

A Az%Vh 5 S

B A=— C A=3Vh D A=—
Vh h
The area of a trapezium has the formula 4 =% (x + y)h . Change the subject of the

formula:
a toh b ty

Change the subject of each formula to the variable shown in brackets:

a A=’ [7] b y=mx+b [
¢ *=u+2as 5] d =" [x]
s

e E=m [c] f K Z%mvz [v]

g =2+ (5] h x=.6y+3 ly]

i A=Sm ) i T=2n\/z 1
2 g

k V=IR-E (R] | e:z'1f+% (O]

m o=, [7] n s=ut+lﬂt2 [«]
L 2

m+d

o V=§TWS [7] p K=

The body-mass index of an adult is given by the formula B = % , where 7 is the adult’s

mass in kilograms and # is their height in metres. Change the subject of the formula to
h and hence find, correct to two decimal places, the height of a person with a body mass
index of 25 and a mass of 60 kg.

NCM 12. Mathematics General 2
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8 The volume of a coneisV = gmfzh, where 7 is the radius of its circular base and 4 is its

perpendicular height. Show that this formula can be rewritten as 4 = 3—V2 and hence find (to

the nearest centimetre) the height of a cone with volume 3539.53 cm’® and base radius 13 cm.

r

9 Make F the subject of the formula C = %( F -32) and hence find F when:

a C=40 b C=100

10 The time, 7 seconds, it takes a swing to go back and forth once is T = 2 \/z , where /

8

metres is the length of the swing and g m/s? is the gravitational acceleration.

Make / the subject of the formula and then find, correct to the nearest 0.1 m, the value
of /if g = 9.8 and it takes 3 seconds to swing back and forth once.

. P ————

GETTING THE RIGHT FORMULA

ooooooooooooooooooooooooooo .

. Match each formula to its correct description. (Some descriptions are used twice.)

: Formulas

1 I=Pm 2 =g+ 0b?
3 5= 4 4 x= Ix
t n

5 P(E)=1-P(E) 6 A=mr

7 C=2nr 8 y=kx

9 y=mx+b 10 A=%(ﬂ+b)h
C 11 V=an 12 FV=PI1 +ry
“ 13 [=FV-PV 14 IQR=0Q,-0Q,
15 A= %xy 16 A=¢
© 17 C=md 18 S=V,(1-r)
L 19 A=h 20 7=
: 2/
21 S=V,-Dn 22 V=nrh
D93 4o 1 i 24 P(E)-= number of favourable outcomes
: 2 total number of outcomes
. 25 absoluteerrorxloo% 26 g5 _ change?ny

measurement run  changeinx

. Descriptions
¢ A Areaof a trapezium B Area of a circle
. € Probability of a complementary event D Mean of a data set
. E  Volume of a prism F  Volume of a cylinder
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Pythagoras’ theorem Circumference of a circle

Probability of an event Interquartile range of a data set
Linear variation Area of a square
Area of a rectangle Speed
Area of a triangle Gradient of a line
Simple interest Compound interest earned
Declining balance depreciation Area of a rhombus

Straight-line depreciation Equation of a line

SCVwPOTXA~— O
X<=®x7vOvVZr «rx

Future value of an investment after
compound interest

Percentage error

[ ®
2-07 Linear functions
A function is a relationship between two variables, like a ‘number machine’ that converts an
input value, x, info an output value, .

Graphing FUNCTION

linear

Input Output
x=6 y=-2x+10 y=-2

equations

Independent variable Dependent variable

y=-2x+ 10 is a linear function because its graph is a straight line. vy is the dependent
variable because the value of y depends on the value of x, while x is the independent
variable.

* A linear function has the form y = z2x + b and its graph is a straight line.
* The gradient, 7, is the rate of change of y relative to x.

rise (T) _ changeiny

run (—)  change inx

m =

vertical rise
or
changeiny

horizontal run
or
change in x

* The y-intercept or vertical intercept, 5, is the value of y when x = 0.
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In the linear function y=—-2x+ 10, the number in front of x, =2, is called the coefficient of x,
while the number on its own without an x, 10, is called the constant term. For the graph of

y=-2x+ 10, =2 is the gradient and 10 is the y-intercept.

a Complete this table of values for the linear
function y = 2x — 1, then graph y =2x - 1
on a number plane.

b  Find the gradient and y-intercept of the line.

