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Introduction and overview

Cambridge Senior Mathematics for Queensland Specialist Mathematics Units 3 & 4 provides
complete and aligned coverage of the QCAA syllabus to be implemented in Year 12 from
2025. Its four components — the print book, downloadable PDF textbook, online Interactive
Textbook (ITB) and Online Teaching Resource (OTS) — contain a huge range of resources,
including worked solutions, available to schools in a single package at one convenient price
(the OTS is included with class adoptions, conditions apply). There are no extra subscriptions
or per-student charges to pay.

New features in the second edition include:

m Learning intentions complemented by a Skills Checklist at the end of each chapter that
allows you to check your understanding and tick off your achievements,

m Technology-free and technology-active short-response and multiple-choice questions are
clearly labelled in Chapter review sections and Unit Revision chapters.

m The problem-solving and modelling task (Appendix A): There are three appendices at
the end of the book. Appendix A is written by consultant Joel Speranza, providing advice
on how to complete problem-solving and modelling tasks (PSMTs). This is supported by
video resources accessed through QR codes and in the Interactive Textbook.

The Second Edition also features significantly revised and updated material from the first
edition, including:

Degree of difficulty classification of questions: in the exercises, questions are classified as
simple familiar B3, complex familiar @&, or complex unfamiliar [£1] questions and are
indicated by a strip along the margin. The revision chapters described below also contain
model questions for each of these categories.

Three revision chapters of material covered in the course: The first two of these chapters
each cover an entire unit, and the last revision chapter contains questions revising the whole
book. Each revision chapter is divided into technology-free and technology-active short-
response and multiple-choice questions. The revised set of chapter tests provided within the
Online Teaching Suite are now also categorised into technology-free and technology-active
short-response and multiple-choice questions.
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Calculator guidance: Throughout the book there is guidance for the use of the TI-Nspire
CX non-CAS and the Casio fx-CG20AU and fx-CG50AU graphics calculators for the
solution of problems. Guidance on the TI-84Plus CE is included in the Interactive Textbook,
accessed via icons next to the TI-Nspire boxes. There are also online guides for the general
use of each of these calculators.

Assessment: Examination practice questions and various assessment tasks are provided in
the revision chapters and the Online Teaching Suite.

Interactive Textbook (ITB)

The Interactive Textbook (ITB) is an online HTML version of the print textbook powered by
the HOTmaths platform, included with the print book or available as a separate purchase.

Updated and revised for the new syllabus, the Interactive Textbook includes:

m Video demonstrations of all worked examples

m Quick quizzes containing auto-marked multiple-choice questions have been thoroughly
updated and revised, enabling students to check their understanding.

m A success criteria checklist at the end of each chapter with linked questions and examples
available for download

m Comprehensive worked solutions for all questions are provided in the Interactive
Textbook as an option that teacher can choose to enable for their students.

= Downloadable skillsheets can be used for homework or in class to focus on a single skill
or small set of related skills.

m Definitions pop up for key terms in the text, and are also provided in a dictionary.

The Online Teaching Suite (OTS)

The Online Teaching Suite is automatically enabled with a teacher account and is integrated
with the teacher’s copy of the Interactive Textbook. All the teacher resources are in one place
for easy access. The features include:

m A teacher’s view of a student’s working and self-assessment which enables them to modify
the student’s self-assessed marks, and respond where students flag that they had difficulty.
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m The task manager allowing to direct students on a custom activity sequence based on
their scores in measurable activities

m Quickly create customised tests from a bank of multiple-choice questions using the test
generator. Tests are auto-marked in the Interactive Textbook or can be printed and used
for homework or assessment practice.

m An expanded and revised suite of chapter tests and assignments
m Editable curriculum grids and teaching programs.

m A brand-new Exam Generator, allowing the creation of customised printable and online
trial exams (see below for more).

More about the Exam Generator

A new Exam Generator, available at no extra charge within the Online Teaching Suite, will
include a comprehensive bank of QCAA exam questions, augmented by exam-style questions
written by experts, to allow teachers to create custom trial exams.

Custom exams can model end-of-year exams, or target specific topics or types of questions
that students may be having difficulty with.

Features include:

Filtering by question-type, topic, chapter and degree of difficulty
Searchable by key words

Answers provided to teachers

Worked solutions for all questions

QCAA marking scheme

Multiple-choice exams can be auto-marked if completed online, with filterable reports

All custom exams can be printed and completed under exam-like conditions or used as
revision.
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1

Chapter contents
1A Trigonometric functions

1B The reciprocal trigonometric functions
1C Angle sum and difference identities

1D The inverse trigonometric functions

1E Solution of equations

vVVvVyVvyVvyVvyy

1F Sums and products of sines and cosines

Trigonometry is used in many of the topics in this course: vectors, complex numbers,
integration, rates of change, differential equations and modelling motion.

This chapter provides an opportunity to revise the trigonometry that you have studied in
Specialist Mathematics Units 1 & 2.

In addition, this chapter introduces the three inverse trigonometric functions: arcsine,
arccosine and arctangent, which are also written as sin"!, cos™! and tan!. In Chapter 11, we
will see that these three functions have a somewhat surprising role to play in integration.
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2 Chapter 1: Trigonometric functions

m Trigonometric functions

Learning intentions
» To define the sine, cosine and tangent functions in terms of the unit circle.

» To be able to determine exact values and solve simple equations involving these
functions.

» To be able to sketch graphs of these functions.
.. . . y
Defining sine, cosine and tangent

The unit circle is a circle of radius 1 with centre at the
origin. It is the graph of the relation x> + y*> = 1.

}
We can define the sine and cosine of any angle by using (-1, 0)\

(1,0)
points on the unit circle.

L (0, 1)

(0, =1)

Definition of sine and cosine y

For each angle 6°, there is a point P on the

P(cos(0°), sin (6°))

unit circle as shown. The angle is measured

anticlockwise from the positive direction of 9°

/
the x-axis. / 0 2= 3
m cos(0°) is defined as the x-coordinate of the point P \J

m sin(0°) is defined as the y-coordinate of the point P

For example:
v v v
(0.8660,0.5) (~0.7071,0.7071) (=0.1736, 0.9848)

135°

1
sin30° = 0.5 (exact value) sin 135° = — ~ 0.7071 sin 100° ~ 0.9848
V2
o vg o o
cos30° = - ~ 0.8660 cos 135° = — =~ -0.7071 cos 100° =~ —-0.1736
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1A Trigonometric functions 3

Definition of tangent

sin(0°)
tan(0°) =
an(®") cos(6°)
The value of tan(0°) can be illustrated geometrically y

L
v o

through the unit circle.

By considering similar triangles OPP’ and OTT”, it P/ 111, tan (6°))

can be seen that !

TT PP S
oT’ ~ OP P)T

) , _sin(0%) R

i.e. TT = cos(0%) tan(0°) Sin (6°) =PP’

The trigonometric ratios

For a right-angled triangle OBC, we can construct a similar
triangle OB’C’ that lies in the unit circle.

From the diagram:
B'C’ =sin(6°) and OC’ = cos(0°)
The similarity factor is the length OB, giving
BC = OBsin(06°) and OC = OBcos(0°)

P ocC .
= sin(0°) and 0B cos(0%)

OB
This gives the ratio definition of sine and cosine for a
right-angled triangle. The naming of sides with respect to B
an angle 0° is as shown.
. opposite
hypotenuse hypotenuse _
) opposite
o adjacent
cos(0°) = ——
hypotenuse o°
: [
o.  Opposite -
tan(0°) = ——— 0 adjacent C
adjacent
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Chapter 1: Trigonometric functions

Definition of a radian

In moving around the unit circle a distance of 1 unit from A to P,
the angle POA is defined. The measure of this angle is 1 radian.

One radian (written 1°) is the angle subtended at the centre of | unit
the unit circle by an arc of length 1 unit. ¢

J
1
ey
-1 0 A1 7
Note: Angles formed by moving anticlockwise around the unit
-1

circle are defined as positive; those formed by moving
clockwise are defined as negative.

Degrees and radians

The angle, in radians, swept out in one revolution of a circle is 27°.

27 = 360°
¢ = 180°
180° ne
1€ = 1° =
5 180

Usually the symbol for radians, ¢, is omitted. Any angle is assumed to be measured in radians
unless indicated otherwise.

The following table displays the conversions of some special angles from degrees to radians.

Angle in degrees 0° 30° 45° 60° 90° 180° 360°

Angle in radians 0 T 27

wla

o a
&1 3
|3

Some values for the trigonometric functions are given in the following table.

X sin x CcoS X tan x

0 0 1 0

m 1 V3 1

6 2 2 V3

T 1 1 |

iV

T 3 1

T V31 v

3 2 2

g 1 0 undefined
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1A Trigonometric functions 5

The graphs of sine and cosine
A sketch of the graph of y

f(x)=sinx, xeR
is shown opposite.

~o ’

As sin(x + 2m) = sin x for all x € R, the N \ e

sine function is periodic. The period .

T > X

is 2;. The amplitude is 1. —

oA A

A sketch of the graph of y
f(x)=cosx, xeR
is shown opposite.

|
The period of the cosine function is 2. 6 \ / AN

. . v T T ! X
The amplitude is 1. N _?//i Mn on
o 2 —1- 2 "y

For the graphs of y = a cos(nx) and y = asin(nx), where a > 0 and n > 0:

2
m Period = il m Amplitude = a m Range = [—a, d]
n

Symmetry properties of sine and cosine

The following results may be obtained from the graphs of the functions or from the
unit-circle definitions:

sin(;t — 6) = sin O cos(m—0) =—cosO
sin(;t + 0) = —sin O cos(t+0) = —cosO
sin(2w —0) = —sin O cos(2mw — 0) = cos O
sin(—0) = —sin O cos(—6) = cos O
sin(0 + 2nw) = sin O cos(0 + 2nm) = cos O forneZ
sin(g - 6) =cos0 cos(g - 6) =sin6
a Convert 135° to radians. b Convert 1.5 to degrees, correct to two decimal places.
Solution
135 xmn¢  3m° 1.5 x 180°
a 135° = T()n = Z b 1.5°= — Q= 85.94° to two decimal places
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6 Chapter 1: Trigonometric functions

Determine the exact value of:

a sin 150° b cos(—585°)
Solution
a sin 150° = sin(180° — 150°) b cos(—=585°) = cos 585°
= sin 30° = c0s(585° — 360°)
_1 = cos 225°
2 = —cos45°
1
V2

Determine the exact value of:

a s'n( lln) b cos( —453'5)
1 —
6 6
Solution
11 —45
a sin(Tn) = sin(2n — g) b cos( 6 JT) = cos(—7% X TT)
= sin(n) = cos(n)
B 6 - 2
_ 1 =0
2
The Pythagorean identity
Let P(0) be any point on the unit circle. Then y
Pythagoras’ theorem gives A
MP? + OM? = OP? P \1?(9)
/
(sin0)® + (cos 0)* = 1 / Lip )
Hence, for any value of 0, we have _1‘\\ O|cos © Af 1
\ //
sin®0 +cos’ 0 = 1 \\\1_,//
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1A Trigonometric functions 7

If sin(x°) = 0.3 and 0 < x < 90, determine:

a cos(x®) b tan(x°)
Solution o o
a sin?(x°) + cos’(x°) = 1 b tan(x°) = sin(x®) _ Y
2 cos(x°) 4091
0.09 + cos“(x°) = 1 ;
2/ 0\ _ - -
cos“(x°) = 0.91 T
cos(x”) = +V0.91 30T
Since 0 < x < 90, this gives T 9]
0 91 Vo1
cos(x”) = VOO = o = =

Solution of equations involving sine and cosine

If a trigonometric equation has a solution, then it will have a corresponding solution in
each ‘cycle’ of its domain. Such an equation is solved by using the symmetry of the graph
to obtain solutions within one ‘cycle’ of the function. Other solutions may be obtained by
adding multiples of the period to these solutions.

The graph of y = f(x) for y
f(x) =sinx, xe€[0,2n]

is shown.

For each pronumeral marked on the x-axis,

|
|
1 I -
. . a b n : 21 =
determine the other x-value which has the same
y-value. -1+ '

Solution

For x = a, the other value is @ — a.
For x = b, the other value is w — b.
For x = ¢, the other value is 2t — (¢ — 1) = 37 — c.

For x = d, the other value is w + 2w — d) = 3nw — d.
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8 Chapter 1: Trigonometric functions

Example 6

Solve the equation

1
sin(2x + g) =5 forxe[0,2]

Solution

Let 6 = 2x + g Note that

0<x<2nt & 0<2x<4xn

R <or4 T < 13w
u— x u— —
3 37 3
S il <0< 13_7:
3 3
1 1 13
To solve sin(2x + E) = — for x € [0, 27t], we first solve sin 0 = — for il <0< —n.
3 2 2 3 3
. ) 1
Consider sin 6 = >
5 5 5
6:% or % or 2n+g or 23'c+%c or 4J'|:+g or 4J'c+%[ or ...
The solutions — and —— are not required, as they lie outside the restricted domain for 6.
T 137
For— <6< —
or 3 3
0= 5w or 13w or 17m oF 257w
6 6 6 6
x4 27 B 5w or 13w or 17n or 257
6 T 6 6 6 6
) 3n or 11w or 157 or 23w
X = — _— _— —_—
6 6 6 6
7 or 11w or 5w or 237w
YTy 12 4 12
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Photocopying is restricted under law and this material must not be transferred to another party.



1A Trigonometric functions 9

Using the TI-Nspire CX non-CAS

m Ensure that the Graphs application is in i1 B *TI-Nspire rap [I] X
. - 24y
radian mode ((menu) > Settings). (1)~ {sin(Z- o 1),0352- .
m Plot the graphs of: o ) ( 3 )
7 0\785,0.5 3.92,0.5 <
o fl(x)=sin(2x+ )]0 < x < 2m 5 /\ /
3 \  (288,05) \ (6.02,05)

. f2(x) _ % -0.79 0.735\/ \/s.za

m Use > Geometry > Points & Lines > 200
2(x)=—
Intersection Point(s). 2 -
Using the Casio
Method 1: Using the numerical solver
m Press to select Run-Matrix mode. B @R :
. : T
m Ensure that the angle setting is Radians SolveN|sin |2x+3[=75
((sPiFT) (MEND)). (1, 11z, 5, 28,)
m Go to the numerical solver SolveN (F5). 0
m Complete the equation and domain by entering:
P 1 Y SN S o1veld /i d2/dx2 | dac SolveN IS

sin(2x + g) = 1, x, 0, 23'5)

2
Method 2: Using Graph mode
m Press (5] to select Graph mode. B
. Graph Func :Y=
m Enter the two functions: . o
. Y18sin [2x+§],[([—]
e Y1 =sin(2x+ =), [0, 2%
( 3 ) [0, 2] Y2E% [—]
L4 Y2 == VA bd r 7 5 |
2 (SELECT) PENA{3 R KXE[EW (MODIF Y| DRAW)
m Select Draw (F6) to view the graph. Adjust the "gl [EXETEhom soorSiowies
=gl (2x+(na3))10,27
View Window if required. Y2=11J,2\

m To determine the intersection points, go y \(0'7853 0'5’//\1‘%"%3 0'5)// n|
to the G-Solve menu and select 9 \/ \/s'm‘
Intersection (F5). -+ INTSECT
Use the cursor key » to determine the next ==

point.

Transformations of the graphs of sine and cosine

The graphs of functions with rules of the form
f(x) =asin(nx+¢€)+b and f(x) =acos(nx+¢€)+b

can be obtained from the graphs of y = sin x and y = cos x by transformations.
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10 chapter 1: Trigonometric functions

Example 7

Sketch the graph of the function

h(x) = 3005(2x+ g) +1, xe[0,2n]

Solution
We can write h(x) = 3 cos(2(x + g)) + 1.

The graph of y = h(x) is obtained from the graph of y = cos x by:

m adilation of factor % from the y-axis
a dilation of factor 3 from the x-axis

|
m a translation of — units in the negative direction of the x-axis
[

a translation of 1 unit in the positive direction of the y-axis.

First apply the two y
dilations to the graph A
of y = cos x.
31 y =3 cos(2x)
0 : . — X
b3 n s T 5 3n Jin 2n
4 2 4 4 2 4
-3
Next apply the
translation — units in A y=3cos (2 (x . % ))
the negative direction 3.
of the x-axis. 3
x ”%\ (2r.3)
g > X
s n frosw1m 4 fon tn 25m
6 12\ 3 /12 6 12 3 /12 6 12
-3

Apply the final translation and restrict
the graph to the required domain.

The x-axis intercepts can be found by
solving the equation

3cos(2x+§)+1=0f0r0§xs2n.

The approximate values of these are
x=0430rx=1.66or x =3.57 or
x=4.80
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1A Trigonometric functions 11

The graph of the tangent function
A sketch of the graph of y = tan 0 is shown below.

YA

| 4

S

|

a
N a
a

\S]

[\

a

Notes:

2 1
m The domain of tan is R \ { M

5 :keZ}.

m The range of tan is R.

D

m The graph repeats itself every m units, i.e. the period of tan is .

2k + 1m

m The vertical asymptotes have equations 0 = ———, where k € Z.

2
Symmetry properties of tangent
The following results are obtained from the definition of tan:

tan(mr — 0) = —tan 0 tan(2mw — 0) = —tan 0
tan(;t + 0) = tan O tan(—0) = —tan 0

Example 8

Determine the exact value of:

a tan330°
4m
bt (—)
an 3
Solution
a tan330° = tan(360° — 30°)
= —tan30°
1
V3

Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025
Photocopying is restricted under law and this material must not be transferred to another party.

Cambridge University Press



12 cChapter 1: Trigonometric functions 1A

Solution of equations involving tangent

The method here is similar to that used for solving equations involving sin and cos, except
that only one solution needs to be found then all other solutions are one period length apart.

Example 9

Solve the following equations:

a tanx = —1 for x € [0, 4] b tan(2x — 1) = V3 for x € [—m, 7]

Solution
a tanx = -1

3
Now tan(—n) =-1

4

3n 3n 3n 3n
x:I or T+n or T+2n or T+3n

3n Tn 11x 157
XZT orT orT orT

b Let6 = 2x — m. Then
—n<x<nm & 2n<2x<2n
& B3n<2x-n<n
& -3x<0<nmn

To solve tan(2x — ) = V3, we first solve tan 6 = V3.

ng org—norg—%:org—%:
0= T or _2n or —S—R or _8n
3 3 3 3
2x—rc=E or _2_3': or —S—JT or —8—75
3 3 3 3
2)c—4—7E or il or _2_3'5 or —S—E
3 3 3 3
2n 7T 7T S5n
x=? org or —— or—F

sheet

Example1 1 a Convert the following angles from degrees to exact values in radians: E
i 720° ii 540° iii —450° iv 15° v —10° vi -315°
b Convert the following angles from radians to degrees:
. Sm . 2m . In ) 11n 13n . 1x
i — i —— iii — iv —— v — vi —
4 3 12 6 9 12
Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press
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1A 1A Trigonometric functions 13

2 Perform the correct conversion on each of the following angles, giving the answer E
correct to two decimal places.

a Convert from degrees to radians:

i 7° il —100° i -25° iv 51° v 206° vi —410°
b Convert from radians to degrees:
i 1.7° it —0.87¢ i 2.8° iv 0.1° v -3¢ vi —8.9¢

Example2 3 Determine the exact value of each of the following:

a sin(135°) b cos(—300°) ¢ sin(480°)
d cos(240°) e sin(-225°) f sin(420°)
Example3 4 Determine the exact value of each of the following:

a sin(z—n) b cos(3—n) c cos(—E)

3 4 3

5 9 11
d cos(%) e COS(TJT) f sin(Tn)

cos(3m) h cos( 297[) i sm( 23”)

g 6 6 6

Example4 5 If sin(x°) = 0.5 and 90 < x < 180, determine:

a cos(x®) b tan(x°)

6 Ifcos(x®°) =-0.7 and 180 < x < 270, determine:

a sin(x°®) b tan(x°)

7 Ifsinx=-05andmt<x< 3;, determine:

a cosx b tanx

8 Ifsinx=-0.3 and 37“ < x < 2m, determine:

a cosx b tanx

Example5. 9  The graph of y = f(x) for ¥
f(x) =cosx, xe€e]l0,2n]
is shown.

|
|
For each pronumeral marked on the |
|

. . c d _
x-axis, determine the other x-value 0 T T — X
: \ I 7 21
which has the same y-value. ‘ |
|
|
1
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14 chapter 1: Trigonometric functions 1A
Example6 10 Solve each of the following for x € [0, 2x]:
3 3
a sinx = —£ b sin(2x) = —£
2 2
c 2cos(2x) 1 d sin( + n) !
X) = — X —_ = ——
3 2
e 200s(2(x + g)) =-1 f 2sin(2x + g) =3
Example7 11  Sketch the graph of each of the following for the stated domain:
a f(x) = sin(2x), x € [0,27] b f(x) = cos(x ; g) xe [%“n]
¢ f(x)= cos(z(x + g)) xe0,x] d f(x) = 2sinB3x) + 1, x € [0, 7]
. i
e f(x)= 2sm(x - Z) +V3, xe[0,27]
Example8 12 Determine the exact value of each of the following:
5 2 29
a tan(%) b tan(—?n) c tan(—%) d tan?240°
1 3n .
13 Iftanx = 1 andw < x < R determine the exact value of:
a sinx b cosx ¢ tan(—x) d tan(mw — x)
3
14 Iftanx = —g and g < x < 7, determine the exact value of:
a sinx b cosx ¢ tan(—x) d tan(x — m)
Example9 15 Solve each of the following for x € [0, 2x]:
a tanx = —3 b tan(3x—E): ﬁ
6 3
c 2tan(f)+2:o d 3tan(E+2x)=—3
2 2
16 Sketch the graph of each of the following for x € [0, it], clearly labelling all intercepts
with the axes and all asymptotes:
a f(x) = tan(2x) b f(x) = tan(x - g)
1 |
¢ fx)= 2tan(2x + 5) d flx) = 2tan(2x + 3) )
Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press
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1B The reciprocal trigonometric functions 15

m The reciprocal trigonometric functions

Learning intentions
» To define the reciprocal trigonometric functions.
» To be able to sketch the graphs of these functions.

The cosecant function: y = cosec 0

The cosecant function is defined by y
| | |
j } A | '\ y=cosecO
cosec = — | | |
sin O < 1 4 S 1 1
N N e
\ =sin
provided sin 0 # 0. \ ol | JARA
- =% /] momN 3m f2¢
The graphs of y = cosec 0 and y = sin 0 ! \\2/,’ NG W
are shown here on the same set of axes. | V! | |
| | |
| | |
| | |
| | |

m Domain Assin0 = 0 when 0 = nm, n € Z, the domain of y = cosecOisR\{nw:neZ}.

m Range The range of y = sin0is [—1, 1], so the range of y = cosec O is R\ (-1, 1).

2n+1
m Turning points The graph of y = sin 0 has turning points at 6 = Q forneZ,

as does the graph of y = cosec 0.

m Asymptotes The graph of y = cosec 0 has vertical asymptotes with equations 6 = nu,
forn € Z.

The secant function: y = sec 0

The secant function is defined by y
secO = ‘ ‘ |
cos 0 1 1 | e
PARN /" N\ y=cos 0
provided cos 0 # 0. ol NN -0
\o-m IR | RN o /|3r2n
The graphs of y = sec8 and y = cos 0 N 2 2 N J/ 2
are shown here on the same set of axes. /\ | -1 | [\ |
| | |
| | |
| | |
| | |

2n+1
m Domain The domain of y = secGisR\{% n GZ}.
m Range Therangeof y =secOisR\ (-1, 1).

m Turning points The graph of y = sec 0 has turning points at 0 = ns, for n € Z.
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Chapter 1: Trigonometric functions

Qn+ D

3 forn € Z.

m Asymptotes The vertical asymptotes have equations 0 =

Since the graph of y = cos 0 is a translation of the graph of y = sin 6, the graph of y = sec 0 is
a translation of the graph of y = cosec 6, by 5 units in the negative direction of the 6-axis.

The cotangent function: y = cot 0

The cotangent function is defined by y
A
0
cotO = C?S
sin O

provided sin 6 # 0.

Using the complementary properties

Y=

of sine and cosine, we have

7T
cotf = tan(z - 6)

= - tan(n - (g - 6))
= —tan(e + g)

Therefore the graph of y = cot 6, shown above, is obtained from the graph of y = tan 6

n

by a translation of 5 units in the negative direction of the 6-axis and then a reflection in
the 6-axis.

m Domain Assin® =0 when 6 = i, n € Z, the domainof y =cotOisR\ {nnw:neZ}.
m Range The range of y = cot0 is R.

m Asymptotes The vertical asymptotes have equations 0 = n, forn € Z.

1
provided cos 6 # 0.
tan 0

Example 10

Sketch the graph of each of the following over the interval [0, 2rt]:

Note: cot =

a y = cosec(2x)

TT
b y= (+—)
y = sec|x 3

o y=cofs— )
=] X — —
J 4
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1B The reciprocal trigonometric functions

Solution
a The graph of y = cosec(2x)
is obtained from the graph of A

y = cosec x by a dilation of factor %
from the y-axis.

17

|
4 |
1 /// N /7 NI L
. . /
The graph of y = sin(2x) is ol \ / N /
‘ > X
also shown. i A 31:}\\ ///‘ 2n
= , °n
1 2 N2 2} AN
|
|
|

The graph of y = sec(x + g) is obtained from

the graph of y = sec x by a translation of g units

in the negative direction of the x-axis.

The y-axis intercept is sec(g) =3

7
The asymptotes are x = g and x = Fn

The graph of y = cot(x - g) is obtained from
the graph of y = cot x by a translation of

1 units in the positive direction of the x-axis.
. . T
The y-axis intercept is COt(_Z) = —1.

5
The asymptotes are x = g and x = Tn

3n Tn
The x-axis intercepts are T and R

y
A
| |
24 | | (2m, 2)
| |
14 |
| |
ol | — : > X
m mIn  2m
—1- 6 | 6
| |
| |
24 |
| |
y
A |
| |
| |
| |
| |
14 |
o | l
. i 3mN\gT | S 7Tm\2n
—1 1 = - |~ T
}4 4 }4 4 2m, -1)
| |
: :

For right-angled triangles, the reciprocal functions can be defined through ratios:

C
h h dj
cosec(x®) = P sec(x®) = ﬂ cot(x®) = 29
opp adj opp hyp
opp
xO
A ad] B

ISBN 978-1-009-57826-4
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18 cChapter 1: Trigonometric functions

C
In triangle ABC, LABC =90°, /CAB = x°, AB = 6 cm and
BC =5 cm. Determine:
a AC S
b the trigonometric ratios related to x° '\ 5
A B
6
Solution
a By Pythagoras’ theorem b sin(x°) = S cos(x°) = 5 tan(x°) = >
AC*=5"+6 =61 Ve e
61 61 6
. AC = V61 cm cosec(x®) = e sec(x’) = < cot(x’) = 3

Useful properties

The symmetry properties established for sine, cosine and tangent can be used to establish the
following results:

sec(t —0) = —secO cosec(it — 0) = cosec O cot(m — 0) = —cot0
sec(m+0) = —secO cosec(mw + 0) = —cosec 0 cot(m + 0) = cotO

sec(2m — 0) = secO cosec(2m — 0) = —cosec O cot(2m — 0) = —cotO

sec(—0) = sec O cosec(—0) = —cosec 0 cot(—0) = —cot O

The complementary properties are also useful:

sec(g - 6) = cosec O cosec(g - 6) =secO cot(g - 6) =tan 0

Determine the exact value of each of the following:

A ( 11m ) b ( 237 )
sec| — cosec| ———
4 4
Solution
11mx 3m T
a sec(T) = sec(Zn + T) b cosec(——) = cosec(—6n + Z)
= sec 3“:) = cosec(n)
a 4 - 4
_ 1
cos(%“ Sin(fz[)
1 1
-1 T L
V2 V2
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1B The reciprocal trigonometric functions 19

Two new identities

The Pythagorean identity sin® @ + cos?> @ = 1 holds for all values of 6.

From this identity, we can derive the following two additional identities:

tan’0 + 1 = sec? 0

cot? 0 + 1 = cosec”

provided cos 0 # 0

provided sin® # 0

Proof The first identity is obtained by dividing each term in the Pythagorean identity

by cos? 0:
sin’0  cos?0 1
+ =
cos20 cos?20 cos?0

tan’0 + 1 = sec® 0

The derivation of the second identity is left as an exercise.

Simplify the expression
COS X — O8> X

cotx

Solution

3

cosx—cos’x cosx-(l—cos®x)

cotx cotx

., sinx
= Cos x - sin” x -

COsS X

sin’ x

Iftanx =2 and x € [O, g], determine:

a secx b cosx
Solution
a sec’x=tan’x+1
=4+1
" secx = +V5

Since x € (0, g) we have sec x = V5.

25
5

C sinx =tanx-cosx =

ISBN 978-1-009-57826-4

Cc sinx d cosecx
1 V5
b cosx= = —
sec x 5
1 V5
d cosecx=—=—
sin x 2
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Chapter 1: Trigonometric functions
Using the TI-Nspire CX non-CAS
m Use > Algebra > Numerical Solve and KR’ Ti-Nspire ra0 [I] X
complete as shown. 1.10715 1

m Assign ((ctrl)(v)) or store ((ctrl)(var)) the

nSolve(tan(x)=2.x)|05xS%

answer as the variable a to obtain the results. @:=1.1071487177941 1.10715
Hint: Use the approximate answers given by 1( ) 223007
cos\a

the calculator to check your exact answers
found by hand. secla) 2.23607

Using the Casio
® In Run-Matrix mode, select the numerical solver SolveN (Fs).

m Complete the equation and domain by entering: tan(x) = 2, x, 0, g)

m Assign the result to the variable A. Then obtain the required values as shown.

Eo- aEE )=2,x, 0> E e
{1.107148718} . 0.4472135953
L L0TIARTIER o gl [ A 0.8944271011
co; A Si; A
Solveld/dz d2/dzd | e foiveninzan] Il [Solveld/doxld/x?

Exercise 1B

example10. 1 Sketch the graph of each of the following over the interval [0, 25]:
T T T
ay= + — b=(——) c=t(+—)
y cosec(x 4) y = sec|x c y = cot[x 3
2 Sketch the graph of each of the following over the interval [0, it]:
a y=sec(2x) b y = cosec(3x) ¢ y = cot(4x)
dy= cosec(2x + g) e y=sec(2x + m) fy= cot(2x - g)
3 Sketch the graph of each of the following over the interval [, 7t]:
2
ay= sec(2x - E) b y= cosec(Zx + E) cy= cot(2x - —n)
2 3 3
Example11. 4 Determine cot(x°), sec(x”) and cosec(x”) for each of the following triangles:
a . b c
o 5
5 g 9
X
7
8 x°
7
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Example 12 5

1B The reciprocal trigonometric functions

Determine the exact value of each of the following:

21

a coseelg) bsee(§) cor-g)  dsef-5)
cosec| — sec| — cot| —— sec|——
6 4 6 3
o (3n) P t(9n) g (575) h ( 775)
cosec| — cot[ — cosec| — sec|——
4 4 4 3
Example13. 6 Simplify each of the following expressions:
tan® x + 1
a sec?x —tan’x b cot? x — cosec? x —
tan? x
)
sin” x .
+ cos x e sin*x — cos* x f tan’ x + tan x
cos x
4 .
Example 14 7 Iftanx=-4and x € (—5, 0), determine:
a secx b cosx C cosec x
3n .
8 Ifcotx=3andxe€ (n, 7), determine:
a cosecx b sinx C secx
T .
9 Ifsecx=10and x € (—5, O), determine:
a tanx b sinx
3n .
10 Ifcosecx=-6and x € (7 27:), determine:
a cotx b cosx
11 Ifsinx® = 0.5 and 90 < x < 180, determine:
a cosx° b cotx® ¢ cosec x°
12 Ifcosecx® = -3 and 180 < x < 270, determine:
a sinx° b cosx° c secx’
13 Ifcosx®°=-0.7and 0 < x < 180, determine:
a sinx° b tanx° c cotx®
14 Ifsecx®° =5 and 180 < x < 360, determine:
a cosx° b sin x° ¢ cotx®
15 Simplify each of the following expressions:
a sec’ 0 + cosec’ O — sec’ O cosec’ 0 b (sec® — cos 0)(cosec O — sin 0)
2 2
sec” 0 — cosec” 0
c (1 =cos?20)(1+cot?0 _—
( X ) tan? 0 — cot? 0
1 . ) .
16 Let x = sec 0 — tan 0. Prove that x + — = 2 sec 0 and also determine a simple expression
X
1.
for x — — in terms of 0.
X
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22 Chapter 1: Trigonometric functions

m Angle sum and difference identities

Learning intentions
» To be able to use the angle sum and difference identities.
» To be able to use double-angle identities.

The following identities were proved in Specialist Mathematics Units 1 & 2.

Angle sum and difference identities

m cos(A+ B)=cosA cosB—sinA sinB m sin(A + B) =sinA cos B + cos A sin B

m cosS(A—B)=cosA cosB+sinA sinB m sin(A— B) =sinA cos B—cosA sin B

St m m S T T T
— = =+ — 1 in{ — |. — === 1 — .
a Use D=6 + 1 to evaluate sm( 12) b Use 5-3" 1 to evaluate COS(IZ)
Solution
. (5T T
sm(ﬁ) b COS(E)
—sn(n+n) —cos(n n)
-8 4 “M\3 7y
=5 n(n) cos(n) +cos( ) s'n(n) = cos(n) cos(n) +s n( ) s'n(n)
=si 2 1 2 = 3 7 i i
1 1 V3 1 1 1 V3 1
=—X—+ — X — =—X—+ — X —
2 2 2 2 2 2 2 2
2 2
:§(1+\/§) =§(1+\/§)

Example 16

3
Suppose sin x = 0.2 and cosy = —0.4, where x € [O, g] andy € [Tc, ;]

a Determine cos x and sin y. b Hence, determine sin(x + y).

Solution

a cosx=+V1-0.2% assinx=0.2 siny = #4/1 — (-0.4)2 as cosy = -0.4
= +V0.96 = +V0.84

7T
. cosx = V0.96 as x € [O, 5] o.osiny = -40.84 asy e [n, 3;]
_2v6 V21
5 5
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1C Angle sum and difference identities

23

b Now using the angle sum identity for the sine function,

sin(x + y) = sinx cosy + cos x siny

= 0.2 % (~04) + —= x (-

5
2
=-0.08 - —= x3V14
25

2
= —g(l + 3@)

Using the TI-Nspire CX non-CAS

First solve sin(x) = 0.2 for0 < x < g

Assign the result to a.

3
Then solve cos(y) = —0.4 form <y < ;

Assign the result to b.

Evaluate sin(a + b).

Hint: Use this approximate answer to check
your exact answer found by hand.

Using the Casio

® In Run-Matrix mode, select the numerical solver

SolveN and complete as:
. e
sin(x) = 0.2, x, 0, 5)

Assign the result to the variable A.

Select the numerical solver and complete as:

R
cos(x) =-04, x,m, ?)

Assign the result to the variable B.
Evaluate sin(A + B).

Double-angle identities

Double-angle identities

26 (\/ﬁ)

8] 1.1 g *TI-Nspire RAD D >

x b4 0.201358
nSolve(sm(x)=0.2.x)|05x5—
2

a:=0.20135792079033 0.201358

3In 4.30087

nSolve(cos(y)=-0.4y)|1r5y£—
2
b:=4.3008721343172 4.30087
sin(a+d) -0.977998

(d7c)Real
SolveN[sin (x)=0.2,x»

{0.2013579208}
0.2013579208~>A
0.2013579208

[d7c)Real
SolveN| cos (x)=-0.4,r

{4.300872134}
4.30087134-B
4.30087134
sin (A+B)

® cos(2A) = cos’ A —sin’ A ® sin(2A) = 2sinA cos A
=1-2sin”A
=2cos’A—1
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24  Chapter 1: Trigonometric functions

Proof These identities can be derived from the angle sum identities. For example:
cos(A + B) = cosA cos B—sinA sin B
cos(A+A) =cosA cosA —sinA sinA
cos(24) = cos® A —sin’ A
The two other expressions for cos(2A) are obtained using the Pythagorean identity:
cos’A —sin®A = (1 - sin® A) — sin* A
=1-2sin’A
and  cos’A —sin® A = cos’ A — (1 — cos® A)

=2cos’A -1

Example 17

If sina = 0.6 and a € [g JT], determine sin(2a).

Solution
cosa = +V1 - 0.62 since sino = 0.6
= +0.8
cosa = —0.8 since a € [g J'z]
Hence

sin(2a)) = 2sina cos a
=2x0.6 x(-0.8)
=—0.96

Example 18
371 . . ([
If coso = 0.7 and a € [7 23'5], determine s1n(§).

Solution
We use a double-angle identity:

cos(2x) = 1 — 2 sin® x

a
=1-2si 2(_)
cos a sSin >

ZSiHZ(%) —1-07

B
o (9]

Since a € [3n 2n] we have ¢ € [3?5 J'E] SO sin(a) is positive. Hence sin(a) =
2 S R 2) P ' 2]~
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1C 1C Angle sum and difference identities 25

sheet

Example 15 1 Use the angle sum and difference identities to determine the exact value of each of the E
following:

a sin( " ) b cos(7n)
12 12
2 Use the angle sum and difference identities to expand each of the following:

a sin(2x — 5y) b cos(x? +y)

3 Simplify each of the following:
a sin(x) cos(2y) — cos(x) sin(2y)
b cos(3x)cos(2x) + sin(3x) sin(2x)
¢ sin(A + B)cos(A — B) + cos(A + B) sin(A — B)
d cos(y)cos(—2y) — sin(y) sin(—2y)

4 a Expand sin(x + 2x). b Hence express sin(3x) in terms of sin x.
5 a Expand cos(x + 2x). b Hence express cos(3x) in terms of cos x.

Example16. 6 Ifsinx = 0.6 and tany = 2.4, where x € [g, J'I:] andy € [0, g], determine the exact value
of each of the following:
a cosx b secy Cc cosy

d siny e cos(x—y) f sin(x—y)

3
7 Ifcosx=-0.7 and siny = 0.4, where x € [J‘E, ;] andy € [O, g] determine the value of

each of the following, correct to two decimal places:

a sinx b cosy ¢ sin(x +y) d cos(x+y)
8 Simplify each of the following: E
L - ) sin* x — cos* x
a 5sinx cosx b sin“x — cos” x _
cos(2x)
4sin’® x — 2'sin x o 4sin® x — 4 sin* x
cos x cos(2x) sin(2x)

371
Example17 9 Ifsinx=-0.8and x e [n, 7], determine:

a sin(2x) b cos(2x) c tan(2x)

. 3n . .
Example18 10 Ifsinx =-0.75and x € [n, —] determine correct to two decimal places:

2
a cosx b sin(3x)
11 Ifcosx=09and x € [0, g], determine cos(%x) correct to two decimal places.
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Specialist Mathematics Units 3 & 4

Chapter 1: Trigonometric functions

The inverse trigonometric functions

Learning intentions

» To define, use and sketch the inverse trigonometric functions.

By restricting the domains of the trigonometric functions, we can define inverse functions.

We restrict the domain so that there is only one x-value for each possible y-value.

The inverse sine function: y = sin™! x

Restricting the sine function IJ(

The domain of the restricted sine function is the interval [—g, g] 1 y =sinx

There is only one x-value for each possible y-value.

Note: Other intervals (defined through consecutive turning T 9 7':; X
points of the graph) could have been used for the 2 2
restricted domain, but this is the convention. -1

Defining the inverse function

The inverse of the restricted sine function is usually denoted by sin™! or arcsin.

Inverse sine function

sin'x=y if siny=x, forxe[-1,1]andye [—g, g]

Reflect the graph of y = sinx, x € [—g g] in the line y = x to give the graph of y = sin™" x.

1

y Y
A A
y
—qin-1
A x & y=sin"'x
y=sin x 2 2
11 1 -
. 0 X — 0 —X
- n -1 1
2 2
-1
-
2

® Domain Domain of sin”! = range of restricted sine function = [—1, 1]

. . . . . T
m Range Range of sin ' = domain of restricted sine function = [—5 5]

m Inverse relationship

o sin(sin™! x) = x forall x € [-1,1]

P T TT
— x for all e[——,—]
e sin (sinx) = x for all x )
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1D The inverse trigonometric functions 27

The inverse cosine function: y = cos™! x

The standard domain for the restricted cosine function is [0, t]. This ensures that there is only
one x-value for each possible y-value.

1

The inverse of the restricted cosine function is denoted by cos™ or arccos.

Inverse cosine function
cos x = y if cosy=x, forxe[-1,1]andy € [0,n]

1

The graph of y = cos™ x is obtained from the graph of y = cos x, x € [0, r], through a

reflection in the line y = x.

y y y
A

N\
N3
<

l

(@)

S

“

o

1 f\y: o 1 \\
S\ y=cosx
0 . — X . (1% \ : — X 0 X
E\\:‘ 1 I 1 I
-1+ 2 ///_1 p 2 °

= Domain Domain of cos™' = range of restricted cosine function = [~1, 1]

m Range Range of cos™! = domain of restricted cosine function = [0, 7]
m Inverse relationship

e cos(cos™! x) = xforall x e [-1,1]

o cos !(cosx) = x forall x € [0, ]

The inverse tangent function: y = tan™! x

. . .. T . .
The domain of the restricted tangent function is (—5, 5) This ensures that there is only one

x-value for each possible y-value.

The inverse of the restricted tangent function is denoted by tan~! or arctan.

Inverse tangent function

tan'x=y if tany=x, forxeRandye(—g,g)

The graph of y = tan™! x is obtained from the graph of y = tan x, x € (—g, g), through a

reflection in the line y = x.
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28 Chapter 1: Trigonometric functions

® Domain Domain of tan™! = range of restricted tangent function = R

= Range Range of tan™!

m Inverse relationship

o tan(tan~! x) = x forall x e R

o tan !(tanx) = xforall x € (—E n)

2’2
Example 19

T T

= domain of restricted tangent function = (—— —)

2°2

Sketch the graph of each of the following functions for the maximal domain:

a y=cos !(2-3x)

by:mﬂu+m+g

Solution
a cos !(2-3x)isdefined & -1<2-3x<1

& -3<-3x<-1

S <x<1

W | =

1
The implied domain is [5’ 1].
We can write y = cosfl(—3(x - g))
3))
The graph is obtained from the graph of

y = cos™! x by the following sequence of
transformations:

(1, m)

m a dilation of factor % from the y-axis
m areflection in the y-axis

® a translation of % units in the positive
direction of the x-axis.
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1D The inverse trigonometric functions 29

b The domain of tan~! is R. y
The graph of
y=tan"'(x+2) + g

is obtained from the graph of y = tan™! x by a

translation of 2 units in the negative direction
. T .. ..

of the x-axis and — units in the positive

direction of the y-axis.

Example 20

a Evaluate sin™!

|
ol
\'/

b Simplify:

i sin_l(sin(g)) i sin—l(sin(%”))

i sin’l(cos(g)) v Sin(cos_l(%))

Solution
.. V3 . ) .. 3 T T
a Evaluating sin (—7) is equivalent to solving siny = 5 forye [—5, E]
sinfZ) = 2
3/ 2
5)--%
sin[—= ) = ——
3 2
s1n_1(—£) _
2/ 3
b i Since X e [—E E] by definition i sin—l(sin(—”)) - sm_l(sm(n— 5—”))
6 1 272/ 6/~ 6
we have
. . [T
) _1( . (n)) x = sin (sm(g))
sin” {sinl <))~ ¢ K
6
iii sin_l(cos(—)) = sm_l(sm(E — E)) iv sin(cos_l(—)) = sm(E)
a 2 3 N2V
! (sn( ) 1
=sin”'(sin| = = —
6 V2
_x
6
Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



30 Chapter 1: Trigonometric functions 1D

Determine the implied domain and range of:

a y=sin"!2x-1) b y=3cos'(2-2x)
Solution
a Forsin™'(2x — 1) to be defined: b For 3 cos™ (2 — 2x) to be defined:
-1<2x-1<1 -1<2-2x<1
& 0<2x<2 & -3<-2x<-1
s 0<x<l1 1 3
S X << yx< =
= S SX=<3
. .. . .. [1 3
Thus the implied domain is [0, 1]. Thus the implied domain is [5, 5]
The range is [—g, g] The range is [0, 3m].

sheet

Example19 1  Sketch the graphs of the following functions, stating clearly the implied domain and the E
range of each:

1
ay=tan'(x—1) b y=cos ' (x+ 1) c y:ZSin'l(x+§)
1
d y=2tan"'(x) + g e y=cos !(2x) fy= 7 sin”'(3x) + g
Example20a. 2 Evaluate each of the following:
1
a arcsin 1 b arcsin(——z) ¢ arcsin0.5
3
d cos‘l(—g) e cos 105 f tan"'1
1
g tan"'(=V3) h tan‘l(—) i cos™!I(-1)
V3
Example 20b 3 Slmphfy E
S5n 1
a sin(cos™'0.5) b sin'l(cos(—)) c tan(sin'l(——))
6 V2
-1 BYEL -1
d cos(tan™" 1) e tan (sm — f tan(cos™ 0.5)

=
2]
=
=|
/—’_"\
2]
=
=]
|
R
4
~—
~——

()

¢ o o) 3
)

ol )

=
(@]
Qo
w2
L
—_
S
=
|
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. . . . T T TR
Example 21 4 Given that the domains of sin, cos and tan are restricted to [_5 5] [0, ] and (—5 5) E

respectively, give the implied domain and range of each of the following:

a y=sin_1(2—x) b y=sin(x+g) c y=sin‘1(2x+4)

d y:sin(Sx—g) e y:cos(x—g) fy=cosl(x+1)
“1/.2 2 - “10.2

g y=cos (x°) hy=cos(2x+?) i y=tan" (x°)

ivy= tan(2x - g) k y=tan '2x+ 1) I y=tan(x?)

5 Simplify each of the following expressions, in an exact form:

cofur) vuor(Z) e afor(2)

1
d tan(sin"(%)) e tan(cos‘l(%)) f sin(cos‘l(g))
g sin(tan™'(-2)) h cos(sin_l(%)) i sin(tan™' 0.7)

3 5
6 Letsina = 3 and sinf} = e where a € [O, g] and f§ € [O, g]

a Determine:
i cosa
ii cosp

b Use the angle sum and difference identities to show that:

i sin_l(E) - sin_l(i) = sin_l(E)
5 13/ 65

ii sin‘l(i) + sin_l(i) = cos‘l(ﬁ)
5 13/ 65

7 Given that the domains of sin and cos are restricted to [—g, g] and [0, it] respectively,
explain why each expression cannot be evaluated:
a cos(arcsin(=0.5))
b sin(cos™!(-0.2))
¢ cos(tan”!(-1))
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32 Chapter 1: Trigonometric functions

@ Solution of equations

Learning intentions

» To solve equations involving other reciprocal trigonometric functions and identities.

We now introduce equations involving the reciprocal trigonometric functions and the use of

the double-angle identities.

Solve the equation sec x = 2 for x € [0, 2m].

Solution
secx =2
1
COoSX = —
2

We are looking for solutions in [0, 27t]:

7T
or =2 — —
* 3

X =

wla wlAa
W
=l

-2v3

Solve the equation cosec(2x - g) = for x € [0, 2x].

3

Solution

*|3

cosec(2 _n)_ _2\/§=>sin(2 n)_ -3
*T3)T 73 T3)7

2

T n 1lw
L ® = B - wiliem @ [——,—].
e X 3Were € 33

—_\/3

Th in0 =
en sin >

— O ——

S
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1E Solution of equations

General solution of trigonometric equations
We recall the following from Specialist Mathematics Units 1 & 2.

m For a € [-1, 1], the general solution of the equation cos x = a is
x =2nw + cos '(a), whereneZ

m For a € R, the general solution of the equation tan x = a is
x = nw + tan” ' (a), where n € Z

m For a € [-1, 1], the general solution of the equation sin x = a is

x=2nm+sin"'(@) or x=Q2n+ 1)n—-sin"'(a), whereneZ

Note: An alternative and more concise way to express the general solution of sinx = a is

x = nw + (=1)" sin"!(a), where n € Z.

a Determine all the values of x for which cot x = —1.

b Determine all the values of x for which sec(2x - g) = 2.

33

Solution P
a The period of the function y = cot x is . A
] . . 3n
The solution of cotx = —1 in [0, ;] is x = e |
|
Therefore the solutions of the equation are |
|
3n :
x:I+mc where n € Z 3n i
4
— X
b First write the equation as 0 _% | |
S || R
> wy 1 |
cos|2x — 3)=3 |
|
We now proceed as usual to determine the general solution: 1
T 1
2x — = =2nm+ cos_l(—)
3 2
T 7T
2x— — =2nw+ —
3 3
T 7T 7T T
2x— = =2nmt+— or 2x—— =2nm— —
3 3 3 3
2x=2nm+ — or 2x = 2nm
7T
x=n:rc+§ or X =nm where n € Z
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34  Chapter 1: Trigonometric functions

Using identities to solve equations

The double-angle identities can be used to help solve trigonometric equations.

Solve each of the following equations for x € [0, 2]:

a sin(4x) = sin(2x) b cosx = sin(%)
Solution
a sin(4x) = sin(2x)
2 sin(2x) cos(2x) = sin(2x)
sin(2x)(2 cos(2x) — 1) =0 where 2x € [0, 4]
Thus sin(2x) =0 or 2cos(2x)—-1=0
ie. sin(2x) = 0 or cos(2x) = %
n St Tm 1lm
2x =0, m, 2x, 3m;, 4 2x==, =, = ==
X w, 2m, 3m, 4t or X 3 3 3 3
—Onn3n2n or . 5t Tm llzn
X = ) 29 9 2 ) X = 63 6 ) 6 b 6
T m ST T 3n 1ln
H = 07 T A~ S o s T o 5 2
ence x 2 6 7T ) G or 2w
X
b = sin(3)
COS x = sin >
X X
2]l
sin > sin >
2sin2(§) + sin(g) -1=0 where g € [0, m]
Leta = sin(g). Then a € [0, 1]. We have
2 +a-1=0
2a-1Da+1)=0
2a—1=0 or a+1=0
a= % or a=-1
Thus a = %, since a € [0, 1]. We now have
ain2)= |
2) 2
T T
2 6 6
T or S5n
X=—=or —
3 3
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1E Solution of equations 35

Maximum and minimum values

We know that —1 < sinx < 1 and —1 < cos x < 1. This can be used to determine the
maximum and minimum values of trigonometric functions without using calculus.
For example:

m The function y = 2 sin x + 3 has a maximum value of 5 and a minimum value of 1. The

maximum value occurs when sin x = 1 and the minimum value occurs when sin x = —1.
. 1 . . 1
m The function y = Tenxi3 has a maximum value of 1 and a minimum value of 3
sin x +

Example 26

Determine the maximum and minimum values of:
a sin(2x) + 2sin(2x) + 2
1
b . D .
sin“(2x) + 2 sin(2x) + 2

Solution
a Leta = sin(2x). Then

sin?(2x) + 2sin(2x) +2 = a® + 2a + 2
=(@a+1)7°+1
= (sin2x) + 1)* + 1
Now —1 < sin(2x) < 1.

Therefore the maximum value is 5 and the minimum value is 1.

b Note that y

sin?(2x) + 2sin(2x) + 2 > 0 A y=(sin(2x) + 1)2+ 1
for all x. Thus its reciprocal also
has this property.

A local maximum for the

original function yields a local

minimum for the reciprocal. _3'7t —1'r _,'t ) N n / 3'75 =
2 2 2 2

A local minimum for the original
function yields a local maximum

Ve % .
for the reciprocal. (sin(2x) + 1)2 + 1

. . .. .1
Hence the maximum value is 1 and the minimum value is 5
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36 Chapter 1: Trigonometric functions

Using the TI-Nspire CX non-CAS

m To determine an x-value at which the

maximum y-value occurs, use (menu) >
Y ] T - Define Ax)=(sin (2 x))2+2- sin(2- x)+2|-n<x<
Calculus > Numerical Function Maximum. Done
nfMax(Ax) x)|-nx<n 0.785398
A0.7853981304802) 5.
|
m Alternatively, to determine the maximum i 12 *TI-Nspire rap [l X
y-value from the graph, use either > (-236,5) | .(0.785,5)
Trace > Graph Trace or > Analyze
Graph > Maximum.
£1()=£(x) ' ;
3 0.785 4
2

Using the Casio
Method 1: Using Run-Matrix mode

= In Run-Matrix mode, go to the Calculation menu s
(0PTN) (F4). Select FMin (F6) (F1) or FMax (fe) (F2).  |FMin{(sin ???45%?%',‘1?
m Complete by entering the expression and the FMax( (sin 2x)2+2sin &
domain: 0 {3.92699,5}
in2x) + 2 sin(2x) + 2, 0,2
(sin 207+ 2 s1n(2) ™) -

m The minimum or maximum value of the
expression is the y-coordinate of the given point.
Method 2: Using Graph mode
m Plot the graph of y = (sin2x)? + 2 sin(2x) + 2. [B [EXE]:Show coordinates
. . . . . YI=f®in 2x)232sin (2x)+2
m Adjust the View Window if required. R
= From the G-Solve menu (F5), select

Minimum (F3) or Maximum (F2).

-2

X=0l. 7853981805 VY=5
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Using a graphics calculator to obtain approximate solutions

Many equations involving the trigonometric functions cannot be solved using analytic
techniques. A graphics calculator can be used to solve such equations numerically.

Example 27

Determine the solutions of the equation 2 sin(3x) = x, correct to three decimal places.

Solution y
The graphs of y = 2 sin(3x) and A
y = x are plotted using a calculator. sl
The solutions are x = 0, x ~ 0.893
and x =~ —0.893.

)

e

(~0.8929...-0.8929..) /=250 (V)

sheet

Example 22,23 1 Solve each of the following equations for x € [0, 27]: E
a cosecx = -2 b cosec(x - %) =-2 ¢ 3secx=2V3
d cosec(2x)+1=2 e cotx=-V3 f cot(2x— g) =-1
2 Solve each of the following equations, giving solutions in the interval [0, 27]:
a sinx=0.5 b cosx:_T c tanx =13
d cotx=-1 e secx=-2 f cosecx = —V2
Example 24 3 Determine all the solutions to each of the following equations: E
1
a sinx = — b secx=1 ¢ cotx =13
V2
2V3 2V3
d cosec(2x - g) =2 e cosec(3x - g) = T\/_ f sec(3x - g) = T\/_
g cot(2x - E) =13 h cot(2x - E) =-1 i cosec(2x - E) =1
6 4 4
4  Solve each of the following in the interval [—, it], giving the answers correct to two E
decimal places:
a secx =25 b cosecx =-5 ¢ cotx=0.6
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38 Chapter 1: Trigonometric functions 1E

Example 25 5

Example 26 6

Example 27 7

places.)
a y=2x and y = 3sin(2x) b y=x and y = 2sin(2x)
c y=3—x and y=cosx d y=x and y =tanx, x € [0, 2]
8 Letae[-1,1] witha # —1. Consider the equation cos x = a for x € [0, 2x]. If g is one
of the solutions, determine the second solution in terms of g.
T
9 Letsino =a where a € (O, 5) Determine, in terms of o, two values of x in [0, 2]
which satisfy each of the following equations:
a sinx = -a b cosx=a
T
10 LetsecP =b wheref} € (5, J'IZ). Determine, in terms of 3, two values of x in [, 7]
which satisfy each of the following equations:
a secx=-b b cosecx=»
3n
11 Lettany = c wherey € (:rc, 7) Determine, in terms of vy, two values of x in [0, 2]
which satisfy each of the following equations:
a tanx = —c b cotx=c
12 A curve on a light rail track is an arc of a circle of length 300 m and the straight line
joining the two ends of the curve is 270 m long.
a Show that, if the arc subtends an angle of 20° at the centre of the circle, then 0 is a
T
solution of the equation sin 6° = ——06°.
d 200
b Solve this equation for 0, correct to two decimal places.
13 Two tangents are drawn from a point A
so that the area of the shaded region [
is equal to the area of the remaining ¥
region of the circle. ’
a Show that 0 satisfies the equation
tan0 =t — 0.
b Solve for 0, giving the answer ~AOB =26
correct to three decimal places.
Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press

Solve each of the following equations for x € [0, 2x]:

a cos’x—cosxsinx=0 b sin(2x) =sinx ¢ sin(2x) = cosx
d sin(8x) = cos(4x) e cos(2x) = cosx f sec’x+tanx =1
g tanx(l +cotx) =0 h cotx+3tanx=5cosecx i sinx+cosx=1

Determine the maximum and minimum values of each of the following:

1
a 2+sin6 b —— c sin’0+4
2+sin0
1
— e cos?0+2cos0 f cos?0+2cos0+6
sin“ 0 + 4

Using a graphics calculator, determine the coordinates of the points of intersection
for the graphs of the following pairs of functions. (Give values correct to two decimal
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1E 1F Sums and products of sines and cosines 39

14 Two particles A and B move in a straight line. At time ¢, their positions relative to a E
point O are given by

x4 =05sint and xp = 0.257 + 0.05¢

Determine the times at which their positions are the same, and give this position.
(Distances are measured in centimetres and time in seconds.)

15 A string is wound around a disc and a horizontal length of the string AB is 20 cm long.
The radius of the disc is 10 cm. The string is then moved so that the end of the string,
B’, is moved to a point at the same level as O, the centre of the circle. The line B'P is a
tangent to the circle.

A 20 cm B

a Show that 0 satisfies the equation g —0+tan0 = 2.

b Determine the value of 8, correct to two decimal places, which satisfies this equation.

m Sums and products of sines and cosines

Learning intentions

» To use the product-to-sum and sum-to-product identities.

In Section 1C, we considered the angle sum and difference identities for sine and cosine. We
use them in this section to obtain new identities which allow us to rewrite products of sines
and cosines as sums or differences, and vice versa.

Expressing products as sums or differences

Product-to-sum identities
2cosA cos B = cos(A — B) + cos(A + B)
2sin A sin B = cos(A — B) — cos(A + B)
2sinA cos B = sin(A + B) + sin(A — B)
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40 Chapter 1: Trigonometric functions

Proof We use the angle sum and difference identities for sine and cosine:

cos(A + B) = cosA cos B—sinA sin B 1

N

(1)
cos(A — B) = cosA cosB+sinA sinB (2)
sin(A + B) = sinA cos B + cos A sin B (3)
sin(A — B) = sinA cos B —cos A sin B (4)

The first product-to-sum identity is obtained by adding (2) and (1), the second identity
is obtained by subtracting (1) from (2), and the third by adding (3) and (4).

Example 28

Express each of the following products as sums or differences:
a 2sin(30) cos(0)
b 2sin50° cos 60°

e s
es{peglesio=g)
¢ 2cos{0+ 7 ) cos )

Solution
a Use the third product-to-sum identity:
2sin(30) cos(0) = sin(30 + 0) + sin(36 — 6)
= sin(40) + sin(20)
b Use the third product-to-sum identity:
2 sin 50° cos 60° = sin 110° + sin(—10)°
= sin 110° — sin 10°

¢ Use the first product-to-sum identity:

T 7T T
2008(9 + Z) cos(e - Z) = cos(z) + cos(20)

= cos(20)

Expressing sums and differences as products

Sum-to-product identities

A+ B A-B
cosA+cosB:200s( > )cos( > )

COSA —cosB = -2 sin(A ; B) sin(A ; B)

SinA + sin B = Zsin(A ; B) cos(A _ B)

2
. . . (A-B A+ B
sinA — sin B = 2 sin cos
2 2
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Proof Using the first product-to-sum identity, we have
A+B A-B A+B A-B A+B A-B
> ) cos( 5 ) = cos( ) + cos( + )

2 2
=cosB + cos A

2o
COS ) )

=CcosA +cosB

The other three sum-to-product identities can be obtained similarly.

Example 29

Express each of the following as products:

a sin36° + sin 10° b cos36° + cos 10°

Solution
a sin36° + sin 10° = 2 sin 23° cos 13° b cos36° + cos 10° = 2 cos23° cos 13°

Example 30

Prove that
cos(0) — cos(30)

sin(30) —sin(@) _ 29

Solution
_ cos(0) — cos(30)

LHS = sin(30) — sin(0)
_ —25in(20) sin(-0)
2 sin(0) cos(20)
_ 2sin(20) sin(0)
2 sin(0) cos(20)
= tan(20)
= RHS

Solve the equation sin(3x) + sin(11x) = 0 for x € [0, &].

Solution
sin(3x) + sin(11x) =0
< 2sin(7x)cos(dx) =0

& sin(7x) =0 or cos(4x) =0

mt 3w Sm Im
o Tx=0,m 2w, 3n,4m, 5,6, 70 or 4x=—, —, —, —
2°2° 22
mt 2n 3w 4m Sm 6m mt 3w S Tm
& X=Y -, = = =>=>=>N <, > <> o
7777 7T 7 8 8 8 8
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42  Chapter 1: Trigonometric functions

Example 28 1

Example 29 5

Example 30 7

9
10

Example 31 11

a cos(5x) +cos(x) =0 b cos(5x) —cos(x) =0
¢ sin(5x) +sin(x) =0 d sin(5x) —sin(x) =0
12 Solve each of the following equations for 0 € [0, ]:
a cos(20) —sin(0) =0 b sin(50) — sin(30) + sin(0) = 0
¢ sin(70) — sin(0) = sin(30) d cos(30) — cos(560) + cos(76) =0
Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press

Express each of the following products as sums or differences:

a 2sin(4mt) cos(7mt) b sin50° cos 10°
X\ . (27x . (A+B+C A-B-C
c 3cos(?) sm(T) d 2s1n( ) cos(

Express 2 sin(40) sin(0) as a difference of cosines.

. . . . . -B
Use a product-to-sum identity to derive the expression for 2 sm( ) cos(

2
difference of sines.

1
Show that cos 75° cos 15° = T

Express each of the following as products:
a sin66° + sin 34° b cos66° + cos 34°
c sin66° — sin 34° d cos 66° — cos 34°

Express each of the following as products:
a sin(8A) + sin(24) b cos(x) + cos(4x)
¢ sin(6x) — sin(4x) d cos(5A) — cos(3A)

Show that sin(A) + 2 sin(3A) + sin(54) = 4 cos?(A) sin(3A).