¢ How are the gradient and y-intercept of the line related to the equation y = 2x — 1?

Solution =R 1 2

a  Substituting x-values into y = 2x — 1 to find y: . - - -1 1 3

Graphing the points (-2, - 5), (- 1, - 3), (0, - 1), (1, 1), (2, 3):

y=2x-1

7 -intercept

b From the graph, gradient
(m) = HISL 2 =2. and increases by 1, y increases by 2 (the gradient)
run 1 7 and when x=0, y = -1 (the y-intercept).

the y-intercept is —1.

Note also that in the table of values, as x

¢ The gradient 2 is the coefficient of x in the equation y = 2x — 1 and the y-intercept
-1 is the constant term.

Graphing
lines:
Graphics
caleulator
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Finding the

ccpation of What is the linear function for this table of values? i | St 3 1Y
aline Bl 3 s 2 4

Solution
The equation has the form y = mx + b. Select any two points to calculate the gradient, say
(-1, -8) and (-4, -23):
o change 1n y
change in x
_8-(-23)
()
15
3

=5 ‘.~." is the mathematical symbol for
) ‘therefore’
. The equation has the form y = 5x + .

To find b, substitute any point, say (10, 47):

using the points

47 =5(10) + b
47=50+5
3=b

b=-3

. The equation is y = 5 — 3

A traffic researcher found a linear relationship between the toll charge and the number of
vehicles using a motorway each day.

Toll, $¢ 2.5 3.3 4 5.1 6
No. of vehicles, v 6500 6020 5600 4940 4400

Number of vehicles using motorway

6500~
6000 -
5500
5000~
4500 -
4000 —

No. of vehicles, v

R L S U EUT U L
0 05 1.0 152025 3.03.5 40 45 5.0\5.5 6.0 65
33 5.1

Toll, $#
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a What s the independent variable?

b  Find the linear function of the form v = mt + b.

¢ What s the vertical intercept and what does it represent?

d  Use the function to predict the daily number of vehicles using the motorway when
the toll is $4.80.

e  What will happen to the number of vehicles using the motorway if the toll increases
by $1.50?

Solution

a The independent variable is ¢, the toll. v depends on t.

b  First, find 7:
change in v
m=———
change in 7
_ 4400 -5600
6-4
_ —1200

2

=-600
s v=-600t + b
Second, find &:
6500 =—-600(2.5) + & Using point (2.5, 6500).

=-1500 + 4
b=8000
- v =-600z+ 8000
¢ The vertical intercept is 8000. This represents the number of vehicles using the

motorway if 7 = 0, that is, if there is no toll.

d  Substitute = 4.8 into v = -600z + 8000:
v =-600(4.8) + 8000
=5120
5120 vehicles will use the tollway when the toll is $4.80.

e  The gradient 72 =-600 means that for every $1 increase in the toll, the number of vehicles
using the motorway will decrease by 600. So if the toll increases by $1.50:
Number of vehicles will decrease by 1.5 x 600 = 900.

Alternative method
Suppose that the toll increases by $1.50 from $4 to $5.50.
When =4, v = 5600 (from table).

Using points (4, 5600) and (6, 4400).

When t=35.5,
v =-600(5.5) + 8000
=4700

Number of vehicles will decrease by 5600 — 4700 = 900.
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Exercise 2-07 Linear functions

Example
o B

3
4
5

Example
6
7

Which of these is a linear function? Select A, B, € or D.

A yz—l B y=12-« C y=2x?+9 D y=2
x

a For the linear function y = 3x + 2, what is:
i the independent variable? ii the dependent variable?

b Graphy=3x+2 onanumber
plane after completing this table of values.

& -2 -1 0 1 2

¢ Find the gradient and y-intercept of the line.
d How are the gradient and y-intercept of the line related to the equation y = 3x + 2?

a Graph y=4 - 3x on a number plane after

. . -2 - 2
completing this table of values. * B !

b Find the gradient and y-intercept of the line. Y

¢ Explain how the gradient and y-intercept are related to the equations of the line.

For each linear function, write down its gradient and y-intercept.

a y=-3x+7 b y=5-« c y=%x—3
Graph each linear function shown in question 4 above on a separate number plane.
Which is the linear function for this table of " 4 7 2 2

5
values? Select A, B, C or D. y e T

1 1
A y:;x—IS B y:;x+10 C y=7x-1 D y=7x-18
Find the linear function for each table of values.
a e 6 w0 13 15 b 1 3 6 14
c 152 120 96 80 v 9 21 39 87
c n 3 8 20 35 d o 511 18
P 141 126 90 45 t -2 13 43 78

The table below shows the quarterly cost of water usage for different volumes of water.

Volume, v (kL) 16 25 48 60 81 99
Cost, C ($) 168.24 183 220.72 240.40 274.84 304.36

What is the independent variable and what does it represent?
Find a linear function for C in terms of v.

What does the gradient represent?

What does the vertical intercept represent?

What is the cost of using 54 kL. of water?

Find the volume of water usage that costs $265.

= 0 o o T Q
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9 This conversion graph shows the linear relationship between the Celsius and Fahrenheit

scales for measuring temperature.

a Find a formula for F in terms
of C. P

b What is the independent 120
variable? 110

¢ Whatis the vertical intercept 100
and what does it represent? &

d Use the formula to convert: " 0
i 12°Cto°F El
i 86°F to °C 2 70

e Use the graph to convert: ii 68
i 12°Cto°F 30
ii 86°F to°C

f If Cincreases by 5°, what

does F increase by?

10 Lizzie recorded the value of her
computer every 6 months. She graphed
this data and drew a ‘line of fit’ as shown
below to estimate the values.

Celsius—Fahrenheit temperature conversion graph

(20} 68

Value of computer, V ($)

a Find the equation of Lizzie’s line
of fit.

b Use the equation to calculate the
original value of her computer.

¢ Whatis the gradient of the line and
what does it represent?

d Calculate the value of her computer
after:
i 20 months ii 31 years

e When will the value of the computer
be zero? Answer in years and months.

f What are the limitations of this model?

5 10 15 20 25 30 35 40 45 50

Celsius scale, C (°C)

Value of computer over time

4000
3600
3200
2800
2400
2000 ==
1600
1200
800
400

0

,,,,, L INE
T HHH HNGHHTH
12 18 24 30 36 42 48
Months after purchase, 72

0 6
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11 A shoe’s length (in inches) has a linear relationship with its shoe size.

Shoe size, s 2 5 7 8 12
Length, L inches 9 10 104 11 124

a What is the independent variable?
b Find the linear function for L in terms of s.
¢ Whatis the length of a shoe of size 747
d Whatsize is a shoe of length 13 inches?
12 The weekly cost $C of manufacturing notebook computers at a factory is shown in the

table below, where 7 is the number of computers produced.

No. of computers, 7 50 85 120 136 157
Weekly cost, $C 21900 31350 40 800 45120 50790
a Find the linear function for C.
b What is the cost of producing 200 notebook computers?
¢ How many computers can be produced for $60 000?
d

The factory made 44 more computers this week than last week. By how much did the
cost increase from last week?

2-08 Direct linear variation

If y varies as &, or y is directly proportional to x, then y = kx, where k is a constant. k is
called the constant of variation or constant of proportionality.

A direct linear relationship exists between x and y. If x increases (or decreases), y increases (or
decreases). If x is doubled (or halved), y is doubled [or halved).

On a road trip, the total distance travelled, D km, varies directly as the time, 7 hours.

Time, # (hours) 0 2 3 5 8
Distance travelled, D (km) 0 160 240 400 640
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a  Graph the relationship between D and .
b  Find the equation for D in terms of z.

¢ Find the time it takes to travel 550 km, in hours and minutes correct to the nearest minute.