For any three angles o, 3 and vy, show that

sin(a + B) sin(a — B) + sin(P + y) sin(P — v) + sin(y + o) sin(y —a) =0

Show that cos 70° + sin40° = cos 10°.
Show that cos 20° + cos 100° + cos 140° = 0.

Solve each of the following equations for x € [-m, ]
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Chapter summary

Reciprocal trigonometric functions

m Definitions

1
cosec = — provided sin® # 0
sin 0
1 .
secH = provided cos 6 # 0
cos 0
cos 0 . .
coth = — provided sin® # 0
sin O

m Symmetry properties

sec(m —0) = —secO cosec(mt — 0) = cosec O cot(m — 0) = —cot0
sec(m+ 0) = —secH cosec(m + 0) = —cosec O cot(rt + 0) = cot O

sec(2m — 6) = secO cosec(2m — 0) = —cosec O cot(2mw — 6) = —cot 6

sec(—0) = secO cosec(—0) = —cosec O cot(—0) = —cot 0O

m Complementary properties

sec(g - 6) = cosec 6 cosec(g - 6) =secO

cot(g - 6) =tan0 tan(g - 6) =cotHO
m Pythagorean identities
sin? 0 + cos? 0 = 1
tan’ 0 + 1 = sec’ 0

cot? 0 + 1 = cosec’ 0

Angle sum and difference identities

m cos(A+ B) =cosA cosB—sinA sinB
m cos(A— B) =cosA cosB+sinA sin B
m sin(A + B) = sinA cos B + cos A sin B
m sin(A — B) =sinA cos B—cosA sin B

Double-angle identities

® cos(2A) = cos’ A —sin® A m sin(2A) = 2sinA cosA
=1-2sin’A
=2cos’A-1
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Inverse trigonometric functions

m Inverse sine (arcsin)
sin"!x =y if siny=ux,

T T

for x € [-1,1] and e[——,—]

orx €[ ]and y 77

m Inverse tangent (arctan)
tan”' x = y if tany = x,

T
forxeRandy e (-3.7)
orxceRandye )

Product-to-sum identities

m 2cosA cos B =cos(A— B) +cos(A+ B)
= 2sinA sin B = cos(A — B) — cos(A + B)
m 2sinA cos B = sin(A + B) + sin(A — B)

Sum-to-product identities
A+ B A-B
) o 5)
A+B\ . (A-B
2 )Sm( 2 )
B A-B

oo =57)

+

A—B) COS(A B)
2 2

m CosA+cosB = 2cos(

m coSA—-cosB=-2 sin(

A+
m sinA+sinB = 25in(

m sinA-sinB = 2sin(

Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4

m Inverse cosine (arccos)

-1

cos” x=y if cosy=x,

for x e [-1,1] and y € [0, 7]

y
A
7 — -1
y=coslx
-1 O 1 =
Y
nl\
5| y=tan Ix
0 > X
______ B B—
2
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Skills checklist

A Download this checklist from the Interactive Textbook, then print it and fill it out to check
Check- Yyour skills. 7

=
[}
-

1 Icandetermine the exact values of trigonometric functions.

See Example 2, Example 3, Example 4, Example 8, Question 3 and Question 4

I can solve simple equations involving the trigonometric functions.

a
N

See Example 6, Question 11, and Question 16

3 Ican sketch the graphs and transformations of the trigonometric functions.

See Example 7, Question 11 and Question 16

4 1can sketch graphs involving reciprocal trigonometric functions.

See Example 10, Question 1, Question 2 and Question 3

5 Ican determine exact values of reciprocal trigonometric functions.

See Example 12, Example 14, Question 5 and Question 7

6 Ican simplify identities involving reciprocal trigonometric functions.

See Example 13, Question 6 and Question 15

7 Ican use the angle sum and difference identities.

See Example 15, Example 16, Question 1, Question 2,Question 3 andQuestion 6

I can use the double angle identities.

See Example 17, Example 18, Question 9 and Question 10

9 Ican sketch graphs involving the inverse trigonometric functions.

See Example 19 and Question 1

10 Ican simplify expressions involving the inverse trigonometric functions.

See Example 20, Question 1, Question 2 and Question 5

11 1Ican solve harder equations involving trigonometric functions.

See Example 23, Example 25, Question 1, Question 3 and Question 5

12 1Ican use the product-to-sum identities.

See Example 28, Question 1, Question 2 and Question 3

13 Ican use the sum-to-product identities.

See Example 29, Example 30, Example 31, Question 5, Question 7 and Question 11
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46 Chapter 1: Trigonometric functions

Short-response questions

Technology-free short-response questions

1 a Determine sin 6°. b Determine x.

9 cm

30°

X cm

2 a Determine the exact value of cos 315°.

b Given that tan x° = E and 180 < x < 270, determine the exact value of cos x°.

¢ Determine an angle A° (with A # 330) such that sin A° = sin 330°.

3 ABC is a horizontal right-angled triangle with the right angle
at B. The point P is 3 cm directly above B. The length of AB
is 1 cm and the length of BC is 1 cm. Determine the angle that
the triangle AC P makes with the horizontal.

4  Determine all angles 6 with 0 < 6 < 2w, where:

c tanO =1

b

1
a sinO:E b cosO =

5 a Solve2cos2x+m)—1=0for-wt<x <.
b Sketch the graph of y = 2 cos(2x + ;) — 1 for —nt < x < m, clearly labelling the axis
intercepts.
¢ Solve2cos(2x+m) < 1 for—m < x < .

4
6 If O is an acute angle and cos 0 = 3 determine:

a cos(20) b sin(20) ¢ cosecH d cot0

7 Solve each of the following equations for —x < x < 2m:

a sin(2x) = 2cos x b cos(2x) = sinx
¢ cosx— 1 =cos(2x) d sin® x cos® x = cos x
e sifx—isinx-1=0 f 2cos?x—3cosx+1=0

2 2

8 Solve each of the following equations for 0 < 6 < 27, giving exact answers:

a 2—sin® =cos? 0+ 7sin’ 0 b sec(20) =2
¢ 1(5cos6 - 3sin0) = sin 6 d secO=2cos0
9 Determine the exact value of each of the following:
a sin(sn) b cosec( 531) c sec(7n)
3 3 3
Sm 3n T

@ cosee{ ) %) F eo-3)

cosec| — e co 1 cot{ -
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11

12

13

14

Technology-active short-response questions

15 A horizontal rod is 1 m long. One end is
hinged at A, and the other end rests on a
support B. The rod can be rotated about A,
with the other end taking the two positions
B, and B,, which are x m and 2x m above
the line AB respectively, where x < 0.5.
Let /BAB, = a.and /BAB, = p.
a Determine each of the following in terms of x: 4
i sina ii cosa iii tana iv sinf v cosfP vi tanp
b Using the results of &, determine:
i sin(f—-a) il cos(p—-a) iii tan(f — )
iv sin2a) v cos(2a) vi tan(2a)
¢ If x = 0.3, determine the magnitudes of ZB,AB; and 2aq, correct to two decimal
places.
16 a On the one set of axes, sketch the graphs of the following for x € (0, ) U (i, 27):
i y = cosec(x) ii y=cot(x) ifi y = cosec(x) — cot(x)
b i Show that cosec x — cot x > O for all x € (0, ;t), and hence that cosec x > cot x for
all x € (0, m).
it Show that cosec x — cot x < 0 for all x € (i, 27), and hence that cosec x < cot x
for all x € (s, 2m).
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Given that tan a = p, where a is an acute angle, determine each of the following in E
terms of p:
a tan(—a) b tan(mw — a) c tan(g - (x)
3
d tan(%[ + a) e tan(2w — o)
Determine:
a sin™! ( \6) b cos(cos‘l( ! )) c cos‘l(cos(ZTE ))
2 2 3
4 1
d cos‘l(cos(?ﬂ)) e cos(sin‘l(—z)) f cos(tan™!(-1))

Sketch the graph of each of the following functions, stating the maximal domain and
range of each:

a y=2tan"'x b y= sin”'(3 - x) ¢ y=3cos!2x+1)

d y=-cos7'(2-x) e y=2tan" (1 — x)

Solve the equation sin(3x) = sin(5x) for 0 < x < m.

sin A + sin B — sin(A + B)

Prove the identity St S0 ~ S - (—)t (—)
rove elenlys1nA+s1nB+s1n(A+B) anz an

|
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¢ On separate axes, sketch the graph of y = cot(%) for x € (0, 2m) and the graph E
of y = cosec(x) + cot(x) for x € (0, 2m) \ {m}.

0
d i Prove that cosec6 + cot0 = cot(z) where sin 0 # 0.

it Use this result to determine cot(g) and cot(%).

iii Use the result 1 + cotz(g) = cosecz(%) to determine the exact value of sin(g).
e Use the result of d to show that cosec(0) + cosec(20) + cosec(40) can be expressed as

the difference of two cotangents.

17 a ABCD is arectangle with diagonal AC of length B C
10 units.

i Determine the area of the rectangle in terms 10
of 0.
ii Sketch the graph of R against 6, where R is 8
the area of the rectangle in square units, A D

T
for 0 — .
or 6(0,2)

iii Determine the maximum value of R. (Do not use calculus.)

iv Determine the value of 0 for which this maximum occurs.
b ABCDEFGH is a cuboid with F G
LGAC = g /CAD =0 and AC = 10.

i Show that the volume, V, of the B
cuboid is given by a
0

| D)

V = 1000 cos 0 sin 0 tan(g) A D

0 0
ii Determine the values of a and b such that V = a sinz(z) +b sin4(§).

0
iii Letp = sinz(z). Express V as a quadratic in p.

iv Determine the possible values of p for 0 < 6 < E.

v Sketch the graphs of V against 6 and V against p with the help of a calculator.

vi Determine the maximum volume of the cuboid and the values of p and 6 for
which this occurs. (Determine the maximum through the quadratic found
in b iii.)

¢ Now assume that the cuboid satisfies ZCAD = 0, /GAC = 6 and AC = 10.
i Determine V in terms of 0. il Sketch the graph of V against 0.
iii Discuss the relationship between V and 0 using the graph of ¢ ii.
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18 Points A, B and C lie on a circle with y
centre O and radius 1 as shown. A

a Give reasons why triangle ACD is

similar to triangle ABC. C
b Give the coordinates of C in terms of N24y2=1
trigonometric functions applied to 26.
¢ i Determine CA in terms of 0 from 0 20 .~
triangle ABC. A o D B

ii Determine CB in terms of 6 from triangle ABC.
d Use the results of b and ¢ to show that sin(20) = 2sin 6 cos 6.
e Use the results of b and ¢ to show that cos(20) = 2 cos? 0 — 1.

19 ABCDE is a pentagon inscribed in a circle with C
AB = BC = CD = DE = 1 and /BOA = 20. /\

The centre of the circle is O.
Let p = AE. b
in(40 S E
a Show that p = SH?( ). :
sin 6

b Express p as a function of cos 6.

Let x = cos 0.
¢ i If p = V3, show that 8x° —4x — V3 = 0.

ii Show that - is a solution to the equation and that it is the only real solution.

iii Determine the value of 6 for which p = V3.

iv Determine the radius of the circle.
d Using a calculator, sketch the graph of p against 0 for 0 € (O, ;]
e If A = E, determine the value of 0.
f i IfAE =1, show that 8x° —4x—1=0.

1
ii Hence show that Z(\/g +1)= cos(g).

20 a i Prove that tan x + cot x = 2 cosec(2x) for sin(2x) # 0.
ii Solve the equation tan x = cot x for x.
iii On the one set of axes, sketch the graphs of y = tan x, y = cot x and
y = 2 cosec(2x) for x € (0, 2m).
b i Prove that cot(2x) + tan x = cosec(2x) for sin(2x) # 0.
il Solve the equation cot(2x) = tan x for x.
iii On the one set of axes, sketch the graphs of y = cot(2x), y = tan x and
y = cosec(2x) for x € (0, 2m).
¢ i Prove that cot(mx) + tan(nx) = W—_M, for all m,n € Z.
sin(mx) cos(nx)
ii Hence show that cot(6x) + tan(3x) = cosec(6x).
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21 Triangle ABE is isosceles with AB = BE, and triangle B
ACE is isosceles with AC = AE = 1.
a 1 Determine the magnitudes of /BAE, /AEC
and /ACE.
ii Hence determine the magnitude of Z/BAC.
b Show that BD =1 + sin 18°.
¢ Use triangle ABD to prove that

1+ sin 18°

c0s 36" = T e

d Hence show that 4 sin® 18° + 2sin 18° — 1 = 0.

e Determine sin 18° in exact form.

22 VABCD is aright pyramid, where the base ABCD Vv
is a rectangle with diagonal length AC = 10.

a First assume that ZCAD = 6° and /VAX = 6°.

i Show that the volume, V, of the
pyramid is given by

V= ? sin*(0°)

ii Sketch the graph of V against 0 4
for 6 € (0, 90).
iii Comment on the graph.

o

0
b Now assume that ZCAD = 6° and /VAX = IR
i Show that the volume, V, of the pyramid is given by
1000 0° 0°
V= 3 sinz(?) (1 - 28in2(?))

ii State the maximal domain of the function V(0).

eO
iii Leta = sinz(?) and write V as a quadratic in a.
iv Hence determine the maximum value of V and the value of 0 for which this
oceurs.
v Sketch the graph of V against 0 for the domain established in b ii.

23 VABCD is aright pyramid, where the base ABCD V
is a rectangle with diagonal length AC = 10.

Assume that ZCAD = 06° and AY = BY.
a If zVYX = 0°, determine:

i an expression for the volume of
the pyramid in terms of 0

ii the maximum volume and the

value of 0 for which this occurs. A
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o

b If zVYX = %:

500
i show that V = 5 cos%(0°) (1 — cos(0°))
ii state the implied domain for the function.
500
¢ Leta =cos(0°). ThenV = Taz(l — a). Use a graphics calculator to determine the

maximum value of V and the values of a and 0 for which this maximum occurs.

Multiple-choice questions

Technology-free multiple-choice questions

1 If2cosx° — V2 = 0, then the value of the acute angle x° is

A 30° B 60° C 45° D 25°
2 The equation of the graph shown is y
. 7 A
Ay= sm(Z(x - Z)) |

T
By= cos(x + Z) 0 A /\
; ; . —> X
C y =sin(2x) / W Yﬂ
D y=-2sin(x) -1

A — B — C

1 1 ﬁ
V2 V3 4

4 Which of the following is the graph of the function y = cos™!(x)?

A y B
A
11
— X
(0] o b
2
~11
C y D
A
TC A
n
2
y > X
-1 o
Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



52 Chapter 1: Trigonometric functions

-2 .
5 Ifcosx= 3 and 27t < x < 3m, then the exact value of sin x is

V5 V5 V3 3
A 2+ ? B 2w — T C ? D T
-1
6 Given that cos(x) = 0 and x € (g, n), the value of cot(x) is
A 3VIT B —3VII c g D _3—\/31_1

n In
7 The graph of the function y = 2 + sec(3x), for x € (_E’ ?)’ has stationary points at

T 7T T T S; T 2n
A x== B x== ==, 2, = D x=0>,=
X 7 X 3,n C x 36 X 0,3,3,n
. -1 .
8 Ifsinx= 3 then the possible values of cos x are
a2 22 . 88 , V2 V2
3 3 3°3 9°9 373
9 The maximal domain of y = cos™!(1 — 5x) is given by
2 l-m 1 11
a o] L o [-LY]
[ 5 5 °5 [ ] 55

1
10 The number of solutions of cos?(3x) = T given that 0 < x < m, is

Al B 2 c3 D6
Technology-active multiple-choice questions
11 IfsinA =t and cos B = t, where g <A<mand0 < B< g, then cos(B + A) is equal to

A V-2 B 272 -1 Cc 1-27 D 2Vl -7

12 Correct to two decimal places, the obtuse angle x satisfying 3sinx —1 =01s
A 270 B 2.80 C 024 D 0.34

13  Suppose 0 is an acute angle. If cos(20) = 0.3, then correct to two decimal places, sin 0
is

A -0.59 B 0.59 c -0.81 D 0.81
3
14 IfsecH = ) and 6 € (5T, 27) then the value of 6 correct to two decimal places is
A 230 B 3.98 Cc 421 D 432
3 3n
15 IfcosecH = ) and 0 € 2 > , then correct to two decimal places, cos 0 is
A 045 B -045 c 0.75 D -0.75
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16 Letm € R and consider the graphs of y = sin x and y = mx. These graphs intersect n
times. The value of n cannot be equal to
Al B 2 c3 D5
2 1 3
17 Suppose sinA = 3 and cos B = T where g <A < mand 775 < B < 2m.
Correct to two decimal places, sin(A + B) is equal to
A 0.59 B 0.69 c 0.79 D 0.89
18 The minimum value of ! correct to two decimal places is
c0s(2x) + 2cos2(x) + 3 P
A 0.09 B 0.13 c 0.17 D 0.23
19 Suppose 0 is an acute angle in a right-angled triangle. The length of its hypotenuse is 2
and cotO = 7 Correct to two decimal places, the length of its shortest side is
A 144 B 133 c 122 D 1.11
20 A circle arc of radius L is centred at the corner /
of a 4 X 2 rectangle. The arc cuts the rectangle /,
into two regions of equal area. Correct to two L ,' 2
decimal places, the value of L is ,’
A 198 B 224 €233 D24l !
4
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Chapter contents
» 2A Circles
» 2B Ellipses and hyperbolas

» 2C Parametric equations

In this chapter, we first consider the Cartesian equations of three important types of curves in
the plane: circles, ellipses and hyperbolas. These curves are called conic sections, because
they arise as the cross-section of a pair of cones. We will use these curves in our study of
vector equations in Chapter 6 and vector calculus in Chapter 7.

We also introduce parametric equations for curves in the plane.
For example, the unit circle can be described by the pair of .
(cost, sint)

Y
A
1
parametric equations /
Q » X
-1

x=cost and y=sint forreR 1

Parametric equations will be used in various contexts
throughout this book:

m In Chapter 6, they are used to describe lines and curves in three-dimensional space.
m In Chapter 7, they are used in our study of motion along a curve.
m In Chapter 8, they are used to describe the solutions of systems of linear equations.
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2A Circles 55

m Circles

Learning intentions
» To be able to sketch the graphs of circles.
» To be able to determine the equation of a circle.

The set of points r units from the origin is a circle. The value of ¥
r is called the radius of the circle.
P(x,y)
If a point with coordinates (x, y) lies on the circle, then /r,’ !
Pythagoras’ theorem gives 0?4 > X
2yt =2

Cartesian equation of a circle
The circle with centre (k, k) and radius r is the graph of the equation
(x—h?+O-k*=r

Note: This circle is obtained from the circle with equation x> + y> = r? by the translation
defined by (x,y) = (x + &, y + k).

Sketch the graph of the circle with centre (-2, 5) and radius 2, and state the Cartesian
equation for this circle.

Solution

S

The equation is

x+22+(y-5>=4 7
which may also be written as @ S
x2+y2+4x—10y+25=0 3
T T > X
4 2 O

The equation x* + y* + 4x — 10y + 25 = 0 can be restored to the more familiar form by
completing the square:

X +y+4x—10y+25=0
X +4x+4+y> —10y+25+25=29
x+2°+(y-57=4

This suggests a general form of the equation of a circle:

¥+ +Dx+Ey+F=0
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56 Chapter 2: Cartesian and parametric equations 2A

[C)} Example2

Sketch the graph of x> + y? + 4x + 6y — 12 = 0. State the coordinates of the centre and

the radius.
Solution y
Complete the square in both x and y: A
x2+y2+4x+6y—12=0 —3+121
P H4x+4+y?+6y+9-12=13 o2 o~
x+2°+@+3)?=25
The circle has centre (—2, —3) and radius 5.
-3-21

[C) Example3

Sketch a graph of the region of the plane such that x> + y?> < 9 and x > 1.

Solution
y
Ax=1
3 [ ]required region
= 5 5
-3

example1 1 For each of the following, determine the equation of the circle with the given centre
and radius:
a centre (2,3); radius 1
b centre (-3, 4); radius 5
¢ centre (0, —5); radius 5
d centre (3,0); radius V2

Example2 2 Determine the radius and the coordinates of the centre of the circle with equation:
a XX+’ +4x-6y+12=0
b x*+y’-2x—-4y+1=0
c xX>+y*-3x=0
d >+’ +4x-10y+25=0
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2A

Example 3

2B Ellipses and hyperbolas

Sketch the graph of each of the following:

b x>+y*+3x-4y=6

d X?+y?-8x-10y+16=0
f 3x* +3y? + 6x—9y = 100

a2 +2%+x+y=0
c X>+y?+8x—10y+16=0
e 2x*+2y>-8x+5y+10=0

For each of the following, sketch the graph of the specified region of the plane:
a xX?+y?<16 b x>+y*>9

c (x-2%+(y-27%<4 d x-32+@+2)?>16

e X>+y*<16and x <2 f x>+y*<9andy> -1

The points (8, 4) and (2, 2) are the ends of a diameter of a circle. Determine the
coordinates of the centre and the radius of the circle.

Determine the equation of the circle with centre (2, —3) that touches the x-axis.
Determine the equation of the circle that passes through (3, 1), (8,2) and (2, 6).

Consider the circles with equations
4x* +4y* —60x — 76y +536 =0 and x*+y* —10x— 14y +49 =0

a Determine the radius and the coordinates of the centre of each circle.

b Determine the coordinates of the points of intersection of the two circles.

Determine the coordinates of the points of intersection of the circle with equation
x? +y* = 25 and the line with equation:

ay=x b y=2x

@ Ellipses and hyperbolas

To be able to sketch the graphs of ellipses and hyperbolas.

Ellipses and hyperbolas will arise in our study of vector equations in Chapter 6 and vector
calculus in Chapter 7. In this section, we sketch the graphs of these curves.

Ellipses

For positive constants a and b, the curve with equation
x + Y i =1
a b

is obtained from the unit circle x> + y> = 1 by applying the following dilations:

m adilation of factor a from the y-axis, i.e. (x,y) — (ax,y)
m adilation of factor b from the x-axis, i.e. (x,y) — (x, by).

The result is the transformation (x,y) — (ax, by).

57
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y

() —>(ax,y) A

Chapter 2: Cartesian and parametric equations

(x, ) = (x, by) b
~ A

L
?

The curve with equation

x2 y2

Eﬁ'ﬁ:l

(N a
AN A

X —a

is an ellipse centred at the origin with x-axis intercepts at (—a, 0) and (a, 0) and with y-axis

intercepts at (0, —b) and (0, b).

If a = b, then the ellipse is a circle centred at the origin with radius a.

2

2
) X
Ellipse — + Y
a

ﬁzlwher‘ea>b

y
|

B/

A
a

> X

AA’ is the major axis

BB’ is the minor axis

Cartesian equation of an ellipse

The graph of the equation
- h)? - k)?
=h? Gk _

it b? !
is an ellipse with centre (4, k). It is
obtained from the ellipse
2 2
x—z =)
a’>  b?

by the translation (x,y) — (x + A,y + k).
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Ellipse — +
a

= = 1whereb > a

A/
—=a

Sl

-b|B

AA’ is the minor axis

BB’ is the major axis

y
0 (h, k +b)
(h—a, k)< .« (b k) (h+a, k)
(ho k- b)
0
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2B Ellipses and hyperbolas 59

Sketch the graph of each of the following ellipses. Give the coordinates of the centre and

the axis intercepts.

x2 y2 X2 y2
Yo b 242 o
2977 2779
_22 _ 2
PO C o ) d 32+ 24x+y> +36=0
9 16
Solution

a Centre (0,0)
Axis intercepts (+3,0) and (0, £2)

b Centre (0,0)

Axis intercepts (+2,0) and (0, £3)

y Y
A A
3
/ N
_3\\y 3 h B O i h
-2
-3
¢ Centre (2,3)
y-axis intercepts
4 _ 22 2,7
Whenx=0: ++973 _4
16 3, 45
2 3
G=3 > 2.3)
16 9 (-1,3) © (5,3)
-3 = 165 3 4—f\
- - 9 > X
15 2- 327 0\'/“37,7
y= 34+ — (29 _1)
3
x-axis intercepts
-2 9
When y = 0: £ 9 ) +E:1
(x —2)? 7
9 16
9x7
_2 =227
(x-2) 16
3V7
x=2= T
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60 Chapter 2: Cartesian and parametric equations

d Completing the square: y
32 + 245+ +36 =0 1
3(x* +8x+16) +y* +36-48 =0 (-4, 23)
3x+4)?* +y* =12
. x+4? ¥
1.€. T + E =1 0

Centre (—4,0) (=6,0)| (-4,0) |(-=2,0)

Axis intercepts (—6,0) and (-2, 0)

(-4, -2V3)

The equation of an ellipse can be written in the form
AX* +By’ +Cx+Ey+F =0

where A and B are positive. If A = B, then the graph is a circle.

Hyperbolas

The curve with equation

2 P
az b?

is a hyperbola centred at the origin with axis intercepts (a, 0) and (—a, 0).

=1

b b
The hyperbola has asymptotes y = —x and y = ——x.
a a

To see why this should be the case, we rearrange the

equation of the hyperbola as follows:
2y 1
a®>  b?
Vo2 |
[
2.2 2
¥ = li(l _ a_)
a? X2
)
As x — 00, we have — — 0. This suggest that
X
b*x?
Yoo =
a2
. bx
1.€. y—> +x—
a
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2B Ellipses and hyperbolas

Cartesian equation of a hyperbola
The graph of the equation
@-n G-k _

a? b?

is a hyperbola with centre (%, k). The asymptotes are

1

b
y—k=x—(x—-h)
a

2 2
Note: This hyperbola is obtained from the hyperbola with equation S | by the

az b?
translation defined by (x,y) = (x + h,y + k).

For each of the following equations, sketch the graph of the corresponding hyperbola.

61

Give the coordinates of the centre, the axis intercepts and the equations of the asymptotes.

x2 y2 2 2

y oox
——-==1 b ———=1
"9 g 9 4
-1y +2)?
c (x—1P2—(y+2?2=1 g O @2,
4 9
Solution
2 2
a Sincex——y—z 1, we have y
9 4 A
2
y2:4i(1—%) ——gx —gx
9 X \\\\y_ 3 y= 3//
) e e
Thus the equations of the asymptotes are y = +—x. R P K
3 (300 ~~N(3,0)
If y = 0, then x* = 9 and so x = +3. The x-axis == BN
intercepts are (3, 0) and (=3, 0). The centre is (0, 0). -

2 2
b Since 97 =1, we have

9x2 4
9

_2Y _)
Y 4 ( +x2

3
Thus the equations of the asymptotes are y = J_rix.

The y-axis intercepts are (0, 3) and (0, —3).
The centre is (0, 0).
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62 Chapter 2: Cartesian and parametric equations

¢ First sketch the graph of x* — y? = 1. The asymptotes y
are y = x and y = —x. The centre is (0, 0) and the axis A
intercepts are (1,0) and (-1, 0).

Note: This is called a rectangular hyperbola, as its
asymptotes are perpendicular.

Now to sketch the graph of
x-12-@+2)?*=1

we apply the translation (x,y) = (x + 1,y — 2).

The new centre is (1, —2) and the asymptotes
have equations y + 2 = +(x — 1). That is,
y=x—-3andy=-x-1.

Axis intercepts

If x =0, theny = -2.

Ify=0,then (x— 1)> =5and so x = 1 + V5.
Therefore the axis intercepts are (0, —2)

and (1 + V5,0).

-1y +2)? 2 52
S 7 ) = £ 9 ) = 1 is obtained from the hyperbola % - % =1

through the translation (x,y) — (x — 2,y + 1). Its centre will be (-2, 1).

d The graph of

y Y
A A
7
0,2) = 23|
S /// \\\\ Ty - 1)2_ (x+2)2_1
2 .2 DA ¢ 2, 1)< 4 9
FE_ --"0 . ( /)/ ~_|o .
4 9 //// \\\ -7 \\\
P s L (E =) SSe
g (0,-2) _2.1
2v13
The axis intercepts are (0, 1+ \é_)
2o 2y
Note: The hyperbolas T 9° 1 and 57" 1 have the same asymptotes; they are

called conjugate hyperbolas.
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Skill- A
shebt Exercise 2B
example4 1 Sketch the graph of each of the following. Label the axis intercepts and state the E
coordinates of the centre.

X2 )P
—+—=1 b 25x% + 16y = 4
a 9 +16 5x° + 16y 00
—4)2 —1)2 _ 7\
x=-dH" 0= _, g 2+9=2
9 16 9
e 9x? +25y% — 54x — 100y = 44 f 9x% +25y* =225
g 5x2+9y? +20x-18y-16=0 h 16x% + 25y —32x+ 100y —284 =0
—2)? - 3)?
i (x4) +(y9) =1 i 2x—22+4(-172 =16

Example5 2 Sketch the graph of each of the following. Label the axis intercepts and give the

equations of the asymptotes.
2 2 2 2

X X
ST TR
c -y’ =4 d 2x?—y? =4
e *>-4y>—4x-8y—-16=0 f 9x? — 25y? — 90x + 150y = 225
8 (x—42)2_(y—93)2=1 h 4x>-8x—y*+2y=0
i 9x? —16y* —18x+32y—151=0 i 25x% - 16y* = 400

. . . . |
3 Determine the coordinates of the points of intersection of y = 7% with:
v
axz—y2=1 bZ-l-yz:l
2

4 Show that there is no intersection point of the line y = x + 5 with the ellipse x*> + )17 =1

22 2 2

5 Determine the points of intersection of the curves T + % =1land ) + yz = 1. Show

that the points of intersection are the vertices of a square.

PR

6 Determine the coordinates of the points of intersection of T3 + % = 1 and the line with

equation Sx = 4y.
7 On the one set of axes, sketch the graphs of x> +y? = 9 and x> —y* = 9.

. (= =k
8 Consider a hyperbola whose equation is T T T e - 1, where a, b > 0. E
a

a The asymptotes of the hyperbola are y = 2x + 3 and y = —2x + 7. Determine the
values of /& and k.
b The hyperbola is also tangent to the y-axis. Determine the values of a and b.
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64 Chapter 2: Cartesian and parametric equations

@ Parametric equations

Learning intentions

» To be able to express parametric equations in Cartesian form and sketch their graphs.

In Chapter 6, we will study motion along a curve. A parameter (usually 7 representing
time) will be used to help describe these curves. In this section, we give an introduction to
parametric equations of curves in the plane.

The unit circle

The unit circle can be expressed in Cartesian form as { (x,y) : x> + y> = 1}. We have seen in
Section 1A Chapter 1, Section that the unit circle can also be described by two equations

x=cost and y=sint forreR

These are parametric equations for the unit circle.

We still obtain the entire unit circle if we restrict the values of ¢ to the interval [0, 27t].
The following three diagrams illustrate the graphs obtained from the parametric equations
x = cost and y = sint for three different sets of values of .

t € [0,2x] t € [0, ] L€ [0> ‘]

> o

_1QJ1 -1 O 1 [9) 1

-1

Circles
Parametric equations for a circle centred at the origin
The circle with centre the origin and radius a is described by the parametric equations
x=acost and y=asint

The entire circle is obtained by taking ¢ € [0, 27x].

Note: To obtain the Cartesian equation, first rearrange the parametric equations as
X )
— =cost and Y= sin ¢
a a

Square and add these equations to obtain
2 2

X .
—2+—2=coszt+sm2t=1
a a

This equation can be written as X2+ y2 = 42, which is the Cartesian equation of the
circle with centre the origin and radius a.
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2C Parametric equations 65

The domain and range of the circle can be found from the parametric equations:
m Domain The range of the function with rule x = acost is [—a, a].
Hence the domain of the relation x*> + y? = a? is [—a, al.

m Range The range of the function with rule y = asint is [—a, a].

Hence the range of the relation x> + y?> = a® is [—a, a].

Example 6

A circle is defined by the parametric equations
x=2+3cos® and y=1+3sin6 for06 € [0,2x]

Determine the Cartesian equation of the circle, and state the domain and range of this
relation.

Solution
Domain

The range of the function with rule x = 2 + 3 cos 0 is [—1, 5]. Hence the domain of the
corresponding Cartesian relation is [—1, 5].

Range
The range of the function with rule y = 1 + 3sin 0 is [-2,4]. Hence the range of the
corresponding Cartesian relation is [-2, 4].

Cartesian equation
Rewrite the parametric equations as

-2 -1
x3 =cosO and yT:sine

Square both sides of each of these equations and add:

x=2? -1
9 9

ie. (x-22+@uy-17*=9

=¢c0s>0 +sin’0 = 1

Parametric equations for a circle
The circle with centre (%, k) and radius a is described by the parametric equations
x=h+acost and y=k+asint

The entire circle is obtained by taking ¢ € [0, 2mwt].

Parametric equations in general
A parametric curve in the plane is defined by a pair of functions
x=f(®) and y=g()

The variable ¢ is called the parameter. Each value of 7 gives a point (f(7), g(r)) in the plane.
The set of all such points will be a curve in the plane.
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66 Chapter 2: Cartesian and parametric equations

Note: Suppose x = f(f) and y = g(#) are parametric equations for a curve C. If we eliminate
the parameter ¢ between the two equations, then each point of the curve C lies on the
curve represented by the resulting Cartesian equation.

Example 7

A curve is defined parametrically by the equations
x=ar and y=2ar forteR

where a is a positive constant. Determine:

a the Cartesian equation of the curve

b the equation of the line passing through the points where # = 1 and t = -2
¢ the length of the chord joining the points where t = 1 and t = —2.

Solution
a The second equation gives t = l. y
\
Substitute this into the first equation: (a2, 2at)
2
2 Yy )
=qat” = _—
it eal2
- o(2) 0 "
- \4a?
_r
4a

This can be written as y* = 4ax.

b Att=1,x=aandy = 2a. This is the point (a, 2a).
Att = -2, x = 4a and y = —4a. This is the point (4a, —4a).
The gradient of the line is
;= 2a — (—4a) _ ba _
a—4a —3a
Therefore the equation of the line is
y—2a=-2(x—-a)

which simplifies to y = —2x + 4a.

¢ The chord joining (a, 2a) and (4a, —4a) has length
V(a - 4a)? + 2a - (-4a))? = V9a? + 3642
= V45a?
=3V54 (since a > 0)
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Ellipses

Parametric equations for an ellipse
The ellipse with the Cartesian equation — + i 1 can be described by the parametric
a
equations
x=acost and y=bsint

The entire ellipse is obtained by taking ¢ € [0, 27].

Note: We can rearrange these parametric equations as
X .
T —cost and 2 =sint
a

Square and add these equations to obtain

2 2
—2+—2:coszt+sin2t:1
a b

The domain and range of the ellipse can be found from the parametric equations:

m Domain The range of the function with rule x = acost is [—a, a].

2 2
Hence the domain of the relation —+ Y 1is [—-a,a].
az  b?
m Range The range of the function with rule y = bsint¢ is [-b, b].

2y
Hence the range of the relation -+ ) =1is[-b,b].
a

Example 8

Determine the Cartesian equation of the curve with parametric equations
x=3+3sint and y=2-2cost forteR
Describe the curve.

Solution

We can rearrange the two equations as

-3 72—
x3 =sin¢ and £y

Now square both sides of each equation and add:

(x=3?% (2-y)?
o T 1

= Ccost

=sin’7+cos’t =1

Since (2 — y)? = (y — 2)?, this equation can be written more neatly as

(x-37% (y-2?
o 4

This is the equation of an ellipse with centre (3, 2) and axis intercepts at (3, 0) and (0, 2).

1
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Hyperbolas
In order to give parametric equations for hyperbolas, we will use the secant function, which
is defined by

1
sech = —— if cosO # 0
cos O

The graphs of y = sec0 and y = cos 0 y
are shown here on the same set of
axes. The secant function was revised
in Section 1B of Chapter 1.

forms of the Pythagorean identity from N K %

|

|

|

|

|

i

We will also use one of the alternative v O \:
|

|
Section 1B of Chapter 1: > I B
|

|

|

|

|

|

|

tan> 0 + 1 = sec’ 0 i

We will use this identity in the form |

sec’0 —tan’0 = 1

Parametric equations for a hyperbola )

The hyperbola with the Cartesian equation x_2 - Z_Z = 1 can be described by the
a
parametric equations

x=asect and y=btant forte(—g,g)u(g,%)

Note: We can rearrange these parametric equations as
X
T —sect and 2 =tant
a b

Square and subtract these equations to obtain
22
X 2 2
— -5 =sec’t—tan"t =1
2 b2
The domain and range of the hyperbola can be determined from the parametric equations.

m Domain There are two cases, giving the left and right branches of the hyperbola:
e Forte (—g, g), the range of the function with rule x = asect is [a, ).

The domain [a, co) gives the right branch of the hyperbola.
T 3m
2’2
The domain (—c0, a] gives the left branch of the hyperbola.

e Forte ( ) the range of the function with rule x = asect is (-0, a].

m Range For both sections of the domain, the range of the function with rule y = btant
isR.
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Example 9

Determine the Cartesian equation of the curve with parametric equations

T 3m
=3sect d y=4tant forte (=, —

X sect and y an or (2, 2)

Describe the curve.

Solution

Rearrange the two equations:
X Yy
— =sect and = =tant
3 4

Square both sides of each equation and subtract:

2 2 , ,
— == t—tan"t =1
9 16 - °° an
: : Xy
The Cartesian equation of the curve is 3 16" 1.

3
The range of the function with rule x = 3sect for¢ € (g, 7”) is (—o0, —3]. Hence the
domain for the graph is (—oo, =3].

The curve is the left branch of a hyperbola centred at the origin with x-axis intercept
4x

4
at (=3, 0). The equations of the asymptotes are y = ?x andy = —3

Determining parametric equations for a curve

When converting from a Cartesian equation to a pair of parametric equations, there are many
different possible choices.

Example 10

Give parametric equations for each of the following:

a x?>+y? =9

)C2 y2
b —+2 =1
TR
Y 2
NG R RV Vi
9 4
Solution

a One possible solution is x = 3cost and y = 3 sint for ¢ € [0, 2m].
Another solution is x = —3 cos(2¢) and y = 3 sin(2¢) for ¢ € [0, m].

Yet another solution is x = 3sint and y = 3cos¢ for r € R.
b One solution is x = 4costand y = 2sint.

¢ One solutionis x =1+ 3sectandy = —1 + 2tant.
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Using a graphics calculator with parametric equations

Plot the graph of the parametric curve given by

x=2cos(3t) and y=2sin(3¢)

Using the TI-Nspire CX non-CAS

= Open a Graphs application ((@ on) > New > Add Graphs).

m Use > Graph Entry/Edit > Parametric to show the entry line for parametric
equations.

m Enter x1(¢) = 2 cos(3¢) and y1(¢) = 2 sin(3¢) as shown.

1.1 B *TI-Nspire RAD D X 1.1 *TI-Nspire RAD D X

xl(t)=2' cos(azi 3344y

y1(1)=2- sin(_’,z) =

0<<6.28 tstep=0.13)|
1
1 x
10 1 10 5 \ 1/ 5

{xl(A)=_‘ cos(; ‘)
667 _— y1(e)=2-sin(2- )
Using the Casio
m Press (5) to select Graph mode. E] Real
. Graph Func :Param
m To specify the graph type, go to Type and Xt1B2cos (3T) [—1
. Yt182sin (3T)
choose Parametric (F3). 1o =
m Enter the rule x = 2 cos(3¢) in Xt1: ;ﬁg : fd
Yt3:
(D) V) 28D EE) (ELECT) R S O D)
m Enter the rule y = 2sin(3¢) in Yt1:
(sin)
m Adjust the View Window: B FatiRadforn]  [ed
¥y
m Select Draw (Fs). ] x
£ 6 A B 10 1 3 4 5 &
=
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sheet
Example6. 1 Determine the Cartesian equation of the curve with parametric equations x = 2 cos(3¢)
and y = 2sin(3¢), and determine the domain and range of the corresponding relation.
Example 7 A curve is defined parametrically by the equations x = 41> and y = 8¢ for t € R.
Determine:
a the Cartesian equation of the curve
b the equation of the line passing through the points where t = 1 and t = —1
¢ the length of the chord joining the points where t = 1 and t = -3.
Example 8 Determine the Cartesian equation of the curve with parametric equations
x=2+3sint and y=3-2cost forteR
Describe the curve.
Example 9 Determine the Cartesian equation of the curve with parametric equations
T 37n
x=2sect and y=3tant forre (5, 7)
Describe the curve.
Determine the corresponding Cartesian equation for each pair of parametric equations:
a x=4cos(2t) and y = 4sin(2¢) b x =2sin(2¢) and y = 2cos(2r)
¢ x=4cost and y = 3sint d x=4sint and y =3 cost
e x =2tan(2¢) and y = 3sec(2¢) fx=1l-tand y=£—-4
1
gx=t+2andy=; h x=-1and y=£+1
1 1
i x=7/—— and y=2(t+—)
t t
For each of the following pairs of parametric equations, determine the Cartesian
equation of the curve and sketch its graph:
a x=sect, y=tant te(E 3—75)
- ] y - ] 2 ’ 2
b x =3cos(2t), y =—4sin(2¢)
¢ x=3-3cost, y=2+2sint
T n
d x=3sint, y=4cost, t€|—-=, =
y -33]
e x=sect, y=tant, 1€ (—E E)
) y 1) 2’ 2
fx=1-secn, y=1+tn@n, re(Z,2F)
9 y ) 4 b 4
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7 A circle is defined by the parametric equations E
x=2cos(2t) and y=-2sin(2f) forteR

. . . : 47
a Determine the coordinates of the point P on the circle where ¢ = 3

b Determine the equation of the tangent to the circle at P.

Example10. 8 Give parametric equations corresponding to each of the following:
a x*+y’ =16

x2 yZ

2

9 4
c x-1D?+(+2?=9

12 2
(=12 G+

d
9 4

9

9 A circle has centre (1, 3) and radius 2. If parametric equations for this circle are
x =a+ bcos(2nt) and y = ¢ + d sin(2nt), where a, b, ¢ and d are positive constants,
state the values of a, b, c and d.

10 An ellipse has x-axis intercepts (—4, 0) and (4, 0) and y-axis intercepts (0, 3) and (0, —3).
State a possible pair of parametric equations for this ellipse.

11 The circle with parametric equations x = 2 cos(2¢) and y = 2 sin(2¢) is dilated by a factor
of 3 from the x-axis. For the image curve, state:
a a possible pair of parametric equations

b the Cartesian equation.

12 The ellipse with parametric equations x = 3 —2 cos(%) andy=4+3 sin(%) is translated E
3 units in the negative direction of the x-axis and 2 units in the negative direction of
the y-axis. For the image curve, state:
a a possible pair of parametric equations

b the Cartesian equation.

13 Sketch the graph of the curve with parametric equations x = 2 + 3 sin(2x¢) and
y =4 + 2 cos(2mt) for:
a 1€[0,1]
b te[0,4]
c 1€[0,3]

For each of these graphs, state the domain and range.
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Chapter summary

Circles
= The circle with centre at the origin and radius a has Cartesian equation x> + y> = a?

= The circle with centre (A, k) and radius a has equation (x — h)> + (y — k)* = a’.

Ellipses
2
= The curve with equation — + Z—z = 1 is an ellipse centred at the origin with axis intercepts
a
(xa, 0) and (0, +£b).
y
a>b ¥ b>a A
A b|B
B|b
o | N4l . A 4
- w_/ “ - O “@
B|-b
-b|B

—h 2 —k 2
m The curve with equation « 5 ) + Sl

= 1 is an ellipse with centre (4, k).

b2
Hyperbolas
PER
» The curve with equation — — i 1 is a hyperbola
a
centred at the origin.
o The axis intercepts are (+a, 0).
b
o The asymptotes have equations y = +—x.
a
(x=h?® (-k?

= The curve with equation

s w - 1 is a hyperbola with centre (4, k). The
asymptotes have equations y — k = g(x —h)yandy—k = —g(x - h).
Parametric equations
= A parametric curve in the plane is defined by a pair of functions
x=f(® and y=g@)

where ¢ is called the parameter of the curve.
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m Parameterisations of familiar curves:

Cartesian equation Parametric equations

Circle P+ =d? x=acost and y=asint
2y

Ellipse S+ =1 x=acost and y=bsint
az  b?
¥

Hyperbola — -5 = 1 x=asect and y=btant
ar  b?

Note: To obtain the entire circle or the entire ellipse using these parametric equations,
it suffices to take ¢ € [0, 2t].

= Translations of parametric curves: The circle with equation (x — h)? + (y — k)> = a® can

also be described by the parametric equations x = A+ acostandy = k + asint.

Skills checklist

A Download this checklist from the Interactive Textbook, then print it and fill it out to check
Check- Your skills. M

=
[}
-~

1 Ican sketch the graphs of circles. (]

See Example 1, Example 2, Example 3, Question 1, Question 2 and Question 3

2 Ican determine the equation of a circle. (]

See Question 6 and Question 7

I can sketch the graphs of ellipses. (]

See Example 4 and Question 1

4 1can sketch the graphs of hyperbolas. ]

See Example 5 and Question 2

(2]

5 Ican determine the Cartesian equation corresponding to two parametric ]
equations.

See Example 6, Example 7, Example 8, Question 5 and Question 6

I can determine parametric equations corresponding to a Cartesian equation. |

See Example 10 and Question 8
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Short-response questions

Technology-free short-response questions

1

6

7

Write down the equation of the ellipse shown. y

/
2.7

Ny > X

-2y _

5 =
A curve is defined by the parametric equations x = 3 cos(2¢) + 4 and y = sin(2¢) — 6.
Give the Cartesian equation of the curve.

Determine the equations of the asymptotes of the hyperbola with rule x> — 15.

A curve is defined by the parametric equations x = 2 cos(stt) and y = 2 sin(t) + 2.
Give the Cartesian equation of the curve.

A circle has centre (1, 2) and radius 3. If parametric equations for this circle are
X =a+ bcos(2nt) and y = ¢ + d sin(2nt), where a, b, ¢ and d are positive constants,
state the values of a, b, ¢ and d.

Determine the centre and radius of the circle with equation x> + 8x +y* — 12y + 3 = 0.

2 2

Determine the x- and y-axis intercepts of the ellipse with equation % + Lo

9

Technology-active short-response questions

8 An ellipse is defined by the rule %2 + S ;3)2 =1
a Determine:
i the domain of the relation

ii the range of the relation

iii the centre of the ellipse.
An ellipse E is given by the rule & ;Zh)z + 8l ;zk)z = 1. The domain of E is [—1, 3]
and its range is [—-1, 5].
b Determine the values of a, b, h and k.
The line y = x — 2 intersects the ellipse E at A(1,—1) and at P.
¢ Determine the coordinates of the point P.
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76 Chapter 2: Cartesian and parametric equations

A line perpendicular to the line y = x — 2 is drawn at P. This line intersects the y-axis at E
the point Q.
d Determine the coordinates of Q.

e Determine the equation of the circle through A, P and Q.

9 a Show that the circle with equation x*> + y*> — 2ax — 2ay + a*> = 0 touches both the
x-axis and the y-axis.

b Show that every circle that touches both the x-axis and the y-axis has an equation of a
similar form.

¢ Hence show that there are exactly two circles that pass through the point (2,4) and
just touch the x-axis and the y-axis, and give their equations.

d For each of these two circles, state the coordinates of the centre and give the radius.

e For each circle, determine the gradient of the line which passes through the centre
and the point (2, 4).

f For each circle, determine the equation of the tangent to the circle at the point (2, 4).

10 A circle is defined by the parametric equations x = acost and y = asint. Let P be the E
point with coordinates (a cost, a sint), with sin ¢ # 0.
a Determine the equation of the straight line which passes through the origin and the
point P.
b State the coordinates, in terms of 7, of the other point of intersection of the circle with
the straight line through the origin and P.
¢ Determine the equation of the tangent to the circle at the point P.

d Determine the coordinates of the points of intersection A and B of the tangent with
the x-axis and the y-axis respectively.

. . . . T .
e Determine the area of triangle OAB in terms of #if 0 < 7 < 5 Determine the value
of ¢ for which the area of this triangle is a minimum.

Multiple-choice questions

Technology-free multiple-choice questions

1 Acircle has a diameter with endpoints at (4, —2) and (-2, —2). The equation of the
circle is
AG=-12+@Hr-27=3
B (x-1)2+(+2?>=3
C (x+1)+(-2°%=6
D (x—1)P+(y+2?%=9
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The equation of the graph shown is

22 2
A(x;)'_%ﬁzl
_22 2
B(xg)—%:l
22 2
c(x;) _%ﬁzl
_9) 2
D(xm) _%ﬁzl

Which of the following pairs of parametric equations

describes the parabola shown?

A x=t, y=l‘2

B x=1, y=\/f
Cx=r, y=t
D x=-1, y=t

Chapter 2 review 77

(_19 1)

If the line x = k is a tangent to the circle with equation (x — 1)> + (y + 2)?> = 1, then k is

equal to
A Qor2
C lor3

The curve with equation x* — 2x = y? is
A an ellipse with centre (1, 0)

C acircle with centre (1, 0)

B lor-2
D —-lor-3

B a hyperbola with centre (1, 0)
D an ellipse with centre (—1,0)

A curve is defined parametrically by the equations x = 2 cos(?) and y = 2 cos(2¢).

The Cartesian equation of the curve is
A y=2+x
C y=2x

By=x2-2
Dy=x

A curve is defined parametrically by the equations x = 2sect and y = 3 tant. The point

on the curve where t = —— is
A (4,3V3)
C (4V3,-4)

B (4,-3V3)
D (—4,-3V3)

The asymptotes of a hyperbola are y = 3x — 2 and y = —3x + 4. The equation of the

hyperbola could be
G+D* (=17

A - =
9 3

(x=1)

1

(v

~(-172=1

ISBN 978-1-009-57826-4

-1 (x+1)7? _
B 5 T 3 =1

G-
9

x-1D*=1
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Technology-active multiple-choice questions

72 _ a2
(x2)+@3)

9 The ellipse given by = 1 has two axial intercepts. Accurate to
2 decimal places, the distance between these intercepts is equal to
A 3.87 B 3.74
C 3.61 D 345
10 Consider the pair of parametric equations x = 3 + 2 cos(2¢) and y = —1 + 2 sin(2¢)
defined on the interval ¢ € [0, ;] The length of the curve that this defines is equal to
A 27 units B m units
C T nit D T nit
> units 7 Umits
11 A curve is parameterised by the equations x = > and y =  + 1 where ¢ € R. The graph
of y = x — 11 intersects the curves at points A and B. Accurate to 2 decimal places,
length AB is
A 9.80 B 9.85
C 9.90 D 995
12 The graph of x> + y> = 2ax will be a circle with
A centre (—a, 0) and radius a B centre (a,0) and radius a
C centre (—a, 0) and radius 2a D centre (a,0) and radius V2a
13 The graph of x> + 4y*> + 8y = ¢ will be an ellipse provided
A c<8 B c>-8
Cc>-4 D c<4
14 A hyperbola is parameterised by the equations x = 1 + sect and y = 3 tant. The
asymptotes of this hyperbola are
A y=3x-3andy=-3x+3 B y=3x+3andy=-3x-3
Cy=3x—landy=-3x+1 D y=3x+landy=-3x-1
15 A ellipse is parameterised by the equations x = a + bcost and y = ¢ + d sint. For the
ellipse to pass through the origin we require that
A a*d*> - b*c? = b’d? B a*d® + b*c? = b*d®
C d’b* - *d* = b*d? D @b + *d® = b d?
16 The equation of an ellipse is (x — 2)? + 4y? = 1. If y = mx is tangent to the ellipse, then
V2 V10
A m=+— B m=+t——1vHr
"= % "= E 0
V2 V3
m 2 m ;
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Further complex numbers

Chapter contents

3A Building the complex numbers

3B Modulus, conjugate and division

3C The polar form of a complex number

3D Operations in polar form

3E De Moivre’s theorem

3F Solving quadratic equations over the complex numbers
3G Solving polynomial equations over the complex numbers

3H Roots of complex numbers

VVyVv VvV Vv VvYVvYVvyvy

31 Sketching subsets of the complex plane

In the sixteenth century, mathematicians including Girolamo Cardano began to consider
square roots of negative numbers. Although these numbers were regarded as ‘impossible’,
they arose in calculations to determine real solutions of cubic equations.

For example, the cubic equation x*> — 15x — 4 = 0 has three real solutions. Cardano’s formula
gives the solution

x=V2+ V=121 +¥2 - V=121

which you can show equals 4.

Today complex numbers are widely used in physics and engineering, such as in the study of
aerodynamics.

This chapter covers Unit 3 Topic 1: Further complex numbers. It also contains the proof by induction of
de Moivre’s theorem and proving multi-angle trigonometric identities from Unit 3 Topic 2: Mathematical
induction and trigonometric proofs.

Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



80

Chapter 3: Further complex numbers

Building the complex numbers

Learning intentions
» To be able to identify the real and imaginary parts of a complex number.

» To be able to add, subtract and multiply complex numbers.

Mathematicians in the eighteenth century introduced the imaginary number i with the
property that
i2=-1
The equation x*> = —1 has two solutions, namely i and —i.
By declaring that i = V-1, we can determine square roots of all negative numbers.
For example:
VI3 = AR D)
= Vax V-1
=2i

Note: The identity va x Vb = Vab holds for positive real numbers a and b, but does not hold
when both a and b are negative. In particular, V=1 X V=1 # +/(=1) x (-1).

The set of complex numbers

A complex number is an expression of the form a + bi, where a and b are real numbers.
Note that every real number is a complex number.

The set of all complex numbers is denoted by C. That is,
C={a+bi:a,beR}
The letter often used to denote a complex number is z.

Therefore if z € C, then z = a + bi for some a, b € R.
m If a =0, then z = bi is said to be an imaginary number.
m If b =0, then z = a is a real number.

The real numbers and the imaginary numbers are subsets of C.

Real and imaginary parts

For a complex number z = a + bi, we define
Re(z) =a and Im(z) =b
where Re(z) is called the real part of z and Im(z) is called the imaginary part of z.

Note: Both Re(z) and Im(z) are real numbers.
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3A Building the complex numbers 81

Let z = 4 — 5i. Determine:

a Re(z) b Im(z) ¢ Re(z) — Im(z)
Solution
a Re(z) =4 b Im(z) = -5 ¢ Re(z)-Im(z) =4—-(-5=9

Using the TI-Nspire CX non-CAS

m Assign the complex number z, as shown in JEER» *TI-Nspire rad [I[] X

the first line. Use () to access i. redicy 457
m To determine the real part, use > real(z) 4

Number > Complex Number Tools > Real Part, inagle) 5

or just type real(. il )iyl 9
m For the imaginary part, use > Number |

> Complex Number Tools > Imaginary Part.

Hint: You do not need to be in complex mode. If you use i in the input, then it will
display in the same format.

Using the Casio

Calculations with complex numbers can be performed in Run-Matrix mode using the

Complex numbers menu (F3).

To determine the real and imaginary parts of a B TRl
. ReP (4-5i)
complex number: 4
ImP (4-5i)
m Go to the Complex numbers menu (F3).

-5
m For the real part, select ReP and enter the ~ |ReP (4-5i)—ImP (4-5 lz
complex number as shown. (For the symbol i,

0
»r/O6Patbi
select i (76) (F1).) [ReP | ImP brZ6]a+bi [

m For the imaginary part, use ImP (Fe) (F2).

Hint: Copy and paste the previous entry lines to determine the difference.

a Represent V-5 as an imaginary number. b Simplify 2V-9 + 4i.

Solution
a V=5=+5x(-1) b 2V=9 +4i = 2/9 x (=1) + 4i
=Vsx V=1 =2%x3Xi+4i
=iV5 = 6i + 4i
= 10i
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82 Chapter 3: Further complex numbers

Using the TI-Nspire CX non-CAS

Enter the expression and press (enter). _ *Ti-Nspire
29 +4-§ 10 ¢
|
Using the Casio
®m In Run-Matrix mode, ensure that the Complex (d7c)athl
Mode setting is a + bi. (To change this setting, 24-9+4i 10i
go to the set-up screen (MENU).) O

m Enter the expression as shown and press (EXE).

(>

Equality of complex numbers
Two complex numbers are defined to be equal if both their real parts and their imaginary

parts are equal:

a+bi=c+di ifandonlyif a=candb=d

Solve the equation (2a —3) + 2bi =5 + 6i fora €e R and b € R.

Solution
If 2a — 3) + 2bi = 5 + 61, then

2a—3=5 and 2b=6
a=4 and b=3

Operations on complex numbers
Addition and subtraction

Addition of complex numbers

Ifzi =a+biandzp = c+di,thenz; + 20 = (a+c¢) + (b + d)i.

The zero of the complex numbers can be written as 0 = 0 + 0i.

If z = a + bi, then we define —z = —a — bi.

Subtraction of complex numbers

Ifzi =a+biandzp = c+di,thenzy — 20 =21 + (—22) = (@ —c¢) + (b — d)i.
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3A Building the complex numbers

The following familiar properties of the real numbers extend to the complex numbers:

B 71 +22=221t21
mz+0=z

B (21 +22)+z3 =2+ (22+23)
mz+(-2)=0

Multiplication by a scalar
If z=a+ biand k € R, then kz = k(a + bi) = ka + kbi.

For example, if z = 3 — 6, then 37 = 9 — 18i.

83

It is easy to check that k(z; + 20) = kz; + kzp, for all k e R.

Letz; =2 —3iand z; = 1 + 4i. Simplify:

az+n b z1-2 c 371 -22
Solution
az+on bz -2 c 3z1 - 22

= (23 + (1 +4i)

=(2-3i)— (1 +4i)

=32-3)-2(1+4))

=3+ =1-7 =4-17i

Using the TI-Nspire CX non-CAS

Enter the expressions as shown. 1.1 *TI-Nspire rap [l X
a:=2-3-1 2=3+1
bi=1+4- f 1447
a+b 3+
a-b 1-7-4
3-a-2-b 4-17-¢
|

Using the Casio

= In Run-Matrix mode, store the two complex

numbers as A and B. “adeh 2-3i
) 1+4i-B
Hint: For the symbol i, you can press (o). . 1+4i
m Enter the expressions as shown. a (dFe)Rea
-+
3+i
A-B
1-7i
3A-2B
4-17i
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Argand diagrams

An Argand diagram is a geometric representation of the set of complex numbers. In a vector
sense, a complex number has two dimensions: the real part and the imaginary part. Therefore
a plane is required to represent C.

An Argand diagram is drawn with two Im(z)
perpendicular axes. The horizontal axis A
represents Re(z), for z € C, and the vertical axis 3 -
represents Im(z), for z € C. 7.

Each point on an Argand diagram represents a (-2+1iQ) o 1- e (3+1i)
complex number. The complex number a + bi

is situated at the point (a, b) on the equivalent 32 -1 01 2
Cartesian axes, as shown by the examples in
this figure.

A complex number written as a + bi is said to
be in Cartesian form.

Represent the following complex numbers as points on an Argand diagram:
a?2 b -3i c 2-i
d —(2+30) e —1+2i

Solution
Im(z)
A

\]

4

|
id

|
L.
S
—d
y
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3A Building the complex numbers 85

Geometric representation of the basic operations on
complex numbers

Addition of complex numbers is analogous to addition of vectors. The sum of two complex
numbers corresponds to the sum of their position vectors.

Multiplication of a complex number by a scalar corresponds to the multiplication of its
position vector by the scalar.

Im(z) Im(z)
A R2E2) A
z’? . caz
z) Ry JRe
e
/// 7 //f.Z
/// // ,//
[ o ol bz
o > Re(z) — > Re(z)
e a>1
CZ( 0<b<l1

c<0

The difference z; — 7z, is represented by the sum z; + (—22).

Example 6

Letz; =2+iand zp = —1 + 3i.

Represent the complex numbers z;, 2, z; + 22 and z; — z; on an Argand diagram and show
the geometric interpretation of the sum and difference.

Solution
21+22 =02+ +(-1+30) Im(z)
=1+4i A
41 ez1+2
— oy — N — (— g \
z271—-22=02+1)—-(-1+3i) 22.\3_ \\
=3-2i \ !
\g E \\
\ \
I\ //)*\Z 1
\ -
-7 \
T T T T 0 T T \\ T T > Re(Z)
4 321 Y1 2.3 4
111\ \
\ \
\ \
-2 A \\ ° Z1— 2
\
-3 A . —Z5
-4
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86 Chapter 3: Further complex numbers

Multiplication of complex numbers
Letz; =a+ biand z, = ¢ + di (where a, b, c,d € R). Then
71 X 22 = (a + bi)(c + di)
= ac + adi + bci + bdi?
= (ac — bd) + (ad + be)i  (since i? = —1)

We carried out this calculation with an assumption that we are in a system where all the usual
rules of algebra apply. However, it should be understood that the following is a definition of
multiplication for C.

Multiplication of complex numbers
Letz; = a+ biand 25 = ¢ + di. Then

21 X 22 = (ac — bd) + (ad + bc)i

The multiplicative identity for Cis 1 = 1 + 0i. The following familiar properties of the real
numbers extend to the complex numbers:

B 712 = 2221 B (2122)73 = 21(2223) mzXl=z B 71(2+23) =122 + 23
Example 7
Simplify:
a (2+3H - 50) b 3i(5 -2i) c i’

Solution

a (2+3)(—-5i) =2 - 10i + 3i — 15i>
=2-10i+3i+ 15
=17-Ti

b 3i(5-2i)=15i-6i> ¢ i’=ixi?
=15i+6
=6+ 15i

Geometric significance of multiplication by | Im(2)

When the complex number 2 + 3i is multiplied by —1, A ,2 +3i

the result is —2 — 3i. This is achieved through a rotation
of 180° about the origin.

When the complex number 2 + 3i is multiplied by i,
we obtain

i(2 + 3i) = 2i + 3i?
=2i-3
=-3+2i

_3 + 2i //

~

-2-3i

> Re(z)

The result is achieved through a rotation of 90° anticlockwise about the origin.

If -3 + 2i is multiplied by i, the result is —2 — 3i. This is again achieved through a rotation

of 90° anticlockwise about the origin.
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3A 3A Building the complex numbers 87
Powers of i
Successive multiplication by i gives the following:
m %=1 mil=i miZ=-1 mid=—i
mit=(-1)2=1 mid=i mif=-1 mil=—i
In general, forn =0,1,2,3,...
- i4n =1 - i4n+l =i - l-4n+2 =1 - i4n+3 =
Example1 1 Letz = 6— 7i. Determine:
a Re(z) b Im(z) ¢ Re(z) — Im(z)
Example2 2 Simplify each of the following:
a Vv-25 b v-27 c 2i-T7i
d 5v-16-17i e V-8+ V-18 f iv-12
g i2+10) h Im(2V-4) i Re(5V-49)
Example3. 3 Solve the following equations for real values x and y:
a x+yi=5 b x+yi=2i
c x=yi d x+yi=Q+3)+7(1 -1)
e 2x+3+8i=-1+2-3y) fFx+yi=Qy+1D)+(x-="7i
Example4 4 Letzy =2—1,720 =3+ 2iand zz = —1 + 3i. Determine:
az+n b z1+2+23 c 271 —23
d 3-z3 e di—-2+z71 f Re(z1)
g Im(z2) h Im(z; - z2) i Re(zz) —ilm(zz)
Example5. 5 Represent each of the following complex numbers on an Argand diagram:
a —4i b -3 c 2(1+10)
d 3-i e —(3+2i) f -2+3i
Example 6 6 Letzg=1+2iandz, =2—1.
a Represent the following complex numbers on an Argand diagram:
i 71 ii iii 271+ 2 iv z1 -2
b Verify that parts iii and iv correspond to vector addition and subtraction.
Example7 7 Simplify each of the following:
a b-D2+i0) b (4+7)3+50) c (2+3)2-30)
d (1+3i)? e 2-i) f(+i0)
g i’ h i''(6 + 5i) i i’
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88 Chapter 3: Further complex numbers 3A

8 Solve each of the following equations for real values x and y:
a2x+0+4)i=0GB+2D2-19) b (x+y)B+2i)=-16+11i
c (x+2i)?=5-12i d (x+yi)? =-18i
e i(2x —3yi) =6(1 +1i)

9 a Represent each of the following complex numbers on an Argand diagram:
i 1+ i (1+i)? il (1+0) iv (1+i)*

b Describe any geometric pattern observed in the position of these complex numbers.

10 Letz; =2+3iand 7z = —1 + 2i. Let P, Q and R be the points defined on an Argand
diagram by zj, z; and z, — z; respectively.

— = .
a Show that PQ = OR. b Hence determine QP.

@ Modulus, conjugate and division

Learning intentions
» To be able to determine the modulus and the complex conjugate of a complex number.

» To be able to divide complex numbers.

The modulus of a complex number

Definition of the modulus

For z = a + bi, the modulus of z is denoted by [z] and is defined by
|zl = Va2 + b2

This is the distance of the complex number from the origin.

For example, if z; = 3 + 4i and zo = =3 + 4i, then
kil = V32442 =5 and |l = V(=32 +42 =5

Both z; and z; are a distance of 5 units from the origin.

Properties of the modulus

B (2122] = |z1] |z2] (the modulus of a product is the product of the moduli)
4 - % (the modulus of a quotient is the quotient of the moduli)
22 22

B |71 + 22| < |z1l + |22 (triangle inequality)

These results will be proved in Exercise 3B.
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3B Modulus, conjugate and division 89

The conjugate of a complex number

Definition of the complex conjugate
For z = a + bi, the complex conjugate of z is denoted by z and is defined by

Z=a-bi

Properties of the complex conjugate
B Ltn=0+n B LL=020 m kz=kzZ, forkeR
m 2z =z m z+7=2Re()

Proof The first three results will be proved in Exercise 3B. To prove the remaining two
results, consider a complex number z = a + bi. Then z = a — bi and therefore

zz = (a + bi)(a — bi) z+2z2=(a+bi)+ (a-bi)
= a* — abi + abi — b*i* =2a
=d* +b? =2Re(z)
= Iz

It follows from these two results that if z € C, then zz and z + 7 are real numbers. We can
prove a partial converse to this property of the complex conjugate:

Let z,w € C\ R such that zw and z + w are real numbers. Then w = Z.
Proof Write z = a + bi and w = ¢ + di, where b,d # 0. Then
z+w = (a+ bi)+ (c+di
=(a+c)+b+di
Since z + w is real, we have b + d = 0. Therefore d = —b and so
zw = (a + bi)(c — bi)
= (ac + b*) + (bc — ab)i

Since zw is real, we have bc — ab = b(c — a) = 0. As b # 0, this implies that ¢ = a.
We have shown thatw = a — bi = Z.

Example 8

Determine the complex conjugate and modulus of each of the following:
az=3-2i b z=2 c z=3i

Solution

a Ifz=3-2ithenz =3 +2iand |z = /3% + (-2)? = VI3.
b Ifz=2,thenz=2and|z] = 2.

¢ Ifz=3i thenz = —3iand |z] = 3.
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90 Chapter 3: Further complex numbers

Using the TI-Nspire CX non-CAS

To determine the complex conjugate, use : *TI-Nspire
> Number > Complex Number Tools > conj(2) 2
Complex Conjugate, or just type conj(. conj(3+ 9 ey
Note: Use (m)to access i. conj(-1-5- 4) 1454
|
Using the Casio
To determine the conjugate of a complex number: g (dc]Rea
onjg
= In Run-Matrix mode, go to the Complex numbers . 2
menu (67T (F3). Conde (3D -3i
. Conjg (-1-5i)
m Select Congj (F4) and enter the complex number ~1+5i
as shown. O
| i | Abs [ Arg [Conjg] >

Division of complex numbers
We begin with some familiar algebra that will motivate the definition:
1 1 a—-bi _ a—bi a—bi

a+bi=a+bixa—bi_ (a + bi)(a — bi) e

We can see that

a— bi
+bhb)X —— =1
(a+bi) a? + b? .
Although we have carried out this arithmetic, we have not yet defined what b means.
a+ bi

Multiplicative inverse of a complex number

If z = a + bi with z # 0, then

The formal definition of division in the complex numbers is via the multiplicative inverse:

Division of complex numbers

21 . Uz
— = Z1Z21 = (for zp # 0)
2 2]

Here is the procedure that is used in practice:

Assume that z; = a + bi and z, = ¢ + di (Where a, b, c,d € R). Then

71 a+ bi
7  c+di
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3B Modulus, conjugate and division 91

Multiply the numerator and denominator by the conjugate of z5:
a_a+ bi « c—di
7 c+di c—di
_ (a+bi)(c—di)
A +d?
We complete the division by simplifying the last expression. This process is demonstrated in
the next example.

Example 9

a Write each of the following in the form a + bi, where a, b € R:

. 1
'3
i 4+
3-2i
. (1 +20)?
bS1mphfym.
Solution
ai 1 _ 1 ><3+2i i 4+i:4+ix3+2i
3-2i 3-2i 342 3-2i 3-2i 3+2
3+4+2i 4+ )3 +20)
T 32202 Y
3+4+2i 12+ 8i+3i—-2
13 - 13
_3,2, _lo, 1,
13 13 13 13

(1 + 2i)? _1+4i-4

i(1+3i)  —3+i
3+4i -3-i
T
_9+3i-12i+4
_13-9i
10
13 9.
“10 10

Note: There is an obvious similarity between the process for expressing a complex number
with a real denominator and the process for rationalising the denominator of a surd
expression.
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92  Chapter 3: Further complex numbers 3B

(Using the TI-Nspire CX non-CAS )
Complete as shown. KR’ *TI-Nspire
1 3.2
—t—
3-2-4 1313
4+i 10 11 |
Ee
3-2-4 1313
|
\_ J

(Using the Casio

m In Run-Matrix mode, go to the Complex numbers

menu (F3).

m Enter the expressions as shown.

4+i
2 10,11
. 1—+1—i
=]
\_ J
Example8 1 Determine the complex conjugate and modulus of each of the following complex E
numbers:
a V3 b 8 c 4-3i
d —(1+2i) e 4+2i f -3-2i
Example9 2 Simplify each of the following, giving your answer in the form a + bi:
A 2+ 3i b i c —4 -3
3-2i -1+3i i
. . 1
d 3+ 71. . V3 + z p 7 .
1+2i —-1-i 4—1
3 Letz=a+biandw = ¢ + di. Show that:
_ _ o (z2\_ 2
az+w=z+w b zw=zw c(—)::
w w
Z Z
d fow =l e |¥=2
wl vl
4 Let z =2 —i. Simplify the following:
a z(z+1) b z+4 c z—2i
-1
d i e (z—i) F g+ 14202
z+1
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5 For z = a + bi, write each of the following in terms of a and b:

a ZZ i
|z
c 7+72 d z-72
z z
e — f —
z Z
. 1 1
6 letzweC.If|z|=|w|=2and]|z+w]|= 3, then determine the value of |— + —|.
z w

7 Determine all complex numbers z for which Z = z2.

8 Prove that |z + 25| < |z1] + 22| for all z;,z> € C.

@ The polar form of a complex number

Learning intentions

» To be able to determine the polar form of a complex number.

In the preceding sections, we have expressed complex numbers in Cartesian form. Another
way of expressing complex numbers is by using polar form.

Each complex number may be described by an angle and a distance from the origin. In this
section, we will see that this is a very useful way to describe complex numbers.

Polar form
The diagram shows the point P corresponding to the Im(z)
complex number z = a + bi. We see that a = rcos 0 and A |PZ =q+bi
b = rsin 0, and so we can write ; !
|
z=a+ bi ! b
o o
=rcosO + (rsinB)i o 4 ' > Re(z)
= r(cos 0 + isin 0)

This is called the polar form of the complex number. The polar form is abbreviated to
z=rcis0

m The distance r = Va2 + b? is called the modulus of z and is denoted by |z].

m The angle 0, measured anticlockwise from the horizontal axis, is called the argument of z
and is denoted by arg z.

Polar form for complex numbers is also called modulus—argument form.
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94  Chapter 3: Further complex numbers

This Argand diagram uses a polar grid Im()A
with rays at intervals of % = 15°.
ZCiS(z?n)o 2 e2cis (7_31)
-ZCiS(%n) ocis(%) oZCiS(%)
-2 2 Re(?)
cis(—z?n)o . cis(~%)
=2i

Non-uniqueness of polar form

Each complex number has more than one representation in polar form.
Since cos 8 = cos(0 + 2nm) and sin 6 = sin(6 + 2nm), for all n € Z, we can write

z=rcis0 =rcis(0 + 2nmw) forallneZ

Principal value of the argument

For a non-zero complex number z, the argument of z that belongs to the interval (-, 7]
is called the principal value of the argument of z and is denoted by Arg z. That is,
-t <Argz<m

Example 10

Determine the modulus and principal argument of each of the following complex numbers:

a4 b -2i
c 1l+i d 4-3;
Solution
a Im(z) b Im(z)
A A
0 : > Re(z) 0 JE > Re(z)
D 2
9 . Tt
4] =4, Arg(4) =0 -2i=2, Arg(-2i) =~
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N+i=VI2+12=12

L
Arg(l +i) = 1

Using the TI-Nspire CX non-CAS

3C The polar form of a complex number

d Im(z)
A

14— 3i =

3
Arg(4 - 3i) = - tan’l(z) ~ —0.64 rad

0 \\\/9

> Re(z)

~
5°~

o (=)

424 (=32 =5

95

m To determine the modulus of a complex 1.1 *TI-Nspire rap I X
number, use > Number > Complex |4 4
Number Tools > Magnitude. digald) 0
Alternatively, use |O| from the 2D-template 5 x

alette () or type abs(.
p yp ( angle(-2- 7) -1.5708

m To determine the principal value of the
argument, use > Number > Complex N “TiNeins rao [ X
Number Tools > Polar Angle. |1+4] 1.41421

; ; 7853

Note: Use to access i. angle(1+]) SR

|4-3- 4| 5
Using the Casio
To determine the modulus of a complex number: B HtiRadfon) (clResd
4
® In Run-Matrix mode, go to the Complex numbers 4
Ar 4
menu (P (73). g (4 :

m Select Abs (F2) and enter the complex number g
as shown. g

To determine the principal argument of a complex [-2il 5

number: Arg (-2i) .

= In Run-Matrix mode, go to the Complex numbers “5T
menu (F3).

m Select Arg (F3) and enter the complex number |4-3il
as shown. Arg (4-3i)

0 -0.6435011088
>

Specialist Mathematics Units 3 & 4

ISBN 978-1-009-57826-4

© Evans et al. 2025

Photocopying is restricted under law and this material must not be transferred to another party.

Cambridge University Press



96

Chapter 3: Further complex numbers

Determine the argument of —1 — i in the interval [0, 27t].

Solution Im(z)
Choosing the angle in the interval [0, 2] gives A
Sm
=2
arg( =
T % 0 > Re(z)
e
-1, -1
Express —V3 + i in the form rcis 0, where 0 = Arg(—V3 + ).
Solution Im(z)
r = |—\/§+ i| (_\/§ 1) A
= J(V3 +12=2 \\\2
s .
0 = Arg(-V3 +1i) = %’“ 0 > Re(2)

5
Therefore —V3 + i = ZCiS(%)

-3
Express 2 cis(Tn) in the form a + bi.

Solution
a=rcosH b=rsinB
-3n -3n
o) )
cos 1 sin 2
7 T
ol )
cos 1 sin 2
1 1
=-2X— =-2X—
V2 V2
=-\2 =-\2
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Complex conjugate in polar form

It is easy to show that the complex conjugate, Z, is a Im(z)
reflection of the point z in the horizontal axis. A z

Therefore, if z = rcis 0, then 7 = rcis(—0).

Example 10 1

Example 11 3

Example 12 5

Qi I—E > Re(z)

Find the modulus and principal argument of each of the following complex numbers:

a -3 b 5i ci—1

d V3+i e 2-2v3i f (2 -2V3i)

Find the principal argument of each of the following, correct to two decimal places:

a 5+12i b -8+ 15i c —4-3i

d 1-V2i e V2+13i f -(3+7i)

Determine the argument of each of the following in the interval stated:

a 1-3i in [0,2x] b -7i in [0, 2]

¢ -3+ 3 in [0,27] d V2 +V2i in [0,27]

e V3+iin [-2m,0] f 2i in [-27,0]

Convert each of the following arguments into principal arguments:

A S_J'z b 17_31 o —15m d —5n
4 6 8 2

Convert each of the following complex numbers from Cartesian form a + bi into the
form rcis 6, where 6 = Arg(a + bi):

1 3
a —1-i b Lo, c V3-3i
2 2
PR e V6-—V2i f —2V3 +2i
— + =i - V2i - i
V3 3
example13. 6 Convert each of the following complex numbers into the form a + bi:
3 -
a 2¢is( %) b Scis( ) e 2vaeis(5)
g 3cis(_—5“) e 6eis(3) f 4cisn
6 2
7 Letz = cis 0. Show that:
1
alz=1 b - =cis(-0)
Z
8 Determine the complex conjugate of each of the following:
3 -2 2 -
a 2¢is( 7 b 7eis( ") e 3cis(5 ) d scis( )
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Chapter 3: Further complex numbers

@ Operations in polar form

Learning intentions

» To be able to multiply and divide complex numbers in polar form.

Addition and subtraction

There is no simple way to add or subtract complex numbers in the form r cis 6. Complex
numbers need to be expressed in the form a + bi before these operations can be carried out.

2
Simplify 2 cis(g) +3 cis(?n).

Solution
First convert to Cartesian form:

ZCiS(g) =2 (cos(g) + isin(g)) 3 cis(z?n) =3 (cos(z?n) + isin(%‘))
2 ) A8
=1+V3i _ 9 ﬂi

2 2

Now we have
(T (27 , 3 343,
2c1s(§) + 3c1s(?) =(1+V3i)+ (—5 + Tl)
1 5V3,
+ —i

2 2

Multiplication by a scalar

Positive scalar If k € R*, then Arg(kz) = Arg(z).

Im(z)
A
kz
2
///
z .~ -
Ve
- S > Re(z)
0
Arg(kz) = Arg(z)
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3D Operations in polar form 99

Negative scalar If k € R™, then

Arg(z) —m, O0<Arg(z) <mn
Arg(kz) =
Arg(z) + @, —m< Arg(z) <0

Im(z) Im(z)

Arg(2) kz
»Z So

0, Re(r) AN T Re(d)
e AFATg(kz) Arg(2) ™,
kz

Multiplication of complex numbers

5N

Multiplication in polar form
If z; = r; cis0; and z = r; cis 0,, then

Z12p = rirp cis(0; + 6;) (multiply the moduli and add the angles)

Proof We have

7122 = ricis 0y X rp cis 6,

r1r2(cos 0 + isinOy)(cos 6, + isin 65)

r172(cos 01 cos B, + i cos 0 sin 0, + i sin 0 cos B, — sin O sin ;)
=1 rz((cos 01 cos B, —sin 0 sin 6,) + i(cos B sin 6, + sin B cos 62))
Now use the angle sum identities from Chapter 1:
sin(0; + 0,) = sin0; cos 0, + cos O; sin 6,

cos(0; + 0;) = cos 01 cos B, — sin 0 sin 6,

Hence 71z = riry(cos(0y + 03) +isin(0; + 6,))
= rirycis(0y + 6,)
Here are two useful properties of the modulus and the principal argument with regard to
multiplication of complex numbers:
B |z120] = [zl |22

m Arg(z120) = Arg(zy) + Arg(zp) + 2k, where k = 0, 1 or —1
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100 chapter 3: Further complex numbers

Geometric interpretation of multiplication
We have seen that:

m The modulus of the product of two complex Im(z)
numbers is the product of their moduli. A

m The argument of the product of two complex
numbers is the sum of their arguments. 2122

Geometrically, the effect of multiplying a complex 0, Il Zl

. . rr
number z; by the complex number z, = r; cis 0, is to 172

. . > Re(2)
produce an enlargement of Oz, where O is the origin, 0

by a factor of r, and an anticlockwise turn through an
angle 6, about the origin.

If r, = 1, then only the turning effect will take place.

Let z = cis 0. Multiplication by z? is, in effect, the same as a multiplication by z followed by
another multiplication by z. The effect is a turn of 0 followed by another turn of 0. The end
result is an anticlockwise turn of 20. This is also shown by determining z:
= zxz=cisO Xcis0 = cis(0 + 0) (using the multiplication rule)
= cis(20)

Division of complex numbers

Division in polar form
If z; = rycis 0 and 2z = r, cis 0, with r, # 0, then

a_a cis(6; — 0;) (divide the moduli and subtract the angles)

22 rn

1
Proof We have already seen in Exercise 3C that — 5 = cis(—0y).
cis 0,

We can now use the rule for multiplication in polar form to obtain

z1 _ rncisOp o ) .
- = - = —cis 0; cis(—0;,) = — cis(0; — 6,)
22 I C1S 62 r r

Here are three useful properties of the modulus and the principal argument with regard to
division of complex numbers:

21
2

_kal
|22

[ Arg(i—l) = Arg(z1) — Arg(zp) + 2kmt, where k = 0, 1 or —1
2

1
] Arg(—) = — Arg(z), provided z is not a negative real number
Z
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3D 3D Operations in polar form 101

ShirraiFRy: 2
o yn 3 ZCiS(?n)
a 2cis(—)>< 3cis(—) b — 3/
3 ) ) (n)
4 cis| =

Solution
a2 i(E)x 3 1(3—“)—2«/?7 i(f+3—”)
cis 3 cis 1) cis 3 2
13m
-l
V3 cis =
11mx
= 2V3cis[-——
\/gcm( 12)
L (2m
b ZCIS(?) 1Cls(2ﬂi J'E)
4ci (TE) 2 3 5
cis| =
5
= lcis(7—n)
B 15

Note: A solution giving the principal value of the argument, that is, the argument in the
range (-, it], is preferred unless otherwise stated.

sheet

2
Example 14 1 Simplify 4 cis(g) +6 cis(?n).

Example15. 2 Simplify each of the following:

\/icis(g)

a 4cis(2—“)x3cis(3—“) b —52
3 4 \/gcis(—n)
6
L (—T . (27
e Lao( ) L) oly) - 2el5)
25 ) 7393 1 [7n =
3 CIS(E) 32 013(?)

3 For each of the following, determine Arg(z;z2) and Arg(z;) + Arg(z;) and comment on
their relationship:

a LT d L [T b L (27 d . (—3m
z1 =cis|— ) and 7, = cis| = 71 = cis| — | and z, = cis| —
4 3 3 4
) (27:) d (T
¢ 71 =cis|— ] and z, = cis| =
3 2
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102 chapter 3: Further complex numbers

4 Show that if —g < Arg(z) < g and —g < Arg(z) < g then

3D

Arg(z120) = Arg(zy) + Arg(zz) and Arg( ) = Arg(z1) — Arg(z,)

21
22

5 Forz =1+, determine:

1
a Argz b Arg(-z) c Arg( )

Z

6 a Express each of the following in modulus—argument form, where 0 < 0 < g:

i 1+itan® il 1+icotO i —+
sin® cosO

b Hence simplify each of the following:

i (1+itan0B)? ii (1+icotf)™ i — —
sin® cos©

7 Letu=V2+V2iandv=+V3+i.
a Evaluate uv in Cartesian form.
b Determine the polar forms of « and v.

¢ Hence, evaluate uv by multiplying in polar form.

d Hence, determine the exact values of cos (%) and sin (5%5)

g De Moivre’s theorem

Learning intentions

1 1

1 1

» To be able to use de Moivre’s theorem to determine powers of complex numbers.

De Moivre’s theorem allows us to readily simplify expressions of the form z” when z is

expressed in polar form.

De Moivre’s theorem

(rcis0)" = r'* cis(n0), where n € Z

Proof For each natural number n, let P(n) be the proposition:
(rcis 0)" = r* cis(n0)
Step 1  First consider P(1). Note that
(rcis0)! = rcis® = r' cis(1 x 0).

Therefore P(1) is true.
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3E De Moivre’s theorem 103

Step 2 Let k be any natural number, and assume P(k) is true. That is,
(rcis 0)F = ¥ cis(kB)
Step 3 We now have to prove that P(k + 1) is true, that is,
(rcis ) = F*cis((k + 1)0)
We have
LHS of P(k + 1) = (rcis 0)<*!
= (rcis 0)*(rcis 0)
= (P cis(k0))(rcis®)  (using P(k))
= ¥l cis(k0 + 0)
= r**eis((k + 1)0)
= RHS of P(k + 1)

We have proved that if P(k) is true, then P(k + 1) is true, for every natural
number k.

By the principle of mathematical induction, it follows that P(rn) is true for every
natural number 7.

Finally, to obtain the result for negative integers, again let z = cis 6. Then
1
7= - =7 =cis(-0)
Z
For k € N, we have
78 = @Y = (cis(—0))* = cis(=k0)

using the result for positive integers.

Example 16

Simplify: - Ix
cis[ —
Y ( 4 )
a (cis(= h — 7
(C1S(3)) ( _ (n))7
cis( =
3
Solution (T
Ty 7 CIS(T) LAY ELIN
a (ms(g)) = 01s(9 X E) b T = CIS(T) (c1s(§))
(015(—))
= cis(3m) 3
i = cis(7—n) cis(—_7n)
=cism = n 3
= COSTT + isin . (7n 7n)
_ = cis 7 3
= cis(ﬂ)
B 12
Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



104 chapter 3: Further complex numbers

Example 17

(1+i0)

Simplify ————.
(1-V3i)

Solution
First convert the numerator and denominator into polar form:

1+i= \/Ecis(g)
1-3i= ZCis(%n)
Therefore
3
1+ _ (v2eis())
A=V30° (y(T))
2\/§cis(?%E

)
32 cis(%)

Example 18

a Expand (cos 0 + isin 0)°.
b Hence, prove that cos 30 = 4 cos® 0 — 3 cos 0.

Solution
a Expanding gives

(by De Moivre’s theorem)

(cos 0 + isin 0)* = (cos 0)° + 3(cos 0)*(i sin 0) + 3(cos 0)(i sin H)> + (i sin H)°

= c0s® 0 + 3icos® 0 sin O + 3i> cos O sin® O + i° sin® O

=cos> 0 + 3icos’0sin0O — 3cosOsin’ O — isin® O

= (cos® 0 — 3 cos Osin” B) + i(3 cos> O sin O — sin> )
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3E 3E De Moivre’s theorem 105

b By de Moivre’s theorem, we also know that (cis 0)® = cis 30. Therefore
(cis 0)’ = cis 30
= cos 30 + isin 30.
If we equate the real parts of these two expressions we see that
c0s 30 = cos® @ — 3 cos 0 sin? 0
= cos’ 0 — 3 cos 0(1 — cos’ 0)
=cos®0 —3cos0 + 3cos’ 0

4c0s’0 —3cos0,

as required.

Example16. 1 Simplify each of the following:

a 2cis 5—“ X \/fcis(7—n)4 b ;3
(6) ( 8 ) (%CIS(%))
c (cis(g))gx(\@cis(;))6 d (% cis(g))_5

e (2 cis(?%c) X3 cis(g))3

Example17. 2 Simplify each of the following, giving your answer in polar form rcis 8, with r > 0
and 0 € (—m, t]:

a (1+V3i)° b (1-i)7° c i(V3-i)
3 (1+V3i)’ (-1 + V3 (= V2 = V2i)°
d (—3 + \/31) e W f \/5 _3
L 2maN
N NN (CIS(?)) ) o 2myY
g (—1 + 1)5(5 CIS(Z)) h m 1 ((1 — l) CIS(?))

3 a ShowthatsinO +icosO = cis(g - 6).
b Simplify each of the following:

i (sin®+icos0)’ ii (sinB + icos0)(cos O + isinO)
i (sin® +icos0)™* iv (sin0 + icos 0)(sin ¢ + i cos )
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106 cChapter 3: Further complex numbers 3E

4 a Show that cos 0 — isin 6 = cis(—0).
b Simplify each of the following:
i (cos® —isin0)’ ii (cosO —isinB)™>

ifi (cosO —isinB)(cos O + isinO) iv (cos© —isin0)(sin O + icos 0)

5 a Show thatsin0 —icos0 = cis(B - g)
b Simplify each of the following:
i (sin® —icosO)°
ii (sin® —icos0)2
i (sin® — icos 0)*(cos O — isin O)
sin® —icos©
cos0 +isin0

Example18. 6 Prove that sin30 = 3sin 0 — 4 sin> 0.

7 We will now use De Moivre’s theorem to determine expressions for cos 40 and sin 40.

a Expand (cos 0 + i sin 0)* using the binomial theorem.
b By De Moivre’s theorem, we know that (cis 0)* = cis 40. Use this result and the
result of a to show that:

i cos40 =1-8cos20 +8cos*0

ii sin40 = 4sinOcosO — 8sin’ O cos O

g Solving quadratic equations over the complex
numbers

Learning intentions
» To be able to use complex numbers to solve quadratic equations with negative
discriminants.

Factorisation of quadratics

Quadratic polynomials with a negative discriminant cannot be factorised over the real
numbers. The introduction of complex numbers enables us to factorise such quadratics.

Sum of two squares
Since i? = —1, we can rewrite a sum of two squares as a difference of two squares:
2 +a® =7 — (ai)?

= (z + ai)(z — ai)
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3F Solving quadratic equations over the complex numbers 107

Example 19

Factorise:

a 2+16 b 222+6

Solution

a 2+16=27-16i° b 222+6=27+3)

= (z + 4i)(z — 4i) =2 - 3i%)
= 2(z + V3i)(z — V3i)

Note: The discriminant of 72 + 16isA=0—-4 x 16 = —64.
The discriminant of 272 + 6is A =0 —4 x2 X 6 = —48.

Example 20

Factorise:

az2+z+43 b 222-z+1 c 272 -2B-iz+4-3i

Solution
a Let P(z) = 2> + z + 3. Then, by completing the square, we have
1

2
+z+-)+3-—-
© e ) 1

( 1+1)+1 1
T2 16) 727 16
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108 chapter 3: Further complex numbers

¢ Let P(z) = 22> - 2(3 — i)z + 4 — 3i. Then

P(z)=2(zz—(3—i)z+4_3i)

_» 2_(3_i)z+(3—i)2+4—3i_(3—1')2)

2 2 2
G-’

3—i)2+8—6i—9+6i+1
2

(
=2(z—¥)2+4—3i—

(

(

Solving quadratic equations

In the previous example, we used the method of completing the square to factorise quadratic
expressions. This method can also be used to solve quadratic equations.

Alternatively, a quadratic equation of the form az> + bz + ¢ = 0 can be solved by using the
quadratic formula:

—b + Vb? — 4ac
7= ——
2a

This formula is obtained by completing the square in the expression az® + bz + c.

Solve each of the following equations for z:

azZ+z+3=0 b 22-z+1=0
c 2=2z-5 d 22-2B3-i)z+4-3i=0
Solution

a From Example 20a:
2 1 VIT, 1 VIl
Z“+z+3= Z_(___—l) Z—(—E-l‘Tl)

Hence 72 + z + 3 = 0 has solutions

1 V11,

i=-y -5 i ad z=-g4 =i

b From Example 20b:
22— z4+1= 2(z—(l - ﬁi))(z—(l 4 ﬁi))

3
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3F Solving quadratic equations over the complex numbers 109

Hence 2z° — z + 1 = 0 has solutions

1 VT 1 V7.

Z_Z_Tl and Zzz-’rTl

¢ Rearrange the expression to give z> — 2z + 5 = 0. Now use the quadratic formula:

2+ V-16

B8 =
2
_2zx4i
2
=1+2

The solutions are 1 + 2i and 1 — 2i.

d From Example 20c, we have

2 . . 3-i\2
27 —2(3—1)z+4—3z:2(z— 2 )

-
Hamek2—2@—4k+4—3i:Oh%smmmnz:-31.

Note: In parts a, b and ¢ of this example, the two solutions are conjugates of each other.
We explore this further in the next section.

Using the TI-Nspire CX non-CAS

To determine the zeroes of a polynomial over . *TI-Nspire
the complex numbers, use > Algebra
> Polynomial Tools > Complex Roots of a

{1-2-4,1+2- ¢}

cPolyRcots(zz—Z' z+5,z)

Polynomial. l

Using the Casio

To solve the quadratic equation z2 — 2z + 5 = 0 over the complex numbers:

Select Equation mode ((MENU) (ALPHA) (X,6,T)).

» Ensure that the Complex Mode setting is a + bi ((SHIFT) ).
m Select Polynomial (F2); choose degree 2 (F1).
m Enter the coefficients of the equation in the table as shown; select Solve (F1).

(dre)(etbi) B HathRedMorn])
aX2 +bX+c=0 aX2 +bX+c=0
a

L. < Xl[_!m}
C 1 -2 R X2 1-2i

We can see that any quadratic polynomial can be factorised into linear factors over the
complex numbers. In the next section, we determine that any higher degree polynomial can
also be factorised into linear factors over the complex numbers.
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sheet

Example 19, 20 1 Factorise each of the following into linear factors over C:

a 72+16 b z2+5

c 2+2z+5 d 2-3z+4
e 27> -8z+9 f 32 +6z+4
g 3272 +2z+2 h 222-z+3

Example21. 2 Solve each of the following equations over C:

ax’+25=0 b ¥*+8=0

c X2—4x+5=0 d 3x2+7x+5=0
e x¥*=2x-3 f 5x*+1=3x

g Z2+(1+20z+(-1+i)=0 h 2Z2+z+(1-9)=0

Hint: Show that —3 + 4i = (1 + 2i)%.

@ Solving polynomial equations over the complex
numbers

Learning intentions

» To be able to determine all complex solutions of a polynomial equation.

You have studied polynomials over the real numbers in Mathematical Methods. We now
extend this study to polynomials over the complex numbers.

For n € N U {0}, a polynomial of degree n is an expression of the form

1

P(Z) = anz” + an_lz"' +---t+a1z2+ag

where the coefficients a; are complex numbers and a,, # O.

When we divide the polynomial P(z) by the polynomial D(z) we obtain two polynomials,
0(2) the quotient and R(z) the remainder, such that

P(z) = D(2)0(2) + R(z)
and either R(z) = 0 or R(z) has degree less than D(z).
If R(z) = 0, then D(z) is a factor of P(z).

The remainder theorem and the factor theorem are true for polynomials over C.

Remainder theorem

Let a € C. When a polynomial P(z) is divided by z — a, the remainder is P(a).
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Proof Dividing the polynomial P(z) by z — o, we can write
P(2) = (z-w)0() +R
where Q(z) is the quotient and R is the remainder, with R € C. Therefore
P(a)=(a—a)Q(a)+R=R

and so the remainder is R = P(a).

Factor theorem

Let a € C. Then z — o is a factor of a polynomial P(z) if and only if P(a) = 0.

Proof This theorem follows straight from the remainder theorem, since z — a is a factor
of P(z) if and only if the remainder is zero when P(z) is divided by z — a.

Factorise P(z) = 2° + 22 + 4.

Solution
Use the factor theorem to determine the first factor:

P-1)=-1+1+4%#0
P(-2)=-8+4+4=0
Therefore z + 2 is a factor. By division, we obtain

P =@+ -2+2)

We can factorise 7> — z + 2 by completing the square:

Zz—z+2:(zz—z+é—1l)+2—é—11
et 2
-t B33
Hence P(Z)Z(z+2)(z—%+?i)(z—%—ﬁz)

Factorise 7> — iz* — 4z + 4i.
Solution
Factorise by grouping:
2 it -4+ 4= i)—4z—i)
=(z-EZ -4
=(2Z-DEz-2)(z+2)
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112 chapter 3: Further complex numbers

The conjugate root theorem

In every example thus far, whenever a polynomial has had real coefficients, the complex
solutions have occured in conjugate pairs. One can prove this always occurs.

Conjugate root theorem

Let P(z) be a polynomial with real coefficients. If a + bi is a solution of the equation
P(z) = 0, with a and b real numbers, then the complex conjugate a — bi is also a solution.

Proof We will prove the theorem for quadratics, as it gives the idea of the general proof.

Let P(z) = az® + bz + ¢, where a, b, c € R and a # 0. Assume that a is a solution of the
equation P(z) = 0. Then P(ar) = 0. That is,

ac>+bo+c=0

Take the conjugate of both sides of this equation and use properties of conjugates:

ao?+ba+c=0
ac? +ba+¢=0
a(o?)+ba+c=0 since a, b and c are real numbers

a@)? +ba+c=0

Hence P(a) = 0. That is, a is a solution of the equation P(z) = 0.

Factorisation of cubic polynomials

Over the complex numbers, every cubic polynomial has three linear factors.

If the coeflicients of the cubic are real, then at least one factor must be real (as complex
factors occur in pairs). The usual method of solution, already demonstrated in Example 22, is
to first determine the real linear factor using the factor theorem and then complete the square
on the resulting quadratic factor. The cubic polynomial can also be factorised if one complex
root is given, as shown in the next example.

Let P(z) = 2 — 322 + 57 - 3.
a Use the factor theorem to show that z — 1 + V2i is a factor of P(2).

b Determine the other linear factors of P(z).

Solution
a To show that z — (1 — V2i) is a factor, we must check that P(1 — V2i) = 0.
We have
P(1 = V2i) = (1 = V2i)’ =3(1 = V2i)* +5(1 = V2i) =3 =0
Therefore z — (1 — V2i) is a factor of P(z).

Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.
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b Since the coefficients of P(z) are real, the complex linear factors occur in conjugate
pairs, so z — (1 + V2i) is also a factor.

To determine the third linear factor, first multiply the two complex factors together:
(2= (1= V2i))(z = (1 + V2i))
=22 — (1 = V2i)z = (1 + V2i)z + (1 — V2i)(1 + V2i)
=2 -(1=-V2i+1+V2i)z+1+2
=z2-27+3
Therefore, by inspection, the linear factors of P(z) = 2 —3722+5z7-3 are

z—1+‘/§i, z—l—\/ii and z-1

Factorisation of higher degree polynomials

6

Polynomials of the form z* — a* and z° — a® are considered in the following two examples.

Factorise z* — 16 over C.

Solution

Z-16=Z+HE -4 difference of two squares
=(z+2)(z-20)(z+2)(z-2)

Example 26

Factorise z° — 1 over C.

Solution

First note that z° — 1 = (2> + 1)(z* = 1).
Now we factorise 72 + 1 and 2> — 1.
We have

2Hl=@+DE-z+1)

=(Z+1)((Zz_z+%)+1_%)

= (e 1)((z - %)2 - %ﬁ)

@+ 1)( I V3 )( 1 V3 )
= Z= = —l|||Z= = ===1
2 2 2 2
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114 chapter 3: Further complex numbers

Similarly, we determine
2-1=@-1)Z+z+1)

Z(Z—l)(z+l+£i)(z+

1 ﬁl)
2 2 2

5"
Therefore
L-1=@+DE-1)

:(z+1)(z—1)(z_%Jr?i)(z_%_?i)(z 1 \/3)( ; \/5.)

The fundamental theorem of algebra
The following important theorem has been attributed to Gauss (1799).

Fundamental theorem of algebra

Every polynomial P(z) = a,z" + Ay 177+ +aiz+ag of degree n, where n > 1 and
the coeflicients a; are complex numbers, has at least one linear factor in the complex
number system.

Given any polynomial P(z) of degree n > 1, the theorem tells us that we can factorise P(z) as
P(2) = (z—a)Q()
for some a; € C and some polynomial Q(z) of degree n — 1.

By applying the fundamental theorem of algebra repeatedly, it can be shown that:

A polynomial of degree n can be factorised into » linear factors in C:

ie. P(2) = a,(z— o)z — ap)(z — 03) - - - (z — a,), Where a, dp, 03, ...,0, € C

A polynomial equation can be solved by first rearranging it into the form P(z) = 0, where
P(z) is a polynomial, and then factorising P(z) and extracting a solution from each factor.

If P(z) = (z—0oq)(z—dy)---(z— a,), then the solutions of P(z) = 0 are oy, dy, ..., d,.

The solutions of the equation P(z) = 0 are also referred to as the zeroes or the roots of the
polynomial P(z).

Example 27

Solve each of the following equations over C:
a 2+32+7z+5=0 b 2—-i?-4z+4i=0
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Solution

a Let P(2) =22 + 322 + 7z +5. b From Example 23:
Then P(-1) = 0, so z + 1 is a factor, P i —474+4i=0
by the factor theorem. -)z-2)@C+2) =0
PQR) = (z+ 1) +2z+5) s z=i z=2o0rz=-2

=@+ D@ +2z+1+4)
=2+ D(@+ 1) - 2i))
=+ D@E+1-2)z+1+2i)

The solutions of the equation P(z) = 0
arez=-1,z=-1+2iandz = -1 - 2i.

Example 22,23 1 Factorise each of the following polynomials into linear factors over C: E
a ?—4z2-4z-5 b 22-22-z+10 c 322 -1322+5z-4
d 222 +32%2-4z+15 e 2-Q2-DZ+z-2+i

Example2s. 2 Let P(z) = 2° +4z° — 10z + 12.
a Use the factor theorem to show that z — 1 — i is a linear factor of P(z).
b Write down another complex linear factor of P(z).

¢ Hence determine all the linear factors of P(z) over C.

3 LetP(z) =220 + 922 + 14z + 5.
a Use the factor theorem to show that z + 2 — i is a linear factor of P(z).
b Write down another complex linear factor of P(z).

¢ Hence determine all the linear factors of P(z) over C.

4 LetP(z) = z* + 82% + 16z + 20.
a Use the factor theorem to show that z — 1 + 37 is a linear factor of P(z).
b Write down another complex linear factor of P(z).

¢ Hence determine all the linear factors of P(z) over C.

Example 25,26 5 Factorise each of the following into linear factors over C: E
a 7#-8l1 b °-64

6 For each of the following, factorise the first expression into linear factors over C, given
that the second expression is one of the linear factors:
a?+(-D2+(—iz—i, z—i b 2-Q-DZ-(1+2)z—i, z+i
c 2 -Q2+2)2-B -4z +6i, z-2i d 22 +(1-20P~-5+iz+5i, z—i
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7 For each of the following, determine the value of p given that: E
a z+2isafactorof 22 + 32> + pz + 12
b z—iisafactorof 72 + p> +z -4
¢ z+1—iisafactorof 223 + 22 -2z + p

Example27. 8 Solve each of the following equations over C:
axX+x>-6x-18=0
b x*-6x>+11x-30=0
¢ 2x°+3x* = 11x* —6x— 16
d X*+x>=2x+36

9 Letz?+az+b =0, where a,b € R. Determine a and b if one of the solutions is: E
a 2i
b 3+2i
c —-1+3i

10 a 1+ 3iis asolution of the equation 37> — 77> + 32z — 10 = 0. Find the other solutions.
b -2 —iis a solution of the equation z* — 5z> + 4z + 30 = 0. Find the other solutions.

11 For a cubic polynomial P(x) with real coefficients, P(2 +i) = 0, P(1) = 0 and P(0) = 10.
Express P(x) in the form P(x) = ax® + bx> + cx + d and solve the equation P(x) = 0.

12 Ifz=1+iis azero of the polynomial z* + az> + bz + 10 — 6i, determine the constants a
and b, given that they are real.

13 The polynomial P(z) = 2z + az* + bz + 5, where a and b are real numbers, has 2 — i as
one of its zeroes.
a Determine a quadratic factor of P(z), and hence calculate the real constants a and b.

b Determine the solutions to the equation P(z) = 0.

14  For the polynomial P(z) = az* + az® — 2z + d, where a and d are real numbers:
a Evaluate P(1 +i).
b Given that P(1 + i) = 0, determine the values of a and d.

¢ Show that P(z) can be written as the product of two quadratic factors with real
coefficients, and hence solve the equation P(z) = 0.

15 The solutions of the quadratic equation z> + pz + ¢ = 0 are 1 + i and 4 + 3i. Determine
the complex numbers p and g.

16 Given that 1 — i is a solution of 73 — 47% + 6z — 4 = 0, determine the other two solutions. E

17 Solve each of the following for z:
a2-6+2)z+@8+6)=0 b 2-2i2-6z+12i=0 ¢ 2-22+62-6=0
d 2-72+27-8=0 e 622-3V2z+6=0 f2+222492=0
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@ Roots of complex numbers

Learning intentions

» To be able to use de Moivre’s theorem to determine the roots of a complex number.

Equations of the form 7" = a, where a € C, are often solved by using de Moivre’s theorem.
Write both z and a in polar form, as z = rcis 6 and a = gcis .

Then 7" = a becomes
(rcis0)' = gcis@
r" cis(nB) = gcis @ (using de Moivre’s theorem)
Compare modulus and argument:
"=gq cis(n) = cis ¢
r=1q no = @ + 2kmn where k € Z
0= %(cp +2kn) whereke€Z

This will provide all the solutions of the equation.

Example 28

Solve 72 = 1.
Solution
Let z = rcis 6. Then
(rcis0)® = 1cis0
3 cis(30) = 1cis0
=1 and 30=0+2kn wherekeZ

B 2kt

3 where k € Z

r=1 and 6

2
Hence the solutions are of the form z = Cis(?), where k € Z.
We start determining solutions. Im(z)
For k = 0: z=cis0=1

2
For k = 1: A= cis(?n)

4n 21
or Z = cis 3 cis 3

> Re(z)

For k = 3: z=cis2m) =1

The solutions begin to repeat.

The three solutions are 1, cis(z?x) and cis(—z?n).

. . .. . 7T .
The solutions are shown to lie on the unit circle at intervals of 3 around the circle.
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Note: An equation of the form 73 = a, where a € R, has three solutions. Since a € R, two of
the solutions will be conjugate to each other and the third must be a real number.

In Example 28, we found the three cube roots of the number 1:

3 2 1 3
=——+—i and w?= cis(——n) V3,

275) 1
2 2 3

L2
w C1S 3

More generally:

Solutionsof 2" = 1
For n € N, the solutions of the equation 7" = 1 are called the nth roots of unity.
m The solutions of z* = 1 lie on the unit circle.

. . . 21
m There are n solutions and they are equally spaced around the circle at intervals of —.
n
This observation can be used to determine all solutions, since z = 1 is one solution.

Example 29

Solve 22 = 1 +i.

Solution
Letz=rcisO. Notethat 1 +i = \/zcis(g).

(rcis0)? = \/Ecis(g)
1
P cis(20) = 22 cis(g)

1
r=24 and 26=;+2kn where k € Z

1
r=21 and 0= g +kn  wherekeZ Im(2)

1
Hence 7 = 24 cis(g + k|, where k € Z.

(5
1 on 7|0
Tl = il =24'(—) I\
ket s-shaf s |/
,(—775

Note: If z; is a solution of 72 = a, where a € C, then the other solution is z, = —z;.

In Example 29, we found the two square roots of the complex number 1 + i. More generally:
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Solutions of z" = a

For n € N and a € C, the solutions of the equation z” = a are called the nth roots of a.

1
m The solutions of z* = a lie on a circle with centre the origin and radius |a| .

: . . 2
m There are n solutions and they are equally spaced around the circle at intervals of —.
n
This observation can be used to determine all solutions if one is known.

The following example shows an alternative method for solving equations of the form 7% = a,
where a € C.
Solve 72 = 5 + 12i using z = a + bi, where a, b € R. Hence factorise 2 —-5-12i.
Solution
Let z = a + bi. Then z* = (a + bi)?
= a® + 2abi + b*i®
= (a* — b*) + 2abi
So 72 = 5 + 12i becomes
(a® — b?) +2abi =5 + 12i
Equating coefficients:
a-b*=5 and 2ab=12
s e
a a
a - Z—S =5
a*—36 = 5a°
a*—54*-36=0
(@ -9)a*+4)=0
a’-9=0
(a+3)(a-3)=0
a=-3ora=3
Whena =-3,b=-2and whena =3,b = 2.
So the solutions to the equation z> = 5 + 12j are z = =3 — 2i and z = 3 + 2i.
Hence z2 — 5 — 12i = (z + 3 + 2i)(z — 3 — 2i).
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sheet

1 For each of the following, solve the equation over C and show the solutions on an E

Argand diagram:
Example 28,29 azZ+1=0 b 72 =27 c 2=1+V3i

d 22=1-3i e =i f2+i=0

2 Determine all the cube roots of the following complex numbers:
a 4V2 - 42 b —4V2 +42i c —4\3-4i
d 43 -4 e —125i f—1+i

Example30. 3  Letz = a + bi such that 72 = 3 + 4i, where a, b € R. E

a Determine equations in terms of a and b by equating real and imaginary parts.

b Determine the values of @ and b and hence determine the square roots of 3 + 4i.

4  Using the method of Question 3, determine the square roots of each of the following:
a —-15-8i b 24 +7i
c -3+4i d -7+24i

5 Determine the solutions of the equation z* — 27> + 4 = 0 in polar form.

6 Determine the solutions of the equation z> — i = 0 in Cartesian form. Hence factorise
2 .
- —1.

7 Determine the solutions of the equation z* + 1 = 0 in polar form. Hence factorise z8 + 1.

8 a Determine the square roots of 1 + i by using:
i Cartesian methods ii de Moivre’s theorem.

b Hence determine exact values of cos(%) and sin(%).

9 a Use de Moivre’s theorem to solve z* = —64. E
b Hence, determine real numbers a and b for which z* + 64 = (2% + az + b)(z> — az + b).
10 Letw= cis(zgn).
a Show that 1, w, w?, w3 and w* are all solutions of z° = 1.
b Forany z € C, show that 2> — 1 = (z = 1)(1 + z + 2> + 2> + z*). Hint: Expand the
right-hand side.
¢ Hence, show that the sum of the roots of z> = 1 is equal to zero.
d Hence, simplify each of the following:
i w+w?+wd+nt
it (1+w+w?+w?y
1+w*

iii ————
w+w? +w?

Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.
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@ Sketching subsets of the complex plane

Learning intentions

» To be able to sketch regions of the complex plane including circles, lines and rays.

Particular sets of points of the complex plane can be described by placing restrictions on z.
For example:

® {z:Re(z) = 6} is the straight line parallel to the imaginary axis with each point on the line
having real part 6.

m {z:Im(z) = 2Re(z)} is the straight line through the origin with gradient 2.

The set of all points which satisfy a given condition is called the locus of the condition

(plural loci). When sketching a locus, a solid line is used for a boundary which is included in

the locus, and a dashed line is used for a boundary which is not included.

On an Argand diagram, sketch the subset S of the complex plane, where

S={z:lz-1=2}

Solution Im(z)
Method 1: Using algebra A
Let z = x + yi. Then
lz—11=2
x+yi—1]=2 =1+0i . > Re(z)
l(x—1)+yil =2 1+0i 3+0i

(x—1)2+y2=2
x-12+y* =4

This demonstrates that S is represented by the circle with centre 1 + 0i and radius 2.
Method 2: Using geometry
If z; and 7, are complex numbers, then |z; — 25| is the distance between the points on the

complex plane corresponding to z; and z.

Hence {z: |z— 1| = 2} is the set of all points that are distance 2 from 1 + 0i. That is, the set
S is represented by the circle with centre 1 + 0i and radius 2.
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122 chapter 3: Further complex numbers

On an Argand diagram, sketch the subset S of the complex plane, where
S={z:lz=2l=lz—=(1+l}
Solution
Method 1: Using algebra
Let z = x + yi. Then
lz=2| =z = (1+19)
lx+yi=2|=|x+yi— 1+
x=2+yil=[x-1+@ - 1)
V=22 +y2 = {/(x=1)2+ (y - 1)

Squaring both sides of the equation and expanding:

X —Axrdtyi =22 2+l +y2-29+1
—Ax+4=-2x-2y+2
y=x—-1

Method 2: Using geometry

The set S consists of all points in the complex plane that are equidistant from 2 and 1 + i.

In the Cartesian plane, this set corresponds to the perpendicular bisector of the line
segment joining (2,0) and (1, 1). The midpoint of the line segment is (%, %), and the
gradient of the line segment is —1.

Therefore the equation of the perpendicular bisector is

which simplifies toy = x — 1.
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Sketch the subset of the complex plane defined by each of the following conditions:

T 4 4
a Arg(z) = 3 b Arg(z+3) = -3 c Arg(z) < 3
Solution
a Arg(z) = g defines a ray or a half line. Im(z)
A
Note: The origin is not included.
n
3
5 > Re(2)
b First draw the graph of Arg(z) = —%. Im(z)
A
0 > Re()
3
The graph of Arg(z + 3) = —g is obtained by Im(z)

a translation of 3 units to the left.

j\ 0 > Re(z)

. . - T T
¢ Since —m < Arg(z) < m in general, the condition Arg(z) < 3 implies —m < Arg(z) < 3
Im(z) --- boundary not included
[ ] region required
———————— Re(z)
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124 chapter 3: Further complex numbers

Sketch the region corresponding to each of the following:

T T
az-(2-i) <3 b{z:2<|z|s4}ﬁ{z:g<Arg(z)§§}
Solution
a Im(z) b Im(z) Arg(z) = %

A

| An@)=§

> Re(z2) > Re(z)
I:l Region required |:| Region required

The condition defines a disc of radius 3
and centre 2 — i. The Cartesian relation
is {(x,y): (x=2)> + (y+ 1)2 < 3%}

Describe the locus defined by |z + 3| = 2|z — i].
Solution
Let z = x + yi. Then
|z + 3| =2lz -]
[(x +3) +yil =2|x + (y — 1)i]
Vx+3)2+y2 =24/x2 + (y = 1)2

Squaring both sides gives

P+6x+9+y =40 +y* -2y + 1)
0=3x>+3y>—6x—-8y—-5
8
5 =3(x2—2x)+3(y2—§y)

8 16\ 25
=(x2—2x+1)+(y2—§y+ 3)

9

\olé W[ W

e

4
The locus is the circle with centre 1 + §i and radius

Note: Fora,b € C and k € R* \ {1}, the equation |z — a| = k|z — b| defines a circle.
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Skill-

sheet
Example31. 1 [Illustrate each of the following on an Argand diagram:
a 2Im(z) = Re(z) b Im(z) + Re(z) =1 c |z-2|=3
dz—i=4 e lz—(1+V3i)=2 flz-(1-i=6
2 Sketch {z:z =iz} in the complex plane.
Example32 3 Describe the subset of the complex plane defined by {z: |z— 1| = |z + 1] }.
Example 33 4 Sketch the subset of the complex plane defined by each of the following conditions:
a Arg(z) = % b Arg(z-2)= —% c Arg(z) < %
Example34. 5 Sketch each of the following regions of the complex plane:
a{z:|z-1<2} b{z:2$lz|$3}ﬂ{z:§<Arg(z)s%}
Example 35 6 Sketch each of the following:
a {z:|z+2i=2z-1} b {z:Im(z) =-2} c {z:z+z7=5}
d {z:2z=5} e{z:Arg(z—i)zg}
7  Sketch each of the following:
a{z:|lz—i>1} b {z:lz+i <2} c {z:Re(z) 20}
d {z:2Re(z) +Im(z) <0} e {z:Re(z) >2andIm(z) > 1}
8 On an Argand diagram, sketch theset S ={z:Re(z) < 1}n{z:0<Im(z) <3}.
9 Sketch the region of the complex plane for which Re(z) > 0 and |z + 2i] < 1.
10 Sketch the locus defined by |z — 2 + 3i| < 2.
11 On the Argand plane, sketch the curve defined by each of the following equations:
2=2|_ | b |2 1-d_ 1
b4 b4
12 If the real part of i t 1 is zero, determine the locus of z in the complex plane.
13 On an Argand diagram with origin O, the point P represents z and Q represents é
Prove that O, P and Q are collinear and determine the ratio OP : OQ in terms of ZIzI.
14 Determine the locus of points described by each of the following conditions:
alz-(1+d=1 b |z-2/=z+2i c Argiz-1)= g d Arg(z+1i) = —
15 Letw = 2z. Describe the locus of w if z describes a circle with centre 1 + 2i and
radius 3.
16 a Determine the solutions of the equation z* + 2z + 4 = 0.
b Show that the solutions satisfy:
ilg=2 i -1=V7 il z+7=-2
¢ On a single diagram, sketch the loci defined by the equations in b.
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126 chapter 3: Further complex numbers

Chapter summary

» The imaginary number i has the property i = —1.

m The set of complex numbers is C = {a + bi : a,b € R}.

m For a complex number z = a + bi:
o the real part of 7 is Re(z) = a o the imaginary part of z is Im(z) = b.

= Complex numbers z; and z; are equal if and only if Re(z;) = Re(zz) and Im(z;) = Im(zy).

= An Argand diagram is a geometric representation of C.

= The modulus of z, denoted by |z|, is the distance from the origin to the point representing z
in an Argand diagram. Thus |a + bi| = Va2 + b2.

m The argument of 7 is an angle measured anticlockwise about the origin from the positive
direction of the real axis to the line joining the origin to z.

m The principal value of the argument, denoted by Arg z, is the angle in the interval (-, 7t].

m The complex number z = a + bi can be expressed

in polar form as In}fz) P__yini
z=r(cosO +isinB) i
=rcis0 / i b
where r = |7] = Va2 + b2, cos = E, sin 0 = é 5 ® o > Re(z)
This is also called modulus—argun’;ent form. ' ‘

m The complex conjugate of z, denoted by z, is the reflection of z in the real axis.
If z=a+bi,thenz = a — bi. If z = rcis 0, then Z = rcis(—0). Note that zz = 7.
= Division of complex numbers:

22 U
— = — X == —2
2 2 2 |l
= Multiplication and division in polar form:
Letz; = rycis0; and z, = r, cis 0,. Then
. 21 .
7122 = rirpcis(0; +0,) and — = —cis(0; — 0,)
2 n
= De Moivre’s theorem (rcis0)" = r cis(n0), where n € Z
m Conjugate root theorem If a polynomial has real coefficients, then the complex roots
occur in conjugate pairs.
= Fundamental theorem of algebra Every non-constant polynomial with complex
coeflicients has at least one linear factor in the complex number system.
m A polynomial of degree n can be factorised over C into a product of » linear factors.
m If z; is a solution of 72 = a, where a € C, then the other solution is z, = —z;.

m The solutions of 7" = a, where a € C, lie on the circle centred at the origin with
. 1 . . . 21
radius |a|» . The solutions are equally spaced around the circle at intervals of —.

n

m The distance between z; and z, in the complex plane is |z; — z3|-
For example, the set {z : |z — (1 + i)| = 2} is a circle with centre 1 + i and radius 2.
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Skills checklist

A Download this checklist from the Interactive Textbook, then print it and fill it out to check
Check- Yyour skills. 7

1 Icanidentify the real and imaginary parts of a complex number.

=
[}
-

See Example 1 and Question 1

a
N

I can add and subtract complex numbers.

See Example 4 and Question 4

3 Ican represent complex numbers on an Argand diagram.

See Example 5, Example 6, Question 5 and Question 6

4 I can multiply complex numbers.

See Example 7, Question 7 and Question 8

5 Ican determine the complex conjugate and modulus of a complex number.

See Example 8, Question 1 and Question 3

6 Ican convert between the Cartesian and polar forms of a complex number.

See Example 12, Example 13, Question 5 and Question 6

7 Ican multiply and divide complex numbers in polar form.

See Example 15 and Question 2

I can use de Moivre’s theorem to simplify powers of complex numbers.

See Example 16, Example 17, Question 1 and Question 2

9 Ican factorise and solve quadratics over the complex numbers.

See Example 19, Example 20, Example 21, Question 1 and Question 2

10 1Ican factorise polynomials over the complex numbers.

See Example 22, Example 23, Example 24, Question 1, Question 2 and Question 3

11 Ican solve polynomial equations over the complex numbers.

See Example 27, Question 8, Question 9 and Question 10

12 1Ican determine the roots of a complex number using de Moivre’s theorem.

See Example 28, Example 29 and Question 1

13 I can sketch subsets of the complex plane including circles, lines and rays.

See Example 31, Example 32, Example 33, Question 1, Question 3 and Question 4
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128 chapter 3: Further complex numbers

m 14 I can multiply and divide complex numbers in polar form. ]

See Example 21, Example 22, Example 23 and Question 3

m 15 1Ican use de Moivre's theorem to simplify powers of complex numbers. ]

See Example 24, Example 25, Question 1, Question 2 and Question 3

m 16 I can sketch subsets of the complex plane including circles, lines and rays. ]

See Example 27, Example 29, Question 2, Question 4 and Question 5

Short-response questions

Technology-free short-response questions

1 Express each of the following in the form a + bi, where a,b € R: E
a3+42i+5-7i b i3 c 3-2)(5+7)
2 5-1i
d -2i 2i f —
(=206 +2) © 32 2+
3i . _(5+2i)7
— h (1-30)? _—
g 35 (1=30 ' T3
2 Solve each of the following equations for z:
z—2i
22 +9=0 - = = 24+6z+12=0
22 2+ (3-20) c oo
d #+81=0 e 2-27=0 f83+27=0

3 a Show that 2 — i is a solution of the equation z3 — 2z — 3z + 10 = 0. Hence solve
the equation for z.

b Show that 3 — 2i is a solution of the equation x> — 5x? + 7x + 13 = 0. Hence solve the
equation for x € C.

¢ Show that 1 + i is a solution of the equation 7> — 4z + 6z — 4 = 0. Hence determine
the other solutions of this equation.

4  Express each of the following polynomials as a product of linear factors:
a 2x>+3x+2 b X -x2+x-1 c X +2x—4x-8

5 If (a + bi)> = 3 — 4i, determine the possible values of a and b, where a, b € R. E

6 Pair each of the transformations given on the left with the appropriate operation on the E
complex numbers given on the right:

a reflection in the real axis i multiply by —1
b rotation anticlockwise by 90° about O ii multiply by i
¢ rotation through 180° about O iii multiply by —i
d rotation anticlockwise about O through 270° iv take the conjugate
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7 If (a + bi)*> = =24 — 10i, determine the possible values of a and b, where a, b € R.
8 Determine the values of @ and b if f(z) = 22 + az + b and f(~1 — 2i) = 0, where a,b € R.
9 Express ’ = in the form rcis 0, where » > 0 and -t < 0 < .
+ V3i
10 On an Argand diagram with origin O, the point P represents 3 + i. The point Q
represents a + bi, where both a and b are positive. If the triangle OPQ is equilateral,
determine a and b.
11 Letz=1-i. Determine: E
_ 1
a 2z b —
Z
c || d Arg(?)
12 Letw=1+iandz=1-V3i
a Write down:
i |wl i |z iii Argw iv Argz
b Hence write down i and Arg(wz).
13 Express V3 + i in polar form. Hence determine (V3 + i)7 and express in Cartesian form.
14  Consider the equation z* — 2z* + 11z — 18z + 18 = 0. Determine all real values of r
for which z = ri is a solution of the equation. Hence determine all the solutions of
the equation.
15 Express (1 — i)° in Cartesian form.
16 Consider the polynomial P(z) = 2> + (2 + i)z> + (2 + 2i)z + 4. Determine the real
numbers k such that ki is a zero of P(z). Hence, or otherwise, determine the three zeroes
of P(2).
17 a Determine the three linear factors of 73 — 2z + 4. E
b What is the remainder when z3 — 27 + 4 is divided by z — 3?
18 If a and b are complex numbers such that Im(a) = 2, Re(b) = —1 and a + b = —ab, q
determine a and b.
19 a ExpressS ={z:|z— (1 + )| < 1} in Cartesian form. E
b Sketch S on an Argand diagram.
20 Describe{z:|z+il=]z—1i}.
21 LetS = {z 1z=2cisH, 00 < g} Sketch:
2
a s b T={w:w=2z>2z€S)} cU:{v:v:—,zeS}
b4
22 Determine the centre of the circle which passes through the points —2i, 1 and 2 — i.
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23  On an Argand diagram, points A and B representa = 5 + 2i and b = 8 + 61.

a Determine i(a — b) and show that it can be represented by a vector perpendicular
— —
to AB and of the same length as AB.

b Hence determine complex numbers ¢ and d, represented by C and D, such that
ABCD is a square.
24 Solve each of the following for z € C:
az2=-8

b 22=2+2V3i

25 a Factorise x° — 1 over R.
b Factorise x° — 1 over C.

¢ Determine all the sixth roots of unity. (That is, solve x® = 1 for x € C.)
26 Let z be a complex number with a non-zero imaginary part. Simplify:
-
a —
z
i(Re(z) —2)
Im(z)
1
c Argz+ Arg(—)
z
T n . .
27 IfArgz= 1 and Arg(z - 3) = > determine Arg(z — 6i).
7T 27 .
28 a IfArg(z+2) = 5 and Arg(z) = 3 determine z.
3n T .
b If Arg(z-3) = Y and Arg(z + 3) = —5 determine z.