Solution

R FE T ~t8pA0)y
600 ~fmfrmrrrere e e

B /

0 A

Distance, D (km)

soo-Ert A

1 A Gl FEHHHHH A
200 e :

100 oot Fe s e
A R
0 o 50 OO O 0 1 :l::—

0 1 2 3 4 5 6 7 8

Time, # (hrs)
b As D varies directly as ¢, the variation equation is of the form D = kt.
To find £, substitute a point from the table, say (3, 240):
D =kt
240= % (3)
240

k=22
3

=80
.. D =80t
¢ When D =550:
550 =80z
_5%0
- 80
=6.875h
=6h52min30s
=~ 6h 53 min
The time it takes to travel 550 km is 6 hours 53 minutes.

t
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The mass M (in grams) of petrol varies as its volume V (in litres). The mass of 60 L of
petrol is 42 kg.

a Find the variation equation relating M to V.

b What is the mass of 35 L of petrol?

¢ What s the volume (correct to the nearest litre) of petrol that has a mass of 80 kg?

Solution

a  As M varies directly as V, the b  When V'=35:
variation equation is M = kV. M=0.7(35)
Substitute M =42 and V=60 to =245
el o 35 L of petrol has a mass of 24.5 kg.

42 = k(60)
2
p=22
60
=0.7
s~ M=0.7V
¢ When M =80:
80=0.7V
y=2
0.7
=114.2857...
~114
80 kg of petrol has a volume of 114 L.

To solve a linear variation problem:

Step 1: Identify the two variables (say x and y) and form a variation equation y = kx.
Step 2: Substitute values for x and y to find 4, the constant of variation.

Step 3: Rewrite y = kx using the value of 4.

Step 4: Substitute a value for x or y into y = kx to solve the problem.
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Exercise 2-08 Direct linear variation @

1 The table below shows the weights of astronauts on Earth and on the Moon.

Weight on Earth, E (kg) 55 60 65 72 75 85
Weight on Moon, M (kg) 9.1 9.9 10.7 11.9 124 14.1

a Graph the relationship between M and E.

b What is the vertical intercept?

¢ Find the gradient of the line.

d Find the equation for M in terms of E.

e If Sally weighs 8.6 kg on the Moon, what is her weight on Earth?

2 This table shows the fuel used when travelling certain distances by a small car.

Fuel used, f (L) 3 12 15 18 30 40
Distance travelled, D (km) 50 200 250 300 500 660

a Graph the relationship between D and f.
b Find the equation for D in terms of f.
¢ Find the amount of fuel used when travelling a distance of 680 km.
3 The mass, M (g) of a type of steel is given for different volumes, 7 (cm?) in the table below.
Volume, V' (cm?) 3 8 11 25 35 60
Mass, M (g) 234 62.4 85.8 195 273 468
Find the equation for M in terms of V.

Find the mass of a piece of steel if it has a volume of 180 cm’.

Lo < N

Convert 1 m’ to cubic centimetres (cm?).
d Ifa piece of steel has a volume of 1 m’, calculate its mass in kilograms. @
4 This graph converts kilometres (a metric unit for length) to miles (an imperial unit of length).

Metric-Imperial length conversion

100

90

80

70

60

Miles, 72

50 50!
40

30

20

10

0
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160

Kilometres, K
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a What is the equation for 7 in terms of K?
b Use the equation to convert 115 km to miles.

¢ Convert 160 miles to kilometres.

5 The graph below shows the fuel Fuel consumption of two cars
consumption of two models of (506,92},
Ford cars: Fiesta and G6. 90 7
a Find the equation for F in 80 //

terms of D for each car. 20 //
b Calculate how much more e A

fuel is used by a Ford G6 i/ EEiiet

than a Ford Fiesta over a o 0 //

distance of: £ 40 =

/
i 100 km ii 280 km 30 //
/ Ford Fjesta | - (45030)

¢ How much further can a Ford 20 b

Fiesta be driven than a Ford 0 / ]

G6 on 50 L of fuel? |

0
0 100 200 300 400 500

Distance, D (km)

6 The download time, 7 seconds, of a computer file is directly proportional to the
size of the file, S kB. On Jai’s computer, a file of 1800 kB requires 36 seconds to
download.

a Find the variation equation relating 7 to S.
b How long it will take Jai’s computer to download a 3000 kB file?
¢ Ifafile took 80 seconds to download, what was its size?