29 A complex number 7 satisfies the inequality |z +2 - 2\/§i| <2.

a Sketch the corresponding region representing all possible values of z.
b 1 Determine the least possible value of [z].

ii Determine the greatest possible value of Argz.
Technology-active short-response questions
Sn T
30 Letz=4 cis(?) and w = ﬁcis(z).
Determine |z/| and Arg(z’).

Show z’ on an Argand diagram.

z, .
Express — in the form 7 cis 0.
w

2 o6 T 9

. . Z . .
Express z and w in Cartesian form, and hence express — in Cartesian form.
w

7
e Use the results of d to determine an exact value for tan(l—n) in the form a + Vb,

where a and b are rational.
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31 Letv=2+iand P(z) =2° - 72>+ 17z - 15. B
a Show by substitution that P(2 + i) = 0.
b Determine the other two solutions of the equation P(z) = 0.

¢ Leti be the unit vector in the positive Re(z)-direction and let j be the unit vector in
the positive Im(z)-direction.
Let A be the point on the Argand diagram corresponding tov = 2 + i.
Let B be the point on the Argand diagram corresponding to 1 — 2i.
Show that 5{ is perpendicular to &’3

32 a Determine the exact solutions in C for the equation z2 — 2V3z + 4 = 0, writing your
solutions in Cartesian form.

b i Plot the two solutions from @ on an Argand diagram.
ii Determine the equation of the circle, with centre the origin, which passes through
these two points.
iii Determine the value of a € Z such that the circle passes through (0, +a).
iv Let Q(z) = (2 + 4)(z2 — 2V/3z + 4). Determine the polynomial P(z) such that
0()P(z) = z° + 64 and explain the significance of the result.

33 Express —4V3 — 4i in exact polar form.
Determine the cube roots of —4v3 — 4i.
Carefully plot the three cube roots of —4V3 — 4i on an Argand diagram.
i Show that the cubic equation z° — 3V3iz? — 9z + 3V3i = —4V/3 — 4i can be written
in the form (z — w)® = =43 — 4i, where wis a complex number.
ii Hence determine the solutions of the equation z> — 3V3iz? — 9z + (3V3 + 4)i +

44/3 = 0, in exact Cartesian form.

e 0 T 9

34 The points X, Y and Z correspond to the numbers 43 +2i, 5V3 +iand 6V3 + 4i.

a Determine the vector XY and the vector XZ.

b Let z; and 7, be the complex numbers corresponding to the vectors XY and XZ.
Determine z3 such that z, = z37;.

¢ By writing z3 in modulus—argument form, show that XYZ is half an equilateral
triangle XWZ and give the complex number to which W corresponds.

d The triangle XYZ is rotated through an angle of g anticlockwise about Y. Determine
the new position of X.

35 a Sketch the region T in the complex plane which is obtained by reflecting

S={z:Re(z)S2}m{z:Im(z)<2}m{z:g<Arg(z)<g}

in the line defined by |z + i| = [z — 1].

b Describe the region T by using set notation in a similar way to that used in a to
describe S'.
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36

37

38

39

40

41

Consider the equation x> + 4x — 1 + k(x> + 2x + 1) = 0. Determine the set of real
values k, where k # —1, for which the two solutions of the equation are:
a real and distinct b real and equal

¢ complex with positive real part and non-zero imaginary part.

1- 0
a If z=cos 0+ isin 0, prove that R —itan(—).
1+z 2

b On an Argand diagram, the points O, A, Z, P and Q represent the complex numbers
0,1,z 1+ zand 1 — z respectively. Show these points on a diagram.

|OP|

. . T . . .
¢ Prove that the magnitude of Z/POQ is 5 Determine, in terms of 0, the ratio ——

logr
A regular hexagon LMNPQR has its centre at the origin O and its vertex L at the point
z=4.
a Indicate in a diagram the region in the hexagon in which the inequalities |z| > 2 and

%ﬂ <Argz< g are satisfied.

b Determine, in the form |z — ¢| = a, the equation of the circle through O, M and R.
¢ Determine the complex numbers corresponding to the points N and Q.

d The hexagon is rotated clockwise about the origin by 45°. Express in the form r cis 0
the complex numbers corresponding to the new positions of N and Q.

1
a A complex number z = a + bi is such that [z]| = 1. Show that — = Z.

V3 V3 o1 1 )

1 1
b Letz; = = ——iand zp = — + =i. [f z3 = — + —. Determine z3 in polar form.
2 2 2 2 2T 2

. . 1
¢ On a diagram, show the points zj, z2, z3 and z4 = —.
13

a Let P(z) = 22 + 3pz + q. It is known that P(z) = (z — k)*(z — a).
i Show that p = —k>. ii Determine ¢ in terms of k.
iii Show that 4p® + ¢* = 0.
b Let h(z) = 22 — 6iz + 4 — 4i. It is known that i(z) = (z — b)*(z — ¢). Determine the
values of b and c.

a Let z be a complex number with |z] = 6. Let A be the point representing z. Let B be
the point representing (1 + i)z.
i Determine |(1 + i)z].
ii Determine |(1 + i)z — z|.
iii Prove that OAB is an isosceles right-angled triangle.
b Let z; and 7, be non-zero complex numbers satisfying zf 27120 + 22% =0.
Ifz1 = az:
i Showthata=1+iora=1-1i.
ii For each of these values of o, describe the geometric nature of the triangle whose
vertices are the origin and the points representing z; and z5.
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42 a Letz= —12+ 5i. Determine: E

izl

il Arg(z) correct to two decimal places in degrees

b Letw? = =12 + 5i and o = Arg(w?).

i Write cos a and sin a in exact form.

i Using the result 7(cos(20) + i sin(20)) = |[w?| (cos o + i sin @), write r, cos(20)

and sin(20) in exact form, where w = rcisf.
ifi Use the result of ii to determine sin 6 and cos 0.
iv Determine the two values of w.

¢ Use a Cartesian method to determine w.

-3

Determine the square roots of 12 + 5i and comment on their relationship with the
square roots of —12 + 5i.

43 a Determine the locus defined by 2zz + 3z + 37— 10 = 0.
b Determine the locus defined by 2zz+ 3+ i)z+ (3 —-i)z—10=0.
¢ Determine the locus defined by azz + Bz + fz + y = 0, where a, 3 and vy are real.
d Determine the locus defined by 0zZ + pz + pz +y = 0, where a,y € R and p € C.
44 a Expand (cos 0 + isin 0)>.

-3

By De Moivre’s theorem, we know that (cis 0)° = cis 50. Use this result and the
result of a to show that:
i cos50 = 16cos’ 0 —20cos> 0 + 5cos O
. sin 50
i —
sin O

=16cos*0—12cos?0 + 1 ifsin® # 0

45 a Ifz denotes the complex conjugate of the number z = x + yi, determine the Cartesian
equation of the line given by (1 + i)z + (1 — i)z = -2.
Sketch on an Argand diagram the set {z (A +Dz+ (A -dz7=-2, Argz < g }

b LetS = {z : |z—(2\/§+2\/§i)| < 2}.
i Sketch S on an Argand diagram.
ii If z belongs to S, determine the maximum and minimum values of |z|.
iii If z belongs to S, determine the maximum and minimum values of Arg(z).

1 V3, V2 V2,
46 Letu—§+71andV—7+71

u. .
a Evaluate — in Cartesian form.
v
b Determine the polar forms of u and v.

¢ Hence, evaluate 4 by dividing in polar form.
v

. 4 LT
d Hence, determine the exact values of cos (E) and sin (E)
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Multiple-choice questions

Technology-free multiple-choice questions

3
1 Ifz; =5 cis(g) and 7, = 2cis(7n), then z)z; is equal to

Sn 13w T —-11n
A [T B . [T - .
701s( 6) 7015(—12) C 10015(4) 10c1s( 2 )

2 If (x + yi)> = —32i for real values of x and y, then

A x=4y=4 B x=-4y=4
C x=4,y=-4 D x=4,y=-4orx=-4,y=4
, I
3 Ifu:l—z,then3 is equal to
A2 1, BZ+1_ 02+1, D2 1,
- ——i =+ =i -+ =i = — =i
5 5 33 5 5 3 3
4  Factorising 7> + 6z + 10 over C gives
A (z+3+i0) B (z+3-i)?
C (z+3-D@z+3+10) D (z+43+)(z-3+1)
5 The solutions of the equation z* + 8i = 0 are
A V3, =2i, 2i B V3-i, —V3-i, 2i
C -V3-i, -2, -2i D —V3-i, V3-i, -2i

6
6 7(1 + i) can be expressed in polar form as
(T o Tm (T .
A \/gcm(—z) B \/§01s(—T) c —\/5015(—2) D - 3CIS(_T)

7 1Ifz =1+ iis one solution of an equation of the form z* = a, where a € C, then the other
solutions are

A-1,1,0 B -1,1,1-i C -1+i -1-1 D —1+i-1-i1-1i
8 The square roots of —2 — 2V/3i in polar form are
21 T T 21
A 2w [T B (T [T
2015( 3 ) 2c1s(3) 2015( 3), 2c1s( 3 )
2 2
C 4cis(—?n), 4cis(g) D 4cis(—g), 4cis(?n)

9 The zeroes of the polynomial 2x? + 6x + 7 are o and . The value of |o — f] is

A V5 B 2V5 c 3V5 D 45

10 The points z1, 22, z3 and z4 in the complex plane are the vertices of a parallelogram
(taken in order) if and only if

Azi+n+53+24=0 Bz+n=u+u
C u+u=20+z D zi+un=0+u
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Technology-active multiple-choice questions

11 The complex number z shown in the diagram is Im(z)
best represented by - A
A 5cis(2.12) © 4]
B 25cis(2.12)
C S5cis(2.21) . > Re(z)
D 25cis(2.12) =30
12 The expression (1 + i)(1 —i)(2 + 2i)(2 — 2)(3 + 3i)(3 — 3i) is equal to
A 576 B 288 C 144 D 72
13 The points U and V correspond to the complex numbers u = 1 —iand v = 4 + 5i.
The line UV intersects the positive direction of the real axis at an acute angle of
approximately
A 63.4° B 61.2° C 60.9° D 59.1°
. . . yr S
14 A region in the complex plane is defined by the equations |z| < 5 and r3 < Argz < v
The area of this region is closest to
A 224 B 24.6 C 262 D 28.6
15 The ray Arg(z) = il cuts the region defined by |z — 6i] < 6 into two sub-regions. The
smaller of these has an area that is approximately equal to
A 114 B 112 Cc 10.8 D 103
16 A set of points is defined by |z — 1 —7)| = |z + 1 + i|. The shortest distance from a point
in this set to the point z = 3i is closest to
A 2.1 B 23 c 25 D 27
17 Consider all complex numbers z and w satisfying |z] = 1 and [w — 3 — 3i| = 7. The
minimum value of |z — w| is approximately
A 1.66 B 1.84 C 1.76 D 1.69
18 The three solutions of z> = 7 + V15i define the vertices of an equilateral triangle. The
area of this triangle is approximately equal to
A 7.1 B 63 cC 52 D 48
19 Leta > 0 be areal number. The four solutions of z* = a define the vertices of a square.
If the side length of the square is V3, then a is equal to
A 225 B 1.96 C 1.69 D 1.44
20 Ifw = V2 + i, the largest positive integer n for which w" lies in {z € C : |z] < 20} is
A 4 B 5 ceo6 D 7
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Mathematical induction

.

Chapter contents
> 4A Revision of proof techniques

> 4B Mathematical induction

In this chapter, we introduce an important technique for proving statements that are true for
each natural number n.

For example, you may remember from your study of arithmetic sequences that the sum of the
first n odd numbers is n%. This result involves a statement, P(n), about each natural number .

P(n): 1+3+5+---+@2n-1)=n
We can prove results like this using mathematical induction.

In the first section of this chapter, we revise concepts of proof from Specialist Mathematics
Units 1 & 2. We consider alternative proofs of some of the results that will be proved later in
the chapter using mathematical induction.

The first section also provides an opportunity to revise both divisibility and partial sums.

This chapter together with Chapter 1 covers Unit 3 Topic 2: Mathematical induction and trigonometric proofs.
For the proof by induction of de Moivre’s theorem and associated exercises see Chapter 3.
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4A Revision of proof techniques 137

m Revision of proof techniques

To revise the concept of divisibility for integers.
To revise basic concepts of proof including:
conditional statements
equivalent statements
proof by contradiction

counterexamples.

We start by revising the fundamental ideas of proof introduced in Specialist Mathematics
Units 1 & 2. In this section we will not use mathematical induction.

Divisibility of integers

m The set of natural numbersis N = {1,2,3,4,...}.
m The set of integersisZ=1{...,-2,-1,0,1,2,...}.

Let a and b be integers. Then we say that a is divisible by b if there exists an integer k
such that a = bk. In this case, we also say that b is a divisor of a.

For example, the integer 12 is divisible by 3, since 12 = 3 x 4.

Let n € N. Prove that n® — n is divisible by 3.

Solution

Note that n® —n = n(n — D(n + 1).

When the natural number # is divided by 3, the remainder must be 0, 1 or 2.
Therefore n can be written in the form 3k, 3k + 1 or 3k + 2, for some integer k.
Case 1: n = 3k. Then n® —n = n(n - D(n+ 1)

3k(Bk— 1Bk + 1)

Case?2: n=3k+1. Thenn’—n

nn—1n+1)
Bk + DH(Bk)Bk +2)
=3k(Bk + 1)(Bk +2)

Case3: n=3k+2. Thenrn’—n=n(n-Dn+1)
3k + 2)(3k + 1)(3k + 3)
=3(k + )3k + )3k +2)

In all three cases, we see that n® — n is divisible by 3.
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138 Chapter 4: Mathematical induction

Partial sums of sequences

In Mathematical Methods Units 1 & 2, you have used the formula for the sum of the
first n terms of an arithmetic sequence
n

a+(@+d) +@+2d)+-+(a+@n-1d) = 2(2a+(n—1)d)

and the formula for the sum of the first n terms of a geometric sequence

a(r -1 .
a+ar+ar2+-~-+ar"_1=—( 1) fr+1)
r —
In Section 4B, we use mathematical induction to establish these and other similar results.

The next example illustrates an alternative technique called ‘telescopic cancelling’. This
technique can be used to find the partial sums of some sequences.

Prove that
1 1 1 n

+ +ot =
1x2 2x%x3 nn+1) n+1

for all n € N.

Solution
We observe that
1 1 1
kk+1) k k+1
We use this result to expand each term of the series:
1 N 1 . 1 - 1 N 1
1x2 2x3 3x4 mn-—Dn nn+1)

~(i-3)+G-3)+G-a)+ -2 G )

1
b 11i
P (by cancelling)

LHS =

n
n+1

= RHS

Proof by contradiction

The basic outline of a proof by contradiction is:

1 Assume that the statement we want to prove is false.

2 Show that this assumption leads to mathematical nonsense.

3 Conclude that we were wrong to assume that the statement is false.

4 Conclude that the statement must be true.
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4A Revision of proof techniques 139

Suppose x satisfies 5* = 2. Use proof by contradiction to show that x is irrational.

Solution
Suppose that x is rational. Since x must be positive, we can write x = — where m,n € N.
n
Therefore
m
5=2 = Sn =2
myn . .
= (5 n ) = 2° (raise both sides to the power n)
= sm=2"

The left-hand side of this equation is odd and the right-hand side is even. This gives a
contradiction, and so x is not rational.

Implication and equivalence
Conditional statements

Consider the following sentence about a quadrilateral ABCD:

‘ Statement ‘ If ABCDisasquare then  ABCD has equal diagonals.

This is called a conditional statement and has the form:

‘ Statement ‘ If Pistrue then Q is true.

This can be abbreviated as
P=0
which is read ‘P implies Q’. We call P the hypothesis and Q the conclusion.

To give a direct proof of a conditional statement P = Q, we assume that the hypothesis P
is true, and then show that the conclusion Q follows.

The converse of a conditional statement

When we switch the hypothesis and the conclusion of a conditional statement, P = Q,
we obtain the converse statement, Q = P.

The converse of a true statement may not be true. For example:

Statement  If ABCD is a square, then ABCD has equal diagonals. (true)
Converse If ABCD has equal diagonals, then ABCD is a square.  (false)

In this case, we know that the converse statement is false, since any rectangle has diagonals
of equal length.
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140 chapter 4: Mathematical induction

Equivalent statements

Now consider the following two statements about a quadrilateral ABCD:
P: ABCD is arectangle
Q:  ABCD has equal diagonals that bisect each other

Both P = Q and its converse Q = P are true statements. In this case, we say that P and Q
are equivalent statements and we write P < Q.

We can also say that P is true if and only if Q is true. So in the above example, we can say
that a quadrilateral is a rectangle if and only if it has equal diagonals that bisect each other.

To prove that two statements P and Q are equivalent, you have to prove two things:

P=>Q and O=P

Let n € Z. Prove that n is divisible by 3 if and only if #? is divisible by 3.

Solution

(=) Assume that 7 is divisible by 3. We want to show that n? is divisible by 3.
Since n is divisible by 3, there exists an integer k such that n = 3k. Therefore
n? = (3k)*> = 3(3k?). Hence n? is divisible by 3.

(&) Assume that n? is divisible by 3. We want to show that n is divisible by 3.
When the integer # is divided by 3, the remainder must be 0, 1 or 2.
Therefore n can be written in the form 3k, 3k + 1 or 3k + 2, for some integer k.

Case 1: n = 3k. This is the case where n is divisible by 3.

Case 2: n=3k+ 1. Thenn* = 9k% + 6k + 1, which leaves remainder 1
when divided by 3. This contradicts our assumption
that n? is divisible by 3. So this case cannot occur.

Case 3: n=3k+2. Thenn? = 9k% + 12k + 4, which leaves remainder 1
when divided by 3. This contradicts our assumption
that n? is divisible by 3. So this case cannot occur.

Hence n must be divisible by 3.

Quantification and counterexamples

A universal statement claims that a property holds for all members of a given set. Such a
statement can be written using the quantifier ‘for all’. For example:

‘ Statement ‘ For all real numbers x, the number x> — x is positive.

To disprove a universal statement, we simply need to give one example where it does not
hold. Such an example is called a counterexample.
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Example 1

Example 2
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Disprove the statement: For all real numbers x, the number x> — x is positive.

Solution

When x = 0, we obtain x2

— x = 0, which is not positive.

The negation of a universal statement is an existence statement; it claims that a property
holds for some member of a given set. Such a statement can be written using the quantifier
‘there exists’.

Negation There exists a real number x such that x> — x is not positive.

When we disprove a universal statement, we are finding an example to show that its negation
is true.

Notation

The words ‘for all’ can be abbreviated using the turned A symbol, V. The words ‘there exists’
can be abbreviated using the turned E symbol, 3. For example:

m ‘For all natural numbers n, we have 2n > n + 1’ can be written as (Vvn € N) 2n > n + 1.
m ‘There exists an integer m such that m? = 25° can be written as (3m € Z) m*> = 25.

Despite the ability of these new symbols to make certain sentences more concise, we do not
believe that they make written sentences clearer. Therefore we have avoided using them in
this chapter.

1 Letn € N. Prove that n? — n is even.
Hint: Consider the cases when #n is odd and # is even.

2 Assume that m is divisible by 5 and 7 is divisible by 11. Prove that:
a mn is divisible by 55 b m?n is divisible by 275.

Assume that m and n are perfect cubes. Show that mn is a perfect cube.
Let m and 7 be integers. Prove that (2m + n)*> — (2m — n)? is divisible by 8.

Suppose that 7 is an odd integer. Prove that n> + 8n + 3 is even.

o ua & W

Let n € Z. Prove that 3n% + 7n + 11 is odd.
Hint: Consider the cases when n is odd and 7 is even.

7 a By simplifying the right-hand side, show that

1 3 1( 1 1 )
Qk-1DQRk+1) 2\2k-1 2k+1
b Use part a to prove that

1 1 1
4+ — 4+

n
_ foralln € N
1x3 3x5 T @n-D@n+D 2mt1 OrHnE
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8

Example 3 10

Example 4 11

12

13

Example 5 14

4A

a Show that
k(k+1) = %(k(k + Dk +2) — (k= Dk(k + 1))

b Use part a to prove that
nn+1)(n+2)

1-2+2-3+---4+nn+1)= 3

forallm e N

a Show that
QRk-1R2k+1) = é((Zk - D@k + D2k +3)— 2k —3)2k — D)2k + 1))

b Use part a to prove that

4n? — 12
134354 4+Qn-D2n+1) =" )(6”+3)+3 forall n € N

Use proof by contradiction to show that log, 7 is irrational.
Let n € Z. Prove that n is divisible by 5 if and only if n* is divisible by 5.
Let n be a positive integer. Prove that if #° is divisible by 3, then # is divisible by 3.

Prove by contradiction that V3 is irrational.
Hint: Use the result from Question 12.

Provide a counterexample to show that n> + n + 1 is not always a prime number, where
n is a positive integer.

15 Letm,n € Z. Consider the statement: If m is even and » is odd, then mn is even.
a Write down the converse of this statement.
b Show that the converse is not true.

16 Prove that, for any two positive integers that are not divisible by 3, the difference
between their squares is divisible by 3.

17 Show that the sum of three consecutive positive integers is a divisor of the sum of the
cubes of these three integers.

18 Letk € N. Prove that the product of k£ consecutive positive integers is divisible by k!.
Hint: Consider the binomial coefficient "**Cy.
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@ Mathematical induction

To understand the principle of mathematical induction.
To use mathematical induction to prove results involving:
divisibility

partial sums of sequences.

In Example 2 from the previous section, we considered the result
1 1 1 n
_ — 4 — =
1x2 2x%x3 nn+1) n+l

This result involves an infinite sequence of propositions, one for each natural number:

1 1
Py —— = —
M 1x2 1+1
1 1 2
PO 53 ax3 T 211
1 1 1
PQ3): 3

%2 "2x373%x4 7371

We proved that the proposition P(n) is true for every natural number #. In this section, we
give an alternative proof of this result using mathematical induction.

Principle of mathematical induction
Let P(n) be some proposition about the natural number 7.
We can prove that P(n) is true for every natural number 7 as follows:

a Show that P(1) is true.
b Show that, for every natural number &, if P(k) is true, then P(k + 1) is true.

The idea is simple: Condition a tells us that P(1) is true. But then condition b means that
P(2) will also be true. However, if P(2) is true, then condition b also guarantees that P(3) is
true, and so on. This process continues indefinitely, and so P(n) is true for all n € N.

P(l)istrue = PR)istrue = PQ)istrue =

Let’s see how mathematical induction is used in practice.
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144 chapter 4: Mathematical induction

Using induction for partial sums

Mathematical induction is useful for proving many results about partial sums.

Example 6

Prove using mathematical induction that
R TP NP I
1x2 2x%x3 nn+1) n+1

for all n € N.

Solution
For each natural number n, let P(n) be the proposition:

L S S
1x2 2x3 nn+1) n+1
Step1 P(1) is the proposition ; = L, that is, l = 1 Therefore P(1) is true.
I1x2 1+1 2 2
Step 2 Let k be any natural number, and assume P(k) is true. That is,
T I S
I1x2 2x3 k(k+1) k+1
Step 3 We now have to prove that P(k + 1) is true, that is,
1 1 1 1 _k+1

—_—t 4+ + =
1x2 2x3 kk+1) Gk+Dk+2) k+2
Notice that we have written the last and the second-last term in the summation.
This is so we can easily see how to use our assumption that P(k) is true.

We have
1 1 1

1
LHS of Plh+ 1) = —— + 1 4.
ofPk+ D=t 3t ke D) T kr Dk 2)

Kk . 1
k+1  (k+ D(k+2)
K +2k+1
C(k+ Dk +2)

o (k+1)?

~(k+ D(k+2)
_k+1

T k+2

=RHS of P(k + 1)

(using P(k))

We have proved that if P(k) is true, then P(k + 1) is true, for every natural
number k.

It follows by the principle of mathematical induction that P(rn) is true for every natural
number 7.
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In the next example, we use induction to establish the formula for the sum of the first n odd
numbers.

Example 7

Prove that 1 +3+5+---+(2n—1) =n*forall n € N.

Solution
For each natural number n, let P(n) be the proposition:

14345+ +@Qn-1)=n"
Step 1 P(1) is the proposition 1 = 12, that is, 1 = 1. Therefore P(1) is true.
Step 2 Let k be any natural number, and assume P(k) is true. That is,
14345+ +2k—-1)=k?
Step 3 We now have to prove that P(k + 1) is true, that is,
1+3+5+---+ k- 1)+(2k+1):(k+1)2

We have
LHSof Pk + )= 1+3+5+ -+ k- 1)+ 2k + 1)
=k +@Qk+1) (using P(k))
= (k+ 1)*

= RHS of P(k + 1)

We have proved that if P(k) is true, then P(k + 1) is true, for every natural
number k.

By the principle of mathematical induction, it follows that P(rn) is true for all n € N.

While mathematical induction is good for proving that formulas are true,
it rarely indicates why they should be true in the first place. The formula
1+3+5+---+(2n~1) = n* can be discovered in the diagram shown on
the right.

Using induction for divisibility results

We now use mathematical induction to prove results about divisibility. You should compare
the next example with Example 1 from the previous section.

Example 8

Use mathematical induction to prove that n® — n is divisible by 3 for all n € N.

Solution

3

For each natural number 7, let P(n) be the proposition: n° — n is divisible by 3.

Step 1 P(1) is the proposition 13 — 1 = 0 is divisible by 3. Clearly, P(1) is true.
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Step 2 Let k be any natural number, and assume P(k) is true. That is,
K —k=3m
for some m € Z.

Step 3 We now have to prove that P(k + 1) is true, that is, we have to prove that the
number (k + 1)* — (k + 1) is divisible by 3. We have

k+1° -G+ =k +32+3k+1-k-1
= k> —k+3k*+ 3k
= 3m + 3k> + 3k (using P(k))
=3(m+ k> + k)
Therefore (k + 1)* — (k + 1) is divisible by 3.

We have proved that if P(k) is true, then P(k + 1) is true, for every natural
number k.

Therefore P(n) is true for all n € N, by the principle of mathematical induction.

Example 9

Prove by induction that 7" — 4 is divisible by 3 for all n € N.
Solution
For each natural number 7, let P(n) be the proposition:

7" — 4 is divisible by 3
Step 1 P(1) is the proposition 7' — 4 = 3 is divisible by 3. So P(1) is true.
Step 2 Let k be any natural number, and assume P(k) is true. That is,

7F—4 =3m
for some m € Z.

Step 3 We now have to prove that P(k + 1) is true, that is, 7¥*! — 4 is divisible by 3.
We have

T —4=7x7" -4
=7C8m+4)-4 (using P(k))
=2lm+28-4
=21m+ 24
=3(7Tm+8)
Therefore 7¥*! — 4 is divisible by 3.

We have proved that if P(k) is true, then P(k + 1) is true, for every natural
number k.

Therefore P(n) is true for all n € N, by the principle of mathematical induction.
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4B Mathematical induction 147

Summation notation

Suppose that m and n are integers with m < n. Then

n
Zai =dy+ Qi + Qi + -+ Ay
i=m
This notation, which is called summation notation or sigma notation, is very convenient for
concisely representing sums. The notation uses the symbol X, which is the uppercase Greek

letter sigma.
n
The notation Z a; isread: ‘the sum of the numbers a; from i equals m to i equals n’.
i=m

n
The expression a,, + ap+1 + a2 + - -+ + a, is called the expanded form of Z a;.

Example 10

5

Write Z 2" in expanded form and evaluate.
i=1

Solution

20 =21 422423 424423

-

i=1
=2+4+8+16+32
=62

You may prefer to use this notation in induction proofs involving partial sums. The next
example uses this notation to give the sum of the cubes of the first n» odd numbers.

Prove using the principle of mathematical induction that
Z Qr-1y° =n22n* - 1)
r=1

Solution
For each natural number n, let P(n) be the proposition:

Z Qr—1) = 2% - 1)
r=1

Step 1  First consider P(1):

1
LHS 0fP(1)zZ(2r—l)3 =2-1-1)P¥=1

r=1
RHS of P(1) = 1°(2- 1> = 1) = 1

Therefore P(1) is true.
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148 chapter 4: Mathematical induction

Step 2 Let k be any natural number, and assume P(k) is true. That is,

k
Z Qr—1y = 2QK* - 1)
r=1

Step 3 We now have to prove that P(k + 1) is true, that is,

k+1
Z Qr—17% = (k+ D*Qk+ 12 - 1)
r=1
We have
k+1
LHS of P(k + 1) = Z @r-1)°
r=1

k
=Y @r-1*+@k+ -1y
r=1

= kK =D+ Qk+ 1)
=2 + 8K + 11K + 6k + 1

RHS of P(k + 1) = (k + 1)*(2(k + 1)* = 1)
=20k + 1)* — (k + 1)
= 2k* + 8k + 11k* + 6k + 1

4B

(using P(k))

Therefore P(k + 1) is true. Hence we have shown that P(k) implies P(k + 1), for

each k € N.

By the principle of mathematical induction, it follows that P(n) is true for all n € N.

Exercise 4B

example6 1 Use the principle of mathematical induction to prove that
LI S ! __=
1x3 3x5 2n-12n+1) 2n+1
foralln € N.

2 Prove each of the following using mathematical induction:

nn+1)
Example 7 al+2+3+---+n= 3
nn+ 1HQ2n+1
b 17+2°+3%+---+n’= nnt D@n+ 1)
6
2 2
n“(n+1)
c P+22+3 4+ 4t ———
4
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Prove each of the following using mathematical induction:
1= xn+1
al+x+x24+--+x"= l—,wherex;t 1

nn+1)(n+2)
3

L SR 1 _n
Ix5 5x9 (4n-3)4n+1) 4n+1

b1-2+2-3+---+nn+1)=

(4

Prove by mathematical induction that n*> — n is even for all n € N.

Prove by mathematical induction that n(n + 1)(n + 2) is divisible by 3 for all n € N.

Prove by mathematical induction that n° — n is divisible by 5 for all n € N.

a Expand (2k — 1) and (2k + 1)°.

b Prove by induction that n° — n is divisible by 240 for each odd positive integer 7.

Prove each of the following divisibility statements by mathematical induction:

a 11" —1is divisible by 10 for alln € N

b 32"+ 7 is divisible by 8 for all n € N

¢ 7" —3"is divisible by 4 foralln € N

d 5"+ 6x7"+ 1isdivisible by 4 foralln € N

Prove by induction that 3" is odd for every n € N.

The Fibonacci sequence is defined by f1 = 1, o = 1 and f,4+1 = f
Determine f, forn =1,2,...,10.

Prove that fi + L+ -+ f, = furo — 1.

Evaluate fi + f3+ -+ + fo,-1 forn =1,2,3,4.

Try to determine a general formula for the expression from part

- 0 2 0 T 9

Prove that 4" + 5" is divisible by 9 for every odd natural number 7.

Prove each of the following statements by induction:
a (2n+ 1) — 1is divisible by 8 forn = 1,2,3,...

b 8" —(-6)"is divisible by 7 forn =1,2,3,...

c 5% — 13" is divisible by 6 forn=1,2,3,...
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Confirm that your formula works using mathematical induction.

Using induction, prove that every third Fibonacci number, f5,, is even.
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13 Use mathematical induction to prove the following results: E

a a+(a+d)+(a+2d)+-~+(a+(n—l)d):g(2a+(n—l)d)

-1
b a+ar+ar*+--+ar’ ! = a(r—l),whereri 1
r—
14 a Prove by induction that 3" — (-2)" is divisible by 5 for all n € N. E

b Prove by induction that 4" — (—3)" is divisible by 7 for all n € N.
¢ State a similar divisibility result for an odd number of your choice. Prove your result
by induction.

d
15 Use the product rule and proof by induction to show that d—(x”) = nx""! for each E
X
positive integer n.
16 Prove each of the following using mathematical induction: E

1
a 1-3+2-4+3-5+---+n(n+2)=6n(n+1)(2n+7)
b 1:-4+42-7+3-10+---+nBn+1)=nn+1)>

Example 10 17 Write each of the following in expanded form and evaluate:
5

a Zﬁ b 25:18 c Z(—l)fz’ d éiz

4
1 i=1 i=1
6
1

k=1

4 1 & 6
e Zi f Z(k—l)z g §Z(i—z)z h Ziz

k=1

i=
i= i=1 i=1

18 Write each of the following in expanded form:

a i i b i Fed c i @r) -3 d Z (r—r)
i=1 i=0 i=0 '

i=0
Example11. 19 Prove each of the following using mathematical induction: E
. n(n +1)(2n + 13)
a +4) =
Z] r(r+4) .

b Z(2r+l)-2r_1:1+(2n—1)-2"

r=1

20 Prove that 3%+ + 9 x 2"*3 ig divisible by 25, for each natural number n.
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pter summary

m Basic concepts of proof

A conditional statement has the form: If P is true, then Q is true.
This can be abbreviated as P = Q, which is read ‘P implies Q’.

To give a direct proof of a conditional statement P = (, we assume that P is true and
show that Q follows.

The converse of P = Qis Q = P.

Statements P and Q are equivalent if P = Q and Q = P. We write P & Q.

A proof by contradiction begins by assuming the negation of what is to be proved.
A universal statement claims that a property holds for all members of a given set.
Such a statement can be written using the quantifier ‘for all’. The symbol for this is V.
An existence statement claims that a property holds for some member of a given set.
Such a statement can be written using the quantifier ‘there exists’. The symbol for this
is 3.

A counterexample can be used to demonstrate that a universal statement is false.

m Proof by mathematical induction
Mathematical induction is used to prove that a statement is true for all natural numbers.
The basic outline of a proof by mathematical induction is:

1
2
3
4

Define the proposition P(n) for n € N.
Show that P(1) is true.

Assume that P(k) is true for some k € N.
Show that P(k + 1) is true.

Conclude that P(n) is true for all n € N.

Skills checklist

- Down

load this checklist from the Interactive Textbook, then print it and fill it out to check

c;,:ck- your skills. 7

list

I can directly prove simple mathematical statements.

See Example 1, Question 1, Question 2, Question 3 and Question 4

I can determine partial sums using a telescoping series.

See Example 2, Question 7, Question 8 and Question 9

I can give proofs by contradiction.

See Example 3 and Question 10

I can show that two mathematical statements are equivalent.
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152 chapter 4: Mathematical induction

See Example 4 and Question 11

m 5 Ican use counterexamples to disprove mathematical statements. ]

See Example 5 and Question 14

m 6 Ican use mathematical induction to prove results related to sums. ]

See Example 6, Example 7, Question 1 and Question 2

m 7 1can use mathematical induction to prove divisibility results. (]

See Example 8, Example 9, Question 4 and Question 8

Short-response questions

1 Using mathematical induction, prove each of the following for n € N:
n(3n—1)

al+4+7+---+0GBn-2)= >

b 21422442 =0l )

3t -1
3714324437 =
¢ 2% 3
1 2 3 n n+2
d =+ =+—=++—=2-
2t 22 23 2n 2n

2 Using mathematical induction, prove each of the following for n € N:

a Z;(rz 1= %n(n —H(2n +5)

< 1 n
b =
;4#—1 2n+1

c ZrZr =2+ (n-1)2""

r=1

"Zn: 1 (n-DBn+2)

Lir2—1 " dnn+1)

3 Prove each of the following divisibility results for every natural number 7:

a 5"+ 3is divisible by 4 b 3%+ 7 is divisible by 8

¢ 4" + 6n — 1 is divisible by 3 d 77! 4+ 5 is divisible by 12

e 10" + 18n — 1 is divisible by 27 f 5" —4n —1is divisible by 16
g 10" + 7" — 5 is divisible by 6 h (2n+ 1)7" — 1 is divisible by 4

4  Prove by induction that n*> + 5n + 6 is even for all n € N.
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5 Prove by induction that the sum of the cubes of any three consecutive positive integers
is always divisible by 9.

6 a Prove that n? + n + 2 is divisible by 2 for all n € N.
b Hence, prove by induction that n* + 5n is divisible by 6 for all n € N.

7 a Use a trigonometric identity to show that
2 sin(A) cos(kA) = sin((k + 1)A) — sin((k — 1)A)
b Use part a and ‘telescopic cancelling’ to prove that
2 sin(A) (cos(A) + cos(3A) + - - - + cos((2n — 1)A)) = sin(2nA)
for all n € N.

¢ Use mathematical induction to give an alternative proof of the result from part b.

8 a Use a trigonometric identity to show that
2 sin(A) sin(kA) = cos((k — 1)A) — cos((k + 1)A)
b Use part a and ‘telescopic cancelling’ to prove that
sin(A) + sin(34) + sin(54) + - - - + sin((2n — 1)A) = sin’*(nA) cosec(A)
for all n € N.

¢ Use mathematical induction to give an alternative proof of the result from part b.

9 a Show that
2 sin(A) cos(2kA) = sin((2k + 1)A) — sin((2k — 1)A)
b Use part a and ‘telescopic cancelling’ to prove that

sin(nA) cos((n + 1)A)

C08(2A) + cos(4A) + - - - + cos(2nA) = sin(A)

forall n € N.

¢ Prove this result by induction.

10 Prove using mathematical induction that

Z Sin(2rA) = cos(A) —chci)rslé(j)n + DA)

r=1

for every natural number n.
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154 chapter 4: Mathematical induction

Multiple-choice questions

1 Mathematical induction can be used to prove that
2n+1 > n2
for all n € N. To prove the base case, we note that
A20>12 B 12>2? c22>2? D 22>12
2 Let P(n) be the statement that

Z(2j— )=n’neN.
j=1

What is the statement P(1)?
A (=1 =1 B 0=02
ci1=1 D 1+3=22

3 Mathematical induction can be used to prove that 7" — 3" is divisible by 4 for all n € N.
To prove the inductive step, we would have to show that

A T 31 = 4 for some m € N B 7% -3 = 4m for some m € N

c 7k+1—3"+1=%forsomemeN D 7k—3":%forsomemeN
4  Mathematical induction can be used to prove that

Z": 1 _n
G+ n+1

i=1

To prove the inductive step, we would have to show that

1 k 1 k

A YK = B Ykl -
Lizi iGi+1)  k+1 Zisi iGi+1)  k+1
. 1 k+1 —— 1 k+1

=i+ 1) k+2 =i+ 1) k+2

5 Mathematical induction can be used to prove that 72" + 161 — 1 is divisible by some
integer d for all n € N. The value of d could be

A 64 B 75 C 49 D 12

6 Mathematical induction can be used to prove that 16 X 4" — 3n — 7 is divisible by some
integer d for all n € N. The value of d could be

A2 B 6 co D 12

7 Mathematical induction can be used to prove that 22 + 32*1 js divisible by 7 for all
n € N. Before proving the inductive step, we first assume that

A 2K+3 4 3243 — 7 for some m € Z B 2Kk+2 4 32+l — 74 for some m € Z
m m
C 2k2 4 32+l = — for some m € Z D 2k3 4 3243 — —_ forsomem € Z
7 7
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Vectors in two and three
dimensions

Chapter contents

5A Introduction to vectors

5B Resolution of a vector into rectangular components
5C Polar form of a vector

5D Scalar product of vectors

5E Vector projections

5F Collinearity

5G Applications of vectors

VVvyVvyVvVvVvyVvYvYyy

5H Geometric proofs

In scientific experiments, some of the things that are measured are completely determined by
their magnitude. Mass, length and time are determined by a number and an appropriate unit
of measurement.

length 30 cm is the length of the page of a particular book

time 10 s is the time for one athlete to run 100 m

More is required to describe displacement, velocity or force. The direction must be recorded
as well as the magnitude.

displacement 30 km in the direction north
velocity 60 km/h in the direction south-east

A quantity that has both a magnitude and a direction is called a vector.

Chapter 5 together with Chapter 6 covers Unit 3 Topic 3: Vectors in two and three dimensions.
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156 Chapter 5: Vectors in two and three dimensions

m Introduction to vectors

Learning intentions
» To be able to represent vectors and work with operations on vectors.

A quantity that has a direction as well as a magnitude can be represented by an arrow:

m the arrow points in the direction of the action

m the length of the arrow gives the magnitude of the quantity in terms of a suitably
chosen unit.

Arrows with the same length and direction are regarded as equivalent. These arrows are

directed line segments and the sets of equivalent segments are called vectors.

Directed line segments

The five directed line segments shown all have the same length ¥

and direction, and so they are equivalent. B D

A directed line segment from a point A to a point B is denoted 4 /
_)

by AB. P

For simplicity of language, this is also called vector AB. That is, >
the set of equivalent segments can be named through one member F/f H
of the set. E

Note: The five directed line segments in the diagram all name the
—_ s > = =
same vector: AB=CD = OP = EF = GH.
Column vectors y

An alternative way to represent a vector is as a column of
numbers. The column of numbers corresponds to a set of
equivalent directed line segments.

3
For example, the column [2] corresponds to the directed 4 3 units

line segments which go 3 across to the right and 2 up. 19)

Vector notation
A vector is often denoted by a single bold lowercase letter. The vector from A to B can be

— . . 4
denoted by AB or by a single letter, such as v. We can write v = AB.

When a vector is handwritten, the notation is y.

Magnitude of vectors

The magnitude of vector zﬁ is denoted by |ﬁ|. Likewise, the magnitude of vector v is
denoted by |v|. The magnitude of a vector is represented by the length of a directed line
segment corresponding to the vector.

For AB in the diagram above, we have I/ﬁl = V32 + 22 = V13 using Pythagoras’ theorem.

X

], then its magnitude is given by
y

In general, if AB s represented by the column vector [

|A_B>| = /x2 +y?
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5A Introduction to vectors 157

Addition of vectors
Adding vectors geometrically

Two vectors u and v can be added geometrically by drawing
a line segment representing u from A to B and then a line
segment representing v from B to C.

The sum u + v is the vector from A to C. That is,

H
u+v=AC

The same result is achieved if the order is reversed. This is
represented in the diagram on the right:

—
u+v=AC
=v+u

Hence addition of vectors is commutative.

Adding column vectors

Two vectors can be added using column-vector notation.

For example, if u = [ﬂ andv = [_;], then
u+v= 4 + L
1 3| |4

Scalar multiplication

Multiplication by a real number (scalar) changes the length of
the vector. For example:

m 2u is twice the length of u
m luis half the length of u 2u

Wehave2uzu+uand%u+%u=u.

u
In general, for k € R*, the vector ku has the same direction as u, /g u
but its length is multiplied by a factor of k.

When a vector is multiplied by -2, the vector’s direction is
reversed and the length is doubled.

When a vector is multiplied by —1, the vector’s direction is

reversed and the length remains the same. —2u
3 -3 6 -6
Ifu=1|_|, then —u = ,2u = and —2u = . "
2 -2 4 -4
— — = . . —
Ifu = AB, then —u = —AB = BA. The directed line segment —AB goes from B to A.
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158 Chapter 5: Vectors in two and three dimensions

Zero vector

The zero vector is denoted by 0 and represents a line segment of zero length. The zero vector
has no direction. The magnitude of the zero vector is 0. Note that Oa = 0 and a + (—a) = 0.

In two dimensions, the zero vector can be written as 0 = IO}

Subtraction of vectors

To determine u — v, we add —v / <
to u. v _
u—v u

. . . 3 .
Draw a directed line segment representing the vector [ 2] and state the magnitude of
this vector.

Y

Solution Explanation

3
The vector [ 2] is ‘3 across to the right and 2 down’.

14 Note: Here the segment starts at (1, 1) and goes to (4, —1).
] It can start at any point.

o
—

The magnitude is

The vector u is defined by the directed line segment from (2, 6) to (3, 1).

Ifu = [Z] determine a and b.

Solution
From the diagram:

FRESH
<=[2d+Ls

Hencea =1 and b = -5.
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Polygons of vectors
— —
m For two vectors AB and BC, we have m For a polygon ABCDEF, we have

—_ = — —_ > = = = =
AB+ BC = AC AB+BC+CD+DE+EF+FA=0

B > C B C
A D
A
F E

—_— = — . .
Illustrate the vector sum AB + BC + CD, where A, B, C and D are points in the plane.

Solution

C
—_ = = =
A D

Parallel vectors

Two parallel vectors have the same direction or opposite directions.

Two non-zero vectors u and v are parallel if there is some k£ € R \ {0} such that u = kv.

-2 -6
For example, if u = [ 3] andv = [ 9], then the vectors u and v are parallel as v = 3u.

Position vectors

We can use a point O, the origin, as a starting point for a vector to indicate the position of a
point A in space relative to O.

—
For a point A, the position vector is OA. y

The two-dimensional vector

"

. . . . ar (ay, a2)
is associated with the point (a;, a;). The vector a can be a
represented by the directed line segment from the origin to
. > X
the point (ay, a;). o ai
Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



160 cChapter 5: Vectors in two and three dimensions

Properties of the basic operations on vectors

The following properties can be established from our definitions of the basic operations on

vectors. (In fact, these properties are used to generalise the concept of a vector, but this is

beyond the scope of the course.)

commutative law for vector addition a+b=b+a

associative law for vector addition (@a+b)y+c=a+b+c)

zero vector a+0=a

additive inverse a+(-a)=0

distributive laws m(a + b) = ma + mb formeR
¢ +m)a ={ta+ ma for{,meR

compatibility of multiplication (tm)a = {(ma) for {,m e R

identity of scalar multiplication la=a

Thus, many of the ordinary rules of algebra apply to vectors.

Simplify the following vector expression:

2(a—b +3c) + %(b —4c)
Solution

3 3
2(a—b+3c)+5(b—4c):2a—2b+6c+§b—6c

1
— T — 03
4=3

Vectors in three dimensions

The definition of a vector is, of course, also valid in three dimensions. The properties which

hold in two dimensions also hold in three dimensions.

For vectors in three dimensions, we use a third axis, denoted by z. The third axis is at right
angles to the other two axes. The x-axis is drawn at an angle to indicate a direction out of

the page towards you.

Vectors in three dimensions can also be written using
column-vector notation:

aj

The vector a can be represented by the directed line segment
from the origin to the point A(ay, az, as).
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1 3 2
Leta=| 2|,b=| 0|and ¢ =|1]|. Determine:
-1 -2 1
aa+b b a-2b ca+b+c d |a
Solution
1] 3] 4 1 3] [-5
aa+b=| 2|+| 0]=| 2 ba-2b=| 2(-2| 0|=| 2
-1 |-2] -3 -1 -2 3
[ 1 3] [2 6
ca+b+c=| 2|+| o|+|1|=| 3| dla=+12+22+(-12=V6
-1 |2 1 -2
Example 6 G D
OABCDEFG is a cuboid as shown. |
— — — F | E
Leta=0A, g =0G and ¢ = OC. L y
Determine the following vectors in terms of a, g ///O
and c: C/ B
— —> — —> —_—
aOB bOF ¢GD dGB e FA
Solution
—_— = — —_ = =
a OB=0OA +AB b OF =0C +CF
— = — =
=a+c (asAB = 0C) =c+g (as CF = 0G)
_— —_ = = —
c GD=0A d GB=GO + OA + AB
=a =—gt+a+c¢

e e T S
e FA=FG+GO+O0OA

=-c—-g+a
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Example 7 0

OABC is a tetrahedron,
M is the midpoint of AC,
N is the midpoint of OC,
P is the midpoint of OB. P
— — — N
Leta = 0OA,b =0OBand c = OC.
Determine in terms of a, b and c: B
— — — — —
aAC b OM ¢ CN d MN e MP
A M C
Solution
—_ s — —_— = — - =2
a AC=A0+0C b OM=0A+AM ¢ CN=3CO
=-a+c =a+%A—C>‘ = 3(=0)
— 1 =-1ic
=a+3(-a+c) 2
=3(a+c)
—_— — — —_— — —
d MN = MO + ON e MP=MO + OP
_ 1 1 _ 1 1
=—5(a+c)+5¢ =—5(a+c)+35b
=—la-ic+ic =1i(b-a-c)
_ 1
=] —Ea
(So MN is parallel to AO.)

Note: In this example, we found the position vector of the midpoint M by basic principles.
We can also use the following general formula.

Midpoint of a line segment
Let M be the midpoint of a line segment AB, where points A
and B have position vectors a = OA and b = OB. Then

—_ = =
AB=AO+OB=-a+b=b-a
The position vector of the midpoint M is
— = 3
OM = OA + ;AB
=a+ %(b -a)

= 3(a+b)

If M is the midpoint of line segment AB, then

— 1 - —
OM = 5(0A+OB)
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5A Introduction to vectors 163

Linear combinations of non-parallel vectors

If two non-zero vectors @ and b are not parallel, then

ma +nb = pa+qgb implies m=pandn=gq

Proof Assume that ma + nb = pa + gb. Then
ma — pa = gb — nb
(m—p)a=(q-nb

If m # p or n # g, we could therefore write

—n m—

a b or b= L
m—p q—n

But this is not possible, as @ and b are non-zero vectors that are not parallel.

Therefore m = p and n = gq.

Example 8

B
Points A and B have position vectors a and b respectively,
relative to an origin O.
The point D is such that OD = kOA and the point E is such that
AE = (AB. The line segments BD and OE intersect at X.
= == = =3 o D A
Assume that OX = sOF and XB = :DB.
=3 -3 .
a Express XB in terms of a, b and k. b Express OX in terms of @, b and €.
¢ Express XB in terms of a,band . d Determine k and ¢.
Solution
— 44— — 2— - = =
aXBngB bOX:EOE ¢ XB=X0+O0B
—_— =
= g(—OD + OB) = —(0OA + AE) 5 0p
=——{0-80a-—b+b
4 — — 2 — @ — 5 5
= g(—kOA + OB) = §(0A + ¢AB) ) o
) 5 =§(€—1)a+(1—?)b
= g(—ka +b) = g(a +€(b — a))
4k 4 2 2¢
= e, -b =—(1-¢ —b
5 a+ 5 5( )a + 5
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164 chapter 5: Vectors in two and three dimensions B5A

_) .
d As a and b are non-zero vectors that are not parallel, the vector XB has a unique
representation in terms of @ and b. From parts a and ¢, we have

& 4 2 2
~Sa+ b= g(f—l)a+(1—?)b

5
Hence
4k 2 4 2¢
_—— = = = 1 1 - = 1 - 2
5 5(5 ) (1)  and 5 5()
From equation (2), we have
20 1
5 5
1
==
2
Substitute in (1):
dk 2(1 1)
5 5\2
1
k=-
4

and state the magnitude of E

. . . -2
Example1 1 Draw a directed line segment representing the vector [ |
this vector.

Example2 2 The vector u is defined by the directed line segment from (-2, 4) to (1, 6).

Ifu = [Z] determine a and b.

Example3. 3 Draw distinct points O, A, B, C, D and E and illustrate
—_ o s = —
the vector sum OA + AB+ BC + CD + DE

. — —
4 In the diagram, OA = a and OB = b. E
a Determine in terms of a and b:
L= = e = D
i oC ii OF iii OD (S
— —
iv DC v DE A
b If |al = 1 and |b| = 2, determine: .

— — —
i |0C| ii |OE| iii |0OD]

5 If the vector a has magnitude 3, determine the magnitude of:

3 1
a 2a b -a c ——a
2 2
Example4 6 Simplify each of the following vector expressions:
5 1 1 1
a 3(a-b-2c)+ 5(3a+b - 6¢) b §(a+b—c)+§(b+c—a)+§(c+a—b)
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5A 5A Introduction to vectors 165

7 OAI — A/AII — AI/A/II — AI//A
OB/ — BIB// - B//Bl// - B//IB

—_— —_—> . .
If a = OA and b = OB, determine in terms of a and b:

— — — —

ai OA ii OB iii A’B iv AB
— —> —

b i 0oA” ii OB” iii A”B”

8 Determine in terms of a, b, ¢ and d:
— — —
a XW b VX c ZY Y

a b w
c
Z
d
7
9 The position vectors of two points A and B are a and b. y M B
The point M is the midpoint of AB. Determine:
— — —
a AB b AM c OM a b
0
10 ABCD is a trapezium with AB parallel to DC. D C

X and Y are the midpoints of AD and BC % / \ v

respectively. / \
_> .
a Express XY in terms of @ and b, where A

— —
a=ABand b = DC.
b Show that XY is parallel to AB.

11 ABCDEF is aregular hexagon with centre G. C D E
The position vectors of A, B and C, relative to an origin O,
are a, b and c respectively.

a Express &); in terms of a, b and c.
b Express C_l>) in terms of a, b and c.

2 -2 4
Example5 12 Leta=|1|,b=| 1]|andc = |0|. Determine: E

2 -1 0

aa+c b 2b+c ¢ —a+2b-2c

d 3c-4a e |a| f el
2 1 ) .

13 Leta = ) and b = . Determine the values of x and y for which:
a xa=u-1b b 2-x)a=3a+(7-3y)b
¢ (5+2x)(a+b)=yBa+2b)
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166 cChapter 5: Vectors in two and three dimensions 5A

. — —> —
Example6 14 For the cuboid shown, let @ = OA, ¢ = OC and g = OG. G D E

Example 7

Example 6

15

16

17

18

19

Let M be the midpoint of ED.
Determine each of the following in terms of a, ¢ and g: F E/M

— — — — —>
a EF b AB c EM d OM e AM

A B
OABCD is a right square pyramid.

— — — — 0
Leta=0A,b=0B,c=0Candd = OD. N
a i Determine ﬁ in terms of a and b.
ii Determine D_C>‘ in terms of ¢ and d. B
— = .
iii Use the fact that AB = DC to determine a "
relationship between a, b, ¢ and d. D A

b i Determine B—é in terms of b and c. M

ii Let M be the midpoint of DC and N the midpoint
—
of OB. Determine MN in terms of a, b and c.

Let a and b be non-zero vectors that are not parallel.

a Ifka + ¢b = 3a + (1 — £)b, determine the values of k and ¢.

Ak
b If2( - Da + (1 - g)b =~ @+ 3b, determine the values of £ and (.

Points P, Q and R have position vectors 2a — b, 3a + b and a + 4b respectively, relative
to an origin O, where a and b are non-zero, non-parallel vectors. The point S is on the
. L= — — —
line OP with OS = kOP and RS = mRQ.
a Express 0S in terms of:
i k,aand b il maand b

b Hence evaluate k and m.

The position vectors of points A and B, relative to an origin O, are a and b respectively,
—
where a and b are non-zero, non-parallel vectors. The point P is such that OP = 40B.

S . . . . —  8—
The midpoint of AB is the point Q. The point R is such that OR = §0Q.
a Determine in terms of a and b:
— — — —
i 00 ii OR ifi AR iv RP
b Show that R lies on AP and state the ratio AR : RP.

¢ Given that the point S is such that ES? = ?xOO)Q, determine the value of A such that PS
is parallel to BA.

—

Suppose that the point X lies between A and B on the line AB, with AX = kAB.

a Determine ﬁ—}; in terms of k. b Show that 0 < k < 1.

. AX AX .
¢ Determine — in terms of k. d Letm = —. Express k in terms of m.
XB XB
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5B Resolution of a vector into rectangular components 167

@ Resolution of a vector into rectangular components

Learning intentions
» To be able to work with vectors written in component form.

A unit vector is a vector of magnitude 1. For a non-zero vector a, the unit vector with the
same direction as a is denoted by a and given by

1

a=—a
|al

m The unit vector in the positive direction of the x-axis is .
m The unit vector in the positive direction of the y-axis is J.
m The unit vector in the positive direction of the z-axis is k.

. [t . |0
In two dimensions: i = [0] and j = 1].

In three dimensions: i = |0|, j =

[

0
and k = |0].
1

Ao - ol

Every vector in two or three dimensions can be expressed uniquely as a linear combination
of i, j and k:

r r 0 0
eg.  r=n[=0[+|r|+]|0 =rli+r2f+r3k
r3 0 0 r3

Two dimensions

For the point P(x, y):
—_— a ~
OP =xi +yj

|0_P)| = \/x% +y?

Three dimensions

z
For the point P(x,y, 2):
=3 2 2 2 T
OP = xi +yjJ +zk ‘ T
P
—
|OP] = \Jx2 +y2 + 72 z
Basic operations in component form [0) L»y
Leta:alf+a2]°+a3l}andb:blf+b2f+b3ic. x
» . N y
Then a+ b = (a; +b)i + (ax +by)j + (a3 + b3)k
2 & 7 x
a—>b=(a—b)i+(a—by)j +(az—b3)k
and ma = malf + ma, f + ma3l} for a scalar m
Equivalence Magnitude
Ifa=b,thena; =by,ay =byandaz =bs.  |a| = \Ja? + a5 + d?
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168 Chapter 5: Vectors in two and three dimensions

Example 9

a Using the vectors i and J, give the vectors:

— — — —
i OA ii OB iii OC iv OD

D, A
b Using the vectors i and j, give the vectors:
— —
i AB ii BC B
¢ Determine the magnitudes of the vectors: j
— — 5
i AB ii BC 0 i
°C

Solution
—_ a A — ~ ~ — A ~ —> ~
a i OA=2+3f i OB=4i+j iii 0C=i-2f v OD=-2i+3f
— = = —_ = =
b i AB=AO+ OB ii BC=BO+0C
:—2;—3J0+4i+‘]‘\ :—4i—j\+i\_2j\
=2 -2f =-31 -3
c i |AB| =22+ (22 i [BC| = (=32 + (-3
o _ Vi
=2V2 =3V2

Example 10

Leta=1+2f —k,b=3i—2kand ¢ = 2i + j + k. Determine:
aa+b b a-2b ca+b+c d |a

Solution
aa+b=30+2f -k +@Gi -2k
=4i +2f -3k
b a-2b=(@1+2f —k)-2@3i -2k)
=-5i+2j +3k
ca+b+c=0+2f -kb)+Gi-2k)+Qi+j +k)
=6i +3) -2k

d lal =12 +22+(-1)2=V6
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5B Resolution of a vector into rectangular components 169

A cuboid is labelled as shown. C G
— A & 2
OA =3i, OB=5j, OC =4k
a Determine in terms of i, f and k: E
i DB ii OD iii DF iv OF
b Determine IWTI.
¢ If M is the midpoint of FG, determine: A D
— —
i OM ii |OM|

Solution
—_ _— =
a i DB=A0 ii OD = 0B+ BD
- f =
= -0A =5 + OA
=31 =57 +3i
=3i+5]
_— = —_— = =
iti DF =0C iv OF = OD + DF
= 4k =31 +5] +4k
.)
b |OF| = V9+25+16
= V50
=5V2

L = = = = /9
c i OM=0D+DF+FM ii |OM| = Z+25+16

= 3i+5] +4k+ A(-GF 1

=30 +5) +4k+5(=GF) = 3 Vo + 100 + 64
5 & ~ 1 2

=3l+5_] +4k+5(—31) :%ﬁ

3, . .
= Si+5] +4k

Ifa=xi+3)f and b = 8 + 2yJ such that a + b = —2i + 45, determine the values of x
and y.

Solution
a+b=(x+8)i+Qy+3)j =-2i+4f
x+8=-2 and 2y+3=4

. 1
Le. x=-10 and y==
2
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170 chapter 5: Vectors in two and three dimensions

Let A =(2,-3), B=(1,4) and C = (-1, -3). The origin is O. Determine:

— — —

ai OA ii AB iii BC
ﬁ

b F such that OF = ;0.

¢ G such that AG = 3BC

|

=

|

Solution

— — — =
ai OA=2i-3j ii AB=AO+ OB

_— = =
iii BC =BO+0C

=-2i+3j+i+4j

=—i+7j

- 12 il g q s B
b OF =50A=5Q2i-3j)=i-3j
Hence F = (1,—%)

— —
¢ AG =3BC =3(-2i-7j) = -6i — 21j
Therefore
— = —
0G = OA + AG
=2i-3j—-6i-21j
=—4i - 24j
Hence G = (—4,-24)

= —i—4j-i-3j
=-2i-17j

Let A = (2,-4,5) and B = (5,1, 7). Determine M, the midpoint of AB.

Solution

— —
We have OA = 2i — 4j + Sk and OB = 5i + j + Tk.

—_ — =

Thus AB=AO + OB
=-2i+4j-5k+5i+j+7k
=3i+5j+2k

—

1
and so AM = §(3i+5j+2k)
—_— = —
Now OM = OA + AM
3 5
=2i-4j+5k+=-i+=-j+k
1—4) 2’ 2]
7 3
=—i—-j+6k
2 =3
7 3
H M= —,——,6)
ence (2 3
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5B Resolution of a vector into rectangular components 171

Angle made by a vector with an axis

The direction of a vector can be given by the z
angles which the vector makes with the Z, j A

and k directions.
as

If the vector a = a\i + a» f + ask makes angles
a, B and y with the positive directions of the
x-, y- and z-axes respectively, then

as
oSy = — o

’ a

a
T
|al |al
The derivation of these results is left as an
exercise.

2 1
Leta=|-1|land b =| 4]|.
0 -3
For each of these vectors, determine:

a its magnitude

b the angle the vector makes with the y-axis.

Solution

alal =22+ (-12=5
b = V12 +42 + (=32 = V26
b The angle that @ makes with the y-axis is
-1
(=)= nes
cos ~ 116.
V5
The angle that b makes with the y-axis is

4
—1(—) ~ 38.33°
COS .
V26
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172 chapter 5: Vectors in two and three dimensions

Example 16

A position vector in two dimensions has magnitude 5 and its direction, measured
anticlockwise from the x-axis, is 150°. Express this vector in terms of i and f.

Solution
Leta :a11°+a2f. y

The vector a makes an angle of 150° with the x-axis
and an angle of 60° with the y-axis.

Therefore d
60% 1500°

cos 150° = 4 and cos60° = ) 0] =
|a| |al

Since |a| = 3, this gives

-5vV3

a; = |lajcos 150° = —

. 5
a> = |al cos 60 =§

-5v3
2

f+5'A
2.]

Example 17

Let { be a unit vector in the east direction and let f be a unit vector in the north direction,

with units in kilometres.

a Show that the unit vector in the direction N60°W is —? i+ % J.

b If a car drives 3 km in the direction N60°W, determine the position vector of the car
with respect to its starting point.

¢ The car then drives 6.5 km due north. Determine:

i the position vector of the car

i the distance of the car from the starting point

iii the bearing of the car from the starting point.

Solution
a Let r denote the unit vector in the direction N60°W. y

Then r = —cos30° + cos60°f

V_ ~ 1 o ! 600
=——i+-J
2 2 30° -
Note: |r| =1 | 0
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5B 5B Resolution of a vector into rectangular components 173

b The position vector is

¢ Let r’ denote the new position vector.
i ¥ =3r+655

_ 33, 3. 13 6.5
- "l g 0

3v3, - 3r _
A EFIPY ~E

2
9x3 3V3

i [F|= -+ 64 ifi Since r’ = - [ +8), we have

274256 e < Y3
- 4 16

1 5 o _ —1(3\/5)~ °
— S0 =t — | = 18
= 5V283 an” | ¢

The bearing is 342°, correct to the

nearest degree.

Notation for vectors

The unit vectors #, / and k provide a neat way to represent vectors in three dimensions.
However, it is also common to use column or row vectors. For example, the position vector of
the point P(1, -3, 4) can be written as

— 4 s N — ! —
OP=i-3j+4k or OP=|-3| or OP=[1 -3 4]
4

You should be able to work with these notations.

Skill- i
ohobt Exercise 5B

Example 9 1 a Give each of the following vectors in
terms of { and J:
4 I 4 e T2 . —> B
i OA ii OB iii OC iv OD U
b Determine each of the following:
e 4 . T2 e T2
i AB ii CD iii DA A
¢ Determine the magnitude of each of the J
following: O i
— — —
i OA ii AB iii DA
q 2
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174 chapter 5: Vectors in two and three dimensions

Example 10

Example 11

Example 12

Example 13

Example 14

2

3

Leta =2i + 2f —k,b=—-i+ 2f + k and ¢ = 4k. Determine:
aa+b b 2a+c c a+2b-c d ¢—4a e |b|
OABCDEFG is a cuboid set on Cartesian axes z

. —_—> Py ~ 4 N
with OA = 5i, OC = 2j and OG = 3k. A

a Determine: G

5B

f el

_)
i BC iii i

—
iv OD v vi

ﬁ
vii EC viii ix

RS
28L&l
&

—
x BG xi
b Evaluate:
— — o
i (0D ii |OE| iii |GE| X
¢ Let M be the midpoint of CB. Determine:
—_— —_—> —_—
i CM ii OM iii DM

Xii

d Let N be the point on F'G such that ITV = 21@. Determine:
B — — — —
i FN ii GN iii ON iv NA v NM
e Evaluate:
—_— —_— —
i [INM| ii [DM| iii |AN|
Determine the values of x and y if:
aa=4-4, b=xi+3yj, a+b=7Ti-2f
b a=xi+3f, b=-21+5y], a-b=6i+]

>

ca=6i+yj, b=xi—-4], a+2b=3i—]

LetA =(-2,4), B=(1,6) and C = (-1, —6). Let O be the origin. Determine:

— — —
ai OA ii AB iii BC
—>

b F such that OF = 1
H
¢ G such that AG = 3BC

L 2

Let A= (1,-6,7)and B = (5,-1,9). Determine M, the midpoint of AB.

Points A, B, C and D have position vectors a = i+ 3f - ZIAc, b= 5f+f - 6lAc, c= Sf +3k

and d = 2i + 4 + k respectively.
a Determine:
— — — —
i AB ii BC iii CD iv DA
b Evaluate:
— —
i [AC| ii |BD|

¢ Determine the two parallel vectors in a.
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8 Points A and B are defined by the position vectorsa =1 + j —Skand b = 3i - 2] — k E
respectively. The point M is on the line segment AB such that AM : MB =4 : 1.

a Determine:
— — —_—
i AB ii AM iii OM
b Determine the coordinates of M.
9 A=(2,1),B=(1,-3),C=(-5,2), D =(3,5) and O is the origin.
a Determine:
— — — —
i OA ii AB iii BC iv BD
— —
b Show that AB and BD are parallel.
¢ What can be said about the points A, B and D?

10 LetA=(1,4,-4),B=(2,3,1),C=(0,-1,4)and D = (4,5,6).
a Determine:
— — — —
i OB ii AC iii BD iv CD
— —
b Show that OB and CD are parallel.
11 LetA=(1,4,-2),B=(3,3,0),C=(2,5,3)and D = (0,6, 1).
a Determine:
— — — —
i AB ii BC iii CD iv DA
b Describe the quadrilateral ABCD.
12 LetA=(5,1), B=(0,4)and C = (-1,0). Determine: E
— =
a Dsuchthat AB=CD

—_— —
b E suchthat AE = —-BC

—> —>
¢ G such that AB = 2GC

13 ABCD is a parallelogram, where A = (2,1), B=(-5,4),C = (1,7)and D = (x,y). E
a Determine:
— — .
i BC il AD (in terms of x and y)

b Hence determine the coordinates of D.

14 a LetA=(1,4,3)and B = (2,—1,5). Use a vector method to determine the
coordinates of M, the midpoint of the line segment AB.
b Use a similar method to determine M, the midpoint of XY, where X and Y have
coordinates (xy, y,21) and (x, y2, 22) respectively.

15 LetA =(5,4,1)and B = (3,1,—4). Determine M on line segment AB such that
AM = 4MB.

. — —_—
16 LetA = (4,-3)and B = (7,1). Determine N such that AN = 3BN.

17 Determine the point P on the line x — 6y = 11 such that ﬁ’) is parallel to the
vector 37+ f.
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176 cChapter 5: Vectors in two and three dimensions 5B

18 The points A, B, C and D have position vectors a, b, ¢ and d respectively. Show that, if E
ABCD is a parallelogram, thena + ¢ = b + d.

19 leta=2i+2f,b=3i—jandc=4i+5].
a Determine:
i ia ii b—c iii 3b-a-2c
b Determine values for k and ¢ such that ka + £b = c.
20 Leta=5i+j —4k,b=8 -2 +kandc=1i-7] +6k.
a Determine:

i 2a-0> iia+b+c ifi 0.5a +0.4b
b Determine values for k and ¢ such that ka + €b = c.

5 2 2 -1
Example15 21 Leta = lz‘, b=|-3|,c=|1|andd =] 4]|.
0 0 1 2
a Determine:
i |al i |b iii |a + 2b| iv |c—d|
b Determine, correct to two decimal places, the angle which each of the following
vectors makes with the positive direction of the x-axis:

i a ii a+2b iii ¢c—d
Example 16 22 The table gives the magnitudes of vectors in two Magnitude  Angle
dimensions and the angle they each make with a 10 110°
the x-axis (measured anticlockwise).
Express each of the vectors in terms of i and f , b 8.5 250°
correct to two decimal places. c 6 40°
d 5 300°

23 The following table gives the magnitudes of vectors in three dimensions and the angles
they each make with the x-, y- and z-axes, correct to two decimal places. Express each
of the vectors in terms of i, f and k, correct to two decimal places.

Magnitude Angle with x-axis Angle with y-axis Angle with z-axis
a 10 130° 80° 41.75°
b 50° 54.52° 120°
c 7 28.93° 110° 110°
d 12 121.43° 35.5° 75.2°
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5B 5B Resolution of a vector into rectangular components 177

24  Show that if a vector in three dimensions makes angles o, 3 and y with the x-, y- and E
z-axes respectively, then cos? o + cos? P+ cos? v=1

25 Points A, B and C have position vectors a = 20 + f + 51}, b= 2f + 3k and
¢ = —2i +4J + 5k respectively. Let M be the midpoint of BC.

a Show that AABC is isosceles. b Determine W/I

¢ Determine m . d Determine the area of AABC.

26 (OABCYV is a square-based right pyramid with V the vertex. The base diagonals OB and
—_— P ~ —_— N
AC intersect at the point M. If OA = 5i, OC = 5j and MV = 3k, determine each of
the following:

— — — — —
a OB b OM c OV d BV e |0OV]

27 Points A and B have position vectors a and b. Let M and N be the midpoints of OA
and OB respectively, where O is the origin.
— =3
a Show that MN = ;AB.

b Hence describe the geometric relationships between line segments MN and AB.

Example17. 28 Let i be the unit vector in the east direction and let j be the unit vector in the north
direction, with units in kilometres. A runner sets off on a bearing of 120°.
a Determine a unit vector in this direction.
b The runner covers 3 km. Determine the position of the runner with respect to her
starting point.
¢ The runner now turns and runs for 5 km in a northerly direction. Determine the
position of the runner with respect to her original starting point.

d Determine the distance of the runner from her starting point.

29 A hang-glider jumps from a 50 m cliff. A
a Give the position vector of point A with respect to O.

b After a short period of time, the hang-glider has position B
-2 P ~ N
given by OB = 801 + 205 + 40k metres. 50

. . — \ k
i Determine the vector AB.
ii Determine the magnitude of AB.
¢ The hang-glider then moves 600 m in the j -direction and (0 j

60 m in the k-direction. Give the new position vector of the i
hang-glider.

30 A light plane takes off (from a point which will be considered as the origin) so that its
position after a short period of time is given by r; = 1.5 + 2j + 0.9k, where { is a unit
vector in the east direction, f 1s a unit vector in the north direction and measurements
are in kilometres.

a Determine the distance of the plane from the origin.

b The position of a second plane at the same time is given by r» = 2¢ + 3j + 0.8k.
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178 Chapter 5: Vectors in two and three dimensions

i Determine r; — r».

ii Determine the distance between the two aircraft.

5B

¢ Give a unit vector which would describe the direction in which the first plane must

fly to pass over the origin at a height of 900 m.

31 Jan starts at a point O and walks on level ground 200 metres in a north-westerly
direction to P. She then walks 50 metres due north to Q, which is at the bottom of a

building. Jan then climbs to T, the top of the building, which is 30 metres vertically

above Q. Let 1, f and k be unit vectors in the east, north and vertically upwards

directions respectively. Express each of the following in terms of , j and k:

— — — — —
aOP bPO c¢cO0Q0 dQoT e OT

32 A ship leaves a port and sails north-east for 100 km to a point P. Let i and j be the unit

vectors in the east and north directions respectively, with units in kilometres.

a Determine the position vector of point P.

b If B is the point on the shore with position vector O_)B = 100, determine:

ﬁ
i BP
ii the bearing of P from B.

33 Leta=4i—-j —2k,b=1—-j +kandc=ma+(1—-mb.

a Determine c¢ in terms of m.

b Hence determine p if¢ = 7i — j + plAc.

@ Polar form of a vector

Learning intentions
» To be able to work with vectors written in polar form.

Polar form in two dimensions

Each vector v = OP in the plane can be written in polar form

asv = [r,0].

m The number 7 is the magnitude of v.

m The angle 0 is measured from the positive x-direction to the
vector v. The range is —180° < 0 < 180°, where positive
angles are formed by moving towards the positive y-direction
(i.e. anticlockwise).

For example:

m The vector —i + f can be written as [V2, 135°].
m The vector —i — f can be written as [\/Z —135°]
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5C Polar form of a vector 179

m Converting from polar form to component form
Given v = [r, 0], we can write v = xi + yf , where

x=rcos® and y=rsinb 7

m Converting from component form to polar form
Given v = xi + yj, we can write v = [r, 0], where =

r=+/x*+y> and tan0 = Y
x

Warning: When converting to polar form, you need to take care to choose the angle 0 in the
correct quadrant.

Example 18

Write each of the following vectors in component form:

a [3,30°] b [4,-60°] c [2,50°]
Solution
a x=23cos30° b x =4cos(-60°) ¢ x=2cos50°
y =3sin30° y = 45sin(-60°) y = 2sin50°
3v3, 3. 8 N A .
- [3,30°] = T\/_i + Ej - [4,-60°] = 21 — 2V3) 2 [2,50°] ~ 1.291 + 1.53)

Example 19

Write each of the following vectors in polar form:

a —4V3i+45 b —4i —4jf
Solution
a Here x = —4V3 and y = 4, giving b Here x = —4 and y = —4, giving

N opag S s
= V48 + 16 =V16 + 16

=38 =42
t.am@:z:—L tan@z}—jzl
X V3 X
Note that, since x < 0 and y > 0, we Note that, since x < 0 and y < 0, we
have 90° < 0 < 180°. So 6 = 150°. have —180° < 6 < =90°. So 6 = —135°.
Hence —4V3i + 4 = [8, 150°]. Hence —4i — 45 = [4V2, —135°].
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180 cChapter 5: Vectors in two and three dimensions

Basic operations on vectors in polar form

We can easily perform scalar multiplication
for vectors written in polar form. For example,
if v = [3,30°], then

—2y = [2 % 3,(30 — 180)°]
= [6,~150°]

Here the magnitude is doubled and the direction

is reversed.

The simplest method for determining the sum of vectors written in polar form is to start by
converting them into component form.

Example 20

Determine the sum of the vectors u# = [10,30°] and v = [12,90°].

Solution

We have  u = 10cos30°7 + 10sin 30° j
=5V3i + 55

and v = 12f

Hence u+v=5V3i+ 175

Note: If required, we can convert u + v into polar form [r, 8] using

17
r=J5V32 +172=2V01 and 0= tan—l(—) ~ 63.004°
5v3

Polar form in three dimensions -

Each vector v = OP in three-dimensional space A
can be written in polar form as v = [r, 6, ¢].

m The number r is the magnitude of v.

m The angle 6 is measured from the positive

x-direction to the projection of v onto ®

the x—y plane. < %
The range is —180° < 0 < 180°, where 0 \“
positive angles are formed by moving
towards the positive y-direction.

m The angle ¢ is measured from the projection of v onto the x—y plane to the vector v.
The range is —90° < ¢ < 90°, where positive angles are formed by moving towards the

positive z-direction.

Note: Here ¢ is called the altitude angle.
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5C Polar form of a vector 181

m Converting from polar form to component form
Given v = [r, 0, @], we can write v = xi + yf + zlAc, where

x=rcosB cosp, y=rsinOcosqp and z=rsing

m Converting from component form to polar form
Givenv = xi + v f + zk, we can write v = [r, 0, @], where

: z
r=Ax2+y2+ 22, tan® =2 and sing = =
x r

Warning: When converting to polar form, you need to take care to choose the angle 0 in the
correct quadrant of the x—y plane.

a Express the vector [12,45°,60°] in component form.

b Express the vector i — 2j + 2k in polar form.

Solution
a Leta =[12,45°,60°].

Then
x=rcos0 cos@ y=rsin0 cos ¢ Z=rsing
= 12 cos 45° cos 60° = 12sin45° cos 60° = 12sin 60°
=3V2 =3V2 =6V3
Hence

a=3V20+ 3\/§f +6V3k
b Letb=1i-2f +2k.
Then
r:m tanG:ﬁ:—Z sincp=§=§
=V1+4+4=3
Note that, since x > 0 and y < 0, we must have —90° < 6 < 0°. Hence
b =[3,tan"'(-2),sin""(3)]
~ [3,-63.43°,41.81°]
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182 chapter 5: Vectors in two and three dimensions 5C

1 For each of the following, draw a sketch to illustrate the vector and write the vector in E
component form:

a [2,30°] b [4,-30°] c [2,135°] d [4,-120°] e [4,150°]

Example18 2 Write each of the following vectors in component form:
a [8,60°] b [10,30°] c [6,150°] d [8,-45°] e [12,-150°]
Example19 3  Write each of the following vectors in polar form:

a 4 -45 b -3i+3) c 2V3i+2f d 3i+45 e —-5i-12f
4  Write each of the following vectors in polar form:

oL Y S S b

1
5 Write each vector in component form, giving values correct to two decimal places:
a [7,40°] b [10,35°] c [11,155°] d [9,-35°] e [12,-125°]

6 Express each of the following vectors in polar form:
1
a 2u, whereu =[10,60°] b —Ev, wherev = [2,15°] ¢ —3w, where w = [6, —20°]

Example20. 7 Determine each vector sum in component form:

a [8,30°]+[12,60°] b [10,45°] +[10,-90°] c [4,20°] +[6,80°]

Example21ia. 8 Write each of the following three-dimensional vectors in component form:
a [12,30°,60°] b [30,45°,45°] c [24,135°,-45°]
d [60,-120°,30°] e [200,90°,-60°] f [200,90°, -90°]
9 Write each of the following three-dimensional vectors in polar form:
V3 V3 1
all b |2 c |1
l 1 ‘ 2 1

Example 21b. 10 Write each of the following three-dimensional vectors in polar form:

a 4i-45 +k b -3i+3f —k c —2V3i+2j -2k
d 3i+4f -4k e —51—12f +2k f -6 +4k
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5D Scalar product of vectors 183

@ Scalar product of vectors

Learning intentions
» To be able to work with the scalar product.

The scalar product is an operation that takes two vectors and gives a real number.

Definition of the scalar product

We define the scalar product of two vectors in three dimensions a = alf +ap f + a3l} and
b=bii+byj +bskby

a-b= arb; + axby + azbs

The scalar product of two vectors in two dimensions is defined similarly.

Note: Ifa=0o0rb =0, thena-b = 0.

The scalar product is often called the dot product.

Leta=1i—2f +3kand b = -2 + 3] + 4k. determine:

aa-b b a-a

Solution
aab=1x(-2)+(-2)x3+3%x4=4 baa=1"+(-2>+3>=14

Geometric description of the scalar product

For vectors a and b, we have b
a-b =|a||b|cosO 5
where 0 is the angle between a and b. @

Proof Leta = aji + azf + a3l} and b = byi + bzf + bglAc. The cosine rule in AOAB gives
lal* + |b)* — 2l|a||b|cos 6 = |a — b
(@} + a5 +a3) + (b} + b3 + b3) — 2lal|b| cos 0 = (ay — by)* + (az — b)* + (a3 — b3)*

2(a1by + arby + azb3) = 2|a| |b| cos 0

aiby + axby + a3b3 = |a| |b| cos O B
a-b =|a||b|cosO
b a->b
0
A
0 a
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184 cChapter 5: Vectors in two and three dimensions

Note: When two non-zero vectors a and b are placed so that their initial points coincide, the
angle 0 between a and b is chosen as shown in the diagrams. Note that 0° < 6 < 180°.

b
b
Ae; 0 oy

A
\

a a b a

a If |a| = 4, |b| = 5 and the angle between a and b is 30°, determine a - b.
b If |a| = 4, |b| = 5 and the angle between a and b is 150°, determine a - b.

Solution
a a-b=4x5xcos30° b a-b=4x5xcos150°
V3 -3
=20 x — =20x —
2 2
~—10V3 =-10V3

Properties of the scalar product

The following properties can be established from the definition of the scalar product:

commutative law for scalar product a-b=b-a

distributive law a-(b+c)=a-b+a-c
compatibility with scalar multiplication k(a-b) = (ka)-b =a- (kb)
scalar product with zero a-0=0

Several further properties follow from the geometric description of the scalar product:
®a-a=laP

m If the vectors a and b are perpendicular, then a - b = 0.

m If a - b = 0 for non-zero vectors a and b, then the vectors a and b are perpendicular.
|

For parallel vectors a and b, we have

b la] |b| if @ and b are parallel and in the same direction
a-b=
—|a||b| if a and b are parallel and in opposite directions

m For the unit vectors i, jand k, wehavei-i=j-j=k-k=1andi-j=i-k=j-k=0.

a Simplifya-(b+c)—b-(a-c).
b Expand the following:
i (a+b) (a+b) ii (@a+b)-(a->b)

Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



5D Scalar product of vectors

Solution

aa-b+c)-b-(a-c)=a-b+a-c-b-a+b-c

=a-c+b-c
bi(@+b)-(a+b) ii (a+b)-(a->b)
=a-a+a-b+b-a+b-b =a-a-a-b+b-a-b-b
=a-a+2a-b+b-b =a-a-b-b

Solve the equation i+ f - IAc) -(3i - xf + 2]Ac) = 4 for x.

Solution
G+j —k)-Gi—xf +2k) =4
3-x-2=4
l1-x=4
x=-3

185

Determining the magnitude of the angle between two vectors

The angle between two vectors can be found by using the two forms of the scalar product:

a-b=|al|blcos® and a-b =aby+ aybr + azbs
Therefore

a-b _ a1b1 arF agbz aF a3b3
lal [B] lal|B]

Example 26

A, B and C are points defined by the position vectors a, b and ¢ respectively, where

a:f+3f—l}, b:2{+f and 0:2—214\_2]}

cos 0 =

Determine the magnitude of ZABC, correct to one decimal place.

Solution
X — —
/ABC is the angle between vectors BA and BC.

= A ~ N
BA=a-b=-i+2j -k
-— 3 » ~
BC=c-b=-i-3] -2k
We will apply the scalar product:
—_ — _ —
BA - BC = |BA||BC|cos(£ABC)
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186 Chapter 5: Vectors in two and three dimensions 5D

We have

- —

BA-BC=1-6+2=-3
BAl=Vi+4+1=V6
BC =VI+9+4= V14

Therefore

— —
BA - BC =3}

cos(Z/ABC) = =
IBA||BC| VoV14

Hence ZABC = 109.1°, correct to one decimal place.

(Alternatively, we can write ZABC = 1.9, correct to one decimal place.)

Example22. 1 Leta=1i—4j + 7k, b =2i +3j +3kand ¢ = —i — 2j + k. Determine:
aa-a b b-b cc-c da-b
e a-(b+c) f(a+b)y-(a+c) g (a+2b)-(3c-0b)
2 Leta=2i—-j +3k,b=3i —2kand ¢ = —i + 3] — k. Determine:
aa-a b b-b cab
da-c e a-(a+b)
Example23. 3 a If|a| = 6, |b| = 7 and the angle between a and b is 60°, determine a - b.
b If |a| = 6, |b] = 7 and the angle between a and b is 120°, determine a - b.
Example 24 4 Expand and simplify:
a (a+2b)-(a+2b) b |a+ b - |a- b
(a+b)—a-b
¢ a-(a+b)—b-(a+h) g 2@ Ial) =
Example25. 5  Solve each of the following equations:
a (+2f -3k -Gi+xf +k)=-6 b (xi +7] —k)-(=4i + xj +5k) =10
c (xi +5k)- (=21 -3] +3k)=x d xQ+3f+k)- G+ +xk)=6
Example26. 6 If A and B are points defined by the position vectors @ = +2f —kand b = —i + j — 3k
respectively, determine:
— — . —
a AB b |AB| ¢ the magnitude of the angle between vectors AB and a.
7 Let C and D be points with position vectors ¢ and d respectively. If |c| = 5, |d| = 7 and
—
¢ -d =4, determine |CD)|.
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5D Scalar product of vectors

— —
OABC is arhombus with OA = a and OC = c.
a Express the following vectors in terms of @ and c:
— — —
i AB ii OB iii AC
—_— —
b Determine OB - AC.

¢ Prove that the diagonals of a rhombus intersect at right angles.

From the following list, determine three pairs of perpendicular vectors:
a=i+3j-k, b=-4i+j+2k, c=-2i-2j-3k,
d=—-i+j+k, e=2i—j—k, f=—-i+4j-5k

The four vertices of a regular tetrahedron have the following position vectors:
a=i+j+k, b=i-j-k, c=—-i+j-k, d=—-i—-j+k

a Show that all the vertices are the same distance from the origin.

187

b Show that the angle between any two of these vectors is the same. Determine this

angle in degrees correct to two decimal places.

Points A and B are defined by the position vectors
a=i+4f —4kandb=2{ +5f - k. A
Let P be the point on OB such that AP is perpendicular to OB. N
—
Then OP = gb, for a constant g.
a Express ﬁ in terms of ¢, @ and b.
—_— = .
b Use the fact that AP - OB = 0 to determine the value of q.

¢ Determine the coordinates of the point P.

0

If xi +2 f + ylAc is perpendicular to vectors i+ f +kand 47 + f + 2k, determine x and y.

Determine the angle, in radians, between each of the following pairs of vectors, correct

to three significant figures:
b —2i+j +3kand -2{ -2f + k
d 7i +kand —i +j - 3k

a f+2f—l:tandf—4f+ic
¢ 2i —j —3kand4i - 2k

Let a and b be non-zero vectors such that @ - b = 0. Use the geometric description of the

scalar product to show that @ and b are perpendicular vectors.

For Questions 15-18, determine the angles in degrees correct to two decimal places.

15 Let A and B be the points defined by the position vectorsa =i + j + k and b =
20 + f -k respectively. Let M be the midpoint of AB. Determine:
—_—
a OM b tAOM ¢ /BMO
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188 cChapter 5: Vectors in two and three dimensions 5D

16 OABCDEFG is a cuboid, set on axes at O, such that C B E
— = s — o .
OD =1, OA = 3j and OC = 2k. Determine: |
- =2 L= I
ai GB ii GE G F
1
b /BGE OF—-mmmmm o --J4
. >, o d /
¢ the angle between diagonals CE and GA /
D E

17 Let A, B and C be the points defined by the position vectors 4¢, 5 and —2i + 7k
respectively. Let M and N be the midpoints of AB and AC respectively. Determine:

— —
aioMm ii ON b /MON c /MOC

18 A parallelepiped is an oblique prism that has a C B
parallelogram cross-section. It has three pairs of -
parallel and congruent faces. G
OABCDEFG is a parallelepiped with OA =3 7,

- P A - P
OC=-i+j+2kandOD =2i—j. A

Show that the diagonals DB and CE bisect each

other, and determine the acute angle between them. D E

@ Vector projections

Learning intentions
» To be able to work with vector projections

It is often useful to decompose a vector a into a sum of two vectors, one parallel to a given
vector b and the other perpendicular to b.

From the diagram, it can be seen that
a=u+w

where u = kb andsow = a —u = a — kb.

Y

For w to be perpendicular to b, we must have b
w-b=0
(@a—kb)-b=0

a-b—kb-b)=0

a-b a-b
Hence k = 7D and therefore u = 7D b.

This vector u is called the vector projection (or vector resolute) of @ in the direction of b.
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5E Vector projections 189

Vector resolute

The vector resolute of a in the direction of b can be expressed in any one of the following
equivalent forms:

a-b a-b b\(b N
-n”—W”—(“'m)(m)—“‘"’)”

Note: The quantity a - b=— 1s the ‘signed length’ of the vector resolute u and is called

the scalar resolute of a in the direction of b.

. . a-b
Note that, from our previous calculation, we havew = a —u = a — 2D b.

Expressing a as the sum of the two components, the first parallel to b and the second
perpendicular to b, gives
a-b a-b
=530 530)
““bp b-b

This is sometimes described as resolving the vector a into rectangular components.

Example 27

Leta=i+3 f —kandb=1i- f + 2k. Determine the vector resolute of @ in the direction
of b.

Solution
a-b=1-3-2=-4
b-b=1+1+4=6

The vector resolute of a in the direction of b is

a-b b are L 28 o a
nb ——(l J +2k) = 3(1 J +2k)

Example 28

Leta = 2i + 2 — k and b = —i + 3k. Determine the scalar resolute of:

a a in the direction of b b b in the direction of a.
Solution
aa-b=-2-3=-5 bba=ab=-
|| = VI +9 = V10 lal] = V4+4+1=3
The scalar resolute of a in the The scalar resolute of b in the
direction of b is direction of a is
a~b_ -5 V10 b-a__é
bl 10 2 |al 3
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190 chapter 5: Vectors in two and three dimensions 5E

Example 29

Resolve ¢ + 3) — k into rectangular components, one of which is parallel to 2i — 2j — k.
Solution
Leta=i+3f —kandb=2i -2j — k.
The vector resolute of a in the direction of b is given by % b.
We have
a-b=2-6+1=-3
b-b=4+4+1=9
Therefore the vector resolute is
%3(25 -2 -k = —%(22 -2j -k
The perpendicular component is

1 Ao P -3 ~ P ~ 1 ~ n~ ~
a—(—g(zi—zj —k))=(i+3j = @ =4 =1

1 . - N
= §(5i+7j —4k)
Hence we can write
N PO l & 5 & 1 & . A
i+3j—k=—§(2i—2j—k)+§(5i+7j—4k)

Check: As a check, we verify that the second component is indeed perpendicular to b.
We have (5i + 7j —4k)- 2i =25 — k) = 10— 14 + 4 = 0, as expected.

sheet
1 Points A and B are defined by the position vectorsa =7 +3f — kand b =i + 2 + 2k. E

. A . 2 . A -
a Determine a. b Determine b. ¢ Determine ¢, where ¢ = AB.

2 Leta=3i+4f —kandb=1-j — k.
a Determine:
ia b
b Determine the vector with the same magnitude as b and with the same direction as a.
3 Points A and B are defined by the position vectors a = 2f —2j — k and b = 3i + 4k. E
a Determine:
ia iib

b Determine the unit vector which bisects ZAOB.
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Example 27 4  For each pair of vectors, determine the vector resolute of a in the direction of b: E
aa=i+3fandb=i-4f +k b a=i-3kandb=1i-45 +k
ca=4—-j +3kandb=4i -k

Example28. 5  For each of the following pairs of vectors, determine the scalar resolute of the first
vector in the direction of the second vector:
aa=2+jandb=1 b a=3i+j-3kandc=1-2f
¢ b=2f +kanda =2 +V3j d b=i-+5andec=—i+4f

Example29. 6 For each of the following pairs of vectors, determine the resolution of the vector a into
rectangular components, one of which is parallel to b:

aa=2+j+k b=5-k ba=3i+j,b=i+k
c a:—f+f+l}, b=2f+2jA—IAc

7 Let A and B be the points defined by the position vectorsa =% + 3] —kand b = j + k
respectively. Determine:
a the vector resolute of a in the direction of b

b a unit vector in the direction of the component of a perpendicular to OB

8 Let A and B be the points defined by the position vectors a = 4 + f andb =1 — f -k
respectively. Determine:
a the vector resolute of a in the direction of b
b the vector component of a perpendicular to b

c the shortest distance from A to line OB

9 Points A, B and C have position vectors a@ = i+2f + k,b=20+ J - kandc = E
2i - 3j + k. Determine:
— —
i AB ii AC
the vector resolute of AB in the direction of AC

the shortest distance from B to line AC

2 060 T 9

the area of triangle ABC

10 a Verify that vectors a = { — 3] — 2k and b = 5i + j + k are perpendicular to each
other.
b Ifc=2i- I}, determine:
i d, the vector resolute of ¢ in the direction of a
ii e, the vector resolute of ¢ in the direction of b.
¢ Determine f suchthatc =d + e + f.

d Hence show that f is perpendicular to both vectors a and b.

Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



192 chapter 5: Vectors in two and three dimensions

@ Collinearity

To be able to use vectors to establish when points are collinear.

We are already familiar with midpoints of line segments. We know that, if C is the midpoint
of AB, then we can write O_C>’ = %Ei + %@) We now consider the more general situation
where C is on the line AB.

Three or more points are said to be collinear if they all lie on a \\

single line.

Three distinct points A, B and C are collinear if and only if there exists a non-zero real
number m such that A_C>‘ = mzﬁ (that is, if and only if 1@) and A_()? are parallel).

A property of collinearity
— — —>
Let points A, B and C have position vectors a = OA, b = OB and ¢ = OC. Then

—_—> —> . .
AC =mAB ifandonlyif ¢ = —-m)a+ mb

— —
Proof If AC = mAB, then we have

=a+mb-a)
=a+mb—-ma=(1-m)a+mb
— —
Similarly, we can show that if ¢ = (1 — m)a + mb, then AC = mAB.
Note: It follows from this result that if distinct points A, B and C are collinear, then we can
write OC = LOA + MO_)B, where A+ p = 1. If C is between A and B, then 0 < p < 1.

Example 30

For distinct points A and B, let @ = OA and b = OB. Express OC in terms of a and b,
where C is:
a the midpoint of AB b the point of trisection of AB nearer to A

. —
¢ the point C such that AC = -2AB.

Solution
— 11— — 11— —
a AC = EAB b AC = §AB ¢ AC = -2AB
—_— = — e e e e
OC = OA + AC C =0A + AC C=0A+A
1 1 _ AP
:a+§,ﬁ :a+§1ﬁ =a-2AB
=a-2(b-a)
1 1
=a+-(b-a) =a+(b-a =3a-2b
2 3
1 2 1
= = + b = —a + —b
2@+ h) 373
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5F Collinearity 193

Note: Alternatively, we could have used the previous result in this example.

Consider a triangle OAB. Let M be the midpoint of OA, let C be the point such that
4
0_C>' = 50_B> and let R be the point of intersection of lines AB and MC.

. = — —
a Determine OR in terms of a and b, where a = OA and b = OB.
b Hence determine AR : RB.

Solution
— 1 — 4
a We have OM = Ea and OC = §b‘ A
Since M, R and C are collinear, there R c
exists m € R with M
MR = mMC
= m(MO + 0C) 0
1 4
= m[-=a+ —b)
m( 273
—_— = —
Thus OR = OM + MR
! + ( : o 4b)
= 2a m 2a 3
1-m 4m
=——a+—0b
2 73
Since A, R and B are collinear, there exists n € R with
— —
AR = nAB
— =
= n(AO + OB)
=n(-a+b)
—_— = =
Thus OR = OA + AR
=a+n(—a+b)
=1 -n)a+nb
We have now shown that
1- 4
a%z ma+—mb=(1—n)a+nb
2 3
Since a and b are non-zero vectors that are not parallel, it follows that
1- 4
Tm =1-n and Tm =n
3 4 1 4
This gives m = 3 andn = 5 Hence OR = ga + §b'
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194 chapter 5: Vectors in two and three dimensions

b From part a, we have

— = —>

AR = AO + OR
1 4
=—a+—-a+ b
4r3547*3

4
= g(b—a)

4—
= —-AB
5

Hence AR: RB=4:1.

S5F

. . . ﬁ ﬁ _> .
Example 30 1 Points A, B and R are collinear, with OA = @ and OB = b. Express OR in terms of a
and b, where R is the point:
a of trisection of AB nearer to B
b between A and B such that AR : RB=3:2.
— N ~ — » PP . g .
2 LetOA =3i +4k and OB = 2i — 2j + k. Determine OR, where R is:
4
a the midpoint of line segment AB b the point such that AR = gzﬁ
. — 1—
¢ the point such that AR = _EAB'
3 The position vectors of points P, Q and R are a, 3a — 4b and 4a — 6b respectively.
a Show that P, Q and R are collinear. b Determine PQ : OR.
. - 2 4 2 2 . .
4 In triangle OAB, OA = ai and OB = xi +yj . Let C be the midpoint of AB.
a Determine OC.
b Deduce, by vector method, the relationship between x, y and a if the vector O_C)‘ is
H
perpendicular to AB.
— — — 1
5 In parallelogram OAUB, OA = a and OB = b. Let OM = ga and MP: PB=1:5,
where P is on the line segment M B.
a Prove that P is on the diagonal OU.
b Hence determine OP : PU.
. e 2 2 > Py 2 >
6 OABC is asquare with OA = —4i +3j and OC = 3i +4j .
a Determine Ee’
. . . — 1= L =
b Given that D is the point on AB such that BD = gBA, determine OD.
¢ Given that OD intersects AC at E and that OF = (1 — A)OA + MOC, determine A.
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7 Intriangle OAB, OA =3 +4kand OB = 7 + 2f - 2k. E
a Use the scalar product to show that ZAOB is an obtuse angle.
b Determine a’) where P is:
i the midpoint of AB
ii the point on AB such that OP is perpendicular to AB
iii the point where the bisector of ZAOB intersects AB.

@ Applications of vectors

Learning intentions
» To be able to apply vectors to the study of displacement and velocity.

» To be able to apply vectors to the study of relative and resultant velocities.

We refer the reader to Chapter 7, Vector calculus, for further discussion on displacement
and velocity. We will not discuss forces in this section but refer the reader to Chapter 14,
Modelling motion.

For the remainder of this chapter, we will be working with vector and scalar quantities:

Applications of vectors: displacement and velocity

m A vector quantity has both magnitude and direction. In this and subsequent chapters we
will introduce the vector quantities displacement, velocity and force.

m A scalar quantity has only magnitude. We will use the scalar quantities distance, time,
speed and mass.

Displacement

We have been describing points in the plane using position vectors. Points A and B have
— — .
position vectors OA and OB respectively.

If an object moves from point A to point B, then the displacement of the object is the change
in position of the object; it is described by the vector AB.

For example, suppose that a person walks 4 km north 4 km

and then 4 km east.

The person’s displacement is 4V2 km north-east.

Note: The total distance that the person has walked
is 8 km, which is not equal to the magnitude of

_>Z

the displacement vector.
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196 cChapter 5: Vectors in two and three dimensions

A particle moves from point A(2, 2, 1) to point B(—1, 3,2). Express the displacement
vector of the particle in component form.

Solution
—_— 2 N a b 2 oy 7
We have OA =21 +2j + kand OB = —1 + 3j + 2k.
The displacement vector is
—_ = =
AB=AO+ OB
=—QU+2] +k)+-1+3] +2k
=-3i+] +k

Velocity

Velocity is the rate of change of position with respect to time.

Velocity is a vector quantity; it has magnitude and direction. The units of velocity which will
be used in this chapter are metres per second (ms~') and kilometres per hour (km/h).

Some examples of velocity vectors are:

m 80 km/h in the direction north

m 10 km/h on a bearing of 080°

m 30 +4f + 12k ms™!

The first two vectors have magnitudes 80 km/h and 10 km/h respectively. The third vector has

magnitude |3i + 4) + 12k| = V32 + 42 + 122 = 13 ms~'. The magnitude of velocity is called
speed.

Motion with constant velocity

In this chapter, we only deal with constant velocity (that is, the velocity does not change over
a particular time interval). Consider the following two examples:

m If a car travels for 2 hours with a constant velocity of 80 km/h north, then its displacement
is 2 X 80 = 160 km north.

m If a particle starts at the origin and moves with a velocity of 3 + 4 + 12k ms™ for
2 seconds, then its position is 2(3i + 4J + 12k) = 6 + 8) + 24k m.

If an object moves with a constant velocity of v m/s for # seconds, then its displacement
vector, s m, is given by

s =1

Note: Here s and v are vector quantities and ¢ is a scalar quantity. So this is an example of
scalar multiplication.
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— ~ N N
A particle starts at the point A with position vector OA =i + 3j + 2k, where the unit
is metres. The particle begins moving with a constant velocity of 2 + 45 + 3k ms™".
Determine the position vector of the particle after:

a 5 seconds b tseconds.

Solution
a Let P be the point that the particle
reaches after 5 seconds. Then
— = 2 a »
OP = OA +5Q2i +4j +3k)
=i+3) +2k+10i + 205 + 15k
=11i + 235 + 17k
b Let Q be the point that the particle
reaches after ¢ seconds. Then
= —_—> a ~ A~
0Q = OA + t(2i +4j + 3k)
=1 +3] +2k+21 +4tf + 3tk
=(1+20i+(3+40] + 2 +30k

Direction of motion
The velocity vector is in the direction of motion. We often use the unit vector of the velocity
vector to describe the direction of motion.

2 " - 1 . . o
For example, if v = 3i + 45 + V11k, then the unit vector ¥ = 8(3i +4f + V11k) is in the
direction of motion.

Particle A starts moving from point O with a constant velocity of vy = 31 + 45 +
V1lk ms™'. Three seconds later, particle B starts from O and moves in the same direction
as A with a constant speed of 8 ms~!. When and where will B catch up to A?

Solution
At time ¢ seconds, particle A is at the point with position vector

OP, = 13t + 4f + V11k)

At time ¢ seconds, for ¢ > 3, particle B has been moving for ¢ — 3 seconds and is at the
point with position vector

s 40-3) . N
OPy = ———(i +4j +V11k)
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198 chapter 5: Vectors in two and three dimensions

The two particles are at the same point when

4-3)
3 =4
4(t-3) =3¢
r=12
r=12

Particle B catches up to particle A at time ¢ = 12 seconds.

At this time, both particles have position vector 12(37 + 4 + V11k).

A particle starts from O with a constant velocity of v; = 3i+4 f ms~!. At the same time,
—_— ~

a second particle starts moving with constant velocity from point B, where OB = 25j .

Given that the two particles meet and their paths are at right angles, determine:

a the position vector of the point where they meet
b the velocity of the second particle.

Solution

a Assume that the particles meet at the point P at time ¢ seconds. Since their paths are at
right angles, we have

— —
OP-BP=0
At time ¢ seconds, the position vector of the first particle is
—_— A a a ~
OP =131 +4j) =31 + 415
Therefore
—_ > =
BP = BO + OP
=255 + (311 + 41))
=31 + (4t — 25)]
. ﬁ H .
Since OP - BP = 0, we obtain
(Bti +4t)) - (3ti + (41— 25)/) =0
97 + 41(41-25)=0
252 — 100t = 0
H(t—4)=0
The particles do not meet at time O s, so they meet at time ¢t = 4 s.

The position vector of the point where they meet is

— 5 3 5 5
OP =43Gi +4j) =12i + 16§
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b Let v m/s be the velocity of the second particle. We use the formula s = v.

At time ¢ = 4, the displacement of the second particle is ﬁ’ Therefore

_)
BP =4y
_— =
BO + OP = 4y
257 +(12i + 16)) = 4v
12 - 95 = 4v

Hence the velocity of the second particle is v = 37 — 1 j ms™!

Resultant velocity

If two or more velocity vectors are added, then the sum is called a resultant velocity.

Example 36

A river is flowing north at 5 km/h. Mila can swim at 2 km/h in still water. She dives in
from the west bank of the river and swims towards the opposite bank.

a In which direction does she travel? b What is her actual speed?

Solution

The swimmer’s actual velocity, v, is the vector sum of her velocity relative to the water
(2 km/h east) and the water’s velocity (5 km/h north).

2 km/h
a From the diagram, we have
2
tan 0 = 3
0 ~21.8° 5 km/h A v
She is travelling on a bearing of 022°. 0 N
b Her actual speed is T

Iv| = V22 + 52 ~ 5.39 km/h

Relative velocity

In the previous example, the velocity of the water is given relative to the bank and the
velocity of the swimmer is given relative to the water. The velocity of the swimmer relative
to the bank is found by taking the vector sum. That is:

Velocity of swimmer | _ | Velocity of swimmer + Velocity of water

relative to bank relative to water relative to bank

The relative velocity of an object A with respect to another object B is the velocity that
object A would appear to have to an observer moving along with object B.
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200 chapter 5: Vectors in two and three dimensions

Consider another example: A train is travelling north at 60 km/h, and a passenger walks
at 3 km/h along the corridor towards the back of the train.

Velocity of passenger
relative to Earth

Velocity of passenger
relative to train

Velocity of train
relative to Earth

The passenger is moving with a velocity of 57 km/h north relative to Earth.

In general, if an object A is in motion relative to another object B, then we can determine
the velocity of A using a vector sum:

Velocity of A
relative to Earth

Velocity of A
relative to B

Velocity of B
relative to Earth

Velocities measured relative to Earth are often called true velocities or actual velocities.

A train is moving with a constant velocity of 80 km/h north. A passenger walks straight
across a carriage from the west side to the east side at 3 km/h. What is the true velocity of
the passenger?

Solution
The passenger’s true velocity, v, is the vector sum of his velocity relative to the train
(3 km/h east) and the train’s velocity (80 km/h north).

3 km/h
Speed: [v| = V802 + 32
= V6409
~ 80.06 km/h
3 80 km/h A v
Direction: tan0 = —
80
0
0~ 2.15° N
The passenger’s true velocity is 80.06 km/h on a bearing of 002°. T
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Example 38

Car A is moving with a velocity of 50 km/h due north, while car B is moving with a
velocity of 120 km/h due west. What is the velocity of car A relative to car B?

Solution
Let v4 be the velocity of car A, and let v be the velocity of car B.

The velocity of car A relative to car B is given by v = v4 —vp.

Speed: |v| = V502 + 1202 vg (120 km/h)
= 130 km/h VA N
12 (50 km/h) T
Direction: 6 = tan‘l(?)

~ 67.38°

The velocity of car A relative to car B is 130 km/h on a bearing of 067°.

Wind effect on flight paths

The airspeed of an aircraft is its speed relative to air. In the next example, we see how the
wind affects the actual velocity of an aircraft.

Example 39

A light aircraft has an airspeed of 250 km/h. The pilot sets a course due north. If the
wind is blowing from the north-west at 80 km/h, what is the true speed and direction of
the aircraft?

Solution
We can use the cosine rule to determine the true speed:
[v] = V2502 + 802 — 2 x 250 x 80 cos 45° 45°
= 201.5334... km/h

80 km/h

We can now use the sine rule to determine the angle 6: 250 km/h A
80 _ ;
sin®  sin45°

80sin45°

vl

=0.2806. ..

sin @ =

—>Z

0~ 16.30°
The aircraft is flying at 201.53 km/h on a bearing of 016°.
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5G

To fly an aircraft in a given direction, the pilot must compensate for the effect of the wind.

Example 40

An aeroplane is scheduled to travel from a point P to a point O, which is 1000 km
due west of P. The aeroplane’s airspeed is 500 km/h and the wind is blowing from the

south-west at 100 km/h.

a In which direction should the pilot set the course?

b How long will the flight take?

Solution
We want to ensure that the plane’s
true velocity, v, is due west.

a Use the sine rule to determine O:

A <

100 km/h

500 km/h

b Use the sine rule to determine |v|:

Example 32

Specialist Mathematics Units 3 & 4

500 100 500 [v]
sin 135°  sin® sin 135°  sin(36.869...)°
SO = 100 sin 135° ] = 500 sin.(36.869 )°
500 sin 135°
=0.1414... =424.264 ...
06 =(8.130...)° ~ 424.26 km/h

The pilot should head on a bearing
of 262°.

particle that moves from point A to point B:
a AG,7), B2,-4)

c A(3,1), B(4,6)

e A(-2,-7,-4), B(2,-7,8)

The plane’s speed relative to the ground is
approximately 424 km/h. The flight will
take approximately 2.4 hours.

1 For each of the following, determine the displacement vector in component form for a

b A(=2,4), B(3,-2)
d A(39 7$ 2), B(39 _4’ 6)
f A(5,-6,9), B(11,5,-4)

Give the corresponding speed for each of the following velocity vectors:

a 50 +4j m/s
c —i+4f m/s
e 50— 125 — 2k m/s

ISBN 978-1-009-57826-4

b 3i -4 m/s
d —2i —6j +4km/s
f —7i + 115 + 5k m/s
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In each of the following questions, the unit of distance is metres. E

. . . . =t 2 > 2
Example33. 3 A particle starts from the point A with position vector OA = —i + 2j + 2k and moves
with a constant velocity of 50+ 12 f + 3k ms™'. Determine the position vector of the
particle after:

a 5 seconds b ¢ seconds.

4  An object takes 5 seconds to move with constant velocity from point A to point B,
e ~ ~ ~ —_—> ~ ~ N
where OA = 5i +4j — k and OB = —15i + 24j + 4k. Determine the velocity of the
object.

5 A particle starts from the point B with position vector O_>B =-2i+3 f — 2k and moves
with a constant velocity of 72 + 245 + 3k m/s.
a Determine the position vector of the particle after:
i 4 seconds ii 7seconds.
b Determine the particle’s distance from the origin after:

i 4 seconds ii rseconds.

6 Let O be the origin and let A and B be the points with OA =5 +2 J + k and E
—_— A ~ N
OB = =51 — 3j + 2k. A particle moves with constant velocity from A to B in
10 seconds. Determine:

a the velocity of the particle b the speed of the particle.

Example3s 7 Particle A starts moving from point O with a constant velocity of vy = + 2j + k m/s.
Two seconds later, particle B starts from O and moves in the same direction as A with a
constant speed of 6 m/s. When and where will B catch up to A?

Example35. 8 A particle starts from O with a constant velocity of v; = 20 + f m/s. At the same time,
a second particle starts moving with constant velocity from point B, where 0B =20 ;.
Given that the two particles meet and their paths are at right angles, determine:
a the position vector of the point where they meet

b the velocity of the second particle.

9 Points A and B have position vectors 0A =10 j and OB = 20i. A particle starts moving
from point A with a constant velocity of v; = 2i m/s. At the same time, a second
particle starts moving from point B with constant velocity. Given that the two particles
meet and their paths are at right angles, determine:

a the position vector of the point where they meet

b the velocity of the second particle.

Example36. 10 A river is flowing south at 4 km/h. Max can swim at 3 km/h in still water. He dives in
from the west bank of the river and swims towards the opposite bank.

a In which direction does he travel? b What is his actual speed?
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Example37. 11 A train is moving due north at 100 km/h. A passenger walks straight across a carriage E
from the east side to the west side at 4 km/h. What is the true velocity of the passenger?

12 Cars A and B are driving along a straight level road that runs east—west.
a If car A has a velocity of 100 km/h west and car B has a velocity of 80 km/h west,
what is the velocity of car A relative to car B?
b If car A has a velocity of 100 km/h west and car B has a velocity of 80 km/h east,
what is the velocity of car A relative to car B?

13 A cricketer is on a moving walkway which runs from south to north at 2 m/s. He bowls
his fastest delivery, which is 45 m/s, again in a direction north. What is the velocity of
the ball (relative to Earth)?

14 A ship is moving in a straight line at 15 m/s. A bird flies horizontally from the front of
the ship towards the back of the ship at a speed of 5 m/s relative to the ship. What is the
speed of the bird relative to the sea?

15 Car A is travelling north at 60 km/h along a straight level road. Car B is on the same
road travelling north at 40 km/h. Determine:

a the velocity of car A relative to car B b the velocity of car B relative to car A.

16 A plane is heading due north, its airspeed is 240 km/h and there is an 80 km/h wind
blowing from west to east. What is the velocity of the plane relative to Earth?

Example38 17 Car A is moving with a velocity of 60 km/h due north, while car B is moving with a
velocity of 80 km/h due west. What is the velocity of car A relative to car B?

18 A glider P is travelling due north at 60 km/h, and another glider Q is travelling
north-west at 40 km/h. Determine the velocity of P relative to Q.

19 Two particles, A and B, are moving with constant velocities of v4 = 4 -3 f -2k m/s
and vg = 5i — 7f + 5k m/s respectively.
a Determine the velocity of B relative to A.

b Determine the magnitude of this relative velocity.

20 A ship is moving in a straight line at 15 m/s. A bird flies at an angle of 18° to the
horizontal from the front of the ship towards the back of the ship at a speed of 5 m/s
relative to the ship. What is the speed of the bird relative to the sea?

Example 39 21 A light aircraft has an airspeed of 240 km/h. The pilot sets a course due north. The
wind is blowing from the north-east at 70 km/h. What is the true speed and direction of
the aircraft?

Example40. 22 An aeroplane with an airspeed of 200 km/h is flying to an airport south-west of its
present position. There is a wind blowing at 70 km/h from the east.

a Determine the course that the pilot must set.

b Determine the speed of the aeroplane relative to the ground.
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@ Geometric proofs

Learning intentions
» To be able to complete geometric proofs using vector techniques.

In this section we use vectors to prove geometric results in two and three dimensions. The

following properties of vectors will be useful:

Parallel vectors

m For k € R*, the vector ka is in the same direction as a and has magnitude k|a|, and
the vector —ka is in the opposite direction to a and has magnitude k|a|.

m Two non-zero vectors a and b are parallel if and only if b = ka for some k € R \ {0}.

m Given points P, A and B, with P_A> =a and P—)B = b, if a and b are parallel then P, A and B
lie on the same straight line. For example, ifﬁ = kB_()? for some k € R\ {0}, then A, B and

C are collinear.
Scalar product

m Two non-zero vectors a and b are perpendicular if and only if @ - b = 0.

®ma-a=laP

Linear combinations of non-parallel vectors

m For two non-zero vectors a and b that are not parallel, if ma + nb = pa + gb, thenm = p
and n = gq.

Vector proofs in two-dimensional geometry

Prove that the diagonals of a rhombus are perpendicular.

Solution
OABC is a rhombus. A B

— — .
Let a = OA and ¢ = OC. The diagonals of the rhombus are
OB and AC.

|

—_— =
Now OB = 0OC + CB
— 0] C

—
=0C+ 0OA
=c+a
— =
and AC =A0 + 0OC
=-a+c
— —
Consider the scalar product of OB and AC:
—_— —
OB-AC=(c+a) (c—a)
=c-c—a-a
= e’ - laf
A rhombus has all sides of equal length, and therefore |c| = |a|. Hence

OB - AC = |c|* - |a* = 0. This implies that AC is perpendicular to OB.
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Prove that the angle subtended by a diameter in a circle is a right angle.

Solution
Let O be the centre of the circle and let AB be a diameter.
— — — . .
Then |OA| = |OB| = |OC| = r, where r is the radius.
— —> —
Leta = OA and ¢ = OC. Then OB = —a.
— — =

—
We have AC = AO + OC and BC = BO + OC.

—

_)
Thus AC-BC =(-a+c¢)-(a+c)
=-a-a+c-c

= —la* + |e|?

— —
But |a| = |¢| and therefore AC - BC = 0. Hence AC L BC.

Prove that the medians of a triangle are concurrent.

Solution
Consider triangle OAB. Let A’, B’ and X be the
midpoints of OB, OA and AB respectively.

Let Y be the point of intersection of the medians

AA’ and BB'. 0
— —>

Leta = OA and b = OB.

We start by showing that AY : YA’ = BY : YB' =2 : 1.
— — — —

We have AY = MAA’ and BY = uBB’, for some A, u € R.

— — 1= - = 1
Now AA’=A0+§OB and BB’=BO+§OA

1 1
=—-a+ Eb =-b+ za
1 1

AY = x(—a 4 Eb) . BV = u(—b ; za)

But E/ can also be obtained as follows:
—_ = —
BY = BA + AY

_— =
= BO + OA + AY
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Since a and b are non-zero vectors that are not parallel, we now have

A
Poior @ and u=2-1 @
Multiply (1) by 2 and add to (2):

A
0—2—2k+§—1

3
1==
2
2
A=<
3

2
Substitute in (1) to determine p = 3 We have shown that AY : YA’ =BY : YB' =2:1.

Now, by symmetry, the point of intersection of the medians AA” and OX must also
divide AA’ in the ratio 2 : 1, and therefore must be Y.

Hence the three medians are concurrent at Y.

Note: The point where the three medians intersect is called the centroid of the triangle.

Vector proofs in three-dimensional geometry

Consider a parallelepiped OABCDEFG as shown. C M B

a Prove that the diagonals OF and CE bisect -
G
A

each other.
b Let M be the midpoint of CB, and let N be the
midpoint of DE.

Prove that the midpoint of MN is the point where
the diagonals OF and CE intersect.

Solution

— — —
Leta =0OA,¢c =0C andd = OD.

a Let X be the midpoint of OF. Then
— =2
Py e S
= 5(OA + AB + BF)

=%(a+c+d)
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b

Let Y be the midpoint of CE. Then
ﬁ
oY =

Therefore X = Y, and so the diagonals OF and CE bisect each other.

We have
—_— — 1—) 1
OM = OC + EC =cC+ ia
e 172 1
ON = OD +3DE=d + 3a

Let Z be the midpoint of MN. Then
— L ==
0Z = 5(OM + ON)
= %(c+%a+d+%a)
_1
=5(a+c+d)

Therefore Z = X, where X is the point of intersection of OF and CE found in part a.
Hence X is the midpoint of MN.

Vector proofs in two-dimensional geometry

1 Prove that the diagonals of a parallelogram bisect each other.

2 Prove that if the midpoints of the sides of a rectangle are joined, then a rhombus
is formed.

3 Prove that if the midpoints of the sides of a square are joined, then another square
is formed.

4  Prove that the median to the base of an isosceles triangle is perpendicular to the base.

5 Prove that if the diagonals of a parallelogram are of equal length, then the parallelogram
is a rectangle.

6 Prove that the midpoint of the hypotenuse of a right-angled triangle is equidistant from
the three vertices of the triangle.

7 Prove that the sum of the squares of the lengths of the diagonals of any parallelogram is
equal to the sum of the squares of the lengths of the sides.

8 Prove that if the midpoints of the sides of a quadrilateral are joined, then a
parallelogram is formed.

Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



5H

5H Geometric proofs 209

9 ABCD is a parallelogram, M is the midpoint of AB and P is the point of trisection E
of M D nearer to M. Prove that A, P and C are collinear and that P is a point of
trisection of AC.

. . ﬁ ﬁ . . .

10 ABCD is a parallelogram with AB = a and AD = b. The point P lies on AD and is such
that AP : PD =1 : 2 and the point Q lies on BD and is such that BQ : QD =2 : 1.
Show that PQ is parallel to AC.

11 AB and CD are diameters of a circle with centre O. Prove that E
ACBD is a rectangle. 4 ¢

D B
. ﬁ _) . . .
12 Intriangle AOB, a = OA, b = OB and M is the midpoint of AB. E
a Determine: o
—>
i AM in terms of @ and b
ﬁ .
ii OM in terms of a and b a b
L S = =
b Determine AM - AM + OM - OM.
¢ Hence prove that OA? + OB* = 20M? + 2AM>. VT B
13 In the figure, O is the midpoint of AD and B is the A
midpoint of OC. Let a = OA and b = OB. /
1
Let P be the point such that O_I>J = g(a + 4b). 0 . C
a Prove that A, P and C are collinear. / B
b Prove that D, B and P are collinear.
¢ Determine DB : BP. b
. ﬁ ﬁ . .

14 In triangle AOB, a = OA and b = OB. The point P is on AB such that the length of AP
is twice the length of BP. The point Q is such that 0—Q> = 356.

a Determine each of the following in terms of @ and b:

—> —> —

i OP ii 0OQ iii AQ
— . —
b Hence show that AQ is parallel to OB.

15 ORST is a parallelogram, U is the midpoint of RS and V is the midpoint of ST'. Relative
to the origin O, the position vectors of points R, S, T, U and V are r, s, ¢, u and v
respectively.

a Express s in terms of r and .
b Express u in terms of r and s, and express v in terms of s and £.
¢ Hence, or otherwise, show that 4(u +v) = 3(r + s + t).
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16

17

18

19

20

The points A, B, C, D and E shown in the diagram have A E

position vectors D
a=i+11j b=2+8 c=-i+7f
d=-2i+8] e=-4i+6]

respectively. The lines AB and DC intersect at F' as shown.

a Show that FE lies on the lines DA and BC.

— —
b Determine AB and DC.

Determine the position vector of the point F.

e 0o

Show that F'D is perpendicular to EA and that EB is perpendicular to AF. F

(]

Determine the position vector of the centre of the circle
through E, D, B and F.

Coplanar points A, B, C, D and E have position vectors a, b, ¢, d and e respectively,
relative to an origin O. The point A is the midpoint of OB and the point E divides AC in
theratiol : 2. Ife = %d, show that OCDB is a parallelogram.

The points A and B have position vectors a@ and b respectively, relative to an origin O.
The point P divides the line segment OA in the ratio 1 : 3 and the point R divides the
line segment AB in the ratio 1 : 2. Given that PRBQ is a parallelogram, determine the
position of Q.

ABCD is a parallelogram, AB is extended to E and BA is E
extended to F such that BE = AF = BC. Line segments
EC and FD are extended to meet at X. B C
a Prove that the lines EX and FX meet at right angles.

— — — e — — .
b If EX = \MEC, FX = uwFD and |AB| = k|BC|, determine

the values of A and p in terms of k.

¢ Determine the values of A and u if ABCD is a

rhombus.
— — )
d If |[EX| = |FX]|, prove that ABCD is a rectangle.

In the figure, the circle has centre O and radius r. A D
The circle is inscribed in a square ABCD, and P is any

point on the circle.
— —> — —
a Show that AP - AP = 3 — 20P - OA.
b Hence determine AP? + BP? + CP? + DP? in terms
of r.
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Vector proofs in three-dimensional geometry

21

22

23

24

25

26

27

A ‘space diagonal’ of a polyhedron is a line segment connecting two vertices that are
not on the same face. Prove that the space diagonals of a rectangular prism are of equal
length and bisect each other.

Consider a rectangular prism OABCDEFG G F
— — —

as shown. Leta = OA, ¢ = OC and d = OD. D

Leta=la|,c =|c|and d = |d|.

CX is perpendicular to OF. Determine the X
position vector of X in terms of a, ¢ and d.

b Let Y be the point on diagonal OF such that el
BY is perpendicular to OF. Determine the

1
1
i
a Let X be the point on diagonal OF such that : N
1
1
b

position vector of Y in terms of @, ¢ and d.
c Ifa=c=d=1, determine:
i the position vectors of X and Y
ii the magnitude of ZCXA
iii the magnitude of /BYG

Let P, Q, R and S be four points in space that do not lie in the Y
same plane. Let W, X, Y and Z be the midpoints of PQ, OR, R
RS and SP respectively. Relative to an origin O, denote the

position vectors of points P, O,R,...,Y,Zby p,q,r,...,y,2

respectively. Prove that WXYZ is a parallelogram. w

1

A tetrahedron is a polyhedron with four triangular faces. S
In a regular tetrahedron, each face is an equilateral triangle.

Prove that, for a regular tetrahedron, the line segments joining R

the midpoints of opposite edges have a common midpoint.

Note: For a tetrahedron PQORS, the edges PQ and RS are
opposite, the edges PR and QS are opposite, and the 0
edges PS and QR are opposite.

Point C is a vertex of the regular tetrahedron OABC. Point G is the centroid of
triangle OAB. Leta = ﬁ b= EB) and ¢ = O—C>'
a Determine OG in terms of a and b.
—_— . . —_—
b Prove that CG is perpendicular to OG.

Prove that opposite edges of a regular tetrahedron are perpendicular.

Let OABC be a tetrahedron. Assume that edge OA is perpendicular to edge BC, and that
edge OB is perpendicular to edge AC. Prove that edge OC is perpendicular to edge AB.
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28 Let OABC be a tetrahedron such that opposite edges are perpendicular. Show that E
OA’ + BC* = OB* + AC* = OC* + AB®

29 A regular tetrahedron VABC has edges of length 4 cm.
a Let T be the point on VC such that AT is perpendicular to VC. Determine the value
of  such that VT’ = \VC.
b Prove that BT is perpendicular to VC.
¢ Determine the magnitude of /AT B.

30 OBCDEFGH is aparallelepiped. Let b = 0_3’
— —
d=0Dande = OE.
—_—) = —
a Express each of the vectors OG, DF, BH and
CTE> in terms of b, d and e.
L =, =, — — .
b Determine |OG|, |DF|?, |BH|* and |CE[* in
terms of b, d and e.
¢ Show that [OG]? + |DF? + |BHP? + |CEP = 4(IB]? + | + lel?).
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Chapter summary

A vector is a set of equivalent directed line segments.