7 During a thunderstorm, the time between seeing lightning and hearing thunder varies as
the distance of the observer from the centre of the storm. If thunder is heard 8 seconds
after the lightning for a storm that is 42 km away, calculate the distance of a storm when
thunder is heard 12 seconds after the lightning. Select A, B, € or D.

A 2km B 60 km C 63 km D 180 km

8 'The increase in pressure experienced by a scuba diver is directly proportional to her
depth under the water. The increase in pressure at depth 40 m is 235 kPa (kilopascals).

a Find the variation equation for pressure in terms of depth.
b What increase in pressure is experienced at a depth of 60 m?
¢ At what depth, to the nearest metre, is the increase in pressure 830 kPa?

9 The cost of running a car varies directly with the distance travelled. The cost is $355.20
for a distance of 500 km. If the car travels 15 000 km in one year, what is the cost of
running the car for a year?
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10 This graph shows the force, F (in newtons, N), exerted by a spring when it is stretched to
a distance x (in metres), by a mass of 2 kg.

50
40
)
o
é% 30
=
g
é 20
10
0

0 0.1 0.2 0.3 0.4 0.5 0.6

Distance, x (m)

a Find the equation for F in terms of x.

b Calculate how much force is required to stretch the spring:
i 035m
ii 0.52m

¢ Aforce of 30 N is applied to the spring. How far is the spring stretched? Answer to
the nearest 0.01 m.

11 For an object that is cooling, the drop in temperature varies directly with time. If the
temperature drops 8°C in 5 minutes, which of the following is the amount of time it
would take for the temperature to drop 10°C? Select A, B, € or D.

A 6.25 min B 7 min C 12.8 min D 16 min

12 At 3:30 p.m. one day, the shadows of different objects were measured, and they were
found to be directly proportional to their heights. A tree of height 250 ¢m had a shadow
of 325 cm.

a Calculate the length of the shadow of a lamppost of height 320 cm.
b What is the height of a letterbox, correct to the nearest centimetre, if its shadow is
1.11 m long?
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2-09 Intersection of lines

A pair of equations, such as y = %—X+ 1 and y=2x—- 2, can be solved together to find the

Intersection
of lines

values of x and y that safisfy both equations. Because they are solved at the same time, they

are called simultaneous equations.

If simultaneous equations are graphed on the number plane, ;’ ly=px 12
their solution is the coordinates of the point where their 4
Graphin i
inee e graphs infersect. For example, the graphs of y = 5 X+ 1 > = %X_'.l
calculator ! 2 | ! !
and y = 2x = 2 cross at the point (2, 2], so the solution to the || || | [ | |
i H' ti i = 2 = 2 > T T >
simultaneous equations is x = 2, y SRR B e e
. X SRR &
Simultaneous equations can be used to solve problems L,
involving linear modelling. ;/

Ally is organising an outdoor morning tea to raise money for charity. The cost of hiring
a marquee is $116 and the catering is $6.20 per person. To cover these costs, Ally is
charging each person $12. The cost and revenue functions are represented by the
formulas:

Cost: C=62n+116
Revenue: R=12n
where C and R are in dollars and # is the number of people.
a  Graph both functions on the same set of axes for #» = 0 to 50.
b Use the graph to find the cost (to the nearest $10) of the morning tea for:
i 12 people
ii 30 people
¢ Why would it be unwise to run a morning tea for 12 people?
For what value of # does the cost equal the revenue?

e  Why is the point of intersection of the two lines called the ‘break-even’ point?
What happens for values of z above this point?
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Solution

Cost and revenue graphs for a morning tea

H
Iy 4
550 a2
/ H "
iy it zone
500 7
450
3 *\Xb a
400 7
= / z
Z Y
o on R
£ 300
>
8
@)
0 5 10 15 20 25 30 35 40 45 50
No. of guests, 7
From the graph:
i $190 ii $300

The revenue would be less than the cost, so Ally would lose money.
n=20 (C=R=2$240)
When 7 = 20, the revenue covers the cost exactly, so Ally breaks even.

For values of 7 above 20, the revenue is more than the cost so Ally would make a profit.