A directed line segment from a point A to a point B is denoted by AB.

—
The position vector of a point A is the vector OA, where O is the origin.

. 2.
m A vector can be written as a column of numbers. The vector [3] is ‘2 across and 3 up’.

Basic operations on vectors
m Addition

o The sum u + v is obtained geometrically as shown.
a+ c} utv

° Ifuz[ﬂandv:[;],thenu+v: bid

m Scalar multiplication

o For k € R, the vector ku has the same direction as u, but y

its length is multiplied by a factor of k.

o The vector —v has the same length as v, but the opposite direction.
o Two non-zero vectors u and v are parallel if there exists k € R \ {0} such that u = kv.
= Subtraction u—-v=u+ (-v)

Component form ¥
m» In two dimensions, each vector u can be written in the form A
u=xi +yf, where

o 1 is the unit vector in the positive direction of the x-axis

o J is the unit vector in the positive direction of the y-axis.

. o S . . O
m The magnitude of vector u = xi + yj is given by |u| = \/x% + y%.
m In three dimensions, each z
vector u can be written in (x,5,2)

the form u = xi + yj + zk,
where 7, j and k are unit
vectors as shown. Y

w Ifu=xi+yf +zk, x
then |u| = \/x2 + y2 + Z2.

w If the vector @ = a\i + a»J + ask makes angles a, p and y with the positive directions of
the x-, y- and z-axes respectively, then

@ a3
— and cosy = —
la|

a
cosa = —
|a

1
lal’

= The unit vector in the direction of vector a is given by

cosf =

. 1
a=—a
lal
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Polar form in two dimensions
m In two dimensions, each vector v = E)’ can be written
in polar form as v = [r, 0].
o The number r is the magnitude of v.
¢ The angle 0 is measured from the positive x-direction
to the vector v. The range is —180° < 6 < 180°, where
positive angles are formed by moving towards the

positive y-direction (i.e. anticlockwise).

Polar form in three dimensions

= In three dimensions, each vector v = OP can be written
in polar form as v = [r, 0, ¢].

o The number r is the magnitude of v.

[

o The angle 0 is measured from the positive x-direction

’
’
7.

to the projection of v onto the x—y plane. The range
is —180° < 0 < 180°, where positive angles are X
formed by moving towards the positive y-direction.

o The angle ¢ is measured from the projection of v onto the x—y plane to the vector v.
The range is —90° < ¢ < 90°, where positive angles are formed by moving towards the
positive z-direction.

m Polar form to component form Ifv = [r, 0, ¢], thenv = xi + y f + zl}, where
x=rcosOcosqp, y=rsinOcosqp and z=rsing

m Component form to polar form Ifv = xi + yf + zl}, then v = [r, 0, @], where

. Z
r=y2 4+, tnb=> and sing=-
X r

= When converting to polar form, take care to choose the angle 0 in the correct quadrant of
the x—y plane.

Scalar product and vector projections
m The scalar product of vectors a = alf +ap f + a3l} and b = blf + by f + b3lAc is given by

a-b= arb; + axby + azbs

m The scalar product is described geometrically by a - b = |a| |b| cos 6, b
where 0 is the angle between a and b. )
» Therefore a - a = |al*. a

m Two non-zero vectors a and b are perpendicular if and only if @ - b = 0.
m Resolving a vector a into rectangular components is expressing the vector a as a sum of
two vectors, one parallel to a given vector b and the other perpendicular to b.

m The vector resolute of a in the direction of b is % b.

-b
m The scalar resolute of a in the direction of b is alTl'
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Displacement and velocity

m The displacement of a particle is the change in its position. If a particle moves from
point A to point B, then its displacement is AB.

m The velocity of a particle is the rate of change of its position with respect to time.

m Motion with constant velocity If a particle moves with a constant velocity of v m/s
for ¢ seconds, then its displacement vector, s m, is given by s = .

Relative velocity

m The relative velocity of an object A with respect to another object B is the velocity that
object A would appear to have to an observer moving along with object B.

m If an object A is in motion relative to another object B, we can determine the velocity of A
using a vector sum:

Velocity of A Velocity of A Velocity of B
relative to Earth relative to B relative to Earth

Skills checklist

- | Download this checklist from the Interactive Textbook, then print it and fill it out to check
c,,:ck- your skills. 7

-—

B 8 8 8@&°
N

-~

1 Icandraw adirected line segment corresponding to a vector and determine its
maghnitude.

See Example 1, Example 2 and Questions 1 and 2

I can illustrate a vector sum.

See Example 3 and Question 3

3 Ican apply the rules of vector algebra.

See Example 4 and Question 6

4 TIcan apply the rules of vector algebra.

See Example 4, Example 5 and Questions 6 and 12

8
o

I can apply the rules of vector algebra to determine vectors in three
dimensional space.

See Example 6, Example 7, Example 8 and Questions 14, 15 and 17

I can work with vectors written in component form.

See Example 9, Example 10, Example 11, Example 12, Example 13, Example 14 and
Questions 1, 2, 3,4, 5 and 6

@ 7 1candetermine the angle between two vectors.

See Example 15, Example 16, Example 17 and Questions 21, 22 and 28
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m 8 Ican work with vectors written in polar form.
See Example 18, Example 19, Example 20, Example 21 and Questions 2, 3,7, 8
and 10

m 9 Ican work with the properties of the scalar product of vectors.

See Example 22, Example 23, Example 24, Example 25 Example 26 and Questions 1,
3,4,5and 6

10 1Ican determine the vector and scalar resolute of one vector in the direction of
a second.

See Example 27, Example 28, Example 29 and Questions 4, 5 and 6

11 Ican solve problems involving collinearity.

See Example 30, Example 31 and Question 1

12 Given that a particle moves from point A to point B, both with given coordinates,
I can determine the displacement vector in component form.
See Example 32 and Question 1

13 Given that a particle starts from a given point and moves in a straight line with
constant velocity, I can determine the position of the particle at a given time.
See Example 33 and Question 3

14 1Ican investigate whether two particles each travelling with constant velocity
meet, if given sufficient information.
See Example 34, Example 35 and Questions 7 and 8

15 Icandetermine the resultant velocity of a particle by adding two velocity
vectors.
See Example 36 and Questions 10

16 Ican determine the relative velocity of one particle with respect to another if
both particles have constant velocity.

See Example 37, Example 38 and Questions 11 and 17

17 Ican model the motion of an aeroplane using resultant velocity.

See Example 39, Example 40 and Questions 21 and 22

18 I can use vectors to complete geometric proofs

See Example 41, Example 42, Example 43, Example 44
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Short-response questions

Technology-free short-response questions

1 ABCD is aparallelogram, where A, B and C have position vectors i+2 f - lAc, 2 + f -2k E
and 4i — k respectively. Determine:

ﬁ
a AD b the cosine of ZBAD

2 Points A, B and C are defined by position vectors 2 — j — 4k, —i + j + 2k and
i-3 f -2k respectively. Point M is on the line segment AB such that |X1?4 | = |A—C)‘|.
a Determine:
i AM ii the position vector of N, the midpoint of CM
— =
b Hence show that AN L CM.

3 Leta=4i+3f —k,b=2i—j +xkand ¢ = yi +zf —2k. Determine:
a x such that a and b are perpendicular to each other

by and z such that a, b and ¢ are mutually perpendicular

4 Leta=1-2f +2kandlet b be a vector such that the vector resolute of @ in the
direction of b is b.

a Determine the cosine of the angle between the directions of a and b.
b Determine |b| if the vector resolute of b in the direction of a is 2a.

5 Leta=3i—-6f +4kandb =2i +j - 2k.
a Determine ¢, the vector component of a perpendicular to b.
b Determine d, the vector resolute of ¢ in the direction of a.
¢ Hence show that |a| |d| = |c|*.

6 Points A and B have position vectors @ = 2i + 3j — 4k and b = 2i — j + 2k. Point C has
position vector ¢ = 20 + 1+ 3t)f +(-1+ 2t)lAc.
a Determine in terms of #:
— —
i CA ii CB
b Determine the values of ¢ for which ZBCA = 90°.

7 OABC is a parallelogram, where A and C have position vectors a@ = 2i + 2 — k and
¢ =2i — 65 — 3k respectively.
a Determine:
ila-c| il |la+c| ili (@a-—c¢)-(a+c)
b Hence determine the acute angle between the diagonals of the parallelogram.

8 Write the vector v = [20, —60°, 30°] in component form.

9  Write the vector v = 5V3i + 5 f +10V3k in polar form.
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. . o A -2 - P 2 ey 2 : 2

10 OABC is a trapezium with OC = 2AB. If OA = 2i — j —3k and OC = 6i — 3j + 2k,
determine:

— —
a AB b BC ¢ the cosine of ZBAC.

11 The position vectors of A and B, relative to an origin O, are 61 + 4 and 3i + pj .

a Express AO - AB in terms of p-
b Determine the value of p for which A0 is perpendicular to AB.
¢ Determine the cosine of ZOAB when p = 6.

12 Points A, B and C have position vectors p + ¢, 3p — 2q and 6p + mgq respectively, where
p and ¢ are non-zero, non-parallel vectors. Determine the value of m such that the
points A, B and C are collinear.

13 Ifr=3i+3j —6k,s =1 -7 +6kand t = —2i — 5 + 2k, Determine the values of A
and p such that the vector r + As + u# is parallel to the x-axis.

14 Show that the points A(4, 3,0), B(5,2,3), C(4,—1,3) and D(2, 1, -3) form a trapezium
and state the ratio of the parallel sides.

15 Ifa=2i-j +6kand b =i-j -k, show that a + b is perpendicular to b and determine
the cosine of the angle between the vectors @ + b and a — b.

16 O, A and B are the points with coordinates (0, 0), (3,4) and (4, —6) respectively.

a Let C be the point such that OA = OC + OB. Determine the coordinates of C.
b Let D be the point (1,24). If O_D> = ha + ka?), determine the values of 4 and k.

17 Relative to O, the position vectors of A, B and C 0]
are a, b and c. Points B and C are the midpoints c
of AD and OD respectively.

.= .

a Determine OD and AD in terms of @ and c.
b Determine b in terms of @ and c. 4 B D
¢ Point E on the extension of OA is such that

— — — —

OFE = 4AE. If CB = kAE, determine the value

of k.
— —

18 OP=p 00=q Q

OR = ! +k 0S = hp + ! £
=3Pt =P+ 54 q S
Given that R is the midpoint of OS, determine 4 and k.
=D P
. . . . . -, 2 S -2 .

19 ABC is aright-angled triangle with the right angle at B. If AC = 2i + 45 and AB is
parallel to i +  , determine AB.
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E
20 In this diagram, OABC is a parallelogram with E
— — — —
OA =2AD. Leta = AD and ¢ = OC. C B
—
a Express DB in terms of a and c.
— —
b Use a vector method to prove that OF = 30C. 0 A D

21  For a quadrilateral OABC, let D be the point of trisection of OC nearer O and let E be
the point of trisection of AB nearer A. Let a = Ei, b= Ee’ and ¢ = O—C)‘
a Determine:
—_— —> —
i OD ii OF ili DE
— —_— =
b Hence prove that 3DE = 20A + CB.
22 Intriangle OAB, @ = OA, b = OB and T is a point on AB
such that AT = 3TB.
a Determine m)" in terms of @ and b. 0

b If M is a point such that OM = AOT, where A > 1,
determine:

i BM interms of a, b and A ii A, if BM is parallel to OA.
Technology-active short-response questions

23 A spider builds a web in a garden. Relative to an origin O, the position vectors of the E
ends A and B of a strand of the web are OA = 2§ + 3f + kand OB =3i + 4f +2k.

a i Determine AB. ii Determine the length of the strand.

b A small insect is at point C, where 0C =25 +4 i + 1.5k. Unluckily, it flies in a
straight line and hits the strand of web between A and B. Let Q be the point at which
the insect hits the strand, where A_Q> = kﬁ

i Determine C_Q) in terms of A.
ii If the insect hits the strand at right angles, determine the value of A and the
vector O_Q)

¢ Another strand MN of the web has endpoints M and N with position vectors
511_/1) =41 +2 f — kand O.]>V =6i + 10 f +9k. The spider decides to continue AB to
join MN. Determine the position vector of the point of contact.

24 The position vectors of points A and B are 2i + 3j + k and 3i — 2j + k.
N . e - . . —
a i Determine |OA| and |OB]. ii Determine AB.
b Let X be the midpoint of line segment AB.
i Determine OX. ii Show that OX is perpendicular to AB.
¢ Determine the position vector of a point C such that OACB is a parallelogram.

d Show that the diagonal OC is perpendicular to the diagonal AB by considering the
scalar product OC - AB.

e i Determine a vector of magnitude V195 that is perpendicular to both OA and OB.
ii Show that this vector is also perpendicular to AB and OC.
iii Comment on the relationship between the vector found in e i and the

parallelogram OACB.
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25

26

27

Points A, B and C have position vectors C Y E

— P U N - s
OA =51, OB=i+3k, and OC=1i+4j

The parallelepiped has OA, OB and OC as three edges 0
and remaining vertices X, Y, Z and D as shown in the /

diagram. 4 D

a Write down the position vectors of X, Y, Z and D in terms of i f and k and calculate
the lengths of OD and OY.

b Calculate the size of angle OZY.

¢ The point P divides CZ in the ratio A : 1. Thatis, CP: PZ =\ : 1.

i Give the position vector of P.

- . . H . . H
ii Determine A if OP is perpendicular to CZ.

ABC is a triangle as shown in the diagram.
The points P, Q and R are the midpoints of the
sides BC, CA and AB respectively. Point O is
the point of intersection of the perpendicular
bisectors of CA and AB.
Leta=m,b:a§andc=0—d B P c

a Express each of the following in terms of @, b and c:
— — —
i AB ii BC iii CA
— — —
iv OP v 0Q vi OR
b Prove that OP is perpendicular to BC.

¢ Hence prove that the perpendicular bisectors of the sides of a triangle are concurrent.
d Prove that |a| = |b]| = |c|.

The position vectors of two points B and C, relative to an origin O, are denoted by b and
¢ respectively.

a Interms of b and ¢, determine the position vector of L, the point on BC between B
and C suchthat BL : LC =2 : 1.
b Let a be the position vector of a point A such that O is the midpoint of AL. Prove that
3a+b+2c=0.
¢ Let M be the point on CA between C and A such that CM : MA =3 : 2.
i Prove that B, O and M are collinear.
ii Determine the ratio BO : OM.

d Let N be the point on AB such that C, O and N are collinear. Determine the ratio
AN : NB.
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28 OAB s an isosceles triangle with OA = OB. o E
— —
Leta = OA and b = OB.
a Let D be the midpoint of AB and let E be a point on OB.
Determine in terms of @ and b:

—
i OD
= A 4 —_—
ii DEif OE = \OB FE
b If DE is perpendicular to OB, show that
,_l@b+b-b 4 D B
2  b-b
5
¢ Now assume that DE is perpendicular to OB and that A = —

%
2

i Show that cos 0 = 3 where 0 is the magnitude of ZAOB.

ii Let F be the midpoint of DE. Show that OF is perpendicular to AE.

29 A cuboid is positioned on level ground so that it rests on Y
one of its vertices, O. Vectors i and f are on the ground.
— N ~ N
OA =3i - 125 + 3k
4 A ~ N
OB=2i+aj +2k
—_—> a ~ N
OC =xi +yj +2k
— —
a i Determine OA - OB in terms of a.
ii Determine a.
— . . —
b i Use the fact that OA is perpendicular to OC to

write an equation relating x and y.

ii Determine the values of x and y.

¢ Determine the position vectors:
— — —
i OD ii 0OX iii oY

d State the height of points X and Y above the ground.

BD AE 3
30 In the diagram, D is a point on BC with eln 3and E is a_1>30int on Ai with TC- 7o
Let P be the point of intersection of AD and BE. Leta = BA and ¢ = BC.
a Determine:

— B
i BDinterms of ¢

i lﬁ in terms of @ and ¢ D
ifi A_D) in terms of @ and ¢
b Letﬁ’:ulﬁandxﬁ’):@. 4 E ¢
Determine A and .
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31 a Leta = pi +qJ. The vector b is obtained by ¥
rotating a clockwise through 90° about the A
origin. The vector ¢ is obtained by rotating a ¢
anticlockwise through 90° about the origin. a
Determine b and ¢ in terms of p, ¢, i and J . 0

b In the diagram, ABGF and AEDC are squares y
with OB = 0OC = 1. Let OA = xi + y] . P

~

i Determine AB and AC in terms of x, y,
and f.

. . e —_—

ii Use the results of a to determine AE and AF E
in terms of x, y, i and f.

- % . . % M

¢ i Prove that OA is perpendicular to EF'. B OC D
. 4 —_—
ii Prove that |[EF| = 2|OA|.
32 Triangle ABC is equilateral and AD = BE = CF. B

a Letu, v and w be unit vectors in the directions
— — — .
of AB, BC and CA respectively. E
— —
Let AB = mu and AD = nu.
) L = —
i Determine BC, BE, CA and CF.
ii Determine |AE| and |F B| in terms of m
and n.

1
b Show that AE - FB = E(m2 — mn + n?). 4 F ¢

¢ Show that triangle GHK is equilateral.
(G is the point of intersection of BF and AE.
H is the point of intersection of AE and CD.
K is the point of intersection of CD and BF'.)

33 AOC is a triangle. The medians CF

and OF intersect at X.

— —
Leta = OA and ¢ = OC. E
. =2 - .
a Determine CF and OE in terms of a and c. X
b i If OF is perpendicular to AC, N N
o . A W E A\} C
prove that AOAC is isosceles.

i If furthermore CF is perpendicular to (74> determine the magnitude of
angle AOC, and hence prove that AAOC is equilateral.
¢ Let H and K be the midpoints of OF and CF respectively.
i Show that Iﬁ( = he¢ and F_E> = ue, for some A, p € R\ {0}.
ii Give reasons why AHXK is similar to AEXF. (Vector method not required.)
iii Hence prove that OX : XE =2 : 1.
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34 VABCD is a square-based pyramid: V
m The origin O is the centre of the base.
w The unit vectors i, f and k are in the directions
of A—B), BC and OV respectively with 1 unit = 1 cm.
m AB=BC=CD=DA=4cm
m OV =2hcm, where & is a positive real number.
m P, Q, M and N are the midpoints of AB, BC, VC
and VA respectively.

a Determine the position vectors of A, B, C and D relative to O.
— —
b Determine vectors PM and QN in terms of h.

¢ Determine the position vector OX, where X is the point of intersection of QN
and PM.

d If OX is perpendicular to VB:

i Determine the value of A.

ii Determine the acute angle between PM and QN, correct to the nearest degree.
e i Prove that NMQP is arectangle.

ii Determine h if NM QP is a square.

. c A2 > -2 2
35 OACB s asquare with OA = aj and OB = ai. A C
Point M is the midpoint of OA.

a Determine in terms of a:
— —
i OM it MC
. . —_—> —_—>
b P is a point on MC such that MP = AMC.
— — —
Determine M P, BP and OP in terms of A and a.
¢ If BP is perpendicular to MC:
) . —_ — —
i Determine the values of A, |BP|, |OP| and |OB| 10) B
ii Evaluate cos 0, where 6 = Z/PBO.

—_> 4 . .
d If |OP| = |OB|, determine the possible values of A
and illustrate these two cases carefully.

e In the diagram:
— N — 2

m OA=aj and OB =ai
M is the midpoint of OA
BP is perpendicular to MC
— ~
PX =ak
Y is a point on XC such that PY is
perpendicular to XC.

. —_—
Determine OY.
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Multiple-choice questions

Technology-free multiple-choice questions

— — — . .
1 IfOX =a+2band XY = a - b, then OY in terms of a and b is equal to
A b B 3b C 2a+b D 2a+3b
2 The grid shown is made up of identical parallelograms. c_4 B
— — —
Let a = AB and ¢ = CD. Then the vector EF is equal to
A a+3c B -3a+c F
C -3a-c D 3a-c
3 ABCD is a parallelogram with AB = u and BC = v. If M is the midpoint of AB, then the
vector DM expressed in terms of u and v is equal to
1 1 1 1
A§u+v BEu—v Cu+§v Du—zv
4 IfA=(@3,6)and B = (11, 1), then the vector A_B) in terms of ¢ and f is equal to
A 31+65 B 8 -5/ C 8i+5]5 D 14i+7)
. —_ D =/ = — — .
5 Let OAB be a triangle such that AO - AB = BO - BA and |AB| # |OB|. Then triangle OAB
must be
A scalene B equilateral C isosceles D right-angled
6 If a and b are non-zero, non-parallel vectors such that x(a + b) = 2ya + (y + 3)b, then
the values of x and y are
A x=-6, y=-3 B x=-2y=-1
Cx=2,y=1 D x=6,y=3
7 If A and B are points defined by the position vectorsa = + j and b = 5i — 2f + 2k
respectively, then IEI is equal to
A 29 B V29 c 11 D V21
8 Letx=3i—-2j +4kandy = —51 + J + k. The scalar resolute of x in the direction
of yis
21 5 -13v23 o -13v29 5 -13v27
V27 23 29 27
— — — — .
9 Let ABCD be arectangle such that |BC| = 3|AB|. If AB = a, then |AC]| in terms of |a| is
equal to
A 2lal E V10|a| C 4al D 10]al
10 If a, b and ¢ are mutually perpendicular unit vectors then |a + b + ¢| is equal to
Al B V2 c V3 D 3
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Technology-active multiple-choice questions

11 The angle between the vector 2 + j — V2k and 5 + 85 is approximately
A 0.72° B 0.77° C 43.85° D 46.15°
12 The angle between vectors f +kandai +2 f +kis g The possible values of a are
A V2 B +2 c +V18 D +18
13 Points A(a,2,1), B(—1,0,3) and C(3, 1, —1) have the property that ZABC is a right
angle.
The value of a is
A ! B 3 C ! D -2
2 2 2
14 A unit vector a makes an angle of g with i and an angle g with . The angle O that a
makes with k is such that g < 0 < . The value of 0 is
A S B 3n c 2n D 11xn
6 4 3 12
15 |Ifla| = 2,|b| = 3 and |2a — b| = 5 then |2a + b| is equal to
A 12 B 11 c77 D5
16 Leta = (2+m)i —3mj + (8 + 2m)k. If a is perpendicular to b = 27 + 2 — k then the
value of m is
A -2 B 0 c -2 p 3
3 3 3
17 Ifa+b+c=0and|al =3,|b] =5 and |c| = 6 then the acute angle between a and b to
the nearest degree has magnitude
A 32° B 34° C 56° D 86°
18 Leta = mi + 2mj + nk where m and n are positive real numbers and b = i — 35 + 3k. If
a is perpendicular to b and |a| = 16, the values of m and n correct to two decimal places
are
A n=1.15and m = 3.07 B n=9.56andm=5.74
C n=9.10and b = 4.02 D n=82andm =423
19 The vectors a and b are such that |a| = 7, |b| = 6 and @ - b = 11. The value of |a + b| is
A 13 B 2 c V107 D B
20 The coordinates of a point A in 3-dimensional space are (7, 1, 13). The altitude angle of
OA in radians correct to two decimal places is
A 0.90 B 1.71 C 151 D 1.07
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61 Parametric equations of planes (Optional)

In this chapter, we continue our study of vectors. We use them to describe curves, lines,
planes and spheres in three dimensions.

We know that a line in two-dimensional space can be simply described by a Cartesian
equation of the form ax + by = c. We will now study how to describe lines in three-
dimensional space using both Cartesian and vector equations.

Chapter 6 covers Unit 3 Topic 3 Subtopic: Vector and Cartesian equations.
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6A Vector functions 227

m Vector functions

Learning intentions
» To be able to describe curves using vector functions.

Describing a particle’s path using a vector function
Consider the vector r = (3 + )i + (1 — 27) f, where ¢ € R.
Then r represents a family of vectors defined by different values of ¢.

If the variable ¢ represents time, then r is a vector function of time. We write
r)=C@+0i+(1-20), teR
Further, if r(¢) represents the position of a particle with respect to time, then the endpoints of

the vectors r(¢) will trace out the path of the particle in the Cartesian plane.

A table of values for a range of values of ¢ is given below. These position vectors can be
represented in the Cartesian plane as shown in Figure A.

t -3 -2 -1 0 1 2 3

r(f) 7j i+57 | 20+37 | 3i+) | 4i-F | 5i-3] | 61-5]

NSO D A N
V)
1

Figure A Figure B

The graph of the position vectors (Figure A) is not helpful. But when only the endpoints are
plotted (Figure B), the pattern of the path is more obvious. We can determine the Cartesian
equation for the path as follows.

Let (x, y) be the point on the path at time .

Then r(t) = xi + v f and therefore
xi+yf =G@+0i+(1-20)

This implies that
x=3+1 (1) and y=1-2t (2)

Now we eliminate the parameter ¢ from the equations.
From (1), we have t = x — 3. Substituting in (2) givesy =1 —2(x —3) =7 - 2x.

The particle’s path is the straight line with equation y = 7 — 2x.
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228 cChapter 6: Vector and Cartesian equations

Describing curves in the plane using vector functions

Now consider the Cartesian equation y = x>. The graph can also be described by a vector
function using a parameter ¢, which does not necessarily represent time.

Define the vector function r(¢) = 71 + 1> f, teR.

Using similar reasoning as before, if Xt + ¥ f =11 +12 f, then x = fand y = 2, so eliminating ¢
yields y = x2.

This representation is not unique. For instance, r(t) = £i+ 1 f , t € R, also represents the
graph with Cartesian equation y = x>. Note that if these two vector functions are used to

describe the motion of particles, then the paths are the same, but the particles are at different
locations at a given time (with the exception of t = 0 and t = 1).

Also note that r(¢) = % + t* f, t € R, only represents the equation y = x> for x > 0.

In the rest of this section, we consider graphs defined by vector functions, but without
relating them to the motion of a particle. We view a vector function as a mapping from a
subset of the real numbers into the set of all two-dimensional vectors.

Determine the Cartesian equation for the graph represented by each vector function:

ar)=Q-0i+G3+74)), teR b r(r)=(—-cost)i +sintj, teR
Solution
a Let (x,y) be any point on the curve. b Let (x,y) be any point on the curve.
Then x=2-t¢ (1) Then x=1-cost (3)
and y=3+ I (2) and y = sint (4)
Equation (1) gives t = 2 — x. From (3): cost=1-x.
Substitute in (2): From (4):
y=3+Q2-x7 y? =sin’r=1-cos’t
y=x>—4x+7, xeR =1—(1 - x)?
= +2x
The Cartesian equation is y> = —x? + 2x.

For a vector function r(z) = x(t)f + y(2) f:

m The domain of the Cartesian relation is given by the range of the function x(z).

m The range of the Cartesian relation is given by the range of the function y(z).

In Example 1b, the domain of the corresponding Cartesian relation is the range of the

function x(f) = 1 — cos ¢, which is [0, 2]. The range of the Cartesian relation is the range of
the function y(¢) = sint, which is [-1, 1].

Note that the Cartesian equation y* = —x + 2x can be written as (x — 1)> + y? = 1; it is the
circle with centre (1, 0) and radius 1.
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6A Vector functions 229

Determine the Cartesian equation of each of the following. State the domain and range and
sketch the graph of each of the relations.

a r(f) = cos® ()i +sin’(t)j, teR b r(=ti+(1-1j, teR

Solution ’
a Let (x,y) be any point on the curve defined by A
r(f) = cos®(f) T + sin>(t) j, t € R. Then

x =cos’*(f) and y= sin®(7)
Therefore

y=sin?(f) =1 —cos’(f) = 1 —x

—_—

Hencey =1 — x. 0

Note that 0 < cos2(¢) < 1 and 0 < sin’(¢) < 1,
for all r € R. The domain of the relation
is [0, 1] and the range is [0, 1].

b Let (x,y) be any point on the curve defined by A
r(t)=ti +(1—1)j,teR. Then 1
x=t and y=1-¢

Hencey =1 - x.

The domain is R and the range is R. 0 1

For each of the following, state the Cartesian equation, the domain and range of the
corresponding Cartesian relation and sketch the graph:

a r(\) = (1 -2cos(\)i +3sin(h) b r(\) =2sec(h)i + tan())
Solution ’
a Letx=1-2cos(A) and y = 3 sin(A). Then A

x—1 (15 3)

=cos(\) and % = sin(M)

Squaring each and adding yields

-1 2 2
(x . ) +% = cos2 () + sin?(\) = 1 -119 1,0 3

The graph is an ellipse with centre (1, 0).
The domain of the relation is [—1, 3] and

. (1,-3)
the range is [-3, 3].
Note: The entire ellipse is obtained by taking A € [0, 27].
Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



230 Chapter 6: Vector and Cartesian equations

Example 1,2

Example 3

Specialist Mathematics Units 3 & 4

b r(\) =2sec(\)i + tan()\)f, for h e R\

Exercise 6A

{(2n+1)ﬂ: :neZ}

Let (x, y) be any point on the curve. Then
x = 2sec(M) y = tan()\)

x* =4sec’(\) and y* =tan’(h)
2

and

XZ =sec’(\) and y2 = tan’())
But sec?(A) — tan’(A) = 1 and therefore
2
X 2
2 2o
T

6A

The domain of the relation is the range of x(A) = 2 sec(A), which is (—co, —=2] U [2, c0).

The range of the relation is the range of y(A) = tan()\), which is R.

The graph is a hyperbola centred y
at the origin. The asymptotes
X

: =%
have equations y = iE. y—\z » y=%€
Note: The graph is produced for \\\ //’/
Xe( T n)u(n 33'5) S~ | T
2°2)7\2” 2/ 2 0 -2

1 For each of the following vector functions, determine the corresponding Cartesian

2

equation, and state the domain and range of the Cartesian relation:
r(f)=20+5tf, teR
r)=Q2-0i+@+7)), teR
r)=@-30+@+1)), teR

ar@)=ti+2tf, teR b
c r()=—-ti+7j, teR d
e r()=~ri+Q2-31f, teR f

g ri=Q2t+ i +3, teR h

1 5 o
i r)=——i+E+1)), t+ -4
b t+4l ( i * t+1

r(t) = (r - g)z +cos2)f, teR

1. 1 .
jrg=—t+——yj, 1#0.-1

For each of the following vector functions, determine the corresponding Cartesian

relation, state the domain and range of the relation and sketch the graph:

a r(f)=2cos(r)i +3sin(t)j, teR

cr)=ti+32, t>0

d r() = £l + 32,

e r(\) = cosV)§ +sin(l) f, he [o, g]
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f r(\) =3sec(\)i +2tan(\)j, A€ (O, g)
g F(t) = 4cos(2)i + 4sin20) f, 1€ [0, g]
24y 2 204y £ T
h r(\) =3sec*(M\)i +2tan“(A\)j, A€ ~53
i r)=G-0i+(GBA+61), teR
3 Determine a vector function which corresponds to each of the following. Note that the
answers given are not the only possible answers.
ay=3-2x b X2+y’=4 c (x-12+y*=4
d X>-y’=4 e y=(x-372+2x-3) f2x*+3y? =12
4 A circle of radius 5 has its centre at the point C with position vector 20 +6 f relative

to the origin O. A general point P on the circle has position r relative to O. The angle
2 s =2
between i and CP, measured anticlockwise from i to CP, is denoted by 0.

a Give the vector function for P. b Give the Cartesian equation for P.

@ Position vectors as a function of time

To be able to describe motion using vector functions.

Consider a particle travelling at a constant speed along a circular path with radius length
1 unit and centre O. The path is represented in Cartesian form as

{(xy): > +y* =1}
If the particle starts at the point (1, 0) and travels anticlockwise, taking 2 units of time to
complete one circle, then its path is represented in parametric form as

{(x,y): x=costand y = sint, fort >0}
This is expressed in vector form as

r(f) = costi + sin tf y
where r(f) is the position vector of the particle at time ¢.

The graph of a vector function is the set of points

determined by the function r(f) as ¢ varies. P(x,y)
. . r(t

In two dimensions, the x- and y-axes are used. ) ) > X

In three dimensions, three mutually perpendicular z

axes are used. We consider the x- and y-axes as in the A

horizontal plane and the z-axis as vertical and through

the point of intersection of the x- and y-axes. P(x, ¥, 2)

K1)
>y
0
X
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232 cChapter 6: Vector and Cartesian equations

Information from the vector function

The vector function gives much more information about the motion of the particle than the

Cartesian equation of its path.

For example, the vector function r(f) = cos {1 +sint f, t > 0, indicates that:

At time ¢ = 0, the particle has position vector r(0) = i. That is, the particle starts at (1, 0).

The particle moves with constant speed on the curve with equation x> + y* = 1.

The particle moves in an anticlockwise direction.

The particle moves around the circle with a period of 2, i.e. it takes 27t units of time to

complete one circle.

The vector function r(z) = cos(2mt) i + sin(27tr) f also describes a particle moving

anticlockwise around the circle with equation x> + y> = 1, but this time the period is 1 unit

of time.

The vector function r(f) = — cos(2mt) i+ sin(27tt) f again describes a particle moving around

the unit circle, but the particle starts at (—1,0) and moves clockwise.

Sketch the path of a particle where the position at time ¢ is given by

r)=2ti +1*j, t>0
Solution

Now x =2tand y = 7°.

2
This implies ¢ = % andsoy = (g) .

)
X
The Cartesian form is y = R for x > 0.

Since r(0) = 0 and (1) = 21 + f, it can be seen
that the particle starts at the origin and moves

along the parabolay = xz with x > 0.

Notes:

The equation r(r) = i+ %tz f, t > 0, gives the
same Cartesian path, but the rate at which the
particle moves along the path is different.
Ifr(s) = —ti + ;l‘tzf, t > 0, then again the
2

. . X
Cartesian equation is y = T but x < 0.
Hence the motion is along the curve shown
and in the direction indicated.
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6B Position vectors as a function of time 233

m Motion in two dimensions
When a particle moves along a curve in a plane, its position is specified by a vector

function of the form
r(t) = x(i +y(1)]

m Motion in three dimensions
When a particle moves along a curve in three-dimensional space, its position is

specified by a vector function of the form

r(0) = x(0)i + y(0)J + 2Dk

An object moves along a path where the position vector is given by
r(t) = costi + sintf +2k, >0
Describe the motion of the object.

Solution
Being unfamiliar with the graphs of relations in three dimensions, it is probably best to
determine a number of position vectors (points) and try to visualise joining the dots.

t r(t) Point
0 i+2k (1,0,2)
g f+2k | 01,2
7 - +2k | (-1,0,2)
37“ —f +2k | (0,-1,2)
2n i+ 2k (1,0,2)
%
} 102
(0’ _1’ 2) (09 0’ 2)
6% 0,1,2)
(1,0,2)

starting point > )
B / ¢
X

The object is moving along a circular path, with centre (0, 0, 2) and radius length 1,
starting at (1, 0, 2) and moving anticlockwise when viewed from above, always at a
distance of 2 above the x—y plane (horizontal plane).
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Example 6

The motion of two particles is given by the vector functions r;(¥) = (2f — 3)i + (2 + 10) f
and ry(7) = (¢ + Z)f + 7t f, where ¢ > 0. Determine:

a the point at which the particles collide
b the points at which the two paths cross

¢ the distance between the particles when ¢ = 1.

Solution
a The two particles collide when they share the same position at the same time:
ri(t) = ry(1)
Qt-3)0++10)] =@ +2)i +7t]
Therefore
20-3=t+2 (1) and F£+10=T7t (2)
From (1), we have ¢ = 5.
Check in (2): 2 +10 =35 =7t.
The particles are at the same point when t = 5, i.e. they collide at the point (7, 35).

b At the points where the paths cross, the two paths share common points which may
occur at different times for each particle. Therefore we need to distinguish between the
two time variables:

ri(t) = 2t - 3)i + (> + 10)/
r(s)=(s+ Z)f + 7sf
When the paths cross:
2t -3 =s5+2 (3)
£+10=7s (4)
We now solve these equations simultaneously.
Equation (3) becomes s = 2¢ — 5.
Substitute in (4):

2 +10="7Q2t-5)

?—14t+45=0
(t=91r-5)=0
t=5o0rt=9

The corresponding values for s are 5 and 13.

These values can be substituted back into the vector equations to obtain the points at
which the paths cross, i.e. (7,35) and (15,91).
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6B 6B Position vectors as a function of time 235

¢ Whenr=1: ri(1)=-i+11f
rn(1)=3i+7f
The vector representing the displacement between the two particles after 1 second is
ri(1) —ry(l) = —4i + 45
The distance between the two particles is \/m = 4+/2 units.

Exercise 6B

example4 1 The path of a particle with respect to an origin is described as a function of time, ¢, by E
the vector equation r(f) = cos t1 +sins f, t>0.

a Determine the Cartesian equation of the path.
b Sketch the path of the particle.

¢ Determine the times at which the particle crosses the y-axis.

2 Repeat Question 1 for the paths described by the following vector functions:

s N N 1 .
ar)=-9i+8t, t>0 br(t)=(t+1)i+mj, t>-2
t—1, 2 .
crit)y=—1i+——j, t>-1

t+1 * t+1
example6 3 The paths of two particles with respect to time ¢ are described by the vector equations
ri(t) = 3t - 5)i + (8 — )f and ro(r) = (3 — 1)i + 2t , where r > 0. Determine:
a the point at which the two particles collide
b the points at which the two paths cross

¢ the distance between the two particles when ¢ = 3.

4 Repeat Question 3 for the paths described by the vector equations
ri(t) = 22+ 4 + (1 - 2)f and ro(f) = 9ti + 3(t — 1)f, where 1 > 0.

5 The positions of two particles at time ¢, for ¢ > 0, are given by
rn@=Qt+4i+(-5) +@+6)k
r() = (3t =5)i + 2t — 14)f + 2r-3)k
a Determine the time at which the positions of the two particles coincide.

b Determine the position vector of the particles at this time.

6 Repeat Question 5 for each of the following:
a r(r) = cos(2nr) i + sin(27tr) f + 5k and ro(f) = =2t + (21 — l)f + (2t + 4)IAc
b ri@)=2+@+1)f +Qt—Dkand r(t) = Bt = 2)i + 2t + 1)f + 31 -3k
c ri()=@Br=2)i + (2 -2t-2)f + (3t =3k and ro(r) = 2 + 22 - 50)f + (2t — Dk
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236 Chapter 6: Vector and Cartesian equations 6B

10

11

12

13

The path of a particle defined as a function of time 7 is given by the vector equation
rt) = +0i +Br+ 2)f. Determine:
a the distance of the particle from the origin when # = 3

b the times at which the distance of the particle from the origin is 1 unit.

Let r(t) = 11 + 2¢j — 3k be the vector equation representing the motion of a particle
with respect to time ¢, where ¢ > 0. Determine:

a the position, A, of the particle when t = 3

b the distance of the particle from the origin when t = 3

¢ the position, B, of the particle when ¢ = 4

d the displacement of the particle in the fourth second in vector form.

Letr(r) = (r + l)f +3 -1 f + 2tk be the vector equation representing the motion of a
particle with respect to time ¢, where ¢ > 0. Determine:
a the position of the particle when ¢ = 2

b the distance of the particle from the point (4, —1, 1) when ¢ = 2.

Let r(r) = ar*i + (b — 1) f be the vector equation representing the motion of a particle
with respect to time ¢. When ¢ = 3, the position of the particle is (6, 4). Determine
aand b.

A particle travels in a path such that the position vector, r(¢), at time ¢ is given by

r(f) = 3cos(r)i +2sin(r) f, 1 > 0.

a Express this vector function as a Cartesian relation.

b Determine the initial position of the particle.

¢ The positive y-axis points north and the positive x-axis points east. Determine,
correct to two decimal places, the bearing of the point P, the position of the particle
att = 3_75’ from:

i the origin ii the initial position.

An object moves so that the position vector at time ¢ is given by r(¢) = &' i+e f, t>0.
a Express this vector function as a Cartesian relation.
b Determine the initial position of the object.

¢ Sketch the graph of the path travelled by the object, indicating the direction
of motion.

An object is moving so that its position, r, at time ¢ is given by
r() = (e +e i+ (e —e)j,t>0.

a Determine the initial position of the object.

b Determine the position at ¢ = In 2.

¢ Determine the Cartesian equation of the path.

Hint: Square the x and y components and determine their difference.

Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



6B

14

15

Example 5 16
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An object is projected so that its position, r, at time ¢ is given by
r(r) = 100t + (100V37 — 572)5, for 0 < 1 < 20V3.

a Determine the initial and final positions of the object.

b Determine the Cartesian form of the path.

¢ Sketch the graph of the path, indicating the direction of motion.

Two particles A and B have position vectors r4(f) and rp(¢) respectively at time ¢,
given by ry(t) = 6721 + (28 — lSt)f and rg(t) = (131 — 6)i + (372 — 27)f, where ¢t > 0.
Determine where and when the particles collide.

The motion of a particle is described by the vector equation r(f) = 3costi +3sint J +k,
t > 0. Describe the motion of the particle.

The motion of a particle is described by the vector equation r(f) = 1+ 3tf +th,1>0.
Describe the motion of the particle.

The motion of a particle is described by the vector equation
r(f) = (1 — 2cos(20)) T + (3 — 5sin(2r)) J, for ¢ > 0. Determine:
a the Cartesian equation of the path
b the position at:
. . T . T
i t=0 ||t_Z |||t_§
¢ the time taken by the particle to return to its initial position

d the direction of motion along the curve.

For each of the following vector equations:

i Determine the Cartesian equation of the body’s path
ii sketch the path
ifi describe the motion of the body.
a r(f) = cos’(3nr) 1 + 2 cos2(3mr) f, t>0

b r(f) = cos(2nr)i + cos(4dnt) f, 1> 0
cri)=ei+ef,1>0

20 Particle A moves along a parabolic path with its position at time ¢ given by

ra(t) =211+ (@4 -80f, t>0

Particle B moves along a straight-line path with its position at time ¢ given by
re()= ——i+12t-21)f, t>0

a Determine the Cartesian equations of the paths of A and B.

b Determine the coordinates of the points of intersection of the paths of A and B.

¢ Determine when and where particles A and B collide.

Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press

Photocopying is restricted under law and this material must not be transferred to another party.



238 cChapter 6: Vector and Cartesian equations

@ Vector equations of lines

Learning intentions
» To be able to use vector, parametric and Cartesian equations of straight lines.

» To be able to calculate the distance from a point to a line.

Vector equation of a line given by a point and a direction

A line ¢ in two- or three-dimensional space may be described
using two vectors:

m the position vector a of a point A on the line
m a vector d parallel to the line.

We can describe the line as
_)
{={P:O0P=a-+tdforsomereR}

Usually we omit the set notation. We write r(t) for the
position vector of a point P on the line, and therefore

r)=a+td, teR
This is a vector equation of the line £.

As the value of ¢ varies over the real numbers, the position vector r(f) varies over all the
points on the line £. We sometimes express this idea by saying that ¢ is a parameter and
that r(¢) is a parameterisation of the line ¢.

If it is understood that ¢ is the parameter, then we may write r instead of r(¢).

Note: There is no unique vector equation of a given line. We can choose any point A as the
‘starting point’ on the line and any vector d parallel to the line and any multiple of the
direction vector can be used.

Vector equation of a line given by two points

If the position vectors a = OA and b = OB of two
points on a line € are known, then the line may be

described by
(1) = OA + 1AB
=a+ttb—a), teR
This is also a vector equation of the line £.
This vector equation can be rewritten as

rt)y=(1-0nHa+th, teR

In Section SF, we derived this expression for the
position vector of a point collinear with A and B. 0

Note: As already noted above, there is no unique vector equation of a given line. Here we
can choose any two distinct points A and B on the line.

Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



BC Vector equations of lines 239

Example 7

Verify that the point P(-7, 4, —14) lies on the line represented by the vector equation
r(f) =51 -2 +4k +1Q2i — f +3k), teR

Solution

The point P(—7, 4, —14) has position vector -7 + 4 — 14k.

By equating coefficients of i, j and k, we can see that the point P lies on the line if there
exists ¢ € R such that

5+2t=-7
—2—-t=4
4+3t=-14

A solution for each of these equations is # = —6. Hence P lies on the line.

Example 8

Determine a vector equation of the line AB, where the points A and B have position vectors
— Py Py S - 2 2
OA=i+j -2k and OB=2i-j —k

Solution

Let a and b be the position vectors of points A and B respectively. Then a vector equation
of the line is

r)=a+1tb-a)
=i+] -2k+0(Q2i-F-k)-G+]-2k)
=i+ -2k+t@-2f +k), teR

Note: This can also be written as r = (1 + 1) + (1 — ZI)f + (-2 + t)IAc, teR.

Example 9

Determine a vector equation for each of the following lines:
a the line through A(1,2) that is parallel to 27 + 35
b the line passing through the points A(3, —5,4) and B(—4, 3, 10)

Solution
a Point A has position vector i+2 f . So a vector equation of the line is
r)=i+2f +12 +3f), teR
b The points A and B have position vectors a = 3i — 55 + 4k and b = —4i + 3 + 10k
respectively. So a vector equation of the line is
r)=a+tb - a)
=31 - 55 + 4k +t((—4i + 3] + 10k) — 3i — 55 + 4k))
=3 -5] +4k+1(-7i +8f +6k), teR
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240 chapter 6: Vector and Cartesian equations

Cartesian equation of a line in two dimensions

From a vector equation to the Cartesian equation
m For example, start with the vector equation

r=i+5j +1i+2f), teR
m Rearrange this equation as
r=(1+00+G+20))

Let P(x, y) be the point on the line with position vector r, so that r = xi + yj . Then,
we have

x=1+¢t and y=5+2¢

These are parametric equations for the line.

m Now eliminate ¢ to determine y in terms of x.
Wehaver=x—-1,s0y=5+2(x-1) =2x+3.
The Cartesian equation of the line is y = 2x + 3.

From the Cartesian equation to a vector equation Y

For example, start with the Cartesian equation y = 2x + 3. dopy=2x+3

A point on the line is (0, 3), with position vector 3 f . The line

has gradient 2, so a vector parallel to the line is i + 2. i+

Therefore a vector equation of the line is

~ ~ ~ > X
r=3j +ti+2j), teR /0

Note: For a line with equation y = mx + ¢, you can choose the

point (0, ¢) on the line and the vector i + mj parallel to the line.

Cartesian form for a line in three dimensions

From a vector equation to Cartesian form
m For example, the line through the point (5, —2, 4) that is parallel to the vector 2¢ — J + 3k
can be described by the vector equation

r=50-2f +4k+1tQ2i - j +3k), teR

m Let P(x,y, z) be the point on the line with position vector r. Then we can write the vector
equation as

xt+yf +zk=G+200 + (-2 -1)] + (@ + 30k
The corresponding parametric equations are
x=5+2t, y=-2—-t and z=4+3t
m Solving each of these equations for ¢ and then equating gives
x-5 y+2 z-4
2 -1 3

This is in Cartesian form. You cannot describe a line in three dimensions using a single

=t

linear Cartesian equation.

From Cartesian form to a vector equation To convert from Cartesian form to a vector
equation, we can perform these steps in the reverse order. See Example 11.
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We have seen that a straight line can be described by a vector equation, by parametric

equations or in Cartesian form.

Lines in three dimensions

A line in three-dimensional space can be described in the following three ways,
where a = ai + a» f + ask is the position vector of a point A on the line, and

d=di+d, f + dsk is a vector parallel to the line.

Vector equation

Parametric equations

Cartesian form

r=a+1td,

teR

X =a; +dit
y=ap + dyt
z = a3 + dst

Parallel and perpendicular lines

Fortwolines £1: ri =a; +td,t €eR,and &»: r, = a, + sd>, s € R:

m The lines £; and ¢, are parallel if and only if d; is parallel to d,.
m The lines ¢; and ¢, are perpendicular if and only if d; is perpendicular to d,.

Example 10

Let £ be the line with vector equation

r=1+2f +3k+1-i-3)),

teR

241

a Determine a vector equation of the line through A(1, 3, 2) that is parallel to the line .
b Determine a vector equation of the line through A(1, 3, 2) that is perpendicular to the
line ¢ and parallel to the x—y plane.

Solution

a The position vector of A is i + 3J + 2k, and a vector parallel to £ is — — 3] .

Therefore a vector equation of the line through A parallel to ¢ is

seR

r=i+3J +2k+s(-i - 3)),

b If a vector is parallel to the x—y plane, then its k-component is zero. So we want to

determine a vector d = d;i + d, f that is perpendicular to -1-3 f.

Therefore we require

ie.

We see that we can choose d; =3 and d, = —1. Sod = 35—].

(dii+dyf)-(-1-37)=0
—-dy—3d> =0

Hence a vector equation of the required line is
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242 cChapter 6: Vector and Cartesian equations

Distance from a point to aline

We can use the scalar product to determine the distance from a point to a line.

a Determine a vector equation for the line whose Cartesian equation is

92—
1—x= Ty,z 9
b Determine the distance to the line from the point A(1, 3, 2).
Solution
2-y
Lett=1-x= and z = 2 so that
x=1-1t
y=2-3t
z=2
Therefore,

r() = (-0 +Q2-30f +2k

The equation of the line can be written as
r()=1+2f +2k+1t(-i —3f), teR

So the vector d = —i — 3 is parallel to the line.

—>
a The required distance is |AP’|, where P’ is the point
on the line such that AP’ is perpendicular to the line.
For any point P on the line with 0P = r(t), we have
—_ s =
AP =AO0 + OP
=—(@+3 +2k)+(1 -0l +2-30] +2k
= -1l +(-1-30))

AP -d = (—ti + (=1 =30)j) - (=i - 3§)

=t-3(-1-31)
=10r+3
Ifﬁ d=0,thent = 3andsoﬁ—3z° L2
- 710 10 107
— 10
The distance from the point A to the line is |AP’| = %
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Describing line segments

We can use a vector equation to describe a line segment by restricting the values of the
parameter. Consider a vector equation r(¢) = a + td with parameter ¢.

m As the value of ¢ varies over R, the position vector r(f) varies over all the points on a line.

m If the value of 7 only varies over an interval [p, g], then the position vector r(¢) only varies
over the points on the line segment between r(p) and r(q).

Points A and B have position vectors a = i —4j and b = 2i — 3k respectively.

a Show that the vector equation r(f) = i—4 f +1i+4 f -3k),teR, represents the line
through A and B.

b Determine the set of values of # which, together with this vector equation, describes the
line segment AB.

¢ Determine the set of values of # which, together with this vector equation, describes the
line segment AC, where C(4, 8, —9) is a point on the line AB.

Solution
a An equation of the line AB is
r)=a+tb-a)
=i—-4] +1@+4) -3k), teR

b Taking ¢t = 0 gives r(0) = — 4 = a.
To determine the value of ¢ which gives b, consider
r(t)=>
i—4f +1(i+4) - 3k) =21 - 3k
(1+0i +4(—1)] -3tk =2i -3k
Therefore ¢ = 1.
So the line segment AB is described by
r()=i—-45 +1(i +4j5 - 3k), 1€[0,1]

¢ To determine the value of r which gives O_C>’, consider
—
r(t) = OC
i—4f +1@+4) —3k)=4i + 8] — 9%k
(1 + 0 +4(t— 1)) —3th=4i + 8] — 9%k
Therefore ¢ = 3.
So the line segment AC is described by
r()=i-4j +1@ +4j - 3k), 1€[0,3]
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Example 7

Example 8

Example 9

Example 10

1

6

For each of the following, determine whether the point lies on the line:
a (4,2,1), r()=i+3] —k+t(-3i+j -2k), teR

b (3,-3,-4), r()=61+3] —k+t@+2f +k), reR

c 3,-1,-1), r(=—-i+2f —3k+t(—i+j -2k), teR

For each of the following, determine a vector equation of the line through the points
A and B:
s . N
aOA=i+j, OB=i+3j b OA=i-3k, OB=2i+j -k
— ~

~

o » N ~ 4 N A~ ~ ~ —_—> ~ ~ N
c OA=2i—-j +2k, OB=i+j+k d OA=2i-2j+k, OB=-2i+j+k

For each of the following, determine a vector equation of the line that passes through
the points A and B:

a AG3,1), B(-2,2) b A(-1,5), B(2,-1)

c A(1,2,3), B(2,0,-1) d A(1,-4,0), B(2,3,1)

Convert each vector equation found in Question 3 into:

i parametric equations

ii Cartesian form.

Consider the line with equation 2x + 3y = 12.
a Show that the point (3, 2) lies on the line and that the vector 31 -2 is parallel to
the line. Hence give a vector equation for the line.

b Show that the point (0, 4) lies on the line and that the vector -97 + 6/ is parallel to
the line. Hence give another vector equation for the line.

¢ Show that the point (6,0) lies on the line. Using this information and the fact that
(0,4) also lies on the line, give yet another vector equation for the line.

Determine a vector equation of the line through the point A(2, 1, 0) that is:

a parallel to the line r = i+3) - k+1(-31 +J), teR

b perpendicular to the line r = i+3 f —k+ (=30 + f), t € R, and parallel to
the x—y plane.

Determine a vector equation of the line through the origin that is:
a parallel to the vector 2 f -k
b perpendicular to the line r = 2i + j +#(2f — k), t € R, and in the y—z plane.

a Determine a vector equation of the line AB, where points A and B are defined by the
position vectors @ = 2i + j and b = — + 3J respectively.

b Determine which of the following points are on this line:
i (50 ii (0,7) i (8,-3)
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9 The line £ is given by the vector equation r = — 2j — k + 1(3i + j — k), 1 € R. E
a Determine a vector equation of the line which passes through the point (0, 1, 1) and is
parallel to the line ¢.
b Verify that the two equations do not represent the same line £.

¢ The point (2, m, n) lies on the line £. Determine the values of m and n.

10 a Letv = 3i — 45 . Determine a vector that is perpendicular to the vector v and has the
same magnitude as v.
b Points A and B are given by the position vectors @ = 2{ —3f and b = —i + J
respectively. Determine a vector equation of the line which passes through B and is
perpendicular to B_>A

¢ Determine the x- and y-axis intercepts of this line.

11 Determine parametric equations and Cartesian equations for each line:
ar=2+5+4k+1-3i+j -2k), teR
b r=2f —k+tQi+] +4k), reR

Example11. 12 a Determine a vector equation for the line whose Cartesian equation is
x—-1 2-y z
2 3 5
b Determine the distance to the line from the point A(-1,3, 1).

13 For each of the following, determine the distance from the point to the line:
a (0,0,0), r=4i+j -3k+1-31+2f +5k), teR
b (1,10,-2), r=4i+j —3k+t(-3i +2j +5k), teR
c (1,2,3), r=3t+4j -2k +1t@ -2f +2k), teR
d (1,1,4), r=i-2f +k+t-2+j +2k), reR

Example 12, 14 Points A, B and C are defined by the position vectors a = i—4 f +k, b=3i-kand
¢ = =2i — 10j + 4k respectively.
a Show that the vector equation r = i—4 f +k+ t(f +2 f - lAc), t € R, represents the
line through the points A and B.
b Show that the point C is also on this line.

¢ Determine the set of values of  which, together with the vector equation, describe
the line segment BC.

15 Determine the coordinates of the closest point to (2, 1, 3) on the line given by the
equation r = i+ 2f +1(0 —f +2k),teR.

16 Determine a vector equation to represent the line through the point (-2, 2, 1) that is
parallel to the x-axis.

17 Determine the distance from the origin to the line that passes through the point (3, 1,5)
and is parallel to the vector 20 — f + k.
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18 For each of the following, give the coordinates of the endpoints of the line segment E
described by the vector equation:
ar=i-2f +k+t-2i+J +2k), te[1,3)
b r=3i+4f —2k+1( -2f +2k), te[-1,2]

19 Let ¢ be the line with vector equation r(f) = (3 — /)i + 3 — 1)f + tk.

a Determine the point on £ closest to the origin. (Hint: determine the point P’ on £

such that OP’ is perpendicular to ¢.)

b Let P be a point on £ with position vector r(f). Show that @5|2 =32 - 12t + 18.

¢ For which value of ¢ is the quadratic function f(r) = 3> — 12¢ + 18 minimised?

d Use parts b and ¢ to determine the point on ¢ closest to the origin by another method.
20 A line is given by the vector equation r = i— 4f +k+1(+ Zf —k),teR.

a Determine the vector OB in terms of t, where B is a point on the line.

b Determine |0_B)| in terms of 7.

. . . ﬁ . . .
¢ Hence determine the minimum value of |OB|. That is, determine the shortest distance
from the origin to a point on the line.

d Let A be the point (1, 3,2). Determine the shortest distance from A to a point on
the line.

@ Intersection of lines and skew lines

To be able to determine if a pair of lines in three dimensions are parallel, intersect,
coincide or are skew and to determine the angle between two lines.

To be able to determine the coordinates of a point of intersection of lines.

Lines in two-dimensional space

From Mathematical Methods Units 1 & 2, you know that there are three possibilities for a pair
of lines in two-dimensional space:

m the lines coincide  m the lines are parallel and distinct ~m the lines intersect at a point.

T =

For example, the two lines

Lm0\ =20+2f +Mi—J), LeR and br:r(w) =20 +3) + W2 —2f), neR
are parallel, since the direction vectors i— f and 27 — 2 f are parallel. To check whether two
parallel lines coincide, we choose a point on one line and check whether it also lies on the

other line. For example, the point with position vector 2i + 3j lies on line £,. This point lies
on ¢, if there is a value of A such that 2+ A =2and 2 — A = 3.

No such A exists, so the lines £; and ¢, are parallel and distinct.

Note: When we are considering a pair of lines, we should use different parameters for the
two vector equations. (Here we used A and p.)
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Determine the position vector of the point of intersection of the lines
r)=20+2] +Mi—j), LeR and r(W=-j +pnBi+2j), pneR
Solution
At the point of intersection, we have ry(A) = rp(u) and so
2+2] +Mi—J) =—f +uBi+2))
Q+Ni+Q2-N) =3 + (-1 +2w)y
Equate coefficients of Z and J :
2+h=3p (1)
2-A=-14+2u (2)
Solve simultaneously by adding (1) and (2):
4=-1+5un
Hencep =1andso A = 1.
Substituting A = 1 into the equation r;(A) = 2+2f +Mi—)) gives ri(1) = 3i+7.

The point of intersection has position vector 3z + j .

Lines in three-dimensional space

There are four possibilities for a pair of lines in three-dimensional space: the lines may
coincide, they may be parallel and distinct, they may intersect at a point and they may also
be skew.

Skew lines

Two lines are skew lines if they do not intersect and are not parallel.

For example, consider the cube ABCDEFGH as shown. A

Lines AB and FG are skew. We can see that AB and FG do not lie

Two lines are skew if and only if they do not lie in the same plane. D C
|
|
|
|
|
in the same plane. }

" H G
.
E F
As another example, consider the tetrahedron SPQOR as shown.
We can see three pairs of skew lines:
m lines SP and RQ are skew R
m lines SR and PQ are skew P
m lines SQ and PR are skew.
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248 cCchapter 6: Vector and Cartesian equations

Coincident and parallel lines

We can determine whether two lines in three dimensions are coincident or parallel by similar
methods as in two dimensions.

Consider two lines €1 : ri(A) = a; + Mdy and £5: (1) = a; + pds.

m Lines ¢; and ¢, are parallel if and only if the direction vectors d; and d, are parallel
(i.e. di = md, for some real number m).

m If lines ¢, and ¢, are parallel, then we can check whether they coincide by checking
whether a point on ¢; (such as the point with position vector a;) also lies on ;.

Intersecting lines
Two lines ¢1: ri(\) = a; + Mdy and £, : r2(u) = a, + ud, have a point in common if there exist
values of A and p such that ri(A) = ro(w).

Determine the point of intersection of the lines
r)=5+2] +M2i+j +k) and () =-3i +4f + 6k +pi - j - 2k)
Solution
At the point of intersection, we have ry(A) = rp(n) and so
SL+2f +M2+J +k)=-3i +4f + 6k +u(@ - j - 2k)
Equate coefficients of i, j and k:
5+2h=-3+u (1)
2+h=4-p 2)
A=6-2u (3)
From (1) and (2), we have
7+3h=1
A=-2
Substitute in (1) to determine p = 4.
Now we must check that these values also satisfy equation (3):
RHS=6-2x4=-2=LHS
Hence the lines intersect where A = —2 and p = 4.
The point of intersection has the position vector
r(=2)=5+2f —2Qi+j +k
=i-2k

Hence the lines intersect at the point (1,0, —2).
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Show that the following two lines are skew lines:
rrN)=i+k+Mi+3] +4k), LeR
r(W=20+3] +p@di-j +k, peR

Solution

We first note that the lines are not parallel, since i+3 f + 4k # m(4i - f + k), for all
m € R.

We now show that the lines do not meet. If they did meet, then equating coefficients of 7, j
and k would give

1+A=2+4u (1)
3v=3-u (2)
1+4h=p (3)

From (1) and (2), we have A = 1 and u = 0. But this is not consistent with equation (3).
So there are no values of A and w such that r; (L) = r(w).

The two lines are skew, as they are not parallel and do not intersect.

Concurrence of three lines

A point of concurrence is where three or more lines meet.

Example 16

Determine the point of concurrence of the following three lines:
6 n@)=-20+j+t@+j), teR
b ()= + s +2)), s€R
O rsw)=8+3] +u(-3i+j), uek

Solution

The point of intersection of lines ¢; and ¢, can be found from the values of ¢ and s such
that () = r2(s). Equating coefficients of i and f , we obtain

—2+t=35 (1)
1+¢tr=1+2s (2)
Solving simultaneously gives s = 2 and r = 4. Taking ¢ = 4 gives r(4) = 21 + 5] .
Thus lines ¢, and ¢, intersect at the point (2, 5).

For this to be a point of concurrence, the point must also lie on £3. We must determine a
value of u such that

20+5) =8 +3] +u(-3i +))

We see that u = 2 gives the result. The three lines are concurrent at the point (2, 5).
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Angle between two lines
In Section 5D, we used the scalar product to determine the angle between two vectors.
If two lines have vector equations r;(A) = a; + Ady and ry(u) = a, + ud,, then they are in the

directions of vectors d; and d, respectively. The angle 0 between the two vectors d; and d,
can be found using the scalar product:

The angle between the two lines is 0 or 180° — 0, whichever is in the interval [0°, 90°].
This applies to any pair of lines, whether parallel, intersecting or skew.