Exercise 2-09 Intersection of lines
1 For each graph, find the equations of both lines and the coordinates of their point of

intersection.
a \ y b y s
X
403 oo 4 2
4 /—”'
Id
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Example
14

2 Solve this pair of simultaneous equations graphically: y=2x -1 and y = —x + 5.

3 At CopyCat Express, the charge for photocopying is 13 cents per sheet. Klaas is
investigating the purchase of his own photocopier for $1200, which brings the cost
down to 5 cents per sheet. The two cost functions are:

CopyCat Express: C=0.13w
Own photocopier: C=0.05x+ 1200

where C is in dollars and x represents the number of copies made.

The graph of the functions is shown below.

o N~ T Q

e

Cost graphs for two photocopiers

A A Profifzong ]
2500 -FHH . ErmamE ></
S

HEH
e

—_
~1
U
(=)
\
<%

)‘\e'( B

I . ;6c(')i
o
R ENe N

Photocopying costs, C ($)
9

250 —tosszane T

0 2 4 6 8 10 12 14 16 18 20
No. of copies (thousands)
Use the graph to determine which option is cheaper for making 5000 copies.
Use the formulas to find the cost of making 5000 copies for each option.
Why is the ‘Own photocopier’ option more expensive for smaller values of x?
What is the value of x at the break-even point?

What happens when x exceeds this break-even value?

4 'The monthly cost of purchasing » new DVDs for a video store is C' = 16n + 576 while the
monthly income earned from renting out those new DVDs is I = 48z, where C and [ are

in dollars.

a Graph both functions for values of z from 0 to 40 and find the break-even point.

b What would happen if the store bought fewer DVDs than the break-even value of 7?

¢ Calculate the monthly cost of purchasing 35 DVDs and the income earned from
these.

d According to the formula, what monthly income is earned from each new DVD?

e Whatis the vertical intercept of the Cost graph and what does it represent?
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5 Dave claims that a quick ‘rule-of-thumb’ for converting Celsius temperatures to
Fahrenheit is ‘double it and add 30’.

a Graph Dave’ rule and the actual conversion formula for values of C from 0 to 100.

Dave’s rule: F=2C+30
Actual conversion formula:  F = %C +32
where C represents the temperature in °C and F represents the temperature in °F.

For what value of C is Dave’s rule exactly equal to the actual conversion formula?

For what values of C does Dave’s rule give answers that are too high?

Q 06 T

For what values of C is the difference between the two formulas not more than 5°F?
e Is Dave’s ‘rule-of-thumb’ a good one? Justify your answer.

6 Jenni is comparing two Internet cafes. QuickByte has a monthly membership fee of
$8 and charges 60 cents per hour of Internet use. Game Hunters charges $1 per hour
of Internet use but has no monthly access fee. The two costs are represented by the
formulas:

QuickByte: C=0.6t+8
Game Hunters: C=t
where Cis in dollars and 7 is the number of hours of Internet use.
a Graph both formulas for values of 7 from 0 to 50 and find the break-even point.
b If Jenni uses an Internet cafe for 24 hours per month, which cafe is better for her?
Why?
¢ Calculate the cost of 24 hours Internet use for each cafe.
d Compare the advantages of each cafe, taking the break-even point into account.
7 The trip charges for two taxi companies are shown below.
Burntrubber Taxis:  C=0.9k + 4.6 ($4.60 plus 90 ¢/km)
Whiteknuckle Cabs:  C=1.2k+2.5 ($2.50 plus $1.20/km)
where C is in dollars and % represents kilometres travelled.
a Graph both formulas for values of k from 0 to 11 and find their point of intersection.
b What does the point of intersection represent?
¢ Write two advantages of using each taxi company.
d

Jake travels to and from work each day by taxi, a distance of 11 km each way.
Determine which is the better taxi for him to use, and calculate the saving he would
make taking it over 5 days.

ISBN 9780170238977 2. Equations and linear functions @@



L&

‘ TECHNOLOGY: GRAPHING LINEAR FUNCTIONS

. Linear functions can be graphed using a graphics calculator or graphing software.

b grophics Learn to:

* graph a line by entering its equation (graph function)

* graph a line by entering the coordinates of two points on the line (plot function)

* use the trace and zoom functions to find points on a line, including the x- and
y-intercepts

* solve a pair of simultaneous linear equations graphically using the frace and zoom
functions to locate the point of intersection.