The two lines are perpendicular if and only if d; - d, = 0.

Example 17

Determine the acute angle between the following two straight lines:
riN) =1 +2f + M58+ 35 - 2k)
ra(w) = 21 — f + 3k + (=2 + 3 + 5k)

Solution

The vectors d| = 5043 f — 2k and d, = 20 +3 f +5k give the directions of the two lines.
We have |di| = V38, |d>| = V38 and d; - d, = —11.

Let 0 be the angle between d; and d,. Then
di-d, _E
d:||d>| 38

The acute angle between the lines is 73.17°, correct to two decimal places.

cos0 =

Exercise 6D

Example13. 1 Determine the position vector of the point of intersection of the lines with equations E
ri(M)=3i+5] +M2i—j)
rai) = =2 + w4t +27)

Example 14 2 Determine the coordinates of the point of intersection of the lines with equations
rnO)=1+3] +k+M=2i -] +2k)
ra(w) = =31 +4f + Tk + (@ - j - 2k)

Example 15 3 Show that the following two lines are skew lines:
r)=31+2f +k+12i-3] +k)
ra(W) =1 - 37 + 2k + @ - 2f +3k)

Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



6D 6D Intersection of lines and skew lines 251

4  For each pair of lines, answer the following questions: E

Are the lines parallel?

ii Are the lines perpendicular?

Do the lines coincide?

iii
iv If they intersect at a point, what is the point of intersection?

arn=i+2f +1i+7)) b ri()=—-i+j +1(i+2))
ry(s) =i+ 6] + s +2f) r(s)=31—J] +s(=20 +J)

c ri(f) =5 +95 +1(=2i - 3)) d rni=1i-45 +1Q2i - J)
ra(s)=1+3] + s(4i +6)) ra(s) =T+ 8] +s(-2i +J)

e ri()=51+5f —dk+tG+2f -k) £ ri()=Ti+4] +5k+1G3i+] - k)
r(s) =4 +k+s@—j —k) ra(s) = J =3k + s@ +4f +2k)

g r(=6i -6 +5k+1@-2f +2k) h ri(0)=4i-5f +k+12i —4f - 2k)
ra(s)=i+2f —5k+si -7 +2k) ra(s)=—i+5) +6k+s(—i +2f + k)

i r()=-31-J +13i+2f -2k) i n@=7-6j +12i-2f +k)
r(s) =41 +J — 6k + s(i — k) ra(s)=-31+4f —5k+sQ2i -2f + k)

example16. 5 For each of the following, determine the point of concurrence (if it exists) of the lines:

a r()=31+2f -3k+1ti -k b ri(=22+j-3k+ti-j+k
ra(s)=2i+3] +s@+] +k) ra(s) = 251 + 6§ — 2k + s(@ +3f)
rs(u)=—1+4f +3k+u(-i +F +2k)  rw) =5+ —k+u@i+j+k

c rn)=5-j +1i+k) d rit)=-5 -2 +8k+12i — k)
ra(s)=10i +5f —k+s@ +2j - k) r(s)=21-3] +4k+s@ -] - k)
r3(u) =5t —2f —k+ui +J +2k) r3(u) = 50 + 8 +u(2i + J +2k)

Example17. 6 Determine the acute angle between each of the following pairs of lines:
ar =3i+2f —4k+1( +2f +2k) b ri=4i—-j +1t(+2f —2k)
r, =55 =2k + s3i + 2 + 6k) r=1—j +2k-sQi+4) - 4k)
7 The lines ¢; and ¢, are given by the equations
O ri=i+6f +3k+1Q2i-j +k)
b ry=3i+3] +8k+s(i +k)
a Determine the acute angle between the lines.

b Show that these lines are skew lines.

8 The lines ¢ and ¢, are given by the equations
G r =3+ +12f +k)
b r=4k+si+j -k
a Determine the coordinates of the point of intersection of the lines.
b Determine the cosine of the angle between the lines.
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252 Chapter 6: Vector and Cartesian equations 6D

9 Three lines are represented by vector equations as follows:

6 r=1-2k+t0+3] +k), neRr
b r=2—f+k+n(-i+2f +k), neR
b3 r=3i—J —k+n0-4)), neR

For each pair of lines, determine whether they intersect or not. If they intersect, then
determine their point of intersection.

@ Vector product

Learning intentions
» To be able to calculate and use the vector product.

The vector product is an operation that takes two vectors and produces another vector.

Geometric definition of the vector product

Definition of the vector product

The vector product of a and b is denoted by a X b. A

m The magnitude of a X b is equal to |a| |b| sin 6, where 0 is
the angle between a and b.

m The direction of a X b is perpendicular to the plane b la x b| -~
/7

containing a and b, in the sense of the right-hand rule 0 e
explained below. @

Note: The vector product is often called the cross product.
The magnitude of a x b
By definition, we have
|a x b| = |a||b| sin 6
where 0 is the angle between a and b.

From the diagram on the right, we see that |a X b]

is the area of the parallelogram ‘spanned’ by the
vectors a and b.

The direction of a X b using the right-hand rule

To determine the direction of the vector a X b using * axb
your right hand:

m Point your index finger along the vector a.
m Point your middle finger along the vector b.

m Keep your thumb at right angles to both a and b,
as in the picture. The direction of your thumb
gives the direction of the vector a X b.
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6E Vector product 253

The following two diagrams show a X b and b X a.

axb

The vector b X a has the same magnitude as a X b, but the opposite direction. We can see that
bxa=—-(axb)
Thus the vector product is 7ot commutative.

Note: The vector product is also not associative: in general, we have (@ X b) X ¢ # a X (b X ¢).

Vector product of parallel vectors

If a and b are parallel vectors, then a X b = 0, since |a X b| = |a| |b|sin0° = 0.

Conversely, if a and b are non-zero vectors such that @ X b = 0, then a and b are parallel.

Vector product of perpendicular vectors
If a and b are perpendicular vectors, then
|a x b| = |a||b] sin 90°
= |al|b]

The three vectors a, b and a X b form a right-handed system of
mutually perpendicular vectors, as shown in the diagram.

Vector product in component form

Using the previous observations about the vector product of parallel

and perpendicular vectors: !
mixi=0 mixj=0 mhkxk=0 ( ‘\
mixj=k wfxk=1 whkxi=j i k
mjXi=-k mkXj=-1 mixXk=—j

The diagram on the right may help you to follow the pattern among these vector products.
The vector product distributes over addition. That is:
axb+c)=axb+axc

These facts can be used to establish the following result.
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Vector product in component form
Ifa=ai +a2f + a3IAc and b = byl + bzf + b3IAc, then

ax b = (abs — azha)i — (a1bs — azby)j + (a1by — azby)k

Note: In Specialist Mathematics Units 1 & 2, you may have seen how to determine the
determinant of a 3 x 3 matrix. This gives a way of evaluating the vector product as

follows:
Pk
@ als o as|, | af,
axb=\ay a az|= i-— J+
by, b3 by b3 by b
by by b3

= (b3 — azby)i — (a1b3 — ash))j + (a1by — azb)k

To obtain the i -component, we ‘delete’ the i-row and the i-column of the 3 X 3 matrix.
Likewise for the f - and I}—components.
(Here we are using |A| to denote the determinant of a square matrix A.)

Example 18

Determine the vector product of @ = 37 + 3 + 8k and b = i — 3j + 2k, and hence
determine a unit vector that is perpendicular to both a and b.

Solution
The vector product can be evaluated as follows:

i J k
3 8/, I3 8.~ I3 3.
axb=3 3 8= i— J+ k
-3 2 1 2 1 -3
1 -3 2

=(3x2-8x(3)i-(Bx2-8x1)] +(3x(-3)-3x 1k
=30i +2j — 12k

The magnitude of @ X b is V302 + 22 + 122 = 2V262.

1 5 6 A
Hence a unit vector perpendicular to both @ and b is (301 + 25 — 12k).
2V262
Using the TI-Nspire CX non-CAS
m Assign the vectors a = 3 + Sf + 8k and «JEER» *TI-Nspire rap [i] X
b =1 -3j + 2k as shown. a=[3 3 8] [z 2 8]
m Determine the vector product using > b1 -3 2] [1 -3 2]
Matrix & Vector > VectorA > Cr-Aoss Pr?duct. crossE(a) [30 2 _12]
The vector product is 30i + 2j — 12k. dol) =
m The scalar product of two vectors can also :
be found, using > Matrix & Vector >

Vector > Dot Product.

Note: You can enter the vectors directly into the vector commands if preferred.

Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



6E Vector product 255

Using the Casio

m Press to select Run-Matrix mode. _I;E\l/ "
2 & o~ . [ [ ’ ’ ] ] c
m Store 3i + 3j + 8k as Vector A by entering: [3 3 8]
[[1,-83,2]]1>Vet B
[[3,3,8]] = Vct A [1 -3 2]

: . ad
Hint: To obtain ‘Vct’, go to the Vector menu

and select Vet (F1). Vet | DotP(CrossPUAngle(UnitV (I
m Storei —3 f + 2k as Vector B similarly.

B HatiRadForn]

m Determine the scalar product by going to the DotP(Vet A,Vet B)
Vector menu (0PTN) (F2) (F6) (Fe) and using CrossP (Vot A,Vot By ©
DotP( (F2). . [30 2 -12]

m Determine the vector product by going to the
Vector menu and using |Vt [ DotP(rossP(Anzlo(UnitV (M-S
CrossP( (F3).

Example 19

a Simplify:

i ax(a->b) ii (axb)-a

b Given that a X b = ¢ X a, with a # 0, show that b = —¢ or @ = k(b + ¢) for some k € R.

Solution

a 1 Since the vector product distributes over addition, we have
ax(a-b)=ax(a+(-b))

axa+ax(-b)

0+ax(-b)

=—(axb)

=bxa

ii Since a X b is perpendicular to a, we have (a X b) - a = 0.

b By assumption, we have
axb=cxa
axb-cxa=0
axb+axc=0
axb+c)=0

Since a # 0, it follows that either b + ¢ = 0 or the vectors @ and b + ¢ are parallel.
Hence we must have b = —c or @ = k(b + ¢) for some k € R.
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Skill-
sheet

Use the vector product to determine a vector perpendicular to the two given vectors:

Example 18 1

Example 19 2

ai-4f +kand4i +3) b
ci+j—kandk d
e 2 —3j + 5k and —4i + 3k f
g 20+ j -2kandi h
Simplify:

a (a+b)xb b
c (@a-b)x(a+b) d

-

e a-((b+c)xa)

6E

3i+j —kandi-J +2k
20 +2f —kand2f

3i+j —2kand —i — j +2k
—Zf—l}and2f

(a+b)x(a+b)
(ax®+c)-b
((@ax b)-a)+ (b-(axb))

3 Determine a vector of magnitude 5 that is perpendicular to a@ = 20+3 f — kand
b=1i-2f +2k.
4 Determine a vector perpendiculartoa =i — j + kand b = 2i — 25 + 2k.
5 A parallelogram OABC has one vertex at the origin O and two other vertices at the
points A(0, 1, 3) and B(0, 2, 5). Determine the area of OABC.
6 Determine the area of the triangle POR with vertices P(1, 5, -2), 0(0,0,0) and
R(@3,5,1).
7 The three vertices of a triangle have position vectors a, b and ¢. Show that the area of
the triangle is %I(a X b)+ (b Xc)+(cXa).
8 Letv be a vector parallel to a line £, and let u be a vector from any point on the line to a
uXxvy
point P not on the line. Show that the distance from the point P to the line £ is | vl |
9 In this question, we verify that the component form of the vector product has some of its
desired properties. Consider vectors a, b and ¢ as follows:
a :alf+a2f+a3l}
b=>bi+byj +bsk
¢ = (axb3 — azba)i — (arbs — asby)f + (a1br — arbp)k
a Verify that ¢ is perpendicular to both a and b.
b Verity that if we swap a and b, then ¢ becomes —c.
¢ From Section 5D we know that
arby + axby + azbs = |a| |b| cos 0
where 0 is the angle between a and b. Using this result and the Pythagorean identity,
verify that |c| = |a| |b]| sin 6.
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6F Vector equations of planes 257

@ Vector equations of planes

Learning intentions
» To be able to determine the vector and Cartesian equations of a plane.

Normal vectors to planes

At each point on a smooth surface there is a line perpendicu- !
lar to the surface. For a plane, these perpendiculars all point

. . . n
in the same direction.
A vector that is perpendicular to a plane is called a normal Tl
to the plane. ,’I ~~<_
Note: There is not a unique normal vector for a given plane. g
. Ui
If the vector n is normal to the plane, then so are the /

vectors kn and —kn, for all k € R*.

Equations of planes

A plane IT in three-dimensional space may be
described using two vectors:

m the position vector a of a point A on the plane
m a vector n that is normal to the plane.

Let r be the position vector of any other point P on the
—

plane. Then the vector AP = r — a lies in the plane,

and is therefore perpendicular to n. Hence

(r-a)-n=0

This can be written as

r-n=a-n
This is a vector equation of the plane.

If we write the position vector of the point P as r = xi + yj + zk and write the normal vector
asn=nl+n f + n3 k, then we obtain a Cartesian equation of the plane:

nmx+my+nyz=a-n
This is often written as
mx+my+nyz=k

where k = a - n.
Note: We can also give parametric equations for a plane. This appears in section 61.
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258 cChapter 6: Vector and Cartesian equations

Planes in three dimensions

A plane in three-dimensional space can be described as follows, where a is the position
vector of a point A on the plane, the vector n = nyi + n, j + n3k is normal to the plane,
andk =a-n.

Vector equation Cartesian equation

r-n=a-n mx+my+nz==k

We now look at examples of determining equations of planes given different information:
m a point on the plane and a normal vector to the plane
m three points on the plane that are not collinear

m two lines in the plane that intersect at a point.

Determining the plane defined by a point and a normal vector

The following example illustrates two methods for determining an equation of a plane.

Example 20

For a plane I1, the vector —i + 5] — 3k is normal to the plane and the point A with position
vector =31 +4 f +6k is on the plane. Determine a vector equation and a Cartesian equation
of the plane.

Solution
Method 1: Determining a vector equation first
Using the form r - n = a - n, a vector equation is

r-(—i+5f —3k)=(-3i +4j +6k)- (—i + 55 - 3k)

ie. r-(—-i+5/-3k)=5

For a Cartesian equation, write r = XL+ v f + zk. Then
(xt+y] +zk)- (=i +5] —=3k) =5

i.e. -x+5y—-3z=5

Method 2: Determining a Cartesian equation first

The vector n = —i + 5j — 3k is normal to the plane, so a Cartesian equation is
-x+5y-3z=k

for some k € R. Since the point A(—3, 4, 6) is on the plane, we have
—(-3)+54)-306)=k

Therefore k = 5, and a Cartesian equation is —x + 5y — 3z = 5.

Hence a vector equation is r - (—i + 55 — 3k) = 5.
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Determining the plane defined by three points

Three points determine a plane provided they are not collinear.

Consider the plane containing the points A(0, 1, 1), B(2, 1,0) and C(-2,0, 3).
a Determine a Cartesian equation of the plane.

b Determine the axis intercepts of the plane, and hence sketch a graph of the plane.

Solution
— PR — A A
a AB=2i —kand AC = -2i —j +2k
—> — . N IS N
The vector product AB X AC is —i — 2j — 2k.

Therefore the vector n = —i — 2j — 2k is normal to the plane.

Using the point A and the normal n, we can use either of the two methods to determine
the Cartesian equation —x — 2y — 2z = —4.

b We can write the Cartesian equation of the plane more z
neatly as x + 2y + 2z = 4.
x-axis intercept: Lety = z=0. Then x = 4. 2
y-axis intercept: Let x =z =0. Then2y =4,s0y = 2.
z-axis intercept: Letx =y =0. Then2z =4,s0z = 2. y
0 2
The axis intercepts of the plane are (4,0, 0), (0,2, 0)
and (0,0, 2). y 4

Using the TI-Nspire CX non-CAS
Consider the plane containing A(0, 1, 1), B(2,1,0) and C(-2,0, 3).

Determining a Cartesian equation of the plane

m Assign the three vectors a, b and ¢ as shown.

. AP~ A0 v a=[0 1 1] lo11]*
m Determine a normal vector n = AB X AC using 2
> Matrix & Vector > Vector > Cross b=z 1 0] [2 1 0]
Product. Hence n = —i — 2 — 2k. a2 0 3] [-2 0 2]
n:=cmssP(b-a,c-a) [-1 =2 -2]

m Determine the value of k by substituting

the point A into the Cartesian equation © using the point (0,1,1)

10 04-2: 14-2- 1 -4
nix +nyy + n3z = k. Hence k = —4.
. | © the plane has equation —x-2y-2z=-4 v
m The plane has equation —x — 2y — 2z = —4.
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Plotting a 3D graph of the plane

m Transpose the Cartesian equation of the plane [ 2 *TI-Nspire rap [I[] X
to make z the subject: p— =
zl (X)) = f R
4—x-2y B B = B
Z = ————-—-—---

2

m In a Graphs application, use > View
> 3D Graphing. Enter the expression for z -

in z1(x, y) as shown.

m To rotate the view of the plane, use > 1.1 [1.2 3 *TI-Nspire rap [I] X
Actions > Rotate (or press (r ]) and then use
the arrow keys.

m Use to change other attributes as
desired.

Using the Casio
Consider the plane containing A(0, 1, 1), B(2,1,0) and C(-2,0, 3).

Determining a Cartesian equation of the plane

An equation for the plane can be determined in ] (drc)Read
. . [[0,1,1]]>Vet A
Run-Matrix mode by using commands from the [0 1 1]
Vector menu (0PTN) (F2) (Fe) (Fe). LI2: L0138t 8, & &
- >
m Store the three vectors A, B and C as shown. [{-2.0.81] Vc[t_ 2C 0 3]

]
| Vet | DotP( [CrossP(Angle([UnitV (IS

= Determine a normal vector 1 = AB x AC by ] (&Zc)Real
. CrossP(Vet B-Vet A,Ve
entering: [-1 -2 -2]
-1,-2,- -
CrossP(Vct B — Vet A, Vet C — Vet A) [1~1:-2--2113¥et.D .,
Hence n = —i — 2] — 2k. DotP(Vet A,Vet D) -
L]
m Store the normal vector n as Vector D. Vet | DotP( CrossP(Ang le(UnitV (IS
m Determine the value of k = a - n by entering:
DotP(Vct A, Vet D)
Hence k = —4.
m The plane has equation —x — 2y — 2z = —4.
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Plotting a 3D graph of the plane

m Select 3D Graph mode O) B EatiRsdform]
. Select Template
Go to Type (F3); select Plane by pressing ¥ (EXE). Line

L] E
m Select the Express template (F1). ul
]

Enter the coefficients of the Cartesian equation
Sphere ]

—x — 2y —2z+4 =0 as shown below.

m Select Set (F6), then Draw (Fs).

E (Real EERea)
aX+bY+cZ+d=0

4
[EXPRESS) (VECTOR)[POINTS ] EDIT ] CSEd

m Alternatively, you can plot the graph by
selecting the Points template (F3) and entering

(dZc)Real
Plane through 3 points

the coordinates of the three points A(0, 1, 1), o1 £ 5 : - & "
B(2,1,0) and C(-2, 0, 3) into the table as shown. P2 2 i 0}
P3 -2 0

3

Determining the plane defined by two intersecting lines

Two lines that intersect at a single point can be used to determine a plane.

Determine a vector equation and a Cartesian equation of the plane containing the lines
r=5+2 +M2i+] +k)
ry =31 +4f + 6k +u@ - j —2k)
Note: From Example 14, we know that these lines intersect at the point (1, 0, —2).
Solution
We know that @ = 5i + 2 is the position vector of a point on the plane.

We want to determine a normal vector. It must be perpendicular to both d; = 20 + f +k
andd, =1 - J — 2k, so we can choose

n=d, xd, = —f+5jA—3lAc
Hence a vector equation of the plane is
r-n=a-n
ie. r-(-i+5j-3k)=5

The corresponding Cartesian equation is —x + 5y — 3z = 5.
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sheet

Example20 1 In each of the following, a vector n normal to the plane and a point A on the plane are E
given. Determine a vector equation and a Cartesian equation of each plane.
an=i+j+k  A1,-2,4) b n=1i-2k, A(3,1,0)
c n=2+3f -k, AQ,-3,-5) d n=i+35 -k, A(1,-2,3)

Example21. 2 PointsA =(2,1,-1), B=(1,3,1)and C = (3,-2,2) lie in a plane. Determine a unit
vector normal to this plane and determine a vector equation of this plane.

Example22. 3 Determine a vector equation and a Cartesian equation of the plane containing the lines
ri=1-10f +4k+ 2i - +k)yand r, = =31 - 25 +u@ -2 + k).

4 The point A = (=3, 1, 1) and the line ¢ lie in the same plane. The line ¢ is defined by the
equationr=f—4f+l}+t(f+2f—l}),teR.
a Determine a vector normal to this plane.
b Determine a vector equation of the line through A that is normal to this plane.

5 Points A =(1,1,3), B=(1,5,-2)and C = (0,3, —1) lie in a plane. Determine a unit
vector normal to this plane and determine a vector equation of this plane.

6 A plane is defined by the vector equation r - (21 - f —3k) = 7. Show that each of the
following is the position vector of a point on this plane:

ai-2f -k b 3i-4f +k c —i+3] —4k d 25 -3k

7 A plane is defined by the vector equation r - (31 + f — k) = 10. Show that each of the
following is a point on this plane:
a (2,2,-2) b (1,5,-2) c (3,4,3) d (2,0,-4)

8 Determine x in each of the following:
a The point (1, x, 2) lies on the plane given by the equation r - (—i + j + 3k) = 5.
b The point (2, -1, 0) lies on the plane given by the equation r - (31 +2k) = x.
¢ The point (1, -3, 2) lies on the plane given by the equation r - (2 + xk) = 8.
d The point (x, 1, —2) lies on the plane given by the equation r - (i + 35 + k) = 5.

9 Determine a Cartesian equation of the plane containing the three points A(0, 3,4),
B(1,2,0) and C(-1,6,4).

10 Determine a Cartesian equation of the plane that is at right angles to the line given by
x=4+1t, y=1-2t, z=8tand goes through the point P(3, 2, 1).

11 Determine a Cartesian equation of the plane that is parallel to the plane with equation
Sx — 3y + 2z = 6 and goes through the point P(4, -1, 2).

12 Determine a Cartesian equation of the plane that contains the intersecting lines given by
x=4+t,y=2t,z=1-3hand x =4 -3t, y=3f, z=1+21,.

13 Determine a Cartesian equation of the plane that is at right angles to the plane with

equation 3x + 2y — z = 4 and goes through the points P(1,2,4) and Q(-1, 3, 2).
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@ Distances, angles and intersections

To be able to determine the distance of a point to a plane and the distance between two
parallel planes.

To be able to determine the angle between two planes and the coordinates of a point of
intersection of a line with a plane.

Distance from a point to a plane

The distance from a point P to a plane II is given by d = IP_Q) - 7

where 71 is a unit vector normal to the plane and Q is any point on the plane.

Proof For the situation shown in the diagram, we can see that the
distance from P to the plane is

— - n
d =|PQ|cosH \’f
. — A II
where 0 is the angle between PQ and 7. Therefore !
s — D 3 | /
d=|PQ||fnlcos® = PQ-n o/ d
7
The other situation is where the unit normal 7 points in the ,’I
. . . . . . =2 .
opposite direction. In this case, we will obtain d = —PQ - 71 »

—
Hence, in general, the distance is the absolute value of PQ - .

Determine the distance from the point P(1, —4, —3) to the plane with equation 2x — 3y +
6z =—1.
Solution
A normal vector to the plane is = 2i — 3j + 6k. So a unit vector normal to the plane
l 6 -6 . .4
is it = 7(21' —3j + 6k). Let O(x, y, z) be any point on the plane. Note that this implies
2x—3y+6z=—1. N
We want to determine the projection of PQ onto 7. We have

—_ = = 2 > »
PO=0Q0-0P=(x-1i+@y+4)) +((z+3)k

Therefore
ﬁ

PQ-fl:%(2(x—1)—3(y+4)+6(z+3))

1
=(2x=3y+6:-2-12+18)

1 3
25(_1_,.4):7 (since 2x — 3y + 6z = —1)

3
The distance from the point P to the plane is 7-

Note: Alternatively, we could have chosen Q to be a specific point on the plane,
5 & 3
such as (1, 1, 0). This would give P—Q) = 5j + 3k and therefore P—)Q s = 7
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Distance of a plane from the origin

A plane that does not pass through the origin is described by a
vector equation of the form r - n = k, where k # 0.

The point M on the plane that is closest to the origin has
—

a position vector of the form OM = mii, where |m| is the

distance of the plane from the origin.

If n points towards the plane from the origin, then m > 0, and
if n points away from the plane, then m < 0. So we can say
that m is the ‘signed distance’ of the plane from the origin

(relative to the normal vector n).
Since the point M lies on the plane, we know that (m#t) - n = k. But (mit) - n = m(it - n) = m|n|.

So we have m|n| = k and therefore m = —.

|n|

For a plane with vector equation r - n = k, where k # 0, the signed distance of the plane

. . . k
from the origin (relative to the normal vector n) is given by m
n

Distance between two parallel planes

To determine the distance between parallel planes I1; and I1,, we can choose any point P
on I1; and then determine the distance from the point P to the plane IT,.

In the following example, we use an alternative method.

Consider the parallel planes given by the equations
I:2x—y+2z=5 and IL:2x—-y+2z=-2
a Determine the distance of each plane from the origin.

b Determine the distance between the two planes.

Solution

The vector n = 2 — j + 2k is normal to both planes, with |n| = 3.

5
a Relative to n, the signed distance of plane I1; from the origin is — =

5 n| 3
So the distance of plane I1; from the origin is Bk
-2 2
Relative to n, the signed distance of plane II, from the origin is il ==3
n

2
So the distance of plane I, from the origin is 3

b Relative to the normal vector n, the two planes are on different sides of the origin. So

. .5 7
the distance between themis — + — = —.
3 3 3
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In the following example we determine the distance between two parallel planes by using a
normal vector common to both planes.

| Example 25 J
Let A(3,1,-1), B(2,1,2) and C(3, 2,4) be three points on a plane II;.
a Determine a vector and a Cartesian equation of the plane I1;.
b A second plane II, is parallel to I1; and contains the point (6, 5, 1). Determine the
Cartesian equation of I1,.

¢ Determine the shortest distance between I1; and I1,.

Solution
—_ = A A
au=AB=A0+O0OB=-i+3k
—_ - — I A
v=AC=A0+0C=j +5k
a=31+j —k
The vectors u and v are in the plane and u X v is perpendicular to the plane.
i j k
uxv=|-1 0 3|=-3+5/ -k
0 1 5

Therefore the vector equation of the plane IT; is:
r-n=a-n
=QBi+j -k -(-3i+5] - k)
Thatis, r-n=-3
Therefore Cartesian equation of the plane Iy is 3x — S5y +z =3
b For the plane, II,, a = 6i + 5/ + kandn = -3i + 55 — k
The vector equation is:
r-n=a-n
=6l +5/ +k)- (-3i+5] —k) =6
The Cartesian equation is 3x — 5y + z = —6
¢ Let OA be the position vector of the point (3, 1, —1) in I1; and let OA’ be the position
vector of the point (6,5, 1) in I1,.
—
We consider the scalar resolute of AA” in the direction of n

—9 N ~ ~ ~ ~ N ~ ~ ~
AA =61 +5] +k—-Bi+j —k)=31i +4] +2k
The unit vector in the direction of » is
1 n PN
n=—(3i+5] - k)
V35
—_— A A N
AA" -in=Bi+4) +2k)- i
1
V35

(-9+20-2)

9
The distance between the two planes is —
V35
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Intersections and angles

Intersection of two planes

Two planes that are not parallel will intersect in a line.
Consider any point P on the common line of two
planes IT; and I1,. If lines PA and PB are drawn at

right angles to the common line so that PA is in I1;
and PB s in I1,, then ZAPB is the angle between

planes I1; and IT,. - n, A
To determine the angle between the two planes, we first 0

determine the angle 0 between two vectors r; and n, that are

normal to the two planes. The angle between the planes is 0 0 B
or 180° — 6, whichever is in the interval [0°, 90°]. / P

m Two planes are parallel if and only if the two normal vectors are parallel.

m Two planes are perpendicular if and only if the two normal vectors are perpendicular.

Example 26

Let IT; and II, be the planes represented by the vector equations
Oy:r-G+f-3k)=6 and IL:r-Qi-j+k =4
a Determine the angle between the planes.

b Determine a vector equation of the line of intersection of the planes.

Solution
a We first determine the angle between normals to the planes.
A normal to plane IT; is r; = i+ f — 3k, and a normal to plane I, is n; = 2 — f + k.
Let 0 be the angle between n; and n,. Then
ny - ny = |ny||ny| cos 0
@C+]f -3k -Qi—j +k) = V11V6cos o
—2 = V66 cos 0

Hence 6 ~ 104.25°. The acute angle between the planes is 180° — 104.25° = 75.75°,
correct to two decimal places.

b Consider Cartesian equations for the two planes:
xX+y—3z=6 (1)
2x—-y+z=4 (2)
Add (1) and (2):
3x—2z=10 (3)

Th— 18
Let x =A. Then z = , from (3), and y = — from (2).
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This gives us parametric equations for the line of intersection:
Th— 18 3v-10
b Z =
2 2
These convert to the vector equation

X=X y=

a A ~ T4 A
r=—9f —5k+k(i+§j+%k), AeR

Note: Alternatively, we can use the parametric equations to determine a point
A(0, -9, -5) on the line. A vector d parallel to the line must be perpendicular to
the two normals n; and n,. Hence we can choose d = n; X n,.

Intersection of a line and a plane

A line and a plane that are not parallel intersect at a point. The angle between a line and a
plane is equal to 90° — 0, where 0 is the angle between the line and a normal to the plane.

Consider the line represented by the equation r = 3¢ — j — k + (i + 2j — k) and the plane
represented by the equation r - (i + j + 2k) = 2.
a Determine the point of intersection of the line and the plane.

b Determine the angle between the line and the plane.
Solution
a To determine the point of intersection, we want to determine the value of ¢ for which
r=3i—-j —k+ti+2f -k
represents a point on the plane. That is,
Gi—-f—k+tG+2] -k)-(+] +2k)=2
B+ +(-1+2)+2(-1-1)=2
r=2
The point of intersection has position vector
r=3i—-jf —k+20+2f —k) =50 +3f -3k
The point of intersection is (5, 3, —3).
b We first determine the angle between the line and the normal to the plane.

The vector d = i + 2 f —kis parallel to the line, and the vector n = i+ f + 2k is normal
to the plane. Let 0 be the angle between d and n. Then

d-n=|d||n|cosb
@C+2f —k)-(G+J +2k) = V6V6coso
1=6cosH

So 6 = 80.4°, correct to one decimal place. Hence the angle between the line and the
plane is 90° — 80.4° = 9.6°, correct to one decimal place.
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Example 23

Example 24,25

Example 26

Example 27

Determine the distance from the point (1, 3, 2) to each of the following planes:
ar - (7i+4f +4k)=9 b 6x+6y+3z=8

Determine the distance between the following pair of parallel planes:
I: x+2y-2z=4
M: x+2y-2z=12

Let IT; and II, be the planes represented by the vector equations
: r-Qi+j-k=8
I,: r-(f—f+2ic) =6

a Determine the angle between the planes.

b Determine a vector equation of the line of intersection of the planes.

Consider the line represented by the equation r = 3 — j — k + t(i + 2 — 2k) and the
plane represented by the equation r - ( + j + 2k) = 4.

a Determine the point of intersection of the line and the plane.

b Determine the angle between the line and the plane.

LetA=(2,0,-1),B=(1,-3,1),C =(0,-1,2)and D = (3,-2,2).
a Determine a vector normal to the plane containing points A, B and C.
b Determine a vector normal to the plane containing points B, C and D.

¢ Use the two normal vectors to determine the angle between these two planes.

In each of the following, a pair of vector equations is given that represent a line and
a plane respectively. Determine the point of intersection of the line and the plane and
determine the angle between the line and the plane, correct to two decimal places.

ar=i-3 +2k+1(i+j -3k b r=3i—-j-2k+t(—-i+j +k)
r-Q-f-k=17 r-G-45+k =17

cr=—i+2f —4k+13i-f +k d r=—i-5 +3k+12i - 3] +2k)
re(2i+j-k=4 r-3i+2j —k)=-10

The vector i — 2 f + 6k is normal to a plane IT which contains the point A(5,4, —1).
a Determine a vector equation of the plane.

b Determine the distance of the plane from the origin.
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8 a Determine the distance from the origin to the plane r - (2 — j — 2k) = 7.
b Determine the vector projection of i+ f — k in the direction of 2 — f - 2k.
¢ Determine the magnitude of this vector projection.

d Hence determine the distance from the point (1, 1, —1) to the given plane.

9 Using the method of Question 8, determine the distance from the point (2, —1, 3) to the
plane given by the equation r - (—i + 2J + 2k) = -3.

10 a Determine the point of intersection of the line r = i — j + k + #(2i — k) and the plane
r-Gi+2f +2k) =11.
b Determine the acute angle between the line and the plane, correct to one decimal
place.

11 Points A, B and C have position vectors a@ = 31 - f +2k, b =3i - 3f + 4k and
¢ =1 —j + 4k respectively.
a Determine a Cartesian equation of the plane containing A, B and C.
b Determine the area of triangle ABC.

¢ Determine the position vector of the foot of the perpendicular from the origin O to
the plane ABC.

12 LetII; and I, be the planes represented by the vector equations
O: r-Gi+65 —2k) =3
h: r-8i-4f +k) =1
a Determine the angle between the planes.

b Determine a vector equation of the line of intersection of the planes.

13 LetA=(0,2,-1),B=(,1,1),C =(-1,0,2)and D = (2,-2,2).
a Determine a vector normal to the plane containing points A, B and C.
b Determine a vector normal to the plane containing points B, C and D.

¢ Use the two normal vectors to determine the angle between these two planes.

14 a Determine a vector which is perpendicular to the two lines given by
ri=2+j -2k+nG-J +2k), fneR
r=2+j -2k+0(-i+2] +2k), neR

b Determine a vector equation of the line which is normal to the plane containing these
two lines and which passes through their point of intersection.
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@ Equations of spheres

Learning intentions
» To be able to work with Cartesian and vector equations of spheres.

The unit sphere is the set of points P(x,y, z) that are 1 unit from

the origin. i.e. |OP| = 1. Let P(x,y, z) be a point on the unit
sphere.

ﬁ
Then |OP| = 1 and therefore
Py =1

Conversely, any point P(x, y, z) which satisfies x*> + y> + 7> = 1

lies on the unit sphere.

Similarly, we can obtain the general Cartesian equation of a sphere.

Cartesian equation of a sphere
The sphere with centre C(h, k, €) and radius a has Cartesian equation

x-h?+-k*+@-0*=d®

We note that this again depends on the idea of a set of points which are equidistant from a
given point. The vector equation of a sphere is also derived from this observation.

Vector equation of a sphere
The sphere with centre C and radius a has vector equation
—
lr—0C|=a

A point P lies on the sphere if and only if its position vector r satisfies this condition.

Example 28

For the sphere with centre (1, -2, 3) and radius 6, determine:

a the Cartesian equation b the vector equation.
Solution
a (-1D2+0+2%+(z-3%=36 b Ir—G-25 +3k)|=6

Example 29

Determine the points of intersection of the line r = 121 + f - 21Ac) and the sphere
P +y?+72=09.
Solution
The line r = #(2i + J — 2k) is described by the parametric equations
x=2t, y=t z=-2t
Substituting in the equation of the sphere gives 41> + 1> + 4> = 9

Therefore t = +1. The points of intersection are (2, 1, —2) and (-2, -1, 2).
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Example 28 1

Example 29 3

For the sphere with centre (—1, 3, 2) and radius 2, determine:
a the Cartesian equation

b the vector equation.

For the sphere with centre (—1, -3, 1) and radius 4, determine:

a the Cartesian equation

b the vector equation.

Determine the points of intersection of the line x = 2¢, y = 3¢, z = —2¢, t > 0 and the
sphere x> + y* + 72 = 16.

4 Determine the points of intersection of the line r =i + j + k +t(i + j — 2k), t € R, and
the sphere x> + y* + 7% = 36.

5 Determine the intersection of the line r = 2¢ + 3f + 4k + (i + J), € R, and the sphere
(x=2)2+(y-3)*+(z—4)?* = 36.

6 For each of the following, give the coordinates of the centre and the radius of the circle
formed by the given plane cutting the sphere x> + y> + 7> = 36:
az=3 b x=3 cCy=x

7 The equation of a sphere is

Py +2-2x—4y+82+17=0

Determine the coordinates of the centre and the radius of the sphere.

8 Determine the Cartesian equation of each of the following spheres:
a centre (1,0, —1) and radius 4
b centre (1,-3,2) and passes through the origin
¢ centre (3,—-2,4) and passes through (7,2, 3)
d centre the origin and passes through (1,2,2)

9 The equation of a sphere is (x — 2)? + (y — 3)* + (z — 4)> = 29.
a Determine the intercepts with each of the axes.
b Determine a vector equation of the line which passes through the centre of the sphere

and the point X(4, 0, 0).
¢ Determine a Cartesian equation of the plane which contains the point X(4, 0, 0) and is
perpendicular to the radius joining the centre of the sphere to X.
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@ Parametric equations of planes(Optional)
In Section 6F we discussed the vector equation of a plane
r-n=a-n

where a is the position vector of a point A in the plane, r is the position vector of any other
point in the plane and # is a vector normal to the plane. In this section we develop what is
called the parametric vector equation of a plane.

Let A, B and C be points in the plane which do not all lie on the same

. . — — —
straight line. Let OA = a, OB = b and OC = c.

Let R be an arbitrary point in the plane. Then we can write AR asa '
linear combination of the non-parallel vectors b — a and ¢ — a,

—)
AR =s(b—a) + t(c —a)

—_— = —
Hence, OR = OA + AR 0

=a+sb—a)+t(c—a)
H
Weletu=b—-aandv=c—aandOR=r

and we can write:

r(s,t) = a+ su + tv, s,t€R
where u and v are any two non-parallel vectors in the plane.

The parameters s and ¢ vary over all real numbers, and so the vector r(s, ¢) varies over all
position vectors of points on the plane.

If we write the vectors r, a,u, v in component form, then we have

r(s,f) = xi +yj +zk

=aji + a2f +ask + s(uii + uzf + usk) + 1(vii + vzf + v3k)

Note: We verify that, for any s and ¢, the vector r(s, t) satisfies the vector equationr-n=a-n
of the plane.
Let n be a vector normal to the plane. Then using the parametric vector equation we
have
r-n=(@+su+tv)-n
=a-n+su-n+tv-n
=a-n(sinceu-n=v-n=0)
That is,
r-n=a-n
Therefore the arbitrary position vector satisfies the vector equation of a plane.
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Example 30

Determine a parametric vector equation of the plane passing through the points A(2,0, 1),
B(1,-2,1)and C(2,1, -1).

Solution

— —> —
The position vectors of A, B and C are OA = a, OB = b and OC = ¢ where:

a=2+k
b=i-2]+k
c:2t¢+f—l}.

— — .

The vectorsu = AB=b —a andv = AC = ¢ — a are vectors in the plane and
u=b-a=-1-2§
v=c—a=f—2IAc.
Therefore a parametric vector equation of the plane is:
r=a+su+tv

=2+ k+s(-i -2f)+1(j - 2k)

==+ (=2s+0f +(1 =20k

a The point (31, 18, —-9) lies on the plane with a parametric vector equation
r=Q+3s+ni+(1+s+0j +(3-2s)k.

Determine the corresponding values of s and ¢.

b Show that the point (3, 18, 15) does not lie on the plane with a parametric vector
equation
r=Q+3s+ni+(1+s+0j +(3-2s)k.

Solution
a We have the equations:
2+3s+1=31...(1)
l+s+t=18 ...(2)
3-2s=-9...(3)
From equation (3), s = 6.
Sustituting in equation (2),
1+6+r=18=1r=11

b The equations to consider are
243s+t=3 ...(1)

l+s+t=18 ...(2)
3-2s=15 ...(3)

Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.



274 cChapter 6: Vector and Cartesian equations

From (3), s = —6.

Substitute in (2)
1-6+t=18=1=23.
Check in (1).

LHS =2 - 18 + 23 = 7 #RHS.

Parametric equations of the plane

In the above we wrote the parametric vector equations in component form as
xXi +yJ +zk =ayi +ayj +azk + s(uyi + upj + uszk) + t(vii +voj +v3k)

=(ay + su; + tvl)f + (ar + sup + tvz)f + (as + suz + tV3)f

Writing the Cartesian coordinate variables x, y and z in terms of the parameters s and ¢ gives a
set of equations for the plane known as parametric equations

We can obtain parametric equations for a plane from this by equating the components.

X =a + suy +tvy
y=a+ suy +1tv

Z=az + sus + tv3

The following parametric equations describe a plane.

x=1-¢t...(1)
y=s—t1...(2)
z=1-s5...(3)

Determine the Cartesian equation of the plane.

Solution
From (1),t=1-x

From 3),s=1-z

Substitute for 7 and s in (2).
y=l-z-(1-x)

The Cartesian equation of the plane is
x-y-2z=0.

It is a plane containing the origin.
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A plane, I1;, is described by the parametric equations:
x=3+5-2t
y=1+s—t¢
z=—-1+2s+t¢

a Determine a parametric vector equation of the plane, I1;. That is, in the form,
r(s,t) = a+ su + .

b Determine a vector equation of the plane. That is, in the form, r - n = a - n.

¢ Determine a Cartesian equation of IT;.

d A second plane I, is parallel to I1; and contains the point (6, 5, 1). Determine the
Cartesian equation of I1;.

e Determine the shortest distance between I1; and IT5.

Solution
ars,D=0C+s-20i+(1+s—0)j +(-1+2s+k
=GBi+f -k +s@G+]+2k)+1(-2i -] + k)
b Two vectors in the plane are u = i +f +2kandv = 20 —f + k.
The vector u X v is perpendicular to the plane.

i ] k
uxv=|1 1 2=(3l°—5f+ic)
-2 -1 1
The position vector of a point A on the plane is
a=31+j] —k
Therefore the vector equation of the plane is:
r-n=a-n
=GBi+j -k -G3i-5] +k)
That is,
r-n=3

cr-n=0i+yj +zk)-3i-5f +k) =3
Therefore Cartesian equation of the plane is

3x-5y+z=3

d For the plane, I1;, a = 61 + Sf +kandn=3i - Sf +k
The vector equation is:
r-n=a-n
=(6i+5/ +k)- 3t 5] +k)=-6
The Cartesian equation is 3x — S5y +z = —6
Note: The second Cartesian equation can be found by letting 3x — 5y + z = m and
substituting in x = 6,y = 5,z = 1 to determine that m = —6.
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e Method 1
From the discussion in Section 5E we see that the distance between the two planes is
3 6 9
=+ =
V35 V35 V35
Method 2

Let OA be the position vector of the point (3, 1, —1) in I1; and let ﬁ’ be the position
vector of the point (6,5, 1) in I1,. .
We consider the scalar resolute of AA’ in the direction of n
AA =68 +5f + k=i + ] — k) =38 +4f + 2k
The unit vector in the direction of n is

1 s s s
—(3i-5f +k)
V35

_) P N a
AA" - in=Bi+4] +2k)-n

n=
=L 9-20+2)
V35

9
The distance is again found to be E

The Cartesian equation of a plane is 2x + 3y — z = 4. Determine
a a vector equation of the plane in the formr-n =a - n.
b a parametric vector equation of the plane in the form r = a + su + tv.

¢ the parametric equations derived directly from the parametric vector equation of the
plane derived in b.

Solution
a We first determine a point on the plane and determine its position vector.
Let x = 1 and y = 1. Then substituting in the equation 2x + 3y — z = 4 we have z = 1.
We choose the point A(1, 1, 1).
Wehavea\):a=t°+f+ic.
Note: We could have chosen any point on the plane. For example, @ = 2i since (2,0, 0)
is on the plane.
We know that a vector normal to the plane is 20 +3 f -k
A vector equation of the plane is

r-Qi+3f -k=G+j+k)-Qi+35 -k
That is,
r-Qi+35 -k =4
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b Method 1
We determine the position vectors of three points A, B and C in the plane.
Using the Cartesian equation of the plane, 2x + 3y — z = 4.
Wheny=0andz=0,x = 2.
Whenx =0andz =0,y = %1
When x =0andy =0,z = —4.
The position vectors of the points A, B and C are a = 2i,b = %l f and ¢ = —4k
respectively.
Hence we have vectors in the plane

~ 4 .
=b-a=-2i+—j
u a i 3]
v=c—-a=-2i-4k

Hence, a parametric vector equation of the plane is

5 . 4. 6 B
r(s,t) =2i + s(—2i + gj)+t(—2i —4k)

Method 2

Asina we choose the vectora =i + J + k.

Further to this we need two vectors, # and v, in the plane.
These vectors will be perpendicular to 20 +3 f - k.

With this observation consider:

Qi+3f —k)-G+j +mk) =0, m; € R

which implies m; = 5.

The vectoru =i +j + 5k is in the plane.

Similarly you can show that the vector v = i + 2j + 8k is in the plane.

So a parametric vector equation for this plane is
rss)=a+su+wv=t+j+k+s@+Jj+5k) +1i+2f +8k)

Note: Our choice of considering i + j + mk and similarly v = i + 2 + mok is
arbitrary.
¢ From b Method 2
r(s,) =1 +s+0i+(1+s+20] +(1+5s+8)k
Hence the parametric equations are,
x=1+s+t¢
y=1+s+2t

z=1+5s+ 8¢

Note: The parametric equations are far from unique. This is demonstrated in b.
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M) exerciseez |
Example30. 1 Write parametric vector equations of the planes which the following given points.
a A(1,1,1), B(1,-1,1), C(1,1,-1)
b A(2,0,-1), B(1,-1,2), C@3,1,-1)
c A(-1,1,0), B(2,-1,2), C(0,1,-1)
d A(1,0,1), B(-1,-2,3), C@3,1,-1)
Example31, 2 a The point (13, 11, -2) lies on the plane with a parametric vector equation
r=Q+2s+0i+(1+s+20f +(3-2s+ k.
Determine the corresponding values of s and ¢.
b Show that the point (3, 18, 15) does not lie on the plane with a parametric vector
equation
r=Q+3s+0i+(1+s+1)j +(B-29k
3 a Ifmi is the position vector of a point on the plane with parametric vector equation
r=G@+j)+s@-2ky+12f -k, steR
determine the value of m.
b If mi +2J + k is the position vector of a point on the plane with parametric vector
equation
r=G+ ) +s@—-j+k+t3i-)), s,t€R
determine the value of m.
c If2i - f — kis the position vector of a point on the plane with parametric vector
equation
r=mj +s@+J +k)+t4i - 3k), s,t€R
determine the value of m.
4  Use the equation of the plane
r(s,) =a+s(b—a)+t(c—a)
where a, b and ¢ are position vectors of points A, B and C on the plane to show that
there exist real numbers ¢, m and n such that:
r="¢a+mb+nc, where L+ m+n=1
Example32. 5 The parametric equations of a plane are:
x=14+2s-2¢
y=1+t¢
z=-3s+1
Determine the Cartesian equation of the plane.
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Example33. 6 A plane, II;, is described by the parametric equations:

x=1+s+2t
y=2-s-t

z=14+2s+t

a Determine a parametric vector equation of the plane, IT;. That is, in the form,
r(s,t) = a+ su+tv.

b Determine the vector equation of the plane. That is, in the form, r-n =a - n.

¢ Determine a Cartesian equation of IT;.

d A second plane II, parallel to I1; contains the point (1,2, —1). Determine the
Cartesian equation of IT5.

e Determine the shortest distance between I1; and I15.

Example33. 7 The Cartesian equation of a plane is x — 2y + z = 4. Determine
a a vector equation of the plane in the formr-n=a-n
b a parametric vector equation of the plane in the form r = a + su + tv

¢ parametric equations derived directly from the parametric vector equation of the
plane derived in b.

8 For each of the parametric vector equations below determine

a Cartesian equation

a vector equation

r=@i—7 +2k)+s@+2f -3k)+1(-i +2f — k)
r=0-2)+sQi+j -3k)+t(-i +4] — k)
r=G+)+sQi+] -2ky+1@-2f + k)

[ 2 -

9 A line ¢ has a vector equation r(\) = 20+3 f +M20 -3 f +k). A plane, I1;, is described
by the parametric vector equation r(s, t) = 4 +6 f + 7k + s(i — f )+ 121 — f + IAc)
a Determine the position vector of the point A where the line ¢ intersects the plane I1;.
b Determine the angle, to the nearest whole degree, between the line £, and the
plane I1;.
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Chapter summary

Vector functions
m The motion of a particle in three dimensions can be specified by a vector function of
the form

(1) = x(i + y()] + 2Dk
where r(t) is the position vector of the particle at time z.
m The set of all points (x(¢), y(¢), z(¢)) forms a curve in three-dimensional space; this curve is

the path of the particle. We say that r(¢) = x(t)f + y(1) f + z(t)lAc is a vector equation of the
curve (with parameter ¢).

Lines
A line in three dimensions can be described as follows, where a = a;i + a» f + a3lAc is the
position vector of a point A on the line, and d = dyi + d» J + dsk is parallel to the line.

Vector equation Parametric equations Cartesian form
x=ay+dt
xX—ay y-—-a z—aj
r=a+td, teR =a, + dyt = =
Y 4 d A
z=as +dst

Planes
A plane in three dimensions can be described as follows, where a is the position vector of a
point A on the plane, the vector n = n,i + nyj + n3k is normal to the plane, and k = a - n.

Vector equation Cartesian equation

r-n=a-n nx+my+nz=k

Spheres
A sphere in three dimensions can be described as follows, where ¢ = clf +c f + C3]AC is the
position vector of the centre C, and a is the radius.

Vector equation Cartesian equation

r—cl=a x—c)+O-c)+@z-3)? =a*

Vector product
m Ifa= a11¢+a2jA +a3lAcandb = b1;+b2f +b3i€, then

A
axXb = (axbs — azby)i — (a1bs — azb1)j + (a1br — az2b1)k uxb
m The magnitude of a X b is equal to |a| |b|sin 6, where 6 is | = _—cceeeeeon >
4
d
the angle between a and b. b |a x b| o
m The direction of a X b is perpendicular to both a and b 0 _ 7
(provided a and b are non-zero vectors and not parallel). a
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Distances and angles

m Distance from a point to aline The distance from a point P to a line ¢ is given by
|P_Q)|, where Q is the point on the line such that PQ is perpendicular to the line.

m Distance from a point to a plane The distance from a point P to a plane I1 is given
by |P—Q> - i1, where #1 is a unit vector normal to the plane and Q is any point on the plane.

m Angle between two lines First determine the angle 6 between two vectors d; and d,
that are parallel to the two lines. The angle between the lines is 0 or 180° — 0, whichever is
in the interval [0°, 90°].

m Angle between two planes First determine the angle 0 between two vectors n;
and n, that are normal to the two planes. The angle between the planes is 6 or 180° — 0,
whichever is in the interval [0°, 90°].

m Angle between aline and a plane The angle between a line € and a plane IT is 90° — 6,
where 0 is the acute angle between the line and a normal to the plane.

Skills checklist

A Download this checklist from the Interactive Textbook, then print it and fill it out to check
Check- Yyour skills. 7

list

m 1 Icandetermine a Cartesian equation for a curve given the vector function for
this curve.

See Example 1, Example 2 and Question 1
m 2 Ican determine a Cartesian equation and the corresponding domain and range
for a curve given the vector function for this curve.

See Example 3 and Question 2

(2]

I can determine the path of a particle given a function for its position at time t.

See Example 4, Example 5 and Questions 1

m 4 1can determine if two moving particles collide or their paths cross given
functions for their position at time t.

See Example 6 and Question 3

m 5 Ican determine if a point lies on a line described by is vector equation.

See Example 7 and Question 1

I can determine the vector equation of a line given sufficient information.

See Example 8, Example 9, Example 10 and Questions 2, 3 and 6

m 7 1can determine the distance of a point from a line.

See Example 11 and Question 12
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m 8 Ican describe line segments with vector equations.
See Example 12 and Question 13
m 9 Ican determine the position vector of the point of intersection of two lines.
See Example 13, Example 14 and Question 3
m 10 Icandetermine if two lines are skew lines.
See Example 15 and Questions 1 and 2
m 11 Icandetermine if three lines are concurrent.
See Example 16 and Question 5
m 12 Icandetermine the angle between two lines.
See Example 17 and Question 6
E 13 Ican determine the vector product of two vectors.
See Example 18 and Question 1
E 14 I can simplify expressions involving vector products.
See Example 19 and Question 2
E 15 Icandetermine the vector and Cartesian equation of a plane given sufficient
information.
See Example 20, Example 21, Example 21 and Questions 1, 2 and 3
m 16 Ican determine the distance of a point from a plane.
See Example 23 and Question 1
m 17 1can determine the distance between two parallel planes.
See Example 24, Example 25 and Question 2
@ 18 Ican determine the angle between two planes and the vector equation of the
line of intersection of two planes.
See Example 26 and Question 3
@ 19 Ican determine the point of intersection of a line with a plane and determine
the angle between a line and a plane.
See Example 27 and Question 4
m 20 Ican determine the Cartesian and vector equations of a sphere.
See Example 28 and Question 1
@ 21 Ican determine the points of intersection of a line with a sphere.
See Example 29 and Question 3
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Short-response questions

Technology-free short-response questions

1 The position of a particle at time # is given by
r)=Gt+Di+ @ —t-1D)j+@G -1k, t>0

a What is the particle’s position vector at time ¢ = 2?
b Determine the time at which the particle’s position vector is 4i — j + 3k.

2 The motion of two particles with respect to time ¢ is given by the vector functions
ri(t) = (4t = 5)i + (2 + 12)f and ro(r) = (3t — 2)i + 7¢J , where ¢ > 0. Determine:
a the point at which the particles collide

b the points at which the two paths cross

¢ the distance between the particles at time ¢ = 1.

3 Determine Cartesian equations of the curves given by the following vector equations: E
a r(f) = 3cos(2t)i —4sin(27) f, for0 <t < 2z
b r()=2ti + 382, fort > 3
¢ r(t) =3cos(2)i -3 cos(t)f, forO0<t<2mn
d r(r) = (5-sin(31)i — 4cos(3t) J, for 0 < 1 < 2m

4  Determine the domain and range of each Cartesian relation found in Question 3.

5 Determine the position vector of the point of intersection of the lines
ri=i+j —k+M3-j)and r, = 4i — k + w2 + 3k).

6 Show that the lines ry =i —j + M2i + k) and r, = 2i —  +u( +J — k) do not intersect.
7 Determine a Cartesian equation of the plane through the point (1, 2, 3) with normal
vector 41 + 5] + 6k.

8 Determine a vector equation of the line parallel to the x-axis that contains the
point (-2,2, 1).

9 Determine the coordinates of the nearest point to (2, 1, 3) on the line
r:t¢+2f+t(t¢—jA+2lAc).

10 Determine the distance from the origin to the line passing through the point (3, 1, 5)
parallel to the vector 2i — j + k.

11 Determine the coordinates of the point of intersection of the line
r=i+k+12i+j —3k),teR, and the plane r - (i — 2j + 3k) = 13.

12 Determine a vector that is perpendicular to the vectors 8 — 3 + k and 7¢ — 2 .

Specialist Mathematics Units 3 & 4 ISBN 978-1-009-57826-4 © Evans et al. 2025 Cambridge University Press
Photocopying is restricted under law and this material must not be transferred to another party.




284 cChapter 6: Vector and Cartesian equations

13 The line ¢ passes through the points A(—1, -3, —3) and B(5, 0, 6). Determine a vector
equation of the line £. Determine the point P on the line ¢ such that OP is perpendicular
to the line, where O is the origin.

14  Show that the lines r; = 31+ 4f +k+ )»(2? —f + lAc) and r, = i+ Sf +7k + u(f + IAc) are
skew lines. Determine the cosine of the angle between the lines.

15 Determine a Cartesian equation of the plane that contains the points P(1, -2, 0), E
0(@3,1,4) and R(0, -1, 2).

16 Determine a Cartesian equation of the plane that contains the points P(1, -2, 1),
0(-2,5,0) and R(—4,3,2).
17 Determine an equation of the plane through A(-1,2,0), B(3,1, 1) and C(1,0, 3) in:

a vector form b Cartesian form.

18 a Determine a Cartesian equation of the plane passing through the origin O and the E
points A(1, 1, 1) and B(0, 1, 2).
b Determine the area of triangle OAB.
¢ Show that the point C(-2, 2, 6) lies on the plane and determine the point of
intersection of the lines OB and AC.

19 The origin O and the point A(2, -1, —1) are two vertices of an equilateral triangle OAB
in the plane x + y + z = 0. Determine the coordinates of the vertex B.

20 Show that the four points (1,0, 0), (2,1,0), (3,2, 1) and (4, 3, 2) are coplanar.

21 For vectors a, b and ¢ suchthata + b + ¢ = 0, showthatax b =b X c = ¢ X a.

Technology-active short-response questions
22 Two lines are represented by vector equations 1 =i + j — 2k + 1, — f +2k), t; € R, E
andr, =21 + J + 4k + t(-1 +2f +2k), 1, € R.

a Show that these lines intersect and determine their point of intersection, P.

b The vector equation r3 = 13(i — j + 2k), 3 € R, represents a line through the origin.
Determine the distance from the point of intersection P to this line.

23 T_hf: points A, B and C have position vectors OA = 5i + 3f +k, OB = —i + J +3k and
OC = 3i +4j + Tk. The plane I1; has vector equation r - (3i +j — k) = 6.
a Show that the point C is on the plane IT;.
b Show that the point B is the reflection in the plane IT; of the point A.
¢ Determine the length of the projection of AC onto the plane IT;.
The plane I, has Cartesian equation 12x — 4y + 3z = k, where k is a positive constant.
d Determine the acute angle between planes I1; and IT,.

e Given that the distance from the point C to the plane I1, is 3, determine the value
of k.
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24 Consider the two lines given by E
O =30 +2f +k+1(5 +4) +3k), reR
b ry=160 — 105 + 2k +sGBi +2f — k), seR

a Show that £; and ¢, are skew lines.

b Verify that both £, and ¢, are perpendicular to the vector n = 5 — 7 + k.

¢ The point A(3,2, 1) lies on line ¢;. Write down a vector equation of the line {3
through A in the direction of n.

d Determine the point of intersection, B, of the lines ¢, and €3, and determine the
length of the line segment AB.

25 The point O is the origin and the points A, B, C and D have position vectors E
- 2 B o Py s 2 ~ - P ~ - -
OA=4i+3j +4k, OB=6i+j +2k, OC=9j -6k, OD=—-i+j +k

Prove that:
a the triangle OAB is isosceles
b the point D lies in the plane OAB

¢ the line CD is perpendicular to the plane OAB
d the line AC is inclined at an angle of 60° to the plane OAB.

26 A CalltesiarAl equfltion o:f theA planAe I1; is y + z = 0 and a vector equation of the line ¢ is E
r=5i+2j +2k+1t2i —j +3k), where t € R. Determine:
a the position vector of the point of intersection of the line ¢ and the plane II;
b the length of the perpendicular from the origin to the line £
¢ a Cartesian equation of the plane I1, which contains the line ¢ and the origin
d the acute angle between the planes I1; and II,, correct to one decimal place.

27 A_B)CD is a parallelogram _w)here A, B, C have position vectors 04 = i -2f +k), E
OB = (2i + j —2k)and OC = (3i + 2f - k) respectively.
a Determine the vector which represents D.
b Determine a vector equation for the line BC.

¢ If E is a point on the line BC such that AE is perpendicular to BC then determine the
coordinates of E.

28 Two lines are represented by the vector equations ry = 5i +2J + (2 + J + k) and
r=M+4f +6k+ s — j - 2k).
a Determine the value of A for which the lines intersect.

b For this value of A, determine a vector perpendicular to the plane which contains
these two lines.

¢ Determine a Cartesian equation for this plane.
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29  The position vectors of two points i — j + 2k and 2 + j — k lie in plane IT; which E
passes through the origin O.
a Determine the equation of plane I1;.
b Point A has position vector OA = 56 - J and lies in a plane IT, which is parallel to
plane IT;. Determine the equation of plane I15.
¢ Determine the distance between the two planes.

30 A sphere is defined by the equation |r — (i + 2J — 3k)| = 7.
a Determine the coordinates of the points where the sphere intersects the x-axis.
b Show that the point A with position vector OA = 4 + 3kisa point on the sphere.

¢ Ais apoint on the line r = 4i + 3k + (i — f - IAc). Determine the other point on the
line which also lies on the sphere.

31 The points A, B, and C have position vectors with respect to a point O of @ = i + 2,
b=—J +2kand ¢ =i + k respectively.
a Determine the equation of the plane defined by points A, B, and C .
b Letv = ha+ b + (1 —A — p)c. Determine an expression for v in terms of A and p.
¢ Show that v lies on the plane found in part a for all values of A and p.

32 The equations of two planes are given as x + 2z =3 and y — z = 2.
a For z = 1, solve the above equations to determine expressions for x and y in terms of 7.

b The expressions for x, y and z in terms of 7 represent the parametric representation of
the line of intersection of the two planes. Write down the vector equation of this line.

¢ A third plane has the equation 3x + y — 4z = 2. Determine the point of intersection of
the line found in part b and this plane.

d Comment on the concurrence of the 3 planes.