2-10 Simultaneous equations

Solving simultaneous equations using graphs can be time-consuming and inaccurate. A faster
Simultaneous . . . . 0 .
wwion - and more formal approach is to solve them algebraically, using either the substitution
method or the elimination method.

The substitution method

With the substitution method, make x or y the subject of one equation and then
substitute it info the other equation.

Solve each pair of simultaneous equations.

a y=x+5andy=5x-3 b Sx+3y=18andy=5-2x

Solution

a Label each equation:

y=x+5 1)
y=5¢-3 2)
Use equation (1) to substitute for y in equation (2).
x+5=5x-3
x+5-5x=5x-3 -5«
4y +5=-3
“4x+5-5=-3-5
—4x=-8
—4x -8
4
x=2
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Now substitute x = 2 in equation (1) [or (2)] to find y:

y=x+5 (1)
y=2+5 Check by substitution that x = 2
o e and y = 7 satisfies both equations
BTN (1) and (2)
. The solutionisx =2 and y =7.
b Sx+3y=18 (1)
y=5-x ©)

Since y is the subject in (2), substitute it into equation (1) to give an
equation using x only.
Sx+3(5-x)=18

Se+15-3x=18
2x+15=18
2%=3
3
x==
2
2 - e
Now substitute x = 14 into equation (2) to find y: Check by]SUbs?lffjtlon fhat = 1 2
s - and y =37 satisfies both equations

(1) and (2).

.. The solution is w =14 and y =31.

The elimination method

With the elimination method, odd or subtract the equations to eliminate (delefe) one of
the variables.

Solve each pair of simultaneous equations.

a 2x+5y=12and3x-5y=8 b 3x+2y=10and3x-4y=2
Solution
a 2x+5y=12 (1)

3x-5y=8 )

Since there are the same number of ys in both equations and they are opposite in
sign (5y and —5y), add equations (1) and (2) to eliminate y.

Qx+3x)+(Sy-5y)=12+8 [(D)+ )]
Sx=20
sx_20
55
x=4

ISBN 9780170238977 2. Equations and linear functions @@



Substitute x = 4 into equation (1) [or (2)] to find the value of y:

2@) +5y=12
Geoy=12 Check by substitution that x = 4
Sy=4 4
4 and y = 5 satisfies both equations

=5 4 (1) and (2).

The solution isx=4and y = 3

b 3x+2y=10 (1)
3x—4y=4 2)

Since there are the same number of xs in both equations and they have the same sign
(3x and 3x), subtract equation (2) from (1) to eliminate x.

(B =30+ 2y 4D =10-4 (- Q)
6y=06
=9
=%
=1
Substitute y = 1 into equation (1) [or (2)] to find the value of y:
30 +2(1)=10
30+2=10
30=8
8

x=—
3

_22 solution x =24 and y = 1 satisfies
3 both equations (1) and (2).

Using substitution, check that the

The solution is x =24 and y = 1.

@ Exercise 2-10 Simultaneous equations

1 Solve each pair of simultaneous equations using the substitution method.

a y=2 b x=3y-2 ¢ 3m+4k=38
y=50-06 x=y+2 m =2k

d d=4s-1 e 4w-2p=>5 f n=3x+5

A 20+3d=11 w=2p+3 n=>5x-3
LY 2 Solve each pair of simultaneous equations using the elimination method.

a 2m+3n=10 b Sy+4k=12 ¢ 4x-y=15
Sm—-3n=4 Sy+2k=2 x+y=1

d w-2g=10 e 2m+3p=14 f 6g+3h=16

3w+2g=2 2m—p=10 4g+3h=10

g 7x-4y=20 h 4s+c=8 i 3k+5e=16

Se+4y=4 a-c=5 2k-5e=5
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3 Sarah and Alla both sell kitchenware and earn commissions. Sarah’s commission is $450
plus 4% of her sales while Alla’s commission is 24% of her sales. These rates can be
expressed by the formulas:

Sarah’s commission C=0.04n + 450

Alla’s commission C=0.24n
where 7 represents the value of sales in dollars.
a Use the substitution method to solve the pair of simultaneous equations.
b For what range of sales does Alla earn more than Sarah?