33 The Cartesian form of a line in three dimensions uses two linear equations in x, y and z.
In this question, we show that a line in three dimensions can also be described by a
single quadratic equation in x, y and z.

a Leta,beR. Showthata =b = Oifandonlyifa2 +b2=0.
b Show that the z-axis is described by the Cartesian equation x> + y> = 0.
¢ Show that the line given by the Cartesian equations
x=-3=2(y-4)=z+1
is also given by the single quadratic equation

(x=2y+5P%+(x—2z-472=0

d Write a single quadratic equation for the line with Cartesian form
X
—=y—-3=4z+5
7 =Y
e Write a single quadratic equation for the line with vector equation
r)=Q+0i+Q3-1) +5tk, teR
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34 An aeroplane takes off from an airport. With respect to a given frame of reference, its E
position at time ¢ seconds after take-off is given by the vector function
ri)=0G-30i+2tf +tk, t>0
a Determine the position vector of the aeroplane at take-off.
b Determine:
i the position vector of the aeroplane at time #; and at time #,
ii the aeroplane’s displacement vector between times ¢; and #,, where ¢ < t,.
¢ Hence show that the aeroplane is travelling along a straight line, and state a vector in
the direction of the flight path.
d A road on the ground is described by the vector function r{(s) = si, s <0.
i Determine the magnitude of the acute angle between the flight path and the road,
correct to two decimal places.

ii Determine the shortest distance from the aeroplane to the road at time 6 seconds
after take-off, correct to two decimal places.

35 The vector function r1(f) = (2 — 1)i + (2t + 1)J represents the position of a particle at
time ¢, measured in seconds.
a Determine a Cartesian equation that describes the path of the particle. (Assume
t>0.)
b i Rearrange the vector function in the form r(¢) = a + tb, where a and b are vector
constants.

ii Describe the vectors a and b geometrically with respect to the path of the
particle.
¢ The vector function ro(f) = ¢ + (21 + f ) represents the position of a second particle
at time ¢. Both particles start moving at the same time (¢ = 0) and they collide after
5 seconds.
i Determine c.

ii Determine the distance between the two starting points.

36 The paths of two aeroplanes in an aerial display are simultaneously defined by the
vector functions
r()=06-30i +1f +(3+20k
) =0G+20i +(1+0)) +(11 -k
where f represents time in minutes (¢ > 0). Determine:
a the position of the first aeroplane after 1 minute
b the unit vector in the direction of motion of each of the two aeroplanes
¢ the acute angle between their flight paths, correct to two decimal places
d the point at which the two flight paths cross
e

the vector r,(¢) — ri(¢) representing the displacement between the two aeroplanes at
time ¢ minutes

f the shortest distance between the two aeroplanes during their flights.
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37 A regular tetrahedron has vertices
A=(,0,0, B=(,1,0, C=(0,0,1), D=(1,1,1)

a Show that every edge of the tetrahedron has the same length. What is it?

b Show that every face of the tetrahedron is an equilateral triangle with the same area.
What is it?

¢ Determine the equations of the planes ABC and BCD. What is the angle between
them?

1
d Show that the angle between any two faces of the tetrahedron is cos™ (5)

38 A regular octahedron has vertices
A=(1,0,0), B =1(0,1,0), C =(0,0,1),
A" =(-1,0,0), B =(0,-1,0), C' =(0,0,-1)
and its edges are AB,AC,AB’,AC’, BC,BA’, BC’,CA’,CB’',A’B’,A’C" and B'C".
a Show that every edge of the octahedron has the same length. What is it?
b Show that every face of the octahedron is an equilateral triangle with the same area.
What is it?
¢ Show that opposite faces of the octahedron lie in parallel planes.
d Determine the equations of the planes ABC and A’ BC. What is the angle between
them?
e Show that obtuse the angle between any two adjacent faces of the octahedron

is cos‘l(—l)
3)

Note: It follows from Questions 37 and 38 that the angle between faces in a regular
tetrahedron and the angle between faces in a regular octahedron sum to 180°. In fact,
the regular tetrahedron and octahedron in these questions fit together and extend in a
pattern to form a tessellation of three-dimensional space!
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Multiple-choice questions

Technology-free multiple-choice questions

1 The vector function r(t) = 2t + l)f +@4t-1) f +3- 2t)lAc gives the position of a particle
at time ¢, where ¢ > 0. The position of the particle at time # = 1 is
A (1,1,1) B (3,3,1) c (1,-1,D D (3,-3,1)

2 The vector function r(z) = (12 = 5¢ + 6)i + (12 = 3t — 4) f + 4 - 2t)lAc gives the position of
a particle at time ¢, where ¢ > 0. The particle has position (2, —6, 2) at time
Atr=1 Br=2 cCtr=3 D=4

32 The three vertices of a triangle have position vectors a, b and ¢. The area of the triangle
is equal to
A axb B %lb X ¢|
C il@a-b)x((b-c) D (b-c¢)x(a-b)

4 A plane has equation r - (i + j — 2k) = 5. The distance from the origin to this plane is
A5 B > C > D >

4 6 V6

5  Which of the following is the Cartesian equation of the plane that has axis intercepts at
x=1,y=2and z = 3?
A x+2y+3z=0 B x+2y+3z=1
C x+2y+3z=6 D 6x+3y+2z=6

6 The line given by r = 51 — 3] + k + M2i —2j — k), . € R, intersects the plane given by
r-(2i + j —3k) = —6 at the point with position vector
A 2i+] -3k B 5i-7f -3k c 3i-55 Di+j+3k

7 The distance from the point P(1,5) to the line that passes through (0, 0) and (1, 1) is
Al E V2 c2 D 2V2

8 Which of the following vector equations does not describe the line passing through the
points (2,0, 1) and (3, 3, 3)?
Ar=Q+0i+3tf +(1+20k Br=GB-0i+Q3-30] +(3-20k
Cr=Q+30i+3tf +(1+30k D r=(+0i+(=3+30)] +(-1+20k

9  Which of the following equations describes the plane that contains the points (0, 0, 1),
(1,1, 1) and (2,0, 0)?
A x—y+2z=2 B x-y+z=1
C x+3y—-z=4 D x—-y=0
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290 Chapter 6: Vector and Cartesian equations

10 Which of the following vectors is parallel to the line of intersection of the planes
2x+y+z=6and x+z=0?

A2i+j+k Bi+k
C 3i+j+2k D -3i+3j +3k
11 The distance from the origin to the plane x + 2y + 2z = 5 is
1 1 5
A - B - c1 D -
5 3 3
12 The triangle with vertices (0,0, 1), (1,1, 1) and (2, 3,2) has area
1 V2 V3
A — B — c — D1
5 2 2
13 The origin, O, is a point on a sphere with centre (6, 8,0). The equation of the sphere is
A (x+6)%+(+8)?%=14 B (x-6)>+(y—8)>=100
C (x-62+(-8>+z2=100 D (x-62+(y-8+72=10

14 The line with equation r = 1@ + IAc) intersects the sphere |r — i| = 5 for
At=-3ort=4 B t=—-4ort=3
Ct=-Sort=1 Dt=-lort=5

Technology-active multiple-choice questions

15 Theline r = 2i — j + 3k + 1(—i + 2f — k) passes through the plane 5x — y — 4z = 2 at the
point with coordinates
A (1, 1,2) B (3,-3,4) C (3,-3,-4) D (3,3,4)

16 Ifr=i+ f + 2k + (i - f + 2]Ac), t € [0, 2] defines one diameter of a sphere then an
equation representing the sphere could be

Alr—G+7+2kl =6 B |r—(2i + 4kl =6
Clr—(G-j+2k=2 D |r—@Gi-J +2kl = V46

17 The acute angle between the planes r- (i —f +5k) =2 andr- 3i +2f —k) =5 is
closest to
A 12° B 32° c 78° D 82°

18 The acute angle between the line r = (28 + l:t) +M31 -4 f + IAc) and the plane
r-(5t +f - 61}) = 2 is closest to
A7 B 22° C 68° D 83°

19 A parallelogram has vertices A(1,0, 2), B(3, 3, 3),C(7, 5, 8) and D(5,2,7). The area of
the parallelogram correct to one decimal place is

A 142 B 15.6 C 164 D 172

20 The angle between the planes x —y + 3z = 1 and 3x + y — z = 2 correct to one decimal

place is.
A 87.1° B 95.2° C 98.6° D 83.7°
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7A Summary of differentiation and anti-differentiation

7B Position vectors as a function of time

7C Vector calculus

7D Velocity and acceleration for motion along a curve
7E Motion in a straight line

7F Projectile motion
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7G Circular motion

In Mathematical Methods Units 3 & 4, you have studied motion in a straight line, and used
the vector quantities of position, velocity and acceleration to describe the motion. In this
chapter, we consider motion in two dimensions.

We have already seen in Chapter 6 that the motion of a particle in two dimensions can be
represented by a vector function of the form

r(t) = x()i + y(0)f
where r(t) is the position vector of the particle at time z.

We have used vector functions to determine Cartesian equations for the paths of particles, and
to determine whether or not two particles will collide.

In this chapter, we will see how to differentiate and antidifferentiate vector functions. This
means that we will be able to determine the velocity and acceleration of a particle moving
along a curve in two dimensions.

This chapter covers Unit 3 Topic 4: Vector calculus.
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Summary of differentiation and anti-differentiation

Learning intentions
» To revise basic differentiation and anti-differentiation techniques.

Differentiation
The derivative of a function f is denoted by f” and is defined by

o = g L4 = )

—

The derivative f” is also known as the gradient function.

If (a, f(a)) is a point on the graph of y = f(x), then the
gradient of the graph at that point is f”(a).

If the line ¢ is the tangent to the graph of y = f(x) at the
point (a, f(a)) and ¢ makes an angle of 6 with the positive
direction of the x-axis, as shown, then

f'(a) = gradient of £ = tan 0

Review of differentiation

Here we summarise basic derivatives f(x) (%)
and rules for differentiation covered in .
. . c 0 where c is a constant
Mathematical Methods Units 3 & 4. .
x4 ax®" where a € R \ {0}
er er
1
In x - forx>0
X
sin x CcoS X
COS X —sinx

Chain rule

Specialist Mathematics Units 3 & 4
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m If g(x) = f(g(x)), then

q'(x) = f'(g(x) g'(x)

Product rule

m If f(x) = u(x) - v(x), then

J'(0) = u(x) - v'(x) + v(x) - w'(x)

ISBN 978-1-009-57826-4

If y = f(u) and u = g(x), then

dy dy du
dx  du dx
If y = uv, then
dy dv du

—_— =Yy —

dx dx VE
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7A Summary of differentiation and anti-differentiation 293
Quotient rule
a I £ = “P then m Ify="2, then
v(x) v
du dv
iy = W@ —u) V) dy _Vax"dx
& & s
Differentiate each of the following with respect to x:
2
a +xsinx h 2 c cos(x*+1)
sin x
Solution 5
a Let f(x) = Vxsinx. b Let f(x) = —.
sin x
Applying the product rule: Applying the quotient rule:
1 1 _1 . 2xsin x — x2 cos
f'(x)=x2cosx+=x 2sinx f(x) = ol x 2x al
2 sin” x
\/xsin x
= Vxcosx+ ————
2x
¢ Lety=cos(x’>+ 1)andlet u = x> + 1.
Then y = cos u, so by the chain rule:
dy dy du
dx  du dx
= —sinu - 2x
= 2xsin(x* + 1)
The derivative of tan(ax + b)
m If f(x) = tan x, then f’(x) = sec’ x.
m If f(x) = tan(ax + b), then f'(x) = asec’(ax + b).
sin x . .
Proof Let f(x) =tanx = . Then the quotient rule yields
cos x
, COS X - COS X — sinx - (— sin x)
Fi = k
cos? x
_ cos? x +sin’ x
- cos? x
=sec’ x
The second result is obtained from the first result by using the chain rule.
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Differentiate each of the following with respect to x:

a tan(5x> +3) b tan’x ¢ sec’(3x)
Solution
a Let f(x) = tan(5x + 3). b Let f(x) = tan® x = (tan x)>.
By the chain rule with g(x) = 5x* + 3, By the chain rule with g(x) = tan x,
we have we have
F(x) = sec’(5x% + 3) - 10x f/(x) = 3(tan x)? - sec’ x
= 10x secz(Sx2 + 3) = 3tan’ x sec’ x

c Lety= sec’(3x)
= tan’(3x) + 1 (using the Pythagorean identity)
= (tan(3x))> + 1

Let u = tan(3x). Then y = u? + 1 and the chain rule gives

d
Y oy 3sec?(3x)
dx

= 6 tan(3x) sec’(3x)

Second derivatives

In Mathematical Methods Units 3 & 4, you will study the second derivative and its important
role in graph sketching. In this chapter, we use the second derivative to describe acceleration.
The second derivative of a function is just the derivative of the derivative. For example,
consider the function f with rule f(x) = 2x> — 4x%.

m The derivative has rule f/(x) = 6x% — 8x.

m The second derivative has rule f”(x) = 12x — 8.
2

In Leibniz notation, the second derivative of y with respect to x is denoted by d_)z)
X

Determine the second derivative of each of the following with respect to x:

a f(x)=6x*—4x +4x b y=e¢e'sinx
Solution
a  f(x)=6x*—4x> +4x b y=e¢sinx
/ 3 2
x)=24x" —12x" + 4 d )
F&) 5 D _ o cosx + e sinx (by the product rule)
f7(x) = 72x% - 24x dx
dy . . L
——5 =—€'sinx+e cosx+ e’ cosx+esinx
dx
=2e¢" cos x
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Anti-differentiation

The derivative of x> with respect to x is 2x. Conversely, given that an unknown expression
has derivative 2x, it is clear that the unknown expression could be x2. The process of
determining a function from its derivative is called anti-differentiation.

Now consider the functions f(x) = x*> + 1 and g(x) = x*> - 7.

We have f’(x) = 2x and g’(x) = 2x. So
the two different functions have the same
derivative function.

Both x% + 1 and x* — 7 are said to be
antiderivatives of 2x.

If two functions have the same derivative
function, then it can be proved that they
differ by a constant. So the graphs of the two

functions can be obtained from each other by

|
|
. ! distance ~, v | /
translation parallel to the y-axis. 7 units A \ -
N |,/ distance
The diagram shows several antiderivatives .| Y 7 units
of 2x. =7

Each of the graphs is a translation of y = x*

parallel to the y-axis.

Notation

The general antiderivative of 2x is x> + ¢, where ¢ is an arbitrary real number. We use the
notation of Leibniz to state this with symbols:

/2xdx=x2+c

This is read as ‘the general antiderivative of 2x with respect to x is equal to x> + ¢’ or as
‘the indefinite integral of 2x with respect to x is x> + c’.

To be more precise, the indefinite integral is the set of all antiderivatives and to emphasise
this we could write:

[ 2xdx={f(x): f(x) = 2x}
={x*+c:ceR}

This set notation is not commonly used, but it should be clearly understood that there is not a
unique antiderivative for a given function. We will not use this set notation, but it is advisable
to keep it in mind when considering further results.

In general:

If F'(x) = f(x), then / f(x) dx = F(x) + ¢, where c is an arbitrary real number.
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Basic antiderivatives

The following antiderivatives are covered in Mathematical Methods Units 3 & 4.

f@) [ fx) dx
xn+1
x" +c where n # —1
n+1
1
(ax + b)" m (ax + b)n+1 +c where n # —1
x! Inx+c for x > 0
1 1
—In(ax + b) + ¢ forax+b >0
ax+b a
eax+b leax+b +c
a
. 1
sin(ax + b) ——cos(ax+b)+c
a
1 .
cos(ax + b) —sin(ax+ b) + ¢
a

Antidifferentiate each of the following:

T 2
a si 3__) b 3x+4 063——
s1n( X ) e X 2
Solution
a sin(3x - g) is of the form sin(ax + b)
1
[ sin(ax + b) dx = —— cos(ax + b) + c
a
/ sin(3x - E) dx = —l cos(3x - E) +c
4 3 4
2
b 3 is of the form e™*? c / 6x3 — — dx= / 6x3 —2x72 dx
x
ax [ 6x*
fe +”dx:;e e =—: +2x '+
1
fe3x+4 dx:§e3x+4+c = %x4+%+c
x

Given extra information, we can determine a unique antiderivative. This is demonstrated in
the next example.
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Skill-
sheet

a Given that f/(x) = 3x> + 1 and £(0) = 1, determine f(x).
b Given that f”(x) = —9.8 with f(0) = 0 and f’(0) = 3, determine f(x).
Solution
a f3x2+1dx=x3+x+c
Thus f(x) = x> + x + ¢ for some real number c.

Since f(0) = 1, we must have ¢ = 1.

Hence f(x) = x> + x + 1.

b We are given
f’(x)=-9.8
f(x) = -9.8x+ c;
Since f7(0) = 3, we have ¢; = 3 and so
f(x)=-9.8x+3
f(x) = —4.9x> +3x+ ¢,
Since f(0) = 0, we have ¢; = 0 and so

F(x) = —4.9x> + 3x

Exercise 7A

Example1 1 Determine the derivative of each of the following with respect to x:

a xsinx b /X cosx c e*cosx d xle* e sinx cos x

Example2 2 Determine the derivative of each of the following with respect to x:

a e‘tanx b x*tanx c tanx Inx d sinx tan x e +/xtanx

3 Determine the derivative of each of the following using the quotient rule:

x Vx e~ tan x
— bh — c d —
Inx tan x tan x Inx
sin x tan x CcOoS X COS X
e = f g h — (: cot )C)
X COs X er sin x

4 Determine the derivative of each of the following using the chain rule:

a tan(x*> + 1) b sin®x c enx d tan’ x
. 1
e sin(y/x) f tanx g cos(—) h sec?x
x
. x . . T
i tan(-= j cotx Hint: Usecotx = tan[= — x|.
4 2
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5 Use appropriate techniques to determine the derivative of each of the following:

a tan(kx), k € R b ety ¢ tan?(3x) d In(x)esin*
3x+1
e sin’(x?) £ S g ¢ tan(2x) h +/x tan(~y/x)
COS X
tan® x

; 2 2
m J sec (5)6 )

d
6 Determine d_y for each of the following:
X

ay=@x-1) b y=In(4x) c y=e¢*tan(3x) d y=eo*
3 . 4 ) 2 +1
e y=cos’(4x) f y=(sinx+1) g y=sin2x)cosx h y=
x
. x? ) 1
hy=s—— Jy=
sin x xlnx

Example3 7 Determine the second derivative of each of the following:

a 2x+5)% b sin(2x) c cos(g) d tanx
e ¥ f In(6x) g In(sin x) h tan(1 — 3x)
i sec(x) j cosec(x)
3 ! 4
Example4 8 Antidifferentiate each of the following:
2
a sin(Zx + E) b cos(mx) c sin(ﬁ)
4 3
d 3x+l e t+d f i
2x2
3
g 65 -2 +4x+1 h cos(?x)
9 Antidifferentiate each of the following:
1 1
3x+2)° b ——, x>12 V3x+2 d ——
a (Bx+2) x-2 T eV Gx+ 27
1 3x+1 2x+1
—1)3 _ I _
e 5x-1) fx+1,x>1 gx+3,x>3

Example5a. 10 a Given that f/(x) = x> and f(0) = 6, determine f(x).
b Given that f’(x) = sinx and f(s;t) = 4, determine f(x).
¢ Given that f'(x) = x* + 2x — 3 and f(1) = 4, determine f(x).

Example5b. 11 a Given that f”(x) = —9.8 with f(0) = 20 and f'(0) = 0, determine f(x).
b Given that f”(x) = 2x with f(1) = 5 and f’(1) = 5, determine f(x).
¢ Given that f/(x) = cos x with f(0) = 3 and f’(0) = 0, determine f(x).
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Position vectors as a function of time

To be able to describe paths using position vectors.

In this section, we revise the idea of position vectors as a function of time from Section 6B
We will use the Cartesian and parametric equations of circles, ellipses and hyperbolas; these
were introduced in Chapter 2.

Consider a particle travelling at a constant speed along a y
circular path with radius length 1 unit and centre O. 1“ .
(cost, sint)
Suppose that the particle starts at the point (1, 0) and travels /
anticlockwise, taking 27t units of time to complete one circle. T T =
We have seen that we can represent the path in the following \
three ways. -1
Cartesian form: +y?=1
Parametric form: x=costandy =sint, t>0
Vector form: r(f) = costi +sintj, >0
The vector function gives the position vector of the particle, r(¢), at time ¢.
m Motion in two dimensions y
When a particle moves along a curve in a plane, A
its position is specified by a vector function of
the form P(x, y)
r(t) = x()i + y(0)j (1) .
(0]
m Motion in three dimensions z
When a particle moves along a curve in A
three-dimensional space, its position is
specified by a vector function of the form P(x, »,2)
» N ~ r(t
r() = x@)i + y()] +z2(Ok 0 ® >y
x

Information from the vector function

The vector function gives much more information about the motion of the particle than the
Cartesian equation of its path. In the next example, we use the vector function to determine:
m the starting point of the particle’s motion

m the direction of motion

m the period of motion.
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300 chapter 7: Vector calculus

Example 6

Each of the following vector functions describes the motion of a particle by giving its
position vector, r(t), at time 7. For each vector function:

i Determine the Cartesian relation that represents the path of the particle. Determine its
domain and range, and sketch its graph.

ii Give the starting point of the particle’s motion, the direction of motion and the period
of motion (if applicable).

ar(t)——Scos(2)1+5s1n(2)J t>0
b r(t)=-5 cos( )z +12 s1n( )
c r(t)=4tan(zt)l—3sec( ;)f, te(1,3)

Solution
t
ar@)= —SCOS(T; )l +5s1n(g )], t>0

i Let (x,y) be any point on the path. Then

=-5 cos(%t) and y=5 sin(%t)

X aut y AL Y
3 = cos(j) and 5 = s1n(3) A

Squaring and adding gives

57 -

> X
ie. 2y =25 -5 0 5
The path is a circle of radius 5 with centre at
the origin.
=5
The domain is [-5, 5] and the range is [-5, 5].
ii Determine the position vectors att = 0 and 7 = 1:
r(0) = —=5cos(0)Z + 5sin(0) f = —
r(l) = SCOS(JT) +5$1n( ) 57
= 2 )= J
The particle starts at (=5, 0) and moves clockwise.
. g )
The period is 27t + 5= 4.
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7B Position vectors as a function of time 301

\ » \ -
b r(z):—SCOS(%)insin(%)J‘, 120

i Let (x,y) be any point on the path. Then

t t
x=-=5 cos(%) and y=12 sin(%)

.- cos(n—t) and 2= sin(n—t) l)\}
5 \2 12 \2 12
Squaring and adding gives
2 2
(4Gl -
5 12
2 2 > X
PR A S F
25 144
The path is an ellipse centred at the origin with
axis intercepts at (£5,0) and (0, +£12). The Ry
domain is [-5, 5] and the range is [-12, 12].

ii Determine the position vectors at t = 0 and ¢ = 1:

r(0) = —=5cos(0)Z + 12sin(0) j = —5¢
r(l) = —5cos(§)f+ 12sin(g)f =125

The particle starts at (=5, 0) and moves clockwise. The period is 2m + T_ 4.

t\ » t\ »
c r@) =4tan(“—)i —3sec(”—)j, re(l,3)
2 2
i Let (x,y) be any point on the path. Then
Tt Tt

= — == - y
X 4tan( > ) and y 3 sec( > ) i
* (™ Y (E)
2 —tan(z) and 3 = sec| 5

Squaring and subtracting gives

-G -

This is the equation of a hyperbola centred at the
origin with y-axis intercepts at (0, +3).

Since t € (1, 3), the domain is R and the range is [3, c0). So the path is only the
upper branch of the hyperbola.
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5
,t=2andt= =
an >

I\le

ii Determine the position vectors at t =

3 3w\ & 3\~ » 5
r(z) = 4tan(7)l -3 SCC(T)] =-4i + 3\/51

r(2) = 4tan(m) i — 3sec(m) j = 3f
5 5n Sn
CRNC IO

There is no starting point or period in this case. The particle traverses the upper
branch of the hyperbola from left to right.

Exercise 7B

For further questions, see Exercises 2C, 6A and 6B

example6 1 Each of the following vector functions describes the motion of a particle by giving its E
position vector, r(t), at time ¢. For each vector function:
i Determine the Cartesian relation that represents the path of the particle.
Determine its domain and range, and sketch its graph.
ii Give the starting point of the particle’s motion, the direction of motion and the period
of motion (if applicable).

a r(t)—3cos(m)l—3s1n( )f t>0
3 3
b r@t) = —4cos( )z—3sm( ) t>0
¢ i) = —Stan(d)§ + 12 sec(r) J, te(—g,g)

d r(=2-3cost)i —(4+3sinr)j, >0
e r(t)=(2-5cost)i — (4 + 12sint)f, >0

2 2 3
fr(t)= (2—4sect)i— (4 + 12tan1) f, te(E ;)
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r{%) Vector calculus

Learning intentions
» To be able to differentiate and antidifferentiate vector functions.

Consider the curve defined by a vector function r(z). y
A
Let P and Q be points on the curve with position

vectors r(t) and r(t + h) respectively.
ﬂ
Then PQ = r(t + h) — r(t).

It follows that

r(t)

1
;l("(t +h) - r(t))

. —_—

is a vector parallel to PQ.

As h — 0, the point Q approaches P along the curve.

The derivative of r with respect to ¢ is denoted by # y

and is defined by A

r@t+h)—r(@)
h

provided that this limit exists.

o
0 = in

The vector #(¢) points along the tangent to the curve
at P, in the direction of increasing ¢.

(1)

K1)

Note: The derivative of a vector function r(¢) is also

d
denoted by d_: or r'(1).

Derivative of a vector function

Let (1) = x(H)i + (1) f. If both x(7) and y(¢) are differentiable, then
dx dy .

) = — t 4 E] = ()i + (1)

Proof By the definition, we have

#1) = }lir% r(t+h)—r(@)

h
_ iy G WL+ Y+ 1)) = (K0 + (0] )
T 50 h
o x@t+hE-x(@)i .yt +h)f -y
=lim—— " +lim——"F——"
h—0 h h—0 h
Ay x(t+h)—x(t))¢ ( ) y(t+h)—y(t)) .
= (jm =) (fm =5 =);
dx , dy N
H=—1+—
=20 !
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304 chapter 7: Vector calculus

The second derivative of r(¢) is

d2 d2
H0) = <51+ 22 ] = 50 +50)]

This can be extended to three-dimensional vector functions:

r() = x(0i +y0)f +z2(0k

dx , dy dz -
Ly
M=t T

2 2 2
_dx¢ dy¢+£i€
dr? dt2 dr?

Example 7

Determine () and #(¢) if r(r) = 2011 + (15¢ — 582 .
Solution

r(f) = 20t + (15t — 56))

i(f) = 200 + (15 — 101))

#(f) = —105

Example 8

Determine i(¢) and #(¢) if r(f) = costi — sint f + 5tk.
Solution

r(f) = costi —sintj + 5tk

() = — sinti — costf +5k

#(f) = —costi + sintf

Example 9

If r(t) = ti + ((t — 1) + 1)f, determine #(o) and #(ct), where r(o) =i + J .
Solution
r)=ti+ (=17 +1)j
i) =1+ 30— 1)7>f
#(f) = 6(t—1)]
We have
rl)=al+(a—-1>+1)] =i+j
Therefore oo = 1, and 7(1) = i and (1) =
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7C Vector calculus 305

Example 10

Ifr(r) = ¢' 1 + ((¢' = 1)° + 1)j, determine i(ct) and #(at), where r(ct) =7 + J .
Solution

r=ei+ (e -1>+1)

i) = €1 +3e' (e — 1))

F(1) = €' T + (6e¥(e' — 1) + 3e' (e — 1))
We have

ra)y=e*i+(" -1 +1)j=i+j

Therefore o = 0, and #(0) = i and #0) = i.

A curve is described by the vector equation r(r) = 2cos 1 + 3sint J .
a Determine:
i 7() ii #(7)
b Determine the gradient of the curve at the point (x, y), where x = 2cost and y = 3 sint.
Solution
a i i(t)=-2sinti+3costj
il #(t) = —2costi—3sintj

b Using the chain rule, we can write

dy dy dt
dx ~ dr dx
We have
@:—ZSint and Q=3cost
dt
Hence
dy dy dt
dx  dt dx
:3cost-_2sint
3
= —=cot?t

Note that the gradient is undefined when sin¢ = 0.

Note: Part b of this example involves related rates, which are considered in more detail
in Section 13G
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306 Chapter 7: Vector calculus

A curve is described by the vector equation r(¢) = sec(¢) i + tan(7) f, with 1 € (—g g)
a Determine the gradient of the curve at the point (x, y), where x = sec(¢) and y = tan(?).

. . T
b Determine the gradient of the curve where t = T

Solution
1
a x=sec(t)= —— = (cost)”! and y = tan(r)
cos(?)
dx _ ) . y _ 2
i (cost) “(—sint) i sec” (1)
_sin(?)
"~ cos2(r)
= tan(r) sec(?)
Hence
dy _dy dt
dx  dt dx
1
— 206y .
= sec’(®) tan(z) sec(?)
= sec(?) cot(r)
1
~ sin(r)
dy 1
b Wh =—, == =
ent Codx (n) V2
S1n Z

We have the following results for differentiating vector functions.
Properties of the derivative of a vector function

| %((:) = 0, where c is a constant vector
d d :

m —(kr(?)) = k —(r(2)), where k is a real number
dt dt
d d d

m (@) +r0) = 2 (n@) + —(r()

(] %( f@r@®) = f() %(r(t)) + %( f(2)) r(t), where f is a real-valued function
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7C Vector calculus 307

Anti-differentiation
Consider / r(t) dt = / x()i + (1) f + z(t)l} dt

= ([ x@ at)i+ ([ v dr) + ([ 20 dr) k
=X + Y()f + Z0Ok + ¢

dx dy 7 de
here — = — = — = i : hat — = 0.
where 7 x(1), 7 (1), 7 z(1) and c is a constant vector. Note that 7
Given that #(r) = 10i — 12k, determine:
a i) if #0) = 30i — 20j + 10k b r(r) if also r(0) = 0f + 0j + 2k

Solution
a i) =107 - 12tk + ¢,, where ¢ is a constant vector
i0) = 30 — 205 + 10k
Thus ¢; = 30i — 205 + 10k
and #(r) = 10¢i — 12tk + 30i — 205 + 10k
= (107 + 30)i — 205 + (10 — 120k

b r@) = (57 + 300 — 20z f + (10t — 6t2)lAc + ¢, Wwhere ¢, is a constant vector
r(0) =07 + 05 + 2k
Thus ¢, = 2k
and r(t) = (52 + 300 — 20¢f + (10t — 6% + 2)k

Given #(r) = —9.8; with r(0) = 0 and i(0) = 30Z + 40, determine r(?).

Solution
#(1) = =9.85
) =([0at)i+([-98dr)]

=-9.81] + ¢
But i+(0) = 30i + 405, giving ¢; = 30f + 40y .
i(7) = 30i + (40 — 9.81)f
Thus r() = ([ 30 dr)i + ([ 40— 9.8t dt) j
=30¢i + (40t —4.91%)] + ¢»
Now r(0) = 0 and therefore ¢, = 0.
Hence r(r) = 30¢7 + (401 — 4.92)f .
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Skill- i
ohot Exercise 7C

Example7,8 1 Determine #(¢) and #(¢) for each of the following: E

o &

b r(t)=ti+)
c r(t)=1ti+ 2] d r() = 1611 — 441 - 1)%f
e r(7) =sin(r)i + cos(r) J frt)=3+20i +5tf
g r(n) = 1001 + (100V3t — 4.912)5 h r(?) = tan(r) i + cos(r)

ar)=ei+e’

Example9,10. 2 Sketch graphs for each of the following, for > 0, and determine r(f), 7(ty) and #(ty) for
the given #y:
ar=¢ei+e’f, 1,=0 b ri)=ti+2), tp=1

¢ r(t) = sin(t) +cos(t) f, 1= = d r() = 1668 — 44t — DAf, 1p=1

6
i+@t+ DY, =1

1
¢ r(t)=t+1

Example 11,12 3 Determine the gradient at the point on the curve determined by the given value of ¢ for
each of the following:

a r(f) = cos()i + sin(?) f, t= ; b r(t) = sin(?)i + cos(r) f, t= g
cri=ei+e?f, =1 d r(t) =204 +4t), t=2

A - A A 1
er()=0+2i+-20j, t=3 f r(t) = cos(mt)i + cosQmt) j, t= 1

Example 13,14 4 Determine r(t) for each of the following:
a ) = 4 + 3f, where r(0) = f—f
b i) =2ti +2f — 3%k, where r(0) =i —
c i) = i +2e"%) , where r(0) = %IA
d #(t) =1 +2tj, where i0) = i and r(0) = 0
e i) =sin(20)i — cos(17) f, where #(0) = —1i and r(0) = 45

5 The position of a particle at time ¢ is given by r(f) = sin(f) i + 1 f + cos(1) k, where 7 > 0. E
Prove that #(¢) and #(¢) are always perpendicular.

6 The position of a particle at time 7 is given by r(r) = 217 + 1612(3 — t)j , where £ > 0.
Determine:
a when 7(f) and #(¢) are perpendicular

b the pairs of perpendicular vectors #(¢) and #(¢).

2.2
R .
7 A particle has position r(¢) at time ¢ determined by r(f) = ati + aT J.a>0andt > 0.

a Sketch the graph of the path of the particle.

b Determine when the magnitude of the angle between #(¢r) and #() is 45°.
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7C 7D Velocity and acceleration for motion along a curve 309

8 A particle has position r(r) at time ¢ specified by r(r) = 211 + (©* — 4)f , where ¢ > 0. E
a Sketch the graph of the path of the particle.
b Determine the magnitude of the angle between #(¢) and #(¢) at t = 1.

¢ Determine when the magnitude of the angle between #(¢) and #(¢) is 30°.

9 Givenr=23ti + %t3 f + t3l}, determine:
a i b i c
d |7 e twhen |Ff| =16

10 Given that r = (V cos a)ri + ((Vsina)t — %gtz) f specifies the position of an object at
time ¢ > 0, determine:

ar b #
¢ when 7 and # are perpendicular

d the position of the object when i and # are perpendicular.

Velocity and acceleration for motion along a curve

Learning intentions
» To be able to determine the velocity and acceleration of a particle moving along a curve.

Consider a particle moving along a curve in the plane, with position vector at time ¢ given by
r(t) = x(0)i + y(0)f

We can determine the particle’s velocity and acceleration at time ¢ as follows.

Velocity

Velocity is the rate of change of position.

Therefore v(¢), the velocity at time ¢, is given by
V(1) = D) = 2(0OF + 30

The velocity vector gives the direction of motion at time ¢.

Acceleration

Acceleration is the rate of change of velocity.
Therefore a(t), the acceleration at time ¢, is given by

a(t) = v(t) = #(t) = ¥(O1 + ()]

Speed
Speed is the magnitude of velocity. At time ¢, the speed is |(?)].

Distance between two points on the curve

The (shortest) distance between two points on the curve is found using |r(t;) — r()|.
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0.0 c c o 0 2 &
The position of an object is r(f) metres at time ¢ seconds, where r(f) = €'1 + §e2’ J,t>0.

Determine at time ¢:

a the velocity vector

Solution

~ 4 4
avi)=rt)=€1i+ §eZ’j

b a(t) =FF) =¢'i+ geﬂ 7

b the acceleration vector

1
¢ Speed = [v(t)| = +/(e!)* + (%ezf)2 = 4[e¥ + 8—?e4’ m/s

Example 16

The position vector of a particle at time  is given by r(¢) = (21 — £2)i + (2 —

where ¢t > 0. Determine:

a the velocity of the particle at time ¢
¢ the minimum speed of the particle.

¢ the speed.

31)) + 21k,

b the speed of the particle at time ¢

Solution
a i) =Q2-20i +Q2t-3)] +2k
b Speed = |i(f)] = V4 — 8t + 42 + 42 — 12t + 9 + 4

= V82 - 20t + 17

¢ Minimum speed occurs when 87> —

20t + 17 is a minimum.

5t 17
8¢ —20t+17_8(t _2 _)
2 8
5t 25 17 25
_ o Ot 25 17 25
_8(t > +16+ - 16)
52 9
-s((-3f 2
2) T 16
5\2 9
—8( __) L2
4 2
9 3
Hence the minimum speed is 5= 2
(This occurs when ¢ = %
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7D Velocity and acceleration for motion along a curve 311

The position of a projectile at time  is given by r(¢) = 40ti + (50t — 5¢2)j , for t > 0,
where  is a unit vector in a horizontal direction and J is a unit vector vertically up.
The projectile is fired from a point on the ground. Determine:

a the time taken to reach the ground again

b the speed at which the projectile hits the ground

¢ the maximum height of the projectile

d the initial speed of the projectile.

Solution

a The projectile is at ground level when the f—component of r is zero:

500 =5 =0
5(10—) =0
t=0o0rt=10

The projectile reaches the ground again at ¢ = 10.
b () = 40i + (50 — 101)
The velocity of the projectile when it hits the ground is
#(10) = 40 — 505
Therefore the speed is
i(100)| = V402 + 502
= 10V41
The projectile hits the ground with speed 10V41.

¢ The projectile reaches its maximum height when the j -component of 7 is zero:
50-10t=0
t=5
The maximum height is 50 x 5 — 5 x 5% = 125.
d The initial velocity is
#(0) = 407 + 505

So the initial speed is

[i(0)| = V402 + 502

= 10v41
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Example 18

The position vector of a particle at time ¢ is given by r(¢) = 2 sin(27) i + cos(21) f + 2tk,
where ¢t > 0. Determine:

a the velocity at time ¢ b the speed of the particle at time ¢
¢ the maximum speed d the minimum speed.
Solution

a i) = 4cos(2n)i — 2sin(21) j + 2k

b Speed = |it)| = \/ 16 cos2(2¢) + 4 sin®(2¢) + 4
= /12 cos2(2f) + 8
¢ Maximum speed = V20 = 2+/5, when cos(2t) = +1

d Minimum speed = V8 = 22, when cos(27) = 0

Example 19

The position vectors, at time ¢ > 0, of particles A and B are given by
ra(t) = (2 =9+ 8)i +°f
rpt) = Q2 —1)i + (3t -2)j

Prove that A and B collide while travelling at the same speed but at right angles to
each other.
Solution

When the particles collide, they must be at the same position at the same time:

P -9%+8)i+f =Q-)i+@Bt-2))

Thus £ -9r+8=2-¢ (1)
and £ =3-2 (2)
From(l): £ +£#-9%+6=0 (3)
From (2): £ -3t+2=0 (4)

Equation (4) is simpler to solve:
t-2)t-1)=0
t=2ort=1
Now check in (3):
r=1 LHS=1+1-9+6=-1+#RHS
r=2 LHS=8+4-18+6=0=RHS

The particles collide when ¢ = 2.
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7D 7D Velocity and acceleration for motion along a curve 313

Now consider the speeds when ¢ = 2.
ia(t) = 32 = 9 + 2] ip(t) = —2t1 + 3]
ia(2) =30 +4) i5(2) = —4i + 3]

The speed of particle A is V32 +42 = 5.
The speed of particle B is /(—4) + 32 = 5.

The speeds of the particles are equal at the time of collision.
Consider the scalar product of the velocity vectors for A and B at time ¢ = 2.
Fa2) - #5(2) = B +4f) - (=4 +3])
=-12+12
=0
Hence the velocities are perpendicular at ¢ = 2.

The particles are travelling at right angles at the time of collision.

i Exercise 7D

All distances are measured in metres and time in seconds.

Example15. 1 The position of a particle at time 7 is given by r(r) = 1> — (1 + 20)j, for t > 0.
Determine:
a the velocity at time ¢

b the acceleration at time ¢
r(2) — r(0)

¢ the average velocity for the first 2 seconds, i.e. 3

2 The acceleration of a particle at time 7 is given by #(f) = —gJ , where g = 9.8.
Determine:
a the velocity at time 7 if #+(0) = 2 + 6]
b the position at time ¢ if r(0) = 0i +6 f.
Example16. 3 The velocity of a particle at time # is given by #(r) = 31 + 215 + (1 — 40)k, for t > 0.
a Determine the acceleration of the particle at time z.
b Determine the position of the particle at time ¢ if initially the particle is at j + k.
¢ Determine an expression for the speed at time .
d i Determine the time at which the minimum speed occurs.

ii Determine this minimum speed.

4 The acceleration of a particle at time ¢ is given by #(f) = 107 — gIAc, where g = 9.8.
Determine:
a the velocity of the particle at time 7, given that #(0) = 20i — 20; + 40k
b the position of the particle at time #, given that r(0) = 0 +0, f + Ok.
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5 The position of an object at time ¢ is given by r(¢) = 5cos(1 + %) i+5 sin(1 + tz)f. E
Determine the speed of the object at time ¢.

6 The position of a particle, r(¢), at time ¢ seconds is given by r(¢) = 211+ (2 - 4) f.
Determine the magnitude of the angle between the velocity and acceleration vectors at
r=1.

PO A
7 The position vector of a particle is given by r(¢) = 12Vti + 2, for t > 0. Determine
the minimum speed of the particle and its position when it has this speed.

Example17. 8 The position, r(¢), of a projectile at time # is given by
r(f) = 40ti + (30t — 4.9¢%)f, t>0
If the projectile is initially at ground level, determine:

a the time taken to return to the ground

b the speed at which the object hits the ground

(1]

the maximum height reached

=B

the initial speed of the object

the initial angle of projection from the horizontal.

9 The acceleration of a particle at time ¢ is given by #(r) = —3(sin(37) i + cos(37) f).
a Determine the position vector r(¢), given that #(0) = i and r(0) = =3i + 3 f.
b Show that the path of the particle is circular and state the position of its centre.

¢ Show that the acceleration is always perpendicular to the velocity.

Example 18 10 The position vector of a particle at time ¢ is r(¢) = 2 cos(f) 1 + 4 sin(?) f + 2tk.
Determine the maximum and minimum speeds of the particle.

11 The velocity vector of a particle at time 7 seconds is given by

. 1 .
v(t) = Qt+ DA+ —— )
V2r+1

a Determine the magnitude and direction of the acceleration after 1 second.

b Determine the position vector at time ¢ seconds if the particle is initially at O.

Example19 12 Particles A and B move in the x—y plane with constant velocities.
A =1+2f andra(2) =31 + 45
m ip(t) =2 +3] and rp(3) =1 +3j
Prove that the particles collide, determining:
a the time of collision

b the position vector of the point of collision.
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13 A body moves horizontally along a straight line in a direction No®W with a constant
speed of 20 m/s. Let i be a horizontal unit vector due east and let j be a horizontal unit
vector due north. Given that tan a° = ‘3—‘, determine:

a the velocity of the body at time ¢

b the position of the body after 5 seconds, relative to its initial position.

14 The position vector of a particle at time ¢ is
r(f) = 4sin(2)i +4cos(20)j, >0

a Determine the velocity at time .
b Determine the speed at time .

¢ Determine the acceleration in terms of r.

15 The velocity of a particle is given by
i) =@2t-5i, t20
Initially, the position of the particle relative to an origin O is —2i +2 f.
a Determine the position of the particle at time .

b Determine the position of the particle when it is instantaneously at rest.

¢ Determine the Cartesian equation of the path followed by the particle.

16 A particle has path defined by
r(f) = 6sec(r)i + 4tan(t)j, t>0

a Determine the Cartesian equation of the path.

b Determine the particle’s velocity at time ¢.

17 A particle moves such that its position vector, r(t), at time ¢ is given by
r(f) = 4cos(t)i + 3sin(r)f, 0<r<2mn
a Determine the Cartesian equation of the path of the particle and sketch the path.
b i Determine when the velocity of the particle is perpendicular to its position vector.
ii Determine the position vector of the particle at each of these times.
¢ i Determine the speed of the particle at time .
ii Write the speed in terms of cos? 1.

ifi State the maximum and minimum speeds of the particle.
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Motion in a straight line

To be able to use vector functions to describe motion in a straight line.

You have studied motion in a straight line in Mathematical Methods Units 3 & 4, and you will
study it further in Chapter 14. In this section, we consider motion in a straight line from the
perspective of vector calculus.

Example 20

A particle moves along a straight line such that its position vector, r(¢) cm, at time
t seconds is given by r(¢) = (3¢ - )i, for t > 0. Determine:

a its initial position b its position when ¢ = 2

¢ its initial velocity d its velocity when # = 2

e its speed when ¢ = 2 f when and where the velocity is zero.
Solution

a The initial position is 7(0) = 0 = 0 cm.
b When = 2, the position is 7(2) = (3 x 2 — 2%)i = =2i cm.
c i) =B -32)1
The initial velocity is #(0) = 3i cms~.
d When ¢ = 2, the velocity is #2) = (3 —3 x2%)i = -9 cm s~

e When ¢ = 2, the speed is 9 cm s~!.(Speed is the magnitude of velocity.)

f The velocity is zero when #(¢) = 0:

3-3%i=0
3-32=0
1-£=0

t=1lort=-1
Butz>0andsot=1.

The velocity is zero at time ¢ = 1; the positionis (1) = 3 x 1 - 13)f =2 cm.

Note: The motion of the particle can now be shown on a number line, where i is the unit
vector in the positive x-direction.

t=2 t=1
x=-2 2
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A cricket ball is projected vertically upwards from ground level with an initial speed
of 15 m/s. Take the origin O to be the point of projection and take j to be the unit vector
vertically up, where the unit of distance is metres.

Relative to this frame of reference, let r(f) m be the position of the ball at time ¢ seconds.
Then #(f) = —g f, where g m/s? is the magnitude of acceleration due to gravity (g ~ 9.8).

Determine:

a an expression for #(¢) b an expression for r(¢)

¢ the maximum height reached by the ball d when the ball returns to ground level.
Solution

a We are given #(t) = —gJ .
antidifferentiate to determine
(1) = —gtf + ¢y, where c; is a constant vector
Since 7(0) = 15 f , we have ¢; = 15 f and therefore
F) = (15— g0
b antidifferentiate again to determine
r(t) = (15t - % gtz) f + ¢>, where ¢, is a constant vector
Since r(0) = 0, we have ¢, = 0 and therefore

r(t) = (15t - 381°) J

¢ The maximum height is reached when 7#(¢) = 0:

15-gt=0
15
t=—
8

The position at this time is

(15) (15><15 1 X(ls)z)f 225 »
rl—|= ——zgxX\—) |J =5-J
g g 2 g 2g

225
So the maximum height is — ~ 11.48 m.
8

d The ball returns to ground level when r(z) = 0:
15t - 1gr* =0
t(15-1gt)=0
t=0or %gt =15

30
So the ball returns to ground level at time ¢t = — =~ 3.06 seconds.
8

Note: The time to return to ground level is twice the time to reach the maximum height.
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Exercise 7E

Example20. 1 A particle moves along a straight line such that its position vector, r(f) cm, at time E
t seconds is given by r(t) = (3¢ — tz)f ,fort > 0.
a Determine r(0), r(1), r(2), r(3) and r(4). Illustrate the motion on a number line.
b Determine the displacement of the particle in the fifth second. That is, determine
r(5) — r(4).

4)-r(
Determine the average velocity in the first 4 seconds. That is, determine M

4
Determine #(t).

Determine the velocity of the particle when ¢ = 2.5.

- 0 QQ O

Determine when and where the particle changes direction.

g Determine the distance travelled in the first 4 seconds.

2 An object moves in a straight line such that its position vector, r(f) cm, at time ¢ seconds
is given by r(r) = (=372 + 10t + 8)i, 1 > 0.
a Determine the velocity, 7(f), at time ¢ seconds.
b Determine the acceleration, #(¢), at time ¢ seconds.
¢ Represent the motion of the object on a number line for 0 < ¢ < 6.
d Determine the displacement of the object in the third second.
e

Determine the distance travelled in the first 3 seconds.

3 A particle moves along a straight line such that its position vector, r(¢) cm, at time
t seconds is given by r(¢) = (£* — 97> + 2401, 1 > 0.
a Determine the values of ¢ for which the velocity is instantaneously zero.
b Determine the acceleration when ¢ = 5.

¢ Determine the average velocity of the particle during the first 2 seconds.

Example21. 4 A golf ball is projected vertically upwards from a height of 10 m with an initial speed
of 20 m/s. Take the origin O to be the point at ground level below the point of projection
and take f to be the unit vector vertically up. Let () m be the position of the ball at
time ¢ seconds. Then #(r) = —g f, where g = 9.8. Determine:

a an expression for 7(f) b an expression for r(¢)
¢ the maximum height reached by the ball d when the ball reaches ground level.

5 Particles A and B are each moving along straight-line paths such that their positions at
time ¢ are given by the vector functions
rat) =4i +J + 120 +3))
re(f) =20 =35 + 160 + 115)
The unit of distance is metres and the unit of time is seconds.
a Determine the speeds of the two particles at time ¢.

b Determine an expression for the distance between the two particles at time ¢.
¢ Determine the time and position at which the two particles collide.
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6 Repeat Question 5 for the following pair of vector functions: E
ra(f) = =50 +2f + 9k + (5t — j +2k)
re(t) =1 +2f + 3k +13i — J + 4k)

7 The velocity, v(f) m/s, of a particle at time ¢ seconds is given by E
v(t) = cos2) (i +2j +2k), >0
The particle starts at the origin.
Determine the initial speed of the particle.
Determine the position of the particle at time ¢ seconds.
Determine the acceleration of the particle at time ¢ seconds.
Determine the position of the particle when its velocity is zero.

Determine the magnitude of the acceleration of the particle when its velocity is zero.

- 0 2 0 T 9

Determine the position vector of the centre of motion of the particle.

Projectile motion

To be able to use vector calculus in the solution of projectile motion questions.

Suppose that a particle is projected at an angle of 6° to the horizontal with initial velocity u.

L.

08 B

Let and f be unit vectors in the horizontal and vertical directions as shown, and let r(f) be
the position vector of the particle at time z. Then we can write

#0) =u =ucosOi +usin0

where u is the magnitude of the initial velocity u.

We will assume that the only force acting on the particle is gravity. So we have
#(t) = —gf

where g is the acceleration due to gravity. Integrating with respect to  gives
i) = —gtf +¢

We see that ¢ = i+(0) = ucos 01 + usin Gf. So we obtain
i(f) = ucos 01 + (usin 0 — gr)j

If we assume that r(0) = 0, then integrating again with respect to ¢ gives

2 . gtz :
r(t) = utcos01 + (utsme - 7)]
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Equations of projectile motion
For an object projected from the origin with initial velocity #(0) = ucos 01 + usin @ :

Acceleration #(f)=—g f

Velocity () = ucos 07 + (usin 0 — gr)j
ey 3 . gl2 >

Position r(t) = utcos0i + (ut sin O — 7)]

Note: Close to the Earth’s surface, we can take g ~ 9.8 m/s>.

Cartesian equation of the projectile’s path

We can write the position function, r(¢), as parametric equations:
gt’
x=utcosO (1) y=utsin6—7 (2)

Solve equation (1) for # and substitute into equation (2):

2
X . g X
=)
Y u(ucose)sm 2\ucos 6

Hence the Cartesian equation of the projectile’s path is
2

8X 2
=xtan0 — =—sec” 0
Y 2u?

Maximum height of the projectile
The maximum height is reached when the j -component of the velocity, #(r), is zero. This
implies that u sin 6 — g¢ = 0, and so

usin0

8

Therefore the position vector of the particle at its maximum height is
2 . 8 [2 >
r(t) = utcosOi + (utsin0 — R J

u?sin 6 cos 0 4 (u2 sin?®  gu?sin® 9) R
= 1+ - ]
g g 2¢?
u2 ~ A
= —(sin(20)i + sin* 0 J)
2g

2
Hence the maximum height is o sin’ 0.
8

Range of the projectile
If the projectile returns to the same horizontal level as the point of projection, then the total
horizontal distance travelled (the projectile’s range) is twice the horizontal distance travelled

to reach the maximum height.
2

Hence the range of the projectile is L sin(20).
8

The maximum range is obtained when 6 = 45°.
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A particle is projected from a point on horizontal ground with speed 50 m/s at an angle
of 30° to the horizontal. Let 7 and j be unit vectors in the horizontal (x) and vertical (y)
directions respectively. Neglecting air resistance, determine:

a the initial velocity vector b the velocity vector at time ¢ seconds

¢ the position vector at time ¢ seconds d the Cartesian equation of the path.

Solution

a The initial velocity is b We have

u = 50co0s30°7 + 50sin 30°f F(1) = —gf
= 25V3i +25f LOH) = —gtf + e

We see that ¢; = #+(0) = 25V31 + 25f.
Hence

it) = 25V31 + (25 - gn)f

¢ We have d From part ¢, we can write
H() = 25V31 + (25 - gn)f x=25V3t and y=25i-ig’
K1) = 25V311 + (25t - %gt2) J +c Eliminating r gives
But (0) = 0 implies that ¢, = 0. ye 25x lg( x )2
Hence 25vV3  27\2543
r(t) = 25V3t1 + (25t - Lg)f L, V3 gx
. 3 3750

Skill- P
P Exercise 7F
Example22. 1 A particle is projected from a point on horizontal ground with speed 98 m/s at an angle
of 30° to the horizontal. Let i and j be unit vectors in the horizontal (x) and vertical (y)
directions respectively. Neglecting air resistance, determine:

a the initial velocity vector b the velocity vector at time ¢ seconds

¢ the position vector at time ¢ seconds d the Cartesian equation of the path.

2 A particle is projected from a height of 50 m at an angle of 30° to the horizontal, with
an initial speed of 10g m/s. After # seconds, the particle is at a height of y m above
ground level and at a horizontal distance of x m from the point of projection.

a Express y in terms of x.

b Hence determine, in terms of g, the particle’s horizontal distance from the point of
projection when it is at a height of 25 m above ground level.

3 A ball is thrown horizontally at 15 m/s from the window of a tall building, and it hits
the ground after 2.5 seconds. Determine the height above ground level of the point from
which the ball was thrown.
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10

An object slides down an inclined plane, which slopes downwards at an angle of 20°
to the horizontal. The object reaches a speed of 40 m/s at the end of the slide, which is
15 m above the ground. Take the end of the slide as the origin, and let i and f be unit
vectors in the forwards and upwards directions respectively.

a Let r(r) be the position of the object at time ¢ seconds after leaving the end of
the slide. Using #(f) = —gJj , determine r(¢).

Hence determine, correct to one decimal place:

b the horizontal distance, in metres, travelled by the object to reach the ground after it
leaves the end of the slide

¢ the angle upwards from the horizontal, in degrees, at which it hits the ground.

A stone is thrown to hit a small target, which is at a distance of 14 m horizontally from
the point of projection and 5.5 m above ground level. The stone is thrown from a height
of 2 m above the horizontal ground with a speed of 42 m/s. Determine, in degrees
correct to one decimal place, the angle from the horizontal at which the stone should be
thrown to hit the target. (Assume that there is no air resistance.)

An object is launched upwards at an angle of o from the horizontal with an initial speed

of u m/s. The only force acting is gravity.

a Express 7, the velocity of the object (in m/s) at time ¢ s, in terms of ¢, u, g and a.

b Attime T s, the object is moving in a direction perpendicular to that of projection.
Determine the relationship between T, u, g and a.

A ball is thrown from a point O at ground level with an initial speed of 50 m/s. There
is a wall of height 20 m at a distance of 100 m from point O. Determine the smallest

possible angle of projection for the ball to pass over the wall. (Consider the ball as a

particle.)

12
A ball is thrown at an angle of arctan(?) to the horizontal. If the ball hits a building

10 m away at a height of 14 m, determine its initial speed.

A ball is projected from ground level over a wall of height 5 m. The point of projection

is 20 m from the base of the wall. The initial speed of the ball is 40 m/s at an angle

of 30° to the horizontal. Assume that air resistance is negligible.

a How far above the top of the wall does the ball pass? (Give your answer in metres
correct to one decimal place.)

b What is the speed of the ball as it passes over the top of the wall? (Give your answer
in m/s correct to one decimal place.)

Particle X is projected from the origin with an initial velocity of 16 + 305 m/s. At the
same time, particle Y is projected from a point 60 m to the right of the origin and 25 m
higher with an initial velocity of -8 +20 f m/s.

a Determine the position vector of particle X at time ¢ seconds.

b Determine the time and the point at which the two particles collide.
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11 A particle is projected with initial Velecity u from a point O and experiences a constant E
downwards acceleration equal to —gj .
a Write an expression for the velocity, v, of the particle at time .
b Write an expression for the position, r, of the particle at time ¢.

¢ Prove that, at the time # when the vectors u and v are perpendicular, we have
4irl?

1
lul? + v* = - and |r| = Egtz.

rdey Circular motion

To be able to use vector calculus to solve circular motion problems.

Suppose that a particle P is moving around the circle ¥
centred at the origin with radius r. The position of
the particle is given by

r=rcos0i+rsin0j

where 6 = f(¢). That is, we consider the angle, 0, to be a
function of time, ¢.

We can determine the velocity of the particle by first

dh)

using the chain rule to obtain

d do .
d—t(cose) = —sinB - i —06sin 6

d do .
d—t(sine) = cose-E =0cosH

It can be seen that —sin 07 + cos 0 f is a unit vector, and
so 7|0 is the magnitude of 7.

y
A
i
Hence P(x, )
i=—-rOsin0i +rHcos0j r
= rO(—sin 07 + cos 0 J) \0 0 -

We also observe that r - i+ = 0. Therefore the velocity

vector is perpendicular to the position vector.

Angular velocity

The angular velocity of the particle, denoted by w, is the rate of change of the angle 0
with respect to time:
de .
S — = 6
T

Note: The standard unit for angular velocity is radians per second.

We have seen that the magnitude of the velocity is |F| = r10]. So we can now write

v =rlw|, where v is the speed of the particle.
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Uniform circular motion

Throughout the rest of this section, we will consider circular motion where the angular
velocity m is constant. This is called uniform circular motion.

If the particle starts at an angle of 6 = 0 at time ¢ = 0, then we have 6 = wt and the equations
of motion are

r = r(cos(wr) i + sin(wr) J)
i = ra(— sin(wt) £ + cos(wr) J)
7= rmz(_ cos(wt) i— Sin((Df)jA)

We see that the acceleration is directed along a radius towards the centre of the circle.

Uniform circular motion
For a particle moving around a circle of radius » with constant angular velocity ® > 0:
m Speed The speed of the particle is v = rw.

- . . 2n
m Period The time to complete one revolutionis 7 = —.
()

A particle is moving around a circle of radius 3 m with a constant speed of 2 m/s. Given
that 6 = 0 at time ¢ = 0, determine:

a the angular velocity of the particle
b the position of the particle at time ¢ = 5t seconds
¢ the velocity of the particle at time # = ; seconds

d the acceleration of the particle at time ¢ = it seconds.
Solution
a We are given that v =2 m/s and r = 3 m.
L. v 2 .
Therefore the angular velocity is w = - = 3 radians per second.
r

2
b When t = m, the particle is at an angle of 0 = wt = ?n

So r=r(cosOi+sin0y)

=3 (cos(zn)f+ sin(zn) 'A)
- 3 3}/

__3;,3V3,
~Ty g Y
c i=ro(-sinBi+cos0)) d #=ro*(-cos0i —sinB )
=3x 2 ( sin(zn)f+cos(2n) 'A) =3x (2)2( cos(zn)f sin(zn) 'A)
-773 3 3 0 =2*\3 3 3
PR 2. 2 A
=-V3i—-j m/s =—i——\/_j m/s’
3 3
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A particle moves at a constant speed of 8 m/s around a circle with a radius of 4 m. Assume
that 6 = O when ¢ = 0.

a Determine the position of the particle, relative to the centre of the circle, at time
t seconds.
b Determine the velocity of the particle at time ¢ seconds.

¢ Determine the acceleration of the particle at time ¢ seconds.

Solution

e v .
The angular velocity is w = — = 2 radians per second.
r

At time ¢ seconds, the angle is 0 = 21.
a r=4cos20)i + 4sin(2t)f

b i = -8sin(2:)i + 8 cos(2t))

¢ i =—-16cos(20)i — 16sin(2r))

s
Example23. 1 A particle is moving around a circle of radius 2.5 m with a constant speed of 5 m/s.
Given that 0 = 0 at time ¢ = 0, determine:
a the angular velocity of the particle
b the position of the particle at time ¢ = m seconds
¢ the velocity of the particle at time ¢ = 5 seconds

d the acceleration of the particle at time ¢ = 5 seconds.

2 A particle is moving around a circle with a constant speed of 2 m/s. The radius of the
circle is 2 m. Given that © = 0 at time ¢ = 0, determine:

a the angular velocity of the particle

b the position of the particle at time # = 5 seconds
¢ the velocity of the particle at time ¢ = 7 seconds
d the acceleration of the particle at time t = 7 seconds.

3 An electric fan is spinning at 350 revolutions per minute. The fan’s diameter is 20 cm.

a Determine the angular velocity of a point at the end of a fan blade.

b Determine the speed of a point at the end of a fan blade.

Example24 4 A car is driving around a circular track with a radius of 25 m at a constant speed
of 10 m/s. Assume that 6 = 0 when ¢ = 0.

a Determine the position of the car, relative to the centre of the circle, at time
t seconds.
b Determine the velocity of the car at time # seconds.

¢ Determine the acceleration of the car at time ¢ seconds.
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5 A tyre of radius 25 cm is rotating at a constant rate such that a point on its rim E

has speed 3 m/s. Determine the angular velocity of a point on its rim, in radians
per second.

6 A particle moves in a circle of radius 2 m and completes 1.5 revolutions per second.

Determine:
a the angular velocity b the speed
¢ the magnitude of the acceleration d the period of the motion.
7 A particle moves such that its position vector, r(¢), at time 7 is given by E

r(f) = 3sin(4nr) i — 3cos(dnt) j, >0
All distances are in metres and time is in seconds.
a Determine the speed of the particle in m/s.
b Determine the magnitude of the acceleration in m/s.
¢ Determine the position, velocity and acceleration vectors at time ¢ = % second.

d Determine the angular velocity of the particle in radians per second.

8 A bicycle wheel of radius 0.35 m completes 120 revolutions per minute.
a Determine the angular velocity of the wheel (in radians per second).
b Determine the speed of a point on the rim of the wheel (in metres per second).

¢ How far will the bicycle travel in 720 revolutions of the wheel? (Assume that both
wheels of the bicycle have the same radius.)

9 A cyclist is travelling at a constant speed of 12 m/s. The radius of each bicycle wheel E
is 0.35 m. Determine the angular velocity of each wheel.

10 A particle moves so that its position vector at time 7 is given by E
r=4cos()i +4sin(>)f, >0

a Show that the particle moves in a circle.
b Deter