4 A catering company charges $22 per person for a buffet lunch. The cost to the company
for the lunch is $180 plus $4 per person. These rates can be expressed by the formulas:

Revenue D=22N
Cost D=4N+180
where $D is the revenue and cost, and N is the number of people attending the lunch.

a Solve the pair of simultaneous equations to find the number of people required to
break even.

b If 60 people attend this lunch, how much profit will the company make?
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Sample HSC problem

Objects of different masses, k kg, are tied to a spring and the length of the spring, L cm, is
measured. The results are shown in the table.

Mass, k kg 8 15 21 29 30 34
Length of spring, L cm 74.4 108 136.8 175.2 180 199.2

a If L =mk+ 36, find the value of 7.

b What s the vertical intercept of the graph of the above formula and what does it
represent?

¢ How much does the spring’s length increase for each new kilogram of mass added?

d Calculate the mass of an object that will make the spring 156 cm long.

Study tip

Learn from your mistakes

'Any man can make mistakes, but only an idiot persists in his error.’
Cicero (106-43 BcE), Roman statesman

Life is a series of successes and failures. While the successes can be enjoyable and uplifting,
there are many lessons fo be learnt from the failures. If you perform badly in an exam, learn

from the experience. You can't change the past but you can use ifs mistakes fo improve your

future.

Don't throw away your old exams. Use them to find out where and how you went wrong.
Identify your areas of weakness and make an effort to study them in more defail. Work on
your exam fechnique and try redoing exams when you study.

Your teachers are a valuable resource. They know the HSC course best as well as your
strengths and weaknesses. Also use your friends and classmates. Study in groups if you find
it easier. Ask an older student for help.

Use the library, Maths faculty or a bookstore to find study guides, summaries and past
exams. Visit websites such as the Board of Studies, HSC Online and the Mathematical
Association of NSW.
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CHAPTER REVIEW

Topic overview

This chapter, Equations and linear functions, revised and extended algebra concepts
infroduced in the Preliminary Course. New theory included algebraic fractions, index laws,
changing the subject of a formula and simultaneous equations, so be sure fo include them in
your topic summary. By now you should be competent in simplifying algebraic expressions,
solving a variety of equations, graphing linear functions and locating points of intersection,
and solving problems involving linear modelling and direct linear variation.

Make a summary of this fopic. Use the outline at the start of this chapter as a guide. An
incomplete mind map has been included below. Use your own words, symbols, diagrams,

boxes and reminders. Gain a ‘whole picture’ view of the topic and identify any weak areas.

Algebraic %
expressions

EQUATIONS
AND LINEAR
FUNCTIONS

Simultaneous
equations

Linear
functions and
variafion
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Revision

1 Simplify each expression.
a 3f2><% b 4y ¢ 2xy+4y—2y-2xy
d 2win+4m e 2f+4f*+3f-f? f 6ghx4gh
Exercise
2 Expand and simplify each expression.
a 3d+4)+8d-1) b z4+y)-y4-2)
c Ww(r+s)+mr? d 4Gm+y)—9(10m + 7y)
3 Simplify each expression.
a 2.2 p im_m ¢ 2k, Tk
25 7 3 5 8
4y d o Sk b ¢ L 3
35 2 10 5 Tm
4 Simplify each expression.
a (4m) b 15+ (3m)* C IxXa+a
d () +d e Tm'-5 f 3d°x (245
3,5
20mn h 6ydt xSy i 30% + Ghat
Exercise lzmn 9
X% 5 Solve each equation.
4p+6
a 10k-17=4k+16 b 7Q2x+12)=5« c Tz—lO
d 2 -3 e 10+2=6 AN Y
m y 3
a a k-2 h h
—+-=8 h —==4 i ———-=-2
9473 5 '35

Exercise

vI ) 6 Eve’s height, 2 cm, over her first 20 years can be modelled by the formula # = 5.54 + 